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The different expressions for the Green function of electro-
magnetic field of a point charge have been considered with the special
attention to the advanced contribution that 1Is shown to be of
importance for the self-action of particle responsible for the
radiation reaction. Simultaneous expansions for electromagnetic fields
of a point charge are obtained in two different ways, by means of
Lagrange expansions of the fields and the Taylor expansion of the
Green function. The Lagrangian description for a system of charged
particles and their electromagnetic field is given iIn terms of
particle variables only, with the field expressed through the higher
derivatives of the particles velocitles., It 1Is shown that the
self-actions of particles may be included in thelr equations of motion
with all divergent terms cancelled. An intrinisic relation between the
retarded and advanced fields of charged particles has been also
obtained, The results are Important for an exact description of a

system of relativistic charged particles.
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INTRODUC YT D ORN

A charged particle in motion produces an electromagnetic field.
At all points In space this field 1is governed by the Maxwell’s
equations and it 1is described by thelr solutions known as retarded
Lienard-Wiechert potentials. These potentlals can be obtained by means
of a Green function (integrated over the particle’s position and the
retarded time) provided this Green function by litself satisfies a
certain inhomogeneous equation with a singular source _called "the

Green function equation.”

However, the fields obtained from the retarded Lienard-Wiechert
potentials are expressed in terms of the particle's position, velocity
and acceleration at the retarded time but not at the time of
observation (The difference between fhese moments of time is the time
necessary for the fields to arrive at the point of observation and Is
proportional to the distance between the particle’'s position at the
retarded time and the point of observation). As a result, a complete
description of this fileld alt the point of Interest requires a
knowledge of the whole past history of the particle. But this is not
an easy task to find it even for the simple trajectories (e.g.
circular and elliptical). We can imagine how complex it would be to
deal with a system of particles (e.g. in a statistical description of
this system) In a completely arbilrary motion, where we are interested
in the evolution of the state of the whole system at some moment of

laboratory time.




§ AL RA Ty AT S ALR e AL St LACH 2B LR TATT TR A SR N 60 TR Ak a A A L A G T T SR W 8 e 4 1T W T D e T T L s ot D i T M S e 3 AL B R e R A AL L e WA

Whenever a charged particle Is accelerated it emits radiation
that carries away energy with it. The process has to obey the
principle of energy conservation. This requires a force that does
negative work on this particle. It is assumed that the force that the
particle exerts on itself to be the sole source of this force which s
the radiation reaction force., But since this force appears to be
divergent at the site of a point particle the calculation of this
force has never been satisfactory. Lorentz calculated this force for
an electron (a small charged sphere in his model) having a finite
radius by considering the retarded force éxerted by one part of the
electron on other parts. This force was expressed as a series in
powers of the radius (The first term of which was the radiation
reaction force). However, his calculation was approximate and limited
to non-relativistic motion and divergent és radius of the particle
tends to zero. Dirac assumed an expression for this force to be half
the difference between retarded and advanced fields of a particle
which is non-singular at any point in space. He evaluated this force
at the site of the particle and obtained an intersting result for the
radiation reaction force. Eventhough the basis of his assumption is
not clear his results are still valid and are being used in classical
electrodynamics., In an attempt to give a physical explanation to
Dirac’s assumptlion while accepting his result Wheeler and Feynman in
their absorber theory of radiation, assumed this force to arise from
other particles of the surrounding absorber as a response to the field
produced by the radiating particle. In this theory a particle does not

act on itself. The socurce of the radiation reaction force 1s the




absorber. Gordeyev has also obtained the same result as that of Dirac
but from the retarded Lorentz force exerted by a particle on litself,
However, In this work some assumptlions have been made with respect to

some terms that are justified in our preseni consideration.

The MHaxwell equations are symmetric in time. Although the
retarded and advanced solutions are mathematically equivalent and
satisfy these equations, the advanced solution is in most cases
rejected because It appears to contradict with our experience and
causallty. However, in the four dimensional space-time of relativity
an linteraction between particles 1involves advanced Iinteraction.
Wheeler and Feynman have also shown the Importance of advanced fields
in their calculation of the radiation reaction force. It can also be
seen from one of our calculations of this same force in this work. But
in the case of Wheeler and Feynman the appearance of the advanced

field is due to rather artificial idea of absorber.

