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Abstract

In this project we present investigation of the linear wave equation with the unknown function ,

Uy —alu=f
subject to prescribed initial and/or boundary data, where A is n-dimensional Laplacian. In 1d,
the solution of IVP is rendered by first reducing it into lower order PDE and then appealing to
the method of characteristics, while, for BVP the method of reflection is employed to yield the
pertinent solution. In higher dimension, explicit solution of IVP is derived as based on the
method of spherical mean and the method of descent. In the sequel, Duhamel’s principle is used
to get the solution of non-homogeneous wave equation from the associated homogeneous wave
equation.
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CHAPTER ONE

Introduction
With the invention of Newtonian mechanics in the late 17th century, it become clear that many
laws of physics and engineering are best described in terms of relations involving rates of
change. When translated into the language of mechanics, these relations lead to differential
equations, since rates of changes are related to derivatives. Consider Newton’s second law of
motion F = ma. This basic law tells us that if we can describe explicitly the force, then we obtain
a differential equation for the position. Here, a stands for acceleration and, as such, it is the
second derivative of position.

In a mass-spring system, the mass is subject to a linear restoring force, F = —kx (Hooke’s law)
in this case, the motion of the mass is determined by the differential equation

mx" + kx = 0.
Here, x-represents the position of the mass as a function of the time t. This equation allows us to
solve for the specific motion of the mass if we are also supplied with its position and velocity at
a given time t,. This data is called the initial condition and is usually specified at t, = 0. Thus,
ordinary differential equations arise naturally when modeling physical phenomena, such as
mechanical, electrical or electromechanical oscillations. If a phenomenon involves functions of
more than one variable, then the modeling will typically involve partial derivatives and hence
leading to a partial differential equation.

When we integrate an equation with several independent variables, the constant of integration
that appears must be allowed to be a function of the remaining variables. Thus, after integrating
the equation we get arbitrary function(s) of one variable, in contrast to the case of an ordinary
differential equation whereby we get only arbitrary constants.

Now moving to a situation where a partial differential equation is involved, we can cite a real
world phenomenon in n-dimensions, to mention but a few, the vibration of string (n = 1),
membranes (n = 2) and elastic solid (n = 3). The requisite partial differential equations in these
cases are collectively called the wave equation. Broadly speaking, wave equation can be grouped
into linear and nonlinear.

1.1. Nonlinear Wave Equation

Wave equations describe time dependent phenomenon and are generally hyperbolic partial
differential equations. The study of nonlinear wave phenomena subsumes the understanding of
real water waves, optical fiber transmission, traffic flow and the like.

1.1.1 Shallow Water Wave

We recall that, water waves are surface waves that are mixtures of longitudinal and transverse
waves. We distinguish between deep and shallow water waves. The distinction between these
two waves which has nothing to do with absolute depth of the water is determined by the ratio of
the water's depth to the wavelength of the wave. Thus, Shallow water wave arise if the depth of



the water is much smaller than the wavelength of the water and is given by the nonlinear system
of first order PDEs

h,+uh +hu =0
u, +gh +uu, =0

The above system of nonlinear first order scalar partial differential equations is constructed using
principles of conservation laws. In view of this it can be expressed as,

V,+ AV)V,=0

h h
where, V= ( j , A= [u J u is velocity and 4 is depth.
u g u

1.1.2 Burger’s Equation
In the above shallow water wave equation, if the water surface is sufficiently close to the river
bed, i.e. if & = 0 the nonlinear system reduces to the nonlinear partial differential equation,
u, +uu, =0
often called Inviscid Burger’s equation. This has application in traffic flow models, and one can

easily come up with closed form of solution as opposed to the nonlinear system, shallow water
wave equation. To this end, if we prescribe initial data u(x,0)=¢@(x) then the initial value

problem,

{ut +uu, =0
u(x,0)=¢(x)

has a solution of the form u(x,#)=¢@(x —t¢(x)).

1.1.3 Flood Wave Equation

The origin of flood wave equation basically rests in the study of flood waves in rivers within the
confines of an approximation theory. In this regard, if we consider flow in a rectangular channel
of constant breadth, and the depth/height 4 (x,¢?) plays the role of density, the conservation
equation is then given by the integro-differential equation,

d
ZJ’”(’“”‘“ =4, ~ 4,



where, ¢ is the flux. If we assume further that ¢ is C'-smooth then as x, —x, we obtain the
equation of continuity,

ht+qx :0

which is a first order partial differential equation. In a flooding river, since the flux ¢ is a
function of the depth 4, i.e. ¢ = Q(h), we have the flood wave equation

h,+c(h)h, =0

dQ

where, c(h) :Eis the wave speed. It was observed that the speed, v « Jh . Thus, if the

proportionality constant is & then v = k~/h and hence O(h) = vh=kl’"* . Consequently, we have
the relationship between the speed of the flood wave and the speed of the stream,

c(h) = gk\/z = gV
2 2

This shows that, flood waves move half as fast again as the stream.

1.2. Linear Wave Equation
Linear wave equation is intimately connected to the wave operator,

L=0,+A

where, A= Z 0., 1sthe n-dimensional Laplacian.

1.2.1 Transverse Wave Propagation
Consider the string stretched along the x-axis between x = 0 and x = L and free to vibrate in a
fixed plane. The string is taught, so that when in equilibrium the string is a straight flat line. If
the string is displaced from the flat line, we will refer to the vertical displacement at a given
point 0 < x < L, and at a given time, t = 0, as u(x, t). Here, the unknown function is a
function of two variables in contrast to the simple mass- spring system. Based on this

. . . o . D . . .92
representation velocity of the spring at position x is 8—1: and is its acceleration there is a_tZ' The

equation that governs the motion of the stretched string obeys the PDE. This equation is known
as the one dimensional wave equation and is given by

u,=c’u_,
where C is the parameter that depends up on the physical properties of the string, in particular its
linear mass density and its tension. The key point to understanding this equation from a physical



point of view is to interpret it in light of Newton’s second law. The left side represents the
acceleration of the small portion of the string centered at a point x , while the right side is telling
us that this small portion feels a force whose sign depends on the concavity of the string at that
point.

