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Abstract

We have studied the statistical and squeezing properties of the light generated by
a three-level laser coupled to a two-mode vacuum reservoir. The three-level atoms
available in a closed cavity are pumped from the bottom to the top level by elec-
tron bombardment. We have carried out our analysis by taking the noise operators
associated with the two-mode vacuum reservoir in arbitrary order. Applying the so-
lutions of the equations of evolution of the cavity mode and atomic operators, we
have determined the global mean photon number, the global photon number vari-
ance, and the global quadrature squeezing of the one-mode as well as the two-mode
cavity light. In addition, we have calculated the local mean photon number, the lo-
cal photon number variance, and the local quadrature squeezing of the two-mode
cavity light.

We have found the maximum global quadrature squeezing of the two-mode cav-
ity light to be 37.5% below the vacuum level. This result happens to be less than
that obtained by putting the noise operators in normal order. On the other hand,
the global photon number variance calculated by taking the noise operators in arbi-
trary order turns out to be greater than that obtained by putting the noise operators
in normal order. In addition, our analysis shows that a large part of the mean and

variance of the photon number are confined in a relatively small frequency interval.

Furthermore, employing the density operator for the superposition of a pair of

two-mode cavity light beams, we have calculated the mean photon number, the



photon number variance, and the quadrature squeezing. It so happens that the
global (local) mean photon number of the superposed two-mode cavity light beams
is the sum of the global (local) mean photon numbers of the component two-mode
cavity light beams. On the other hand, the global (local) photon number variance
of the superposed two-mode cavity light beams is four times that of the separate
two-mode cavity light beams. Moreover, our results show that the global (local)
quadrature squeezing of the superposed two-mode cavity light beams is the same
as the global (local) quadrature squeezing of the component two-mode cavity light

beams.
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Introduction

Squeezed states of light have received a great deal of interest in recent years [1-4],
because in these states the quantum noise in one quadrature is below the vacuum-
state level at the expense of enhanced fluctuations in the conjugate quadrature,
with the product of the uncertainties in the two quadrature satisfying the uncer-
tainty relation. A light mode with reduced fluctuations in one quadrature has at-
tractive applications in noiseless communications and precision measurements [5-
6].

It has been intensively studied by different authors that various quantum opti-
cal processes can generate squeezed light [7-33]. Squeezed light can be produced
by quantum optical processes such as subharmonic generation [23-33], second har-
monic generation [2,4,29], and four wave mixing [2, 29]. It has been also found that
squeezed light can be generated by a three-level laser under certain conditions [7-
22]. A three-level laser is a quantum optical system in which light is generated by
three-level atoms inside a cavity usually coupled to a vacuum reservoir. When a
three-level atom makes a transition from the top to bottom level via the interme-
diate level, two photons are generated. The two photons are highly correlated and
this correlation is responsible for the squeezing of the light produced by a three-

level laser.



The statistical and squeezing properties of the light generated by a three-level
laser have been investigated by several authors. Some authors have studied a three-
level laser in which the top and bottom levels of the atoms injected into the cav-
ity are coupled by coherent light [8-14]. In addition, three-level lasers in which
three-level atoms initially prepared in a coherent superposition of the top and bot-
tom levels and injected into a cavity have been studied by different authors [14-22].
These studies indicate that the three-level lasers generate under certain conditions

squeezed light.

Fesseha Kassahun [7] has studied a three-level laser in which three-level atoms
available in a closed cavity are pumped from the bottom to the top level by electron
bombardment. He carried out his analysis by putting the vacuum noise operators in
normal order which renders the vacuum reservoir to be a noiseless physical entity.
He has studied the photon statistics as well as quadrature squeezing of the cavity
(output ) light. He has found that the light generated by the three-level laser op-
erating under certain conditions is in a squeezed state, with the maximum global
quadrature squeezing being 50 % below the vacuum-state level. Moreover, he has
shown that the local quadrature squeezing is greater than the global quadrature
squeezing. And the quadrature squeezing of the output light is the same as that
of the cavity light in any frequency interval. On the basis of this result, he has ar-
rived at the conclusion that the quadrature squeezing of the laser light is an intrinsic
property of the individual photons.

Finally, Fesseha Kassahun [4] has considered a three-level laser in which the top
and bottom levels of the three-level atoms available in a closed cavity are coupled
by coherent light. His study indicates that the three-level laser generates squeezed

light under certain conditions.



In this dissertation we seek to study the statistical and squeezing properties of
the light generated by three-level atoms available in a closed cavity and pumped
from the bottom to the top level by electron bombardment. We carry out our cal-
culation by taking the noise operators associated with the vacuum reservoir in ar-
bitrary order. We first determine the quantum Langevin equations and the equa-
tions of evolution of the atomic operators. Applying the solutions of these equa-
tions, we calculate the mean photon number, the photon number variances, and
the quadrature variances of the single-mode cavity light beams. Moreover, em-
ploying the solution of the quantum Langevin equation for the superposition of the
two single-mode cavity light beams and the solutions of the equations of evolution
of the atomic operators, we determine the global mean photon number and the
global photon number variance as well as the global quadrature squeezing of the
two-mode light. Using the same solutions, we also calculate the local mean pho-
ton number, local photon number variance, and local quadrature squeezing of the

two-mode cavity light.

Furthermore, we seek to investigate the squeezing and statistical properties of a
pair of superposed two-mode light beams produced by three-level lasers in which
the three-level atoms available in closed cavities are pumped from the bottom to
the top level by electron bombardment. We thus first determine the Q function
for the two-mode light beams. Then using the resulting Q function, we obtain the
density operator for a pair of superposed two-mode light beams. Applying this den-
sity operator, we calculate the mean photon number, photon number variance, and
quadrature squeezing of the superposed two-mode light beams in any frequency

interval.



Operator Dynamics

We consider the case in which N three-level atoms in a cascade configuration are
available in a closed cavity and pumped from the bottom to the top level by electron
bombardment. We represent the top, intermediate, and bottom levels of a three-

level atom by |a)g, |b)x, and |c), respectively as shown in Figure 2.1.

We assume the transitions between levels |a), and |b), and between levels |b);
and |c), to be dipole allowed, with direct transitions between levels |a), and |c);
to be dipole forbidden. We consider the case for which the cavity modes are at

resonance with the two transitions |a); — |b), and |b);, — |¢).-

We carry out our analysis by taking the noise operators associated with the vac-
uum reservoir in an arbitrary order. We first derive the quantum Langevin equations
for the cavity mode operators. Moreover, we determine the equations of evolution
of the expectation value of the atomic operators in terms of the cavity mode opera-
tors. We then obtain approximately valid expressions for the cavity mode operators.
Applying this result, we rewrite the equations of evolution of the expectation value
of the atomic operators in simplified forms. In addition, we wish to call the light
emitted from the top level light mode «; and the intermediate level light mode as;.
We finally include the effect of the pumping process on the the dynamics of the

atomic operators.



Figure 2.1: Three-level atom in a cascade configuration.

The interaction of the cavity modes with one of the three-level atom can be de-

scribed at resonance by the Hamiltonian

H =ig[6tFa, — ala,” + 61" ay — alayt), 2.1)
where
Go" = D) (al (2.2)
and
" = | (D] (2.3)

are lowering atomic operators, g is the coupling constant betweeen the atom and
the cavity modes, and @, and a, are the annihilation operators for the light modes a;
and a,. We assume that the cavity modes are coupled to a two-mode vacuum reser-
voir via a single port mirror. The quantum Langevin equations for the operators a;

and a, are given by [34]

d . i K. A

£a1 = —z[al,H] — 5@1 + Fl(t>, (24)
4 iy = —ifin, ] — Zaay + (1) 2.5)
dta2 = —t|ag, 2a2 2(t), .



where « is the cavity damping constant and F}(¢) and F}(t) are noise operators as-

sociated with the vacuum reservoir and having the following correlation properties

135].
(F1(1) = (By(t) =0, (2.6)

(F (O F (1) = (F (1) By (t) = 0, (2.7)

(B () (1)) = (B () FL (1) = ro(t — 1), (2.8)

(FOEN() = (B0 (1)) = (FL () FL (1)) = (B (t) B () = 0 (2.9)

Now in view of Eq. (2.1), we can put Egs. (2.4) and (2.5) in the form

d K .

0(t) = =5 (t) = go4(t) + Fa(t), (2.10)
Danlt) = —Zan(t) — 965 (1) + Byt 2.11)
EGQ()——§G2()—9%()+ H(1). .

Adding these two equations, we have

%a(t) - —gd(t) — g6 () + F(b), 2.12)
where
a(t) = ay(t) + as(t), (2.13)
6r(t) = 6%(t) + 65 (1), (2.14)
and
F(t) = Fy(t) + Fy(t). (2.15)

With F(t) satisfying the correlation properties
(F)FT()) = 260(t — 1), (2.16)

The operator defined by Eq. (2.13) represents the annihilation operator for the su-

perposition of light modes @, and a,. In addition, applying the relation

(A) = —i([A, H]) (2.17)



together with Eq. (2.1), we can readily establish that

E#%)ZQ@%ﬁ—g@%ﬁ+g@%®, (2.18)
d, . p A A At Ak
%@QZQWﬂﬁ—QWMﬁ—QWMJ, (2.19)
d ~k ~k oA ~k A
%<O’c> = g<ab CL1> - g(O'aCL2>, (220)
d ~th A ~t ok
E(na) - g<0a CL1> + g<a10a>7 (221)
Z{) = 9(6,"a2) — (61" an) + g(abey) — glalay), (2.22)
d St Stk
E<77c> = _9<‘7b a2> - g<a20b>7 (2.23)
where
o = |c)unlal, (2.24)
775 = |a)rx(al, (2.25)
M = b (D], (2.26)
s = |c)e{c|. 2.27)

We notice that Eqs. (2.18), (2.19), (2.20), (2.21), (2.22), and (2.23) are nonlinear

and coupled differential equations and hence it is not possible to find exact time-
dependent solutions of these equations. We intend to overcome this problem by
applying the large-time approximation [ 36]. Using this approximation scheme, we

obtain from Egs. (2.10) and (2.11) that

oy = 29k o 2

ar(t) = —=Lok(t) + = Fi(t), (2.28)
2 2 4

o () = —;g&{f(t) + = Ey(1). (2.29)

;#%@%*%@W»+%«%@ﬂ@%ﬂﬁwﬂwﬂﬁJ@ﬁwﬁa (2.30)



%wm»:—%wm»+%Q%wzmww%wnwwwﬂwﬁw0,esn
%wmw=—%w%»+%@ﬁwﬂwwwﬁwzwﬂ, (2.32)
%m@w:wmm»+%Qﬂ%ww»Hﬁwﬁ@Q, 2.33)

%mm»—~meﬂmmm»+%01%ﬁw»—@mﬁw»
HQ@%@%%T@&@O7 234)
GEO) =it @) - 2 (R + o), @39
where
Ye = 4—/32 (2.36)

is the stimulated emission decay constant. We can also write the above equations

in the form

040 = =040 + 22 (AW - BOAO + HOO ) + L0, @30

d Ve ~k 29 ( ko g NV Pt g\ Ak p
E%@=—;%@+;(m@z@-%@ﬁw—ﬂﬁhﬁ0+ﬁﬂ% (2.38)
%ﬁ@=—%ﬁ@+%¥%@Ew—ﬁwam)+ﬁw, (2.39)
b0 = b0+ 22 (¥ AW + Fl0otw) + f0, 240

iAk — ok -k 9 [ stk i k(g F

D3b(0) = () + 180 + 22 (610 ate) — O
+@@ﬁm—FMwmQ+ﬁ@, 2.41)
k0 =) - 2 (0RO + Hoon) +ho. @4

~ ~

where f4(t), f5(t), fo(t), fa(t), f5(t), and f.(¢) are atomic noise operators with a van-
ishing mean.

