ON DUFFING'S EQUATION WITH DIRICHLET BOUNDARY CONDITION.

ADDIS ABABA UNIVERSITY
SCHOOL OF GRADUATE STUDIES

DEPARTMENT OF MATHEMATICS.
SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIRMENT FOR THE DEGREE
OF MASTER OF SCIENCE IN MATHEMATICS

PREPARED BY : AMAN TUNSHURA

ADVISOR : TADESSE ABDI (PH.D)

MARCH, 2014



ADDIS ABABA UNIVERSITY
DEPARTMENT OF MATHEMATICS

The undersigned hereby certify that they have read and recommend to the department
of mathematics for acceptance of this project entitled ”ON DUFFING’S EQUATION
WITH DIRICHLET BOUNDARY CONDITION” by Aman Tunshura in partial ful-

fillment of the requirements for the degree of Master of Science in mathematics.

Advisor: Dr.Tadesse Abdi

Signature:

Date

Examiner 1: Dr.

Signature:

Date

Examiner 2: Dr.

Signature:

Date




Contents

Introduction

1 Basic Concepts and Definitions
1.1 Initial Definitions and Basic Theory . . . . . . . . . ... .. ... ...

1.2 Notions of Convex Function . . . . . . . . . . . . . . .. .. ... ...

2 Overview of Function Spaces
2.1 Lebesgue Spaces. . . . . . . ...
2.2 Multi-index and Derivatives . . . . . . . . ... ... ... ...
2.2.1 Multi-index . . . . ...
2.2.2  Derivatives and Differential Operators . . . . . .. .. ... ..
2.3 Test Functions. . . . . . . . . . . . ...
2.4 Weak Derivatives . . . . . . . . ...
2.5 Sobolev Spaces . . . . . ...
2.5.1 The Sobolev Space W'(I) and Wy P(I) . .. ... ... ....
2.5.2  Embeddings of Sobolev Spaces . . . . . . . ... ...

3 Boundary Value Problem For Duffing’s Equation
3.1 DMotivation . . . . . . . ..
3.2 Existence Results For Variational Equation . . . . . . .. .. ... ...
3.3 Critical Point,Palais-smale(PS) Conditions . . . . . . .. ... ... ..
3.4 Dirichlet Problem for a Forced Duffing

equation . . . . .. ... e e e e e

4 Weak solution of Dirichlet problem
4.1 Variational Framework . . . . . . . . .. ... .. ... ...
4.2 The Existence of a Solution . . . . . ... ... ... ... ... ...
4.3 TIterative Scheme Framework . . . . . . . . ... . ... ... ......
4.4 Tustration. . . . . . . . . . .

Bibliography

S W W

© ©

10
11
13
15
17
19

20
20
21
21

24

25
25
31
34
35

39



Acknowledgements

First and foremost I would like to give my thanks to the Lord who gave me the chance
to live and have all such experiences in learning up to this level of which T didn’t
think of.Secondly,my heart felt gratitude goes to my advisor Dr.Tadesse Abdi for his
constructive comments and friendly approaches all through the work.Next I would like
to thank my class mates for their constant support in sharing ideas and others who
helped me to.Finally my thanks go to my family [Medina K., Tunshura B.,Arabe T.and

Jibril T.] for their financial and moral support.



Abstract

We use a direct variational method in order to investigate the dependence on param-
eter for the solution of the following Duffing type equation with Dirichlet boundary

conditions

B(t) +r(t)a(t) — Folt,x(t)) — f(t) =0

and we observe that some outline of variational approach, in order to use this method.

Key Words and phrases:Dirichlet boundary problem,Duffing equation and

Lower semicontinuity



Notations

a.e Almost everywhere.
Q An open subset of RV,
Q The closure of  in RY.
o0 The boundary of Q ie 90 = Q\Q.
Ve I cQand Y is compact.
Oiu Uy, = au.
’ T Oy
o o +as+az+ -+ ap.
D« 889;11 - (989:;” for « = (a1, 9, 3, ..., ) € N is multi-index.
D2 The weak derivatives.

|- A seminorm on a Banach space, or an Euclidean norm in R™.

|- A norm on a Banach space

| z|x  Norm of z in space X

L .(2)  Locally integrable function over Q.

suppf The support of a function f : Q2 — R is defined by
{r eQ: f(z) #0}.

C>*(§2)  The space of infinitely often continuousely differentiable functions
on 2.

C3°(2)  The space of infinitely often continuousely differentiable functions

with compact support on €.

Lr(Q)  {f:Q—=R|[,|f(x)Pdr < oo}

D(Q) The set of all test functions.

WkP(Q) The Sobolev space of functions whose distributional derivatives up
to k' order belongs to LP().

WP(Q) First order Sobolev space on €.

WiP(Q)  The closure of C3°(€) in WHP(Q).

HEQ)  WEAQ).

H='(Q) The dual space of HJ ().

wlsc weakly lower semicontinuous

Isc lower semicontinuous



Introduction

The theory of differential equation oftentimes involves the theory of function spaces
that are defined in terms of properties of pertinent functions and their derivatives. In
this regard, Sobolev space turn out to be one with suitable settings as compared to
the classical Banach space of smooth functions C"(§2) and an ordinary differential
equation arise in many different context including geometry,mechanics, astronomy;,
population,etc.In this paper we need to introduce Duffing type equation,which is non
linear second order ordinary differential equation used to model certain damped and
driven oscillators and we are concerned with the variational formulation for the

duffing equation and study dirichlet boundary value problem for duffing equation of

the form,

where r € C'(0,1) stands for friction term , r(7) >0 for 7 € [0,1]. Here we do

not assume anything about the monotonicity of r, but instead we require that

%72 + %f(t) >0 for all ¢ € [0,1]

and G is a nonlinear term, satisfying some suitable assumptions, so G can correspond
to a restoring force for a string in string-damper system. The Duffings equation was also
found applicable for some problems concerning current and flux, thus r and G may
as well correspond to its coefficients. In classical variational problem we introduce
control function u € H}(0,1) with only function G dependent on it. Our main
result consist of some sufficient conditions for the existence of a solution to the above
equation and variational approach was found successful in proving existence of solution
to the above problem.In the boundary value problems for differential equations it is
also important to know whether the solution, once its existence is proved, depends
continuously on a functional parameter. This question has a great impact on future
applications of any model since it is desirable to know whether the solution to the
small deviation from the model would return, in a continuous way, to the solution of

the original model. So using this method we investigate the existence of solution for



above eqution and the differential equation with an integral equation,using integration
by part to reduce the order of derivatives,the so called Variational form. we discuss
more in chapter three and four. In the preparation of this paper the following sequence
of narratives are adopted. In chapter 1,we will see basic concept. In chapter 2, we will
see description of differential operator using multi-index notation followed by the notion
of test functions and weak derivatives of the functions. In chapter 3 we see boundary
value problem for duffing Equation. Finally, In Chapter 4 we see that weak solution for
dirichlet problem,variational formulation for duffing’s equation and establish existence

of non-trivial weak solution.



