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Abstract

Neutron stars are the collapsed cores of some massive stars. These compact objects
(NS) have incredibly high densities and the strong magnetic fields (Pulsars have
magnetic field > 102G, Magnetars have magnetic field ~ 10°G)[1]. Phenomena like
this trigger people to look for the solutions of Dirac equation in strong magnetic
fields. In this thesis we discuss the properties of the solutions of the Dirac equation
in presence of a uniform background magnetic field. The nature of the solutions, their
ortho-normality properties, dependence of these solutions on the choice of the vector
potential giving rise to the magnetic field and explicit calculation the spin-sum of the

solutions are areas of emphasis.
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Introduction

There are three different final stages that a star will enter based on its initial mass. A
star will either become a white dwarf, a neutron star or a black hole. If a star starts
out with right around the size of the Sun (and up to 1.5M)) it will wind up being a
white dwarf; a star with up to 2.5M¢ is destined to become a neutron star, and any
star larger than 2.5M is going to end up as black hole . One of these compact objects
of great physical interest is the neutron star which has incredibly high density of ~
10*g/c.c, mass = 1.4Mq and radius ~ 10km. Pulsars have more wonders like
very high spin rate ~ 36,000rpm and very strong magneticfield > 10'2G. The cores
of the NS can sustain a magnetic field to the order of 102G or more[2]. Therefore the
processes of elementary particle decay and scattering cross-sections in the presence
of a back ground magnetic field are very important since they shade information
on the internal structures of such stars. The realistic back ground fields could be
very complicated in their structure but for certain regions such as poles,we treat
them as uniform. While making the fields uniform we are taking the advantage of
the fact that under this assumption the Dirac equation is exactly solvable. Once
the Dirac equation is exactly solved then we can use those solutions and calculate
the elementary particle decay and the scattering cross-section. Finding the exact

solutions of the Dirac equation in background magnetic fields and explicit calculation



of the spin- sum of this solutions are the main objectives of this thesis. Hence first
we begin with the introduction of the Dirac equation then we will find the solutions
of this equation in free space. Discussion on the nature of this free space solutions
that is the spin-sum and the ortho-normality of the solutions is also included. We
next introduce the background field into the calculations and solve the Dirac equation
exactly. The ortho-normality property of the spinors will be checked and the spin-sum
correction to the solution will be included. Since the spinor solutions in the presence
of the magnetic field depend on the choice of the vector potential, all the results we

obtain using these solutions are not gauge invariant.



Chapter 1

The Dirac Equation

1.1 Introduction

Although the general principles of the non-relativistic quantum mechanics are valid
and true under all circumstances, even when the system happens to be relativistic,
there are shortcomings of the theory:

(I)The non-relativistic(NR) quantum mechanics theory is not consistent with special
theory of relativity and hence does not treat space and time on equal footing

(IT) The explanation given to the spin of electron does not come from the very nature
of the theory but rather put by hand

(III) Cannot explain fine structures in atomic spectrum of various atoms

(IV) It cannot explain the existence of anti-particle

(V) It is a single particle theory and hence does not support many particle interactions

The non-relativistic Schrodinger equation is :

th

NW(x,t) ([ R*Vv?
ot 2m

+ V(x)) U(x,t) (1.1.1)



where V(x) is the potential energy and and m is the mass of the particle. Hence the
Schrodinger equation , which has NR hamiltonian H = %+V(m), displays unsymmet-
rical footing in the temporal and spatial components. On the quest for finding rela-
tivistically consistent quantum mechanical equations there have been few attempts to
replace the Schrodinger equation. The first attempt was due to Schrodinger(1926),Gordon(1926)
and Klein(1927) which is now known to us as Klein-Gordon equation[3]. The Klein-

Gordon equation is :

—h2% = (=R*AV? + m*c*) ¢(x, 1) (1.1.2)

where c is the speed of light. The above scalar wave equation displays symmetrical
footing in both spatial and temporal components. Though it is relativistically con-
sistent, the Klein-Gordon equation has been initially abandoned for the reasons that
it failed to explain the negative energy solutions and it led to negative probability

density :

ih % _ EW) (1.1.3)

P~ ome (ME ot
Then latter by reinterpreting Klein-Gordon equation as a basis for quantum field
theory (many particle theory), Pauli and Weisskopf showed that this could describe
spin zero particles ( 7 mesons)[3,4]. A successful relativistic wave equation for a par-
ticle such as an electron was first obtained by the British physicist P. A. M. Dirac in
1928[4]. In the same way as the Schrédinger equation cannot be derived from classi-
cal mechanics because it is essentially new physics, any relativistic equation can only
be guessed at by a process of induction, and its truth or otherwise must be estab-
lished by testing its predictions against experiment. Paul A. M.Dirac is known to us
through the Dirac equation for spin-1/2 particles. But his main interest was in foun-

dational problems. First, Dirac was never satisfied with the probabilistic formulation



of quantum mechanics. Second, if we tentatively accept the present form of quantum
mechanics, he was insisting that it has to be consistent with special relativity. He
wrote several important papers on this subject. During World War II, he was looking
into constructing representations of the Lorentz group using harmonic oscillator wave
functions. The Lorentz group is the language of special relativity, and the present
form of quantum mechanics starts with harmonic oscillators. Presumably, therefore,
he was interested in making quantum mechanics Lorentz-covariant by constructing
representations of the Lorentz group using harmonic wave functions [5].This newly
evolved equation is:
o

ih—- = (—ihca.V + Bmc? )i (1.1.4)

where «, 3 are matrices that cannot simply be numbers, if they were, the equation
would not even be form invariant (having the same coefficients )with respect to spatial
rotations. P.A.M Dirac is successful because

(I) The Dirac equation is consistent with special theory of relativity

(IT) The equation is linear in time derivatives, predicts positive probability density:

b=y (1.15)

(III) The theory gave successful interpretation of the negative energy solutions which
leads to considerable triumph of relativistic quantum mechanics by forecasting and
describing anti-particles. The energy eigenvalue solution of the Dirac equation in free

space 18
E = ++/p?c? + m2ct

The above equation implies that an electron can be both in positive and negative

energy states. An electron is the most stable elementary particles which is observed



naturally to exist in the positive energy state. We can apply some perturbation to
the electron in the positive energy state and make it fall dawn to the negative energy
state. Its stability will be in doubt if it falls to the negative energy states. Hence
Dirac postulated :

i) The negative energy states are completely filled in accordance with the Pauli exclu-
sion principle by negative sea of electrons, which completely rule out the possibility of
transition of electrons from the positive to the negative energy state. This postulate
guaranty the stability of the positive energy state.

ii) Completely filled negative sea of electrons have no observable effect. However
deviations from the norm are observable. That is, a hole manifests itself as particle
with positive charge, the positron that is, the anti-particle of electron. In general
we can have pair creation or the reverse process the pair annihilation. Since these
processes conserve energy but not momentum we do need a nucleus involved during

the reaction.
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Figure 1.1: The negative energy state with E < mc?are occupied by electrons and form the ’Dirac
sea’ and their effects are unobservable where as real i.e.observable electrons in general exist in state

of positive energy



1.2 The Solutions of Dirac Equation in Free Space
and Their Properties

On the basis of the special theory of relativity the energy relation for a particle of
rest mass m is

E? = p*c® + m?c? (1.2.1)
where c¢ is the speed of light and p is the three momentum . The Schrodinger form

of Dirac equation reads

o)

i =M (1.2.2)

where H is the free Hamiltonian of an electron with mass m given by
H = —ia.V + Bm (1.2.3)

Throughout this work including the above two equations we will make use of the
natural units with c=h=1

N.B In this paper when ever there is a bold typeface vector then it is a 3 vector else
a 4 vector.The Greek letters like p, v=0,1,2,3 while 1i,j=1,2,3

The dot product of any two arbitrary 4 vectors A = (A4,, A)andB = (B,,B ) is a
scalar and Lorentz covariant given as A.B = A,B" = A"B, = g,A"B", =
0,1,2,3

Since o', § in Eq.(1.2.3)are 4x4 matrices then the eigenvector of(1.2.2) will be a
column matrix. The hamiltonian H is linear in momentum operator and rest energy.

In the Dirac-Pauli 2x2 representation

A 0 o 1 0
SERAPNERE .



where o, are the three Pauli matrices i=1,2,3 and 1 is a 2x2 unit matrix.

