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PREFACE 

Conjugacy is a notion defined on a certain class of functions. It was introduced in 

1953 by W. Fenchel (Cf. [1]). Conjugating a function has a convexifying effect on 

the function. Furthermore, conjugacy has an important role in the duality theory 

of optimization. This is one motivation, among others, for the study of conjugacy. 

In this seminar report, important properties of conjugacy will be investigated. 

Among other things, rules of conjugation and differentiability of the conjugate 

function are considered. Conjugates of some particular functions are also 

discussed. 
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habil. R. Deumlich not only for his willingness for consultation whenever I 

needed, but also for his all - round cooperation and enthusiasm to make his 

students perfect mathematicians. I also feel obliged to acknowledge his resour­

cefulness and excellent lectures, which inspired me so much. 

Many friends and colleagues had contributed positively in different ways for the 

successful accomplishment of my study. Among them are Birhanu Tekle of Addis 

Ababa Uniniversity, Temesgen Feyissa of Nekemte Teachers' College, and all 

members in the Mathematics Section of Defence University College. I am very 

grateful to all of them. Finally, I would like to thank my friends Dawit Bulcha and 

Seifu Geleta, who were kind enough to type part of this seminar report on the 

computer. 

Tesfaye Tolu . 

I 
I 

J 



CONTENTS 

1.The Convex Conjugate of a Function 

1.1. I ntraduction 

1.2. Interpretation of the Conjugate Function 

1.3. Simple Properties of a Conjugate Function 

1.4. Subdifferentials of Extended -valued Functions 

1.5. Convexification and Subdifferentiabil ity 

2. Calculus Rules of the Conjugacy Operation 

2.1 . Image of a Function under a Linear Mapping 

2.2. Pre - Composition with an Affine Mapping 

2.3. Sum of Two Functions 

2.4. Suprema and Infima 

2.5. Post - Composition with an Increasing Function 

2.6. Biconjugate Calculus 

3. Some Applications 

Page 
1 

1 

4 

7 

14 

17 

22 

22 

25 

29 

32 

36 

38 

40 

3.1. Some Results on the Euclidean Distance to a Closed Set 40 

3.2. Conjugate of a Partially Quadratic Function 43 

3.3. Polyhedral Functions 44 

4. Differentiability of a Conjugate Function 

4.1 . First - Order Differentiab ility 

4.2. Second - order Differentiabil ity 

References 

46 

46 

49 

59 



1. THE CONJUGATE OF A FUNCTION 

1.1. INTRODUCTION 

Let 

f: R" ~ R v {+oo } such that f $ + <X) , 

and there is an affine function minorizing f on R " . 

(1 .1.1) 

Moreover, let dom f: = {x I f (x) < + 00 }. 

Definition 1.1.1: The conjugate of a function f satisfying (1.1.1) is the function 

f * : R " ~ R v { +oo } defined by 

f * (s) = sup { (s, x) - f(x) }. 
xe dom r 

Remark 1.1: 

1. If x '" dom f, then f (x) = + 00 . In such a case, (s, x) - [(x) = -00 . Since f $ + 00 , 

it follows that (s, x) - f(x) > -00 , for some x E R" . Thus we may write 

f * (s) = sup { < s, x > - f(x) }. (1.1.2) 
X E R 11 

2. The mapping F : f H f * shall be called the conjugacy operation or the 

Legendre-Fenchel transform. 

From (1.1.2), we have 

Fenchel's Inequality: Given s E R " , 

f * (s) + [(x) ;0: (s, x ) for all x E R " . 

Next we show that f * satisfies (1 .1.1) . 
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Let the function C given by C(x) = (so, x) + ro be an affine function minorizing f, by 

(1.1.1). Then f(x) ~(so. x) +ro . 

This implies that 

f(x) - ( so, x ) 2: ro for all x E R n. 

Now, 

- f • (s 0 ) = - sup { (s 0' x) - [(x) } 
xe R /I 

= inf {rex) - (so, x ) }<:ro' 
xe R II 

So [ * (s 0) OS; - ro < +00 . This implies that f* *' +00 . 

By Fenchel's inequality, we have 

f*(s) ~(x,s )- f(x) , for all x, sER". 

Fixing x, we notice that f* is minorized by the affine function g given by 

g(x) := (s, x) - f(x) . 

Consequently, f* satisfies (1.1.1). 

From the above discussion, we observe that dom f is the set of slopes of all affine 

functions minorizing f; dom f is the set of slopes of all affine functions minorizing f*. 

Theorem 1.1 .1: Let f satisfy (1.1.1). Then f* E C onv R II • 

Proof: We know C onv R II = {g : R II ~ R U {+ 00 }I g is closed and convex }. 

Moreover, we know that f* satisfies (1.1.1). Now for each fixed x, the function C 

where Res) =(x,s)- f(x) is an affine function. So the conjugate function f* is a 

supremum of affine functions each of which is closed and convex. 

But a supremum of convex and closed functions is closed and convex. 

Thus f* E Cony R " . III 
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Example 1.1.1: Letf : R II ~ R be defined by [(x) = t Ilx W . Then 

f * (s ) = sup {< s , x ) - t Ilx W } 
x E R II 

= - inf { / ~ x - s, x)} 
X E R /I \2 

Putting h(x):= (+ x - s, x), we get 11 h (x) =x-s. 

sup " { (s -
, • R 

I 
-x 
2 ' x )} 

Thus, 11 h (x) =0 if and only if x=s. Since the second derivative of h is positive 

definite, h is convex and hence x=s is its minimum point. 

Consequently, 

f * (s) = (s, s) _ ~l lsl 1 2 
2 

1 2 = -s . 
2 

This means that f is its own conjugate. 

Definition 1.1.2: Let C c R", C ",0. 

(i) The indicator function of C is I e: R" ~ R u {+oo } defined by 

IC(X):= { 0 
+00 

if x E C 

otherwise 

(ii ) The support function of C is a- c : R" ~ R U {+ 00 } defined by 

0' e (s):= sup {(s, x) }. 
XE e 

Example 1.1.2: Let C ~ R ", C ", 0. Then 

(Ie) * (s) = sup {(s,x)- Ic(x)}= sup {(s,x) }= a-c<s) ' 
XE dom Ie XEe 

In particular, 

(I R " ) * (s) = sup {( s, x)} = { 0 
x eR n + ex) 
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1.2. INTERPRETATIONS OF THE CONJUGATE FUNCTION 

Let f satisfy (1 .1.1) and let 

F:= {as. , : R " .... R la s, ,(x) =(s,x)- r , S E R " , I' E R}, 

M := ) a E F I a (x) " [(x) V X E Rn} , l s, r S, r 

grf := {(x, Y) E R " x R I Y = [(x) } , 

and 

H s r := {x E R " I (s, x ) = r, a s" E M }' , 

Now for all (x,r)E H s r ,we have ( s,- I) ,(x,r)) = (s,x)- r = O. Thus, (s,-I )..1. Hs,r ' , 

for all S E R " , and for all r E R . By definition, we observe that H s , lies below grf. 

To get f' (s) , we lift H s" as much as possible, but subject to supporting grf 

(See Fig . 1). In other words we translate H s" by the vector (O ,z ) E R " x R until it 

touches grf. In this process we get (s,x) - r = z at each level z E R . 

Let (xo,/(xo)) be the point of intersection of H s" and grf. 

Then z = (s, x 0) - r = [(x 0) , so that r = (s, x 0) - f(x 0) . 

By Fenchel's inequality, we have 

[(x);,,: (s,x) -f*(s) for all s E R " and for all x E R " . 

So for sE dam [ * , we can put r=f*(s), since the affine hyperplane Hs , r (s ) 

can be lifted. 

This means that the affine function as" given by a s,r ( x ) = (s, x) - f * (s ) 

produces the "best hyperplane" 

H={(X, Z) E R " x R I(s, x )- f*(s) = z } 

which intersects grf at (x 0' [(x 0)) . This is because H is the hyperplane obtained by 

translating H s, f * (s) = { x E R" I (s, x ) - f * (s) = O} 

by the vector (O,z) E R " x R . 
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Now putting x=O in H, we observe H intersects the verti ca l axis in the graph space at 

(0,- [ * (5) ) . 

Fig.1.Geometricallnterpretations 

Proposition 1.2.1: For all S E R " and for all UE R, it holds that 

(i) j*(s)= O" epij(s,- l ); 

(ii) 
(J" epi! (s ,- u) = 

Proof: 

I 
u f * ( - s), 

u 
(J" epi ! ( s, 0) = (J" do", f (s), 

+ 00 , 

iju > O 

iju = O 
iju < O 

( i) 0" ,,; ,(5,- 1) = sup {((x, r), (5, -1 ») : (x, r) E epi r} 

= sup {(s, x ) - r : (x, r) E epi f} 

= sup sup {(s, x ) - r}= sup {(s, x ) - [(x) } 
X E R /I r 2: [(x) x E R " 

(ii)Case1: U>O. 

S 
O"epij (S,- U) = O" epij (s ,- Iu) = O" epij (u - ,- Iu) 

U 

S = U 0" epi j ( - ,- I ) since the support function is positive 
u 

homogeneous. 

5 
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= u f • (~) by (i) . 
u 

Case 2: u=O. 

cr epif (S,O) = sup {((S,O), (x, r) ) I (x, r) E epif }= sup ks, x ) - ° I x E R 1/ } 

= sup {(S, x ) I x E damf }= cr domf (s) . 

Case 3: u<O. 

O"epij (s, - u) = sup {((s,-u),(x,r) ) : (x,r) E epif }= sup {(s,x )- ur: (x,r) E epif } 

= sup {(s , x ) + lulr: (x,r) E epif }= +«> .111 

Definition 1.2.1 :Let f E C onv R ". The asymptotic function , or recession function, 

or auto-deconvolution of fis the function f ~ E Cony R" defined by 

f(x 0 + td) - f(x 0) . 
((d) := sup = hm 

t > O t t-++«> 

where x 0 E dam f , arbitrary. 

Proposition 1.2.2: For f E C onv R " , it holds that 
, 

f(x 0 + td) - f(x 0) 
t 

cr domf (s) = cr epif (s,O) = (f*) <Xl (s) for all s E R " . 

Proof: Easy consequence of the definition. //I 

Now we consider the set epi f x {- I} >;; R" x R x R , which is epi f translated by 

the vector (0, 0, -1) E R " x R x R . 

This set generates the cone 

K f := {t(x, r,- I) E R " x R x R I t> 0, (x, r) E epi f } . 

The polar cone of Kf is 

(K f r := {(s, cr, ~) E R 1/ X R x R I ((s, cr, ~) , (lx, tr, - t) ) :s:; 0 , V (x, r) E epi f, t > ° } 
= {(s , a, j3) E R " x R x R I (s, x ) + ar S p , V (x, r) E epi f }. 
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Putting a = 1 , we get 

(R" x {-I) x R) () (K f r = {(s, - I , P) E R" x R x R I (5, x) - r ~ P , 'if (x, r) E epif } 

= {( 5, - I, P) E R " x R x R I sup {( S, X) - r } S p} 
(x, r) E cpi r 

= (cs,- I , P) E R" x R x R IOcpi ,(5,- 1) s p} 
= {(S, - I, P) E R " x R x R If * (5) S p} by Proposition 1.2.1(i). 