Chapter 1

Basic Concepts and Definitions

1.1 Initial Definitions and Basic Theory

Definition 1.1.1. [16] Let X be a vector space over a field of scalars,then a
mapping | - ||: X — [0,R) is called norm if it has the following properties:
a) ||z ||> 0; the equality holds iff x =0
b) |l cxl|l=lc ||z || for every scalar c

c) lztyll< lzll+lyl, vryeX

A wector space endowed with norm is called normed space.That is (X,| - || ) is

normed space
Definition 1.1.2. [16] Let X be a normed space and let {f,} be sequence in X.

a) {fn} converges to f € X if, limpse || [ — fu |[= 0 ;that is Ve > 0
, AN >0,Yn > N || f— fu lI< €.In this case,we write lim, o fr = f or fr = f

b) {f.} is cauchy ifVe >0 ,3IN >0 suchthat ¥ m,n> N,| fn — fo l|<e€

Definition 1.1.3. A normed linear space X which does have that all cauchy sequences
are convergent is said to be complete. A complete normed space is called a Banach

space.

Definition 1.1.4. [16] Let H be a vector space then H is an inner product space if
for every f,g € H there exists a < f,g > called the inner product of f and g ,such
that a) < f,f > idsreal and < f,f> >0

b)<f,f> =0« f=0

c)<g, f> =<fg>

d) <afi +bfe,g>= a< f1,9>+b< fo,9 >.



Remark 1.1.1. Fach inner product determines a norm by the formula

| fll=<f f>2

. If an inner product space H is complete,then it is called Hilbert space. In other

words,a Hilbert space is a Banach space whose norm is determined by an inner product.

Definition 1.1.5. [16] Let X,Y be normed linear spaces over the same field and
suppose that T © X — Y, we write either Tx or T(x) to denote image of an

element x € X.
a) T islinear if T(ax+ py) =aT(x)+pT(y) forevery x,y€ X and o, €R
b) T isinjective if T(x)=T(y) implies =1y

c) T iscontinuous if f,— f = T(f.) = T(f) thatis lim, o0 || f— fu [|x=
0 = Tty oe || T(F) = T(fy) =0

d) T is bounded if there is a finite real number ¢ so that || T(f) |ly< c|| f ||x for
every f € X. The smallest such ¢ s called the operator norm of T and
denoted by || T ||. That is || T || is the smallest number such that Vf € X

Definition 1.1.6. /5] (Dual Space). If X is a normed linear space then its dual
space s the set of all continuous linear functional with domain X. The dual space
usually denoted by X' or X*. That is

X = {T : X — C,T is continuous and linear}. A Banach space X is reflexive
if (X)) = X.

Theorem 1.1.1. [15] Lebesgue dominated convergence theorem
Let E  be lebesque measurable set and {f,} are lebesque measurable functions such
that lim,, o fn(x) = f(x) exists. Assume there is an integral g : R — [0, 00| with
| fn |< g(x) for each x € E. Then f is integrable as f, for each n, and
lim | f.dp = / lim f,du = / fdu
E E T E

n—oo

proof see [15]

Definition 1.1.7. [16] Let X be normed space. A sequence {x,} C X is said to
be weakly converges to © € X written as x, — x if f(z,) — f(z),Vf € X .



Definition 1.1.8. [15] Let {f.} be sequence of real valued functions defined on a
subset Q0 of R™. Let x € (), the sequence is called Equicontinuous at x ,if Ve >
036 >0, independent of n, such that ||f.(y)— fn(2)|| < € fory € Q with |ly—z|| <.

Theorem 1.1.2. [16] ARZELA ASCOLI

Let {f,} be sequence of real-valued functions defined on a compact subset

of R™. Assume that there is a constant M  such that || f,.(z) |[< M , VneR and
YV x € Q. Moreover, assume that the sequence {f,} is equicontinuous at every point

of €1, then there exists a subsequence which converges uniformly on ().

Proof: Let {X;}ien be sequence of points that is dense S.

The sequence  f,(z1) is bounded; hence it has subsequence.i.e,we can choose a
sequence my; such that fy, (z1) converges as j — oo.similarly, we choose subse-
quence 1mg; of the sequence m;;,such that fm2j(x1) converges.since my; subsequence
of my; ,fm,,; (x1) converges as well.

Next, we choose a subsequence ms; of sequence my; such that f,, (r1) converges
also at x3.we proceed in this manner.

Finally,consider the ”diagonal” sequence f,,; (z1). Except for the first i—1 terms, m;; is
the subsequence of m;; shence f,,. (x;) converges Vi € N. To simplfy notation,we shall
set gi = fm,; in the following.

To conclude the proof,we show that the sequence g¢,, is uniformly cauchy.Let ¢ > 0 be
given and g,,,being a subsequence of the f,,, are uniformly equicontinuous on S ;hence
there isa ¢ >0 such that | g, (y) — gm(z) | < § whenever |y —x| <. since S
is compact, there is a k € N such that for every x € S there exists | x; — z |< 6.

Now choose N large enough so that | g, (7;) — gr(2;) | < § form,k > N and every
i €{1,2,...,k} and arbitrary x € S. Now we have

| gm (@) = gr(@i) |<| gm (@) = gm(@i) | + | g (i) — g(@) | + | grlzi) — ge(x) [< €

for some i € {1,2,....,k}. !

Let X and Y besets and Y C X wesay Y is Dense subset of X, if for every z € X, there
is exists a sequence of elements {y,}neny in Y such that limpeoy, = .



1.2 Notions of Convex Function

Definition 1.2.1. [17] Let X be a banach space.

a) A function f:X — R s said to be conver if
fAz+(1=Ny) <Af(x)+ (1 =N f(y), Vo,ye X,YA€[0,1]. and f strictly
convex if

fAz 4+ (1= XNy) <Af(z)+ (1= A)f(y)

b) The set defined by domf ={x € X : f(x) < oo} is called effective domain of
f.

c) The epigraph of the function f s the set epif = {(z,a) € X xR: f(z) < a}

d) A function f : X — R s called proper convexr if f(x) > —oo;z € X  and
F(w) # +o0.

Definition 1.2.2. Let Q C R" be an open set and let f : Q x RY = R then f is

said to be caratheodory function if
i) &— f(x,&) is continuous for almost every x € Q
ii) x— f(z,€) is measurable for every & € RN

Theorem 1.2.1. A function f : X — R s convex if and only if its epigraph is

conver.



Chapter 2

Overview of Function Spaces

2.1 Lebesgue Spaces

If QCcR* isadomainand 1 <p < oo, then
LP(Q2) = {f:Q—>R:/Q|f(:E)\pdx<oo}
is space of p-integrable functions on €2, while for p = oo
L¥Q)={f:Q—R:|f(z)| < MaeonQ, M>0}

is the space of essentially bounded functions on 2. We recall, for f € LP(2),1 < p < 00

([, [f@)Pdz)?, 1< p< oo

1 fllzr) =
esssupq | f(z)], p = o0

is a normed space which is complete i.e a Banach Space.

Definition 2.1.1. /5] Locally integrable functions: For 1 < p < oo, the space of locally
integrable functions on Q, L} = {f: Q — Rs.t [, | f(z) [P< 00, K CC Q} is the set

loc

of functions which are p — integrable on every K C £ compact.

Proposition 2.1.1. For 1 <p < oo, L?(Q) C L} .(Q)

loc

Proof: Let f € LP(Q).