(0 1) (0 —i) (1 0 )
o1 = ,09 = ,03 = (125)
10 i 0 0 —1

From Eq.(1.2.2), Eq.(1.2.3) we derive the standard and relativistically consistent form
of the free Dirac equation as :
i — m1]yp =0 (1.2.6)
= [—p+mip =0

where p = i) = i7", and in 2 x 2 matrix notation

1 0 . . 0 o
’y"zﬁ=< )ﬁ’zﬁd:( , >
0 —1 —o* 0

Multiplying the standard form of the Dirac equation [—p + m1|y with (p + m1) we

will get
(=p+ml)(=p+ml)p =0
(—pp+m?)p =0 but since
]5]5 = ’Vu%/pupy and {7#7 '71/} = 29,u1/
1
P = 510 +
where pt = i% Pp = ia% and the Minkowiski metric tensor
1 0 0 0
w 0 -1 0 0 (1.2.7)
uw =9 = L.
8 00 -1 0
o 0 0 -1

The p’s commute for the simple reason that ordinary differentiations commute. Hence

Y Yo' = Yyuptp”
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= Pp = 9P’ =pup"

so that

(0% +m?) = 0 (1.2.8)

2
where 02 = 62%t2 —V?

The above equation has exactly the form as the Klein-Gordon equation. Thus the

Dirac equation will have free spinors given by

U(x) ~ ug(p)e P (1.2.9)

for positive energy solutions E, = ++/p? + m?

and

U(x) ~ vy(p)et? (1.2.10)

for negative energy solutions E, = —/p? + m?2.

In the above solutions of the Dirac equation (Eq. (1.2.9) and Eq.(1.2.10))

p-x = P, — p.« and ug, vs are the spin wave functions , which are four component
column matrix and s is the spin index which can have two values s = +, —. Each
spinors given above has two components each, indicating a degree of freedom which
we need to define. The degree of freedom describe the Spin % attribute. This attribute
is the so called helicity. Defined as the component of particle spin along direction
of motion or projection of spin on to the direction of momentum|6]. Mathematical

representation of this quantity is

EIA) = pmzz+py2y+pzzz

o] where the spin operator
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Y= (2132, 33) = (023,03, 0'%) and the s are defined as :

o =3 [, ] (1.2.11)

Using the definition of the helicity, the commutation relation between helicity and

the free Hamiltonian can be obtained :
(H,2-p] = [~ia-V+pm,3-p|
Since 3 is a diagonal matrix hence [3, %] =0

= [H,2-p] = [~ia-V,2-p]

= (a-p)(X-p)—(E-p)(a-p

)
B 0 o-p c-p O [P 0 0 o-p
a c-p 0 0 o-p 0 o-p c-p 0

Hence

[H,%-p] =0 (1.2.12)

Similarly we can obtain

[p,X-p]=0 (1.2.13)

In general two observables A, B will have simultaneous eigenstate |a, b > only if they
are compatible, that is [A, B] =0 then Al|a,b >=ala,b >, Bla,b >=bla,b >

In place of A and B let’s use X, and Hrespectively. Then
[ZzaH] = [227 —ia -V + ﬁm] = [EZ,OJ P+ ﬁm] = [Em& ' p]

Hence, (X.,H] #0 (1.2.14)
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Bonding the idea of simultaneous eigenstate with Eq.(1.2.14) one can infer that the
spinors which are the eigenstates of the hamiltonian H will not be eigenstate of ¥,
unless p,, p, = 0. The Heisenberg’s equation of motion or equation of motion for an

operator A in Heisenberg picture is given as

dA 1
- AH
A

which reveals that the helicity is a constant of time or a conserved quantity.
The stationary sate solutions for the free Dirac spinors can very easily be obtained
form Eq.(1.2.2) as :

(1@ — ml1)p = (iv°0, — ml)p =0

§ 0 0 0 (o U
10 & 0 0 v | (e
1 P =1m

0 0 ot 0 7vb3 w?)

00 0 -2 P4 (e

which provides the four independent solutions or the spinors given in Eq.(1.2.9)and

Eq.(1.2.10) for stationary state US(0) :

1 0 0 0
0 1 0 0
U (0) = LU (0) = L VT(0) = LV (0) = 1.2.15
1 (0) 0 > (0) 0 1 (0) . 5 (0) 0 ( )
0 0 0 1

The next objective is to find non-stationary solutions for the the free dirac equation
using the Lorentz transformation, that is by transforming to a coordinate system
which moves with velocity of -V relative to the rest system, the free wave function of
the electron with velocity +V are constructed from the spinors in Eq.(1.2.15) of the

electron at rest[6]. The lorentz transformation is:

p, = Nt = (6 +<p)p!
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where A} is the transformation matrix, €7, is the infinitesimal transformation matrix

and

0, = Lu=v
= 0 otherwise
The corresponding infinitesimal lorentz boost along z -axis will be €}, = Aw. I}, where

w is the infinitesimal rotation angle and

sinh(w) = yB,cosh(w) =7,B=V,y = —= ,

1-B?
0O 00 —1
0O 00 O
I =
0O 00 O
-1 00 O

so that the boosted spinors(along Z direction ) will be
g (1.2.16)

where the 4 x 4 matrix S is given as :

i(—w) N
S = lim (1— 0a3]a5>

4N
N — oo
— e%aaﬁfaﬁ — e%[003103+030130] — e%[oogfdso]

From Eq.(1.2.11)  0ag = 5 [Ya, V3]

| 0 o3
[0'03 — 0'30] = —2@ ( >
O3 0

Hence,
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w, 1 0 o3 Wyl 1 0 w1 0 o3
“55(03 o>+<5>5(0 J”m o0 )"

The above 2 x 2 notation provides a 4 x 4 matrix

cosh(%) 0 sinh(%) 0
g 0 cosh(%) 0 —sinh(%)
sinh(%) 0 cosh(%) 0
0 —sinh(%) 0 cosh(%)

While using the obtained value of the above S matrix in collaboration with Eq.(1.2.15)

and Eq.(1.2.16) gives the boosted spinors U?(p),p = p.2

E
for cosh(g) = ﬂ, sinh(ﬂ) =P s
2 2m 2 2m(E + m)
(E+m) 0
2m
0 (E+m)
— 2m
Ui(p) = b Uy (p) = 0
v/ 2m(E+m)
)
0 \/ 2m(E+m)
- 0
2m(E+m)
-p
O - m m
Vi'(p) = — | Ve ()= | VIR (1.2.17)
2m
0 (E;nm)

1.2.1 The Ortho-normality of the Free Solutions

From Eq.(1.2.17)

Ui(p)Us(p) = Ul ()y°Us(p) = Vi(p)Uz(p) = Vi(p)Va(p) = 0
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and

Ui(p)Ui(p) = Uz(P)U2(P) = 17V1(P)V1(P) = Vz(P)%(P) =-1
this could be summarized as:

e, =1, for r ’=12 (E>0)

UT P)Un(p) = €:0p
(P)U-(p) { e, =—1, for rp’=12 (E<O0)

and
~ for r=r’

0 otherwise

FE
U;(p)UT/ (p) = E rr! = 7(5rr’ = {

. o / . . . 1
where §,,» =1 for r =" Jand is zero other wise,y = o

1.2.2 The Spin-sum of the Free Dirac Solutions

In this subsection we will find the spin-sum Y U*(P)U"(p) for the free dirac solu-

tions where s is the spin degrees of freedom. Hence for the positive energy solutions:

Py(p)

S U(P)U(p)
= UNP)T (p)+ U (P)U (p)

therefore

(E+m)

(VB o o)
m 2m(E+m)

0 (E+m) 0 P
2m \/ 2m(E+m)




or

E+m 0
1 0 E+m
2m p 0
0 -p

—p 0
0 P
—E+m 0
0 —E+m

In 2 X 2 matrix notation the above matrix may be rewritten as

Py (p)

1

- 2m

(o )

Hence in 4 x 4 matrix notation

0
+Pp
03

)

1
Fy(p) = 5~ [Ev + Pys +mj

where p = p®, £ = p° = p,

2m
1 o 3
Py(p) = o [Yop® + 3p° + m]
(Vup" +m)  (p+m)
Pu(p) - om ~ T om

Similarly for the negative energy solutions the spin-sum is:

Py(p) = VH(P)V (p) +V (P)V (p)

p

\/ 2m(E+m)
0

C
+
3

2m

|
m

2m(E+m)

Bl
+
3

2m

1 0

0

1

P 0 — / (E+m) 0
v/ 2m(E+m) 2m

0 —2__ (0 —
\/2m(E+m)

(E+m)
2m

)

)

16

(1.2.18)
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or
E—m 0 —-p 0
1 0 E—m 0 9]
Py(p) = ——
2m 0 —(E+m) 0
0 -p 0 —(E+m)

In 2 x 2 matrix notation the above matrix gives:

() (7))

Hence in 4 x 4 matrix notation

1
Py(p) = — [Ev, + Py3 —m]

2m
where p = p®, E = p° = p,
1 [2) 3
Pv(p) =5~ (Yo + 73p* — m]
H—m -m
Py(p) = Our )_—m) (1.2.19)

2m 2m

At the end we come up with the result :

Py(p) = —Pv(-p) (1.2.20)



Chapter 2

Charged Fermions in the Presence
of Magnetic Field

2.1 Introduction

The interaction of charged fermions in a uniform background magnetic field has many
fascinating features. Understanding this features is quite mandatory and indispens-
able as it will give the right picture about different high energy processes. One of
this features is the change in the dispersion relation of an electron. Since we make
use of a uniform background magnetic field we will have a convenient and one of the
few exact solutions of the Dirac equation in the presence of external field[7,8,9]. In
this chapter we will seek for the proper ways of introducing gauge conditions which
provide the background field and will make use of one of these conditions to find the
exact solutions to the Dirac equation in uniform background magnetic field. Not only

this but we will also discuss the fundamental properties of these solutions.

