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PREFACE

In this seminar report there are three chapters, weak derivatives, Sobolev

spaces and Sobolev integral representation in one-dimensional case.

In the first chapter, which is about weak derivatives, it is given three
equivalent definitions with proofs of their equivalence, explanation of what weak
derivatives under integral sign look like and the commutativity of weak

differentiation and mollifiers.

The second chapter, which discusses basic properties of Sobolev spaces. In
this chapter it is given the definition of Sobolev spaces, Minkowski’s inequality

for Sobolev spaces, and continuity with respect to translation of Sobolev spaces.

The third chapter explains about Sobolev integral representation for

one-dimensional case.

Lastly I wish to thank my advisor Dr. Tsegaye Gedif who proof read the entire
seminar report and provided me valuable comments and reference materials.

I also wish to thank my friend Berie Getie for helping me in printing this material
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INTRODUCTION

The theory of Sobolev spaces has been originated by the Russian
mathematician S.L.Sobolev around 1938.These spaces were not introduced for
some theoretical purpose, but for the need of the theory of partial differential
equations. They are closely connected with the theory of distributions, since

elements of such spaces are special classes of distributions.

Of course, Sobolev spaces being examples of Banach spaces or, sometimes,
Hilbert spaces are interesting objects for themselves. But their importance is
connected with the fact that the theory of partial differential equations can be, and
even most easily, developed just in such a space. The reason is because partial

differential operators are very well suited in Sobolev spaces.

Simultaneously, the space of continuous functions is not very suitable for the

studies of partial differential equations.

In order to discuss the theory of Sobolev spaces we shall start with some basic
notions that are necessary for introducing and discussing these spaces. The first

notion to be discussed is weak differentiability



NOTATIONS AND BASIC NOTIONS

R": Euclidean n-space, n > 2, with points
X=Xy, ..., Xp), ;€ R

/N : The set of all natural numbers

/Ny: the set of all non-negative integers

/Ny =/Ngx ... x/Ny: the set of multi-indices (n is the natural number) and

B (x, r): the open ball of radius r > 0 centered at the point xe R

aoc,+...+cxnf

Df= : the ordinary derivative of the function f of order a;

o o,
OX '+ 0X

where oce/N” and o # 0

aal+...+anf
D= | m—a—— | = The weak derivative f of order o
o SR ) S .

For an arbitrary non-empty set Q c R " we shall denote by:

C (Q): the space of functions continuous on (2

C*(Q):the space of functions having all derivations of order < k continuous in
Q (k €/Njork =)

supp (f): the support of f, the closure for the set on which f 0

Ct (Q): The set of functions in CY(©Q) with compact support in Q.

L,(Q) (1 <p <o0): the Banach space of functions f measurable on Q such that the

norm

Y
= | fiPox|” <
Q

Q is a measurable non empty set Qc R"



L*(Q) (1 <p<oo): the set of functions defined on Q such that for each compact
Kc Q, feL,(K)

“‘Q(Q c R") :the complement of Q in R"

Q(Q = R"): the closure of Q

Q8% (Q = R"): the & -neighborhood of Q (Q° = X:)QB(X,S)

0Q:  Boundary of the point set Q

Q(Qc R"): the interior of Q

Q, ={xeQ:dist(x,00Q)>8},6>0

Q, = {xc Q: dist (x, 6Q) > 8}

W;’ (Q) (£e/N, 1 < p < 0): Sobolev space, which is the Banach space of functions

feLy(Q), with the norm

o

W,,‘(Q)= ”f”[,p(ﬂ)-l_ I;:f 'D f

0]

¢

Ly(©)
wi(Q) (£e/N,1 < p <o0): the semi-normed S obolev space, which is the s emi-
Branch space of functions f € L'(Q) such that Voe/ N, where |of = ¢ the

weak derivatives D:f exist on Q and D f € L,(€), with semi-norm.
”f“w;m): MZ! ‘

(W: )0 (Q) (fe/N, 1 <p <w): the space of function in W, (Q) compactly

Df

Ly ()

supported in Q.

Let Qbe a measurable set and 1 <p <o



Hélder inequality: suppose

1 .
+ 1 =1,ie p’:L forl <p<oo,p'=w forp=1andp'=1forp=oo .If feL (Q)

p P p-1
and geL (Q) , then fge L (Q) and

el < €], c ], o

Minkowski’s inequality: If f,ge L (©Q)thenf+geL (Q) and

||f + g“LP(Q) S ||f||Lp(ﬂ) + ||g||me)

Minkowski’s inequality for integrals : In addition , let A c R" be a measurable

set . Suppose that f is measurable on AxQ and f(.,,y) e L () for almost all

y e A.Then

[fydy| =< j [£C.,y)|dy if the right hand side is finite.