1, e K
0, v¢ K



is an indicator function of K CC €2, then for 1 < ¢ < oo with % + % =1, we have

[ls@lie = [ sl

< || ||pallfllze, (Holder's inequality)

< o0

Therefore f € L, .(Q)

loc

Lemma 2.1.1. /5/ LP-space Inequality

a) (Minkowski)
For1<p<ooand f,g € LP(Q) then f+ g€ LP(Q)
and [| f+g ll=[1 f o+ 1 9 [l

b) (Hélder inequality)
For,p,q € [1,00) such that % + % =1, feLP ge L% implies
faeL? and| fg <l f lpll 9 llq

Proof: see [5]

Theorem 2.1.1. [5/ (Riesz representation theorem): Let 1 < p < co and let
v € (LP)* Then there exists a unique function w € LP  such that

<o, f>= [uf, VfelLr
Moreover, || u ||y =| ¢ ||(zr)--

Remark 2.1.1. This theorem says that every continuous linear functional on LP with
1 < p < 0o can be represented concretely as an integral. The mapping ¢ — u, which s

a linear surjective isometry, allows us to identify the abstract space (LP)*  with .
Proof:see [5]

Definition 2.1.2. The support of the function f on Qis

supp f ={x € Q: f(z) # 0}

Evidently, the space Cy(Q2) of functions with compact support on S is a linear space,
that is

1. f€ Co(Q) = af € O@(Q), aeR

i. f,9 € Co(d) = f +g € Co(Q)



2.2 Multi-index and Derivatives

The use of multi-index notation for partial differential operators renders an efficient

and ultra convenient settings for description of differential equations.

2.2.1 Multi-index

An array o = (ag, a9, ,a,) € NJ of non-negative integers is what we call n-

dimensional multi-index. With multi-index o we associate the following scalars,
o= +a+-+a,
i. al = oylay! -+ ay,!

The operation of addition on the product set N is introduced component wise, that is

a+ = (a1 + b, ,an+6)

Proposition 2.2.1. The relation ~ defined on Nj by

s a partial ordering.

Proof: i) Let a € Njj be arbitrary.
Since, o; < oy for 1=1,2,---,n
we have a ~ «

= 7 ~7 is reflexive.

ii) Let o, 8 € Nij such that
a~p N B~a

S0, <B N Bi<a i=12---'n
Saq;=0; i=12---n
=a=/[

= 7 ~ 7 is antisymmetric.

iii) Let o, 8,y € Njj such that
a~f N By

=a; <795 1=12,---n
= an~y
= 7 ~ 7 is transitive.



7

Consequently, ” ~ 7 is partial ordering, and (N, ~) is partial ordered set. One can

employ multi-indexes to describe a monomial in R™ and a polynomial of degree k£ with

n-independent variables, that is if x € R" and o € Nj} then a

i) Monomial

X =[x

i=1

ii) Polynomial of degree k

2.2.2 Derivatives and Differential Operators

We write Dy, for the usual partial derivative with respect to the k*-independent vari-

able. As a result, the expression
D = (D17"' 7Dn)

represents gradient.
If @ = (o, a9, , ) is n-dimensional multi-index with length |a| = & then the

expression
olely
Ox(* - - 0xfn

D% = D{"u---Dimu =
stands for o' derivative of u of order k.
Obviously, |a| =0 = a=(0,0,---,0)
= D% = D" = identity operator
la|=1 = ac{(1,0,---,0),(0,1,---,0),---,(0,--- ,1)}

= D e {Dl, Dy, - ,Dn} that is one of the n first partials.

For |a| = 2, D* is one of the @ second order partials.

A linear partial differential operator, L of order k£ can now be expressed as

L:= Z ao(z)D, x €R"

lof <k

10



consequently, a linear PDE of order k£ in n-independent variables is given by

Z ao(x) D% = b(x)

laf<k

and the corresponding quasi-linear PDE of order k is

Z . (3:, (Dﬁu)mgkq)DaU = b(i’?, (Dﬁu)lﬁlékfl)

|| <k
2.3 Test Functions
Given a non-negative integer k£, we say that a function
fQCR"—=R

is k-times continuously differentiable if
i) D“f exists on )

ii) D*f is continuous
for all multi-indexes o € Njj with |a| < k

Notation:C*(Q) = {f: Q > R: D*f € C(Q), |o] <k}
For Q2 C R™ a domain, the space of infinitely often continuously differentiable functions

on {2 is given by
C*Q)={f:Q—=>R:Df € C(Q), Yo e N}

and the space of infinitely often continuously differentiable functions with compact

support on € is given by
Cy () = {f Q= R: felCy) ﬂC"’o(Q)}

Notation: D(2) := C§°(Q2)
The set D(£2) as above is the set of test functions on {2

For demonstration, consider the function

e, [z <1
f(x) =
0, | = ||> 1.

11



Claim! f € C3°(R™)
Set f(z)=g(1—| z ||*) where

et, t>0
g(t) =
0, else.

Fort>0,e_T1€C'°° and
fort <0,9(t) =0 C®att=0,9(0)=0 and g(()#—h):e%1

h—0 h h—0 h
) 1.1
= Jm(7) (o) =000

1 1 1
set /{;:E then h:E and er =e¢

h—0 h h=0 “h’ \eh
. 1
= Jim (1)()
.k 00
= Jim 5 =)
1 / _
= klggoe—k (L HopitalsRule)
= 0
= ¢ (0)=0 evidently, ¢™(0)=0, VneN
= g€ C™[R")
=z |? lzl<1 L—2? |z]<1
If h(z)= =
0, fzlz1 0, Jel>1
, -2z, 0<|z|<1 )
then h (z) = at t=0=h(0)=1 and h(z+k)=h(k)=—k
0, |z |> 1.
_ 1-k%) -1
= lim (k) = (0) = lim(—>
k—0 k k—0 k
= lim(—k)=0
k—0

12



-2z, 0<|z|<1 -2, 0<|]z|<1

= h(0)=0 = h'(z)= and h'(z) =
0, r=0V|z|>1 0, |z |>1and at z =0
. /( >_h0 BT _2k_0 - . g
SR - ey =2=n
p -2, 0<lz|<1 ,,,
= h (z) =h (zr)=0,V2z =he(C®

supph = [-1,1] = h € Co(R") = supp f = supp goh = [—1,1]

. f € C°(R") = D(R™)

Hence f is a test function.

2.4 Weak Derivatives

In this part, we introduce the notion of weak derivatives, a situation whereby significant
weakening of the classical notion of derivatives takes place. The definition of weak

derivatives rests on the known concept of integration by parts,

/quigzﬁdx = —/ngzﬁwidx, » € D)

Definition 2.4.1. (Weak Derivatives) Let f € L},.(Q) and o € Njj. If there is g €
L. () such that

[ #6ds = (<) [ godz, o€ D@
Q Q

then we say that g is the o-weak derivative of f on €.

Notation: g = D2 f

Some of the typical properties of weak derivatives are stated in the lemma that follow.

Lemma 2.4.1. (Uniqueness )
Let f € L, .(Q) such that D% f exists for o € Np.

loc

If g and h are a'"-weak derivative of f on S, then g = h a.e on €.

