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Intercst III tllin films arIses both from a theoretical 

point of view and from the wide range of applications they 

can offer. All the advantages and applications of thi.n 

fil ms a 1'e too many to men tion, But some of them are, their 

use, as compact technological devices, corrosion protections, 

optical instrulIlcnts and sensors of scientific research. 

The aim of the present paper consists in the theoretical 

investiga tion of first·~order phase transitions in physi .. 

sOTbed monolayers. Hereby, mainly thermodynamic methods are 

applied. Therefore, first a thermodynamic theory of homo­

geneous aJld heterogeneous monolayers is developed. In parti .. 

cular, general ('quations for the curvature dependence of the 

J ine tension are obtained. It is shown tha t cm'va ture 

dependence of 1. ine tension is of importance only for very 

small 2-d clusters. A general thermodynamic analysis of 

first-6rder phase transitiollS, starting from metastable 

in:itial states, is given. It is shown that in real situations, 

wilen depl etion effec ts are ta ken into accoun t, the trans i tion 

proceeds via three main stages: a stage of nucleation and 

possible simultolleous growth, n stage of independent growth 

of the clusters, their number being nearly constant and a 

third stage of cOlllpeti tive grO\'lth of Ostwald ripening. The 

'j'esults are analogous to phase transitions in 3-d systems, as 

was discussed by Schmelzer [19, 20], Ulbrich eLal [1]. Based 

on the thermodynamic investiga tiOll, a kinetic desc ription of 

the growth of single and ensemble of 2-d clusters is developed. 

It is shown tha t in the s ta ge of independen t growth, the 

mean radius of the ensemble of clusters grollls as, R" t for 

kinetic limited growth and as R2.;, t for diffusion limited 

grOlvth. Moreover, a kinetic theory of Ostwald ripening in 



monolayer:> is developed which allol'ls i1 clesc ription of the who 1 e 

course of the process 0 In the asymptotic region, the result5 

coincide with the predictions obtained first by Lifshit.z and 

51 yo zov [23]. 

The resu1t5 are used for a theoretical explilllct 1.ion of the 

computer simulation of a first-order phase transition III a 

physisorbed monolayer carried out by Kock eLaI. [4] 0 That 

is, first the asymptotic resul t of R2", t for the case of Ost­

wald ripening in kinetic-"l imited growth is reconfirmed. In 

addition, the developed theory allows the interpretation for 

the initial slo\'1 increase of the mean cluster size, R, in the 

first stage of Ostwald ripening. 

The analysis, carried out here, is for isothermal condi­

tions and one component systerns. A general iza tion to other 

types of constraints, e.g" adiabatic conditions and multi­

component systems is possible. 
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[Ilt 1'octtJl: Lion 

1. J Surfac c Thermodyna lIlic s 

Classical thermodynamics has been developed orginially 

for the description of large nmcrosGopic systems where sur-

face effects may be neglected. HO\'ieVer, if the surface area 

to volume ratio is not negligible, surface contributions may 

determine the thermodynamic properties of the system of 

interest. In particular this may be the case for systems 

consisting of different nearly homogeneous phases, divided 

by inhomogeneous interfac ia 1 regions. 

The ba~;ic concepts fo·r a desc rijltion of thermodynamic 

properties of sUl'i:aces were developed in the works of Josiah 

Will ia rcJ Gibbs, Van de)' !Vaal s ancl GuggenheLlil. Gibbs and van 

del' Waals developed theories for heterogeneous systems, in 

that Gibbs considered the interface of zero thickness while 

van del' Waal s considered a continuous varia'cion of the thermo-

dynamic pa rameters of the inhomogeneous surfaces and Guggen-

helm treated the interface as a three dimensional tllermodyna-

mic phase with R certain volume. 

1.2 Surface Effec ts and Phase Transitions 

Surface effects are important in the course of first-order 

phase tl'ansitions in three dimensional systems" because the new 

·~··-~~·~-·-T-~-·-·~-·--- 1 . . 
From nON on wa rds tlll'ee"( cunenslonal 

by (3-D) and two·-dimensional by (2-DJ. 
is to be shortened 
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ph(-}se c,-In develop r.i)':-)i~ in ::ililalJ iunOUOLS \'lith a large inter'~ 

face and ev(d,ve~l to a bu} k phase in the COUYSC of the tl'ansi··· 

tion. The kinetics 01' both formation and grOl;th of physically 

new phases can be understood onl y if sud'ace effects are 

properly considered for metastable states, i.e. states which 

are stable against small. fluctuations and unstable for large 

fluctuations; because existence of metastable states are 

direct consequences of surface effects. Moreover surface 

effects determine the whole course of first-order phase t1'an-

sitions~ 

The mfdn topic of our investigations is the theoretical 

description of first-order phase transition in adsorbed layers. 

Hereby vie t1nder~;tand phase transition as qtW_litative changes 

in str-"ucture or response of a physical system to a variation 

of exterlml parameters, as temperature pressure, electric and 

l1k'1gnetic fields ~ 

1.3 Adsorbed La yeTs 

Mechanism of their Formation 

Adsorption is the mechanism of attachment of foreign 

particles onto a snrface called the substnlte or adsorbent. 

The adsorbed substance :is called an aclsorba teo There a 1'e two 

fundamental adsoTption IHocesses: physi,;orption and chemisorp­

tion. These adse'rptiol' iypes diFfer mainly in the magnitude 



of thl'il' intel'actioll with i-_h(~ suhs"t)'(lte. III physisorption, 

the coup1 ing sl:)"C'ngth bet\'leen adsoJ'hate~adsorbent is weaker 

than in chem:isorption which can resul t in the forma tion of a 

no,', sur-fac(~ chemical compound. 

Somo methods of adsorption are electl'odeposition and 

vacuum deposition, In the former certain ionic solutions can 

l'elease chemicals to be adsorbed at the substrate electrode. 

In physisorption, particles may be removed from a bulk part 

by evapora tioll and sputtering and forced to stick onto a sub·· 

st.rate in a vacuum. 

].4 Adsorbed Layers as l-d Systems 

Adsorbed layers lllay be divided with respect to the solu­

bility of the adsorbed particles in the adja'cent bulk phases. 

FOT instance, jf a solute is added to some liquid solvent, 

often a lowering of tIle surface tension occurs connected with 

a relative enrichment of the su:cface with solute particles. 

The tegion tha t is enriched l'lith such particles usually being 

of a molecular size can be considered as a monolayer or Gibbs I 

layer. On the other hand, different substances which are 

insoluble in the adjacent bulk phase lik'l)' form mOllolayers which 

can be called insoluble films 01' insoluble layers. 

Both types of monlayers can be treated theoretically in 

the same IVay, Moreover, in the variation of the physical state, 

the thickness of the layers can be considered as constant and 

\'Ie may denote them as 2-d systems. 



:1.5 Theoretical Description of Phose Transitions in 

Monolayers, Achievements and Our Aim 

Monolayer systems have been theoretically predicted and 

experimentally verified to show most, if not all, of the 

thermodynamic properties of the bulk phases. In particular, 

it \'las found that as in 3··c1 systems, first-order phase transi-

tion may occur in 2-d systems. [2, ... ,9). !-Iowever, the 1nten-

sities and the quantitative values of thermodynamic parameters 

decscribing the transition process in ,2-d systems may not be 

the same to that of the 3-d systems, i.e. types of transitions 

are possible, which have no analogue in 3··d systems (e.g. com­

mensurate-incommensurate transitions) [5, 7J. Phase transition 

in monolayer systems have been studied intensively by methods 

of computer simuJ.a tions and experimental investigations, which 

a short account of such invBstiga tions is to be presented in 

Chapter Two, and the :resul t.5 obtai.ned were rewarding. 

[2,4,5,6,7J. 

The objective of the paper i.s a theoretical investigation 

of first. .. order phase transiti.ons in 2-d systems, specifically 

it emphasizes on the investigat.ion of the transition process 

starting from metastable initial states via. the formation 

and growth of monola yer cl us tel'S with a higher s urfac e density 

compared with t.he initial homogeneous initial state. 

The study will test if the general scenario of the phase 

transition and the methods of theoretical description applied 



- 5 ,~ 

f01' the inv8stigatio1l3 of phase ttansit ions j.n 3·~d systems [1] 

are cqtwlly valid O:l.lS0 for 2-,~d syst.ems~ 

I-Iere 1'10 l'lil1 lVidely use thermodynamic methods, COllse·· 

quently, Ive have to formulaee first a thennodynalJ1ic theory of 

homogeneous and heterogeneous monolayers, that i;, c" .": It~'sed 

in Chapter three to qUicken our arguments in the subsequent 

chapters. This theory is developed based on Gibbs approach 

because this seems -the most natural i!nd consequent eV~~--"'~" 

of classical therl~odynamics to heterogeneous systems. 

Ba sed OIl the therlJlorlynll mie: desc I' ipt ions developed in 

eh. (3), a stH tic description of the main stages of the 

trallsition for different thernmdynamic constraints is studied 

in eha pteI' fO\lr, 

Under a thermodynamic approach I.he kinetics of growth of 

ensembJ es of clusters ane'. OstH<11d ripeuing in ?~d systems is 

1.6 Application of Thin Films 

The rapid development of resea rch on thin films is 

stimulated by their wide applications. Thin films are Ilsed 

as compact technological devi.ces as in: computer memories, 

in the manufacture of optical instruments, in surface protec­

tions, in the reduction of water evapor-ltiollS :trom reservoirs 

and because of their thinness and good sensitivity tll<ly lL'e 

manufactured for medical uses, and biological research as in 



int-cavascular p-l'eSSllf'(: meaSlll'CmCnl._ 
in the continuous moni-

toring of organ fllllctionings, as sensors of concentration of 

gaseolls components and ions in the blood stream and tissue 

cells [10,11,12]. Thus the illvestigation of the properties 

of thin films is not only of theoretical interest but has a 

great technological relevance. 



Recent Theoretical PredictiollS and Experimental Findings 

on Phase T1'ansition :ill Mono.1 ayers 

Investigations of thin fillilS in general and Illonolayers 

in particular have a long history connected first mainly with 

the works of Rayleigh, Pocl<els, Devaux, Marcelin, Langmuir and 

Adam. However, it WilS only in the last decades, when the 

cons iderabl elapse in time between theo ry a Jld experiment 

started to be narrowed by ingeneous eXperimentalists that the 

study has come to be lively, promising and inviting field of 

research in physical chemistry 11'1 th a large number of applica-

tions. 

Modern surface analysis techniques such as the 10l'l-ener­

gy-electron-diffraction (LEBD) arc becoming informative on the 

struc ture and thermodynamic propert i es 0 f a dsorbecl monol ayer 

films. In partie ul a r :i. t is sho\>Hl tha t phys i sorbed monola yers 

may exist i.n different pha ses Dnd as a fesul t of the varia tion 

of some external parameters, pllase transition may occur 

[2,5,6,7]. On one hand such 2·,·d phase transitions show simi­

larities to the correspollding transitions in 3-d system, and 

011 the other hand phases and phase transitions may exist which 

'have no analogue in 3··d systems,[5,6,lO], These differences 

are believed to occur due to differences in dimensionality 

and the adsorbate-adsorbent interactiol1S. 

