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Abstract 

Twins are relatively rare events, but several studies confirm that they contribute substantially to 

mortali ty in both neonatal and post-neonatal periods. The excess infant and child mortality rates 

among twins calls for a need to identify the main causes behind it. This study intended to identify 

ri sk factors that are significantly associated with survival of under-five twins in Ethiopia. Data 

about twin under-fi ve mortality was found from the birth hi story of women who were included in 

the 2011 Ethiopia Demographic and Health survey. This study, therefore, employed bivariate 

survival analysis approach using gamma frailty models. The results of the study showed that 

place of residence, preceding birth interval, birth order, and previous child status were 

significantly assoc iated with under-fi ve twin mortality. 
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Chapter one 

1. Introduction 

1.1Background of the study 

Despite the signifi cant improvements in child survival in the past decades, levels of infant and 

child mortality and morbidity remain high in many developing countries (UNICEF, 20 10). These 

problems are particularly serious among high-risk pregnancies and bi11hs, and in developing 

countries where the health-care system is still struggling to provide basic public hea lth and 

maternal and child health care to their population (Bryce et ai, 2005). 

Twins are relatively rare events, but contribute substantially to mortality in both neonatal and 

post-neonatal periods (Alam et ai, 2007). There are few studies that evaluate the mortality of 

twins after the neonatal period in Sub-Saharan African countries. Those studies include the 

studies brought together by Pison (1992), Justesen and Kunst (2000), Olalekan et al (2008), 

Aaby et al ( 1995). All of these studies examine the excess mortality of twin compared to 

singleton. 

The exact ri sk factors behind under age 5 twins mortality are not yet clearly known, but it is 

possible to think that either genetic or environmental related factor plays vital role in survival of 

individual twin . Children belonging to the same family share certain unobserved characteristics, 

which may not be suffic iently described by the observed co variates included in stati stical 

models. The ignorance of such family- level corre lation may lead to biased parameters estimates. 

This unobserved heterogeneity, also referred to as fra ilty (Vaupel et ai, 1979), operates at tlu-ee 

different levels: child, family and community (Sastry, 1997). At the family level, children from 

the same parents inherit common genetic factors and usually grow up in the same household 

enviromnent. Parents are also more likely to adopt similar child care behavior for all their 

children. Genetic factors remain the major component of the family-level frailty. However, each 

chi ld has a proper susceptibility to infection, independently of hi s family membership (Childs et 

ai , 1992). This idiosyncratic genetic factor remains the major child level unobserved frai lty 

component. In addition, inside the common globa l family behavioural factor, parents may adopt 

a slightly different prenatal and neonatal attitude from one child to the next, for example, the 
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health care practice and the nutritional status . At the community level, the random effects are 

more likely of behavioural and environmental nature (Koissi and Hiigniis, 2001). 

The persistence of high infant and child mortality rates among twins calls for a need to identify 

the main causes behind thi s phenomenon. Twin and adoption studies have provided insight on 

the relative importance of genes and environment on the variation of a trait. Twins represent a 

very special case of relationship. There are two types of twins: Monozygotic (MZ) and Dizygotic 

(DZ) twins. MZ twins are geneticall y identical , whereas DZ twins share 50 % of their genes on 

average like ordinary siblings. This difference can help to evaluate the relative imp0l1ance of 

genes and envirorunent on the vari ati on of a trait. 

1.2 Statement of the problem 

According to The Ethiopian Gemini Trust (20 I 0) Ethiopia has twice as many twin births as 

Europe. However, without assistance and problems related to nutrition almost 30 % of the babies 

die before they turn one year old. Furthermore, the same source reports that in Ethiopia the infant 

mOl1ality rate among twins is at least three times higher than singleton. 

The rate of occurrence of infant and chi ld mortal ity rates reflects the country 's level of socio 

economic development and quality of life. Although chi ld mortality rate shows encouraging 

dec line pattern in the past 10 years, if Ethiopia come across to achieve the MDG 4 (reduce chi ld 

mortality by two-thirds between 1990 and 20 15) child mortality rate must be further reduced. 

Therefore, in addition to in-depth understanding of the levels, trends, differentials and 

determinants of child mortality, identification of determinants or the risk factors paI1icularly for 

twin under-5 morta lity is also vital in any attempt to attain the goal through proper and 

sustainable types of intervention. 

To the best of our knowledge, no study has assessed the ri sk factors that aggravate twin under-5 

mortality in Ethiopia, although there are several studies that have been conducted on infant and 

ch ild mortality such as Asefa et al (2000), Deribew et al (2007), and Fottrell et al (2009) among 

others. Most of these studies have used Cox proportional hazard model to estimate the 

significance of the risk factors on child mortality. Some of these studies have a lso employed 

indirect estimation of Brass and Trussell ' s methods: It estimates mortality with an assumption 

that the risk of child death is a function of the age of the child only and does not depend on other 
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factors such as mother ' s age or child ' s birth order. These studies assumed independence between 

observations and ignored the correlation between children from the same family. However, in 

studies involving multiple individuals from the same family, the independence assumption is not 

plausible unless all important familial factors were measured and controlled for in the model. 

Furthermore, they fa iled to include the effect of unmeasured variability, and hence, some 

uilllleasured genetic, environmental and components remain unexplained. 

1.3 Objectives of the study 

The general obj ecti ve of the study is to identify ri sk factors that are significantly associated with 

survival of under-five twins in Eth iopia. 

~ Specific objectives 

• To fit a parametric correlated gamma fra ilty model with observed covariates. 

• To assess if there are unobserved envi ronmental and genetic factors that aggravate the 

twin under-fi ve mortality in Ethiopia. 

1.4 Significance of the study 

Evidence-based action plans and interventions are needed to reduce child mortality. Recently, 

maternal , environmental, behavioral and socioeconomic factors were recognized as important 

factors that aggravate child mortality. The result of thi s study could be used as knowledge input 

for any attempt to reduce child mortality through proper and sustainable types of interventions. 

1.5 Limitations of the study 

• Among the available covariates in the stud y dataset (The 20 11 Ethiopia Demographic and 

Health survey) , those information (taken at the time of interview) on father/mother's 

education level, and wealth index had been omitted because they might have changed 

during the time preceding the interview (time varying variable) . Neither of mother's 

marital status, the household variables such as famil y size, the source of drinking water 

and the type of toi let used for the same reason. 
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• The study dataset has no information on the zygos ity of the twins, which could have able 

us to assess the unobserved factor effec ts in detai l. Thus, in this study the cause of the 

unobserved fac tor is not assessed . 

• Since it was not poss ible to get the appropriate statistical software to fit bivari ate 

parametri c proportional hazards models it was not possible to include those tasks that 

require high level programs such as model assessment in the parametric section. 
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Chapter two 

2. Literature review 

Traditional ly bivariate survival data have been studied by analysis-of-variance methods 

deve loped by quantitative geneticists Bulmer ( 1980) and Falconer (1990). A new approach has 

been opened up by the extension of the methods of surv ival analysis by Kalbfleish and Prentice 

(1980) and Cox and Oakes (1984) to bivariate survi val data. The survival analysis approach is 

superior to the analys is-of-variance approach when the data to be analyzed are censored and 

advantageous when the mechanisms of mortality, including the effect of covariates, can be 

appropriately captured by a hazards model (Yashin et ai, 1995). 

Recently, investigators have recognized that ignoring individual heterogeneity may lead to 

inaccurate conclusions. Models for heterogeneity have been proposed by Vaupel et al ( 1979), 

who introduced frailty as an unobserved quantity in population mortality. Frailty refers to a 

susceptib ility to death that is not captured by observed covariates. Typically, frailty includes 

factors that affect an individual 's surviva l chances such as genes and unmeasured attributes of 

the environment, all of which mayor may not be shared to some degree with other indiv iduals in 

a family . The most common fi'ailty specil'ication is the " shared fi'ai lty" extension of the 

proportional hazards regression model. Hougaard et.al (1992) used several versions of the frailty 

model for bivariate survival to fit data for Danish monozygotic and dizygotic twins. In a shared 

frailty model , the frailties are unobserved random variables assumed to be independent and to 

follow a probability distribution, the shape of which is described by few parameters. The shared 

frai lty model pools all effects, shared genetic and shared environmental, into a single random 

effect without consideration of the genetic relationships that link any two relatives. 

Oakes (1989) proposed frai lty models for bivariate surviva l times and introduced several 

possible frai lty model s. Yashin and lachine ( 1995) and Yashin et.al (1995) introduced a model of 

bivariate survival that allows for the incorporation of correlations between individual frailties. 

These models are known as "correlated fi'ailty " models, which have been used with twin data to 

assess genetic and environmental factors intluencing mortality, 
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Salihu et al (200S) examined the association between maternal nativity and neonatal survival of 

twins among black mothers in USA. They compared the fetal growth patterns of twins born to 

US and foreign born black mothers by computing means of gestational age-specific birth weights 

for each group and plotting these against their respective gestational ages. Then they assessed 

overall differences between the two groups by means of the Student I test. Comparisons of levels 

of overall , earl y, and late neonatal mortality between the two groups are made using hazard 

ratios generated from a Cox Proportional Hazards Regression model. After testing for the non­

violation of the proportionality assumption, adjusted and unadjusted hazard ratios were generated 

by using the partial likelihood method described by Cox (1972). They also employed the Robust 

Sandwich Estimator (Liang and Zeger, 1986) to adjust the estimates of the variance of the 

coefficients in order to account fo r the cOlTelation among observations within twin sets. Their 

study determined the morbidity pathway for adjusted differences in neonatal mortality between 

the two nativity groups. The three precursors of neonatal mOltality, low birth weight, preterm, 

and small -for-gestational-age, were tested as candidate mediators that could have accounted for 

any observed differences in neonatal demise between the two etlmic sub-populations. All tests of 

hypotheses were two-tailed, with a lyp" I error rate fixed at S%. The result of the study shows 

that twins of US born mothers had a 23% higher likelihood of dying within the neonatal period 

compared to those of foreign-born mothers (hazard ratio = 1.23 , 9S% confidence interval: 1.04-

1.46). The disparity in neonatal demise occurred exclusively in the earl y neonatal peri od (hazard 

ratio = 1.29, 9S% C1: 1.06 - I. S0) , with mOitality indices comparable in the late neonata l period 

(hazard ratio = 0.96, 9S% CI: 0.68 - 1.35). Low and very low birth weight (p<.0001), preterm 

and very preteI'm (p<.0001), and small-for-gestational-age neonates (p<.OOOI) were more 

prevalent among twins of US-born mothers. Finally they concluded that, compared to those of 

foreign born, twins of US born black mothers experienced higher mortality in the neonatal 

period. The mortality di sadvantage resulted mainly from lower gestational age at birth and the 

preponderance of small-for-gestational-age babies among US-born black mothers. 

Garibotti et al (2006) studied longevity and correlated frailty in multigenerational families. The 

study applied Cox proportional hazards models to data from three-generation pedigrees in the 

Utah Population Database using two different frailty specification schemes that account for 
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common environments (shared frailty) and genetic effects (correlated frailty) . In a model that 

includes measures of fami lial hi story of longevity and both frailty effects, they fo und that the 

variance component due to genetic fac tors is comparable to the one attributable to shared 

environments: Standard deviations of the correlated and the shared frailty distributions are 0. 143 

and 0.1 86, respectively. Through simulations, they also showed a greater reduction in the bias of 

parameter estimates for fi xed covariates through the use of the correlated frai lty model. 

The application of the bivariate correlated gamma frai lty model with observed covariates to the 

lifetimes of Monozygotic (MZ) and Dizygotic (DZ) Danish twins with respect to coronary heart 

di sease (CHD) were performed by Wienke and others and expressed in Wienke (20 11 ). They 

analyzed the influence of smoking, body mass index (8M!), gender, and birth year (using the 

variable transformation birth year minus 1890 because the oldest twins on thi s study were born 

in 1890) on the susceptibility to death by CHD . They fitted parametric models with different 

cumulative baseline hazards such as Weibull, Exponential and Gompertz. Based on the 

likelihood, compared to the other two, the Gompertz model showed the best fit to the data. The 

correlation for MZ twins (PMZ= I) was on the boundary of the parameter space [0, I] , whereas 

DZ twins showed a smaller con·elation (Poz = 0.689). Cigarette smokers had a significantly 

higher risk to die from CHD, with fj= 0.465 and standard error SE=0.149, compared to 

nonsmokers . Twins with small or high BM! have a slightly worse prognosis compared to twins 

in the reference category with BMI between 22 and 28 kg/m2. Women showed a significantly 

better survival with fj = - 0.783 (SE=0. 126) compared to males, and later birth is related to a 

decreasing risk. 

A semi parametric bivariate correlated gamma frailty model was fit to MZ and DZ Danish twins 

born between 1890 and 1920 by Pietzner and Wienke (20 I 0) . Here the aim was to analyze the 

influence of smoking, body mass index (8M!), gender, and birth year on mortal ity. The 

correlation fo r MZ twins was PMZ = 0.706 (SE=0.086), whereas DZ twins showed a smaller 

correlation Poz = 0.479 (SE=0. 130). 

Wienke et al (2003) fit a correlated gamma-frai lty model to study the genetic influence on 

susceptibi lity to di seases of the respiratory system and all-cause mortality. This study used data 

from the Danish twin registry. Twin pairs born between 1870 and 1930, where both individuals 
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were alive on 1 January 1943 were included in thi s study. The data was categorized by sex and 

zygosity information. And proportions of variance in frailty attributable to genetic and 

environmental factors were assessed using structural equati ons model (Neale and Cardon, 1992). 

The result of the study showed that, for all-cause mortality the correlation coefficients o f frailty 

for MZ twins tend to be higher than for DZ twins. And for m0l1ality with respect to respiratory 

di seases this effect was only seen in females, whereas males showed the opposite effect. In 

addition to thi s, after they fit the fi ve standard biometric models (Neale and Cardon, 1992) to the 

data, the analys is confirms the presence of a strong geneti c influence on ind ividual frailty 

associated with all-cause mortality. But for respiratory di seases, no genetic influence was found 

in males and only weak genetic influence in females . 

Roudsari et al (2006) compared the risk of early childhood injuries in twins and singletons. They 

conducted a retrospective cohort study using linked birth certifi cate, hospital discharge, and 

death certificate data from Washington State (l987~2002). They used Cox propol1ional hazards 

regress ion to determine the hazard ratio (HR) of injury-related hospitalization and death in the 

first six years of li fe for twins and tri plets compared to singletons. Then the HRs of injury­

related hospitalization were 1.4 for twi ns (95% CI: 1.2~ 1.6) relati ve to singletons after 

adjustment for factors such as child's sex, mother's age, marital status, and number of older 

siblings . Finally, they showed that low birth weight signifi cantly modified the association 

between twin status and injury hospitali zation, and they conclude that the ri sk of injury death 

was not significantl y higher among twins than singleton children. Rather twins appear to be at 

higher ri sk of childhood injury hospitali zation. 

Becher et al (2004) used Cox proportional hazard model to quanti ty chi ldhood mortality in rural 

Burkina Faso. This study used data from demographic surveillance system in 39 villages around 

Nouna, Western Burkina Faso. All children born ali ve in the period I January 1993 to 31 

December 1999 were included . The result of the study shows that death of mother and being a 

twin are the strongest ri sk factors for ch ild mortality. 

Fottrell et al (2009) used Demographic and Health Survey (DHS) and Demographic Survei llance 

System (DSS) data from Ethiopia to model the di stribution and effects of under-five mortal ity 

risk factors. They employed Cox proportional hazard model to derive the hazard rate ratio for the 
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two data sources. The results of the study show that child mortality ri sk profil e was similar 

between each data source, with multiple births and living in less populous households are 

significant ri sk factors for under-fi ve mortality. 

Desta (20 I I) used data from 2000 and 2005 Ethiopian DHS and employed logistic regression 

ana lysis to examine the socioeconomic, demographic and biological factors of infant and child 

mortality. The study show that marital status, birth order, type of births and preceding birth 

intervals are significant proximate determinants of infant and child mortality. Breast feeding had 

an important significant effect on infant mortality but not on child mortality. Children born to 

women not married, first born children, multiple birth , children born within 18 months of the 

previous birth and chi ldren who were breast fed for less than 6 months were exposed to a higher 

risk of infant and chi ld mortality. Children born in small household size, children born in male 

headed household, children born to mothers and fathers with no education and to some extent 

chi ldren born to mothers and fathers with primary education were exposed to a higher ri sk of 

infant and chi ld mortality. 

Joshua and Jeroen (2009) used 2005-06 Zimbabwean DHS to investigate the maternal , 

socioeconomic and sanitation factors on infant and child mortality using Cox regression model. 

The result of the study shows that birth order six and more with short preceding interval is 

significantly associated with higher risk of infant and child mortality. Multiple births increase 

infant and child mortality. Chi ldren who are first born and those born to mothers aged 40-49 

years were associated with higher infant and child mortality. They showed that the influence of 

birth order, preceding birth intervals, maternal age, type of birth and sanitation factors have a 

pronounced effect on infant mortality but weak effect on child mortality. 