Lp(0)

Mollifiers: Definition : If Q c R" is measurable set and 6 > 0, for a function

f defined on Q and such that f € L (QQnB) for each ball B, the operator,

A, = A, (a mollifier with step (or radius) ) is defined by the equality: Vx e R"

(A D) = (@, *£,)(x) = ai [Py = [f,(x-8n)0()dz

B(0,1)
where f, denotes the extension of by zero outside Q:f(x) = 0forxe®Q

moreover for every f under consideration

A feC*(R) and forany ae/N;,
D*A,f =87 (D 0), *f,
on N"and supp(A,f) < (supp(f)’

We note also that on Q,



(A0 = (@, * D) = [f(x-8z)o(z)dz

B(01)

and Ya e /N
DA f=5"(Dw), *f
If Qc " isan open setand f e L7 (Q) , then A, f e C*(Q,) and
Af—>faeonQ

as 8 » o' (if f € C(Q) ,then the convergence holds every where on Q



CHAPTER ONE
WEAK DERIVATIVES

We shall start with the following observation for the one-dimensional case
and for an open interval (a,b), ~co<a<b <+,

The differential operator

di :C'(a,b) = C(a,b) - C(a,b) Is a closed operator in c(a,b),
%

ie. ,if f e C'(a,b),k € /N,f,ge C(a,b) and f, = f, %—)g in C(a,b) as

k — o then f € C'(a,b) and ji:g on (a,b).
X

Suppose now 1< p <. The following example shows that the

differentiation operator

di :C'(a,b) c L”(a,b) > L (a,b) is not closed in L*(a,b).
X

Example 1: Let (a,b) =(-11) and Vx e (-1,1) set
1) =% | f (@)= -I—%)%,k e/N,f eC'(-Ll),fe L":(a,b)
Then f, —»|x|, f; —=sgnx evenin L, (-L1),but |x|eC'(-11), since | x| does

not exist on the whole interval (-1,1).

fi = f in C(a,b) means || f; = f |lof > 0 as k — oo for any closed interval

o, B] = (a,b)



On the other hand if f € C'(a,b) and ¢ € C|(a,b) then
jf(p'dx =[fo - _[f ‘pdx

Since ¢ € C)(a,b), [f(p]: =1
Thus [fp'dx = - [f'pdx

This equality can also be naturally used to generalize the notion of
differentiation, since for some functions (e.g.; f(x) = x|) the ordinary derivative
does not exist on (a,b), but a function ge L (a,b) exists (in the above example
g(x) =sgnx) such that Vo € C;(a,b)

j.fcp‘dx =— I godx

We now give the definition for the multidimensional case and for

differentiation of arbitrary order.

Definition 1: Let Q c R" be an open set, « € /N;, a # 0 and f,g e L (Q). The

function g is a weak derivative of the function f of order @ on Q (i.e g=D’f)if

VpeCo(Q) [Dpdx=(-D)" [gpdx where |a|=a, +..+a,
Q Q

Lemma 1: Let Q c R" be an open set,a € / Nj,« # 0. Moreover let f be a

function defined on Q, which Vx € Q has (an ordinary) derivative (D“ f)(x) and

D“f e C(Q). Then D*f =D*f .

Proof: Integrating by parts «;, times with respect to the variables x,,j=1,...,n
VoeCy(Q)

/D g = (=1 [D* fx



That is :

IfD“(pdx: J'fDa. +++++++ -

= (-1) [f D" dx

=(-D)" [D" D" " pdx

Continuing this way

N (_1)a,+...+a” IDal+...+a,,qudx

Q

= (=) [D* fpdx

Remark 1: The assumption about the continuity of D*f in Lemma 1 is essential.

s " ; 1
For example, the ordinary derivative of the function f(x)=x"sin—
X

(x # 0;£(0) = 0), which exists everywhere on R is not a weak derivative of fon

R because it is not locally integrable on R

From the above definition it follows that if g=D’f and the function 4 is
equivalent to gon Q, then h=D’f. Thus the weak derivative is not uniquely

defined.



Remark 2: “g=D’f ” means gis a weak derivative of the function f of order &
on Q. We also use D* f for any weak derivative of the function f of order «
onQ. Thus, for example, the assertion “ the function f has a weak derivative
D*f” means, “the function, denoted by D‘f, is a weak derivative of the function
f of order @ on Q7. From this point of view the relation

D*f +Df, =D*(f +f,) Means the following:

If each of D’f k =1,2,1s a weak derivative (i.e. any of the weak derivatives) of the
function f,, then the function D’f + D’f, is a weak derivative of the function

f; + /- Finally we assume that D’f = g means g =D"f. This will allow us to

write the above relation in the more usual form

D (f, +1f,)=D.f, +D.f,

Lemma 2: Let Q c %" be anopenset, « € /NZ,a 20, f,g,h e L’ (Q) and

g=D*f,h=D*f on Q. Then g~h on Q.

