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Abstract

This project is concerned with the Fourier transform methods for second
order partial differential equations. In particular, solving wave, Laplace and
heat equations using Fourier transform. We also introduce the theory of
distributions and examine their relation to the Fourier transform, and we
then use this methods to find solutions to linear partial differential equations.
In particular, fundamental solutions to heat operators
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Notations

<n ..................... real Euclidian space in n dimension
PDEs ..................... partial differential equations
Ω ..................... open set in <n
D(<n) ..................... the space of test function over <n)
D
′
(<n) ..................... the space of distribution <n)

S(<n) ..................... the space of Schwartz <n)
S
′
(<n) ..................... the space of tempered distribution <n)
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Chapter 1

INTRODUCTION

Fourier transform is the useful method to solve partial differential equa-
tions.In the second chapter it contains some preliminaries, definitions of some
related concepts , definition of Fourier transform and some properties of it.In
the third chapter we deal with how to solve wave,heat and laplace equation
using Fourier transform. To solve this kinds of partial differential equation by
using Fourier method we transform PDEs to ordinary differential equation.
suppose that u(x, t) is a function of two variables x and t where (−∞,∞) and
t > 0.Because of the presence of two variables,care is needed in identifying
with respect to which the Fourier transform is computed. For example,for
fixed t the function U(x, t) becomes a function of the spatial variable x,in
such a case we can take the Fourier transform with respect to the variable x
we denote the transformation by û(ξ, t) .Thus

F (u(x, t))(ξ) = û(ξ, t) =
1√
2Π

ˆ ∞
−∞

u(x, t)e−iξxdx

This transformation is called Fourier transformation in the variable x And
the inverse Fourier transform is given by

u(x, t)) =
1√
2Π

ˆ ∞
−∞

û(ξ, t)eixξdξ

In the Fourth and fifth chapter we discuss on the theory of Distribution,test
function, schwartz and tempered distributions ,also the some operations,differentiation
,convolution and direct product of distribution. in this chapter we also dis-
cuss The Fourier transform in S and S

′
. those operations and properties of

Fourier transform of distribution used to solve partial differential equations,in
particular how to find the fundamental solution of heat operator
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Chapter 2

PRELIMINARIES

2.1 Definitions and Terminologies

DEFINITION 2.1.1. A piecewise smooth function can be broken in to dis-
tinct pieces both the functions and their derivatives are continuous every
where ,How ever the only discontinuities that are allowed are a finite number
of jumps discontinuities.

DEFINITION 2.1.2. An absolutely integrable function is a function whose
absolute value is integrable meaning that the integral of the absolute value
over the whole domain is finite ˆ

<
|f | <∞

DEFINITION 2.1.3. Let f be function on an interval (a, b), the function
f is said to be increasing function if for any two points X1, X2 ∈ (a, b) such
that X1 < X2 then f(X1) < f(X2)

DEFINITION 2.1.4. Let f be function on an <n is locally integrable func-
tion if it is integrable on every compact sub-set of <n

2.2 Fourier Transform

DEFINITION 2.2.1. For any absolutely integrable function f defined on
< the Fourier transform of f is given by

f̂(ξ) =
1√
2Π

ˆ ∞
−∞

f(x)e−ξixdx (2.1)
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The Fourier of f in ”transform space” can be recover via an inversion formula
that defines the inverse Fourier transform

f(x) =
1√
2Π

ˆ ∞
−∞

f̂(ξ)eξixdξ (2.2)

2.2.1 some properties of fourier transform

1. Linearity: For two absolutely integrable functions f(x) and g(x) and
for any a, b ∈ <

F [af(x) + bg(x)] = aF [f(x)] + bF [g(x)] = a ˆf(ξ) + b ˆg(ξ) (2.3)

PROOF 2.2.1. For two absolutely integrable functions f(x) and g(x)
and for any a, b ∈ < by definition 2.1

F [af + bg] =
1√
2Π

ˆ ∞
−∞

[af + bg](x)e−ξixdx

=
a√
2Π

ˆ ∞
−∞

f(x)e−ξixdx+
b√
2Π

ˆ ∞
−∞

g(x)e−ξixdx

= aF [f ] + bF [g]

2. Shifting properties:

(a)
F [f(x− c)] = eiξcf̂(ξ) (2.4)

PROOF 2.2.2. For any c ∈ < and c > 0 and f(x) is absolutely
integrable functions,F [f ] be the Fourier transform
claim

F [f(x− c)] = eiξcF [f(x)]

F [f(x− c)] =
1√
2Π

ˆ ∞
−∞

f(x− c)e−ξixdx

=
1√
2Π

ˆ ∞
−∞

f(ω)e−ξi(ω+)cdω
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where ω = x− c ,x = ω + c

=
1√
2Π

eiξc
ˆ ∞
−∞

f(ω)e−iξωdω

= eiξc
1√
2Π

ˆ ∞
−∞

f(ω)e−iξωdω

= eiξcF [f(x)]

(b)
F [eicxf(x)] = F [ξ + c] (2.5)

PROOF 2.2.3. For any c ∈ < and c > 0 and f(x) is absolutely
integrable functions/F [f ] be the Fourier transform/

F [eicxf(x)] =
1√
2Π

ˆ ∞
−∞

[eicxf(x)]e−iξxdx

=
1√
2Π

ˆ ∞
−∞

f(x)eicxe−iξxdx

=
1√
2Π

ˆ ∞
−∞

f(x)e−ix(ξ+c)dx

= F [ξ + c]

3. Derivatives:

i. F [ df
dx

] = iξF [f(x)] = −iξ ˆf(ξ)

ii. F [d
2f
d2x

] = iξ2F [f(x)] = ξ2f̂(ξ), and

F [
dnf

dnx
] = (−iξ)nF [f(x)] (2.6)

iii.