18
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2.2 The Gauge Condition

When we have charged fermions in a classical uniform magnetic field there would be

certain gauge conditions

Ay — Ao,
A— A+ VAX) (2.2.1)
and the momentum changes as:
p — p+eQVA(x), (2.2.2)

Where the four vector A* = (A,, A) , Q is the sign of the fermions charge,it can
take values () = +1. A is a scalar function of x and e is the proton charge. From
Eq.(2.2.2)we can tell that in the presence of a classical uniform magnetic field the
momentum the canonical momentum p, does not remain gauge invariant as in case

of the the free space . Because

I, = p,—eQA, and (2.2.3)

remain gauge invariant under the gauge transformation Eq.(2.2.1)and Eq.(2.2.2). We
can say

I, = p, — eQA, (2.2.5)

is also gauge invariant

The commutation relation of the kinematic momentum components are
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I, 11”] = [IT*11%] — [I1I1] (2.2.6)

and defining the antisymmetric field tensor

Fr = grAY — 9" A

We will have for

Case: p=i,v=y

[T 1T = —eQ{[A", p'] + [p', A']}

[T IT] = —ieQ{42 — 42} = —ieQ{9' A — DA} = —ieQF"
For

Case I p=0,r=20

[I°.I1°] = —ieQF>

For

Case I p=0,v=1

I1°. 111 = —eQ{[A%, 9] + [p°, A']}

1. T1] = —ieQ{%E — 22} = —ieQ{° A’ — 9'A°} = —ieQF
For

Case IV pu=i,v=20

[T I1°) = —eQ{[ A", p°] + [¢, A°]}

11,11 = —ieQ{dd‘;‘j - Z‘;‘:} = —ieQ{D'A° — °A'} = —ieQF"(see Append B)

Combining all the above four cases,we derive.

(1%, 117] = —ieQF* (2.2.7)

Considering the magnetic field to be along the z-axis then we cannot simply choose
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the solutions of the Dirac equation in such a way that I1* = IIY = 0, as in the case
of free fermions because the gauge fields giving rise to the magnetic field will never
allow us to do so. We like to Keep the gauge fields along the z-direction .Under this

gauge the components of the vector potential become

Ay=A, = A, =0, A, = —yB, (2.2.8)
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2.3 Solution of the Dirac Equation in the Presence
of a Uniform Background Magnetic Field
It is already stated that the free Dirac equation is given by
[id —ml]Yy =0 where @ =~"0, (2.3.1)

But whenever there is a uniform background magnetic field around a fermion with

mass m and charge eQ, the generalized momentum is given by

p—pt—eQA" (2.3.2)
and

P’ — p° (2.3.3)

p — p—cOA (2.3.4)

Hence upon the interaction given by the above equations the standard form of Dirac

equation Eq( 2.3.1) will have a form [i7°0, + 7'II; — m]i) = 0 giving

@%—f = Hpt (2.3.5)

where Hp the Dirac Hamiltonian in the presence of a magnetic field
Hp =a-11+ Bm (2.3.6)

The eigen states of Eq.(2.3.5),as discussed in section 1,could be given as

W =e ( ¢ ) (2.3.7)
X
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Hence Eq.(2.3.5) may be expanded to

i%{e_m ( ’ >} = (—iV —eQA){e " ( i )}+mﬁ ( ¢ > (e} (2.3.8)

X X X

()= (oo " (Yo (2)
X o-(—iV—eQA) 0 X —X

(2.3.9)

In general for any arbitrary vector T in three dimensions

T. T,—iT,
o-T = (2.3.10)
T, +iT, —T.

where o is as given in Eq.(1.2.5)

Using the above equations we can rewrite Eq.(2.3.5) as
(E—m)p=0-(—iV —eQA)x, (2.3.11)

(E4+m)x=0-(—iV —eQA)¢ (2.3.12)
Just to get rid of x we multiply from the left side of Eq.(2.3.11) by (E + m) and use
Eq.(2.3.12) to obtain

(B2 —m?)¢ = [o- (—iV — eQA)]* ¢ (2.3.13)

(0-a)(c-b)=a-b+ioc-(axb) (2.3.14)

( see Append.A) The right hand side of Eq.(2.3.13) becomes

[0 (=iV — eQA)’¢ = [~V — eQA][-iV — eQA]¢
+ o [(—iV — eQA) x (—iV — eQA)]¢
= [-V2+ieQ(V-A+A-V)+2Q2A%¢

+ io-[ieQ(A XV +V x Ao
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Thus, based on the choice we made for the vector potential ;when applied to Eq.(2.3.13):

(B —m*)¢ = |-V + (eQB)*y* — eQB(?iy% +03)| ¢ (2.3.15)

Since the co-ordinates x and z do not appear in the above equation but through their

derivatives, its solutions can be written as

¢ = ePXuf(y) (2.3.16)

In the above expression the notation X stands for spatial coordinates and is different
form x, which is one of the components of X. X, represent the 3 vector X with out

its y-component. This means
P Xy = pev +p22

The expression f(y) on the right side of Eq.(2.3.16) is a 2-component matrix which
depends on the y-coordinate and some momentum component. From the expressions
given in Egs. (2.3.15)and (2.3.16) we notice that f(y) is an eigenstate of the o3 with
eigenvalues s = £1, so that

os3fs = sfs . Let

[y

Fi(y) Fl(y)
+ — 5 — — 2317
f+(y) ( P (y)) f-(y) < - (y>) ( )

Using the eigenvalue equation and assumptions for f, (y), f—(y) we end up with more

[\

refined equations :

Fi(y) = Fi(y)
—Fi(y) = Fi(y)
Fl(y) = —Fl(y)

—F%(y) = —F?(y) (2.3.18)
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From the above set of equation we derive two independent solutions written in general

o Fi(y) . 0
fi(y) = ( 0 ) f-(y) = ( P > (2.3.19)

We now insert Eq.(2.3.19) first in Eq.(2.3.16) then the result to Eq.(2.3.15)

as:

For s = +1
We get for LHS

. F E? —m?F ,
0 0
r ‘ d2F+2(y) A
Now,since V26 = {p} +p?} < +(v) ) eP Xy — ( & eP Xy
0 0

and

{—@QB(Zi?/g%+03)+(6QB)2y2}¢ = {eQB(2yp,) —eQB+(eQB)*y*} ( F+0(y) > otP Xy
The RHS of Eq.(2.3.15) will become

d?Fy (y)
2+ 7) < ) ) i ( ) X,
0 0

+{eQB(2yp,) — eQB + (eQB)*y*} < F+O(3/) ) oiP Xy,

Equating the LHS with RHS for s = +1 , we then get

i = [QBy +p.] 2Py + [ B? —m? = p + QB| Fy =0,

Similarly for s = —1we get

% —{eQBy + p. )’ F_ + {E* —m? —p* —eQB}F_ =0

In general for a given s = +1 the differential equation satisfied by F, obtained from
Eq.(2.3.15) is

d*F,
dy?

{eQBy + p, Y2 Fy + {E? —m?* — p? + eQBs}F, = 0 (2.3.21)



26

We will use the dimensionless variable & (see Append.D)

¢ = VQTE v+ 2

> (2.3.22)

Which transforms Eq.(2.3.21) to the form
d? 5

where
E? —m? — p? + eQBs
e|Q|B

At the end we derive, special form of Hermite’s equation Eq.(2.3.23) ( see Append.C),

g =

(2.3.24)

in which its solutions exist provided that a;, = 2v + 1 for non-zero integer v. Eq.