Wang (2003) using the 2000 Ethiopia DHS examines the environmental determinants of chi ld 

mortality by constructing three hazard models (the Weibull , the Piece-wise Wei bull and the Cox 

model). This study examine three age-specific mortality rates: neonatal , infant, and under-five 

mortality by location (rural/rural), female education attainment, religion affil iation, income 

quintile, and access to basic environmental serv ices (water, sanitation and electricity). The 

estimation results show a strong statistical association between child mortality rates and poor 

environmental conditions. 
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Balk et al (2003) used DHS data from 12 West Africa countries and carry out a spatial analysis 

on childhood mortality using logistic regress ion model. The result of the study showed 

that chi ldren who are first born were associated with higher risk of death during infancy 

compared to children who have birth order above 5. Multiple births were associated with higher 

ri sk of death during infancy. Chi ldren born to educated mother (secondary or higher education) 

experience high survival. Furthermore, infants and children who reside in urban areas showed a 

bet1er survival chances than those children reside in rural areas. 

Njagi and Purity (20 11 ) used data from the 2008/09 Kenya Demographic Health Survey to 

examine the implications of unobserved heterogeneity on parameter estimates of urban rural 

di fferentials in infant mortality. In thi s study Standard Log normal Accelerated Failure Time 

model was used for analysis, and shared fra ilty model was further fit to account for unobserved 

heterogeneity. Frailty was cons idered at household level. The result of the study indicates that in 

urban areas birth size was the only significant factor that influenced infant mortality, whereas in 

rural areas region of residence, preceding birth interval, birth order and birth size were 

significant factors. 

Niragire et al (2006) fit Cox proportional hazard model with shared frailty models to identify the 

determinants of child mortality in Rwanda. They used data from the 2005 Rwanda Demographic 

Health Survey. The result of the study shows that frailty effects were significant in childhood; 

with child deaths mostly determined by socioeconomic and demographic factors such as 

household socioeconomic status. 

Sastry (1997) apply a multivariate proportional hazards model with nested fi·ailty to analyze the 

effect of covariates on child survival. This study used survey data from northeast Brazil collected 

via a hierarchically clustered sampling scheme. The study shows that famil y and community 

frailty effects were fairly small in magnitude but important. And children born from women at 

yo ungest and oldest age are subject to high ri sk of death. 

Guo and Rodriguez ( 1992) assess the effects of covariates and analyze the effects of unobserved 

family heterogeneity in children survival times. They fit a shared gamma frailty model with 

observed covariates. The study dataset was obtained from a retrospective survey conducted on 
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1974-76 in Guatemala. The result of the study showed that children born from women at 

youngest age were at highest risk of death and short proceeding and succeeding birth intervals 

increase chi ld mortality ri sk. In addition to this, the result of the study confirmed the sign ificance 

of fami ly random effect. 

Koiss i and Hiignas (200 I) analyze the effects of unobserved fami ly heterogeneity in children 

survival times. The analysis was done through a Bayesian approach using a proportional hazard 

model wi th multiplicati ve random effect. They used data from the Demographic and Health 

Survey that was carried out from September 1998 to March 1999 in Ivory Coast. The result of 

the study showed that chi ldren whose previous sibling died experienced a lower survival chance. 

When the reference group has a preceding birth interval greater than 24 months, a preceding 

birth interval less than 18 months increases the child mortality risk by 2 times. First births were 

also 1.5 times riskier. The family random effect was fo und statistically significant. 
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Chapter three 

3. Data and Methodology 

3.1 Data and data source 

The source of the data used in thi s study was the 20 II Ethiopia Demographic and Health Survey 

(EDHS). It was conducted in Ethiopia as part of the worldwide demographic and health survey 

project. The 2011 Ethiopia Demographic and Health Survey was conducted by the Centra l 

Statistical Agency (CSA) with the support of the Min istry of Health. This is the third 

Demographic and Health Survey (DHS) conducted in Ethiopia under the worldwide measure 

DHS project, a USAID-funded project providing support and technical assistance in the 

implementation of population and health surveys in countries worldwide. 

DHSs are large, complex cross-sectional surveys that measure demographic and health 

parameters on a nationally representative sample. Nationa ll y distributed cluster samples of 

households are performed at approximately five-year intervals, with each round drawing a new 

cross-section sample. The standard DHS survey consists of a household questionnaire and a 

women ' s questionnaire administered to a nationally representative sample of women aged 15-49 

years. The women 's questionnaire is used to gather information on complete birth histories to 

estimate infant and child mortality probabilities . 

The 20 II Eth iopia Demographic and Health survey interviewed a nationally representative 

population in about 18 ,500 households, and all women of age 15-49 and all men of age IS-59 in 

these households. Indicators relating to family planning, fertility levels and determinants, fertility 

preferences, infant, child, adult and maternal mOJ1ality, maternal and child health, nutrition, 

women ' s empowerment , and knowledge of HIV/AlDS are provided for the nine regional states 

and two city administrations. In addition, data by urban and rural residence at the country level 

are provided. 

Data about twin mOl1ality was found from the birth hi story of women who were included in the 

survey. A ll twin births before January 0 1, 2008 were included. 
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3.2 Variables of the study 

• The Response variable 

The response or outcome variable for this study is the surviva l time of a pair of under-five twins 

measured in weeks. 

• Independent variables 

Among the various covariates that are thought to have effect on survival of a chi ld the factors 

birth order, gender, mothers age at birth, preceding birth interval, previous child survival status 

and residence are included in this study. For the purpose of interpretation those quantitative 

co variates are changed into categorical covariates. The categories of each covariate and the 

cOITesponding reference categori es are presented in Table 3. 1. 

Table 3. 1: The covariates and the categories of the covariates in the study 

Covariates Categories Code 
Residence Urban 1 

Rural 2 

Sex Male 1 
Female 2 

Age of mother at birth Below 18 years 1 

Between 18- 35 years 2 

Above 35 years 3 

Preceding birth interval Below 18 month 1 

Between 18-24 month 2 

Above 24 month or first born 3 

Birth order First born 1 

Between 2-4 2 

5 and above 3 

Previous child status Dead 1 
Ali ve or 1 st child 2 
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3.3 Survival analysis 

Survival analysis is a statistical method for data analysis where the outcome vari able of interest 

is the time to the occurrence of an event. Time to an event is a positive real valued vari able 

having continuous di stribution. It is necessary to define the stalting time point ; the occurrence of 

an event may be death, occurrence of di sease, time to an epileptic seizure, time it takes fo r a 

patient to respond to a therapy, or time from response until disease relapse. [t is applied in a 

number of applied fi elds, such as medicine, public health, social science, and engineering. Tn 

medical science, time to event can be time until recurrence in a cancer study, time to death, or 

time until infection. In the social sciences, interest can lie in analyzing time to events such as job 

changes, marriage, birth of children and so forth . 

Surviva l time refers to the time from a particular starting point to a parti cular end point of 

interest or occurrence of event. The surviva l ti me data set contain either censored or truncated 

observations. 

Censored data arise when an individual's life length is known to occur only in a certain period of 

ti me. Well -known censoring schemes are right censoring, where all that is known is that the 

individual is still alive at a given time; left censoring, when all that is known is that the 

individual has experienced the event of interest prior to the start of the study; or interva l 

censoring, where the only information is that the event occurs within some interval. 

Well-known truncation schemes are left truncation, where only individuals who survIve a 

sufficient time are included in the sample and right truncation, where only individuals who have 

experienced the event by a specified time are included in the sample. 

In addition survival time data is usuall y skewed and always non-negative, which implies that the 

normality assumption is unlikely to be sati sfi ed. Such data cannot be handled properl y by 

standard stati stical methods. Researchers use different teclmiques to respond to the complication 

due to censoring but until recently none of the techniques was entirely sati sfactory. However, 

new developments in stati stical theory accompanied by new development in stati stical 

computing have changed how researchers can study such data. This new method known as 

survival analysis was developed by biostati st icians modeling human life times (Cox, 1972, Cox 
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and Oaks 1984; Kalbfleish and Prentice, 1980; Miller, 1981) in the medical and biological 

sCIences. 

3.3.1 Survival Function 

Let T be a random variable denoting the survival time. The di stribution of survival times is 

characterized by any of three functions: the survival function, the probability density function or 

the hazard function. The following discussion is due to Hanagal (2010). 

Survival function S (t) is defined as: 

Set) = P[T > t ] = the probability an individual survives beyond time /. 

Since a unit either fails or survives, and one of these two mutuall y exclusive alternatives must 

occur, due to the above definition of Sec) we have: 

SCt) = 1 - F(t) (3.1) 

where FCt) is the cumulative distribution function (CDF) of T . If T is a continuous random 

variable, then Set) is a continuous, strictly decreasing function. The survival function is the 

integral of the probability density function fCt) ofT, that is: 

Thus 

Set) = It"" f(x)dx 

fCt) = _ dS(t) 
dt 

3.3.2 Failure (or Hazard) Rate 

C3.2) 

(3.3) 

The hazard function gives the instantaneous failure rate at t gIven that the individual has 

survived up to time t, i.e . 

. P[t:<:;T:<:;t+hIT2:t] 
hCt) = llmh~o h 

= ~i:; = instantaneous(conditionai) failure rate 
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The fai lure rate is sometimes called a "conditional fai lure rate" since the denominator Set) (i.e. , 

the population survivors) converts the expression into a conditional rate, given survival past time 

t . Since h(t) can be expressed as: 

h(t ) = !!... In{S (t ) } 
dt 

it fo llows that: 

Se t ) = exp { - f; h(t) dt} (3.4) 

If we define the cumulati ve Hazard Function by: 

H(t ) = f; h(t)dt 

then, we have 

S et) = e - H(t) (3.5) 

There are many genera l shapes for the hazard rate, the only restriction on h(t) is that it be non 

negati ve. The hazard rate for the occurrence of a parti cular event can be increasing, decreasing, 

constant, bathtub-shaped, hump-shaped, or possessing some other characteri sti c which describe 

the failure mechanism. 

The bivariate survival function of the lifetimes (Tl' Tz ) is given by: 

(3.6) 

where H (tl , tz) is the bivari ate integrated hazard function of (Tl' Tz) which can be written in 

terms o f bivariate survival function as :-

(3 .7) 

3.3.3 Approaches in estimation of Survival function 

To estimate the survival function, two different modeling approaches are used, namely 

parametric and non parametric . In the case of parametric estimation, it is necessary to make 

assumptions about the distribution of failure times. Tn some circumstances thi s makes sense, 

especiall y when additional information about the nature of the underl ying aging or disease 

process is available. Some of the important models widely used in various research papers are 

the exponential , Weibull , gamma, log normal , log logisti c, normal , exponential power and 

Gompertiz di stribution. Each parametri c di stribution is defined by a different hazard function. 
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In the non parametric case, no assurnption is required about the distribution of failure times. 

Kaplan Meier estimator (Kaplan and Meier, 1958), Nelson-Allen estimator (Nelson, 1969) and 

Berslow estimator (Breslow, 1974) are the most widely used non parametric methods. 

Whether to use a parametric or a nonparametri c model is an important point. An advantage of 

nonparametric models is their fl ex ibility and the resulting ability to deal with any probab ility 

di stribution. However, there is a high price to pay. First, nonparametri c methods need much 

more data to get reasonable results. Second, it is hard to get estimates of the hazard function, 

which is often an interesting and relevant information. In contrast, parametric models often allow 

closed-form express ions of the hazard and survival function depending on the chosen model. 

Parametric models can be described by the values of a few parameters. They often give good 

results even in the case of small sample size. If the assumed model is correct, the estimation is 

more efficient than in a nonparametri c estimation procedure. 

As a general approach one should plot the hazard function for the observed data and determine 

whether or not it is consistent with the assumed parametric distribution. If the data follows a 

parametric di str ibution, parametric methods are preferred to non-parametric methods for 

describing and quantifying factors that influence time to event. 

3.4 Cox Proportional hazards model 

The proportional hazards model introduced by Cox (1972) is a regression model with event time 

as the dependent variable. It allows the inclusion of information about known (observed) 

covariates in models of survival data in an easy way and is the most applied model in thi s area. 

Let h(t I X) denote the hazard of an individual at time t with covariate X' = (Xl' Xz, ... , Xk ) . The 

proportional hazards model specifies that: 

hCt I X)=ho(t) G(X) (3 .8) 

where ho(t) is the baseline hazard function and G (.) some positive function. 

The model assumes a baseline hazard that all individuals in the study population have in 

common. The parameters of primary interest are contained in G(X) = G(P, X), with p' = 

(Pt> Pz, .. . , Pk) denoting the vector of regress ion parameters. In this model , the covariates act 
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multiplicatively on the baseline hazard. This allows the model a simple and easy interpretation. It 

is assumed that all individual variation in the hazard can be characterized by a finite-dimensional 

vector of observed covariates . 

The main idea behind proportional hazards model is the separation of the time effect in the 

baseline hazard function on the one hand and the effect of the co variates in an exponential term 

on the other. In essence, this assumption says that the hazards of two individuals at time t is 

related by a proportionality constant that does not depend on t. The simple two-sample situation 

is obtained by restricting to a single (k = 1) binary covariate X in the model with X = 0 or X = 1, 

depending on group membership. In this case, the method is trul y nonparametric, and e(3 denotes 

the hazard ratio between the two groups. However, if X is continuous, a parametric form of G (. ) 

is required. Inference is now dependent on that parametri c form but still independent of ho(t) , 

and the model is called a semiparametri c model because of the parametric nature of the covariate 

term and the nonparametric baseline hazard function . In the semiparametric Cox ph model the 

survival function given the covariates X is given by: 

Set I X) = So (typ.x = e-Ho(t)e~·X (3.9) 

where SoCt) = e-Ho(t) denotes the baseline survival function, HoCt) denotes the baseline 

cumulative hazard function, and the components of the vector ~ are unknown regression 

parameters. That means the survival funct ion of an individual with covariate vector X is a power 

of the baseline survival function. The class of di stributions generated by this procedure is 

sometimes call ed Lelm1aIm alternatives (Lehmann, 1953). 

To estimate ~ and Ho(t) from data that are censored, Cox ( 1972, 1975) proposed a method called 

paI1ial1ikelihood method. The partial likelihood expression in (3. 10) does not depend on haCt) . 

Suppose that, data are available for n individuals, among whom there are r distinct death times 

and n - r ri ght-censored survival times. Assume that only one individual dies at each death time, 

so that there are no ti es in the data. Let t (l)< t (2)< ... < t (J") denote the r ordered death times. To 

estimate the regression coefficients ~ , the partial likelihood function is given by: 

(3.10) 
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where XU) is the vector of covariates for the individual who dies at the J'h ordered death time 

t (i)' The summation in the denominator of the function (3. 10) extends over all individuals who 

are at ri sk at time t (i)' Based on the estimates of~, one can obtain an estimate of Ho(t) by using 

the Berslow baseli ne cumulative hazard estimator (Breslow, 1974). The detai ls about the 

estimation procedure with tied events and the likelihood construction is avai lable in Lee and 

Wang (2003). 

3.4.1 Test of proportional hazards assumption 

The main assumption of the Cox proportional hazards model is proportional hazard s. 

Proportional hazards means that the hazard function of one individual is proportional to the 

hazard function of another individual, i.e., the hazard ratio is constant over time. There are 

several methods to verify as to whether a model sati sfies the assumption of proportionality. 

As a procedure one can run a Cox model with each covari ate (individually) and introduce a time­

dependent interaction term for that covariate. If the proportional hazards assumption is valid for 

the covariate, the time-dependent interaction term should not be significant. This approach is 

regarded as the most sensitive (and objective) method for testing the proportional hazards 

assumption (Stevenson, 2009). In the same way, we can assess the PH assumption for several 

predictors simultaneously. 

3.4.2 Cox proportional hazards model diagnostics 

In linear regression methods, residuals are defined as the difference between the observed and 

predicted va lues of the dependent variable. However, when censored observations are present 

and the partia l li kel ihood fu nction is used in the Cox PH model, the usual concept of residual is 

not applicable. A number of residuals have been proposed for use in connection with the Cox PH 

model. We will describe three residuals in the Cox model. 

1. Cox-Snell residuals 

The Cox-Snell residual (Cox and Snell , 1968) for the i th individual with observed survival time 

t (iJ is defined as: 

(3.11) 
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where fj is the partial likelihood estimator of the regression coeffi cient and Ho( t;) is an estimate 

of the Breslow's baseline cumulative hazard function Breslow (1974) at time t (O which is given 

by: 

This residual is moti vated by the fo llowing result : Let T has a continuous survival distribution 

Set) with the cumulati ve hazard H( t ) = -log (S(t)). Thus, STet) = exp (- H(t)). Let Y = 
H(t) be a transformation of T based on the cumulative hazard funct ion. Then the survival 

function for Y is given by: 

Sy(Y) = P(Y > y) = p(H(t) > y) 

= peT > Hi l(y)) = ST(Hil(y)) 

= exp ( -!-lr(!-li l(y))) = exp (-y) 

Thus, regardless of the distribution of T, the new variable Y = !-let) has an exponential 

di stribution with unit mean. Therefore, we use a plot of !-l (Tc;) versus Tei to check the fit of the 

model. This gives a straight li ne with unit slope and zero intercept if the fitted model is correct . 

Note that the Cox-Snell residuals wi ll not be symmetrically distributed about zero and cannot be 

negative. 