F [
∂f

∂t
] =

∂

∂t
F [f(x, t)] (2.7)

Let f be continuous and piecewise smooth in(−∞,∞) let f ap-
proach zero as |x| → ∞ if f f

′
are absolutely integrable ,then

F [f
′
(x)] = iξF [f ]
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PROOF 2.2.4.

F [f
′
(x)] =

1√
2Π

ˆ ∞
−∞

f
′
(x)e−iξxdx

using integration by parts

1√
2Π

ˆ ∞
−∞

f
′
(x)e−iξxdx =

1√
2Π

[f(x)eiξx|∞−∞ − iξ
ˆ ∞
−∞

f(x)e−iξxdx]

= −iξ 1√
2Π

ˆ ∞
−∞

f(x)e−ξixdx

= −iξF [f ]

The result can be extended F [fn(x)] = (−iξ)nF [f ] for n=0,1,2,...n

DEFINITION 2.2.2. For two absolutely integrable functions f and g the
convolution of f and g over the interval (−∞,∞)is defined as

(f ∗ g)(x) =

ˆ ∞
−∞

f(x− t)g(t)dt (2.8)

THEOREM 2.2.1. If F (ξ)andG(ξ) are the Fourier transform of f(x) and
g(x) respectively, then the Fourier transform of the convolution f ∗ g is the
product F (ξ)G(ξ) that is

(f ∗ g) = F (f)F (g) (2.9)

Proof. By the definition 2.2.1 and an interchange of the order of integration
we have

F (f ∗ g) =
1√
2Π

ˆ ∞
−∞

ˆ ∞
−∞

f(t)g(x− t)e−iξxdtdx

=
1√
2Π

ˆ ∞
−∞

ˆ ∞
−∞

f(t)g(x− t)e−iξxdtdx

Now we make the substitution x− t = v,so that x = t+ v

F (f ∗ g) =
1√
2Π

ˆ ∞
−∞

ˆ ∞
−∞

f(t)g(v)e−iξ(t+v)dvdt

=
1√
2Π

[

ˆ ∞
−∞

f(t)e−iξtdt

ˆ ∞
−∞

g(v)e−iξvdv]

= F (f)F (g))
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2.3 Gaussian’s Function and its integral

DEFINITION 2.3.1. Let x ∈ <n the following function is called gaussian
function:

f(x) = e−bx
2

(2.10)

for some b > 0

Let f(x) = ae−bx
2

with a > 0,b > 0 be a Gaussian function, note that
f(x) is positive every where the integral I of f(x) over < ,in particular a and
b Let

I =

ˆ ∞
−∞

f(x)dx

To solve this one dimensional integrals we will start by completing square.
By separability property of exponential function it follows that we will get
a two dimensional integral over a two dimensional gaussian .If we compute
that the integral gives by positive square root of its integral

I2 =

ˆ ∞
−∞

f(x)dx

ˆ ∞
−∞

f(y)dy

=

ˆ ∞
−∞

ˆ ∞
−∞

f(x)f(y)dydx

=

ˆ ∞
−∞

ˆ ∞
−∞

ae−bx
2

ae−by
2

dydx

=

ˆ ∞
−∞

ˆ ∞
−∞

a2e−b(x
2+y2)dydx

Now we will make a change of variable from (x, y) to polar coordinates (α, r)
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then, let u = e−br
2
du = −2brdr

I2 = a2

ˆ 2Π

0

ˆ ∞
0

re−br
2

drdα

= a2

ˆ 2Π

0

1

−2b

ˆ ∞
0

eududα

=
a2

−2b

ˆ 2Π

0

[e−br
2|∞0 ]dα

=
a2

−2b

ˆ 2Π

0

−1dα

=
−2Πa2

−2b

=
Πa2

b

Take the positive square root gives

I = a

√
Π

b
(2.11)
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Chapter 3

THE FOURIER
TRANSFORM METHOD

3.1 Solving Some Second order PDEs Using

Fourier Transform Method

we summarize the Fourier transform method as follows
step

1. Find the Fourier transform of the given boundary value problem in
u(x, t) and get the ordinary differential equation in û(ξ, t) in the vari-
able t

2. solve the ordinary differential equation and find û(ξ, t).

3. inverse the Fourier transform û(ξ, t) to get u(x, t)

EXAMPLE 3.1.1. consider the initial value problem for the wave equation

utt = c2uxx,−∞ < x <∞, t > 0, c > 0 (3.1)

u and ux finite as |x| → ∞ ,t > 0 u(x, 0) = f1(x) ,−∞ < x <∞,
ut(x, 0) = f2(x),−∞ < x <∞
where the functions f1 and f2 are piecewise smooth and absolutely integrable
in(−∞,∞)
To find the solution of this problem by 2.1 and 2.2
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we also need the Fourier representation of the solution u(x, t),

u(x, t) =
1√
2Π

ˆ ∞
−∞

û(ξ, t)eiξxdξ

where û(ξ, t) is unknown function ,which will be now determine .for this we
substitute in to the differential equation 3.1 to obtain

0 =
1√
2Π

ˆ ∞
−∞

[
∂2û(ξ, t)

∂t2
+ c2ξ2û(ξ, t)]eiξxdξ

This û must be a solution of the ordinary differential equation

∂2û(ξ, t)

∂t2
+ c2ξ2û(x, t) = 0

whose solution can be written as

û(ξ, t) = c1(ξ) cos ξct+ c2(ξ) sin ξct

To find c1(ξ) and c2(ξ), we note that from the initial condition of equation
3.1 we have
f1(x) = u(x, 0) = 1√