We next seek to obtain the expectation value of the product of an atomic oper-
ator and a noise operator involved in Egs. - (2.35). To this end, the formal

solution of Eq. (2.41) can be written as



. . ! N 29 (. .
b0 = o)+ [ ) + 2 (6 R

—6IM VR (t) + FY(E)or () — B (t)ok (t’)) + ﬁ(t’)} dt’, (2.43)

so that multiplying the above equation on the right by F;(¢) and taking the expecta-

tion value, we find

+<fb<t’>F1<t>>]dt'. 2.44)

It is not possible to evaluate the above integral unless we adopt some approxima-
tion scheme. To this end, ignoring the noncommutativity of the atomic and noise

operators [37], we see that

(S (E)an (¢ E1()) = (o3 (t) ES () E (1), (2.45)
(B (t)aa (1) EL (1) = (6, (1) EL () F1(1)). (2.46)
Then upon neglecting the correlation betweeen the atomic operators and the cav-

ity mode noise operators, assumed to be considerably small [37], we can get the

approximately valid expression as
(B (o (1) B (1) = (63 (1) (E5 (1) B (1)), (2.47)

(E(¢)6k () EL (D) = (65 () (L () B (1), (2.48)
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(31" () () F1(8)) = (a7 (1)) (Ea(t) Fa (1)), (2.49)

(G () F () Fi() = (61 () (P () R (). (2.50)

find

(F3 () Fu(1) = (B () (Fu(e), (2.51)

(B3(t)F1(1)) = (B(t))(F1(1)), (2.52)

(FJ()aE () Fu(t)) = (6F (¢ )W(EFF () (Fa(t)), (2.53)

(38" (&) Ea(¢) Fu(8)) = (63" () (Ea (1)) {F1(2)). (2.54)

Now on account of Egs. (2.6), (2.7), (2.9), Eqs. (2.43), (2.50), (2.53), and {2.54) can be

written as
(FI()op () Fi(1) =0, (2.55)
(Fl(#)es () Fu (b)) =0, (2.56)
(6" (1 Ex(¢) (1)) = 0, (2.57)
(IR FL(E)Fy(t)) = 0. (2.58)

Thus in view of Egs. (2.55)-(2.58), we can put Eq. (2.44) in the form

(i (O FL() = (5 (0)Fr (1)) e + /0 e et <%<ﬁf(t’)F1(t)>

+<fb<t’>ﬁl<t>>)dtﬂ 2.59)

Since the noise operator at a certain time does not affect the atomic operator at an

earlier time and the fact that f,(¢) and F}(¢) are uncorrelated, we have

(i (t)F1(t)) = 0. (2.60)
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We also see that

d,

(08 = —eloh),

E<Ub> = —57:(0y

d, ., 1.

A

£<Uc> = —§%<Uc>>

d . .
E<775> = —7.(iF),

d . . .
E(m’f) = —7(15) + 7 (k).
d ~k\ ~k
dt<m> = ()

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

We see that the noise operators associated with the two-mode vacuum reservoir do

not affect the dynamics of the atomic operators.

The three-level atoms are pumped from the bottom to the top level by electron

bombardment. The pumping process must certainly affect the dynamics of (/*) and

(7*). If r, represents the rate at which a single atom is pumped from the bottom to

the top level, then (/%) increases at the rate of r, (") and (/%) decreases at the same
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rate [4]. Hence taking into account the pumping process, Egs. (2.70) and (2.72) can

be rewritten as
d

) = =) + rali) (2.73)
and

d, N K

%Wc) = Ye{y ) — Tale)- (2.74)

We next seek to determine the effect of the pumping process on the dynamics of

the atomic operators 6* and 5F. Thus we rewrite Egs. (2.67) and (2.68) as

d R
Ec}gf(t) - —g&i;(t) +fue), 2.75)
d A

aa—{f(t) - —g&f(t) + fo(t), (2.76)

where f,(¢) and f,(¢) are noise operators with a vanishing mean and ;. is a parameter

whose value remains to be determined. Applying the relation
d d6ik(t) dé*(t)
Stk ~k _ [ %% \Y) k ~ 1k a
o <0a (t)o; (t)> < o O’a(t)> + <aa (1) o >, (2.77)

together with Eq. (2.75), we see that

{0t ) =~ Oak0) + (Fl ko) + GEOAD). 279

This can also be put in the form

d

i) = —n(il) + (DL 0) + (610 f1(1)). (2.79)

On the other hand, employing the relation
(i) + () + () =1, (2.80)

we can put Eq. (2.73) in the form

d
) = =) + ra(1 = () — () (2.81)
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Moreover, applying the large-time approximation to Eq. (2.71), we find

and on substituting this result into Eq. (2.81), we see that

LGE0) =~ + 2 D) + 7

Thus upon comparing Egs. (2.79) and (2.83), we have
p=Ye + 274,
(FLDa5 @) + (6 () = ra.
The formal solution of Eq.(2.75)can be written as

t
k() = 6k (0)e /2 4 ent/2 / eI f ()t

a a
0

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

so that multiplying both sides of this equation from the left by f;(¢) and taking the

expectation value, we get

A0 = (Fst o) 1 e [l fiear,

0

(2.87)

In view of the fact that a noise operator at a certain time does not affect the atomic

operator at earlier time, we find

Aneko) = e [ e P iflofna

0

Following a similar procedure, we easily establish that

(G1F(0) fu(t)) = e 2 / S ) () .

0

Hence substitution of Egs. (2.88) and (2.89) into Eq. (2.85) leads to

v Mg e [ g =r.
0

0

(2.88)

(2.89)

(2.90)
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Now we assume that
(IO L) = L)V AD).
Then in view of this, we write Eq. (2.90) as
t
2002 [ eI f, () = v
0
from which follows
(FAOFE)) =rad(t —1).
On the other hand, employing the relation
Atk sk _Jdolt@) N {0
i (ot = (5 stw) + (o),

along with Eq. (2.76), we have

(el 0at0) = -utal* w5t ) + (Fnak(o) + GO A0)

It then follows that

~

= (i (1) + (3035 (0) + (33" (1) f2(0))-

Now on applying the large-time approximation to Eq. (2.73), we find

Therefore, comparision of Egs. (2.96) and (2.99) leads to

f= e+ 274,

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)



15

This expression is equivalent to
(O fot) = rad(t —1).

Finally, upon adding Egs. (2.75) and (2.76), we have

in which

(2.101)

(2.102)

(2.103)

(2.104)

Upon summing Egs. (2.67), (2.68), (2.69), (2.71), (2.73), and (2.74) over the N three-

level atoms, we get

) = —lia),
d . 1 R
o) = = 57e(w),
d . 1
E<m6> _§VC<mc>a
d . . R
£<Na> = —Ye(Na) + 17a(Ne),

where

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)
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N
Ny =i, (2.115)
k=1
N
Ne=> ik 2.116
c — nc’ ( * )
k=1

The operators N,, Ny, and N, represent the number of atoms in the top, intermedi-
ate, and bottom levels. Moreover, applying the completeness relation described by

Eq. (2.80) we readily get

(N,) + (Ny) 4+ (N,) = N. (2.117)



One-Mode Photon Statistics and Quadrature Variance

We now seek to study the photon statistics and the quadrature variances of one-
mode light beams produced by a three-level laser coupled to a two-mode vacuum
reservoir. The three-level atoms available in a closed cavity are pumped from the
bottom to the top level by electron bombardment. Employing the solutions of the
equations of evolution of the atomic and the cavity mode operators, we calculate
the mean photon number, the variance of the photon number, and the variance of

the quadrature operators for light modes a, and a,.

3.1 One-Mode photon statistics

In this section we seek to determine the mean photon number and the variance of
the photon number of light modes @, and a,. To this end, making use of Egs. (2.108)

and (2.117), we see that

%<Na> = — (Ve + ) (N,) + 74(N — (N})) 3.1

and applying the large-time approximation to Eqgs. (2.108), (2.109), and (2.110), we

have
(N,) = 2(N), (3.2)
Ye
(Na) = (Ny), (3.3)

17



3.1 One-Mode photon statistics 18

(No) = =(N). (3.4)

Thus taking into account Eq. (3.3), we can rewrite Eq. (3.1) as

(N) = —(Ye + 27 (V) + 7N, (3.5)

e

The steady-state solution of this equation has the form

N ro N
<Na> = .
Ye + 21,

(3.6)

In addition, applying the relation

%<ai<t)a1<t)> - <d‘§f)a1(t>> n <a1<t>dd;ft)> 3.7)

along with Eq. (2.10), we have

F{aloa) = -salOamn - o GO + a0k

n (<Ff<t>a1<t>> @l <t>>). 58

Next we wish to determine an explicit expression for (57%(¢)a,(t)). Now upon
multiplying Eq. (2.28) on the left by 6/*(¢) and taking the expectation value of the

resulting expression, we see that

(B 0an() = — 2Lk (1) + (6O AD). 3.9

@ K

Now on substituting this result and its complex conjugate into Eq. (3.8), we have

F{al0u) = -salOamh +wlito) - 2 (GHono)

dt .

(] <t)éi:<t>>) n (<Ff<t>a1<t>> i <a§<t>ﬁ1<t>>). 3.10)

We next seek to determine the explicit form of (£ (¢)a,(¢)). To this end, we note

that the solution of Eq. (2.10) can be written as



3.1 One-Mode photon statistics 19

t
a1 (t) = ay(0)e "/ 4 e=rt/2 / em’/Q( —gokt) + Fy (t’))dt’. (3.11)
0

Moreover, multiplying this equation on the left by F! (¢) and taking the expectation

value of the resulting expression, we have

~

(Bl (D () = (Fl(8)ar (0))e™? + 6‘“/2/0 6“”2( —g(F{ (1)o, (1))

+(E](t)Fy (t’))) dt'. (3.12)

Since a noise operator at a certain time does not affect a system variable at earlier

time, we get

A

t
(F]()ay(t)) = e /2 / e (E () Fy())dt (3.13)
0

so that on account of Eq. (2.7), we see that

(Ff(t)aa(t)) = 0. (3.14)

(3.10) as

] <t>eri:<t>>). (3.15)

We next proceed to calculate the expectation value of the product of the atomic
and noise operators involved in this expression. To this end, multiplying Eq. (2.86)
on the left by £/ (¢) and taking the expectation value of the resulting expression, we

have

(Ff(1)35 (1)) = (F ()35 (0))e /2 + e71/2 / e HE ) dt (3.16)
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Since the two noise operators that appear in Eq. (3.16) are uncorrelated along with
the fact that a noise operator at a certain time does not affect system variables at
earlier time, we have

(F](t)6" (1)) = 0. (3.17)

Now in view of this result and its complex conjugate, we can put Eq. (3.15) in the

form

d /[ . A R
—<aia1> = —rlalay) e + e (k). (3.18)
k

(alay), = < (7). (3.19)

(@lar) = %(zm, (3.20)
where
N
(alar) = (alan)s. (3.21)
k=1

Hence making use of Eq. (3.6), the mean photon number of light mode «, is express-

ible as
~ Yef N
= — —— 3.22
1 p (77 + 2), ( )
in which
n=2X (3.23)
/r(l

We define the regime of laser operation with more atoms in the top level than
in the bottom level as above threshold, the regime of laser operation with equal
number of atoms in the top and bottom levels as threshold, and the regime of
laser operation with less atoms in the top level than in the bottom level as below

threshold [4]. Thus according to Eq. for the laser operating above threshold
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v. < 14, for the laser operating at threshold . = r,, and for the laser operating

below thresholdy. > r,. We note that for the laser operating well above threshold

(7. < 14), Bq. (3.22) reduces to

iy = e (3.24)
2K
and for the laser operating at threshold, we have
iy = SN, (3.25)
3K

We next proceed to calculate the variance of the photon number of light mode

a;. To this end, the expectation value of Eq. (2.86) is
t
(Ga()) = (G4 (0))e™/2 + e7/2 / () (3.26)
0

with the atoms considered to be initially in the bottom level, this equation reduces

to

(6k(t)) = 0. (3.27)

In addition, we see that the expectation value of Eq. (3.11) is expressible as

(an(t)) = (@ (0))e™/? + 72 / et 2( — (o) + (£ (t')>> ', (3.28)

0

so that on account of Egs. (2.6) and (3.27) along with the assumption that the cavity

light is initially in a vacuum state, Eq. (3.28) reduces to
(a1(t)) = 0. (3.29)

Hence in view of Egs. (2.10) and (3.29), we see that ,(¢) is a Gaussian variable with

zero mean. It can also be established in a similar manner that
(az(t)) = 0. (3.30)

On account of Egs. (2.11) and (3.30), we also observe that a,(¢) is a Gaussian variable

with zero mean.
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The variance of the photon number of light mode a, is defined by
(Am)? = (ajaralar) — (afar)? (3.31)
and on account of the fact that a,(¢) is a Gaussian varible with zero mean, we get
(Any)? = (alag)(@mal) + (al*)(al). (3.32)