Proof. By definition of weak derivatives; we have
9=Dif = [ fD%ods= (1" [ godz, Vo e D) (2.1)
Q Q
h=D"f = / fDYpdx = (—1)! / hodz, Vo € D(Q) (2.2)
Q Q

13



From (1.1) and (1.2) we have
Jo9(@)o(x) = [ h(z)p(x)dz =0, Vo € D(Q)
= Jolg(x) = h(x))d(x)dz =0, Vé € D(Q)
= (g(z) — h(z))p =0a.e on Q, Vo € D(Q)
= g(z) — h(z) =0 a.e on

= g(x) = h(z) a.e on Q

Lemma 2.4.2. (Linearity )
Let f,g € L} (Q) and o € N3 If f and g have a"-weak derivative on ), then so
does f + g, further more,

DS (erf +cag) = Do f +caDog

Proof 2.4.1 (Proof). Suppose hy = DS f, hy = D%g, then

/(clf + co9)D%pdx = / c fDpdx + / cogD%@dx Yo € D(Q), Vo € D(Q)
Q Q

Q

- / FD%dz + ¢ / gDédz, Vo € D(Q)
Q Q
_ (o)l e
e1(=1) /th(bdx—i—CQ( 1) /thcbdx, 6 € D(Q)

= aDyf+ceDyg
Lemma 2.4.3. (Commutativity )
Let f € Li,.(Q) such that D2 f exists for |a| = k and ¢ € D(Q).
If a, B € Ny with |a+ 8| = |a| + |5 = k then

Di(Dyf) = Dyy(Dy f)

14



Proof.

|0 pjods = (1) [ (DF D70
= (-1 [ D6
= (-0 [ fD" 0
— (—1)"’/QfD“(DfB¢)da:
= (—1)k+a|/QDafD5q§dx
~ (-0 | DD )
= /Q DP(D* f)pda
]

Function spaces visited thus far are not adequate for indepth treatment of partial dif-
ferential equations. Treatment of the theory of partial differential equations, especially,
approximation (interior) of solutions by smooth functions requires a space with suitable

settings. Hence, the need for Sobolev Space.

2.5 Sobolev Spaces

If @ C R™ is a domain and k is non-negative integer, the space of functions on €2 whose

h

a'-weak derivative exists for various orders (up to k)

WrQ) ={f:Q—=R| D? exists Va |a|<k}.

The space W*(Q) has the following properties,

i) Wk(Q) is a linear space.

ii) C*(Q) Cc WHQ)
Property i) is an immediate consequence of the linearity property of weak derivatives
while ii) follows from the fact that classical differentiability implies weak differentiabil-

ity.

For 1 < p < oo and k a non-negative integer, the space of k-times weakly differentiable

functions with p-integrable weak derivatives on €2,
WHP(Q) = {f e WHQ) : Dy f € LP(Q), |a| <k}

15



is a linear space.
We define a norm on the space W*?(Q) by

1
(Z|a\§k Jo | DS flPdz)?, 1 <p<oo

11l )
E|a|§k esssupg | Dy f|, p =00

We make the following observation,

i) Since |DSf] >0, Va e Ny
we have || f|[wer) > 0 and || f[|lwrr) = 0 if f =0 a.e on Q.

ii)By linearity of weak derivative, for any scalar, D% (Af) = ADSf.
= [Dy (M) = A[D5 /]
= [[Mfllwea) = (A llweo )

iii) For any f,g € W*(Q2) and 1 < p < ox,

> [1pas+9) |pdx)

|a|<k

(
_ (Z/\DaerD V%)l
(Z

1f + gllwrr) =

la|<k

B =

(1102 F 1oy + ||D:;gr|mm)”)

|a|<k

g(zumfum) + (X 1ozl )

loo| <k la| <k

= |fllwre + [lgllwrs@

and convinced that || - ||k is indeed a norm

As a result, the space
{WhP(Q), ]| - |lwrp) b

is a normed space. We proceed to show that this space is complete. To this end, let
{fn}zo: WHkP(Q) be a Cauchy sequence.
= {Da(fn) } C LP(Q) is a Cauchy sequence for any a with |a| < k.

= limy, 00 D2(f1) = fo € LP(Q) (Since LP(2) is complete.)

= lim, o0 fn=f € L ; (a=(0,0,---,0) D*= D" = identity)
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It remains to show f € W"?(Q)
Now, for ¢ € D(Q) fixed,

/Q fDdx = /Q lim f,D*¢dx

n—oo

= lim | f,D%¢pdx
Q

n—oo
= lim(—l)""/D"fnqux
n—oo Q
= (—1)04/ lim D®f,¢dx
Q’VL—H)O

= (~pe /Q fadda

= Dif = fa € LP(Q)

= f e Wh?(Q)

Definition 2.5.1. (Sobolev space) [5] For 1 < p < oo and a non-negative integer

k, the Banach space of functions on (2,

{Wk’p(9)> || - HW’W(Q)}

is called a Sobolev space. Sobolev space with k =1 i.e W'P(Q) are often called first

order spaces.

For 1 < p < n, the number p* = n"—_’; is the Sobolev conjugate of p. Since z% = "n;p =
1

5—%<%wehavel§p<p*

2.5.1 The Sobolev Space W'?(I) and W,"(I)

Let I = (a,b) be an open interval, possibly unbounded, and let p € R with 1 <p < oo

Definition 2.5.2. [5/ The Sobolev space W'P(I) is defined to be
WiP(I)={U € LP(I);3g € L? such that [,U¢ =— [,gp Vo€ C:I)}

Remark 2.5.1. Forp=2 ;We set H'(I)=W"(I).

Definition 2.5.3. /5 Given 1 < p < oo, denote by W, P(I) the closure of C*(I) in
W,
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Remark 2.5.2. Forp =2 ;We set HL(I)=Wy>(I)

The space WyP(I) is equipped with the norm of W?(I) , and the space H((I) is
equipped with the scalar product of H*(I).

The space W, ?(I) is a Banach space. Moreover, it is reflexive for p > 1. The space
H}(I) is a Hilbert space.

Proposition 2.5.1. [5/ (Poincaré’s Inequality) Suppose I is a bounded interval.
Then there exists a constant C (depending on | I|< oo) such that

1 U wiony< C | U oy YU € WyP(I)

In other words, on Wy *(I), the quantity || U || o1y is a norm equivalent to the W (I)

norm.

Proof. Let U € Wol’p(l) (with I = (a,b)). Since u(a) = 0, we have
| u(z) |=] u(z) —u(a) |=] ;U (Odt |<]| U ||
Thus || U ||z <|| U ||L1 () and | U lwieny< C || U ||zo(r) then follows by Holders

inequality

Remark 2.5.3. Let 1 <p<gq, z € LY0,1),f € Lﬁ(o, 1) then

1
>/ o P dt <l Wl F L oy - (23)

it) || @ [|zro,) <l  ||Lago,1) (2.4)

Lemma 2.5.1. Let I = (0,1) f € Hg(0,1)

£ 122 (0.1) <l G Nlzzon-

In this paper we use this formulation of poincare inequality.
proof
Since f € H}(0,1) , then f(0) = 0 then

| F@) 1= 7@ = £0) =] Jo Fdt 1<I G Neon<IE 2o by (24)

This leads us to very important estimation, that we will use a lot in this paper:

[ IPAORY _|| HL2 0.1) (2.5)
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From 2.4 we have that for 2 and n > 2 the following holds

| f 2o <l f llzeon

By taking n — oo and using known property that || 2 ||re(01)= limpsoee || f ||2r0,1);

we obtain

I f 2o < f oo <I 2 [l r201) by (2.5)

Since Poincare inequality holds we shall use the following norm in H}(0, 1) space

| F 1B 0ny= o (S(8) dt

2.5.2 Embeddings of Sobolev Spaces

The importance of Sobolev spaces lies in their connections with the spaces of continuous

and uniformly continuous functions.

