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Abstract

A subset A of a Banach space X is called weakly sequentially compact if
every sequence in A has a weak cluster point in X. The difficulty implication
of the Eberlein-Smulian theorem states that such a set is already relatively

weakly compact. This implication was proved by W. Eberlein .
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Introduction

A subset of a Banach space is relatively, weakly compact if and only if it is
relatively, weakly, sequentially compact.

In the first chapter we deal with introducing a Banach spaces and compact-
ness in general normed linear spaces.

We start by basic notations, definitions and F. Riesz lemma is noted. After
this a theorem which states that all n-dimensional normed linear spaces are
isomorphic. From this we conclude that, in order for each bounded sequence
in the normed linear space X to have a norm convergent subsequence, it is
necessary and sufficient that X be finite dimensional. Finally, we shown that
any norm-compact subset K of a normed linear space is contained in the

closed convex hull of some null sequence.

In the second chapter we deal with the two weaker-than-norm topologies
of greatest importance in Banach space theory are the weak topology and
the weak-star (or weak*) topology. The weak topology is present in every
normed linear space and the weak* topology is present only in dual spaces.
We start by defining the weak topology a normed linear space X and the
weak convergence of a net in X. From this we shown that, a linear map
T : X — Y between the normed linear spaces X and Y is norm-to-norm
continuous if and only if T is weak-to-weak continuous.

After this we define the weak* topology of a normed linear space and the
weak™® convergence of a sequence in X. From this we shown that, for any

normed linear space X, Bx~ is weak* compact (Alaoglu’s Theorem)

v



Finally we shown that, Bx is weakly compact if and only if X is reflexive

space.

In the last chapter we deal with how does a subset K of a Banach space
X to be compact. After this, some definitions and lemmas are noted. Finally

we state and proof the Eberlein-Smulian theorem.



Chapter 1

INTRODUCTION TO
BANACH SPACES

In this chapter we deal with compactness in general normed linear spaces.
The aim is to convey the notion that in normed linear spaces, norm-compact

sets are small -both algebraically and topologically.

1.1 Basic Definitions

Definition 1.1.1. Let X be a vector space over the field K . Then the mapping
I|I.|l - X — [0, 00) is said to be a morm on X if and only if every z,y € X and
A € K satisfy the following conditions

(1) [|lz|| > 0 and ||z]| =02 =0

(2) Azl = [Alll]l

(3) ||z +yl| < ||z|| + ||yl (triangular inequality).

The pair (X, ||.||) is called the normed space .

Each normed space X can be considered as a metric space by definition

of the canonical metric in the following way .

But a metric space may have no algebraic (vector) structure; i.e. it may not

be a vector space.



Example 1.1.1. Let X = {a,b} or any other finite set
Define d : X x X — R, as follows .

0 ife=y

1 otherwise

d(z,y) =

Then d is a metric on X. This is an example of a metric space that is not
a normed vector space because there is no way to define vector addition or

scalar multiplication for a finite set.

Definition 1.1.2. Let X be a normed space. A vector f € X is a limit point
of a set S C X if there exist vectors g, € S that converges to f.
A subset S of a normed space X is closed if it contains all of it’s limit

POINts.

Theorem 1.1.1. (Minkowski-inequality for sequences)
Let 1 < p < oo and let z,y € (P. Then

12+ yllp = ll2llp + [lyll

Example 1.1.2. Let X = Cla,b] be the space consisting of all continuous

real valued functions defined on the bounded closed interval [a,b] with:

lzlla = () [(t)[?dt)2
1$ a normed space.
Solution: (1) ||z]l2 =0

/\x (1)2de)* = 0

= z(t) = 0,for all ¢ € [a,b]
=r=0



(2) Let x,y€ ¢*
2 +ylla = (J [2(t) + y(0)2dt)? < |l>+ [lyll>  (by Minkowski inequality)

b
@)l =</ ax(t) 2de)
= ([ laPla(t) P!
— Jal( / POIROE
= lalllz]l2

Notations
Byx is the closed unit ball of X defined by

By={reX:|z] <1}

Sx is the closed unit sphere of X defined by

Sy ={z e X |z =1}

For a fixed X, the continuous dual is denoted by X* and a typical member
of X* might be called x*.
¢, = all sequences of real numbers converging to zero with the norm defined
by

]l = sup ||

where z = {(,} € ¢,
¢, = all absolutely summable sequences, i.e satisfying > |a,| < oo with the

norm given by
o
Izl =) lan|
n=1

where z = {a,} € (.



Definition 1.1.3. Let X and Y be linear spaces over the same field K.
A mapping T : X — 'Y is called a linear operator if and only if
T(x+y) =Tz + Ty, Vr,y € X(Additive) and

T(ax) = aTx for all a € K and for all x € X (Homogeneous)

Definition 1.1.4. Let A : X — Y be a linear operator. Then A is said to
be bounded if and only if there is a A > 0 such that
|Az|| < A||z|| for all z € X.

Definition 1.1.5. Let X be a normed space and let { f, }nen be a sequence of

elements of X.

(a) { fay,en converges to f € X if for all e > 0,IN > 0,all n> N

Hf - fn” <€

In this case we write f, — f or

n—o0

(b) {futnen is a Cauchy sequence if for all e >0 3N >0

1o = frnll <€
for allm,n > N
Definition 1.1.6. A normed linear space X which does have the property

that all cauchy sequences are convergent is said to be complete

Acomplete normed linear space is called a Banach space.

Example 1.1.3. C[0,1] . This is the space consisting of all continuous real

valued functions on the closed unit interval [0, 1] with

lzlloe = sup lo(®)] = pax |=(®)

1s a Banach space.



Definition 1.1.7. A space X can be embedded in to the double dual X** by
x — Ty, where T,(¢) = ¢(x).

Thus T : X — X* is an injective linear mapping, though not necessarily
surjective (spaces for which this canonical embedding is surjective are called

reflexive space).