Proof: Vel (Q)
[ /D% pdx = (-1) [gepdx
and [fD"pdx = (1) [hod
= (- [godx = (-1 [hodx on Q
Q Q

= [(g-h)e=0 on Q VeeC;(Q)
Q

= g-h=0 on Q,by the main lemma of calculus of variations

= g~h on Q



Remark 3: Note that if a function f € L' (Q) has a weak derivative D*fon Q,

then automatically D*f e L*(Q)
Example 2: (Forn =1,Q=%R), | x|, =sgnx

Proof: Vo e C2(R)

o0 0 0
[1xlo'(x)dx == [ x¢'(x)dx + [xg' (x)dx
—0 0

—c0

=—x0(0) [, +x0(x) |7 + [o(x)dx — [p(x)dx

= (](p(x)dx - n].(p(}c)dx ..(1)

—e0 —c0

@ 0 s}
And (-1) I sgn x@(x)dx = (~1)[— J.(p(x)dx o Iw(x)dx]
0

= ]'(p(x)dx - a]‘cp(x)dx ssil 2

Thus from (1) and (2) we can see that | x ||, = sgnx
Example 3: (n=1,Q =9R) The weak derivative (sgnx)_ does not exist onR.

Proof : Suppose g e L*(R) is a weak derivative.

Then Vo e C;(R)

S

Jsgn x9'Godx = (1) [ep(x)dx

= [o(dx + [o!(x)dx = ~9(0)0(0) = —2¢(0)

= (-1) ].gq)(x)dx ==-2¢(0) ...... (*)

-10-



Taking ¢(x) = xy(x) with arbitrary y e C;(R),
Then from (*)

ngcp(x)dx =0. Thus g~0.

Which leads to a contradiction.

Remark 4: For each f € L*(Q) the derivative D*f exist in the sense of the theory
of distributions,

1.e., as a functional in D'(Q):

Vo € C;(Q) (D*f,9) = (-)"(f,D*¢) = (-1 ij“Ot@dX

Theorem 1: Definition 1 is equivalent to the following once:

i) Let Q c R"be an open set, @ € /N, #0 and f,ge L(Q). The
function g is a weak derivative of the function f/ of order & on Q (briefly
g = D°f) if there exist y, € C*(Q),k € /N, such that

v, > [-D, > g In L"(Q) as k >

i) LetQ < R be an open set, /e /N and f,g e L (Q). The function g is
a weak derivative of the function f of order ¢ on Q(briefly g=D*f = ") if
there is a function /# equivalent to /' on Q, which has a locally absolutely
continuous (£ —1)" ordinary derivative h“" and such that its ordinary

derivative h'” is equivalent to g.

=11



Proof: (1= (1))
[D¢dx = [limy,D*¢dx as k— oo

= tim [y D*$dx = (~)* lim [pD %y dx
Q

8 as ko> o

= ()" fogdx
Q

()=1):

For k € /N let y, is the characteristic function of set

{x e Q: x| <k, dist(x,0Q) > %} Functions y, e C*(Q2) (and eveny, € C;(Q))
are constructed in the following way: v, = A %(ka) where A ¥ is a mollifier.
By property of mollifiers A% (fg ) = f ask — o and A%(ka )e Cy (Q)

To show the other implication it is enough to consider the case in which
Q =(a,b)

((il)=1): Since h'“" is locally absolutely continuous on (a,b), it is possible

Vo e Cy(Q) to integrate by parts / times:

i[f(p‘”d = ]h(p'”dx = (=1)" ]’h'”(pdx ={-1)" ifg(pdx

((i))=(ii) ): Let £=1. Since w, — f in L (a,b) as k — = there exist a
subsequence 4, and a set G < (a,b) such that measure[(a,b)\G]=0 and
. (x) > f(x)as s > o foreach xe G.Choose z € G and pass to the limit in

the equality

v, () =v, )+ [v, )y

-12-




ie. limy, (x)=limy, (2)+ j"tlfks (y)dy]

Then f(x) = f(z) + ]g(y)dy =h(x) foreach xe G.

By the properties of absolutely continuous functions the function # (which is

defined on (a,b) and equivalent to ") is locally absolutely continuous on (a,b)
and g ~h .
If ¢>1, then apply the averaged Taylor’s formula with

a<a<x<pB<b tothe function y, . Write it in the form

v, () = [P, y)y, (y)dy + j(x y)" '(jco(u)du)w“’(y)dy

(£~ 1)'

> 1), I(x y)“(jm(u)du)wk (¥)dy

(Here P € C([a,b]x[a,b]),Vy e[a,b] P(.,y) is a polynomial of order less than

orequalto /-1 and w e C;(a,B).)

The notion of a weak derivative, as the notion of an ordinary derivative, is a

local notion in the following sense. If the function g e L (Q) is a weak
derivative of the function f e L (Q) of order @ € / N} ,a # 0, on Q locally,
i.e. Vx € Q there exists a neighborhood u, of x such that gis a weak derivative
of foforder @on u_,then g is a weak derivative of f of order o on Q.
Consider for an arbitrary ¢ € C;(Q) a finite open covering {Ux. }kl of

suppo and a corresponding partition of unity {y }_ i.e., a family of functions

y, € C;(u,_ ) which are such that Zs:\pk =1 on suppe. Then ¢= Z(pwk on Q

JDrodx =3 [D*(@u)ax=(-D"3 [gow,dx=(-D" [godx

=] u!k

o



For an open set Q c R" and o€ /N; a # 0, let us denote by G_(Q) the

domain of the operator D” i.e. the subset of L () consisting of all functions

f e L*(Q), for which the weak derivative D*f exists on Q

We note that weak differentiation operator

D; :G,(€) > L7 ()

is closed, i.e., if the function f, € G_(€2)and the function f,g e L*(Q) are such
that f, > in L*(Q),

D:f > g in L7(Q),

then feG, (Q) and Dif=g¢g

The operator D" considered as operator

D’ :G (QNL (Q)—L,(Q) ,Where 1<p<ww is also closed.