(2.3.24) can then be rearranged to give us energy eigenvalues
E*=m?+p? + (2v + 1)e|Q|B — eQBs (2.3.25)

And the celebrated solutions of Fy, for the particular form of a, given above are ( see
Append.C')

1,(€) = N,e /2H, () (2.3.26)

where H, are Hermite polynomials of order v , and N, are the corresponding

normalization constants given by ( see Append.C')

1/2
N, = <V—V';®§> (2.3.27)

From the above two equations one can build the so called completeness relation as:

Z [V(g)ju(f*) =V 6|Q|85(§ - 5*) = 5(?/ - y*)7

where &, is obtained from ¢ just by replacing y by another position coordinate y,.

So far () was arbitrary. We now specialize to the case of electrons, for which Q=
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-1. If we have charged particles in a magnetic field then their cyclotron orbit will
be quantized, such that this charged particles can only occupy orbits with discrete
energy values, called Landau levels[10]. The relativistic form of this Landau energy
levels is given by

E? =m® + p? + 2neB (2.3.28)

Comparing Eq.(2.3.28) with Eq.(2.3.25) we notice that the solutions are twofold de-

generate for:

s=+l,v=n—1 and s=-l,v=n (2.3.29)
But for n=0
(20 + 1)e|Q|B = e@B, Q= —|Q|
=> V= —%(1 +s) and because v and n are non negative integers, s = —1. Therefore

unlike the other n states , n = 0 is a non-degenerate state.Taking the square root of
the right hand side the energy eigenvalue solutions given in the Eq.(2.3.28), can have
both the positive E,, and negative —F,, values, where the subscript n represents the
n-th Landau level .

Positive Energy Solutions — Using Eq.(2.3.19) for the positive energy

(n) _ ]n—l(f) (n) _ 0
L(y) = ( . ) 7 y) = ( L ) (2.3.30)

For n =0, f, does not exit. We will consistently incorporate this fact by defining

I1(y)=0 (2.3.31)

in addition to the definition of I,, given in Eq.(2.3.26) for non negative integer n . It is
customary to denote the column spinor with out the temporal and spatial exponential

dependence, and hence the positive energy solutions of the Dirac equation can be
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written as

Y = e PN (y,n, Py) (2.3.32)

where p- X = p*(Xy), . Comparing Eq.s.(2.3.7) (2.3.16)and (2.3.32 ) we notice that

upper components of the spinors U,(y, n, Py)are as given in

Infl(g) 0
U+(y,n, Py) = 0 aU—<yana P?;() = ]n(f)
X+ X-

The lower components of the spinors denoted by x can be solved using combinations

of Eq.s.(2.3.12) and (2.3.16) . When s=+1 the gauge provides us

(E-+m) X P Xy _ —1V3 (—iVi — eQA; — V>) pilpratps2) I—1(§)
pat (—=iV1 —eQA; + Vy) iV3 0
(2.3.33)
so that
X}F = Efim]n%(f)
(E+m)zt = eQB (elgg—l—y) In71(5)+81"8;yl(€) ,Q=-[Q[=-1
(B +m)xG = —VeB [€1,1(6) — Zen@]
using relation
1 I,
I(¢) = i {g[n_l(g) - alg@} (See Append.C) (2.3.34)

This gives us

I1(§)
0

E:—T-m In <£)

V2neBB
(En+m) L, (5)

Simialarly when s=-1 We get

ThUS, U+(y>n> py) =
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0

In(§)
U_(y,n, py) =
! (%)[nfl(g)

721 (6)

2.3.1 The Negative Energy Solutions

By negative energy we mean we have energy eigenvalue as £ = —F,, . To find the

negative energy solutions first we start from the Dirac equation Eq.(2.3.5) but now

o = e 1IED ( ¢ ) (2.3.35)
X

Combining Eqgs.(2.3.5) and (2.3.35) gives

—EGiEt(QS) :< 0 U'(_iv_eQA))eiEt<¢>+meiEt< ¢ >
X a-(—iV —eQA) 0 X —X
3.36)

using the above equation we can rewrite Eq.(2.3.5) for negative energy as
(B+m)o = - (iV + eQA)x, (2.3.37)

(E—m)x =000V +eQA)d (2.3.38)

As we can see from Eqs.(2.3.37) and (2.3.38) for the negative energy spinors it is easier
to start with the two lower components first and then find the upper components.

Hence the next strategy is to get rid of ¢ and obtain ;

(E* —m?)x = [0+ (iV + eQA)]* x (2.3.39)
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Taking the advantage of the similarities between Eqs.(2.3.13) and (2.3.39) (See Ap-

pend.C)we write
(E* —m?)x = | =V? + (eQB)*y* — eQB(Qiy% +03)| X (2.3.40)

Since the co-ordinates x and z do not appear in the above equation but through their

derivatives, the solutions can be written as
x = e PXug(y) (2.3.41)

where g(y) is a 2-components column matrix which depends not only on the y-
coordinate but also some momentum components. Similar to the case of positive
energy, here g(y) is also eigenstate of the o3 which has eigenvalues s = £1. Therefore

g(y) will have two refined independent solutions written in general as

o G1(y) _ 0
9+ (y) = ( . ) 9-(y) = ( o) ) (2.3.42)

Using Eq.(2.3.42) first in Eq.(2.3.41), then the result in Eq.(2.3.40) results:

djlf; —[eQBy —p,] Gy + [ E* —m? —p?> +eQB] G, =0 for s = +1 and

PG [eQBy —p,] °G_ + [ E* —m? — p* — eQB] G_ = 0 for s = —1.In general for

dy?

a given s = +1

d*G

a7 [eQBy — p,] Gy + [ E* —m® — p? + eQBs] G, =0 (2.3.43)

Defining a dimensionless variable

§=VdQlB (y— e

) (2.3.44)

eQ
equation (2.3.43) will be transformed to special form of Hermites equation
? -
[_~ - as} G =0 (2.3.45)
de?
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where
E? —m? — p? + eQBs
e|Q|B

As in the case of the positive energy, for the negative energy the solutions exist

(2.3.46)

ag =

provided that a;, = 2v+1 for v =0,1,2,3--- . This provides the energy eigenvalues
E?=m? +p? + (2v +1)e|Q|B — eQBs (2.3.47)

and solutions for G, as

L&) = N,e @ 2H, (&) (2.3.48)

where H, are Hermite polynomials of order v , and N, are the corresponding
normalization constants given by
1/2
Vi B
N, = [ veoIB (2.3.49)
vI2vy/m
(See Append.C') Since for electron we have @Q = —|Q| , we can compare Eq.(2.3.47)
with relativistic form of Landau energy levels given by Eq.(2.3.28) to obtain a two

fold degenerate general solutions for:

s=1lv=n—1 and for s=—-1,v=n (2.3.50)
For n = 0, we get v = —% (1+ s) and since v can not be negative it implies that
s = —1,or n =0 is a non-degenerate state. Hence we can write the negative energy

solutions using Eq.(2.3.42) as

. In—l(g) . 0
9+(y) = ( 0 > , 9-(y) = < 166 ) (2.3.51)

When n = 0, the solution g, does not exit (i.e /_1(y) = 0.) The lower component of

the spinor is determined through Egs.(2.3.51) and (2.3.41). The upper components
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denoted by ¢ earlier can be solved using Eq.(2.3.37). The negative energy solutions

of the Dirac equations can be written as
Y = PV (y,n, Py) (2.3.52)

where p- X, = p*(Xy), and  Vi(y,n,Py) are the spinors .
Combining (2.3.35) ,(2.3.41),(2.3.51) together with Eq.(2.3.52) gives

O+ o_
Vilyn, Py ) = | La(§) | Velyn, P)=| 0 (2.3.53)
0 I,(§)

where ¢ is a 2 component matrix.