Theorem 1.1.2. (Rank-Nullity Theorem,)
Let X and Y be vector spaces over a field K; and

let T : X =Y be a linear transformation. Assuming the dimension of X is
finite. Then

dim(X) = dim(Ker(T)) + dim(Im(T)),

where dim(X) is the dimension of X; Ker is the Kernel, and Im the image.
Note that dim(Ker(T)) is called the nullity of T and dim(Im(T)) is called
the rank of T.

Example 1.1.4. Finite dimensional normed spaces are reflexive spaces,
because in this case the space, its dual and bidual all have the same linear
dimension; hence the linear injection j from the definition is bijective; by the
Rank-Nullity theorem. But

The Banach space c, of scalar sequences tending to zero at infinity, equipped
with the supremum norm, is not a reflexive space. It follows from the gen-
eral properties bellow that ¢ and (> are not reflexive spaces; because £' is

isomorphic to the dual of c,, and (> is isomorphic to the dual of (*.

1.2 Riesz Lemma

Lemma 1.2.1. Let Y be a proper closed linear subspace of the normed linear
space X and 0 < 6 < 1. Then there is an xy € Sx, for which ||z — y| > 6
Jor everyy €Y

Proof. Pick any x € X \ Y. Since Y is closed the distance from x to Y is
positive i.e. 0 <d=inf{||lz —z||: z € Y} < 4

b}



Therefore there is a z € Y such that ||z — z|| < ¢

Let xy = ﬁ Furthermore, if y € Y, then
x—z
|zg —yll = HM —
_ H xr _ 4 . Hx_ZHyH
o=zl o=z lz—2z|
1
= ——lle =+ llz—zlly)]
o —z[" S ~ g
1 0
=——|lz—p||>-=d=1¥6

where p € Yand p = z + ||z — z||y.
Therefore ||zg—y|| >0 forallyeY

]

Definition 1.2.1. A collection C of subsets of a space X is said to cover
X if the union of elements of C is equal to X. It is an open covering of X

if its elements are open subsets of X.

Definition 1.2.2. A subset A of a topological space X is compact if every
open cover of A contains a finite subcover. Precisely, if A C Uyus for some

collection of open sets u,, then

n
ac U,
k=1
for some sub collection u,,

Example 1.2.1. Let X = {0} U{+ : n € N}. Then X is compact.
Solution.

Let e be an open covering of X.

Since 0 is a limit point of {% : n € N} every neighborhood U of 0 contains

almost all elements of {%,n € N} since

OEXQUU

Uece



,2Jv € e such that 0 € v

Let N € N such that % Ev
Let Uy € e such that 1 € U,
Let Uy € e such that % e U,

Let Un_1 € e such that ﬁ e Un_1
Consider {Uy,Us, ...,Ux_1,v} Ce. Then

XQ(U Uz‘)UU

=1

Therefore X is compact

Example 1.2.2. (0,1) is not compact

Solution.

Let e = {(£,1) : n € N} then e is an open covering of (0,1)

Let {(nil, 1), (n%, 1),..., (n—lk, 1)} be a finite sub collection.

Let N = max(ny,na, ..., ng)

= (%,1) € (0,1) and (%,1) # (0,1). Then e is an open covering of (0,1)

which admits no finite sub cover

Lemma 1.2.2. Let X be a normed space and let x1,xo,...,x, be linearly
independent vectors of X. Then there is a > 0 such that
g | + |ag| 4+ -+ |an| < pllagzy + - + apxy]| for all ag,an, ..., a, € K

Proof. Case 1.

If oy =ap =---=a, =0, then the lemma is rue

Case 2.

Let |aq| + oo + -+ |ay| =1

Define the linear mapping

T :0*(n) — X by T(a1, o, ...,0) = 011 + Qoly + -+ + Qny,

The mapping T is continuous .



Let M = {(c1,a,..., ) : |og| + |ag| + -+ + || = 1}

Then M is compact subset of ¢!(n).
Then let T'(M) is also compact .

Consider the function f(z) = ||z||,z € X. f is continuous and

therefore f has a minimum r > 0 on T (M), i.e. r < ||oqzy + - -
all (ay,a0,...,a,) € M. Since a; = 1 for all i = 1,2,...

basis for X . r # 0
Let,u:%

Then we have, 1 = |oq| + o] + -+ + |an| < pllogay + agxg + - -

Case 3.
Let ay, as, ..., a, be scalars not all zero.
Define:

o B ||
S nZW ZZ

11’

Therefore .
> osl=1.
i=1

Then by case 2 it follows that

Bil + 1B + -+ + 1Bul < pill Bravs + -+ + B
Hence |aq| + -+ + || < pl|larxy + -+ - + x|

n Oé
=I5 =1
i=1

+ |

+ a,x,|| for

’
,n and x;s are a

]

Definition 1.2.3. A vector space X is said to be finite dimensional if

there is a positive integer n such that X contains a linearly independent set

of n wectors, where as any set of n + 1 or more vectors of X is linearly
dependent. n is called the dimension of X, written n = dimX. If X = {0},
we define dimX = 0. If X is does’t finite dimensional it is said to be infinite

dimensional.

Example 1.2.3. C[a,b] is infinite dimensional where as R" and C™ are n

dimensional.



Definition 1.2.4. A subset Vof a linear vector space X is called a Hamel
basis of X if for every vector x € X can be uniquely expressed as a finite

linear combination of some elements of V

Lemma 1.2.3. In a finite dimensional normed space X. The norm conver-

gence 15 equivalent to the componentwise convergence.