2. Martingale Residuals 

Martingale residuals are the difference between the observed number of events for an individual 

and the conditionally expected number given the fitted model, follow up time, and the observed 

course of any time-varying covariates . Martingale residuals may be plotted against covariates to 

detect non-linearity (that is, an incorrectly specified functional form in the parametric part of the 

model). Martingale residuals (sometimes referred to as Cox-Sne ll or modified Cox-Snell 

residuals) are defined as: 

(3. 12) 

where OJ is censoring indicator defined as OJ = 1 if the observed survival time tj is uncensored 

and 0 otherwise. I f the plot of Maltingale residuals versus the covariate do not show any pattern, 

the linearity assumption for the covariate under consideration is sati sfi ed. 
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3. Deviance residuals 

The deviance residuals help us in identifying poorly fitted subjects, and is defined (Therneau et 

aI. , 1990) as: 

Di = sign(MJ ) -2[Mi + o;log (0; - Mi )] (3.13) 

where sign (.) is the sign function which takes the value I if Mi is positive and - I if Mi is 

negative . The deviance res iduals are symmetricall y di stributed about zero when the fitted model 

is adequate, and individuals with large positive or negative deviance residuals are poorl y 

predicted by the model. 

Dtbeta 

Dfbeta is a useful measure to assess the influence of each observation on the estimated 

coefficients il s. This measure is analogous to that used in the usual linear regression. Large 

values suggest we inspect the corresponding data points. 

3.5 Parametric proportional hazard model 

Parametric proportional hazards model is the parametric version of the Cox proportional hazards 

model. It has a similar form to that of Cox PH models. The main ditlerence between the two 

kinds of models is that the baseline hazard function is assumed to follow a specific distribution 

when a full y parametric PH model is fi tt ed to the data, whereas the Cox model has no such 

constraint. The coefficients are estimated by partial likelihood in Cox model whereas the 

maximum likelihood approach is used in parametric PH model. Other than thi s, the two types of 

models are equivalent. Hazard ratios have the same interpretation and proportionality of hazards 

is still assumed. 

Here we di scuss parameter estimation in the bivariate parametric PH models. The detail s about 

the univariate parametric PH model parameter estimation are available in liezhi Qi (2009). Let 

us consider the simple case-when the paired observations are independent. The bivariate survival 

function of the lifetimes (Tv T2 ) is given by: 

S(t"t, ) = S, (t, )S,(t,) (3.14) 
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Assume identical survival function for the two individuals in a pair i.e Sl(tl ) = S2(t2) = Set). 

And suppose Weibull cumulative baseline hazard Ho(t) = )..tv (where )V0 and v> 0 are the 

scale and shape parameters, respectively). Then the bivariate survi val function of the lifetimes 

(Tl' T2 ) wi th observed covariate vectors Xl and X2 is given by: 

(3.15) 

Then, as expressed in Kalbflei sh and Prentice (2002), the complete likelihood function is given 

by: 

where 8 ij denotes the censoring information (8ij = 0,1; 8 ij = 0 indicates right censoring) for the 

/' individual in the ;ti' pair(j = 1,2; i = 1,2, ... , n) and dt denotes the derivative with respect to t. 

Using standard maximum like lihood procedure, one can max imize the log likelihood and obtain 

the estimates of the parameters in the model. One can follow a similar procedure for Gompertz 

and exponential baseline hazard functions. 

3.6 Concept of frailty 

Sometimes it is difficult to include all covariates that have impact on the survival time of an 

individual. There are two main reasons why it is often impossible to include all important factors 

on the indi vidual level into the analysis. Sometimes there are too many co variates to be 

considered in the model, in other cases the researcher may not know or is not able to measure all 

the relevant covariates. But these unobserved vari able(s) may have significant effect on the 

dependent variable (survival time) (Hanagal, 2010). 

The random effect, or frailty models, have been introduced into the statistical li terature in an 

attempt to account for the existence of unmeasured attributes such as genotype that do introduce 

heterogenei ty into a study population. 

The term frailt y was introduced by Vaupel et al. (1979) to indicates that different individuals are 

at risks even though on the surface they may appear to be quite si milar with respect to 

measurable attributes such as age, gender, weight, etc. Frailty may be common to all study group 

(shared) or different from individual to individual. 
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Frailties are useful in modeling correlations in multivariate survival and event hi story data. 

Frailties can be nested (individuals with in a fami ly may share a common frailty, while fami lies 

wi thin communities share another common frailty) and it can be correlated. 

A common approach to the analysis of survival data is to assume a homogeneous population of 

individuals with the same covariate structure. However, it is clear that individuals identical in 

many respects such as age, sex, and treatment may differ in umneasured ways, if only because of 

genotypical differences. Ignoring such heterogeneity has a negative consequence in parameter 

estimation. For detail s see I-lanagal (20 I 0). 

Frailty di stribution describes the frai lty in the population at the start of the fo llow-up. Frailty is 

assumed to be fi xed for each individual over time, but the composition of the population changes 

as time goes by. On average, more frail indi viduals die earlier. Due to this fact the fra ilty 

di stribution in the population at risk changes over time (Wienke, 20 11). 

The classical and most frequent ly applied model of frailty assumes a proportional hazards 

structure that is conditional on the random effect (frailty). To be more specific, the hazard 

function of an individual depends on an unobservable, time-independent random variable Z 

called frai lty which acts multiplicatively on the baseline hazard function hoCt) (Wienke, 2006). 

The conditional hazard fu nction given Z has the form: 

h(t I z) = ZhoCt) (3.17) 

Here, Z is considered as a nonnegati ve random mixture variable, varying across the population. 

Note that a scale factor common to all subj ects in the study population may be absorbed into the 

baseli ne hazard fu nction ho(t) , so that frai lty distributions are standard ized to E( Z) = I, the 

vari ance parameter a 2 = V(l) is interpretable as a measure of heterogeneity across the population 

in baseline risk. When a 2 is small , then the values of Z are closely concentrated around one. If a 2 

is large, then values of Z are more di spersed, inducing greater heterogeneity in the individual 

hazards Z ho Ct) (Wienke, 2006). If there are observed co variates included in the model, equation 

(3 .17) changes to :-

h( t I X, z) = zho(t) el3-X (3.18) 
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with X = (xv X2 , .. . , Xk )' and f3 = (f3v f3 2' ... , f3k)' as co variates and regressIOn parameters, 

respectively. Consequently, a frai lty model is a generali zation of the we ll-known proportional 

hazards model. The proportional hazards model is obtained if the frailty di stribution degenerates 

to Z= I (Hanagal,2010). 

Let us focus on the main ideas of frai lty models. Suppose Se t I Z) denotes the survival function 

of an individual conditional on the fra ilty Z: 

(3.19) 

Here Ho(t) = J; ho(s)ds denotes the cumulative baseline hazard function. The population 

survival function is obtained from the conditional survival function Set I Z) by integrating out 

the frai lty (Wienke, 20 11 ). It can be viewed as the (unconditional) survival function of an 

individual randomly drawn from the study population, and corresponds to what can actually be 

observed: 

Set) = E{SCt I Z)} = E{e - ZHo(t)} = £(Ho(t») (3.20) 

where £(. ) denotes the Laplace transform. The derivatives of the Laplace transform can be used 

to obtain general results about unconditional survival distribution. For example, density and 

hazard function of the event times and expectation and variance of the frailty can be 

characterized by the Laplace transform of the frai lty distribution and their derivatives (Wienke, 

20 11). Assume the existence of the fol lowing expressions: 

f(t) = -hoCt)£' (H o(t»), 

h(t) = - h (t) C'(HoCtl) 
o C(Ho(tJ) , 

EZ = -£'(0) V(Z) = £ "(0) - (£ '(0») 
2 

(3 .21) 

where £ ' and £ " denote first and second deri vati ves of the Laplace transform of the fra ilty 

distri bution. Seeking distributions for the frailty variable Z, it is natural to use those which have 

explicit Laplace transforms. This will simplify parameter estimation (Hanagal, 20 I 0). 
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One important problem in the area of frailty models is the choice of the frailty distribution. The 

frailty distribution most often applied is the gamma di stribution (Clayton ( 1978), Vaupel et al 

(1979)). [n addition to the gamma di stribution , di stributions such as Gompertz, lognormal, 

Wei bull, and compound Poisson are used to model frailty. Frailty models can be expressed in 

terms of Laplace transform. Once the Laplace transform of frailty distribution is obtained, it is 

easy to obtain the estimates of the parameters of frailty models. In this section we di scus gamma 

frailty model only. Details about the other models are avai lable in Wienke (20 11 ). 

3.6.1 Univariate Gamma Frailty Model 

The gamma distribution has been one of the most widely applied distributions (Greenwood and 

Yule (1920), Beard (1959), Vaupel et al. (1979), Congdon (1995), dos Santos et al. (1995), 

Hougaard (2000), Duchateau and Janssen (2008)). From a computational and analytical point of 

view, it fits very well as a mixture di stribution to failure data. It is easy to derive the closed-form 

expressions of unconditional survival, cumulative density, and hazard functions due to the 

simplicity of the Laplace transform . The gamma di stribution r(k, A) is a flexible distribution that 

takes a variety of shapes as k varies: when k = 1, it is identical to the well-known exponential 

distribution; when k is large, it takes a bell-shaped form reminiscent o f a normal distribution 

(Wienke, 20 II) . 

The density of a gamma-distributed random variable with shape k and inverse scale parameter A 

is given as: 

Akzk- le-ilz 

9(Z) = r(k) k > O,A>O (3.22) 

Consequentl y, for the Laplace transform it holds that: 

L(u) = _'_Ak J e-uzzk-le-Azdz = (1 + ~) -k 
r(k) A 

(3.23) 

The first and second derivatives of the Laplace transform are: 

k ( )-k- l 
L'(u)=-:l 1+ ¥ 

£" (u) = k(~;') ( 1 + ¥) - k - 2 (3.24) 

The mean and variance ofZ can be obtained by evaluating the derivatives in (3.2 1) at = 0 : 
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E(Z) = ~ , V(Z) = ; , 

To make sure that the model is identifiable, the restriction k = Jl is used for the gamma 

distribution, which results in E(Z) = 1. The variance of the frailty variable is ()'2 = ;, = ~. 

Then the density ofa gamma-distributed random variable z-r(;, ':, ) is given by: 

1 ( 1 ) :' -'--1 ( Z ) g (Z) = -- - Za' exp --
r(:Z) cr2 a 2 

(3.25) 

The unconditional survival function can be deri ved by the Laplace transform given in (3.23) as: 

1 

Set) = £(H o(t)) = (1 + ()' 2Ho(t)fa' 

This implies the unconditional probability density function: 

and the unconditional hazard functi on: 

h(t) = ho(t)(l + ()' 2HO (t)f1 

3.6.2 Estimation of Parametric gamma frailty model 

(3 .26) 

(3.27) 

As in the proportional hazards model, a parametric as well as a semi parametric approach is used 

in estimation. Let us consider the parametric case first. In thi s approach one can assume a 

parametri c distribution such as Gompertz, Wei bull and Exponential to the baseline hazards. 

Let the baseline hazard ho(t) = Jle'l't be a Gompertz baseline hazard (where A >0 is scale and 

<p (-00,00) shape parameters) and frailty follows a gamma di stribution Z -r(;, ,:,). Hence 

the unconditional hazard function (3.27) is given by: 

For the weibull baseline hazard hazard ho(t) = Avt V
-

1 (where P O and v > 0 are the scale and 

shape parameters, respecti ve ly), the unconditional hazard function (3.27) is given by: 
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For the exponential baseline hazard hazard hoCt) = it (where).,>O IS scale parameter), the 

unconditional hazard function (3.27) is given by: 

As Wienke (2011 ) descri bed the unconditional likelihood function of the vector of random 

variables (Ti, /).uXi'Z;) with observation time ti, covariate vector X' = (Xl i,XZi' .. . ,Xk ;) , 

censoring indicator 0i and gamma di stributed frailty variable Zi , is of the form : 

(3.28) 

Here e denotes the vector of parameters of the ass umed baseline hazard (e.g. we i bull e = (it, v)). 

This conditional likelihood function still depends on the unobserved frailty variables. Under the 

assumption of a gamma-distributed frailty, the random terms can be integrated out using 

relations (3.27) and (3.26), yielding the likelihood function: 

( 
( 8) p·x · )/ii 1 2 _ n ho ti; e t 2. P 'Xi - 0"2 LCP, e, (J ) - n i=l z ( ) p.x (1 + (J HoCt i , e) e ) 

1+0 Ho t j; fJ e l 
(3.29) 

3.6.3 Estimation of Semiparametric gamma frailty model 

In the semi parametric frailty model , no assumption about the form of the baseline hazard 

function is made. This requires new estimation strategies compared to the parametric model. The 

likelihood function looks similar to the parametric model (3 .29), but now the baseline hazard 

ho(t) is treated as a nuisance (Wienke, 2011). 

• EM algorithm for univariate gamma frailty 

This algorithm was suggested by Dempster et a!. ( 1977) and is often used in the presence of 

unobserved data. It was adopted for parameter estimation in frai lty models first by N ielsen et. al 

( 1992), Klein (1992), and Guo and Rodriguez (1992). 

The EM-algorithm is an iterati ve parameter estimation procedure used in the analysis of 

incomplete data to calculate max imum likelihood parameter estimates. Initial ideas of the 

approach are di scussed by Yates (1933). Orchard and Woodbury (1972) suggested the miss ing 

info rmation principle and di scuss ideas of how to calculate the observed info rmation matrix. 
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Dempster et al. (1977) introduced the term "EM-algorithm" . The issues of convergence were 

discussed by Wu (1983) and Boyles (1983). Louis (1982) developed techniques for calculation 

of the observed information matrix. 

The EM algorithm iterates between two steps. The E step and M step . In the first, one estimates 

the expectations of the unobserved fra ilties based on observed data, and current estimates are 

obtained. These estimates are then used in the maximization step to obtain new parameter 

estimates given the estimated frailties. In the gamma frailty model , closed- form expressions exist 

for the conditional expectations of the frailties in the expectation step. 

Furthermore, applying the partial likelihood approach with the estimated frai lties as "offset" 

terms in the M step is easy to perform, which makes the EM algori thm useful. Similar to the 

expression by Wienke (20 11 ) first we consider the full likelihood with the frai lty variables 

assumed to be observed random variables similar to the event times. We define the full 

likelihood results from the joint density of (ti' 0i, Zi)(i = 1, ... , n) as the product of the 

conditional and the density offrai lties as fo llows: 

= m=lf(ti,oi,Zi;P) m=lf(Zi; 0-
2

) 

= L, (PIZ)L2 (cr2 IZ) 

where Z = (Z" ... ,Zn) and L,(PIZ) = n i'=,(ZihO(ti)eP'x, )"'e-Z,Ho(t;le P'
x
, 

(3.30) 

(3.31) 

which is the likelihood function of the observed event times conditional on the frai lties. The 

second term L, (0-2IZ) is given by the probabi lity density of the frailty variables: 

If the frailties Zi were known, the regress ion parameters p could be estimated by the Cox partial 

likelihood method rewriting the terms ZieP'x, in the form eP'X,+log (Z'l, using the log (Zi) as 

fixed "offset" va lues with known regression coefficient of I . Consequently , the expectation step 

is needed to get estimates of the fra ilty values. These estimates are used instead of the unknown 

frai lties in the maximization step to obtain the estimates for the regress ion parameters (Wienke 

20 II ). 
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Expectation-Step (E-step): - the unobserved frailty Z;(i = 1, .. , n) of each individual can be 

estimated by the express ion: 

(3.32) 

Here H Ck) ( .) is a nonparametric estimator of the cumulative baseline hazard based on the current 

parameter estimates at iteration step k, For example, fo r the Nelson- Aalen estimator (Nielsen 

et. al, 1992) we have: 

where R(td denotes population at ri sk at ti me ti ' 

Maximization-Step (M-step) : - the partial li kelihood for the regression parameters in the fra ilty 

model is given by: 

(3.33) 

The unknown random vari ables Z; and log (Z;) are now substituted by their current expected 

values (at iteration step k) E(k)eZ,) and E(k)(/ Og (Z;) ) : 

From thi s expression, new estimates ~Ck ) can be obtained . A new estimate of the frailty 

parameter 0
2 Ck) is deri ved by maximization of L2 (02 IZ) also replacing the unknown variables Z; 

by their current expected values at iteration step k (Wienke, 20 II ). Furthermore, as the 

conditional di stribution of Z is gamma, 10g(Z) has a log-gamma di stribution with expectation: 

( 
1 ) ( 1 p' x.) ECk+l) (l og (Z;) ) = ljJ -2- + 0; - log -2- + HCk)( t ;)e ( k ) J 

a (k ) a (k ) 

with the deri vati ve of gamma fu nction or digamma function ljJ (x) = ~\~; 
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Klein and Moeschberger (2003) provide a modified EM algorithm (KM-EM) for semiparametric 

PH frailty model and use the information matrix to ca lculate the variances of the Maximum 

Likelihood Estimators. For detail s see /-lanagal (20 10). 

3.7 Bivariate frailty models and Laplace transforms 

Let T1, Tz be the lifespans of two tw ins and let Zl' Zz be their individua l frai lties satisfying: 

(3 .35) 

Assume that the tw ins' life spans Tv Tz are conditionally independent given Zl' Zz: 

S(t1' tzlZv Zz) = P(T1 > t1, Tz > tZ IZ1, Zz) 

= P(T1 > t11Z1) P(Tz > tz lZz) 

(3 .36) 

where Ho/t) for j = 1,2 denote the cumulat ive baseline hazard function. As lachine (1995) 

expressed the survival function S(tv tz) can be obtained by averaging the conditional bivariate 

survi va l function over the joint distribution of Zv Zz: 

S(tv tz) = E(S(t1' tZ IZ1,Zz») = E( e -Z,H (t' ) e -Zz H(t z) ) 

= £(H01 (t1) , Hoz(t z» (3.37) 

where £ (Sl' SZ) is the bivariate Laplace transform of Zl' Zz .The model corresponding to the 

case Zl = Zz is ca ll ed a shared frai lty model (Clayton 1978, Hougaard 1986). 

