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PREFACE 

In this seminar report there are three chapters, weak derivatives, Sobolev 

spaces and Sobolev integral representation in one-dimensional case. 

In the first chapter, which is about weak derivatives, it is given three 

equivalent definitions with proofs of their equivalence, explanation of what weak 

derivatives under integral sign look like and the commutativity of weak 

differentiation and mollifiers. 

The second chapter, which discusses basic properties of Sobolev spaces. In 

this chapter it is given the definition of Sobolev spaces, Minkowski's inequality 

for Sobolev spaces, and continuity with respect to translation of Sobolev spaces. 

The third chapter explains about Sobolev integral representation for 

one-dimensional case. 

Lastly I wish to thank my advisor Dr. Tsegaye Gedifwho proofread the entire 

seminar report and provided me valuable comments and reference materials. 

I also wish to thank my friend Berie Getie for helping me in printing this material 
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INTRODUCTION 

The theory of Sobolev spaces has been originated by the Russian 

mathematician SLSobolev around 1938.These spaces were not introduced for 

some theoretical purpose, but for the need of the theory of partial differential 

equations. They are closely connected with the theory of distributions, since 

elements of such spaces are special classes of distributions. 

Of course, Sobolev spaces being examples of Banach spaces or, sometimes, 

Hilbert spaces are interesting objects for themselves. But their importance is 

connected with the fact that the theory of partial differential equations can be, and 

even most easily, developed just in such a space. The reason is because partial 

differential operators are very well suited in Sobolev spaces. 

Simultaneously, the space of continuous functions is not very suitable for the 

studies of partial differential equations. 

In order to discuss the theory of Sobolev spaces we shall start with some basic 

notions that are necessary for introducing and discussing these spaces. The first 

notion to be discussed is weak differentiability 
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NOTATIONS AND BASIC NOTIONS 

lW : Euclidean n-space, n ~ 2, with points 

/ N : The set of all natural numbers 

INo: the set of all non-negative integers 

/ N; = INox ... xlNo: the set of multi-indices (n is the natural number) and 

B (x, r): the open ball of radius r> 0 centered at the point XE 91 

au,+ ... +u'f 

D"f == u : the ordinary derivative of the function f of order u; ax ' ... ax u, 
1 n 

where UEIN; and U >= 0 

( 
a",+···+", f J 

D:f = == The weak derivative f of order U 

ax'" ···ax'" 1 n OJ 

For an arbitrary non-empty set Q c 91 n we shall denote by: 

C (Q): the space of functions continuous on Q 

Ck (Q):the space of functions having all derivations of order :s; k continuous in 

Q (k ElNo or k = (0) 

supp (t): the support of f, the closure for the set on which f>= 0 

C~ (Q): The set of functions in C\Q) with compact support in Q. 

Lp(Q) (1 :s; p < (0): the Banach space of functions fmeasurable on Q such that the 

norm 

Q is a measurable non empty set Q c m n 
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t: (n) ( 1 :S: P :S: ctJ): the set offunctions defined on n such that for each compact 

Kc n, f ELp(K) 

CO(O c \flO) :the complement of 0 in \flo 

0(0 c ill"): the closure of 0 

0° (0 c \fl"): the /) -neighborhood of 0 (0° = \.J B(x,/)) 

8n: Boundary of the point set n 

o (n c \fl "): the interior of Q 

Q , = {x EQ: dist (x, 8Q) ~ I)}, I) > 0 

0 , = {x c Q: dist (x, 8Q) > I)} 

XEn 

W: (Q) (fEIN, 1 :S: p:S: ctJ): Sobolev space, which is the Banach space of functions 

fELp(Q), with the norm 

Ilfll w;(n) = Ilft,(n) + L IID ~ f IIL (n) 
1,,1_/ p 

w; (Q)( fEIN, 1 :S: P :S: ctJ ): the s emi-normed S obolev space, which is the s emi-

Branch space of functions f E L'~(O) such that VaEI N; where lal = f the 

weak derivatives D:f exist on Q and D:f E Lp(Q), with semi-norm. 

(W: )o (Q) (fEIN, 1 :S: P :S: ctJ): the space of function in W: (Q) compactly 

supported in Q. 

Let 0 be a measurable set and 1:S: P :S: 00 
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HOlder inequality: suppose 

! + ~ = I ,i.e p' = - p- fori < P < co ,p'= co forp = 1 and p' = 1 for p = co .If f E L (0) 
P p' P - I ' 

and gEL,. (0) , then fg E L, (0) and 

Minkowski's inequality: If f, gEL, (0) then f + gEL, (0) and 

Minkowski's inequality for integrals : In addition, let A c 9\m be a measurable 

set. Suppose that f is measurable on A x 0 and f(., y) E L, (0) for almost all 

yE A.Then 

Il ff(., Y)dyt ,n, ,.:; f llf(. , y)lldy if the right hand side is finite. 

Mollifiers: Definition: If 0 c 9\ " is measurable set and 8> 0, for a function 

f defined on 0 and such that f E L, (0 n B) for each ball B, the operator, 

A, '" A,.n (a mollifier with step (or radius) 0 ) is defined by the equality: "Ix E 9\ n 

(AJ)(x)=(w , *f.)(x)=~ fw( - Y)f(y)dy= ff, (x-8z)w(z)dz 
8 Q 8 B(O,I) 

where fo denotes the extension of fby zero outside O :fo(x) = Ofor xE c 0 

moreover for every f under consideration 

AJ E c"(~H) and for any ex E I N ; 

D" A f = 8-1"1 (DOw) * f , , , 

on 9\ " and supp(AJ) c (supp(f) ' 

We note also that on 0 , 
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(A,f)(x) = (w, * f)(x) = ff (x - 8z)w(z)dz 
B(O I) 

and \;;fa E I N; 

D" A,f = 8-1"1 (D"w) , * f 

If n c 91" is an open set and f E L'~ (n) , then A,f E C" (n, ) and 

A,f ~ f a.e onn 

as 8 ~ o' (if f E C(n) ,then the convergence holds every where on n 
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CHAPTER ONE 

WEAK DERIVATIVES 

We shall start with the following observation for the one-dimensional case 

and for an open interval (a, b), - 00 ~ a < b ~ + 00 . 

