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PREFACE

Conjugacy is a notion defined on a certain class of functions. It was introduced in
1953 by W. Fenchel (Cf. [1]). Conjugating a function has a convexifying effect on
the function. Furthermore, conjugacy has an important role in the duality theory

of optimization. This is one motivation, among others, for the study of conjugacy.

In this seminar report, important properties of conjugacy will be investigated.
Among other things, rules of conjugation and differentiability of the conjugate
function are considered. Conjugates of some particular functions are also

discussed.
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1. THE CONJUGATE OF A FUNCTION

1.1. INTRODUCTION

Let

f:R" > R U {+w0} suchthatf#+ o ,
and there is an affine function minorizingfon R ".

(1.1.1)

Moreover, let dom f: = {x | f (x) < +w0 }.

Definition 1.1.1: The conjugate of a function f satisfying (1.1.1) is the function

f*:R" 5> R U {+o } defined by
f*() = sup { (s x)-fx) }
f

x € dom

Remark 1.1:

1. Ifx ¢ domf, then f (x) = +00. In such a case, (s,x)-f(x):—co . Since f = +ow0 ,

it follows that (s,x)—f(x) > —, for some x ¢ R". Thus we may write

f*@6) =sup 1 ox)-fx (1.1.2)

TER™
2. The mapping F : f — f * shall be called the conjugacy operation or the
Legendre-Fenchel transform.

From (1.1.2), we have

Fenchel's Inequality : Givens € R",

f*(@) + fix) = (s,x) for al xeR" -

Next we show that f *satisfies (1.1.1) .



Let the function ¢ given by ¢(x) = (s,,x)+r, be an affine function minorizing f, by

(1.1.1). Then £(x)2 (s, X)+1,.
This implies that
fx) — (sg,x)=21, for all x eR".

Now,
—f*(sy)=—sup {<30’X>‘ f(x) }

xeR"”

= inf {f(x) - (sg,%)}2 1"

xeR"

So f*(s,)< -1, < +o . Thisimpliesthat f* = +oo.

By Fenchel’s inequality, we have
f*(s) > (x,s)—-f(x), for all x,seR".
Fixing x, we notice that f* is minorized by the affine function g given by
gx) = (s x )~ fx)

Consequently, f* satisfies (1.1.1).

From the above discussion, we observe that dom f is the set of slopes of all affine

functions minorizing f; dom f is the set of slopes of all affine functions minorizing f*.

Theorem 1.1.1: Let f satisfy (1.1.1). Then f* < Conv R".

Proof: We know Conv R” = {g :R"” > RU {+ w}|gis closed and convex } .
Moreover, we know that f* satisfies (1.1.1). Now for each fixed x, the function /¢
where ¢(s) =(x,s)- f(x) is an affine function. So the conjugate function f* is a
supremum of affine functions each of which is closed and convex.

But a supremum of convex and closed functions is closed and convex.

Thus f*cConvR". /Il



Example 1.1.1: Let f :R” — R be defined by f(x) = 1-||x I . Then

f*(s)= sup {¢s,x)— Lfx|f }

Pl -

SR CRTSERORE B (R

reR?"

1
i {(e)
xeR* 2

Putting hx) == <%x _ s,x> , we get Vh (x) =x-s.

Thus, V h (x) =0 if and only if x=s. Since the second derivative of h is positive
definite, h is convex and hence x=s is its minimum point.

Consequently,
1 1
f*@s) =(s,s)- 5”5“2 = 552 .

This means that f is its own conjugate.

Definition 1.1.2: Let Cc R",C #d.
(i) The indicator function of Cis /.: R" — R u {+x } defined by

0 if xeC
+ o otherwise

Ic(x):= {

(i) The support functionof Cis ¢ . :R" - R U {+ « } defined by
o (s) = sup {(s,x) }
xeC
Example 1.1.2: Let Cc R", C#@. Then

Ue)*(s)= sup  {s,x)=I.(x)}=sup {(s,x)}=0¢(s)"

xedom I¢ xeC
In particular,
0 if §=10
Iei Y% (8) = sup #s.X)= = Tioala),
(Tge) ™ (5) _regn {< >} {+co otherwise 0)(s)



1.2. INTERPRETATIONS OF THE CONJUGATE FUNCTION

Let f satisfy (1.1.1) and let
F::{as‘r:R”—)Rlas‘r(x)=<5,x>_r’ SERN,?‘ER }’

M::{as,reﬂas’r(x) Sf(x)VxeR"}’
grf ={(x, Yy eR"xRJy=1(x)},

and

H, = {xeR"|(s,x>=r,asgreM }

Now for all (x,r) € Hs,r .we have ((s,~1),(x,r)) =(s,x)—r=0. Thus, (s-1) LHj,,

foralls e R” ,andforall r € R By definition we observe that g ok lies below grf.
To get 7x(s), we lift H,, as much as possible, but subject to supporting grf

(See Fig. 1). In other words we translate /by the vector (0,z) e R" x R until it
touches grf. In this process we get (s,x)—r =zateachlevel z e R.

Let (x,,f(x,)) be the point of intersection of H , and grf.

Then z=(s,x,)-r=1flx,),sothat r = (s, x ) - f(x,).

By Fenchel’s inequality, we have

f(x)2<s,x>—f*(s) forallse R"and forall x e R".
Sofor s e dom f *, we can put r=f*(s), since the affine hyperplane Hs, (s

can be lifted.

This means that the affine function «,, given by g, (%) = (S,x>_ f*(s)
produces the “best hyperplane”

H={(x,z2) eR" xR |[{s,x)~ f *(s) = z}
which intersects grf at (x ,, f(x ,)) - This is because H is the hyperplane obtained by

translating H ={xeR"[(s,x)-f*(s) =0}

8, F*(5)

by the vector (0,z) e R" xR .



Now putting x=0 in H, we observe H intersects the vertical axis in the graph space at

0,~f*(s)) -

Fig.1.Geometrical Interpretations

Proposition 1.2.1: Forall s € R" and for all ueR, it holds that

(i) S (s) = O epi f(ss_' 1);

1
( u f*(—s), ifi> 0
i) u )
O-epf f(sﬁ_u) = O-ep." f(S’O) = O dom f(S): lf u=0
+ o, if u<?9o
Proof:

(i) o:(-1) =sup {((x, 1, (s,—1)): (x, 1) € epi f}
= sup {(s,x)— r:(x, r) € epi f}

sup sup {(s, x)=r1}= sup {(s, x)- fx) }

rerR" 12 f(x) xeR "

=£+(s)

Il

(ii)Case1: u>0.
s
aepif(s,—u) =0y r(s,~1u) = O opi 1 (U ;,—lu)
= U0, (2 —1) since the support function is positive
u

homogeneous.



p—_ P
u

Case 2: u=0.
G epir (8,0) = sup {((S,O), (%, r)) | (x, r) € epif }: sup {(s, x)-0|x € R”}
= sup {s, x)| x € domf }z O dome (8) -
Case 3: u<0.
O epif (s,—u) = sup {<(s,—u), (x,r)) 2 (x,r) € epif }= sup {(s,x)— ur :(x,r) € epif }
= sup { s, %)+ ulr: (x,7) € epif }: +oo I

Definition 1.2.1:Let f ¢ Conv R " . The asymptotic function, or recession function,

or auto-deconvolution of fis the function f _e Conv R" defined by

f_(d) := sup e, ot —fx,) f(x0+tdt)—f(x0)

1 >4 k t — +o0
where x e dom f, arbitrary.

Proposition 1.2.2: For f ¢ Conv R ", it holds that

S domf ) = Tepif G0 = (), (5) forall seR".

Proof: Easy consequence of the definition. ///

Now we consider the set epi £ x {-1} < R" x R x R , Which is epi f translated by
the vector (0,0,-1) e R" xR xR..
This set generates the cone
I(f = {t(x, ,-1) eR"xRxR |[t>0,(x, 1) eepi }
The polar cone of Kt is

(K () = {(s, 0 B) e R" xR xR [ {(5, & P), (tx, tr,~)) < 0,V (x, 1) € epi £, > 0 |
= {(s,a,ﬁ’)e R"xR xR [(s,x)+ar <P,V(x, 1) €epif }



Putting o = 1, we get

R"x{-1}xR)Nn (K ¢)" = {(s,—],B) eR"xR xR [(s,x)-r<PB,V(x, 1) € epif }

={(5,_1,ﬁ) eR"xRxR| sup {(s,x)-r}< B}

(5 D& opi £
={s,-1,B) eR" xR xR [0 (5,-1) < B}
={s,-1,p) e R" xR xR |f *(s) < B} by Proposition 1.2.1(i).
Therefore,

(R"x{-1} xR)n (K f)'“ is epi f* translated by (0, -1,0).

Moreover,

K:in(R"xRx{-1}) ={(x, ,-1) e R" xR x{-1} | (x, 1) € epif}

Hence we have
Remark 1.2: If K, :={x,r,-1)|t>0,(x,r)eepif} and (K,)° is the polar
cone of Ky, then

(M K;n(R" xR x{-1}) = epi f;

(i) (Kp)° N (R x{-1xR) = cpif * .

1.3. SIMPLE PROPERTIES OF CONJUGACY
A. Elementary Calculus Rules for Conjugacy

Direct application of the definition gives the properties in the following proposition:

Proposition 1.3.1: Let f, hy h; satisfy (1.1.1). Then

a) g(x):=f(x)+a,a R, implies g*(s)= f*(s)-a;

b) g(x):= f(ax), a e Rya #0, implies g*(s)= f*(ai);

C) g(x):=af(x), a >0, implies g *(s)= af * (i);



d) If4:R" — R is an invertible linear operator and (A"i ) * is the adjoint of the
inverse of 4, then
(f o A)* = f*o(A7)*;
e) g(x):= f(x)+ (so,x) implies g*(s)= f*(s~s0);
f) g(x)i= f(x—xo) implies g*(s)=f *(s)+ (s, %)
9) hy < hy implies hi* 2 hy *
h) (dom h ) (dom h,)# @ and « € (0,1) implies
[eh + (1 -a)hy ]* <ah *+(1-a)hy * ;

) Let f:R"7 5> RuU {+0 },j=12,., m, satisfy (1.1 000

J

H n n m
# R* =R ! xR 2 x...xR ™ and h(x):= 3, f; * (s,)- then
i=1

h*(slssza'“ !Sm) = ZfJ *(Sj)
j=1

for R " equipped with scalar product of the product space.