1.2.2 Elastic Membrane (rectangular drum)
In one dimensional wave equation there was only one type of finite domain, an interval. But in
two dimensional a finite domain could be any bounded connected region. The solution we are
looking for is a time dependent surface Z = u(x,y,t). At any given time, it is just a surface
(more specifically a function of x and y). However, it moves with time. At any given point
(X0, ¥5)> U(xo, Yo , t), is the displacement of the surface from some value defined to be Zero,
us(x,,v,, t) is the velocity in the Z-direction at that point, and u;;(x,,y,, t) is the acceleration
and so on. If this domain obeys the wave equation on some domain (say a rectangle) then we
have

Upr — € (U + Uyy) =0

Once again, we mention that, the order of the partial differential equation is the highest order of
derivative that appears in the equation and the A PDE is said to be linear if the unknown
function and the partial derivatives are of the first degree and at most one of these appears in any
given term, otherwise, the equation is called nonlinear.



CHAPTER TWO

Explicit Solution of the Wave Equation

The wave equation is the PDE:

62
72 u (x,t) — Au(x,t) = 0 (homo genepous)and
2
3z u(x,t) — Au(x,t) = f(non homo genepous)

Subject to appropriate initial and boundary conditions fort € (0,) and x € U were U C R™ is
open. The unknown is
u: Ux (0,0) - R,u = u(x,t),

we consider t as time and

x=(x1,Xp . Xp)
as a special variables.

2.1. Physical interpretation of the wave equation

The wave equation is a simplified model for a vibrating string (n = 1), membrane (n =
2), or elasticsolid (n = 3). In these physical interpretations u(x, t) represents the
displacement in some direction of the point x at time ¢ = 0

Let v represents any smooth sub region of U. the acceleration within v is then
2

d
ﬁfvudx = —faVF.vds

Where F denotes the force acting on V through dV and the mass density is taken to be Unity.
Newton’s law asserts the mass times the acceleration equals the net force.
If we differentiate under the integral sign and apply the divergence theorem, we obtain
2
fv%dx = — favF.vds = —fvdidex
Jueedx = — [ divFdx
This identity obtains for each sub region v and so
Uy = —divF
For elastic bodies, F is function of the displacement gradient Du
Hence
Ui + divF (Du) =0
For small Du, the linearization F (DU) =- aDu is often appropriate: and so
Uy — alu =0
This is the wave equation if a = 1
This physical interpretation suggests it will mathematically appropriate to specify two initial
conditions, on the displacement u and the velocity u; at timet =0



2.2. The method of characteristics equation
The general linear second-order partial differential equation in one dependent
Variable u may be written as
AUy + Buyy + Cyy + Duy + Euy + Fu =G (1)
Where the coefficients A through F are real function of the independent variable x ,y. Define a
discriminate A(X,y) by A(xolyo) = B%(x,¥,)_4A(x,Y,)C(x,,,)-We shall assume that the
function u and the coefficients are twice continuously differentiable in some domain in R2. The
classification of partial differential equations is suggested by the classification of the quadratic

equation of conic sections in analytic geometry.

The equation Ax? + Bxy + Cy? + Dx + Ey + F = 0 represents hyperbola, parabola or Elliptic
according as B2 — 4AC positive, zero or negative.

The classification of second-order equations is based upon the possibility of reducing equation
(1) by coordinate transformation to canonical or standard form at a point.

In the case of two independent variables, a transformation can always be found to reduce the
given equation to canonical form in a given domain. However, in the case of several independent
variables, it is not in general, possible to find such a transformation.

To transform equation (1) to a canonical form we make a change of independent variables.

Let the new variablesbe @ = @(X,¥), M= (X, ¥) ceenriiniiiiiiiiieieieieaeenaans 2)
Assuming that ¢ and n are twice continuously differentiable function of x and y and that the

Jacobian

_|Px <Py|

]_77)( Ny

is nonzero in the region under consideration, then x and y can be determined uniquely from the
system (2). Let x and y be twice continuously differentiable functions of ¢ and n. Then we have

Uy = Ugp Py + UpT)y Uy = Up Py + UpTy

Uyy = u(p(p(pxz + 2u<pn§0xnx + urmnxz + Up Pox + Uy Mox
Uxy = UppPxPy T Ugy (@xtty + 1y px) + UMMy T UpPxy + UpTlxy
_ 2 2
Uyy = UppPy” + 2Upn@yNy, + UnyTly” + Up Py + UpTlyy

Substituting these values in equation (1) we obtain
A"Uyy + B'uyy + C'uyy + D'uy + E*uy + Fru=G*.oo 3)
Where
A" = Ap,” + Boxpy + C(pyz



B* = 24,1, + B(@xny + @ynx) + 2Coyn, e (@
C* = An, > + Bn,ny + Cnyz
D* = A@yx + B@yy + Cpyy + Do, + Eg,,
E* = Anyy + BMlyy + C1yy + Dy + E,,
F*=F G"'=G
The resulting equation (3) is in the same form as the original equation (1) under the general
transformation (2). The type of the equation (hyperbolic, parabolic or elliptic) will not change
under this transformation. The reason for this is that
A*= B** — 4A*C* = J2(B% — 4AC) = J?A
And since J#0 the sign of A*the same as that of A which can be easily verified. It should be
noted here that the equation can be of a different type at different points of the domain, but for
our purpose we shall assume that the equation under consideration is of the single type in a given
domain. The classification of equation (1) depends on the coefficients A(x, y), B (X, y), and C (x,
y) at a given point (X, y). We shall, therefore, rewrite equation (1) as
Aty + By + Cllyyy = H(X, Y, U Uy Uy ) oo (5)

And equation (3) as

A*u(p(p + B*u(pn + C*un,7 = H*(p,n,u, u(p,u,,) ................................. (6)

2.2.1. Canonical Forms
In this section we shall consider the problem of reducing equation (5) to canonical form.
We suppose first that none of A, B, C, is zero. Let ¢ and 1 be new variables such that the
coefficients A* and C*in equation (6) vanish. Thus, from (4), we have
A" = Ap,* + Bo,py, + Cop)?
C* = An,® + Bnyny + Cny?
These two equations are of the same type and hence we may write them in the form

AL + BGly 4 €Ty = 0o, (7)
In which  stand for either of the functions ¢ or . dividing through by {yz equation (7) becomes
2
A(f—x) +B(<—x)+c= ............................................................... )
$y {y

Along the curve { = constant, we have
d¢ = {edx + {,dy =0

ay _ O
Thus a3,
And therefore, equation (8) may be written in the form
dy\> dy
A(Z) -B(2)+c=0
dx dx
The roots of which are



dx 2A
dy B2-4AC
S B (10)
dx 2A

These equations, which are known as the characteristic equations, are ordinary differential
equations for families of curves in the xy-plane along which ¢= constant and n = constant. The
integrals of equations (9) and (10) are called the characteristic curves. Since the equations are
first-order ordinary differential equations, the solutions may be written as

0,(x,¥) =c¢; ¢4 = constant

¢,(x,y) =c, c,=constant

Hence the transformations ¢ = [4(x,y), n = ¢,(x,y) Will transform equation (5) to
canonical form.

