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Abstract

In this paper we study the multiplicity solution of the boundary value problem
u' +a(t)u + f(u) = 0; Bi(u(0)) —u'(0) = 0, By(u(b)) +u'(b) =0,

where 0 < t < b < 0o, By and By € C'[0,00),a € C[0,00) with a < 0 on [0,00) and
f € C[0,00) N CY(0,00) satisfy suitable conditions.
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Notations

R
N
R
2]

B<y07 CL)
C'[0, 00)
C'[0,00)

The set of all real numbers.

The set of all natural numbers.

n-dimensional Euclidean spaces.

Euclidean norm of ¢ = (t1,ty,...,t,) € R, ie. [t = O, t2)Y2.
Closed ball of radius a about the point yjg.

The set of continuous function on [0, c0).

The set of 1-times continuously differentiable function on [0, c0).



Chapter 1

Introduction

We cannot say that all problems in mathematics have a solution. And for those which
have solutions it is not such an easy task to know weather they have another solution
or not unless some specific criterion is in place. Indeed, the two dominating problems
in mathematics are existence and uniqueness, in general, of a solution to a problem
subject to some specific conditions.

A differential equation is an equation consisting of independent variable(s), dependent
variable(s) (or an unknown function(s)) and its derivatives. And depending on the
number of independent variables that occur in the equation or equivalently depending
on the type of derivatives that is (are) involved in the equation, differential equations
can broadly be classified in two groups as ordinary differential equation [ODE] and
partial differential equation [PDE] whereby the former ones are those consisting of only
one independent variable or those involving ordinary derivatives and PDEs are those
consisting of more than one independent variables or involving partial derivatives. In
ordinary differential equations (ODE) the two typical classes of problems are boundary
value problems (BVP) and initial value problems (IVP).[2]

Initial value problem of second order explicit equation is a problem of finding a solution
y(x) of

y = f(z,9,9)
subject to the conditions
y(a) = o,
y'(a) =7

A boundary value problem of linear second order equation is a problem of finding a
solution to a differential equation, for instance,

y' +a(@)y +ao(v)y = f(z), € (a,b)
subject to the boundary condition

Byt any(a) + asy (a) =,
By : ﬁﬂ/(b) + 52y/(b) =T2.



The subject of this paper is not to discuss ordinary differential equations as a whole,
rather to prove the uniqueness(multiplicity) of positive solutions of a class of ordinary
differential equations with nonlinear boundary conditions.

More precisely, we consider the uniqueness(multiplicity) of positive solutions of bound-
ary value problem
u +a(t)u + f(u) =0 (1.1)
By (u(0)) —u (0) =0 (1.2)
By (u(b)) +u'(b) =0

where 0 < t < b < oo. To this end, the following three conditions are supposed to be
true:

(C1) f € C[0,00) NC(0,00) with f(0) =0,

f(u) >0, wuf(u) < f(u), for u>0; (1.3)

(C2) a € C[0,00) with a(t) <0 for t > 0;
(C3) B; € C*0, 00) satisfies
B;(0) =0, B;(z) > 0 for x > 0,
B;(z) is nondecreasing on (0, 00)(i = 1,2).

Indeed, it is shown that if (C1)-(C3) hold, then problem (1.1), (1.2) has at most one
positive solution.

Here, we say u(t) is a positive solution of (1.1), (1.2), if u(t) > 0 on [0, b] and satisfies
the differential equation (1.1) as well as the boundary conditions (1.2).[7]

The proof of uniqueness(multiplicity) is based on the shooting method. The rest of
the paper is organized as follows. In chapter 2, we will define basic definitions, state
and prove some important theorems. In chapter 3, we will try to say very little about
the shooting method and properties of solutions of IVPs. The proof of uniqueness of
positive solution of BVPs will be given in chapter 4.



Chapter 2

Basic Concepts And Auxiliary
Notions

In this part we recall some concepts from analysis and state pertinent theorems, so as
to furnish the ground for the main work.

2.1 Definitions

Definition 2.1.1. [6/ The set S C R™, for m € N is compact if for each bounded
sequence {a,} there is a convergent subsequence {a,,,} of {a,} which converges in S.

Definition 2.1.2. /8] Suppose T C R™. A function f : T — R"™ satisfies a Lipschitz
condition in T if there is a constant L such that for any z,y € T,| f(z) — f(y)]| <
Lljz —yl|.

Definition 2.1.3. /3] Suppose S C R x R"™. A function f : S — R"™ which satisfies a
Lipschitz condition in x for each fized y, with a single Lipschitz constant L independent
of y, is said to satisfy a Lipschitz condition with respect to x in S.

Definition 2.1.4. /3] Suppose M C R x R" is open. A function f : M — R"™ which
satisfies a Lipschitz condition in x on each compact subset K of M is said to satisfy the
local Lipschitz condition with respect to x in M.

2.2 Existence and Uniqueness Theorems for I'VPs

The theorem which we state and prove in this section are very important in under-
standing the whole work of this paper.

Theorem 2.2.1. [4/(uniqueness Theorem for First order IVP)
Let I C R be an open interval, U C R™ be an open set and (zo,yo) € I X U be given
and ay,as > 0 such that

[to — a1, zo+ a1 ] CI and  B(yo,a2) C U.