The differential operator 

d~ :C ' (a,b) c C(a, b)~C(a, b) Isaclosedoperatorin C(a,b), 

i.e. ,if f. E C' (a,b),k E I N,f,g E C(a,b) and I, ~ I, df, ~ g in C(a,b) as 
dx 

k~ oo ,then fEC '(a,b) and dl = g on (a,b). 
dx 

Suppose now 1 ~ p < 00 . The following example shows that the 

differentiation operator 

~ : C' (a,b) c L'OC (a,b) ~ L'OC (a,b) is not closed in L'OC (a,b) . 
dx P P P 

Example 1: Let (a,b) = (-1,1) and \fx E (-1,1) set 

I(x) =1 x IJ,(x) = (x' +t) y" kE I N, f. E C'(-1,1),f E L'; (a,b) 

Then I, ~I x I, I; ~ sgnx even in L p(- l,l) , but I x II!' C' (- 1,1), since I x I' does 

not exist on the whole interval (-1,1). 

I , ~ I in qa,b) means II Ik - I IIC [a,p [ ~ 0 as k ~ 00 for any closed interval 

[a,~lc (a,b) 
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On the other hand if f E C' (a, b) and <p E C; (a, b) then 

• • f f<pdx = [f<p l: - f f<pdx . . 

• • 
Thus ff<p 'dx = - ff<pdx . . 

This equality can also be naturally used to generalize the notion of 

differentiation, since for some functions (e.g.; I(x) =1 xl ) the ordinary derivative 

does not exist on (a, b), but a function g E L'~ (a, b) exists (in the above example 

g(x) =sgnx) such that V<PE C;(a,b) 

• • 
ff<p 'dx = - fg<pdx . . 

We now give the definition for the multidimensional case and for 

differentiation of arbitrary order. 

Definition 1: Let 0 c 9'1 ' be an open set, a E / N; , a*" O and I , g E L~o, (0) . The 

function g is a weak derivative of the function I of order a on 0 (i .e g = D: f) if 

v <!' E C;'(O) fjD aq¥ix = (_ 1) la l fg~x where 1 a 1= a, + ... + a" 
o 0 

Lemma 1: Let 0 c 91" be an open set, a E / N; ,a *" 0 . Moreover let I be a 

function defined on 0, which Vx E 0 has (an ordinary) derivative (D a f)(x) and 

D a IE C(O), Then D"f = D:f . 

Proof: Integrating by parts a j , times with respect to the variables xj>J = 1, .. ,,11 

V<!,EC;' (O) 

fjDa~x = (_I) lal fD a Iq¥ix 
o 0 
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That is : 

ffD "cpdx = ffD "" '""cpdx 
o 0 

= (- I) f fD (" ' ~"" " " cpdx 
o 

= (-I)"' fD "'fD"""" cpdx 
o 

Continuing this way 

= (- I t '+···+" fD "+···+" fq;dx 
n 

= (-1) "1 fD a fqxlx 
n 

Remark 1: The assumption about the continuity of Daf in Lemma 1 is essential. 

For example, the ordinary derivative of the function f(x) = x' sinJ, 
x 

(x ., 0; f(O) = 0), which exists everywhere on ~ is not a weak derivative of f on 

~ because it is not locally integrable on m 

From the above definition it follows that if g = D:f and the function h is 

equivalent to g on Q, then h = D:f . Thus the weak derivative is not uniquely 

defined. 

- 8 -



Remark 2: "g = D: f " means g is a weak derivative of the function I of order a 

on O. We also use D: I for any weak derivative of the function I of order a 

on O. Thus, for example, the assertion" the function I has a weak derivative 

D: f" means, "the function, denoted by D:f , is a weak derivative of the function 

I of order a on 0". From this point of view the relation 

D: f, + D:f, = D: (f, + f,) Means the following: 

If each of D: f,k = 1,2, is a weak derivative (i.e. any of the weak derivatives) of the 

function Ik' then the function D:f, + D:f, is a weak derivative of the function 

/, + I,. Finally we assume that D:f = g means g = D: f . This will allow us to 

write the above relation in the more usual form 

D: (f, + f,) = D: f, + D:f, 

Lemma 2: Let 0 c~" be an open set, a E / N~ ,a;c O,f,g,h E L~o, (0) and 

g=D:f,h=D: f on O. Then g- h on O. 

Proof: 

fjD aqdx = (_l)lal fgqdx 

" " 
and fjD aqdx = (_ l) lal fhqdx 

" " 
::::> (_l) lal f gcpdx = (_l) lal f hcpdx on 0 

n n 

::::> f(g-h)cp=O on 0 \;fCPEC; (O) 
n 

::::> g - h = 0 on 0 ,by the main lemma of calculus of variations 

::::> g - h on 0 
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Remark 3: Note that if a function f E L'~(n) has a weak derivative D:f on n, 

then automatically D: f E L'~ (n) 

Example 2: (For n = 1,0 = iR) ,Ix I ~ = sgn x 

00 0 00 

fi x 1 <p'(x)dx = - f xcp'(x)dx + fxcp'(x)dx 
-00 -00 0 

o 00 

= -x<p(x) 10 00 +xcp(x) I ~ + fcp(x)dx - fcp(x)dx 
-00 0 

o 00 

= fcp(x)dx - fcp(x)dx . .. (1) 
- 00 0 

And 00 [ 0 00 ] 
(- 1) _[ sgn xcp(x)dx = (-1) - _[CP(X)dX + !CP(X)dX 

o 00 

= fcp(x)dx - fcp(x)dx . . . (2) 
-00 0 

Thus from (1) and (2) we can see that 1 x I ~ = sgn x 

Example 3: (n = 1, n = iR) The weak derivative (sgn x) ~ does not exist on iR . 