2Π

´∞
−∞ c1(ξ)eiξxdξ

f2(x) = ∂u(x,0)
∂t

= 1√
2Π

´∞
−∞ ξcc2(ξ)eiξxdξ

and hence F1(ξ) = c1(ξ) and F2(ξ) = ξcc2(ξ)
therefore ,it follows that

û(ξ, t) = F1(ξ) cos ξct+
F2(ξ)

ξc
sin ξct

From this the fourier representation of the solution is

u(x, t) =
1√
2Π

ˆ ∞
−∞

[F1(ξ) cos ξct+
F2(ξ)

ξc
sin ξct]eiξxdξ

Now since cos ξ = eiξ+e−iξ

2
and sin ξ = eiξ−e−iξ

2i
we have

1√
2Π

ˆ ∞
−∞

F1(ξ) cos ξcteiξxdx =
1

2

1√
2Π

ˆ ∞
−∞

F1(ξ)[eiξct + e−iξct]eiξxdξ

=
1

2

1√
2Π

ˆ ∞
−∞

F1(ξ)[eiξ(x+ct) + eiξ(x−ct)]dξ
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By Fourier transform property 2.4 we have

=
1

2
[f1(x+ ct) + f2(x− ct)] (3.2)

similarly

1√
2Π

ˆ ∞
−∞

F2(ξ)
sin ξct

ξc
eiξxdx =

1

2

1√
2Π

ˆ ∞
−∞

F2(ξ)
eiξct − e−iξct

iξc
eiξxdξ

=
1

2

1√
2Π

ˆ ∞
−∞

F2(ξ)
eiξ(x+ ct)− eiξ(x− ct)

iξc
dξ

=
1

2c

1√
2Π

ˆ ∞
−∞

F2(ξ)[

ˆ x+ct

x−ct
eiξωdω]dξ

=
1

2c

ˆ x+ct

x−ct
[

1√
2Π

ˆ ∞
−∞

eiξωF2(ξ)dξ]dω

=
1

2c

ˆ x+ct

x−ct
f2(ω)dω (3.3)

putting equation 3.2 and 3.3 together yields d’Alembert’s formula

u(x, t) =
1

2
[f1(x− ct) + f1(x+ ct)] +

1

2c

ˆ x+ct

x−ct
f2(ω)dω

EXAMPLE 3.1.2. consider the following problem involving the laplace
equation in a half-plane

uxx + uyy = 0, (−∞ < x <∞), y > 0 (3.4)

u(x, 0) = f(x),(−∞ < x <∞)
|u(x, y)| ≤M ,(−∞ < x <∞),y > 0

where the function f is piecewise smooth and absolutely integrable in
(−∞,∞). If f(x) → 0 as |x| → ∞then we also have the implied boundary
conditions lim|x|→∞ u(x, y) = 0,limy→+∞ u(x, y) = 0 for this we use the equa-
tion 2.1 and 2.2 we also use the Fourier representation of the solution U(x, y)
u(x, y) = 1√

2Π

´∞
−∞ û(ξ, y)eiξxdξ we substitute in to equation 3.4 we get

0 = Uxx + uyy =
1√
2Π

ˆ ∞
−∞

[−ξ2û(ξ, y) +
∂2u(ξ, y)

∂y2
]eiξxdξ

11



This û must satisfy the ordinary differential equation

∂2û

∂y2
= ξ2û

and the inial condition û(ξ, 0) = F (ξ) for each ξ .
The general solution of the ordinary differential equation is c1e

ξy + c2e
−ξy.If

we impose the initial condition and the bounded ness condition ,the solution
becomes

û(ξ, y) =

{
F (ω)e−ξy, , ξ ≥ 0

F (ω)eξy, ,ξ < 0
= F (ξ)e−|ξ|y

Thus the desired Fourier representation of the solution

u(x, y) =
1√
2Π

ˆ ∞
−∞

F (ξ)e−|ξ|yeiξxdξ

To obtain an explicit representation,we insert the formula for F (ξ) and for-
mally interchange the order of integration,to obtain

u(x, y) =
1√
2Π

ˆ ∞
−∞

[

ˆ ∞
−∞

f(ω)e−iξωdω]e−|ξ|yeiξxdx

=
1√
2Π

ˆ ∞
−∞

[

ˆ ∞
−∞

eiξ(x−ω)e−|ξ|ydξ]f(ω)dω

Now the inner integral isˆ ∞
−∞

eiξ(x−ω)e−|ξydξ = 2Re

ˆ ∞
0

eiξ(x−ω)e−ξydξ

= 2Re

ˆ ∞
0

e−ξ[y−i(x−ω)]dξ

= 2Re
1

y − i(x− ω)
=

2y

y2 + (x− ω2)

Therefore the solution u(x, y) can be explicitly written as

u(x, y) =
1

Π

ˆ ∞
−∞

y

y2 + (x− w)2
f(ω)dω (3.5)

This representation 3.5 known as possion’s integral.In particular for

u(x, 0) = f(x) =

{
1, if a < x < b

0, otherwise.
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thus equation 3.5 becomes

u(x, y) =
1

Π

ˆ b

a

y

y2 + (x− ω)2
dω =

1

Π

ˆ b

a

dω
y

(x−ω)2

y2
+ 1

using substitution v = x−ω
y

we have dω = ydv so that

u(x, y) =
1

Π

ˆ b−x
y

(a−x)
y

1

1 + v2
dv

=
1

Π
[tan−1 b− x

y
− tan−1 a− x

y
]

EXAMPLE 3.1.3. consider the heat flow problem of an infinitely long thin
bar insulated on its lateral surface which is modeled by the following initial
value problem.