Therefore, 

(R" x {-I} x R) () (K f r is epi f* translated by (0, -1,0). 

Moreover, 

K , () (R " x R x {- I}) = {(x, r, - I) E R " x R x {- I } I (x, r) E epif} 

Hence we have 

Remark 1.2: If K,:= {I(x,r,-I) I I > O,(x,r)E epif} and (K,f is the polar 

cone of Kt, then 

(i) K, () (R" x R x {- I}) = epi f ; 

(ii) (Kf)O n(R" x{-l} xR) =epif* . 

1.3. SIMPLE PROPERTIES OF CONJUGACY 

A. Elementary Calculus Rules for Conjugacy 

Direct application of the definition gives the properties in the following proposition: 

Proposition 1.3.1 : Let f, h1 , h2 satisfy (1.1 .1). Then 

a) g(x) := f(x) + a,a E R ,imp/ies g * (s) = f * (s) - a; 

b) g (x) : = f (a x), a E R, a '" 0 , implies 
s 

g * (s) = f * (- ); 
a 

c) g(x):= af(x), a > 0, implies 
s 

g*(s)=af*( - ); 
a 
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d) If A : R" ~ R is an invertible linear operator and (A -I) * is the adjoint of the 

inverse of A . then 

(f o A)* = 1* 0([1)*; 

e) g(x) := I(x) + (so ,x) implies g *(s) = 1* (s - so); 

f) g(x):= I(x - xo) implies g * (s) = 1* (s) + (s. xo ); 

g) hI :s; h2 implies hI * 2 h2 * ; 
h) (dom h.)n (dom h, ) ~ 0 and a E (0 .1) implies 

i) .. . Let f j : R ) ---> R u {+oo }. j = 1.2 .... . m. satisfy ( 1 . 1 . 1). 

1/ 11 " III 

If R " := R 1 x R 2 x ... x R m and h(x) := Ilj*(sj),then 
j= 1 

m 

h *(s l 's2. ···'sn,)= Ifj*(sj) 
j = 1 

for R .. equipped with scalar product of the product space. 

Proposition 1.3.2: Let f satisfy (1.1 .1). let H be a subspace of R " . and the operator 

PH be the orthogonal projection onto H. Suppose there is h E H such that 

f(h) < +00 . 

Then (i) f + I H satisfies (1.1 .1 ); 

(ii) (f + [H )* = (f 0 PH) * 0 PH ' 

Proof: (i) By hypothesis . there is h E H such that f(h)< +oo. 

Now. (f+IH)(h)= f(h)+I H(H)= f(h) < +oo.So f + III ;;; + 00. Moreover. 

f + I H : R " ~ R u {+oo } is minorized by the affine functions which minorize f. 

Consequently. I + I II satisfies (1.1.1). 

(ii) (f + I H ) * (s) = sup {(so x ) - (f + I II )(x) I x E H} 

since x E H => (s. x )- (f + IH )(x) =-00 
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= sup {(s, x ) - f(x) I x E H} since IH(X)=O for all x E H; 

= sup {( 5, PH Y) - f(P H Y) lYE R " }; 

because for all x E H , there is aY E R n such that PH Y = x; 

= sup {( PH 5, Y) - f(P H y) lYE R " } since PH is a symmetric operator; 

= (f 0 P ) . (P s) for all S E R " . 
H H 

Therefore, (f + I H )* = (f 0 PH) * OPH . 11/ 

Proposition 1.3.3: For f satisfying (1 .1.1), let a subspace V contain the subspace 

parallel to aft dom f and set U: = V.l . For any Z E aff dam f and S E R " 

such that S = SII +sv, it holds 

f * (5) = ( 5 u , z) + f • (5 , ) . 

Proof: Since V contains a subspace parallel to aff domf ,there is Z E R II such 

that z + V :;:) ajJ damf . From this it follows that for all x Edam f there is 

v E V such that x=z+v. Now, 

f * (s) = sup {(s, x)- f(x)} = sup {(s , + s"z + v )- fez + v) } 
xedomf veV 

= sup {(s"z )+ (S" V)+ (s "z + V)- fez + v) } .. , 
= (5" z) + sup (<s " z + v ) - fez + v) } 

,,' 
= (s"z) +f * (s,). III 

B. The Biconjugate of a Function 

Definition 1.3.1 :The biconjugate of a function fan R " satisfying (1.1.1) is the 

function f * * defined on R " by 

f * *(x) ;= (f*) * (x) = sup {( x, s ) - f * (s) } . 
SE R /I 
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Theorem 1.3.1: Let f satisfy (1.1.1). 

Then f** is the pointwise supremum of all affine functions on R n majorized by f. 

In other words, 

epi([ * *) = co (epi f). 

Proof: Let E = i (s, r ) E R " x R I a (x) := (x, s ) - r ~ f (x) \. t s, r J 

Now, we have 

( s,r ) E E~ f (x) ~<s,x)- r VxE R "; 

~ r ~ (s, x ) - f (x) V X E R " ; 

~ r ~ sup {( s , x ) - f ( x) I x E R " } = f * (s) and sEdam f * . 

Then for all x ERn ,we have 

co [(x) := sup {(S, x ) - r }= sup {(S, x ) - r I r ~ [ * (S) } 
(s. r) E E 

= sup { (S, x > - [ * (S) I S E domf *}= f * *(x) 

Hence epi(f * *) = epiC cot) = co epif . 111 

Remark 1.3.1: From the above theorem, it follows that 

f ** = co f : = cl f 

Thus we may use the notation co f := f * * for f satisfying (1 .1.1). 

Corollary 1.3.1: If f and g are functions satisfying (1 .1.1) such that 

co f ~ g ~ f , then g* = f * . 

Moreover, f = f • * iff fEe anv R ". 

Proof:(i) Since co f ~ g ~ f , it follows that co f ~ g* ~ f*, by Proposition 1.3.1 (g). 
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On the other hand, 

g(x) ~ (co f)(x) = f * *(x) = sup {(x, s)- f * (s)} for all x E R " . 
SE R n 

Then g(x) ~(x,s ) -f*(s) forall s,xER". 

So f*(s) ~(x,s ) -g(x) forall s,xE R " . 

This implies that f * (s) ~ sup {(s, x ) - g * (x) } = g * (s) . 
x e R " 

So, g* ~ f * . Consequently, f* = g*. 

(ii) f = f * * iff f = co f Ee onv R n . III 

C. Conjugacy and Coercivity 

Definition 1.3.2: A fu nction f satisfying (1 .1.1) is said to be 

( a ) 0 - coercive if and only if lim f (x) = +00 ; 

Ilx II ~ +00 

(b) I - coercive if and only if lim f (x) = +00 
11xII -> '" Ilx II 

Proposition 1.3.4: If f satisfying (1.1 .1) is 1-coercive, then 

f * (s) < +00 for all s E R Il • 

Proof: Suppose f is 1-coercive. Then 

f(xl 
lim - II-x I-I = +00 

Ilxll -> .., 

Thus, given S E R " , there exists R E R such that 

Ilx II;, R implies f(x) > Ilsll+ I which means IIxII - , 

f(x) ~ Il x 1IIIsii + 114 for all x E R Il with Ilx ll ~ R ; 

~ I(x, s)1 + Ilxll by Cauchy - Schwarz inequality. 

Then (s, x> - f (x) :0; - 11xII for all x E R " with Ilx II ~ R. 
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Case 1: II~I ~ R. Then 

sup { < s , x ) - f (x) Illx II ~ R} :0; sup { -llx II : Ilx II ~ R} :0; - R < +00 . 

Case 2: II~ I < R. By (1.1.1), there exists (s 0 ' ro ) E R " , R such that 

f(x) ~ (s 0' x ) - ro V x E R " . 

This means that - f(x) :0; -(So, x> + ro for all x E R". 

So, 

sup{ (s, x ) - f(x) : Ilx ll < R} :0; sup{ (s, x)- (s, xo)+ ro : IIxII < R} 

Consequently, 

= sup{ (s - so,x)+ ro: Ilxll < R} 

:0; sup{ lis - So 1IIIxii + ro : Ilxll < R} 

by Cauchy- Schwarz inequality 

< lis - So IIR + ro < +00 . 

f * (s) = sup { (s, x) - f(x) : x E R "} < +cx:> , for all s E R " .III 

Proposition 1.3.5: Let f satisfy (1.1 .1). Then 

(i) x 0 E int dom f => f * - (x 0 ,-> IS 0 - coercive 

(ii) dom f = R n => f * is I - coercive 

Proof: (i) By proposition 1.2.2, (Jdomf = (f*) ~ . Let now x 0 E in! domf . 

(Clearly, int domf c int( co domf .) 

Then (f*) ~ - <x 0 , 5) = cr domf (s) - (x 0 ,s > > 0 for all s "* O. 

But (f * - ( x 0 " » ~ = (f*) ~ - ( x 0 ' . > by the definition asymptotic fu nction. 

So(f* -(xo'';) ~ is positive at each s*O. But a function in Conv R" is O-coersive if 

and only if its asymptotic function is positive at each nonzero point in R" . (Cf. [4].) 

Since f * - ( x 0") E C onv R" , too, it follows that it is O-coercive. 

(ii) Since dom f = R " , every point x E dom f is an interior point. 
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By (i), f * - (x, -) is O-coercive, wh ich means 

lim [f * (s) - (x, s)] = +00 > O. 
lisII .... +«> 

This implies that 

from which we have 

lim fOes) > lim (x,s) , 
lis II .... +«> Ils~"" +«> 

lim 
I I'II~ +<0 

f * (5) 

115 II 
I. ( 5) > 1m x, - . 

II'II~ +~ 115 II 

Since x is arbitrary, we have 

lim 
11'11 .... .., 

f * (s) 
lis II = +00 . 

Thus f* is 1- coercive. 11/ 

Remark 1.3.2: 

(a) From the second part of the above proof, it follows that 

f * - ( x 0' .) is 0 - coercive ::::> f * is 1 - coercive 

(b) If fEe onv R" , then we have 

{

(i) Xo E in! domf <=:> f * - ( x o, .) is 

(ii) domf = R " <=:> f * is I - coercive. 

13 
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1.4. SUBDIFFERENTIABILITY OF EXTENDED-VALUED FUNCTIONS 

Definition 1.4.1 : Let f be a function satisfying (1.1.1). The subdifferential of f at x 

is the set a I ( x) : = { S E R " I I (y) ;" I ( x) + (s, y - x ), v y E R " } 

An element s of af(x) is called a subgradient. 

Equivalently, the subdifferential can defined if f is convex as 

or ( x ) := { s E R " I (s, d ):;; f' (x, d) 'if d E R " } 

Observe that al(x) = 0 if x (z?: dom f . To see this , take Y E dom f. 

Observe also that a subgradient S E alex ) is the slope of an affine function 

minorizing f and coincid ing with fat x. 

Theorem 1.4.1: Let S E R 1/ and let f satisfy (1 .1.1). Then 

s E alex) ¢:> /. (s) + I(x) - (s,x):o; o. 