Define K = [xg — a1, zo + a1] X B(yo, az).
If f: I xU — R"™ satisfies locally Lipschitz condition and
a2

M = = 1 —
I,I;aEXK ||f(l',y)||, Q mln{a'h M},

(z,y)
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then the initial value problem
y'(z) = fz,y) (2.1)
y(zo) = Yo

has a unique solution on [xy — a, xo + af.

Proof. i) existence
Define K = [xg — ay, 2o + a1] X B(yo, az) + is compact.
Since f: I x U — R" is locally Lipschitzian, it follows that it is continuous on K.
Let
M := max [|f(z,y)]|

(z,y)EK

Since f is continuous on the compact K, existence of M makes sense.

Now, we will show that a := min{a;, §2} satisfies the IVP. To this end, we employ
Picard Method of Successive Approximation.
Evidently (2.1) is equivalent to the integral equation

va) =wt [ fsy(s)as (22)
x0
If we set up the successive approximation, as follows

yo(ﬂf) = Yo
Unrr() = g0+ / F(5,yn(s))ds, n=0,1,2,... (2.3)

We can then verify (by induction) that the sequence {y,(z)} are well-defined for
|z — x| < a, and that (z,y,(x)) € K, |z — x¢| < a. In fact,

loa(2) — woll < / 1 (s, 50)lds < Mlz — o] < an,
z0

[y () — yol| < / 1 (s yn-1(s))||ds < M|z — 20| < a2, n=2,3, ..,
zo

if |2 — 20| < B.
One can also show that {y,(z)} is a Cauchy sequence for |z — x| < .

[ynr1(2) = yn(2)]| < /m 18, um(s)) = [ (5, yn-1(5))l[ds

< L/ Y () = Yn—1(s)||ds, n=1,2,..
o

and N
lo2(2) — o) < / 1 (s,90)lds < Mlz — o], |o — ol < a
zo
Thus
lya(@) — (@) < MLz — zol?/2), |o — 0] < o,
and

lys(2) = ya(2)|| < MLz — 2of*/3], |z — x0| < @,
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and, for n=1,2,...

MLz — 1 n+1 M (Lo n+1
o) = (o)) < H il < )

n + L (n+1)!
Thus, for 0 < m < n, we have
M & (L)t
lyn(2) = ym (@)l < 2 (5 1) |z — x| < @ (2.4)

Consequently the solution to the IVP is obtained as the uniform limit of {y,(z)}.
Cauchy’s criterion and (2.4) imply that

lim y,(z) = y(2)

n—oo

uniformly for z € [zg — o, 29 + @] and y(x) is continuous. In the equation (2.3), let
n — oo, we verify that y(z) is a solution to the integral equation (2.2). Thus y(z) is
differentiable and satisfies the IVP.

1) uniqueness
Recall that y is a solution of the initial value problem (2.1) implies that

y(z) = y(xo) + /x f(s,y(s))ds, Vxe J:=xg—ar,xo+ ai]

Let y1,y2 be two solutions to the IVP(2.1).
We want to show that y; =y, on J.

mw—mw=mmwwmm+/3@m@m~/3mm@m8

=/ﬂﬂam@»—f@wx@mm Vel

o

this implies
mmw—m@ms/ﬂu@w@»—ﬂam@mw
s/“uwm@—yxﬁw&

0

since f satisfies locally Lipschitz condition.
This implies




It follows that

=1 =0

= h(x) <0, since y(z) > 0 Vz.

g(z) <0

= |y (z) —ya(2)]| <0
= ||ly1(z) — y2(x)|| = 0 as g(z) > 0, Vz
= Y1 = Y2

Theorem 2.2.2. [4/(Uniqueness Theorem for Higher order IVP)
Let I C R be an open interval, U C R™ be open set. (xo,y0) € I X U be given, where
Yo = (wo, w1, Wa, ..., wpn—1) € R™, and ay,ay > 0 be constants such that [xo—ay, vo+a1] C
I and B(yo,az) C U.
If f I xU — R"™ satisfies the local Lipschitz condition, then the initial value problem

(n)

v = flayy .y oy
y(ifo) = Wo
y, (550) =w
y” (zo) = w2

y" Y (20) = Wy

has a unique solution on [xg — o,z + @.

O

(2.5)
(2.6)



Proof. First we transform equation (2.5) in to a system of n first order differential
equations for n functions y; (), y1(x), y2(x), ..., yn(z); such that

Y1 = Y2 (2.7)
ylz =Ys3
Z/,/l,l = Un

y7/1 = f($7917y2> 7yn)

Equation (2.5) and the system of equation (2.7) are equivalent in the following sense:
if y(z) is a solution of (2.5) then the vector function

Y= (y17y27 7yn) = (yvylhy/la -~7?/(n_1))

is a solution of (2.7). Conversely, if y is a (differentiable) solution of (2.7) and one sets
y1(x) := y(x) then y(z) is an n times differentiable,

(@), o\ () =y (@),

and equation (2.5) holds. And once after we have changed the n't order differential
equation to a first order differential equation, we can apply thm (2.2.1) to our case.
And with this we complete the proof. n

"

() =y (z), ys(z) =y

2.3 The Implicit Function Theorem

Theorem 2.3.1. [5/(Implicit Function Theorem)

let O be an open subset of the plane R? and suppose that the function f : O — R
is continuously differentiable. Let (xq,yo) be a point in O at which f(xg,yo) = 0 and
consider the expression f(x,y) = 0.