Proof. Let x1,25,...,x, be a basis of X .
Assume that o — o, for alli € {1,2,...,n}.
By the continuity of vector addition and scalar multiplication we get

n n n
Jim v = Jim 3 ol = 3 (Jim oP)ai = 3 aiei =
i=1 i=1 =1

Now let yx — y (in the sense of norm) we get

> laf =il < pllye — vl
=1

Where .
Yk = Z aﬁk):vi

i=1

and .
Y= Z QT4

i=1

. Since
Jim gy, — gl =0
—00

af = a; (k— oo) foralli € {1,2,...,n}. But this is the component wise
convergence ]

Definition 1.2.5. Let X and Y be vector spaces over the same field K.
A bijective linear operator T : X — 'Y 1is called an isomorphism of X onto

Y. We also say that X and Y are isomorphic

Theorem 1.2.1. If X and Y are finite dimensional normed linear spaces of

the same dimension, then they are isomorphic.



Proof. We show that if X has dimension n, then X is isomorphic to £7.

Recall that the norm of an n-tuple

(ay,as,...,a,)
in (7 is given by
(a1, as, ... an)[| = la1| + |az] + - - - + |ay|
Let z1, %3, ..., 2, be a Hamel basis for X. Define the linear map I : /7 — X

by I((ay,as,...,a,)) = a1y + agxa + -+ + apxy,
[ is a linear space isomorphism of ¢} onto X.

Moreover for each aq,as,...,a, in £}
larzy + asza +- - 4 anwn|| < (max [lz;]])(lar] + |ag| + - -+ an|)

(by triangular inequality). Therefore I is a bounded linear operator. Since T
is a bounded linear operator and X is a Banach space.

Then the open mapping theorem would come immediately. Letting us con-
clude that I is an open map and therefore an isomorphism. We did not

know this though ; so we continue. To prove i~*

is continuous ,we need only
show that I is bounded bellow by some m > 0 on the closed unit sphere
St of /7. We define the function f : Spny — R by f((a1,as,...,a,)) =
|a1z1 + asxs + - - -+ apzy,||. The axioms of norm quickly show that f is on the
compact subset Sy, () of R". Therefore f attains a maximum value m > o at
some (af, al,...,ad) in Sy (n). Let us assume that m = 0.

The ||adz;+adzy+- - -+alz,|| = 0, so that ¥y +adze+---+a’x, = 0. Since
x1, %, ..., T, constitute a Hamel basis for X, the only way this can happen

is for a = a3 = -+ = a® = 0,a hard task for any a,a,...,a% € S,y O

Definition 1.2.6. We know that two norms ||.||1, ||.||2 are said to be equiv-
alent if and only if there are two positives 11,73
such that 1y < 12 < o) forallz € X, 2 #0, ........... (1)

l[z]l2

10



Proposition 1.2.1. All norms on a finite dimensional space X are equivalent

Proof. Let ||.]|1,]|-|l2 be two norms on X. Then by theorem 1.2.1 we have that

Now let the two normed spaces X; := (X, ||.|l1), X2 := (X, ||.||2) be given.
Then we can consider the mapping [, as a mapping from z; to x5 or from
x9 to xp from (2) we get || [,x,| — ||I.x||, that means I, is in both cases a
continuous function. Then there are two constants p; and po such that
[zl = Mozl < pallellz and [[zfls = [[lozlls < poflefl oo (3)

Therefore
slllle < ol < pollz]

From this (1) follows O
Corollary 1.2.1. Finite dimensional linear spaces are complete

Proof. Let (yx) be a Cauchy sequence in X, where

n
k
Y = § Q; Ty
i=1

then by lemma 1.2.2, we have

n

> lof —al| < pllyr — il =0 (k,j — o0)
1

for all ¢+ = 1,2,...,n that means |a£k) —a§| — 0 for all i € {1,2,...,n}
(k)

%

) is Cauchy sequences in K, for each i € {1,2,...,n}.
(k)

i

then the sequence («

Since K is complete, we have a;"’ — «;. Then by lemma 1.2.3 we have

yk%yzz@ixieX
1

So we have that X is complete. m

Corollary 1.2.2. . If Yis a finite dimensional linear subspace of the normed

linear space X, then Y is a closed subspace of X.

11



Proof. Suppose Y is a finite dimensional subspace of a normed space X. Then

Y is complete. By corollary 1.2.1, therefore Y is closed. O]

Definition 1.2.7. Let A be a set and A # 0, we say that A is finite if
A ~ Ny, for some k, where N, = {1,2,3,...,k}. And A is countable if A is
finite or A ~ N.

Theorem 1.2.2. In order for each closed bounded subset of the normed lin-
ear space X to be compact, it is necessary and sufficient that X be finite

dimensional

Proof. Should the dimension of X be n, then X is isomorphic to 3

(by theorem 1.2.1). Therefore the compactness of closed bounded subset of
X follow from the classical Heine-Borel theorem.

Should X be infinite dimensional, then Sy is not compact, though it is closed
and bounded. In fact we show that there is a sequence x,, in Sx such that
for any distinct m and n, ||z, — @,,|| > 3. To start pick z; € Sy. Then the
linear span of x; is proper closed linear subspace of X (proper because it is
1 dimensional, closed because of corollary 1.2.2 ). So by lemma 1.2.1 there
is an x5 in Sx such that ||zo — az|| > % for all & € R. Then the linear span
of 1 and xs is proper closed linear subspace of X (by corollary 1.2.2 and
lemma 1.2.1). Then there is an 3 in Sx such that |25 — (Bzs + azy)|| > 2
for all a, 5 € R.

Continue the sequence so generated does all that is expected of it. Which
implies that a sequence {z,} has no a convergent subsequence.

Hence Sx is not compact. n

Definition 1.2.8. A subset K of a normed space X is said to be convex

provided that given two points u,v € K, then the set
(I-Nu+X ek

for A € [0,1]

Example 1.2.4. [a,b] is a convex set

12



Solution. a < (I1—-AN)c+de=c<(1=ANc+Ad < (1=Nd+Xd=d<b
where ¢, d € [a,b] and A € [0, 1]

Definition 1.2.9. The convex hull of a set C is the intersection of all

convex set which contain the set C

Example 1.2.5. Suppose that [a,b] and [c,d] are two intervals on the real
line with b < ¢, so that the intervals are disjoint. Then the convex hull of the

set [a,b] U [c,d] is just the interval [a,d]

Definition 1.2.10. Let S be a non-empty set. A binary relation denoted by
<, on S is said to be a partially ordering if and only if it satisfies the
following conditions.