2.3 D’Alemberts’ representation of a solution in 1D

Now consider the one dimensional wave equation

Ut (x,t)= €2 Uy (6,8) (E)ER e (11)

Where C is a positive constant that has the physical interpretation of wave speed. For example if

. . . . . T .
u(x,t) its corresponds to the displacement of an infinite string then C = > where T is the

tension in the string and p is the density.

Now consider the linear second order partial differential equation of the form
2 2 2

AN T+ 2B ()5t € ) T = [0y, s)
Then the slop of the characteristics satisfies
d_y _ B4+ B? — 4AC
dx - 2A
Thus the characteristics of one dimensional wave equation u; — ¢?U,, = 0 is determined by

dx VEE=AC [~ 4cd) Vi 2
—=Bt——F—=0% =t =t—-=1xc
dt 24 2(1) 2 2
% =c =>dx =cdt
= x — ct = constant and % =-c
= x + ct = constant
Now we can use change of variables
n(x,t) =x+ct
Y(x,t) =x—ct
Assuming that 7 and ¥ are twice continuously differentiable function of x and t
n=n(xt)
Y =19x,t)



u(x,t) =V(m,y) =V(nlx, o), P, t))

And also the Jacobian J of the transformation defined by
Nx Nt

J = b, ¢t| is non zero
Since 65&75)) = :Z; :thl = H _CC| = —c—c=-2c+0
Uy = Up Ny + Uy Py = Uy + Uy,
Uyx = Upp + 2Upyp F Uy won von ver v v e (12)
And Up = UpNy + Uy = CUy — CUy,
Upe = CUyy — 24Uy + Uy oev ven v (13)

Now substitute equation (12) and (13) in the wave equation (11)
We have, c?up, — 2¢*Uyy + Uy — €% (Upy + 2Upy + Uyy )
CPUpy = 2C%Upy + CPUyy — CPUpy — 207 Upy, — CP Uy
2 _
= —4c Uy =0
= um/, =0
If we integrate this equation with respect to 1 keeping n fixed we have (u,) s=0

u,(m¥) =f(m)

A second integration yields up on keeping 1 fixed
ulm,y) = [ fmdn + G)
u(my) = F(n) +G)

u(x,t) = F(x + ct) + G(x — ct), Which is called D’ Alembert general Solution .
Usually interested in solving the wave equation (11) subject to the initial conditions

u(x; O) = g(x) and Ut (xl 0) = h(x)
2.4. Theoreml: (The solution of the initial value problem)
For the given function g=g(x)€ c2(R) and h=h(x)€ c*(R)

U (6, ) — c?uy, (6, t) =0 for (x £)ER?,t =0 ... e v v e (14)
With initial conditions
u(x,0) = g(x) and u; (x,0) = h(x) is given by

x+ct
u(x,t) = l{g(x +ct)+glx—ct)} + —j h(y)dy ... ... .. (15)

2 2¢ )o_et
Proof: from D’ Alembert general solution of wave equation we have,

u(x,t) =F (x+ct) + G(x —ct) ... ...... ... (16)
Now applying the initial conditions we have,

ux,0)=Fx)+ cx)= gx) .......(17)
u(x,0) = CF'(x) — CG'(x) = h(X) ...... ... (18)



Now integrating (18) over [0, x) we have

fo (cF o) —c6'n)dy = fo h(y)dy
X , X . 1 X
| Foray-| conay= | noay

(FO) ~ 6O)) /3= [ FhG)dy

F) — G(x) =%f ROy o ... (19)

From equation (17) and (19) we have
+ Flx)+ G(x) = g(x)

FO) - 60 = ¢ [ KOy
0

Now add the two equations we get

X
F(x) = % g(x) +% f h(Y)AY oo e vee v e .. (20)
0
And also subtract we get
1 1 (*
G(x) = Eg(x) — ZL h(Y)AY oo ee e e e e (21)

Now substitute equation (20) and (21) in (16)

1 1 x+ct 1 x—ct
uw D =3 g0t e) +30 et g | hOMy =5 [ hGdy

x+ct

1 1
u(x, t) = 3 fglx+ct)+g(x—ct)} + Z] h(y)dy.. ... e ... (22)

x—ct
Which is known as D’ Alembert’s formula for n=1.

10



CHAPTER THREE

Method of spherical mean

First we introduce some notations for X € IR
1) B(x,r) = ball of radius r about x

2) dB(x,r) = boundary of ball of radius r about x
3) a(n) = volume of unit ball in IR"
4) na(n) = surface area of unit ball in IR"
With this notations the volume of the ball of radius r about x € IR ,written as
vol (B (x, r)) is given by a(n)r™ and the surface area of the ball of radius r about
x € IR™ written as S. A (B(x,71)).is given by na(n)r™ 1.
For f:1R™ - 1R,
we define the average of f over B(x,r)
As 5 f DAY = sz [y fOIAY = s [y f Oy
Also we define the average of fover @ B(x,r) as

asarf (ds(y) = mfa(xlr)f(ﬂds(ﬂ =

Where ds(y) denotes the surface measure of B(x,r) in R™.

3.1 Mean Value Property

1
na(n)rn-1

faB(xlr)f(Y)dS-

If a(n) is the n dimensional measure of the unit ball inR™ then na(n) is the corresponding n-1
dimensional measure of the unit sphere inR™.Thus when n=1,2,3 the values of a(n) are 2, , g T

while the values of na(n)are 2,2m 4.

1 1
s f(dy = oy J g ) dy = e Sz wnfx+ rz)dz for the mean value of f over
the ball of radius r.

1 1
aB(x,r)f(}’)dS()’) = Wfag(x'r)f(y)ds(y) = K(TL)IGB(O,l)f(x + T'Z)dS for the mean

value of f over the sphere of radius r.