If %(l’o,yg) # 0, then exists a C' function y = g(x) defined on an open interval I
about the point xy such that
i) f(x,g(x)) =0 forallx in I
i) g(xo) = Yo
oy % (@y(@)) :
iii) g (v) = —9——=  forallx in I
Ty($vy($))
Proof. We assume that g—i(azo, yo) > 0. Since O is open and the function g—i :0O—=R
is continuous and positive at the point (xg,yo), we can choose positive numbers a and
¢ such that the closed square R = [zg — a,z + a] X [yo — a,yo + a] is contained in O
and
of : .
a—(cc,y) > ¢  for all points (z,y) in R. (2.8)
Y
It follows from the Mean Value Theorem for scalar functions of a single real variable
that

f(x,y) < f(z,2)  if |z —20[ <a and yo—a <y <y <yo+a. (2.9)
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In particular, since f(zg,yo) = 0, it follows that f(xg,yo —a) < 0 < f(zo,yo + a).
Moreover, the function f : O — R is continuous since it is continuously differentiable.
Thus, we can choose a positive number r less than a such that, if we let I = (xg —
r, T+ 1),

flz,y0o—a) <0< f(x,yo+a) forall zin I.

Let « be a point in I. Since f(z,y9 —a) < 0 and f(z,yo + a) > 0, according to
the Intermediate Value Theorem, there is some point y between yy — a and yy + a
at which f(z,y) = 0, and (2.9) implies that there is only one such point. Define g(z)
to be this point. This clearly defines a function g : I — R having properties (i) and (ii).

We now show that ¢g : I — R is continuously differentiable and that the differenti-
ation formula (iii) holds at the point zo . Indeed, let xy + h be a point in /. Then, by
definition, f(zo+ h, g(zo+ h)) =0 and f(zo, g(zo)) = 0. In particular,

0= f(zo + h,g(zo + h)) — f(xo, 9(x0))

According to the Mean Value Theorem for scalar functions of two real variables, there
is some point on the segment between the points (zg, g(x)) and (z¢ + h, g(xo + h)),
which we label p(h), at which

Flan + hglan+ ) = Flaogtan)) = 5HBONE-+ G (o0 lalan +B) — g(ao)]
But the left-hand side is 0, and hence,
Yp(h
g(zo 1 h) — glaxo) = ‘[é_%h;]h' (2.10)

Since the function % : O — R is continuous and the closed square R is a sequentially
compact subset of the plane, by the Extreme Value Theorem we can choose a positive
number M such that

of
ox

Using this inequality, together with inequality (2.8), it follows from formula (2.10) that

(z, y)‘ < M for all points (z,y) € R.

M
lg(z0 + h) — g(z0)]| < ?|h| if zo + hisin I.

Hence the function g : I — R is continuous at the point xy . Since the point p(h) lies
on the segment between the points (xg, (o)) and (xg+ h, g(xo+ h)), we conclude that

}Lli% P(h) = (550, yo)-

If we now divide (2.10) by h and use the continuity of the first-order partial derivatives
of f: O — R at the point (xg,yo), it follows from (2.10) that

lim g(xo + h) — g(z0) _ %(950, Yo)

h—0 h g_i(l‘()?y()) ’

which means that g is differentiable at z and formula (iii) holds at z. But any other
point x in the interval I satisfies the same assumptions as does the point xg , and hence
(iii) holds at all points in I. O



Note:- The assumption in Implicit Function Theorem that g—i(:z:o,yo) =# 0 can be

replaced by the assumption that %(xo, Yo) # 0 and the conclusion remains the same
except that the roles of x and y are interchanged.

Example 2.2.2. Consider the equation
exp(z—2+(y—1)?%) —-1=0, (z,y) inR~% (2.11)
Define
f(z,y) =exp(z—2+4(y—1)*) =1 for (z,y) in R%.

Then the point (z,y) is a solution of equation (2.11) if and only if f(z,y) = 0. Observe
that the point (2,1) is a solution of equation (2.11) and that

of _ of _
So(21)=1 and 8_y(2’1) = 0.

Implicit Function Theorem, with the roles of the variables x and y interchanged, implies
that there is a positive number r and a continuously differentiable function g : J — R,
where J is the open interval (1 —r, 1+ r), such that

exp (g(y) — 24 (y— 1)2) —1=0 forallyin J

Moreover, if (z,y) is a solution of equation (2.11) with |z — 2| < r and |y — 1] < r,
then 2 = g(y). Finally, ¢'(1) is determined by the formula

of , af B
8_I(27 1)9 (1) + a_y(Q’ 1) - 07

so g (1) = 0.

10



Chapter 3

The Shooting Method And
Property Of IVPs

Roughly speaking, shooting method is applying a numerical solution of initial value
problems to solution of a boundary value problem, assuming that there is a solution
for the given boundary value problem.

3.1 The Shooting Method

Consider a 2" order ordinary differential equation with boundary conditions
y' =flx,yy), a<z<b
yla) =
y(b) =3
where a, b, o, f are given constants, y is the unknown function of z, f is a given func-
tion that specifies the differential equation.