Now we determine ¢, Let

1
by = e X ( ;r ) (2.3.54)
+
Then from Eq.(2.3.37)
1 . .
(E+m) ¢+ e—i(:ﬂ'xy) — ZVS (ZV1 - eQAl + VQ) e_i(p:ci"!‘pzz) I
i (ZVl + GQAl — Vg) —’LV3
so that
Then,

0y = g ln1(©)

and  (E+m)gt = —eQB (— 25 +y) [a(6) - 25© @ =—[Q

(B +m)i = VeB [£1,1(6) - 222291 using,

0¢

I,() = W [@nl(f) - —] (2.3.55)



+ = (Eirf;n In(é)

B 1 (6)

2neBB
= Viynp) =] ¥

N
A
78
~—

ntm) T

In 1(5)
0

1
Let us next determine ¢ Let ¢_ = e~ P%u ( ¢~

(E4+m) ¢ e P Xy) — Vs
& (iV1 4+ eQA;

so that

— V) —1V3

(E+m)¢2— _pzjn(g>

From this follows

In the same way

(B+m)el = —eQB (~Z5 +y) L) + B2 Q=—q|
(E+m)p' = VeB léfn@ 4 8]”@]
but because , I,,_1(£) = W [é[ﬂ(g) + fna_(f)}
Hence, o %[n_l(g)
F2e ()
So that V_(y,n,p,) = _Efigfn@)

L,(€)

Finally collecting all spinors together, the positive energy spinors

(1V1 + eQA; + Vs)
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, ) , then from Eq.(2.3.37)

) e_i(PwJ»’""pzz) < 0~ )
1 ()

(2.3.56)

(2.3.57)

, Ug are



Uiy, n, py) =

I1(§)

E:—T—m In,]_ (5)

V2neBB
~ oy 10 (€)

U- (y7 n, p@() =

and the negative energy spinors ,V; are

Vi(y,n, Pg) =

Remark

E:—T—m In—l (g)

V2neB o
iy In(8)

L1(8)

) V_ (yv n, py) =

—h B L (6)

(En+m) n-1

T n(§)

T (8)
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(2.3.58)

(2.3.59)

In general the above solutions are eigenstates of II, and II, but not of II,. Which can

be discovered from Eq.(2.2.7)which gives us [[17, I1Y]

—ieQF'. Tt implies that II,

and II, do not commute (i.e we cannot have simultaneous eigenstates of both).

The dimensionless variable £ is obtained from ¢ upon changing the sign of the p,-

term .
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2.4 The Wave Functions in the Zero Field Limit

The pairs of solutions in Eq.(2.3.58) and Eq.(2.3.59) that we obtained from the Dirac
equations in the presence of magnetic field are exact solutions and not perturbative
excitations around the free Dirac equation solutions. When B — 0 the term to the
right hand side of Eq.(2.3.24)or Eq.(2.3.46) will blow up. Consequently it is not
possible to put B — 0 in the final solutions Eq.(2.3.58), Eq.(2.3.59) and retrieve
the free Dirac solutions. Mathematically in the zero field limit, the quantization
condition given in Eq.(2.3.24) fails and in that limit the solutions of Eq.(2.3.23)or
Eq.(2.3.45) become indeterminate. Just because the solution becomes indeterminate
does not mean there is no physical explanation behind this. Physically we can say the
solutions in Eq.(2.3.58) and Eq.(2.3.59) are specific to a gauge condition giving rise to
a magnetic field along the z- direction. And what we best can do is gauge transform
this solutions and obtain an equivalent solutions in background magnetic field. The
choice of the background gauge does not permit us to obtain the free solutions in
any limit as the free solutions belong to another gauge orbit, namely the pure gauge

solutions.
2.5 The n=0 Solutions

Based on our prior knowledge of the n=0 sate, the n=0 solution is non-degenerate.
The n=0 ’s non-degenerate state has only one available solution for for both the
positive and negative energies. And they are the s=-1 state in Eq.(2.3.58) and s=-

1 state in Eq.(2.3.59), for the positive and negative energies respectively. For this
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non-degenerate state ,(/_1(§) = 0) , and

10 0 0 1 0 0 O
0 -1 0 0 0 -1 0 0 I,,(¢)
EZU— (y7n7py) = U—(y,n,py) =
0 0 1 0 0 0 1 0 —pes I (6)
0 0 0 -1 0 0 0 -1 —Efjrmln(g)
1 0 0 0 0
B 0 -1 0 O I,(¢)
0 0 1 0 0
0 0 0 —1 —Efjrm (&)
0
1,(8)
= = = —(U-(y,n, Py))
0
We conclude that Y.U-(y,0,p,) = —(U-(y,0,py)) (2.5.1)
Following similar procedure for the negative energy spinor one obtains

The collaborated usage of the above two consecutive equations leads to a physical
generalization that only in the n = 0 state the wave functions are eigenstates of 3.,
and the other higher Landau states solutions do not have any definite ¥, eigenvalue
such as in the n = 0 case(-1). The astronomical world has so many wonders like the
neutron star cores which can sustain a strong magnetic field to the order of 102G
or more. In actual calculations when the strength of the magnetic field is high we
require to work with n = 0 solutions. Why?”Let’s roughly estimate the magnitude
of the magnetic field suitable for the n = 0 approximation.Suppose that the typical

energy of electron in a system is E and the magnitude of the magnetic field is B
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from experimental observation. In calculations if it happens that 2neB > E? — m? |
then the dispersion relation 2neBB = E? — m? — p? provides for any positive n , p?
will be negative, which is not possible. Consequently when 2eB is greater than the
square of the typical electron energy of the system minus the rest mass square of the
electron then we have only the n = 0 level contributing to the energy levels and only
those corresponding wave functions must be used in calculating the other details of
the system. As an example if the typical electron energy of system is of the order
of 1Mev then for magnetic field greater than 10'*Gauss we must have the n = 0
level contribution in the energy. For lower magnitude of the magnetic field the other
Landau levels will start to contribute in the electron energy. In general for a fixed
energy of an electron and for very low magnetic field we will have as many possible
Landau levels. One of the great astronomical physical interest is the calculation of
scattering cross-sections and decay rates in the presence of magnetic field. In these

calculations a benchmark value of the background magnetic field is used:

2

B, = U =441 x 10®Gauss (2.5.3)

e
where m is mass of electron and e is the charge of a proton. B, is some times called
the ’critical field” although nothing critical happens at this field strength. The only
condition which defines the critical field is that when the magnitude of a magnetic
field reaches the value B,, the electron cyclotron frequency equals its rest mass in
natural units. The electron cyclotron frequency w. = %. When ever the magnitude
of the magnetic field is above the critical field, there will be a considerable electronic
wave functions modification. Generally in a typical calculations with the presence of
magnetic fields the relative strength of the field is measured in terms of the critical

field. If the field strength is much higher than B, then for electrons with an energy
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of a few MeV only the lowest Landau level contribution is expected.

2.6 Ortho-normality of the Solutions

Using the positive energy spinors given in Eq.(2.3.45)

Ujr(%mpy)U—(yanapy) = (In—l(g) 0 E:ﬁ]n—l(g) _Enz_f;BIn(g)> —V2neB

ULy, m pIU-(:mPy) = P 2eB e 2 e)  (26)

E,+m)?
From the above equation one can infer that in general the two positive energy spinors
are not orthogonal to each other. The same is true of the negative energy spinors. If
the magnitude of the magnetic field B is small as compared to the critical field then we
expect many Landau levels, as has been indicated in the previous section. And if we
keep decreasing this field at certain limit n ~ n — 1. This limit is denoted by n — oo
and it is in this limit that the spinors in Eq.(2.6.1) become orthogonal. In most cases
the maximum Landau level can be calculated from the maximum attainable energy
of the electron and the field strength. To obtain the maximum attainable energy of
the electron, observational data or experimental limits are used. Once we know the

maximum electron energy FE,, .. then the highest Landau level is given by:

_ max

EQ _ m2
nmax - 268

Hence if B ~ 10*°Gauss and E,,.; ~ 1Mev then ny,qa, ~ 103. Decreasing the field

strength further increases n,,., and the possible number of Landau levels becomes
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very high.In such a condition we say n — oo. Taking the n — oo limit in to account

we can reconstruct the product of the positive spinors and reform the ortho-normality

as:
0
UL Uy b = (16 0 g2mnfe) 22810 )| ol
+y7 7py -y, ,py n—oo n E,+m-'n E,+m 1 _m[
E,+m
_ D
En+m
= 0
and
L (€)
1 P —2neB 0
Ui(y;n, ) Us (4,1, Dy) oo = < I,(§) 0 E-I1.(8) 2 1n(6) ) b
—V2neB
_ (En +m)*+ p2 + 2neBB _ 2L, e
" (E, +m)? E,+m"
When combined the above two equations provide :
2F,
i n_ 2
Ui(y,n, py)Us (Y, Py) |n—oo BT mInés,S/ (2.6.2)

where d, ¢ is 1 when s = s and zero other wise. Incidentally the above relation holds
for the n = 0 state. The lowest Landau state is trivially orthogonal as one of the
spinors do not exist.In general performing similar calculations done for the positive
spinors provide,

2F,
E,+m

Vj<y7n7py)‘/:@’ (yanapy) ’n%oo [305575/ (264)

As a coincidence the above relations also hold true for the n = 0 state.

Based on the above relations in general the solutions of the Dirac equation are not
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ortho-normal. But for special cases where the magnetic field strength is very small we
will have huge number of Landau levels and for very high Landau levels the solutions
tend to be ortho-normal. As a matter of fact this ortho-normality holds always true

for the other extreme n =0 .