Definition 2.5.4. Let V and W be two Banach spaces with V- C W. We say the space
Vis continuously embedded in Wand write V-— W, if

o llw<ellvllv

Definition 2.5.5. Let X and Y be banach spaces,X CY, we say that X is compactly
embedded in'Y written as X CCY if

i) X is embedded in'Y ,and
ii) each bounded sequence in X is compact in'Y

Theorem 2.5.1. /5] (Gagliardo-Nirenberg-Sobolev inequality)

Assume 1 < p < n. There exists a constant C' depending only on p andn such that
lull, 22@<C | Dulle Vuée C3(Q). for all uwe CYHQ).

Proof: see [5]
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Chapter 3

Boundary Value Problem For
Duffing’s Equation

3.1 Motivation

Consider the problem

—Z(t) +0(t)x + c(t)z(t) = f(t) in Q= (a,b)

3.1
z(a) =z(b) =0 31

where b ,c, f are continuous function. The boundary condition z(a) = x(b) =0 is

called Dirichlet Boundary Condition.

Definition 3.1.1. [5] A classical solution of (3.1) is a function x € C*(Q) satisfy-

ing (3.1) in the usual sense.

Assume that a classical solution exists, i.e, a twice continuously differentiable func-
tion x that satisfies(3.1). Then multiplying (3.1) by arbitrary continuous function y and

integrating, we have

/I(x + bi + cx)ydt = /Ify; Yy € C(Q). (3.2)

If a function =z satisfies equation (3.2) for all y € D(Q2) then =z is called weak
solution of the differential equation (3.1). Then integrating (3.2)using integration by

parts we obtain

_ /I g + (bi: + cx — f)y)dt =0 (3.3)

which is called variational problem (equation) for differential equation (3.1).
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3.2 Existence Results For Variational Equation

In this section ,we are concerned with fundamental existence for variation equation
in Hilbert space. We assume that H is a Hilbert space with inner product (-,)g
and associated norm || - ||z and we refer to H* as its dual. Considr a bilinear form
B(-,-) : Hx H— R and an element f € H* i.e a bounded linear functional on H
we consider the varational equation:

find w € H such that B(u,v) = (f,v), Ywe H .

Definition 3.2.1. [17] Let H be real Hilbert space.
i. B: Hx H — R is called bilinear form if

a. Blau+ pv,w) = aB(u,w) + B(v,w)
b. B(w,au+ fv) = aB(w,u) + SB(w,v)

for all u,v,w € H and a,, 3 € R

Definition 3.2.2. [17] A bilinear form B(-,-): HxH — R s said to be Bounded,

if there exists a constant ¢ > 0 such that
| B(u,v) |[<cllullullvm uveH.

Theorem 3.2.1. [1/(Lazx-Milgram)
Let B:HxH — R be bilinear form. Suppose there exist positive constants « and
B such that

i [B(u,v)| < alfull||v]|, and
. B(u,u) > Bl|ul|?
Then for every f € H* there exists a unique w € H such that
B(u,v) = (f,v), Yve H

See the proof of this theorem on [1,2].

3.3 Critical Point,Palais-smale(PS) Conditions

Hereafter H denotes a real Hilbert space, with norm || -|| and inner product (-, -).

Let J : H — R be non-linear functional on H.
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Definition 3.3.1. [17] We say J is differentiable at u € H if there exists v € H such
that
J(w) = J(u) + (v,w —u) +o||lw —ul||), weH

the element v, if it exists, is unique. We then write
J(u)=v

Definition 3.3.2. [17] Let U C R™ be open. A function f : R" — R is said to be
Lipschitz continuous on U if and only if there exists L € R such that

1f (@) = FWIl < Lllz —yll, Vo,yeU

Definition 3.3.3. [17] We say J belongs to C*(H,R) if J'(u) exists for each u € H,
and the mapping J' : H — H is continuous.

Notation: i. We denotes by C the collection of functions J € C''(H,R) and satisfy
J' H— H is Lipschits continuous on bounded subsets of H.

ii. If ¢ € R, we write

ke = {ue H:Ju)=cJ(u)=0}
A, = {ueH:Ju) <c}

Definition 3.3.4. i. We say we€ H s critical point if J'(u) =0

ii. The real number ¢ s critical value if k. # ()

Definition 3.3.5. [1/ A functional J € C'(H,R) satisfies the palais-smale com-
pactness condition if each sequence {u}y>, C H such that

i {J(ug) 132, is bounded

it (ug) — 0 in H

Lemma 3.3.1. (Deformation).[1] Let J : H — R be a C' functional satisfying
palais-smale(PS) conditions. Suppose also k. = ().
Then there exist an € > 0, there exists a constant 0 < § < € and a continuous function

n:1[0,1] x H — H such that the mapping
n(u) =n(t,u), Vtel0,1], ue H
satisfying the following conditions

i. no(u) =u, YueH
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i. pe(u) =u, Vte[0,1] u¢ I ([c—ec+e)
iii. J(ne(uw)) < J(u), Vtel0,1],ue H
. M (Aete) C Ace

See the proof of this lemma on [1].

Remark: The above lemma shows that if ¢ is not critical value, then the set A...

is deformed in to A._. for some € > 0

Theorem 3.3.1. [17] (The Mountain pass theorem) Assume J € C satisfies Palais-

Smale condition. Suppose that
i.J(0) =0
it. There exist r,p > 0 such that J(u) > p for all ||u|| =7
iii. There exist v € H such that ||v|| > r

Set K ={p:1[0,1] — H : p(0) =0,p(1) = v} and let

¢ =inf sup J(p(t)),
PEk t[0,1]

then c is the critical value of J.

Proof. 1If, by contradiction, there is no critical point at level ¢, then k. = () if we
choose € small enough so that 0 < § < €. Let p € k and define the path

B:[0,1] = H by B(t) = m(p(t)).
Since p(0) = 0 and p(1) = u, it follows by choice of €, that 5(0) = 1,(0) =0, B(1) =
n(u) = u using condition (ii) of lemma.

Now we can choose p € k such that

max [(p(t)) < c+e, p(t) € Acte
te(0,1]

by condition (iv) of lemma, p(t) € A.—..
Thus

J(p(t) < c—e.
max J(p(t) < ¢ —e

Which is contradiction to the definition of ¢ , Hence k. # (). Therefore ¢ is the critical

value of J.
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Definition 3.3.6. We denote by H~'(Q) the dual space to H}(Q). In other words f
belongs to H=1(Q) provided f is bounded linear functional on H} ().
Notation: We will write (-,-) to denote the pairing between H'(Q) and H}(Q).

Definition 3.3.7. If f € HY(Q), we define the norm

1fllz-1@) = sup {{f,u) - u € Hy(Q), [[ull ) < 1}

3.4 Dirichlet Problem for a Forced Duffing
equation

Consider the following Dirichlet problem for a forced Duffing type equation with a

functional parameter u.

