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PREFACE

We have broadly divided this project ajong the followling

fines.

Our principal aim ts to achieve proflcliency in dealing
with The basic ingredients that make up a gauge theory. Ve
start by reivracing the origin of the gauge idea leading upio
ihe revival of gauge Theories ia the last few decades. We then
discuss the weak interaction phenomenociogy (VB theory) and
this combined with eleciromagnetism (QEDY which is well known

.

to be a gauge ftheory leads one to the etectroweak Theory of
Weinberg, Salam and Glashow ~ the so called GSW model. This

development constitutes tThe largest part of our studies.

However, gauge theories have now advanced far beyond the
electroweak era. We, next, study fhese developments lecading
us to The gauge theory of strong interactions -~ guantum chro-
modynamics (QCDY and subsequently to the grand unified theories
(GUTs). We could not afford to study these developments tn the
i A

same de?aif as FThe GSW theory given the limited scope of this
project.

GUTs have impitcations on cosmology. Using some relevant
information from cosmology an analysis of heutrino masses is
presented in the last chapter.

The concluding remarks are devoted To recording the future

directions suggested by our preseat effort.




A few appendices are included 1o standardize our nota-

Tions and conventions, +to record the barest essentials of ‘the

group theory we need and +o discuss the rather unfamiliar

concept of Dirac and Majorana masses.

e have Yried to present a comprehensive l[ist of refer-
ences. |t jncludes those we have exploited directly and those

which contain additional material. fnspite of +he vastness

of the tist i+ was impossible o do Justliceto all.
p J
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UNTFIED THEORIES AND FAMILY PROBLEMS

IN PARTICLE PHYSICS

by

Misganaw Getaneh

The work discusses +he basic techniques of gauge theories.

The problem of neutrino masses |s examined and the limitations

it Imposes on the allowed numbers of lepton and quark familles
I's analyzed. |+ Is argued that several existing modeis of

unified theories may .not be realistlc at alt.




CHAPTER |

A HISTORICAL PERSPECTIVE

i. General

Gauge theortes represent perhaps the most significant
development In physlics of this century. Man's age old dream
of unifying the fundamental forces of nature now seems a
tanglble reallty. We believe that electromagnetlsm and weak
nuclear forces have now been successfully unifled. This re-
markable success of the Glashow-Salam-Weinberg (GSW) Theory!'
and the leasons |+ has taught us encourages us 1o think that
all the fundamental forces of nature may be unifled Into a
‘single gauge theory. 14 is worth noting that the potenilial
areas of application of gauge theories encompass several other
branches of'physic52 and even pure ma+hema+Ics3. This, then,

is a very general area of study noi confined merely to element-

ary particle physics.

We beglin with a historical survey of the subject. This
- would be very Iliuminating and exciting and would glive us a
fot of Insight into the working of gauge theorles which are
often masked in the complexity of mathematical equafionsd.

Bauge invariance Is an old idea first proposed by Hermann
Weyl 1In |9t95. I+ 1s a classic example of a good ldea presented
prematurely. Weyl's Interpretation of it was easy to discredit

In the absence of guantum mechanics, but fortunately belng a

known symmetry of Maxwell's equations I+ continued to be




accepted as an accidental symmetry of ‘electromagneiism,

The early history can be divided into The pre 1950 era and

the post 1950 era. We shall first explore the question as ‘o
whot motivated Weyl 1o propose the idea whose mathematical form
survives as such titi today and how eyl himself was responsible

for the rebirth of his idea with +the help of quantum meohanicsG.

Wle shall then come to the new era beginning with +he work of
Yang and Millé?fo extend gauge theory +to strong interactions.

We will find that many ldeas of Weyl were rediscovered and

incorporated in the modern theory.

2. lhe Einstein COnhec+Tg£

By 1919 the theory of retativity, both special and generci,
were on a sound footfing. They told us that There are no absolutc

frames of reference in the universe.

tn special relativity we introduce the equivalence of inep--
tial reference %rames {say S and $') which move uniformly with
respect to each other. In general relativity we have to worry
about the gravitetional field while considering relative motion.
We learn that in a freely falling elevator we can forget about
the gravitational field if it is uniform. But gravitational
fields vary with distance. The Lorentz transformation or
rather the Lorentz symmetry group of special relativity Is an

example of a global symmetry. The Lorentz transformations

between S and S' are the same as long as thelr relative velocity
is the same. But the falling efevator in the general theory

defines a reference frame within an infinitesimal region over

2




which the gravitational field can be. assumed 1o be constant,
Thus the reference frame can be defined locally -~ at a single
point in a gravitational field. Observers located a+t di fferent

points in The field are not Inertial and hence not related by

Just a torentz transformation.

How do we reléfe Them? Einstein told us +hat to reiate

these non-lnertial observers we need a connection. Consider,

as an eXample, a four vecior Au' (See Appendix A for notations
and conventlions). Let A“ change by an amount dA“ as seen by an
observer at x (in S) while another observer at x' (in S$') notes

a. change dA'u. Speclal relativity Yells us that

LM
dAt = IX ga (1. 1)
v axty ¥

expressing the linearity of the Lorentz transformaltion between

x and x'. in general relativity we have,
;Y U
dR! w2 gn a9 (BX
Ay axl H H axg\)

ax'™ ¥ Hoaxt Vst

Non—linear terms like the second term in ‘the laéT equation are
familiar to us while dealing with curvilinear coordinate
_systems. A iifTEe consideration would show that such terms can
be interpreied as a kind of co-efficient which arises. from
curvilinear rather than |linear transformation botween x and x!'.
These curvilinear co-efflcients are denoted by the special
symbol, Jﬂ” ) §E§EQMMM _—

vA axtVaxt?
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and are called the components of a ”cannecflon" or affine
connections or Chrﬂsfoffel symbolsaa The value of the connec-
tlons mt each spacetime point ts dependent on the properties
of the gravitational field. The analogy with curvilinear
coordinate systems finally led £instein +o the ldea of replac~

Ing gravity by the curvature of space~tlme in general re!aTIvlTyg.
Let us briefly recapifulate what we have learnt:

Onty local coordinates can be defined In a gravitational
field due fo its physical behaviour, This leads naturally fo
the idea of a connection between local coordinate systems.
Special relativity is a global +theory while general relativity

is a local one., The local property Is the key fo Weyl's theory.

. [ =
3. Weyl's Gauge Theory”

Wiey'l raised the following qﬂes?ion; if gravitational force
can be accounted for as a connecilon glving the retative orlenta-
tion between local frames in space-time, may be the same can be
done with eiec?romagne$i$m {the only other then known forcel.
Generaltzing the concept that ali physical measurements are
retative he proposed that the norm of a physical vector shouid
also depend on its location in space-time., A new connection
would be needed to relate the scales of measurements at differ~
ent posttions.  This idea became known as scale or gauge invari-~
ance. Weyl was emphasizing the local property of a gauge theory.
The Idea of locatity was to achieve supreme importance as we
shatl see, determining the general struciure as well as many

detal led properties of gauge theories.




Conslider a vector at x with norm f{x). ¥ we shift the

vector to xtdx, its norm, correct to first order iIs

flmrdx) = f(x)%auf ! {(1.4)

with anzwﬁu-. We infroduce a gauge change through a mul+tiplica-

axh
/

Tlve scale factor S(x). Ve can visuallze This as the change in

the slze of a meter stick. Set S(x) = | at x. Then,

S{x+dx) = | + BHS dxM . ('.5)"
Thus the norm of the vector at x+dx is
T ] "‘l “ '
St = f+(3u8)f0x +(Buf)dx ‘ (1.6)

and for the special case of a constent vector the nhorm changes
by an amount

Al #] = (9 3 S)fdxM . (.n.

[

The derivative BHS I's +he new mathamailical "connectlion" assocl-
ated with the gauge change. Weyl set AUE auS, This looks
reasonable, for a second gauge change connected with a scale
factor A fmplies,

58 S5 —3 3 S+9 A {3.8)
I 1 u

or Au - Au+ anﬂ (1.9).

Thus Weyl's assertion was compatible with clectromagnetism.

Unfortunately hls ldea of scale invariance ran Into trouble
with quantum mechanics. Quanium mechanics teills us that +he
compton wavelength X of a particle is related to [+s mass m by

A ﬁ’% and assoclates a natural scale wi+th i+. Buf m does nof




depend on posttlion and hence the same with A, Weyl's prOpos‘m
+ion failed. But fthe fdea of local gauge Invarlance luckll&ri

remained because Maxwell's equations had ihis invarlance.

-4, ‘Canonical Momentum and Electromagneti'c Potential

A very important clue to the meaning of gauge Invariance
came from classlcal mechanics. We can get the Maxwell's equa-

tions and the equatlons of motion for charged particles from

a single physical principie = the principle of least acfionlo.
All we need is 1o replace the four momentum P, by p}Jl ~ eAﬂ .
We then construct the Lagranglan density,
e dp ean? - L uv

gz = Zm(pu QAH) ) Fqu (1.10)

where, _ Fuva avAu - BuAv (r.1i),
Hami iton's principle tells us that we get the desired
result by minimizing the action,
S = fLlg,H)dt (r.12)

{.e. to say that the system follows +the path for which $ is a
minimum. The use of the above path integral Is now famiitar In
guantum mechanfcsll. The minimum of the actlion 1s found by
varying the generalized coordinates q and velocities dq/dt and
setting the variation SS = 0. We get The equations of motlons

as ' . B .
e sl (1.13)

8, { } - :
A 3(3Aqu) 3qu

where the cocordlinate 9, ls now defined to be a four vector. |If

q,, is identifled with spatial coordinates we get +the Lorentz




force equation and If we sed 9, - Au we recover Maxwell's

equations. Thus, in The Hamilionlan formallsm the potential
acquires an added significance In ihat I+ Is now an integral
part of the canonical momentum and a generalized coordinate

in the tuler-lagrange equations. These facts were crucial to

the rebir+h'of gauge Invarlance.

5.  Quantun Mechanics and Gauge Theory
Though inltially quantum mechanics seemed to invalidate
Weyl's ldea, he and others socon realized that gauge theory
could be given a new meaning. The Schroedinger equation of
a charged particle in an electromagnetic fleid is easily seen

to be fnvariant under the familiar gauge transformation

A ‘ 7__‘,_. e
" > Au auk(%} _ {1.14)

provided the wave function undergoes the perfectly permissible
change,

p ——> Pg=—le A (1. 15)

The phase of the wave functlion satisfies the requirement of a

‘nev local varlable. The phase is not involved in the measure-
ment of a space={ime quantity like the length of a vector and
thus the previous objection +6 the Weyl theory no longer
applieé. A different choice of phase at each point in space.

can then be accommodated easlily by interpreting A as a connec-
. ' 14

tion relating phases- at+ different points. Gaude invariance now

" of the potential now trans|ates into the freedon of choosing

" the hhase of ‘a wave functlion locally without ‘affecting the

“gquations of motion. Gauge invariance vwas thus rediscovered,.

7



6. Aharanov-Bohm Effect!?

£

Our brief excursion info the history of gauge theories

will be incomplete without a mention of The Aharanov-Bohm Effect.
Thirty yvears after VWeyl's rediscovery of gauge invariance
Aharanov and Bohm showed that Au can produce observable effects
and in facf'in ﬁuanfum mechanics Au is more fundamental fhan the

electric and magnetic fieidsiS. The following comment by Feyn-

man|4 on this ts Plluminating.

It is Interesting that something like this
should be around for thirty years, but because
of certain prejudices of what Is and is not,
significant, continues to be ignored.

The Aharanov-Bohm effect contradicted The accepted notlon
that oniy electric and magnetlc fields can produce observable

effects., " Potential now acquires the status of a physical field

We have thus come to reslize that electromagnetic theory
could be interpreted as a local gauge theory In guantum mecha-
nics. in analogy with Weyl's original theory, the phase of a
.particlie wave function can be tdentified as a new physical
degree of freedom which is dependent on the space-time position.
The phase value can be arbitrarily altered. This implies a
connection between phase values at nearby polnis. Tpe poTeﬁ~
tlal Au provides this connection., The Aharanov-Bohm effect
demonstrates the intimate relationship between Au and the phase

change. Interpreting the phase as a local variable Instead of




the norm of a vector electromagnetism can be Interpreted as a

local gauge theory as Weyl had envisioned.

lLet us also note +hat the set of all gauge transformations
torm a U(1) group. This does not arise from any form of
coordinate Transforma#ion‘like the more familiar spin-rotation
group SU(2) or the Lorentz group. Thus one had lost +he origin-
al Interpretation proposed by ¥eyl of » new space-time symmetry.
Even with the Aharanov~80ﬁm effect becoming known gauge frans~
formaffons seemed more like a property of quantum mechaniés
rather than of electromagnetism, For +hese reasons focal gauge
invariance could ﬁo? still be recoghized as a fundamental prin-

ciple of physics even after its rediscovery. Further, Maxwell's

equations, came first and gauge invarlance later and i1 fhus
played no role in defining +he dynamical content of electro-

magnetism, unlike the case of general relativity,

ATtitudes changed affer the 1950's as wWe shall see in the

coming sectlons.

7. Towards a New Gatige Theory

Two developments were crucial. The first was Yukawés
syggesfionl5 (with an eye on the photon belng a mediator of the
long range electromagnetic forces) +that exchange of "massive
photons" - the w-mesons were responsibie for nuclear forces.,
Three suitable w-mesons were subsequently dlscovered.

15

The second was Helsenberg’s suggestion that theo charge

independence of nuclear forces implied the existence of an




abstract symmetry group SU(2), Sirong Interactions vere SU(2)
sytmmetric. fe know now Yhal fhe nucleons form a doublet of
SU(2) and the plons a friplet. Thus plons were both carriers

of ‘the strong force and elgenstates of ihe isospin symmetry

group SULZ2).

Buit, still, the exchange of w-mesons does not lead to a
gauge theory of strong interactions for the SU(2) group we
mentionod was introduced as a global symmetry. Plons were still
not the same vis~a-vis strong interactions as pholons were
vis~a=-vis electromagnetism. fsospln was an Internal quantum
number independent of space~time position. So there was no
heed for a connectlon or an isospin potential fleld whose quan~
tum couild be ITdentified with +he pion. Gauge theorlies of pion
exchange were consTruc+edt6 but were unsuccessful. Inspite of
these difficulties the advent of isospin heralded a new era

which was to lead one to modern gauge theories,

8. Yang-Miils Gauge Theory7

In 1954 Yang and Mills set out to describe strong infer-
actions as a gauge invartanit field theory. Thelr gauge group
was the lsospin group SU(2) - the only candidate they could
think of. This idea puts our definition of a particie in
jeopardy. Assume for a moment that electromagnetism s swiiched
off and we forget about the small mass difference between the
neutron and the proton. The proton and neutron become totally
indistinguishable. }e? us label The proton as the "up" state

of the nucleon and ‘the neutron as the "down" state. SU{Z2) being

10




an exact gauge symmetry the up state at one localion may be the
down state at another. lLocal symmetry leaves us free to choose

the wup and the down states at each point Independeniiy!