To have some impression on the eU'frant sta te of experi·· 

mental and theoretical investigations on phase transitions in 



adsoJ_"bcd layers, some l'8scarch :::.tudies by diffe1'ent (l.UthOl'S 

a i~e sumlftarized below ~ 

Between two and three Dimensions [7] 

Astriking qualitative silililarity between phases of 

adsorbed monolnyers and a typical 3·~d gas·>·liquid-solid phase 

diagram for Xenon (see fig, 2.1) indicates the existence of 

a 2·-d triple point and the 2-d gas-liquid critical poin'c 

shown in the fig, The corresponding critical and triple 

point tempOl'atures are ilpuroximately; T (2-d)~, llS o k 
.1 • C 'V 

T (3-d) ~290ok; T .. (2-d) ~100ok, T~(3·d) ~ 1650 k. Dash further c ( l 

discussed the behavior of solid monolayers at 10" tempel'atures. 

In this, the quadratic temperature dependence of the heat capa­

city of incommenSlll'ate adsorbed soJLdlllonolayerc; CC'V'[2) cont­

rasteel Hith the Llcbye cube Law fOl' 3-d solids (C~, '1'3) is 

strosseel to be a difference attributed to systems of reduced 

dimension. 

F. F. Abraham 
---~~'-~-~----

"Mel ting in 2-d is first ol'der: An Tsothel'nk'll Isobaric 

Monte-Ca 1'10 Study" [2] 

An iso thermal- isoba ric Monte··ea 1'10 computer s tucly a f a 

monoL,yer Lenmlrd .. Joncs system carried out by F. Abraham gives 

the information that melting in 2"d is first order; disproving 

the theoretical suggestions fonvaTclecl by Halperin and Nelson 

as a second-ol'der phase trallsition. 



Fig. 2.1: Phase digs., 

a) for 3-d Xenon and 

b) 2··d Xenon (after J. G. 

Dash) ['1] 

Sokd + VclpOr' 

I li(IUiu+Vdpor 

I Vapor 
I' 'TJJJ)) 7;, (3D) 
I, I c;::::C: .. __ •• ~..io!---~_ .... "(.t~~-->~-~'~f~--~---" ~- ~00 o!JOO to() 

r E: M PI: RI\TURE (I<) 

vapor' 
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In this study, it Humber of ,'tollls, (N ~ 256 atoms) as a 

sample system at a fixed reduced pressure p' ~ Pa 2 /. ~ 0.05 

l'laS considered. The choice of low )n'essure \'las intentional, 

since Nelson and Halperin predicted that melting i:ransition to 

be a fir~t-order at high pressures and second-order at low 

pressures. The diagram of the Teduced equil ibdum density 

*p~ p(J2 and reduced enthalpy per atom, h* ~ HIN£ for the L.,J 

system against Teducecl temperature 1"- ~ KT/E are shol'ill in 

fig. (2.2), with E and a being the'~epth of the well"ancl'~ize 

parameteTs"respectively. A snap shot pictur.e for the change 

from crystalline order to liquid disord.ef i~; shown in fig. (203) 

Frolll the discontinuities in the density and the enthalpy 

at the transition temperature T* ~ 0.48, (see fig, 2.2), AlJra-

ham concluded that "the existence of meta-stability certainly 

demonstrates that melting in 2,-d solids is a first:-.order phase 

transition." 

Computer simulation study of "Dynamics of Phase Separation 

in 2-d fluids" [4J 

In this research a molecular dynamics computer simulation 

study of the evolution of a 2-d fluid system of many atoms 

(5041) interacting by the L~J potential was carried out jointly 

by S.W. Koch, R .. C. Desai and F.1'. Alnaham [4]. The computer 

simulation resul t for a kinotic I imitcd growth of clusters 



Fig. 2.7.: Equ:Uibritull 

density and enthalpy per atom 

against temperature for the 
LClmard·,Jones system at a 

constant pressure. 

F.P. Abraham) [2] 
CAftel' 

0.$ . 

J ':i,:, ,:, .. ,:. "e" 
Tempcrclture) k% 

Fig. 2.3: Snapshot pictures of a L···J system simulated by an isothe1'lml 

... isobaric Monte Carlo study for the given tellfperatures. 
CAftel' LF 0 Abraham) (2] 



sho\·) that Lht~ J~-lte LJJIle [!,]'o\':l.h lc-;,\\' fOl' the ave-rngc cluster 
) 

size in an i~;o c.hel'wdl condition i~; proportional to t 2
6 A 

sketch of tho computer resul.ls for the avorage cluster size, 

R(t) against timo is shown by fig p.ll), From tho fjgure it 

is an evident that at an oarly stage tho phase ~;oparation 
1 

. 1;_ followed by t 2 foy the proc ess depends on timo noa 1'1 y a'i t .) 

late st.c'lge. The difference is suggested by the statement, 

"The time developing interatomic morphologies may be chal'acter-

ised as wave creation and growth until local maxima in density 

a pp1'oaches the condensed 1 iquid densi ty followed by Via vo nee k·· 

ing or hreak up leaoing to the creaU.on and subsequent groHth 

of mac roscopic c1 us tel'S ," 

"Low-Energy<~Electron~Diffraction (LEED) Studies of 

Ethane FH ms on Gra ph i te," [6] 

P:wpert:i es 0 f etha ne monola yers have been inves tiga ted 

by the LEED. method in the tempera tUTe range of 63, g·-lOOK; 

The study showed an ample variety of 2-·cl phases; in \'Ihich 

there were three solids, 81 , 8 2 and S3; a Hell correlated 

liquid, 1 2 ; iI Jattice fluid, II; an isotropic liquid, Land 

a hypercritical fluid, F. All these names were codified by 

the authors. The phase diagram (see fig. 2.5) accompanied by 

the table on p. It! shows the characterstic of the various 2 .. d 

phn ses . 



Fig. 2.4: 

.. l:s cO 

l
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20 ~ 
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S to .:1.0 So 100 ~vo .soO 

Cluster size Rlt) against 

separation in Z-<1 fluids. 

Hn\e (P5) 

time in the dynamics of phase 

(After S.W. Koch. et.a1.)' [4) 
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Area per 
Molecules 