Chapter 3

Spin-sum of the Dirac Solutions in
a Uniform Back-ground Magnetic

Field

3.1 Introduction

The calculations of scattering cross-sections and decay rates of elementary particles
in compact objects like the neutron star are some of the few methods in which valid
information about this stars is obtained. And these crucial calculations make use
of the spin-sum where we sum over all the spin degrees of freedom using the corre-
sponding spinor solutions. Hence in this chapter we explicitly calculate the spin-sum
in back-ground magnetic field using the spinor solutions obtained in the previous

chapter.

3.2 The Spin-sum

The spin sum can be written in compact form as

PU(ya Ys, 10, py) = Z U8<y7 n, p}x)US(y*) n, py)

41
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for the positive energy solutions(positive spinors) and

PV(ya Yy T,y py) = Z VS(ya n, py)vs (y*a n, py)

for the negative energy solutions(negative spinors). The two spinors in each sums in
general can have two different position coordinates hence their spatial dependence is
shown to be explicitly different. Depending on the very nature of the solutions given

in Eq.(2.3.58), the spin-sum for the positive spinors can be rewritten as

n

_ 1
PU(y7y*7napy) = ZUs(y7n7py)Us(y*anapy) E +m Z (5)13(5*)7—;,3
s i, j=n—1

(3.2.1)
where the T; js are 4 x 4 matrices. In order to obtain the 7; ;s we need to have the
matrix multiplication of the spinors to the left hand side of Eq.( 3.2.1). Performing

the summation over all the possible spin degrees of freedom provides:

PU(ya Yxy T,y py) = Z US (ya n, py)US<y*7 n, py) = U+ (ya n, py)U+<y*7 n, py)%—U, <y7 n, py)U, (y*7 n, py)

(3.2.2)
But U, (y,,n, py) = Ul(y*, n, py,)7° where 7 depicts the adjoint and v° = 3
1 0 O 0
— 01 0 0
— 2ne
- U+<y*7n7py) - ( In—l(g*) 0 E, +m n 1(5*) “Entm n(§*> ) 00 —1 0
00 0 -1
— U+<y*7n7py> = [ In—l(g*) 0 _E:ﬁ’[n_l(g*) 2ne (5*) :| so that
In—l(g)
— 0 JIneB
U+(y7n7 Py)UJr(?J*a”apy) = D ]n—1(§*> 0 _E +m n 1(5*) Enne (5*)
m]n—l(g)
_(Ezj_erf)jn(f)

or

U+ (ya n, py)U+(y*7 n, py> =
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Lia(©la(&) 0 =L 1(Oa(&)  ¥2BL, 1(6)1.(E)
0 0 0

L (O (&) 0 — 2 L (L (6) P2 L ()16

o

)

EiieB Li(§)1-1(&) O pZ(Eanes) Ly(§)1n-1(8) @ 27:?51)2 n(E)1n (&)

Following similar procedures, for s=-1:

U—(y*anapy) = Ui(yhn?py)ﬁyo — U—(y*anapy) = [ 0 In<€*) E2T_:_em n— 1(6*) E:ﬁ[n(g*) ]
Thus

0
— I,
U—(yvnv PQ)U—(?/*a”aPy) = W(i) (f) [ 0 [n(g*) gzj_TmIn 1(5*) E:ﬁ]n@n*) }
(En+m)
— e In ()
or
U—(ya n, py)U_(y*,n,py) =
0 0 0 0
0 LOLE) L) L (6) Fm n(E)1a(€:)

0 %In (g)ln(g*) _%In—l<§>ln—l(§*> —Pz (E/ZJFTZ@)I (§>In(£*)

0 —Zol(OIn(E) P2 L ()a(6)  —Ein (&)
Thus



PU(:U, Yi, 1, py) - U+<y7 n, py)U-i- (y*7 n, py) + U— (97 n, py)U— (?J*; n, p:}x) =

L1 (€)1 (8s)

(Ef—j-m)[nﬂ (5)17171 (f*)

Xgﬁgg]ﬁ(g)]ﬁ—l(g*)

0

In(E) In(&4)

_ V2neB
E,+m

Iy (f)[n(f*)

—(2neB+p?) I

n—1 (g)jnfl (5*)

- En+m

L)

p=
B I,

V2neBB T

1(E) In-1(&)

Entm 1 (f)[nfl (f*)

(E7L+m)2

v 2neBB
En,+m

Pz
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Iy (é)ln(f*)

T In(E) 1n (&)

e 1 () Tn(&)

(3.2.3)
One can rewrite Eq.(3.2.1) once more as
PU(ya Yy 10, py) =

1
E,+m

(3.2.4)
A straight forward comparison between Eqgs.(3.2.3) and (3.2.4) and use of the disper-

sion relation Eq.(2.3.28) gives

0 0 0 0
T,, = ( ) P (3.2.5)
0 0 0 0
0 —D: 0 _(En - m)
In 2 x 2 matrix notation the above matrix can be written as,
(1- 0 0 (1-
Tn,n = En ( 2( 03) 1 +pz 1 2( 0-3)
0 —5( 1—0'3) —5( 1-0'3) 0
if1-0¢ 0
+m ( 5 3) : (3.2.6)
O 5( ]_ — 0'3)

[In(g)jn(g*)Tn,n_’_In—l (f)ln(g*)Tn—l,n_’_In—l (f)ln—l(5*)Tn—1,n—1+jn(g)]n—l(g*)Tn,n—l]
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Expanding Eq.(3.2.6)in 2 x 2 matrix notation

1 0 — 0 0 1 0 —
Tn,n — lEn _|_1En 73 _|_& _|_]k 73
2 0 —1 2 0 o3 2\ -1 0 2\ o3 0
1-— 0
m( (105 (3.2.7)
2 0 (1—o03)

In 4 x 4 matrix notation

Ton = 770—1-77573—1-% O’f’—%—i—%(l—az) where E,=p"=p, (3.2.8)

Using the properties of the gamma matrices the above 4 x 4 matrix becomes

1
Ton = 3 (%70 + P°(—7%) = p°7*7° + p*7°7° + m(1 — 0.)]
1 ~
or =5 [m =0+ + 75”75] (3.2.9)

where
o, =iy, =iy and P = p°0 + 0% . by =r" +p*y  (3.2.10)

Again,Comparing Eqs.(3.2.3) and (3.2.4)once more provides

(E,+m) 0 —p. 0
0 0 0 0
Th1n—1 = (3.2.11)
D2 0 —(E,—m) 0
0 0 0 0

In 2 x 2 matrix notation the above matrix can be written as,

11+ 0 0 —2(1+
Tnfl,nfl = En < 2( 03) 1 > +pz ( 1 ( US)
0 —5( 1+0'3) 5( 1+O’3> 0

+m ( 3( 1+09) 0 ) (3.2.12)
0 1(1+403)

DO [—
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A further expansion Eq.(3.2.12), in 2 X 2 matrix notation provides

1 0 o3 0 0 —1 0 —o
Toinr =5 5 +5 +5 3
0 —1 0 —03 1 0 03 0

_'_@((14‘0'3) 0 )
2 0 (1+03)

In 4 x 4 matrix notation the above equation will be

1
Tn—l,n—l = 5 [pO’YO +p3(—73) —p07573 _p37075 + m(l + O'z)}
1 ~
or =3 [m(1+02) + ) — By (3.2.13)

Having similar comparison and analysis for rest of 7; ; matrices

0 0 01
0 0 00
Th1, = V2neB (3.2.14)
0 -1 00
0 0 00

In 2 x 2 matrix notation the above matrix looks like

Vi 0 0
T, ,, = V2B [( 71 ) v ( 72 )] (3.2.15)
2 —01 0 —09 0

When converted back to the 4 x 4 matrix notation the above equation becomes |,

1
Th1pm = —5\/27168(71 + i72) (3.2.16)

Similarly 7, ,_1 will be given as

Thn-1 = V2neB (3.2.17)

o O O O
o o = O
o O O O
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The 2 x 2 matrix notation of the 7;, ,_; matrix is

2neB ( 0 21>+z'< 0 _(;72)] (3.2.18)

2
Which when converted back to the 4 x 4 notations the above 2 x 2 matrix becomes ,

Tn,nfl =

1
Ton-1= —3 2neB(y1 — i72) (3.2.19)

So now we feed all the T;; values from Egs.(3.2.9),(3.2.13),(3.2.16),(3.2.19) to the

spin-sum machine given by Eq.(3.2.1) or Eq.(3.2.4) so as to get the output :

Py(y,ysn.py) = Y Udy,n,p)Us(yssn, )

1

= WE x{[m(l+0.)+p) — ]ZH%]In—ﬂf)ln—l(@)

+ [m(L = 02) + By + Pl a(€) (€
— V2neB [71 272] (ﬁ)fn_1(f*)
— V2neB[y + iy Lio1(8)1,(&)} (3.2.20)

3.2.1 Calculation of the Spin-sum for the Negative Energy
Solutions

Beside their vital difference there are certain similarities between the forms of the pos-
itive and the negative spinors which enable us to write the spin-sum for the negative

spinors as

n

1 -
Py (y, .1 p)) = ZV (.0, PIVolyompy) = 5 >, LOLE)T

i,j=n—1

(3.2.21)
where Tms are the 4 x 4 matrices. Next we perform summation over all the possible

spin degrees of freedom using left hand side of Eq.(3.2.21) to obtain the exact form
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of T; ;5. Therefore:
PV(yvyhnapy) = Z%(yanapy)VS(y*vnvpy)
= V+ (y7 n, py)er (y*a n, py) + V_ <y7 n, py)v— (y*a n, py)

But V, (v, n, py) = Vl (Yx, 1, Py, )7° Where T shows the adjoint.