Having made the choice at one locatlon we need a rule Yo
compare it with the choice at another. Veyl told us that wve
need a connection for this. Accordingly Yang and Mills proposed
a new isospin potenttal field., SU(2) is a non~Abelian group
unlike the simple U{l) of electromagnetism where the potential
Au provides a connection between phase values of ¢ at different
locations. Here fhe phase has to be replaced by a moré comp i~
cated local variable speclfying the direcilon of the isoépin
{details in subsequent chapters). Quailitatively, the connection
arises as follows. SU(2) is also the group of rotations in &
3~dimensional space. Visualize Tthe "up" component of isospin
as a vector in an abstract "isospin space". 7o relate the "up"
states at %x. and y we ask how much the "up" state at x must be
rotated so as to be In the same direction as the "up" state at
y. The connection must act like a rotation in Isospin space.
The connection thus performs Tthe same job as the SU(2)} group
transformations themselves., 7Thus the isospin connection and
hencelfhe potential acts like the symmetry group itself. This

~concept i's at the heart of a gauge ‘theory. Thisﬁis how The

Csymmetry group: is built Into the dynamics of +the interaction

" betveen particles and fislds. Remember also that the amount

of phase change must be proportlional to the petential 1o ensure
that the particle wave aquation is gaupe invariant. Thus the

most genseral form of the potential can be seen fo be,




A« XAl () T (1. 16)
j §

where Al(x) depend on space=time posli+ion and Ti are The genera-
+6rs of SU(2). (For electromagnetism Ti is Just a multiple of
the unit matrix), Au Is thus a fleld In space-time and an
operator in the isospin space. It carries internal guantum
numbers, The potential must have three charge components corres-
ponding to the Tﬁree anguiar momentum~|ike operators T+{ T_  and
Tz, The componen} T,{7_)-can change a neuton( preton) into a
pro+on (neutronh). The Yang~Mlils field must thus carry charge
uniike the photon and the Yang-Mills field can Interact with
itself unlike the photon. Bui like the pholton the Yang-Mills
field must remain massless, for a mass term in the Lagranglan
has the form mzAuAu and breaks gauge invarlance. Our trouhles
continue. Such a fleld exhibits long range behaviour and cannot
reproduce the short range nature of the sirong force. The story
of the revival of fhe Yang-Mills theories came through develop-
ments In seemingly unrelated areas and would be taken up In
detail in the rest of the work, All the same the seg&s of the
modern gauge theorles were already sown. The SU(2) gauge frans-
formations could not be considered merely as a phase change.
We have learnt that local gauge symmetry was a powerful prlnci?
ple that could provide insight into the newly discovered inter-
. \
nal quantum numbers |ike isospin. Isospin was not morely a
label for the charge states of particlies but I+ was crucially

Involved in determining the fundamental form of the interaction.

b2




Yang-Mitis theory revived the idea that elementary parti-
cles might have new degrees of freedomn in some "internal"
space. By showing how these internal degrees of freedom could
ba unifled in a nontrivial way with the dynamical motion in

space~time a new fype of geometry was discovered Fn physics.

Unfortunately, we shall not discuss Tthis point any further here.

In summary we have gone through roughly four decades of
history of the subject durlng which gauge invariance evolved
from an accidental symmetry of Maxwell's equations to a basic

principle governing the fundamental forces of nature,

We shall persue +the gauge idea In the coming chapters.

To this end we now turn fo weak interactions,
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CHAPTER 2

HEAK INTERACTIONS

I, ’“fﬁfmediEiEuEESiOF'EgigﬂmiLﬁﬁgglheOQX

et e,

We know +that wesk interactions are well described by the

V-A theory 721819

which represents a contact interaction. How-
ever, ve now believe that ali Interactions are mediated by sulf-
able bosonic quanta. Hence we shall consider here the modern

version of the theory known as +he |VB ?heoryzo.

Consistency with experimental resul+s suggests that the
lepton tfields enter the weak interaction Lagranglan in fhe

. #
following combination .

J o= ey C(F=yg5)v (2.1

o Iy o 2
L Y {I-v.)2
@ Y 2 ¥ Y5 (2.2)

ate the leptonic currents and ¢ and veare the

quantized fields of leptors and ne trinos respectively,

where J anA T
o fad

In analogy with +the electromagnetic Interaction which Is
transmitted by phctons we assume +hut *t- wanl interactlons are
transmitted by quanta calied W bosons. The QED Interaction

Lagrangian density
. -
DﬁQED = ety "aA (2.3)

then suggests +hat the teptonic ihferac#ions of the VB theory

be taken as

TREFEr To £ ==2t © e sty




. T ot
Jil oo ng W ng Vi (2.4)

o a

whete g »

is o dimensioniess coupling constant analogous to e
in QED and WG are the flelds that describe the W particles as

Aa doscribes the photons in QED.

Assuming That the neutrinos have zero mass the operator

)

[}

L 1. oo A
v, o (| yS)vi (2.

can annihilate only negative helicity neutrinos and creates
positive heliclity antineutrinos since Ve is linear in neutrino
absorption and antineufrino creation operators.

We can also write an equation similar te.equation . (2.5)for high

enNergy leptons (mg==0 effectively)

Bt RIEnY) (2.6)

Equation (Z.1) can now be recast to read,

doo= o2n by Wb (2.7)

The feynman trules for the VB theory can be worked out in

analogy with QEDZO‘ The W propagaéog turns out to be
I

Pleg®Be KUK

i
_ m
iDﬁB(k,mw) 2 w#wma§wwuwﬂm (2.8)
K'=m, v ie
i
For k2<<m2 ID?S(k,mw) iy ety = constant (2.9

W F mé

This enables one to recover the contact V~A interaction
in Tthe above {imit. Examples of processes describable by low-

est order FﬁB-Theory are indicated in (Fig. 2.1) and (Fig 2.2).

P 5




2. Difficuliies of fhe VB Theory

The 1V8 theory has beon applied to various woak processes and success-
fully accounts for many but fails to descrlbe some perfectily
allowed processos [lke

VR N >V e (2,10}

With the Interactlon (2.4) +he Feynman diagram for process
(2.10) is shown in(Fig.2.3) at the end of Chapter 2. Thus we

see that process (2.10) hecessarily involves the eXchange of

Two W bosons.,

On the other hand procaesses’ [{ke

Voo e —»y % og (2.11)
[ 5]

take place through an exchange of only one W boson. The Feyn~

‘man diagram for process (2.11) is shown in (Fig. 2.4),

Since the coupling constant 8y s small we expect the cross-
section for (2.10) +o be smalier than thal of (2.11). But +he
foop Integrals to which the Feynman graphs in (Fig., 2.3) give
rise are divergent and the IVB theory is not renormaiizable,

The 1¥B theory thus allows ope fo calculate only those processes

which do not involve foop integrals in +the fowest order of per-

turbation theory,

The experimentally measured cross-sections for process
(2.10) are comparable to that of process (2.11), We notlice that
process (2.10) cannot take place through one W boson exchange
wWithout violation of the |aw of conservation of lepton number,

This suggests the existence of an uncharged boson, the 7 vector

%
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boson, which is absent in fhe (YB theory, under the exchange

of one of which process (2,70) can vake place and which saves,
ofcourse, lepion numbar conservaltion law. This requires a modi-
flecattion of the 1¥B Iateraction( 2.4) by adding 1o I+ Terms

which allow Thevulwe scattering To occur as a one boson exchange
process. These ex%ra terms laad to Yeynman dlagrams like that

shown in { Fig., 2.%),

The current- toavoiving ihe exchange of a neutral vector

- O 1 (]
boson Z  are called neutral currents unlike the charged currents
J, and J; which invoive tiie exchange of a charged vector boson

.

The atvewmpt Yo incorporate such 3 neulral current term even-
tually brings us 1o the electroveak. theory as we shall see in

the fater chapvers,

Another difflculty connected with +he non-repormatizability
of the VB theory {s worth noting. Even the lowest order cal-
culations seem to run invo trouble with the unitarity of the
o : + T bt . . 2
S—matrix, The vv scattering cross~aectlion grows as E° where E
is the total center of mass enerqgy. This cross~-section can
grow arbitrsriiy large when £ is several hundred GEV and would
ultimately violate the maxinmum value allowed by ordinary quan-

tum mechanics which is knowe as the unitarity |imit,

A further difficulty arises in describing simple processes

bike m ~—-> n +v vwiaich are easily described by the contact V-A
Thomem sy, Thie o ' "m0 few particles to permit a W boson
exchange mechanism, Ulyve . T r we 7an see a pointer here




towards fhe composite siructure of the pion. This difficulty

ts resolved when we consider hadrons as composites of quarks,

fn the next chapter we turn to the simplest gauge theory
electromagnetism, We shall fhen see That difficulties of +he
IVB theory are pointing towards a gauge Theory of description

the weak interactions.

of
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CHAPTER 3%

A SHHRLE CAUGE THEORY

ELECTROMAGNET | 5k -

de consider this +rivial exanple To appreciate some Typical
characteristics of 5 gatge theory. Consider the freo field

Lagrangian density of a massive fermion fietad:

5@ = o (g - me (3, 1)
O

Led U be a one parameter unitary transformation defined as

o= g 12 A oreal (3.2)

These Transformations form an Abelian group which is appro-
priately called a U(]) group. If X iz space-+time independent
Then U is said {0 be a alobal transformation and i¢ AEA{x), U
is5 said to be a local trosformation. Correspondingly, we call
ULE) 2 global or a locai group respectively. |In +he sequel
the locai transtormations will be referred +o as gauge trans-
formations in accordance wi-th Weyli's usage and the correspond-
ing group ss a gauge group. The Laér-angian(:{if is Invariant
under a gltobal U(I) transformation, e say that U(1) 1s a

global symmetry ofCZ;, thls means that when

Yo ey st Ay (3.3)

J:D remains invariant provided y Is Independent of x.

How doescz% behave under a local Transformation? Clearly,
it ls not invariant for, now 3 o does not transiorm as 3 {1~
i ¥ i

self and an additional teorm appears.  We now want To see how

ene <an resiore the invariance. Hell, we nust replace a“w by

Duw such that
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. : :
(DY) = U(D w) (5.4)
Ul£j H“J
We shall henceforih call such a Duw a covariant derivative of

b since i1 transforms exactly like ¢. Lot us set

D=3 + iqh (3.5)
! 1 b

and Investigate the behaviour of Ap‘ Combining equattions (3.4)

and{(3.5) we flind,

a I = * .
(8 *IgAl ) Uy U(3u+ quu)¢ (3.6)
o) (3 U)w-+ | b o= jqUA u
r pUlv qu!J ] iq "
) e P -
ot iqu ANU Iun U Bn U
or A ua uT By uyyt! | (3.7)
u u q u
or Al = A ia A (3.8)
R u g

Thus a Du defined by equation (3.5) with AM constrained to
transform under the U(]) gauge fransformation according to

equation (3.7) gives us a Lagrangian density

&fw DS = m)y S (3,9)

« ﬁﬁﬁmm)lpmqay“wA“ (3.10)

fdentifying A” with The electromagnetic field and q with the
charge of the field annihlilated by ¢ we have recovered the
Lagrangian of the fermion field interacting with the electro-
magnetic field Au in accord with the s+tandard minimal prescrip-
tion. Now, one might wonder what really ts +he purpose of the
wholé exercise when the result was so easily obtainable through

The mintral’ substitution., I+ is |lke using a sledge hammer to

cruck a nut.
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The point is this: By demanding the gauge invariance of a
free Lagrangian, we have fearnt Tthat a four-vecior field A“
must exist. This fleld must couple in a speclfic manner to
the matter fields and fransform in a precisely difined way
along with the matter fie)ds under the group transformation.
The constant o Introduced infront of the field Au in the dofi-
nitlon of the covariant deriva+tive appeairs as a coupling const-
ant defermining the strength of +he interaction between the
gauge fleld Au and the matier field. The gauge fleld must be
massliess for a mass +eprm mZAuAP ts not favariant under the trns-

formation law [mposed upon the gauge field.

The fact +hat the gauge prescriptlion generates the correct
eclectromagnetic Interaction 1s not so tmportant (though very

satisfying) for we already know the interaction from the clasgi-

cal [imit. 'But when the C[E?SECQL;fJﬂif §5 QQi'knpr;such a

e e,

prescriptrion Is Tmmensely useful. This turns out +to be so as

we 'shall reallize In the chapiers to follow.

The local symmeTry group of electromagnetism is an Abellan
group. VWe shall be shortly dealing with non=Abelian gauge
groups. Some new feaiures would csmerge. Lquatlion (3.7) already
suggests this. We note that +he photon has no electric charge
and does noi couple to ifself since I+ couples only to charged
objects. The gauge fields of non-Abelian theories will have

self-interactions.

The existence of a symmetry group implies conserved currents

in accordance with Noother's Theorem. | the present case we
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have The conservation of +

conserved current ameiges

he electromagneiic current, The same

whether woe use a global or g loce |

Ui, However the locai group genasrates interactions and new

Feyviman verticas,

, - . . . : |
Gauge invariance vields a photon propagator behaving as s

constant for large k and s

of targe k. On the other

K
harnd the W propagator behaves as a

o iThe loop integrals diverge far more

severely ihan In the photon case.  This fact renders +he VB3

theory noarenormalizabfe.

fhus 1% the IVB theory could be

‘Tranﬁfmrmed_iniomangaqge_jpeory, T?”Ormaifiﬁbfilff_Pﬁﬂld,be

expecied. We are thus motivated to bulld a gauge theory to

dasciribe woak interactions

We can anticipate one
sons would turn out to bhe
interaction,

bt & mass term is inct

geuge invariance and Fence

4

e

frouble 14+ we do succeed, The Webo~

massless and describe a fong range

Uded at The tagranglan leve] then

Y

renormalizabi !ty would be lost,

We shall see +hat this pParadox can be resolved and both the

destred objectlives rame |y,

The invariance of the lLagrangian at

the bare level and ihe lnclusion of the mass term can be

achieved,

Qui preseat exerclse h
blocks of a gauge thaory.
gauge group and the gauge

Paragraph iadlcate That we

as revealed some important bullding
These are the matter fields, the
bosons, The comments of the last

have to incorporate a suitable Mass
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genevaiing wechanisu about which our bare Lagrangian should
not know anythiag,

In The next chapter we follow the clues and look for an
underlying symmetry group for weak interactions so +hat we can

gauge it and walch the fun.




CHAPTER 4

TOWARDS A GAUGE THEORY OF MEAK INTCRACTIONS

l. 1he Giobal Symmefry Group of MWeak Inferacilons

To keep matters simpie we consider leptons only. We {freat

them as massless., The free Lagrangian density is

Lo itdaes 5 4y 3 (4. 1)

Summatlion over L (=e,p,t,...) i3 assumed. Slince weak interactions
seem to use only lefi~handed fields we rewrite equation (4.1)

in terms of left and right handed fermion fields using

L,R

W w4 (1 s «{5)l3’¢,L4-¢,Rﬁw (4.72)

A fittle algebra tells us +that

AR

b L=l LR, R % _
o{jo- RO AR AR A AR RN R | (4,3)

We now combine the left handed fields into a two-component field
Y E(,.7) (4.4)
and correspondingly

L= (v, , %)

8 L

Thus, Lo = i{[zL+ERzgR+Gzﬁv§} (4.6)

Clearly, equation (4,6) looks very unsymmetrlcal between
the left and right filelds, unlike eguation (4.3). We shall see

that +the lefi-right asymmeiry of weak interactions can be
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described in terms of different Trans%orma%ign properties of
the left and righit~handed flelds. ©Now for The two component
fields arises The posslibility of two-dimensional +transforma-
tions which leave bilinear forms L(-+«+) invariant. To this end
we lntroduce the Paull matrices T Ty T ey (See Appendix B) satls-

fylng the SU( 2 ) algebra
[Ti,‘r‘j] EIZEEEJ‘RT.R (4.7}

A typical SU{(2) transformation Is

Ul mel @)l (4.8)
whete, for the two~dimenslional case, the generator TkE %Tk’
gés(m!,mz,ws). Under this transformation we have

3 - — . .:.- 3 .
E-+L" =U{w )L and L U's=LU" (w) {4, 9)

The term LAL hﬁi%)is Invariant under a global SU{(2) transforma-
thon given in equation (4.8) i.e. when the w's are not functions
of x, We call L a weak lsodoublet. The origin of this termino=
logy shouid be self~evident. We take the right-handed fields

to be Isoscalars so that they ave invariant under the &lobal
transformations conslidered here. Thus fthe en?ire;ﬁb is Invartant

under global SU(2) (2 weak isospin group) transformations.