We next seek to calculate the explicit expressions for (a;a!) and (a2). To this end,

applying the relation

a{mmato) = (0w + (a0 0, 39

together with Eq. (2.10), we have

+H(E(B)af (1) + (@ () E(1))). (3.34)

. N 2g ,. 2. .
(oE(al () = ==2(h) + = (FEOF (1), (3.35)
Moreover, multiplying the adjoint of Eq. on the left by F;(t), we find

(Fi(t)aj (1)) = (Fu(1)af(0))e ™/ 4 e7r/2 /0 et/ 2< —g(Ea(t)al (1)

+(F(t)F} (t’)>) dt'. (3.36)

It then follows that

A

t
(Fy(t)al(t)) = e "t/? / e 2(F () FI ()t (3.37)
0
Now on account Eq. (2.8), we write Eq. (3.37) as

~

t
(Fy(t)al (b)) = e /2 / e 2ot — t)dt! (3.38)
0
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and applying the property of the Dirac delta function
e 1
/ d(z —a)dr = = (3.39)
» 2
for g=a, we find
(Fy(Dal(t)) = g (3.40)
Thus substitution of Eq. and its complex conjugate as well as Eq. and

its complex conjugate into Eq. (3.34) results in

(@l = —(oal+ i) = 2 (ORI ) + @sH0)) +r A

Now we seek to obtain the expectation value of the product of atomic and noise
operators that appears in this equation. To this end, multiplying Eq. (2.86) on the

right by F/ (¢) and taking the expectation value of the resulting expression, we have
t
(G8 (0} F () = (35 (0) Y (t))e /% - e11/2 / )L (@)t (3.42)
0

from which follows

(R FI(t)) = 0. (3.43)

Thus substitution of this result and its complex conjugate into Eq. (3.41) leads to

d/. . . .
%<a1a1> = —&(alabk + 7C<77§(t)> + K. (3.44)
k

We see that the steady-state solution is

(aral)e = (k) + 1. (3.45)

(@al) = S(N,) + N, (3.46)

where

(@mal) =) (aal)y. (3.47)
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Following a similar procedure, we easily obtain

(@3(t)) = (al*(t)) = 0. (3.48)

Therefore, employing Eqgs. (3.20), (3.46), (3.48), and (3.3), the variance of the photon

number of light mode «, can be put in the form
(Any)? = 0% + Niy. (3.49)

From this result, we realize that light mode @, has super-Poissonian photon statis-
tics.
In a similar manner, we have found the mean photon number and the variance

of the photon number of light mode «a; to be
fio = %<Nb>, (3.50)

(Any)? = nn2 + Nns. (3.51)

We notice that light mode a; just like light mode a, exhibits super-Poissonian pho-
ton statistics. Moreover, in view of Eq. (3.3), we see that the mean photon number

of light mode a; and light mode a, is the same.

3.2 One-mode quadrature variance

In this section we proceed to calculate the quadrature variances of light modes a,
and a,. To this end, applying the definition of the commutator of two operators, we
see that

a1, al] = apal — ala,. (3.52)

Upon taking the expectation value of the operators on the right-hand side of this
equation, we have

lar, af] = ((@a]) — (alar)) (3.53)
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and in view of Egs. (3.20), (3.46), and (3.3), we see that
[a1,al] = N. (3.54)

The squeezing properties of a single-mode light are described by two quadrature

operators
Gy = ay +al (3.55)
and
a1 =i(al — ay). (3.56)
We can write
[y, 1] = [i(al — ay), 4y + all, (3.57)

so that employing the properties of commutators, we have

[dl—a &H-] = Z([div dl} + [d11-7 &J{] - [dla dl] - [dh d“) : (3.58)

[Av B] = _[Ba A]a (3.59)

we find

a1, a14] = —2i[ay, all. (3.60)

Thus substitution of Eq. (3.54) into Eq. (3.60) leads to
[a1_, a14] = —2iN. (3.61)

It then follows that

Aal_Aa1+ Z N. (362)

The quadrature variances are defined by

(Dare)? = (62,) — (a14)2. (3.63)
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This can be put in the form
(Dare)? = (@al) + (ajar) + (af) + (a]") — (@}) (@) — (@) (@f) F (@) F (@})* (6.64)
and in view of Egs. (3.29) and (3.48), we have
(Aays)? = (agal) + (alay). (3.65)
Now making use of Egs. (3.20), (3.46), and (3.3), we find
(Lare)? = 225(N,) + N. (3.66)
K
This can also be written as
(ACLH:)Q = 2’FL1 + N. (367)
This result shows that light mode «, is in a chaotic state.
Following a similar procedure, we also find
lig, 5] = 7:(<N> <Nb>) +N, (3.68)
(g, oy ] = 20 ('LC((NQ (N.)) — N), (3.69)
Aas_Nag, > %(Wb) AN N’, (3.70)
(Dags)® = % ((M) + <Nc>) + N. (3.71)
Now in view of Egs. (3.3] , and (3.6), we write Egs. (3.70) and (3.71) as
1-—
A(lg A(l2+ - Nm — N (372)
+1
Nasy)? = Loy ( 2 N :
(Dage)” = — (n+2) + (3.73)
Hence for a laser operating well above threshold, we have
Ve
ACLQ_ACL2+ Z -— (374)
2 _ e
(Aags)” = —N + N. (3.75)

2K
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On the other hand, Fesseha [4] has found, by putting the noise operators in nor-
mal order, the quadrature variances and the product of the uncertainties in the

quadrature operators for light mode a; for the laser operating well above threshold

to be
Aay_Nagy > 25N, (3.76)
2K
(Aass)? = 2EN. (3.77)
2K

We observe that light mode a, generated by the three-level laser operating well
above threshold is coherent. However, light mode a, generated by a three-level laser
operating well above threshold is not coherent when we carry out our analysis by

taking the noise operators in arbitrary order.



Two-Mode Photon Statistics

In this chapter we study the statistical properties of the two-mode cavity light pro-
duced by a three-level laser in which the three-level atoms available in a closed cav-
ity are pumped from the bottom to the top level by electron bombardment. We
apply the solution of the quantum Langevin equation for the two-mode cavity light
and the equations of evolution of the atomic operators to calculate the mean and

the variance of the photon number.

4.1 Global mean photon number

Here we seek to calculate the mean photon number for the two-mode cavity light
produced by a three-level laser coupled to a two-mode vacuum reservoir. To this

end, one can write

%<eﬁ<t>a<t)>k - <$a<t)>k ¥ <a* (124 >k (@.1)

and making use of Eq. (2.12), we find

%<&*<t>a<t>>k — (il aloh - o @00 + (0¥ 0a(0) )

+ ((&T(t)ﬁ(t)) + <FT(t)d(t)>). (4.2)

We now proceed to calculate the expectation value of the product of the atomic and
cavity mode operators. Application of the large-time approximation to Eq. (2.12)

28
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leads to

F(t), (4.3)

so that on multiplying the adjoint of this equation on the right by 6%(¢), we have

(@t (1)t (1)) = 2 <<ﬁ§(t)> n <ﬁz'f(t)>) + 2B 6k 1)), (4.4)

Y K
Thus substitution of this equation and its complex conjugates into Eq. (4.2) yields

d

+<&Tk(t)ﬁ(t)>> + ((&T(t)ﬁ(t» + <FT(t)a(t)>). (4.5)

We next seek to determine the explicit expression for (af(t) F'(¢)). To this end, the

solution of Eq. (2.12) can be written as
Kkt t st ~
a(t) = a(0)e™™/? 4 =% / ez ( — g™ () + F(t')) dt'. (4.6)
0

Now multiplying the adjoint of this equation on the right by £(¢) and taking the

expectation value of the resulting expression, we find

(@'(t)F(1)) = (@M (0)F()e ™/ 4 e/ /0 et/ 2( —g(a™(¢)F(1))

+(FT(t’)F(t))) dt'. (4.7)

Because the noise operator at a certain time does not affect a system variables at

earlier time along with Eq. (2.7), we see that
(at(t)F(t)) = 0. (4.8)

Hence on substituting this result and its complex conjugate into Eq. (4.5), we have
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2 ((FT(t)6k(t)> + <€r““(t)l3“(t)>)- (4.9)

K

We next proceed to determine the expectation value of the product of the atomic
and the cavity mode noise operators. To this end, the solution of Eq. (2.103) can be
written as

t

&*(t) = 6% (0)e 12 4 emht/2 / e M2 F(dt! (4.10)
0

and upon multiplying this expression on the left by F(t), we find
t
(F1@#)6" (1)) = (F1(£)6%(0))e /2 4 g1t/ / e P I2(ET () F())dt (4.11)
0

Since Fi(t) and f(¢') are uncorrelated and the fact that a noise operator at a certain

time does not affect a system variable at earlier time , we see that
(FT(t)6"(t)) = 0. (4.12)

Therefore, employing this result and its complex conjugate , we can put Eq. (4.9) in

the form

d

(@l (®a(t))r = —r(@ ®a(t))r + () + (A ())- (4.13)

The steady-state solution of this equation is
(@ (Halt))x = (k) + () (4.14)
and on summing over all atoms, we find

(@l (B)at)) = (Vo) + (V). (4.15)

K

On account of Egs. (3.20) and (3.50), we see that the mean photon number of

the two-mode cavity light is the sum of the mean photon numbers of light modes
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Mean photon number

Figure 4.1: Plot of n [Eq. (4.16)] versus r, for x = 0.8, N=30, and . = 0.5.

a; and a,. Moreover, we note that this result is identical to that obtained by Fesseha
[7] for the case in which the noise operators associated with the vacuum reservoir
are put in normal order. Hence we note that carrying out our analysis by taking
the noise operators associated with the vacuum reservoir in arbitrary order do not
affect the mean photon number of the two-mode cavity light. Taking into account
Egs. and (3.5), the mean photon number of the two-mode cavity light can be

putin the form

i =2Je <i) (4.16)

We see from this expression that the mean photon number in the cavity is zero in
the absence of the pumping process. This result also shows that the mean photon

number in the cavity increases with the number of atoms.

Moreover, the plot in Figure 4.1 indicates that the mean photon number of the
two-mode cavity light increases with r,. In Figure 4.2, we plot the mean photon
number of the two-mode cavity light versus r, for different values of ~,.. It is not

difficult to see from this figure that the mean photon number of the two-mode light
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Figure 4.2: Plots of the mean photon number 7 [Eq. (4.16)] versus r, for x = 0.8,

N=30, 7. = 0.5 (solid curve), and ~. = 1 (dashed curve).

increases with .. We see that for the laser operating well above threshold (. < ),

Eq. (4.16) reduces to

7= JleN (4.17)

and for the laser operating at threshold, we find

29,
n=2len. (4.18)
3K

4.2 Global photon number variance

Next we wish to calculate the variance of the photon number for the two-mode cav-
ity light. To this end, we first obtain the expectation value of the atomic operator

m.. We assume that the state vector of the three-level atom, put in the form [4]
V) ke = Cala)r, + Cy|b)r, + Celc)y, (4.19)

can be used to evaluate the expectation value of the atomic operator formed by a

pair of identical energy levels or by two distinct energy levels between which transi-
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tion with the emission of a photon is dipole forbidden. We can thus readily establish

that
(1la) = CaCy, (4.20)
(r) = CCs, (4.21)
(68 = ¢, Cr. (4.22)
We then see that
(652 = () (i) (4.23)

and on taking (6¥) to be real, we have
(6e) = V() (k). (4.24)

Finally on summing over k from 1 upto N, we get [4]

(ne) = \/ (No)(N,). (4.25)

Moreover, taking into account the expectation value of Eq. (2.13) along with Eqgs.