ut = c2uxx, (−∞,∞), t > 0, c > 0 (3.6)

u and ux finite as |x| → ∞ ,t > 0
u(x, 0) = f(x) −∞ < x <∞

Where the function f is piecewise smooth and absolutely integrable in
(−∞,∞) .Let û(ξ, t) be the Fourier transform of u(x, t). By 2.1 and 2.2 we
have

u(x, t) =
1√
2Π

ˆ ∞
−∞

û(ξ, t)eiξxdξ

û(ξ, t) =
1√
2Π

ˆ ∞
−∞

u(x, t)e−iξxdξ

Let f be continuous and piecewise smooth in(−∞,∞) let f approach zero
as |x| → ∞ if f f

′
are absolutely integrable ,by 2.7 and 2.6 we get

∂u

∂t
=

1√
2Π

ˆ ∞
−∞

∂û(ξ, t)

∂t
e−iξxdξ

∂u

∂x
=

1√
2Π

ˆ ∞
−∞

û(ξ, t)(−iξ)e−iξxdξ

∂u

∂x2
=

1√
2Π

ˆ ∞
−∞

û(ξ, t)(−iξ)2e−iξxdξ

13



In order to satisfy equation 3.6 we have

0 =
∂u

∂t
− c2 ∂u

∂x2
=

1√
2Π

ˆ ∞
−∞

[
∂û(ξ, t)

∂t
+ c2ξ2û(ξ, t)]e−iξxdξ

Thus,û must be the solution of the ordinary differential equation

∂û(ξ, t)

∂t
+ c2ξ2û(ξ, t) (3.7)

From the initial condition equation 3.6 we have

û(ξ, 0) =
1√
2Π

ˆ ∞
−∞

u(x, 0)e−iξxdx

=
1√
2Π

ˆ ∞
−∞

f(x)e−iξxdx

= F (ξ)

Therefore from equation 3.7 we have

û(ξ, t) = F (ξ)e−ξ
2c2t

u(x, t) =
1√
2Π

ˆ ∞
−∞

[F (ξ)e−ξ
2c2t]eiξxdξ

=
1√
2Π

ˆ ∞
−∞

[
1√
2Π

ˆ ∞
−∞

f(ω)e−iωxdω]e−ξ
2c2teiξxdξ

=
1

2Π

ˆ ∞
−∞

f(ω)

ˆ ∞
−∞

e−ξ
2c2te−iξωeiξxdξdω

=
1

2Π

ˆ ∞
−∞

f(ω)

ˆ ∞
−∞

[e−ξ
2c2te−iξ(x−ω)dξ]dω

Now consider the inner part of above equation

H(x, t, ξ) =

ˆ ∞
−∞

[e−ξ
2c2te−iξ(x−ω)dξ

=

ˆ ∞
−∞

exp[−t(cξ − i(x− ω)

2t
)2 − (x− ω)2

4t
]dξ

14



since the exponent satisfies (use completing square method)

−ξ2c2t+ icξ(x−ω) = −t(ξ2c2− icξ (x− ω)

t
) = −t[(cξ− ix− ω

2t
)2 +

(x− ω)2

4t2
]

and set cξ − ix−ω
2t

= s√
t
,with cdξ = ds such that

H(x, t, ξ) =

ˆ ∞
−∞

[e−s
2

exp[−(x− ω)

4t
]
ds

c
√
t

=

√
Π

c2t
e−

(x− ω)2

4t

since by Gaussian function

ˆ ∞
−∞

e−s
2

ds =
√

Π

Therefore

u(x, t) =
1√

4c2πt

ˆ ∞
−∞

f(ω)exp[−(x− ω)2

4t
]dω

=

ˆ ∞
−∞

k(x− ω, t)f(ω)dω

where k(x, t) = 1√
4c2Πt

exp[−x2

4t
]
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Chapter 4

THE SPACE D
′

DISTRIBUTION

4.1 Definitions on Distribution

DEFINITION 4.1.1. let Ω ⊂ <n be an open set and ϕ : Ω→ C a function
we say that ϕ is a test function if

1. support of ϕ is compact

2. ϕ is c∞

DEFINITION 4.1.2. The heaviside function is defined to be equal to zero
for every negative values of x and unity for every positive values of x and is
denoted by

H(x) =

{
0, if x < 0

1, ;x > 0.
(4.1)

This is also called the unit step function .

DEFINITION 4.1.3. In physical problem one often encounters idealized
concepts such that a force concentrated at a point ξ or(an impulsive force that
acts instantaneously )These forces are described by the Dirac delta function
δ(x− ξ) Which have several significant properties

δ(x− ξ) = 0, x 6= ξ
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ˆ b

a

δ(x− ξ)dx =

{
0, if a, b < ξorξ < a, b

1, ;a ≤ x ≤ b.

And ˆ ∞
−∞

δ(x− ξ)dx = 1 (4.2)

Equation 4.2 is a special case of the general formula

δ ∗ f =

ˆ ∞
−∞

δ(x− ξ)f(x)dx = f(ξ) (4.3)

DEFINITION 4.1.4. A mapping T : D(<n)→ C is called a distribution if

1. it is linear in the sense that if ϕ, φ ∈ D(<n) and a, b ∈ C then

T (aϕ+ bφ) = aT (ϕ) + bT (φ)

2. it is continuous , in the sense that if {ϕm} → ϕ in D(<n) Then
{T (ϕm)} → T (ϕ)in C

OR A continuous linear functional on a space D of test function is called
distribution

The space of distribution is denoted by D
′
(<n) it is also called generalized

function. A function on <n is locally integrable if it is integrable on every
compact subset of <n . Every locally integrable function can be treated as
a distribution. Let f be a locally integrable function on <n, Then for any
ϕ ∈ D(<n),we can define the integral

〈f, ϕ〉 =

ˆ
<n
f(x)ϕ(x)dx

TYPES OF DISTRIBUTION

1. Regular distributions: are these distributions which are generated by
locally integrable function. In fact let f a locally integrable function
on <n Then for any ϕ ∈ D(<n) , we can define the integral

〈f, ϕ〉 =

ˆ
<n
f(x)ϕ(x)dx

17



2. singular distribution : are distribution which are not regular.