Proof: Suppose g E L'~ (91) is a weak derivative. 

Then 'v'cp E C; (iR) 

. . 
fsgn x<p'(x)dx = (- 1) fgcp( x )dx 

- .., - ao 

• • 

~ - fcp'(x)d x + fcp'(x)dx = - cp(O) - <p(O) = -2<p(O) .. . 
~ (-1) fgcp(x )dx = -2cp(O) ..... . (*) 
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Taking <p(x) = xljI(x) with arbitrary IjI E C; (91) , 

Then from (*) 

f gx<p(x )dx = O. Thus g -0. 

Which leads to a contradiction. 

Remark 4: For each f E L~ (n) the derivative Daf exist in the sense of the theory 

of distributions, 

i.e., as a functional in D'(n): 

'd<p E C; (n) (Daf ,<p) = H tl (f,Da<p) = H t l ffD aU<pdx 

Theorem 1: Definition 1 is equivalent to the fo llowing once: 

i) Let n c 91 " be an open set, a E / N~' ,a * 0 and j ,g E L~oc (n) . The 

function g is a weak derivative of the function j of order a on n (briefly 

g = D: f) if there exist If, E C (n), k E / N , such that 

If, --+j,DOIf, --+g In L~O' (n) as k--+ oo 

i i) Let n c 91 be an open set, £ E / Nand j, g E L~o, (n) . The function g is 

a weak derivative of the function j of order £ on n (briefly g = D: f ~ f~" ) if 

there is a function h equivalent to j on n, which has a locally absolutely 

continuous (£ - 1)" ordinary derivative h"-" and such that its ordinary 

derivative h'" is equivalent to g. 
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Proof: (1 :::;. (i» 

ffD "<jxIx = flim\jf ,D"<I>dx as k ---+oo 
n n 

= lim f\jfkD u<I>dx = (_ I) lul lim f <l>Du\jfk dx 
n n 

= (_ I)lul f<l>gdx 
as k ---+ 00 

n 

((i):::;. 1): 

For k E I N let X, is the characteristic function of set 

{x d2 : Ixl < k,dist(x , ao) > 3{}. Functions \jf, E C- (O) (and even \jf, E C; (0) ) 

are constructed in the following way: IV , = A X (fX,) where A X is a mollifier. 

To show the other implication it is enough to consider the case in which 

O = (a,b) 

((ii):::;.l): Since h 'H) is locally absolutely continuous on (a,b) , it is possible 

v rp E C; (0) to integrate by parts I! times: 

b b b b 

ffcp ,od = fh cp ,odx = (-1)' fh ,ocpdx = (- 1) ' fgcpdx 
., . . 

((i):::;.(ii»: Let I! = 1. Since If/, ---+ I in L~O' (a , b) as k ---+ 00 there exist a 

subsequence k, and a set G c (a, b) such that measure[(a , b) \ G] = 0 and 

VI, (x) ---+ I(x) as s ---+ 00 for each x E G . Choose Z E G and pass to the limit in , 

the equality 

x 

If/ ,, (x) = If/" (z)+ fVl;, (y )dy 
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, 

I.e. !\I!! \jf" (x) = !i,I!![\jf " (z) + f\v ~, (y)dy] 

, 

Then f(x) = f(z) + fg( y)dy '" h(x) for each x E G. 
, 

By the properties of absolutely continuous functions the function h (which is 

defined on (a, b) and equivalent to f) is locally absolutely continuous on (a, b) 

and g - h' . 

If !. > 1, then apply the averaged Taylor's formula with 

a < a < x < p < b to the function IPk, . Write it in the form 

It 1 1\ P 

\jf , (x) = fp(x , y)\jf , (y)dy + f(x - y)'" (fro(u)du)\jf:" (y)dy 
, ' (£-1)1 ' 

(I, • U It 

l ' , 
- 1 f(x - y)"'<jro(u)du)\jf ,. (y)dy 

(£- 1). , , 

(Here P E C([a,b] x[a,b]),VYE [a, b] P(.,y) is a polynomial of order less than 

or equal to £- 1 and roEC; (a,p).) 

The notion of a weak derivative, as the notion of an ordinary derivative, is a 

local notion in the following sense. If the function g E L~" (Q) is a weak 

derivative of the function f E L~o, (Q) of order a E / N; , a '# 0 , on Q locally, 

i.e. Vx E Q there exists a neighborhood U x of x such that g is a weak derivative 

of f of order a on U x ' then g is a weak derivative of f of order a on Q. 