Proof: By definition , 

S E M(x) if and only if (s, y) - fey) :0; - f(x) + (s, x) for all y Edam f. 
This is true if and only if 

f· (s):= sup {(s, y)- fey»~ :0; - f(x) + (s, x). III 
ye dam f 

Remark 1.4.1: Combining Theorem 1.4.1 and Fenchel's inequality, we obtain the 

statement: 

SEa/eX) ~ /*(s)+/(x) -(s,x ) = O 

From Theorem 1.4.1 ,it follows that 

al(x) = {s E R " : I· (s) - (s ,x ) s: - I(x)} 

is the sublevel set of / * - (" x) at level -f(x) . 
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Since I * - (- , x ) is convex and closed, al (x) is also convex and closed. 

Theorem 1.4.2: For f E Conv R", it holds that 

x E ri dom f implies that a f(x) ot 0. 

Proof: We know that any f E C onv R " is minorized by some affine function ; 

i.e., for all x E ri dam f, there is an S E ajJ (doli! f) - x such that 

f(y)~ f(x) +(s, y-x), for all YE R". 

[Notice that aff(dam I) - X is the subspace parallel to aff (dam f) .J 

This implies that s E 8/(x).ConsequentlY, 8f(x) ot 0. //I 

Proposition 1.4.1: Let f satisfy (1 .1.1). Then 

(i)af(x) ot 0 ~ co f(x) = f(x); 

(ii)[cof ~ g ~ f and g(x) = f(x)] ~ af(x) = ag(x); 

(iii)s E af(x) ~ x E af * (s). 

Proof:(i)LetsE al(x).Then f(Y ) ~f(x)+<s,y-x) for all YE R ". 

This implies thaU s given by £ s (Y) := I(x) + (s, y - x) is an affine function 

minorizing f. This in turn implies f., ~ cof ~ f since 

(cof)(y) = sup { (s, y) - r I (s, z) - r ~ fez), Vz E R " }. 

But f. s (x) = I(x). So we havee ,(x) = (cof)(x) = I(x). 

(ii) Let (co!) ~ g ~ I and g(x) = f(x). Then f* = g* by Corollary 1.3. 1. 

Now by Remark1.4.1, 

s E a f(x) ~ f * (s) + f(x) - (s, x) = O. 

This is true if and only if g * (s) + g(x) - (s, x ) = O. 

This holds if and only if s E af(x). Thus, af(x) = 8g(x) . 

(iii) Let s E af (x) . Then (co!)( x) = f(x) by (i). 

15 



But then , 

f**(x)=f (x) by Remark 1.3.1 

This implies that 

f*(s)+(f*)*(x)- (s,x ) =O, since f*(s)+f(x)- (s , x ) =O 

by Remark 1.4.1. 

Then x E of * (s) by Remark 1.4.1 again. III 

Remark 1.4.2: From Proposition 1.4.1 (i) and (ii), we have: 

(a) If of(x) '* ° for all x E R /I , then 

f E Cony R /I and f is finite - valued on R n; 

(b) If M(x) * 0 , thena f(x) = a(ro f)(x) 

Corollary 1.4.1: Let f E C onv R /I • Then 

f(x) + f * (s) - (s, x ) = 0 <=> s E of (x) <=> x E of * (s). 

Proof: Immediate from Remark 1.4.1, Proposition 1.4.1 (iii) and the symmetric 

role of f and f** when fEe onv R II . 111 

Let s E of (x). Then x E af * (s), which implies that S Edomf* . 

Thus 

8f(x) c domf* . 

Equality, however, need not hold . As a counter-example, take 

f : R ~ R defined by f (x) = eX. 

Then af(x) = U '(x) I x E R} = {eX I x E R }. 

Now f * (0)=0. So 0 E domf*, but 0 ", af = {f ' (x) I x E R} . 

16 I 
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Remark 1.4.3: Let f satisfy (1.1.1). Then, 

(i) x minimizes f ~ 0 E of (x); 

(ii) x E of * (0) ~ X E Argminf := { x E R" I f(x) 

i.e. , of * (0) = Argminf 

1.5. CONVEXIFICATION AND SUBDIFFERENTIABILITY 

Let f satisfy (1.1.1). By Corollary 1.3.1, / * = (co f) *. 

Now, 

= in! f(y)}; 
ye R II 

inf{ / (x) I x E R "} = - / * (0) = - (co f) * (0) = inf{( co f)( x) I x E R"}. 

Suppose x minimizes f. Then 0 E o/(x) by Remark 1.4.3, which means If(x) *0. 

This implies by Remark 1.4.2(b) that o/(x) = o(cof)(x). 

So 0 E o(co f)(x), which in turn implies that x minimizes co/. 

Consequently, 

Argmin/ c Argmin(cof). 

But Argmin (cof) is convex and closed as a sublevel set of the convex and closed 

function co! at the level inf co/ . 

Thus 

coArgmin/ c Argmin(co/). 

This inclusion is strict as the above reasoning need not be reversible. 

Proposition 1.5.1: Suppose f satisfying (1.1.1) is Gateaux-differentiable at x and 

8f(x) *0. 

Then o/(x) = {V/(x)} = o(co/)(x). 

Proof: Since 8f(x) * 0 , we have 8f(x) = 8(cof)(x) by Remark 1.4.2(b). Moreover, the 

convex function cof, which is Gateaux-differentiable at x has only one subgradient, 
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namely. 'V/(x).Consequently. alex) = {'V/(x)} = a(eo/)(x) . 11/ 

Corollary 1.5.1: Let f satisfying (1.1.1) be Gateaux-differentiable on R" . 

Then. x is a global minimum point of f on R n if and only if 

(i) Vf(x) = O. 

and (ii) (co fl e x ) = f ( x ) 

In such a case. cof is differentiable at x. and 'V(eo/)(x) = O. 

Proof: Suppose x is a global minimum point of f on R " . Then 0 E alex ) by Remark 

1.4.3(i). So aj(x) *0. Now (ii) follows from Proposition 1.4.1 (i). Since f is Gateaux­

differentiable. it follows by Proposition 1.5.1 that Vf(x) = o. So (i) holds. Conversely. 

suppose x E R " satisfies (i) and (ii) . Then 0 = Vf (x ) E af(x) by (i). Since f is 

Gateaux-differentiable. we have alex) = {'V/(x)} = a(eo/ )(x) by Proposition 1.5.1. 

So 0 E 8(cof)(x). Then x minimizes eo/ by Remark 1.4.3(i). Hence x minimizes f 

on R ... This completes the proof. 11/ 

Lemma 1.5.1: Let f satisfy (1.1.1). be lower semicontinuous and 1-coercive. 

Then co (epit) is a closed set. 

For the proof Cf. [4] . 

Proposition 1.5.2: Let f satisfy (1.1.1). be lower semicontinuous and 1-coercive. 

Then 

(i) cof = co f (Hence cof E C onv R " .) 

(ii) For all x E dom f = co dom f , there exist 

11+1 

Xj Edomf. u j ER. a j ~ O. j = I.2,3 .. ·· .n+l , L a j =1 
j=1 

such that n + I 
X = La . x . and 

j'" I J J 

n + I 
(co f)(x) = L a x . 

j = I J J 
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Proof: (i) By Lemma 1.5.1, co (epij) = co (epij). By the definition of convex hull , we 

have that epi(cof) = co(epij). 

Now, epi (cof) c epi (co f) = co (epij ) = co (epij ) c co (epij ). 

Then it follows that epi ( co f) = epi (cof) . Hence co f = cof . 

(ii) co (epif) is closed, by Lemma 1.5.1 . Notice that the point (x, (cof)(x» is a 

boundary point of co (epi f) . So (x, (cof)(x)) can be described as a convex 

combination of n+1 points of epij=ep(cof). That means there are 

11 + 1 
X j E domf , a} E R , a} ;::: 0, j = 1,2,3"" , n + 1, La} = 1 

} = 1 

11 + 1 

such that (X, (cof)(x» = Ia j (x j ,yj ), where f(x j ) $ Yj' 

j= 1 

Now each rj = f(x j) for a j > 0, since 
II + I 
I aj(xj,f(Xj» E co epij 
j= l 

Thus, 11+1 11+ 1 11+1 

(x, (cof)(x» = I (ajXj' aj/(x}» = (Ia jxj, Iaj/(xj».111 
j= 1 j=1 j =1 

Theorem 1.5.1: Let f satisfy (1 .1.1). Suppose that for a given x Edam! , there is a 

family {(x j' a j) I j = 1,2,3,"· , n + 1} satisfying Proposition 1.5.2(ii). 

Let J := {j I a j > O}. 

Then (i) f (x j ) = (cof )( x j ) for all j E J ; 

(it)cof is an affine function on the polyhedron P := co{x j I j E J}. 

Proof: (i) Since cof is convex and minorizes f, we have that 

n+1 11 + 1 

(co f)(x) ,; L a j(eo f)(x j) S L a ;I(x j ) = (co f)(x). 
J=l i " l 

This implies that 11 + I n + I 

L a i(eo t)(x i) = La ;f(x i )' 
j '" J j = 1 

Since (co f)(x j ) $ f(x j ) for all x j and a j > 0, for all j E J, 
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it follows that 

a j (co t)( x j) = a /( x j) for all j E J. 

Consequently, f(x j) = (co f)(x ) for all j E J. 

(ii) Let x ' E P such that 
x' ~ l: ~ j x j . 

J ' J 

All elements of P can be expressed similarly with same x j ; only the fJj' s vary. 

Let R (x' ) = L ~ . f(x .). Then R is an affine function . 
je J J J 

Now, 

(co t)(x') = (co t)(I~jxj) :O; I~j(co t)(x j ) by the convexity of cof; 
je J je J 

So, we have 

(co t)(x' ) :0; I ~ /(x j) by (i) ; 
je J 

= R (x' ) . 

So, co f :0; R on P. 

Now let x E P and x i' x '. Let the affine line passing through x and x' intersect 

rbd Pat YI and Y 2 respectively. Then Yl i' x and Y2 i' x since x E ri P. 

Then we can write 

x = A.X '+(1- A.)Yl with A. E (0 ,1) . 

Now, 

(co 1)( x ) :0; A (co 1)( x ') + (l - A )( co f)( Y I ) 

:0; U (x') + (1 - A ) l (Y I) = l ex) . 

But by the hypothesis, we have (co I)(x) = I /3J(x j ) = l ex ). 

Thus we have 

jeJ 

(co f)( x ) = A. (co f)( x ' ) + (1 - A.)( co f)( y, ) 

= U (x') + (1 - A.)R(y,) = R(x ). 

Then A. [(co flex') - R(x')] + (1- A.)[co I(y,) - e(y,)] = 0. 

Since co 1:0; l 011 P, we have 

(co I)(x ' ) = e(x') and (co f)(YI) = R(y,) , 
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Hence eo f is affine on P since e is affine on P . "' 

Theorem 1.5.2: Suppose the hypotheses of Theorem 1.5. 1 hold. Then 

(i)a(eof)(x)= naf(x j); 
jeJ 

(ii)Forall S E a(eo f)(x), it holds that 

(s,x ) - (eo f)(x) = (s,x j) - f(x j ),for all j E J. 

Proof: (i) First we observe that 

f*=(co f)*, 

by Corollary 1.3. 1. 

Let s E a(eo f)(x). This is true if and only if 

(co f) * (s) + (co f)( x) - (s, x) = 0 , 

by Remark 1.4.1. 