EXAMPLE 4.1.1. The heaviside distribution in < is

〈H,φ〉 =

ˆ
<
φ(x)dx (4.4)

by equation 4.1 equation 4.4 becomes

〈H,φ〉 =

ˆ ∞
0

φ(x)

Since H(x) is a piecewise continuous function .this is regular distribution

EXAMPLE 4.1.2. The Dirac delta distribution in <n is

〈δ(x− ξ), φ(x)〉 = φ(ξ)

For ξ is fixed point in<n the linearity of this functional follows from the
relation

〈δ, c1φ1 + c2φ2〉 = c1φ1(ξ) + c2φ2(ξ)

= c1〈δ, φ1〉+ c2〈δ, φ2〉

where c1 and c2 are arbitrary real constants. To prove continuity we observe
that
limm→∞〈(δ, φm)〉 = limm→∞ φm(ξ) However if φm(x)→ 0 then φm(ξ) and we
have continuity, but it is not locally integrable. The distribution is therefore
a singular distribution.

4.2 Some Operations on Distribution

Let f, g ∈ D′(<n) and α ∈ c we define

1. The sum of a distributions, f + g, 〈f + g, ϕ〉 = 〈f, ϕ〉+ 〈g, ϕ〉, ∀ϕ ∈ D

2. Multiplication by constants by a constant αf as, 〈αf, ϕ〉 = α〈f, ϕ〉,∀ϕ ∈
D
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3. The shifting of a distribution,f(t− τ),as

〈f(t− τ), ϕ〉 = 〈f, ϕ(t+ τ)〉,∀ϕ ∈ D

That is

〈f(t− τ), ϕ(t)〉 =

ˆ
<n
f(t− τ)ϕ(t)dt

=

ˆ
<n
f(y)ϕ(y + τ)dy

= 〈f, ϕ(t+ τ)〉

4. The translation of a distribution f(−t) as

〈f(−t), ϕ〉 = 〈f, ϕ(−t)〉,∀ϕ ∈ D

〈f(−t), ϕ〉 =

ˆ
<n
f(−t)ϕdt

=

ˆ
<n
f(y)ϕ(−y)− dy

= 〈f, ϕ(−t)〉

5. The dilation of a distribution f(at),as

〈f(at), ϕ(t)〉 =

ˆ
<n
f(at)(ϕ− t)dt

=

ˆ
<n
f(y)ϕ(

y

a
)

1

|a|n
dy

= 〈f(t),
1

|a|n
ϕ(
t

a
)〉

6. The multiplication of a distribution by a smooth function ,gf as

〈gf, ϕ〉 = 〈f, gϕ〉,∀ϕ ∈ D
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4.3 Differentiation of a Distribution

DEFINITION 4.3.1. Let f be a distribution in D
′
(<n) the partial deriva-

tives of f are defined as

〈∂f
∂ti

, ϕ〉 = 〈f,−∂ϕ
∂ti
〉,∀ϕ ∈ D

for every i ∈ {1, ...n}

As most of the properties for distribution ,this definition has its orgins in
the behaviour of regular distribution.
Let function f ∈ D′(<), for which the function f is smooth then its derivative
f
′

is also smooth ,so it defines a distribution and the integration by parts
yields

〈f ′(t), ϕ〉 =

ˆ
<n
f
′
(t)ϕ(t)dt

=

ˆ
<n

(fϕ)
′
(t)dt−

ˆ
<n
f(t)ϕ

′
(t)dt

But as ϕ is a test function ,its support is compact ,and thus the fundamental
theorem of calculus forces the first integral to be zero and we can write

〈f ′(t), ϕ〉 = −〈f(t), ϕ
′〉,∀ϕ ∈ D

REMARK 4.3.1. i. Let f be a distribution then the expression for ∂f
∂ti

in definition defines a distribution
i.e 〈 ∂f

∂ti
, ϕn〉 = −〈f, ∂ϕn

∂ti
〉

ii. Differentiation is a linear operation in the space of distribution ,and it is
continuous in the sense that if a sequence of distributions fn converges
to f in D

′
then Dkfn converges to Dkf in D

′

i,e 〈Dkfn, ϕ〉 = (−1)|k|〈fn, Dkϕ〉 → (−1)|k|〈f,Dkϕ〉 = 〈fDk, ϕ〉
For regular distributions which comes from the differentiable function ,the

usual derivatives coincides with the distributional derivative ,but we know
nothing about the remaining ones,such as the delta function

EXAMPLE 4.3.1.
〈δ, ϕ〉 = ϕ(0)
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so if we write the derivatives with respect to variable ti i ∈ (1, ...n) we get

〈 ∂δ
∂ti

, ϕ〉 = −〈δ, ∂ϕ
∂ti
〉 = −∂ϕ

∂ti
(0) (4.5)

In general,from the above equation 4.5 we immediately get that if k = (k1, ..., kn) ∈
(<+)n,

〈Dkδ, ϕ〉 = (−1)|k|Dkϕ(0)

EXAMPLE 4.3.2. consider a Heaviside function H(x) =

{
0, if x < 0

1, ;x > 0.
if

we compute its derivatives for ϕ ∈ D(<),

〈H ′(t), ϕ〉 = −〈H(t), ϕ
′〉

= −
ˆ
<
H(t)ϕ

′
(t)dt

= −
ˆ ∞

0

ϕ
′
(t)dt

Now as ϕ is a compact support ,we can find k > 0 such that the support is
contained in [−k, k] and