(3.29) and (3.30), we see that

(@(t)) = 0. (4.26)

Hence in view of Eqgs. (2.12) and (4.26), we see that a(¢) is a Gaussian variable with
zero mean. The variance of the photon number for the two-mode cavity light is

expressible as

(An)? = (a'aa’a) — (a'a)? (4.27)

and since a is a Gaussian variable with zero mean, the above equation can be putin
the form

(An)? = (a'a)(aa’) + (a'?)(a?). (4.28)
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We now proceed to obtain the explicit expressions for (a(t)a'(t)) and (a*(t)). To

this end, one can write

8 a0y = (MWt + (a0 429

together with Eq. (2.12), we get

%<d(t)€ﬁ(t)>k = —k(

Q>
—~
~
S~—
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pafiy
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SN—
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%(m@ﬁw»+@@ww0. 4.30)

We next seek to obtain the expectation values of the product of the atomic and the

cavity mode operators. Multiplying the adjoint of Eq. on the left by 6%(t), we

see that
N YR 2g k() Atk 2 ~k n
(0l (1)) = - 2L GO 0) + (D), (431)
from which follows
w%mw»:—@Q%mww%wQ+—wwww» (4.32)

(4.30) as

+ <<a(t)FT(t)> + <F(t)eﬂ(t)>) : (4.33)

Moreover, multiplying Eq. on the right by F(¢) and taking the expectation

value of the resulting expression, we find



4.2 Global photon number variance 35

(@()F'(1)) = (@(0)F1(t)e ™/ 4 e/ /0 et 2( — g(e* () F(t))

HEWF o) )ar .30
from which follows
(a(t)FH(t)) = e"/? /D t eI B () ET(t))dt (4.35)
Now in view of Eq. (2.16), one can put this equation in the form
(a(t)FT(t)) = 2me™"/? /0 t e 25t —t)dt! (4.36)
and applying the relation described by Eq. (3.39), we get

(a(t)FT(t)) = k. (4.37)

Therefore, on account this result and its complex conjugate, Eq. (4.33) can be writ-

ten as

f = —r(a(t)a' i i ~29( 5k ) B
(t>>k (a0 <t>>k+%<<m<t>>+<nc<t>>) (< (O (1))

SR
S
Q>
—
~
SN—
Q>

+<F(t)a—“f(t)>> + 2k. (4.38)

We next wish to determine the expectation values of the product of the atomic
and the cavity mode noise operators involved in this expression. To this end, on
multiplying Eq. (4.10) on the right by () and taking the expectation value of the

resulting expression, we arrive at
(6F(t)ET(t)) = 0. (4.39)

Finally, making use of Eq. (4.39) and its complex conjugate, we put Eq. (4.38) in the

form

i<a<t>fﬁ<t>> — {aa () + e (GEO) D) 2k (4.40)
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The steady-state solution of this equation is
(a(0)al (O = LG + ik (1) +2, (4.41)
and on summing over all atoms, we have

(a(t)a (1)) = (W) + (Re(6)) + 2N, (4.42)

Following a similar procedure, we also easily find
2w Ve a
(@ (t)) = ——(me(t)) (4.43)

and using Eqgs. (4.25) and (3.2), we arrive at

A~

(@) = 2=, [, (4.44)

K\ T4

Hence in view of Egs. (4.15), (4.42), (4.44), (3.2), and (3.6), the variance of the photon

number takes the form

N2 (2r2 + 37,7, N2 .
(Any? = (2N) Crat3nt) |0 Ta ), (4.45)
K (e + 2ra)? Ko\ e+ 2rq

We see from this expression that the variance of the photon number of the two-
mode cavity light increases with the number of atoms. Moreover, as clearly shown
in Figure 4.3 that the variance of the photon number increases with the stimulated

emission. The expression in Eq. (4.45) can be rewritten as
ﬁ2
(An)? = 2Nn + T (2 + 377) : (4.46)

It is not difficult to see from this expression that the two-mode cavity light exhibits
super-Poissonian photon statistics. We also note that unlike the mean photon num-
ber of the two-mode light, the variance of the photon number of the two-mode cav-
ity light is not the sum of the variances of the photon number of the individual light

modes. On the other hand, Fesseha [4] has found the variance of the photon num-
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(an)?

Figure 4.3: Plots of the variance of the phton number [Eq. (4.45)] versus r, for N =

10, k = 0.8, 7. = 0.2 (dashed curve), and ~. = 0.5 (solid curve).

ber of the two-mode cavity light by putting the noise operators associated with the

vacuum reservoir in normal order to be

(An)? = —(2+3n). (4.47)

NS

The expressions in Eqgs. (4.46) and (4.47) clearly indicate that the effect of carrying

out our analysis by taking the noise operators associated with the vacuum reservoir
in arbitrary order is to increase the variance of the photon number by 2N 7.

We note from Eq. (4.46) that the variance of the photon number for the laser

operating well above threshold is

(An)? = 2Nn + T (4.48)
in which 7 is given by Eq. (4.17) and for the laser operating at threshold
2 S
(An)* =2Nn+ il (4.49)

where 7 is given by Eq. (4.18).
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4.3 Local mean photon number

In this section we seek to obtain the mean photon number of the two-mode cavity
light in a given frequency interval. To this end, we first determine the power spec-
trum of the cavity light. The power spectrum of the superposed light modes a; and

as having the same central frequency w, is expressible as [36]

P(w) = lRe /OO dT(&T(t)&(t + T))Ssei(‘“’“")T. (4.50)
0

™

Now upon integrating both sides of this equation over w, we have

/OO P(w)dw = n, (4.51)

where 7 is the steady-state mean photon number of the two-mode cavity light. On
the basis of this result, we note that P(w)dw is the steady-state mean photon number
in the interval between w and w + dw [4]. Then the mean photon number in the

interval between ' = — ) and w’ = )\ is expressible as

+A
N4\ :/ P(w’)dw’, (452)
—-A

in which w’ = w — w,,.
We now proceed to calculate the two-time correlation function that appears in

Eq. (4.50). We observe that the solution of Eq. (2.12) can be written as
a(t+71) = at)e " 4 e77/? / e/ [ — g5 "t + 1)+ F(t+7)|dr'. (4.53)
0

Now on multiplying Eq. on the left by af(¢) and taking the expectation values

of the resulting expression, we see that
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(@' (ta(t + 1)) = (@' ()at))pe 72 + e/ /OT e/ [ —gla'(t)o"(t + ')

+a () F(t + 7")>] dr’ (4.54)

and on account of the assertion that a noise operator at a certain time does not

affect cavity mode variable at earlier time, we have
<dT(t)d(t + 7)) = (&T(t)d(t));ce_’”/2 — ge_’”/Q/ 6”7,/2<&T(t)€7k(t +7))dr’.  (4.55)
0

We next seek to determine the explicit form of (a'(¢)6*(t + 7')). The solution of

Eq. (2.103) can be put in the form

/

GE(t+7) = 6F(t)e HT /2 4 emHT /2 / "R E(E YT (4.56)
0

Now on multiplying this equation on both sides from the left by a'(¢), we have
(att)a" (t + 7)) = (al(t)" (t))e /2 4 e /2 /O . et 2G4 f(E+ 7)) dr". (4.57)
This equation can also be written as
(@t )e*(t+ 7)) = al(t)e*(t))e /2, (4.58)
Hence substitution of this equation into Eq. results in
(at(t)a(t + 7)), = (@f(t)a(t)) e ™2 — glal(t)a"(t))e /2 /0 t W24 (4.59)

and on carrying out the integration, we find

atDa(t + 1)) = @ Oa) e — 29 @t met ) (e — e 2. (.
(@ ()ae + ) = (@ (Da (o) 2l 0ot o) ). o0

Therefore, on account Eq. (4.4), we see that
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mwwat+7»k=<ﬁamu»wf“ﬂ+~éﬁ—(mﬂw>+@ﬁu»)

X (e“”/Q — e_m/2> — %(FT@)NU» (6_“7/2 - Q_HT/Q) (4.61)

so that making use of Eq. (4.12), we have

At AT\ A —rr/2 e [k ~k
(@t (Ot + 7)) = (@ (a(t) "2 + M(mxw»+maw0

K —

x (e/”/? _ em/"'). (4.62)

In view of Eq. (4.14), we put this equation in the form

@t (®)alt + 1)) = ( N ez Lﬂe—*ﬂﬂ) (@t (#)alt)) (4.63)

K— [ K —

and on summing over all atoms, we obtain

(a'(tya(t +7)) = ﬁ(ﬁ f ue*f”/? — %ﬂe”ﬂ) : (4.64)

in which 7 is given by Eq. (4.16). Thus substitution of this equation into Eq. (4.50)

yields

0

Re/ 6_[5/2—i(w—wo)}7d7}7 (4.65)
TIK— M ’

K= p

so that on carrying out the integration, the power spectrum of the cavity light turns

out to be
| & w27 w K/2m }
P = — : 4.66
O = G e e (.09
Now on introducing this result into Eq. (4.52), we find
K +A duw’ K +A dw’
Rlax =7 L L (4.67)
K—p2m J_y (/2?4 w? k—p2r J_\ (k/2)2+w
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Figure 4.4: Plot of z(\) [Eq. (4.70)] versus A for xk = 0.8 and . = 0.5.

and on carrying out the integration applying the relation

T dx 2 A
—  —Ztan M = 4,
/—A 2 + a2 atan (a)’ (4.68)
we have
T_L:t/\ = Z()\)T_l, (469)
where z()) is given by
z(\) = 2/ tan™"! (g> — 21/m tan™1 (%> (4.70)
K — [ % K= k

We note from the plot in Figure (4.4) that z(0.5) = 0.9288 , z(1) = 0.9878, and z(2) =
0.9983. Therefore, combination of these results with Eq. (4.69) gives rio5 = 0.92887,
n+; = 0.9878n, and ni, = 0.9983n. This shows that a large part of the mean photon

number is contained in a small frequency interval.

4.4 Local photon number variance

In this section we wish to calculate the photon-number variance of the cavity light

in a given frequency interval. To this end, we first obtain the spectrum of the pho-



4.4 Local photon number variance 42

ton number fluctuations of the cavity light. The spectrum of the photon number
fluctuations of the two-mode cavity light with central frequency w, can be written
as

1 o0 )
J(w) = —Re / dr(R(t), At + 7)) sse 7T, (4.71)
0

where

n(t) = a'(t)a(t). (4.72)

On integrating both sides of Eq. (4.71) over w, we find

/OO J(w)dw = (An)?, (4.73)
in which
(An)? = (A(t), 1(t)) ss (4.74)

is the steady-state photon number variance of the two-mode cavity light. On the
basis of Eq. (4.73), we note that J(w)dw is the photon number fluctuations of the
cavity light in the interval between w and w + dw. The photon number fluctuations

in the interval between ' = —)\ and ' = )\ can then be written as
A
(An)2, = / (o). 4.75)
“A
We note that
(at),n(t+ 7)) = (@ ®a)al (t + ralt + 7)) — (@ (®)a)) @' (t + r)alt + 7). (4.76)
Because a is a Gaussian variable with zero mean, we see that
(), a(t+71)) = @ @)a'(t + )M a@)a(t + 1)) + (@' ()alt + 7)) at)a (t + 7). 4.77)

Thus on account of Eq. (4.77), we can write Eq. (4.71) as
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J(w) = LRe /0 T (<a*(t)a*(t + IV a®alt + 7))

+(a' (t)a(t + 7)) (a(t)a’ (t + r)>) e/l (4.78)

We proceed to evaluate the two-time correlation function involved in this ex-

pression. Now on multiplying the adjoint of Eq. (4.53) on the left by af(¢), we have

(@t ()l (t + 1)) = (@' (t)al (t)) e "2 4 e ~7/2 /O " e { — g’ @)™t + 1)

+at (@) Fi(t + #))} . (4.79)

Because of the fact that a noise operator at a certain time does not affect cavity

mode operator at an earlier time, we get

(@' (@)al(t + 7)) = (@l (t)al(t)) e "% — ge /2 / dr'e" 2ot (ot (t + 7). (4.80)
0

We now seek to obtain an explicit expression for (af(¢)6™ (¢ + 7')). Upon multiplying

the adjoint of Eq. from the left by af(¢), we find

,7_/

(att)a™(t + 7)) = (al (&) (t))e #7124 e7r7/2 / dr"et™" 2@t () f(t + 7)), (4.81)
0

from which follows
(at()at™ (t + 7)) = (al (&)™ (t))e /2. (4.82)

Thus on substituting this result into Eq. (4.80) and carrying out the integration, we

get

(@' (@)al(t + 7)), = @l (t)al(t)) e /% — 52_—9”@* ()6 (1)) (e_’”/Q — e—m/?). (4.83)
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we wish to obtain the explicit expression for (a'(¢)5(t)). To this end, on multiplying
the adjoint of Eq. on the right by 61*(¢) and taking the expectation value of the

resulting expression, we have

(@ (1)5™(1)) = —2 (5 ()™ (1)) + (F (1) (1), 4.84)
This equation can be rewritten as
N ~tk 29, i 2, - ~tk
(a'(t)oT (1)) = —;(ai (1)) + ;<FT(t)O'T (1)). (4.85)