In the first chapter, we shall first make a review of fleld of a
charged particle in arbitrary motion and consider the retarded and
advanced Green functions. Here, it may be incredible but the commonly
used Green function is shown to be not a solution of the "Green
function equation” because 1t does not satisfy this baslc equation.
The correct retarded Green function 1iIs particularly important in
handling the problem of the action of a particle on iiself, iIn which
the Importance of advanced field (that iIs usually rejected) can be
seen, Hence it ié this Green function that should be used to obtain
the field of a particle at any point in space, including the center of

the particle itself. Next the potentials and fields of a relativistic




charged particle are expanded In terms of positlon, velocity,
acceleration, first order derivative of acceleration, second order
derlvatives of acceleration, ... of this particle at a time
simultaneous with the observation time. The simultaneous expansion of
the electromagnetic field of a relativistic charged particle in
arbitrary motion was first given by Gordeyev (using Lagrange
expanslion) and later on commented by Weert (using expansion of Green
functlion). Both approaches are presented here and are used in the

remaining chapters and a comparison ls made.

The second chapter 1s devoled 1ito the calculation of the
self-action force. With the simultaneous expansions for potentials and
fields the problem is treated in two differenl ways. In the first
method we use a purely retarded field of the particle in the Lorentz
force that the particle exerts on itself and the symmetry of delta
function, which makes the divergent terms vanish (This justifies
Gordeyev's assumptlons). In the second method by using the correct
retarded Green function an advanced fileld of the particle is also
included and that results in the cancelation of the divergent terms
(This one justifies Dirac’s assumption). Both of our calculations are
exact and leads to the same result. Moreover, we do not use any

approximations at all.

The last chapter deals with the Lagrangian description of a
system of relativistic charged particles and relation between retarded
and advanced fields. The usual Lagrangian of a sysilem of relativistic
charged particles contains field variables and generalized particle

variables, which are functions of the retarded time. Variation of the




action iIntegral with respect to field variables In the conventional
approach gilves the Maxwell eguations and variation with respect to the
particle’s variables gives its equations of motion. But in view of the
similtaneous expansion the fleld variables are expressed In terms of
position, velocity, acceleration and all order accelerations of the
particle producing the fleld. In this case the Lagrangian of a system
of relativistic charged particles would be a function of these
variables only, The Lagrange equations of motion for such system were
derived by Gordeyev. These equations contains higher derivatives of

velocity with respect to X, = ct and are derived here.

As a result of the simultaneous expansion for potentlals a
relation between the retarded and advanced fields of Interacting
particles was obtained by Gordeyev (by using the Lagrange expansion
for potentials)., This relation is of such a nature that it can be
included into the Lagrangian of inleracting particles without
affecting thelr equations of motion, Here we demonstrate that the

Green function approach also gives the same relation.

A lot of attempls have been made to make a relativistic
generalization of Statistical Mechanics. The need arises practically
due to the existence of high temperature plasma and its possible use
for contrelled thermonuclear reactions. Also theoretically according
to the principle of relativity Statistical Mechanics should be
formilated in such a way that it is Lorentz invariant. One of the
problems that arlse in relativistic Statistical Mechanics, which can
be seen from the series of works of Hakim and others, is the absence

of a universal laboratory time for all particls. Although with the




simtltaneous expansion this problem appears to be removed, the
relativistic generalization of Statistical Mechanics requires the
Hamiltonian description of the system of charged particles, However,
such a generalization Is not straight forward for a Lagrangian
depending on higher derivatives of velocities of particles as is the
case with simultaneocus expansion, and therefore this problem should be

a subject of future research.




CHAPTER 1

SIMULTANEOUS EXPANSION OF THE ELECTROMAGNETIC FIELD OF
A RELATIVISTIC CHARGED PARTICLE

1.1. Field of A Charged Particle in Arbitrary Motion

Consider a point charge particle in an arbitrary motion.

fig, 1.