3.7.1 The Concept of Shared Frailty 

Shared frailty concept provides multivariate extensions of the traditional univariate frailty model 

(Vaupel et a!. 1979, Lancaster 1979), and it allows mutual dependence of clustered event times 

to be taken into account in the analysis of event-time data. Survival models for dependent event 

times are especially useful because they allow more sophisticated examination about the nature 

of aging, di sease, disability, and the mortality processes to be addressed . Such dependence 

occurs, for example, in event times of related individuals (e.g. , fami ly members). The hazard 

model for each individual in thi s approach, however, looks exactly the same as in the standard 

univariate frai lty model considered above. The only, but important, difference is that, in a shared 

fra ilty model, frai lty is defined as a measure of the relative risk that individuals in a group share. 

Thus the frailt y varia ble is assoc iated with gro ups of indi viduals rather than individuals. 
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The shared frailt y approach assumes that all failure times in a cluster are conditionally 

independent given the frailt ies. The value of the frailty term is constant over time and common to 

all individuals in the cluster, and thus it is responsible for creating dependence between event 

times in a cluster. This dependence is always positive in shared fra ilty models (Weinke, 2006). 

Suppose there are n clusters and that cluster i has ni observations and associates with the 

unobserved frailty Zi (1 ::; i ::; n). The vector Xi} (1 ::; i ::; n, 1 ::; j ::; nJ contains the covariate 

information of the event time Ti} of the lit observation in the i th cluster. The survival times in 

cluster i (1 ::; i ::; n) are assumed to be independent conditional on the frailty term Zi , and as 

Weinke (2006) expressed their hazard functions to be of the form: 

(3.38) 

where ha(t) denotes the baseline hazard function, and P is a vector of fixed effect parameters to 

be estimated. The frailt ies Zi (i = 1,2, ... , n) are assumed to be independently and identically 

di stributed random variables with density function g(Z). The fra ilty density depends on 

unknown parameters to be estimated. Similar to the uni variate case, a semiparametric shared 

frai lty model is the one with a nonparametric baseline hazard ha(t) . 

Shared frai lty models explain correlations within groups (family, litter, or clinic) or for recurrent 

events fac ing the same individual. However, this approach does have limitations. First, it fo rces 

unobserved factors to be the same within the cluster, which is not generally acceptable. For 

example, sometimes it may be inappropriate to assume that both partners in a twin pair share all 

of their unobserved ri sks. Second, the dependence between survival times within the cluster is 

based on their marginal distributions of survival times. Third , in most cases, shared frailty will 

only induce a positive association (Wienke, 20 11 ). 

To avoid these limitations, correlated frailty models are being developed for the analysis of 

multivari ate fa ilure time data, in which assoc iated random vari ables are used to characterize the 

fra ilty effect for each cluster. In twin pairs, for example, one random variable is assigned to twin 

I and another to twin 2, so that they are no longer constrained to have a common frai lty. These 

two variables are associated and jointly di stributed, therefore, knowing one of them does not 

automatically imply the other (Wienke, 20 II ). 
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3.7.2 The Concept of Bivariate Correlated Frailty 

The correlated frailty model is a natural extension of the shared frailty approach on the one hand, 

and of the univariate frailty model on the other. [n the correlated fra ilty model , the frailties of 

individuals in a cluster are correlated but not necessarily shared. It enables the inclusion of 

add itional correlation parameters, which then allows the addressing of questions about 

assoc iations between event times. Furthermore, associations are no longer forced to be the same 

for all pairs of individuals in a cluster (Wienke, 20 11). The condi tional survi val function in the 

bivariate case with observed co variates Xj }(=1.2) expressed by lachine (1995) as: 

(3.39) 

where II and l2 are two correlated frailties. The distribution of the random vector (l1o l2) 

needs to be specified and determines the association structure of the event times in the model. 

In the bivariate correlated frailty model, the frai lty of each individual in a pair is defined by a 

measure of relative risk, that is, exactly similar to the univariate case. For two individuals in a 

pair, fra ilties are not necessarily the same as they are in the shared frailty model. Here we assume 

that the frailties are acting multiplicatively on the baseline hazard and that the observations in a 

pair are conditionally independent, given the frailties. I-lence, the hazard of the individual 

}U = 1.2) in pair i(i = 1.2 ..... n) has the form: 

(3.40) 

where t denotes time, Xij is a vector of observed covariates, ~ is a vector of regression 

parameters describing the effect of the covariates Xij , hoA ) are baseline hazard fu nctions, and 

lij are frailties. Bivariate correlated frailty models are characterized by the joint distribution of a 

two-dimensional vector of frai lties (li1o li2)' If the two fra ilties are independent. the resulting 

lifetimes are independent, and no clustering is present in the model or it reduces to uni vari ate 

fra ilty. If the two frailties are equal , the shared frailty model is obtained as a special case of the 

correlated fra il ty model with correlation one between the frailties (Wienke, 20 11). 

Simi lar to uni variate and shared frai lty models, the choice of the frailty distribution is of great 

importance fo r model ing spec ific features of the joint survival di stribution. 
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3.7.3 Correlated gamma frailty model 

This model was introduced by Yashin et al. (1995) and applied to related lifetimes in many 

different settings, for example, by Pickles et al. ( 1994), Yashin and lachine (1995), Yashin et al. 

(1996), lach ine et al. ( 1998), lachine (2002), Petersen (1998). The model has a very convenient 

representation of the surv ival function in closed form expressions. 

To include heterogeneity in this model , let Ziti = 1,2) be the frailt ies of the two individuals ofa 

twin pair. Assume that their individual hazards are represented by the propo11ional hazards 

model as given in (3.40): 

(341) 

with a base line hazard function hOi( t) describing the risk of dying as a function of age. 

The following expressions are deduced from the general expression stipulated by Yashin et al 

(1995) and Wienke (20 1 1) for the application of twins. 

Let the lifetimes of the two twin partners be conditionally independent given their frai lties Zl 

and Zz and, let ko, klo kz be some nonnegative real-valued numbers. Then the decomposition of 

Zl and Z z becomes: 

Zl = Yo + Y1 

Zz = Yo + Yz , 

where Yo, Y1 and Yz are independent gamma-distributed same scale ).. random variables with 

density: 

k· k '-1 -lY· 

( ) 
_ A }z} e J 

9 lj - r(kJ) kj > 0,).. > 0, j = 0,1,2 (3.42) 

Obviously, Zl and Zz are corre lated in view of the shared part of frailty Yo in both Zl and Zz . To 

force Zl and Zz to have the same distribution we assume that shape parameters k1 and kz for 

the distributions of Y1 and Yz are the same (k1 = 1( 2) . This condition is relevant for twin studies 

when there is no reason to argue different distributions of fra il ty for two twins, and can be 

omitted for other appli cations. It can be shown that under these assumptions frailti es Zl and 

Zz are gamma-distributed correlated random variables (Yashin et ai, 1995); 

Zl - f(ko + k 1 ,)..) 

Zz - f(l<o + klo)..) 
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Furthermore, one can employ the standard assumption that the mean frailty of individuals is one 

(at the beginning of the follow-up), which means that: 

E(Zl) = E(Zz) = ko+k, = 1 
A 

and the common variance : 

V(Z) = V(Zl) =V(Zz) = !. = (J~ 
A 

This leads to the correlation coefficient of Zl and Zz given by : 

COV(Z"Z,) ko P - --
z - y Y(Z,) Y(Z,) - ko+k, 

, _ 1 I _ Pz k _ I _ l-Pz Let "-::2 ' {o - 2", 1 - {z - -z-
(Jz a z a z 

then 

Zj - r(~,:!z) for j = 1,2 
a z az 

(3.44) 

(3.45) 

Now we can derive the unconditional survival function applying the Laplace transform of 

gamma-distributed random variables. Hence, 

sCtv tz) = ESCtl' tzlZvZz) = ES1 Ctl IZl)SZ(tzIZ2) = Ee - Z,H01 (t')e - Z,HQ2(t,) 

pz 

= (1 + o}H01(tl ) + O}H02(t2)ru~ 
-1+P2 -l+Pz 

X (1 + (Ti Hol(t1»)~(1 + (Ti Hoz(t2»)~ (3.46) 

Using the relationship (3.26) , the above representation can be transformed to a sel1liparal1letric form 

of the correlated gamma fra ilty model as: 

f!.z. 
(51 (t1)-a~ +52(t2raLl )a~ 

(3.47) 

where Set) denotes the marginal uni variate survival function, which is assumed to be equal for 

both partners in a twin pair. It is estimated by using either univariate parametric or non 

parametric methods. 
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The bivariate surv ival function without fj'ai lty and the shared gamma frai lty model are special 

cases of the correlated gamma frai lty model (Hanagal, 20 I 0). The special cases and the 

corresponding models are expressed as: 

(3.48) 

The first model S1 (t1)S2 (t2) is a bivariate survival function without frailty. The absence of 

fj'ai lty implies the paired observations are independent. The second model is the shared gamma 

fra ilty model. 

The correlated gamma frailty model with observed covariates is a simple extension of(3.47): 

(3.49) 

where X1and X2 are the covari ate vectors of the paJ1nerS in the pair. The marginal survival 

functions are assumed to be identical in applications to twin data such that: 

1 

S(tIX) = (1 + (T~ Ho(t)eflXf~ (3.50) 

3.7.4 Parameter estimation in Bivariate Correlated Gamma Frailty Model 

Two major methods can be used for parameter estimation. The first one is "semi parametric" 

estimation. It does not assume a parametric specification of the underlying hazard. It works with 

observed covariates that can be done by the EM-algorithm for the analysis of the con'elated 

gamma-frailty model deve loped by lachine (1995) or Peterson et al (1996). The second one is the 

"parametric" estimation. It uses a parametric specification of the underl ying hazard and bivariate 

frailty distribution in the model for the max imum likelihood estimation algorithm . 

• Semiparametric Estimation 

A version of the EM-algorithm for the analysis of the correlated gamma-frailty model was 

developed by lachine (1 995) and Petersen et al (1996). Pamer (1998) showed the consistency 

and asymptotic normality of the nonparametric maximum likelihood estimators of the correlated 
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gamma-frailty model parameters with observed covari ates. Similar to univariate EM estimation, 

in each of the iterations the parameter estimates obtained on the previous iteration are updated. 

Under some standard regularity conditions, the sequence of estimates converges to the maximum 

likelihood estimates of the parameters (lachine, 1995). 

Let (tij,oij,Xij) be the vector of observed survival times tij, censoring info rmation (oij = 
0,1; oij = 0 indicates ri ght censoring) and observed values of covariate vector Xij for the /' 

individual in the i''' pair U = 1,2; i = 1,2, ... , n). Assume identical baseline hazard for the two 

indi viduals in a twin pair (hOl = h02 = ho). lachine (1995) illustrate that if the frailty 

components Yi j in (3.42) are observed along with (tij, oij' Xij) , then the correlated gamma 

frailty model with observed covariates has a proportional hazard structure. The structure allows 

us to combine Cox's regression and max imum likelihood techniques to obtain parameter 

estimates of (J},pz, P and to calculate a semi parametric estimate of H(t) . The detail s about the 

whole procedure are available in lachine (1995) . 

• Parametric Estimation 

In "parametric" estimation approach equation (3.46) can be used to form the likelihood function 

of the data. The likelihood function under independent and non informative right censoring 

without truncation can be expressed in terms of the bivariate survival function by: 

n n 5 (t t )0;10;25 (t t )0;1(1 - 0;2 )5 (t t )(1 - 0;1 )0;2 5(t t )(1 -0;, )(1 - 0;2) (3.51) 
til ,ti2 LV l2 til llJ L2 tiZ LV L2 ll' t 2 

i = l 

The detail abo ut how the above likelihood function is derived is available in we ink (20 I 0). 

The details of maximum likelihood parameter estimation procedure for wei bull baseline hazard 

are shown in Annex B. One can follow a similar procedure for gompertz and exponential 

baseline hazard funct ions. 

To obtain the standard error of the parameters, the observed information matrix is computed, and 

an approx imate Fisher information matrix is obtained by inserting the parameters estimates into 

it. The observed information matrix for a vector of parameters say fl = ((J},pz,P, 8) is given by: 
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Here e denotes the vector of parameters of the assumed baseli ne hazard (e.g. weibull e = (A, v». 
The asymptotic normality of the maximum li kelihood estimators in bivariate correlated gamma 

frailty model justifi es the calculation of asymptotic confidence intervals and the application of 

tests like the likelihood ratio test (see Giard , 200 I). 

3.8 Tests of hypothesis in frailty model 

a) Test of heterogeneity 

The hypothesis to be tested are Ho: a} = 0 versus Hl : (Ji > 0, where (Ji is the variance of the 

frailty (unobserved heterogeneity) . The main problem here is that the heterogeneity parameter is 

on the boundary of its parameter space under Ho and standard methods cannot be applied. 

Approximation of the likelihood ratio test stati sti c using X 2 _ distribution with one degree of 

freedom is too conservative (Self and Liang, 1987). As a result, instead of using the usual X2 -

distribution, a mixture of a 0.5X5 and 0.5xi di str ibution should be used (Claeskens et al. 2008). 

Note that in semi parametric method of parameter estimation, if oi = 0 the frailty model is 

reduced to the usual Cox model. Thus, this test can also be used to test the appropriateness of the 

Cox model. 

b) Test of shared frailty 

The shared frailty model is the special case of correlated frail ty models when pz = 1 . Thus the 

hypothesis to be tested are Ho: pz = 1 versus Hl :pz < 1, where pz is the correlation coeffi cient 

of the frailties Zl and Z2 . Similar to the test of heterogeneity, the main problem here is that the 

correlation parameter is on the boundary of its parameter space under H 0 and standard methods 

cannot be applied. As a result, instead of lI sing the usual X 2 -distribution, a mixture of a 

0.5X5 and 0.5xi distribution should again be used (Claeskens et al. 2008). 
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Chapter four 

4. Results and discussion 

4.1 Descriptive statis tics 

A total of 11 78 or (589 pairs of) twin child deliveries were recorded in the 20 I I Ethiopia 

Demographic and Health survey. The data on 1056 children or (528 pairs of twin) born before 

Jan uary 0 I , 2008 were analyzed in thi s study. The overall informat ion on censoring and 

covariates that are included in thi s study are presented below. 

Table 4. I : Summary on censoring status of the study population 

Status Number of pairs 
both twins dead 143 
one twin ali ve, cotwin dead 145 
both twins ali ve 240 
a ll pairs together 528 

Table 4.2: Summary results of the covariates included in this study 

Covariates Category Number of Number of death 
ch ildren C%) 

Residence rural 852 80.7% 37 1 
urban 204 19.3% 60 

Sex femal e 520 49.3% 195 
male 536 50.7% 236 

Age of mother at birth be lowl8 years 174 16.5% 88 
between I 8-35 years 816 77.3% 323 

above 35 years 66 6.2% 20 
Preceding bi l1h interva l below 18 months 154 14.6% 81 

between 18-24 months 132 12.5% 58 
above 24 months or I Sl born 770 72.9% 292 

Birth order first born 170 16.1% 86 
between ( 2 -4) 584 55.3% 230 
5 and above 302 28 .6% 115 

Previous child status dead 208 19.7% 105 
alive or first child 848 80.3% 326 
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The summary results in Table 4.2 shows that 80.7% of the study population li ved in rural areas, 

19.3% resided in urban areas. When we categorize the study population using the variable sex 

50.7% of the study population are males and the remaining 49.3% are females. Among the total 

536 males in the study there are 236 deaths, whereas among the 520 females in the study 195 

female children are dead. The variable age of mother at birth is categorized in to three groups. In 

the first category, below 18 years, there are 16.5% of the study population, while 6.2% of the 

children were born from mothers whose age exceeds 35 years. The remaining 77.3% children 

belong to mothers whose age at birth was between 18 - 35 years. A total of 886 children (83.9%) 

of the study population have younger sib ling whereas the remaining 16. 1 % are first born 

children. About 14.6% of the chi ldren were born before their younger sibling reaches the age 18 

months and 12.5% of the children were born when their younger sibling's age was between 18-

24 months. The remaining 72.9% of the study population have no younger sibling or their 

younger sibling's age exceed 24 months. The younger sibling for 19.7% of the study population 

have died. 

The graph of the estimate of overall Kaplan-Meier survivor function is given in Figure 4.1 . As 

one can see that there is high mortality of twins before they reach 52 weeks (one year). To 

include covariates in survival regression models, pa.ticularly for categorical variables, we need 

look at the Kaplan-Meier estimates of the group-specific survivorship functions. Hence separate 

graphs of the estimates of the Kaplan-Meier survivor functions for all covariates were plotted in 

order to see whether there were differences in surviva l experiences between different categories 

of covariates (see Annex A). The graphs indicate that there are differences between the various 

categories. 