In addition, upon multiplying the adjoint of Eq. on the left by F'i(t), we see

that
(FH(6)6™ () = (FF ()6 (0))e /2 4 e7t/2 / e () )t (4.86)
0

from which follows

~

(ET(t)6™ (1)) = 0. (4.87)

Hence in view of this result, we can put Eq. (4.85) in the form
St 29 5tk
(@'(t)a™(t)) = —==(a1"(t)). (4.88)
Now on substituting this result into Eq. (4.83), we find

(at®)at(t + 7)) = (@2(t))ee ™2 + Rz—cﬂwm <e—l”/2 — e—'”/?) (4.89)

and on summing over all atoms, we get

at(D)al(t + 7)) = (@2()e "2 + (i) (e 7% — e/, .
@00+ 1) = (P + g ) e

Taking into account Eq. (4.43), this expression can be put in the form

@t )at(t + 7)) = @2()) <Le—w/2 - Lﬂe—mﬂ) . (4.91)

K — [ K —
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Following the same procedure, we can readily established that

K

eHT/2 Le—”ﬂ), (4.92)
K — I K — |

@t + 7)) = <a2<t>>(

(@(t)al(t + 7)) = <d(t)&T(t)>(ﬁe—m/2_ Kﬁ_ﬂ e_m/z)

9
S (6_’”/2—6_’”/2). (4.93)

On account of Egs. (4.64), (4.91), (4.92), and (4.93), we can put Eq. (4.78) in the form

An)? o0 2
J(w) = ﬂRe/ dr (Lelﬂ/? K em/Z) pilw—wo)T
0

m ) K —

_ % 2
+ER6/ dr [ - 2( " ) e '+ LMZ(B_(“WWQ
™ Jo K — [ (k— )

2
+2( " ) e—(ntnr/z 2R )ze‘”} gll=wo)r (4.94)

K= (5 —p

and on carrying out the integration, we arrive at
An)? ?
T K—p) 1?4 (w—w,)? K—p)\K—p

Gt (5) Fre—]

n_ Y H 2K (k4 p)/2
+w{ 2(“—/) B (w—w (R (5 )R+ (@ - w)?
Y (K +p)/2 _ 2kp K
+2(“—#) (k+p)?/d4 (w—wp)? (k— p)? /‘f2+(w—w0)2} (4.95)

Now on introducing this equation into Eq. (4.75), we find
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Figure 4.5: Plots oflocal photon number variance [Eq. (4.98), solid curve] and global
photon number variance [Eq. (4.46), dashed curve] versus A for k = 0.8, N=30, r, =

5,and . = 0.2.

An)? Ko\’ A dw
(B, = B w | Yo
m K= p 1Pt w
+A !
K 1 dw
(%—u>(ﬁ—u)(u+ﬁ)/_x (4 r)? /4 4w
L 2 +A dw’
+ o — a 2 2
u ) K tw
_|_E -2 K i /Ad_w/
T K — I . M w?
2K

+A do’
R N e

+(%iu)2(ﬁ+u) /j (m+u)d"’7,4+w'2

+A /
__2em / L} (4.96)

(e np" ) W rwr

And on performing the integration, we have
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et e 2G5 o ()2 () G (25)

dkp)m _1( 2\ ) 4 ( K )2 _1( 2\ )
+——tan + = tan
(kK — p)? K+ p T\K— i K+ p

4 mn (2
e (Kﬂ (4.97)

Applying Eq. (2.100), one can get

2 2|2 K ’ -1 A
(An)iy = (4n) |:7T K — (e + 2r,) tan Ve + 21,
() (Frm) e (G
— tan™' | ————————
T\K — %+27“a K — (e + 2r,) (Ve +2r,) + K
2/ e+ 2r, [ 4 K 2
e s) e (o[- =a)

4 .+ 2r, B 2
/17 + r)/ﬂmn (—)

xtan ! +
('yc + 2r, [k — (e + 2r4))?

K+ e + 21,

4 ( K )2 . ( 2\ ) 4 k(Y. +2r,)
+—| ———— | tan - —
T\ Kk — (Ve + 2r4) K+ (Ve +2r,) [k — (e + 214)]?

xtan ™! (3)] . (4.98)
K

We observe from the plot in Figure 4.5 that as ) increases, the local photon number
variance approaches to the global photon-number variance. We also note that a
large part of the photon number variance is confined in a relatively small frequency

interval.



Quadrature Squeezing

We seek here to study the quadrature squeezing of the two-mode cavity light pro-
duced by a three-level laser coupled to a two-mode vacuum reservoir. The three-
level atoms available in a closed cavity are pumped from the bottom to the top level
by electron bombardment. Using the solutions of the quantum Langevin equation
for the two-mode cavity light and the equations of evolution of the atomic opera-

tors, we calculate the global as well as the local quadrature squeezing.

5.1 Quadrature variance

Here we wish to calculate the quadrature variances of the two-mode cavity light. To

this end, employing the definition of the commutator of two operators, we have
[a,a] = aa' —a'a (5.1)

and on taking the expectation value of the operators on the right hand side of this
equation, we see that

[a,a'] = (aa') — (a'a). (5.2)

Thus in view of Egs. (4.15) and (4.42), we find

~ A

[a,al] = 2N + %(<NC> —(NLY). (5.3)

The squeezing properties of the two-mode cavity light are described by two

48
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quadrature operators
iy =a+al (5.4)
and
a_ =i(a' —a) (5.5)
The quadrature variances are defined by
(Aax)” = (a2) — (ax)” (5.6)
This can also be put in the form
(Day)® = £([a' +a*) F [{a") £ (@) (5.7)
and in view of Eq. (4.26), there follows
(Aax)? = (a'a) + (aa') + (a'?) + (a?). (5.8)
Now substitution of Eqgs. (4.15), (4.42), and (4.44) into Eq. (5.8) leads to
2 Ve % % % Ve Ve <
(Nag) = - ((Na> + 2(Vy) + <Nc>> +2N + 2; T—(Na>7 (5.9)
so that on making use of Eq. (2.117), we get
(Aas)? = 2N + 2N + () 228 [22(N). (5.10)
K K K\ g4
Now on account of Egs. (3.3) and (3.6), we see that
1£2
(Las)? = 2N + LN + kN(—\/ﬁ). (5.11)
K K n+2
This can also be written as
1+2
(hay)? =2N + LN+ EN(JF—\/T_’), (5.12)
K K n+2
1-2
(La_)? = 2N + %N 42 (—\/ﬁ) (5.13)

n+ 2



5.2 Global quadrature squeezing 50

Expressions (5.12) and (5.13) represent the variances of the quadrature operators
a, and a_ for the two-mode cavity light. We note that the squeezing occurs in the

minus quadrature.

Furthermore, employing Egs. (5.4) and (5.5), we see that
[a_,ay] = i([&T,&] — la, aT]). (5.14)

Thus employing Eq. together with the relation described by Eq. (3.59), we have

las,a_] = 21'(%(&) - %(NJ - QN), (5.15)
from which follows
AayDa > | Z(N,) — (N — 2N‘. (5.16)
K K

5.2 Global quadrature squeezing

We next seek to calculate the quadrature squeezing of the two-mode cavity light in
the entire frequency interval. On account of Eq. ({4.16), the two-mode cavity light is
in a vacuum state for r, = 0 and the variances of the quadrature operators for this
case are

(La 2. = (Aay)?, = 2N + %N. (5.17)

vac vac

We define the quadrature squeezing of the cavity light relative to the quadrature

variance of the vacuum state by [4]

Na )2, — (Da )
5=t “()X; )2( o) (5.18)

vac

Thus with the aid of Egs. (5.13) and (5.17), one can put Eq. in the form

2e

e (V.
S:%+2n( T s ) (5.19)
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Figure 5.1: Plots of quadrature squeezing S [Eq. (5.19)] versus r, for k = 0.2, 7. = 0.4

[dashed curve], and v. = 1 [solid curve].

We observe from this result that the amount of squeezing depends on the cavity
damping constant (x), the stimulated emission decay constant(~.), and the rate at
which an atom is pumped to the top level (r,). However, the quadrature squeezing
does not depend on the number of atoms in the cavity. Figure 5.1 shows the global
quadrature squeezing versus r, for different values of .. For fixed «, the amount of
squeezing increases with the stimulated decay constant. In addition, the amount of
squeezing increases from zero to its maximum value and then starts to decrease as
r, increases. The maximum squeezing is 37.5 % below the vacuum level for x = 0.2

and v, = 1.2. We can also put Eq. (5.19) in the form

e (Wﬁ — 1). (5.20)

T et 2R\ 2

On the other hand, Fesseha[4] has found the quadrature squeezing of the cavity

light by putting the noise operator associated with the vacuum reservoir in normal
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Figure 5.2: Plots of quadrature squeezing S [Eq. (5.21), dashed curve] and [Eq.

(5.20), solid curve] versus r, forv. = 1.2 and k = 0.2.

order to be

2n—1
S=—. 5.21
n+2 ( )

We note from Figure 5.2 that the two-mode cavity light is in a squeezed state for
r, > 0 and the maximum quadrature squeezing occurs when the three-level laser
is operating below threshold at r, = 0.3 . Moreover, the plots in Figure 5.2 indicate
that the quadrature squeezing is less when we put the noise operators associated

with the vacuum reservoir in an arbitrary order than in normal order.

5.3 Local quadrature squeezing

In this section we wish to calculate the quadrature squeezing of the two-mode cav-
ity light in a given frequency interval. We define the spectrum of quadrature fluctu-

ations for the two-mode light with central frequency w, by [4]

T

Si(w) = L e / (ax(t), Gz (t 4 7)) €@ dr. (5.22)
0
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Upon integrating both sides of Eq. (5.22) over w, we get

/00 Si(w)dw = (Aax)?, (5.23)
in which
(Das)® = (ax(t),ax(t))ss (5.24)

is the global quadrature variance of the two-mode cavity light at steady state. On
the basis of Eq. (5.23), we observe that S, (w)dw is the quadrature variance of the
light mode in the interval between w and w + dw [4]. The variance of the minus

quadrature in the interval between w’ = —\ and ' = )\ can then be expressed as

A
(Na )i, = / S_(w')dw'. (5.25)

Y
On account of Eq. (4.26), one can write

(ax(t),as(t +7))ss = (ax(t)as(t +7)). (5.26)

We now proceed to determine the two-time correlation function that appears in

Eq. (5.26). To this end, making use of Eqs. (4.64), (4.91), (4.92), and (4.93), we get

(as(t),as(t +7))ss = (Aai)Q( o hT/2 _ Lﬂe—m/z)

K— [ K —

2K
K—H

(e7HT/2 — grT/2), (5.27)

Thus in view of this result, we can put Eq. (5.22) in the form

1 2 ° ,
S (w) = — (= (Aa)? = == ) Re / dreW/2=itols
k= K= 0

9 - :
— — 0

and on performing the integration, we find the spectrum of the minus quadrature

fluctuations to be
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5_(w):l[( " (Aal) - 2/’%) /2

K= Ko=) (1/2)? + (W — w,)?

i (fiﬁu i . M(Aa_)2> (r/2)? f:/(i - wo)Q] ' (529

Now on introducing this result into Eq. (5.25), we have

s [(ear = e [ i o

2K I 9 / A duw’
— Aa_ 2 —_— . .
(2 e ear otz [ 30
And on carrying out the integration, applying the relation described by Eq. (4.68),

we get

(4& — ZM(AQ)Z) /T
tan™1 (QA) , (5.31)

K— K

where (Aa_)? is given by Eq. (5.13). Using Eq. (2.84), we can put Eq. (5.31) in the

form

(ca = <2“<A““’“)/”W( n )

T Kk (e +2ra) Ve + 21,
(45 —2(7e + 2ra)(Aa)2> /m 9)
tan™' = . 5.32
! k= (Y + 2ra) " ( ) 52

Moreover, the local quadrature variance of the vacuum state can be obtained by

setting r, = 0 in Eq. (5.32) and is given by
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Figure 5.3: Plots of the local quadrature squeezing S [Eq. (5.35)] versus A for v, = 1.2,

k=0.2,7,=0.3,and N = 20.