Phases Strutturea/Ao2 
~~~---------~~~~~-----------, 

Rectangular commensurate 4/3 

herringbone packing lying 

down molecules 

21 

rectangular commensurate 10x2/3 17.5 

pac king unknowll 

hexagonal commensurate 3 x 13/500 15.7 

Temperature 

Range' (K) 

T<65 

T<57 

T< 85 

II Lattice fluid commensurate 2 x 221 65 T 95 

12 Well correlated liquid l6.5<a<2l S7<T<95 

iocOlmnensura te 

L 

F 

Isotropic liquid continious loss of 

jXlsitional and bond orientational 

order. (high-temp. II) 

21 <a <24 

Hypercritical fluid, Tc (2-d)~130 15.7<a<'" 

95<T<130 

T>l30 
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Some isothermal gas.·I l transition curves which all have 

a structure of a sharp vertical step giving an impression of 

a first-order phase transition are shown in fig. (2.6a). The 

plot of the position of the step on a log (P) against liT 

diagram is shown by II in fig. (2.7). The slope of this clapey­

ron line gives a value of the latent heat of condensation of 

phase II' Its value was found to be Q(II) = 5.9 :J; 0.2 K cal/mole. 

In addition some selected isotherms of the 2-d 12-S3 transi­

tion are shown in fig (2.6b) all with a structure of vertical 

step being a sign of the first-order phase transition. This 

transition is clearly assured by the coexistence of the 12 and 

S3 LEED patterns along the vertical part of the isotherm. A 

plot of the transition temperature and pressure as in the case 

of 2-d gas-II' transition is given by line S3 (see fig. 2.7). 

The isosteric heat transition is given by Q(12':'S3) ~ 7.4:,: 0.2 

. Kcal/mole. 

The LEED study ca Tried out by the a uthOTS ha s shown the 

well correlated liquid phase structure of 12 and the 'existence 

of an iso tropic 2-d 1 iquid L upto the critical tempera ture, 

Tc ~ 130K. Recalling the 3-d critical temperature, \; (3··d)~30S.5K 

for ethane, a ratio of Tc (2-d)/Tc (3-d) .- 0.42 is obtained. This 

is one exampl e of the spec ial properties of ma tter of reduc ed 

dimensionality that lias been confirmed by others [7]. 



Fig. 2.5: 

Phase dig. of 

monolayer ethane 

adsorbed on 

graphite (after 

J.M. Gayet.al.) 

[6) 

Fig.,. 206 r-... 
-jJ 

Equilibriwn iso .. ·~," 

o·ct 

::l 
therms of .J, l b) 

monolayers: ~ I---=-

(LEED study) 
~ a) in the nbhd •• ~ 

~ of 2-d gas-II QJ 

transition and + 
C 
.~ 

b) in the nbhd. of (.It) 
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Fig. 2.7: Vapor pressure \is. jJ1VerSe temperatm:e phase 

dig. of ethane adsorb€'Al Oil graphite, II refers 

to 2d gas-II transition, S3 refers to 12o.S3 

transition, "2(second-layer condensation) aJld 3d 

(bulk condensation)" (After J.M. Gay, et.al.) [6]. 
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M.E.Fisher 

An "apologia II and "overview" of an "interface wandering 

in pure a nd impure ph" ses" [5 J • 

M.E. Fisher considers the schenk'! tic phase diagram for a 

2<-d phase transition in adsorbed monolayers given in fig. (2.8) 

for an atomic or molecular species adsorbed on a planar crys-

talline adsorbent. The figure does not necessarily illustrate 

a 11 the rea tures to correspond to a spec if ic rea 1 system. 

Fisher argues that a t a given tempera ture, T and monolayer 

coverage, n, the coexistence of a gas and a liquid phase may 

be observed. When the tempera ture reaches the neighbourhood 

of the critical value, \' it is expec ted tha t the difference 

in covera ge diminishes a san a symptotic power IaN given by 

T f3 T 
n L , -n ~ B(,~·-l) as "'---1 -4 O. B is the critical ampli-

J.q gas tc c 

tude, f3 is an experimental critical exponent which Onsager 

1 
predicted to be 8- for 2~d system and which has experimentally 

been verified by Kim and Chan [9] in a model of 1a ttice gas 

system of methane adsorbed on graphite at T ;(; 68 .67 K. 0 \<las 
c 

found in their specific-heat almlysis cIa ta to be B =0.127 ± 0.20. 

MJreover, the phase diagram of fig. (2.8) shows the possibility 

of occurence of phases and phase transitions which have no 

analogue in a 3-d system. 
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figa 2008: E!""hC'·:n·"~5_c ;_J:10'_~~ 'li:.> o{ s5'nple adS0rbnte on 

crystalline adsoTl.K~nt{; All the fe.','~:'xc~s r1~, 

not correspond to a specific real system. 

(Mter /.1, E, Fisher) r 5J. 



Ch(] -l)te)' Thi'ee 
, __ ~<"_~ ~J.;: ____ ,. ___ . __ " ________ ._ 

ThernDdynllnic Investiga tions of First ··onler Pha se Tmnsition in 2·-D Systems 

3.1 Basic Equations for Homogeneous Layel's 

As mentioned in the introduction, a general overview of 

the fundamental thermodynamic descriptions for homogeneous and 

heterogeneous layers is now to be discussed in order to develop 

a basis for the succeeding chapters. 

As a leading postulate, in the thermodyna.mic descTiption 

of 2-d layers we assume that the results obtained by Gibbs 

approach in the description of surface effects in 3-d systems 

aTe valid for 2-d systems. Hence for a 2-d homogeneous layer 

life ha ve 

dUf 
-~. 

u f 
-

d 'l' + Sf '. 

T(lsf + 

TS
f 

-} 

q 
l: l'idnif + adA 

i~l 

3.1 

3.2 
q 
E ".(~n'f + aA 

i "1 1 .' 

+ Ada ···0 3.3 

U c is the internal energy, T, the tempera ture, Sf the 
J. 

entropy, ll' the 
]. 

or moles of the 

chemical potential, n if the number of particles 

. th 
1 component, cr the surface tension, A the 

surface area of the considered surface region. 

A weak,layer< .. substrate interaction (physisorption) and 

thus the po ssib il i ty of an independent time evol ution of the 

layer is assumed. ConsequClltly, in a state of thermal equi-



libl'iulll j the chc}[l.i.cal potential;. :-;ul'L1Cl:: -i~crlsion and tcmpe= 

ra ture are the ,;ame tlHout:hout ,'he layc;-. Thi,; assumption 

can be derived from the necessary equilibrium condition, 

which for the case of constant entropy, sf' constant surface 

area, A, and constane number of moles, n
if

, on t.he surface 

we obtain 

(3.4) 

Since eq. (3.1) is of the same structure as the corres-

ponding equa t10n desc ribing 3··d homogeneous systems, the 

condition for stable equilibrium are given by 

lllt.fon.,. > 0 
J.' IT 

(:L 5) 

where 0 denote~ infinitesimal deviation from the considered 

state. From eq. (3.5) a numbe,' of relations valid for stable 

equilibrium states C'ln be deduced, If we assume, e.g. iso-

termal conditions and take n. r and A as independent variables, 
LL 

we get 

-> d0 

n' f J 

on.cOJ\ 
lr 

+ .~.?(oA) 2 > 0 aA 

(3. 6) 

q, being the number of the diffel'ent components. This condi tion 

is always fulfilled if all major subdetel'minants and the deter-

minant of mau'ix, J in (3.7) are positive 
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d p} f 
, 

d jJ 1 f d!ll f '.J 1.11 i" 
". y- o · 0 

aillf SiiZl' ·;fi1~----

qf 
'-:lA-

apz£ 3\12£ · . · · 
d ll 2f ;) IIZf 

';j III i lin;; ';)11--- -;fA"-
J. qf 

.J ., (3. 7) 

,~~I~t~ d II r :!ilf (Jl-l (. 
, ... _CLL, · . · • . · --q:::. 

allI f an Zf an aA qf 

·~}o 36 · . . · · . · '30 dO 
a-lilf an2~~ ~~' '-''SA -

.1. qf 

In particular it follows tha t ineq. (3.8) .have to be ful filled. 

(3.8 ) 

For non-equilibrium processes in the layer, eq. (3.1) has to be 

replaced by 
q 

clu f c Tds~ + Z 1I.dn'f + odA 
L i ~l l l. 

(3.9) 

for a constan t tempera ture eq. (3.9) call be expressed as 

(3.1(j») 

and for an .isothermal closed system of constant surface area 

it is given by 

dF < 0 
f (3.11) 

where here the 2·,d IJdlmhol-cz free energy, F
f 

of the surface is 

defined in the usua 1 Nn y by 

F._ .~ u
t
" TS

f
• 

~. 
(3.12) 



If the surface ::'lrea is v(l).'iable but: tho surface tension of the 

considered layer 15 constant, we may have eq. (3.13) instead 

of eq. (3.10) 

d(u
f
,·· Ts c·· aA)T < 0 
- I , (5 

(3.13) 

and the 2··d Gibbs func tion :is defined by 

(3.14 ) 

The above definitions are introduced to make the properties 

of 2 .. d potentials similar to. the corresponding potentials in the 

3··d case. 

3.2 Thermodynamics of Adsorbed Heterogeneous Layers 

in Equilibrium States 

For the development of the theory, the coexistence of t1VO 

different and nea 1'1y homogeneous layers in thermodynamic equi-

librium is considered. The coexistence of such two phases 

impl ies the presence of an inhomogeneous interfacial region 

(see fig. 3.1), In addition it is assumed that our system is 

no t dis turbed by ex terna 1 fiel ds 1 ike ma gnetic and e1 ec tric 

fields. Moreover all particles that hit the substrate are 

assumed to stick to it and as monolayer coverage is approached, 

late arriving and impinging particles will hit occupied areas 

and rebound without jnfl uencing the layer, 
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Fig (3.1) a monolayer model fig. of two different homogeneous 

regions c< and a wi th an inhomogeneolls interface region, c< _ B • 

1 and 2 specify lines separating the homogeneous regions frolll 

the inhomogeneollS one. 3 is an ideal divi'!ing line. 

Considering an infinitesimal pa rt of the interfacial 

region of fig. (3.1), we postula te (2) t11a 1 for fixed positiclllS 

of 1 illes 1, 2, and 3 the in teTnal energy 0 f the infin i tesimal 

section can be expressed by 

q 
du - Tds + E p.dn. 

i ~l 1 ]. (3.15) 

where at equil ibrium, the values T, and )J. a re equal to the 
1 

corresponding values of the surrounding phllses. The subscript 

"f" is omitted for convenience. 

Going over from the ac tua1 interface region to an ideal ~ 

ized dividing model, (1 ine 3 ~ in the 'I - B region where this 

1 ine divides the region into two parts with the same proper--

ties as in the homogeneous regions, a and B respectively the 

internal energy of each homogeneous phase for Q fixed position 

of line 3 is given by 

q 
elu .. Tds + L ~.dn. (a) C( rx i~l 1. 1a 

q (3.16) 
dUB Tds + i; II. dn . (b) B i ~l I III 



subtracting these equations f:.com eq~ (:5.1~») it g:lves 

q 
d(u-u '-ll ) ~ 'fd(s"'s .- so)" Z ,I. (n.-n. -n.,,) 