Consider for an arbitrary q> E C; (Q) a finite open covering lu " t of 

suppq> and a corresponding partition of unity {\jf,t i.e., a fami ly of functions 

\jf, E C; (u ,, ) which are such that I\jf, =1 on suppq> . Then q>= Iq>\jf, on Q 
k_1 k_l 

and 

ffD °q>dx = I ffD O(q>\jf.)dx = (-It 1 I f gq>\jf ,dx = (-It 1 fgq>dx 
n k _ 1 Q~ k k ~1 ~~k (] 
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For an open set Dc 91" and ex E IN; ex ~ 0, let us denote by G.(D) the 

domain of the operator D: i.e. the subset of L'~ (D) consisting of all functions 

f E L'~ (D), for which the weak derivative D: f exists on D 

We note that weak differentiation operator 

is closed, i.e., if the function f. E G.(D) and the function f,g E L~ (D) are such 

that f. ~ f in L~ (D), 

D"f ~ g in L'OC (Q) 
w k I' 

then f E G" (D) and D: f = g 

The operator D: considered as operator 

D: : G.(D) n L, (D) ~ L, (D) , Where 1 $ P $ 00 is also closed. 

Lemma 3:(weak differentiation under the integral sign) 

Let Dc9r bean open set, Ac91" a measurable set and let exE/N;,a~O. 

Suppose that the function f is defined on D x A, for almost every YEA 

f(., y) E L'~ (D) and there exists a weak derivative D: f(., y) on D. Moreover, 

suppose that f ,D:fEL,(KxA) foreachcompactK cD. Then on D 

D: (ff(x, y)dy) = f(D: f)(x, y)dy 
A A 

(i.e. the function f(D : f)(x , y)dy is a weak derivative of ff(x, y)dy of ordera 
A A 

Proof: For all qJ E C; (D) the functions f(x ,y)(D"qJ)(x) and (D: f)(x,y)qJ(x) 

belongs to L, (D x A) 

Since 

f lf(x,y)(D"qJ)(x)ldxdY$M f If ldxdy <oo 
OxA iUpPfYA 
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where M = max I (D"q»(x) I u" 

Now, 

(1) .. . f (D: f)(x , y)q>(x)dxdy = f (f (D: f)(x, y)dy)q>(x)dx by 
ox/\ n A 

Fubini's theorem 

= f (f (D: f)(x, y)q>(x)dx)dy By Fubini's theorem 
A " 

= (-It' f (f f(x,y)(D"q»(x)dx)dy 
A " 

(2). ... = (- 1)'"' f( f f(x, y)dy)(D"q»(x)dx By Fubini's theorem 
" A 

From the right side of (1) and (2) we can conclude 

D: (J f(x, y)dy) = f (D: f)(x, y)dy 
• A 

Lemma 4:(commutativity of weak differentiation and the molIifiers). 

Let Q c 91 " be an open set, a. E I N: ,a. * 0, f E L~ (Q) and suppose that there 

exists a weak derivative D: f on n. 

Then 'if8 > 0 

Proof: By the property of mollifiers A, (D: f) E C· (Q,) . Moreover, 

'ifx E Q8 

(AJ)(x) = f f(x - 8z)ro(z)dz 
8 (0 . 1) 

Furthermore, D: (f(. - 8z» = (D: f)(.-8z), on Q" which follows from 

Definition 1 

For (x, z) E Q , x B(O,I), let F(x, z) = f(x - 8z) w Cz.) 

• .~ ., . .... " 
- 15 • • ,.:," .... 
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and G(x, y) = (D:f)(x - 8z)w(z) . Then for each compact K c 0, the functions 

F, G belong to LJ (K x B(O,l)) , because they are measurable on 0 , x B(O,l) and, 

For example 

f( f I f(x - 8z)w(z) I dz)dx ~ M f( fl f(x - 8z)dz)dx 
K 11(0 .1) K !I{O. I) 

= M f( f I fey) I dy)dx ~ M f( fl fey) I dy)dx 
K B( x .6) K K I> 

= MmeasK fl fey) I dy < 00 

K' 

Here M = max I w(z) I and K' cO (because K c 0 , ) 
Z<iI R" -

Now the Lemma follows from lemma land 3: 'ilx E 0 

D" ((AJ)(x) = D: ( ff(x - 8z)w(z)dz) = fD : (f(x - liz))w(z)dz 
8(0.1) 8(0,1) 

= f(D : f)(x - 8z)w(z)dz = (A, (D: f))(x) 
8(0,1) 

Corollary 1: For 0 = 91" 

D"A =A D" 
Ol 6 Ii '" 

Corollary 2: For Y E / N~ and Y ~ a. , then 

Proof: 

D' (AJ) = D,oa (D" (AJ)) 

= D,O"(A, (D: f)) By the above lemma 

In Definition I the weak derivative is defined directly (not by induction as the 

ordinary derivative). Therefore the question arises as to whether a weak 
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derivative D:f, where ~ ~ a, ~ oF a, exists when, a weak derivative D:f exists. 

The answer is negative: 

Example 4: Set If(X"X, )E91 ' f(x"x ,) =sgnx, +sgnx ,. The derivatives (::). 
, 

and (:: ). do not exist on 91 ' . 
, 

Lemma 5: Let Q c 9\ " be an open set, e E I N,e 2: 2,f E L'~ (Q) and suppose that 

for some j = I,n a weak derivative (:~). exists on Q. Then Ifm E IN 
, 

. f . n k d' . ( am f) I . n satJs ymg m <, a wea envatJve -- a so eXIsts on ••. 
Ox~ '" , 

Proof: For sufficiently large k E I N the functions 

f, = A x/ E C· (Q) ; Q is any open cube with faces parallel to the coordinate 

planes, which is such that Q c Q. 