(1) a < a for every a € S; (Reflexive).

(2) [a <bandb<a|l= a=Db, for each a,b € S (Antisymmetry)

(3) Ja <bandb<c/=a<ec, for each a,b,c € S (Transitivity).

Definition 1.2.11. A totally ordered set is a partially ordered set such

that every two elements of the set are comparable.

Definition 1.2.12. We say that (D, <) is a directed set, if < is a relation
on D such that

(i) <yandy < z= x < z for each z,y,z € D.

(i) x < x, for each z € D.

(1) for each x,y € D, there exists z € D with x < z and y < z

Definition 1.2.13. A subset A of a directed set D is called residual (or
eventual) if there is some d, € D such that d > d, implies d € A

Definition 1.2.14. A net in a topological space (or in a set X) is a map
from any non-empty directed set D to X. It is denoted by (Tq)aep-

If (z,) is a net in the topological space X, and z is an element of X we say
that the net converges towards x or has limit x and write limxz, = x if and

only if for every neighborhood u of z, (z,) is eventually in wu.

13



Example 1.2.6. Every non-empty totally ordered set is directed set. There-
fore every function on such a set is a net.
In particular the natural numbers with usual order form such a set and a

sequence s a function on the natural numbers, so every sequence is a net.

Theorem 1.2.3. If K is a compact subset of the normed linear space X, then

there is a sequence {x,} in X such that
lim||z,|| =0
and K is contained in the closed convex hull of {x,}

Proof. K is compact; thus 2K is compact. Pick a finite i net for 2K, i.e.

1

7 of an m;

pick 71,9, ..., Zp1) in 2K such that each point of 2K is with in
1 <i<n(l). Denote by B(x,¢) the set {y: ||z — y| < €}

Look at the compact chunks of 2K: [2K N B(z1, 1)), ..., 2K N B(zyay, 1))
Move them to the origin: [2K N B(z1, )] — 21, ..., 2K N B(Zaq), 1)] — Tn)-
Translation is continuous; so chunks move to compact sets. Let K5 be the
union of the resultant chunks

ie. Ky ={[2K N B(z, i)] —x1} U U{2K N B(zn), i)] — ZTna)}-

K5 is compact, thus 2K, is compact . Pick a finite %6 net for 2K, i.e.

Pick @p(1)41,- .-, Tne) in 2K, such that each point of 2K is within %6 of an
zi,n(l) +1<i<n(2)

Look at the compact chunks of 2K5 : [2Ky N B(@n)41s 15))s - - -, [2K2 N
B(&n(2), 15)]- Move them to the origin : [2K5NB(Zn(1)11, 15)] = Tn(1)+1, - - - » [2K2N

B(2n(), 1)) = Tn()-

Translation is still continuous; so the chunks ,once moved, are still compact.
Let ks be the union of the replaced chunks:

Kg = {[QKQ N B(lL‘N(l)+1, %6)] — £L‘n(1)+1} J---uU {[QKQ M B(ZL‘Q, %6)] — l’n(z)}

K3 is compact, and we continue in a similar manner. Observe that if

re K

20 € 2K

14



20 — x,1) € Ky, for some 1 < i(1) < n(1); so
dr — 2z € 2K,
4 — 2201y — xi2) € K3, for some n(1) +1 < i(2) < n(2); so
8r — 4x;1) — 2wi(2) < 2K3,
8z — 410y — 252 — Ti(3) € Ky, for some n(2) +1 < i(3) < n(3); so

etc. Alternatively,

Ti(1)
x— 0 e K,
_ @ T 1
T 2 1 S 4K3,
1€ R 1) R 1 C)) 1
T B y) 3 S 8K4""

It follows that

and z € ¢0(0, zi1), Ti2), - - -,) € €0(0, 21,22, ...,)

15



Chapter 2

The Weak and Weak*
Topologies

As we saw in our study compactness in normed linear spaces, the norm
topology is too strong to allow any widely applicable subsequential extrac-
tion principles. Indeed in order that each bounded sequence in X have a
norm convergent subsequence, it is necessary and sufficient that X be fi-
nite dimensional. This fact leads us to consider other, weaker topologies on
normed linear spaces which are related to the linear structure of the spaces
and to search for subsequential extraction principles therein.

The two weaker than norm topologies of greatest importance in Banach space
theory are the weak topology and the weak star (weak*) topology. The weak
topology is present in every normed linear spaces. The weak* topology is

present only in dual spaces.

2.1 Weak convergence

Definition 2.1.1. A sequence {x,} in a normed space X converges weakly

to a vector x € X if f(x,) — f(x), for every f € X*

Theorem 2.1.1. (Bessel’s inequality) let {ex} be an orthonormal sequence

16



in an inner product space X. Then for every x € X

> e < el

)
k=1

Proposition 2.1.1. Norm convergence implies weakly convergence

Proof. Suppose x,, — x (strongly),
Now |f(x,) — f(2)| = |f(zn — 2)| < M|y — 2]| = 0 = 2, = = weakly O

The converse of the proposition is not always true

Example 2.1.1. An orthonormal system {z,,} in a Hilbert space X converges
weakly to zero, and it is does not converge strongly. By Reisz’s Represen-
tation theorem the weak convergence to zero is equivalent to (x,,z) — 0 for
every x € X. By Bessel's inequality

> [, )2 < l]?

Therefore {x,} is not strong covergent

Definition 2.1.2. Let X be a normed space. A sub set C of X is said to be
weakly closed if there exists a sequence {f,} in C such that {f,} converges
tox € X. The closure of C is weakly open in X.

