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Abstract

The purpose of the study was to investigdéeiral Networks in general andRecurrent
Neural Network in particular. The investigation was to constrachodel that shows the
complex data processing of these Neural Networkiglagir functions in a simple way by
using Artificial Neural Networks. Therefore, in @mdto carry out this task, Perceptron,
Feed Forward and Recurrent Neural Networks, andb#msc concept of Biological
Neural Networks, which are among the contents isfghper, are very important.

From a biological point of viewNeural Networks are networks of biological neurons.
Basically, they are networks of sensory, motor assbciative neurons functionally, and
axon, cell body and dendrites structurally. Now,ewhan external or internal signal
reaches the sensory neuron through the receptws, it passes to the motor neuron
through the associative neuron within the centeaVous system. Since motor neuron has
connection with the brain, then it immediately $irthrough the command that comes
from the brain. This means that it gives respomsedHtat particular signal. In this paper
we extend these concepts to mathematical modesing the concepts of mathematics.
For instance, a Heaviside function is a simple m@idtical model of Neural Network.
On the other hand, Recurrent Neural Network consiétthe grapht = (V,E) and a
family of formal neurongX;, Y;, 0; , s;), each associated to one of the VerticesV. This
paper also provides details about the types of &lddetworks present in human being
and also provides details about the Artificial N#Udetworks. This paper also presents

some Applications of Neural Networks.
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Introduction

This paper is about Neural Networks in general &w®turrent Neural Network in
particular. Neural Networks are networks of biotagineurons. This definition is the
traditional one, where a Neural Network was congidas a simple calculator. However,
modern usage of the term refers to they are nesvofkArtificial neurons, which are
simple to handle. On the other hand, Recurrent &leNetwork consists of the graph
G = (V,E) and a family of formal neuror{&;,Y;, o;,s;), each associated to one of the
Verticesi € V.

The general interest to study Neural Networks inegal and Recurrent Neural Network
in particular is that their remarkable ability t@rive meaning from complicated or
imprecise data, can be used to extract patternglatatt trends that are too complex to
be noticed by either humans or other computer igdes.

This paper contains three chapters. The first @raptabout preliminary concepts, and
results. It contains three sections. The firstieacts about Biological and Atrtificial
Neural Networks. This includes Biological NeuraltiNerks, Artificial Neural Networks,
Difference and Similarity between Biological andtificial Neural Networks. The
second section is about perceptron. This includasn&l Neuron, Affine Separation,
Separation of Finite Sets and perceptron Learnilgphm. The third section is about
Feed Forward Neural Network. This includes StrietnfrFeed Forward Neural Network,
Feed forward Neural Network, k-layer Feed Forwarduidl Network, k-layero-
perceptrons and Realization by multilayer perceygroThe second chapter is about
Recurrent Neural Network. This part introduces abéuite Automata, Structure and
Convergence of Recurrent Neural Network, Asynchusnapdate, Transient Length and

Attractivity. The last chapter is about Applicaonof Neural Networks.

Xi
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CHAPTER ONE: PRELIMINAR Y CONCEPTS

1. BIOLOGICAL AND ARTIFICIAL NEURAL NETWORKS

1.1Biological Neural Networks

Definition 1.1: Biological Neural Network is a network of biological neur, and
Biological neuron (nerve cell) is a functional uoitthe nervous syste

Here, these neurons receive inputs and provideutsiFor instance the neural network

in human being ia biological neural netwo.

Conside the figure shown below:

L 2
@
L
i
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»
- . .
p . -
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==
- [ | Sy =]

Fig 1.1: The Biological Neural Activity.
= Each neuron structurally has a cell body, an aaod,many dendrit.
o Can be in one of the twdates: firing or rest.
0 Neuron fires if the total incoming stimulus exceéus thresholt
= Synapse thin gap between axon of one neuron and dendsftasother

% Signal exchange (place where neurons commun.
% Synaptic strength (efficiency).
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a) Motor neuron b) Sensory neuron

Fig. 3.3 The connections of a sensory, a motor and an
association neuron

Figl.2: Biological neural network in human be.

The cell body has a large nucleus embedded in dgaselar cytoplasm and is varial
in shape. A number of short cytoplasmic strandedDendronsarise from the ce
body and branch at the end in to thr— like extensions calledendrites. Dendrites are

parts of the neuron that receive messages nearby neurons.

The axon is a long cytoplasmic fiber which extefids the cell body and ends

terminal branches as can be seen in the aboves|

1.2 Artificial Neural Network s (ANNS)

Definition 1.2: Artificial Neural Network is a networlof artificial neurons
Artificial neuron is a device with many inputs and one ou.
In other words, ANNs aset of nodes (units, neurons, processing elem

o Each node has input and output.

o Each node performs a simple computation by its riodetion.
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o0 Weighted connection between nodes.
o Connectivity gives the structure/architecture @ ttet.

0 What can be computed by a neural network is prignari

determined by the connections and their weights.

o A very much simplified version of networks of nensas found in
animal nerve systems.

1.3 Difference and Similarity between ANNs and BioNs

DIFFERENCE
ANNs BioNNs
- Nodes - caldy
- Input - signal from other neurons
- Output - figrirequency
- Node function - firing mechanism
- Connections - synapses
- Connection strength - Synaptic strength

Basic similarity between ANNs and BioNNs is that M&jprocess information by the
way of biological NNs.

Input/output values can beBinary {0, 1} Or Bipolar {-1, 1}.

1.4 Network Layers
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The commonest type of artificial neural network sists of three groups, or layers or
units: a layer of “input” units is connected taagér of “hidden” units, which is
connected to a layer of “output” units. See thergbelow,

Input layer hiddegda

outh.ayer

Figure 1.3: an example of a simple feed forward artificial re¢umnetwork.
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2. PERCEPTRON
This section introduces perceptron as a simple huddesrve cell.

Contents of this section are:

R/
°

Formal Neurons

R/
°

Affine Separation

R/
°

Separation of Finite Sets

R/
°

Perceptron Learning Algorithm
2.1 Formal Neurons

The structure and dynamics of biological neuroweilsy complex. Thus, in order to have
simple and easily manageable artificial neuronsisiinecessary to comprehend the
essential functional characteristics of a neuroa wery simplified form. These neurons
are known ag&ormal Neurons.

Definition 1.3: For integem=1, the symbol

an{sz[

X1

];xiER,izl---n}.
xn

7

% RN*M denotes the set of alN X m matrices.

Definition 1.4: A Formal Neuron is a data quadrufle Y, o, 5), whereX [J R™ for some
positive integer n’, YOR and S and o are mappings,S: X »Rando: R —Y,
respectively. We callX’ the input value set and”* the output value set. The mapping
‘S’ is called anactivation function, and o is called theoutput map. However,
sometimes a formal neuron will be identified with transfer function, which is the

composed input to output mgp= cos: X Y.
Examples

1. f(x) = sat (—x + 0.5) ( Transfer function)

2. g(x)

sat (x; + x, — 1.5) (Transfer function) are Formal Neurons.
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In 1943, warren McCulloch and Walter Pitts developed apséniout fundamental model,
which has the capacity to realize the elementargidad Functions such as0T,AND
andOR. In particular, all finite Boolean functions cae bealized by using appropriate

networks of such neurons.

From a biological point of view, the input signaksn be viewed to stem from receptors

of connected neurons.

Then the signals are modified at thmapsesand condensed in to a single signal at the
soma If the quantity of these signals surpasses aicethreshold], then the neuron
fires. The simplest way to model such a neuronefoee usey = {0, 1} as its output

value set. The output ig ' if the neuron fires and” otherwise.

Definition: A formal neuron is a neuron whose output i§it fires and0 otherwise.

The affine linear mag(x) = S(x3,:+ x,) = Y=, x;w; — 6O is an activation function.
The weightsw; € R™ for ; _ 1 ... n model the influence of the synapses on the signal

x; , 0 € R represents the threshold apg R"-
Definition 1.5: Threshold is the smallest detectible sensation.

Examples External Factors such as Cold, Hot, Being hunbeyng thirsty etc are some

examples of threshold. They force us to give tbeesponding responses. Here, the

threshold ¢ is a determinant factor whether or not the neutonfire. That is, if
v, x;w; — 6 = 0, then the neuron fires and not otherwise. It al$ects both the output

and the synapses.