To test if there are statistically significant differences among the survival experience of the 

different groups of the covariates, the log rank test was performed. As we can see in Table 4.3 

below, the results of the log rank test indicate that there are significant di fferences between the 

survival experience of different categories for all the covariates. 
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Figure 4. I :The Kaplan -Meier estimate of Set) 
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Table 4. 3: Log-Rank Test for covari ates 

Variables Value of the test stati stic P va lue 
Residence 14.1 0.000177 

Sex 4.4 0.0358 
Age of mother at birth 10 0.00687 

Preceding birth interva l 12.2 0.00229 

Bilth order 10.2 0.00616 

Previous child status 9.6 0.001 99 
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4.2 Results of the Cox proportional hazards model 

Before proceeding to more complicated models, we first fit a uni variate Cox proportional 

hazards regress ion model for every potential ri sk factor. The like lihood ratio test is considered 

for each univariate Cox PH model. 

Table 4.4 :Univariate Cox proportional hazards model result 

Covariates DF P SEep ) Wald x 2 P value -2LOGL 

Residence I 0.51 1 0.139 15.2 <.0001 * 5790.655 

Sex I -0.20 I 0.0968 4.31 0.0378* 5801.513 

Age of mother at birth I -0.3 14 0.10 1 9.49 0.00207' 5796.34 

Preceding birth interva l I -0.206 0.0612 10.7 0.00109* 5795. 152 

Birth order 1 -0. 173 0.0747 5.35 0.0207' 5800.472 

Previous child status 1 -0.342 0.11 2 8.75 0.0031 ' 5797.079 

, vari able IS slgl1lficant at the 5% level of slgl1lficance 

As can be seen from the above Table 4.4 the result of the univariate Cox prop0I1ional hazards 

model shows that all covariates are signifi cant at 5 % level. 

Then we fit the multivar iate Cox PH model including all the potential risk factors. The result is 

given in Table 4 .5 below. The result shows that all co variates are significant at 5 % level. 

Furthermore, the results of the multivariate Cox PH model for the categories of the variab les in 

Table 4.5 below show that the categories of the variable age of mother at birth are found to be 

insignificant at 5 % leve l. 

The shared gamma frailty model is fitted to assess the random effect shared by the twins. In 

semi parametric estimation, introducing a gamma fra ilty term in the model is similar to adding 

one more covariate with a known regression coeffi cient of one. In other words, if the frai lty 

variable is known, it is just a Cox PH model with an additional covariate with a known 

regression coefficient. The result is given in Table 4.6. 
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Table 4. 5: Results of the Cox proportional hazards model 

Covariates P SEep ) z P value HR 95% CI for HR 
LCL UCL 

Residence 0.608 0.1424 4.27 <.000 1 * 

(rural) 0.6409 0. 1433 4.473 <.0001 * 1.898 1.433 2.5 13 

Ref (urban) 1.00 

Sex -0.209 0.0975 -2. 14 0.032* 

(female) -0.1987 0.0977 -2.035 0.042* 0.819 0.677 0.992 

Ref (male) 1.00 

Age of mother at birth -0.258 0.1146 -2.25 0.025 * 

(be low l8 years) 0.4875 0.27 13 1.797 0.072 1.628 0.956 2.770 

(between 18-35 years) 0.2568 0.2405 1.068 0.29 1.292 0.806 2.071 
Ref (above 35 years) 1.00 

Preceding birth interval -0.213 0.0660 -3.23 0.0012* 

(below 18 months) 0.4439 0.1383 3.208 0.001 3* 1.558 1.188 2.044 

(between 18-24 months) 0.2799 0.1491 1.878 0.060 1. 323 0.987 1.772 

Ref (> 24 month or I "born) 1.00 

Birth order -0.240 0.0903 -2.66 0.0079* 

(ti rst born) 0.5875 0.1746 3.365 0.0007* 1.799 1.278 2.533 

(between 2 -4 ) -0.0185 0.121 7 -0.152 0.88 0.981 0.773 1.246 

Ref (5 and above ) 1.00 

Previous child status -0.236 0.1178 -2.0 1 0.045* 

(dead) 0.3035 0.1217 2.494 0.013 * 1.346 1.06 1.719 

Ref (a li ve or first chi ld) 1.00 

Log likelihood(model) -2871.02 1 

Log li keli hood(nu ll) -2902.913 

* vanable IS slgl1lficant at the 5% level of slgl1lficance 

The result of the shared gamma frailt y model in Table 4.6 below shows that the variables 

residence and preceding birth interval fOllnd to be significant at 5% leve l. An estimate of the 
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heterogeneity parameter crt is 1.62. The likelihood ratio test statistic of Ho: crt = 0 versus Hi : 

crt > 0 is found to be s ignificant at the I % level. 

Table 4. 6 :Results of the Shared gamma fra ilty model 

Covariates P SE(P) C hi P value HR 95% CI fo r HR 
square LCL UCL 

Residence 0.80 1 0.21 1 14.42 0.00015-

(rural) 0.863 0.212 16.50 <.000 1 * 2.370 1.563 3.59 

Ref (urban) 1.00 

Sex -0. 143 0.129 1.22 0.27 

(female) -0.136 0. 128 1. 13 0.29 0.873 0.678 1.1 2 

Ref (ma le) 1.00 

Age of mother a t birth -0.364 0. 199 3.37 0.0667 

(below I 8 years) 0.823 0.433 3.61 0.058 2.277 0.974 5.32 

(between 18-35 years) 0.642 0.365 3.10 0.078 1.901 0.929 3.89 

Ref (above 35 years) 1.00 

Preceding birth interval -0.279 0.113 6. 12 0.013-

(be low 18 months) 0.633 0.234 7.32 0.0068 * 1.883 1.191 2.98 

(between 18-24 months) 0.390 0.243 2.56 0.1 10 1.476 0.916 2.38 

Ref(> 24 month or I"born) 1.00 

Bi l-th order -0.24 1 0. 143 2.83 0.092 

(fi rst born) 0.724 0.296 5.97 0.01 5* 2.063 1.154 3.69 

(between 2 -4 ) -0.252 0.200 1.59 0.210 0.777 0.525 1. 15 

Ref (5 and above ) 1.00 

Previous child status -0.376 0.20 1 3.50 0.06 1 

(dead) 0.483 0.203 5.68 0.0 17- 1.62 1 1.090 2.4 1 

Ref (a li ve or fi rst child) 1.00 

cr 2 
z 1.62 0. 1961 <.0001* 

Log likel ihood(model) -2500.103 

Log like li hood( null ) -2902.9 13 

* variable is s ignificant at the 5% level of s ignificance 
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4.2.1 Results of model diagnostics 

After a Cox PH model with or without frailty is fi tted, the adequacy of the model, including the 

PH assumption and the goodness of fit, needs to be assessed. 

• Assessing proportionality assumption 

In order 10 check the proportionality assumption, we fit Cox PH with all covariates and time­

dependent interaction terms for all co variates simultaneously. The result in Table 4 .7 shows that 

the coefficients of all time-dependent interaction terms were insignificant indicating that the 

proportional hazards assumption is not violated for all covariates. 

Table 4. 7: The resul t of the fitted Cox 1'1-\ model with covari ates and covariates' time 

covariates coe ffi cient Standard Error Z calculated P value 

Res idence 4.4 7e-02 1.76e-0 I 0.2543 0.80 

Sex -2. I 2e-02 1.16e-0 I -0.1827 0.86 

Age of mother at birth -4. 73e-03 1.44e-02 -0.3293 0.74 

Preceding birth interva l -1 .50e-03 3.20e-03 -0.4679 0.64 

Birth order 1.IOe-02 3. 14e-02 0.3514 0.73 

Previous child status 8.14e-03 1.3ge-0 I 0.0586 0.95 

Res idence'Time -3.83e-03 3.4ge-03 - 1.0949 0.27 

Sex'Time 1.00e-03 3. ll e-03 0.323 1 0.75 

Age of mother at birth ' Time 9.70e-05 2.92e-04 0.3326 0.74 

Preceding birth interval ' Time 4.8ge-05 7.74e-05 0.63 18 0.53 

Birth order' Time 1.2ge-05 7.7ge-04 0.0165 0.99 

Prev ious ch ild status ' Time - 1.75e-03 3.68e-03 -0.4746 0.64 

• Assessment of goodness of fit 

To assess the goodness of fit of the two fitted models, for each model we plot the Cox-Sne ll 

residuals (rei = ex p(fJ'XJ • Ho(tJ) against the cumulati ve hazard of the Cox-Snell residuals. 

The cumulati ve hazard of the Cox-Sne ll residual is obtained by using the Kaplan-Meier 
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estimates of the survivor function. If the observed survival time t i is censored, the corresponding 

rei is also censored. If the fitted model is correct, the plot gives a straight line with unit slope and 

zero intercept. 

As can be seen from Figure 4.2 and Figure 4.3 below, there are deviations from the straight line 

in the ri ght-hand tail s of the two plots. However, deviations from the straight line in the right­

hand tail of the di stribution could be due in part to uncertainty about the estimates t and HaetJ, 
since in this area the baseline hazard is more variable due to the reduced effective sample size 

caused by prior fai lures and censoring (Mara and Jong Sung, 2004). Thus, we can say that both 

models fit the data well. 

Figure 4. 2: Cumulative hazard plot of the Cox-Snell residual for Cox PH model 
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Figure 4.3: Cumulative hazard plot of the Cox-Snell residual for shared gamma fra ilty model 
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4.2.2 Comparison of Cox PH versus shared gamma frailty model 

From Table 4.8 below we can see that the shared gamma fra ilty model has a larger log likelihood 

and minimum AIC and BIC values than the Cox PH model, indicating that thi s model fits the 

data better than the Cox PH model which did not take into account the shared random effect. 

Since Cox PH model is nested within shared gamma frai lty model we conduct the likelihood 

ratio test for the model. Furthermore, we have already proved that the heterogeneity parameter 

at is significant. Thus, the shared gamma frailty model is a better fit. 

Table 4. 8: Comparison of Cox PH and Shared frai lty model 

Model Log-like lih ood Log-likelih ood DF A IC BIC 
(null) (model) 

Cox PH -2902.9 13 -287 1.021 9 5760.04 1 5804.702 
Sha red fra ilty -2902.913 -2500.103 9 50 18.207 5062.867 
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4.2.3 Interpretations of the results 

The results of the analysis using shared gamma frailty model in Table 4.6 shows that the 

variables place of residence and preceding bi rth interval are signi ficantly associated with twin 

under-five mortality. Furthermore, the categories of the co variates birth order and previous child 

status are fo und significant. Here we interpret the results as follows. 

The estimated hazard ratio of a twin child (i.e, a child of twin birth) born in rural areas is 2.370 

(95% CJ: 1.563 - 3.59) implying that the ri sk of dying for a child of twin birth in rural areas is 

137% higher than that in urban areas contro lling fo r the other co variates in the model. This 

figure can be as low as 56.3% and as high as 259% with 95 % confidence. 

The estimated hazard ratio of a child of twin birth who was born before the younger sibling 

reaches the age of 18 months is 1.883 (95% CI: 1.1 91- 2.98). Thus, the hazard rate of a child of 

twin birth who was born before the yo unger sibling reaches the age of 18 months is 1.88 times 

than that who either has no younger sibli ng or born when the younger sibling's age exceeds 24 

months (reference group) controlling fo r other covariates in the model. The confidence interval 

indicates that the risk of dying can be as low as I .19 1 times and as high as 2.98 times than that of 

the reference group. 

The estimated hazard ratio of a fi rst born child of twin birth is 2.063 (95% CI: 1.1 54-3.69). This 

shows that a child of fi rs t born twins has a 106.3% higher ri sk of dying than a twin child whose 

birth order is fi ve and above (reference group) controlling fo r other covariates. This fi gure can be 

as low as 15.4% and as high as 269% with 95 % confidence. 

Children of twin birth whose previous sibl ing died experience a lower survival chance compared 

to those whose previous sibling is ali ve or first born (reference group). The estimated hazard 

ratio is 1. 62 1 (95% CI: 1.090, 2.41 ). This shows that the risk of dying fo r a child of twin birth 

whose younger sibling had died is 62. 1 % higher than the reference group. 
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4.3 Results of the parametric proportional hazards model 

Fitting a parametric proportional hazards model requires assumptions about the parametric form 

of the underl ying cumulative hazard function . To this end , we criticall y observe the plots of 

semi-parametricall y estimated cumulative baseline hazards of the above two models. As one can 

see from the plots Figure 4.4 and Figure 4.5 , both estimated cumulative base line hazards 

resemble the cumulative baseline hazard of Gompertz with a negative shape parameter and 

Weibull with shape parameter taking a value between (0,1). As a result we fit a parametric PH 

(Gompertz and Wei bu ll) model for this data set. 

Figure 4.4: Plot of time versus cumulati ve baseline hazard for Cox PH model 
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Figure 4. 5: Plot of time versus cumulative baseline hazard for shared gamma frai lty model 
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4.3.1 Results of the parametric bivariate proportional hazard models without frailty 

Firstly we fit: 

which means a bivariate PH model without frailty (at = pz = 0) assuming the paired 

observations are independent. Provided that the parametric baseline hazard is reasonable or fit s 

well , the estimated regression coefficients of this model are expected to be similar to those 

coefficients obtained by Cox PH model. This is justifi ed by a simulation study given in Arll1ex C. 

The resu lts in Table 4.9 below indicate that the Gompertz model seems a beller fit to the data 

(based on the log likelihood, AIC and EIC) compared to the wei bull model and should be 

preferred. 
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Table 4 . 9: The result of the fitt ed bivariate parametric PH without frailty model 

covar iates Without frailty Without frailty 
Wcibul baseline hazard Gompcrtz baseline hazard 

Coer SE p va lue Coef SE p va lue 
Residence 

rura l 0.68 199 0.1424 1 3.432e-07 * 0.67432 0.13657 4.5 12e-07* 
Ref (urban) 

Sex 
fema le -0.2 1409 0.09771 0.02905* -0.20869 0.09730 0.0323 I * 

Ref (male) 

Age of mother at birth 
below I 8 years 0.50984 0.26665 0.0568 I 0.492 I 7 0.24704 0.06025 
between I 8-35 years 0.23408 0.23647 0.3 1657 0.25867 0.2 I 356 0.26724 

Ref (above 35 years) 

Preceding birth interval 
be low 18 months 0.481 58 o. I 3885 0.00078* 0.4440 I O. I 3867 0.00189* 
between 18-24 months 0.30329 O. I 4935 0.05849 0.29254 0. 14899 0.05665 

Ref (> 24 months or I "born) 

Birth order 
first born 0.62956 0.17601 0.00038* 0.61080 O. I 7534 0.00057* 
between 2-4 -0.00840 0.12309 0.9456 I -0.03434 0. 12289 0.78086 

Ref (5 and above) 

Previous child status 
dead 0.32928 0.1 2 189 0.00811' 0.31014 0.12196 0.0 I 265* 

Ref (a li ve or first child) 

Scale (A) 0.02 I 709 0.00593 0.00702 0.00147 
Shape( <p) 0.402 I 06 0.0 1747 -0.03536 0.00 181 
Log likel ihood -2652.262 -2475. I 39 
AIC 5326.525 4972.277 
BIC 538 1. 109 5026.862 

' the vanable IS SignIficant at 5% level of SignIficance 

4.3.2 Results of the parametric bivariate proportional hazards models with gamma frailty 

To assess the random effect shared by two indi viduals in a pair, we fit parametric shared frailty 

models. The resu lt in Table 4.10 al so shows that the Gompertz model is a better fit to the data 

compared to the wei bull model and should be preferred. 
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Table 4 . 10: The results of the fitted parametric PH shared frai lty models 

covariate Shared gamma frailty with Shared ga mma fra ilty with 
Weibul baseline hazard Gompcrtz baseline hazard 

Coel' SE p- value coer SE p va lu e 

Residence 
rural 1.02762 0.23 775 7.6ge-05* 0.93114 0.20423 3.42e-05* 

Ref (urban) 

Sex 
female -0.15578 0. 14042 0.26968 -0. 14650 0.13063 0.2653 0 

Ref (ma le) 
Age of mother at birth 

below 18 years 1.0043 2 0.46967 0.05 500 0.84095 0.39203 0.0633 1 
between 18-35 years 0.81635 0.3 7577 0.06533 0.68324 0.30942 0.07525 

Ref (above 35 years) 

Preceding birth interval 
below 18 months 0.63578 0.27563 0.01993* 0.56138 0.24 162 0.01980* 
between 18-24 months 0.48228 0.2891 5 0.09223 0.407 11 0.25297 0.10649 

Ref (> 24 months or I "born) 

Birth order 
first born 0.77494 0.35662 0.03028* 0.70549 0.30991 0.023 88* 
between 2-4 -0.3 1278 0.23905 0.18859 -0.29344 0.2 1001 0. 16 106 

Ref (5 and above) 

Previous child status 
dead 0.553 15 0.24096 0.02078* 0.4791 3 0.2 1075 0.02261* 

Ref (alive or first child) 

Sca le (A) 0.00738 0.00265 0.00519 0.00133 
Shape( <p) 0.62707 0.03045 -0.02594 0.001 77 

0'2 2.67447 0.31862 1.46ge-45* 1.85274 0.24259 1.193e-3 1* 
z 

Log likelihood -2552.603 -2407.31 7 

AIC 5129.205 4838.634 

BI C 5188.752 4898.181 
.. 

*mdlcate the va l'lable IS significant at 5% level of significance 

An estimate of the heterogeneity parameter O'i is 1.85274 (SE=0.24259). The likelihood ra tio test 

statistics for testing Ho: O'i = 0 versus H, : O'i > 0 is significant at I % level. Thus, we cmm ot 

ignore the correlation between the pair of twins. [n other words, the shared gamma frailty model 

with gompertz baseline hazard is more appropriate than that without frailty. 