3.2. Spherical Average and the Euler-Poisson-Darboux equation.

Now supposen = 2, m =2 and u € ¢c™ (R™ X [0,))
Solves the initial value problem

Uy —Au=0inR" %X (0,0) , u=g,u;=honR"X{t=0}........................ (231)

11



The objective is to drive an explicit formula for u in terms of g, h. first study the average of u
over certain spheres. These averages, taken as function of the time t and the radius r, turn out to
solve the Euler- Poisson-Darboux equation, a PDE which we can for odd n convert in to the
ordinary one-dimensional wave equation and then applying d’Alembert’s formula it leads to a
formula for the solution.

Define:

Letx e Rt >0,r>0

ux,t)=u:R"™ - R

Ux,7,t) = iUy, t)ds(y)...the average of u(.,t) over the sphere

Similarly

{ D GO0 = opergMNAsG) )

GD)H(x,T) = gpamh@)ds(y) ™"

u(x,t) = rllrggr U(x,7,t),xelR

Lemmal: (Euler-Poisson- Darboux equation)

Fix a point x € R™

Letusolvesu;y —Au=0 x€IR™ t=>0

u=g,u =h

Where Au = Y™, Uyir; ,U € C™(R, X [0,0)) then U solves

U =Upr=——Up =0 0<r<ow, 20

U=G,U;=H, xeR™

Proof
From the definition we have

U(x; T, t) = aB(x,r)u(Y: t)dS(Y)
= oo, U(X + rz,t)ds(z)
U(x,7,t) = sp0,1)Dulx +1rz,t)zds(z)

= 6B(x,r)Du(y: t) yr;xds(y)
Ju
Ur (x, r, t) = 9B(x,1r) % (J’: t)dS (J’)

1 Ju
faB(x,r) v (y: t)ds(y)

T na(m)rn-i

12



Ur(x,1,t) = WIB(x,r)Au(y’ t)dy

Since u solves the wave equation u;; — Au =0
Uy = Au
1
Therefore U, (x,r,t) = oy | ) B Ut (y,t)dy

rn-1iy =;f u,(y, t)d
r na(n) B(x,r)tt V y

1
("), = Wfag(x,r)utt(y» t)ds(y)

n—-1

("), = Wfag(x’r)utt(y; t)ds(y)

(rn_lUr)r = rn_laB(x,r)utt(yl t)dS(Y)
(rn_lUr)r = Tn_lUtt
r* ..+ (n—Dr" 20, = r" U,
n—1
Utt_Urr_T U-=0
And U(x,1,0) = 550y, 0)ds(¥) = gpeng(@)ds(y) = G(x,1)

= U=G6G att=0
Ue(x,7,0) = 35U, 0)ds(y) = apeenh(¥)ds(y) = H(x, 1)
= U; =H, att =0 as claimed
3.3. Solution for Kirchhoff’s formula for n=3
Theorem 2 Let the function g=g(x)€ ¢3(R?) and h=h(x)€ c?(R?) be given then the initial value
problem for the three dimensional wave equation has the unique solution

The overall plan will be to transform the Euler-Poisson- Darboux equation in to the usual one
dimensional wave equation when n=3 and then applying d’ Alembert’s formula it leads to a
formula for the solution.

Solution forn= 3

Let n = 3 and suppose that u is a solution of
Uy —Au=0, t>0
u=g,uy=h forn=3
As before define the function
UQx,7,t) = aperuy, t)ds(y)
G(x,7) = 6B(x,r)g(y)d5(y)
H(x,r) = 6B(x,r)h(y)d5(y)

13



set

G=7G, H=7H e e e it ievereeev e e . (26)
Then U solves
U —Up=0 0<r<o,t>0
U=aG, U =H,0<r<ow,t=0
U=0on{r=0{x(0,)
Proof: U, =rU
=7[Up +2U,]  sincen=3,Upy = Up + "= Up = Upp + 2 U,
Utt = T(Urr+§Ur)

=rU,, + 2U,

=WU+1rU,),

(GO

= U, There fore Uy = U,
AndU=r1U
i.e Ulx,1,0) = rU(x,7,0) =Toppnu(y,0)ds(y)

=T aB(x,r)g(Y)dS(Y)
=rG(x,r)=1r6=G
Therefore U=G,att= 0
U, = rU,.
Thatis Uy (x,7,0) = rU.(x,7,0) = 7350, U (¥, 0)ds(y)
=Top@rh(Y)ds(y) =rH(x,r) =rH = H

= U,=H,att=0 and U(x,0,t) =0.U (x,0,t) =0

There fore U solves the one dimensional wave equation
Since U solves the one dimensional wave equation
For 0 < r < t,using D 'Almeberts formula the solution of U(x,7,t)is given by

N 1.4 ~ 1t
Ulx,r,t) == [G(r+t)—G(t—r)]+—f H(y)dy
2 2 -1+t
Since (23)implies u(x,t) = Lim U (x,r,t)
) r % 0+ ) )
From equation (25) we have U = rU , Uzl;]
_ _ lim 0 (1 t)
=>ulx,t) =, U, t) = oty
1 li ~ ~ t ~
su =3 TGO+ =G =)+ [T A(y)dy]
_ lim GO+)-Gt-r) | 1 ct+r
ue )= U EEOEED L L R () dy]

u(x,t) =G'(t) + H(t)

14



ButG =tG, H=tH
d :
u(x,t) = m (t aBydV)As(Y)) +tapanyh(As(Y) oo 27(1)

d d
=t g (¥)ds(y) + t-aag(x,t)g(y)ds(y) + tapenh(¥)ds(y)

d
u(x,t) = gpeeng(ds(y) + ¢t T eI Y)ds(y) + t gpanh()ds(y)

But 95,09 (¥)ds(y¥) = spc0,1)9(x + tz)ds(z)
And so, % a8, g (V)ds(y) = % o809 (x + tz)ds(2)
= ap(0,)Pg(x + tz).z ds(z)
y—Xx
t

d
X a9 V)Ads(Y) = sp,yPg(y) ds(y)

d y—Xx
t. 2 o8 d(V)ds(y) = topenDg(y) —— ds(y)
y—x
ulnt) = o5ng () ds(V) + tapenPg V) —— ds() + topenh(y) ds(v)
u(x,t) = 9peey( @) + Dg(¥). (y —x) + th(y))ds(y).........on.o. 27 (ii)
This is Kirchhoff’s formula for the solution of the initial value problem
Uy —Au=0. ,u=gu,—h in three dimensions.