Definition 2.1.3. The weak topology on a normed space X is defined as the
weakest topology in which all maps f € X* (i.e.f : X — R) are continuous.

Definition 2.1.4. In a Banach space B a weakly compact set is a set that is

compact for the weak topology.

Properties:-
The weak topology is
(1) linear (addition and scalar multiplications are continuous)
(2) Hausdorff (the weak limits are unique)
Alternatively we can describe a basis for the weak topology. Since the weak
topology is patently linear we need only specify the neighborhoods of 0,
translation will carry these neighborhoods throughout X. A typical basic

17



neighborhoods of 0 is generated by an € > 0 and finitely many members
xy, x5, ..., xr of X*.

It’s form is :

W(0; x5, x5, ..., 2k, €) = max{zx € X : |zjx|, |x5z|, ..., |ziz|} <€

In fact each basic neighborhood W (0; 2%, x3,. .., 2% €) of 0 contains the in-

tersection Nker 2} of the null space ker x; of the z a linear sub space of finite

codimension.

Lemma 2.1.1. Let E be a linear space and f, fi, fa,..., fn be linear func-
tionals on E such that ker f O NI, ker f;. Then f is a linear combination of

the fls, i€ (1,2,3,...,n)

Proof. W.L.O.G. Assume that {fi, fa,..., fu} is a linear independent. We
proceed by induction on n.
For n = 1. Assume that ker f; C ker f. Since f; # 0, there is an z; € X

such that fi(z1) #0

fi(z)
Fi@)

fu(ws) = file) — 2 () = 0,
= u, € ker f; C ker f.
= u, € ker f

reX,u, =z —

Let £ = z 4+ ax;.

f(@) = )+ afw) = B2 () = L2 1i(@) = afi(a), where o = £2)
and f(z) =0

Therefore f = af;

Inductively assume that the lemma is true for n — 1 suppose ﬂ?’;ll ker f; C
ker f

It follows from the induction assumption that (;_, ker f; € ker f; for all
j=11,2,...,n} and i # j.

Then there exist 1, zo, ..., 2, € X such that f;(z;) = 6;; fori,j = {1,2,...,n}.
Let v € X, put y, = — > 1| fir;.

Then for each j = {1,2,...,n}.

File) = F5(8) = S0y Fi@)fy() = f(2) — fi(x) = 0= g € ker f; C ker f.
Therefore v =y, + > | fi(x)z;
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Hance f(z) = f(ya) + X1y fi(@) f(2:) = 220 cu fi(w).
Therefore f = >"" | a;fi, where oy = f(x;) O

Note. Though the weak topology is smaller than the norm topology, it
produces the same continuous linear functional.
To see this. Suppose f be a weakly continuous linear functional on the
normed linear space X, then U = {z : |f(z)| < 1} a weak neighborhood of 0.
As such U contains W (0; 27, ..., 2, €).

*

Since f is linear and W(0; x5, ..., x}, €) contains the linear space [;_, ker x},

it follows that ker f contains N}'_; ker

which implies f must be a linear combination of z7, ...,z and so f € X*.

Definition 2.1.5. If X is a topological space. X 1is said to be metrizable
if there exists a metric d on the set X that induces the topology of X

Definition 2.1.6. A space X is said to have a countable basis at each
x € X, if there is a countable collection B of neighborhood of x such that
each neighborhood of x contains at least one of the elements of 3. A space
that has a countable basis at each of its points is said to satisfy the first

countability axiom (or to be first countable)

Note: Every metrizable space satisfies the first countability axiom.
The weak topology is really of quite different character than is the norm

topology (at least in the case of infinite dimensional normed spaces).

Definition 2.1.7. Let S be a subspace of the normed space. Then the closure
in X of span(S), span(S) is called the closed linear manifold (sub space)
generated by S

Theorem 2.1.2. If the weak topology of a normed linear space X is metriz-

able, then X 1is finite dimensional

Proof. Suppose the weak topology of X is metrizable, there exists a sequence

(xF) in X* such that given any weak neighborhood wu of 0

n
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we can find a rational € > 0 and n(u) such that u contains W (0; z7, 23, ..., 2%, €).
Each z* € X* generates the weak neighborhood (0; z*,€) of 0,which inturn
contains one of the sets W(0; 7, ... ,x;(w(o;x*ﬁ)), €). However we have seen
that this entails z* being a linear combination of 7, ... s Ty ()

If we let F, be the linear span of z7,..., 2 , then each F), is a finite dimen-
sional linear sub space of X* which is a fortiori closed; Moreover we have just
seen that X* = |J,, Fin. The Baire Category theorem now alerts us to the
fact that one of the F},, has non —empty interior, a fact which tells us that the
F,, has to be all of X*. X*(and henceX) must be finite dimensional [

Proposition 2.1.2. If X is infinite dimensional, then the weak topology of

X 18 not complete

Proof. Let {x,} be a cauchy sequence in X. Since {z,} does not converge
(by theorem 2)
Therefore X is not complete O

Definition 2.1.8. Let A be a subspace of a normed space X. The closure of
A is the smallest closed sub set A of X that contains A. If A = X, then A

18 said to be dense in X.

Theorem 2.1.3. If K is a convex subset of the normed linear space X, then

the closure of K in the norm topology concides with the weak closure of K

Proof. There are no more open sets in the weak topology than there are in
the norm topology.

If K is a convex set and if there is a point zy € Fwwk\?”'“, then there would
be an z{; € X* such that supxé?“'” <a < B <zh(xg), for some «,

This follows from the Separation theorem and the convexity of K However
Ty € e implies there is a net (z4) in K such that z, = weak lim, x4

It follows that iz, = limg xjz4

it is contradiction to the fact that z¥(x,) is separated from all the z*(z4) by

the gulf between o and S O]
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Corollary 2.1.1. If {x,} is a sequence in the normed linear space X for
which weak lim,, x,, = 0, then there is a sequence (0,,) of conver combinations

of the x,, such that lim,, x,, =0

Proof. suppose x ¢ K := ¢onv(z,). By using a Separation theorem, we can
separate the closed convex set K from {z} = {0}; Namely there exists a
functional f € X* such that sup,cx f(y) < f(z).