Proposition 1.3.2: Let f satisfy (1.1.1), let H be a subspace of R ", and the operator

Py be the orthogonal projection onto H. Suppose there is % € H such that
f(h) < +oo .
Then (i) f + I, satisfies (1.1.1);
1 * = o o
@) (E+I g0 =(@EPy)*oPy.

Proof: (i) By hypothesis, there is h € H such that f(h)<+oo.

Now, (f+ly)(h)= f(h)*In(H)= f(h) < +c0.So f + I, #+0o. Moreover,

f+1,; :R"” - R U {+w }is minorized by the affine functions which minorize f.
Consequently, f + 1, satisfies (1.1.1).

(i) (£ +1,) % (s) = sup {{s, x) = (£ + 1,)00 |x e H}

since er:><s,x>—(f+IH)(x)=—oo :



= sup {(s,x) - f(x) |x € H} sincelu(x)=0forall x € H;

= sup {<s, PHy>—f(PHy)|ye R" };

because for all X € H, thereis a y € R " such that Puy = x;

sup {<pH s, y>_ fPy) |yeR" } since Py is @ symmetric operator;

= * foralse R".
(f PH) (PHS)

Therefore, (f + I, )* = (f o Py ) *oPy - MM

Proposition 1.3.3: For f satisfying (1.1.1), let a subspace V contain the subspace

1

parallel to aff dom fand set U: =V~ . Forany z € aff dom fand se R"

such that §=§,+S,, it holds

£¥*(g = (su,z>+f*(sv).

Proof: Since V contains a subspace parallel to aff domf ,thereis zeR"such
that z + V' o aff domf .From this it follows that for all x € dom [ there is
v € V such that x=z+vV. Now,
4R = sup {(s, x ) — f(x) }: sup {<Su +5,,z+v)-flz +v) }
=sup {(s,.2)+ (5., v)+ (5,2 + V)=~ fz + V) }
=(s,,z)+ sup {(sv,z +vy-fz +v) }

= (8 5y 28, ) /A

B. The Biconjugate of a Function
Definition 1.3.1:The biconjugate of a function f on R " satisfying (1.1.1) is the

function f * * defined on R " by

£X%(x) 1= (P *(x) = sup {(x,s)—F*(s) }-

seR"



Theorem 1.3.1: Let f satisfy (1.1.1).
Then f** is the pointwise supremum of all affine functions on R " majorized by f.

In other words,

epi(f **) = co (epi f)-

Proof: Let g - i(s,r)eR"xR lag ,(x):= (x,s>—rsf(X)}'

Now, we have

(s,r)e E & f(x)2{s,x)-rV¥xeR";
& re2{s,x)- f(x) Vxe R";
o r2sp {(s,x)- f(x)|xeR" }= f*(s)and se dom f*.
Then forall x e R"™ ,we have
co f(x) := sup {(s,x)~r}= sup {(s,x)—rlrzf*(s) }

(s, e E

= sup {(s,x)— f*(s) |sedomf * }=f*%*x)
Hence epi(f **) = epi( cof) = co epif ./

Remark 1.3.1: From the above theorem, it follows that
f** = cof := ¢l f

Thus we may use the notation co f := f ** for f satisfying (1.1.1).
Corollary 1.3.1: If f and g are functions satisfying (1.1.1) such that
cof <g<f,then gr — .

Moreover, f - f** iff f e Conv R" .

Proof:(i) Since cof < g < f, it follows that co f > g* > f*, by Proposition 1.3.1(g).

10



On the other hand,

g(x) > (co H(x) = f**(x) = sup {(x,s)~f *(s) } forall xeR".

seR”
Then gx) 2 (x,s)—f*(s) forall s,xeR".
So f*(s) 2 (x,5)—g(x) forall s,xeR".

This implies that £ * (5) > sup {(S x)— g * (%) b=g*(s) -

xeR"”

So, g* > f * Consequently, f* = g*.
(i) f = f**iff f =cof e Conv R". /Il

C. Conjugacy and Coercivity

Definition 1.3.2: A function f satisfying (1.1.1) is said to be

(a) 0 - coercive if and only if s Pl e
x| — +eo

(b) 1 - coercive if and only if " f“(ﬁﬁ) =
[x]|— 4 X

Proposition 1.3.4: If f satisfying (1.1.1) is 1-coercive, then

f*(s) <+ for all seR".

Proof: Suppose fis 1-coercive. Then

1m
lel> +o %]

Thus, given s e R", there exists R € R such that

= & implies L5 g+ 1, which means

Il
fx) = ||x|[ls||+ |||, for all x e R" with |x||> R ;

> K X, s>’ + ”xH by Cauchy - Schwarz inequality.

Then (s,x)- f(x)< —|x|| for al xe R" with |x||= R.

11



Casel:|x|=R. Then
sup{ (s,x)— f(x)||x]|= R} < sup{ —|]x| :[x]|= R} < —R < 4.
CaseZ:“xﬂ<R, By (1.1.1), there exists (5,,7,) e R" xR such that
f(x) = (sq,x)-1, VxeR".
This means that — f(x) < —(sy,x)+ 1, for all xeR".

So,
sup{ (s, x)— f(x) :|jx|| < R} < sup{(s,x)—(s,xo)+ 1y :|x]| <R}
= sup{ (s — 59, %)+ 7 : |[x]| < R}
< sup{ [ls = so|[x[| + ro : <] < R}
by Cauchy- Schwarz inequality

<|ls - so||R + g < +o0.

Consequently,
f*(s) =sup{ (s,x)—f(x) :x e R"} < +oo, for all se R"./

Proposition 1.3.5: Let f satisfy (1.1.1). Then

(i) x, € int dom f = f*—(xo,-> is 0 — coercive

(i) dom f=R" = f* is 1- coercive

Proof: (i) By proposition 1.2.2, 64, = (f¥).,. Let now X, € int domf
(Clearly, int domf < int(co domf .)

Then (%) o, — (X ,8)= O gomr () — (X ¢,5)> Ofor all s # 0.

L

But (f * —(x ¢, ). = (f¥) ,, — (x,,-) by the definition asymptotic function.

So(f*~(x,.))., is positive at each s#0. But a function in Conv R" is 0-coersive if

and only if its asymptotic function is positive at each nonzero point in R". (Cf. [4].)

Since f * —(x,,) € Conv R", too, it follows that it is 0-coercive.

(ii) Since dom f = R”", every point x € dom f is an interior point.

12



By (i), £ * —(x, -) is O-coercive, which means

lim [f *(s) = (x,8)] =+ > 0.

s> +e
This implies that

lim f*(s) > lim (xs),

s> +e0 Isfl— +o

from which we have

¥
i 2o Bls g <x, S—>.
s> o [l sl v Is|l

Since x is arbitrary, we have

f*(s)

sl + s ]|

= 40

Thus f* is 1- coercive. [l

Remark 1.3.2:
(a) From the second part of the above proof, it follows that

f*—(xq,.)is 0—coercive = f* is 1— coercive
(b)If f e Conv R" ,then we have

{(z‘)x0 € int domf < f*—(xo, ) is 0 — coercive

(ii)ydomf =R" < f* is1 - coercive.

13



1.4. SUBDIFFERENTIABILITY OF EXTENDED-VALUED FUNCTIONS

Definition 1.4.1: Let f be a function satisfying (1.1.1). The subdifferential of f at x
Isthe set of (x):={seR" | f(y)2 f(x)+(s,y-x),YyeR"} .

An element s of 0f (x) is called a subgradient.

Equivalently, the subdifferential can defined if f is convex as

@f {x)w={seR”|{s;d)8 f'{x;d) YdeR"} »

Observe that of (x) = D if x ¢ dom f . To see this, take y € dom f.
Observe also that a subgradient s € 91 (x) is the slope of an affine function

minorizing f and coinciding with f at x.

Theorem 1.4.1: Let s € R" and let f satisfy (1.1.1). Then
se df(x)e [f*(s)+ f(x)-{s,x)< 0.

Proof: By definition,

se of(x) if and only if (s,y)-fly) <—-f(x) + (s,x) for all ye dom f.
This is true if and only if

f*@) = sup {(s,y)-fly)} <—-fx) +(s,x). M

yedom f

Remark 1.4.1: Combining Theorem 1.4.1 and Fenchel's inequality, we obtain the

statement:

sedf(x) & f*)+ f(x)={5,x)=0. (1.4.1)
From Theorem 1.4.1,it follows that

of (x)={seR": f*(s) = (s,x)< - f(x)} (1.4.2)

is the sublevel set of f * —(., x)at level -f(x).

14



Since f * —(.,x) is convex and closed, 91 (x) is also convex and closed.

Theorem 1.4.2: For f € Conv R”, it holds that

x € ridom f impliesthat 9f(x) = @.

Proof: We know that any f ¢ Conv R " is minorized by some affine function ;
ie., for all x e ridom f, there is an s € aff (dom f)— x such that
f(y)z f(x)+(s,y-x), for al yeR".

[Notice that aff (dom f) — x is the subspace parallel to aff (dom f).]

This implies that s € 0f (x).Consequently, af(x) = @. Il

Proposition 1.4.1: Let f satisfy (1.1.1). Then
(Df (x) D= co f () = (%)

(ii)[cof < g < fand g(x) = f(x)] = 3f (x) = dg(x);
(iii)s € f (x) = x € Bf *(s).