Since A X ~ f a.e on Q as K ~ 00 

i.e. fk ~ f in L, (Q) and. 

a' f, = A (a 'f) ~ a'f In L (Q) 
ax ' X ax ' ax ~ I , , , 

Moreover, applying the inequality 

We have 

amf amf a'f a' f -ax-:--ax-: ~c,(l l f, - fl' (QI + ax:- ax: ) 
J J Ll ( Q ) J J L[{Q ) 

Consequently, 
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,. a"f, amf, 
lill----­

k •• -+«> ax~ ax~ 
J J L]{Q) 

=0 

Because of the completeness of LI (Q) there exists a function gQ E LI (Q) such 

that 
amf 

'-+g 
&X~' Q , 

in L1(Q) as k -+ 00 

Since fk -+ f in LI (Q) as well , by Definition 2 it follows that gQ is a weak 

derivative of order ill with respect to x j on Q . 

We note that if Q1 and Q, are any intersecting admissible cubes then 

gQ, = gQ, almost everywhere on Q1 n Q, , since both gQ, and gQ, are weak 

derivatives of f on Q1 n Q, . 

Consequently, there exists a function g E L1;"(0) such that g = gQ a.e on each 

admissible cube Q and g is a weak derivative of f on Q . Hence g is a weak 

derivative of f of order ill with respect to x j on o. 

Lemma 6: Let n ~ 2,0 c 91 ' be an open set, f. E / N, f. ~ 2. f E Ll;" (0) and 

suppose that Va E / N~ satisfying 1 a 1= f. a weak derivative D: f exists on 0 

Then V~ E / N~ satisfying 0 <I ~ 1< f. a weak derivative D~f also exists on o. 

Proof: If Q = (a, b)" , then 

a' f 
+ II~~~~~~~-II "'-. ,-"-,,- ... -,, "'-. "'-. " 

UA I VA 2 • • • UA a 

$ . .. $ c,(llfll + " IID-fll L,(Q) ~ L, (Q) 
I-i:\ 
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By writing f, for f in this inequality and taking limits we see that it is 

possible to replace here the ordinary derivatives DPf, Daf by the weak ones D: f 

and D: f respectively. 
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CHAPTER TWO 

SOBOLEV SPACES 

Definition 1: let 0 c 91" be an open set, f. E IN,f.":; p,.:; CJ) .The function fbelongs 

to the Sobolev space W: (0) if f E Lp (0), if it has weak derivative D: f on 0 for 

all a E I N~ satisfying 1 a 1= f. and 

Remark 1: In one-dimensional case this definition is by Definition 3 of the 

previous chapter equivalent to the following. The function f is equivalent to a 

function h on 0, for which the (ordinary) derivative hU-" is locally absolutely 

continuous on 0 and 

Moreover, if 0 = (a,b) is a finite interval, the limits limh(x) and limh(x) exist 

and one may define h on [a,b] by setting h(a) and h(b) to be equal to those limits. 

Then h ,., , s = 1, ... , f. -1 exists and h u-" is absolutely continuous on [a, b] 

This follows from the Taylor expansion 

h"' (x)=Ih''''' (x ,)(X-x,)'+ I 'f(x-u)' -'-' hU' (u)du, 
k! (£-s-I)!., 

Where x, x, E (a, b) and s = 1, ... ,f. -\. Since hU' E L, (a, b), hence hU' E L, (a, b), the 

limits limh(x) and limh(x) exist. 

Consequently, the right derivatives h ,., (a) and the left derivatives h ,., (b) exist and 

h"' (a) = limh(x), h"' (b) = limh(x) 
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. 
Finally, since h(H' (X) = h"-" (x, ) + !h(" (u)du for all x,x , E[a,b] and 

•• 

h'" E L,(a,b), it follows that h"-" is absolutely continuous on [a,b] 

Remark 2: By lemma 6 of chapter one D:f exists also for lal < R . Moreover, 

D:f E L': (D) but in general D: f ", L,(D) 

Theorem 1: Let D c 9'l " be an open set, REI N,I :0; P :0; 00 • Then W: (D) is a 

Banach space 

Proof: Obviously W: (D) is a normed space 

To prove completeness, let {f,}..,N be a Cauchy sequence. Since L, (D) is 

complete there 

exists f E L, (D) and f. EL, (D) where aE/N;,lal=R,suchthat f, ~f and 

D:f, ~ f" in L, (D) 

From the closed ness of weak differentiation it follows that f. = D: f . Hence 

f, ~ f in W: (D). 

Remark 3: The norm 

is equivalent to 

for 1 :0; P < 00 and to 

Il f ll~' (n) = max{llf ll L (n),maxIID~fll } • • lal=f L.(n) 
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for p = 00 ,i.e., \if E W; (n) 

Where c" c, > 0 are independent f. This fo llows, with c" c, depending only on 

n,p and f , from Holder' s and Jenssen's inequalities for finite sums. 

If p = 2, then W,' (n) is a Hilbert space with inner product 

, 
and Ilf llo,,, is a Hilbert norm, i.e. , Ilf llo" = (f,f) ', 

W2 (0 ) W2 W
2 

(0 ) 

Let us consider the weak gradient of order f 

Then 

and norm (*) is equivalent to 

Ilf l l ~~(n) = (WI
P 

+ IV~fI P)dx) Y, 
, n 

We also note that for even f \if E C; (n) 

~V lfl 2 dx = ~,0 fI2 dx 
n n 

Where fj. is the Laplacian. Hence for such f , 

I lf ll~; (n ' = (WI' +1fj.Y. f l' )dx) Y. 
n 

We shall also need the following variant of Sobolev spaces . 
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Definition 2: Let n c \W be an open set, f. E I N, 1 ::; p ::; 00. The function f 

belongs to the semi-normed Sobolev space w! (n) if f E ~~ (n) , if it has weak 

derivatives n : f on n for all a E I N : satisfying lal = f. and 

The space w: (n) is a complete space. We can show the completeness similarly 

as the w : (n) space. Thus w : (n) is a Semi-Banach space, because the condition 

Ilf ll , = 0 is equivalent to the following one: on each connected component of an 
wp ( Cl ) 

open set n, f is equivalent to a polynomial of degree less than or equal to f.- I 