Definition 1.6: A Formal Neuron that transmits the signal )it , x;w; > 6 and 0

otherwise is calledicCulloch — Pitts or perceptrons
Now, let us define a function called tHeaviside functionsatas follows:
Heaviside function saR — {0, 1}, which is defined by

1 ifZ=0

Sat (7) = , her&Z =" xw;,—6
0if Z<0
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This function is used as an output map becauseubutap isc: R —»Y = {0,1}.

Hence, the Heaviside function sat is a formal ne@®it is a data quadrupl&,Y, o, 5).

Since this formal neuron transmits the signal if and only if Y7, x;w; = 6 and
‘0’ otherwise Therefore, it is calledMcCulloch — Pitts or perceptrons Often, the

output map is required to besegmoid function.
Note: Heaviside function sat is an example of Formalifga.
Definition 1.7: Sigmoid function is a function with continuous walset[0,1] and a

lim lim
monotone functiong: R — [0, 1] with : o(Z)=0 andZ : o(Z) = 1.

Z — —oo —
Common examples for sigmoid function: 1. Heawadahction sat.
2. Fermi function.

1. Solution

Since Heaviside function s&®— {0, 1} defined by

1 ifZ=0
Sat (Z) = *)
0if Z<0
Definition (*) shows:
i) It is a function with continuous value 4& 1]. That is, it assumes eithd)’*

or ‘1’ (members of0, 1]).

lim lim
i) o(Z) = 0 and o(Z) = 1.That is, it is a monotone function.
7 — —oo Z. — oo
Hence it is a sigmoid function. 0

1

2. Fermi functions (Z) = —

Solution

I.  o(Z) assumes values betweéni].
li li
Il. m o(Z) =0 andZ m

7 — —oo —

o(Z) = 1.
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Hencdt is a sigmoid function. 0

In summary we arrive at the following definition:

-0

X1

Inputs soma potential output

Fig 1.4: Representation of a Formal Neuron by an activdtioction

Note: For the perceptron, the Heaviside function sased as the output functien

Definition 1.8: LetS(x) = S(xq, ..., xp) = 2y wix; — 0, w; € R™,0 € R.

Then the Formal neurofX, Y, o, S) is ac- perceptron. lfo is equivalent to sat, then it is

simply called gerceptron or McCulloch —Pitts neuron.

Definition 1.9: Boolean Function is a function whose range igjr}.

Examples Logical Functions such a&VD, NOT andOR areBoolean Functions.
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Then we putY = {0,1}. Now we first focus on McCulloch — pitts neuronsttwi
X ={0,1}". If only binary inputs and outputs are used, tleperceptron’s transfer
function is aBoolean function or switching function f = {0,1}" — {0,1} of the form
f(x) = f(xq,-, x) =satQ,wix; —0) =sat({w,x) — 0) with fixed weights
w = ( wq, - w, )T, w ¢ gr and a fixed thresholdd € R . Various switching functions
of the formf = {0,1}™ — {0,1} can be realized by a perceptron. That is, we qahdi
perceptron whose transfer function equals with

Realizing Logical Functions such ad& 0T, AND
i) Letf = NOT, f:{0,1} -{0, 1}

Table 1.1: Realization of Boolean FunctionNOT,

Input Desired output
x f(x) =negationof x
0 1
1 0

The table is completed by the rulenefation. Therf can be represented by a

perceptron for examplg(x) = sat (—x + 0.5) is a transfer function representing :

ii. Let f = AND, f:{0,1}* —-{0,1}
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Table 1. 2: Realization of Boolean FunctionAND

Input Desired output

X1 X2 | f(x) = x1Dx

0 0 0

0 1 0

1 0 0

1 1 1 _

The table is completed by the rule of

conjunction.

Thenf(x) = sat (x; + x, — 1.5) is an appropriate perceptron represenfing

Now since any Boolean function can be written igjudictive normal form using only
NOT,AND andOR operations. This implies that all Boolean funct@an be represented
by a suitable network consisting of McCulloch — Pitt’'s neurons or peitceps. This
does not infer, however, that all switching funoccan actually be realized by a single
perceptron. A counter example is thexclusiveOR" function cannot be represented by

a single perceptron.

The Shortcoming of Perceptrons

Lemma 1.1 There is no perceptron that represents the XQRttion.
Proof: Assume that for allx; , x,) € {0, 1}?,x,®x; = (Wyx; + wyx, — 0).

i) 0®0 = 0=sat(—0) = 0 = —6 < 0 (by definition of Heaviside function)
ii) 0®l=1=satw,—0)=1=2>w,—0=>0 (by definition of Heaviside
function)

iii) 1®0 = 1=sat(w; —0) =1 => w; — 0 = 0 (by the same reason)

10
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iv) 1®1=0>sat(w; +w, -0)=0 =>w; +w, -6 <0.( by the same

reason)
Now adding (i) and (iv» w; +w, — 260< 0

Again adding (iijand (ii)=w; + w, — 26 - 0, which is a contradiction.

Heacthe proof of the lemma. 0
X
A
oD b o 1D
O . > X,
(0,0) (1,0)

Fig 1.5: The geometrical interpretation of the XOR- problem

Remark 1.1: The realization of Boolean functions by a percaptis closely linked to

the affine separation of sets.
Definition 1.10: A Hyperplane is any set of the form
x{(x,N) = d,d is a constanN # 0 is a normal line }.
« InRr? ahyperplane is a linex + by = d.
« InR3, ahyperplane is an ordinary plame+ by + zc = d.

Example: x; + x, — 1 = 0in R? is a hyperplane

11
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Definition 1.11: A hyperplaned definestwo closed half-spaces:
H, ={xer™(w,x)=>6}and H_ = {y € R™:(w,y) < 6} andtwo open half-spaces.

H,={xeRr™(w,x)>0}and H_ = {y € R™:(w,y) < 6}.

2.2 Affine Separation of Finite Sets
Definition 1.12: A setA c R"is calledaffinely separablefrom a setB c R" if there
exists(w, 8) € R**1 with

>0forx€eA
(w,x) — 6 (1.1)
<0forx€B

TheH = {x € R™:(w, x) = 8} is called sseparating hyperplane

If the inequalities in (1.1) above are bathict, we say thal andB arestrictly affinely

separable(from each other).

If & =0, we say thatd is linearly separable from, or A and B are strictly linearly

separable.
Example: The setsA = {(1,1)} andB = {(0,0), (0,1), (1,0)} are affinely separable.Since
3(1,1,1.3) € R3 with

>0 forallx€eA
(w,x)—0
<0 forallx€eB

Now we formulate a sufficient and necessary coodifor {0, 1} valued- functions to be

realizable by McCulloch — Pitt's neurons.

Theorem 1.2: Let X € R™ (be an arbitrary subset of R® ). Then afunction
f: X —-{0,1} can be represented by a perceptron if and onXy, ifs affinely separable
fromX_whereX, = f1(1)c XandX_ = f~1(0) cX.

12
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Proof: (only the if part)

(=) Supposg: X —{0, 1} can be represented by a perceptron.

Claim: X, is affinely separable fronX_ .

By the supposition, we hay&x) = sat (< w,x > —6), wherdw, )[1 R"*1, But, this
holds if and only if

>0forxeX,
(w,x)—0
<oforxeX_

& X, s affinely separable frorki_. (By definition)

Hence showing the claim. 0

Example: Letf = OR,f:{0,1}> -{0,1}

Table 1. 3: Realization of Boolean FunctionOR

Input Desired output
i 2 f(X) = %V,
0 0 0
0 1 1
1 0 1
1 1 1

The table is completed by the rule of disjunction.
The Perceptroii(x) = sat (x; + x, — 0.5) representsf*’.

Now letX, = {(1,1),(0,1),(1,0)}

13
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X_={(0,0} Wherex, =f"11)c{0,1}*, X_=f"1(0) c{0,1}>.
Since f’ can be represented by a perceptyoix) = f(x; + x, - 0.5).

Hence X, is affinely separable fronX_ (by theorem 2.2). However, there are difficulties
in separating arbitrary finite disjoint sets. THere, the degree of this difficulty in

separating arbitrary finite disjoint sets is measguny means of the so-calledpacity.

Definitions 1.13 A) A real number is called thesupremum of a finite sef i) If c is an
upper bound of ii) if cis not an upper bound @, thenc < m for any upper bound

m of E.If c is the supremum &, then we writec = supg).

B) A real numbed is called thenfimum of E i) If d is a lower bound of ii) If d is not
a lower bound of, thend > n for any lower boundn of E.If nis the infimum ofE,
then we writen =inf(E).
Definition 1.14: LetA,B < R". Then the setd andB are said to betrictly affinely
separableif and only if
Sup(y, x): x € BI<inf{ (w,y):y € A}, w € R™.