E(t) +r(t)z(t) + G(t, x(t),u(t) =0
z(0) =z(1) =0

where r € C''(0, 1) stands for a friction term ;r(7) > 0 for 7 € [0, 1].
Here we do not assume anything about the monotonicity of r, but instead we require
that

r2(t) + Li(t) >0 vt e[0,1]

1

4
Let us denote w(t) = 1r2(t) + 57(¢).
Of course, when r is nondecreasing we obviously have r?(t) 4+ 27(f) > 0 and G is a
nonlinear term,satisfying some suitable assumptions, so GG can correspond to a restoring
force for a string in string-damper system. The Duffings equation was also found
applicable for some problems concerning current and flux, thus » and G may as well
corresponds to its coefficients.By a solution to (3.4) we mean a function z € Hj (0, 1)
such that =z satisfies the boundary conditions and the equation (3.4) is satisfied a.e.
in (0,1) and u € Hj(0,1) is control function with only the function G depend on it.

For simplicitys sake we denote R(t) = elo 3747 Gince r(r) >0 on [0,1] we set that
Ruayx = €™ > R(t) > R(0) =1 for 7€ [0,1].
and multiply (3.3) by the function R(t).we put y = R(t)z(t) and obtain for y an

equivalent dirichlet problem:;

(1) + w(Oy(t) = RG22 u(t))
y(0)=y(1)=0 where w(t) = 1r2(t) + 17 (?)
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Chapter 4

Weak solution of Dirichlet problem

4.1 Variational Framework

In this section we need to investigate the classical variational problem for duffing type
equation and we are concerned with the variational formulation for the Duffings equa-
tion, but we apply the different schema. Namely we consider inclusion instead of
equality in (3.4)
P(t) +r)i(t) — Fut,x(t) — f(t) =0
(4.1)
=z

z(0) =z(1) =0
under the assumptions that » € L>(0,1) and f € L'(0,1). Solutions to above are
investigated in H}(0,1) and these are the weak solutions. We shall show that by the

Fundamental Lemma of the Calculus of Variations,any weak solutions to (4.1) is

classical one, i.e.
r € Hj(0,1)n WhH2(0,1):

! The equation (4.1) is not in a variational form i.e. there is no suitable functional J for
which (4.1) corresponds to its critical points. Then by putting h = % = i(t), we may

consider the following auxiliary problem
Z(t) +r(t)h(t) — Fu(t,z(t)) — f(t) =0 (4.2)

Therefore instead of 4.1 in this paper we will investigate 4.2.
For the study of weak solution of this DE multiply both sides of this equation by
v e H0,1).

F()o(t) + r(OR(E)(E) — Fult,2()o(t) — F(o(t) =0

'Fundamental Lemma Of the Calculus Varaition: Let f € LP(Q)such that [ fgol = 0,VYp €
D(Q) then f =0 a.e Q.
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taking v = —x, we have

—#(t)x(t) — r(t)h(t)z(t) + Fuo(t, 2(t)z(t) + f(t)z(t) =0
Then integrating both sides we have;

[ [ = #(®)z(t) — rh@)a(t) + Fo(t,o(t)a(t) + f)z(t)]dt =0

By integrating parts we obtain:

FET(2)? 4 [£(1) — r(O(D)a(t) + F(t, 2(t)]dt = 0

which is variational problem of equation 4.2.

Let us define a functional J : H}(0,1) — R given by the following integral

J(z) = /O [%(%)2 + (f(t) = r(O)h@)2(t) + F(t,x)]dt (4.3)

We will see that the weak solutions of 4.2 are critical points of J.

Definition 4.1.1. [5] Replacing the differential equation with an integral equation,using
integration by parts to reduce the order of the derivatives is called variational(weak)

form of the equation

Definition 4.1.2. The weak (variational) formulation of (4.1) is: Find x € Hj(0,1) such
that

B(z,v) =1(v) VY wve& H0,1) (4.4)

where B(-,-) is the bilinear functional B(z,v) =3 < a/,v' >+ <rz,v> and

l(v) = (f,v).

Definition of Weak solution is closely connected with variational formulation of
dirichlet problem for Duffing’s equation. To explain this connection we frist summarize
some definition of the differentiability of a functional,weakly lower semicontinuty of

functionals and coercitivity of functionals acting on a Banach space.

Definition 4.1.3. [5] A functional J : X — R on a Banach space X is differentiable
at © € X , if there is a bounded linear functional T : X — R such that

| J(z+h)— J(x) = hT | _

0
||l x —0 | hllx

If T exists,then it is unique and it is called the derivative of J at x and denoted by
DJ(x.
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This definition expresses the basic idea of a differentiable function as one which can
be approximated locally by a linear map. If J is differentiable at every point of
X ,then DJ: X — X* maps z € X to the linear functional DJ(z) € X*
that approximates J near xz . A weaker notion of differentiability is the existence of

directional derivatives:

5. (2 1) = lim [LEE =@ Ly )

e—0 € de e=0

If the directional derivative at x exists for every h € X and is a bounded linear
functional on h, then &J(z;h) = 0J(x)h where 6J(z) € X. We call §J(z) the
Gateaux derivative (GD) of J at x.

Definition 4.1.4. [17] Lower Semicontinuous Functional

Let X be a Banach space. A functional J : X — R is called Lower semicontinuous
J/weakly lower semi-continuous/ on X | if for every u € X and every sequence
{un} is strong convergent [weakly convergent] respectively to w in X such that

J(u) < lim inf J(u,)

n—oo

Definition 4.1.5. [17] A functional J : X — R is called Coercive if

lim J(z) =+o0
[[X || =00
Under the assumptions that h € L>(0,1),r € L*(0, 1), and some growth requirements
on F we can prove that problem (4.2) has at least one solution.

To prove this, its sufficient to show that:

1. functional J is differentiable in sense of Gateaux
2. functional J is coercive

3. functional J is weakly lower semi continuous.

Notation: The weak lower semi-continuity and coercivity of the functional J imply
the existence of a critical point of the functional J. When solutions to (4.2) are obtained

for any h € L*>(0,1), we will apply the iterative procedure assuming that

/0 IF, (1,2 () —Fs (ty ()t < L=yl e

For any,y € H}(Q) , L < 1 independent of x,y and % < 1. This will provide

solutions to 4.1 Moreover function £, F, : [0, 1] xR — R will be a Caratheodory
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function, satisfying the conditions below with a given p € (1, 2):
(Hy). F(.,0)€ L'(0,1) VgsoVo € [=d, d] 3 fa€ L' (0,1) Such that

|Fx (t,l’(t))| < fd(t )

And we shall consider two versions of assumptions that will provide different results.
(H,). Convex version: x — F(t, ) for ae.t €0, 1] isconvexin x .

(H3). Bounded version. There exists constants A € R\ {0},B,C € R such that
F(t, z) > Az |°+ Blz| + C forall z € R, almost everywhere t € [0, 1].
We shall prove that this functional is well defined, is Gateaux differentiable and it’s
critical points are the weak solutions to (4.2). We will also prove that the regularity
class of this solution is higher than H} (0,1) we would like to compute Gateaux
derivatives, but first we have to ensure that we can differentiate under integration sign.