The basic idea of shooting method is to replace the above BVP by an IVP. But of
course, we do not know the derivative of y at x = a. But we can guess and then further
improve the guess iteratively.

More precisely, we treat y/(a) as the unknown, and use secant method or Newtons
method (or other methods for solving nonlinear equations) to determine y'(a).

We introduce a function u, which is a function of x, but it also depends on a parameter
t. Namely, u := u(x;t). We use v’ and u” to denote the partial derivative of u, with
respect to x. We want u to be exactly y, if ¢ is properly chosen. But u is defined for
any t, by
u = f(z,u,u)

u(a,t) = «

ul(a, t) =1t.
If you choose some ¢, you can then solve the above IVP of u. In general u is not the

same as y, since u (a) =t # 3y (a). But if ¢ is y (a), then u is y. Since we do not know
y'(a), we determine it from the boundary condition at 2 = b. Namely, we solve t from:

¢(t) = u(b,t) = 5= 0.

11



If a solution ¢ is found such that ¢(¢) = 0, that means u(b, t) = 3. Therefore, u satisfies
the same boundary conditions at x = a and x = b, as y. In other words, u = y. Thus,
the solution ¢ of ¢(t) = 0 must be t = y'(a).

If we can solve the IVP of u (for arbitrary t) analytically, we can write down a formula
for ¢(t) = u(b,t) — 5. Of course, this is not possible in general. However, without
an analytic formula, we can still solve ¢(¢t) = 0 numerically. For any ¢, a numerical
method for IVP of u can be used to find an approximate value of u(b,t) (thus ¢(t)).
The simplest method is to use the secant method.

ti=1 b=t
=t —
TR 6(ty) — o(ty )
For that purpose, we need two initial guesses: ¢, and t;. We can also use Newtons
method: o(t)
b =t — 5,
T8
We need a method to calculate the derivative ¢(t). Since ¢(t) = u(b,t) — 3, we have
/ ou ou
t)= —(bt) — 0= —(b,t
80 =Sk 1)~ 0= 2 0)

If we define v(zx,t) := %7 we have the following IVP for v:

¢(tj)> .7: 152737"'

=0,1,2, ...

/

v o= fu(x,u,u,)v + fu/(x,u,u/)v
v(a,t) =0
v (a,t) =1

Here v and v” are the first and second order partial derivatives of v, with respect to
x. The above set of equations are obtained from taking partial derivative with respect
to x for the system for u. The chain rule is used to obtain the differential equation of
v. Now, we have ¢ (t) = v(b, t).[8]

3.2 Some Properties of Solutions of IVPs

In this section we state and prove the preliminary lemmas and some remarks which
together helps us to prove the main result.|7]

Remark 3.2.1. Condition(C3) implies that B;(z) > 0 for z > 0(i = 1,2).
In fact, we have from B;(0) = 0 and B;(z) > 0 for > 0 that

0) — Tim Bi(x) — B;(0)

B;(0) = lim ———
B
= lim i)
z—0 x



This together with the assumption B;(z) is nondecreasing on(0, co) implies that B;(x) >
0 for x > 0.

To apply the shooting method, we need some properties of the solutions of the
initial value problem

u' +a(t) + flu) =0 (3.1)
u(0) =17 (3.2)
u (0) = \.

Lemma 3.2.1. Let a € C[0,0), f € C[0,00) N C(0,00) with f(0) =0 and f(s) >0
for s > 0. Let n € (0,00) and A € R be two given constants. Then (3.1),(3.2) has a
unique solution u satisfying either

(I) u(t) > 0 fort € [0,00); or

(I1I) there exists p € (0,00) such that

u(t) >0 ontel0,p), ulp)=0, u(p)<0. (3.3)
Proof. For any r € (0,00), let
Q. = {(t,u,p) |t € [0,7],u > 0} (3.4)
and consider the function F' on €2, defined by
F(t,u,p) = a(t)p + f(u). (3.5)

First we need to show that F' satisfies the locally Lipschitz condition in €2,
a) consider (z,u1,p), (z,us,p) € Q,, then

|[F(t,ur,p) = F(t,uz,p)| = la(t)p + f(u) — a(t)p — f(u2)]
|

||U1—U2’, Ul#uz

Now applying the mean value theorem, we have ¢ € (uq,ug) such that

|F(t,uy,p) — F(t,uz,p)| = f'(¢)|uy — ual.

This implies that F satisfies locally Lipschitz condition in €2, with respect to w.
b) consider (x,u,p1), (x,u,ps) € ,, then

|F(t7uap1> - F(t7u7pl)|

@ |

(t)pr + f(u) —a(t)pr — f(u)]
(t)p1 — a(t)ps]
a(t)|[pr — pal-

QI

Since a is continuous in [0, 00) it is bounded in each compact subset of [0, 00).
This implies there exists a positive real number k such that |a(t)| < k.
Thus

|[F(t,u,p1) — F(t,u,p1)| < klp1 — pal-

Therefore I satisfies locally Lipschitz condition in €2, with respect to p.