(2a: (QK(AM%“”“)/ZW(%)

vactX —
K=Y

+

(4’€ - 2/70<Aa’—>%ac) /7T
tan~* (%> . (5.33)

K=Y K

We define the quadrature squeezing of the two-mode cavity light in the ). fre-

quency interval by

(Aa—)?}aci)\ - (Aa_)i)\
(ACL_ )?;aci)\

On account of Egs. (5.32) and (5.33), we then see that

(5.34)

Sy =

’{_('Yc+27'a) Ye+2rq H_('Yc+27'a)

(2&(Aa)2—4n) /T <4n—2('yc+27‘a)(Aa)2> /T
tcml( 22 ) + tan™* (%)
.(5.35)

Spy=1-

R—"c c K—"%c

<2H(Aa’)12)ac_4"€> /7I' <4K’_2’YC(A0’)12)0,C> /ﬂ-
tan—1 (%> + tan—1 (%)

This represents the local quadrature squeezing of the two-mode cavity light. We

note from Figure 5.3 that the local quadrature squeezing is greater than the global
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quadrature squeezing. We also see from the same plot in Figure 5.3 that the max-
imum local quadrature squeezing is 40.25 % below the vacuum-state level and oc-
curs in the £0.01 frequency interval. Moreover, the local quadrature squeezing ap-

proaches the global quadrature squeezing as \ increases.



Superposed Two-Mode Light Beams

In this chapter we investigate the squeezing and statistical properties of a pair of
superposed two-mode light beams produced by three-level lasers coupled to a two-
mode vacuum reservoir. With the aid of the antinormally ordered characterstic
function defined in the Heisenberg picture, we first obtain the Q function of a two-
mode light. We then determine the density operator for a pair of superposed two-
mode light beams in terms of the Q functions. Applying the resulting density opera-
tor, we wish to study the squeezing and statistical properties of a pair of superposed

two-mode light beams.

6.1 The Q function

Here we seek to obtain, applying the antinormally ordered characterstic function
defined in the Heisenberg picture, the Q function of the two-mode light produced
by a three-level laser in which the three-level atoms available in a closed cavity are
pumped from the bottom to the top level by electron bombardment. To this end,

the antinormally ordered characterstic function is defined by
Ga(2) = Tr(pe %), (6.1)
On the other hand, for operators subject to the commutation relation

[a,a'] = A, (6.2)

57
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in which

A= %(NC — N,) + 2N, 6.3)

the completeness relation and the action of @ on the coherent states are respectively

given by [4]
R
=2 [asi818 (6.4)
and
alB) = AB|B). (6.5)

In view of Egs. and (6.5), we write Eq. as
Ga(2) = /dzﬁ)\Q()\ﬁ)exp(/\zB* —A\Z"p), (6.6)

where
QM) = ~(B1718) 6.7

is the Q function. Introducing a new variable « = \j, the antinormally ordered

characterstic function can also be written as

Pa(z) = d%%a)exp(za* — 2*a). (6.8)

Since @ is the inverse Fourier transform of the antinormally ordered characterstic

function, we have

Qla) = % /d2z¢a(z)exp(z*a — za’). (6.9)

We next seek to obtain the explicit form of the antinormally ordered character-
stic function for the system under considerations. Upon replacing the atomic oper-

ators by their expectation values in Eq. (6.3), we have

A= %«fvc) —(N)) +2N (6.10)
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and applying the Baker-Hausdorff identity to Eq. (6.1), we write the antinormally

ordered characterstic function as
Qba(Z,t) _ ef(Az*z)/Z<ez&T(t)fz*&(t)>. (611)

Since a is a Guassian variable with zero mean, this equation can also be put in the
form
2
ba(z,t) = e~ 2egp [—( <sz(t) - z*&(t)> >} : (6.12)
from which follows

ba(z,t) = e~ 2eqp B( (Z2€LT2(t) —zz*al (t)a(t) — 2" za(t)al (t) + z*Z&Q(t)) >} . (6.13)

In view of Egs. (4.15), (4.42), and (4.44) along with Eq. (6.10), we see that

ba(2,1) = exp|—az*z + b(2* + 2*?) /2], (6.14)
where
= %(<Nb> +(N)) + 2N (6.15)
and
b= % Z—;<Na>. (6.16)

On introducing Eq. (6.14) into Eq. (6.9), we have
)‘ dQZ * 2 *2 * *
Qo) = = | —exp[—az"z + b(2" + 2") /2 + 2"a — za’]. (6.17)

™ ™

Now employing the relation

d2
/ —zexp(—az*z + bz + c2* + A2* 4+ Bz*?)
T

1
1 2 abe + Ac® + Bb?
B Lﬁ — 4AB} e:cp( a’? —4AB )’ (6.18)

we find

(6.19)

A 1 —acra+ 3(a? + a?)
Qa) = ;(aQ _ bz)éexp[ a2 — b2

This represents the Q function of a two-mode cavity light.
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6.2 The density operator

We next proceed to determine the density operator for a pair of superposed two-
mode light beams produced by three-level lasers in wich the three-level atoms avail-
able in a closed cavity are pumped from the bottom to the top level by electron bom-
bardment. Let p'(a', a) be the density operator for one of the two-mode light beams.
Then upon expanding the density operator in the normal order and employing the

completeness relation for coherent states, we have

A \ R
p= _/dQ’YZCkl()\'V ) ) (vl (6.20)
4 kl
Employing the relation [4]
~l a l
[y {vla” = (A + 67*) s (6.21)

we put Eq. (6.20) in the form

o . 0
P = /\/dQVQ()\Y LAY+ 87*)|7><7|- (6.22)
We can also write Eq. (6.22) as
N 2 * 8
pr=X[ dQN My + W)D(v)\0><OID(—7)- (6.23)

We then realize that the density operator for the superposition of the first light beam

and another one is expressible as

O
)D(n)p'D(—n) (6.24)

p= A/dZWQ(An*,An+ e
1

and in view of Eq. (6.22), we find

) . 0 . a
p= Az/d%dQnQ(M Y+ =—)Q(An*, A+ an*)\7+77><77+7!- (6.25)
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Mirror

The first two-mode light beams

-
*

Y

Superposed two-
mode light beams

The second two-mode light beams

Figure 6.1: The superposed two-mode light beams, with x = 1 and « = 0 for the

upper and lower surfaces of the mirror respectively.

6.3 Global photon statistics

In this section we wish to obtain the global mean and variance of the photon num-

ber applying the density operator for the pair of superposed two-mode light beams.

6.3.1 Global mean photon number

We next seek to obtain the mean photon number for the superposed two-mode light
beams. To this end, applying Eq. (6.22), the expectation value of a given operator

function A(a', @) can be written as

. 0
(4) = A / QA" Ay + 8_7*)1471()\7*’ AY), (6.26)

where

n(A",Ay) = chm A 6.27)
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is the c-number function corresponding to A in the normal order. Introducing a

variable a = \v, we can put Eq. (6.26) in the form

A\ l 2 * i *
(A) = A/d 0Q(a* o+ As) (0 ). (6.28)

Now we write the mean photon number of the superposed two-mode light beams

employing Eq. (6.25) as
- 2 212 * 0 N 0 .
s =\ [ dyd"nQ(My", Ay + a—,y*)Q(/\U , A+ a—n*)TT [y +m{y+nle'e|, (6.29)

where

(6.30)

>
Il
Q>
+
>

It then follows that

9 ) 9
YQ(A", Ay +

e = A [ dPAd*nQ(0y, A
n ‘/ Yd QMY 7+aw< o

Yy +n'n+y"n+n"y) (6.31)

and using the new variables a« = Ay and g = \n, we get

1
g dad*BQ(a*, o+ A 0

) B
=2 aa*)Q(ﬁ,ﬁJr)\

op*

J(a*a + BB+ a* B+ B*a). (6.32)

The above equation can also be put in the form
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— _1 2 * a *
nS_X/d aQ(a ,oz—i-)\%)ozoz

0
0B*

0
Oda*

0
op*

1 * *
43 [ #8Q(En 5425

)

1
+X /dQOéQ(Oé*, a+ A

1
<3 [ #3005+ 3508

1 ) . 0
—i—X/d aQ(a ,oz—l—)\aa*)oz
0

1 2 * *
xx/d BQB*, B+ Ae) B (6.33)

op*
Now in view of Eq. (6.28), we find

fi, = (ata) + (bTb) + (@) (b) + (@) (b). (6.34)
Since the Q function of the two identical two-mode light beams have the same form,
we have
(a'a) = (b'D) (6.35)
and
(a) = (b). (6.36)
Thus the mean photon number of the superposed two-mode light beams can be
written as
ns = 2(a'a) + 2(a')(a). (6.37)
Hence in view of Egs. and (4.26), the mean photon number of the superposed

two-mode light beams take the form
- f)/c S \;
ne=2-¢ ((Na> + (Nb>). (6.38)

We see that the mean photon number of the superposed two-mode light beams is

the sum of the mean photon number of the component two-mode light beams.
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6.3.2 Global photon number variance

Next we wish to calculate the variance of the photon number for the pair of super-
posed two-mode light beams. To this end, the variance of the photon number is

expressible as

(An)? = (¢léete) —n?, (6.39)

where ¢ denotes the annihilation operator for the superposition of light modes a
and b. Applying the relation

¢, ¢ = 2], (6.40)

the photon number variance can also be written as
(An)? = (126%) + 2\n, — n?. (6.41)

Thus applying the density operator given by Eq. (6.25), we have

0 0
1252\ _ 16 2 2 % %
(¢e%) = A /d YANQAY", Ay + —av*)Q(Mz , A1)+ 3?7*)

X(72V*2+V27)*2+2727*77*+7*2772+27*2777

+29° 0" 0% + 2900 + 4yt + 0 n?). (6.42)

Then we can put this equation in terms of the variables « = Ay and g = A, as

1 0 0
AT222\ _ 2 72 * *
(c"=¢) e d”ad 5Q(a,a+)\aa*)Q(ﬁ,B+/\aﬁ*)
((1/20./*2—{—0(26*2 _'_2(1/2&*6* +a*252+2aa*2ﬁ
20 B* 3% + 2a86** + da*a S B + B2 B). (6.43)

Now on account of Eq. (6.28), we have
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(e%¢%) = (aa®) + (@) (b%) + 2(a'a®) () + (@) (5") + 2(a™a) (b)

+2(at) (bT0?) + 2(a) (0?b) + 4(afa).(b'b) + (bT20?). (6.44)
We note that
(a'?a®) = (b120?) (6.45)
and
(@%) = (b*). (6.46)

Thus employing Eqs. (4.26), (6.45), and (6.46), we can put Eq. in the form
(e2¢?) = 2(a™%a?) + 2(a'?)(a?) + 4(a'a)>. (6.47)
Hence in view of this equation, the variance of the photon number can be written
as
(An)? = 2(a"a?) + 2(a'?)(a%) + 2\ns. (6.48)
Since a is a Guassian variable with zero mean, one can write
(An)? = 4(a™)(a®) + n? + 2\, (6.49)
Now in view of Eq. (4.44), we get
(An)? = fig (s + Zns +2)) (6.50)
and making use of Eq. (6.10), we have
=2

(An)? = N7, + %(2 +3n). (6.51)

We notice that unlike the mean photon number, the variance of the photon number
of a pair of superposed two-mode light beams is not equal to the sum of the photon
number variance of the individual two-mode light beams. We easily observe that
the global variance of the the photon number of the superposed two-mode light

beams is four times that of the component two-mode light beams.
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6.4 Local photon statistics

We now proceed to obtain the local mean and variance of the photon number of the

superposed two-mode light beams.

6.4.1 Local mean photon number

In this section we wish to calculate the mean photon number of the pair of super-
posed two-mode light beams in a given frequency interval. The power spectrum of
the pair of superposed two-mode light beams with central frequency wy is defined
by

P(w) = L Re / h dr (1 (t)é(t 4 7)) g’ @07, (6.52)
0

(e

Upon integrating both sides of Eq. (6.52) over w, we find

/ Py(w)dw = 7, (6.53)

where 7, is the steady-state mean photon number of the superposed two-mode
light beams. On the basis of Eq. (6.53), we assert that P;(w)dw is the steady-state
mean photon number in the interval between w and w + dw. We can then write the

mean photon number in the interval between ' = —\ and w’ = + ) as

+A
T_ls:t)\ = / Ps(w’)dw’. (654)
-

We next seek to obtain the two time correlation function associated with Eq.
(6.52) for the pair of superposed two-mode light beams. To this end, in view of Eq.