This is again true if and only if 

(1.5.1) 

(1.5.2) 

f*(s)+ 2: aJ(xj) _ l s , 2: aj ) =o 
jeJ \ jeJ 

which is equivalent to 

L aj[f *(s) + a/ex j) - (s, Xj)] = 0 for all j E J, 
jeJ 

since f * (s) = La/ * (s). 
jeJ 

This, in turn , is equivalent to 

f *(s)+f(xj)-(s,xj)=o \fjE J , (1.5.3) 

since by Fenchel's inequality, f * (s) + f(x j ) - ( s, x j) 2! 0, \f j E J. 

Now (1.5.3) is equivalent to s E af(x j) for all j E J, 

wh ich is true if and only if SEn a f(x j)' 
j E J 

(ii) From (1.5.1), (1.5.2) and (1.5.3), we have that 

(s, x ) - (co f)(x) = -(co f) * (s) = -f * (s) = ( s, x j) - f(x j)' // 1 
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Corollary 1.5.2: Let f : R" ---+ R be lower semicontinuous, Gateaux-differentiable 

and 1-coercive. Then 

(i) co [ = co [ is continuously differentiable on R " ; 

(ii) Y' (co f)(x) = Y' [(x) [or all j, where x j, x and J are as in 

Proposition 1.5.2 (ii) . 

Proof: (i) By Proposition 1.5.2(i), co [ = co f. But the convex function co f 

(which is Gateaux-differentiable by the hypothesis) has a single subgradient 

'i7 (co f)(x) = Y' (co f)(x) , 

which means col is differentiable. Since x is arbitrary over all the open set R" , it 

follows that f is continuously differentiable on R " . 

tii ') Follows from the differentiability and Theorem 1.5.2. 11/ 

2.CALCULUS RULES ON THE CONJUGACY OPERATION 

2.1 .lmage of a Function Under a Linear Mapping 

Definition 2.1.1: Let g: R ill -t R u {-too} satisfy (1.1.1), and let A: R ill -t R " be 

a linear mapping .The image of g under A, denoted by Ag, is 

Ag : R" ---+ R u {+oo } defined by 

(Ag )(x) := inf{ g(y): Ay = x }. 

Theorem 2.1.1 :Let A * be the adjoint of the operator A : Rill -t R , and let 

g : Rill -t R u {-too} satisfy (1.1.1). Suppose im A * !l dam g * * 0 . Then 

(i) Ag satisfies (1.1.1); 

(i i) (Ag)* = g* 0 A *. 

Proof: (i) Let y E domg such that x=Ay. Then g (y ) < +00 and hence Ag $. + 00 . 
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Now let So E imA * () domg . Then g * (So) < +CX) ,and hence there is 10 E R ' 

such that A * 10 = So . 

By Fenchel's inequality,we have for all Y E R" that 

g(y) ;::: (So , Yl - g * (So) = (A * to, Yl - g * (so) = (to, AYI - g * (so)· 

Thus, 

(Ag)(s) = inf{g ( y):Ay = x} ~(l o, x )-g* (so)for all xE R n . 

This means that the affine function (10 ,,) - g * (so) minorizes 

Ag on R".Consequently, Ag satisfies (1 .1.1). 

(ii) (Ag) * (s) = sup { (s, x ) - (Ag)(x) } = sup {(s, x) - inf (g(y) I Ay = xl } 
x e R /I x E R 11 

= sup {(s, x) - g(y) I Ay = x } 
X E Rn 

= sup {(S, Ay )- g(y) }= sup {( A * s, y )- g(y) }= g * (A * S) = (g * oA*)(s) 
xe R" xe R " 

Therefore, 

(Ag)*=g*oA*. 11/ 

Definition 2.1.2: Let g : R II X R P ~ R v {+oo} satisfy (1 .1.1). 

The marginal function of g is r: R " --> R u (+co ) defined by 

r (x) : = inf{ g ( x , y) lYE R P} . 

Corollary 2.1.1: Let R //I := R II X R P ; let g : R" ~ R v {+oo}, and g ~ + co . 

Let g* be associated with a scalar product preserving the structure product 

space: ( ., .)", = (.,.)" +( .,.) p .Suppose there is So E R " such that 

(s o,O) Edom g *. 

Then the conjugate of the marginal function f of g is given by 

f * (s) = g * (s ,O). 
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Proof: Consider the projection A : R /I X R P ---+ R /I defined by A (x , z) = x . 

First we notice that for (x, z) E R /I X R P , we have 

(Ag)(x, z) = inf{g(y, w) I A(y, w) = (x, z)} = inf{g(y, w) I (y,O) = (x ,z) } 

= inf{ g(X,W)IWE RP} = I(x) (2.1.1) 

Next, ((x,z),A*x')=(A(x,z),x')n = (x,x ')" = (x,x')n + (z,o)p = ((x,z),(x ' ,O» )", 

So, A*x'=(x',O). (2.1.2) 

Now, for all S E R /I , 

f * (s) = sup {( ( S ,0 ), (x , z ) ) - inf{ g (x , z) I z E R P} } 
(x,z) e R" x RI/ 

= sup {((s ,0), (x, z») - (Ag )(x, z) I}}, from (2.1.1); 
(x,z)eR" x RII 

= (Ag) * (s ,O) = (g * oA*)(s,O) ,byTheorem2.1.1, 

= g * (A * (s,O)) = g * (s,O) by (2.1.2). III 

Definition 2.1.3: Let II' I, : R" ---+ R u {+oo } .The infimal convolution of 

f.. and I, is II + I, : R /I ---+ R u {+ex:>} defined by 
v 

Corollary 2.1.2: Let II' I, : R" ---+ R u {+oo } ,,kt;+ ex:> ./, ~ + ex:> and 

damf.. 11 daml, '" 0. Then 

(i) f. + I, satisfies( 1.1 .1); 
v 

(ii) (f.. + 1,)* = f.. * + I , • . 
v 

Proof: (i)Since f.. ~ + ex:> ,I, ~ + ex:> ,it follows that f.. + I, ~ + ex:> . Let s E damf.. * 11 daml, *. 
v 

24 



Then by Fenchel's inequality, for all x = x I + X 2 E R" , we have 

/,(x,)?/, *(s)+(s,x l ) ,and 1,(x,)?/, *(s)+(s,x,) 

so that 

/,(x,)+ I , (x, )?/, *(s)+ I , * (s)+(s,x, +x,) . 

Then 

( I, + 1 , )( x) = inf{ I, (x, ) + I , (x , ) I x, + x , = x} 
v 

~ ( s,x ) + I,*( s )+ I, *(s)lor all XE R " · 

Therefore, /, + I, is minorized by an affine function . 
v 

Consequently, 

/, + I, satisfies (1.1 .1). 
v 

(ii) Let S l E R" .Then 

(inf is omitted since introducing larger values wouldn't affect the supremum here.) 

So, 

(II ~/2 )(S) = sup {(s,x l ) - II(x l )}+ sup {(s,x 2 )- 12(X 2 )} 
x\E R" X2 E R " 

= J; *(s)+ 12 *(s) .11/ 

2.2.Pre-Composition with an Affine Mapping 

Theorem 2.2.1: For gEe onv R ", Ao : R " ~ R III be linear 

and A(x):=Aox+yo, suppose A(R" ) ndomg '* r2J.Then 

(i) goA E C anv R II ; 

(ii) (g 0 A)* = cl k , where k is the convex function k : R II ~ R u {+<xl } 

defined by k(s) := inf{g * (P) -(Yo, p)m I A 0 * p = s} . 
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Proof: (i) Immediate since gEe onv R Ii and A is affine. 

(ii) Case 1: Yo = O.Then A is linear. Now suppose that h E C anv R Ii such that 

im Ao II dam h * 0 . By Theorem 2.1.1, it follows that (Ao * h*)* = h 0 Ao . Now 

(h 0 Ao)* = (Ao * h*) * * = cl(Ao * h*) . (See Remark 1.3.1.) 

Case 2: Yo * O. 

Let h := g ( . + Yo ) E C onv R m 

By Proposition 1.3.1(b), we have that h* = g *- (Yo, ')'" . 

Moreover, (g 0 A)( x) = g ( A 0 x + Yo) = h ( A 0 x) = (h 0 A 0 )( x) . 

Then (g 0 A) * (s) = (h 0 Ao) * (s) = [C/(Ao * h*)](s). 

On the other hand, 

(Ao * h*)(s) = inf{h * y I A * y = s} = inf{g * (y ) - (Yo ,y) I A * y = s} = k(s). 

Consequently, (g 0 A) * = cl k . //I 

Lemma 2.2.1: Let g E Cony R m such that 0 E dom g • and let A 0 : R Ii ~ R ill 

be linear. Suppose im A o II ri dom g * 121 .Let Ao * g * be understood in the 

sense of Definition 2.1.1. Then 

(i) (g 0 A)* = A 0 * g * 

(ii) For all s E dom (g 0 A 0 )*, the problem 

inf{g *(p) IAo* p =s} 

has an optimal solution p so that g * (p) = (g 0 A 0) * (s) = (A 0 * g*)(s). 

For the proof Cf.[ 4]. 
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Theorem 2.2.2: Let gEe onv R " , and A 0 : R" --7 R //I be linear. Let 

Ax = Aox + Yo such that A( R //I ) n ri dom g * 0 . Then for every 

s E dom(goAo )*, 

the following optimization problem has a solution: 

min{g * (p) - (p, Yo) I A D * P = s} = (g 0 A) * (s) . 

Proof: Since A (R //I ) n ri dom g * 0, there is 

x E R" such that y = A( x) E ri dom g. 

- -
Let g := g(y +.). Then 

- - - - - -
(g 0 A)(x) = g(A(x» = g(A(x) - y) = g(A(x) - A(x» = g(Aox + Yo - Ax - Yo) 

- -
=(goAo)(x-x) . 

Now by Proposition 1.3.1 (f), we have 

(g 0 A) * (s) = (g 0 A) * (s) + (s, x). (2.2.1) 

Since Y EA (R 1/1) n ri dom g and g(O) = g( y) , it follows that g(y) < +00 . 

Thus 0 E ridomg n imA o . 

Then by Lemma 2.2.1, for all s E dom(g 0 Ao)* = dom(g 0 A o) *, we have that 

- -
(g 0 Ao) * (s) = min{g * (p) I Ao * P = s}. 

p 

Now, using (2.2.1), we have 

(g 0 A) * (s) = min {g * (p) I A 0 * p = s} + (s , x) 
p 

= min {g * (p ) - ( p , y) I A 0 * p = s} + (s, x) 
p 

= min {g * (p ) - ( p, A x) I A 0 * p = s} + (s, x) 
p 

= min (g * (p) - (p, A 0 x + Yo) I A 0 • P = s} + (s, x) 
p 

= min {g * (p) - ( p, Aox) - ( p,Yo )1 Ao * p = s} + (s ,x) 
p 

= min {g' ( p) - (A 0 * p , x) - < p , Yo) I A 0 * P = s} + (s, x) 
p 
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= min {g * (p) - (s, :~) - ( p , Yo) I Ao * p = s} + (s, x) 
p 

= nun 
p 

{g * (P) - ( p, Yo ) I A 0 * P = s} . 11/ 

Corollary 2.2.1: Let gEe onv R " and let A : R " ~ R m be linear such that 

im Andom g* 0 .Then 

(i) (g 0 A )* = A * (g + l imA ) * 

(ii) for every sEdam (g 0 A) * , the problem 
inf {( g + l imA ) * (p) I A 0 * p = S} 

p 

has an optimal solution p satisfying 
(g + l imA ) * ( p ) = A * (g + l imA ) * (S) = (g 0 A) * (s) . 