Example: Consider the se# = {(0,1),(1,0),(1,1)}, B = {(0,0)}.Then they are
strictly affinely separable.
Solution
Since forW = (1,1) € R?, Sup {w, x): x € B}= Sup{0} = 0 and Inf {w,y):y € A}=
inf{1,2} = 1.Which implies Sup{w, x): x € B} <inf{{w, y):y € A}.

Definition 1.15: A setA c R" is called aconvex setf for anyx, y A, the complete line

segment between andy is also contained IA.

That is;, yJA and0 < A<1 = Ax + (1 — D)y € A.
Example: The Setd = {(x,0): x € R}U{(0,1)} is a convex Set.
Definitions 1.16
1. A set iscompactif and only if it is bounded and closed.

Example: A = [1,2] is a compact set since it is bounded and closed.

14
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2. A pointp € A is an interior point of set if the open interval containingbelongs to
A.

Example: A = (0,1) is an open set
3: Asetd c R" is said to b@penif each of its points is an interior point.
4: A setA c R" is said to be alosedset if its complement is an open seRfh
Example: A = [4,8] is a closed seSinceR? — A is open inR2.

Let X be a non — empty set. A collectioof subsets ok is a topology orX if and only

if T satisfies the following axioms:
i) X andg¢ belong tor.
i) The union of any collection of setsirbelongs tar.
iii) The intersection of any two setstrbelongs tar.
The pair &,7) is a topological space.
5. LetX be a topological space.

» A collection? is said to ban open coveringof X if its elements are open
subsets of X . A spaceX is said to bea compact spaceaf every open

covering? of X contains a finite sub collection that also covérs

Remark 1.2: Cauchy — Schwarz inequalit){u, v)| < ||ulll|v]].

In order to decide whether two given finite sete affinely separable, the concept of
convexity plays a decisive role.

The following theorem gives a sufficient conditifmm separability of convex sets.
Theorem 1.3:Let A andB be two non- empty, disjoint convex subsetsRyf .
a. If B isopen thenA is affinely separable froiB.

b. If one of the sets islosedand the other isompact, then they are strictly affinely

separable.

15
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Proof

a. proof by contradiction

Assume tha#l is not affinely separable frol. Then for a given vectdqw, §) OR"*1,

>0 forxeA

(w,x) — 6 may not hold for alk.
<0 forxeB

= There existt[1 B such that(w,x) — 8 =0
= B Contains boundary points
= B is not open (we arrived at a contradiction).

Hence the proof of the Theorem?2.3 (part a). 0

b. Claim 1: let Ac R"be non-empty, closed, convex set. Thénposse’s

exactly one element of minimal norm. i.e. therexactly onex, [0 A such that

”xo ” = mianA”x”-
To show this
Let{x,}, z | be asequence iwith [|x, [ —— infl|x]| =y
xA
Now by parallelogram law equation,
2 2 2 2
Pl xall” = Zlll™ + Sl = =

By the minimal property of, we havd|x,, || =2, || % || = ¥2. Once again, sincé is a

convex set% (xp +x5) € A

=>%|| xn+xm||2 >y?

Now for eache > 0 and sufficiently large:, m[N,

We have ||xn||2Sy2 +s,||xm||2£y2+s, — i" xn+xm||2£—)/2
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Theni”xn—xm”zg %(yz be+ PRAe)—y? —¢

= { xn}n o:o 1 is a Cauchy sequence and therefore it is conmerge. it
has a limit poink, € R™.
SinceA is a closed set, we hawg € A. So, we have

y=limy o [l = [[xo || =infllx]| = minee, || x|
x|l = mingeq 1] 0

Now we prove uniqueness of this minimal norm.
Letx,, y, € A with ||x0 || = ||y0 || =y

SinceA is a convex se{( x, +y, ) € A.

Hencey? < lx, +3, I = 2lwol* + 211’ 2 x5 I

= %’Y2+ %YZ_ % ” Xo = Yo ”2 =Y2_% ” Xo = Yo ”2
1 2
= Z” x, =¥, | <0
2
= [x-5] <o
= | %= || ? = 0 (Since norm cannot be negative).
= Xo = Yo
Hence the element of minimal norm exists and it is weiq 0

Lemma 1.4:- let(A#0) < R" be a closed, convex set abidA. Then{0} andA can be

strictly affinely separable. Moreover,df 14 is the element of minimal norm, then

(w,x)> ||a||”* >0 forallx € A.
Proof:-
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By claim1, the element of minimal norm exists. Let this edambea € A. Since by the
suppositiorDJA impliesa # o. Then sinced is a convex set,
we haveix + (1 — D)a = U{x —a)+ a € A for 1 € [0,1], so by using the

minimal property of a, again we have
0< ||a||2s |a + Alx —at)||2 =(a + A(x —a),a + Ax — a) )
=(a,a + A(x — a))+{Ax —a),a + A(x — a))
=<a,a)+(a,/1(x— a))+( AMx —a),a)+{ Alx —a),/i(x— a))
= llallllall +(a, ix — 2a ) +(Ax — Aa,a) +A A x — a,x — a)
= |la||* +( a Ax )+( @, —Aa Y+(ix, a Y~ Aa, a y+AA[||x — allllx — all]
= |la||* + X ax)-Kaa)ixa)-Kaa)+i|x—al|’
= |la|® + K a,x)—K a a)+i x,a)-A aa)+i?|x—a|’
=|la|’ + Kax)+Xax)—Kaa)-Kaa)+i|x—a|’
= ||a||2+2/1(a,x)—2/1<a,a)+/12 ||x—ot||2
> ||a||2s ||a||2+2/1<a,x>—2/1<a,a)+/12||x—a||2
=0 < 24(a,x)-21{a,a)+2|x—al|’
:>0S22(a,x)—2/1||a||2+/12||x—a||2
> 24)al|* = 2 ||x—a||* < 24(¢a,x)
= lall* =¢)lx—a|® <(ax) fori>o0
In particular, if2 — 0, then we havé < ||a|”* <(a,x).
Now(a,0)= 0 < |a|®<(a x)forallx € A this implies

0 =Sup(a,y)< inf(ax)= |a|’
y =0 XEA

Hence the result. 0

Now suppos&[A. (***)
Claim 2: {Z} andA can be strictly affinely separable.

Proof:
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LetZUA,C = A- {Z}. ClearlyC is a closed set. Sinee- {Z} is open inR™.

Here,C = A-{Z} = {a — z2a € A,z € {Z}}.

Let < be the element of minimal norm 6f Then there exisis € A such that
X:=a-2

Obviously, 00IC otherwiseZ € A, this is a contradiction to (***). We can applyeth

above theorem withk = a —zandx =a - z.

Then we havex,x ) =(,a — z)2 || o | > 0 for x € A. That is, this yields
(,a )2(x2)+ || o ||° >(x,z) forall e 4.

This implies

(x,a Y>(x,z) foralla € A
= inf (x,a )>(x,z)=sup(x,y)

a €A y =z
Hence {z} andA are strictly affinely separable. (By definitionasie) ¢

From the above we have(a,x ) — ||a]|* > 0 forallx € 4.

Thus, puw = a(#20)e R" andé = ||a||2. Then there exigw, &)JR™*! such that

>0 for all x EA
(w,x) — 6
<0 for all x € {0}

Hence {0} andA are strictly affinely separable. 0

Now assume the sétis closed andl is compact such th@tn B # @.

Claim 3: A andB are strictly affinely separable.
LetC = B- A.

SinceANB # @ andB - Ais open inR™, C is a closed set.
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Further,B # A, 00IC. Therefore, by claim 24 andB are strictly affinely separable. ¢

Remark 1.3: For arbitrary sedf, it is useful to consider their convex superséts,

smallest of which is called the convex hull4f

Definition 1.17: LetA c R™ be an arbitrary set. The convex hull Caay of A is
defined as the intersection of all convex subsétR"othat contaim. Thus, ConvyA4) is

the smallest convex subsetsR3f that contaird.
That isConM(4) = {3¥ Aix; k €N, x; € A,4; = 0,35, A, = 1}

, Wwhere CongA) is the convex hull of

Remark 1.4 1. Convex hull of an open setlikf* is again open.
2. Convex hull of a compact setlRt is again compact.
3. Convex hull of a closed gd@atR™ is not necessarily closed.