Since z, € K, this implies that sup,, f(z,) < f(z) = f(0) = 0 which is
contradicts weak convergence.

Suppose z,, = x(weakly) and z =0

Let f € X*, a supporting functional of X, i.e. || f]| =1, f(z) = ||z||

f(@n) = fz) = |
= ()| = [f(@)] = Azl = llz]| = 0
= [lzall = [lz]l = 0

= lim ||z,]| =0
[

Corollary 2.1.2. If Y is a linear subspace of the normed linear space X,

—weak

then Y = 7”“

Corollary 2.1.3. If K is a convez set in the normed linear space X, then K

1s norm closed if and only if K is weakly closed

Proof. Assume K is closed and convex. By corollary of intersection of half-
spaces to Hahn-Banach theorem K is the intersection of the closed half spaces
that contain K: Each closed half space has the form

Ao = {x € X : f(z) < a} for some f € X* and a € R. Hence Ay,
is weakly closed. The intersection K of the closed half spaces is therefore

weakly closed. O

Theorem 2.1.4. . A linear map T : X — Y between the normed linear
spaces X and Y is norm-to-norm continuous if and only if T is weak-to-weak

continuous
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Proof. Suppose T is weak-to-weak continuous if and only if for each y* € Y*,
y*T is a weakly continuous linear functional on X. This inturn occurs if and
only if y*T is a norm continuous linear functional on X for each y* € Y*.

On the other direction suppose T is not norm-to-norm continuous, then 7'B,
is not a bounded set of Y. Therefore by Banach-Steinhause theorem a y* € Y*
such that y*T B, is not bounded , y*T" is not bounded linear functional. Which

implies that T is not weak-to-weak continuous O

2.2 The Weak™* Topology

On X* there are two natural weaker topologies. The weak topology that we
already considered makes all functionals on X** continuous functionals on
X*. The other topology called weak* topology, is only concerned with con-
tinuity of functionals that come from X C X**. Let X be a normed linear
space. We describe the weak® topology of X* by indicating how a net (z})
in X* converges weak® to a member xj of X*.

We say that (z;) converges weak* to zjy € X* if for each z € X,

(x§)z = limg(z))x.

As with the weak topology, we can give a description of a typical basic weak*
neighborhood of 0 in X*; this time such a neighborhood is generated by an
e > 0 and a finite collection of elements in X, say 1, ..., x,.

Then the form is

W*(0;21, ..., 25, €) = max{z* € X*: |z*xy|,...,|z"x,|} <€

The weak* topology is a linear topology; so it is enough to describe the
neighborhoods of 0, and neighborhoods of other points in X* can be obtained
by translation.

Notice that weak* basic neighborhoods of 0 are also weak neighborhoods of 0;

in fact, they are just the basic neighborhoods generated by those members of

22



X** that are actually in X. For, any z** that are left over in X** after taking
away X give weak neighborhoods of 0 in X* that are not weak* neighborhoods.
A conclusion to be drawn is this: the weak * topology is no bigger than the
weak topology. Like the weak topology, excepting finite dimensional spaces,
duals are never weak™ metrizable or weak* complete. Also proceeding as we
did with the weak topology, we can show that the weak* dual of X* is X. An

important consequence of this is the following theorem.

Theorem 2.2.1. (Goldstine’s Theorem). For any normed linear space X,

Bx is weak® dense in Bx«, and so X is weak* dense in X**.

Proof. The second assertion follows from the first; so we concentrate our
attentions on proving By is always weak® dense in Bxs.
. . 5—weakx* . ——weak* .
Let z** € X** be any point not in By . Since By is a weak® closed
——weak*

convex set and z** ¢ By , there is an z* € X™ weak” dual X* such that

——weak*

sup{z*y** : y** € By } <t

Of course we can assume ||z*|| = 1; but now the quantity on the left is at
least ||z*|| = 1, and so ||z**|| > 1. It follows that every member of By« falls
inside B_Xweak*. ]

As important and useful fact as Goldstine’s theorem is, the most im-
portant feature of the weak™ topology is contained in the following compact-

ness result.

Theorem 2.2.2. (Alaoglu’s Theorem). For any normed linear space X, Bx-
18 weak® compact.

Consequently, weak* closed bounded subsets of X* are weak* compact.

Proof. If * € By, then for each x € By,|z*z| < 1. Consequently, each
r* € Bx« maps By in to the set D of scalars of modulus < 1. We can there
fore identify each member of Bx« with a point in the product space DPx.

Tychonoft’s theorem tells us this latter space is compact. On the other hand,

the weak™ topology is defined to be that of point wise convergence on By, and
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so this identification of B} with a sub set of DBx leaves the weak* topology
unscathed; it need only be established that Bx- is closed in DBX to complete
the proof.

Let (z%) be a net in By~ converging point wise on By to f € DPX. Then it
is easy to see that f is ”linear” on By : in fact, if 1,29 € Bx and a;, ay are

scalars such that a1z + asxy € By, then

flayzy + agzy) = liclgn zh(a1x1 + agws)
= lién(alxz(xl) + asx)(x2))
= licrln a1xy(z1) + thzn asxyy(z2)

= a1f(r1) +aaf(72)

It follows that f is indeed the restriction to Bx of a linear functional x’ on
X; moreover, since f(x) has modulus < 1 for # € By, this x’ is even in Bx-.

This completes the proof. n
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Chapter 3
The Eberlein-Smulian Theorem

We saw in the previous chapter that regardless of the normed linear space
X, weak* closed, bounded sets in X* are weak* compact. How does a subset

K of a Banach space X get to be weakly compact?
Lemma 3.0.1. Weakly compact sets are norm closed and norm bounded.