We note that inR3 dB(xt) = we can write (27i1) as

1 1
na(n)tn-1 faB(x,t) T ame2 faB(x,t)

1
S apxo @O + Dg(). (v — %) + th(y))ds(y)

w0 =

15



Chapter Four

Method of Descent
Theorem 3 Given the function g=g(y)=g(y1y>) € (c*(R?) and h=h(y)=h(y,y,) € c*(R?) then
The initial value problem for the two dimensional wave equation has the unique
Solution.

No transformation works to convert the Euler-Poisson- Darboux equation in to the one
dimensional wave equation when n=2. Instead we will take the initial value problem (231) of the
wave equation for n=2 and simply regard it as a problem for n=3, in which the third spatial
variable x; does not appear.

In other words we use Kirchhoff’s formula for the solution of the wave equation in three
dimensional to drive the solution of the wave equation in two dimensional. This technique is
known as the method of descent.

Solution for n=2.

utt - Au == O
u(x,0) =g(x) XEIR:,E=0 ceiviice e e e e e e e een . (28)
u;(x,0) = h(x)

Aim: find a solution in two dimensional causes, by using the solution of the three dimensional.
Let u(xy, x, t) be the solution of the two dimensional problem (28)
Define u(xq1,x;,x3 t) == u (x1,x,t) Then (28) implies
(x1 25 23,0) =u(x,x,,0) = g(xqx3)
U (21,20, %3,0) = up(x1 x5, 0) = h(x1X3)
and Uy — AU = Uy — Uy, x, — Uy, — Uy
= Upp — Uy, x, — Ux,x, -0 Since uis independent of x5
=uUy —Au=0
>1u (xl, Xo, x3,t) Solves the three dimensional wave equations with initial data
g(x1,x,) and h(xy,x, ). Therefore in R3 X (0,0) (28) implies;
Up U, xy Uy, Uz, = 0
U(xl'xz'x3, 0) = g(xl,x2,x3) = g(xq,x,) ,ﬁt(xllxz,xg, O) = E(xl,xz_xg,) = h(xl,xz,)
For x = (x4,x,) € R>and ¥ = (x4, x,,0) € R3 Then
Kirchhoff’s formula to solve the three dimensional wave equation (27i1) imply,
u(x, t) =u(x,t) = sp@n [g(y) + Dg(y).(y — x) + t}_l(y)]ds(y) e e e e e (29)
whereB (%, t)denotes the ball in R® about the point ¥ = (x,x,0),radius t >0
From parameterization equation for the surface we have:
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V1=x1)°+ Va—x2) 2+ y32 =t2
yt=tt—ly—x|* = y=t? -y —x|?
1
YO =y, y2) =t? — |y —x|?and ds = (1 + |[Dy(y)|*)zdy fory € B(x, ).
_oy _1 1 e ) — Gix)  _ __ -x)
Dy(y - ay; 5 m( Z(yl X )) D]/
1

R e Rk
Now ds = (1+ |[Dy(»)|?)z —(1 + —|y| x|x| ) dy

t2 1 t
=G Y e

)&

(1+Dy()I?) = (m

sinceB(x, t)denotes the ball in R® about the point X = (x,x,0),radius t > 0

= [ 90N+ DY)z dy
1 1
WfB(x,t)g(J’)(l + [IDy(»)1*)2 dy

1
Wherey(y) = (t? — |y — x|*)z fory € B(x,t) and
B(x,t)is the ball in R? of radius t about the point x = (x4, x,). Thefactor"2"enters

since 65()?, t)consists of two hemispheres.
tg(¥)

0BE oI Mds(y) = o5 @ds) =

47Tt2

B Id¥)ds(y) =

Thus dB(%, t)g(y)ds(y) o t2 fB(x,t) (tz—ly—xlz)% dy

Similarly
_ 1 t2h(y)
opxoth()ds(y) = o—3 S oy idy
(t2 = ly — x|*)2
tDg(¥)(y—x)
AndaB(x t)Dg(y)(y x)ds (Y) 21rt2 fB(x,t) (tz—ly—xlz)% dy
tg(y)+t2h(y)+tD -
Thus u(x,t) = - tZ fB(x,t) S YHDING0) gy o (30)

(t2-ly-x|%)2
Is the Poisson formula for solution of the initial value problem u;; — Au =0

u=g u; =h t>0intwo dimensions.
The trick of solving the problem for n=3 first and then dropping to n=2 is called the method of descent.

4.1. Odd Dimensions
4.1.1. Solution for odd dimensions

Theorem 4 Let the function g=g(x), h=h(x)€ chH(R”) with odd n> 3 be given. Then the initial
Value problem for the n dimensional wave equation has unique solution.

For the cause of odd dimension we use the method of spherical means as we did n=3

Before solving PDE for odd n > 3 we first see some useful identities

Lemma 2. (Some useful identities)

Let : R —» R be C*** then for k = 1,2,.

i) (;T) (3 :T)k Rl (r) = (r ;)k (r2 2 )i (31)

17



11) (l i)k—l ( 2k— 1¢(T)) _ k 1 ]k j+1 ‘;]r] ( )

r dr
Where the constants Bf° (j = 0, ...., k — 1)are independent of ¢
Further more
iii) pB¥=135...2k-1)

Now assume n = 3 is an odd integer and set n = 2k + 1 (k = 0) and define the following
Notation as:

O b):= (11) ( 21y (x, 7, 1))

ror

iy  G):= (lai)k_ (r*16(x)) r > 0,t 2 0) ..(32)

i)  HQ@):= (;ai)k_1 (2% 1H(x, 1)

Then U (1,0) = G(), Uy (1,0) = H() ev ev e e e e e e e e e e e e (33)

Next we combine lemma 1 and the identities provided by lemma 2 to demonstrate that the
transformation (32) of U into U converts the Euler- Poisson- Darboux equation into the wave
equation.