4. Closure of a convex setRl* is again convex.

Definition 1.18: closure of a set:

Let X be a topological space. Ldtbe a subset of. Then the closured of 4 is the

intersection of all closed subsetsff

Lemma 1.5: The setd, = {x e R":(w,x) > 6} andH_ = {y € R": (w,y) < 8} are

convex sets.
Claim 1: H, = {x € R": (w,x) > 0} is aconvex set. Let, y 0 H, . Then
WTS: (w,Ax + (1 — Dy)OH,
=w,Ax +y — Ay)=(w,Ax — Ay + y)
=(w, Ax)+{w,—Ay) +(w,y ) Since () is liner with
respect to the*ivariable
= Aw,x)= w,y)+(w,y)
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=16 — 160 + 6 Since by taking the minimum values.
=6
Hencew, ix + (1 — A)y OH,
. Hy = {xeR":(w,x )= 6} is a convex set 0

Similarly, H_ = {y € R": (w, y)<6} is a convex set. 0

The following corollary gives a sufficient and nesary criterion for separability of non-

convex sets.
Corollary 1.6:

1. Let A,B c R" be non — empty, and I8 be open. Therd is affinely separable
from B if and only ifconv(4) n conv(B) = ¢.

2. LetA,B c R™ be non — empty, witlh closed and compact sets.

Let cov(A) denote the closure afonv(4). ThenA and B are strictly affinely
separable if and only fov(4) N Conv (B) = Q.

Proof:
1. (=) Supposél is affinely separable fror.
Claim: conv(4) nconv (B) = @

Since by suppositiond is affinely separable froB8, we have the half-
spacedl, = {xeR":(w,x )»=8d and H_={y e R":(w,y)<0} with

A c H, andB c H_ respectively

Since H,and H_ are convex sets (Lemma 2.3), we hawenv(4A) c H, and
conv (B) € H_

= Conv(A4) andconv(B) Being disjoint
= Conv(4) NnConv(B) =0

Hence the claim 0
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(&) Supposeonv (A) N conv (B) =@
Claim: A is affinely separable frorA.

Sinceconv(A) N conv(B) = @ andconv(A) andconv(B) are convex sets. On the other
hand, sinceB is an open set and by the remark 2.2.11, convibohan open set ilR" is

again open. Theconv(B) is open.
= conv(A) andconv(B) are affinely separable (by theorem 2.3 (a))

Since conv (A4) is the smallest convex set containidgand similarly,conv(B) is the

smallest convex set containiBg Then we havd c conv(A) andB < conv (B).
SinceConv (A) is affinely separable froronv(B).
= A is affinely separable frorB (sinceA ¢ conv(A) and B c conv (B)).

Hence then claim 0

2. (=) Supposed andB are strictly affinely separable.
Claim:cov(4) N conv(B) = ¢

By the assumption, we have a closed half- spAceith A ¢ H, and an open half space
H_with B c H_. SinceA is a closed set, we havenv(A) is a closed set arfd, is a
closed convex set containiagnv(A4). That is,conv(4) c H,. This is because of
conv(A) is the smallest. Sinag is a compact set, we havenv(B) is a compact set (by

remark 2.4)H_ is also a compact set containiwgnv(B). That is,conv(B) € H_.

Now let cov(A) denote the closure obnv(4) andH, is closure ofi, . Then cov(A)

c H, = H, and hence;ov(4) N conv(B) = ¢

Hence the claim 0

(<) Supposeov(A) Nnconv (B) = ¢

Claim: A andB are strictly affinely separable.
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Sinceconv(B) is open, we haveov(A) is affinely separable fromonv(B)( by
theorem 2.3 (a) and by the assumption. Now by rker@ak, the convex hull of a compact

set is compact and the closure of a convex setngax, we havel ¢ cov(4) and
B c conv(B).

= A is strictly affinely separable from. 0

Example: Considerd = [0,1], B = (8,12) in R2. NowB is an open set, since any

a € B is an interior point oB. HenceA is affinely separable frord (by theorem 2.3 (a).
Once againd is a closed set sind®* — A4 is open inR?. .

Let B = [8,12]. ThenB is compact since it is closed and bounded.

Hence,A andB are strictly affinely separable (by theorem 2.3.(b)

The Limitation of Affine Separation

There exists no affine separation hyperplane s) — 6 = 0 that separatgg1,0), (0,1)}
from {(0,0), (1,1)}. i.e There exists nfw, 8) € R"*! such that

>0forseA
(w,s)—6 Wherg = {(1,0), (0,1)}
<0fors€eB

B ={(0,0), (1,1)}

2.3 Separation of Finite Sets

Remark 1.5: Finite sets and their convex hulls are compast set

Consider the mapping: X — {1}, whereX = { xy,-,xy} € R™
Let € X, = f~1(+1)

SupposeX, andX_ are both non-empty.

LetY; = f(x;) for 1<i <N
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The setst, andX_ are (strictly) affinely separable if and only ¥ ((w,y;) —6) >0
Wherel <i <N andw € R?%,6 € R.

Equivalently, f(x) = sign({(w,y;) —6)for all y; € X.That is, the function f’ is
realizable by a perceptron with the modified Heiadr sign function,

1ifZ>0

sign(Z) = {—1 if Z<0

Example: Consider the logicdunction AND, f: {—1,1}2—>{-1,1}

Table 1.4

Input Desired output
X1 X2 fx) =x1 Axp
-1 -1 -1
-1 1 -1
1 -1 -1
1 1 1

Hence,f(x) = sign (x4 + x- 1) is a transfer function since it is the combinatafn
input and output. Once again; + x, — 1 is equivalent toyz, wix; — 6, x;,w; €
R%, 6 € R.

o WXy FWox, — 0= X +x; —1 andw; =1 w,=1,0=1.

LetX, ={(1,1)}
X. ={(-1,-1,(-1,1),(1,-1)} where X, =f11)cX

X_ = fl)cx
Hence X . andX_ are (strictly) affinely separable. 0
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2.4 Perceptron Learning Algorithms

If the finite setsX , andX _ are to be separated, we are interested in findiognarete
separating hyperplane. A method of constructinghsachyperplane is given by the
perceptron Learning Algorithm.

The strict affine separability of the seks, and X _ is assumed throughout this section.

PL problem: Two finite setsX ,,X _ ¢ R™ with conv(X,) N conv(X _) = ¢ shall

be affinely separated by a perceptron.
In other words, findw, 8) eR"**1 such that

sign({w,x) — 0) = {—11111'er22<00 WherezZ = (w,x) — 0

It is convenient to eliminate the threshétdReplace(x, w) by (z, w), where

-~ _[x . [w
e=l7 Jaan-[ |
Hence, the new input domain B" x {1} and sign((w, X)) = sign({w, x))

Instead of the affine separationXf and X_ in R"™ , we now face the problem of linear

separation oK+ andX~ in R**1,
Let further m=n+l and* U {—x:x € X~} c R"
Reformulated PL problem: find a vectow € R™ with (w, &) > 0 for all £ € X.

If X=1{& .., &} defined=[& . ;N]T € RV*M ThenAW > 0 where the

inequality is to be understood component wise.

Definition 1.19: Letx c R™ be a finite set. Then a sequenc® — X is a training
sequence fof if for all & € X and allk, € N there is & > k, with (k) = &. That is,

each pattern§ € X appears infinitely often in a training sequender x.