(in general different polynomials for different components) 

Remark 4: Let n c 9i' be bounded domain and B be a ball such that 

B e n , f. E I N ,I ::; p ::; 00. We denote by L~ (n) the Banach space, which is the set 

w ~ (n) , equipped with the norm 

(It is a norm, because if Il f ll ' A = 0, then Ilfll 'A = 0 it follows that f is equivalent 
Lp ( ~4) Wp (u) 

to a polynomial of degree less than or equal to f. - I , and from 1I/IIL, (8) = 0 it 

follows that f - 0 on n) .For different balls with closure in n these norms are 

equivalent. One can replace IlfIIL,(8) byllft,(8) and the corresponding norms will 

again be equivalent. Note that by definition 

L~ (n) = w ~ (n) 

Let F[f] denote the Fourier transform of the function f: 

For f E L , (9i " ) and Vs E 9i " 

F[f](S) = (21lr r. fe-i1[C, f (x)dx 
91" 
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For f E L, (91") 

F[fJ = lim F[fX, 1 
, -+~ 

Where Xk is the characteristic function of a ball B(O,k) and the limit is taken in 

L, (\R ") . It exists for each f E L,(91") and 

(Parseval's equality) 

Lemma 1: For all R E / Nand fEW: (\R") 

IIV'Jt, (,") = I II ~I ' (F[flX~t(, " ) ... (I) 

and Ilfl[;(,") = 11 (1+ I ~ IU ) Y, (Ff)(~t,(. " ) ... (2) 

Proof: For feLl (\R ") n W: (\R n) staring with Definition 3 we can show 

F( D; f)(~) = (i~)" (Ff)(~) on \R n. 

To obtain (I) and (2) apply (*) and the identity 

I~I~2"1= I R! (si)' .. . (s;,)" =1~12R. 
lal",a! l"l~l a! .. ·an! 

Lemma 2: Let \R n be an open set, M;o: 0 and suppose that \;fx, y en 

If(x) - f(y)1 ~ Mix - yl ... (3) 

Then f e w~ (n), the gradient (V'f)(x) exists for almost every x en and 

IV'f(x)1 ~ M a.e on n ... (4) 

If, in addition, n is a convex set, then the condition (3) is equivalent to if the 

following: 

f eC(n) n w~ (n) and (4) holds. 
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Proof: Let j E {I, ... ,n} , x = (xu),Xj), xu) = (XI , ... ,x j_l , X j+l , ... , xn), 

(0) = Pr _ Oe91n
.
1 and Dx(j) E(0) 0 (x0) = Pr One u)e91 where e 0) is a xj-o U) oX j x , x 

straight line parallel to the axis Ox j and passing through the point (x0), 0). 

Deduce from (3) that for almost every XjE(0)(Xu» there exists 

af (x) = af (xu) ,Xj) and aj (x) :0; M. 
ax j axJ ax) 

Integrating by parts 

(which is possible because 'ilx(J) EOu) the function f(x0), .) is locally absolutely 

continuous on (0)(x0) show that the ordinary derivative aj (existing thus almost 
ax) 

everywhere on 0) is a weak derivative ( :j J w on O . 

If 0 is convex, then to obtain the converse result use Lemma 4 of chapter 

one and the inequality: 

IIAl)fL<n) :0; IlfIIL.(nnG')· where c = IlfIIL,VR" ) 

to prove that 'ilx, YEO and 0 < 8< dist ([x, yJ, (0) the following inequalities for 

the mollifier AI) with a non-negative kernel are satisfied. 

I(AI)f)(x) - (Al)f)(y) :0; IIV' Al)f 11C([x ,y])lx - yl 

= IIAI) V' w ~Iq[x,y]) Ix - yl :0; IIV' w ~iLoo([x,Yl") Ix - yl 

:0; IIV' ill ~iLoo(n)lx-yl = 11V'~lLoo(n) Ix - yl :0; M Ix - yl 

(note also that for f E qO) n w ~ (0) the gradient V'f exists a.e on 0 and V'f = 

V' w f on 0). Now it is enough to pass, apply the result from the introductory art 

(i.e forOe ill n, f E I!,0'(Q) then Al)f ECOO(O,,) andAl)f ~ fa.e. On 0) 

to the limit as 8 ~ 0+, 

- 25 -



Corollary: If 0 c \H n is a convex open set, the g E w ~ (0) if, and only if, it is 

equivalent to a function f satisfying (3) with some M ~ O. (Given a function g, the 

function f is defined uniquely.) 

Moreover, denote by M* the minimal possible value ofM in (3). Then 

IIV'gL(n) = M* and, hence, 

M* ~ Ilgllw~(n) ~ nM* 

Proof: The first statement is just a reformulation of the above lemma for the case 

of convex open sets. The second one follows from the definition of Ilgllw~ (n) and 

V' .g. 

Lemma 3: (Minkowski's inequality for Sobolev spaces): 

Let 0 c \H n be an open set and A c \H m a measurable set, e E N, 1 ~ P ~ 00. 

Moreover, suppose that fis a function measurable on OxA and that f("Y)E w;(n) 

for almost every Y EA. Then 

ff(x,y)dy ~ f Il f(x,y) llw;(n) dy .... (1) 
A w:(n) A 

(the norm II!(x,y)llw;(n) is calculated with respect to x). 