Lemma 3 (U solves the one dimensional wave equation) of
(NJtt - (77«7« = 0 lTl R+ X (0,00)

U=G, U =HonRy Xx{t =0} e ceecee . ... (34)
U=0on{r=0}x(0,x)

N 02 10
_[° 2k—1
Urr = <6r2> (r 6r) ( v)

k
= (1 ) (r?kU,) .....by lemma 2 (i)

Proof if >0

a\ 1
a—) ; (ZkTZk_lUr + T'ZkUrr)
1

1

T

0 k-1

= (r E) (2kr2k=2y, + 21y, )
0

(TZk_l[% Uy + Urr])

10\ -1
( ) <r2k‘1 [Urr 42 Ur]),since (n=2k+1)

r or r

~ 10\ N
Upp = (;5) (r?*1U,) = Uy ... ... by Notation ....32(i)

18



There fore U,, = U,,
Clearly U=0on{r=0}andU=G,U,=Hatt=0
This implies U(r, t) is the solution of one dimenational wave equation on the half line with
boundary condition implies for 0 < r < t.
Thus U(r,t) = = [G(r +0)—-Gt-7r)]+= erH(y)dy. Forallr € 1R,t >0, ....(35)
lim

50 LU(x,7,t). Further more Lemma 2(ii) asserts:

u(x,t) =

k-1

k-1 .
U(r,t) = (%%) (TZk‘lU(x,r, t)) = ;B] r”la—] U(x,r,t)

k-1

U(r,t) = BErU (x,1,t) + p¥ rZ% U(x,7,t) + ..+ BF_, rkW U(x,,t)
BE¥ru(x,r,t) = Ulr,t) — pk rin(x,r,t) — =Bk 1rk% U(x,,t)
= U(x,7,t) = U[gzrt) i?lorr pe Ulx,r,t) — B’;kl: aark ~U(x,1,t)
But we have u(x,t) = lem U(x,r,t) = llmo % —%r :r Ulx,r,t) — - —
B’I"‘(%g(laa: i Ux,r, t)]
u(x,t) =rlin0 %

Thus (35) implies
li G —G(t— t+r ~
u(e ) = o O [EEEEED L 2 P H(y)dy

r-90 2r
u(x, t) = B—k[; G(t)+ H (t)] , Where ¥ =135 ———- -2k —-1),
But we have, G (r) = ( ;7) (P20 G T oo, by 32(ii)

Nown = 2k + 1,implies k = nT_l and there fore
k-1
G =(G5) (r*6Gm)
k-1
)= (G2) (P oppn 9ONASD) oo 31(3i)

n—3

~ 10\ 2
(0= (75) (om0 9)AS®))

~ 10\2
(0= (T5) (" aneen 90IsO)

Similarly

k-1
= (5) T HE)

q
g k-1 B )
= (32) (r**spee hGASQ)......by 31(i)

19



n-3
~ 10\2
O = (5] (0 aneo h@)dsG))

We have u(x,t) = Bik [aa_r G(t)+ H ()]

.

1 /0N /1 0\ 2

— [ _ n-—2

w0 = —(50) (T30 (" omce BOIESO) +
1

. (% %)T (t" %o h()AS(Y)).coon (36)

Wherenisodd and y, =135...(n—2) forx E Rt >0
If y3 =1,(36)agrees for n = 3 with 27(i)and thus with kirchhof f 'sformula 27(ii)

4.2. Even Dimensions

4.2.1. Solution for Even n

n+4

Theorem 5. Let the even positive integer n> 2 and the function g=g(x), h=h(x)€ ¢ 2 (R") be
given the initial value problem for the n-dimensional wave equation is unique

Suppose u(xy, Xy, .... X, t) is a solution of the wave equation (231) in R™ with initial data
u(xy, X2, - X0, 0) = g(xq, X2, e . Xp)
U (X1, X2, oo X, 0) = h(xq, X3, ..o . Xp)
Then define
U(x1, X2, e Xy, t) = U(Xg, X2, e Xy, £)
With initial condition
u=g,u, =h on R"*! x {t =0}
Where g (xq, ... ... Xn+1) = (X1, X2, . Xp)
h (xq, .. ... Xns1) = h(xq, Xg, en . Xy)
Solves the wave equation in R™**1 x (0,0) where n + 1 is odd
Now let us fix x € R™, t > 0,and writ X = (x4, ... ... X, 0) € R™*1, Then (36), with n+1
replacing n, gives
o 1 |0 (1 d

wwt) =5\ ta

Where y,.1 = 1.3.5 ....(n — 1) and B(X, t) is the ball in R"*? of radius t with center
X = (x4, %xg, . Xy, 0).

Nowyping(y)ds(y)=

n—2 n—2

= 19\ 2z _
) " oo dMds(y) + (;a) " a5 nhds(y)

1
(nm+Da(n+1)t"

faE(x,t)g_(Y)dS(J’) since n=n+1

— 1
But 0B(x,t) N {y,+1 = 0}is the graph of the functiony(y) == (t? — |y — x|?)z for
y € B(x,t) and similarly 0B (x,t) N {y,,1 < 0} is the graph of —y there fore
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1 _ _ 2 P
EYSTPeEyT J 9563 ds(y)= EYSPeEy J 50 g DA+ VY (y)1*)2dy

The factor “2” interring because dB (X, t) comprises two hemispheres

1
Now (1+|Vy(y)|?)s ————
(t2-|y-x|2)2
_ 2
Therefore 557,69 (V) ds(y)=

tg(y)
(m+1Dam+1)t" fB(x,t) T dy

(t2=ly—x|?)2

B 2t [ g)

- n Y B(x,t) 1
(n+ Dan+ Dt (2 — |y — x|2)2

_ 2 [ 9&)
(n+ Da(n + 1)¢en-1 -~ B (€2 — |y — xlz)%
2ta(n) g)

= it Dalr t Dia@eT Jswo (t2 — |y — x|?)2 dy
2ta(n)

_ f g)

= n J B(xt) 1
(n+ Dan+ Dan)t (2 — |y — x|?)2
2ta(n) g) d

(nm+Da(n+1) B(x.t) (tZ—Iy—XIZ)%

2ta(n) h(y)
(n+ Dan +1) B®D (2 —ly— X|2)%

dy

dy

dy

B d¥)ds(y) =

Similarly ypnh(y)ds(y) = dy

Therefore our solution formula is give by:

n—2 n—2
1 .0 (102 . _ 10\ 7z 0 -
) = =0 (1 5) * " opoBWdsO) +(5 57) " Lapenh()ds ()]
n-2
1 2a(n) 9 (1 0\ z ,n g(y)
ux,t = Yo (M+Dan+1) 5 (t at) (Csey (2 —|y—x|?)2 -
n—2
10\ z h(y)
o IR G 37)