Proof: (i) Let s € 0f (x). Then s (y) > f(x)+ (s,y —x) for all yeR".
This implies that £ given by ¢ (y):= f(x)+ (s, y — x) is an affine function
minorizing f. This in turn implies £, < cof <f since
(coh(y) =sup { (s y)-r|{s,z)-r<fz)y VzeR" }

But £, (x) = f(x). Sowehave /¢ (x)= (cof)(x) = f(x).
(i) Let (co f) < g < fand g(x)= f(x).Thenf*=g* by Corollary 1.3.1.
Now by Remark1.4.1,

s e 0f(x) & £*(s) +f(x) - (s,x)=0.
Thisis trueif and only if g * (s) + g(x) - (s,x) = 0.
This holds if and only if s € 9f (x). Thus, 8f (x) = dg(x).
(iiiy Let s € 81 (x). Then (co f)(x) = f(x) by ().

15



But then,
**(x)=f (x) by Remark 1.3.1
This implies that
fFEs)+ (% *(x)—(s,x)z 0, since f *(s)+ f(x)—(s,x>= 0
by Remark 1.4.1.
Then x € 9f * (s) by Remark 1.4.1 again.  //l

Remark 1.4.2: From Proposition 1.4.1(i) and (ii), we have:

(@) If of(x) »@forall x e R", then
f € Conv R” and f is finite - valued on R";

(b) If af(x) #D.thenafx) = a(co Hx)

Corollary 1.4.1: Let f € Conv R".Then
fix) +f *(s) —(s,x>=0<::>se of(x) & x € of *(s).

Proof: Immediate from Remark 1.4.1, Proposition 1.4.1(iii) and the symmetric

role of fand f**when f € Conv R"./lI

Let s € 8f (x). Then x e of * (), which implies that s e domf *.
Thus
of (x) cdomf*.
Equality, however, need not hold. As a counter-example, take
f:R > R defined by f(x)=e".
Then 8f (x)={f'(x)|xeR}={e’ | xeR}.
Now f*(0)=0. So 0 € domf*, but 0 ¢ of = {f '(x) |[x e R}.

16



Remark 1.4.3: Let f satisfy (1.1.1). Then,
(i) x minimizes f < 0 e of(x);

(i) x € of * (0) < x € Argminf :={xeR”|f(x) = inf f(y)};

yER"

i, of *(0) = Argminf
1.5. CONVEXIFICATION AND SUBDIFFERENTIABILITY

Let f satisfy (1.1.1). By Corollary 1.3.1, f* = (co f) *.
Now,

inf{ f(x)|xeR"}=~f*(0)=—(cof)*(0)=inf{( cof)(x)|xeR"}.
Suppose x minimizes f. Then 0 € 3f (x) by Remark 1.4.3, which means Jf (x) #9 .
This implies by Remark 1.4.2(b) that 6f (x) = 8(co f)(x).
So 0 e d(co f)(x), which in turn implies that x minimizes co £ .
Consequently,

Argminf < Argmin(co f).

But Argmin (cof) is convex and closed as a sublevel set of the convex and closed
function co s at the level infcof .

Thus .
coArgmin f < Argmin(cof).

This inclusion is strict as the above reasoning need not be reversible.

Proposition 1.5.1: Suppose f satisfying (1.1.1) is Gateaux-differentiable at x and
I(x)=a.
Then  of (x) = {Vf(x)} = (cof)(x).

Proof: Since Jf(x) #@, we have df (x) = d(cof)(x)by Remark 1.4.2(b). Moreover, the

convex function cof , which is Gateaux-differentiable at x has only one subgradient,
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namely, Vf(x).Consequently, 9f (x) = {Vf(x)} = d(cof)(x). lll

Corollary 1.5.1: Let f satisfying (1.1.1) be Gateaux-differentiable on R " .
Then, xis a global minimum point of fon R " if and only if
() Vf(x)=0,
and (i) (co f)(x)= f(x)

In such a case, E)f is differentiable at x, and V(co f)(x) = 0.

Proof: Suppose x is a global minimum point of fon R". Then 0 € df(x) by Remark
1.4.3(i). So of (x) #D. Now (ii) follows from Proposition 1.4.1(i). Since f is Gateaux-
differentiable, it follows by Proposition 1.5.1 that V£ (x) = 0. So (i) holds. Conversely,
suppose x € R" satisfies (i) and (ii). Then 0 = Vf(x) € af (x) by (i). Since f is
Gateaux-differentiable, we have of (x) = {Vf(x)} = d(cof)(x) by Proposition 1.5.1.
So 0 d(cof)(x). Then x minimizes co f by Remark 1.4.3(i). Hence x minimizes f

on R”. This completes the proof. ///

Lemma 1.5.1: Let f satisfy (1.1.1), be lower semicontinuous and 1-coercive.

Then co (epif) is a closed set.

For the proof Cf. [4].

Proposition 1.5.2: Let f satisfy (1.1.1), be lower semicontinuous and 1-coercive.
Then

(i) enf = af (Hence cof € Conv R".)

(i) Forall x € dom f = co dom f, there exist

n+l
x;edomf, a; eR, ;20, j=1,2,3,-,n+l, jz:laj=l
n+l N
suchthat = v x  and (co H(x)
i J J

n+
iiad| =

|
20 X
j=1 1 )

18



Proof: (i) By Lemma 1.5.1, co (epif) = co (epif ). By the definition of convex hull, we
have that epi(cof) = co(epif ).

Now, epi (cof ) < epi(cof) = co(epif ) = co(epif ) < co(epif ).

Then it follows that epi (cof) = epi (cof) .Hence cof = cof .

(ii) co (epif) is closed, by Lemma 1.5.1. Notice that the point (x, (cof)(x)) is a
boundary point of co (epi f). So (x, (cof)(x)) can be described as a convex

combination of n+1 points of epif=epicof). That means there are

n+1

eR,e&;20; f=L23,+,n+], Ya;=1

xjedomf,aj j z

i+

such that (x,(cof )(x)) = Zaj(xj,rj), where f(x;)<r,.

. n+l
Now each r; = f(x;) fora; >0, since 'y a;(x, f(x,) € coepif -

J=t

ThUS, B n+l ‘ - n+l ) n+l
(x, (cof Yx)) = D (ajxj o, f(x;)=(Xa;x;, 2a;f(x;).M

j=1 Jj=1 J=l1

Theorem 1.5.1: Let f satisfy (1.1.1). Suppose that for a given x € domf , there is a
family {(x;,e ;)| j =123, ,n+1} satisfying Proposition 1.5.2(ii).
LetJ;:{j[o:j > 0}.

Then (i) f(x,) = (cof Nx;) for all je J;

(if)cof is an affine function on the polyhedron P = co{x; | j € J}.

Proof: (i) Since cof is convex and minorizes f, we have that

n+l

(co XD S S a,(eo [Ux)S Y @, f(x,)=(co ).
j=1

J=I

+

This implies that "flaj(co Hx ;) = 'ajf(x i)

ij=1 j=1

Since (co )(x j) < fix ;) for all x; and a; >0, for all je I,
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it follows that
aj(co H(x ;) = a,f(x ;)for all je J.

Consequently, f(x ;) = (co f)(x ;)for all je J.

(ii) Let x'e P such that

All elements of P can be expressed similarly with same x i only the B;'s vary.

Let s (x') = JEJ B;f(x;)- Then ¢ is an affine function.

Now,
(co H)(x') = (co DX B;x;) < X PBj(co H(x;) by the convexity of cof;
jel jel
So, we have

(co Hx' ) < EJB ifx 5) by (@)
= L& ).
So, cof </ onP.
Now let x € P and x # x'.Let the affine line passing through x and x'intersect
rbd P at y, and y, respectively. Then y, # xand y, # x sincexeri P.
Then we can write
x=Ax+(1-A)y; with A2 € (0,1).

Now,

(co f)(x) < A(co f)x")+ (1= A)co f)y)
< A0(x") + (1= A)e(y,) = £(x).

But by the hypothesis, we have  (co f)(x) =D B, f(x,) = £(x).

jed
Thus we have

(co f)(x) = Alco f)(x)+ (1= 2)(co f)y)
= Al(x") + (A= A)e(y,) = £(x).

Then A[(co f)(x') = £(x")]+ (1= A)[co f(y,)—£(y)]=0.

Since co f </ on P,we have

(co f)(x') = €(x') and (co f)(y,)=L(y)
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Hence co f is affine on P since (is affine onP. /Il

Theorem 1.5.2: Suppose the hypotheses of Theorem 1.5.1 hold. Then
(i) d(co f)(x)= NOf(x,)

Jjeld

(iiyForall s €d(cof)(x), itholds that

(S,x>—-(cof)(x)= <S,xj>—f(xj),forallje.].

Proof: (i) First we observe that
f*=(co f)*, (1.5.1)
by Corollary 1.3.1.
Let s € d(co /)(x). This is true if and only if

(co f)*(s)+(co f)(x) —(s,x) =0, (1.5.2)
by Remark 1.4.1.
This is again true if and only if

Fo@)+ T ayf(x))- <s,J§Ja,-> =0
which is equivalent to

Zo.j[f*(s) +ajf(xj)—<s,xj>]=0 for all je J,

jel

since  f*(s)=Y a,f*(s).

i)
This, in turn, is equivalent to
£*(s)+(x;)~(s,x;) =0 VjeT, (1.5.3)
since by Fenchel's inequality, f * (s) + fix ;) - <S, X j> >0, Yje I
Now (1.5.3) is equivalent to s e of(x ;) for all jeJ,

which is true if and only if ¢ Naofx .)-
J

jel
(ii) From (1.5.1), (1.5.2) and (1.5.3), we have that
<s, x)— (co D) = =(co ) *(5) == *(s) = <s, xJ-)— fix i) M1
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Corollary 1.5.2: Let f :R" — R be lower semicontinuous, Gateaux-differentiable
and 1-coercive. Then

(i) cof = co f is continuously differentiable on R *;
(ii)) V(co H)(x) = Vf(x ;) for all j, wherex; xand]areas in

Proposition 1.5.2 (ii).