13



Hence F' satisfies locally Lipschitz condition in €,. And by theorem 2.2.2 (3.1),(3.2)
has a unique solution u(t) such that one of the following cases must occur

(i) w > 0 on [0,00);

(ii) there exists p € (0, 00) such that u > 0 on [0, p), and lim,_, ,- u(t) = 0;

(i) there exists T' € (0, 00) such that u > 0 on [0,7"), and lim sup,_,,— u(t) = oc.
We claim that (iii) can not occur.
Assume on the contrary that (iii) occurs, then

lim sup ' (t) = oo. (3.6)

t—T—

On the other hand multiplying (3.1) by exp (fot a(s)ds), we have that
t

(ul(t) exp (/Ot a(s)ds))l + exp (/0 d(s)ds) f(u)=0, tel0,T) (3.7)

this implies that

(ul(t) exp (/Ot&(s)ds>)/ = —exp (/Ot &(s)d:;) f(u)

which together with the condition f(s) > 0 for s > 0 implies that

(ul(t) exp (/Ota(s)ds>>/ < 0.

It follows that
t
u (t) exp (/ a(s)d5> is srtictly decreasing on [0,7). (3.8)
0

However this contradicts the fact (3.6).
Therefore either (i) or (ii) must occur.

Suppose on the contrary that (i) occurs and u'(p) = 0. Using the similar argument
of proving (3.8), we conclude that u (t) exp( fg a(s)ds) is strictly decreasing on [0, p).
This implies

’

t
u (t) exp (/ a(s)ds) >0 on [0, p) (since by assumption u (p) =0)
0

It follows that

’

u (t) >0, on|[0,p)

This implies u(t) is increasing and

u(0) =6 < lim u(t) = 0.

t—p—

However this is a contradiction. Therefore u'(p) < 0 if (i) occurs. This completes the
proof. O

14



In order to prove uniqueness of positive solution of BVPs, we introduce an initial
value problem

W +at) + fu) =0 (3.9)
u(0)=a >0 (3.10)
' (0) = Bi(a).

For any o > 0, we know from Lemma 3.2.1 that (3.9), (3.10) has a unique solution u
such that one of the cases occurs:
(i) u > 0 in [0, c0);
(ii) there exists a unique p = p(a) € (0, 00) such that u(t) > 0 on [0, p),u(p) =0
and u'(p) < 0.

Now let us define T, by

T - oo, if (i) occurs (3.11)
p(a), if (ii) occurs

and
u(t, ) = u(t).

From a > 0, we have that
u(0,a) =u(0) =a >0

u' (0,0) = u (a) = By(a) >0,

and consequently
By(u(0,)) +u (0,0) = By(a) + By(a) > 0. (3.12)

Now (3.12) together with continuity of By, and w implies there exists € € (0,7,,) such
that
Bo(u(t,a)) +u (t,a) >0, t€]0,e€). (3.13)

Denote
B(t,a) = By(u(t,a)) + u (t, ). (3.14)

When B(t, ) vanishes at some ¢ € (0,7,), we define b(«) to be the first zero of B(t, «)
in (0,7,). More precisely, b(«) is a function of o which has the properties

B(b(a),a) =0, B(t,a)>0, tel0,ba)). (3.15)

If B(t,«) is positive in [0, 7, ), then we define b(«) = Ty,
Let
N:={a:a>0, bla) < T,}. (3.16)

We recall that u(t, ) is a positive solution means u(t,«) > 0 in [0,b]. So in the case
B(T,,a) =0, u(t,«) is not a positive solution of (1.1),(1.2) since u(T,,«) = 0. Hence
we suppose N # &.

Remark 3.2.2. It is worth remarking here that if (ii) occurs, and accordingly
u(p(a),a) = 0, then b(a) € (0, pla),

B(b(a),a) =0, B(t,a)>0 on [0,b(«)). (3.17)
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)
B(p(a), ) = Ba(u(p(e), a)) +u
(0) + o

2 ),
(p(@),a)) <0, (3.18)
which together with
B(0, ) = By(u(0,a)) +u (0,a) = By(a) + Bi(a) >0
and the Intermediate Value theorem assures the zero of B(t, «) in (0, p()).

Lemma 3.2.2. Let (C1)-(C3) hold and let o € N. Let u(t,«) be the unique solution
of (3.9),(3.10) on [0,T,). Then

u(t,a) >0, te[0,b(a), (3.19)
u (b(), a) < 0.
Proof. By remark 3.2.2, b(«) € (0, p(«v)). Applying lemma 3.2.1, we get
u(t,a) >0, tel0,bla). (3.20)
Now, from the definition of b(«), we have
B(b(a),a) = By(u(b(a),a)) +u (b(a), o) =

This implies

u (b(), @) = = Ba(u(b(e), @)).
But from equation (3.20) and (C3)
By (u(b(ar), ar)) > 0.

It follows that

/

u (b(a),a) <0. (3.21)
[

Lemma 3.2.3. Let (C1)-(C8) hold. Let u(t,a) be the unique solution of (3.9),(3.10)
on [0,T,). If n € (0,T,) is such that

B(n,a) =0, (3.22)

then
B(t,a) >0, te]|0,n). (3.23)

Proof. Multiplying (3.9) by exp (f(f a(s)ds) gives

(ul exp (/Ota(s)ds>>l + exp (/Ot a(s)ds)f(u) = 0. (3.24)

Since u(t,a) > 0 for all ¢ € [0,7n] and equation (3.24) together with (C1), we have
, t ’ t
(u (t, ) exp (/ a(s)ds)) = —exp (/ a(s)ds)f(u(t,a)) <0, Vte]|0,n]. (3.25)
0 0

16



To show
B(t,a) >0, te€][0,n).