Lemma 3:(weak differentiation under the integral sign)

Let Q c R" be an open set, A ¢ R" a measurable set and let c e /N*, a0 # 0.

Suppose that the function f is defined on Qx A, for almost everyy € A

f(.,y) e L™(Q) and there exists a weak derivative D*f(.,y) on Q. Moreover,

suppose that f,D’f e L (Kx A) for each compact K < Q. Then on Q

D& [f(x,y)dy) = [(DIE)(x, y)dy

(i.e. the function I(D:f )(x,y)dy is a weak derivative of If (x,y)dy of ordera

Proof: For all ¢ € C;(Q) the functions f(x,y)(D“p)(x) and (D*f)(x, y)p(x)
belongs to L (Q2xA)

Since

[ )D Q))jdxdy <M [ |f]dxdy <o

sup pox

o T



where M = max | (D")(x) |

Now,

(M)... [ @D yeE)dxdy = [ ([ DO y)dy)e(x)dx by
Fubini’s theorem

= [ (] @:0)(x,y)o(x)dx)dy By Fubini’s theorem

Q

= (1" [ (] £ y)D p)(x)dx)dy
(2).... = (D" J-(I f(x,y)dy)(D*@)(x)dx By Fubini’s theorem

From the right side of (1) and (2) we can conclude

D ([ £(x,y)dy) = [ (D:)(x, y)dy

Lemma 4:(commutativity of weak differentiation and the mollifiers).

Let Q < R be an open set, a. e /N",a # 0, f € L*(Q) and suppose that there
exists a weak derivative D‘f on Q.

Then V& >0
D*(A,f) = A, (D'f) on Qj

Proof: By the property of mollifiers A (D;f) e C*(L,) . Moreover,

Vx e Qg

(A, f)(x) = j f(x — 8z)w(z)dz

B(0.1)

Furthermore, D} (f(.—8z)) = (D;f)(.—8z), on Q,, which follows from

Definition 1
For (x,2)e Q, xB(0,1), let F(x,z) = f(x —8z) <

= 18-

Sig B h‘*_p

o



and G(x,y) = (D:f)(x —8z)o(z) . Then for each compact K < Q; the functions
F,G belong to L,(Kx B(0,1)), because they are measurable on Q, xB(0,1) and,

For example

JC [ 1£(x—82)0(z) | dz)dx <M [( [| £(x - 82)dz)dx

K B(0,1) K B(0,1)

=M [( [ 1f(y)|dy)dx <M [( [|£(y)] dy)dx

K B(x,8)

= MmeasK [|f(y)|dy <o
KE

Here M =max|w(z)| and K cQ (because K < Q; )

Now the Lemma follows from lemma land 3: ¥xe Q

D" ((A,f)(x) = D! ( [f(x -dz)a(z)dz) = j‘Dj; (f(x - 62))o(z)dz

B(0,1} B(0.1)

= J (D:f)(x - 8z)w(z)dz = (A, (D:))(x)

B(0,1)

Coroliary 1: For Q=9R"
DA, =AD:

Corollary 2: For ye /Ny and y > o, then

D'(A,f)=8“"(D0), *D*f On Q,

Proof:
D'(A,f)=D""(D"(A,f))
=D"(A,(D:f)) By the above lemma

=5§“"(D""w), *D:f On Q;

In Definition 1 the weak derivative is defined directly (not by induction as the

ordinary derivative). Therefore the question arises as to whether a weak

1



derivative D’f, where B <a,p # o, exists when, a weak derivative Df exists.

The answer 1s negative:

Example 4: Set V(x,x,)e R* f(x,,x,) =sgnx, +sgnx,. The derivatives (g)m

and (g)“’ do not exist on R’.

2

Lemma 5: Let QO < " be an open set, £ €/N,¢>2,f € L (Q) and suppose that

2

£ ;
—), exists on Q. Then Vme /N

for some j= 1,n a weak derivative (

m

§ .
), also exists on Q.

satisfying m < ¢ a weak derivative (

i

Proof: For sufficiently large k € /N the functions
f =A yf e C*(Q) ;Q is any open cube with faces parallel to the coordinate

planes, which is such that Q = Q.

Since A, > f a.con Q as K -

ie. f, > f in L (Q) and.

o‘f o'f o'f
k ) %

axj = %(—ax_j o In L,(Q)

Moreover, applying the inequality

6mf alf

{ ﬁ S C!("fHLHQ) +‘ axf )}5 Cl > 0
I L@ 1 -
We have
" . . .

° fn‘lk _a t’:'s SC'(”fk _fs L1(Q) ‘aax:‘ _?7: )

an aXj Li(Q) § BXJ. .
Consequently,

"



o,
ox" ox"

i

s

. o"f
lim -

k.5

=0

L1(Q)

Because of the completeness of L, (Q) there exists a function g, € L,(Q) such

m

that 'L,
ox"

J

—g, nL(Q) ask >

Since f, — f in L,(Q) as well, by Definition 2 it follows that g, is a weak
derivative of order m with respect to x; on Q.