From the invariance of J%, we have, by the Noether's theorem,
three conserved currents

J‘; ,T:,'U"rit,i s 1,2,3 (4.10)

N

Equatlons {(4.10) follow Immediately by considering infinitesimal

SY(2) 4ransformations under which
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Lo=s LY {l+iw.t. )L and
ch$§
R R R
L
Ve TV T Yy

These (eqn. 4,10) are called weak isospin currents. The currents

of the 1VB theory are simply

o o. o A o .
J e Z(Ji wiJz), J7 = 2(J; Pidz} {(4.12)
and are ofcourse conserved.
Corresponding to fﬁ we have Three conserved charges
I - Fa7IT, 1,2, (4.13)

called weak Isospln charges,

'n addition +o the IVB currents we have an extra conserved

current, namely,

[
N

¢ (4.14)

ELYQRL}

This ts a neutral curreny
neutral leptons or electri

maghetlc current,

8%

This contrasis with +the ch

It Is remarkabie that +he

since it couples elther alectrically
cally charged leptons like the olectro-

ﬁezyaﬂ (4.15)

arge changing currents of the VB theory,

second term In equation (4.14) is
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proporiional to the eleciromagnetic current S, Here, then, is

P SR

the first signal that In our theory weak and eleclromagnetlc

interactions would dppear o be inferconnected.

Borrowlng from our experience with the fsospin symmetry of

strong interactions we deflne the weak hypercharge current

Cr e 3Tyt - R R ‘ (4.16)

The corresponding charge ~ the weak hypercharge Is

Y,ufdjiJﬁ 4.17)
From equations (4.16 and (4.17) we get
- QM
Yo 2] (4.18)

where Q is the electric charge.

Thus Y = =1 for the left~handed leptons, Y =] for the right

R
2

handed ¢ leptons and Yo = 0 for v
Dafining a global U{l) Yransformation
b, () ol 0 | (4.19)
the Iﬁvariance of i; under fthe above U, implles directly +he

conservation of Y.

We have thus verified that the Lagrangian‘i; has a global
symmetry SU(Z) and a global symmetry Uy(i). In the next sectlon

we shall consider these symmetries as jocal symmeiries.
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2. The Gauge Inveriant tlectrowsak lInteraction

Ve now consider local SU(2Y asnd ULL)Y Yranstormations, ftrst

coislder SUL2)Y, A geneyatl facal transformation is
UCay = o957 (4.20)

where o . are now funcltions of x and T, are fhree generators of
J

S11{2). Acting on isodoublets Ti = %rj and acting on isosinglets
Tj are unit matrices.

Thus - L '
Fhus V(B YL =o' 9929 (a.21)

! B(m IR = R

where R stands for any right handed fields which are all isosingl-
ets In our plcture. We now demand the Invariance of;Co under
{4121}, Our experience of the previous chapter tells us that ve

must replace HUL by a suitable covarlant derivaiive DUL.

fnafogously we define

D Loz {d + igr.wh bt (4.22)
u B J s
o ihat o Ao T . cRy R O=R R .
. GZ.JOIJS. O{!;é ® i{l"ﬁL 79" 7;2 ‘ \)‘QE\)Q} (4.25)

¥e have introduced three real gauge fields wﬁ compared To
one gauge fTieid A“ of QED, as there are now three conserved
charages 1? and the gauge transformation contalns three arbifrary
functions w .

£ i : = b |
Deflning HP‘"ZTJ"JJ}J. (4,.24)

and recalling equation (3.7) we immediately deduce that gauge

invariance witl be ensured 1f under the gauge irans{formation
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W = uw ou el oy ! (1.25)
H I H q H

~

Taking " to be Infinltesimal we can easity deduce thatl

¥ = * - s > ‘i’ . . £
H’E " ”E " c}um ; ga”kmj ik_u (4.26)
We stop here Yo first consider the effect of jocal Uy(I)

transformation. We write 1+ as

Uy(e) = axp{liglyo} (4.27)

hY

Where 8 now Is a function of x. This is exactly analogous to
the case of QFD so that the invariance of the Lagrangian requlres

8 covariant derivat]ve

D. =3 + ig'YB ' (4.28)
It H : U

where the assoclated gauge field Bu must transform as

B+ pt = B - 3 8 (4,29)
[ ¥ B U

Making the replacements given by equaiions (4.,22) and (4.28)

simultaneousty in the Ltagrangian density (4.1) we obtain

i !{E@L-*ERE2R4‘G?ﬁv§} (4.%0)
vhere

D L= (3 + Ige.W, ,~ ig"B )L (4.3])

H u J Ju ey

2 5
ougR: (0 « 198 )l (4,3%2)
R R

B 5 4 4
Dnvﬁ auvp (4,33)
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We choose the {Tields wi 1o be rinvariani under Uy(!) i.e.
H :

they have y = 0 and BN to be invariant under SU(Z) i.e. B” is

Wz
an isoscalar. Then Ju is both SULZ} and Uy(i) gauge [avariani,

I+ 15 sald to be SU{ZIxU(1)} gauge lnvariant.

We now write

Q.Z: = (;\Zio s (;C! (4 * 34 )
,"? P iy, SR I K
doy =r9di¥y m g 1.8, (4.35)

JZI represents the interaction of the weak isospin currents and
weak hypercharge current defined previousty with the gauge fields

V“P and BPQ

We now deflne

1.
Wn 7 {wlll - IW?_}J}

de o L
w%;g? {wiu .nwzﬁ}

The first two terms of&ﬁk become
z

9
= X VI e = e ;':'_:i ilﬁ‘i‘ [ #A ; i‘ Ly
giildidiu zjgﬁﬁ HuPJ Hp} (4.37)

We rewrite The remaining two Terms of;ii by introducing two

Hermitian fields Au and Zu as

Wy = Cosewdﬁ+ S;newﬂu (4.38)

B = “Srnew2“+ COSGWAu

6y 1s called the Weinberg angle. Combining (4.38) with J = AR

we obtain

30




- H - i H
g .J3 Wsﬁ g Jy "

B o= .gi‘ H e y + .
: == 5 { Sinewzu Coso,, Ap]

—~
=
W
5]

u’f - e 7
J3 lg[CosuwZ“ + Sin Gwﬂu}

= g'[m Sin BWZ‘H«“ Los ew”L‘E}

We now ldentify ﬂ; with +the electromagnetic fleid. Hence the

¥

coefficient of S“Au must be -1 and that of Jé ml must vanish.

Wo obtain

g Sin 8, = g' Cos Ow‘“-e (4.40)

Thus finally, g
éﬁﬁm - sty “}%’{J“*wh% J“wi}

7

S B ] Y S 0,

3
Cosew

sy,}z‘ (4.41)
In addition to the standard Q&D and V8B theory This SU(Q)XU(!)
gauge Invarltant Lagranglan density first. introduced by Glashow In

le

[961 contains an additional interaction represented by +he -

third term. From the second term we have

. g
gy = ~%e C(4.42)
o s

Thus Tﬁe quanta of'?he_gauge field W are just wl Vector bosons.
The third fterm represents a neutral current céup!ed to a neutral
vector boson Z°. The neutral boson suspected In the IVB theory
appears nafuraify in this formallsm and comparing the predictions
of neutral current processes based on this term consisténcy wlth

experiment obtains for

3]




Stn“o  0.72 (4.47%)

BV = 0 would lead 70 a pure SU(2) theory ruled out by experiment.
1]

The observed agreement between theory and experiment is a dtrong
support for the unified theory of weak and alectromagnetic Inter-

actions. We shall dizscuss This in detall]l |ater.

5. Properties of ‘the Cauge Gasons -

Qur tagranglan density (4.34) describes free massless leptons
and thelr interactions with massless gauge flelds. The complete
Lagrangian must contaln the kKinetic enorgy terms for these gauge

flelds. We ignore the mass terms for the present. We must

require these addiflonal kinetic energy terms to be SU(Z)xM (1)

t

gauge invariant. The B-~field corresponds to a U(l} group. Thus
. . Lo ~ 5 i ‘, b HV 2} = - 131 )
the kinetic energy term is simple -4 BuvB (Ei%h [uv Ban au v
in exaxt analogy to +the photon term - &FUVF and is gauge invari-

ant,
A similar term constructed for +the VW-fields is not gatge
invariant as should be clear from the more ~omplicated transfor-
mation propervies of the W's, Howe . we can easily show that
the term

;56 N (4.44)

is gauge invariant where

6y =Wy - oWl ge

| 4 w;: (4.45)

Ejk\J
i&a is ofcourse U({) gauge invariant.
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Deflning GHY 1T uv (4.46)

and using Tr(T]Tj) = 2651 {4,47)
we immediately have

F )

" ot AT

et 3 8 o }r(GnvC ) (4.48)

The i% defined above serves as +the required kinetic ehergy

1

Term. From The structure of L, It Is clear that i+ involves

5
products of three and four W {ields. These will tead +o Feyvnman
vertices with three and four oxternal gauge fleld llnes. The
W~filelds are self-intaracting since they coupie to anything carry=
ing weak isospin and hence to themselves., The origln of these
terms can be directly traced to +he noi-Abelian nature of +the

S8G2) group and is a feature That was totally absent in the

Abellian (1) gauge theory,

4. . Lepton ‘and Gauge Boson Masses

Tho gauge fleid mass terms are clearly not gauge invariant.
The same is frue of fermion mass terms. A typical fermion field
mass term {s of the type .

s 2oy : T 3 " : : ) £
But ¢y = ¢(Pi‘>PR)w1¢Lw} + wai, tn our piciure the joft-

handed fields are SU{2) dcublets whercas +he right-handed flelds

are singlets and hence the mass term Is not i. “iant.

In the next chapter we explore The possibijlity of including

masses without destroylng the gauge invariance of +he Lagrangtan.




CHAPTER 5§ -

- SYMMETRY BREAKING

me s g ez

I Sponfangouag§xgm§ify Breaking (SSB)JI

A symmetry is sald 4o be spontaneously broken if iy is
present In the basic equations of the theory but not In the solu-
tlon., A ferromagnet offers a typical example. 1In quantum fleld
theory ftnis possibliity can be realized 1f the vacuumstate |.,e.
the ground siate of +he theory Is not invariant under the symmén
try transformation, (Recall that all physically relevant ampji-

tudes are vacugmexpectation values of appropriate operators).

When the equations of motion of a theory have a symmetry an
asymmefric.so!u+ion may or may not exist depending upon the dyna-~
mics. VYhen both symmeiric and asymmetric solutlons exist the one
corresponding to a lower minimum of +he potential is physically
refevant. Usually i+ is the broken symmetry or The asymmetric

solution,

Let G be a continuous Lle group. Spontansous symmetry
breaking occurs when some of thés generators Ta do not annihilate
the vacuum, 1i,e,

eieaTa|0>ﬁ|O> (5.1
80 ‘that
T.l0s#0 (5.2)

The generators for which Ta{0>fa0 correspond tfo unbroken symme-

try and generate a subalgebra ot G,

As a consequence of equation (5.7) some operators ¢ which

Transform nontriviatly under 6 acquire non-zero vacuum expectation
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values (VEV) <0f¢|{0> = <¢>_# 0. It the vacuum is fnvariant
under G then <¢> = 0 trivially, SSB can be implemented in fleld
Theory by giving non-~zero VIV 1o appropriafely chosen fields.

Féor examnple, 7 ¢k(knl,2,3) are an isotriplet of fields and

<¢3?O # 0 then remembering that {ijék] = iﬁjkgég’ TI’TZ are

broken.
Two important properties of VEV's of & must be noted

l. For a translationally invariant vacuum <¢>_ are space-time

independent. i.e.

Pu!o} ‘9 =5 <0l 0] 0> =<0]s (0|0

2. let ¢a(a= {,.«.H} constitute an N~dimensional representa-
titon R of G and let Fa be the NxN matrix represeh%afion of Ta
in R so that

{Ta’¢a] - (Fa)aﬂ¢8 (5.,3)

tet ¢ be the column vectors of the fields %yand seTt <¢> = n.

Taking VEV of equatlion (%5.3) we have the followlng result
0> = 0=» Fan = 0 (5.4)

How does one calculate VEV!'s In a given theory? Filrst of
all fltelds with <¢>O = 0 must be Loren:z scalars. The ¢'s may
be fields in The Lagrangian or, for example, b:linears in fermi
fields. We take theim to be scalar {flelds. We Take them fo be
scatlar fieids in the Lagrangian. The G invariant Lagrangian is

usval iy of the form

ji: 3 (8“¢a)(a”¢ﬁ)~=V(¢)+ tarms involving other flelds {5.5}
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Let <d v =y and o= e
Yal o Yo ¢a P 7 Ny

Then <afs =0

The quaniities <u'> are one point funcltions. The perturbation
(9]
expansion of this quantity consists of a term with a slngle

vertex in which a 4' quantum vanishes into the vacuum and other

7
+

Terms jnvolving closed loops:

o s (5.7)
i ¢ ot
ngfp -
Mow if we expand V{(4) around .3 we get
VIg) = V(n)+e! gﬁ * higher terms (5.8)
5] 4=n

. \ 3
Then the vertex A in the above diagram is proportional +o <
tn the tree approximation onty this term contributes so that

equation (5.6) glves

3y N ‘ 5
§EQI¢“H“ 0 (5.9

These equations determine the VEV's in the tree approxima-
By

tion,. He shall not consider the exact determination of VEV's,

We note that if n, constitute a solution of equation (5.9)

Then so do

_ i6_T :
n, = (e "a d)asnﬁ (5.10)

for the potential is G-invarian+t. Thus, the G Invariance of the
original Lagrangian manifests itselt through this arbitrariness

of The broken symmetry solution.
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5 - X . . 27
Z. The Galdstone Theorem

The 55B mechanism leads to s very interesting consequence

which is best summed up by staling the Goldstone theorem,

[{ in a manifestly Lorentz covariant
dheory, the equations of motlon are covarlant
with respect to a continuocus symmetry frans-
formation which does not leave the vacuum siate
invariant, then the Hilber+t space of the theory
must contaln states with light ike four
momentums 3,

We itlustrate the theorem with a simple example. Take 6 =50(3)

(the group of rotations in three dimensions)
tet ¢ (o= 1,2,3) be a triplet of scalar fields., Consider the
G-invariant Lagrangian

o Al oy 2 N Z
= 2(3u¢d}(8 ¢a) £m éa¢ﬁ h {¢a¢a) (5.11)

A is positive so thal the energy spectrum is bounded from below.