Suppose on the contrary that there exists 75 € [0,7) such that

B(7y, @) = By(u(ry, @) + u (12, a) = 0. (3.26)
Then we have from condition (C3) and the fact u(7, @) > 0 that
U (19,0) = —By(u(re, @) < 0 (3.27)
and accordingly
u (13, @) exp (/ a(s)ds) < 0. (3.28)
0
This together with (3.25) implies that
, t
w (t, ) exp (/ a(s)ds> <0, t€][mn,mn) (3.29)
0
and consequently
u(t,a) <0, te[m,n) (3.30)
This implies
u(Te, o) > u(n, a). (3.31)
By remark 3.2.1 and (3.31), we get
By(u(r2; ) =2 Ba(u(n, ). (3.32)
From (3.30) and (C1)-(C2) and the fact u” (t, o) +a(t)u'(t, ) + f(u(t, a)) = 0, we have
W (ta) = —a(t)u (t,a) — flult,a)) <0, t€ [m,n] (3.33)
and consequently
ul (7—27 Oé) > U’l (777 Oé), (334)
which together with (3.32) implies that
B(r,a) = By(u(m, @) +u (12, )
> By(u(n, a)) + (,0)
= B(n,a)=0. (3.35)
However this contradicts (3.26).
Thus
B(t,a) >0, t€]0,n).
[
Remark 3.2.3. From Lemmas 3.2.2 and 3.2.3, we have that if n € (0,7,) satisfies
B(n,a) = 0. (3.36)
Then
n = b(a). (3.37)

In other words, if @ € N, then b(«) is the unique zero of B(t,a) = 0 in [0, p(«)).
Therefore to prove that (1.1), (1.2) has at most one positive solution, it is sufficient to
show that for any [ > 0, there exists at most one a € N such that b(a) = .

17



Now we denote the wvariation of u(t,«) by
o(t,a) = Ju(t, )/ Oar.

Then, ¢(t, ) satisfies

" +a(t)g + [ (u)o =0, (3.38)
¢(0,0) =1, (3.39)
¢'(0,0) = By(a).
To show this, we consider equations (3.9),(3.10)

1.e.
1" !

u +a(t)u + f(u) =0
u(0)=a>0
u' (0) = By(a)

and from the nature of u(t, a) the partial derivatives with respect to ¢ can be treated
as the derivatives of u as u(t, ) is dependent only on ¢, in other words

au(t, o) =u (t,a)
and for the same reason 5
5;0(t0) =6 (t,a),
then
/ 0
¢ (tv Oé) E(b(t? a)
0.0
= £ 5 ult,a)
d .0 . . .
= 8_[§u(t’ a)], (equality of mixed partial)
o
o
= 53t (t, )
And also
0" (t.0) = 5[5 —u/(t,0)]
0.0 .
= %[&u (ta Oé)]
a 1"
=34 (t, )
Thus

¢ (t, ) +a(t)d (t,0) + f (ult, @) g(t, @)

O (1) + al®) 2l (1,0) + £ (ult, a))(%u(t, o)

o 5 )
= oou (ta) +alt) 5w (t,a) + o=(f(ult, ).
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Now from the linearity of derivatives and (1.1) follows that

6" alt)o' + f () = <=’ + alt) + F(w) = ~-(0) = 0.

Oa
And 9 P
d)(oa Oé) - a_au(oaa) - a_Oéa = 17
/ 8 ! a i
¢ (0,04) - 8_(1/u (0,06) - a_OéBl(a) - Bl(a)'

Hence (3.38), (3.39) holds.

Lemma 3.2.4. Suppose that

/7

By(u(b(ar), @))p(b(r),a) + ¢ (b(ar),a) #0,  a € N.

Then one of the following cases must occur
(i) N is an open interval;

(3.40)

(i) N = (0,71) U (jia, 00) with 0 < j; < jo < +00. Moreover, b (a) > 0 for all

(0,41); b'(a) <0 for all (ja,00).

Proof. We firstly show that b(a)) € C'(N) and b () # 0.
From lemma 3.2.2 we have

u(t,a) >0, for te[0,b(a)] and u (b(a),a) <0
and from (C1)-(C2) we have

a(t) <0 for t>0 and f(t) >0 for te€[0,00)
such that

1

u’ (b(er), @) + ab(e)u' (b(a), a) + f(u(b(a), a)) = 0.
This implies that

1 /

u"(b(a), @) = —a(b(a))u (b(a), @) — f(u(b(a),)) < 0.

This together with

B(b(a), ) =0
and (C3) and (3.19) implies that

0 9 ’
120 iy = lBelult: )+t )l Ly

— B;(u(t, a))ul (t, ) + n (t, O‘)Lﬁ:b(a)

= By (u(b(), ) (b(a),a) +u’ (b(a),a) < 0.

(3.41)

(3.42)

(3.43)

So by Implicit Function theorem, b(«) is well-defined as a function of @ on N and

b(a) € CY(N). Furthermore, it follows from (3.43) that N is an open set.
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Now differentiating both sides of (3.42) with respect to o we get zero.

le. 5
aB(b(a), a) =0.