u. 13 a p i"1 1 ], ]el, Ip 

Defining the line excess quantities by 

u ~ u-u -u sL"S--SN"'SO n ~ n .. n -ll 
LaS ' "p' i L i ic> is 

eq. (3.17) may be expressed as 

q 
{o l: \l.dn' L i~l 1 1 

C>.I7) 

(3.18) 

(3.19 ) 

The line excess quantities introduced here are excess quanti·· 

ties over the values which \'fould descrihe the film system 

consisting of two uniform parts [14]. The above relations are 

val id for any arbitrary position of lines 1 and 2 and can be 

identifies with the boundaries of the system as a whole. 

1'(1 king the 1 ength 1 ? ne! c urva ture C 0 f the ideal di viding 
, I J } 

line as an additional thermodynamic variables, the correction 

term, c1u L is expressed in the following way (Pastula te 3). 

q 
~ Tds I + E ~,e!n 'J 

, i ~l 1 1" 
+ "dl + Cdc (3.20) 

K and C are parameters that can be functions of T,Il., 1 and c. 
], 

Depending on the po s i tion 0 f the eli viding 1 ine, K a nd the pa ra-

meter, CJcan have different values. It is possible to define 

the position of the dividing line in such a way that C ~ 0 

(to be shown la tor). This special position of the dividing 
, 

line is named as line of tension and K as the line tension [ISJ. 
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h'om tho extensive charactcl'stic" of sl,' niL' 1 and tho :inten~ 

sivQ charactcrstic of c and by Euler's theorem we can have eq. 

(3, 21 ) • 

(3 . 21 ) 

out of which we have eq. (:s. 22) ill regard to eq. (3.20). 

q 
5]dT + l: n,[dll' + ldK ~ Cdc 

" . 1 1., 1 
l~ 

With the imposition of C ~ 0, \'10 obtain 

sl,dT + "ldK"O 

(3.22) 

(3.23) 

eq. (3.2:5) is analogous to the Gibbs adsorption equation. For 

the isothermal case it gives 

(3.24 ) 

If the position of the bounda rios of the system as a whol e and 

of the dividing 1 ine va ries, oqs. (3 .1 6) have to l'e3 d as 

q , 
adA (a) elu Tel' } foll·cln, + 

,- s ' '-1 1 le, (t a 
" a 1", 

q (3.25) 

duS 
.. Tc1s 11 + r. lI,dn'i3 + °lldA Il 

(b) 
i=l 1. 1 

anel the total change of the inernal energy of our considered 

system is 

du = Tels + + ° cIA a a 

u - u + u + u s _. s + S + ~ ,n. ::0:-11,_ +n. +n,' 
a II L' '(I (3 "L 1 1a l,ll II, 

(3.26 ) 

(3.2'7) 
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Applying eq. (3.4) 811(1 taking the constraint, 1\ ~ \, ., A~ -

constant, into account, t.he mechanical equilibrium condition 

rea ds as 
dc _ 
dA - 0 

a 
(3. 28 ) 

For a minimum value of u
L

' a minimum length .of a closed curve, 

I; of the ideal dividing 1 ine is required. This minimum is 

reached for a circle and eq. (3.28) is reduced to eq. (:1.29). 

o (3.29) 

r is the radius of the circula r region of the (t·'phase. If w( 
a 

rearrange eq. (3.29) \'Ie obtain 

K 

r 
IX 

(3.30) . 

This is analogous ~w the Young··Laplace relation given for 3-d 

case [16). 

Redefining the position of the dividing line in a way that 

the physical state of the system is not affected, Le" 

U, T, s, P l" n" (J , , (J 0 be in g con s ta II t s , e q . 
1 (\ p 

(3.26) yields 

(3.31) 

where the square brackets denote the special variation consi .. 

dered. Moreover, fOT such type of variation, eqo (3.22) leads 

toeq. (3.32). 

1 [d K] " C [de 1 (3.32) 
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Eqs, (3.31) and (3.32) give 

<5 -<5 
CI. tl 

d K [---] 
dr 

tt 

o (a ) 

(3.33) 

- 0 (b) 

This is the 2.,d analogue of the gcneraliz.ed 3··d Young-Laplace 

equation [16]. DC[. (3.33b) describes the variation of K with 

a change of the position of the dividing curve and the physical 

state being unvaried. There may exist a specific position of 

this 1. ine, in which K has an extremum val ue defined by 

[d K v 0 --] ~ <5 - <513 + .. -~ -. 
d1' c< 1< 

(3.34 ) 

'" (I. 

Comparing eC[s. (3.29) and (3.33b), we obtain 

(3. :; 5) 

Thus we come to the conclusion, that for the line of tension, 

(C = 0), K ha s an extremum val ue compa red with all other poss-

ibl e defini tions of the dividing 1 inc. This extremum is 

aminimum since 

K 
-z-' 
r 

tt 

> 0 (3.36) 

For the line of tension heing the dividing line, the mechanical 

equilibrium condition can be expressed by the modified 2-<d 

Young-Laplace eq. (3.3'7). 
.- 0 (3.37) 
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3.3 Non"Equilibriulil States of Heterogeneous Layers 

and the 'l'hel'motlynamic Poteni:ials 

rco general ize the theJ'Tllodynamic descriptions of hetel'o~ 

geneous layers 1'10 postulate (4) that in non-equilibrium states, 

each of the 2·,d bulk phases and the boundcl1:y··phase are in a 

sta te of intrinsic thermodynamic equil ibrium described by 

q 
u .. T s + a A +); p. n. 

et. a Q CI. (j, i:::o1 J.O: l('t 

du 
« 

HI. ~ 

dU L 
" 

q 
T ds + a dA .,.); p, c1n, 

0. u. u; ct i:::1 lO: lCt 

q 
a A + l: 

B S ' 1 1" 

q 

It,.n,. 
1" 1" 

T.ds. +a.dA. +:~VI'l'Sdnl'. 
p fJ P P J. _. _ _ fJ 

q 
TLs L 

{- K1 .,. 1:1''"1 11 " 
'11. II, 
J~ 

q 
TLds L" "dl + r. P , J tin ' T , J ]," L. l', , 

(a) 

(h) (3. 38 ) 

(c) 

Moreover the 2-d analogue of the Gibbs adsorption and the Gibbs 

adsorption equations themselves have to be fulfilled as (3.39). 

q 
s dT .,. A do + ); n, el p , ~ 0 a a " (y, i~l 10: H, 

(a) 

q 
ssdTs + A do .,. En'sd,s .. 0 (3 (3 i~l 1 111 

(b) (3.39) 

q 
SLdTL + 1 dK + ): n'Ldp'"L .. 0 , 1 1 1 

1~ 

(c) 



In principl e, )J. ,} P_' !)'l 0" anel 0" and_ K may be mea sUIcd 
lu l~ l~ P 

directly from theil' respective phases. Rut T\ and \1. L ca nno t 
, 1 

be determined di1"ectly from the adjacent hOlilogeneous phases and 

thus we postulate (5) that these parameters are equal to the 

respective variables of the phase with a higher surface density -

«-phase in our case [11,15]. Th:is will lead to the physically 

satisfactory conclusion that K is determined by the properties 

of the surface with higher surface density. 

Considering an evolution of a 2-d cluster ((-phase) of 

higher density compared ldth the medium (S-phase), we may thus 

write eq. 0.40) for the intexnal energy of the considered 

system (cluster in the otllerwise homogeneous medium). 

u ~ l ' 'v 
S 

(\ 

q 
, A " "/ "J' .... (1 + t .. p. Jl. 'T' oS 

0, « 1« 1« p B 

q 
+ (5 A +);]1' n, +Kl 

8 B i~l l8 1.8 

In which we have inti'oduced the nota tions: 

'" n .. ~ n. + n.) 
JJt 10, 1 .1 

The change in in terna 1 energy, ell) is: 

du T d}; + Ci dA q '" 
+ >: J1. dn. 

(to: Cia i~l. H, let 

Considering the cons tra in ts 

'" 5 ~ " + s ~ 

Ct ~ 

A .. A + As ('( 

'" 

q 
+ ): \1. > dn . n + "dl 
i~l 1~ 1" 

canst, 

canst. 

Jl. n. + n. t.onst. 
1 let 1.S 

(3.40) 

(3.41) 

(3.42) 
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for cquilibriLJ,Ji) pl'OCC~)s the }llterlwl ene-cgy is expl'e5sed by 

eq. (3.43) 

du - (T - T )d~ + (0 -0 + 
a B a a P 
q 'v 
1: (p ..• ,I· fl)dn. 

i~l 1a I iCYe 

(3.43) 
+ 

and the equilibrium conditions are obtained as 

T 'f -I- K 
« "" B ' )J io. ,,, 11 i il ' ",,'" " B r - 0 (3.44 ) 

r( 

Once we have the internal energy expression, the other 

thermodynamic potentials may be introduced ()[IsHy. If the 

temperature is constant, the Helmholtz free energy is defined 

by eq. (3.45) belo\\!. 

F ~ u - Ts (3.45) 

From eq. (3.40) and the above considered equations, \'Ie can have 

eqs. (3.46) 

F .- 0 A + 
Ct tt. 

dF .-
q '" q 

o c1A + E )1. ch. + 0 clAo+. ~ )1. dn.
Q
+ 

a a i~] 'u 10 8 >'.i4 l.B l~ 

(3.4 6) 

It is evident from oq. (3.116), that K is in 50mB appl'Ox:umtion the Helm-

holtz free energy per wlit length of the dividing J.jlle. It £01101;S, that 

K > 0 othenlise the cl.uster would dissolve and a two··phase 

system would not ev01y,', 



A <- A + J\. ~ const. 
(~ () 

POI' as ~ 0 ~ constant, eC[. (3.47) gives eq. (3.48) 

dG 

'V q 
p. n. + E p. n. o + 

1(, H'. '-'1 113 1" 1,' 

kl 

(3.47) 

(3.48) 

Thase are the fundamental thermodynamic potentials we will need 

in our work, because they contain all the thermodynamic informa .. 

tion about the monolayer systems for the constraints we will 

discuss in detail in the next chapters. 

3.4 Stability Investigation 

The stabili-ty ilnalysis we go over in this sec tion is 

developed for the case of a circular L;.d ';ingle cluster C,,) in 

the homogeneous medium un a ad can be genera ted ea s il y to many 

clusters. lis an approximation we assume a zero value of the 

cOJ'rec tioll terms n. l . In addi tion constancy of the tempera tUJ:e 
1.. 

is suppo sed. The eC[uil ibrium 5 ta tos a 1'e then determined by 

q 
.I'_·)oA + l: (\1. "'\1. )lin. ~ 0 
r (y. Hi 1 i3 l(, 

e< i zJ 
(3.49a) 

or 

01' (0,,'5
0 

.. -'~)6i\ 
Ct. rS }' a 

iJ. 

.. ~ (p. '-\1. )On. ~ 0 
i ~1 10. 11l Ie< 

(3.49b) 



I:or both of the case~; He consiJered, these states al'e stab] e 

states if they fulfill the inequality requirements of (3.50). 

(:5. 50) 

If n. and A are taken as the independent variables, then the 
let (1 

inequal ity expressions of (:L SO) yield 

> 0 (3.I\Oa) 

+ 

This can be written in the form of 

> 0 (3.50b) 

This inoquaJ. i ty hoI ds a1 wa ys if the prine ipal sub deter·· 

minants and the determinant J of matrix (3.51) are positive 



.J .-

;)1'.1 .(1 

ljn"i~, 
L lJ. 

"" (4 -:-

an 2a 

. . " ~ 

(3. 51 ) 

. . . 

due to the intrinsic stability condition of each homogeneous 
phases ecL section 3.1), all subc1etenninants al'e positive and 

the condition for stabil ity is only Hlten .J > O. 

For our special case of a Olle component system, the stabi·· 

lity condition is reduced to inequality form of 3.52) belol'l. 

~~£~ ~.~L a)l d II r; 
+ a + 

3n .\ -~ '3A'- TJA-; 
" 

a it
r3 " II 

> 0 (3.52) 

laa da da aa p K 

13n~' + -.~. a + "-

dU p 
aA" aA~ 211r 

3 

" a 

Va' "" ,nul liB' as can be considen3d as functions of the surface 

densities f(! and rp, respEctively as it can be showu belol'!. 
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For isothermal conditjons we can vlrite the variation 

of the IIelmholtz free energy (or the bulk ""'phase as 