Proof. Let K be weakly compact set in the normed linear space X. If x* € X*,
then z* is weakly continuous

Therefore x* K is a compact set of scalars.

= x*K is bounded, for each z* € X*

= K is bounded (by the uniform boundedness theorem)

Further K is weakly compact, hence weakly closed, and so norm closed. [
The converse of the lemma is not true.
Example 3.0.1. B, is closed bounded set but not weakly compact

Proof. Suppose B,, is weakly compact.
Since each sequence in B,., would have a weak cluster point in B,,. consider
the sequence (d,) defined by d,, = €1 + ... + ¢, where ¢, is the & unit vector

in ¢,. The supremum norm of ¢, is given by

]| = sup ||
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where z = {(,} € ¢,

So that ||d,|| = 1 for all n. Take A € B,, that is a weak cluster point of (d,),
for each x* € ¢, (z*9,) has z*\ for a cluster point.

Now evaluation of a sequence in ¢, at its k" coordinate is a continuous linear
functional; call it e;. Note that e} (d,) =1 for all n > k : e\ = 1 for all k.
Hence A = (1,1,...,1...) ¢ c,.

Therefore B,, is not weakly compact. O
Lemma 3.0.2. By is weakly compact if and only if X is reflexive space.

Proof. suppose Bx = Bx++, naturally this occurs when and only when
X = X*; such X are called reflexive. Then the natural embeding of X
in to X** is a weak-to-weak® homeomorphism of X on to X** that carries
Bx exactly on to Bx«. By Alaoglue theorem. By is weakly compact.

On the other direction, suppose B, is weakly compact, then any z** € X**
not in B, can be separated from the weak* compact convex set Bx by an

element of the weak™ dual of X**. i.e there is an 2* € By~ such that

sup z*z(= ||z = 1) < a™z" = ||z™ > 1 = 2™ ¢ Bxs

lzll<1
Therefore Bx = By«
Hence X is reflexive. O]

Remark. A bounded set A in a Banach space X is relatively weakly
compact.
To see this:. Since A" is weak” compact. Should each element in Ak
actually be in X; then A g just A"

eak

k.
Therefore A" is weakly compact.
Note. A linear space has many norms. In general the space may be com-

plete with relative to one norm not complete with relative to another norm.

Unless the two norms are equivalent.
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Definition 3.0.1. A subset K of a topological space X is said to be sequen-
tially compact if for any sequence {x,} C K, there exists a convergent sub-

sequence with limit in K.

Definition 3.0.2. A space X is said to be limit point compact if every

infinite subset of X has a limit point.

Definition 3.0.3. A subset K of a Banach space X is weakly, sequentially
compact if for any sequence {x,} in K there is a weakly convergent subse-

quence with limit in K.

Definition 3.0.4. Let X and Y be topological spaces.
Let f: X =Y be a bijective map. Then f is said to be a homeomorphism if

both f and f~' are continuous.

Lemma 3.0.3. Let f : X — Y be a biyective continuous map. If X is

compact and Y is Hausdorff, then f=! is continuous.

Proof. Let C be closed in X

= (' is compact
= f(C) is compact in Y
= f(C)is closed in Y

Therefore f~! is continuous.

Hence f is homeomorphism. O

Definition 3.0.5. A space having a countable dense subset is often said to

be separable.

Lemma 3.0.4. Let X be metrizable. The following are equivalent.
(a) compact
(b) Limit point compact

(¢c) sequentially compact
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Proof. (a =)

Let X be compact.

Let A C X be infinite. Suppose A has no limit point. which implies A is
closed. If a € A and a is not a limit point, then there is a neighborhood u,
of a such that

ug, N A\{a} = 0. Then {u, : a € A} is an open covering of A. Since A is

compact there exists ug,, ..., U, such that

n
AC U Ug,
i=1

Therefore A = {ay,as, ...,a,} which is a contradiction to the fact that A is
infinite,which implies that A has a limit point.

Hence X is limit point compact.

(b= c¢)

Let X be limit point compact.

Let {x,} be a sequence of points.

Let A = {x,|n € N}. Then A is either finite or infinite.

Case 1.

A is finite.

Let f:N— A, f(n) = z,. Then f(N) is finite.

Now
n

A = )

i=1
where A = {y1,y2, ..., yn}. Thus for some i f~!({x;}) is infinite.
Put [ ({y:}) = {nelk =1,2,... }.
Then {z,, }3°, is constant sequence as x,, = y; for all k
Therefore {z,} has a convergent sub sequence in X.
Case 2.
A is infinite. Since X is limit point compact, then A has a limit point say x.

Then any ball centered at x infinitely many points of A

For n =1, let x,, € B(xz,1) A
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For n =2, let x,, € B(z,2) A
For n =3, let x,,, € B(z,3) A

Continue in this way.

Consider {z,;}72,, then this a sub sequence of {z,} and as k — o0, z,, — =
Hence X is sequentially compact.

(¢ = a). Suppose X is sequentially compact. We need to show that X is
compact.

Suppose X is not compact. Then for some € > 0, no finite € — balls cover
X. Let 21 € X and consider B(z1,€). By assumption X\B(x1,¢) # 0. So
pick x9\B(x2,€). Then X\ (B(z1,€)UB(xq€)) # 0. Continue in this manner.
Suppose you choose z,, such that z,, ¢ U (B(z;,¢€)).

Now UB(z;,€) # X. There exists x,+1 ¢ U;_, B(x;,¢€)).

Consider {x,}. If a sequence of points in X. Note that the condition
d(Tpi1, ;) > €

foralle=1,2,...

Which implies {z,} is not Cauchy sequence.

In fact for any € X, B(z, §) contains at most one value of {z,}.
If 2,2, € B(z,5)

W.L.O.G. (n > m)

(T, T) < d(@p, @) +d(@,2,) <5+ 5=¢

Which is a contradiction.