Proof: (i) By Proposition 1.5.2(i), co f = co f.But the convex function co f
(which is Gateaux-differentiable by the hypothesis) has a single subgradient
V(co N(x) =V (co Hx),

which means E)f is differentiable. Since x is arbitrary over all the open set R”, it

follows that f is continuously differentiable on R".
(i)  Follows from the differentiability and Theorem 1.5.2. /Il

2.CALCULUS RULES ON THE CONJUGACY OPERATION

2.1.lmage of a Function Under a Linear Mapping

Definition 2.1.1: Let g :R™ — R U {+w)} satisfy (1.1.1),and let 4:R" — R" be
a linear mapping .The image of g under A, denoted by Ag, is
Ag :R" - R uU {+x} defined by

(Ag )(x):=inf{ g(y): dy = x}.

Theorem 2.1.1:Let A * be the adjoint of the operator 4 :R™ — R, and let

g :R" - R U {+w} satisfy (1.1.1). Suppose im A * n dom g* # @. Then
(i) Ag satisfies (1.1.1);
(i) (Ag)" =g*oA™.

Proof: (i)Let y e domg such that x=Ay. Then g(y) < +w and hence Ag=+ 0.
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Now let 5, € imA * N"domg . Then g *(s,) < +00,and hence thereis ;, ¢ R

such that 4*¢, =s,.
By Fenchel’s inequality,we have for all y € R" that

g(0) 2 (S0, )~ 8 *(50) = (A* 19, ¥) — 8 *(50)=(to, 4¥) — & * (5,)-
Thus,
(Ag )s) =inf {g(y): Ay = x}> (tg,x)— g *(sy) for all xeR".
This means that the affine function (#,,.)-g*(s,) minorizes

Ag on R" .Consequently, Ag satisfies (1.1.1).
(i) (Ag) * () = swp {(sx)-@A® } = swp {(s, x)-inflsy) |Ay =x} }

xeR" reR"

= swp {(s, x)-gw |Ay =x}

xeR"

= sup {(s,Ay)-g(¥) J= sup {{(A*s,y)—g@y) }=g*(A *s) = (g * cA*)s)

xeR" xeR"
Therefore,
(Ag)*=g¥*o A*, i

Definition 2.1.2: Let g :R" xR” —» R U {+w} satisfy (1.1.1).

The marginal function of gis y :R” — R U {+w } defined by

y(x):=inf{ g(x,y)|ye R?}

Corollary 2.1.1: Let R" :=R" xR”;let g :R" - R U {+w}, and g#+x.

Let g* be associated with a scalar product preserving the structure product
space: (..} =(..) +(.,.)p .Suppose there is 5, € R " such that
(s,,0) edom g *.

Then the conjugate of the marginal function f of g is given by

f*(s)=g*(s,0)
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Proof: Consider the projection 4 :R"” xR” — R" defined by A(x,z)= x.

First we notice that for (x, z) e R" x R?,we have
(4g)(x,z) = inf{g(y,w) | A(y,w) = (x, 2)} =inf{g(y,w) [ (»,0) = (x,2)}
=inf{ g(x,w)|weR?}= f(x) (2.1.1)

Next, ((x,z), A* x'> = (A(x,z), x')n = (x,x')u — (x,x‘)n + <z,0>p = ((x,z),(x',O))m
So, A*x'=(x'0). @2.1.2)

Now, forall s e R",

f*(s) = sup K(5,0), (x,2))—inf{ g(x,z)|zeR"}{
(x,z)eR" xR "

= sup {((S,O), (x,2))— (Ag)(x,2) |}}, from (2.1.1);
(x,z)eR" xR"

= (Ag) *(s,0) = (g *oA4*)(s,0) , by Theorem 2.1.1,
=g*(4%*(5,0) =g*(s,0) by212). Jf

Definition 2.1.3: Let f,, 1, :R" — R U {+« } .The infimal convolution of

frand [, 18 f 4+ £, :R" - R U {+w } defined by

(f, tfz)(x) =inf{f,(x,)+ f,(x,) | %, +x, = x}.

Corollary 2.1.2: Let 7,, /, :R" - R U {40}, fiE+0, f,#+xand
domf, ndomf, #@. Then
(i) f, + [, satisfies(1.1.1);
(@) (fh+ )4 = fi¥+1,*.

Proof: (i)Since f,#+x, f,#+x it follows that f, + f, £+« . Let s € domf, *domf, *.
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Then by Fenchel's inequality, forall x = x, + x, e R”, we have

L) 2 i) +(s,x%,) sand f,(x,) 2 £, *(s)+(s5,%,)
so that

L)+ ()2 %)+ f,*(s)+(s,x, +x,).
Then
(fi + fo)(x) = inf{ fi(x)) + fo(xy) [ % + x; = x}

> (s,x)+ fi*(s)+ fo*(s) for all xe R"-
Therefore, f; ffz is minorized by an affine function .
Consequently,
4 ffz satisfies (1.1.1).

(ii) Let s, e R".Then

(Lt L)) = swp {sx)—infl fi(x) + f2(x2) |5 + %, = x}}

£ ,xzeR L

= sup {(s,xl>+<ssx2>_ Si(x) - fz(xz)}'

X|.Xy eR"
(inf is omitted since introducing larger values wouldn't affect the supremum here.)
So,

(f|‘\';fz)(3) = sup {<s,x|>—f1(x,)}+ sup {<s,x2)— fz(xz)}

xleR" IZER"

= [i*()+ f,%(s) I
2.2.Pre-Composition with an Affine Mapping

Theorem 2.2.1: For g € Conv R",4,:R" - R"™ be linear
and A(x) = Ayx+y,, suppose A(R")nN domg # @.Then

(iygoAde Conv R",

(ii)(g o A)* = cl k, where k is the convex function k£ :R" — R U {+w}
defined by k(s) := inf{g * (0)-(y,, P), |A¢ *P =5} -
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Proof: (i) Immediate since g € ConvR" and A is affine.
(ii) Case 1: y, =0.Then A is linear. Now suppose that # € Conv R” such that
im A, "domh # @. By Theorem 2.1.1, it follows that (A4, * #*)*=ho A,.Now
(ho Ay)* = (A, *h*)** =cl(A, * h*).(See Remark 1.3.1.)
Case 2: y, #0.
Let h:= g(.+ yo)e Comv R™ .
By Proposition 1.3.1(b), we have that 4*= g *—(y,,. )
Moreover, (g o A)(x) = g(Aogx+ yy) = h(Agx) = (ho A5)(x)-
Then (god)*(s) = (ho A4,)*(s) = [cl(A4, * h*)](s) -
On the other hand,

(4, *h*)(s) = inf{h* y| A%y = s} =inflg *(y) ~ (v, ¥)| 4* y = 5} = k(s).

Consequently, (goAd)*=clk. I

Lemma2.2.1: Let g Conv R™ suchthat0)edom g ,andlet A,:R" - R"

be linear. Suppose im A, ridom g# o .Let A4, * g™ be understood in the

sense of Definition 2.1.1. Then
(1) (ge A=Ay *g*

(i) For all s € dom (g o A,)* the problem
inf{g *(p) [A,*p =s}
has an optimal solution E so that g* (};) =(goAy)*(s) =(Ag*g")s).

For the proof Cf.[ 4].
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Theorem 2.2.2: Let g e Conv R”, and A ,:R" — R™ be linear. Let
Ax = Ay, x+y, suchthat ACR™) N ridom g # @ . Then for every

sedom(goA,)*,
the following optimization problem has a solution:
min{g * () = (P, Yo)|Ag*p =5} =(g°A)*(s) -

Proof: Since A(R") N ridom g # o, thereis
x € R"” such that y = A(x)e ridom g.
Let g:=g(y+.). Then
(g0 A)X) = gA®X)) = g(AX) - y) = g(A(X) — A(x)) = g(A X + ¥, —AX —y,)

=(goAg)(x —x).
Now by Proposition 1.3.1(f), we have
(goA)*(s) = (goA)*(s) +<s, £>. (2.2.1)
Since ye A(R")Nridom g and g(0) = g(y) ,itfollows that g(y)<-+eo .
Thus 0eridomg N imA, .

Then by Lemma 2.2.1, for all s e dom(go A,)* = dom(go A,)*, we have that
(g 4y)*(s) =min{g*(p) | 4, * p =5} .

Now, using (2.2.1), we have

(g0 A)*(s)=min {g*(p)| 4o * p =5} +(5,%)
=min {g*(p) = (#,7)| 4 * p = s} + (5 %)
= min {g *(p) = (p,4x)| 4o * p = s} + (5, )
= min {g*(p)=(p,Aox + yo )l Ao * p = s} +(s,x)
= min {g *(p) = (P, 4o %)= (P, y0)| Ao * p = s} + (5, %)

= min {g*(p)=(4o* p,x)=(p,yo)l 4o * p =s}+(s,x
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= mli7n {g*(p)—(s,;>—<p,y0>[ Ay *p=s}+ <S,;>

= min {g*® - (0 Yo)lAg*p =s}. 1]

Corollary2.2.1: Let g € Conv R” andlet 4: R” —» R™ be linear such that
im Andom g+ @ .Then
(i)(ged)*=A*(g+1,,)* ;

(ii) for every se dom (geo A)*, the problem
lnpf {(g-’_limA )*(p)|A0 *p = S}

has an optimal _ solution ; satisfying
(g+IEIJrA )*(p): A*(g_'_]r'mA )*(S) = (gOA)*(S) b

Proof: Since the convex closed functions g° A4 and (g+1,,,)° A are identical
on R” , it follows that
(goAY*=[ (g+1,,)°A]*.
Moreover, g + I, is aclosed convex function such that dom(g+1,,,)cimA.
Thus,
[ridom(g+1,,,)]NimA=ridomg+1,)#o .