We see the following properties:

Lemma 4.1.1. under assumption (Hy) the following equality holds for any

r € HL(0,1) and g € H} (0,1) then limy_ fol wdt = fol limy_,o Do) =Fe) g

A

Proof.To show this we have to show that

1 _ 1 _
i [ EbztAg) — F(to) < / i L Ge+Ag) — F(tz)
A—0 0 A 0 A—0 A
and
1 . 1 _
/ lim F(t,x+ \g) — F(t,z) dt < lim F(t,x+ \g) — F(t, x)dt
0 A—0 )\ A—0 0 )\

To show the first let (x,, \,) be a sequence such that:

'F —F L'F —F
A—0 0 A n—oo [, )\n

dt

(1)
Since (H;) and Lebesgue’s Dominated Convergence Theorem RHS of (1).thus if we

replace (z,, \,,) with limits, we get the following inequality

1 _ 1 _
lim F(t,x + A\g) F(t,ac)dt < / lim F(t,x + \g) — F(t,z) @t ©)
0

A—0 0 A A—0 A

Similarly, again (x,, \,) be a sequence such that:

F - F F - F
lim (t,z + Ag) (t,x) — i (t, 2y + Ang) (t, )

A—0 A n—>o0 )\n
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Since (H1) holds, once again Lebesgue’s Dominated Convergence Theorem can be
applied to RHS of (2). Thus if we replace sequence (x,, A,) with limit the integral will

be greater or equal

1 F — Ly - F
/ i L GetAg) — F(ta) < lim (t,a+Ag) — F(t2) (4)
0 A0 A A=0 Jo A

Thus from (2) and (4) implies

VF(tx+ Ag) — F(t ! F(t,x+ \g) — F(t
oy [ FTF) [y Pl 0 - Fen)
A—0 Jo A 0 A—0 A
Remark. To simplify in notation we introduce F : H} (Q) — R given by

F: Hi(Q) >z — /1 F(t,x(t))dt

Theorem 4.1.1. [18] Functional (4.3), J: H} (0,1) — R s well defined under
assumptions (Hy) .Also the functional (4.3) s differentiable in sense of Gateaux
and its derivative is equal to  0J (x,g) = 01 dedg y [F(t)—r (t)h(t)+E, (¢, 2)]g(t)dt
For each g € H} (0,1)

Proof 4.1.1. we see that

01 224 (f(t) — r(t)h(t))z(t)dt

1s well-defined and by Hy for any x we see

1
/]F(t,x)]dt < / | F(t,0) |dt+/fd | X(t) | dt
0

< I EE0) o + 1 fal®) [zl o -

A

Thus J s well defined.
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From the consequence of lemma (4.1.1)we have

J(z + ag) — J(x)

0J(x)g = Clg% , (by definition of GD)
d
= %J($+ ozg)|a:0
= % i [%(W)Q + (f(t) = r(t)h(t)(z + ag) + F(t,z + ag)]dt| _,
= /0 % [%(Wf + (f(t) = r()h(t)(x + ag) + F(t,x + ozg)] ‘azodt

U dzdg

= [ @) = r0h(o) + Futt.0)lg(0)] e
0

Remark 4.1.1. Every x € H} (0,1) for which that satisfies the following equality

Vge H}(0,1); 6J(z,9)=0 a is weak solution(Ws).

We shall now prove that weak solution (WS) for functional (4.3) is a classical solution.

Then we shall see that functional critical points to J are the weak solutions to (4.2).

Lemma 4.1.2. [17] du Bois-Raymond Lemma [17,pp 6]

Let v € L*(0,1), we L'(0,1) be such functions that fol v(x)h (x)de = — fol w(z)h(z)dz,
Vh € H}(0,1). Then there exists constant ¢ € R, such that v(x) = fol w(s)ds + ¢ for
almost every t € [0, 1].

Lemma 4.1.3. Let x be a weak solution (WS).If (H,)is satisfied, then this solution is

classical solution to 4.2

Proof. Let x be a solution to (WS), ie. ({,g) = 0 for all ¢ € 09J(z) and
g € HL(0,1). By theorem (4.1.1) we know that there exists at least single ¥ € 9F(z)

such that
Vda dg

0= ; g T O-r@nr)]g)d+ ¥, g).

By Riesz representation theorem there exists a function 1 € L?(0,1) that

(W, g) = fol P(t)g () dt We know that f—rh-+ 1) is integrable by lemma 4.1.1.
Applying du Bois-Raymond Lemma for g:% and w= f—rh+ 1 then the solution
of the problem (£,g)=0,¢g € HJ(0,1) is of a class H?(0,1) and thus is a classical

one.
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4.2 The Existence of a Solution

In this section we prove the existence of solution to (4.2)

Lemma 4.2.1. [18] The functional J given by formula (4.3) is weakly lower

semi-continuous under (Hy).

Proof. By norm continuity, the first part of (4.3) is weakly lower semi-continuous or
to claim that weakly lower semicontinuity of norm,we need a conclusion of the famous
Hahn-Banach Theorem.

Theorem 4.2.1. [17] (Hahn-Banach-Continuation for normed spaces): Let
(X, || - |I) be a normed space and f a linear continuous functional on a linear subspace
L C X. Then there exists a linear continuous functional f on X (i.e. f € X*)
which is a continuation of f from L to X keeping the norm f(x) = f(z),Vo € L
and || f [lx-=Il f Il

Conclusion: Let (X, || - ||) be a linear normed space, 0 # zo € X any

element. Then there exists a linear continuous functional f = z* € X on X such
that || * ||x»=1 and < X* x¢ >=|| o ||.

Using this conclussion we can show that norm is weakly lower semicontinuity as follows:
Considering a sequencez,, — xy, we show that || zo [|< liminf, , || =, ||

Let us suppose the contrary, i.e.|| zo ||> liminf, , || z, |

Consequently there exists ¢ € R such that
| zo ||> ¢ > liﬂicgf | zn || -
By definition of the limit there exists a subsequence (z,, )ken such that
[z > ¢ > 2, || -
From the above Conclusion follows the existence of a functional * € X* such that
2" =1 and (z7,20) = 2o [|> ¢

.On the other hand, || 2%z, || 2* ||x+|| Zn, [|=] Zn, [|< ¢80

(X*, 20) = lim, oo (2", Tp,) > ¢

(weak convergence): This contradicts the result obtained above, so the norm is weak-

lower semicontinuous indeed. And the second part of J is also w.l.s.c since

/0 (f (1) = (&) h (1)) () (t)de
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is linear and continuous.

For F function we need to apply some additional theory in order to prove its w.l.s.c.
Let’s consider weakly converged sequence in H} (0,1), z, — x .

By Arzela-Ascoli Theorem there exists such subsequence that converge uniformly in
C(0,1). Then for sufficiently large d, the below condition holds:

mazx |z, (t)| < d

for sufficiently large n. By Lebesgue’s dominated convergence Theorem we obtain:

folF(t,:vn)dt —>f01F(t,x)dt , M — 00
Then it is proved that functional (4.3) is w.ls.c.

Lemma 4.2.2. [18] Functional J is coercive if (Hy) and F satisfies (Hz) with A
satisfying: |A| < 3 holds.