This together with chain rule implies that

o) 9 /
S Bb(e),0) = S=(Ba(u(b(a), a)) +u (b(a), )
! "(b(a), )b (o) + a%u(b(@)> )]

’

u (b(a), «
(@) +9(

~—
S

(@) + ¢(b(a), )]

+u b
= By(u(b(a), )
+ b a),a) =0 (3.44)

u'(b(a), o)

S
—~

that is

[By(u(b(), a))u' (b(a), @) +u” (b(a), a)]b'(«)
+ By(u(b(a), @)d(b(a), @) + ¢ (b(a), @) = 0. (3.45)

This together with (3.40) implies that

’ /

[By(u(b(ar), ) (b(a), @) +u’ (b(cr), )b

(a) #0
implies
b (a) # 0. (3.46)
Next we show that if @ € (0,00)\ N is such that there is a sequence {a,,} C N and
o, — @ as n — 0o, then b(a,) — +o0.

Suppose on the contrary that b(a,) - 400, then there exists a subsequence of
{b(a;,)} which converges to a limit number t*. Without loss of generality, we may
suppose that

blay,) = t* as n — o0

and consequently
B(t*,a) = lim B(b(ay),a,) = lim 0 =0
n—oo n—oo
since oy, € N and this by definition of N implies B(b(c,), ) = 0. Thus
B(t*,a) = 0. (3.47)

However this contradicts a ¢ N.
Finally we show that if N is not an open interval, then (ii) occur.
Suppose J; = (jo,j1) and Jo = (ja,J3) are two distinct components of N with
0 < j1 < jo < 0. Then
lim b(a) = lim b(a) = +o0. (3.48)
a—jy a—jy
Since b(a) is strictly monotonic in each component of N, we have that b' (o) > 0 in Jj,
and b'(a) < 0 in J,. Meanwhile

lim b(a) < 400,  lim b(a) < +o0. (3.49)

a—ji a—jy
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It follows that jo = 0 and j3 = 400, and accordingly
N = (0, 1) U (jz2, 00)

with b'(a) > 0in (0, 7;) and b'(a) < 0 in (ja, 00).
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Chapter 4

Uniqueness Of Positive Solution Of
BVPs

In this chapter the proof of uniqueness of positive solution of BVPs will be given, as
stated earlier. The proof totally depends on preliminary lemmas and remarks given in
previous chapter.

4.1 Proof of Uniqueness Of Positive Solution Of
BVPs

By remark 3.2.3, we only need to show that for any [ > 0, there exists at most one
a € N such that b(a) = 1.

Recall that for any given o € N, B(b(«), ) = 0.

And from (3.43)

2B(t, a)l — B, (u(b(), ) (b(a), ) +u” (b(a),a) <0

ot
and from (3.45)

t=b(a)
[By(u(b(a), o))u (b(ax), @) + u” (b(ev), )b ()
+By(u(b(a), ))d(b(e), a) + ¢ (b(a), @) = 0

holds true.
If we can show that

By(u(b(a),))p(b(a),a) + ¢ (b(a),a) >0, aeN (4.1)
then it follows from (3.43) and (3.45) that

!

b(a) >0 «ae€N. (4.2)

Thus by Lemma 3.2.4, N must be an open interval. Moreover we know from(4.2) that
b(e) is a strictly increasing function on N. Thus, for any given [ > 0, there is at most
one a € N such that b(a) = [, and consequently, (1.1), (1.2) has at most one positive
solution.

Now we proceed to the proof
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Proof. Now we prove (4.1)
First we claim that

o(t,a) >0, tel0,ba) (4.3)

Suppose on the contrary that ¢(t,«) has a zero in (0,b(a)]. We denote the first
zero of ¢(t,«) in (0, b(cr)] by t3, then 0 < t3 < b(a) and

[ (¢, @) o(t, o) —u(t, )¢ (t,a)] }t:t?’
= u (tg, @) p(ts, @) — u(ts, @) (t3, )

= —uf(ts, oz)(b/(tg, a)
since ¢(t3,a) = 0 and ¢(t,a) > 0 on (0, t3) implies that

¢ (t3,0) <0
consequently, it follows that
U — uq§/|t:t3 = —u(ts, a)gbl(tg, a) > 0. (4.4)
Notice that ) / ,
¢ +a(t)p + f(u)p=0 (4.5)

so that using (C1) and (1.1) we can compute

[exp (/Ota(s)ds> (' — u¢/)]/ = [exp (/Ota(s)ds)]/(u'd) —ug)
Lo ([ atos) o - ue)
= alt)exp ( /0 ta(s)ds) (u'p — ug)
Lo ([ ats) |6 —us)
— exp (/Ot a(s)ds) [a(t)(u' ¢ — ug) + (u" ¢ — ug")]
= oo ([ al)ds)iot + altn) —u(s” + ato)é)

but from (1.1) we have
—f(lb) = u” + a(t)u/
and from (4.5) we have ) " )
—f(Wwé=0¢ +alt)o

thus
t

[exp </0t a(s)ds) (u'¢ — uqﬁl)}, = exp (/0 a(s)ds) [uf (u) — f(u)]o <0 (4.6)

for ¢ € (0,t3). Since from (C1), we have uf (u) — f(u) < 0 and ¢ > 0 for ¢t € (0, 13).
Next we compute

exp (/Dt a(s)ds) (U ¢ — ud )|imo = 1 (0, 2)$(0, o) — u(0, )¢ (0, )
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but from (3.10) and (3.39) we have
u(0,a) = a > 0, u (0,0) = By(a)

and
$(0,a) =1, ¢ (0,a) = B;(a).
Then it follows that

exp (/Ot G(S)d5> (Ulgb - u¢’)|t:0 = Bi(a) - 043/1(04)