We note that if Q, and Q, are any intersecting admissible cubes then
8o, = 8q, almost everywhere on Q, NQ,, since both g, and g, are weak
derivatives of f on Q, nQ,.
Consequently, there exists a function g e L{*(Q) such that g = g, a.e on each

admissible cube Q and g is a weak derivative of f on Q. Hence g is a weak

derivative of f of order m with respect to x; on Q.

Lemma 6: Letn >2,Q c R* be an open set, £€/N,/>2. f e L'*(Q) and
suppose that Vo e / N satisfying |« |= / a weak derivative D*f exists on Q

Then V e / Nj satisfying 0 </ B |< ¢ a weak derivative D’f also exists on Q.

Proof: If Q = (a,b)", then

6B1 a[jz +at P, f
||DBfI|L,(Q) B | oxM (8)(51 . ) L) ! .
BPt-ba £ o'f
<c ( 6xﬁ2 axp“ I + Iax(-[i;r-lh_,-ﬂ" 6‘x axl'a |
5 e i 1 gues oL@

IA

e = CZ(”f“Ll(Q) * HZ_1|

Df

Ly(Q)

-18 -



By writing f, for f in this inequality and taking limits we see that it is
possible to replace here the ordinary derivatives Df, D*f by the weak ones D'f

and D*f respectively.

-19-



CHAPTER TWO
SOBOLEYV SPACES

Definition 1: let  — R" be an open set, £ e /N,/ <p <« .The function fbelongs

to the Sobolev space W, (Q) if f e L (), if it has weak derivative D f on Q for

all o € /N satisfying | o |= ¢ and

[Flusn = IElyn * 2.

<@
Lp(s)

D*f

Remark 1: In one-dimensional case this definition is by Definition 3 of the
previous chapter equivalent to the following. The function f is equivalent to a
function h on Q, for which the (ordinary) derivative h"™" is locally absolutely

continuous on Q and

“f”wﬁ(m = ”f“me) e ”f(:” ”Lp(ﬂ) = ”h“l.p(ﬂj = “hm”Lp(m 0

Moreover, if Q =(a,b) is a finite interval, the limits l1mh(x) and limh(x) exist

x-sat x—=b"

and one may define h on [a,b] by setting h(a) and h(b) to be equal to those limits.
Then h*,s =1,...,£—1 exists and h"™" is absolutely continuous on [a,b]

This follows from the Taylor expansion

hfsﬂc}
h(x) =) —=*= (x) xo)*+(—_1)—1j(x u) " h" (u)du,

Where x,x, €(a,b) and s=1,..,£~1. Since h"’ e L (a,b), hence h" e L (a,b), the

limits 11mh(x) and limh(x) exist.

xsat x=b"

Consequently, the right derivatives h*'(a) and the left derivatives h"*'(b) exist and

h®(a)=limh(x), h“(b)=limh(x)

x—»b"

o 1 -



Finally, since h“"(x) =h“"(x,) + fh“’(u)du for all x,x, €[a,b] and

x0

h“ €L (a,b), it follows that h“" is absolutely continuous on [a,b]

Remark 2: By lemma 6 of chapter one D*f exists also for |o| < £ . Moreover,

D!f e L*(Q) but in general D:f ¢ L (Q)

Theorem 1: Let Q c R" be an open set, fe/N,1<p<c.Then W(Q) isa

Banach space

Proof: Obviously W'(€2) is a normed space

To prove completeness, let {f,}  be a Cauchy sequence. Since L (Q) is

complete there

exists fe L (Q) and f, e L (Q) where ae/Nj,

o|= ¢, such that f, - f and
D:f —f, in L ()
From the closed ness of weak differentiation it follows that f =D*f. Hence

f, >f in W(Q).

Remark 3: The norm
"f Wp (92) = ”f“].p(ﬂ) +|;|

is equivalent to

gv)'(n) = (_[([f|p * X ‘Dgf
' Q o=

D*f

Lp(1)

I Mdx)*

for 1I<p<ow andto

M
1%, =l oy o], |
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for p=oo ,i.e., Vf e W(Q)

M

3|l < W (Q)

WiQ) = ”f”w;(g) < C4||f“

Where c,,c, >0 are independent f. This follows, with c,,c, depending only on
n,p and ¢, from Hoélder’s and Jenssen’s inequalities for finite sums.