Then
(g0 A)*=[(g+1,,)0 A*=A*(g+1,,)* by Lemma2.2.1.

And (ii) follows from Theorem 2.2.2. [l

Example 2.2.1: Let g € Conv R”, xy e dom g, 0 #d eR".
Let L(t):= g(xo +td) for all teR.
To find L *, we observe that L = g o A4 where 4 is the affine mapping
A:R > Rgivenby At=x,+1d .

This means
At = Ayt + x, where A, :R — R such that A4yt =1d .
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So 4,*p=(d,p), since

<A0[,p)=<!,A0*p> i t(d,p>=tA0*p.
Now by Theorem 2.2.1,we have
L*(s)=mfun {g*(p)=(xo,p)| 4o * p = 5}

= min {g*(p) - (xo,P)|{d,p)= s}
2.3. Conjugate of Sum of Two Functions

Theorem 2.3.1: Let g,, g, € Conv R"such that dom g, ~domg , # &.

Then (2, 4 g2)F =l (g, *+8,%)»

Proof: Put fi*=g,, f,*=g,. Then by Corollary 2.1.3,we have
(g1 *+8.,M* =g, **+g,**=cl(g,)+cl(g,) by Remark 13.1,

=g, +g,, because g,,g,e€Conv R".

This imples that
clg ™ +&%)=(&" +&")"=(g +g)* /I

Theorem 2.3.2: Let g,,g, € Conv R". Suppose (ridomg ) (ridomg,)# @,
or equivalently, 0eri(domg, —domg,).
Then
()(g,+8,)*=8," +8, %
(i)for every s e dom(g,+g,)*, the problem
inf{g,*() +g,*(@ |p+q=sj

has an optimal solution (p, a) such that

g *(P)+g,* (@)= (g, * + £,)(s) = (g, +£2)*(s) .
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Proof: Let g,,g, € Conv (R" xR") suchthatg(x,,X,)=g,;(X,)+8,(X;) .
andlet A:R" 5> R"xR" such that Ax :=(x, x)-Then g, +g,=g<4.
By Proposition 1.3.1, we have g*(p,q)=g, *(p)+g, *(q).

Moreover, A*(p,qQ)=p+q,

since (x,A *(p,q))=(Ax, (p,q)) iff (x, A*(p,q))=(x,p+q).

To apply Theorem 2.2.2, notice that domg = domg, x domg, and

imA = {(s,s) |[seR"}.

Then (x, x) € ridom g, xridom g, = ri(dom g, x dom g,),

and hence imA N ridomg#@.

Now,
(g1 +82)*@) =(g°A) *(s) =(A *g*)s)
=inf {g,*(p) +8,*(@ [p+q =5} (234
P, q

= (&1 * + £2%)(s)

This proves (i).
Since A*(p,q)=p+q and g*(p,q) =g, *(p)+g, *(q), the problem (2.3.1) has

an optimal solution by Theorem 2.2.2. This proves (ii). /Il

Now we have

Fenchel’s Duality Theorem : Let g, , o, € Conv R" such that
(ridomg, ) N (ridomg,) # @ and
n:=1inf{g ;x) +g,(x) [ x e R"} e R .Then
-p=(g,+82)*(0) = min!{g] () + g, *(-9)}- (2.3.2)
se R’
Corollary 2.3.1: Let f,, f, e Conv R" such that f, is 0-coercive and f, is bounded

from below . Then

(i) the problem (£ t fo)x) ==mmf{ff (x) +f,(x,)|x, +x, = x}
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has a nonempty compact set of solutions;

() f, + f, e Conv R",

Proof: Let p be alower bound for f,. Then
fix,)+f,(x —x;)2f,(x,)+p for all x, eR".So there exist
x1,x2 € R"such that x = x| + x2 with
(f + f,)(x) =inf{ff ,(x )+ f,(Xx,)|x, +%x, = x} °
Hence (i) holds.
Letnow g, =f * and g, =f,* . Since g *=f, ** =clf, is 0-coercive,

it follows by Remark 1.3.2(b) that

O0eintdomg, .
Furthermore,
g,(0) =f,*©0 =sup {0, x)-fx) }<-p

xelR "
Then (intdomg, ) N(intdomg,) #@.
Now by Theorem 2.3.2, we have

(f, + £,)x) = inf{f ,(x,) + f,(x = x,) | x, eR"} =inf{f **(x,)+f, **(x - x;)|x, eR"}

=f, **(x)+f, **(x —x) for some x eR"
=H"+ 5@ -

Hence f + f, = (f, *+ f,*)* e Conv R ”.So(ii)holds. /I
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2.4. Conjugate of Suprema and infima

We shall mean
(sup f;)(x) =sup f; (x), (i_nf] f)x) = 1‘;1fJ fi(x)’
JjE je

jel jel

(max f;)(x) := max f;(x) , and (minf,;)(x) := minf;(x)
Jel jel jel jel

Theorem 2.4.1: Let {f;},, be a collection of functions satisfying (1.1.1) such that
there is a common affine function minorizing f; forall jeJ.

Then (a) f:= i_njffj satisfies (1.1.1);
e

(b) (inf £;)* = sup f;* .

jel

Proof: (a) follows directly from the hypothesis.

sup { (s, x )— i?efj fix) }

xeR™M

= sup sup {(s,x)-f;(x) }

xeR" jel

=sup sup {<s,x>—fj(x) }

jel yeRr™

= sup fj *(s) i

jel

®) (it £)* 9
jel

Example 2.4.1 : Let f ¢ Conv R" be Gateaux - differentiable and let

x , € R"suchthat of(x,) # @.
Let f, :R" — R U {+x } be defined by

f(d)= o + tdt)_f(XU) for t>0.

Al the functions f,are minorized by (s, , .)for s, € of(x) , since

(so,.>S f'(x,,-)<f for all t>0 .
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f, is increasing for each t>0 since f is convex.

Thus,

1]

inf f,(d) lim f,(d)
t>0 tdo

i T o + 1d) — f(x o)
td 0 t

= f'(x o,d) .

Now,

[f'(xy,d)] *(s) =sup f, *(s) by Theorem 2.4.1.

t>0

But

[l

sup {(s,d) - f,(d)}

deR"

up {(S,d>_ f(x o + td) —f(xo)}

deR" t

(£, *)(s)

=1 sup {5 td) - f(x g + td) + f(x o)}
t jcRr?
: %h * (s) -

where h(td) == f(x, + td) - f(x,) so that

h*(s) = f*(s) - (s,x, )+ f(x,) by Proposition 1.3.1.

Therefore,

[f'(Xo,d)]*(S) :_Supf*(s)—(S,Xu)-l-f(xo) .

t>0 t
By Fenchel's inequality,

£%(s) — (s,%, ) + f(x,) s
t >

2

and by Remark 1.4.1,

f*() — (s x0)+fx0) _ o ifandonlyif sedfix,).
t
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So,

0 if sedf(x,)
+co otherwise

[f’(xuad)]*(8)={

~lafix )

Consequently, we have that

£'(x )" = Iaf(xo) ,

and hence,
c(f '(xy,.)) = Iaf(xo)*

= %5f(x .t (See Example 1.1.2.)

Theorem 2.4.2: Let{g } _, be a collection of functions in Conv R" .

jel

If g:=supg; #+ o, then

jel

(a) supg;e ConvR";

jel
(b) (supg;)*= E(ir_xf g%).
JE

jel

Proof: Let f; =g, * for all jel.
Then f*:=g. since g;eConvR" for all jel.

Now,

g=sup g; =sup f;*

jel jel

= (inf £;)* by Theorem 2.4.1(b).
Je

Thus, it follows that ¢ ¢ Conv R”.

Furthermore,

g*=(inff,)**=co(infg,*) . /I
Jel jeJ
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Example 2.4.2 (Asymptotic Function): Let f e Conv R", x, € domf and

f.:R" > R U {+»} such that f,(d):= f("ﬂ”dt)‘f(xo) for t>0-

Then (f,)(d) =sup{f, |t>0} .Clearly, f, e Conv R".
Now by Theorem 2.4.2, we have that f_'e Conv R",

and

(£,)* =0 (inf £,*) = ¢ {f**‘f(xg)—(..xo)} _

t

since inf

f*(8) + fx g) — (5. x4} _ 0 if se dom f *
t B + @ otherwise

Therefore,

fl =5 fc’o :(f;)**:gc_)- Idomf‘ =Idomf‘ '

o

Theorem2.4.3: f :R" —» R,i=1,2,...,p, be convex.

Let f::m}axfj and m = min{p,n +1}.

Then for every s ¢ domf *= co [ U dom f, * ] , there exist m vectors

J=1

s; edomf;* and convex multipliers o; such that
s=Y a;; and £*()=) a,f*G;);
j i

i.e., the minimization problem
n+l n+l
inf Zajfj *(5)e;20,j=1,2, ..., n+1, s; € domf; *, Z(J’.jsj =g (2.2.1)
j=1 =

has an optimal solution, namely, f*(s).
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Proof: Let g:=minf,*. Then f*=(maxf,)*=co (inff,*)=cog ,
il J J
and domg = dom (min f;*) = Udomfj *
A j

Since dom f, =R", it follows that f; *is 1-coercive by Proposition 1.3.5. Then g

is closed and 1-coercive. Now we apply Proposition 1.5.2 on g and conclude that

cog=co g. Moreover, for every s e dom f* = dom (cog) =co[ Udom f; *J y

]

there are s; e domg =domf* and convex multipliers «,, j=12,,n+1,

such that

n+l

n+l n+l
§ = kZ_I]ak sy and f*(s) =(co g)s) = kE_lak g(sy) = kZ_]ak (co g)(sy)
1

= ]akf*(sk)=2%ak miin f,*%()"

=
3

=
[}

If we replace minf; *(s, ) by the corresponding values and then rearrange

(several s 's may have the same f*), we get

S=Z()tjsj and f*(s)=2fj*(sj). I
j i

2.5. Post-Composition with an Increasing Function

Theorem 2.5.1: Let f ¢ Conv R” and g Conv R such that g is increasing

and f(R") (int dom g) #@. Let y_ :dom (go )* >R U {+o0}
defined by

e

af*(ls)—l-g*(a), if a>0
o
V(@) =1 64oms (8) +8*(0), if a=0
+ o0, if a<0
Then (g o) *(s) =min y ().
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Proof: (gof)*(s)=—inf {g(f(x))-(s,x) }= ~inf {a()-(s,%)| f)<r }
= —i:lf {g(r) o (s, x) + Lopip (X, 1) } .
Nowlet f, :R" xR - R U {+w} such that f,(x,1) = g(r)—(s,x) and f, =1 .