(£ =ly—x]?)z
n

2
n

Since y,41 = 1.3.5....(n — Dand a(n) = r(—+1)
2

We can compute y,, = 2.4 ....(n — 2).n as follows
Now I'(n) is the gamma function defined by

o0

rn) = f x"le ™ dx .......(38)
0

Having the following properties
I. I'(n+1)=nl"(n)
2. T = [Je*dx=1
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1
3.1 (3) =
4. I' (n+ 1) = n! when n is a positive integer

s r(n+l)=(n-)(n-3)...0)vm

2

2,.[n/z

1 2a(n) 1 rés%

- _ (n+1)
Yn+1 (n+1)a(n+1) 1.3.5....(n—-1) (e 2

ré)

n+3
_ 1 1 ')

135...(n-D(n+1) ©V/2 ()

B ()= (2 = (G +ir) = (2e0) = ()7
r

There fore

2

r()=rar9)=rG-a+y)=r(a) =

r()=rz-2)=rG-z+) =) = or

Since n- is even and as in the cause of n = 2
n+3 5
r()=r()
3 1 1 1
r(z)=r(z+1)=3r )=

r()-Co)0)

Il
ﬁ
/N
N
+
—_
N——
Il
N~ DN W
j ~
VRS
N W
N——

Therefore

Similarly

2 2
n—4 n—4 n—4
2+1) =) ()
Since n- is even and As in the cause of n=2

r(";rz):r(#):r(%):rm=r(1+1)=1r(1)=1.1=1

- ) e

Therefore
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()= Q) )

n+3

_ 1 1 r( 7 )
1.35......(n—1D(n+1) n'/? F(n+2
2
n+in-1 1
_ 1 1 — E\/E

1.5.3......(n—-1)(n+1) g1/2 RR—2n-4n-6 62 2
2 2 2 2 22 2

(n+1)(n-1)(n—3)(n-5) 53 1
_ 1 > > > > E 2— E
1.5.3.......(n=5)(n—3)(n—1)(n—1) (g)(nT-z)(“T-‘f) _______ g %%
1
" n(n-2)....64.2
_ 1
2.4.6....(n—-2)n
2a(n) _ 1
And therefore Yoy (+Da(n+1)  24...(n-2)n

Therefore the solution of the wave equation in even dimensions is givenby

n-2 n-2

000 = 2[(2)E 2 (1 ) (2 (g )

(t*—ly—x|*)z (2 -ly—x|*)2
Wherey, =24 .......(n — 2)n
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Chapter Five

Solution of the Non-homogeneous wave equation

5.1. Duhamel’s principle: It is a way to express the solution of a non homogeneous
partial differential equation as an integral of the solution of a homogeneous equation with
appropriate initial or boundary conations.

First let us see the following proposition
Proposition (differentiation of an integral).

Let U(x) =f;f(x, s)ds where a is a fixed constant .Then

S0 =00 + [ a-fs)d
e x)=f(xx aaxfx,s s
Proof Define a function of two variables
y
Voo = [ fos)ds
a

By the fundamental theorem of calculus

0 o (Y
55V =5 | ress = o)

Now also differentiation under the integral sign gives

d 3} a

—V(y) = af;f(x, s)ds = fayaf(x,s)ds

Suppose that y is a function of x and write y=y(x).The chain rule in two dimensions implies that
d ~9 9 dy

Ly y) = 2V (6,y) + 2V (x5, y(0) 2

= [ L f G )ds + £ y(0) 2

= *2 dy
= J, 5. G, $)ds + f(x, x)
Thus

—U(x)—f(x x)+f — f(x,s)ds

Examples: Function defined by an integral
X . . a
Let U(x)=/, sin(xs) ds. Find —U(x)

Solution: a) use preposition 1 with f(x,s)=sin(xs) we obtain
e )U(x) = sin(x?) +f —(sm(xs))ds

= sin(x?) + f;c scos(xs)ds
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Integrate by parts, u=s , dv=cos(xs)ds , dv=ds, V=§sin(xs)

s 2 S x _l x .
= sin(x*) + xsm(xs) lo xfo sin(xs) ds

2 2
cos(x?) — 1 cos (x2) — 1
= sing? + sinx? + ZC) T 5 nazy 4 S5 E) 1
X X
b) By evaluating the integral
— 2
U(x) = fox sin(xs) ds = _L(xs)lxo — 1%5(96)

Differentiate with respect to x, using the quotient rule

2 sin(x

a _ (1—cos(x2))’ _ 2x%sin(x?)—-(1—cos (x?) _
dx x o x2 -

cos(x?)-1
2)+ (xz)

Which matches the answer in (a)

D’ Alembert’s method tells us that the solution of the wave equation

Vie = C?Vpy (o0 < x <00, t > 0)eeeeveen e e (39)
V(x,0) = g(x)
Vi(x,0) = h(x)

x+ct

is Vix,t)= %{glx+ct) + glx —ct)} + 2—1C S h()dy
Our goal is to use this solution to solve the wave equation in the presence of an additional
external force f(x,t) that depends on x and t

Theorem 6: Duhamel’s principle for the wave equation

For a fixed s > 0 suppose V(x, t, s) is a solution of the homogeneous wave equation (39) with the
initial conditions V(x, 0, s) =0 and V;(x,0,s) = f(x,s) Then

u(x, t) = fot V(ix,t —s,s)ds (—oo < x <oo,t>0)is the solution of the nonhomogeneous

wave equation Up = C*Uy, + f(x, 1) (—0 < x < oo,t > 0) subject to the initial condtions
u(x,0) =0 and u;(x,0)=0

Proof: Apply the above proposition
U(x,t) = fot V(x,t —s,s)ds
u(x,t) =V(x,t —s,8)|s=¢ + fot Vi(x,t —s,s)ds
=V(x,0,s) + fot Vi(x,t —s,s)ds
u(x.t) = fot Vi(x,t —s,s)ds

25



t
U (x, t) = Ve(x, t — s,5)|s=¢ + f Vie(x,t —s,5)ds
0

t
=V:(x,0,5) + f Vie(x,t —s,5)ds
0

U (x,8) = f(x, t) + fot Vie(x,t —s,8)ds

And also differentiate under the integral sine twice
U, (x,t) =V(x,t —5,5)|s=¢ + fOth(x, t—s,s)ds
u, (x,t) =V(x,0,5) + foth(x,t —s,s)ds
u(x,t) = fOth(x,t —s,5)ds
and Uy, (x,t) = Ve(x, t — 5,5)|g=¢ + fot Vir (x,t — s,8)ds

uxx(x: t) = Vx(x: O,S) + fot ‘/xx(x; t— S,S)dS
t

Uyr (X, ) = f Vi (x,t — 5,5)ds
0

thus  Up — C*uyy = f(x,£) + fot Vie((x, t = 5,5) — c?Vpe(x, t — 5,5))ds
t

But f Vie((x, t = 5,8) — ¢V (x, t — 5,8))ds = 0
0

Since V'is a solution of (39)
There fore Upr — C2Uy, = f(x, 8)
Examples: wave equation and Duhamel’s principle