If p=2,then W,(Q) is a Hilbert space with inner product

(f.g),,,, = [(fg+ ) D:fDig)dx

fal=¢

1
2
wi)

and ”f“:},(m is a Hilbert norm, i.e., ||f|'$, = (f,f)

Let us consider the weak gradient of order /£

L SN
V'f ((axv 0

. 1
n n

Then

2
2t
;0K

¢ o|? $
i - $

|

and norm (*) is equivalent to

Il = JUEP + |76t )
Q
We also note that for even ¢ Vf e C(Q)

ﬂvef‘zdx - _ﬂAV’fzdx
Q Q

Where A is the Laplacian. Hence for such f,
2., = Jaef +,A%fy’)dx)%

¢
Wy ()

We shall also need the following variant of Sobolev spaces.
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Definition 2: Let Q c R" be an open set, £ € /N, 1<p <. The function f

belongs to the semi-normed Sobolev space wf,(Q) if f e L*(Q), if it has weak

derivatives D’f on Q forall o € /N! satisfying |OL| =/{ and

‘ 1
wp (£2) Z|
e fal=t

The space w!(Q) is a complete space. We can show the completeness similarly

It

<
Lp(S2)

D:f

as the W/(Q) space. Thus w(Q) is a Semi-Banach space, because the condition

If].... =0 is equivalent to the following one: on each connected component of an

wha)
open set Q, fis equivalent to a polynomial of degree less than or equal to £-1

(in general different polynomials for different components)

Remark 4;: Let Q < R" be bounded domain and B be a ball such that
BcQ,le/N]<p<wo. Wedenote by L) (Q) the Banach space, which is the set

w,(Q), equipped with the norm

"f"L’p(n) = ||f||L,(B) +"f"w;(n)

=0, then |f =0 it follows that f is equivalent

(It is a norm, because if [f]

Ly () wp ()

to a polynomial of degree less than or equal to ¢~1, and from |f], , =0 it

follows that f~0 on Q) .For different balls with closure in Q these norms are

by ||f and the corresponding norms will

equivalent. One can replace f ||Ll i

Ly(B)
again be equivalent. Note that by definition

L, (Q) =w,(Q)

Let F[f] denote the Fourier transform of the function f:

For feL (R") and VEeR"

F[f)(€) = (2m) " j'e‘iﬂéf(x)dx
n*
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For felL,(R")
FLf]=lim F[z,]
Where g, is the characteristic function of a ball B(0,k) and the limit is taken in
L,(R"). It exists for each f e L,(R") and

[FTET,, e, = IE],, o (Parseval’s equality)

Lemma 1: Forall /e /N and fe W/(R")

el

and [f]..) = H(1+ I l“)y’(Ff)(é)1‘L2[ﬂn] @)

(1)

J Lz Jz"

Proof: For feL; (R™) N W, (R") staring with Definition 3 we can show

F(D; £)(&) = ()" (Ff)(E) on R™.
To obtain (1) and (2) apply (*) and the identity

Z |Eﬁ°‘| (a ) T

|af=t &

J_e

Lemma 2: Let R" be an open set, M > 0 and suppose that Vx, y €eQ
[f(x) — f(y)l < Mlx ]| E)

Then f € w' (Q), the gradient (Vf)(x) exists for almost every x eQ and
[VE(x)|<M a.e on Q ..(4)

If, in addition, Q is a convex set, then the condition (3) is equivalent to if the

following:

f eC(Q) N w' (Q) and (4) holds.
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Proof: Let je {1,...,n},x= (Xm,xj), x0 = (x1, S JE W T p— Xn),
QY = Pr, o QcR™' and Dx QP QG(x?) = Pry, QN £,V <R, where £,V is a
straight line parallel to the axis Ox; and passing through the point 2, 0).

Deduce from (3) that for almost every XjEQU)(X(j)) there exists

of of )
—(x) = —(x",x;) and <M.
ij (x) 2] ( i)

A
Pl

W

Integrating by parts
(which is possible because Vx e QY the function f(x?,.) is locally absolutely

continuous on Q(j)(xm) show that the ordinary derivative si(existing thus almost
X .
J

everywhere on Q) is a weak derivative [%J on Q.
i/
If Q is convex, then to obtain the converse result use Lemma 4 of chapter
one and the inequality:

[|Asf

L@ = Hf“Lp(QmGﬁ)' where ¢ = ”f”l.p(/R”]

to prove that Vx, yeQ and 0 <8< dist ([, y], 0Q) the following inequalities for

the mollifier As with a non-negative kernel are satisfied.
((AsD)(X) = (AsE)Y) < [[VASE [legx yplx — V]
=[|AsV , flloqeyn X = Y S IV ey ?) (X =V
S|V, fllee@lx-yl = ([ Vo) X = y| S M [x Y]
(note also that for f € C(Q) N w, (Q) the gradient Vf exists a.e on Q and Vf=
V _fon Q). Now it is enough to pass, apply the result from the introductory art

(ieforQc R",f e L"(Q) then Asf ec™(Q,) and Asf — fa.e. On Q)

to the limit as 8 — 0",
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Corollary: If Qc %" is a convex open set, the g € w!, (Q) if, and only if, it is

equivalent to a function f satisfying (3) with some M > 0. (Given a function g, the
function f is defined uniquely.)
Moreover, denote by M the minimal possible value of M in (3). Then

Vg| ™ M* and, hence,

< nM*

wi(@) —

M* < |g

Proof: The first statement is just a reformulation of the above lemma for the case

of convex open sets. The second one follows from the definition of |g ) and

wia

V.g

Lemma 3: (Minkowski’s inequality for Sobolev spaces):