51 



Finally we fit parametric corre lated gamma frai lty models using the two specified cumulative 

baseline hazards. The results indicate that the correlated gamma frailty model with Gompertz 

baseline hazard has a larger log likelihood value (-2406.57 1) compared to weibull (-2552.11 8). 

The result of the fitted parametric correlated gamma frailty with Gompertz cumulative baseline 

hazard is given in Table 4.11 . 

Table 4. II : The result of the fitted parametric (gompertz basel ine) correlated gamma frailty 
model 

covariates Correlated gamma frailty 
with Gompertz baseline hazard 

Coer SE p value 

Residence 
rural 0.97159 0.21795 4.768e-05* 

Rer (urban) 

Sex 
female -0. 16738 0.13947 0.23 182 

Rer (male) 
Age or mother at hirth 

below 18 years 0.83307 D.41641 0.08673 
between I 8-35 years 0.68201 0.32867 0.09876 

Rer (above 35 years) 

Preceding birth int"rval 
below I 8 months 0.55 123 0.25572 0.03200* 
between I 8-24 months 0.38309 0.26742 0. 15302 

Rer (> 24 months or I "born) 

Birth order 
first born 
between 2-4 0.73 188 0.3271 3 0.02656 

Rer (5 and above) -0.27521 0.22109 0.21391 

Previous child status 
dead 0.48915 0.22379 0.02854' 

Rer (alive or first chi ld) 

Scale (A) 0.00525 0.00143 
Shape( q» -0.02397 0.00237 

([2 z 2.26442 0.437 19 5.62ge-32* 

pz 0.87251 0.09369 0.11088 
Log likelihood -2406.571 
AIC 4839.141 
BIC 4903.65 

.. 
*the va nable IS significant at 5% level of significance 
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Us ua lly corre lated gamma frailty model is fitted to assess geneti c effect. To thi s end, we need the 

zygosity info rmation that wo uld enable US to compare the correlation between MZ and DZ twins. 

Moreover, thi s model is also used to test hypotheses about the appropriateness of shared frailty 

models. As shown in Table 4.11 above, the likelihood ratio test statistic for the hypothesis 

Ho: pz = 1 versus H1 :pz < 1 is insignificant. Thus, we have no evidence to reject that the 

model is shared frailty model. 

4.3.3 Comparison of results of semi-parametric and parametric methods 

As we have seen so far, the semi-parametri c shared gamma frai Ity model turns out to be a better fi t as 

compared to the Cox PH model. Furthermore, the parametric shared gamma frailty model with 

gompertz basel ine hazard was found to be appropriate than others parametric models. When we 

compare the results obta ined from the two methods, as we can see from Table 4.6 and Table 4.9 

(right), the significant covari ates are the same and the heterogeneity parameter is fo und to be 

signi ficant in both models. Although there is little difference in the magnitude of the regression 

coefficient estimates, the results are more or less similar. 

4.3.4 Discussion of the results 

This study showed that children of twin birth living in rural areas face higher ri sk of mortality 

than those li ving in urban areas. In agreement with thi s result, a child mortality study in West 

Africa by Balk et al (2003) found that children res iding in urban areas have a better chance of 

survival than those residing in rural areas. Similarly, Dashtseren (2002) showed that child 

mortality rate is higher in rural areas than urban areas. 

The current study al so showed that children of twin birth who were born before the younger 

sibling reaches the age of 18 months experi ence low survival compared to those chi ldren of twin 

birth who have more than 24 month spac ing. Several studies that are conducted on determinants 

o f child mortality found similar results. These include studies by Becher et al (2004) in Burkina 

Faso and Koiss i and Hognas (2001) in Ivory Coast. 

Our result revealed that first born chi ldren of twin birth experience higher ri sk of m011ality than 

children of twin birth whose birth order is fi ve and above. Similar to thi s result, child mortality 

stud ies by 10shua and 1eroen (2009) in Zimbabwe, Desta (2011 ) in Eth iopia, and Balk et al 
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(2003) showed that fi rs t born chi ldren experience low survival compared to those children who 

have higher birth order. However, the result of the study by Becher et al (2004) in Burkina Faso 

showed that the variable is statistically insignifi cant. 

This study found that children of twin birth whose previous sibling died experience a lower 

survival chance compared to those whose previous sibling is alive or first born. A child mortality 

study by Koissi and Hognas (200 I) in I vory Coast found similar results. In contrary, the variable 

previous sibling status was insignifi cant in studies by Guo and Rodriguez (1992) and Becher et 

al (2004). 
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4.4 Conclusion and recommendations 

4.4.1 Conclusion 

The results of this study showed that the main factors associated with twin under-five mortality 

are place of residence, preceding birth interval, birth order, and the status of the previous sibling. 

Those twins who resided in rural areas had lower chance of survival compared to those who live 

in urban areas. First born twins experienced high mortality compared to those twins who have 

birth order above tive. Those twins who were born before their sibling reaches 18 month 

experience low survival compare to those twins who have more than 24 month spacing, and 

twins whose previous sibling died also experience high mortality compared to those twins whose 

previous sibling was alive. 

4.4.2 Recommendations 

The Ethiopian government has implemented health oriented interventions to reduce child 

mortality. In order to reduce the rate of child mortality among twins, this study recommends the 

following : 

• The survival experience of children of twin birth in rural areas is much lower than in 

urban areas indicated that special attention should be given to improve the health 

infrastructure in rural areas. 

• The significant effect of the birth spacing of the previous sibling on the survival chance 

of children of twin birth indicated that efforts have to be exe11ed to educate the public 

about fami ly planning and birth spacing. 

• The modeling practice in this study revealed the significance of including a random effect 

in the model. Hence, researches in this area should incorporate and assess such random 

effects. 
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Annex 

Annex A : Graphs of the estimates of the Kaplan-Meier survivor functions for each 
covariate. 
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Annex B: Likelihood function for bivariate correlated gamma frailty model with WeibuII 
baseline hazard. 

In this section for weibu ll baseline hazard , we drive the expression of the likelihood functi on for 

the bivariate corre lated gamma frailty model with observed vectors of covariates X, and X2 . 

One can follow similar procedure for gompertz and exponential base line hazard functions. 

The bivariate correlated gamma frailty model is given in equation (3.46). This equation can be 

used to form the likelihood function of the data. However staraight forward maximization of the 

li kelihood function require assumption about parametric form of the underlying cumulative 

hazard function HOl (t l ) and Hoz (tz). One can assume two different baseline hazard functions 

for the two individuals, but for twin application usually the underlying hazards functions are 

assumed to be identical. Suppose the underl ying hazard is Wei bull baseline hazard. For Weibull 

baseline hazard hoCt) = Avtv- l (where)vO and v> 0 are the sca le and shape parameters 

respectively) , the cumulative base line hazard is given by: HoCt) = Atv. Thus the bivariate 

correlated gamma fra il ty model (3.46) with observed vectors of covariates Xl and Xzis given 

by: 
p, 

5(tl,tZ I Xl,XZ) = (1 + u;Atl"eP'x, + O}AtzveP"X,) d 

(B1) 

This express ion (8 I) can be used to form the likelihood function for the bivariate corre lated 

gamma frai lty model given in (3.5 1). The likelihood function can be obtained by using equation 

(3. 16). As a result, the expression 5" " (til, tiZ) in (3.51) can be obtained by taking the , " 
differentiation of (8 1) with respect to t1, t z . Thus for Wei bull baseline hazard and with 

observed vectors of co variates Xl and Xz thi s expression is given by: 

I [ (l-P')P, (1 1 ) (p, +a})p, + (l-P,)' ] 
w lere A~ (n;)' x (n) + (p) + (m)' (n)(p) 

m=n+p-1 

n = 1 + eJ;At1"eP'X' 

p = 1 + eJ;Atz"eP'X' 
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The expression Sti. (til, t,z) in (3.51) can be obtained by taking the partial diffe renti ation of 

(B I) with respect to tl Thus for we ibull baseline hazard and with observed vectors of 

co variates Xl and Xz thi s expression is given by: 

_~ -&-1 
X (1 + o}i1.tz

V eP·x, ) ": xl + cr}(Atzve P·x, + At1
V eP·x, ) ": 

x ((1 + cr} Atl veP·x,) + ((1 - pJ )( 1 + cr} Atz veP·x, ) - ((1 - pz))) 

The expression Sti' (til' t ,z) in (3.5 1) can be obtained by taking the partial differentiation of 

(B I) with respect to tz . Thus for WWeibull baseline hazard and with observed vectors of 

covariates X1and Xz this expression is given by: 

The expression S(t'1- t, z) in (3.5 1) is the survi val function of the bivariate cOlTelated gamma 

frailty model. Thus for Weibull baseline hazard and with observed vectors of covariales X1and 

Xz thi s expression is therefore the expression given in (B I) above. 

Plugging these four expressions into equation (3.5 1) gives the likelihood function of the bivariate 

cOlTelated gamma frailty model with observed covariates. Usually the logarithm of the likelihood 

function is used in parameter estimation. Now the estimates of the parameters (!J{ , Pz' (3, i1., v) can 

be obtained using the standard maximum likelihood parameter estimation procedure. 

58 



Annex C: Procedure of simulation and results 

1. Procedure of simulation 

The bivariate parametric PH models that are used in thi s study are fitted using self written 

program on R software. The programs are tested on simulation data sets. Here we describe the 

procedures of simulation of the survival times in a bivariate parametric PH models. 

Suppose Se t I X) is the survival function of the Cox proportional hazards model and is given by: 

p'x Set I X) = e-e Ho(t) 

The di stribution function of the above Cox model (c l ) is: 

p'x F(tlx) = 1 - e -e Ho(t) 

(e1) 

(e2) 

Let y be a random variables with distribution function F(. ), then u = F(y) follows a uniform 

distribution on the interval from 0 to 1. Furthermore, ifu - U[O,l] , then l -u - U[O,l] (Bender et 

ai, 2005). Thus, let T be the surviva l times of model (c 1), then it follows from (c2) that : 

u = exp (-e P'X Ho(t)) - U[O,l] 

If the baseline hazard function hoCt) > 0 for all t, then Ho(t) can be inverted and the survival 

time T can be expressed as : 

T = Ha" [-Iog (u)e P'X ] (c3) 

The conditional survival function in the bivariate correlated gamma frailty model with observed 

vectors of covari ates X1and Xz is given by: 

pi X p' x 
S(tvtzIZvZz) = Sl(t1 IZ1 )Sz CtzIZz) = e-Z,e IH o1(t')e - Z,e ' Ho,(t,) (e4) 

where Zl and Zz are correlated gamma-distributed frailty variables, Set I Z) denotes the survival 

function of an individual conditional on the fra ilty variable Z. Usuall y thi s model assumes 

proportional hazard structure. Which means the proportional hazard model is obtained if the 

frailty di stribution degenerates to Z= 1. 

Suppose there are n pairs. Conditional on the frailty terms Zil and Z iZ , the surv ival times 

Til and TiZ in a pair i are assumed to be independent. Hence by including the frailties variables 

as additional co variates with regression coefficient of one, we can generate the survival times 
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Til and Ti 2 . If lil = li2 = 1 (i = 1,2, ... , n) the bivariate survival function of the bivariate 

correlated gamma frailty model (c4) is given by: 

. , 

sCtv t
2

) = 51 (t
l
)S2 (t2) = e-eP x, Ho, (") e- eP 

x2H02('2) (c5) 

This means a bivari ate PH model without frailty. Thus the survival times Ti l and Ti2 can be 

generated by using (c3). 

If lil = li2 = li (i = 1,2, ... , n) the bivariate survival function of the bivariate correlated 

gamma frai lty model (c4) is given by: 

This is the shared gamma frailty model. Given the common frailty Z, the survival times are 

independent. Hence the survival times Ti l and Ti2 can be generated by: 

(c7) 

Let II and l2 be given by (3.43) which is the cOlTelated gamma frailty model. Given the frailties 

lil and li2 , the surv ival times are independent. Hence the survival times Til and Ti2 can be 

generated by: 

(c8) 

The characteristics for a Cox model with wei bull and gompertz baseline hazard are described as 

follows: 

Characteri stics Wei bu II model Gompertz model 

parameters A.>O is the sca le A.>O is the scale 

v > 0 is the shape rp (-00,00) is the shape 

Baseline hazard function vtV 1 ilexp (rpt) 

Cumulative baseline hazard function AtV " - (exp(rpt) - 1) 

'" 
Inverse cumulative hazard function 

Gt(V ~ log [~ t + 1] 

Survival time using 
Ti = (_lOg (Uil) l/V 1 [ rp IOg(Ui) ] Ti = -log 1 - , 

JeZjefJ X i rp ilZ jefJ Xi 
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2. Results of the simulation study 

2.1 Results of the Bivariate PH models without frailty 

a. Wei bull baseline hazard with parameters = 2 and A = 0.002 . 100 simulated dataset 

were generated. Each alt i fic ial dataset contained 1000 pairs of independent weibull 

distributed du rations Ti and Tz . One continuous (U [0, I)) and one categori cal (Bernoulli 

(0.7)) with regression coefficients Pi = 2 and pz = -1 respectively were used as 

observed covariates. Each observed covari ates for the two individuals in a pair were 

taken to be independent. 25% of the events were censored. The results of the bivari ate 

wei bull PH model without frailty and the results obtained from the generic R fl.mction 

coxph are presented below. 

MOE=Mean of Estimates of 100 datasets 

MoSE= Mean of Standard Errors of 100 datasets 

Stand dev=Standard deviation of the 100 estimates 

Results of Wei bull model without fra ilty 

parameters MOE MoSE Stand dev 

Pi = 2 2.00 13 0.08245 0.083 1 

pz =-1 - 1.0024 0.05542 0.0565 

v=2 2.0078 0.02285 0.0237 

A = 0.002 0.002009 0.000096 0.00010 

Results from cox ph 

MOE MoSE 

2.0048 0.096 1 

-1.0091 0.0556 

---- ----- -

--- - ----

b. Gompertz base line hazard with parameters <p = 0.1 and A = 0.01 . 100 simulated dataset 

were generated. Each arti fic ial dataset contained 1000 pairs of independent Gompertz 

di stributed durations Ti and Tz . One continuous (U [0 ,1]) and one categori cal (Bernoulli 

(0.7)) with regress ion coefficients Pi = 2 and pz = -1 respectively were used as 

observed covariates. Each observed covariates for the two individuals in a pair were 

taken to be independent. 25% of the events were censored. The results of the bivari ate 

wei bull PH model without frai lty and the results obtained from the generi c R fu nction 

coxph are presented below. 
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Results of gompertz PH model without frailty Results from coxph 

parameters MOE MoSE Stand dev MOE MoSE 

f31 = 2 2.00 13 0.08245 0.0831 2.0048 0.0961 

f32 = - 1 -1.0024 0.05542 0.0565 -1.0091 0.0556 

rp = 0.1 2.0078 0.02285 0.0237 ---- - -----

it = 0.01 0.002009 0.000096 0.00010 --- -----

2.2 Results of the Bivariate PH models with Shared gamma frailty model 

For each of the two baseline hazard 100 data sets were generated , each data set have 1000 

pairs of related durations. For wei bull the shared frailty parameter was a} = 0.5 and for 

gompertz the shared frailty parameter was a} = 0.25 . One continuous (U [0,1)) and one 

categorical (Bernoulli (0. 7» with regression coefficients f31 = 3 and f32 = -1 respectively 

were used as observed covariates. Each observed covariates for the two individuals in a pair 

were taken to be independent and 25% of the events are censored. 