Procedure of perceptron Learning algorithm:-

T
let A=[¢&, .. g,] €RY*M be given, lev:N — £ be a training sequence for

{&1,- ,&v } And letp:N — R be a sequence withd <inf ¢(k) < sup ¢ (k) < oo.
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Step0: Choosev(0) € R™ and putk = 0.

w(k) if v(k)w(k) >0
Stepl: Setw(k + 1) =
w(k) + (k) v(k) if v(k)Tw(k) <0

Step2: If Aw(k +1) > 0 applies component wise, then an admissible separhts
been found and the algorithm stops. Otherwise, amgiknby one and go to step

Example: - An affine separation of the seX§ = {(0,0),(0,1),(1,0),(—=1,1)} and X_
={(-2,1),(-2,0),(—1,0),(—=1,—1)} is sought.
Solution

After eliminating the thresholds and reflecting #s¢X_ at the origin, we obtain the set,

e[ Tle=[ T

£=2tu{-x:xeX7}

={(0,0,1),(0,1,1), (1,0,1), (-1,1,1), (2, -1, -1),(2,0,—1),(1,0,-1), (1,1, = 1)}
Now a weight vectow € R3 is sought withwx > o for x € £.For this, the perceptron
Learning Algorithm is started with the randomlyosbn weight vectow (0) = (0,2,1)
and for simplicity, lep: N—>R with (k) = 1. The hyperplane
H = {x € R3:(w(0),x) = 0}, which is orthogonal tow(0), separates the correctly
classified points from the falsely classified psiri2, —1, —1), (2,0, —1) and(1,0, —1).
If a falsely classified point emerges in the traghsequence: N — X for example
v(0) = (2,0, —1) the weight vector is corrected accordingly,
w(1) =w(0) +v(0) = (0,2,1) + (2,0,—1) = (04+2,2+0,14+—1) =(2,2,0)
(By component wise addition). The algorithm onlypst ifa "w" is found with{w, x) >
0 for all x € x. similarly as (1)) continuing we obtain the following: sineg(1) =
(2,2,0) and
%= {(0,0,1),(0,1,1),(1,0,1), (-1,1,1), (2,-1,-1), (2,0,-1), (1,0, 1),
(1, 1,—-1) }. Noww(1)x > 0 for all except (O, O, 1), (-1, 1, 1).

w(2) = w(l) + v(1) = (2,2,0) + (0,0,1) = (240, 2+0,0+1) =

(2,2,1) . Once agaimw(2)x > 0 for all elements of .

Hence W(2) = (2,2,1) € R3 is the required vector.
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~The corresponding affine separation ¥f andX_ is2x; + 2x, + 1 = 0 and the
corresponding perceptron has the weights: (2,2)" and the threshold = —1 since

2x; +2x, +1=0Iisequivalenttow;x; +wyx, — 6 = 0. 0

In this chapter, the perceptron tries to modelcii@plex data processing of nerve cell by
using simple models such as Heaviside, Sign, Sidraond Transfer functions. But, there

are difficulties in the case of the XOR function.

In general, in this chapter we have seen aboutlsipgrceptron and some methods such
as formal neuron, affine separation, separatiorfirofe sets and perceptron learning
algorithm. The target of the perceptron was to lmeleh of nerve cell. However, the
perceptron faced a problem. This problem was thebuld not able to model the XOR
function. This is because of it is a single layed asingle layer cannot model this
function. Similarly, those methods introduced ire tbhapter assumed to solve the
problem also could not able to change the situafidrerefore, we need to introduce

another layer called Hidden layer in the next ceapt
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3. FEED FORWARD NEURAL NETWORK

The efficiency of perceptron is quite limited. &nthe exclusive or function cannot be
realized by using a single layer perceptron. Howetlge construction of multilayer
Neural Networks that will be introduced in this pkex, which has the capacity to realize
all switching functions, remedies the matter.

Contents of this section are:

«» Structure of Feed Forward Neural Network

*

L)

» Feed Forward Neural Network

L)

*

k- Layer Feed Forward Neural Network

(4

*

k — Layero - perceptron

(4

*

Realization by Multilayer Perceptrons

4

3.1 Structure of Feed Forward Neural Network

Definition 1.20:

a. A (finite, simple, directed) grap = (V,E) is composed of a non-empty set of
vertices or nodeE and a set of edgdsJV x V.

b. P(i):= {OV:(j, i) OE}is the set of all direct predecessors of the riaUi.
S@ = {jOav:(, j)OE}is the set of direct successors of the niadié.

c. Avertexiwith P(i) = ¢ is called asource.

A nodei with S(i) = ¢ is said to be aink.

d. Fori,, -,iy €V ,lete:= (i, )0 E apply for allj=1,..,I. The
corresponding sequence of edges ..., ¢;) is calleda path fromi, to i; and the
number of edgeskis its length.

e. A path whose first and last nodes coincide is da#leycle, and a graph that is
devoid of cycles is calledcyclic graph

Lemma 1.7: An acyclic graph contains a source and a sink.
Proof:
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Suppose that = (V, E) contains no sink, then any vertex posses a ditemtessor. This
implies that there exist paths of arbitrary length.

Consider a patl{e, ,::-,e; ) whose length exceeds the finite number of edgethef
graph. However, the edges cannot be distinct. iBhate must haves; = e; for some

1<i < j<1. But,(e; , -, ¢, ) has to be a cycle. The dual statement on sources is

proven by reversing the orientation of each edgdefraph.

LetG = (V,E) be an acyclic graph. Then there exists an intéger1 and a natural
partition ofV, V.=V, U, U Vi, (1.2)

, Which is constructed as folloWscontains all sources.
Remove fromG all vertices inlV, and all edges that start in one of them. Theltiagu
graph is again acyclic. L& be the set of all sources in the new graph, etc.

Thus,iOV; = POV, U ... UV;_; andS@)0 Viyq U ... U V. The elements dfy

are sinks. 0

Definition 1.21: Let ¢ = (V,E) be an acyclic graph then aedd Forward Neural
Network F is composed of the gragh and a family of formal neuro(s; ,Y;, g;, S;),
each associated to one of the non-source velfic®y V,, wherex; 0 R™ ,n; = |P(i)].

The transfer functions of these neurons(geillV\V, with f; = o;0S; : X; —>VY; .

Example: Simple feed forward neural network.

- . P Vi c Xi . . e . n:
The compatibility requiremen i€ PQ) will be satisfied if we seX; = Q™ ,Y; =

Q for all i and for some se@ [R.

For simplicity, we make this assumption in theduling, and then each nodéV has a
stateq; 0 Q. ForillV, , the states will have to be imposed by some auiditiinitial
condition. For ali0V\V, , the state is determined by the states of thetnedecessors
of i, via,

q = fi ((a;)] € P(D) -
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The nodes in/, ,V\V, U V,,, and V., are calledinput, hidden and output nodes
respectively. Similarly, the associated neurons @aked input, hidden and output
neurons
Now, the transfer function is the mapping:

f:QVel @Vl | which maps the vector of input states to theorect

output states.

Feed forward neural networks allow signals to trawvee way only, from input to output.
There isno feedback The output of any layer does not affect that séayer. Feed

forward neural networks tend to be straight forwaetworks that associate inputs with
outputs. They are extensively usedpattern recognition, also referred to as bottom-up

or top — down.

Fig 1.6: Graph of a Feed Forward Neural Network withouagdr Structure.
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Fig 1. 7: Graphof a 2- layer feed forward Neural Network.

A connection is allowed from a node in layemly to nodes in layer+ 1. Most widely

used architecture.

Definition 1.22: A feed forward neural networff withV =V, u,--- ,U V., according
to (1.2) is called ak-layer feed forward neural network if i0OV; = P(i) OV;_,;

andS())dVj,q for j =0,... k+ 1 (puttingV_; = Viyy = 4).

We shall restrict to the case where the layer$udiseinterconnected, that is,
i0V; = P@{) =V;.; andS@i) =Vj,; for j=0,.. k+ 1. ThenV, is the set of all
sources (by constructiol),, ; is the set of all sinks.

We write V, =V, andV,,; =1V, , where the subscripts refer to input and output

respectively.

Definition 1.23: A k-layer feed forward neural network whose all nesrame §—)
perceptrons, is calleal k-layer ( c—) perceptrons.
The transfer functions of/a layer o — perception is a composition:
f = f(k+1) o.,.o0 f(l):lell 9Q|Vo|
Here, ofk + 1 is mappings of the form
FO. @IVl 5 Vil
q—>a(wq - 00)
Where w® 0 RIVi-1XIVil is a fixed weight matrix@ @OR!Vil is a threshold vector, and
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g is a vector — valued sigmoid function defined dpmponent wise application of

o R - Q. That is, for any integet > 0

*1 o(x1)
g( f > = ( : ) (1.3)
Xn o (xn)

Fori=1, -k, the mappingf® is calledtransfer function of i*" hidden layer and
F&+1 s referred to awansfer function of the output layer. Unfortunately, the counting

of layers for multilayer neural networks is not gified in the literature.

Here, we will stick to counting the hidden layerdyo

Perceptron 1

erBeptron 2

-0,

Fig.1.8: A layer of two perceptrons in a multilayer perceps.
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3.2 Realization by Multilayer perceptrons: Realizéion of Boolean Functions.

As the XOR- problem in lemma 2.1 shows, the re@ibmaof arbitrary switching
functions by a single perceptron is impossible. Ewev, this situation is different when a
multilayer perceptron is used.

Here, the set of possible states of neurons wilQbe {0,1} and the transfer functions
considered will have the forr {0,1}" —{0,1}. That is, we consider feed forward
neural networks withrt’ input nodes andp’ output neurons.