(2.12), the quantum Langevin equations for light modes a and b can be written as

d ~ o K ~ ~k a
—alt) = —Za(t) — gk (1) + Fa(d), (6.55)
d -~ K~ ~k a
Zh(t) = —=b(t) — g5k (1) + Fp(t). (6.56)
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Here we replace 6% (t) by 6% (¢) and 6% (t) for light modes a and b respectively. Now
upon adding Eqgs. and (6.56), the equation of evolution of the cavity mode for

the pair of superposed two-mode light beams is

d . .
%é(t) = —gé(t) — g(&ﬂg(t) + &g(t)) + (FA(t) + FB(t)) (6.57)
The solution of this equation can be written as
4 7) = cge e [Carte ] g (e + oo+ o)
0
" (FA(t )+ Bt + T')H . (6.58)

Now upon multiplying this equation from the left by ¢(¢) and taking the expectation

value of the resulting expression, we have

(E et + 7)) = (E(@)et)) e /2 4 e7r/2 /0 e
. [ _ g(<e*<t>6iz<t )+ @ e+ T'>>)

- (<6T(t)FA(t + 7)) 4 (T (t) Fp(t + T/>>>:| . (6.59)

Because of the fact that a noise operator at a certain time does not affect system

variables at earlier time, we find

(@ (0)clt+ D = (OO - ge P [ e
0

X ((ef(t)&’/g(t + 7)) + (e () ok (t + T')>) . (6.60)

Next we wish to determine the explicit form of (¢ (¢)6% (t + 7)) and (& (¢)6%(t +

7')). Now on the basis of Eq. (4.56), we can write

/

(& ()ah(t+ 7)) = (@ () (0)e ™/ 4 e / " are () f(t+ 7)), (6.61)
0
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from which follows

ekt + 7)) = (@ @t)ek (t))e /2. (6.62)
It can also be verified in a similar manner that

@)kt + 1)) = (e ()ok())e /2, (6.63)
Thus substitution of Eqgs. and into Eq. yields

(E 0t + 7)) = (& (D)o g(<é*<t>ar§z<t>> n <éf<t>éz<t>>)

p—— / Ay 7 /2 (6.64)
0

and on carrying out the integration, we get

(@0ce+ 1) = (O = 2 (1050 + @ ab))

X <e_’”/2 - e_”T/Z). (6.65)

On the other hand, application of the large-time approximation scheme to Eq.

yields
o) = -2 (&g(t) + &,’;(z)) 42 (FA(t) + FB(t)) | (6.66)

K

2 (< (065 (1)) + <F;<t>&'z<t>>). (6.67)
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It can also be established in a similar manner that

(E 0t + 7)) = (e (e + e (<ﬁ§<t>> n <ﬁ5(t)>)

K=

x (/ - /) - % (< (054 () + (FL 034 (0)

K —

t)&,’g(t») (MT/? — em/?). (6.70)

We next seek to determine the expectation value of the product of the atomic

and the noise operators involved in this expression. To this end, taking into account

Eq. (4.10), one can write

(FL()a4 (1) = (FL(1)ah(0))e /2 7/ /t e IEN ) F () dt . (6.71)
0

Snice the cavity and the atomic noise operators are uncorrelated and the fact that
the noise operator at a certain time does not affect the system varibles at the earlier
time, there follows

(Fi(t)oh(t) = 0. 6.72)

(FL(t)eh(1) =0, 6.73)
(Fi(t)eh(t) =0, (6.74)
(FL(t)eh(t) = 0. (6.75)

Thus making use of Egs. (6.72), (6.73), (6.74), and (6.75), we write Eq. (6.70) as
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(@ (Ot + )i = (@ OO e + e ((77'5 (1)) + (il (t)>)

X (e—mﬂ - e—mﬂ) (6.76)

and on summing over all atoms, we find

@Wﬂdﬂ+ﬂ>=<§@ﬁﬁbe”””+3QL(U%@»+%NMUO

K= p
‘ (/ - /) 6.77)

This equation can also be put in the form

<éT (t)é(t + T)) == 7_15 (ﬁeﬂ”m - /{ﬁ—,ue_lm—/2) s (6.78)

so that substitution of this equation into Eq. (6.52) gives

Ps(w)zﬁ{ " Re / dre~2=iw—wolr _ K po / dTe[“/2i(““"°”T}. (6.79)
0 0

T|K— K —

Now on performing the integration, we arrive at

Pu(w) = Kl ( /2w )_ T ( K/2m ) (6.80)

K=\ (1t/2)? + (w — wp)? K—p\(£/2)? + (w—wp)?

Therefore, upon substituting Eq. (6.80) into Eq. (6.54), we have

_ ki, o [T dw’ T dw’
Ngr\ = o= — — — - (6.81)
K—u2m J_y (/22 +w? k—p2r J_, (k/2)?+w?
And on carrying out the integration, we find
Ngg) = ’FZSZ(/\), (682)
where z(\) is given by Eq. (4.70). This equation can also be written as
Mgy = 27_1i)\. (683)

We thus see that the local mean photon number of the pair of superposed two-
mode light beams is the sum of the local mean photon number of the individual

two-mode light beams.
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6.4.2 Local photon number variance

Next we wish to calculate the photon number variance of the pair of superposed
two-mode light beams in a given frequency interval. The photon number variance
of the pair of superposed two-mode light beams with central frequency wy is given
by

1 o 4
Jo(w) = —Re /O A (fng(t), s (t + 7)) g€ @007, (6.84)

™

On integrating both sides of Eq. (6.84) over w, we get

/+OO Js(w)dw = (ns(t), ns(t))ss- (6.85)

We note that (n4(t), ns(t))ss is the steady-state photon number variance of the pair
of superposed two-mode light beams. On the basis of Eq. (6.85), we realize that the
photon number variance of the pair of superposed two-mode light beams in the
interval between w and w + dw is Js(w)dw. Then the photon number variance in the

interval between —\ and +) is expressed as
+A
(An)?y, = / Js(w)dw. (6.86)
-\
We note that
(s (t), ns(t + 7)) = (T (®)e(t) e (t + T)e(t + 7)) — (T () e@)) (e (t + 1)é(t + 7). (6.87)
Now on taking the expectation value of Eq. (6.30), we have
(e()) = (a(t)) + (b(1)) (6.88)

and in view of Egs. (4.26) and (6.36), we see that

(@(t)) = 0. (6.89)
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Thus on account of Egs. (6.57) and (6.89), we see that ¢(¢) is a Gaussian variable with

zero mean. Therefore, we can put Eq. in the form
(Rs(t), ns(t 4 7)) = (@ () (¢ + 7)) (@(t)e(t + 7)) + (e (et + 7)) () (¢ + 7). (6.90)

We next seek to evaluate the two time correlation function involved in this ex-

pression. Now on account of Eq. (6.58), one can write

@A+ 7)) = e 42 [are
<[ ~a(@watker )+ @ ool )

+(<6T(t) P+ 7)) + (@) A;(t—i—T')))}. (6.91)

On account of the fact that the noise operator at a certain time does not affect the

system variables at an earlier time, we have

O+ 7)) = (2(t)) e /2 — ge /2 /0 e <<a*(t)c}jf(t + 7))

+<e*<t>&g’“<t+f’>>) 6.92)

We now proceed to evaluate an explicit expression for (¢t(t)6 (t+7)) and (¢ ()17 (t+

7')). To this end, taking into account Eq. (4.56), we can write

T/

ettt +1)) = @ @)alf())e 2 4 e / et 2 () f(t 4+ 7)) dT", (6.93)
0

from which follows
()l + 1)) = @)l t))e /2 (6.94)
One can also easily establish in a similar manner that

@6+ 7)) = (@ @)6lF@t))e /2, (6.95)



6.4 Local photon statistics 73

Now on substituting Egs. (6.94) and (6.95) into Eq. (6.92), we find

(@@t (t+ 7)) = (@ (8))re™? = g({& ()Gl (1) + (& () (1))

. / A 1072 (6.96)
0

and carrying out the integration, we get

@) (t+ 1) = (E2(t))re " — f_gu(<é*(t)5lk(t)> + (@ (o (1))

X (eHT/2 _ emrT/2) (6.97)

Next we seek to evaluate the explicit form of (¢f(t)s1](t)) and (¢f(t)51r (t)). Now

making use of Eq. (6.66), we have

2 (< 06T 0) + { ;W(t»). (6.98)

On the other hand, multiplying the adjoint of Eq. from the left by 7 (t), we

see that
t
(Fhaif (1) = (FL(1)alf (0)e/? 4 et/ / U PEN O (), (6.99)
0
from which follows

(Fi)atr@) =o. (6.100)

(FLt)alf () =o0. (6.101)

6 = =22 (5 )). (6.102)
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One can also easily verify in a similar manner that

Now on account of Egs. (6.102) and (6.103), we put Eq. (6.97) in the form

<6T(t)éT(t + T)>k = <éT2(t)>kefm'/2 + 2I€1_CN<6ik<t>><em-/2 . efm-/z)

and on summing over all atoms, we find

E@)et(t + 1)) = (e2(8))e % + 2,.67_—6”%1(’5»(6_”/2 _ e/,

This equation can also be written as

<6T(t)éT(t+T)>:<5T2(t)><ﬁe—m/2_ ﬁ e_m/z)'

Following a similar procedure, we readily establish that

<é<t>é<t+r>>—<é?<t>>( " /—LM/)

K — 1 K —

(e(t)e(t+7)) = <é(t)é*(t)>(Le—m/2_ Lﬂ €_m/2>

K — K —

—4 K e—m—/2 . e—m—/2 )
K —

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

Hence substituting Eqgs. (6.78), (6.106), (6.107), and (6.108) into Eq.(6.90), we find

<ﬁs(t>,ﬁs(t+¢)>:<6T2(t)><52(t)>( e B_W/Q)

K— K —

% Le—mﬂ _ Le—mﬂ Le—mﬂ _ Le—mﬂ (6.109)
K — [ K — [ K — [ K — [

or
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K — [ K —

2
<ﬁs<t), ﬂs(t + T)> = (An)g (LGMT/Q _ H €HT/2) . 477[
12

o gz P w2\ (B 2 R w2 (6.110)
K— K— h—H R H

Thus on introducing this equation into Eq. (6.84), we have

A 2 2 [ee) )
Js(w) = (Bn); [< " M) Re/o drelh—ilw—wo)lr

™ K —

—2( il ) ( a )Re /00 dre 15" —ilemwolr
K=p/)\K—H 0
2 00 .
+< a ) Re/ dTe_[”_z(“’_“’O)]T]
k=1 0

_4E {( k )QRe /OO e~ ln—ilw—wo)lT 1
0

T R— W

GG Re [ty
0

K o0 _ o
_< )2R6 e [(/J“+’€)/2 z(w wo)]’rdT
K—U 0

H(—) (=) Re / o lr—ilw—wlr g | (6.111)
k—p k—p o Jy

so that on carrying out the integration, we get

_(An)T Kk 1 K I (n+K)/2
Jo(w) = T (K—M) (1?4 (w — wp)? Q(K—u)(ﬁ—u)[(ﬂ—%ﬂ)/QP"‘(w—wo)2
[T K Ng LY 1%
+(/<5—M) /12-0-(00—000)2] _4? {(“_N> (% + (w — wo)?
K 1 (n+r)/2

—(—(

k—p' k= ()2 + (W — wo)?

—(——)? kL Py )—-E ] 6112)

E—p' [(k+w)/2P2+w—w))? ‘k—p k—p K2+ (w—wp)
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Therefore, on introducing this equation into Eq. (6.86), we find

(An)ser = (An); [( - M)2M /_+A o

s K — N 2t w?

K 1 +A dw’
‘Q(K—u)(m—u)(“"‘”% e ETE

+( L )2/1 /+/\ duw’
K — [ K24 w?
VLY LT /JrA _
T K— I H ) NQ +w/2

L [ ko

K= K= p [+ R8) 2P+ w?

) +A dw’
SPenl [

(= )n/_Hd—“/} (6.113)

K—p K — y K2+ w?