To apply Fenchel's Duality theorem, observe that

(int dom f,) (dom f,) = (R" x int dom g) N epi f = @.

Then,
(goD*@) =, +f)*©) = min  {f*(-p,0) +f,*(p,-0) }:
(p,a)eR" xR
On the other hand,
fl * (_ps 0’) = sup { ((Hpa U.), (X, I’) >_ f1 (Xy I') }
(x,r)eR" xR
So,
fl(_paa) = sup {(—p,x >+ or —g(l‘) +<S,X>}
(x,r)eR" xR
= suI;{ or — g(r) }+ sup {(s,x)—(p,x )}
re .\’ER"
=8 * (a) + I{-—s] (_p) '
and

£, *(p, ) = 6, (P—01)
by Example 1.1.2.
Thus,

(gofH*@) = min  {g*(a)+ I _g(=p) + 0o —0) f
(p.,a)eR" xR

Now applying Proposition 1.2.1(ii), we get
(g of)*(s) = mirslz v, () NIl
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Remark 2.5.1: From Theorem 2.5.1,it follows that y_ always attains

its minimum at some « >0 under the given assumptions.
2.6. Biconjugate Calculus

Remark 2.6.1: Proposition 1.3.1 gives the following corresponding rules for the
biconjugate; only part (h)has no corresponding rule:
Let hy, h2 and f satisfy (1.1.1). Then
(a gx) = fx) +a, aeR, implies (co g)x) = (co HEX) + & )
(b) gx) = flax), a # 0, implies (Eg)(x) = (af)(cxx);
(c) gx):=af(x), a >0, implies (ag)(x) = a(af)(x);
(d) co (fod)= (?of)oA for an invertible linear operator A,
(e) g(x) = f(x)+<so,x> implies (Eag)(x):(af)(x)+(s0,x);
(f) g(x):=fx-x,) implies (cog)(x) = (coN(x-x,);
(g) h, <h, implies coh, <coh,;
(i) Let fR "/ 5 R U {+w0},J=1,2, ..., m, satisfy (1.1.1).

If R” = Rnl o T XR”m and h(x) = Z fj(xj),then
=1

(co D(X) = D’ cofj(x;) -
j=1

Let f; and f; satisfy (1.1.1) such that dom f; m dom f, #@. Then
o f, +co f, € Conv R” suchthat co f, +cof, <co(f, +f,)<f, +f,.
Let now {fj | j€ J} be a collection of functions satisfying (1.1.1). Then using

Remark 2.6.1(g) and the property of supremum, we get
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sup (co f;) < co (sup f;) -
jel jel
Proposition 2.6.1: Let {f, | j e J} be a collection of functions

satisfying (1.1.1) such that there is a common affine function
minorizing all of them.
Then

co (inf f;(x)) = co (inf co f.) < inf co f. -
jey ! jel ] jel J

Proof: By Theorem 2.4.1, (i}lfj £,)% = sup £, * (e Conv R").
€ jeT
Then by Theorem 2.4.2,we have
co (inf f;)=(inf f;)** =co (inf f;)=:co (inf co f;)"
Jjel jel jel jel
Thus o (inf f.) = co (inf co f,) < inf co f.- M
jer jel J jel J

Proposition 2.6.2: Let g :R" —» R U {+x } satisfy (1.1.1), and let

A:R” > R™ belinear such that (im A*) N ri(dom g*) #@.

Then co (Ag) = A(co g) -

Proof: Since (im A*) N dom g* #@, we have by Theorem 2.1.1 that
(Ag)* =g*oA*.
Then (co Ag)(x) = (Ag) **(x) = (g *oA*) *(x)
= min {g **(y)|A**y = x} = min {co g(y)| 4y =x}

= A(co g)(x) .
Therefore, co (Ag) = A(cog) . M
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3. SOME APPLICATIONS

3.1. Some Results on the Euclidean Distance to a Closed Set

Definition 3.1.1: Let Sc R", S#@. The distance from x € R" to S is defined

to be dg(x) := ;I‘égﬂy— X||.
Letnow ,, () = %{||x||2 ~dg*]- Then
ds® @ :=inf flo - x||" = inf {(c-x,c-x)}
= inf {Ix[* = 2 (e, ¥+ el §= x| + int £ 2 e, x)+ el §
= k[P - zsup { (e.m)= el }

So Ps(x) = %[Hxn2 ~-dg’]= sup { (e, x) - ;_||c|;2 } (3.1.1)

Let Ps be the projection operator onto S defined by
Ps(x) = {yeS|ds® =y~ x|}

Proposition 3.1.1: Let s —« R"beclosedand x e S;letf :R" 5> R U {4 }

suchthat ¢ .- 1, 4 ;_”'”2 i ) = ;—||x|)2 if xeS$
+ ® otherwise

Then

(a) tedf(x) & x e Pg(t) ;
ie. ,0fx) ={teR"|xePs(® }={teR"|dg@®) = [t- x|}
In particular, x € 0f(x) .

(b) (co Hx) = f(x) = ;—HXHZ and d(co Hx) = of(x) -
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Proof: £ * (t) sup {<t, X)— %IIXHZ J % & S} = @S(t) by (311)

1
= ST -ds* @1
Now, t e 8f(x) if and only if (x) +f*(t) —(s,x)=0,
by Remark 1.4.1, which is true if and only if

560 + S|P + 2l - 5-ds* = (6 x) =0

This, in turn, is true if and only if
Ix|F = 2(t, x) + [t = ds?, since T (x) = 0.
But x| - 24t x) + [t* = [t~ x|" so that we get
dg(t) = [t — x|, whichis true if and only if x & Pg(t).
In particular, putting t=x, we have that x € Py(x) = {x} . So we have (a).

(b) follows from Proposition 1.4.1. /lf

Proposition 3.1.2: Let f be as in Proposition 3.1.1. Then
of *(t) = (co Pg)(t) forallte R".

Proof: f is lower semicontinuous and 1-coercive. (So Proposition 1.5.2 can

be applied .) Now let co f € Conv R" so that by Corollary 1.4.1,

xedf*(@{) & te d(co HX) -
There exist x,,x,,...,x,,, €S and convex multipliers «,, «,,...,«,,, such that

&= iiajxj and ted(cofH(x)=[) {af(xj) lo; > 0} by Theorem 1.5.2(i).

Jj=1
Now by Proposition 3.2.1(a), we have that
teof(x;) & x; e Py(t) forall j=1,2, ..., n+1,

which means

n+l n+l

te()of(x;)=0a(co H(x) < x =D 0,x; € (coPy)(1).
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Thus x e af *(t) © x € (coP)(t), meaning that

Of *(t) =(coPs)(t) forall t eR". [l

Theorem 3.1.1: Let Sc R" be closed and S= @. Then the following

statements are equivalent:
(i) S is convex;
(il PsisafunctiononR”;

(i) ds? is differentiable on R " ;
(iv) f=1I +%||||2 is convex.
Proof: Clearly we have (i) = (ii) . Now suppose (ii) holds.
Then af *(t) = (coP,)(t) is a singleton for each t. So f*:= %(””2 -dg’) is

differentiable so that ds ? is differentiable. So (ii) = (iii) .
Also clearly , we have (iv) = (i).
To finish the proof, we show that (iii) = (iv). Suppose (iii) holds.
Let x eri(domco f). Then there is s € d(cof)(x) by Theorem 1.4.2.Now by

Theorem 1.5.2, there exist x; € S and positive convex multipliers o; such that
x=y ax;, (cofx)=D afx,), se()ofix,).
i j i

Then (co f)(x)=f (x) for all x € ri({domcof) by Theorem 1.5.1. Now let
x € (domco f) \ ri(dom co f). Then there is a sequence (xk) in ri (dom f)

such that lim x, =x-
k= 400

We have

flx) 2 (co Hx) = kl_iinm (co D(x) = kl_i)mﬁﬂ f(x )
> f(x , ) since fis lower emicontinuous.

Thus co f = f, which means that f is convex. Hence (iii) = (iv) . ///
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3.2. Conjugate of a Partially Quadratic Function

Definition 3.2.1: Let H be a subspace of R ", and let B be a linear symmetric

positive-semidefinite operator on R " .Then the function g defined by

1 .
g(x) = {?<Bx, x> if xe H (3-2-1)

+ o otherwise

is called a partially quadratic function.

Let P, :R" — R" be the orthogonal projection onto H defined by

Pyx:=

0 if xeH"
x if xeH

Definition 3.2.2: Let A :R"” — R" be a symmetric linear operator. Then
the linear mapping A--R” - im A given by
A'y=x where Ax =P,y

is called the pseudo-inverse, or the generalized inverse, of A.

To help us evaluate the conjugate g* of the function g in (3.2.1), let’s find f*

where f is given by

f(x) = %(Bx, x) forall x eR".

f * (s) =sup{(s,x>—;—<Bx, x>|xeR"}= sup{<s-%Bx, x>lx € R"}
=%<S,B'ES>.