The fleld produced by the moving charge satisfies the following

non~-homogeneous Maxwell equations.
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Where all the sources and fields are taken at the point of observation

% and time of observation t.
For a point charge the sources are given interms of delta function
p=edlx-x(t)] andJ=¢e 68X - x(t)]

If we Introduce the scalar and vector potentaills ¢(X,t) and A(X,t),
respectively, then the fields can be described interms of these

potentials as
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If the potentials satisfy the Lorentz Condition,

V-A + = 0 (1.3)
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then they are solutions of the wave equatlion

dlx, t) pl(x,t)
] = -4n _ (1.4)
Alx, t) 1/¢ J(x,t)
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where [] = V" — is the d’ Alembert’s Operafor.
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To solve these wave equatlons, we look for an appropriate Green

function G(x,t;X’,t’) that should satisfy the equation
G = - 4nslx - %' 18(t-t") (1.5)

With the help of this Green function the solutions of the wave

equations, eq.(1,4), can be given by

I

S, t) _[ G(X, t; %, t/)p(X’,t*)d%x’ dt’ (1.6a)

Az, t) =2 [ et tax, 036G ) d %R at (1.8b)
It can at once be seen that (i.e. Applying the d’Alembert’s Operator
to equations (1.6a) and (1.6b)) these potentials are the solutions of
the wave equations provided that the Green function is a solution of
(1.5). Of course, we can not start evaluating the integrals 1in

equation (1.6) before having the solutions of equation (1.5) at hand,

1.2. The Retarded and Advanced Green Functions

The solutions of the Green function equatlon, eq.(1.5), may be

found by using the Fourier transform method in the following form.




Using the Fourier representations of the (four dimensional) delta

function

4 vl w_x’ ’
S(X - )8t —t7) = [511?] je‘“"(’“" ) —wle")] gap o

and the Green function

4 Yol 7t ’
G(;—;';t—t'} = [ﬁ%] IE(E,&J) el[k'(X—X ) b (d(t-t )] dak- dw

in equation (1.5) and solving for the Fourier transform G(K,w) of
G({x—x';t-t’), the required Green function becomes
o2 J el[K'R — wt] o

G(r,t) = —3 CR d’x dw
An {ck) - w

where R = X — X’ and T = t-t’.
Depending on the choice made in avolding the singularities in this
last integral, we arrive at the following two different solutions,

which are the retarded and advanced Green functions

_ o(t) R R
Gr{R,t) = = [6(1 - E) - 8{7 + E)] (1.7a)
and
_ oe(-1) R - R
Gﬂ(n,r) = - {B(t + 5) - &8(t - E)] s (1.7b)
respectively.

where 8(t} is a unit step-function glven by

1, >0
o(r) = (1.8)
0, t <0

For R # 0, the Green functions in equation (1.7) are usually written

in the form
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2
G (r,7) = Gr(f) 8t - g) = 2c0(1) 6[1:2 - 55] (1.9a)
C
2
G (r,1) = A5 + B = 2co(-1) 6[1:2 - 35 ] (1.9b)

Our Iinterest, at first, s to check whether the usual Green
functions, equations(1.9a) and (1.9b), satisfy the Green function
equation, eq.(1.5), for R = 0 too. when R = 0 the Green functions in
this form do not satisfy equation (1.8). And the result obﬁained after
applying the d’Alembert’s Operator on these functlions is different
from the delta function on the right hand side of (1.5). Thus, for
R = 0 these Green functions are not solutions of {1.5). In fact,had it
not been for the homogenity of the Green functlion equation for R # 0,
they would have not satisfied this equation at all. But if we take the
Green functions in their original form (egs.(1.7a) and (1.7b)}} then
(1.5) 1s found to be satisfled., This implles that for R = 0 the
advanced Green functlion appearing in the retarded one, eq.{1.7a), or
the retarded in the advanced Green function (1.7b), should not be
rejected (see Appendix A}.

Taking expression (1.7a) as a correct retarded Green function
that should be used as a solution for R = 0, we next look for the
value of the theta function when R = 0 equivalently when T = 0. As it
is given in (1.8), at v = 0, 6(7) is not defined. But 6(t) can be
given by

1, T>0
a(x) = 1+ 6(x) : where E&(t) = {

-1, T <0

10




Since &(t) = - &(-t), at v = 0 &(t) should be zero.

Hence, 8(0) = 1/2.