Solve Uy = Uy, + e F cos(x) (t > 0,—c0 < x < ) subject to u(x,0)=0 and
u:(x,0) =0

Solution; According to the theorem we consider the wave equation on the real line
Vit = Vix subject to V(x,0,s)=0 and V;(x,0,s) = e *cosx where x is fixed t > 0,and — o <
x < oo, Applying d’Alembert’s solution (39) we find

V(x,t,s) = eT_sf;_tht coszdz = eT_S [sin(x + t) — sin(x — t)]

= e Ssintcosx
Then the solution is
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U(x,t)=f0t e~ Ssin(t — s) cosxds

=cosxf0t e Ssin (t — s)ds

1
= Ecosx[e_t — cost + sint]

Evaluated the last integral using the formula

[e Ssin(t—s)ds = eTS [cos(t — s) — sin(t — 5)]

5.2. Energy method
Theorem 7. (Uniqueness theorem)
There exists at most one solution of the wave equation
Upe = C?Uyy 0<x<lLt>0
Satisfying the initial conditions
u(x,0) = f(x)
U (x,0)=g9x),0<x<L

And the boundary conditions

u(0,t) =0

u(L,t)=0,t=0

Where u(x, t) is a twice continuously differentiable function with respect to both x and t

Proof: suppose that there are two solutions u; and u, and let V = u,; — u,. it can readily see
that VV (x, t) is the solution of the problem.

Vie=C%,p ,0<x<L,t>0
V(O0,t)=0,t=>0
V(L,t)=0,t>0

V(x,0)=0,0<x<L

V,(x,00=0,0<x<L
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We shall prove that the function V (x, t) is identically zero. To do so, consider the energy integral
E(t) =5 [;(C?V2 + V)dx

The first term represents the total potential energy of the string, while the second term represents
the total kinetic energy, which physically represents the total energy of the vibrating string at
time t

Since the function V (x, t) is twice continuously differentiable, we differentiate E (t) with respect
to t, thus

L

dE [t g
E = f (CZVxth + VtVtt)dx =f CZVxthdx + j (VtVtt)dx - ... ... (4‘7)
0 0 0

Integrating the first integral in (45) by parts we have

L L
f C20,Vydx = [C2V, V5 - ] C2V,Vydx
0 0

But from the condition v(0,t) = 0, we have V;(0,t) = 0, and similarly,
Vi(L,t) =0 forx =1L

Hence, the expression in the square brackets vanishes, and equation (47) becomes
dE L L
-_— = .f VtVttdx +.f CZthdx
dt R 0

L
= j (VeVie — C?V Vip)dx
o

dE L

—_ = f Vt(Vtt - CZI/xx) dx - (48)

dt o

Since V;; — C?V,, = 0, equation(46)reduces to

dE 0
dt
Which means E(t) = constant = C
Since V (x,0) = 0 we have V,.(x,0) = 0.Taking in to account the condition V;(x ,0) =
0, we evaluate C to obtain E(0) = C = % foL[CZI/;C2 + Vtz]t—o dx=0

This implies that E(t) = 0 which can happen only when
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Ve=0andV, =0 fort>0

To satisfy both of this condition’s, we must have V' (x, t) = constant employing the condition
V(x,0) = 0 we then find V(x,t) =0

Therefore, u, (x,t) = u,(x,t) and solution u(x, t) is unique.
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Summary

The physical interpretation of the wave equation strongly suggests that the solution of the initial
value problem u;; —Au =0 forx€ R",t > 0, is mathematically appropriate to specify two
initial conditions, on the displacement u and the velocity u; at time t=0.

By solving the Euler- Poisson-Darboux equation, a PDE which we can for odd n convert in to
the ordinary one-dimensional wave equation and then applying D’ Alembert’s formula it leads to
a formula for the solution. But no transformation works to convert the Euler-Poisson- Darboux
equation in to the one dimensional wave equation when n = 2. Instead we will take the initial
value problem of wave equation for n = 2 and use aformula for n = 3,in which the third
special variables x3 does not appear.

That means to compute the solution u(x,t) for odd n, we need only have information on g , h and
their derivatives on the sphere dB(x, t), and not on the entire ball B (x,t).In contrast to this to

compute u(x,t) for even n we need information on u=g , u; = h on all of B(x,t), and not just on
0B(x,t).
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Appendix

It is convenient to calculate integrals in polar coordinates. Thus

Spnf )dx = [, ypy, 1o f ()dsdlr
Hear ds represents surface measure on the n-1 dimensional sphere dB (xo_r)of radius r centered

at x,. The total surface measure of the sphere is proportional to 7™~ and the proportionality
constant will be taken so that it is by definition na(n)r™ 1.

For example na(n) in dimensions n=1,2,3 has the values 2,2m ,4m. In dimensionsn =1,2,3
These numbers represents the count of two points, the length of the unit circle and the area of the
unit sphere.

As an example take f(x) = e™" and x, = 0
Then [ e **dx =f0wf ~*dsdr

aB(o,n€
f e ™ dx =na(n)f, e r"dr
Here the tota surface mearsure of the ball is defind to be na(n)r™ 1.
na(n) f e " rldr
0
du

du
Let u = r? then T = 2r Vo = dr then we get:

= na(n) %fow e‘uu(g_l) du
= na(n) %fom u(%‘l)e—u du
= na(n) ;I (%)

3
When n=2 this says that the value of the integral is m.When n=3 the value of the integral is mz.
It follows by factoring the exponential that for arbitrary dimensions the value of the integral
n

ismz,
This implies T2 = na(n)%F(g)
n
21?2
na(n) = —5
re)

This proves is the basic fact that the area of the unit n — 1 sphere is
n
2m2
n
r@)
The function I' (z) mentiond is the usual Gamma function

r'(z) =f u?le % du
0

na(n) =
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Its main properties are
r(z+1)=zl(z)

ra=1
1
r(3)=a
We can also compute the volume of the unit ball a(n) as
n n n
o 2n2 m2 m2
e =" ~n_.n - .0
nr'Gz) Iz I+l
Therefore
n
"M =rEs
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