Then f*(Bx) = %(Bx,x) so that we have

43



() o {%(s,B"s> if seimB z{%<s,B's> if seimB (3.2.2)

+ 00 otherwise +o® otherwise

Proposition 3.2.1: The conjugate of g in (3.2.1) is given by
1—<s (Py oBoPy)'s) if seimB+H*
g¥(s) =2\ 0 .
+ o otherwise

where Py is the orthogonal projection onto H.

Proof: We have 4y - ;—(Bx, x)+ 1, () foreach xeR".
Then by Proposition 1.3.2, we have g* = (f + I,,)* = (f + I;) * Py »

where f(x) = ;—<Bx, X ).

But ( o Py )(x) = f(Pyx) = ;—«B o Py, Pyx )= ;_—«PH o B o Py)x, X)

since Py is symmetric.
Then by (3.2.2), we have

1 - . .
g*(s) = (f o Py)* (Pys) = 5(8,(PH°BOPH) s> if im (Pg ¢eB o Py)

+ o0 otherwise

%<s, (PyeBo PH)"S> if imB +H*
+ o0 otherwise

3.3. Polyhedral Functions
Proposition 3.3.1: For given (5,,5,) e R" xR, i=1,2, ..., k, let

fi(x) = (s;,x)— b, and let

f(x):=max{ fi ()| i= 1,2, ...,k } . (3.3.1)
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Then for each seco{s,,s,, ..., s, } =domf*,
k k
f*(s)= min{Zmibi lo, €Ay, D ays; =s }, (3.3.2)
it i1

k
where A, ={ o |, 20, i=1,2,...,k, and Y a; =1} istheunit simplex.
i=1
Proof: First observe that f;* =1, +b;. Then apply Theorem 2.4.3 with the given s;

being as in (2.4.1) so that we have

k k
f*(s):min{ Zaifi *(s;)|s; edomf, *, a, €A,, Zmisi =3 }
i=1

i=1

k k
=min{ Dob o, €A, Zaisizs}. "

i=1 i=1

Definition 3.3.1:
(a) The function in (3.1.1) is called a piecewise affine function.
(b) A polyhedral function is a function f whose epigraph is a closed convex

polyhedron.

Remark 3.3.1: A polyhedral function has the general form g =f + I, where P is a closed

convex polyhedron and f'is defined by (3.3.1). Thus g*=f{* + o, by Theorem 2.3.2.

By Proposition 3.3.1, we have

g*(s) = glgiﬁn {Zk:aibi +0P(s—ioaisi) } ; (3.3.3)
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4 DIFFERENTIABILITY OF A CONJUGATE FUNCTION

4.1. First-Order Differentiability

Theorem 4.1.1: Let f € Conv R” be strictly convex. Then

(a) int dom f*= @,
(b) f* is continuously differentiable (in the usual sense) on int dom f*.

Proof: Let x e domf, arbitrary, and d e R ", d# 0. By convexity of f, we have

0< e 10=T0) T HD=To)  for all o, (4.1.1)
since f(x‘))_i(x" W) S tc?_f(x“) for all t>0,

because of increasing slopes.
Taking suprema in (4.1.1), we get 0 <f'_ (-d)+f", (d).
But f '=0,,~ (Proposition 1.1.2).
So we have
0-dom f. (d) * Gdom f' (_d) > 0 ’

which means that

6, (d)- inf {(s,d)f>0.

ds sedom f*

Then there exist s e dom f*such that 6 .(s)> (s,d) foreach d =0,

since dom f*is closed as f* ¢ Conv R".

But, o, .(s)> (s,d) forall d=0 iff seintdom f*.

So we have that int dom f*= @.
We prove (b) by contradiction.

Suppose that s eintdomf* such that there are x,,x, edf *(s), x, #x, .
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Then s € of(x, )N of(x,), so that
f*(s)+f(x,) = (s,x,) and f*(s)+f(x,) =(s,x,).

2 2
Then (o, + a,)f *(s) + 3 a,f(x ;) = <S,Zaixi> ;
i=1 i=1

for a,,0, 20 and o, +a, =1.

This implies that
2 2 2
f*(s) + X o;f(x;) = <S, ) uixi>S f*(6) +f1 X as; ]
i=1 i=1 i=1
by Fenchel's inequality.
From this and the convexity of f, it follows that

2 2 2
> afix) <Y ax,]1< D af(x;) sothat
i=1 i=1

2 2
Y a;x;1=Y o,f(x;) , meaning that f is linear on [xi, Xa].
i=1

i=l
But then dom f* is a singleton (f* is the indicator function of a singleton set ).
Then int dom f* = @, a contradiction to (a). Hence x4=x; so that of * is single-

valued
on int dom f*,
Consequently, f* is continuously differentiable on int dom *. ///

Theorem 4.1.2: Let f € Conv R " be differentiable on the set T: =int dom f.

Then f* is strictly convex on each convex subset C c VA(T).

Proof: We prove by contradiction that there is no interval on which f* is affine.
Let s,,s, €C, s, #8, such that f* is affine on [s4, s7]. Let s:= %[s, +38,].

Then s e C < VA(T) since C is convex.

This implies that x € Tsuch that Vf(x)=s; i.e.,x € 6f *(s).

2

Then 0=f(x)+f*(s)—(s,x)=%z [ fx)+£*(s;) = (s;,%) 1.
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But for each i, f(x)+f*(s;)—(s;.x)>0 by Fenchel's inequality.
Thus f(x)+f*(si)—<si,x>:0, i=d, &,
This implies thatx € of *(s;) for each i=1,2.

So s,,s, € Of(x) , contradicting the hypothesis that f is differentiable. "

Corollary 4.1.1: Let f :R"” — R be strictly convex, differentiable and 1-coercive.

Then (a) f* is finite-valued on R ", strictly convex and 1-coercive,
(b) vf:R" - R " is bijective and continuous with a continuous inverse;

(c) £*(s) = (s,(VD'(s))— (V) '(s)) forall s eR".

Proof: (a) f*(s) <+w forall s e R" by Proposition 1.3.4. f* is strictly convex by
Theorem 4.1.2 since f € Conv R” is differentiable. f* is1-cercive by
Proposition 1.3.5 since dom f =R".

(b)Suppose there are x,, x, e R" such that Vf(x,) = Vf(x,).
Then x,,x, edf *(s) for some s ¢ af(x ,) N 9f(x ;).
But f* is continuously differentiable by Theorem 4.1.1. This implies that
of *(s) is a singleton, meaning x, =x,.
Thus Vf is one-to-one and hence invertible. Since f* is strictly convex and f
is closed, it follows that Vf is continuous on R” = int dom f .
By Corollary 1.4.1, s € 8f(x) < x € of *(s) . Since both f and f* are
differentiable on R *, this means
g=ViX) & x=VI*@E), YseR".
This implies that (V)™ (s) = x = Vf *(s). But Vf* is continuous since f* is

continuously differentiable. Thus (V)™ is continuous.

(c) Immediate from the definition of conjugate. /I
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4.2. Second — Order Differentiability
A. Lipschitz Continuity of Gradient Mapping
Definition 4.2.1: Let A be a nonempty convex setin R ”. Afunction f : A —» R
is said to be strongly convex with modulus Con A iff
flax, + (1-a)x, ] <af(x,)+ (1 -a)f(x,) —%Ca(l—a)”x, —})(2”2 (4.2.1)

for all x,,x, € 4 anda € (0,1)

Remark 4.2.1: Inequality (4.2.1) can be written as
f1x) > f06,)+ (6,5, = x,)+.C [, = x [ forall s e aftx,) (4.2.2)

or equivalently,

(s, =8y, X, —%,)2C |x, —x]“:! forall s, edfix,),s, € of(x,) (4.2.3)

Definition 4.2.2: A function g : R" — R is said to be Lipschitz-continuous

(or a Lipschitzianyon A < R " with constant L € R iff

lg(x,)—8(x,)| <L|x,—x,| forall x,,x,€A.

Theorem 4.2.1: Let f :R” — R be strongly convex with modulus C >0on R ".

Then (a) dom f* =R";

(b) VIf* is Lipschitizian with constant % OnR™".

Proof: (a) Let x, e R" and s, edf(x,), both fixed.
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Thenforalld e R", d=0, t=> 0, itholds that

f(x, +td) >f(x,) +(s,,X, +td—x0)+%(3||x0 +1d —x,

= f(x0)+t(so,d)+%Ct2||d||2.

Since s, € 0 f(x,),and x, is arbitraryin R ", it follows that f ¢ Conv R".
S0, f=1**
By proposition 1.2.2, Oy g2 (@ = *¥ (d) =f', (d) = +

Then dom f =R";
(b) f is strictly convex since it is strongly convex . Then by theorem 4.1.1, f* is
continuously differentiable on int dom f *= R".Using the description (4.2.3) of
strong convexity, we have

(s, —8,,%, —X,)2 Cx, = x,[ with s; eaf(x;), i=1.2.
Then x, € of *(s,)and x, € 0f *(s,), meaning that

x, =Vf*(s,) and x, =VE*(s,).
By Cauchy-Schwarz inequality ,we have

I, =2l [, = x| 2¢s, =s5,%, =%,) = C|x, —x,|".
1
Thus |[Vf*(s,)—VE*(s,)| =[x, —xznsans, -5, -

So Vf* is Lipschitzian with constant % I

Theorem 4.2.2: Let f :R" — R be convex such that Vf is Lipschitzian with

constant L>0 on R ".Then f*is strongly convex with modulus 1/L on each

convex subset C c domaof *. In particular,
1 ;
(Vf(x,) - Vf(x,), X, —X,) 2f||Vf(x, )= VI, (4.2.4)

for all Xy, Kg 2 R
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Proof:

Let s, ,s, € dom of *c domf *; let s,s'e[s],s2].