Using equation (5.9) the VEY's are defermined by

o = 2 <= s dan (5.12)
a{bgl@;:n o ﬂu}sﬂe, 2.
o= 1,2,3
One sotution is m = O which corresponds 1o unbroken symmetry.
There is ancther soluiion
2
g™ = 7y

r Wim

Such a solution exists only for m <0, This is allowed for m2
is only the bare mass squared. The mz is just a real parameter

in the theory.
4
m
Now V(i =n) = « qenee <0 (

e Lia)
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is tower than V{(4=0) = 0, The broken symmetry solution has

thus @& lower egnergy Than the sywmeiric one. In fact 6= 0
corresponds to a local maximnum of Y. Thus the broken symmetry
solution represents the true ground state. Only My is deter-
mined and notT Ty Itseif., We have thus a whoie class of solutions
related To each other by G-transformations. By a sultable 6
transformation any n can be brought info the form in which only
the third component is nonvanishing, MWe are jus? saying that

any vector can be made fto point tn the Z-~direction through a

suitablie rotation. Thus we write

no=l0}), v = ‘f‘i’ (5,15)
v _

Now in the reqgular representation we have
!

(F )y, = -

o By ICQBY (5,16)

i%21

tet blT +b2T?+b be the most general combination of generators

} 3T3

which annithilates o, dl.6.,

(b!Tl+b2T2+b5T3)n=:0 A5 )

We find that bi:b? = 0, Thus the unbroken subgroup is UG
generated by TB' Putting ¢o=n+ x in equation (5,11} the mass

term for the y fields is seen to be

.18)

Ut

- = 2,2
dﬁmass Axv Xg ) {

There are no mass Jerms for X and x,. These are The Goldstone

fietds in This example. Actually, we have only shown that %
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and Xy, Dre Jrassions irn the free approximsiion. Infact their

masses vanish exactly. We cannot discuss this polnt further.

The fields X and e have Tthe same guantum numbers as The
broken generators T! and Tz. There is always o one-to-one
corvesnondance between ?he‘broken generators and the Goldstone
particies,

It is often useful jo consider a polar decomposition of

fiaelds, e state i1 here.

Y
] .

Let & = Up , o = 10D 1 , U= exp‘fGlFE+0qF2) (5.19)
03}

i1 can be seen that for non~-vanishing Py there is a one-to-one
and invertible correspondence between @ L, and p.,, 6. , 0.
1,2,3 3 | 2

The Lagrangian can now be seen 10 be

. . i N ) A EN .
a§=:*{<aup%> Calg) +p*<auuf3(a‘0) %(3upi)U?(3HU)p
¥ p*fapu*)u<e“p y1-tnlpTo - a (ptpr? 5.20)

b is the p~field which acquires non-zero VEV. Proceeding emactly as above,

we find, for the broken symmetry case

. 0 - mz %
W <pr, - \S Loy os e B (5.21)

4

Setting p=n +p' in equation (5,20) one finds that the 6-fields

have no mass terms and these serve as the Goldstone fistds,

r
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3. Spontancous ly Broken Symmetries and fhe Higgs-Kibble Mochanisin

A remarkable Thing happens when a gauge Symmetry is spon=-
taneous |y broken. The Goldstone fields become the longltudinal
components of the gauge fields corresponding to the broken

symmetry, which, thereby, become massive. The gauge flelds

corresponding 1o unbroken symmetry rewmaln massiess. The 6~flelds,

ofcourse, dlisappear from the Lagranglan. This is referred to as

the Higgs - Kibble mechanism or simply Higgs phenomenon.24’2%26

We continue with the example of S0{3) and make it a gauge

symmetry. Qur G-lnvarlant Lagrangian now reads

4
e LD B3 tnb T WV 7 . 2 .
éﬁ %(Du¢%;{ﬁ ¢)a “rauvfa m ¢a¢u A(¢a¢& {5.22)

it

where D ¢

(b +i )
it U igAu”

and Fuuv - auAauw guﬁuv *gﬁuﬁy ABHAYU

Now equation((5.19) can be consldered as an SO{3) gauge

transformatlion of the field p info the fleld ¢. Under the same

~guauge fransformation the field A“ will be related to the fiald

B as
H
} {

Ay = U8 (5.23)

vt
" 9w

Thus Au and ¢ are the gauge transforms of the flelds Bu and p

B er(re,”rr"nLeZT

respectively, the itransformation beling given by U
Since our Lagranglan (5.22) is géuge invariant i+ Is also glven
by

/ . . . N
e g(eup’>(D“p>~¢eauv9£“~gm29‘¢-az<p‘9>2 (5.24)
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- e D p= v igB é
where }_10 (Bp’ i gt U)p and

s

3 n -~ B : 5 B
2 ap v av ggaﬁy Ryt yv

3 ;
VTRV

Notlce that the g-ticlds have been ojflminated from the Lagran-
ian as promlsed. MNow, as before, the ¢ ~ffeld acquires YEV asin

g P ; s 1

equation ((5,21). Writinge =0 +p' we flnd a mass term for the

B-fields:

;irj 2 1 2 i
= ] H % o L c b 5
Mass fg'”‘aug'l ‘g'”iTaTﬁaauBBn
* %gzvz(B, BV s B B e gZoPuiyt (5.25)
Tu 't 2y 2 . T

where in the last line we have gone to the spherical basis with

2u 3

corresponds to the unbroken generaior.

1= A, - ss ter ars ; ¥ .
Un = JQ(Bip iB, ). HNo mass term appears for the B, field which

The value of the W-mass namely gv depends on Vv besides
depending on g. But v depends on the parameters m and ) In the
Higgs potential., We can now see the prospects of obtaining a
uniflied description of loné range interactions medlated by mass?
tess vector particles (e.q. electromagnetlc in%erac%ion)land
shoirt rénge interactions mediated by massive vector particles
(e.g. weak intersctions) in the framework of spontancousiy

broken gauge symmetry group.

.

The wmost general renormalizable Lagrangian Invariant under

G is of the form

7 . ;, pHV ] H ’
@fii’”‘ "‘KF F ""2’(0 ¢) {D ¢)) ”'V((‘f)}
¢ oaw Heo o (5.26)

0 YY) v od
UMY v Y b6,
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where ¢ s a column of Dirsc flelds and M is a mass matrix, The
structure of the terms is self explanatory., In line with our
discussion In this chapTGF ulitmaiely we shall set ¢= <¢» =+ x
and one can expect a contribution +o fermion masses from the
Yukawa coupling Terms. Sometimes +his may be The oniy source
of fermion masses for G-invairsnce may not permif a @Mw term at
all. This Is exactiy what happens in the GSW model 1o which We

turn In the next chapter.
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CHAPTER &

IHE STANDARD ELECTRO-WEAK THEORY

in Chapter 4 we wrote down the SU(2) xU(]) gauge invariant
Lagrangian. |t contalns both eiectromagnetism and the |VB theory.,
However the weak vector bosons and the ferml filetds turned out 1o

be massiess.,

In Chapter 5 we saw how the mass problem can be resolved in
a spontaneocusly broken gauge symmetry.  Al| we need Is a suitable
set of Higgs fields coupled {o matter and gauge flelds. By giv-
ing non-zero expectation values to appropriately chosen Higgs
fields masses can be qenerated for gauge partlcles., By working
in the unitary gauge the Goldstonas can be eliminated from the
Lagrangian. A+ the end of Chapter 5 we Indlcated that +the Yukawa
couplings of the Higgs fields 4o matter fields can generate masses
for the matter flelds as well, We have soen also how part ot the
symmetry can be maintalned by ensuring conditions imposed by

cauation (5.4).

Thus to get to fhe standard GSW model we only need to choose
the Hlggs fieids and thelr vacuum expectatrion values., For iljus-
tration, we conslder the minimal version of the model in which
only the charged leptons acquire mass and the neutrines remaln

massless.

We choose the scalar Higgs fileld +o be a complex weak ison

doublet ' ¢w
g = (), ¥ 4 (6.1)




with the gauge Invariant Lagrangian density

" + 7o 1 7 -
Y/ CLr PR G B RSt st - aeTer” (6.2)
,
and . Do o7 [0 gt 11gTYB b (6.7%)
It 1 A Y 1

gege
Phe tnvariany Higgs lepion coupling is gfven by

!
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le T gg{’[.p,H o oLy

Ustng the above equations we get +the laqrangiasn of the G65W model

as
-+ Seve, R RO-RL R,
W R TR A TURINN
] e i’ ‘ (6.5)
. L ’M)—;‘ NUNTRY ‘hz” 4«?
wl B a6y, b oy e dy
whete B};, Giuv and D}i have already been defined.

The Lagrangimwilgw is ctearly SU(2) xU(l) invariant. For
2 . waw iy
<40 the SU(2) xU(1) gauge symmelry is spontanecusly broken as

-

explalned in Chapiter 5.

0
We set, {Ol¢’10> = K/;— (6.6)
vhers '“2 i
v o= {e Y 2= 0) (6.7)

In the unitary gauge the Higgs field simply becomes

| 0
¢ \/:2 Vg : (©.8)

All the Goldstone particies have baen gauged away. Three gauge
particles now gain mass but the photon remains massiess since

; Ei \ .
the charge operator is ¢ = {, +Y and we can check that

N )

04 = O (6.9)

Notice that the electrlicaliy neuiral component of The Higgs

fields has been given a VLV so that () has been preserved.
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Flnalty, then, tho total Lagrangian can be writthen

¥ 5
£

o A7
(;é A w T?Zj # r:z’J
GSY { e

~and the Ferml coupling constant

45

W
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<

¢4%%inu * Kinetic eneirgy ferms of
3 e

PRI
maiter and gauge fieids.’ (6. 10
By writing out +the Lagranglan In fuli and jooking at the
‘cosfficients of mass $erms we iwmmediadely deduce +that
mw
Bt t'; ~ q = & R
iy 2Vg, toa 5, (6.11)
' ot.gj’«.-t::-'vf’l—-’?‘ﬁi -V ¢
g, v ay u? L _:_]j’;
/2
Further, we already know +haty
g Sin Oy = q'Cos 6, = e (6.12)
“and Sin’ 8 = 0,227 0,014 (experimenially) (6.13%)
Clearly the masses of all the bosons and lepions are related to
the parameters of the theory 9,9', ~u%x and g
g
_ G . TW.2 = .9 _ and wm, . . _ - .
Usling /y (mw) s Gy Vi i : Vg ve lmmediately find
that L
v s (GYE) ? (6.14)
Comblning equations ( 6,11), (6.12) and (6.14) one has
am 4 E oW % 2
e I PR IR (6.15)
W By Stooo, 0 72 Gy 51020,
where the fine structure constant ‘
(1‘2
A N S M (6.16)




G = 1.166 x 107° Gav™? 6.17)

Using these known values of a and G we ge¥

(76.3+ 2:3) GeV and m, = (89 7' 1yGev  (6.18)

My = 7 Z -

which are In very good agreement with the experimentally deter-

mined values.

The radlative cor'rec?ions28 modify our predictions slightly
but the results remain consistent with experimental values. The
experimental detection of the gauge bosons at the expected masses

has been a major triumph of the eiectroweask Theoryzg.

The parameters g and g' are also determined In terms of w

and 6 The parameters g, are calculaeble in terms of the known

W
tepton masses. [t is only the parameter X which remalins undeter-
minaed. Since "uz n.lvz, 3 occurs as a coupling constant in the
Higgs self~coupling terms but there 15 no chance of measuring

these at present. Thus the Higgs boson mass cannot be predicted

from known data, for,

m, = ~2u2.r=“2xv (6.19)

This is unfortunate, for, knowihg its mass would be of great

help in seafching for it. The existence of the Higgs iIs essen~
tial. Without them the theory is not renormalizeble., For Ry

too small or too large the higher order corrections become large.

The success of the theory in lowestT order calculations restricts

m, To The extremely wlde rangez

H

7 GeV i My ;!lOB GeV (6.20)
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The detection of Higgs becomesdifficult because readily

available particle beams and ftargets consist of photons, eslect-

rons, muons, pions, Kaons and nucleons)., The Higgs particle does
not couple 7o the photons. The remaining couplings are very
weak {(they generate the small masses of fhese particles).

A major success story of the GSW model has been the pre-
diction of weak peutral currents. These effects have been wel |
confirmed quantitatively in the elastic electron~neutrino scatter-

; ; , .28
ing and neutrino~nuclieon scattering

This concludes our proposed study of the GSW model. How=
ever, ve vwould like to record some additional featutes which we

did not study In the present programme. Some of these are:

f. We have assumed the neutrinos fo be massiess. A neutrino
mass fterm can easily be inciuded by using an additional Higgs

doublet

o
oF

a

g S 1[¢T21T;£ y _ (6.21)

Wwith anadditional gauge invariant piece in the Lagrangian given
by
;j R w R
= "ng{ng¢4- ¢ vRL} (6.22)

I3

The SSB mechanism now leads to a neutrino mass

mvﬂ =ng2/¢? {(6.23)

2. A geheralizalion of considerable Interest is to replacejﬁ'

Re oy wom
Gy gLy ve 06, 310l | (6.24)
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where G is a Hermitlan coupling matrix., We can write equation
(6.24) in vhe unitary gauge and diagonalize it to obtain elgen-
Sfaié neutrinos vf(i ) ,2,...) with masses L The leptonic
neutrinos vé “e,|,t) are linear combinations of these eigenstate
neutrinos vy each of which would have its characteristic time
dependence. As a result neutrino mixing wiltf occur. (This is
Just the well Kknown time dependence of a superposition of energy
eigenstates of a system). Thus, a pure Initial vy beam can
become a mixiure of v and v, particies and Then purely a v, .
beam. Neutrino mixing wil! occur. Such effects are called
neutrino oscillations and occur if neutrinos have non=zero masses
and observing such effects would provide information on neuttino
masses. Although non-zero masses do not lead 1o osci!iaTions
necessarily observing these will be in the spirit of lepton-
quark symmetry that wo shall discuss shortly. Experiments to

detect neutrino oscillations are being planned.

3. MWe have mentioned that the GSYW mode! represenis a renormaliz-
able gauge theory. The proof is due o "+ Hooft, Veltman and
o%hers3J. " is beyond our scope to discuss this. We only note
that such procedures do not use The unitary gauge. The Goldstone
particles are reintroduced into the theory. There exist no

real particles corresponding to thelir guantized fields although
the Feynmann progagafor for the Goldstone field can be inter-
preted In terms of the exchange of virtual scalar bosons. The
properTieé of these "ghost patticles" are analogous to those of
the longlitudinal and scalar ~hotons in QED which also do not exist

as real free particles but coniribute as virtual intermediate
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quanta to the phofon propagator. The detailed properties of
these fields are complicated and gauge dependent. However, ali

. ¢y . 21
observable quantities are gauge invariant like in QED

4. We have conslidered electroweak interactions of leptons only.
The theory is easily extended o include quarks and hence hadrons
so that semileptonic processes can be included. This extension

is necessary to prove renormaflizability,

5. The successes of the GSW mode! are compeliing enough to
belleve that i+ must at least be a part of a targer truth. How~
ever there is no compelling r?ason To believe that it represents
the only possible description of electroweak interactions.