Therefore any = can not be a limit point.

Hence no = € X can be a limit point of {z,,}. Which implies {z,} has no a
sub sequence which is convergent. Which is a contradiction to the fact that
X is sequentially compact.

Therefore X is compact. O

Theorem 3.0.3. (The Eberlein-Smulian Theorem). A subset of a Banach
space is relatively weakly compact if and only if it is relatively weakly sequen-

tially compact.

29



In particular, a subset of a Banach space is weakly compact if and only if it

15 weakly sequentially compact.

Proof. To start, we will show that a relatively weakly compact subset of a
a Banach space is relatively weakly sequentially compact. This will accom-
plished in two easy steps.

Stepl. If K is a (relatively)‘weakly compact set in a Banach space X and X*
contains a countable total set, then K" is metrizable . Recall that a set
F C X* is called total if f(x) =0 for each f € F implies x = 0.

Suppose that K is weakly compact and {z}} is a countable total subset of
nonzero members of X*. The function d : X x X — R defined by

d(z,2') =) |aj(x — )|} ]| 727!

is a metric on X. The formal identity map is weakly-to-d continuous on the
bounded set K. Since a continuous one-to-one map from a compact space
to a Hausdorff space is a Homeomorphism, we conclude that d restricted to
K x X is a metric that generates the weak topology of K.

Step2. Suppose A is a relatively weakly compact subset of the Banach space
X and {a,} be a sequence of members of A. Look at the closed linear span|a,,]
of the {a,}; [a,] is weakly closed in X. Therefore, A ()[a,] is relatively weakly
compact in the separable Banach space [a,]. Now the dual of a separable
Banach space contains a countable total set: if {d,} is a countable dense set
in the unit sphere of the separable space and {d*} is chosen in the dual to
satisty d,d’ =1, and {d}} is total.

From our first step we know that mweak is metrizable in the weak topol-
ogy of [a,]. Since compactness and sequential compactness are equivalent in

weak
is a weakly sequentially compact subset of [a,]. In

metric space, A |()[a,]
particular, if a is any weak limit point of (a,), then there is a subsequence
{al,} of {a,} that converges weakly to a in [a,]. It is plain that {a/} also

converges weakly to a in X.

We now turn to the the other direction. We start with an observation: if E
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is a finite-dimensional subspace of X**, then there is a finite set £’ of S,
such that for any z** in E

[l

2

< max{|z**z*| : 2* € E'}

In fact, Sg is norm compact.
Therefore, there is a finite set ; net F' = {z3*, ..., 23} for Sg.

Pick z7, ..., z;, € Sg. such that

Then whenever z** € Sg/, we have
b

kK ko okk ok *% K £k 3
a*ay = aptwg + (g — apteg) > g -

for a suitable choice of K. This observation is the basis of our proof.

Let A be a relatively weakly sequentially compact subset of X; each infinite
subset of A has a weak cluster point in X. Since A is also relatively weakly
countably compact. Consider AT s weak® compact since A, and
therefore Zweak*, is bounded due to the relative weak sequential compactness
of A. We use the strategy espoused at the start of this section to show A is
relatively weakly compact; that is, we show Avek actually lies in X.

Take x** € Zweak*, and let 7 € S,.. Since z** € A" cach weak® neighbor-
hood of z** contains a member of A. In particular, the weak* neighborhood
generated by € = 1 and =7}, {y*™ € X* : |(y*™* — 2™)(27)| < 1}, contains a

member a; of A. From this we get

(27 —ay)(2])] <1

k%

Consider the linear span [z**,2** — a;] of ™ and ™ — ay; this a finite-
dimensional subspace of X**. Our observation deals us z3, o Ty € Sex

such that for any y** in [2**, 2™ — a4],
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™ is not going anywhere, i.e, it is still in Zweak*; so each weak* neighborhood
of z** intersects A. In particular, the weak* neighborhood about x** generated

by % and z7, ..., Ty, Intersects A to give us an as in A such that

|(ZL’** — CL2)($T)|7 ’([L’** - CL2)($§)‘> P ‘(:L‘** o CLQ)(:LR:L(Q))| < %

*k *k

Now look at the linear span [z** 2" — ap,2*

* *

— ag] of ™, 2™ — a; and

*k *

x** — ag. As a finite-dimensional subspace, [z**, 2** — a;, 2™ — as] provides

us with xz( ,x;(:s) in S, such that

2)4+10

2 < maxc{[y** (z7)] : 1 < k < n(3)}

for any y** € [z*, 2™ — a1, 2™ — ay).

Once more quickly choose a3 in A such that +**—a3 charges againest x7, ..., Ty3)

for no more than % value. Observe that the finite-dimensional linear space

3
[2**, 2** —ay, % — ag, 2** —ag] provides us with a finite subset Ty (3)41s - Tm(a)

in S, such that

for any y** € [z**, 2™ — a1, 2™ — ag, 2™ — ag).

Where does all this lead us? Our hypothesis on A (being relatively weakly
sequentially compact) allows us to find an x € X that is a weak cluster point
of the constructed sequence {a,} C A. Since the closed linear span [a,] of
the a, is weakly closed, = € [a,]. It follows that 2** — z is in the weak™ closed

k%

linear span of {z** z** — ay, ™ — ag,...}. Our construction of the x} and

the a; assures that

||y2 ” LSUD Y X e, (1)
holds for any y** in the linear span of x™, 2™ — a1, 2™ — ag,.... An easy

continuity argument shows that (1) applies as well to any y** in the weak*
closed linear span of ™, 2™ — ay, 2™ — ao,.... In particular, we can apply

(1) to 2** — z. However,

(2™ =) (2n)| < (2™ = aw)(27,)] + [, (ax) — 27, (2)] <

SR
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as little as you pleas
if m < n(p),p < k and you take advantage of the fact that x is a weak

cluster point of (a,). So z** —x = 0, and this ensures that z** =z in X. O
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