— o2 g0
e B

since B;(0) = 0.
Now by the mean value theorem, there is & («) € (0, ) such that

_ By(a) — BI(O)'

By (&(a)) ~— 0
This implies that
exp </o a(s)ds> (ul¢ — u¢/)|t:0 = [B;(fl(a)) — Bi(@)]& <0. (4.7)
This means that
exp /Ot a(s)d3> (U ¢ —ug )|jmiy <0 (4.8)

since by (4.6) exp (f(f a(s)ds) (u'¢ —u@) is strictly decreasing.
And accordingly

(U ¢ — up )|y, < 0. (4.9)
However this contradicts (4.4). Therefore

¢(t,a) >0,  te[0,b(a)].
Using (4.5),(1.1),(C1) and (4.3), we can conclude

t

[exp </Ot a(s)ds) (u' ¢ — uqbl)]l = exp </0 a(s)ds) [ (Wu— f(u)]e <0, te(0,bla)]

(4.10)
which together with (4.7) implies that
(' ¢ — ud)|1=p(a) < 0. (4.11)
Since
0= B(b(),a)
= Ba(u(b(a), @)) +u (b(a), @)
_ Balulbia), @) ~ 55(0) u(b(a), @) +u (b(a), o
- 2O B (). ) + o (o). o)



applying the mean value theorem, we have &(a) € (0, u(b(«), «)) such that

/ _ Ba(u(b(a), ) — By(0)
32(52(60) - u(b(Oé),Od) —0
thus / /
B(b(a), &) = By(&a())u(b(a), o) + u (b(a), ) =0 (4.12)
from this it follows that
u'(b(e), @) = —By(&(a))u(b(a), ). (4.13)

This together with (4.11) implies

—u(b(av), @) [By(&(a))p(b(a), o) + ¢ (b(r), )]
= —B,(&(a))u(b(a), @)d(b
=u'(b(e), a)¢(b(ar), ) — u
=u'¢— ug |i—pa) <0

By(&(e))(b(ar), @) + ¢ (b(), @) > 0. (4.15)
Now we have from (C3) and the fact & (o) < u(b(a), @) and ¢(b(a), &) > 0 that

and consequently

/

By (u(b(a), a))p(b(ar), @) + ¢ (b(er), @) = By(&a(a))d(b(a), @) + ¢ (b(ar), @) > 0. (4.16)
Therefore (4.1) holds.[7] O

4.2 Illustration

We conclude this section with example of nonlinear boundary problem satisfying our
assumptions. Let see example for the clear of this paper.

Example:-[7] Consider the following nonlinear boundary value problem

u +a(t) +uP =0, 0<t<b<oo (4.17)
(u(0))* = (0) =0 (4.18)

(u()) +u'(b) =
[0,

where p € (0,1), k,l € (1,00) are given, a € C[0 ) with @ < 0 on [0, 00).

Now we need to check that weather the three conditions are satisfied or not.
Let

f(w) = w
B (u) = u* (4.19)
Bo(u) = u!

where p, k, [ are as stated in (4.18).
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Check for

Ci1-

Since f is a root function for p € (0,1), it follows that f € C[0,00) and f € C*(0, 00),
and therefore f € C[0,00) N C'(0, c0).

And from elementary calculus we have that

/

f(u) = pur™. (4.20)
Now multiplying (4.20) by u we get
wf (u) = upuP~t = puP

since p € (0, 1), it follows that
puf < uP
consequently
wf (u) < f(u), for u>0.

Thus the first condition is satisfied.

C2-

Since a € C[0,00) and a(t) < 0 on [0,00) is already given, it follows that the second
condition is satisfied.

C3-

From equation (4.19) we have

By(z) = 2%, By(2) = o'

this implies that
B (z)=kz*F"1 >0 z € 0,00) (4.21)

’

By(z) =12 >0 z € [0,00)

and it follows that B] € C[0,00) and B, € C[0,00). Consequently B; € C*[0, 00) for
all i« = 1,2. Moreover

B1(0) = 0 = By(0)

and
Bi(z) =2">0, € (0,00) (4.22)

By(z) =2' >0, 2¢€(0,00)

from (4.21) and (4.22) follows the third condition.
Therefore the boundary value problem (4.17) and (4.18) has at most a positive solution
for any b € (0, c0).
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Summary

Multiplicity and existence results for explicit first order initial value problem(IVP) can
be established by Picard Lindelof Theorem, provided that Lipshitz condition is in
place. These results can be extended to higher order ODEs with initial conditions
by introducing new variables(as many as the order of the ODE) thereby generating a
system of first order ODEs with initial data in vector form.

Uniqueness of solution of a boundary value problem(BVP) can also be seen within the

confines of initial value problems(IVP). To this end, one needs to employ Shooting
Method so as to approximate (transform) a given BVP by (into) the pertinent IVP.
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