Proof: Since the convex closed functions goA and (g + l imA) 0 A are identical 

on R " , it follows that 

(g 0 A)* = [ (g + l ,mA ) 0 A] * . 

Moreover, g + I im" is a closed convex function such that dom(g + l imA ) ~ im A . 

Thus, 

[ridorr(g+ limA) ]n imA = ridorr(g+ limA) * 0 . 

Then 

(g 0 A)* = [(g + l imA) 0 A]* = A * (g + l imA ) * by Lemma 2.2. 1. 

And (ii) follows from Theorem 2.2.2. 11/ 

Example 2.2.1: Let gEe onv R " , Xo E dom g, 0 '" d E R " . 

Let L(t) := g(x o + td) for all t E R . 

To find L * , we observe that L = goA where A is the affine mapping 

A : R ~ R given by At = Xo + td . 

This means 

At = Aot + Xo where Ao : R ~ R such that Aot = td . 
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So Ao*p =(d ,p), since 

(Aot,p)=(t,Ao*p) if! t(d,p )=tAo*p· 

Now by Theorem 2.2.1 ,we have 

L * (s) = min {g * ( p ) - (x 0 ' p) I A 0 * p = s i 
p 

= mm {g * (p) - (xo , p )1 ( d , p )= s} 
p 

2.3. Conjugate of Sum of Two Functions 

Theorem 2.3.1: Let gl, g2 E Conv R II such that dom gl n domg 2 * 0. 

Then (g, + g 2)* = cl (g, * + g 2 *) . 
v 

Proof: Put /, * = g" I, * = g,. Then by Corollary 2.1.3,we have 

(g I * + g 2 *)* = g I * * + g 2 * * = cl (g I ) + cl (g 2 ) by Remark 1.3.1, 
v 

= g I + g 2' because g I , g 2 E C onv R II • 

This imples that 

cl(g, * + g/)=(gl * + g2*)**=(gl +gz}*. III 
v v 

Theorem 2.3.2: Let g I' g 2 E Conv R II • Suppose (ridomg,) n (ridomg2 ) * 0, 

or equivalently, 0 E ri(dom g, - domg, ) . 

Then 

(i)(g I + g 2)* = g 2 * + g 2 *; 
v 

(ii)for every s E dom(g I + g 2)*' the problem 

inf{g, *(p) +g2 *(q) Ip + q =s} 

has an optimal solution (p , q) such that 

g, *(P)+g 2 *(q) = (g, * + g2*)(S) = (g, +g2)*(S), 
v 
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and let A : R" ~ R" x R " such that Ax:= (x, x) . Then g, + g , = g o A. 

By Proposition 1.3. 1, we have g*(p,q)=g, *(P)+g2 *(q). 

Moreover, A * (p, q) = p + q , 

since (x, A * (p, q» ) = (Ax, (p, q» ) iff (x, A * (p, q» ) = (x, p + q) . 

To apply Theorem 2.2 .2, notice that domg = domg, x domg2 and 

imA = {(s, s) I s E R /I} . 

Then (x, x) E ri dom gl x ri dom g2 = ri (dom gl x dom g2)' 

and hence imA n ridomg * 0. 

Now, 

(g 1 + g 2 ) * (s) = (g 0 A) * (s) = (A * g*)(s) 

This proves (i). 

= inf {g 1 * (P) + g 2 * (q) I p + q = s} 
p,q 

= ( g ] * + g 2 *)( s) 
v 

(2.3.1) 

Since A * (p,q) = p + q and g * (p,q) = g] * (P) + g2 * (q), the problem (2.3.1) has 

an optimal solution by Theorem 2.2.2. This proves (ii). III 

Now we have 

Fenchel's Duality Theorem: Let g 1 , g 2 E C onv R /I such that 

(ridomg,)n(ridomg, );t0 and 

i! := inf{g 1 (x) + g 2 (x) I x E R /I} E R . Then 

-i!=(gl+g2)*(O) = min {gl*(S)+g2*(- S)} . 
S E R " 

(2.3 .2) 

Corollary 2.3.1: Let fl' f2 E Cony R" such that f, is O-coercive and f, is bounded 

from below. Then 

(i) the problem (f] + f, lex) := illf{f ] (x) + f 2 (x ,) I x] + x , = xl 
v 
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has a nonempty compact set of solutions; 

(ii) [I + [2 E C onv R " . 
v 

Proof: Let ~ be a lower bound for I, . Then 

[ I (x I ) + f 2 (x - X \ ) ~ f \ (x I) + ~ for all x I E R " . So there exist 

XI , X2 E R " such that x:= XI + X 2 with 

(f \ + f, )( x) = inf{f ,(x , ) + f , (x , ) I x , + x, = x} . 
v 

Hence (i) holds. 

Let now g, := f , * and g, := f , * . Since g, * = f, * * = cl f \ is O-coercive , 

it follows by Remark 1.3.2(b) that 

° E intdom g, . 

Furthermore, 

g 2 (0) = [2 * (0) = sup { ( O, x > - f(x) } ::; - ~ 
X E R n 

Then (intdomgl) n (intdomg2 ) #- 0. 

Now by Theorem 2.3.2, we have 

(fl + f 2)(x) := inf{ f I (XI ) + f 2(x - XI) I XI ER"} = inf{f I* * (XI) + f 2 * *(x - XI ) I XI E R " } 
v 

=fl ** ( x ) + f 2**(X - X) for some xE R " 

= (fl * + f 2 *) * (x) . 

Hence [I + f 2 = (f I * + f 2 *)* E C onv R II • So (ii) holds. 11/ 
v 
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2.4. Conjugate of Suprema and Infima 

We shall mean 

(sup fj)(x) := sup fj (x), (inf fj)(x) := inf f/x) ' 
je J j e J j e J je J 

Theorem 2.4.1: Let {fj}j,J be a collection of functions satisfying (1 .1.1) such that 

there is a common affine function minorizing fj for all j E J . 

Then (a) f := inffj satisfies (1.1.1); 
je J 

(b) (inf f j)* = supfj * . 
JeJ jeJ 

Proof: (a) follows directly from the hypothesis. 

(b) ( inf fj) * (s) = sup { (s, x )- inf fj(x) } 
jeJ xe R n JE J 

= sup sup { (5, x )- f/x) } 
xe RIl j E J 

= sup sup {(s,x)-fj(x)} 
je J x E R 1/ 

= sup fj * (5) 11/ 
je J 

Example 2.4.1 : Let fEe onv R " be Gateaux - differentiable and let 

Xo E R /I such that 8f(x o)" 0. 

Let f t : R" ---+ R u {+cx:> } be defined by 

f
t 
(d) := f(xo + Id) - f(x o) for I > O. 

1 

All the functions f t are minorized by (so, .) for So E Of(x) , since 

(so, .) :<>f '(x o,.) :<> f t for all 1 > 0 . 
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[, is increasing for each t>O since f is convex. 

Thus, 

Now, 

But 

inf f, (d) = lim f, (d) 
1>0 do 

= lim [(x 0 + td) - [(x 0) 

do t 

= [ '(x 0' d) . 

[f '(x o, d)] * (s) = sup f , * (s) by Theorem 2.4.1 . 
,>0 

(f, *)(s) = sup {(s, d )- f,(d)} 
de R II 

= sup { (s, d )- [(x 0 + td) - [(x oj} 
d E R 1/ t 

= .!.- sup {(s, td )- f(x 0 + td) + f(x oj} 
t d e R II 

1 
= - h * (s) , 

t 

where h(td);= [(x , + td) - [(X o) so that 

h *(s)=[*(s)- (s,xo )+ f(xo) by Proposition 1.3.1 . 

Therefore, 

[f'(x o, d)] *(s) = sup [*(s)- (s,xo) +f(xo) . 
1>0 t 

By Fenchel 's inequality, 

f * (s) - (s,x o) + f(xo ) 
---'----'--"-'--------'----=-:... 2: 0, 

t 

and by Remark 1.4.1 , 

f * (s) - (s, x 0 > + f(x 0) = 0 if and only if s E o f(x 0) . 
t 
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So, 

[f'(x d)] * (s) = {O i f s E of(~o) 
0' + 00 otherwIse 

Consequently, we have that 

f'(x o'· )* = l of(x o)' 

and hence, 

cl(f '(x 0 , . » = I a f (x 0) * 

(See Example 1.1.2.) 

Theorem 2.4.2: Let{gj }jEJ be a collection of functions in Cony R 1/ . 

If g := supgj ;j;+ 00 , then 
jeJ 

(a) supg j E ConyR II; 
jeJ 

(b) (supgj)* = co (inf g/). 
jeJ je J 

Proof: Let f j := gj * for all j EJ. 

Then f/ := g j since g j E C ony R n for all j E J . 

Now, 

g = sup g j = sup f j * 
j e J je J 

= (inf f) * by Theorem 2.4.1 (b). 
je J J 

Thus, it follows that gEe anv R ". 

Furthermore, 

g* = (inf f) * * = co (inf g *) //I 
]E1 J JeJ J 
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Example 2.4.2 (Asymptotic Function): Let fEe ony R" , Xo E dom f and 

fI(x 0 + td) - f(x 0) 
f, :R" ~ R u{+oo ) such that f,(d): = for t > O· 

t 

Then (f~ )(d) = sup{ f, I t > O} . Clearly, f, E Cony R". 

Now by Theorem 2.4.2, we have that f ro ' E C ony R " , 

and 

(f )* = co (inf f* ) = co ,- - [ f *+f(X O)t- ( " XO)] = 
0'.) jEJ J 

since . f * (s) + f(x 0 ) - (s, x 0 > { 
mf = 

t 

o 
+ 00 

Therefore, 

CO I dom f 

if S E dom f * 
otherwise 

f~ = co f~ = (f~ )**=co I I .... ""''''''' dom f· = dom f· . 

Theorem 2.4.3: f; : R 1/ ~ R , i=1 ,2, ... ,p, be convex. 

Let f := max fj and m:= min {p, n + I} . 
J 

Then for every S E domf * = co (Q dom f
j

' ) , there exist m vectors 

s j E dom fj * and convex multipliers a j such that 

s=~>h and f*(s)=L:>/*(s); 

i.e., the minimization problem 

has an optimal solution, namely, f*(s). 