And on performing the integration, we have

(An)sir = (D)2 E (/@ - M>2mn—1(2) - %(H = M) (K - u>tan_1 (KTM)
+%(Hfu>2mn1<%>} +ﬁ5[— ;(Hiu>2mn1(2)
() (e (25) 2 () o (55)
_é(giu)(ﬁﬁﬂ)m"—l(%)} (6.114)

This can also be put in the form

(An)Z,, = 4(An)3,. (6.115)

This indicates that unlike the local mean photon number, the local photon number
variance of the pair of superposed two-mode light beams is not equal to the sum of
the local photon number variance of the individual two-mode light beams. We also
notice that the local photon number variance of the pair of superposed two-mode

light beam is four times that of the separate two-mode light beam.
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6.5 Quadrature Squeezing

Applying the density operator for the pair of superposed two-mode light beams and

using the relation described by Eq. (6.28), we calculate the global and local quadra-

ture squeezing.

6.5.1 Global quadrature squeezing

Here we calculate the global quadrature squeezing of the pair superposed two-

mode light beams. To this end, the quadrature operators for the pair of superposed

two-mode light beams are defined by
ey =¢él ¢

and

¢ =i(e —e).

Now the commutation relation of these two quadrature operators is
64, c_] = 2i[e, )

and on account of Eq. (6.40), we see that

[é+, C_] = 4AZ

It then follows that

AcyAc_ > 2.
The quadrature variances are defined by
(Acx)? = (&) — ()™
This can also be written in the form

(Acx)® = (cle) + (eel) & (e) £ (¢%) — 2(eT) () F (¢)* F (&)*.

(6.116)

(6.117)

(6.118)

(6.119)

(6.120)

(6.121)

(6.122)
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We next seek to calculate an explicit expressions for (¢¢7), (¢2), and (¢). Now applying

Eq. (6.25), we have

Y .
g (1 ledy ) (6.123)

0
(eeh) = N2 / Py dPnQ(My*, My + W)Q(An*, A+

and using the relation described by Eq. (6.40), we get

0
an*)<”+7|(éTé+ 2A) |y +1n). (6.124)

0
(ecty = X2 / PN’ X+ 5 )QO N

It then follows that

An * a * a * * * *
(eehy = X‘/dQ'denQ(M LAY + W)Q(An AN+ a—n*)('y Y4+ 0ty +n'n)

0 (6.125)

0
+207 [ Pyd*nQ(My*, My + 2=)Q(n", dn + 5=
on

Iy
On account of the variables « = Ay and = A\, we have

1

(eeT) = = /d2ad26Q(a*, a+ /\ai*)Q(ﬂ*, B+ )\8;*)(04*04 +a* B+ Bfa+ 5°P)
2 /d2 P*BQ(a*, o + Ai)Q(ﬁ* B+ A 0 ) (6.126)
3 Q o, a o , 95" .
Now in view of Eq. (6.28), one can write
(eety = (ata) + @M (®) + (") (a) + (b'b) + 2. (6.127)

Thus employing Egs. (4.26), (6.35), and (6.36), we have

(eehy = 2(ata) + 2. (6.128)
Following a similar procedure, we can establish that

(€) = (a) + (b) = 0, (6.129)

(&) = (@) + 2(a) (b) + (b*) = 2(a>). (6.130)
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Now on account of Egs. (6.37), (6.122), (6.128), (6.129), and (6.130), the quadrature

variances can be written as
(Dcw)? = 4(a'a) + 21 £2(a%) £ 2(a™). (6.131)

Finally, using Eqs. (4.15), (4.44), and (6.10), the quadrature variances of the pair of

superposed two-mode light beams can be put in the form

(Acs)? = 2| LE(N + (Vb)) + 2N + 2% k(zﬁg)} . (6.132)

K Ta

This shows that the quadrature variances of the pair of superposed two-mode light
beams are equal to the sum of the quadrature variance of the separate two-mode

light beams.

We seek here to obtain the quadrature squeezing of the pair of superposed two-

mode light beams. To this end, we see that for r, = 0, Eq. (6.132) reduces to

(Les)?, = 27N 4+ 4N, (6.133)
KR

vac

We observe that this is the quadrature variance of the vacuum state. We define the
quadrature squeezing of the pair of superposed two-mode light beams relative to

the vacuum state by
(D) — (Deo)?

vac

(Do)

vac

S, = (6.134)

Now on account of Egs. (6.132)and (6.133), the quadrature squeezing can be written

as

[ . (Wﬁ_l). (6.135)

Vet 28\ N2

The expressions in Egs. (5.20) and (6.135) indicate that the quadrature squeezing of
the pair of superposed two-mode light beams is the same as the quadrature squeez-

ing of the individual two-mode light beams.
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6.5.2 Local quadrature squeezing

In this section we seek to obtain the quadrature squeezing of the pair of superposed
two-mode light beams in a given frequency interval. To this end, the spectrum of
quadrature fluctuations for the pair of superposed two-mode light beams are de-
fined by

1 & .
See(w) =~ Re /O AT (s (£), Ea(t + 7)) s’ @07 (6.136)

where wy is the central frequency of the superposed two-mode light beams. Upon

integrating both sides of Eq. (6.136) over w, we get

+o0
Sex(w)dw = (Acy)?, (6.137)
in which
(Acs)? = (Ex(t), e (t))ss (6.138)

is the global quadrature variance of the superposed light modes at steady state.
From this result, we observe that S, (w)dw is the steady-state quadrature variance
of the superposed light modes in the interval between w and w + dw. The variance

of the minus quadrature in the interval between w’ = —\ to w’ = + )\ is then given by

+A
(Ae )iy = / Se_(w)dw'. (6.139)
-

We now proceed to evaluate the two-time correlation function that appears in Eq.

(6.136). Thus in view of Eq. (6.129), we see that
<éi<t),éi(t+7')>ss = <éi(t)éi(t+7')>ss. (6140)

This can also be written as
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(e (t), ea(t +1))ss = (el (B)e(t + 7)) + () (t + 7))

+(e(t)e(t 4+ 7)) £ (e ()el(t + 7). (6.141)

Hence upon substituting Eqgs. (6.78), (6.106), (6.107), and (6.108) into Eq. (6.141),

we find

(e7HT/2 — 7rT/2), (6.142)

Now on account of this equation, we put Eq. (6.136) in the form

1 4 = ,
Se(w) = —( A — )Re / drew/2mito—eollr
T\ K — p K= i 0

1/ 4 Y dre-lai
+= ( T (Aci)Q) Re / dre 15 7iwmwo)lr (6.143)
T\R—W K—U 0

and on carrying out the integration, we have

B K 2 4K pi/2m
Si(w) = <,€_M(A £) ;{—,u) (1/2)? + (w — w,)?
Ak [ ) K/2m
+<f<o —p K- MmCi) > (£/2)? + (W — wo)® o

Now on substituting this equation into Eq. (6.139), we have
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(Ac—);:( " (Aeyr— 2 )ﬁ/“ du

K — [ k—p)2m J_n (n/2)? +w?
4k L 9 K,/—M duw’
— Ac_)* | — . .14
+(H—u PR >)27r L 2P+ o= (6145

so that on performing the integration using the relation described by Eq. (4.68),

there follows

(Ac—ﬁﬂ:g( £ (Ac 2 )m—l(%)

TA\K— [ K — [

+2( v _# (Ac_)2>tan_l(g). (6.146)
T\K—H K—pp K

Now in view of Eq. (2.84), we write Eq. (6.146) as

9 . Ak 2
JVNE T (L ) W B LA PR
( ¢ >i>‘ W(/{—(’}/C+27"a)( C) H_(PYC+2T0,>) o (’}/C+2Ta>

2 4k Ye + 274 9 12X
— — Ac_)" |t — . 6.147
+7T(H_(70+2Ta) H_(70+2ra)( ¢ ) ) o (’L{ ( )

We then see that the local quadrature variance of the two-mode vacuum state is

(AC*>'L2)aci/\ = z( . (Acf>zac - o >ta’n1 (%>

TR =Y R —="%c Ve

TA\K =% K=" K

+3( % (Ac_)gac>tan1<%). (6.148)

We define the quadrature squeezing of the pair of superposed two-mode light

beams in the )\, frequency interval

(AC—)gaci)\ - (AC—)i\
(AC—)gaci)\

On substituting Egs. (6.147) and (6.148) into Eq. (6.149), we find

(6.149)

Ssir =
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2 (ﬂ(AC—)%achK) tan—l (%) + 2 (4K70(Ac—)%ac> tan—l <%)
s K—"Yc Ve s K—"c K

2 [ 4r—(yc+2ra)(Ac_)? —1( 2x
T ( k—(ve+2rq) )tan (?)
(6.150)

2 (/-c(Ac_Z%ac—&%)tanl (%) + 2 <_4’f_’Yc(_AC—)12mc>tanl <Q) .
m K—"Yc Ve s K—"%c K

We recall that

(Ac_)? =2(Aa)?, (6.151)

(A )2, =2(Na_)? (6.152)

vac vac*

Finally, in view of Egs. (6.151) and (6.152), we can write Eq. (6.150) as
k(Aa_)2—2k — >\
% ( ’i(_('Yc‘)FQ”'a) )tan 1(’70‘2‘!‘27’11)

k(Aa_)2, .—2k _ 2k—vc(Aa—_)2,. _
%(—( szy‘j )t(m l(i—i‘) —I—%(—Vﬁ(% ) )tan 1)

Ss:l:Azl_

T K—(Yet+2rq)

— : (6.153)
9 2
%(K(Aa;_);i62ﬁ)tan_l<i_i\) + %<2H’Y;(_A»yac_)mc>tan_l<%)

This expression is identical to the expression in Eq. (5.35). This indicates that the

2 <2”_(%+2T“)(Aa)2 ) tan™1(2)

local quadrature squeezing of the pair of superposed two-mode light beams is equal

to that of the local quadrature squeezing of the separate two-mode light beams.



Conclusion

In this dissertation we have studied the squeezing and statistical properties of the
light produced by a three-level laser coupled to a two-mode vacuum reservior. The
three-level atoms available in a closed cavity are pumped from the bottom to the
top level by electron bombardment. We have carried out our calculation by taking

the noise operators associated with the vacuum reservior in arbitrary order.

Applying the solutions of the equations of evolution of the atomic and cavity
mode operators, we have calculated the mean photon number, the variance of the
photon number, and the quadrature squeezing of the one-mode and two-mode
cavity light. We have seen that both light mode «; and light mode a, exhibit super-
Poissonian photon statistics. We have also found that the global mean photon num-
ber of the two-mode cavity light is the sum of the global mean photon numbers of
light modes @, and a,. Moreover, the global photon number variance, calculated by
taking the noise operators in arbitrary order, turns out to be greater than that ob-
tained by putting the noise operators in normal order. It has been also found that
as the frequency interval increases the local mean and local variance of the photon
number approach to the global mean and global variance of the photon number.
In addition, our analysis shows that a large part of the mean and variance of the

photon number is confined in a relatively small frequency interval. We have also
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seen that both the mean and variance of the photon number depend on the total

number of atoms.

The two-mode cavity light is in a squeezed state for r, > 0 and the maximum
quadrature squeezing occured at r, = 0.3 . Moreover, we have shown the maximum
global quadrature squeezing to be 37.5 % below the vacuum level for x = 0.2 and
v. = 1.2. This result happens to be less than that obtained by putting the vacuum
noise operators in normal order. It has been also found that unlike the mean and the
variance of the photon number, the quadrature squeezing does not depend on the
number of atoms. In addition, we have seen that the local quadrature squeezing,
in general, is greater than the global quadrature squeezing. We have also observed
that the maximum local quadrature squeezing is 40.25 % below the vacuum state

level and occurs in the + 0.01 frequency interval.

Furthermore, employing the density operator for the superposition of a pair of
two-mode cavity light beams, we have calculated the mean and the variance of the
photon number as well as the quadrature squeezing. It so happens that the global
(local) mean photon number of the superposed two-mode cavity light beams is
the sum of the global (local) mean photon number of the component two-mode
cavity light beams. On the other hand, the global (local) photon number variance
of the superposed two-mode cavity light beams is four times that of the separate
two-mode cavity light beams. Furthermore, our results show that the global (local)
quadrature squeezing of the superposed two-mode cavity light beams is the same
as the global (local) quadrature squeezing of the separate two-mode cavity light
beams. It is also found that superposing squeezed two-mode cavity light beams

leads to a more bright and squeezed light.
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