Results of Wei bull lIIudel Results from coxph 

with shared gamma frai lty wi th shared gamma frailty 

parameters MOE MoSE Stand dev MOE MoSE 

f31 - 3 2.9993 0.09748 0.09989 2.9999 0.12225 

f32 - -1 -1.0040 0.07244 0.07567 -1.0068 0.07083 

a} = 0.5 0.5002 0.05652 0.05918 0.4997 ----

v = 2.5 2.5000 1 0.031175 0.0237 ---- -- - -- -

it = 0.01 0.00 I 00 0.000022 0.000034 --- -----
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Results of gompeltz model Results from coxph 

with shared gamma frailty with shared gamma frailty 

parameters MOE MoSE Stand dev MOE MoSE 

f3i = 3 3.00 12 0.1332 0.14334 3.0004 0.11 943 

f3z = - 1 -1.0054 0.0689 0.0697 -10057 0.066 1 

(Ii = 0.25 0.25208 0.054 11 0.057 10 0.256 ----

cp = 0.2 0.2022 1 0.00 11 8 0.00 11 2 ---- ------

A- = 0.02 0.00202 0.00209 0.00200 I --- -----

2.3 Correlated gamma frailty model 

a. Gompertz baseline hazard with parameters cp = 0.1 and A- = 0.01. 1000 data sets 

were generated, each data set have 2000 pairs of related individuals. The frailty 

parameters are taken to be a} = 0.25 and pz = 0.5. One continuous (U [0, I]) and 

one categorical (Binomial (2,0.3» with regression coefficients f3i = 2 and f3z = - 1 

respectively were used as observed covariatcs. Each observed covariates for the two 

individuals in a pair were taken to be independent and 25% of the events are 

censored. 

parameters True value MOE MoSE Stand dev 

(J2 
z 0.25 0.248102 0.061137 0.059744 

pz 0.5 0.5129727 0.1832322 0.1798843 

cp 0.02 0.0200 1794 0.00 18299 0.00 18194 

A- 0.01 0.010011 3 1 0.0006 103 0.0006150 1 

f3 i 2 1.997301 0.0988037 0.09622935 

f3z -I -1001258 0.0484540 0.04722 147 
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b. weibull baseline hazard with parameters v = 2.S and A = 0.001. 1000 data sets 

were generated, each data set have 2000 pairs of related individuals. The fra ilty 

parameters are taken to be (J1 = O.S and pz = 0.6. One continuous (U [0,5]) and one 

categorical (Binomial (2,0.3)) with regression coefficients PI = 1 and pz = -1 

respectively were used as observed covariates. Each observed covariates for the two 

individuals in a pair were taken to be independent and 25% of the events are 

censored. 

parameters True value MOE MoSE Stand dev 

(J2 0.5 z 0.5020934 0.05383121 0.0570779 

pz 0.6 0.6003374 0.08389226 0.08610009 

v 2.5 2.504573 0.06052938 0.063607 

A 0.001 0.00100013 0.0001 52 11 0.0001628 5 

PI 1 1.002376 0.0291718 0.03074984 

pz -1 -1.00 1968 0.04474191 0.04673245 
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Annex D: R codes for bivariate gamma correlated gamma frailty with two observed 
cova r iates: Weibull baseline haza rd 

x=matrix(c(tl ,t2,zx l ,zx2,zy1,zy2,cenl ,cen2),2000,8) # x is matrix of survival times t. and tz, 
#covariates (zx and zy ) and censor statuses cenl and cen2. 
thet=c(0.01 ,0.02,0.000009,0.08, I. S ,0.4 ) # initial parameters or 
# parameters (variance b, correlation R, weibull parameters (al ,a2) and regression coeffi cients 
#(cland c2) 

loglikweib = function (thet, x) 
{ x=as. matri x(x); tl =x[, I] ; t2=x [,2] ;y ll =x [,3]; y I2=x[,4] ; y2 1=x[,S]; y22=x[,6] ;cenl =x[,7J; 
cen2=x[,8J; b = thet[I] ; R = thet[2]; a l = thet[3] ;a2 = thet[4J;c l = thet[S] ; c2 = thet[6] 
kl =c l* y ll +c2*y2 1; k2=c l *y I2+c2*y22 
n= (b*al *exp(k I )* t I "a2+ I); p=(b*a I *exp(k2)* t2"a2+ I) 
m= « b*a I *exp(k I )* t I " a2+ I )+(b*a I *exp(k2)* t2" a2» 
A=«b+R)*RJ(m)"2)+« R *( I-R» /(m»*( I/n+ lip )+« I-R)"2/(n*p» 

# the log likelihood function 
I=sum( cen I *cen2*(2* log(a 1)+2* log(a2)+(a2-1 )*(log(t I )+log(t2»+k I +k2-« 1-
R)/b) * (log( n)+log(p) )-(RJb)* log(m )+log(A»+ 
cen I *(I-cen2)* (log(a I )+log(a2)+(a2- 1)* log(t1 )+k I-« I-R)/b+ I )* Iog(n)-« I-R)/b)* log(P)­
(RJb+ 1)*log(m)+log«n+( I-R)*p-(I-R»»+ 
cen2*( I -cen I )*(log(a I )+log(a2)+(a2-1 )* log(t2)+k2-« I-R)/b+ I )* Iog(p )-«(I-R)/b)* log(n)­
(RJb+ 1)* log(m)+log«p+( I-R)*n-(I-R»» + 
( l -cen2)*( I-cen I )*( -« I-R)/b )*(log(n)+log(p » -RJb* log(m») 
relllrn(l) 
} 

#gradient fu nction 

grad wei b=fllnction( thet,x) { 
x=as .matrix(x) ; tl =x [,I] ; t2=x[,2] ;y ll =x[,3]; y I2=x[,4]; y2 1=x[,S]; y22=x[,6] ;cenl =x[,7J; 
cen2=x[,8J; b = thet[I] ; R = thet[2]; a l = thet[3] ;a2 = thet[4] ;c l = thet[S] ; c2 = thet[6] 
kl =c l *y ll +c2*y2 1; k2=cl *y I2+c2*y22 
n=(b*a I *exp(k I )*t I " a2+ I) ; p=(b*a I *exp(k2)* t2"a2+ I) 
m=« b*a I *exp(k I )*t I "a2+ I )+(b* a I *exp(k2)*t2"a2» 
A=«b+R)*RJ(m)" 2)+« R *( I-R» /(m»*(1/n+ 1/p)+« I-R)"2/(n*p» 

#tirst derivatives of n , p, m and A w.r.t the parameters 
n l =(a I *exp(k I )* tI "a2); pI =(a I *exp(k2)*t2"a2); m I =n J+p I 
n3=(b*exp(k I)* t l "a2); p3=(b*exp(k2)* t2"a2); m3=(n3+p3) 
n4=(b*a I *exp(k I)*t l " a2* log(tl »; p4=(b*a 1 *exp(k2)* t2"a2* log(t2» ; m4=n4+p4 
nS=y ll *b*a I*exp(kl )* tl " a2; pS=y I2* b*a l *exp(k2)* t2"a2; mS=nS+p5 
n6=y2 1 *b*a l *exp(k 1 )* tl " a2; p6=y22* b*a l *exp(k2)* t2"a2; m6=n6+p6 
A I =«R/m"2)-2 *R *(R+b )*( I /m"3 )* 111 1-(R-R"2)*( I /m"2)*ml *( I /n+ I Ip)+( -( IIn"2)* n 1-
( 1/p"2)*p I )*«R-R"2)/m)+( I-R)"2*(-( 1/« n*p),,2»*(n I *p+p I O n»~) 

A2=«2* R+b )*( I l(m" 2))+( 1-2*R)*(lIm)*( I In+ IIp)+( -2+2* R)*( I/(n*p))) 
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A3=( -(2 *R *(R + b ))*( lie m"3 ))*m3-(R- R "2)*( I/(m"2 ))*m3 *« I /n)+( lip ))+( -( I /( n"2) )*n3-
( 1/(p"2 ))* p3 )*«R-R "2 )/m)+( I-R)"2 *( -( I/«n*p ),,2))*( n3 * p+p3 *n))) 
A4=( -(2 * R *(R +b ))*( I/(m"3) )* m4-(R- R "2)*( I/(m"2))*m4 *« lin )+( lip ))+( -( I/(n"2) )*n4-
( I/(p"2 ))* p4 )*«R-R " 2)/m )+( I-R)"2 *( -( 1/« n*p ),,2))*(n4 *p+p4 *n))) 
A5=( -(2 * R *(R +b ))*( I /( m"3) )*m5-(R-R "2 )*( I /( m"2) )*m5 *« lin )+( lip) )+( -( I/(n"2) )*n5-
(1 /(p"2))* p5)*« R-R " 2)/m )+( I -R)"2 *( -( 1/« n*p ),,2))*(n5 * p+p5 *n ))) 
A6=( -(2 * R *(R +b ))*( I/(m" 3) )*m6-(R -R "2)*( I/(m"2) )*m6*« I/n)+( lip) )+( -( I/(n"2))* n6-
( I/(p"2))*p6)*«R-R " 2)/m )+( I-R)"2 *( -( 1/« n*p )"2) )*( n6*p+p6*n))) 

#the gradient matrix 

g=c( slI m( cen l *cen2 *«( I-R)/b"2)*(Iog(n )+Iog(p) )-« I -R)/b )*« IIn)* n I +( lip )*p 1)+ 
(Rlb"2)*log(m )-(Rlb )*« IIm)*m l )+( I I A)* A 1)+ cenl *( l-cen2)*«( I-R)/b"2)*(Iog( n )+ Iog(p))­
« I-R)/b+ 1)*( l i n )*nl-« I-R)/b )*( IIp)* P I +(Rlb"2)*log(m)-(Rlb+ I )*( 11m )*m l + 
(1 /(n+( I-R)*p-( I-R)))*(nl +(l-R)*p 1))+ cen2*( I-cenl )*«( I-R)/b"2)*(Iog(n)+ log(p ))-
« I-R)/b+ I )*( l ip )*p 1-« I-R)/b )*( l i n )*n l +(Rlb"2)* log(m )-(Rlb+ I )*( IIm)*ml + 
(1 /(p+( I-R)*n-( I-R)))*(p I +( I-R)*n I ))+ (l-cen2)*( I-cen I )*«( I-R)/b"2)*(Iog(n)+log(p ))­
« I-R)lb )*( (IIn)* n I +( lip )*p I )+(Rlb"2)* log( m)-(Rlb )*( 11m )*m l )), 
slIm( cen I *cen2 *( I/b*(Iog(n)+ log(p ))-l /b* log(m)+( II A)* A2)+cen 1*( l-cen2)*( I/b*(Iog(n)+ log(p ))­
I/b*log(m )+( I /(n+( I-R)*p-( I-R»)*( I-p ))+ cen2 *( I-cen l )*( I /b*(Iog( n)+ log(p ))-l /b* log(m)+ 
( I/(p+( I-R)*n-( I-R)))*( I-n) )+( l -cen2)*( I-cenl )*« l i b )*(Iog( n)+log(p) )-lIb* log(m))), 
slIm( cenl *cen2 *(2/a 1-« 1-R)/b )*« I/n)*n3+( lip )*p3 )-(Rlb )*( ( 11m )*m3 )+( II A)* A3)+ 
cenl *( l-cen2 )*( I /a 1-« 1-R)/b+ I )*( IIn)*n3-« I-R)/b )*( l ip )*p3-(Rlb+ I )*( 11m )*m3+ 
( I/(n+( I-R)*p-( I-R)))*( n3+( I-R)*p3) + cen2 *( I-cen 1)*( Ii a 1-« I-R)/b+ I )*( l ip )*p3-
« I-R)/b )*( I /n)* n3-(Rlb+ I )*( I/m)*m3+( I/(p+( I-R)*n-( I-R))*(p3+(I-R)*n3 » + 
( l-cen2)*( I-cenl )*( -« I-R)/b )*« I/n)*n3 +( l i p )*p3)-(Rlb )*( IIm)*m3»), 
slIm( cenl *cen2*(2/a2+(Iog(tl )+ log(t2))-« I-R)lb )*« I /n)* n4+( I Ip)*p4 )-(Rlb )*CC I/m)*m4)+( II A)* A4)+ 
cenl *( l-cen2)*( I /a2+ log(t 1)-« I-R)/b+ I )*( IIn)*n4-« 1-R)/b )*( l ip )*p4-(Rlb+ I )*( 11m )*m4+ 
(1 /(n+( I-R)*p-( I-R)))*(n4+( I-R)* p4))+cen2*( I-cen l )*( lIa2+log(t2)-CC I-R)lb+ I )*( l ip )*p4-
« I-R)/b )*( l in )*n4-(Rlb+ I )*( 11m )*m4+( I/(p+( 1-R)* n-( I-R))*(p4+( 1-R)*n4))+ 
( l -cen2)*( I-cen I )*( -« I-R)/b )*CC I/n)*n4+( lip )*p4 )-(Rlb )*( 11m )*m4 )), 
slIm( cenl *cen2 *CCy I I +y 12 )-CC I-R)/b )*CC lin )*n5+( lip )*p5)-(Rlb )*CC 11m )*m5 )+( I I A)* A5)+ 
cenl *( l-cen2)*(y 11-« I-R)/b+ I )*( I/n)*n5-« I-R)/b )*( I Ip)*p5-(Rlb+ I )*( IIm)*m5+ 
(1 /(n+( I-R)*p-( I-R)))*(n5+( I-R)*p5))+ cen2*( I-cen I )*(y 12-« I-R)/b+ I )*( lip )*p5-
« I-R)lb )*( I /n)*n5-(Rlb+ I )*( I/m)*m5+( I/(p+( I-R)*n-( I-R)))*(p5+( I-R)*n5))+ 
( l -cen2)*( I-cenl )*( -« 1-R)/b )*CC lin )* n5+(l /p )*p5)-(Rlb )*( 11m )*m5)), 
slIm( cenl *cen2 *«y2 1 +y22)-« I-R)/b )*« I/n)* n6+( IIp)* p6)-(Rlb )*CC IIm)* m6)+( I I A)* A6)+ 
cen 1*( l-cen2)*(y21-« I-R)/b+ I )*( 1/11)*n6-CC I-R)/b )*( I/p )*p6-(Rlb+ 1)*( I/m)*m6+ 
(1 /(n+( I-R)*p-( I-R»))*(n6+( I-R)* p6))+ cen2*( I-cenl )*(y22-CC I-R)/b+ I )*( l ip )*p6-
CC I-R)/b )*( I /n)*n6-(Rlb+ I )*( I/m)*m6+( I/(p+( I-R)*n-( I-R)))*(p6+( I-R)*n6))+ 
( l-cen2)*( I-cenl )*( -CC 1-R)/b )*« lin )*n6+( lip )*p6)-(Rlb )*( 11m )*m6))) 
retllm(g) } 

# constrOptim for the natural constraints such as variance >0 and cOl'elation [0,1]. 
# to obtain the estimates 
fit=constrOptim(thet, loglikwe ib,x=x,grad=gradwe ib , 
u i=matrix(c(l,O,O,O, 1,1,0,0,0,0,0,0,0,0,0,0,0,0), nrow=3), ci=c(0,0,-1.000001), hessian= T 
,control=1 ist(fnscal e=-l)) 
fit 

66 



References 
1. Aaby, P. Pison, G. and Andersen, M (1995). Lower mortality for female-female twins 

than male-male and male-female twins in rural Senegal . US National Library of 
Medicine National institutes of Health , 6(4):419-422 . 

2. Alam N, Van Ginneken JK, Bosch AM.(2007). Infant mortality among twins and triplets 

in rural Bangladesh in 1975- 2002. Trop Med Int Health, 12(12): 1506-1514. 

3. Andersen, P.K., Klein, J.P., Knudsen, K., and Palacios, R.T (1995). Estimation of 

variance in Cox's regression model with gamma frai lties. Technical report, Department 
of Biostatistics, University of Copenhagen, Del1l11ark. 

4. Andersen, P. K. , Borgan, 0 ., Gail l, R. D. , and Keiding, N. (1993). Statistical Methods 

Based on Counting Processes. Springer, New York. 

5. Asefa, M. , Drewett, R. , Tessema, F. (2000). A birth cohort study in south-west Ethiopia 

to identify factors associated with infant mortality that are amenable for intervention. 

Ethiopian Journal of Health Development. 14(2). Pages 161-168. 

6. Balk Deborah, Tom Pullum, Adam Storeygard, Fern Greenwell, and Melissa Neuman 

(2003) Spatial Analysis of Childhood Mortality in West Africa. Calverton, Maryland, 

USA: ORC Macro and Center for International Earth Science Information Network 

(CIESIN), Columbia University. 

7. Beard, R.E. (1959). Note on some mathematical mortality models. In: The Lifespan of 

Animals. Ciba Foundation Colloquium on Ageing, Little, Brown, Boston, 302-31 1. 

8. Becher, H., Muller, 0. , Jahn, A., Gbangou, A. , Kynast-Wolf, G., and Kouyate, B. (2004). 

Risk factors of infant and child mortality in rural Burkina Faso. Bulletin of the World 

Health Organization, 82:265-273. 

9. Bender, R., Augustin, T. , and Blettner, M (2005). Generating survival times to simulate 

Cox proportional hazards models. Statist. Med, 24: 171 3- 1723. 

10. Breslow, N.( 1974). Covariance analysis of censored survival data. Biometrics, 30: 89- 99. 

1 1. Bryce J, Black RE, Walker N, Bhutta ZA, Lawn JE, Steketee RW. (2005). Can the world 

afford to save the lives of 6 million chi ldren each year? Lancet, 365(9478):2193-2200. 

12.Boyles, R. A. ( 1983). On the convergence of the EM algorithm. Journal of the Royal 

Statistical Society Series B 45: 47- 50. 

I3.Bulmer, M. G. (1980). The mathematical theory of quantitative genetics. Clarendon 

Press, Oxford. 

I4.Childs, B. Moxon, R. and Winkelstein, J. (1992). Genetics and Infectious Diseases. The 

Genetic Basis of Common Diseases. Oxford University Press. 

IS.Cluistensen, K. , Vaupel, J., Holm, N., Yashin , A. ( 1995). Mortality among twins after 

age 6: fetal origins hypothesis versus twin method. British Medical Journal 310,432-436. 

I6.Claeskens, G. , Nguti, R. , and Janssen, p (2008) . One-sided tests in shared frai lty models. 

OR & Business Statistics. 

67 



I7.Clayton, D. G. (1978). A model for association in bivariate li fe tables and its app lication 

in epidemiologica l studies of fami lial tendency in chronic di sease incidence. Biometrika, 
65 ( I): 141-1 5 1. 

IS.Congdon , P. (1995). Modelling frailty in area mortality . Statistics in Medicine, 14: 1859-
74. 

19.Cox,D.R. (1972). Regression models and life tables. Journal of the Royal Statistical 
Society, B, 34: 187-220. 

20.Cox, D.R. (1975). Partial likelihood. Biometrika, 62, 269-76 

21.Cox, D. R. and Oakes, D. Analysis of Survival Data. (1984) Chapman and Hall , New 

York. 

22.Cox, D. R. , and Snell , E. J. (1968). A genera l definition of residuals with discuss ion. 

Journal of the Royal Statistical Society, Series B 30, 248 .275. 