A simple observation is the fact, as long as thenmer of hidden neurons is
unconstrainedf = (fl, ---,fp) can be realized by such a feed forward neural ordtvf
and only if all its componenis: {0,1}"* — {0,1} can be realized by a feed forward neural

network (with n’ input nodes and one output neuron).

Theorem 1.8: Any Boolean functionf: {0,1}*—{0,1}? can be realized by — layer
perceptron.

Proof:

Let p =1 without loss of generality, let ={0,1}", X_=f"10)0X, X, =
fFAAOO0X={x,,x}, andX; = {x;} for i =1,---,k. Then Con¢X,) = X; and
ConvX;) n ConuX/ X;) = ¢ This follows from the fact that; is an extreme point of
the unit cube ConX). This signifies that CorX)\ X; is still Convex, and therefore,
ConvX\X;) O ConUX)\X;.

Thus,X; andX\X; are affinely separable. (Since C@¢Ay) N Con\(X/Xi) = ).

Fori=1,-,k, lettiw® ,x )= 0@ pe a hyperplane that separates from X\ X;.

eforl <i<kX;, cH ={xeR" (wh, x)>200}andX; = XN H,.

Define gV (x) =y = (31, =, y)T by y; = sat(W® ,x y—0D) fori =1, ..., k.
Then with g®@(y) = z = sat (y; + -+ y, — 0.5) we have constructed a function
g =g® og® that coincides with the given functigndue to.

z=gx) =1« 0iO{1,-, k}withy; =1
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- 0i0{1, -, k} with (w® ,x)y>9®
- 0i0{1,--,k} With x0OX;

= x 0X; (Since the output it)

s x0f'(1) = f(x) =1

Hence the proof of the theorem. 0

Example: The XOR- function shall be realized by a peraaptwith one hidden layer
(3.4).

Solution:
For the XOR- problem withx, = {(0,1),(1,0)}and X_ = {(0,0),(1,1)} , letX; =
{(0,1D}adX, = {(1,0)}
Hence, we have the hadfces,
Hy = {(x1, x;) OR%*: x, —x; 0.5} satisfyingX;.
H, = {(x;, x3) OR? : x; —x, =0.5} satisfyingX,.

And thus,
y; = sat (xz - X1 — 0.5)
y, = sat (x; — x, —0.5)
z = sat (y; +y, —0.5)

This can be summarized in the following table:
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Let us draw the graph aff; andH, as can be seen below:

(i) 1

(I

(0
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Fig 1.9 Realization of the XOR — function by a perceptmwith one hidden layer (in

regionI neuronl fires; In regionll no neuron fires; In regioHI neuron2 fires)

Limitation of Feed Forward Neural Network

Since Feed forward Neural Networks allow signalsréwel one way only. There is no

feedback connection, self-loops (the neuron inrtégvork cannot use its own output as
an input). But, all data cannot be processed g nner. For instance, in human being
data processing type is not unidirectional. Theeefave need to introduce a bidirectional

data processing type called Recurrent Neural Nétwothe following chapter.
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CHAPTER TWO: RECURRENT NEURAL NETWORK

A Recurrent Neural Network consists of formal nessravhose interconnection structure
is give by a graph. In contrast to the previougisecno assumptionis made about the
acyclicity of this underling network graph. Thenefpthere is no well defined direction
of information propagation, and thus, recurrent rabwinetworks aremodeled &
dynamical systems
We start by reviewing some basic facts from themhef discrete dynamical systems,
and then we study the structural propertieslopfield neural networks with respect to
convergence tdixed points, transient length, andattractivity . In general, contents of
this chapter are the following:

» Finite Automata

» Structure and Convergence of Recurrent Neural Nétwo

» Asynchronous update

» Transient Length and Attractivity

2.1 Finite Automata

Let X be a set and lgt: Z x X —— X be a function.
Consider the equation,
Xt+1) = f(t,x(0) (2.1)
Where x € X andt € Z. Together with an initial condition(t,) = x, ,
Where, € Z andx, € X, this recursively definesunique sequence,
x = (x(t,), x(t, + 1), x(t, + 2), ...) of elements ok.
Such sequences are callegdjectories of (2.1), and the set of all trajectories is chlée
discrete dynamical systemWe callx(t) the state of the system at timéwhen starting

in statex, at timet,). If X is finite, such a system is calledirite automaton.

A pointx X is called dixed point of (2.1) if there exists §,€Z such that(t,) = x
implies thatx(t + 1) = x(t) for allt, <t €Z. That is,x(t) = x for allt >¢t,. This is

equivalent to saying that there exigi&Z with

37



Recurrent Neural Network

f(t,x) = x forallt, <t €Z (by 2.1)
For an integek >1, a vector%,, ..., x,_; ) €x” is called acycle of (2.1) of lengthk if
there exists a&,<Z such thate(t,) =x, impliesx(t, +1) =x; forl = 0,...,k—1
andx(t + k) = x(¢t)forallt, <teZ.

Remark 2.1 - A fixed point is precisely a cycle of lengtheon

If f: X X doesn'tdepend on tinte we write

xt+1) = f(x(®) 2p.

We call such an equati@utonomous That is, equation (2.2) doesn’t depend ofhen
it suffices to consider the initial timg = 0. That is,
trajectoriesc = (x(0),x(1),x(2),...), wherex(t) = ft(x(o)) forall teN.

Here, f* denotes the-fold composition off with itself. The fixed points of (2.2) are
characterized by the equatjofx) = x.

A cycle of (2.2) corresponds to a vec(®y , ..., x;_41) of lengthk with

fOo) = Xp, e, f O 2) = Xp—1, f (Xk—1) = X

o A functionE: X —»R is called a.yapunov function for f if E(f(x)) <E(x)
for all x(OX.

Let (x(0),x(1),x(2),..) be a trajectory of (2.2). Then a Lyapunov function
E satisfiesE(x(t + 1)) <E(x(t)) for allteN. That is,E decreases along the trajectories
of (2.2). If we even have # f(x) impliesE(f(x)) < E(x), then we say thak is a
strict Lyapunov function for f. This signifies that along the trajectatyof (2.2), E
decreases strictly whenever the state changes:

x()£x(t+ 1= E(x(t + 1)) < E(x(t)).

Theorem 2.2- If X is finite, the existence of a strict Lyapunov ftiac for f implies that
any trajectory of (2.2) reaches a fixed point.

Proof: -
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Suppos« is a finite set and a strict Lyapunov functiBrfior f exists.
Then E can only take finitely many values. This impliést there can be only a finite
number of changes in the trajectory= (x(0),x(1),x(2),...) i.e., there are
only finitely many times stepsfor whichx(t) # x(t + 1).
LetT be the largest integer for whieliT) =x(T + 1).
Thenx(T + 1) = x must be a fixed point gf.
Hendlee proof of Theorem 4.1 0

Definition 2.1: - Let x be a trajectory of (2.2). The number of times stepsith
x(t) Zx(t + 1) is calledtransient length of x.

Remark 2.2- A trajectory reaches a fixed point if and orfljts transient length is finite.

Definition 2.2: - A metricd on a seX is a functiord: X X X - R having the following
properties:

1. d(x,y)=>0forallx,yeX; d(x,y) = 0= x=y

2. d(x,y) = d(y,x)forall x,yeX.(symmetry

3. d(x,z) <d(x,y) + d(y,z) (triangular inequality

lifx+y
Example: d(x,y) = is a metric since it satisfies the
0 Otherwise

above three properties.

Remark 2.3- A metric on a seX sometimes calledistance functionon the sek.

Now letX be equipped with anetric d: X x X—— R. For x eX andr > 0, let
B.(x) = {xeX: d(x,x)<r}.
We say thaB is aneighborhoodof x if x[OB.But,B ={ x }.
Now let x be a fixed point of (2.1). We say thatis attractive if there existg, €Z and
a real number>0 such that
i. B, (x)is aneighborhood ofx
ii. x,eB.(x) = lim,_, , x(t) = x.
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Wherex (t) is the state at timewhen starting in state, at timet,.

7

+ In the autonomous case, a fixed poant is attractive if there existsas above with

X, €B.(x) = lim_,,, f*(x,) =% (@)

If X is additionally finite, [0) simplifies to

x,€ B(x) = there existeN: ff(x) = X BX
« The largeste image ofd (im(d)) with (f) property is called theadius of
attraction of x.