35 



Proof: Let g:= min fj * . Then f'" = (max fj )* = co (inf fj *) = co g • 
J J J 

and domg = dom (min f;*) = Udomfj • . 
J j 

Since dom f g = R " • it follows that fj * is 1-coercive by Proposition 1.3.5. Then g 

is closed and 1-coercive. Now we apply Proposition 1.5.2 on g and conclude that 

co g = co g. Moreover. for every s E dom f'" = dom (co g) = co [ Ydom fj * l 
there are S j E dom g = dom f * and convex multipliers a j ' j = 1. 2 • ...• n + 1. 

such that 

n + 1 n+l n + 1 
S = L Uk Sk and 

k = 1 
f * (s) = (co g)(s) = L Uk g(s k) = L U k (co g)(S k) 

k = 1 k = 1 

n+ 1 

= L a k f • (s k ) = L L a k mm f ;· (S k ) • 
k = I i k 

If we replace min f; • (s,) by the corresponding values and then rearrange , 

(several Sk 's may have the same f;*). we get 

s= 1>h and f*(s) = 1)j *(S j) ' 11/ 

2.5. Post-Composition with an Increasing Function 

Theorem 2.5.1: Let fEe onv R " and gEe onv R such that g is increasing 

and f( R ") n (int dom g) '* 0. Let \jf s : dom (g 0 f)* --+ R u {+CX)} 

defined by 

1 
uf*(- s)+g*(a), 

U 

II' s(a):= Gdomf(S) + g*(O), 

+ ex:> , 

Then (g 0 f) * (s) = min II' s (a) . 
"e R 
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Proof: (g of)*(s) =- inr{g(f(x))- (s,x) l = - inr{g(r))-(s,x)I f(x) :s; r l 
x x , r 

=- inf \g(r) - (s, x) + I,,; ,(x, r)} . 
' . , 

Now let f, : R " x R ~ R u {-too } such that [, (x, r) := g(r) - (s, x) and f, := I,p;, . 

To apply Fenchel's Duality theorem, observe that 

(int dom f 1) n (dom f 2 ) = (R " x int dom g) n epi f '" 0. 

Then, 

(g 0 f) * (s) = (f , + f 2 ) * (0) = min {f, * ( - p, a) + f 2 * (p, - a) }. 
( p ,a ) E R " x R 

On the other hand, 

f l* ( - p, a) = sup { (C - p, a), (x, r) ) - f l (x, r) }. 

So, 

and 

by Example 1.1.2. 

Thus, 

( x,r}e R l1 x R 

= sup { ( - p, x ) + ar - g(r) + (s, x ) } 
( x , r) e R " x R 

= sup { ar - g(r) } + sup {(s, x ) - ( p, x ) } 
r e R x e R Il 

= g*(a) + II_S)(- p), 

(g o t) * (s) = min {g * (a) + I i_S} (-p)+oePif(p, - a)} ' 
(p ,a)e R " x R 

Now applying Proposition 1.2.1 (ii), we get 

(g 0 f) * (s) = min 'l' s (a) .111 
a e R 
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Remark 2.5.1: From Theorem 2.5.1,it follows that 1jI , always attains 

its minimum at some a ~ 0 under the given assumptions. 

2.6. Biconjugate Calculus 

Remark 2.6.1: Proposition 1.3.1 gives the following corresponding rules for the 

biconjugate; only part (h)has no corresponding rule: 

Let h1, h2 and f satisfy (1 .1.1). Then 

(a) g(x) := f(x) + a, a E R , implies (co g)(x) = (co f)(x) + a ); 

(b) g(x) := f(ax), a '" 0, implies (co g)(x) = (co f)( ax) ; 

(c) g(x) := af(x) , a> 0, implies (co g)(x) = a (cof)(x) ; 

- -
(d) co (f 0 A) = (co f) 0 A for an invertible linear operator A; 

(e) g(x):= f(x)+ (so,x) implies (cog)(x)= (cof)(x) + (so' x) ; 

(f) g(x):= f(x - xo ) implies (cog)(x) = (co f)(x - xo) ; 

(g) h1", h, implies CO hl ",co h, ; 

(i) Let f
j 

: R "j --+ R u {+oo } ,j=1,2, ... , m, satisfy (1 .1.1). 

m 

If R " = R " I X R " 2 X .. . x R "", and hex) := I f/x j)' then 

m 

(co f)(x) = L co fj (x j ) . 
j= 1 

j = 1 

Let f1 and f2 satisfy (1 .1.1) such that dom fl n dom f2 #0. Then 

- - -
co f l + co f2 E C ony R " such that co fl + co f 2 ::; co (f l + f 2) ::; f l + f 2 · 

Let now {fj I j E J} be a collection of functions satisfying (1.1.1). Then using 

Remark 2.6.1 (g) and the property of supremum, we get 
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sup (co f i ) :::: co (sup f i ) . 
je J je J 

Proposition 2.6.1: Let {f i I j E J} be a co llection of functions 

satisfying (1.1.1) such that there is a common affine function 

minorizing all of them. 

Then 

co (inf f/x» = co (inf co f) :::: inf co f · . 
je J je J J je J J 

Proof: By Theorem 2.4.1, (inf f .)* = sup f . * (E C onv R " ). 
. J J J 
JE je J 

Then by Theorem 2.4.2,we have 

co (inf f j ) = (inf f j) * * = co ( inf f j ) =: Co ( inf Co f j ) . 
Jel JEJ JeJ jeJ 

Proposition 2.6.2: Let g : R " --+ R \.J {+«>} satisfy (1 .1 .1), and let 

A : R " --+ R m be linear such that (im A *) n ri(dom g*) * O. 

Then co (Ag) = A( co g) . 

Proof: Since (im A *) n dom g* *0, we have by Theorem 2.1.1 that 

(Ag)* = g * oA *. 

Then (co Ag)(x) := (Ag) * *(x) = (g * oA *) * (x) 

= min {g * *( y) I A * * Y = x} = min { co g ( y ) I Ay = x} 
y y 

=A(cog)(x) . 

Therefore, co (Ag) = A( co g) . 11/ 
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3. SOME APPLICATIONS 

3.1. Some Results on the Euclidean Distance to a Closed Set 

Definition 3.1.1: Let S c R ", S * 0 . The distance from x E R II to S is defined 

to be ds (x) := inf ll y - x ii · 
YE S 

Let now q> s (x) := ~[lfxII2 - d s' ]' Then 
2 

d s' (x) := inf lie - x II' = inf {(c - x, c - x> } 
ceS ce S 

= inf {IIxII' - 2 (c, x) + Ilell' }= Ilx 112 + inf {- 2 (c, x) + IIel12 } 
ceS ce5 

= Ilx II' - 2 sup { < c, x) - ~ lie II' } . 
c e S 2 

So qJs (x) = ~[ llxI12 - dS2] = sup {(c,x)- ~ lleI 1 2 } 
2 C E S 2 

Let Ps be the projection operator onto S defined by 

P s (x) := { YE S I d s (x) = Ily - x II } 

(3 .1.1) 

Proposition 3.1.1: Let S ~ R " be closed and XES; let f : R " ~ R u {+oo } 

such that f : = I s + ~ 11.11' ; i.e., f(x) = { ~ IIX 112 
+ <:J:J 

if XE S 
otherwise 

Then 

(a) tE 8f(x) ~ XEPS (t); 

i.e. ,a f(x) = { t E R " I x E P s (t) } = { t E R " I d s (t) = li t - x II} 

In particu lar, x E 8 f(x) . 

( b ) (co t)(x) = f(x) = ~l l x l12 and a (eD t)(x) = a f(x) . 
2 

40 



Proof: f * (t) = sup { ( t, x ) - ~ [[x [[ 2 I XES} = rp S (t) 

= ~ [ [[I [[2 - d s 2 (I) 1 . 
2 

by (3.1.1). 

Now, t E o f(x) if and only if (x) + f • (t) - (s, x) = 0 

by Remark 1.4.1, which is true if and only if 

I s (x) + ~ [H2 + ~ li t [[2 - ~ d s 2 - ( t, x) = 0 . 
2 2 2 

This, in turn, is true if and only if 

IIxl1 2 - 2(1, x) + 111112 = dS
2 , since Is (x) = O. 

But [[x [[2 _ 2 ( t, x ) + [[ t [[2 = li t _ x [[2 so that we get 

d s (t) = li t - xli, wh ich is true ifand only if X E Ps(t). 

In particular, putting t=x, we have that x E Ps (x) = {x} . So we have (a). 

(b) follows from Proposition 1.4.1. 11/ 

Proposition 3.1.2: Let f be as in Proposition 3.1.1. Then 

af ' (t) = (co Ps)(t) for all t E R" . 

Proof: f is lower semicontinuous and 1-coercive. (So Proposition 1.5.2 can 

be applied .) Now let co f E Cony R" so that by Corollary 1.4.1, 

X E 0 f * (t) Q t E 8 (co f)(x) . 

There exist xl'xl' . .. , X"+1 E S and convex multipliers ai' al' ... ,a"+l such that 

11 +1 

X = LU/ j and t E o (co f)(x) = n ( of (x ) I uj > o} by Theorem 1.5.2(i). 

Now by Proposition 3.2 .1 (a) , we have that 

t Eo f(x)Qx j E Ps(t) for allj=1 ,2, .... , n+1 , 

which means 

n+1 n+ 1 

t E n o f(x j) = o (co f)(x) Q x = LUh E (coPs)(t). 
j =1 
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Thus x E a [*(t) ~ x E (coPs)(t), meaning that 

a [* (t) = (co Ps )(t) for all t E R /I. 11/ 

Theorem 3.1.1: Let S c R /I be closed and S ot 0. Then the following 

statements are equivalent: 

(i) 

(ii) 

(iii) 

(iv) 

S is convex; 

Ps is a function on R /I ; 

ds 2 is differentiable on R /I ; 

[ := I s + ..!.. II ·II' is convex. 
2 

Proof: Clearly we have (i) => (ii) . Now suppose (ii) holds. 

Then a [* (t) = (co Ps let) is a singleton for each t. So f*:=..!.. (II · Ii' -ds' ) is 
2 

differentiable so that ds 2 is differentiable. So (ii) => (iii) . 

Also clearly , we have (iv) => (i) . 

To finish the proof, we show that (ii i) => (iv). Suppose (iii) holds. 

Let x E ri (dom co f). Then there is S E a(co t)(x) by Theorem 1.4.2.Now by 

Theorem 1.5.2, there exist x j E S and positive convex multipliers uj such that 

x = 2>h, (cot)(x) = LU/(x j ), S E n a[(xj) . 

Then (co f)(x)=f (x) for all x E riC dom co t) by Theorem 1.5.1. Now let 

x E (dom co t) \ riC dom co t). Then there is a sequence (Xk) in ri (dom f) 

such that 

We have 

lim x k = x· 
k .... +«0 

f(x) 2: (co f)(x) = lim (co f)(x) = lim [(x k) 
k ... +<xl k -+ t«l 

:20 [(x k) since f is lower emicontinuous. 

Thus co f = f, which means that f is convex. Hence (iii) => (iv) . 11/ 

42 



3.2. Conjugate of a Partially Quadratic Function 

Definition 3.2.1: Let H be a subspace of R", and let B be a linear symmetric 

positive-semidefinite operator on R " .Then the function g defined by 

g(x) := {~ ( Bx, x ) if x E H 

+ 0() otherwise 

(3 .2.1 ) 

is called a partially quadratic function. 

Let PH : R" --+ R" be the orthogonal projection onto H defined by 

if x E H J. 

if x E H 

Definition 3.2.2: Let A : R" --+ R" be a symmetric linear operator. Then 

the linear mapping A' : R n -> im A given by 

A . Y = x where Ax = P imA Y 

is called the pseudo-inverse, or the generalized inverse , of A. 