q 
dF - (} ciA + E p. cin, 

« "" i~l 1", 10. 

out of which <J and 11. are to be 
(t 10, 

(3.53) 

Since F is it ftlnction of the independent 'variables A and 
a a 

Bio' it is obvious, that for the one component case, 

u .- o In , A ) 
« Ct (], 0: 

)J - 1) en A ) 
" u ((' c~ 

(3.54 ) 
or 

(} .. " (r ) a ct a 

r net .- }C-
~ \. (r ) a 

\I fJ, 
« " « 

Moreover, for isothermal conditions and one component 

system we obtain, from eq. (3.39a): 

A d a + II dtt ~ 0 
a(t 1...1 a 

and the partial derivil.LlVC>3 of the surface tension can be 

expl'csscd in tenllS of the chemical potentials as below, 



... .\ 6 .. 

dO () li 0U ilr r "II (i, 
l' 

0: 
" 

0, l1 (I, (J. 

{) D. 0: )n ,-,; ,) r 3n 1\' -8" r c, (' ({ u " " 

30 () tl or )'2 d.1l 
C( 

~ J' 
o. " a a 

aA~~' 
,. ale .. r :J 1'--"ar a (J. (J. a 

0.55) 

dOH ]'2 ap
S ~ ... il. 

'aJ\~' All 
'ff--

S 

The partial derivative of tile chemical potentials I'lith respect 

to A can be transformed to a derivative Idth i'espect to r as 
a u 

(3,56) 

Thus instead of inequality (3,52) \'Ie llk'ly have (3.57). 

when (3,5'1) is evalua ted \'10 get 

> 0 (3.58 ) 



From the st.abJlit)' condition of (J~~)8) Lhe follo\\'ing cOll.clusiollS 

can be developed. 

When the characterstic potential :lS F, it means, if the 

constraints are given by 

A ~ A {- \, -, const. T ::c. const. 
C! 

, , 
II rl n {- llll c const. 

C< 

the variation 0"1' the size of the cluster l.eads to a depletion 

which is a variation of the state of the medium. As a resltlt, 

a stable equilibrium state ., evolution oE a cluster of finite 

size in the otherwise homogeneous medium (13~phase), is possible. 

In contrast, if depletion effect does not occur, l1fl~ ~'f3(rll) 

is constant and a :finite sized stelte cluster cannot evolve and only tmstable 

equilibrium states a)'e possible. 

All the arguments and the resul ts obtained are qualita·· 

tively similar to ;)-d case [17,18]. Under the same footing, 

the stability analysis can be caxried out for any other con .. -

stl'aints and al so for the case where wany clusters exist in 

the system. 

3 r . ~ CUTva ture Dependence of Line Tension 

The pa rarneters of a 2···d c1 us tel' in cquil ibri um with the 

medium in which both belong to a one-component system under 

isothermal conditions, are (eL eq. (3.44) given by: 



K 

r 
0, 

'In . }() 

(3. 59) 

The line of tension i~; chosen ;'''' the dividing line and for a 

given size of the clusters, the line t.ension, K has a properly 

defined value. It is of interest to investigate hO\,I this line 

tension depends on the size of the cluster. Such an analysis 

is caTried out n01'l to check, uncler which conditions such a 

dependence has to be taken into account. 

From eqs. (3059) \'Ie Ciill have 

(3 ) 

d" ('( >. do 13 ~ .• d C-{- ) (h) 
(J. 

and from the Gibbs adsorption isotherms of egs. (3.61), 

A do + n dp '" 
(J. (J. U Ct 

Asdo e + 'JlSd1l
ll 
~ 

eq. (3.(,Ob) is reduced to 

0 

0 

o. d (l':'~ ) 
<Y. 

Kd (.L) 
r ' 

Ct 

(a) 

(b) 

(3.60) 

(3.61 ) 

(3.62) 

Again for isothermal conditions and a one component system 

eq. (:5,23) reads: 

(3.63) 



and thus frcHo eqs. (.~o{)J,h) and ~).6/)) \'ie have 

(:5 • 64 ) 

where, 
A L 

'l' ~ 1"'::'1'-' IS a 2"d TaIwan coefficient. 
" r; 

Rearranging eq. (3.6(,) we have 

ell n (K) ~ -d1 n !1 + 

The general solution of tJlis diHerenbal eqmtion is given by 

Eq. (3.65) is one form of the most general thermodynamic 1'c1a-

tion that describe the curvature dependence of the line tension. 

It is qualitatively analogous to the expression £01' the curva-

ture dependence of surface tension [16). 

When ~, is constant oq. (3.65) is reduced to eq. (3.66) 
K 

K (1',,) ~r}('l'7i-) (3.66) 

" 
and it is the 3~d analogue of 2··d Tollflm eqm tion for the curva ture depend-

ence of line tension [16]. 



eq .. (3.65), it is evident thnt 
t.he regiun where () Clll'va ture , 

dependenc e of 1 ine tensi,oi) bCKolne,; impoltcqn is determined 

by the value of '¥. To Jetenrdne ~, let n:i discuss in addi­

tion to Gibbs' dividing l111e of tension also another dividiqg 

line (see fig. :1,2), called as th" cquimol,xldar dividing 

1 ine, defined by 111. " O. 

For the Gibbs I dividing 1 inc (C ~ 0), the total number of 

particles, n, are expressed by: (cf. eq, 3.27). 

(3.67a) 

For the equimolecular dividing line 1'Ie have fOT n as 

n - nee) 
(t 

.,. n (e) 
~ 

'" r A (e) + r' II (C)) 
( " C 'S (3. (j'lb) 

'J,'11e S'lll,)Cr,C,Crl"p'("" n,., ,l',J1d,i,C'cltc c", "I' < (jlll'lno]' 'tIl' U'\l'd'l!lg ]1'l]e 
. U f,,, ',ec I, i " 1. r,:" ", >. 

Fig .. 3 .. 2: 
Model fig. fo1'( )he two arbitrary 
interfaces, XG,X e of (1 finite 2-d 

) , system, 

(c) 
XG and X in fig. 3.2, are the position of Gibbs I dividing 

line, (C ~ 0), and the position of the equimolecu]ar dividillg 

1 :tHe i'cspec t ill01 y, 
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By the COllS81'Va tion of pa rticles, 

I'A+l'A+n 
a a ~ tl L 

I' A (el + r A (e) 
u." f) rl 

(:5. 68 ) 

Rearranging eq. (3.68) we obtain eC]. (3.69). 

(:5.69) 

Since the distance betwoen both dividing lines is, in 

general, very small - less than the width of the interfacial 

region, ~, is al so much 1 ess than this width and in a good appro-

ximation, K can be taken as a constant. 



Chapter Four 

4.] l'hcrmodYl13mic Analysis [of tllc Formlltlon of one 2-)1 Cluster 

Til] now n discussion of the general thcrmodynamic theory 

of heterogeneous 2·-<1 systems without ilny regard to the process 

of formation of clusters is given. 

lIere as special cases, two therlllodynamic potentials, the 

Gibbs fUllction and the llel.mholtz fYee energy are analy?,ed 

under the constraints 0rl ~ ° const", T ::::: const., n ::::. const .. 

and A ~ COilsL, T ~ const., n ~ consL, rnspectively which 

give adequate description for the analysis of cluster fo1'ma-

tiOJl (see also Ch.:)). 

As a model system an adsorbed thin film developed on al)d 

sllpported by a firm llase 01' substrate is nssumed as in fig. 

(4.1) belON. 

, 
o o 

, 0, 

, 

u CJ 
o 

--~---~~~----~~- -

Pig. 4.1: M)(lel system for the study of 2··<1 phase trnnsitions. 

In the transi don that lea(i~ to the f"(,"I'111,'ltl'OII 0" J' 
" lone (X"P lase 

c1ustcr, the two potentials nre described I), • f 
v>, eqs. :S.~6 and 3.48). 
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(a) 

(4 .1 ) 
F 
I!et.~[JA+n)l+oA +n\1+,l (b) 

a a a a B B B B 

As usual, A is tJle surface area, n, the number of moles, 

[J , the surface tension, P, the chemical potential, 1 the 

length of the boundary line between the two phases and K, the 

line tension. The thermodynamic parameters with a subscript 

a correspond to the cluster (a-phase) and with 8 subscript S 

correspond to the medium CC"'phase). Egs. (4.1) are equations 

of heterogeneous systems. For a homogeneous plmse, parti-

cularly for the initial metastable state, these potentials 

are described by 

G Hom. -, \1n (a) 

FH . ~ 1111 +<5}\ (b) om 

(4. 2) 

Since the change in potentials rather than the mere potentials 

themselves are of importance, first the change in Gibbs' 

functions with respect to certain parameters, ljke the size 

of the cluster is given by 

lIG ~ G G Het ., 'I!01ll. 

lIG a n ()l -)1.) + 
a a " 

(1 .3) 

As jl and (J are functions of the surLl('.e concentration, r, both 

vlIlues arc constant in the Gibbs potpntiaJ C:lsn and ,is equal 
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to the values {o:c tho hOi)lO[,GlleOW; nlL'ta,;tablc ,;tate, (ar,~ cr, 

ll(," lJ). Moreover from the Cibbs "CiS(H"plioll relation of the 

{orm: 

do ~ '-I' (\p 
(J, a. ct 

(4 . ~ ) 

and a reasonable assumption of the incompressi\Jil i ty of the 

2-d liquid (a-phase) we gct: 

a " a -- -r [ll Co) -110 Co) J ; a (j. (( p 
(4 05) 

where II (a) i.s tho chemical potential of the particles in the 
a 

cluster for a value of the surface tension being equal to the 

extc"rnal tension a, Thus substituting cq. (4.5) into eq. (4,3) 

\'Ie obtain eq, (4.6) as follows. 

lIG ~ n ( lJ (0)" lJs(o)] + Kl 
(~o: . 

(4.6) 

The change of the Gibbs function wi.th the size of the c] ustcr 

is then givell by 

(p" j1 )+ 211K 
a S 

and tho critical cluster size is determined to be 

r c 

(4.7) 

(4 .8) 

It can then be said, from eq. (4.8), that a phase transition 

may proceed only if the chemical potential of the medium, 

(fl"phase) is greater than the chemical potential of the particles 
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in the cillster (a-pllasp). Otherwise, AU as " fUnction of r 
rt would be a monotonically increasing function and thp homo", 

geneous initial state is globally stable. In the test for 

the stability of the equilibrium state of eq. (4.8) we obtain: 

21£K - '- (4 .9) 

Hence, the potential, IIG being the potentia~ for the case of 

constant surface tension as a constraint ha, only one extremum, 

a maximum. The above analytic arguments arc verified by 
fig. (4.2). 

Fig. 4.2: 

----.----'t----"<;:-- .~---+ L 
6F 

Description of the thenrodynamlc potential 
changes as a function of the size of cluster 
(cf. 3-d case) [I] 

The figure shows that for a cluster of size l' < l' , the cluster shrinks. 
Cl c 

In contrast, for a cluster of size l' >r , llG has to decrease, fulfilling 
C! c 

the criterion of evolution to equilibrium whJch results in 

a furtller growth of the cluster. 
A cluster of size l' = l' 

. C! C 

has an equal chance for shrinking as it has for growing and 

it is unstable. 

An equivalent argument for the above description is as 

follows: 
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From eqs. (4.6) and (4.10), eq. (4.11) is formulated. 

bG 
IIGc 

(4.10) 

(4.11) 

Eq. (4.11) has the same structure given for i\G in fig. (4.2) 

but in a dimensionless form. 

For the second considered type of constraints, A, nand 