Let Qc R " be an open set and A © R™ a measurable set, /eN, 1 <p < 0.
Moreover, suppose that f'is a function measurable on QxA and that f (.,y)e Wlf Q)

for almost every y € A. Then

< [|rem

wy@) A

W;(Q)dy -

jf (x, »)dy

(the norm |/ (x, y) is calculated with respect to x).

|w; ()

Proof: Let the right-hand side of (1) be finite, then by Holder’s inequality for each

compact Kc Q

iwvww%b<wmd{ﬁxﬂmﬂwﬁxw

Vae/ N, Where |a| = £.
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Hence by Fubini’s theorem the function f, being measurable on

K x A, belongs to L;(KxA). Now the inequality (1) follows from our previous
Lemma 3 of Chapter one and Minkowski’s inequality for L , (€2):

+ 2P

‘
L,(Q) |er|=

me@

[t y)dy

=[£G 2)dy

A

wp (2) L,(@)

f VACSY Bt Zf Iporeen|  dv=[ 1ol

jal=t4 1,(@)

Lemma 4: (Multiplication by C; -functions): Let Q< %" be an open set, £&/N,

1 <p <. Then V¢ e C; (QQ) there exists ¢ > 0 such that Vfe W' Q)

”(”f”w;(n) = °<p||f“w;(Q) - (D

Proof: Letae/N; satisfy |o|=¢. By Lemma 6 Vpe/N; where |B| < ¢ there exist

DPf, therefore on Q Leibnitz’ formula holds:

Di(e)= 2, (EJDO"%Dﬁf --(2)

0=p<a

LetQ; « ©Q,j=1, ..., s, be open cubes with faces parallel to the coordinate planes

such that supp¢ c UQ .. Then applying the inequality

j=1
| twice
L,(0)

1021, {1 5

we get

f max HD (p|

D3 (o)

‘ L (Q) ”L p(sUp p@)

S ze[zz||mpnmj,] [zillﬂfquL "
e = | Blse j=1 et

s

) 171, (@ Where M depends only on £, 2 and supp ©.
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Lemma 5: Let /e/N, 1 <p<oo,neCy(R") be a function of “cap shaped” type

such that
n=1onB(0, 1)and Vse/N,

vxe/R" 1nyx)=1n [E] Then Vfe W/(R")
Ay

N —fin W/ (R") ass >

Proof: First of all VgeL,(R") where ] <p <o

I, 1) ¢

L?(.}tnjs ”g”LP(‘B(O..\')) —0

as s —» o,

From (2) it follows that V aoe/ Nj where |a| = /¢

|Dz (n,f - ) ()

Lp

o
g F D**n,D*f
ot Z[5Jprne:

+ M5 bt

Lp(m“) S ospsa.pro Lp[w“]

< |(m, -1)D:f

tp(5*)

< [n,Dif -Dif

Remark 5: For p =« the above lemma does not hold because, for instance, for

f=1on/R" Vse/N ||nsf—f

- =1.However, n,f — f a.e,in R " and

ILm(w"

as § -

M8y e, = I

wi (x") W (")

If Qc R" is a measurable set and 1 < p <o, then each function f eL,(Q) is

continuous with respect to translation i.e.,
lim| £, (x + ) = £ ()], () =0 .(a)

The analogous result is valid for Sobolev spaces. & o>
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Lemma 6: (continuity with respect to translation for Sobolev spaces)

Let Q< R " be an open set, /€N, 1 < p <co. Then Vfe W, (Q)
W;(Q[M) =0 (B)

where he ®", Qqy = {x €Q: x + heQ}, and Vfe (7!) ()

lim| £, (x + )~ £ (x)

0

lim|fo (¢ + b) = £(0)yy

Proof: equation (f) follows from (o) because

[f(x +h) - (x)

Iw.‘,(ﬂ{n;)

= Jrx+0) = £, oy * |z|=:ﬂ “(Dgflx +h)- (sz}x)”Lp o)

< Jf,x+ ) -G, + I% [Dae), e+ 1)~ ko, @

If fe (W;)H(Q), then Yoe/ N, satisfying || = £ we have(D?‘uf)n =D*(f,) on R",
which easily follows from Definition 1, and thus f, € W/ (®"). Therefore

|folx+m) = f(x)

lw;(n) < ||fo(x+h)—f(x)||w!,’{ﬂnj

then the theorem follows.
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CHAPER THREE
SOBOLEV’S INTEGRAL REPRESENTATION (one dimensional case)

Let-oo<a<b<oo,
oe Li(a,b), Icodx:l

and suppose that the function f is absolutely continuous on [a, b]. Then the

derivative f' exists almost everywhere on [a, b], f €L(a, b) and Vx, ye[a, b] we
have f(x)=1(y)+ ] f'(u)du . Multiplying this equality by ®(y) and integrating
5
with respect to y from a to b we get
0= [fay | []f'(u)du)]m(y)dy.
Interchanging the order of integration we obtain

b[ (]f’(u)du)Jm(y)dy = j Uf'(u)du)]w(y)dy j Uf'(u)du))m(y)dy
= I Um(y)dy)]f’(u)du > I (]w(Y)dYJf'(u)du = ]A(x,y)f'(y)dy