« Similarly, the largest as (above) with

xeB,.(x) = f(x) = xis called theadius of direct attraction of x ,
and the set

{xeX : f(x) =Xx}is called thedlomain of direct attraction of x .

2.2 Structure and Convergence of Recurrent Neural dtwork

Definition 2.3:- A recurrent neural network R consists of a (finite, directed, simple)
graphG = (V,E) and a family of formal neuron{&,,Y;, o;,S;), each associated to one
of the verticegeV'.
+ We suppose that for some i1 R, X; = Q" andY; = Q for alli.
Wheren; = |p(i)|]. Then each neuron has a transfer function,
fir Xi— Y,

fe @ ——>Q
Now letn = |v|. ForteN,andi = 1,...,n, we set

at+ D= fi((4;,®)jep®).
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And we callg; (t)0Q thestate of neuroni at timet. Accordingly, the vector q(t) =

(q1 (1), ..., q,(t) is called thestate of the networkat timet.

Definition 2.4:- A recurrent neural network is calledHopfield neural network if the
grapha is fully interconnected. i.é€ = V X V, and if all the neurons aperceptrons.
Then Q = {0,1} and q;(t+ 1) = fi(q:1(t), ..., g (t)), which can be written in the
concise form (putting = (f; ... fn))

qt+1) = f(q(®))
Where, f(x) = sat (Wx — 6) for some weight matrid OR™"and some threshold
vector @ JR™.

In the language of the previous section, the Hégpfieural network equatiop(t + 1) =
sat (wq(t) — 6) defines amutonomous finite automatonwith X = {0,1}" .

A pointxUX is a fixed point of this equation ifx = sat(wx — 6).

In the following, we will tacitly assume thatand @ are non-zero for a(0X = {0,1}".
This can always be achieved by a modification efttireshold vector, without changing
the values of (x) = sat (wx — 6) onX. Another assumption frequently made below
is thatW is a symmetric matrix. This means that the stiedtinterconnection between

neuroni and neurorj equals the strength of interconnection betwesmd i.

Theorem 2.2 Let W be a symmetric matrix. Then each trajectory ofapfie¢ld neural
network reaches a fixed point or a cycle of lerizjth

Proof:-

DefineF: X—— R by F(x) = —f(x)™Wx + (f(x)T + x") o

ThenF(f(x)) = —f(f() WFex) + (F(F())" + FGOTO
Using the symmetry di, this yields

F(f@)- F) = = f(f®) Wi + FF®) + FN6
— [ fO)TWx + (FOT + x7)6]

= —fF@) WF@ + (F(F@)" + fOOT) 0 + FG)TWx
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—f@)To — xTo
—FUFE) W + F(F0)) 0 + FO)TWx - xT0

—FFQ) WFE) + FFQTO + x"TWF (x) — 70
~f(F@) WFG) — &)+ AW @) — 6)

= @7 - f(f6)H WfE - 9
- (x - f(f(x)))T Wfkx) — 0) Sinced” - BT =

(A-B)T

=(x- f(f(),wf(x) — 6

= Zu— FUEC): Wf(x) — ),
i=1

= Z(xi —fil(f(x))) (wf(x) — O);
i=1

Now for each of these summands, there are fouscasenmarized in the following
table

% fiF@) i~ [T | WFR) — 0
0 0 0 <0
1 0 1 <0
0 1 -1 >0
1 1 0 >0

The last column is obtained by nothing thatf (x)) = sat (Wf(x) — 0

Thug(f(x)) = sat(wf(x)— 6);.
We conclude that # f(f(x)) = F(f(x)) <F(x). SinceF can only take finitely many
values, there exist, for every trajectory= (x(0),x(1),x(2), ...) only finitely many

times steps with x(t + 2) # x(t).
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Thus, there existsig [N such that(t + 2) = x(t) forallt > t,. 0
Note: fF(x)"Wx = [ xTWTf(x) ]"

Theorem 2.3 Let W be a symmetric matrix and assume thdWWx >0 for all x
in{-1,0,1}". Then E(x) = —>x"Wx +x"6 is a strict Lyapunov function for the
Hopfield neural network. According to Theor@m, this implies that each trajectory

reaches a fixed point.

Proof:-
SinceE (x) = —2x"Wx + x76, we haveE (f (x)) = —;(f(x))TWf(x) + (fFG))To.

Then using the symmetry @f, this implies

E(f(x)) —E(x) = —%(xT—f(x)T)W(x — f(x)) + (T = fF)DH(Wx — 9).
Sincex, f(x) € {0,1}" we have x — f(x) € {—1,0,1}"and therefore the first summands
is non-positive due to our assumptionin For the second summand, we consider again

the possible cases for a particular component:

X fit) | xi—fitx) | (Wx—0);
0 0 0 <0
1 0 1 <0
0 1 -1 >0
1 1 0 >0

The last column comes again frgitx) = sat(Wx — 6)
That is, f; (x) = sat(wx — 08);
Thus, we obtain
x # f(x)=E(f(x)) < E(x) as desired. 0
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2.3 Asynchronous update

Definition 2.5: Let m be an integerThen integerst andb are said to be congruent to
one anothemodulom, written a = bmodm if and only ifa — b = mq for someq € Z
andb is called a residue of moduio

Example: 35 = 8mod27. Since35 — 8 = 27q. Thenqg = 1 € Z.

The sufficient condition of Theorem 2.3 is oftero teestrictive. One way out is to
compute thenew state vectorq(t + 1) = f(q(t)) component for component, and to
use the already updated components,

. (t+ 1), qi_1(t + 1) for the calculation ofg; (t + 1).

The resulting computation procedure is:

a1t +1) = £i(q:(©), g0, -, g (D))

G+ 1D =£f(qt+1),q,@®),,qa.()) (2.3)

Qn(t + 1) = fn(ql (t + 1)' q: (t)' Qn—l(t + 1)' qn(t))

We want to recast these equations in the form dgaliin sectio.1. For this, we set
h =2 andx(t) = q(t),

[f1(x()) [ A(x(®)
q2(t) :
x(t+h) = L, x(t+(n—1)h) = .
. fr-1(x@e+m-2)n)
(0 Gn(8)
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andx(t + nh) = x(t + 1) = q(t + 1). After re-scaling the time axis, we have

fi(x(f))ifi =t + 1modn
x;(t)Otherwise

Where=1,...,n

Model (2.4) is equivalent to4.3), and it has the form discussed in sec@an However,
note that the equation is not autonomous. We 2a) & sequential updating scheme.

More generally, for a sequenkeN — {1, ..., n} we call

fi(x(@®)if i = h(®)

x(t+1) =
x;(t)Otherwise
An asynchronous updating scheme

Usually, one requires thatis such that for all € {1, ...,n}, and for all

k, € N there exists > k, such thath(k) = i. This guarantees that each component is
updated infinitely many times. This notion shoulel dtompared with the concept of a
training sequence, used in sectrirhe sequential updating scheme corresponds to the
special case where

h=(1,..,n,1,...,n,..). For practical purposes it suffices to consider $equential

update. Consider the Hopfield neural network equatvith sequential update, that is

. _ fi(x(t)) e
x(t+1) = {xi(t) otherwise if i =t + 1modn (2.5)

First, we note that the notion of fixed points does depend on the choice of the

updating mode.
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Lemma 2.4:A pointx € X = {0,1}" is a fixed point 0{2.5) if and only if
x =sat(W x —0).
Proof:
(®) Suppose a poii € X = {0,1}" is a fixed point 0{4.5) .
Claim: x = sat(Wx — 0).

Now x;(t + 1) = sat(W x(t) — 6); = x (by the supposition).
= sat(Wx(t) —0) =%

= sat(Wx(t) —0); =x

= x(t) =x

= sat(Wx —0) =x

Hence the required claim. 0
(&) Supposex = sat(Wx — 0).
Claim: A pointx € X = {0,1}" is a fixed point 0{2.5)
Sincefixed points do not depend on tbieoice of the updating mode, we have
xi(t +1) = sat(W x(t) — 6); from (2.5). Again further, we have
xi(t +1) = sat(W x(t) — 6); = x (by the supposition).
= x(t+1) =x=ux(t)

~ A pointx € X = {0,1}" is a fixed point 0{2.5). 0

Theorem 2.5:Let W be a symmetric matrix, wit;; = 0 for all i. Then every trajectory
of (2.5) reaches a fixed point.