Several other models exis+t in the Ei+era?ure28

tn the next chapter we shall consider a gauge theory of
strong interactions. The GSW model provides enough reason to

consider such a possiblifity.
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CHAPTER 7

STRONG INTERACTIONS AS A GAUGE THEORY

I« Introduction

In view of the proliferation of hadron st+ates and the
absence of a comprehensive theory of sirong Interactions the
first raiional step was +o simplify and classify this profusion
of hadron states. Such an approach has been familiar to us
from the time of Mendeleef'!s formulation of +he periodic tabie
of the elements. The following facts provide some justification
for the attempts to "bultd" hadrons from simpler subunits,

15

i) Hadrons have.a measurable size (~ 10”7 ' 7m)

I1) Hadrons are complex. The nuclieous, for example

appear vo be granular.

fil) Hadrons exist In many varieties both as fermions
and bosons, The contrast between hadrons and leptons
(which appear 1o be elementary or at least did so 114!

some time ago) is obvious.

2. ‘Unitary Symmetries

The most+ successful such attempt at classification came
through the works of Gell-mann and Nee’man32. They proposed
SU{3) as the global symmetry group of strong Interactions.
Hadrons falt Into multiplets of +his group. The rudiments of
this group are summarized In Appendix C. The particle multi-
plets can be charted on a two~dimensional weight dlagram wi-th

the third component of Isospin 13 and hypercharge Y as axes,
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Thus SU(3) was an enlargement of SU(Z) .with the quantum number

Y added o 13. The small mass differences between menbers of
SU(Z2) multiplets arise from The breaking of 5U(2) by eleciro-
magnetic interaction, Similarily the much targesr mass differences
withln members of an SU(3) multiplet arise due o symmetry

breaking by strong interactions themselves. The SU(3) group

could thus be only an approximate symmetry of strong interactions.

An oufstanding success of the SU(3) scheme concerns the
4P mg#baryon decuplet. In 1964 the A{1232}), L{(1385) and = (i530)
were established. Afll had Jp==§%= They couid not be members
of an octet since the {-spin of ACI332) Is +oo large. Accomo-

dating them in a decuplet left one location vacant. The missing

membeyr was predicted to have B = |, §=~3, Jp==§T and a mass of
about 1670 MeV., The & was found ",
Within SU(3) framework the proton, A, ¥, = are manifestations

of The same particle just as proton and neutron are of the

nucleon within SU{(Z). The presence of d“”parTicle" in a decup-
et which is otherwise composed of "resonances" is an iltusiira-
tlon of the marginal difference beiween "pacrticles" and "reson-

ances". In higher symmetry schemes which Incorporate spin and

parity, the 0 can sppear in the family of nucleons and does.

SU{(3) symmelry provided a good description of experimenial
data and its success implies +that i1t must contaln some measure

of ‘truth,

3. ggark53f
Of all the multipltets which are allowed by Tthe SU(3) scheme

oniy a few - the singlets, octuis, decuplets appear to correspond

L%




to physical particles. This may be understood In terms of a

quark modede.

the basic myltipled In SU(3) is a triplet which appears in
Yfi3 plot as a doublet and singlet of Esospiﬁﬂgorresponds to the
SU(3) quaniunm numbers of the proton, neutron and ]Jambda respec-
T[vef% SakaTaBB tried to use the proton, neutron and lambda as
members of this triplet but +he attempt to bulld the known had-
rons from this basic ?Eipfef met with no success. Gellmann and
ZweE932 postutated that the members of the triplets are three
quarks whose Si(3) quan?ﬁm numbers have very unusual properties.
The three quarks are called ulup), d(down) and s(sideways or
strange) quarks. The three quark varleties are called quark

flavours.

The quark model says That a meson conslsts of a quark-anti~
quark (qq) palr and a baryon ts wade up ot three quarks (qqq).
A quark baryon number %ris required in order to sa+iéfy the
requirement of B=0 for mesons and B = | for baryons. Since
Q = !3‘*YQ’ i+ follows that quarks must have fractional Y and Q,
The qa'and qqq hypothesis is conslistent with the fact +that ontly

a few SU(3) representations have boen observed in nature.

Mesens can be built from the u,d,s +riplet (3) and u,d,s
anti-triplet (3) to form singlets and octets.

3%3 = ] &+ 8 (7.1)

Stmilarly +hree quarks (qqq) barvons form singlets, octets and

decuplets.
333 =1 + 8 + 8% |0 - (7. 2)




Combinations like

3x3 = 3 v 6 (7.3}

produce representations that do not materialize in nature.

The experimental data does not require qqaa mesons or qqqaq

baryons though the model does not forbld these.

The quark model gives a good account of the .quantum numbers
ot the lowest exélited hadron states. With the addition of orbi~-
tal excitations the model can be extended to include higher
masses. The available data does not provide any crucial test of
the model. The model has also been successful In predicting

4
. . 2
relations befween cross-sectiaons and maghetic moments

4, Colour and ()?1'zar'm36"’-37

Inspite of the successes of the three flavour quark model,

it suffers from a serious defect. b+ seems to violate the Pauli

principte. The thies guarks Inside a baryon seem o form states
which are symmeiric under quark exchanges. The 0 seems to be

made of three identical quarks In the same quantum state! The
. e "ot '
same is true of A and A resonances. Quarks are fermlons and

vet behave |ike bosons.

{n 1964 Greenberg proposed that quarks snould have another
attribute-conventionally called colour. The colour gquantum
nuimber should‘fake at least three distinct values., The three
quarks inside @ , A or A++'are identical In ail respects except

colour. The baryons and mesons are colourtess. Thus the problem

2f statistics can be evaded without assigning observed hadrons

53




any extra degree of freedom. The symmetry of the three quark

colours can be dealt within a colour SU(3) scheme analogous fo

the SU(3) scheme discussed above. The generotors o this colour
SU(3) will act on the three-valued cotour index and would take
a quark of one colour into another through appropriate SU(3)

colour Yransformaitions. This scheme can explain the rules
concerning quark colours if all hadrons are to be colour singlets.
Clearly THe_group being SU(3} the notlion of +the “colour'IsQfopic
spin" and the "colour hypercharge'™ emerge. These then fead to
the notlon of a “colour charge™ analogous to the electric charge.
The importance of this scheme can be easily visualized., The
three different coféured quarks inside a baryon have unlike
values of the colour charge and could then be bound together by
attractive forces analogous to the eleciromagnetic infteractions
between electrically charged particles., But the eleciromagnetic
interactions are ?ransmi%féd by photons. In a similar manner
quark—-quark forces require intermedlate paf?icfes. These inter-
mediate partlcles would be The glue that bind Yogether the quarks
inside hadrons. They are thus called gluons., We can now buli ld

a gauge theory based on the group SU{(3) colour. This wlil lead
to elght gauge bosons (gluons) with nontrivial SU(3) colour
fransforma?ion properiles capable of changing a quark of one
colour into that of another without changing the guark flavour.
We have now a possibllity of describing quark-quark forces as

a gauge tTheory with the spin one gfuons as the gauge bosons.

They carry no flavour but only colours

*A possible bonus of +he.colour hypothesis is contained in
. @ scheme due to Han and Nambu™ whereby hadrons can be built out
2t integraliy charged quarks.
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The introduction of colour trebles the number of quarks

without changing the number of hadrons which are colouriess or

SU (3) singiots. Now there is a marked similarity between the
properties of quarks and leptons - both behave like polnt parii-
cles. We have long known two pairs of leptons (e,ve) and (u,vu}.
In 1964 the quark model required only three quarks u,d,s. The
u,d seemed to fall naturally into an lsodoublet and the s guark
seemed alone. The appealing ldea of lepton quark symmetry led

to tThe postulaie of a fourth gquark flavour cailed charm by Glas-
how and BjorkenBT, To distinguish i+ from other quark flavours

ohe needed a new distincilve gquantum number which they called

charm C with a value +| for quarks ¢ and <! for antiquarks ¢’

The charm quantum number behaves very much |lke strangeness,
being conserved In strong and eleclromagnetic Interactions and

not conservaed in weak i(nteractions,

Further support for the existence of charmed quarks came
from weak interactions where one could salvage the AS = AQ rule

by lntroducing a charmed guark.

With the Introduction of The charmed quark, a new triplet
of coioured quarks is added to the quark model. The fourth quark
flavour can be accomodated by adding a third dimension, charm to
the SU(3) symmetry scheme weight diagram leading to the group
SU4) for partlcie classificatlion. |In addition to existing
mesons and baryons SU{4) would predict new families of charmed

partictas. , ,

We noved that leptons and quarks appear to have a point
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Ifke distributlon of electric charge. Now the rates of production of

b= I3 .
particles with point like charge in e e annlhilations can be
calculated using QED. The rates of productions are found to be

proportional to the squares of the polnt charges.

Consiﬁer the ratlo

et ,
R o= .Ela(a?‘#g*@ra:iﬁiég‘gggﬁl (7.4)
gle e > pu yu )

- x . + - .
Since hadrons are ultimately derived from qq pairs in e e colli-

sfons, then, 1f the quark hypothesis Is correct, R should be

given by

=X
i

= sum of quark charges (7.5)

zof

M

atmost independent of enecrgy.

R provides a very direct -test of the guark models. At

centre-of-mass energies above 4 GeY we know that experimentally
34

Ra 5, The values glven by the quark models are

. e (2y2 12 1.2 2

u,d,s modef R = (ﬁ) + 3) +{ ?) =g

2

u,d,s + colour R = 7 X3 2z
2. 2.2 10
u,d,s,c +colour R = 3(§+(?) ) = g

Han-Nambu Model R u 24124 (~1)2u(nl)2u

The experimentally determined value of R is higher Than
any of the above and sugges+ts that there is room for even more

quarks - an ladication that +lme has since shown to be correct.
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The charmed particles were ultimately discovered by fwo
: L 439 o
separate groups of experimenters In 197477, in addi+ion two more
- . 1 ) * . 4 O - . .
quarks known as + and b. have been established since ", Mheir

A

charges are and w% respectively. The six-quark model with

three colours would give 5 as required.  Qur notion of tepton-
quark simitarity has also been strengthened by +the discovery of
The third lepton AL 1 neutrino v, Is almost certainly belioved
“to be %here. We thus have three quarks and tepton families,

We can now have enough fai+h In the basic quark mode! and +the

assoclated colour séheme. {the three are Incidentally usually

denoted as red, blue and green). Thus in effect we believe
now in 6x3 = |8 basic quark fields and six teplon flelds.
5. QCD

the field theory of s+trong interactions based on the above
discusslions is a gauge Theory based on the group SUC(3) and Is

i
appropriately called quantum chromodynamics (QCM'Z.

The eight generators of SE(3) colour are represented in
the fundamental representation by the Gelli-Mann matrices

A
??(a * {,...8) with the normalization

T.O ) = 26 (7.6)

The gauge fields (gluon fields) are denoted by Gg(av oo, .83,

|1 H
6= 4 ch (7.7)
caVelegMeVatg oM ¢

and Fuy =2 6"-a"c%ig e¥,¢)

where 9y Is a dimensionfess number - the unrenormalized gauge

ouptling constant,
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The matier flelds consis+t of spinor guark fields denoted

i

coliectively by ¢ with components q, with

P 1.2,%3 (colour Index: red, blue, green)
o= 0,.0.6 (Flavour index; u,d,s,c,t,b)
a = f,...,4(spinor index)
fn The by now standard manner +the complete Lagrangian den-
sity of QCD is

s - bLpHV il - -
uFa Fanv‘!q (g - Mg {(7.8)

where D =3 +lg G
U u oy

and M Is a colour Independent mass matrix in +he flavour Indices.

The theory is renormalizable.

6. Asymptotic Froedom, Infrared Slovery and the Running

Coupling Coqgfaﬂ%d

Asymptotic freedom Is a new feature of strong interactions
which was Fnitlally Ihdica;ed by a series of begautiful experi-
menTsQB. These experiments are +the high energy analogutes of +the
Rutherford experiments with a=particles. High energy electrons
were scatterred on proton targets in a bid to study the struc-~
Ture of the prof§n, The momentum Q of the photon is related
fnversely to The slze of +he region probed as per the uncertain-
Ty principle. For Q greater %hén a8 few GeV the region probed
is smaller than the size of the proton. The results showed That
the nacleons seem to consist of polnt like particies fater jden-

tifled with quarks. As Q increcases the quark-quark coupling

grows weaker and weaker. This behaviocur was predicted earlier

/
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by Bjarken44 and is cafled Bjorken scaling. The traditional
belief that strong forces become stronger at shorter distances
was thus proved wrong. Bjorken scaling seems +o tmply that at
shorfter and shoiier distances quarks behave more and more like
Ctree partlcies. This ides is known as asymmpltotic freedon.

Thus the gquark-guark coupling is a function of Qz which decreases

2 . .
as @ increases and vice versa.

To understand this phenomena let us recal! our experience
with QEDEI, fn QED the electron is surrounded by yir%ual e+em
pairs created by the electric fleld from vacuum, We know that
Lamb shift originates this way. The virtual positrons are
attracted towards the electron and the elecirons répelfed. The
space atround the electron is polarized like a dielectric medium.
The positrons partlally shteld the electirons charge so that at
farger distances the effective charge of the electron and hence

the GED coupling constant appears smaller,

In QCD & similar vacuum polarlzation from qq pairs Is to
be expected. Consider the colour force on two quarks in a
proton. The magnitude of +his {force is determined by the
efiective colour charge seen by each quark, |f we decrease Tthe
gistance between The quarks, each guark will penetrate further
inslde The c¢loud of virtual quarks palrs surrounding the other
quark and wlll see a larger affective colour chargse. Since the
net quark-quark force depends on the net colour charge seen by
the quarks, the force between quarks should become stronger.
Thus with increasing @ Tthe force should incgease in contradic-

tlon with the experimental finding. But, we forgot the gluons.
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Untike photons which carry no electric charge the gluons carry
colour charge and can interact with anyithlng that carries colour,
Unilike thoe qa patrs which carry no pet colaour, tThae virtual
gluons cairy part of ithe total colour charge. Thus whal seems
to be happening is that viritual gidvons spread The colour charge
throughout some finltte volume like the oid fashionhed Thompson
mode! of the atom., Yhen we decrease the distance beltween guarks
gach guark will be in the virtual gluen cloud of the other guark
Thus seeing effectively & smaller fracfion of the colour charge
on the other quark. Thus the vacuum polarization effect from

qa pairs and gluons produce opposite effects. The experiments
indicate that Tthe antiscreening from gluons dominates. The
effective coupling constant of strong interactions should thus

. 2 . . 2
be a function of Q decreasing with Increasing Q7.

The calculation of the effective colour charge from vacuum
polarization in QCUO was origina%!y done with perturbative
quantum field theory ?echniques45. I+ furns out however that
the QCD vacuum can also be treated semictassically like a
diefectric medium46. In this plcture the poteniial between two

charges is given by

‘ 9,4,
v ( r‘) R et e 7
due () g (7.9)

where all vacuum polarization effects are absorbed into an effec~-
tive e (r) of The vacuum. The semlclasstical approach feads to
the same resul+t as The field thesoretic calculation. The

approach Is the same as that used for a dielectric medium in
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e!ec?rodynamiﬁs'!. the classical egérgyAdensi?y of the medium
in an external wmagnatic fietd, {for example, depends on The
suscepTibitify »w which Is rejated to the permeabt ity n and the
product oy Is reluted Yo the wave velocity In the medium. Thus,
knowing the encrgy of the vacuum determines e(y). The results
lead to a remarkable conciusion, 1§ he gluon antiscreening

has to dominsto then the number of quark flavours should be aft
most 6. This, ofcourse, is well above the presently known
flavours which are 6, Another interesting fact emerges. The
GED COupiing constant o also varies with distance {02) due to
vacuum polarization effects of e e palrs. The low energy cut-
off for QLD calculations of The Lamb shiff is determined hy the
Bohr radius. This depends on the eléctron mass which +hus
provides a natural low energy cut-off. But *the zéro mass of the
~gluons means that In QCD there is no natural low enargy cut-off
and hence there is no in??ins}c scale, This has Jed to a power-
ful mathematical approach in QCD called 'renormalization aroup

4
techniques'. Untfortunately we cannot study this here.;8

7. Discussions

The observed asympioilc freedom in deep Inelastic scatter-
ing provides ore of the mos+ compeiiing arguments that the strong
interaction Is a colour gauge Theory., Asymptotic freedom is In

N . : . 45 .
fact a unigue property of non-Abelian gauge theorles’ ™., Untor-
tunately the effoctive coupling constant depends only logarithmi-
cally on Q so that extremely high energies are needed even +o

: . : .4
the change In The coupling 9.