Moreover, from Fourier integral theorem, a discontinuous function like

8(x) can be represented in the form

o(x) = 1 [9('r +0) + 6t — 0)]

where 6{7+0) and 8{t — 0) denote the limits of e(t+e)} and o(t - e),
respectively, as € ( >0 )} tends to zero. At T = 0 this representation
also gives the same value

6{0) = 1/2

Thus, for R » 0, the Green function in (2.7a) becomes

o° _1 [6(1: - rc)  8(r + n/c)]
R0 2 R R RS0

which can be written as

6" R0 % (Gr - Ga) R0 (1.10)

where Gr and Ga are the retarded and advanced Green functions,
respectively, for R # 0 and the fleld obtalned by using (1.10)

should be evaluated for R = 0,

Equation(1.10) 1is a very Important but simple mathematical
result, It tells us how we may describe the field of a charged
particle when it interacts with Itself. Correspondingly, the
superscript "S" stands for thls "self-action" of the particle. Thus,
the field produced by a charged particle at any peint in space
including the particle’s position should be described by using the

correct Green functions given in (1.7).

11




1.3. Simultaneous Expansions for Potentials and Fields By Using

The Lagrange Expansion

The solutioens of the Maxwell equations (1.1) are given by the
retarded and advanced Lienard-Wiechert potentials, which can be

obtained by wusing (1.9) in (1.6). The retarded Lienard-Wiechert

potentials are

¢x,t} = — = (1.11a)

K5t) = —— B (1.11b)
R'[1 - n':B’]
where R’ = x — X’(t’) 1is the vector directed from the position of
the charge at the ear{ier time t’ to the required point of observation;
n’ = R'"/R 1s a unit vector in this same vector direction and
cB’ = 9 (t') is the velocity of the charge at time t’.
Due to the finite speed of propagation of interaction in

relativity the time t’ and t are related to each other as

et —t*) = R(t’)

' =t - BT
[o]

(1.12)

In principle knowing the trajectory of the particle X’(t’) one
can solve (1.12)}. But leaving alone a particle in arbitrary motlon we
face a great difficulty when we try to solve (1.12) even for a uniform
motion of a particle in a circular path. The problem will be more
difficult when a system of relativistic charged particles 1is
considered. So it appears advantegeous to have expressions for

potentlals and hence fields interms of the simultanecus time t of

observation.

12




The scalar potential (1.11a) belng a function of t’ given by

(1.12) can be expanded by using the Lagrange expansion (see Appendix B)

00
¢(;,t) - e - e + z (__]t')k[_l-]k dk“'i ng_{- e
R(t')- R (t'):B(t') R -RE Lo F el ggk? RR-B

where R = x — x'(t) and B = B(t)

1] w0
_ o (-1)*11* g o k-1 gk-t[ pke1gp
- te kI [c] T.x c k| = - dt
R-R-B € gtk { rRB] € dt* ' |R-K-§

k=1

]

Combining the first two terms under a single summation and changing

the index of summation in the last term, we get

o
_ (-1)* % g« R* 1 dR
RESIN E TN | Il N A
k! c dtk R—ﬁ'ﬁ c dt
k=0
g% - g_t(lf— (D L 550t (1.13)

where n = R/R is a unit vector directed from the charge’s positon at
time t to the observatlon point at the same time and o(t) is now the
velocity of the charge at time t but not at the earlier time t’.

Using (1.13) the above last expansion for the sgcalar botential

¢(x,t) becomes
@ k k
- _ E (-1)" 1 d k-1
¢(x: t) = e k! _Ck ""'-k [R ]

In a similar way we can find an expansion for the vector

potential A(X,t) to be

12
K% t) = Z-—’ ik d—k [R"“ 5]
k=0




By choosing a suitable system of units in which the speed of light is
taken to be unity, we can avoid the different powers of ¢ which appear
in the above expanslons. According to this convention, our expressions

for ¢{x,t) and A(X,t) can be written as

w
k k
(X, t) = e Z (;:—}) ‘-‘TR"“ (1.14)
L dt
2 k k
AX,t) =e Z ‘;P Q—I [R"" 5] (1.15)
- dt

These are the required potentials interms of a single time t, which is
also used in determining the equations of motion of the charged
particle.

Having found expressions for potentials, (1.14) and (1.15), the

fields can be determined by making use of (1.2)

1]
kK .k
E = -e Z (k}) d_ Ii(k—l)Rk"2 VR + o [Rk'1 5]]
k t
o dt
ox _ _ ] k-1 =} d fok-1 ¢
Since v - 0 , we have 3 ER ﬁ] = 8t [R ﬂJ
2 k .k 2 k k1
E = -e Z 1) . [(k_nR" 2 f{] ~e Z (‘11(,) - [R“" 5]
de dt
k=0 k=0
m kK k
E = e }: ("if 9—§ P¥“2 {n — k(n - 5)}] (1.16)
o de
k=0
And
= k Lk
H = e z (—'11(,1 9—-—; [(k—nR“'2 n X 5] (1.17)
ode
k=0 :