To help us evaluate the conjugate g* of the function g in (3.2.1), let's find f* 

where f is given by 

f(x) :=.!. (Bx,x) for all xERn . 
2 

1 ( ") ="2 s,B s . 

1 
Then f * (Bx) = -(Bx, x) so that we have 

2 
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f*(S) := {±(S, B.IS) if sE imB 

+ 00 otherwise 

= {±(S, B'S) if sE imB 

+ 00 otherwise 
(3.2.2) 

Proposition 3.2.1: The conjugate of g in (3.2.1) is given by 

g*(S)={~ (S' (PH O B O PH) - S) if sEimB+H 1. 

+ 00 otherwise 

where PH is the orthogonal projection onto H. 

Proof: We have g(x) = ~ (Bx, x ) + I H (x) for each x E R II . 

Then by Proposition 1.3.2, we have g* = (f + 11'1)* = (f + I II ) • 0 PH 

where 1 
f(x) := - (Bx, x). 

2 

But (f 0 PH lex) = f(P H x) = ~ ((B 0 PH )x, PH x) = ~ ((P HoB 0 PH )x, x ) 
2 2 

since PH is symmetric. 

Then by (3.2.2), we have 

g * (s) = (f 0 PH) * (PH s) = {~ ( s, (PH 0 B 0 PH) - s) if im (PH 0 B 0 PH) 

+ 00 otherwise 

= 1 ~ ( s, (P H o B 0 PH) - 5) if imB + H 1. . 1/1 

+ 00 otherwise 

3.3. Polyhedral Functions 

Proposition 3.3.1: Forgiven (s j ,b j ) E R II X R, i=1,2, " .. , k, let 

f j (x) := (5 j , x) - b j and let 

f(x):=max{ fj (x)1 i= 1,2, .. . , k} . (3.3.1 ) 
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Then for each SE co{s"s" ... , Sk } = domf *, 

f*(S)=min{ ta;b; l a ; eL1 k, ta;s; =s }, 

k 

(3.3.2) 

where L1k = {a ; I a; ~ 0 , i = 1,2, ... , k , and Ia; = I} is the unit simplex. 
j=J 

Proof: First observe that f; * = I ISI + b; . Then apply Theorem 2.4.3 with the given S; , 

being as in (2.4.1) so that we have 

f*(S) = min{ ta;f; *(sJ ls;Edomf;*, a ;E L1 k' ta;s;= s} 

= min{ ta;b; I a; e L1 k , ta;s; = s } . //I 

Definition 3.3.1: 

(a) The function in (3.1.1) is called a piecewise affine function. 

(b) A polyhedral function is a function f whose epigraph is a closed convex 

polyhedron. 

Remark 3.3.1: A polyhedral function has the general form g = f + Ip where P is a closed 

convex polyhedron and fis defined by (3.3 .1). Thus g* = f * + op by Theorem 2.3.2. 
v 

By Proposition 3.3.1, we have 

} . (3.3.3) 
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4.DIFFERENTIABILITY OF A CONJUGATE FUNCTION 

4.1. First-Order Differentiability 

Theorem 4.1.1: Let fEe onv R /I be strictly convex. Then 

(a) int dam f*,t0; 

(b) f* is continuously differentiable (in the usual sense) on int dam f*. 

Proof: Let x E domf, arbitrary. and d E R " , d ,t O. By convexity of f, we have 

O 
f(x o -td) - f(x o) f(xo + td) - f(x o) 

< + ---'---"-----------'---'--"-'-
t t 

for all t>O, (4 .1.1) 

since f(x o) - f(xo - td) < f(xo + td) - f(xo ) for all t>O, 
t t 

because of increasing slopes. 

Taking suprema in (4.1.1), we get O<f'~ (-d)+f'~ (d) . 

But f oo '= a domf' (Proposition 1.1.2). 

So we have 

a .(d)+a .(-d»O. 
dam f dom f 

which means that 

a • (d) - inf { (s, d) } > 0 . 
dam r sedom f · 

Then there exist s E dom f*such that a • (s) > (s,d) for each d,t 0, 
domf 

since dam f* is closed as f'" E C onv R /I • 

But, a • (s) > (s,d) for all d ,t 0 iff s E intdom f *. 
domf 

So we have that int dam f*,t O. 

We prove (b) by contrad iction. 

Suppose that s E intdom f* such that there are x\,x 2 E8f*(S), x\ ,tx2 . 
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Then S E Of(x\ )n Of(x\ ) , so that 

f* (s) + f(xl) = \S,x l) and f *(s)+f(x, ) = \S,x ,) . 

Then (a I + a , )f * (s) + it a J(x ;) = ( s, i~\ ai x i ) , 

for CL I ,CL , ~ 0 and CL I + CL, = 1. 

This implies that 

f * (s) + it a J(x i) = ( s, i~1 a i Xi ) 50 f * (s) 

by Fenchel's inequality. 

From this and the convexity of f, it follows that 
, , , 
La/(x ,) 50 f[L ajx;] 50 La/(x,) so that 
j", ] j=] 

, , 

, 
+ f[L: a is i ] ' 

i = ! 

f[La jx j] = La;f(x,) ,meaning that f is linear on [X1, X2]. 
i_I j= ] 

But then dom f* is a singleton (f* is the indicator function of a singleton set ). 

Then int dom f* = 0, a contradiction to (a). Hence X1=X2 so that Of * is single­

valued 

on int dom f*. 

Consequently, f* is continuously differentiable on int dom f*. 11/ 

Theorem 4.1.2: Let f Ee onv R " be differentiable on the set T: =int dom f. 

Then f* is strictly convex on each convex subset C c V'f(T) . 

Proof: We prove by contradiction that there is no interval on which f* is affine. 

Let 51 ,52 E C, 51 ;t 52 such that f* is affine on [S1, S2]. Let s := .!:..[Sl + Sl]' 
2 

Then SEC c V'f(T) since C is convex. 

This implies that x E T such that V'f(x) = s; i.e., x E of * (s) . 

1 ' 
Then O= f(x) + f *(s) - \S, x) = - L [f(x)+ f *(s,)- \Sj ' x) ] . 

2 i=1 
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But for each i, f(x) + f * (s;) - (s;, x) :2: 0 by Fenchel's inequal ity. 

Thus f(x)+f*(s;)-(s;,x)=o, i = 1, 2. 

This implies that x E8f *(S;) for each i = 1,2. 

So S I ' S 2 E Bf(x) , contradicting the hypothesis that f is differentiable. III 

Corollary 4.1.1 : Let f :R " ~ R be strictly convex, differentiable and 1-coercive. 

Then (a) f* is finite-valued on R " , strictly convex and 1-coercive; 

(b) Y' f : R" -+ R" is bijective and continuous with a continuous inverse; 

(c) f*(s) = (S,(Y'f)"(S))- f(Y't)"(S)) for all S E R" . 

Proof: (a) f * (s) < +00 for all S E R " by Proposition 1.3.4. f* is strictly convex by 

Theorem 4.1 .2 since f E Cony R " is differentiable. f* is1 -cercive by 

Proposition 1.3.5 since dam f = R " . 

(b)Suppose there are x I' X 2 E R II such that Y'f(x ,) = Vf(x , ). 

Then xpx , Eof*(s) for some S E af(x I) (l af(x 2) ' 

But f* is continuously differentiable by Theorem 4.1.1. This implies that 

of * (s) is a singleton, meaning XI = X , . 

Thus Vf is one-to-one and hence invertible. Since f * is strictly convex and f 

is closed, it follows that VI is continuous on R" = int dom f. 

By Corollary 1.4.1, s E of (x) <=> x E of * (s) . Since both f and f* are 

differentiable on R II , this means 

s = V f(x) ~ x = V f * (s), 'if s E R " . 

This implies that (Vf) -I (s) = X = Vf * (s). But Y'f * is continuous since f* is 

continuously differentiable. Thus (Vf) -I is continuous. 

(e) Immediate from the definition of conjugate. 11/ 
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4.2. Second - Order Differentiability 

A. Lipschitz Continuity of Gradient Mapping 

Definition 4.2.1: Let A be a nonempty convex set in R " . A function f : A --> R 

is said to be strongly convex with modulus C on A iff 

for all x, ,x, E A and a E (0,1) 

Remark 4.2.1: Inequality (4.2.1) can be written as 

f(x, ) :2: f(x ,) +(s,x , - x ,) +~ C/lx, - x,II' for all sEof(x,) 
2 

or equivalently, 

(s, - s"x , -x,):2:Cllx,-xJ forall s, Eof(x,),s , Eof(x , ) 

(4 .2.1 ) 

(4.2 .2) 

(4.2.3) 

Definition 4.2.2: A function g : R " -+ R is said to be Lipschitz-continuous 

(or a Lipschitzian) on A >;; R " with constant L E R iff 

Theorem 4.2.1: Let f : R " -+ R be strongly convex with modulus C >0 on R " . 

Then (a) dom f* = R " ; 

(b) 'Vf * is Lipschitizian with constant ~ on R " . 
C 

Proof: (a) Let Xo E R " and So Eof(x o)' both fixed. 
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Then for all d E R " , d*-O , t ~ 0, it holds that 

f(xo + td) ~ f(x o ) + (so,x o + td - xo) + ..!.-Cllx o + td - xoll ' 
2 

= f(x o) + t(so, d) + "!'-Ct 2 II dl12 
2 

Since So EO f(xo),and Xo is arbitrary in R ", it follows that f Ee O;;Y---R " . 

So, f = f**. 

By proposition 1.2.2, (J dom f' Cd) = (f * *J' ~ (d) = f ' ~ Cd) = + 00 

Then dam f'" = R " ; 

(b) f is strictly convex since it is strongly convex . Then by theorem 4.1.1, f* is 

continuously differentiable on int dam f * = R" . Using the description (4.2.3) of 

strong convexity, we have 

(s, -S2'X , -x , )~ Cllx, -x 211' with s; Eof(xJ, i =1,2 . 

Then x, E of * (s , ) and x, E of * (s 2 ) , meaning that 

x, =V'f*(s,) and x, =V'f*(S2) ' 

By Cauchy-Schwarz inequality ,we have 

lis , -s2111Ix, -x ,11 ~(s , -s" x , -x,) ~ Cllx, -x21I ' · 

Thus IIV'f*(s, ) - V'f*(s,)II=h -x211$~lls, - S211 · 

So V'f * is Lipschitzian with constant ...!.- . /1/ 
C 

Theorem 4.2.2: Let f : R" ~ R be convex such that V'f is Lipschitzian with 

constant L>O on R ".Then f* is strongly convex with modulus 1/L on each 

convex subset C c dam of *. In particular, 

(V'f(x,)-V'f(x , ),x, -x,)~J.-II"V f(x , ) - V'f(x , )112 , 
L 

for all x x E R " . 
" 2 
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Proof: 

Let S,.,S2 E dom of* c domf*; let S,S'E[S"S, ]. 