Thus7 V+(y*,n,py) = [ E:_T_mjnfl(g*) E22_em[ (5*) - nfl(g*) O

so that .
Efj_m[n—l(g)
L ()
V+(ya”apy)v+(?/*anapy): = Enp +m I 1(5*) E:ne (5*) - n—l(g*) 0
In—l(é—)
0
Hence,

V+(y, n, py)v+ (y*7 n, Py) -

Tl I O L (6) P L A (O1E) —gEm LI a(E) 0

P 2B L (L () FEERLOLE)  —EELE L () 0
L (&) B () L ()h1(&) 0
0 0 0 0

Following similar procedures, for s=-1 :

V*(y*vnvpy) = V—T(y*vnvpy)’)/O:>Vf<y*7napy) = [ gZZ_Tm n— 1(5*) ~En +m (f*) 0 _In(f*)
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so that )
Eiierflnfl(g)
— — Pz In(f) oTTe - . - -
V—(yanapy)v—(yhnapy) = En—Hg X [ %Infl(f*) _Ef+mjn<£*) 0 _In(f*)
L(§)
Thus,

V2B | (€)1, 1(E.) o L(O(E) 0 — L)

Consequently, Py (y, yx, 1, Py) = Vi (y, 1, D)V 4 (4 1, 2y) V- (4,0, 2)V - (Y, 1, py) =

[ e g () () 0 T 1 ()1 (6) F22B L, 1 (6)14(E)
0 el f (O1(E) —ZELEaE)  pEalOIE)
(E:—j_m)]n—l(g)]n—l<g*) %In—l(g)]n(g*) - n—l(é)]n—l(g*) 0
%[n(g)]n—l(é) _(Ef—im)]”(g)[”(é*) 0 _]n<é>[n(g*>
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A complete expansion of the term given at the right hand side of Eq.(3.2.21)provides
PV(yJ Yxy Ty py) =

1
E,+m

[]n(g)]n(g*)fn,n""jn—l(g)ln(g*),fn—l,n"f']n—l(5) n— l(f*) n—1,n— 1+] (g) n— 1(5*) n,n— 1]
(3.2.23)

Comparison between the above two consecutive equations furnishes the 7; ; values as:

0 0 0 0

~ 0 ETL - O z

Ton = ( ) P (3.2.24)
0 0 0 0
0 —p. 0 —(E,+m)

Rewriting the above matrix in 2 x 2 matrix notation we get

Tnm:En(%u—ag) 0 >+pz< 0 %(1—03)>
0 —2(1—03) —3(1—o03) 0

More detailed form of the above 2 x 2 notation will be exhibited as

- 1 0 - 0 0 1 0 -
T — 1B, 1B, o3 s L o3
0 —1 0 o3 -1 0 o5 0

_ﬂ (1—0'3) 0
2 0 (1—o03)

Therefore with the use of Append.D and properties of the gamma matrices, in 4 x 4
notation we have

Tnn = ’}/ + 75’}/3 + p22’70'75 pz’y - %(1 - Uz) where En = po = Po

2 1 0 0
Ton = E[p Yo + 04 (—=7%) = p°¥*7° + p*109° —m(1 - 0.)]

Ton = 5 [—m(1 = .) + By + s (3.2.26)

NO| —
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The other possible Tz] matrix is Tn—l,n—l which can be written as ,

(En - m) 0 —Pz 0

- 0 0 0 0
Th1pn—1 = (3.2.27)

j 0 —(E,+m) 0

0 0 0 0

The 2 x 2 representation of the above matrix becomes,

. 1+ 0 0 —i(1+
Tn—l,n—l — En < 2( ag) 1 > +pz < 1 2( 03)
0 —5( 1+O‘3) 5( 1+0’3) 0

_m ( 3(1+03) 0 ) (3.2.28)
0 s(1+03)

~ 1 0 o 0 0 —1 0 —o
OI‘ T’nfl,nfl = % _i_% 3 +% +% 3
0 -1 0 —o3 1 0 o3 0

_T (1+U3) 0
2 0 (1+o03)

Hence the corresponding 4 x 4 representation the above matrix equation becomes

1
T 11 = 5 [po% +p* (=) — p°v°7* — p*y°9° —m(1 + O'z)]

To complete the expanded summation given by Eq.(3.2.23) we still need the other

two T; ; matrices, T}, ,—1 and T),_; , where

00 0 -1

. 000 O

Th_1n, = V2neB (3.2.30)
01 0 O
000 O



In 2 x 2 notation the above matrix becomes

N v/ 0o - 0 -
Ty — 2neBB o1 Y (o)
2 01 0 (o) 0

From the 2 x 2 notation given above one can recover 4 x 4 notation as,

1 — ‘
Tn—l,n = 5 277‘68(’71 + Z’YQ)

Similarly for TN,m_l ,

00 0 O
N 00 —10
Thn—1 = V2neB

00 0 O

10 0 0

The 2 x 2 notation of the Tn,n—l matrix is

7 _\/QneB 0 —o _; 0 —oy
et 2 01 0 02 0

which when converted back to the 4 x 4 notation becomes |,

~ 1 )
Tn,n—l = 5 \ 2”68("}/1 - 272)
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(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

Right now the summation machine given by Eq.(3.2.21) or(3.2.23) is ready hence we

supply the input from Eq.(3.2.26),Eq(3.2.29),Eq(3.2.32),Eq(3.2.35) so as to get the

output:

PV(ya Yyy Ty p@;() = Z V;(ya n, py)vs (y*a n, py)

1

= ——— x{[-m+0.)+p _i||’75]fn—1<§~>—fn—l(§*)

2(E, +m) ]
+ [=m(l = a) + Py + P (O L)

+ V2neB[y, — Z"Y2][n(é)1nfl<é*)
+ V2neB[y + Mz]fn—l(g)]n(é*)}

(3.2.36)



93

Some of the most amazing features of the results that we acquire from equations

(3.2.20) and (3.2.36) are first

PU(:’-/)y*anapy) = _PV(y>y*7n7 —py) (3237)

which is similar to the result in free space Eq.(1.2.20).
Second, this spin-sum is quite indispensable (corner stone)in calculations of scattering
cross-sections and decay-rates involving charged fermions in back-ground magnetic

field.



Chapter 4

Discussion and Conclusion

4.1 Gauge Dependence

At the beginning of the second chapter we gave short summary on gauge condition and
there we have chosen gauge configuration Eq.(2.2.8)which provides the background
magnetic field along the z-coordinate axis. This equation is used to solve the Dirac
equation in the presence of background magnetic field . Therefore most of the results
that we obtain throughout this thesis are specific to the choice of the background
gauge field . The spinor solutions are dependent on the gauge choice and hence are
not gauge invariant. On the contrary physical observables (Quantities) like the dis-
persion relation, the decay-rates and scattering cross-section are gauge invariant. If
I made other gauge choice instead of Eq.(2.2.8) then the spinor solutions, the Spin-
sum Eq.(3.2.20), Eq.(3.2.36) and the ortho-normality in section 2.6 would be different
and hence are gauge dependent.But in the calculations of decay-rates and scattering
cross-sections we always perform integration and consequently the end results will
not depend upon which gauge we started with. As we have already stated the energy
of the electron given in Eq.(2.3.25)with ) = —1 is not gauge dependent quantity,

any gauge we choose we will get the same dispersion relation of the electrons. One

o4
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of the many unique features of the n = 0 state is that this state is not gauge choice
dependent as it depends directly on the form of the dispersion relation.