T being constant, the charac terstic potential is the Helmhol tf 

free energy. Its change for the case of formation of one 

cluster is given, from eqs. (4.lb) and (4.2b), as 

AF = A (a -a ) + n (p -p ) 
a a· B a a B 

+ A(all··a) + K 1 

From the incompressibility of the cluster, we can have 

and, 

(a - 0') 
(I. 

lIF = Aa(a'-a B) + [11a (a')' ~ "B(a
ll

)) na 

+ A(oS-a) + n (Pfl-") + K 1 

(4.12) 

(4.13) 

(4.14) 

where a and 11 refer to the homogeneous phase and are constant. 

a' is the value of a for the 2-d 1 iquid-va pOl' sa tu:ra tion state 

and n is the tAltal nUIlIDer of llDnomers in the considered system. 'lhe 
change of lIF with the cluster size is: 
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2l1r (a'·-a p ) + 211y " [1, (a') ,. \' (OD) J 
CI. !.J 0', u. Ct B fJ 

p (a l
) ~~' 

ct 

+ ZITr r (~I_~D) + 2TIK 
ex Ct. p 

(4.15) 

Applying the isothermal Gibbs adsorption relation for the 

B-pha se 

and introduc ing a mean val ue, <r B > in the in terva1 (r'. r) 

we have 

a I - a··· - < r > (~' _p ) 
S S S (4.16) 

where a t the 

Eq. (4.15) is then rewritten as: 

(4.17) 

For a phase 'transition to occur, ~B must he greater 

than p' (i.e., Pa(a S) > pet(a') ~ ~B(al)) and moreover 

3l1F/ar < O. 
ct 

The extrema are eva1 ua ted from 
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al:~u + 
i3 

r (v"']1 )+ 
<" i3 

K 

l' 
a 

- 0 

l' ~ l' 
ext. 

(a) 

(4.18) 

(4.19) 

For stabil ity test, a 2 L1F/ar2 is computed at the extrema. 
a 

(f ·r ) 
i3 a 

2 
2nK 21\ r' (r-r 11) • 

- --_.[ 1- --ca....(f, -.~<,~ S 
l' lOA (I-A)' 
a ~_ 

A 

(4.20) 

r is the concentration of pttl,tic1es in the homogeneous initial 

phase. For very small clusters .. ~e obtain 

2nK - -_ .... < 0 
l' 
'a 

(4.21) 

which corresponds to a critical state of the cluster. And 

for large cl usters eq. (4.20) is reduced to 

> 0 (4.22) 

which corresponds to a stable cluster. 



The characte:f~)tic potenLiul s ld:" has two extTema" a 

maximum tha t corresponds to a the:nnodynamically unstable 

cluster and a minimum corresponding to a thermodynamically 

stable cluster. The behaviol' of IIF as a function of cluster 

size is briefed in fig. C'I. 2). IIG and IIF have different 

number of extrema. lIG has only a maximum because the sur-

face tension is kept constant in the system by the transJa" 

tion of the I-d interface in the COurse of the transition. 

(see fig. 4.1) and IIF has an additional extremum (a minimum) 

due to depletion effects. 

4.2 Depletion Effects and the Work of Formation of Critical 

Clusters in 2-D System 

From the point of view of classical thermodynamics the 

homogeneous initial state would exist for ever, sinceyaccord­

ing to thermodynamics
1 
evolution processes are connected with 

a decrease of the thermodynamic potentials F or G respectively. 

But in every real system spontaneous devia tions from the 

equilibriuill state - fluctuations, occur which are not con­

sidered in classical therlllodynamics. 

Of particular importamce for the nucleation process are 

fluctuations leading to the evolution of clusters with the 

critical s:i.;I,e,rc ' Such clusters can be formed also in a 

revers ihl e thermodynamic pl·OC ess, if an extel'llal 1'10 rk is 

done on the system. This \vork of fOrJn"tion of critical 
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clusters, lV is equal to I\' " fiFe or \'i 

both of the considered cases. 

- AG respectively for c 

According to classical nucleation theoI'Y, the nucleation 

rate, I, i.e. the number of critical clusters formed per wlit 

time is given by 

I I {- ]V 
} ~ exp 

"K1if 0 (4.23) 

If depletion effects can be neglected, W is given by 

K .. lc l'f ~ AG(r ) ~ - -
c 2 (4.10) 

It is evident from bot!l these eqs. that I decreases rapidly 

with an increasing cluster size. Therefore, phase transition~ 

in layers occur only if the critical cluster contains for 

about two to ten particles. 

Now i.f the state of the mediulll is affected by the forma~ 

tion and growth of the clusters, i.e., if depletion effects 

occur, the critical cluster size is affected by these varia-

tions. Let us nO\~ analyse the influence of depletion effects 

on the work of formation of the critical clusters. Here, as 

an example, the case of constant surface <lTea and constant 

tempera ture is considered; where F is the cha rae terst ic 

potential. 

From eq. (4.14) we have, 

(4 .24 ) 

where the depletioll effect term, aW 15: 
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A('5 .. ,,) "' n(:'et"'II) r·;· , 

At thc extremulIl, lIF is [{iven as in the following. 

!Clfr + IIW 
(/, 

(4.25) 

In the ahsencc of depIction effect, IIW ~ 0, \'IC have the 

minimum "Iork for critical cluster formation of eq. (4.26) 

(ef. eq. I) .10). 

Ill' - lIG c c ~ Kill' I 
0; r ~ r 

" c 

(4 . 26) 

Btl t in general lIIV is not equal to zero. To find out the 

properties of lIlV, let the parameters 06 and Pp be functions 

of ne and Ap represented by 

(4.27) 

and let us denote thesc independent variables for a while by 

Xl and XZ' By a trancated Tayler expansion of Oil and Pfl we 

have: 

t>.X.+ 
1 

(a) 

t>.X.t>.X. 
1 J 

(4.28) 

(b) 
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and the deple Lion crrcc t te~ffn rends 

Using isothermal Gibbs adsorption -cela tion this will reduce 

to 

From the relation: 

we get 

+ n 

() (j 

5)C,~ .:' 
1 

(4.29a) 

- II 

(4.29b) 

From the intrinsic equilibrium condition (cf. eq. 3.5), we 

obta in 

> 0 (4.30) 

Hence, 
2 , 3A 30 , an ,,~L) t\X . I',x , IIW ~ .. ! E l-ax': 'aX:- . 'aXj' < 0 

i, j ·'1 
aX. ) 1 

J 1 1 . 

(4 • 31) 

The dep1cti' n effect term, t,W in the 2 .. ·c1 cluster formation 

is negative analogous to the :5··c! case [1]. 



Moreover, dCl)letion cfofects also rCSlllt in a variation 

of t.he nlClius anci the nUlllbeT of pen-ticles in the crit.ical 

cluster. To account for this effect .it is realized that I'S 

can he expressed as: 

(4.37.) 

The parameters of tIle critical clusters Hre given \Iy: 

f ~ v (1' ) ")' ( r ) - ° (a) 
1 IY. 0:- Il ~ (4.33) 

.c 
(j (r ) -(} (r ) .; 

f( 

° (b) 
1 2 , .. -

a a i3 ,3 1.' 
(( 

Tahing eq. (4.32) ill to account it can be concluded that 

eqs. (4.33) represent two' equations of the type 

cen ,A ,n,A) '" O,.i ,-1,2. 
J (J, a 

(1\ • :S 3c ) 

for tl~ determinatioll of the parameters of the critical 

cl lIsters ~ 

To obtain expressions fur the d~pendence of the para-

meters of the critical cluster~; on depletion effects we start 

with the argument, that with an increasing size of the total 

system depletion effects '\'Jill, become loss important. There-

fore, tho analysis may be reduced to the consideration of the 

dependence of the parametors of the critical clusters on the 
, 

total size of the system, provided the initial representation 

is kept constant ("ee· f',,, 4 3) ~) --.-b~. OL. 



Fig, 4.3: lv'inlcl used for the investigation of the :influence 
of depletion effects on the param(,ters of the 
c:rit:ical clustcrs~ 

The two systems, represented in fig. 1.3, differ by the total 

number of particles, n and tile total surface area, A. Accord-

ing to cq. (4 •. >3), also (:li0 parameters of the critical cluster 

wiII be different.. AntI for the systoms .in Ug. (4.3) we can 

formulate eqs. (4.:54). 

nO) ~ n (n,/\) 
Ci (-:1 ~ 

(4 • 34 ) 

Expanding in a Tayle)' series and neglecting higher order temp, 

the following eqs, (4.3!'a) and (4.3Sb) are obtained for 6n 

and 6A • 
a 

or 

lin 
" 

M\ 

" 
lln 

" 
61\ 

" 

,. 

., 

" 

t:; 

an 
" d n lin 

<lAc< 
'5'7\' t,A 

~n 

( r·~S'· 
til 

aA 
. .' (rail' 

a 

an 
+ « 

6A 'aA 

., nJ',~, lin ()n 

an 
+ ct) A "f/A'. fI . 

31\ (4.:lSh) 
....{~) IIA 
:lA 



F'l'OIil cq. (4,:l:Sc), GCp. (4.:\6) arc also fonllu]atecl. 

of on ~j :f aA af 
.. 5 C\ + .. _5 0. ''S/ Ca) ---37\-- TA- -- .• 
an 01\ 

(j, (~, 

(4 36) 
af an 3f aA a1' __ .1 (( 

-i- .. _J <X ... .5 (b) -- -an an 3A an an « " 
The Jacobi determinant, J, of eqs. (4,36) is given by (4. :57) 

below •. 

(4.37a) 

For the part:ic .lIar case of eqs. (4.:>:>3 ,Il), the Jacobi detcr-

minan t is 

J -- (1\ .3 7b) 

Using CTamers rule~ 

are evaluated by the ['oUm'ling eqs, (4.38). 



l (J(f[)F)) 

,liJ(f\;i\} , 

(}j\ 

, ") l"·· . cln -1\, n 
a 

«I . :\8 ) 

From Eqso (4.:,:;b) and (4 .\il), the following C~ll be obtained. 

I of, d:f] 01\ , [' ,,-= -..:.~~ + an a/\ ;11\ 
t.A I (), 

1111 ~ .. 'J' I " ~)-f af". ') ,-I 
2 { Y 2 

I 
'" r'~ " -;. -- ;)7(" () j\ 3n 

" 

(4. :\9a) 

Hnd 

M a 

r, -f: Qil 
;)n 

(>; 

(4 0 39b) 

Substitl~ting the exvcessions of f J and f2 of eqs. (4.33) into 

eqs. (4.39a) and' (4.:,%) it yields: 



I' ;)1 1 (}ll 
l' fl .. J~_ .-'j~ 

li~ 
c~·_ 

l-\~ (jl' ') I' , B ~j [ )3 

1m 
6J\ -- 0.' :r C!. 

]'2 "PB l'r :Jp!~ 0 f, ,. ,) -:-
K;: A,;--d ;~ 

8 I'll ' B 
'" 

and it can be siloplified to 

I ap 

A :Jr 
Ci 

M\ '~ fiJI, 
~ 'T (I. 

r "d P u 
" K 'ar 

« 

1 « + T~~~-
ij, P 

0: l'n 

" Ail 

l' 
[ "_"5', 

/\ 

" 

~l .. ~_~t~ 
01' 

rs 

aps 
.-, " 
OJ B 

" {jp f 
u Ci 

]I "-" 

(Jf 
(( u: 

1'2 up a 1): 

'" Ii ar 
c.: (J. 

l' <J)lr il ____ "",s" 
A e H s 

]"2 ~-Vf'< (J I' 

1-\ . P 8J' 
f.' 

and tllis agai}l can be simplified to 

r" ap
l3 p 

An 
I) 

11'g 

['2 all Q 0 K . --.~!~ .. J.iii: 3-" 1\) arr> 
p 0: 

ellJ B 
J' 

df 
~ 

1'''6 "jlf, 

"" As' '5f~ 
p 

For the variation of density of the l:luster we have 

Ill' 
0: 

(I\n "1' 1\/\ ) 
- n· U li! 

(4 .4 Oa ) 

(~ .40b) 

substituting the viJlues of bJl all(l 8A ,qf~ get: 
(~ u it to be 



/\1' 
0: 

-i 

!\ A 
C( u. 

;) II- n 
(If'G 

(il.H) 

To discllsS the results, 'lie )'(,alizc first that the dcter--· 

min(lnt :1 
- _C " ,J, 01_ eq. (4.37b) is identical with the deterloinant, 

J) tlla1: was discussed iTl t)10 stahility investigations of 

Chapter:5. Therefore, according to eq. (4 .'lOb), tlw size of 

the critical cluster decrcases and the size of the stable 