Proof: Let the right-hand side of (1) be finite , then by Holder's inequality for each 

compactKc 0 

'daEI N~' Where 10.1 = e. 
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Hence by Fubini ' s theorem the function f, being measurable on 

K x A, belongs to LJ(KxA). Now the inequality (1) follows from our previous 

Lemma 3 of Chapter one and Minkowski's inequality for L p (Q): 

Il ff(X,Y)dyll = ff(x,y)dy + I D; ff(x,y)dy 
A w~(n) A Lp(O) lal=€ A Lp (O) 

:;; f Il f(x,y)II L, (n)dy+ If IID; f(x,y)11 dy = f IIf(x,y)lIw;(n)dy 
A laHA L, (n) A 

Lemma 4: (Multiplication by C; -functions): Let Q c ~ n be an open set, e EIN, 

1 :;; p :;; 00. Then V rp E C; (Q) there exists c , > 0 such that VfE W; Q) 

Proof: Let aE/ N; satisfy lal = e. By Lemma 6 V~ E/ N; where I ~ I:;; e there exist 

D~f , therefore on Q Leibnitz' formula holds: 

Let Qj c Q , j = 1, . .. , s, be open cubes with faces parallel to the coordinate planes 

, 
such that supprp c UQj' Then applying the inequality 

j=l 

we get 

liD; (q1l (Q) :;; 21 max liD' <Pt","" I IID: 4 (,"pp~) 
, Ipl<" 

:;; 2e(~t.IID'<pIlc(Q;I) (It ,t, IID: rpI IL,(Qi) J 

:;; M IIrp llc' (n) IIfllw;(n) where M depends only on e, Q and supp <po 
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Lemma 5: LeUEIN, 1 ~ P < 00, 11 E C;' (91 11) be a function of "cap shaped" type 

such that 

11 = 1 on B(O, 1) and \iSEIN, 

\ixE/R
I1 

11 s(X) = I] (~). Then \ffE W: (91") 

11 sf ---+ fin W: (91") as s ---+ 00 

as s ---+ 00. 

From (2) it follows that 'v' aEI N; where lal = e 

~ II(T] , - 1)D:f!L,(,,,) + J.J; )D"'11,D:ft,(,,,) 

< II D"f -D"fll + M "IID'fll - 11 . (j) '" Lp(,.n) S os~.f1"o '" Lp(!II") 

Remark 5: For p = CX! the above lemma does not hold because, for instance, for 

j=lon/R" 'v'sEIN 1111 [-fll ,,= l.However,l], j---+ja.e,in9l"and 
• L.,, ( !II ) 

IfQ c 9l n is a measurable set and 1 ~ P <00, then each function f ELp(Q) is 

continuous with respect to translation i.e., 

t~51ljo (x + h) - j(xt.,(n ) = 0 ... (0,) 

The analogous result is valid for Sobolev spaces. 
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Lemma 6: (continuity with respect to translation for Sobolev spaces) 

Let n c 91 n be an open set, fE N, I :s; p < co. Then 'ifE W: (n) 

iimllfo (x+h)- f(x)llw '(n ) = 0 
"-+0 p (hI 

where hE 9~ n, nth) = {x En: x + h En}, and lifE (W:lJ2) 

iimllfo(x + h) - f(x)llw ' (O) = 0 
h~O p 

Proof: equation (P) fo llows from (a) because 

Ilf(x + h) - f(x)jLHn{" I} 

(~) 

= Ilf(x + h) - f(xt, (n .. ,} + L II(D~f Xx + h)- (D~f Ix)11 ( ) 
lai=e L,OI"1 

:s; Ilfo(x+h)-f(xt,{nl + L II(D~f)o(X+h)-(D~flxt (0)· 
laH ' 

If fE (w;lJn), then 'iaE/ N; satisfying lal = f we have(D~ft = D: (fo) on 91 n, 

which easily follows from Definition 1, and thus fo E W; (91 ' ). Therefore 

lifo (x + h)- f(xliL;(n):S; Il fo(x+h)-f(xlH.,) 

then the theorem follows. 

- 29-



CHAPER THREE 

SOBOLEV'S INTEGRAL REPRESENTATION (one dimensional case) 

Let - 00 < a < b < 00, 

• 
co E L,(a, b) , fcodx =l 

• 

and suppose that the function fis absolutely continuous on [a, b]. Then the 

derivativef exists almost everywhere on [a, b], fEL,(a, b) and 'dx, YE[a, b] we 

x 

have f(x) = fey) + ff '(u)du. Multiplying this equality by co(y) and integrating 
y 

with respect to y from a to b we get 

f(x) = ff(Y)CO(Y)dY+ f (jf'(U)dU)) CO(Y)dY. 

Interchanging the order of integration we obtain 

f (jf'(U)dU) )CO(Y)dY = f (jf'(U)dU) ) CO(Y)dY - f Of'(U)dU) )CO(Y)dY 

= f OCO(Y)dY) }'(U)dU - f (jCO(Y)dY}'(U)dU = fA(X, y)f'(y)dy 

jJCO(U)dY' a :5 y:5x:5b 

where A (x, y)= ' . .. ...... (1) 

I - fco(u)du, a :5 x < y:5 b 
l , 

Hence 'dXE (a, b) 

• • 
f(x) = ff(y)co(y)dy + fA(x, y)f'(y)dy ....... (2) . . 

Note that A is bounded: 

'dx,yE [a, b] , iA(x,y)i ::; iicot",] 
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Let us consider two limiting cases of (2). The first one corresponds to OJ = const, 

hence, 'iXE (a, b) we have OJ (x) = (b-ar l. 