−
ˆ ∞

0

ϕ
′
(t)dt = −

ˆ ∞
0

ϕ
′
(t)dt =

ˆ k

0

ϕ
′
(t)dt

= −ϕ(k) + ϕ(0) = ϕ(0) = 〈δ, ϕ〉
Therefore,in terms of distributions,we get

H
′
(t) = δ(t) (4.6)

4.4 The Schwartz Space S

DEFINITION 4.4.1. Let φ : <n → C be a function we say that φ is a
Schwartz function if

1. φ is c∞

2. for every m ∈ z+, k ∈ z+ there exists a constant cm, k > 0 such that

|t|m|Dkφ(t)| ≤ cm, k > 0;∀t ∈ <n
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The space of all Schwartz function is called Schwartz space and denoted by
S(<n)

DEFINITION 4.4.2. Let {φn}∞n=1 be a sequence in the Schwartz space S we
say that the sequence converges to zero in S if for every m ∈ zn , k ∈ (Z+)

the sequence {|t|mDkφm(t)}∞n=1 converges to zero uniformly Following this
definition ,we say that the sequence {φn}∞n=1 converges to φ if the sequence
{φn(t)− φ(t)}∞n=1 converges to zero.

4.5 The Space S
′
of Tempered Distribution

DEFINITION 4.5.1. A mapping T : S(<n) → C is called a tempered
distribution if

1. it is linear,in the sense that if φ, ϕ ∈ S(<n) and a, b ∈ C then

T (aφ+ bϕ) = aT (φ) + bT (ϕ)

2. it is continuous ,that is if {φn} → φ in S(<n) then {T (φn)} → T (φ)
in C

Properties of Tempered Distribution

1. The sum of a distributions f + g, |〈f + g, φ〉| ≤ |〈f, φ〉|+ |〈g, φ〉

2. Multiplication by constants by a constant αf as

|〈αf, φ〉| ≤ ‖α||〈f, φ〉|

3. The shifting of a tempered distribution,f(t− τ),as

〈f(t− τ), ϕ〉 = 〈f, φ(t+ τ)〉

|t|m|Dkφn(t+ τ)| ≤ 2m{|t+ τ |m|Dkφn(t+ τ)|+ |τm||Dkφn(t+ τ)|}

4. The translation of a distribution f(−t) as in the previous case ,it is
enough to see that the sequence {φn} converges to zero in S but this
is trivial. because |t| = | − t|
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5. The dilation of a tempered distribution f(at),as

|t|m|Dkφn(
t

a
)| = |a|m| t

a
|m|Dkφn(

t

a
)|

And right hand side term converges uniformly to zero.

6. The derivative of tempered distribution, ∂f
∂ti

It is immediate from the

definition of convergence in S that the sequence { ∂t
∂ti
} converges to

zero in S, so the derivative of a tempered distribution in continuous
and thus a tempered distribution.

4.6 Convolution and Direct Product of Gen-

eralized Functions

4.6.1 Convolution of Generalized Functions

DEFINITION 4.6.1. Let f and g be functions locally integrable in <n,where
the function h(x)

´
|g(x)f(x − y)|dy is locally integrable in <n .the function

(f ∗ g)(x) =
´
f(y)g(x− y)dy

=

ˆ
g(y)f(x− y)dx = (g ∗ f)(x) (4.7)

is known as the convolution f ∗ g of these functions

The function in equation 4.7 is locally integrable in <n and there for de-
fines a regular distribution (generalized function)acting on the test functions
ϕ ∈ D(<n) according to the rule:

(f ∗ g, ϕ) =

ˆ
(f ∗ g)(ξ)ϕ(ξ)dξ

=

ˆ
[g(y)f(ξ − y)dy]ϕ(ξ)dξ

=

ˆ
g(y)[

ˆ
f(ξ − y)ϕ(ξ)dξ]dy

=

ˆ
g(y)[

ˆ
f(x)ϕ(x+ y)dx]dy
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(by virtue of Fubini’s theorem) that is

(f ∗ g, ϕ) =

ˆ
f(x)g(y)ϕ(x+ y)dxdy, ϕ ∈ D(<n)

Note: If the convolution f ∗ g exists,then there is also a convolution g ∗ f ,
and they are equal f ∗ g = g ∗ f that is,the convolution is commutative

Differentiation of a Convolution

If the convolution f ∗ g, Dαf ∗ g,Dα(f ∗ g) and f ∗Dαg exist and more over

Dαf ∗ g = Dα(f ∗ g) = f ∗Dαg (4.8)

4.6.2 Direct Product of Generalized Function

DEFINITION 4.6.2. Let f ∈ D′(<n) and g ∈ D′(<m) be any two distri-
bution there direct product is defined as

〈f(x).g(y), ϕ(x, y)〉 = 〈f(x), 〈g(y), ϕ(x, y)〉〉,∀ϕ ∈ D(<n+m)

And the direct product of

〈g(y).f(x), ϕ(x, y)〉 = 〈g(y), 〈f(x), ϕ(x, y)〉〉,∀ϕ ∈ D(<n+m)

it follows that
f(x).g(y) = g(y).f(x) (4.9)

4.7 The Fourier Transform in S And in S
′

4.7.1 The Fourier Transform in S

DEFINITION 4.7.1. The Fourier transform on the Schwartz space S(<n)
is an operator F : S(<n) → L∞ which assigns to every φ ∈ S(<n) the
function

Fφξ = φ̂(ξ) =

ˆ
<n
φ(x)e−iξxdx
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Some Properties of Fourier Transform in S

proposition 4.7.1 Let φ ∈ S(<n) be a Schwartz function ,Then for every
k ∈ (Z+)n the following properties holds

