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Abstract 

 Measure Theory is the rigorous mathematical study of the field commonlyknown as Hausdorff 

measure.Hausdorff measures were introduced as certain lower dimensional measures on 

ℜ𝑁𝑁which allow us to measure “small” subsets in ℜ𝑁𝑁 . The Hausdorff measure and the associated 

Hausdorff dimension of the set provide a more delicate sense of the size of a set in ℜ𝑁𝑁than the 

Lebesguemeasure provides. 

 In this work we study means of constructingHausdorff measures, via the so-called “outer 

measure” and “Carathéodory measure",which isolate certain small-scale features of 

complicated sets in a metric space. The construction is explicit andcovered in detail, after which 

specific instances of constructed measures areinvestigated in depth. 
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INTRODUCTION 

This paper introduces Hausdorff measures, which provide the means to estimate the “size" or 

“dimension" of “thin" or “highly irregular” sets. 

 It contains two chapters. In the first chapter, we present preliminary concepts that are some basic 

definitions and facts from measure theory like algebra and 𝜎𝜎-algebra, outer measure, measurable 

set,Borel set, metric space, compact set, Hausdorff space, Borel measure, regular measure etc. 

with relevant definitions, examples and theorems which will be needed in what follows. 

In chapter two we introduce and study metric outer measure/Carathéodoryouter measure, 

Hausdorff measures and the Hausdorff dimension of sets. Among other things we calculate the 

Hausdorff measure and Hausdorff dimension of some sets in ℜlike Cantor sets. From these 

calculations, the reader will realize that the Hausdorff measure and the Hausdorff dimension of 

sets maybe interesting.  

Felix Hausdorff was born on 8th November 1868 in Breslau, Germany (which isnow Wroclaw, 

Poland) into a wealthy family. His Father was a textile merchant.In fact, Felix grew up in 

Leipzig after his parents moved there when he was achild. He studied Mathematics at Leipzig 

University, completing his PhD there in1891. He was subsequently a Privatdozent, and then an 

Extraordinary Professorin Leipzig. However, Hausdorffreally wanted to be a writer and actually 

publishedbooks on philosophy and poetry under a pseudonym. In 1904 he even published afarce 

which, when eventually produced, turned out to be very successful. Followingthis literary phase, 

he concentrated again on mathematics, and during the nextdozen years he made major 

contributions to both topology and set theory. In 1910he moved to Bonn, and then  

vi 



in 1913 he moved again to take up an ordinary professorship in Greifswalf before finally, in 

1921, hereturned again to Bonn. In 1919 heintroduced the notion of Hausdorff dimension in a 

seminal paper on analysis. Thiswas essentially a generalization of an idea introduced earlier by 

Carathodory, butHausdorffrealized that the construction actually allows a definition of 

\fractionaldimensions". In particular, Hausdorff's paper includes a proof of the famous resultthat 

the dimension of the middle-third Cantor set islog 2
log 3� .Unfortunately,the final years of 

Hausdorff's life were tragic. He had come from a Jewish family,and in 1935 he was forced to 

retire by the Nazi regime in power in Germany. In1941 he was scheduled to be sent to an 

internment camp, but managed to avoidbeing sent through the intervention of the University. 

However, this was merelya postponement, and on 26th Januray 1942 Hausdorff, his wife and 

sister-in-lawcommitted suicide when internment seemed inevitable. 

 

 Felix Hausdorff (1868-1942)                       
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ConstantinCarathéodory was born on 13th September 1873, in Berlin. He wasof Greek 

extraction, being the son of a secretary in the Greek embassy in Berlin.As a stundent, he studied 

as a military engineer at the ĖcoleMilitaire de Belgique.Subsequently, he joined the British 

colonial service and worked on the construction of the Assiut dam in Egypt in 1900. He then 

went on to study for his PhDin Berlin, and then Gottingen, before becoming a Provatdozent in 

Bonn in 1908.The following year he married - his own aunt! In the following years 

Carathéodorywent on to hold chairs at Universities in Hanover, Breslau, Gottingen and Bonn. 

However, in 1919 the Greek Government asked him to help establish a new university in 

Smyrna. However, this was not a happy experience since the project wasthwarted by a Turkish 

attack. Eventually, following this interlude he was appointedto a chair in Munich, which he held 

until his retirement in 1938. He died there on2nd February 1950. 

 

ConstantinCarathéodory (1873-1950) 

viii 