Proof. First we observe that

1 2
1/dx 1. 9
/0 5(@) dt:§H$HH3 (0,1)"

Wesee [y (F (&) =r@)h@)z@)dt = —[f =7 bl gullly o
If the condition(H3) holds so there exists such A € R\ {0}, B,C € R for which the
following holds.

F(t,x) > Alz|* + Blz|+ C > Alz]> = Blz| - C

implies F (t,x) > Alz|> — B|z| — C. Then Integrating the both sides we get
1 1 2 2

fo E(t,z(t))dt > fo (Alz|” = Blz| = C)dt > A||$”L2(0,1) - |B|||$||L2(0,1) —|C|

We should consider two cases:

1. If sequence of norms z,, diverges in H} (0,1) it may still converge in L*(0,1).

In such case ||z, ||L2(0,1) < |z ||Hg (0,1)

2. In opposite case, the same inequality holds since Poincare inequality is applicable.
1 2

Thus [y F(t,z(t))dt = —Allzllz o1y = UIBI+CDIzll 01

Then functional (4.3) is coercive since |A| < 1 for unbounded case. Together with

bonded case this proves lemma.

The theorem below proves the existence of solution.

Theorem 4.2.2. [18] Let E be reflexive Banach space and let the functional
f+E — R be wls.c. and coercive. Then there exist a function that minimizes f
on E .
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2 Proof: First we show f is bounded from below. Suppose to the contrary that

f is not bounded from below.Then there exist a sequence {z,} € E such that
flz,) <—n, Vn

Now since E is bounded {z,} has a weakly convergent subsequence z,,, such that
T, — x*.Moreover, F is weakly closed and hence z* € E.

Then, since f is Weakly Isc , we have f(z*) < lim inf f(x,,) = —oo which is a
contradiction.

Hence, f is bounded from below.

3 Next, we show the existence of a minimizer.Let {z,} € F be a minimizing Sequence
for f; thatis f(z,) —inf f(x ). Let « =inf f(z ). Since E is bound and weakly
closed it follows that {z,,} has a weakly convergent subsequence x,, — x*. Next, since

f is weakly Isc we have

a < f(a*) < liminf f(z,) = lim f (2, ) =a

Hence, f (z*) = a and the theorem is proved.

Then we have the following

Theorem 4.2.3. [1]] There ezists at least one solution to (4.2) if (Hy) is satisfied
and one of the following holds:

1. F Satisfies (Hs)

2. F satisfies (Hs) with A satisfying: |A| <

1

2

Proof. By Lemmas 4.2.1 and 4.2.2, and reflexiveness of H} (0,1) we see that assump-
tions of Theorem 4.2.2 are satisfied. Then there exists solutions in functional critical
Points problem. By Lemma 4.1.3 this solution is a classical solution to 4.2.
Notation we denote by H () the dual space to Hj(€2).In other words f belongs to
H~(Q) provided f is bounded linear functional on H; ().

2Function up € X is a minimize (or global minimize) of the functional f(u) on a set X if
fluwg) < f(u) forall v € X:

3 A nonempty subset D of X is called weakly closed , if for every weakly convergent sequence z,, —
x, T, € D follows x € D
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4.3 Iterative Scheme Framework

In this section we shall prove that using equation (4.2) we may provide the solution of
(4.1).

Theorem 4.3.1. [18] If H; is satisfied and if one of below conditions holds
1. F is conver Hs
2. F is bounded Hs and | A |< 1

and moreover

1
| 1B~ B i< L o=y g (45)
0

L2°(0,1)

For any x,y € H}(0,1), L < 1 independent of x,y and HTHI_L < 1 then the problem

(4.1) has at least one solution.

Proof:
Let h be an arbitrary taken function h € H}(0,1) and
Let us define a sequence z,, € H}(0,1) N W2>1(0,1),n € N.

We consider the following formula

Fn(t) + r(£)dn1(t) — Fy — f = 0.

(4.6)
T, :=h e H}(0,1)

We shall prove that {x,} is Cauchy sequence in H}(0,1) with respect to norm. Since
the solution in understood in weak sense,we do the following.

Let n,m € N, then equation (4.6) for n and m is multiplied by (z,, — z,,) and then
integrated with respect to ¢ € [0, 1].

—/0 T () (T — xp)dt = /0 (rén_1(t) — Fu(t, ) — f) (2 — ) dt

—/0 T () (2, — T dt = /0 (rém—1(t) — Fu(t,zm) — ) (20 — zm)dt

After subtracting the sides and integrating by parts

Jow = nlligon = | (ua) = Fultin) = £) 0 = )
—/0 (rx'm_l(t) — F.(t,zp) — f)(xn — Ty,)dt
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Thus by equation (2.5) for 0# x, —z,, € Hj (0,1) we have that

1
|20 — xm”H&(o,l) < / {(Tj;n—l(t)_F:v(ta xn)_f) (Tn—2m)— (r:tm—l(t)'f_Fw(tv xm)""f) (Tn—2m) |dt
0
and by (4.5) we have that

|n — meHé(O,l) < ||T||L°°(0,1)|| O xm—IHHg(OJ) + L[| p1 — xm—IHHg(o,l)'
Thus we have that:

HrHLOO(O,l)
[ $m||H5(o,1) = TH Tn-1— xm—lHHg(o,n-

Since ”T”f;% < 1 we have that (z,,) is Cauchy sequence with respect to H} (0, 1)

norm.

Thus limit function solves problem (4.2).

4.4 Illustration

We conclude this section with examples of nonlinearities satisfying our assumptions.

Let see some example for the clear of this paper

Example 1. [18] The above scheme can be applied for the following equation

a) () +0.25e i(t) — leta(t) =t +1

)
b) i(t) + 0-256%3&(25) + ilﬁ?(t) arcsin(t) u,(t) — sefz(t) =t +1

, 1, tefo,L
where u,,(t) = 0,3
0, te(£,1] is control function.

To show that the above equation has at least one solution let us check that three as-
sumption are satisfied

Indeed, H; is confirmed since



and for any d >0 and z € [—d,d] we have that

Fy(t,z) = etz <e'd e L'(0,1)

H, is also satisfied, that is F(-,z) := se2 2?(t) is convex with respect to its second
variable.

we can observe for F), that
| Folt, ) = Folt,y) |=| e (2 —y) |
After integrating sides with respect to ¢ € [0, 1], and knowing that
(@ —y) <[z =y lleon< 2=yl
we obtain:

1 1 _ _
Jo | Fot,2) = Fult,y) [ dt <[z —y [y Jo e'dt = 12—y lmon
which jointly implies that:

1 o .
Jo | Fot,x) = Fo(t,y) [ dt < 2| —y a20)< 032 | 2 —y [[g101) Wwith
L=0-63<1.

—t2 T [ee]
since || 7 [|zeon=] 0-25¢% ||po=0-25 and E=on _ 025 _ . 397 < |
then by theorem 4.3.1 we conclude that problem given on the given equation has at
least one solution.Similarly we can show that the problem given on (b) has at least on

solution.
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Conclusion

The Duffing equations are processes more complicated non-linearity, for example, it
is non-homogeneous, so in the discussions some special techniques will be needed.
and using variable exponent theory of Lebesgue and Sobolev spaces combined with

variational method , we show the existence of non trivial weak solution of problem 4.1.
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