14




Applying Leibnitz formula for the k-th derivative of a product of

functlions the vector potential (1.15) becomes

® x '3 k-m m
AX,t) = e E: Ej () d - gd gkt
Lo b (k—m) 'm! R
[+1]
k+tm k .m
A{x,t) = e (1)~ §d_ gt
kim! qt®
k, m=0
k k —
where 7= 490
K
dt

(1. 18)

then interms of this potentials equations (1.14) and {1.15) can be

written as

$ = ¢O (1.19)
® ¥k

A = E: (‘;z 5 ¢ (1.20)
k=0

using a formula for the m~th derivative of a compound function we have

the following expression for the k-th order scalar potential (1.18)

h
» qh'l
- (-1)"*P  gPR™* T _ 18 ) s
¢k - ez i!J!---h! aﬁp (8) [ﬁ‘] s ‘F (1.21)

15




where the lndices are to satisfy the equations

i+2J+ ... % gh

n
=/

i+J + ...+ h (1.22)

i
=]

Equation (1.21) can be expressed interms of accelerations of all
orders which does not contain expansions in ¢ (i.e., in powers of #/c),

The required expression is [5]

0
$, = ez (-1)® g™*71 B, (1.23)
m=0
. . q h
n 1 a%® ) () 3
where B ‘z .. hl aﬁs‘““"‘[ﬁs] [5-] "'[t—)‘qu !] '

The equation'for the indices is the same as that of (1.22), but here p

is replaced by s,

+mt +
?k m 1[z +(1+22)1/2]k o

%
k+m-1 (1 + z2)1/2

) (1.24)

¥y = (1 - 02)1/2

and 2z = n‘u = y(n*¥), U being the spatial
component of the four velocity of the particle. By using the same
Leibnitz differentation formula for the field expressions (1.16) and

(1.17) and arranging the indices of summation, we get

©
~ ~1)*% k
k=0
and
- S (¥t k2
fH =ez et M Cynn RXR (1.26)
k,m=0

i6




[vs]
1 1
where C, = Z —:g(kﬂ)gml-RkH'a (1.27)
o de
k k = k k—1
R =94 R and R =-8 , k=1
k
dt

k
k+l3—

w
k+i
G
) dt

(eal}

I

[0]
>™1s

=) ]
Yy g gt gs K
= e ey (kD1 = R

k=0 1=0 de
ad (-1)* 45 pE-2 i 1( ab g3 k-
- e ZT- - 1)(k—1) d_R R+ZZWU{—1——1)(R—1) B R
k=0 k=0 1=0 dt

=

[}

@l

k! X {k—1+1)1 1
o de

s k
e Z (-1)¥ {_ k-1) d* g R o+ (k1) Kk aq' g2 k- }

E=e Z(-Uk E, (1.28)
k=0
k k-1 k-t
- (k1) =
where Ek = Ck R + E: T C1 9
=0
Similarly
: w o]
j— k — —
H = = . =
e Z (-1)* H_ ;B Z HJI (1.29)
k=0 3=0

17




E{(x-5)/2] 1 k=1-1

k-] I
ok kel = = k-] (k—j-2i) ¢ X ¢
Where Hy = C, 7 Rxe +C z (L )T (k=J=i+171

1=0

Here E[(k—Jj)/2] refers to the Iintegral part of (k—j)/2. From (1.27) we

have the following relation for the functions C:

o0
c, = ) v'c
1=0

Similar to the expressions gliven for the scalar potential of the k-th
order, these scalar functions can also be expressed interms of the

accelarations of all orders as follows

. e q h
s =3l 34 "y
ko ko_ 1 an ¢ ¢ 9
Co = B » G = E: Irgr. . hi ;‘;“*z [ is] [ 5!]"'[{5?1)!]

9

(1.30)
Here again the indices satisfy (1.22)
where

2,1/2,k 2,1/2
= _ k-2 x+2 [z + (1+27) "°) [k(1+42%)°° - 2]
Qk(R,5) =R 7 2,3/2
(1+27)
(1.31)

1.4, Simultaneous Expansion For Potentials And Fields In Terms Of

Green Function

Even though the results obtained by using the Lagrange expansion
are exact and quite interesting, their derivations were not direct and
very easy to handle. Here we shall see that these results can be found

by making use of §-function and Taylor expansion in a very simple way.