cluster increases \'1i til an incTeHsing ~~Il-rf:Jc(~ (ll'e:a, A ~ This 

reStlJ"ts in an increRse of tIle cri_t-ical C:illstel' size and an 

increase of the w()1'k of format"i.nn nf th(~ cl'j.t:i.cal cluster 

with a decreasillg size 0:[ the system. 

Going back to our jlliti:~l system -- the dependence of the 

paramete~rs of the crit.:lcal cJ\lster on deple-i".ion effects~ we 

may conclude:) that dep.1etion leads to the increase of the size 

of the critical cluster,;, Since thi,-, incremellt is a linear 

function of the "1lyiHtion of tlle stat(~ of t"lle Jncdillm) 

eeL eq. 4 .40b), it is thi);. eH(;c;i- and not the term I'll'! that 

determines the vari:ri:ions ot W d_ue to depIction. Therefore, 

depletioll results is] all illcreasc of tIle work of formatioll 

of critical clu~;tel's and thus in ,_, d8Cl~{)a~)e of the nucleation 

rate ~ 

4.3 Generalizatioll to Eliselnbies of 2-D (:luste1's alld the 

Scenario of Pllase TraJlsition 

What has been discussed about the cilonge of the thermo-· 

.dYIlamic potentials due to an evoll_1-tion of :1 (:]U~itcr as ~I 



result of phase transition can be generali?eci to ensembles 

of clusters. 

For the evolution of N distinct clusters out of the 

homogeneous metastable initial state, the change in the 

considel'ed thermodynamic po tent ia 1 S is given by (eL eqs. 

4 • 6 and 4. 14) ; 
• 

~ [n (i) (11 (i) (0) 
i~l CI CI 

Ca) 

(4.42) 

(b) 

The subscript (i) refers to the different clusters. For N 

identical clusters, eqs. 0.42) are rewritten as 

(4.43) 

+n(p -11) + A(a -0) 
S B 

The potentials of eqs. (4.43) depend on the number of clusters, 

N and their 5i"e. For a constant number, N, the extrema of 

the potentials are computed in the same case as for a single 

cluster. (cL eqs, 4.7 anc1 4,lS) 



:)flG 
(".,;.) ',.' « ZIll' Nr (,) (jI'~11 Cu)) ., 21lKN "0 (l'" ct (~'i'i" G ,. 

0: 
l4 .44) 

[-or the stabil. it)' test, a2l1G/a/ and a2l1F/d/ are examined a t the extrellR. 
Ci « 

For G we ohtain 

a2 11G 
"--r' ... 21lN r (11 (<5 ') "p 0 ((j ) ) 
31''' 0." p 

Cl 

(a max imum) (4.45) 

MOH)OVel' IIG for the N number of clusters can be as eq. (4.46) 

fiG .. NlIG 
c 

r 
2 ( ... ".) ) 

r c 
,. Nfl G 

1 
(4.46) 

l' and lIG being the critical values of the Gibbs free energy c c 

for a single cluster and lIGI a value of single clllster. 

The extrema (only a maximum) of IIG is increasing at a 

fixed critical rad,ius, r as N increases and crosses t]le same c 
point in the r - axis irrespective of the number N. 

0. 

Let us no\'l discuss flF at the extrema, it gives 

a2 11F ----'2 - 2l1Nr [(ro-f ) 
0. fJ « ar 

Cl 

By eval ua t ing ar lar as 
p, " 

(4.47) 



where, 

2 aNI: 
r 

a 

.. 61 " 

(y: 11 

From eq. (4.48) two conditions can be predic~ced. 

1) 

2) 

a2 AF 
-~-2 

ar 
< 0 implies 1 +y >0, 

being the condition for the critical state. 

> 0 imp 1 fes J +y < 0 , 

(4.48) 

being the condition for the ~~table state, U:tahle, if 

the number of clusters is fixed). 

For all analysi.s of the qual itative behavioT of t\F as a [unc--

t:ion of N, the 2··d Gibbs Thomson equation (4.49), obtained 

from eq. (4.44) is d:ifferelltiatcci with respect to N taking 

into account that r is a function of N and evaluated at the 
(j 

extrema. 

+ K --
r 

C< 

0 

ell' 
" "(fl\!-

-"'--] ~ 0 
l' 

C< 

(4.49) 



dl' 
0. 

" (,2 

The number of eq. (4;50) can be transformed in to: 

a nd the denomina ~co r is: 

(r "'1' ) 
B 0, 

(y+1) 

where y is that determined above. Thus we get 

- r 
a 

'2;:;(~~,;;-T) 

At the critical state, 

··1 
(1+y ) < 0 , consequently, ell' /dN > 0 

" 
and at the stable state, 

,,1 -
(l +y ") > U, consequently, dx /dN < 0 

(j, 

(4.50) 

(4 . 51 ) 

(11.52) 

(4.53) 

To finalize the analysis of this section, let us evaluate 

c!ilF/dN at the extrema. 

dill' 
-(fN 

ailI' a1' 
dAF dl\F 

~ 
a ... 

-§r~ "3N -;n~-
- "-dN" 

a 

-- A [(0 1 )>0 ) + ]' (""p )""1 +KJ 
a" Bit" B" 

- Klfr 
(I. 

Kl 
""'2>0 (11 ,S4) 



FlOill all tIle aJ.gul!tC~llts {or i\F ::~s a l'herlllody,}amic. poten~ 

t.ial for the pilHSt~ t1'(lHsit-ton :in t.he fo'nqntion and gro\vth 

it can be saitl that the position of "'F(r ) 

" for the critical state jncl'ease~~ with th", Ilumber of clusters 

and for the stable state it decreases wjth the number of 

clusters, N, ulltil both extrema coincide in a common point 

called the inflexion point characterized by 

(4.SS) 

This point correspond:; to the maximulil ))Ollsible numher of 

clusters, Nc of the considered system. The function lIF(r,,) 

for a definite Humber of clusters b sholm in fig. (4 .4a), 

Fig.4.4a: 6F as a function of l' for n given Ilumber of 
('t 

identical clusters. The variation of the 

position of the extrema of r as a function 

of the number of clUsters, N is indicat.ed by 

arrows~ 

. Fig. d.. 4b presents the [unction Ill' ., III'fT ) for different 
. " 



valuc~: or lJ}{~ nurn!JC1' of cfusturs. 
Bnsed on thjs figure a 

sy:;tems j stal'ting fronl llletastnble initial st:ttcs loay be 

developed. 

Pig 4.4b: TIle f~ain stages of a first-ordor transition 

ill 2·~d sy~;torn: nucleat.:tOll ond possible sirnul", 

·''''.nool\'·; g'cowth (dvttod curve), independent 

rrowtJI of the clusters (dashocl curve), Ostwald 
rip811Jng (daJI)ed-stared C{l~ve), 

'f110 t~llrlsltion st~gefi in fig. (~.4b) arc u}lal.ogous to 

the .'"d ca,.,c rn.], To n:lme them, first a stage of nucleation 

[lnd a poc;si.b:lo siJllul tuneou:·; growth of the already formed 

, 
stage of HeH~~l)' :li"H!0pendent gro\~lth of the cluster.s with an 

Sllpercrj;:'caJ clllster~; (clotted curve), sul;seqllently a seconc/ 

allllost consLmt number UJ: them (dashed cur'vel and a third 

stage of compctitive growth or Ostwold rationing wllcre mono-

lIleTS leave the :;maller clusVns and diffus'e oval' to the lorge 

resulting in a docrcusc of the number of clusters in the 

systcm and an :i.llC!"CHS(; of their IIleR.n rad;lI:; (dnsluccl'-,;I::'cecl 

curve), 



The resuI ts of the thei'lilodynAillic description developed 

in the preceding chapters are nOI'1 to be applied to the kinetic 

description bf the growth of clusters. In tllis study, it will 

be assumed that growth proceeds by ac(:retion. 

"' 



(:hapt{;~r Five 

Kinet:i.(".s oJ Pli(lSe T)'an~~~ i ti(1) :in J\d~)()rbed Mondayers 

So far a statif: tliermodynamic dc~)c.rjptjon of the phase 

transitioll was discussed. The consideration of the kinetic 

process Nhen mattoT 01' energy o-{' both are t}'::ulsported between 

parts of the syr~tem :i~; (.0 follow in this chapter. The rate 

of transport process of thermodynamic quanti ties is the object 

of study af physical killOtics. 

Transport processes of loaterial particles in a finite 

2-d system are in general described by th~ flux, j of a 

physical quantity, z defined as the amount of the considered 

quantity crossing a unit length (cf. unit arca) in a unit 

time. Matllema~icaly it can I)e expressed Ily: 

(5.1) 

The flux of mai:tul' in diffusion, the flux of heat in 

thermal conductioll and tiiO flux of chArges in a conductor are 

a few examples of kinetic processes" Each of these fluxes is 

caused by a gradient of a physical quantity like concentration 

of particles, temperatures, and electric potential. In tile 

case of 2-d kinetics of phase trallsition the objective of the 

study is the flux of matter by diffusion. 

5.1 Kinetics 01 Cluster Growth by Difhlsion 

III the kinetics of phase transition of 2-d systems, the 

'3"0 'Illalogue to the 2"d diffusion equation is expressed by 



67 .J 

(5 ,2) 

D., r. 11. are the partial diffusion coefficient, the surface 
1 1 J. 

concentration and the chemical poten'dal of the i~th compo-

in the system respec tivel y. K is the Boltzman constant 
E nent 

and T the absolute temperature. The negative sign in the 

equation indicates the direction of duffusion being to\</a rds 

decreasing concentration or what is equivalent is towards 

decreasing chemicol potential. Assuming a perfect mixture, 

11. can he expressed by: 
J. 

(5. :~) 

(0 ) ",here Pi is the chemical potential in a standard state, and 

X." r Ilr(O) ~ 
1 . i (5.4 ) 

Hith A and Il
t 

being the area and total numbel' of moles, 

respec tivel),. X. is the mole fraction of the i-th component. 
J. 

Tile gradient of eq. (5.3) reads for this case 

\7u. . ]. 

K T 
KnTIJ 1 n (r .j) ~ ~ .. -vr. _ fi 1. 

(5.5) 

Then from eqs. (5.2) ,mel (5,5), eq. (5.6) is obtained f01' 

perfect mixtures. 

(5.6) 



For a one component sy~t()lTlr. ~~qs,> (S,)) and (:).6) a:cc: 

+ Dr .J -- .-.-.-J,l. " KnT Ve, 
D 

(a) 

-, 
J _., 

" 1)1.1 r t} (1;) (5.7) 

where va and fD refer to tho chemical potential and surface 

concenttat.ion'of the f,'-phase. Based on eq. -(5.'7a), now a ?'-d 

cluster growth equation is to be developed following the 

approach intl'oduced by Schmelzer [20] for 3"id clusters. Bere" 

by, is started with the consideration of arggion of the inter. 

face between two coexisting phases (see fig. 5.1), consisting 

of two homogeneous parts of the liquid (a) qnd vapor (8), 

divided by an inhomogeneous region with the width J o' 

(5.7a) when refered to such system is written as: 

<' eq. 

(5.8) 

whore, 

t'rt"B~ \lB"lln and ej: is a unit vector po,:penciicular to the 

surface of the a"phase, 

---,:, -'-----~-. --T=:~:-'-~---{f:'~ -~-\ 
(.11 ,t ..,.~> 

t. 'J 
I • .,;;-•. --------' -- 1 

--!~~--~'"-... --'.I-'--.' .. -. ,_~.~/:f./!.._ .. ~ 
-0 

F).g" 5 .. 1: a) Schematic d:i.g~ for 
tile transport process 
between coexistillg phases. 

b) ~(T) at constant,/ 
5Ur'j;ace tension. 



The ph(l~c tr::q)~,itjon py"()cc'.;s may commence at any point in 

the metastable stal;e int(H'v(d (1,2) of the f)-phase (seo fig. 

5.tb). Tilereforo, for a condensa~ion pToces5 to occur, AVaS 

must be positive. Equation (5.8) can be generalized now as 

follows. 

From tile ~hermodynamic point of view, a process in a 

system will take place, if the characterstic thermodynamic 