Ico(u)dy, a<y=<x<b
where A(X,y)= 1" 5 ireialel)

b

|[— Im(u)du,a <x<y<hb
Hence Vxe (a, b)
fx) = [Emolydy + [A Y@y ... ... 2)

Note that A is bounded:
Vyy€ [a,b], |A(x,y)| < [0

Ly[a,b]

s T



Let us consider two limiting cases of (2). The first one corresponds to ® = const,
hence, Vxe (a, b) we have o(x) = (b-a)™.
Then Vxe [a, b]

1 b xy_a bb—yr
f(x)= — |f(y)dy + |——f'(y)dy - |—=f'(y)d vl D
()= 5=5 [0y + =y - f—=f oy ...9)
To obtain another limiting case we take

1 - g
G = — [x(a el +x[ I J}, where 7, ) denotes the characteristic function

2m b——b
m

of an interval (a, B), me /N and m>2 (b—a)". Letting m — o we find: Vxe|a,
b]

f(a)+ f(b)

3 sgn(x ')Ay e (4)

f(x) =
from (3) , it follows that

[f(x)| <

b
j| f'|dy forall xe[a, b]...... (5)

a

If fe(W!)*(a, b), then f is equivalent to a function, which is locally

absolutely continuous on (a, b) (its ordinary derivative, which exists almost every

where on (a,b), is a weak derivative f, of f). Consequently, (2), (3) and (5) hold
for almost every xe(a, b) if f’ to replaced by £, .

Let now -0 <a <b <, x,€(a, b), {e/N and suppose that the derivative
£~ D exists and is locally absolutely continuous on (a, b). Then the derivative i
exists almost everywhere on (a, b), f“)eL}‘“ (a, b) and by Taylor’s formula with

the remainder written in an integral form V x, x, €(a, b).

f(x) = if(k;fxo)(x xo)¥ +( 7y [x=w) 't u)du.
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s 1
(x-x,) % + ("‘fo}) j(1—t)’-’“f(f)(xo+t(x—x0))dt ..... (6)
0

Theorems 1: Let fe/N ,-wo<a<a < <wand

weli(N), suppo < [a, B, J'codx= 1

N

Moreover, suppose that the derivative f*' exists and is locally absolutely

continuous on (a, b).

Then Vxe (a, b)

f(x) = Z;{l— Jrowee-y m(y)dy+( =il o=y Ay .. (D)
= Yo Jec- oty + ﬁ Joc- 9 A ey
where a, = x, by = for xe (a, a]; a, = a, by = p for xe(a B);............(8)

ay = a, by =x for x€[p, b).

Proof: The integrated remainder in (6) takes the form in (7) after interchanging

the order of integration:

j{](x —u)“f“'(u)du} o)y = [o) ['j(x— u) £ (u)du} dy
b X X u
- Iw(y)[j(x—u)“'f‘”(u)du}dy= J(x—u)“( jco(y)dy)f“’(u)du}

b b b
- Jee=w* [Im(y)dy)f“”(u)du} Jox =y A YE (w)dy

Finally, since suppo c [a, B], it follows that A (x,y) = 0 if ye (a, ay) U (bx, b)
and, hence (8) holds.

0.



Theorem 2: Let feN,-wo<a<oa<f<b< o,

wel(R), suppo c[x, B], dex =1

and fe (W,f T’C (a, b). Then for almost every x&(a, b)

-1 1

f(x)= 27

Jir ) 6 yF o ay+ j(x 9" AGDE o)y .--(9)

where a, and by are as defined in Theorem 1.

Proof: set a(3)=max {a -+, - % 1, b(8) = min {b -8, % ! for sufficiently small

d>0,
then [o, B] = (a(3), b(3)) and (a(8))x = ax, (b(8))x = by
for each xe (a(d), b(d)), we have Vxe (a(d), b(d))

(ADK) =i J(a,0°) ) (- ¥ 0 )dy, where 0 <y <5,

1
k!

o> 1), L o= ) Ak, A, 0O )y

But £ exists on (a, b) by Lemma 5 of chapter one , wherek =1, ..., £ - 1
and by Lemma 4 (A,H" = A, (f®) on (a(8), b(8)) where k=1, ..., £.

consequently, Vx €(a(d), b(d))

DU -y) oly)dy— [£2(y)x- y)km(y)dy[

< l]}Ay (W) - 10 0= oy

; k k
<M, ﬂAY(fcf, )) - £¢ )}dy 50
o

asy— 0", wherek=1, ..., £- 1 and M, is independent of y and x , .

s



Analogously Vx e (a(8), b(8))

Joc= ) AGL YA, B ()dy - x -9 A YE (y)dy

b(d)
<M, | )Ay(féf)) . fcff)}dy -0
a(8)

asy— 0", where M, is in depend of y and x
Finally A,f — f almost everywhere on (a(8), b(8)). Thus (9) is valid almost
everywhere on (a(0), b(d)) and, hence, on (a, b) since U(a(&),b(&)) =(a, b)

« Bl
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