Now fly)=f(x)+ [(Vilx+t(y - x)I,y - x)dt

0

1

= f(x) +(VH(x),y - X) + j (VAIx + t(y —%)] - VE(x),y - x)dt

1 1

But j(VtIx +t(y - x)] - VAX), y - x)dt < j||Vf[x +t(y — X)]- VE)| [y - x| dt ,
0 0

by Cauchy-Schwarz inequality,

1
1
< ity —sfly-<jar =1ly-x["
0

S0 ) <00 +(VA09,y ~x) + S Ly~ = 00 ~(5.x) +{5,y) + S Ly [
=-1*(s)

taking x edf *(s),

=—f*@E)+{s,y)+=
Now adding <s',y) to both side and taking suprema, we get

£ (s) + Sgp{(s'—s,y)— Lily- x|l2} < £V - (4.2.5)

But sup { it =np) = %L — } _h (s Where h(y)= %L”y—x”z.
By Proposition 1.3.1(b) and (f), we have
h*(s=8) = (s=s,x)+ 55—
So (4.2.5) becomes
£*(s) = f*(s) +(s'—s,x>+ﬁ s~ (4.2.6)

for all s,s'e[s,.s,] and for all x e f *(s).

Now replacing s’ in (4.2.6) by s1 and s, we get, respectively,
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£*(s,) 2 £*(s)+(s, —s,x)+2—1L—“sl 9 (4.2.7)
and
f"‘(sz)zf”‘(s)+<sz—s,x>+%"s2 —s“2 (4.2.8)
Convex combination of (4.2.7) and (4.2.8) gives

af*(s)+(1-a)f*(s,)> f*(s+ﬁ[a”si —s" + (= a)fs, - 5|
=f*[as, +(1 —a)sz]+zlf[a(l—a)2 s, —32"2 +(1-a)a’ s, —32”2 ]
=f*[as, +(l—|cr)sz]+ﬁ[¢sr(l—oz)2 +(1 —af)az]ns, —32“2

g _ LA
=f*[os, +(1 a)52]+2L a(l 0:)“8, 52“.

So f* is strongly convex.
To prove the particular case (4.2.4), we replace (s, s') by (s1, s2) and (sz, s1) in (4.2.6)

and get respectively
1
£%(s,) 2£*(s,) + (s, ~—sl,x,>+2—L-|Isz s, (4.2.9)
1
*E,)2 f*(52)+<s, —s?_,x2>+£“s, —32”2 (4.2.10)

for x, e of *(s;), i=1,2.
Adding (4.2.9) and (4.2.10), we get

s, _52“2'

1
(x‘ —X4,8, —52)2E

This is just (4.2.4) since f is differentiable. It holds for all x,,x,€ R" =dom Vf ./l

B. Second- Order Approximations

Definition 4.2.3: A function ¢ € Conv R” is said to be directionally quadratic if and only if it

is positively homogeneous of degree 2, i.e., iff p(x) =1%p(x) for all xeR", (>0 .
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Remark 4.2.2: If ¢ is directionally quadratic, then so ¢ *. Moreover, ¢ (0)=0=¢ *(0).

Lemma 4.2.1: For a directionally quadratic function ¢, the following properties are equivalent:
(i) ¢ is finite everywhere;
(ii) Vo (0) exists (and is equal to 0);

(ii)y There is C > 0 such that p(x) < %C”x”z forall x eR";

(iv)There is C>0 such that ¢*(s) 2%C“s”2 forall s cR":

(V) ¢p*(s)>0 foralls =0.

Proof: First we prove (i) < (ii) = (i) .

Suppose (i) holds. Since ¢ is convex and dom ¢ = R", it follows that ¢ is continuous

on R".Then ¢ has a maximum value, say %C >0, on the unit sphere so that

0@ = o(klEp = Ik o (Fp < I 3¢
since f is directionally quadratic.
So we have (jii).
Now, ¢'(0,.) =0. But ¢'(0,.) =(Ve(0), .) since f is differentiable.
Then V¢(0) =0, and hence (ii).
Conversely, if (ii) holds, then the existence of V¢(0) implies finiteness of ¢ in the
neighborhood of 0, and by homogeneity, we have finiteness on the whole space.
Now we prove (iii) = (iv) = (v) = (i).
(iii)= (iv) by Proposition 1.3.1, and (iv)= (v) trivially.
Being directionally quadratic, ¢ * is 1-coercive. Then ¢ = (¢*)* is finite everywhere by

Proposition 1.3.4. So (v) =(i). /Il
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Definition 4.2.4: A directionally quadratic function ¢, is said to define
a minorization to second order of f e Conv R" at x, edomf , and

associated with s € of(x )
if and only if f(x, +h) > f(x,) +(s,h) + ¢, +o(|h") .
We say, likewise, that ¢, defines a majorization to second order iff

flx, +h) < f(x,) +{s,h)+ g, +o(n]").

Proposition 4.2.1: Suppose there is a directionally quadratic function ¢, such that

there is C>0 with

@, (h) > %c Ih|* for all heR", (4.2.11)

and defining a minorization to second order of f € Conv R" associated with
seof(x,).

Theng, * defines a majorization of f* at s, associated with xo;

i.,e., £*(s+p) <f*(s)+(x,,p)+ ¢, * (@) +0(p| )’

In particular, Vf*(s)=x,.

Proof: Since ¢, (h) > %C”h“2 forall h e R”, we have by Proposition 1.3.1(g),

¢, *(p) < —;—é— ”p”2 foralpe R":

Then ¢, * is finite everywhere by Lemma 4.2.1. If we show the majorization of f* at s,

then it will follow that f* is differentiable at s, and that Vf *(s) = x,,.
Define g on R" by g(h) = f(x, +h)— f(x,)—(s,h). Then

g(h) = g, () + (), (4.2.12)

since ¢, defines a minoriazition of f to second order .
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Now,
g*(p) =f*(s+p)—(s+p,x,)+1f(x,) = (p,X,)
=f*(s+p)-f*(s)-(p,x,)-
So we need only show that g * (p) < ¢, * (p) + O(|n|*) for all peR".
Step1: By (4.2.12), for any ¢ > 0, there is a § > 0 such that

b < & = g(h) > g(h) > p, () — .

Then by (4.2.11), we have that
1
||h|| <d=gh)= (EC —g) ||h||2 (4.2.13)
or

] < 8 = g(h) > g, (h) —3;95 (h)=(1 -%) o, (h) (4.2.14)

Step2: Let|h|> & . Putting 7 = we get

|| !I
-5 <5

so that by (4.2.13), we have
dh
(C g)d’
{Ilhll]

Since g is convex on [0 h] and g (0)=0, we have

5
g—h) = o glh).
I Ilhll

This means that H g(h) > (é C—-¢)d sothat

g(h) 2 (%C—a)”h” (4.2.15)
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Now if ”p“ < (%C— )0 =:8', then we have

1
(p.h)—g(h) <|p||n| - g(h) < (EC ~&)d ||| -g(h),
by Cauchy-Schwarz inequality and (4.2.15)
& (%c —¢)[h|" ~g(h) <0 whenever [b]>3.

Since g*>0, we have

g*(p) = sup {(p, h) - g(h) }S sup {(p, h)y-(1 - 2(:_8)%(11) } , from (4.2.14),

Il Infss

< ([1 Zyp)rm forfplss

Step3: We have for p € B(0,3") that

*(0) = (1—28Y0 *(o) = (1 28y, #| _P
g*(@ = C)cos P = C)qos %

_ 1 * P
=270

2
C
G

:(C—Za

)@, *(p)

2e 1 2
< #* —
<o, (p)+(c_28)2C||p|| ;

by conjugating both side of (4.2.11) and using Proposition 1.3.1.
Given &' >0, choose ¢ in step 1 such that

_g—) o2 g’
C(C-2¢

This givesd >0 and 6" > 0 such that
p|° forallpeB(0,8").

g*¥(P) <o, *(p)+¢
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Proposition 4.2.2: Suppose there is a directionally quadratic function ¢, such that

there is a ¢>0 with

2,00 CJJ[ forall h R, (4.2.15)

and defining a majorization to a second order of f ¢ Conv R ", associated with
s € 0f(x,).

Then ¢, * defines a minorization to a second order of f* at's, associated with x,,.

Proof. Similar to the proof of Proposition 4.2.1. (Cf. [4]).

Definition 4.2.5: If a directionally quadratic function ¢, defines both a majorization and

a minorization to a second order of f € Conv R" at x,, associated with s, then ¢,

is said to define an approximation to second order of f.
Propositions 4.2.1 and 4.2.2 result in:

Corollary 4.2.1: Let f ¢ Conv R " have a quadratic (second order) approximation at x,;
i.e., suppose for s = Vf(x,) and for some symmetric positive semidefinite linear operator A,

it holds that
fixo+h) = f(xo) + fix o + h) = fix o) + (s, h) + %(Ah, h)+ o (|b[*)-
If A is positive definite, then f* has also a quadratic approximation at s, namely,

£+ D) =1*@) + (pxo)+ 2 (App) o).

Corollary 4.2.1 can be generalized as follows:
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Corollary 4.2.2: Let f :R" — R be convex, twice differentiable and 1-coercive such that

V*f(x)is positive definite for all x « R ” . Then f* is also twice differentiable, 1-coercive

and V? f*(s):[vzf(Vf“ (s))r forallseR".

Proof: Since fis 1-coerciive, it follows by Proposition 1.3.4 that dom * =R ".
So im Vf =dom f* =R".Since dom f* = R", we have by Proposition 1.3.5(ii) that

f* is 1-coercive.

Since f is twice differentiable, we have
fx +h) = f(x) + (V(x),h) + —;—(sz(x)h,h> +o (||h||2 ) forall s eR".
Then by Corollary 4.2.1, with A = V*f(x), we have
£*(s+p) = *(s)+(p,x) +%<(v2f(x))*' D, p> + 0(||p”2) .
This means that * is twice differentiable.

Moreover, V*f *(s) = [sz(V’f"(s))]_l forall s e R"; x is replaced by Vf™'(s)

since s=VIf(x). [l
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