1. DkF (φ)(ξ) = (−i)|k|F (xkφ)(ξ)

2. ξkF (φ)(ξ) = (−i)|k|F (Dkφ)(ξ)

3. Ifτ ∈ <n,then F (φ(x− τ))(ξ) = e−iξτFφ(ξ)

4. Ifλ ∈ <n,then F (φ(λx))(ξ) = 1
|λ|n ( ξ

λ
)

5. If φ, ϕ ∈ <n,then
´
<n Fφ(x)ϕ(x)dx =

´
<n φ(x)Fϕ(x)dx

4.7.2 The Fourier Transform in S ′

DEFINITION 4.7.2. Let f ∈ S ′(<n) be a tempered distribution ,the Fourier
transform of f as a functional over S(<n) denoted by Ff or f̂ given by

〈Ff, ϕ〉 = 〈f, Fφ〉, ∀φ ∈ S(<n)

In fact, if φ is a Schwartz function and we treat it as a distribution then
for every ϕ ∈ S

〈Fφ, ϕ〉 =

ˆ
<n
F (φ)ϕ(x)dx

and by property 5 in the above proposition we can write
ˆ
<n
Fφ(x)ϕ(x)dx =

ˆ
<n
φ(x)Fϕ(x)dx = 〈φ, Fϕ〉

DEFINITION 4.7.3. Let f ∈ S ′(<n) be a tempered distribution .Its inverse
Fourier transform denoted by F−1f or f is defined as follows

〈F−1f, ϕ〉 = 〈f, F−1φ〉,∀φ ∈ S(<n)

REMARK 4.7.1. Let f be a tempered distribution and denote by ˜ f̃ its
transposition. Let also k ∈ (Z+)n be a multi-index.

i Dk(Ff) = (−i)|k|F (xkf)

ii xkFf = (−i)|k|F (Dkf)
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iii F 2f = (2Π)nf̃

proposition 4.7.3 Let f ∈ S ′(<n) and g ∈ S ′(<n) then

〈(f(x).g(y)(ξ, η))〉 = Ff(ξ).Fg(η)

PROOF 4.7.1. consider φ ∈ S(<n+m) by definition ,we have

〈F (f(x).g(y)(ξ, η)), φ(ξ, η)〉 = 〈(f(x), 〈g(y)Fφ(ξ, η))〉〉

In this point ,we need to remark the fact that the Fourier transform can be
computed in different variable .This can be easily checked by using defini-
tion.This means for example

Fφ(x, y) = Fη(Fξ[φ](x, y)), (4.10)

where Fξφ(x, η) =
´
φ(ξ, η)e−ixξdξ

This method will also be used several times this by equation 4.10

〈f(x), 〈g(y)Fφ(x, y))〉〉 = 〈f(x), 〈g(y)(Fη(Fξ[φ](x, y)〉〉
= 〈f(x), 〈(Fg(η), Fφ(x, ξ))〉〉
= 〈f(x).Fg(η), Fξ(φ)(x, η)〉

we saw in equation 4.9 that the direct product is commutative.Thus

〈f(x).Fg(η), Fξ(φ)(x, η)〉 = 〈Fg(η).f(x)Fξ(φ)(x, η)〉
= 〈Fg(η)〈Ff , φ(ξ, η)〉
= 〈Ff(ξ).Fg(η), φ(ξ, η)〉

EXAMPLE 4.7.1. check that for every multi-index k ∈ (z+)n and γ ∈ (<n,

F (Dk[δ(x− γ)])(ξ) = (i)|k|ξke−iξγ (4.11)

choosing any Schwartz function φ,

〈F (Dk[δ(x− γ)]), φ〉 = (−1)|k|〈δ(x− γ), Dkξ̂(x)〉
= (−1)|k|(−i)|k|〈δ(x− γ), F (ξkφ)〉
= i|k|F (ξk)(γ)

= i|k|
ˆ
<n
ξkφ(ξ)e−i(γξ)dξ

= 〈(i)|k|ξke−i(ξγ), φ〉

In particular ,for k = 0,γ = 0

F (δ) = 1(ξ)
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EXAMPLE 4.7.2. The Fourier transform of delta function ,

〈F [δ(x1, ..., xn)], φ〉 = 〈δ(x), φ̂〉

= 〈δ(x),
ˆ̂ ∞

−∞
φ(y)e−ixydy〉

=

ˆ ∞
−∞

φ(y)dy

= 〈1, φ〉

Thus
δ̂(x) = 1
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Chapter 5

Fundamental Solution of
Differential operator

5.1 Generalized Solution and Fundamental So-

lutions

Let the following be a linear differential equation of order m

m∑
|α|=0

aα(x)Dαu = f (5.1)

in which f ∈ D′(<n) is distribution and the coefficients aα and c∞ functions.
To shorten the expressions to be used, we will denote the differential operator

L(x,D) =
m∑
|α|=0

aα(x)Dα (5.2)

thus the equation 5.1 gives,

L(x,D)u = f (5.3)

In general we have looking for a distribution u ∈ D
′
(<n) which satisfies

equation 5.3

DEFINITION 5.1.1. Let L(x,D) be a differential operator , f ∈ D′(<n)
and an open set A ⊆ <n we say that a distribution u ∈ D′(<n) is a generalized

28



solution of the equation L(x,D)u = f in the region A if

〈L(x,D)u, ϕ〉 = 〈f, ϕ〉

For every testing function ϕ ∈ D(<n) whose support is contained in A

Consider now a differential operator with constant coefficients. If we keep
notation as in 5.2 in this case we will write

L(x,D) =
m∑
|α|=0

aα(x)Dα =
m∑
|α|=0

aαD
α = L(D) (5.4)

In this situation we will be able to obtain some particular solutions which
will be of extreme importance .