23.Dashtseren, A. (2002). Determinants of infant and child mortality in Mongo li a. Paper 
presented at the IUSSP Regional Conference, Bangkok, Thailand. 

24.Dayton, C.M (2003). Model Comparisons Using Information Measures. Journal of 

Modern Applied Statistical Methods, 2: 28 1-292. 

25.Dempster, A.P. , Laird, N.M., Rubin, D.B. (1977). Maximum likelihood from incomplete 

data via the EM algorithm. Journal of the Royal Statistical Society (B) 39: 1- 38. 

26.Deribew, A., Tessema, F. and Girma, B (2007). Determinants of under-fi ve mortality in 

Gilgel Gibe Field Research Center, Southwest Ethiopia. Ethiopian Journal of Health 

Development. 21 (2). Pages 1-8 . 

27.Desta Mekonnen (201 1). Infant and Child Mortality in Ethiopia: The ro le of socioeconomic, 
demographic and biologica l factors in the previous five years period of2000 and 2005. Lund 
Uni versity. 

2S.DHS. The 20 11 Ethiopian Demographic and Health Surveys. Measure DHS. 20 11 ; 

Avai lable from: www.measuredhs.com. 

29.dos Santos, D. , Davies, R, Francis, B. (1995). Nonparametric hazard versus 

nonparametric frai lty di stribution in modelling recurrence of breast cancer. Journal of 

Statistical Planning and Inference, 47: 111- 127. 

30.Duchateau, L. , Janssen, P. The Frailty Model. (2008) Springer, New York. 

31.Duffie, Darrell , Andreas Eckner, Guillaume Horel, and Leandro Saita, (2009). Internet 

Appendix to "Frailty Correlated Default", Journal of Finance. 64, 2089-2123, 

http://www.afajoforg/IA/2009.asp. 

32.Efron, B and Hinkley, D.V . (1978). Assessing the accuracy of the maximum likelihood 

estimator: Observed versus expected Fisher information. Biometrika, 65(3):457-87. 

33.Falconer, D. S. Introduction to Quanti tati ve Genetics. ( 1990) Longman Scientific and 

Technical, New York 

68 



34.Fottrell , E., Enquselassie, E., and Byass, P. The di stribution and effects of child mortality 

ri sk factors in Ethiopia: A comparison of estimates from DSS and DHS. (2009), 
Ethiopian Journal of Health Development, 23(2): 163-168. 

35.Garibotti, G, Smith, K.R. , Kerber, R.A. and Boucher, K.M (2006). Longevity and 

Correl ated Frail ty in Multigenerational Fami lies . The Gerontological Society of America, 
12, 1253- 1261. 

36.Giard N (200 1). A four-dimensional correlatedfrailty model. Ph.D thesis, Faculty of 
Mathematics and Natural Sciences, University ofRostock. 

37.Greenwood, M. , Yule, G.U. (1920) . An inquiry into the nature offrequency distributions 

representative of multiple happenings with particular reference to the occurrence of 

multiple attacks of disease or of repeated accidents. Journal of the Royal Statistical 
Society, 83 : 255- 279. 

38.Guo G. and Rodriguez G. (1992). Estimating a Multivariate Proportional Hazards Model 

for Clustered Data Using the EM Algorithm, with an Application to Child Survival in 

Guatemala. Journal of American Statistical Association. 87: 969-976. 

39.Guo, G. , and Grummer-Strawn, L., (1993). Child Mortality Among Twins in Less 

Developed Countries. Population Studies: A Journal of Demography, 47:495-510. 

40.Hanagal , D.D. Modeling survival Data Using Frailty Models. (20 I 0) Taylor and Francis 

Group. 

41. Hosmer D.W, Lemeshow S. and May S. (2008) Applied survival analysis regression 

modeling of time to event data. John Wiley and Sons, Inc. , New York. 

42.Hougaard, P. Analysis of Multivariate Survival Data. (2000). Springer: New York. 

43.Hougaard, P. (1986). Survival models for heterogeneous populations derived from stable 

di stributions. Biometrika, 73: 387- 396. 

44.Hougaard, P. , Harvald, B. , and Holm, N. V. (1992). Measuring simi larities between the 

lifetimes of adult Danish twins born between 1881-1830. JASA 87 : N 417. 

45.lachine, LA. (1995). Correlated frailty concept in the analysis of bivariate survival data. 

Bachelor project, Department of Mathematics and Computer Science, Odense University, 

Denmark. 

46.lachine, I. A. (2006). Identifiability of bivariate frailty models. Working Paper, 

Department of Statistics and Demography, University of Southern Denmark, Denmark. 

47.lachine, l.A. (2002). The use of twin and family survival data in the population studies of 

aging: Statistical methods based on multivariate survival data. Ph.D. thesis, Department 

of Statistics and Demography, University of Southern Denmark, Denmark. 

48.lachine, I. A. , Holm N. , Harri s, J.R. , Sky the, A. Begun, A.Z., Iachina, M.K., Lai tinen, 

M., Kaprio , J., and Yashin, A.!, (1998). How heritable is individual susceptibility to 

death? The resul ts of an analysis of survival data on Danish, Swedish and Finnish twins. 

Twin Research, 1, 196- 205. 

69 



49.Jiezhi Qi. (2009). Comparison of Proportional Hazards and Accelerated Failure Time 
Models. MSc Thesis, Department of Mathematics and Statistics, University of 
Saskatchewan, Saskatchewan. 

50.Joshua K. and Jeroen G. (2009). Determinants of infant and child mortality in Zimbabwe: 
Result of multivariate hazard analysis. Demograph ic Research, 21: 367-384. 

51.Justesen, A. , and Kunst, A. (2000). Postneonatal and child mortality among twins in 

Southern and Eastern Africa. International Journal of Epidemiology, 29:678- 683. 

52. Kalbfleisch, J.D. , and Prentice, R. L. (1973). Marginal likelihoods based on Cox's 

regression and life model. Biometrika, 60:267-278. 

53.Kalbfleisch, J.D and Prentice, R. The Statistical Analysis of Fai lure Time Data. (2002) 
John Wiley & Sons: New York. 

54.Kalbfleish, J. D., and Prentice, R. L. The Statistical Analys is of Fai lure Type Data. 

( 1980) New York,Wiley. 

55. Kaplan, E. and Meier, P.(l958). Nonparametric estimation from incomplete observations. 
Journal of the American Statistical Association 53 , 457-481. 

56. Klein, 1.P. (1992). Semi parametric estimation of random effects using the Cox model 

based on EM algorithm. Biometrics, 48, 795-806. 

57. Klein, J.P. and Moeschberger, M.L. (2003). Survival Analysis. Second edition. Springer: 

New York . 

58. Klein, 1. P. , and Moeschberger, M. L. (1997) Survival Analysis: Teclmiques for Censored 

and Truncated Data. Springer, New York. 

59.Koissi M.e. and Hognas, G. (2001 ). Using WinBUGS to Study Family Frailty in Child 

Mortality, with an Application to Child Survival in Ivory Coast. African Population 

Studies, Vol.20 nO I. 

60.Lancaster, T. (1979). Econometric methods for the duration of unemployment. 

Econometrica, 47:939- 956. 

61.Lee, E. T., and Wang, J. W. Statistical Methods for Survival Data Analysis, 3rd ed. 

Wiley, New York, 2003. 

62. Liang, K.-Y and Zeger, S.L. (1986). Longitudinal data analysis using generali zed linear 

models. Biometrika, 73, 13- 22. 

63. Louis, T . A. (1982). Finding the observed information matrix when using the EM 

algorithm. Journal of the Royal Statistical Society Series B 44 :226- 233. 

64.Mara Tableman and Jong Sung Kim, Survival Analysis Using S: Analysis of Time-to­

Event Data. (2004) Chapman & Hall/CRC, Boca Raton. 

65.Mc Gilchrist, C.A. (1993). REML estimat ion for survival models with frailty. Biometrics, 

49,22 1-25. 

66.Miller, R.G. Survival Analysis. (198 1) .Wiley & Sons, New York. 

67.Minstry of finance and development, (20 I 0), Ethiopia: 20 1 OMGDs Report Trend and 

prospects for meeting MDGs by 20 15,Addis Ababa Ethiopia. 

70 



68.Mutunga, C. J. (2004). Environmental determinants of child mortality in Kenya. Kenya 

Institute for Public Policy Research and Analysis (KIPPRA), Nairobi, Kenya. 

69.Neale MC, Cardon LR . Methodology for genetic studies of twins and families. (1992) 
Dordrecht: Kluwer. 

70.Nelson, W. (1969). Hazard plotting for incomplete failure data. Journal Quality 
Teclmology, 1, 27-52. 

7 1.Nielsen, G.G. , Gill, R.D., Andersen, P.K., Sorensen, T.I.A. (1992 . A counting process 

approach to maximum likelihood estimation in frailty models. Scandinavian Journal of 

Statistics, 19: 25-43. 

72.Niragire F, A Wangombe, TNO Achia (2006). Use of the shared frailty model to identify 
the determinants of chi ld mortality in Rwanda. African journals online. 

73.Njagi and Purity. (20 II ). Urban rural differnetials of infant mortality in Kenya using a 

shared frailty model. Thesis, College of Humanities and Social Sciences , Univers ity of 

Nairobi. 

74.0akes, D. (1989) . Bivariate survival models induced by frai lties. Journal of the American 

Statistical Association, 84, 487-93. 

75.01alekan A, U. , Mubashir B, U. and Ismail, Y. (2008). A Population-based study of 

effect of multiple birth on infant mortality in Nigeria. BMC Pregnancy and Childbirth , 

41-47. http ://www.biomedcentral. com/1471-2393/8/41 

76.0rchard, T. and M. A. Woodbury (1972). A missing information principle: Theory and 

applications. In Proc. 6th Berkley Symp,Volume I, pp.697- 715. 

77.Parner, E. (1998). Asymptutic theory for the correlated gamma-frailty model. The Almals 

of Statistics, 26(1), 183-214. 

78.Parker, Schoendorf and Kiely. (200 I). A comparison of recent trends in infant mortality 

among twins and singletons. Paediatric and Perinatal Epidemiology, 12-18. 

www. ncbi.nlm.nih.gov 

79.Petersen, J. H. (1998). An additive frailty model for correlated li fetimes. Biometrics, 54: 

646- 661. 

80.Peterson, J.H., Anderson, P.K. and Gi ll , R.D. (1996). Variance components models for 

survival data. Statist ica Neerlandica, 50(1), 193-2 11. 

81.Pickles, A., Crouchley, R., Simonoff, E. , Eaves, L. , Meyer, J., Rutter, M. , Hewitt, J., 

Silberg, 1. (1994). Survival models for developmental genetic data: age of onset of 

puberty and antisocial behavior in twins. Genetic Epidemiology, 11: 155- 170. 

82.Pietzner, 0 , and Wienke, A. (20 I 0). A semi parametric estimation procedure for the 

bivariate correlated gamma frai lty model. Institute of Medical Epidemiology, Martin­

Luther-University, Germany. 

83.Pison G. (1992). Twins in sub-Saharan Africa: frequency, social status and mortality. In: 

van der walle E, Pison G, sala-Diakanda M. mortali ty and society in sub-Saharan Africa . 

Oxford: Clarendon press, 253-278. 

71 



84.Roudsari B, Utter .G, Kernic .M, Mueller.B. (2006). Risk of early childhood injuries in 

twi ns and singletons. Journal of Early Childhood Research, vol. 4 no. 2,12 1-131. 

85.Salihu, H.M., Wanda, S. Ali yu, M.H., Sedjro, J.E., Bosny J. Kirby, R.S. , and Alexander, 

G. R., Influence of nativity on neonatal surviva l of black twins in the United states. 
Ethnicity & Disease, Volume 15, Spring 2005. 

86.Sastry, N. ( 1997). Family-Level Clustering of Childhood Mortality Risk in Northeast 
Brazil. Populat ion Studies, 5 1, 245-261 . 

87.Self, S.G. and Liang, K. Y. (1987). Asymptotic properties of maximum likelihood 

estimators and likelihood ratio tests under nonstandard conditions. Journal of the 
Ameri can Statisti cal Association, 82: 605-10. 

88.Shi , p., Fung, W.k. (2003). Estimation of covari ate effects in Cox regression models with 

frailties. The Indian journal of stati sti cs, 65 :56-7 1. 

89.Steenbergen, M.R. (2006). Maximum Likelihood Programming in R. Department of 

Political Science, University of North Carolina, USA. 

90.Stevenson.M. (2009). An Introduction to Survival Analysis. EpiCentre, IV ABS, Massey 

University. http://ep icentre.massey.ac.nz 

9 1.Susman, A.S. , (20 12). Child mortality Rate in Ethiopia. Iranian J Pub Health, 3:9- 19. 

92.The Ethiopian Gemini Trust. Twins in Ethiopia. 201 0 [cited 10 May 2010] ; Available 

from: www.gcminilrusl.org/. 

93. Therneau, T. M., Grambsch, P. M. , and Fleming, T. R. (1990). Marti nga le-based 

residuals for surv ival models. Biometrika, 77: 147. 160. 

94. UNICEF (20 I 0). Child mortality rate in Ethiopia fa ll s by 40 percent. [Cited 9 October 

2011] ; Available from : http://www. medindia. net. 

95. Vaida, F. and Xu, R. (2000). Proportional hazards model with random effects. Stati stics 
in Medicine, 19, 33 09-24. 

96. Van den Berg, GJ ., and Drepper, B. Inference for Shared-Frailty Survival Models with 

Left-Truncated Data. IZA Discussion Paper No. 603 I, October 20 II . 

97. Vaupel , 1. , Manton, K., Stallard, E. (1 979). The impact of heterogeneity in individual 

frailty on the dynamics of mortality. Demography, 16, 439- 54. 

98. Wang L. (2003). Environmental Determinants of Child Mortality: Empirica l Results from the 
2000 Ethiopia DH S. World Bank, Washington D.C. 

99. Wienke, A. Frailty Models in Survival Analysis. (2006) Universitat Halle-Wittenberg, 

Medizinische Fakultat, Habilitation, 153 Seiten. 

100. Wienke, A. Frail ty Models in Survival Analys is. (20 11 ) Chapman & Hall/CRC, Taylor & 

Francis Group. 

101. Wienke, A ., Lichtenstein, P. and Yashin, A. 1. (2003). A bivariate frailty model with a 

cure fraction fo r modeling familia l correlations in di seases. Biometri cs, 59, 11 78-83. 

102. Wienke, A. , Holm N. , Chri stensen, K., Sky the, A., Vaupel, J.W., and Yashin, A.1. (2003). 

The heri tabili ty of cause-specific mortality: a correlated gamma-frail ty model applied to 

72 



mortality due to respiratory diseases in Danish twins born 1870- 1930. Stati st. Med, 
22:3873-3887. 

103. Wienke, A, Christensen, K., Holm, N., and Yashin, A. 1. (2002). Genetic analysis of cause 
of death in a mixture model of bivariate lifetime data. Statistical Modelling: 2: 1- 14. 

104. Wienke, A., Holm N. , Skythe, A. and Yashin, A. 1. (200 1). The heritability of mortality 

due to heart diseases: A correlated frailty model applied to Dansih twins. Twin Research, 
4,266-74. 

105. Wu, C. F. J. (1 983). On the convergence properties of the EM algorithm . The Annals of 
Stati stics, I ( I): 95-103. 

106. Xu, R. (2004). Proportional Hazards Mixed Models: A Review with Applications to 

Twin Models Metodoloski zvezki , 1(1):205-2 12. 

107. Yashin, A.I. , Vaupel , J.W. and lachine, I.A. (1995). Correlated individual frailty: An 
advantages approach to surviva l ana lysis of bivariate data. Mathematical Population 
Studies, 5, 145-59. 

108. Yashin, A. I. and lachine, l.A . (1998). What Difference Does the Dependence Between 
Durations Make? Insights for Population Studies of Aging. Mathematics and Statistics 

Lifetime Data Analysis , 5( 1):5-22. 

109. Yashin, A. I. and lachine, I.A. (1995). Genetic analysis of durations: Correlated frai lty 
model applied to survival ofDansih twins. Genetic Epidemiology, 12, 529-38. 

110. Yashin, A.I., lachine, I.A. , Begun, A.Z. and Vaupel, J.W. (200 1). Hidden frailty: Myths 
and reality. Research Report 34, Depal1ment of Statistics and Demography, Odense 

University, Denmark. 

111. Yashin, A.I. (200 1). Correlated Frailty Models in the Analysis of Dependent Failure 

Times. Max Planck Institute for Demographic Research 18057 Rostock, Germany. 

112. Yates, F. (1 933). The analysis of replicated experiments when the fie ld results are 

incomplete. Empire J. Exptl. Agric. 1: 129-142. 

73 



DECLARATION 

I, the lmdersigned, hereby declare that the thesis entitled "Survival analysis of under-five twins 

in Ethiopia: a gamma fra ilty modelling approach" is my original work, has not been presented 

for a degree in any other university and that all sources of material used for thi s thesis have been 

duly acknowledged. 

M \!.~ft.11 . n~gl1)'~. Ii 11)' I ~)'~~.u.s 

Student ftn··· Signature 
~f/P;IJ' 

Date 

Thi s thesis has been submitted for examination with my approval as a university advisor. 

Dr. Emmanuel Gabreyohannes 

Advisor 

74 

Signature 

}1I!1~ 1 ~,)()lL . 

Date 