L
1
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We can now galn some lasight iﬁ%o the properiies of had-
rons as bound states of quarks. One knows that the spectrum of
excited states of charmoniumnl{ce) resembles thal of posivtronium.
¢ anhd © baing heavy move slowly in jow angular momentum states.
The separation between the quarks is small and hence the coupl-
tng Is weak. Under such conditions +the colour field Is like a
coulomb field producing positronium {ike spectrum. For heavier
guarks like * and b this description shoutd_be even more accurate.,
Surely thls picture must not apply fo lighter mass hadrons.

Size goes inversely as the mass and so tighter hadrons are reta=-
Tively larger compared +o charmonium, The quarks are well
saparated and the coupling strong. The motion of the quarks wit!
be relativistic and there Is no reason to expect a positronium

like spectrum,

We can now also appreciate why free quarks and gluons have
not been seen. Jmagine pullting a quark out of a proton, Ag‘i%
moves away from other quarks The coupllihg increases ~ the bind~
tng force increasses., |f effective coupfing were To Increase
indefinifely it would need énfini%e energy to pull it out. In
such & case free quarks or gluons would not appear In decays
or collisions. In deep Inefastic scattering the photon can
Transfer a large momentum Q +o a quark., This quark wil} try to
move away but will be restrained by the ever lncreasing coupling
constent. §f Q Is sufficiently large and as the coupling
increases the energy density of the colour fleld will become

targe enough to produce qq pairs from the vacuum. These quarks

have low energlies and would recombine to form mesons and baryons.
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Stmiiarty If a high energy giuon is produced in the collision
by "bremsstrahlung” the coupiing of tha gtuoen witt tncrease In
the same manner. Thus copicus mesons and baryons can be
produced in deep Inelostic scattering but no froe quarks or
gluons. Howsver, 1t must be noted that it Is vaery hard +o
prove that QCD coupling constani incresases indefinitely since
periurbation theory cannot be usced bevond a certaln limi+. The
challenge of QCD which [s consisient with all known strong
interaction phenomenology will be to find non-perfurbative

techniques.
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CHAPTER 8

GRAMD_UNIFLED THEORIES”® (GUTs) -

F. Shortcomings of ihe Standard Mudel

e B o ft e o

The standard model (SU(?)LX Uy(i}xSUC(E) succoassfufly des-
cribes or Is at least consistent with all known facts of olemens=
tary particie phenomenb!ogy. I+ is a mafhema%lcaf!y-cons§s+enT
tletd theory in which all %nowﬁ interactlons are basicaltly gauge
interactions. inspite of its obserQed correctness |+ surely Is
not the ultimate theory of elementary particles, Tﬁe mode! has

no inconsistencies but i+ has a lot of arbltrariness,
Some of +the unexplalned features are:

t. The pattern of groups and representations ls complicated and
arbitrary. Why should the gauge group be a product of three
di{ferent factors. Whereas SUC(S) is a parlty conserving theory

the SUL(Z)ny{i) violates parity.

Z. What is the purpose of the second and the +hird tepton
families whilch are mereiy massive repetitions of.the first family.

This Is fThe new version of the otd question "Why the muon?"

3. The three coupling constants have throe very dl fferent

vatues. Why do they have these speclific values and ¥hy are they

so different?

4, Why does the Hefnberg angle take the particular value 1+

does?
5. Electric charge Is not quantized.
6. What are the Higgs? The Higgs sector involves too many
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uncontrolied parameters. There are in all 19 free parameters

In the fheory. [f neutrlinos are masslve there should be 26,

7. There are several quantities Ip The model which are arbli-
rary and appear to be unnaturally small., For example the ratio
ot the neuirino masses (If non-zero) to other fermlion masses,

the ratio of fermlon masses to other W and Z masses.

8. Gravity is not included.

2. GUTs

These were partiy motivated by fthe deslie to constrain some
of the quantities that are arbiirary at the level of the stand-~

ard model .

The basfc idea in a grand unlified theory is Tthat if
GSESUC(3)XSUL{ZIXUV(I) Is embedded in a larger underlying group
G then the addltional symmetries may reduce some of the arbitrari-
ness of the standard model. A fypical consequence of
this embedding Is that the new symmeiry generators and thelr
associated gatge bosons involve both flavour and colour. The
new Interactlons violate baryon number (B) and lepton number
( L)Y conservation and can change a quark Into a lepton and vice
versa. The proton can décay. Since the proton life time
Tp>103i years 20 one requires the baryon number vioiating inter~

actlons to be very weak. For models In which the proton caﬁ
decay via the exchange of a single gauge boson X one needs

mx>!O14 Gev-—folz

+1mes larger than iy, or mzi An unfortunate
consequence of such a value of my Is that other experimentally

observable consequences are practically non-~existent,
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bf G is simple which essenilally means that 1+ is not &
direct product of factors like SU(3) or SU(2) or if i+ Is a
direct product of ideniical simple groups related by discrete
symmetries, G has only opne gauge coupling constant. For 02>m§

Sprametey

where all,breaking effects can be {gnored then strong, weak,
etectromagnetic and baryon number violating iateractions all
lqok basically similar and there is a single coupling constant,
We know that for large 0° the SU(3) and $(2) coupling constants
decrease, more rapldily for SU(3) and the U(]) coupling constant
increases, in tTyplcalty iogari%hm{c mannar., {1 can Ttranspire
that the three approach a common value at Qz=m§ and all TYpes of
fnteractions merge into a gauge theory with one overall coupling
constant. Quarks, leptons, antiquarks and antileptons will all
be fundamentaliy similar. They can be placed in the same repre-~

-

sentation of G. Oniy for Q2<m§ the S5B effects become important
and the running coupling constants become di fferent making the

various obscrved interactions appesr different at |ow enetrqgies.

- . . 2,2
The values of tThe coupling constants measured at Q7<m

y can

be used in simplor models +o predict m Since the coupling

¥
constants differ widely at low energies and their QJ varlation
is only logarithmic, my turas out {0 be very large. In the

georgi-Glashow model, for example, m%miofd GeV - the same scale

needed to explain the approximate stabl ity of the proton.

3. The SU(5) Model 28,51

since we want SU(3IxSU(2)xU (1) to be a subgroup of G, the

~group G must have a minimum rank of 4. The simplest cholce that
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meets this requirement Is SU{5). The unified model based on
SU(5) was proposed by Georgl and GIaShOWSQ. We study this
model here In some detail. This group has 52“[ = 24 generators
and gauglng the group would mean [ntroducing 24 gauge flelds,
Eight of these will be Identified with gluons and four with
We, Z and Y. Thus there would be 12 additional gauge flelds

feading to new Interactions, There vould be one overall coup i~

ing constantg,.
{f ¢ is a multiplet belonging to a SU(5) representation
then The covariant derivative will be

D0 = (3 +ig G (8. 1)

where G, ® B Tys ko l,...,24

We will assume at least three basic fermlon famiiies +o

exist, namely

As before, we consider only one famlfy,

The SU(D) matrices will act on a basic quintuplet which we
take To consist of the three right-handed colour components of
a glven quark flavour of the firs+ family, call +hem 9209595

plus the right~handed positron and etecTronICnan%ineufrino:

) ﬂJR = COIumﬁi(_qIJQZ’QB!GC,"vS)RER {8,2)
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Thls is becasuse In *the Weinberg-Satam model we postulated the

beft handed doublet (we)§ since The neutrinos are left polarized.
: ¢
o the entineuirinos are right handed and |is tepiton companion

(&8 . . - . 4
must be e ¢ designates charge cohjugate. fha origin of fthe

R

minus sign is explained in Appendix C.

the generators Tk in the five-dimensional representation

are
T, = it (8.3)

whers fk can be written down as 5 x5 matrices using the general

tensor representation discussed In Appendix C. te number them

such dhat k = f,...,8 correspond to SU(3) ma+trices and K= g,eu.,ld
coerraespond to SU(4) matrices, T!ﬁ and T24 are chesen to ba the
51

remaining two disgonal matrices” ., Thus %S’TB’flE and ?24 are
the diagonal maitrices and, of course, all 24 are traceless, Let

us note down #IQ which 1s of immwediale interest +o uys,. {(See

Appendix C).

Frw = diad(,1,1,-3,0) (8.4)

)

&

We can now identity the quark flavours in SERPLRY As the

electromagnetic field will be ono of the Guk

_the generator Tk
associated with i1 wit! be +he charge Q which then will also be
tracetess. Anplied to wR Pt will give 30&*@; = 0 or Qqaéa% f.e.

qr=d

g . ¢ C -
Hence R = column (di’dZ’dS’ e~y )R (8.5)

As we want Yhe Higgs fields +o genherate masses for d,,d »d

273

and for the electron, we shall also need the lefi~handed compo~
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nents for these flelds. YWe must also introduce the u field

which too acquires a mass. Thus we have To consider 1% operators,
[ ) 3
N ,_'\ Y i E L f L
d i - 1 ¢ 4 ¢
A
N 2 R l L
u ., ou 1 U U
2 3 4
L Re Lo Red
GR eL v {or e e "

Slnce five of these operaiors are in the right~handed quintu-

plet we need a left-handsd decuplei for +he remaining fields.

With the quintuplet we can make an Irreducible ten~dimensional
representation of SU(5) obyained by making the antsymmetrized

piroduct of two quintuplets. Caljing

b = cofumn (wf?.,a,¢5) (8.6)

the antisymmetrized product is
Yoh :J% {0, (D10 (2) =g 2y, (1)), a,b=1,...,5 (8.7)

I+ has ten independent components. The first three wa,a=E,2,3
are a colour ftriplet. Hence Yop for a,b=1,2,3 represents s
product of two SU(3) +riplets which decompose as 3x3=6+3. The
sextuplet Is symmetric and the antitripifet is antisymmetric.

Thus wab for a,b=1,2,3 form an anticolour triplet. They have
charges =% and therefore we may identify them with anti-u-~quarks.
We shall put ’

UC

1‘bab Esabk( k)

[, oa,b=1,2,3 (8.8)

since the charge conjugate of o right~handed spinor is leff~handed:

whHe = %,




Now LW represents a colour triplet with charge while

N

. , [
V.5 Is a colour triplet with charge “oy.e Hence we make the

following identification.
$a4ﬁ(“ayi’waﬁm(da}Lﬁ a = 1,253 (8,9)

U s I's a colour singlet and isospin singlet with charge +1. #e

Lc Lo

fdentify 11+ with ; Lee, Ve e

We thus postulate the following decaplet

G C .
0 UB mu2 u[ Gj
C <
--u3 0 u' u2 d2
! 1 C c -
w'=??? u? mui O u3 d3 z L (8.1

C

- U ~u2 ~u3 0 @

L,
”dIMdZ ==‘d‘..3 e 0 l

We now have the gauge invariant Lagrangisn

2,

iRBR + [L8L

Hi

(rk)aﬁ h Ra‘ ’ (8,113

o

=y ;
3 & 5o,
iyaw {auﬁaa' z90{;;&

: u e o o
LN RN IS, "96C 0k T b are Tl g

The first term contalns generator matiriecss (T In the +ive-

k)aa'
dimensional representation whlle the second contalns fhe genera-
tor matrices (Tk)ab}afbf in the ten-dimensional representation,
Now an infinltesimal gauge ftransformation on the Quintuplet Is
alven by

=-{6ab+lgOAk(Tk>ab}zpb,Tk e (8.12}

i

=1

¥
Hence fthe transformation Induced on the decuplet is
el v - 1
Vap = #1800 Tl (T 108, 9otk T pp ]
(8.13)
' n[sba‘HQoAk(Tk)ba"]wab‘Hgoﬁkwk)ab’]}wa'b'
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Pf we compare +this with The transfiormation
5 & i ACT)) L
E‘ab‘ AR PR ab,a’D'Jba‘b'

we get

)bb5+ébb’(?k)aa’m5ab‘(Tk)ba‘wéba'{Tk)ab'}

(8,14)

ap ;:..l’ i
(ik)ab,a‘b' ‘iéaa'{]k

From this we gerv

)

wab(’k ab,a‘bf¢a’b’ i 2¢ab{ik)aa'wa‘b

= ap D U (8.15)

this tells us how to operate with the ten-dimensional reprasenfa=

tion of the generators.

The Interaction of the fermion fields with the gauge fields

is contalined in the covariant derivative terms: 1+ is

L= —g iR H(iﬁ} R_,+L ﬁzik) L 16 (8.16)
A | R N L e ab,a'bt atbht’ Tuk :

The flelds k=l,...,8 are expected to describe The gluon fields,

Given the expression of we find in the five-dimensional

Tys

representation

~g (Ry"T, . R)G =«Eﬂm’{§’“dia (1,1,1,-3,0)RC (8,17)
90 Y P u}l_!-] 2‘/6&.,,. ¥ ag TN . ‘1.{,!5 | ,
Setting Gu,iﬁ = AM we geft
9
2w (8.18)
?.‘/E““
which fixes g .
[




The decupltet part will contribute the lefi~handed part of
the electromagnetlc curreni so as to give the correct eleciro-

magnetic interactions of u,d and e, We can identify Gn 24 with
1,24

Z .
Y

For the electron~neutrino sector this must reproduce the

required term in +dhe GSW model, f.e. [1 must glve

. [v T7 )
tMWMHgmmjmm-{{#‘ﬁﬁﬁ LmSinzawdglm }Z.11 g
SlnewCoseW
P [ .
I ¥ we call TéiszyofgtdS f, we have for the neutral charge TZ
“ = b e sinfe,0 ' 8. 19)
7 3 7]
H . T " L n .
Since Tr(tk1k‘) zakk‘, we have
Y & .2 2

L‘“ Q)= Ir_{TBQ—ﬂSln 0,07 =0

or {(8.20)
2 a2 2

Sin"g, m}r,(iB) /Tro

where Q = TL'+ Y
3 0
Taking the trace over the qulntuplet
1 -
Sinzew'ﬂ ~wi«MT=:§ (8.21)
[ +( 3)(‘5)

The value of the Welnberg angle Is +thus fixed in the limtt of
exact symmetry., This is different from the GSW prediction where
5S5B was introduced. In our case all coupling constants are equal,

. 2 s X
Elaborate calcuiations where the Q7 variation of the coupiing
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, L 28 ) ,
conhstants are taken into accountT leoad to values consistent
with the GSW model. These calculations also indicate That The
three coupling constants approach a common value afT energias of

~10'7 GeV,

The coupling of the gauge flelds to fermion fields leads fo
the usual as well as some unusual vertices involving quark-lepion
transitions. Some processes are indicated in (Fig.8.1) at 7The

end of this chapter.