DEFINITION 5.1.2. Let L(D) be a differential operator with constant
coefficients, we say that a distribution E ∈ D′(<n) is a fundamental solution
of the differential operator L(D) if E satisfies

L(D)E = δ, inD
′
(<n)

THEOREM 5.1.1. Let L(D) be a differential operator with constant coeffi-
cients and E a tempered fundamental solution of it . Let also f be a Schwartz
functions on <n then a solution to the equation L(D) = f is given by

u = E ∗ f

PROOF 5.1.1. we know that L(D)E = δ as E is a fundamental solution
of the operator L(D). Now,if we consider E ∗ f as a candidate solution ,and
considering notations in equation 5.4

L(D)(E ∗ f) =
m∑
|α|=0

aαD
α(E ∗ f)

Recall the rules of differential of the convolution given by 4.8 we can write

m∑
|α|=0

aαD
α(E ∗ f) =

m∑
|α|=0

aα(DαE ∗ f)

By linearity we get

L(D)(E ∗ f) = L(D)E ∗ f = δ ∗ f = f (5.5)

The delta function is the identity element with respect to convolution As the
consequence, the distribution E ∗ f is a solution to equation in the statement
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The reason for bring fundamental solutions in to the limelight is clear
now, If we manage to obtain one for an operator,much of the work will
be done. In any case,it is important to remark that, in general they are not
unique .suppose we have been able to get a solution to homogeneous equation
L(D)u = 0 If we call it E0,then

L(D)(E + E0) = L(D)E + L(D)E0 = δ + 0 = δ

showing that E + E0 is also a fundamental solution.

5.1.1 Fundamental Solution of Heat operator

The very well known heat equation models the evolution of the temperature
in a certain space, which could be a stick or a plane,and even objects in
spaces of greater dimension, Consider variable x ∈ <ns to be representative
of space and variable t ∈ < of time. Then,the heat equation is given as

∂u

∂t
(x, t) = c24xu(x, t) (5.6)

where 4x is the laplace operator concerning variable x and c is a positive
constant.Basing on the heat equation 5.6 the heat operator LH(D) is

LH(D) = Dt − C2

n∑
i=0

D2
xi

(5.7)

where Dxi represents the partial derivatives with respect to the variable xi.
We know that if we want to obtain a fundamental solution of LH(D) we need
to solve the equation

LH(D)E = DtE(x, t)− C24xE(x, t) = δ(x, t)

Instead of applying the general Fourier transform as we did in section (5.1)
we will only consider the Fourier transform on the variable x, For for that,

Fx(
∂E

∂t
)− C2Fx(4xE) = Fx(δ) (5.8)

By properties of derivatives Fourier transform

Fx(
∂E

∂t
) =

∂

∂t
Fx(E)(ξ, t) (5.9)
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Also observe that

Fx(4x) =
n∑
i=1

Fx(D
2
xi
E)

And by properties in remark (4.7.1)

Fx(D
2
xi
E) = i2ξ2

i Fx(E) = −ξ2
i Fx(E)

This means that

Fx(4x) = −
n∑
i=1

ξ2
i Fx(E) = |ξ|2Fx(E) (5.10)

It remains to handle the right hand side of equation 5.8

Fx(δ(x, t)) = Fx(δ(x).δ(t)) = Fx(δ(x)).δ(t)

we also know that

Fx(δ(x)) = 1(ξ), soFx(δ(x, t)) = 1(ξ).δ(t) (5.11)

combining 5.8, 5.9, 5.10 and 5.11 we obtain

∂

∂t
Fx(E)(ξ, t) + c2|ξ|2Fx(E)(ξ, t) = 1(ξ).δ(t) (5.12)

observe that we have a differential equation with respect to variable t,

∂

∂t
F (ξ, t) + k(ξ)F (ξ, t) = 1(ξ).δ(t) (5.13)

which in turn if we fix the value of ξ is similar to

d

dt
G(t) + kG(t) = δ(t)

IfG where a function,it could be expressed in terms of an exponential,Nevertheless
this is not a big set back as we know that the delta function is the derivatives
of the Heaviside function,H so we will be able to give a solution interms of
distributions as

G(t) = H(t)e−kt
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IndeedG
′
(t) = δ(t)e−kt − kG(t) and observe that δ(t)e−kt = δ(t) following

this idea, an identical calculation shows that a solution to equation 5.13 is
given by

F (ξ, t) = (1(ξ).H(t))e−c
2|ξ|2t

Where the only variation is thatDt(1(ξ).H(t)) = 1(ξ).DtH(t) we can simplify
that expression. In fact

〈1(ξ).H(t))e−c
2|ξ|2t, ϕ(ξ, t)〉 = 〈H(t), 〈1(ξ), e−c

2|ξ|2tϕ(ξ, t)〉〉

=

ˆ
<

ˆ
<n
H(t), e−c

2|ξ|2tϕ(ξ, t)dξdt

= 〈H(t)e−c
2|ξ|2t, ϕ(ξ, t)〉

from this
F (ξ, x) = H(t)e−c

2|ξ|2t

In short if the fundamental solution we are looking for is E then by inverse
Fourier transform ,

E = F−1
ξ (H(t)e−c

2|ξ|2t)

the transformation no effect on H this can be generalized to distributions

E =
H(t)

(2Π)n
Fξ(e

−c2|ξ|2t)

By Fourier transform of Gaussian

E(x, t) =
H(t)

(2Π)n
(

√
Π

c2t
)ne

−|x|2

4c2t

=
H(t)

(2c
√

Πt)
n e
−|x|2

4c2t
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