18




The retarded Lienard-Wiechert potentials, which can be seen by

substituting (1.8a) into (1.8), are given by

0
(X, t) = 2e i’e(t_t')a[(; ~ Xt ))% - (t—t/)3ar
and
» 2
AR, t) = 2e ![ 8{t-t")B(t)S[(X ~ X' (t*N? — (t—t’)at’

Let us make a change of variable as
t -t =1 s dt’ = -dt
with the new variable of integration, we have

1]

#(X,t) = 2e ![ 8(7)S[(%X ~ X' (t—1))? - =¥dz (1.32)

and
0]

AX,t) = 2e l 8(1)3(t — TSI — x* (t—))% — tdr  (1.33)

If we make Taylor expansion of S[(X — X’ (t-1))% — 7°] about T = 0

w0
— 2 ARG R A (A e
Sl(X - X (t—t))? - 17 = Z =) [a_t"_':
k=0 t'=t
then
$(%,t) = 2e J: 6(z) Z ) e Sl - ¥ (4))% — 2%ae
I 1
- k=0




o K
Plx,t) = z(—- g—k { 2e ![ e(t)t" S[(x — x* (t)) — ’Ezld’t}
Los _

k k
$(%, 1) -1) 9__*- { o(R) RC? - 9(—R)(—R)k-1}

k! dt

>Te

x
(]
o

where R = |x — X' (t)|

For R > 0, we have 6(R) = 1, 6(-R) = 0 and ¢(x,t) at once reduces to

w
pE = o) Cf d—k{a“'l}
k=0

A similar expansion for the velocity and delta function in (1.33)

glves

MS
5
IQ—
|Q-
“e
+
=]
1
-

Alx,t) = e E:

m=0

x
¢]
(=]

K‘
=8
o

-
j= N
o

8

This is the same as {1.20), the double sum can be reduced to a single

sum and the result will be identical.

Now let us make Taylor expansion of x’(t-t) about T = 0

X' (t~T) 2: (—T) [ g_i X’ (t=T) }
T=0

X’ (t—1) d—k X (t)




with this we have

k k

k4  x'(t)

dt

(-1)
k!

X — X' (t—t) ”

1
x|
|
x‘l
=~
}
>~1e

which is the same as

n
Egl

X — X' (t-1)

[+3]
k k
e e
k=0

where R(t) = X — x’(t) is a vector directed from the postion of the

charge at time t to the observation point at the same time.

If the summation in this equation is represented by

0
- _ -n* xk
g (t,T) = m! T ¢ (1.34)
k=1
then
X —X'(t—t) = R+ 716 + 718

substituting this into S8[(Xx - X' (t-t))? - 7% and making Taylor

expansion of the resulting S[(R + 8 + 78)° - t°] about g = 0, we

get
m —
S3[(R + 79 + 1g@) —-1:] Zg—i:;é[(ﬁ+15+r§)2—t2]_
—, 0z |&m
But
| = — —2 2 a = — -2 2
— S[(R + 1¢ + Tg) -] = — 1 3[(R + 19 + 1g) _T]_~o
g g=0 a9 |e=
= L SR + w9 - 19
a
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Therefore we can write the s-function expansion as

[+1]
R R L CRED RS
m=0 a0
or
3[R + 5 + 18)°— 7 e878% IR + )2 - 7 (1.35)
with this the integral in (1.32) becomes
£ g8/89 2 2
(X, t) = 2e e[e(r) o 3[R + w92 — 7% ar (1.386)
Let f =R+ 192 - 1°

The zeros of f are at

T = g’R[z + V1+2° ] and T = ',«R[ - V1+2% ] <0 (1.37)

Where ¥ and z are the same as those used in (1.24).

The result of the integral in (1.38) is then given by

+
T=T 2e

2e +

[ a(t) e [ a(x) eg3/6§ ] -

=T
af ar
at ¥ at -
T=T T=T

Since T < 0, the value of the theta function in the second term is

ga/8% ]
PR, t} =

zero. Thus ¢(x,t) becomes




glt,t*)8/80

#(X, t) ere’
RV 1422
From (1.34}
w0 . +s 3
k k = © =
= = (~1) k= 06 2 9 39
g(t,‘t‘,) - (k+1)1 <. o T, a7 * <. v~ T, a1 *
k=1

{Note: T, is the same as 1)

. ’ 3
Hence eg(t’T-r)a/aG = exp[—t -*‘—9‘ __8__] exp[tf 3—? —a-—-] exp[—t:: 4-—? _(?__.] .