These inferaFTions clearly imply the instabitity ot the
proton since the following decays will be possibie (B-L is cpn-

sarved in This model):

+ 0 + 0 %0
pre’a®, v, u K
o
n> v _w , etc.

The masses of X and Y must be exiremaly lorge ta keep szlosi

years. Proton decay processes are shown itn (Fig.8.2), The Y
propagator enters this dlagram. The decay rate goes as m;' and
the life time as mj‘ The Higgs mechanism must give very large
masses +o X and Y in order to suppraess These decays since These

bs BaV. The Higgs mechanism should be

are estimated fo be w10
carried out in two stages. First SU(5) is broken down to
SU3IxSU(2)xU(]) and conserves The rank of the group. A set of
24 Higgs fields are required with non-zero VEV., The X and Y
acquire mass but the gluons, Wi, Z,Au remain massless. A second
set of Higgs flelds is then Introduced fo give masses 1o wf, 7°.

mX v sets the scale at which SU{5) is broken down toSU{3)xSU (2IxU (I},
s c L y
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AT'Hnascahan? " ( 100 GeVi the symmeiry is broken down further
,_F'l

To SUP(S)xqﬁ”](l), We shall nof discuss this matter further,

We nore that itn the SUE) modetl discussed the peurrino

remalns massless becuuse there is no room {for a right-handed

k]

neutrino. One way to introduce a neufrine mass would be to

R

incorporate an SU(S) singlet identifled as v The cleciric

{5

charge is gquanvized since the charge appears as a geherator of
L q } ! ¢

SU(5),

4. Ofher ﬂgdelszg

Beslides SU(SY {with several variations on Higgs structure)
other groups have also been considered for grand unification.
The most intferesting among thewm is SOCI0Y. This admits a
I6~dimensional representation which can accomodate all fermions
in a single family and the right-handed neutrine unlfike the
SU(S) case where they are put in two different irreducible
representations., 1+ allows more than one symmetry breaking

scheite” ", the simplest of which is

SOCIO)»50(5)+5U (3)xSU, (2)xU (1)+5U _(3)xU (1)
C L y c

(S 1IN

Fj : , A
Pati and Satam’ >~ have considered a series of groups of the
SV ‘ 5 v s \ .
form G = 6"x6° where G° and 6 are identical strong and weak
groups related by a discrete symmetry. An interesting special
case is G = SU(4)xSU(4} where twelve integrally charged quarks,

four fiavours with three colours each and four leptons are ptlaced

in a (4,4) representation,
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In &ttt these models S50 s carried out as 11 There existed
a heilrarchy or broken symmetrias,  The "orand™ group is broken
dowr To another one by Higgs fields which acquire an extremely
targe VEV and give rise fo super-hsavy vecior mesons. Then the

tatter group is broken down Yo 3 succeeding one wivth another set

of Higgs fields which give rise to less heavy vector mesons.

All these models predict oroton decay. HNo GUT model con=
f 7 L
sidered so far is compelling. Getl-Mann and Ramond and Stansky33
have carried out an exteaslive study cf The various posslibie

candidates for grand unificavion,

The baryon non-conservation predicted by GUTs finds a very
important applicatioa in cosmology, namely, in the expianation

o

: . . 54 .
of the baryon asymmetry of the universe . GUTs can account for
; , -3 - ‘
the small baryon To photon ratio (10 7) of The unlverse, They
can provide a mechanism by which baryon asymmedry can ba dynaun -

cally induced stariing out with a symmeirie universe.

5. Problems with GUYs and Superunification

There are, however, stili many unsatisfaciory fealures of
GUTs;
1) They do not provide an explanation of the origin of
families.

. 4 :
ii) Gauge boson masses Jjump from 102 To IO‘ GeV wiith noth-

ing in~between,
iit) The theories contain several free parameters.

iv}) Gravity Is not Included.
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Already we are talking aboui at least 24 basic fermion
flelds and the guesiion of thaeir structure natecrally arises.

the composite nature of quarks and fermions is now under exten~

. . ah
Sive study .

the guesiion of unification of strong, weak and electro~

maghetlc inferactlion with aravity hinges on supersymmetry and

; -
supergravity theories

>

thich started from the attempt at deeply

.

correlating and voiiying fermion and boson fields, are being

4

developed and point out to a possible superunification of the
L

forces of nature bringing info the picture gravitons and perhaps

. 3 (
masseless spin - 5 particles,

76




\‘“\_3 b T é%(s I
< T~ ) :
\\\’\ L \\vgﬂg‘,‘!
“,«"**‘ o ot . \\‘, ag e = \""kh?
L RN A ;;,_z- e TNt e Y
o :‘I;‘ 13534 T ﬁf(.{t‘rﬂ, rd e o
?)/ .J“}(r = 7 :{’ 2;
// A L o, TP //?E ) o
- % ~ @y, - -

3

N >m,fw« L X
/’zz/W | - a7

( 3 ) : e, AN

P AR

Tl 6 / Tl ®

3 F 8 Eh
B S i R S
A ey,
} i
1 ( i d u ) @ :
i R S U

( Fig 8.2} Proton Decoy




CHAPTER 9

NEUTRINO MASSES AND THE GEMERATION PROBLEM

tn fthe tast chapter we discuss. oUT models. We noted That
none of them is compelling. Further, inhe models neither explain
the repitition of families nor seem to restrict thelir numbei.
The only theoretical clue comes from QCD where the experimentally
supported asymptotic freedom can be ensured by résfricfing the
number of quark generations to eight. Combined with the aestheti-~
catly appealing idea of tepton-auark symmetry we are restricted
To eight lepton families., Tnhis lack of handle on the number of
lepton or asquivalently neutrino types has been freely exploited
in the literature in a bid to build various GUT modeI557. Ye
wish to argue here that although such & priviledge cannot be

ruled out the validity of such models is highly dubious. OQur

arguements draw upon plausibility and naturalness.

The experimental limit on the nuﬁber of neutrino types Is
around 2058. These come from the width of 2° decay. Cosmologi-
cal considerations limlt This number 1o between three and sing.
These limits are derived in fthe big bang theory =~ the so~called
standard modsl of cosmologySdﬁ According to the big bang theory
the Helium and Deuterium contents of stellar objects are essen-
tially primordial in origin. These contents are reasonably well

kKnown and each neutrlino type contributes a certain amount to The

formation of these elements In the early history of the universe.
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Here, we have an examplie of The interface between cosmology
and particle physics, Ve have a very ifumportant case of cosmolo=
gical consivaints providing a timidtation on model buiiding in
particle physics, Thae cosmotogicatl considerations provide a fur~
ther hard bound on The sum of The neuirino masses of the tight
fype6o, 't says that va < 50eV¥.,  Thoe summaition counts light
heutrinos of masses less than one MeV, [F the neutrino of ahlgher
generation has s mass greater than one MeV it could possibiy be argued 1o be
consistent wiflh observafion througn i¥s decays6lﬁg

We wish 1o argue that minimal left-right symmetric GUVTs must
provida some neutrinos in the forbidden range 50eV - | MeV unlecs
the number of generations is limited. Any atiempi to escape this
conclusion would entall rediculous fine tuping of quark masses.

in GUYT models neutrino masses can he introduced Through the
PDirac mass term and through Majorana mass terms. Upon diagonali-
zation of the mass matrix the 51?&& mass term Induces a further
Majorana mass Term. In the class of models we shall consider,
the neutrino mass Teﬁm,.in the final analysis is the difference
of fwo terms - Yhe Majorana mass and the Induced Majorana mass.
We shall see That both contributions car be estimated. Appendix
D is devoted to the Dirac and Majorana masses and the reader is
referred To it for relevant details.

A tev words about the choice of models to be considered are
in order here, We do not consider SU(5), Minimal SU(5)Y is
atready not consistent with proton decayBO‘ Non=minimal SU(H)

has no aesthetic appeal and offers no appealing reason alt all to

T ¥fhese bounds are derived by considering the matter content
of the universe, Higher mass neuirinos decouple much ecarlier
from the Tnitial cosmic soup and are not expected to affect The
considerations leading to the above bound.
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be considered.  Furiher, SUTH) does not offer a naturat place

for a messive neutrino though fThey caan be accomodated, In addil-

:

tion SULS)Y has other features which can be understood only if

it were a subgroup of a larger group like S0U10), for example.

For defintteness, we shall consider a two step breaking of
C 28,53
minimal SOLIQY: 777

1 i

50(10) ~Xs SU_(4)xSU, (2)xSU (2) B SU_(3)xSU

(2)xU (1)
L y

mhr

N s SU (B)xU (1) (9. 1)
[ e .,.Mm.

This =zcheme is attractive for the wassive neutrinoes have a natur-
al place hera in the l|6~dimenslional representation along with

The

in

ifieen basic guarks and feptoens of one family which were
forced Into a 510 of SU(5) in the last chapter. Further left-
right symmetry is mainfained‘up%o a certain level -~ a possibllity
pot allowed in SU(S)., SO(I0) could have been broken via SU(5)
but this path teads to very low neuirino masses and vould not
glve us any useful informstion. And, more lmportantly, there is
no real motivsation for such a route to be followed. We thus
restrict ourselves to The aesthetically appealing left-right
symmetTtric models., We would get the same results if we had used

syleagiey
sudie). 11 is really the socond breaking

-

a similar breaking o

scale m, which is the crucial scale for the precent considera-

R
Tions.

. .o 2z
Wa stated before that the neutrino mass has iwo sources6 .

The Majorana mass ma(u) depends on various parameters - the HIiggs
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fletds and thelr Yukawa couptings and has been argued 1o have g
i 1 . R
"natural value of 10~ eV foir all famities. We shall argue

shortly that this loecm cannot be much greatetr in any cuase.

the induced mass of fhe Light neuirino ;mb{v) is related to

i aunrle ) ' . )
the iy Chargelmaﬁs m{ql) in The same family by +he relation:
Cmt ()
i, (v} -~ el (9.2)
D s

where ne, is The second symmetry bresking scate,®  This relation
sutfere corrections if higher dimenstonal Higgs fields are Used,
e.g. a 126 of SO{I0). These cérrec%ions are jarge for the

lower families but are iasignificant for the higher generations,
Thus from the third fﬁﬂiLKWM%ﬂﬂﬂfﬁi equation {(9,2) can be assumed

to be a reasonable resuit,

mb(v} Is negligible for the lower generations but can become
substantial, even dominant, for the higher ones as fYhe quarg
masses rise rapldly, unless Yhe quark mass spectrum becomas ki

explicabily degenerate.

Now, first of alt, we note that equation (9.2} gives an U

. . Coy W\ '
per limit fo guark masses. For this take mb(v)m mivid50eV (cos-

ot

mological bound), We know fthat mR%! GeV at most, We then

tind m (highest quark) %2TeV. Thus if a quark heavier than say
a few TeV were ever Yo be found that would be The end of either

GUT modals we are examining or big bang cosmology. (ne such
T N TRppendin D it witl be argued that +the denominator of
equation (9.2) is actually the mass of the right handed neutrino,
Since This mass can be genarated at The second symmefry breaking
stage it Is expected vo be a M
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quatrik, vwould, by liself violate the cosmological bound on neu-
Trinoc massas,

: . . . .63 ,
Before coming to the Russian B-~decay experiment which

a <4

predicts a lower bound of 10eV for the electron neutrino mass
gontudente lavel

with 90%, and puts ) e between ZheV and 40eV with reasonable con~

fidence let us conslder the following, somewhatl hypothetical

situation.

Let mﬁe%o. This implies that mq(v)&:O for all generations,
. c

This In tura lmplies that mvH%().'Now The top quark is expected

. 2.9
to be & 50 GeV. Hence mb(u.)fgééé%%3H£ 25 %10 SGV. This lteaves
T 1O

us about two orders beiow the cosmological bound, Now, one Knows
that there Is no way to lower this bound by vhat much. So we

are strongly fempted to believe that a fourth quark In the TeV
range should appear so that the corresponding neutrino would be
in +he eV range. Such a scenario will be welcome In certaln
models which work wiih four famiii9557. In such a scheme more
guarks could be introduced beiween the 100 GeV « | TeV range.

Such a quark spectrum would appear quite unnatural if we Induct
more than one or Two quarks in such a range. Thus even such a
scheme would be unatiractive 11 say more Than six quarks are 1o
be fitted. It is clear thal such a scenario would most naturally
accomodate fou} quarks. But, then, the burden shiits to finding
loopholes in +the Russion experiment and they are hard to find.

Let us now concenirate on the realistic situation created by

this fairily reliable experiment,
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The Russian experiment claims 25eV<va<dOeV. This expert-

ment s measurtng moand notom bt would Tmply an m around
P

bh*

the above value for all families. Bui then mvuwouid also be in

the above range. The cosmological bound clearly rules out the

upper beund. 1+ rules out the lower bound as waell. Thls would
"y !\u . .

glve muemmvum 25eV. These two neutrinos saturate The bound,

my must cancel

out for Vo But thls would need a mass ~ 1| TeV for the top quark,

This means that v must be massiess, Thus m, and
¢ .

This Is well above the expected mass of 40 GeoV for t+he top quark,
By assuming that the ma‘s are stightly different 1.e. by playing
with the various Yukawa couplings we can bring the requlrement of
mafqv}To be of the order of an ¢lectron volt which can then be
made to cancel mb(vg. Thus with some difflculty the v _ can be
accomodated within the bound. {n other words the lower bound of
mvem 2%aV can ba made consfs%an? with the exlistence of three
families. We conclude +that The Russlan experiment and lef¥T

right symmetrig models and the cosmologlical bounds can all be
acceptable provided +here are three gencoraiions only. Any further
quark would come tn by 2 very artvificlal Juning qf li¥s mass so

that the correspoanding neuirino will not contribute to +the bound,

The experiment tells us +that the 90% confidence level bound
ts only i0eV. 11 we accept this value Then our gyrqument
suggests that upto six families can be sneaked in with the sixth
neutrino massiess., The top most quark would have a mass of about

I TeV according to squation (9.2).




We can now ask the following question. How can we construct
teff-right symmetric GUYs with more than three quarks. One way,
as ve have seen above is5 to appeal fo the near degeneracy of
quark masses of The higher generation plus some adjustments of
various Yukawa couplings. A simpler and more acceptable way In
our opinion is to appeal to the slight uncertainty in the
experimental result. Suppose we want To have four families,
Then we can set ma(u) vl Tev =mv for the first three generations.
No unnatural adjusiments of the previous paragraph are requiréd
tor this. For the fourth quark m_ musi cancel M, so that the
quark mass must be ~ .3 TeV. Further quarks get in only If the

quark mass spectrum becomes degenerate.

The message from our analysis is clear, If The current
estimate of N, e Is reasonable then only three or four families
could be fitted in a left right symmetric GUT broken in two
steps. |f the experimental bound Is relaxed then may be six

enerations can be squeezed in. The larger the number of enera-
‘ .9

tlons the less naturally they can be brought in.

Thus if we do not stretch the GUT models oo far, they bring
us to the same conclusion as the cosmoliogical ones, namely, we
shoutd expect three to four generations oniy.¥ far below the
theoretical bound of eight and the experimental bound of 20. We
thus see no justification in proposing GUT models emplioying

eight families, for examptle.