Then 'ixE [a, b] 

1 b , b b 
f(x) = - ff( y)dy + V - af'(y)dy - f--=.If'(y)dy ... (3) 

b - a . . b - a , b - a 

To obtain another limiting case we take 

OJ = _ 1_ [x I + X( I ) J, where X (a, p) denotes the characteristic function 
2m (a,a+- ) b- - ,b 

m m 

of an interval (a, ~), mE IN and m;:O: 2 (b- arl. Letting m ~ 00 we find: 'ixE [a, 

b] 

f(a)+ f(b) 1 b

f 
' 

f(x) = +- sgn(x - y)f (y)dy 
2 2 , 

........... (4) 

from (3) , it follows that 

1 b b 

If(x)l :s; - fl f' I dy + fl f' I dy for all xE [a, b] ...... (5) 
b -a , , 

If fE (W: t (a, b), then f is equivalent to a function , which is locally 

absolutely continuous on (a, b) (its ordinary derivative, which exists almost every 

where on (a,b), is a weak derivative C off). Consequently, (2), (3) and (5) hold 

for almost every x E (a, b) if f to replaced by C . 

Let now - 00 :s; a < b :s; 00, X o E(a, b), REIN and suppose that the derivative 

f / . I) exists and is locally absolutely continuous on (a, b). Then the derivative f el 

exists almost everywhere on (a, b), f elE L:"' (a, b) and by Taylor's formula with 

the remainder written in an integral form '<I x, Xo E(a, b) . 

I- I j(k) ( ) 1 x 
f(x) = I Xo (x - XO)k + .,---'" f(x - uY-1f(e)(u)du. 

k=O k! (f - I)! 
x, 
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Theorems 1: Let fEIN" - 00::; a < a < ~::; 00 and 

WEL I (9i) , suppw c [a, ~], fWdx = 1 
91 

Moreover, suppose that the derivative ( e- I
) exists and IS locally absolutely 

continuous on (a, b). 

Then \;fXE (a, b) 

I-I 1 • 1 • 
f(x) = I I ff l' ) (y)(x - y)' w(y)dy +-( _ ). f(x - y)'-' A(x , y)f U) (y)dy ... (7) 

k=O k. • fi 1 . • 

I-I 1 " 1 " 
= I - ff l'i(y)(X - y)'w(y)dy + -( ). f(x - y) '-' A(x, y)fl<l(y)dy; 

k=O k! 0 fi - 1 ", 

where ax = x, bx = ~ for XE (a, a]; ax = a, bx = ~ for xE(a. ~) ; ............ (8) 

ax = a, bx = x forxE[~, b). 

Proof: The integrated remainder in (6) takes the form in (7) after interchanging 

the order of integration: 

~ I(X - u)" f U' (u)du J w (y)dy = fW(Y) lJ(X -U)'- I jll) (u)du J dy 

- JW(Y) lJ(X - u)1-l f ll (u)du J dy = l(X -U)'- I (jW(Y)dY)fU' (U)dU) 

- J(X - u) C-1 (JW(Y)dY)f (e) (u)du J= [(X - y)'-' A(x, y)f ''l (u)dy 

Finally, since suppw c [a, ~], it follows that A (x,y) = 0 if yE (a, ax) u (bx, b) 

and, hence (8) holds. 
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Theorem 2: Let fEN, -00 S; a < a < ~ S; b S; 00. 

ro ELI(~)' suppro c [x, ~l , frodx = 1 
,. 

and fE (w,' r (a, b). Then for almost every x E(a, b) 

1-] 1 ' 1 0, 

f(x)= ~ k! Jf;'] (y)(x - y)k ro (y) dy + (£ - 1). f(x - y) '-' A(x, y)f i'lro(y)dy ... (9) 

" 

where ax and bx are as defined in Theorem 1. 

Proof: set a( 0) = max {a + 0, - ..!.. }, bee) = min {b - 13, ..!.. } for sufficiently small o 0 

13 > 0, 

then [a, ~l c (a(e) , bee»~ and (a(eS» x = ax> (b(e» x = bx 

for each XE (a(e), bee»~, we have 'dXE (a(e), bee»~ 

1- ] 1 ' 
(Ayf)(x) = I I" f(A ,f) ' ) (y) (x - y)k ro(y)dy, where 0 < y < e . 

>=0 k . " 

= 1 °f' (x _ y),-' A(x, y)(A f) i'I (y)dy 
(£-1)! " ' 

But f~k) exists on (a, b) by Lemma 5 of chapter one , where k = 1, . .. , f - 1 

and by Lemma 4 (Ayf)(k) = Ay (f~k) ) on (a(e), bee»~ where k = 1, ... , f . 

consequently, 'dx E(a(e), bee»~ 

• • 
f(A ,f) '" (y)(x - y)' ro(y)dy - ff;' ] (y)(x - y)'ro(y)dy 
" " 

p 
s; ~Ay (f~k » (y) - f~k) (y) ll(x _ y)k ro(y*y 

(J. 

P 
S; M 1 ~Ay(f~k» - f~k)ry~O 

(J. 

as y --+ 0+, where k = 1, ... , f - 1 and MI is independent ofy and x , . 
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Analogously 'Ix E (a(e), bee»~ 

bx bx 

f(x - y)H A(x, y)(A,f)°) (y)dy - f( x - y) '-' A(x, y)f~'\y)dy 
IX ax 

b(o) 

$M2 f IAy(f~e)-f~e)ldy ~O 
,(0 ) 

as y ~ 0+, where M2 is in depend ofy and x 

Finally Ayf ~ f almost everywhere on (a(e), bee»~. Thus (9) is valid almost 

everywhere on (a(e), bee»~ and, hence, on (a, b) since U(a(o),b(o» = (a, b) 
'" 
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