, 
Now f(y) = f(x) + f (VfIx+t(y-x)),y -x)dt 

o 

, 
= f(x) + (Vf(x), y - x) + f (VfIx + t(y - x))- Vf(x), y - x) dt 

o 

, , 
But f (VfIx+ t(y-x))-Vf(x), y-x)dt$ f IIVfIx+t(y-x))-Vf(x)lllly-xlldt, 

o o 

by Cauchy-Schwarz inequality, 

, 1 
$ fLtlly-xlllly-xlldt =- Llly-xll' · 

o 2 

So f(y) $ f(x) + (Vf(x),y - x) +~Llly - xii' = f(x) - (s,x) +(s,Y) + ~Llly - xII' ' 
2 '------r------- 2 

:: _ rt(s) 

taking x EO! *(s), 

=- f * (s) + (s, y) + ~LllY - xii ' . 
2 

Now adding (s ',y) to both side and taking suprema, we get 

f · (5) + s~p {(S' - 5, Y) - i LilY - x II' } " f • (5' ) . (4.2.5) 

But su," { (5' - 5, Y) - i LIly - x II' } = h • (5' - 5) ,where h(y):= ± LIlY - xii' . 

By Proposition 1.3.1 (b) and (f), we have 

h * (s' -s) = (S'-S, x) + _1 Iis-sil' . 
2L 

So (4 .2.5) becomes 

f *(s') ~ f*(s)+ (s'-s, x)+_l Ils' -sll' 
2L 

for all S,S'E [S"S, ] and for all XEO!*(S) . 

(4.2.6) 

Now replacing s' in (4 .2.6) by S1 and S2 we get, respective ly, 
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and 

f*(s,) ~ f*(s) +(s , _s,x) +_l lis, - sll ' 
2L 

f * (s , ) ~ f*(s)+ (s , _s,x)+_l lis , -sll ' 
2L 

(4.2.7) 

(4.2.8) 

Convex combination of (4 .2.7) and (4 .2.8) gives 

af*(s,)+ (1 -a)f*(s , )~f*(s+_1 [ails, -sll' +(1 -a)lls, -sll' 
2L 

=f* [as, + (l - a)s , ]+ _l [a(l -a)'lls , - s,ll' + (I-a)a 21Is,-s,II' ] 
2L 

=f* [as, +(l- a)s, ]+_l [a(l -a)' +(I -a)a' ]lls ,- s,II' 
2L 

=f* [as , + (l -a)s , ]+_l a(l - a)lls, -s,ll'. 
2L 

So f* is strongly convex. 

To prove the particular case (4.2.4), we replace (s, s') by (s" S2) and (S2, s,) in (4.2.6) 

and get respectively 

f *(s, ) ~ f*(s,)+ (s, _s"x,)+_l lis, -s,II' 
2L 

f *(s ,) ~f*(s , ) +(s , _s"x,) + _l lis , -s211 ' 
2L 

for x; E 8f*(sJ, i = 1,2. 

Adding (4.2.9) and (4.2.10), we get 

(x,-x" s, -S 2) ~~ lis, -s21I' · 
L 

(4.2.9) 

(4.2.10) 

This is just (4.2.4) since f is differentiable. It holds for all x I ,x 2 E R II = dam \7 f . 11/ 

B. Second- Order Approximations 

Definition 4.2.3: A function rp E C anv R II is said to be directionally quadratic if and only if it 

is positively homogeneous of degree 2, i.e., iff cp(tx) = t 2cp(X) for all x E R" , t > 0 . 
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Remark 4.2.2: If rp is directionally quadratic, then so rp *. Moreover, rp (0)=0= rp *(0) . 

Lemma 4.2.1: For a directionally quadratic function rp, the following properties are equivalent: 

(i) rp is finite everywhere; 

(ii) V'rp (0) exists (and is equal to 0); 

(iii) There is C ~ 0 such that rp(x) :5 ~Cllx112 for all x E R " ; 
2 

(iv)There is C ~ 0 such that rp * (s) ~ ~Cllsl12 for all S E R" ; 
2 

(v) rp* (s) > 0 for all s * O. 

Proof: First we prove (i) <=> (ii) =:> (iii) . 

Suppose (i) holds. Since rp is convex and dom rp = R" , it follows that rp is continuous 

on R " . Then rp has a maximum value , say ~ C ~ 0, on the unit sphere so that 
2 

qJ (x) = qJ (11xII 11: II) = 11xII' qJ (II: II) S 11xII' +c ' 
since f is directionally quadratic. 

So we have (iii). 

Now, rp '(O,.) = 0. But rp '(O,.) = (V'rp(O), .) since f is differentiable. 

Then V' rp(O) = 0, and hence (ii) . 

Conversely, if (ii) holds, then the existence of V'rp(O) implies finiteness of rp in the 

neighborhood of 0, and by homogeneity, we have finiteness on the whole space. 

Now we prove (iii) =:> (iv) =:> (v) =:> (i) . 

(iii) =:> (iv) by Proposition 1.3.1, and (iv) =:> (v) trivially. 

Being directionally quadratic, rp * is 1-coercive. Then rp = (rp*) * is finite everywhere by 

Proposition 1.3.4. So (v) =:> (i). III 
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Definition 4.2.4: A directionally quadratic function rp, is said to define 

a minorization to second order of f E Cony R " at X o Edomf, and 

associated with s E 8f(x o ) 

if and only if f(x o + h) ~ f(xo ) + (s, h) + rp, + o(llhll' ) . 

We say, likewise, that rp, defines a majorization to second order iff 

Proposition 4.2.1 : Suppose there is a directionally quadratic function rp, such that 

there is C>O with 

rp, (h) ~ ~C Ilhll' for all hER" , 
2 

(4.2 .11) 

and defining a minorization to second order of f E Cony R II associated with 

S E 8f(x o) ' 

Then rp, * defines a majorization of f* at s, associated with Xo; 

i. , e ., f*(s+p)s f * (s) +(xo' p)+rp, * (P) + o( llpll ) ' 

In particular, V'f * (s) = xo' 

Proof: Since rp, (h) ~ ~Cllhll' for all h E R " , we have by Proposition 1.3.1 (g), 
2 

rps * (p) s ~..!... lip II' for all p E R '" 
2 C 

Then rp, * is finite everywhere by Lemma 4.2.1. If we show the majorization of f* at s, 

then it will follow that f* is differentiable at s, and that V'f * (s) = xo' 

Definegon R" by g(h) :=f(xo +h)-f(xo ) -(s,h). Then 

g(h) ~ rp, (h) + o( Ilhll' ) , (4.2.12) 

since rp, defines a minoriazition of f to second order. 
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Now, 

g * (P) = f * (5 + p) - (5 + p,xo) + [(x o) -(p,xo) 

= f*(5 + p) -f*(5) -(p, Xo) ' 

So we need only show that g * (P) :0; rps * (P) + 0( llhI12 ) for all p E R ". 

Step1: By (4.2.12), for any li> 0, there i5 a <5 > 0 such that 

Ilhll < ° => g(h) ~ g(h) <! rp, (h) - Elihil ' . 

Then by (4.2.11), we have that 

or 

Ilhll < ° => g(h) <! (.!.C-E) llhll' 
2 

Ilhll < ° => g(h) <! rp, (h) - 2E rp, (h) = (1 - 2E) rp, (h) 
C C 

. - <5h 
Step2: Let llhll > 0. Putting h := 'N ' we get 

Ilhll = 0 !5 0, 

so that by (4.2.13), we have 

(
Oh ) 1 , g 1[hj[ <! ('2 C - E)o . 

Since g is convex on [O,h] and g (0)=0, we have 

I) ° g(1[hj[ h) !51[hj[ g(h) . 

This means that 1I~ lI g(h) <! (±C -E)O so that 

1 
g(h) <! (- C - E) llhll 

2 
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Now if Ilpll::; (~C - E)8 =: 8' , then we have 
2 

1 
(p, h) - g(h) ::; Ilpllllhll- g(h) ::; (-c - £)81Ihll- g(h) , 

2 

by Cauchy-Schwarz inequality and (4.2.15) 

::; (~c -E)llhll' - g(h)::; ° whenever Ilhll > 8. 
2 

Since g* <: 0, we have 

g * (P) = sup {(p, h) - g(h) }::; sup {(p, h) - (1 - ~) IV, (h)}' from (4.2.14), 
IIhlls5 IIhlls5 C 

Step3: We have for p E B(O,8') that 

2E 2E [p 1 g*(p) = ( I - C )<p , *(p) = (I-C) <p,' ~ 
1- ­

C 

~ [, _,ode ) " '[,-'~l 
= (C: 2£)91, * (p) 

< * 2E 1 II II' -91, (P) + (C - 2E) 2C p , 

for Ilpll ::; 8' . 

by conjugating both side of (4.2.11) and using Proposition 1.3.1. 

Given £' > ° . choose Ei in step 1 such that 

Ei )::;£ ' . 
C(C-2£ 

This gives 8> ° and 8' > 0 such that 

g * (P) ::; IV, * (P) + E' Ilpll' for all p E B(O, 8') . 11/ 
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Proposition 4.2.2: Suppose there is a directionally quadratic function ({I, such that 

there is a c>O with 

({I, (h) 2! ~ Cllhll' for all h E R II , 

2 
(4 .2.15) 

and defining a majorization to a second order of fEe anv R II , associated with 

Then ({I, * defines a minorization to a second order of f* at s, associated with x o' 

Proof: Similar to the proof of Proposition 4.2.1. (Cf. [4]). 

Definition 4.2.5: If a directionally quadratic function ({I , defines both a majorization and 

a minorization to a second order of fEe anv R II at xo' associated with s, then ({I , 

is said to define an approximation to second order of f. 

Propositions 4.2.1 and 4.2 .2 result in: 

Corollary 4.2.1: Let f E e anv R II have a quadratic (second order) approximation at xo; 

i.e., suppose for 5;= 'ilf(xo) and for some symmetric positive semidefinite linear operator A, 

it holds that 

f(xo+h) = f(xo) + f(x 0 + h) = f(x 0) + (s, h) + ! (Ah, h) + 0( llhI12) . 
2 

If A is positive definite, then f* has also a quadratic approximation at s, namely, 

f*(5 + p) = f* (s) + (p, xo) + ~(A -'p,p) + a (11pll ' ). 

Corollary 4.2 .1 can be generalized as follows: 
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Corollary 4.2.2: Let [ : R" --+ R be convex, twice differentiable and 1-coercive such that 

V ' f(x) is positive definite for all x E R " . Then f* is also twice differentiable, 1-coercive 

and V ' [* (s) = [V'f(VC' (s)) t ' for all s E R " . 

Proof: Since f is 1-coerciive, it follows by Proposition 1.3.4 that dom f* = R " . 

So im V f = dom f* = R" . Since dom f* = R " , we have by Proposition 1.3.5(ii) that 

f* is 1-coercive. 

Since f is twice differentiable, we have 

[(x + h) = f(x) + (V[(x),h) + ~ \V'[(X)h , h ) + 0 ( [[h[[' ) 

Then by Corollary 4.2 .1, with A = V ' [(x), we have 

for all s E R " . 

[* (s + p) = f * (s) + (p,x) + ~ ((V'f(X)t' p, p) + o ([[p[[' ) . 

This means that f* is twice differentiable. 

Moreover, V'[*(s) = [V' f(VC'(s))t ' for all s E R"; x is replaced by Vr'(s) 

since s = Y'f(x). III 
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