Wihereas +the experimental search for quarks In the TeV range

is still a far cry, it would be very worthwhile o refine +he
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the experimental data on the electron neutrino mass. This
information alone may determine the fate of GUTs as well as big

bang cosmology.
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CONCLUDING REMARKS

We have come a long way discussing gauge theories. The
successes of the theory are Impressive, Indeed. However, the
vary promise +thls theory holds towards an unravelling of Nature

makes i1 meanlingful to ask questions which one would not have

dared to ask only a few years ago. Some of these are:

. Why does Nature employ both quarks and leptons wlth leptons
having no role to play In strong interactions? Why does each
faml ly of leptons come with at least three famllies of quarks?
Why are there so many basic lepton and quark fields when we
believe That Nature works economically and fntelllgentiy? Are

They really elementary?

2. Why does Nature employ two statistics? [|s there a deeper

boson~fermlon synmetry?

3. What are the Higgs? Recall that the Hliggs sector Is the
most troublesome part of any gauge theory and yet we need these

Higgs. Are the Higgs composite objects?

4.  VWhere does gravity fit Into the general scenario?

The above questions lead us info the areas of studies current-
ly under intense investlgatlon. These are the composite models
of quarks and leptons = +he so called preonic theories, supersym-

55,56

metry and supergravity Our present studies naturally motl-

vate us fo explore some of these flelds In the future.

Coming back to what we have done we can conclude +hat tvo

parameters would play a very crucial role in declding the fate of
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the gauge theory models. These are the profon decay 1lfe-1lme
and The mass of The electron neutrino. £ the experiments can
push the proton life-time further by a few orders of magnitude
then perhaps all existlng GUT modeis would be in severe diffi-
culty. If v, mass or in fact any other llight neutrino mass falls
I'n the range 50eV to | MeV then a major conflict would arise
between GUTs and blg bang cosmology. A conflict between two
theorles we belleve to be correct, would be a certaln signal

that we are missing somethlng deep somewhere.

Flnafly, we wish to humbly acknhowledge that even wlthin the
programme we have carried out we have been forced to admit major
gaps due to the fact that we had only half a year to comp lete
these studies. These areas lnclude, for example, a critical study
of group Theory, renormallzation group techniques and a sounder
understanding of low energy phenomeno!ogy in particle physics.
fhese three areas would form the lmmediate flelds of our future

studies.
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APPENDIX A
NOTATIONS AND CONVENTIONS

Wo have used aatural upifts thraughout, i.e. we have set

the electronic charge = -e,e>0

has components

The metric tensor guv

Joo T T YT T pp®  Gyy |

(A1)

g 0, u#v

| S

Contravariant and covariant four-vectors are defined resgw-
pectively as

I

AM= (A% %y, A, = (R (A.2)

Apz guvAv r\;'summed ovar (A.3)

The scalar product of Fwo four-vaectors Is
> I

a}jbu = 'aub“: aoboug.gg«;()!} (A.4)

For simplicity of notation +he tollowing symbols are used
in the text wherever no confusion arises,
A lepton field wg(x) Is wriltten as
A neutrino field wv (x) is written as v

2
A quark field ¢q(x) is written as g

b2

A field ¢ destroys the particle and creates the antiparticle.

A sultable collection of feft (right) handed fermion fields

Will be denoted by LQ(RR). For example
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(za)Lﬂé(lwys)(Ez}E L, = tofi-handed Iép+0n doublet. (Subscript

in l_2 may bo deleted whonever no confusion arises) and

R o . : ;
SRS %(i+75)x bs a right-handed lepton singlet,

s

A diagonal matrix with diagonal entries b,,b. . b

APy 3'3°’bn

written as d'agiblbe’b35'°°’bn)

The trace and determinant of a matrix A are denored as
v

and det A respectively.

APPENDIX B

THE DIRAC_EQUATION

The Dirac equation is

s

(iypaﬁmm?¢==0 (B.1)
The y~matrices satisty the conditlons

uv

EyY, vYY L e 2g (B.2)

GMFago 0 (8.3)

The y-matrices may be put in terms of the Paull matrices

0 O~ I 0 (o
Sr ot G ) oyt L and T5(05) (L)
) O u
as y? = (é“?),yk 4(“Gkgﬂ , ko= 1,23 (B.5)
Defining yb = Iyoyfyzyj = (? é) (B.6)

Then YS has the properties
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g N . : )
f’YngY"j»:-ﬂO ?(—\'.’ o Y=y (B.7)

The projection operators, trace identlitlies, etc, are precie
sely as listed In Appendlx A of reference 21.

Note that for zero mass psriicles (m=0) the hellcity projec-
tion operators are

M r»é—(!}- Y Y (5.8}

APPENDIX C

ESSENTIALS OF SU(N) GROUPS

I. General internal Symmetries

Particles may fall into multiplets forming representatlions
of SUIN). - Thé group isomorphic tTo that of NxN unitary unimodular
matrices (U'U = | and det U =1) . The condlilon det U = | singles
out a connected subgroup of the group of matrices. The require-
ment U'U = | Insures that the norms of particle states are preser-

ded under the group transformations.

A general NxN matrix has 21° arbitrary real parameters.
The requirement TRV Imposes N2 condliiions and det U= imposes

one condition. Hence SUN) has sz I generators Td obeying

{Tc.t ’ Tﬁ} = J( = 54r. gonsiants (C.1)

4 -
uBY_[Y ) Teay

An arbitrary inflnitesimal element of the group Is
U=l-te.t, (c.2)
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Tho smallest nom=irivial irreducible representation {(the {funda-
wental representatlion) [s of dimensionallty N by definitiaon.
There always exlsis the adjoini representation whose dimensiong-

i1+y equals the number of generators wlth

{r (C.3)

Pes

a)BYH 1Ta6y

the possibie dimensionalities of other representations depend on

N.

2. SULZ) - isospin

Experimental evidence suggesis that the nucleons and #~me-
sons may be grouped Into the following multiplds.

i
|

No= Py, e Gy (c.4)

’1]'3

g Members of

) 1
where the observed plons ﬁg!yﬁf(wlziwz) and w° = 1,

each multiplet have hearly equal masses and the small mass differ-
ences can be thought of as due to electromagnetic corrections.
Apart from these corractions, systoms of nucieons and plons are

invariant under matrix transformatlons representing the SU(2)

group

N> N+§N , 6N

143

iw TQN
« (C.5)

it

Drwséa , 8w == by T x
y o Q

where w, are arbltrary Infinlitesimal real numbers and the compo-
nents of lsospin Ta(dﬂl,z,B) are the generators of SU(2) obeylng

the commutatlion refations [T.,7T (C.6)

m’\B] hleaﬁyiy
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The nucleon doublet forms a basis for a Two~dimensional
representatlion In which 27 Is represented by 2% 2 Pauli matri-
«

ces v
(,

and (c.m)

D 7 . N . -
SNI z{mi(TF)E}=m2(12}ij>m3(t5)§J}NJ

[

the w-meson triplet forms a basis for a three~dimenslional

irreducible representation

(“!a}ﬁ.Yxat-aBY
(T g) = (7 L oad 4
ol 8 { 0>BYﬂY iEaBY y
.o, SWB ’Feaﬁyw TY
"}" -_}‘ ,} (C'8>
or Sw o= lw X

The representation 3 Is Special, in that Its dimensionallty

equals The number of generators and That *he Mmatrix representa-

tlon of TO is obtainable directly from the structure constants

Eaﬁy. bt Is cafled the adjoint represcntation., Other irreduct-

ble representations of SU(2) are fami|iar from the theory of
angular momentum. Thelr possible dimensionall+ies are 2T+
(T =0,1, 27,

The adjolni representation can also be represented in an

alternalive form as follows:
| f xI(ENF,Z) transforms as 2, |.e,

§X, w = ¥ {v ¥, .%.
i @ m(j l{): iJ ‘J
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= . ., .. r!?—
Fhen ya(a=.f,z$3) which transforios as 3 may be presented as

. T ] *
Yo oEXTF wsgx, (g ), %,
7 u 2y (T, FiJ

=2 g
or yoE L (xY o x) (C.9)
To check This we compute 6y3
31
Sy = (8x' T x)+0 T éx)
o o o

. : -]- r (el
~iw8{x {Fﬁjfajx}

T fhassYs as requlred

Next consider the somewhat unfam]llar idea of the comp fex

conjugate representation. Since N +ransforms as

> Mo
N NEo= UN (C.10)

N N =N ) bn N%a(igb

Thus N* also generates a representation of SU(2) In +terms of the
matrices U™ (In field theory p deslgnates a fiéld that destroys

a proton and creates an antiproton and p% Is an adjoint fleld
creafing a proton and desiroying an anftiproton). For SU(2) the
complex conjugate representation ls equivalent (not ldentical)

to the representation having the splnor N as the basis. Equlval-
ence [mplies that a mairix $ exis+s such +hat

U = surs”!

Using the Infinitesimal verslion of U we have

% BTN

Nits (=g o7y

N‘>(13

N




For equlvalence all we need Is

v g g (C.12)

“T, and v, © "ty We see Thal secr, s the required

With T o= " 2

| » s
matrix, Then +he splinor Nv with

-

: M w.r O 1, p n "
Fe3 = = ;\z B4 L]
NC SN I;ZN (ml O)(ﬁ) (wﬁ) (C.13)
transforms identically to N:
R
~ 1 =3 ! S ezes i /
NC> NC ‘(1*2 m.f)NC (C.14)

The group SU(3) has elght generators Tafaﬁi?.ﬂ.,a) with

[Ty Tyl gffaBYTy (C.15)

where fa are real and totally antisymmetric In u,Bsy. The

By
fundamental representation 3 and the geherators In this are
T = %AG%AG are 3x3 traceless hermitian matrlces. they act on

basts vecitors of the form

X = [ X (C.16)

An infinttesimal element of the group is represented by the
. ] C e
transformation x' =Sx wi+h Swf=°§ maAm where w, oare real infini-
tesimal parameters., A set of mafricesrkq satlisfying the above

commutation relations are

93




010 O -1 0 I oo
ATERR O U N R PR P00}, A, o -1 0
000 ' 0 00 . 0O 00
(C.17)
00 ) [6 0 ~i \ (ooo
A 000 A = o0 0 A= {00 )
4 » 3 1 *
IOO} J (lO oj ° 010
00 © , 00
b . Ao b
L P00 - y AL o1 o
T lai o B3 | g oz
By consfruction the flrs+ Three are Isospln generators. The

tast one which is dlagonal and commutes with isospin Is ldenti-
fled with JFYe These are called Gell~Mann matrlces and are
generalizations of the Pauli matrices. The structure constants

fapy €30 he calculated by explicit commutation of_Au. They are

of course, the same for any representation.

A4, 15 form two members of another set of Paulli-{ike matrices
{called U spin) and so do_A6 and Ay (V-spin). The missing member
In each case can be obtained from the commutations and expresed
as appropriate linear comblinations of Az and Ay glving two otbher
useful eguivalent sets.

The dimensionallty of SU(3) irreducible repraseniations

depend on two positive Integers m and n and are gl ven by

Dhn,nd = Llasl) (at]) (nem+2) {(C.18)

The representailons (m,n) and (n,m) have the same dimensionallty,

Some typlcal represeantations
D(f,0m3, DCI,1)=8, D(2,0)=6, D(3,0)=]0

b{1,1) corresponds to the adjoint represeniation with
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Ty ™ (. 19)

The complex Gohjugate representation ls distincet. e.g. 3% g

distinet from 3. Thie can be seen from ihe slmple fact that

There s no § such fhat SRSHI“’fA% for all A and The =~ 4x*

generates an Independent set of representation matrices. | a0

[ag

S owalre t

to exist ss required above +hen SA88m15~fk§H=jA This

means toAg would have the same eigenvalues.

For the sake of completeness, let us mentlon one uéeful set
of generators uUsed extensltvely by Okubo. One deflnes a set of
nine real fraceless matrices A} with matrix elements (A})aB
,d,e,8 = 1,2,3),

I
J

f

)asuvafaﬁjg‘?eijsaﬁ

(A (C.20)

Only elght are lIndepsndeat since A{+A§+A§ = 0. The commuta-

tion rules are easily computed +o be
{(c.21)

The correspondence with TQ can be worked out. The above repre-
sentation can be taken over to SU(N) groups by replacing =~% by

M% In equation {(C.20) and tetting the lndices run from | to N.

ih the Geli~-Mann scheme +he basic triptetr Is Identified

with the quarks -

X, u
X = Xo [T }od (C.,22)
XS S

A (C.23)




- N e Y
fivus P diag(d, ~ L 01, V= Giag(?fﬁyw-ﬁ

TET e diagld, 4, 0)

¥
R L et ey TR { e S
Goom e d.rugx(.}ib} L (4 % Y ’U;Q;.))

O = T 448 = di 4 O( Z ,‘.5;, i)
¢ 57 RN

Ty and ¥ for sntliquarks are the negellves of The above values

for guarks,

APPEMDIX D

MAJORANA AND GIRAC MASSES

e e

Since fermlon number violatlons are pormlited o GUTs, two
kiads of neutivino mass terms can be [atroducad. We i llustrate
This with the example of one famiily: (v e }L*<“R’ €
%fkﬁ7ﬂﬂiﬁfffmﬁu9ate'ﬁérni

iyl

M s
we have the uswal Dirsc mass form v Y

generated by the Higgs doublets., We can add a Majoraha mass

torm ¢

i

=l

- Fg £ T X CT .
mm\) {_\) R k] M\‘} R“‘J {" = mMU FE:{C\} “R + NM\) | Cv (D, 1>

=

whare C ls fhe charge conjugoilon matrix cbeying

O N f -
C Ty g s (D.2)
7t "

The Majorana term can be Introduced into +the Lagrangian as a

bare term sloce v, Is a singlet under SU(2) xU(l) or aolse from

R

the Yukaws couplings o a singiet Higgs fleld. Note ‘that

RV {D.3)
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whaere v fg

and That

G . C o =
@ 0D w2 h A
Vior TRy P gOT R,

~
v

annthitate L and R antineutrrinos; v{aand Ve

doublets white v, and v i

C
I .

t
P A KA. H - v A N
ate fepton and formion numbers by two units.,

by redetlining ohases of the

be real so that the overall mass +erm is

I VIRV IR SV g (ch2¢3 vp)zm Vo m,,
B YLYR R¥L MEYLTR YRYL n M

with v = vy + Vp 2 1% ui'+ v

In the usual case mMa=O, we ldentify v as the mass eigeon-

ol
state.

as pairs of Independont left and right-handed flelds.

4

combinations with definite mass but not defintte

must be chosen Vo dlagonallzeé the mass matrix. For one family

the most general msss matelx is

C

C,,a d /v§
L)(d 5) R
\v

a
—
=
=
3
P
=

(\J'E Y

h

i
I

and s =

The off~disgonal elements are equal because vy

LVR

term in a is aot gauge invariant and

Pt can be infroduced through a Higgs Trtpie?(p], oy

a jour component field, annlhltate L and

are singletssMajorana mass

fields we can +ake

Lf mD:=O and mM;40 one mustT regard (vL,vE) and (vL

lepton numbers

. (=Y
=y

Is thus forblidden.

R neutrlinos

(62, 4)

are members of

Tarms viol-

mD and Mg to %

(3.5)

R*VR!
Linear |

¥

tvg. The
However
}. Than

g

¢
the Yukawa coupling (vEeL)(?ég) R will contain the Majorana

=V
term a provided {p]>0;50,

Q7

bt wiiiR violate lepton number by two
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