Proof:-
Consider again the energy function,
E(x) = —x"Wx +x"6
Let x be a trajectory of2.5) and suppose thait) # x(t + 1).
As usual it suffices to show that (x(t + 1))<E(x(¢)).
Sinc& (x) = —x"Wx +x"6
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= E(x(t+1) = —x(t + D"Wax(t + 1) + x(t + D70

andl(x(t)) = —x@"Wx(@®) + x(@®)"e.

Consider E(x(t+1)— E(x@®) = —(x ()" —x(t + DOW(x() —x(t+ 1)) +
(x@®" = x(t+ D) Wx(t) - 0) (2.6)

Due to the asynchronous updatgt) and x(t + 1) differ only in one component,
sayx(t) — x(t + 1) = +e;, wheree; is the it natural basis vector dR™. Therefore,
E(x(t+1) —E(x(®)) = —2W; £ Wx(t) — 6);

Now, if x(t) —x(t+1)=+e;then x;(t)=1and x;,,() =0 and
thus (wx(t) — 0); < 0.

The casec(t) — x(t + 1) = —e; is analogous.

In either casess (x(t + 1))<E(x(t)).

Hence the proof of the Theorem. 0

Remark 2.4:

1. Note thatx"Wx > 0 for all x € {—1,0,1}". Therefore, the sufficient condition of
Theorem?2.3 is strictly stronger than that of Theorénd showing that asynchronous
update is really an advantage.

2. The condition;; = 0 is met by the “classical” Hopfield neural netwowkhich even
requiresi;; = 0 . This means that no neuron in the network useswin output as an
input, which corresponds to a gragh= (v, E) without self-loops, that i€, i) € E
fori eV.

2.4 Transient Length and Attractivity
For the following discussion, it is convenient éplaceX = {0, 1}"

by X = {+1,—-1}". And correspondingly, we replace the Heaviside fioncby sign

function. All the results obtained so far remaitidia
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Theorem 2.6:Let W be a symmetric matrix with/;;>0 for all i. According to Theorem
2.3, all trajectories of the Hopfield neural netlwavith sequential update (2.5) reach a
fixed point. Moreover, the transient lendtrsatisfies

T < ZLTL=1 Zj>i|Wij|+Z?=1|9i|
- w

Wherew =minW;>0 ande > 0 is such thaf(Wx — 0);|>¢ for all
x€X={+1}" andalli =1,...,n.

Proof:
Consider once more
E(x) = —x"Wx +x"6

And letA= max,ex E(x) — min,cx E (x)

If 6>0 is such that for any trajectory= (x(0), x(1),x(2), ...)
x(t+1) # x(t)=|E(x(t + 1)) — E(x(¢))|>6.
Then, the number of times stepwith x(t + 1)#x(t) is bounded by%.

It suffices to find an upper bound fat. For this, note that for[1X.

n

n
E(X) = —%z Wl-l-xiz - Z z ) .Wijxixj + XTH
i=1 ' >t

=1

Wi —

n n
1
2
i=1 i=1

Y Wi g
j>i

and thus, settin§ (x) = E(x) + > 2i=1 Wii, A= max,ex E(x) — mingey E(x)

One obtaind= 2(X7, 5| Wi | + X1, 16:D).

On the other hand, wher(t + 1) # x(t),sayx(t) — x(t + 1) = +2¢; we get from (2.6)
E(x(t+ 1) — E(x(©) = —2W; + 2(Wx(t) — 6),.

And thus
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|[E(x(t + 1) —E(x(®)| = 2(W;; + | (Wx(t) — 6):)>2(w + &) =:8
This yields the result. 0

For discussing attractivity, we need to introduceedric onX.

Definition 2.6: Forx,y € X = {+1}" ,d(x,y) = [{i: x; # y;, i = 1, ...,n}|
is called theHamming distancebetweenx andy.

Lemma 2.7:d is a metric orX.

Proof:

Claim: d is a metric orX.

i) d(x,y)=0if and only ifx, y agree in all coordinates and this happens if arg id
x = y. Otherwised(x,y) # 0.

i) The number of coordinates in which differs from y is equal to the number of
coordinates in whicly differs fromx. That is,d(x, y) = d(y, x)(symmetry).

iii) d(x,y) is equal to the minimum number of coordinate clesngecessary to get from
x to y. In its turn,d(y, z) is equal to the minimum number of coordinate clesng
necessary to get fromto Z. So,d(x,y) + d(y, z) changes will get us fromto z.

Henced (x,y) + d(y,z) = d(x, z), which is the minimum number of coordinate changes

necessary to get fromto z.

Hencehe claim. 0

Let x be a fixed point of the Hopfield neural networkal isx = sign(wx — ). Let
r;(x) denote the radius of direct attractionxpfwhich is defined to be the largest
integerr > 1 with

X,€B,(X) = sign(wx — 0) =X
In that case, if we start in,eB,.(x) and use a sequential update, the trajectoryrealth

x after at mosh times steps.

Note: Recall thaim sequential times steps correspond to one syncusainmoe step.
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Theorem 2.8: Let x be a fixed point of the Hopfield neural networkhdaassume
thatw # 0. Let &> 0 be such that

WX —6| > efori=1,..,n.Thenr (x)=[£]

Wherev =maxW;;|, and k] denotes the greatest integer less than or equal real
numberx.

Proof:
For anyx,x € X and anyi = 1,...,n, we have
((Wx —6); — (Wx—0)| =|[W(x—%) —6+6)]l
= |[[W(x — 2Ll
A% Wy (5 — %)
< X W[ — %

il
< 2vd(x,x)

If d(x,x) <, then
|((Wx —0); — (Wx —0);|<2vE <«
Which implies thafWx — 6),and(W x — 6); have the same sign and hence
sat(Wx —6) =sat(Wx —6) =x. 0
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CHAPTER THREE: APPLICATIONS OF NEURAL NETWORKS

7
L X4

Neural Networks in practice
Neural Networks have broad applicability to realridbusiness problems. In
fact, they have already been successfully apptigdany industries.
Since Neural Networks are best at identifying pateor trends in data, they are
well suited for prediction or forecasting needdudmg:

- Sales forecasting

- Industrial process control etc
Neural Networks in medicine
ANNSs are currently a ‘hot’ research area in medicamd it is believed that they
will receive extensive applications to biomedicgtems in the next few years.
Modeling and Diagnosing the cardiovascular system
Neural Networks are used experimentally to model tluman cardiovascular
system. Diagnosis can be achieved by building aeanofl the cardiovascular
system of an individual and comparing it with thealr time physiological
measurements taken from the patients. If this meuts carried out regularly,
potential harmful medical conditions can be detkatan early stage and thus
make the process of combating the disease muadbreasi
Electronic noses
ANNSs are used experimentally to implement electamyses. Electronic noses
have several potential applications in telemedicifedemedicine is the practice
of medicine over long distances via a communicaliok The electronic noses
would identify odours in the remote surgical enmiment. These identified
odours would then be electronically transmittedatmther site where an door
generation system would recreate them.

Instant physician
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An application developed in the mid-1980s calleel ‘timstant physician” trained
an autoassociative memory neural network to stol@ge number of medical
records, each of which includes information on stoms, diagnosis and
treatment for a particular case. After training tiet can be presented with input
consisting of a set of symptoms; it will then fitlde full stored pattern that
represents the “best” diagnosis and treatment.

Neural Network in Business

Business is a diverted field with several generabs of specialization such as
accounting or financial analysis. There is someemidl for using neural

networks for business purposes including resoutceadion and scheduling.
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Conclusions and Future Works

The computing world has a lot to gain from neuradworks. Their ability to learn by
example makes them very flexible and powerful. liremnore, there is no need to devise
an algorithm in order to perform a specific task. there is no need to understand the
internal mechanisms of that task. They are alsy well suited for real time systems
because of their fast response and computatiomastiwhich are due to their parallel
architecture.

Neural networks also contribute to other areas esfearch such as neurology and
psychology. They are regularly used to model pairtsring organisms and to investigate
the internal mechanisms of the brain.

Perhaps the most exciting aspect of neural netwarkhe possibility that some day
‘conscious’ networks might be produced. There isuanber of scientists arguing that
consciousness is a mechanical property and thatsGous’ neural networks are a
realistic possibility.

Finally, | would like to state that even though redunetworks have a huge potential we
will only get the best of them when they are intdgd with some other subjects.

The topic Recurrent Neural Network is fundamensaitaerives meaning from complex
or imprecise data.

Therefore, my interest towards it is great. Sopéchto undertake further study on the

topic in the future.
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