The above discussion highlights the fact that, most of the quantities calculated in
this thesis using the exact solutions in the presence of the uniform magnetic field
relay heavily on the choice of the vector potential. That is, the solutions of the Dirac
equation in the presence of a uniform magnetic field along the z-direction obtained
using various vector potential will be different but related by smooth gauge trans-
formations. Second the free Dirac solutions can be gauge rotated where the gauge
fields are pure gauge configuration. But since there is no connection between the
gauge configurations giving rise to a magnetic field along the z- coordinate axis and
pure gauge fields, we can not retrieve the free Dirac solutions as a limit of the exact

solutions in a magnetic field.

4.2 Conclusion

In this thesis we solved the Dirac equation for both the free field and in the presence
of a uniform background magnetic field specified by a particular vector potential. The
dispersion relation of the electron is seen to change from its form in the vacuum and we
see the emergence of Landau levels designating the quantized nature of the transverse
motion of the electrons. The Dirac solutions in the presence of background field are
dependent on the Landau levels and the energy of electron is seen to be degenerate
except the lowest Landau level energy i.e n = 0. It is seen that there is no way to get
back the free Dirac solutions from the exact solutions in presence of the magnetic field
by letting the field strength goes zero in the solutions, a fact which is related to the

gauge invariance of the system. Unlike the free Dirac solutions, the Dirac solutions in
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the presence of the back ground magnetic field are not in general ortho-normal. When
we have a magnetic field of much smaller magnitude than the critical magnetic field
then the Landau level number will be very high, making the solutions ortho-normal.
The spin-sum of this solutions are derived explicitly using the exact solutions of the
Dirac equation in a magnetic field. Though the calculations are exact and important
in astrophysical applications we need to be a bit careful about the gauge dependence
of the the result. As most of the quantities calculated in this thesis depend on the
choice of the vector potential giving rise to the magnetic field so the gauge invariance
of the calculations become less transparent. In the penultimate section we discuss
about the gauge invariance of the calculations in presence of a magnetic field and
show that although the spin-sums may not be gauge invariant but physical quantities
like scattering-cross sections and decay rates of elementary particles in presence of
a magnetic field can be gauge invariant. The main application of the overall work
is in the calculations of decay-rates and scattering cross-sections of charged particles
in the presence of a magnetic field.Hopefully the astrophysics research group will use

the results of this thesis.



Appendices. Supplements

4.3 A . Identities

From the properties of the Pauli matrices (o; ,i = 1,2,3)we have
{0i,0;} = 26;; and [0i,0;] = 2i€;j,0) as anti-commutation and commutation

relation of the three Pauli matrices respectively. where

1. for i=j
5@']':{ or 1=]j

0, otherwise

and ¢;;;, is Levi-Civita symbol defined by

+1, even permutaions of i,j,k
€jk = § —1, odd permutations
0, otherwise

as a result, for any two 3 vectors a and b

(0-a) Zajajzakbk
Z Z O'jO'kank

From the commutation and the anti commutation relation we obtain the identity

relation

(c-a)(o-b) = > ) (dxajby + icijroiaby)
ik

(0-a)(c- b) = (a- b)+ioc-(axDb)

27
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4.4 The Normalization Constants and Relations
Between Different I’s

let’s multiply two generating functions

—t24-2t6 —s242s6 = iﬁ
SO = R
so that
e t v oo o0
Z (st) / o8 [H,,(ﬁ)]z dé = / 6—t2+2tf—s2+2s§—§2d€
vl -
— /00 6—(§—s—t)262std§
= 27 (st)V
/2,25t _1)2
= iz = ey 2O
v=0
Equating the the left and side with the right hand side
| et miera - 2au (441)

The probability of finding a particle over the entire space is 1. i.e

/ffxwL@Myzl

o0

> 2 d
EMWP/:eﬁ[onfg%wg——l
|NV|2 v, 1/2 —
6|Q|B (2 T V‘) 1

(4.4.2)
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From equation Eq.(2.3.19) ,,(¢) = N,e ¢/2H,(¢) and from equation(4.5.8)

1/2
N (VOB
v T\ 2

(2,/)1/2 2”_17T1/2(V -1

N, = L ( J/eIQIB )”2 Nyt
v - )! -

hence,

2vl/2p)

1/2
L) = (Ve'Q'B) €12 (6)

Using the first recurrent relation Eq.(4.5.2)

H,(€) = 2§H,,1(§)_3Hna—£1(§)
= 1,(6) = 26H, (N, ¢ - 8Hna—€1<£)Nue_§2/2

% 1 9 1,1(6)
= qufl(f) T 2o 9E (L-1(8)) = ¢ (20)172

hence

1 Oly_l(ﬁ)}

1,(§) = W{{Lq(f)— a¢ (4.4.3)

To find the other relation between I, (§) and I,(§) a similar procedure can be

maintained. From Eq.(4.5.9), using some definition and recurrence relation :

Ll = oot e - 25

and also

Lna(§) = Nyre $PH, 4, ()

= Nype €2 26H,(€) — 2vH,_1(€)]
g U6 - > (-1 (€)]
2(v + /2" )220 + )]z U
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Comparing the above two consecutive equations provides a relation

81525)1

],,,1<§> = W{glu(’g)_'_

(4.4.4)

4.5 D . The Gamma Matrices and the Dimension-
less Variable

1 0
By definition v, =% = = < ) where 1 is a 2 X 2 unit matrix.And also
0 -1

by definition

. ) 1 0 0 oF 0 oF 5
V= Bak = = where £k = 1,2,3 and o" are
0 -1 ak 0 —ak 0

the Pauli matrices

Y = grjy’ = —7* in general. The other 4 x 4 gamma matrix is
5 o 1.2.3 1 0 03 0 0 03 . 0 1 L.
7= =YY = = simil-
0 -1 0 o3 —o3 0 10
larly

19 ) 0 ot —1 0 —0109 0 o3 0
-0l 0 0 =1 0 —0109 0 o3
where o, is a 4 x 4 matrix. Multiplications of v°4% and 7°7® in 2 x 2 notation

are very straight forward:

5 3 0 1 0 03 —03 0
7oy? = = ,
1 0 —03 0 0 03
o5 1 0 0 1 0 1
7oy = =
0 -1 10 -1 0
Lastly the anti commutation relation of the gamma matrices has the following form

{v*, 7"} = 2¢" where v =p=0,1,2,3[12].

Next we will have a short summary on dimension of the variable £. In natural units



61

h = c =1, because energy E = hw the dimension of energy will be inverse of the di-
mension of time. Considering the relation between energy and mass provides a similar
dimension for both . Beside the above two relations the dimension of length will be
the same as the dimension of time for the simple reason that ¢ = 1 in natural units[4].
Merging all the three ideas [Length=L|=[Time=T|=[Energy=E|"=[Mass=M]" from
Eq.(2.3.15)

§=+/elQIB (y + e’é—%)

But if V=velocity ,QQ=charge, B=magnetic field then

dim(Force=F)=[Q][V][B]

= dim(momentume=P)=[T1[Q][V|[B]=[T]|Q][B]

= dim 2 ) =12 — (7] = (L]

QB [QI[B]
dim(QB)=[Q][B]=% = % = ﬁ therefore our variable £ is dimension less in the

natural unit.

N.B The dirac delta function has the following important property:

5(g(z)) = Z%

where g(a)=0
g'(a) #0

4.6 Lorentz Transformation and Ortho-normality
of free space solutions

For a lorentz boost along z-axis the transformation of the 4- vector x* = (z,,x)is of

the form|[13]



The above transformation can be rewritten as

x) v 00 —B

x B 0 1.0 0

s | | o o1 o0

Z —~B 0 0 ~«
where v = —-—B = V in natural units

Vv1-B2

Using standard parameterizations

sinhw =~vB  coshw =7

For infinitesimal rotation through angle w

x) coshw 0 0 —sinhw
| 0 10 0
y | 0o 01 0
Z —sinhw 0 0 coshw
For a small w

! 1 00 —w

! B 0O 1.0 O

v | | o 01 0

2 —w 0 0 1

The lorentz transformation of the 4- vector p* is
P = Nip”

or

P = (0 el

To
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(4.6.1)



where

B p
el = Awll

Hence,from Eq.(4.7.1) for boost along z-axis

0 00 -1
0 00 O
=
0 00 O
-1 00 O
Since
cosh(w) =7
w o W oW o W
—) = — — ) = —) — 1
cosh(2) cosh(2)+smh(2) 2cosh(2)
Hence,
w (1+7) \/E +m
h — ) = =
cosh(3) \/ 2 2m
Similarly

)= () (i) = vomer

The product of the positive free space spinors is

U,(P)U>(P) = Uj~+°(p)Us(p)

0
E+m
e R B S V om
2m 2m(E+m) 0
_ P
2m(E+m)

63

(4.6.2)



similarly

Va(P)Va(P)
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