potential, iiJ! decreases. 1'hel'efore, the thel'modynamic poten'· 

tial change, A~ connected with tho increment of particles, 

An in the a-phase can be taken 8S the thermodynrimic driving 
a .. 

force of th,c tnll1sitioll; Hnd eq. C;, ,9') is obtained. 

'r Dr (\ ., 
A~\ 

.J 
1. (' 

(5.9) .. ':'r~· En" ~.l' 

K 'j' 1.0 a 
B 

Since growth rate llW.y depend on the numbcy of particles jn 

the u,"phas(, 1'.'0 can go over to the limit An ... -> 0 and get . a 

eq. (5.10). 

-> Dl'p, 1 ~ , 
.] ~ 

TCB" 
r~ 

~ .• P e. 
()n r 

0 " 

(5.10) 

As a specIal case l()i: us t.itke '" to be the Gibbs function, 

G und.el' the l~onstraints of T ~ con:;t. and (jll~ (j co constant. 

Consoquently, fS" r ~ consL also and lIG i,; written <1<;: 

lIG - n (v "p,) + 2nVT 
CI,C(P « 

and (S.Tl) 
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'j'henl.he gC\l<5,nd "x]'I'(,S'; ion 1"0) tLe ,ku:; l1:y of fJ lIX through 

the i'lterfaC8 .1.S to be wl'itt811 as 

or 
f 
J 

K 

I o 

r 
l ,,<:i (" u'l ')' ,,' "e" >13 T CJ, 

J ~ 
e r 

(5~1 2) 

where l' is the critical radills, ecL eq, (I.B). Moreover, it 
c 

can be sa id of 

J' ZIT! 

" 
(5 .13a) 

and assmning" again, incompl'eS!;ibility of the clusteT phase, 

d~t 
c, 

ere" 
L 
r 

(l', 

• 
[;'~ 

c 

Tilus [rom C4. (5.13b) jt eRn be concluded that when 

ell' 
T < r it impl ics -at'" < 0 

0. C 

and dT 
r" > TC it implies -irf' > 0 

(S.13b) 

(5.14) 

The first inequality (5.l4a) leads to a shrinkage and conse-

qucntlj to thee cli"aPJle~;ri1nce of the cluster while inequality 

(S.14b) leads to a fU'1'the:c growth. For a large clustel', 



ell' 
(l 

'~(ff-

1l1' 

1 
21::1' . 
(I. \ II 

11 

J o 

1 
r c 

(S,JS) 

To complete the derivation and giv(' a full ar'gument, we 

have to define the mtran10tcr J which waS introduced as the 
, 0 

width of the inhomogeneous region b~tween the coexisting 

phases. Thus for [interface) or kinetic limited growth, 10 

has. to. be a constant, of the order of a molecular dimension 

and for diffusion limited growth it has to be equal to the 

radius of the cluster to a good aPPl'oxima tion [8,20]. Thel'e-

fore, the solution of eq. (5.15) is 

for diffusion 1 inlited 5P'O\'lt11, 

l' 
n 

for kinetic limited growth, [1'"' t). 
Ci 

(5.16a) 

(5.161» 

These reslll'ts can be obtained also by the diffusion-equa­

tion [5.70) [11. The met,hod outl ined here has the advantage 

that it has a widder applicability; (sec c.g. [1]) and alloWS 

in addition the development of a ne\'! approach to the kinetic 

description of Ost:walc1 ripening tha t we 81'e going to discuss 

no\'!. This approach was Jeveloped fiTst by Schmelzel' [20,1] 

in application to pha:;e transitions in 3-d systems. 
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5.2 Gene nIl i let t :'t Oll to thc Kith.; i: i.e s 
(;}'o\'lth 0 -f En::, efnbl e ~j 

of Clusters: Ostwald Ripening 

The growth equation oj: an arbitrary cluster, (il out 

of a number of clusters in a considered system is given by 

(see eqs. (5.10), (5.,13a)) 

(a) 

(S.l7) 

1 
~Tl) 

o 

Cb 1 

The theTmodynamic potential, '~) can befeplaced by tIC; 01' I1P 

giV()Jl by eqs. (/l,~2). 

In the absence of depletion of the medium by the growth 

of clusters of a new phase, • = I1G, and clusters develop 

independelltly by the growth law equations developed for AG ~ ) CI. 

, .. , in the previous chapte~where rc is a constant. In con­

trast, when the gTowth of each cluster is influenced by the 

size and total number of aU. other clusters in a finite system 

of constant surface area in Ivhich the characterstic potential 

is </> ~ IIF, the growth equation is that given by eq. (5.13) 

again; but nOH r depends on the llumbeT of size of all clusters 
c 

in the system. However, in the second stage of tlle phase 

transition (dashed-curve, see fig. 4.4b) clusters do not affect 

each 'other and most oJ them grow at the expense of free fJ.lTtides 



(monOIHCJ'~)) of t}H' meet_I._urn (IS ~ph(]~::c) ~'!Ith J ,\,t for kinetic 
(1. 

? r~' 'v t [01' cLLffusion 1 1mitcd ~2;1·0~'lth $ 

cr, 

POI' tho analysis of the kinetic equation:; of competitivG 

growth 01' Ostwald dpening of c1 Hstel'S (see tlie valley points 

of fig. <I.4b, dash .. stared curve) we start \'11th eq. (5.17b) 

under the additional assumption that all the mass of the new 

phase is even} y dis trihuted among N identical c 1 us ters. Fo r 

all possible numbers of N identical clusters, and q,"" IIF,we 

obtain 

dR 
fJ t' 

N ~ 
il 

,It 
-- _ ... -~-

2r,,),2 KT ~ 1 £\. 
(J 13 

J 
C 

0 

d./d' 
<iN 

dill' 
erN 

dN 
'Z{1l 

dN 
em (5.18) 

(5.19) 

Ill' :is givGn DC)\'! by eq. (4,(1:$)" expression (5.19) is motivated 

by the, argument that ill the cour,;f. of Ostwald ripening, the 

thexfIlodynalllic driving force is the decrease of the UlCrmo .. 

clYl,lamic potential connecteel with the dec:re,lse of the number 

of ClustCl'S< R i~) consideyed as the lllean radius of the 

ensemble of clu~i:ers ill this stage of the phiise transition, 

clN 
al~ 



1 

7,/\ R N (I' l', ) , 
u. t·; - .. , 

Thus eq, (S.lS) yieL 

ell{ 
,re (1 +) 

: r "-'n) 

When a nUlfle:cic.al correction factor, b is J;. "'I'oc1uced into 

eq. (5.20) to COJrlpcllslte the above approxirnatiolL, cq. (5.20) 

h 
1 l' K 

i3 

b wilJ he deterhi:j.n~.J soon,. 

(I +y ~, ) 

To complei'e tit,; kinetic description of Ostwald ripening, 

numb8"t~ of cllu;t;>.cs has to uccompa.ny it~ To develope this 

supplirnclltaTY equation 1(;'[ U~; start \'lith the time df)C'vative 

of Gibbs T1v.HHson j~qdA.tion" It. reads: 

(r 1',) 
" t, 

dR 
(ft 

c, 0 

dH 
iff 

(5,21) 



equation (5.21) call be rewritten as oq, (5.23) 

NA d NA 
-' C<, ','[-I: I n (··Ace ) KA c 

(5.23) 

This is written in a compact form as 

(5. 24 ) 

Equation (5.24) gives the time-evolution of "tile number of 

clusters. The two eq:;, (S.lOb) and (5.?'~·) can be solved by 

numerical methods. In the asymptotic region ~,ero tho system 

,·1 
attains its saturation density I'Q~~ 

" 
r' and y' is tending to 

zero, eq. (5.20b) gets the form of 

(S .2 5) 

£0 r eli ffus ion 1 i mi ted growth, (10 ., R); and it will ha ve the 

form 

2 
R (0 " 

(5,26) 

for kinetic limited growth. 

Asymptotic solutions for t.he proco:5$ of Os-t\lJald ripening 

in the 3-d case were obtained first by Lifshitz and Slyozov 
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[ 23] . 

here, the t:lsyrf!pt() (Ie :)ullJt-.i.on Eo r d i f{us .i.on 1. ilili ted QTO\'Jth 
" 

is givell by eq: (5.27) 

(5.27) 

Since tile results of l.ifshitz and Slyozov nre correct in the 

asymptotic x'egion Vie sot h of eq. (5.25) equal to 

b (5, 28 ) 

to get an agreement \'lith the 1'osu11:s obta inad ill this 1 imit .. 

ing case. Let us go ave', aga in to eq, (5.21)). 

d 
(1t 

NA [ in ( __ ,'",) J ~ '" 
A 

_.J d'l (,2) 
Y cT\:-Il ,k (5.24 ) 

Since y~~l< 0:; it follows that the total ~;urface area or the 

total mass of the new phase inere~~.ses \\'ith time* In the 

asymptotic J'cgion 
,-I 

(y ,,·<.0) the equation is Teduced to 

NA 
[1n ('-J\(") I ., 0 (5.29) 

and thus 

- cons tant. (5.:\0) 

Therefore, in this li.miting case, any variation in the mass 

consists only in a redistribution among all the clusters. 

To obtain the val.ue of the ,'O]lstallt in eq. (5.:30) let us 
I 

analyse the Gibbs Thomson equa ticl) in t.he asymptotic l~egion .. 



sine (-'! 1 
L 

:r 
IX 

Moreover, 

lJ ! ,-. G 

" 0 

and we have: 

'.- 'I? 

iJ j' (\I"'" ) (i: . , )-5 
I) 

)1' ")1 ~ 0 
~ 

Againjo 

Nn 
'I, 11 (,. (I., ..... C<.)) ,\. " f3 • --. n' 

(5,,:~2) 

(S.33) 

(5 • 34 ) 

Since the density of the] iquid is much more greater than that 

term compDrecl with 1 ~ Expanding lIg :J~)out thc-; initial stage, 
Nn . 

X ~ ~;/1c % 0 and neglcc-:ting higheJ' order tenns the £o:Llo"ling 

is obta ined" 

\IS eX) 

'Then 

(',.35a) 



Nn 
01' 

r 
l' 

fI. 

',0 
.~ : 0 

const$ 

This equation is equivalent to cq, (5. :)0) and gives in addi··· 

tion an estima te of the constant. fo find the time evolution 

of the number of clusters, in the asymptotic l'(-:gion it is 

possible to write 

N -- n 
'-'-'-'~r 

nr Ie 
t< 

Substituting the value for R2(t) obtailled from eq. (5.25) in 

oq. (5. :$6), N (t) for diffusion lirnitecl growth is to be 

N (t)c [ (S.37) 

and for the kinetic· l.ili1ited growth, N c-n is given by 

N Ct) 
r K T 

, "g' n 
, l (2E15Y';::rr) (5 • 38 ) 

The computer simulation results of first-order phase 

transitiollS in 2··d system ~arried out by Koch and coworkers 

[4] is theoretically ascertained in tho work of this paper. 

Tha t is, the Rsymptot ic condition for the mean rad ius of a 

Z .. d cluster in the Ostwald ripening is related with time as 

2 
R' Cn"'t for kinetic., 1. ilnited g1'o\;1:h; !·ild.l'" for the slow and 

early stage predictions of tIle computer, an approximate 

val ue 1 the ncighboll1·hooc1 of the iJlflC'xion point 

can be proposed. 



J:ike, ;-idiabDtic cOlldjtiollS 

/ 
alld multicomponent systeln case, C311 be devoloped, 



8 () .. 

Discussion 

In the prc~.;ent paper ~:l, tho1'modynamic description of 

physisorbed <monolayers «laS developEd< B:lsed on tllis tlleory, 

a theTHlodynamic analysis of fiTst o1'der phase transition 

in monolayers and a kinetic description of the process were 

presented" 

The analysis was carried out under a special C:Ollsidera·< 

tion of isothermal constraints and one component systems. 

Very often, hO\'lever.s it is mor(~ appropriate to assume adia.~~ 

batjc conllitions 3,1J ~o consider multi-component systems. 

Moreover, sometimes the approx:imation of an incompressible 

cluster phase mHy be crude. 

It is helieved" that similal' investigations as for 3",·d 

systems can be considered as a first pI<oof, that the method 

can also be applied for 2-d systems ~itll qualitatively the 

same reSlllt ill t)lesc lnore general sitlwtions~ 
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