L ] (Y] 3
@ ¢ 0 kl w 29 8 kz ® 36 8 ks
e ar o oAt = Tt AT o
= z *elogg Z 3% Z 3%
I -
k_ =0 k1' % =0 ka' k_=0 ka!
1 2 3
—_ — 8 £ = L .k 2k 3 k
glt, T )a/89 _ (-1) a T 11 [®)2(¢)sa
thus e + = TR 7 * 5T 3T ar
VK a3 ] ! ..
where the indices satisfy the equations
S = k +2k +3k + ...=Zikl and L=k +k, +k +..= ZRI

(1.39)

Substituting this last expansion into (1.38) and using (1.37) for T,

we have

‘ 8 & | s+ 2,1/2.8 L =k

- _ (-1) 9" |y {z + (1+427)"°°]" _s-1 LA RN ERE:

¢W“"EZEWT¢ﬁ R [ﬂ [ﬂ”.
1 72 a9 2
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If we deflne

1/2]s+1

s+2 2
¥ [z + (1+Z ) (1.40)

b (8, 9)
1 + 22

then the retarded scalar potential ¢(x,t) can be written as

[

— 1°* R ate rE N (8%
B(%, 1) ~ez KTk, 2 [—2!] [_3']

We can also obtain an expansion for the vector potential glven in

(1.33) in the following way. A Taylor expansion of (t—t) about 7t = 0
glives
hd m

m
Blt) = Z 1" 4 ety (1.42)

mi 1

de

m=0

with this and the expansion (1.35) for &-function.Eq. (1.33) becomes
2 mm — —
Ax,t) = e Z (;]_'1)_ o { ZJ e(t) =" eg(t'r+)a/696[(§+13)2 — tY)dr }
n=0

The integral In this equation can be evaluated by applying a similar

method employed in (1.36) which leads to the following expression for

the vector potenttal

{19
m m
AX,t) = e Z ("!“ 5 & (1.43)
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where

o - Z (_1)8 RS'I'I:I)-I 6—8- ¢S+m-1 [ :'é-_-]kl [ i]kz[
@ kllkal... 65{ 2! 31

and ¢ = ¢, (n,8) is the same as the functlion defined in (1.40)

s+m

Expansions for the advanced scalar and vector potential can be

obtained in a quite similar way. They are

s .s-1 ¢ Lok e Rk .Sk
. (-1)° R®'at e 1% ()2 5%
¢(X,t) = e Z fl"‘n-c'a!—' agz 51 [2—!-] [ﬁ] [a‘] (1.44)
and
hd m
Az t) = ez #ﬁé; (1.45)
m=Q
where
. " 3
¢‘- - Z (_1)3 Rsﬂn-i §f¢;+n_1 [?-:_.]k1 [5_-]1(2[ 6-—_.]k4
o kllkai... 35£ 21 3! 4!
. g+2 2.1/2,8+1
with o0 = ¥ lz-(+2) 7 (1.46)

0 v 1+ 22
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CHAPTER 2

THE SELF - ACTION FORCE

An accelerated charge emits radiation and hence looses energy. As
a result the equation of motion of this particle can‘t be determined
by external forces wlthout the radiation reaction. This radiation
reaction force 1s assumed to be accounted by the force that the

particle exerts on itself,

As it can be seen from the works of Wheeler and Feynman and other
books on electrodynamlics, the equation of motlon of a relativistic
charged particle in a system of such particles is determined by the
action of the field due to other particles in the system (i.e. the
fleld external to the particle under consideration) and a radiative
reaction force, in the case of radiative motion. According to our
speculation the equation of motion of this particle and any other
particle in this system can be found from a single expression, that
includes the action of a particle on ltself, for the force acting on
this particle. This radiation reaction force is then found when we

conslider the force exerted by the particle on itself.

According to Dirac [1938), for a given particle in a radiative
.motion, the radiation reaction force can be found when half retarded
minus half advanced field of this particle ig evaluated at the
position of this particle. His result was used by Wheeler and Feynman
{1945] but they have discarded hls idea of the radlation field.

According to thelr absorber theory of radiation, an absorber is an




essential element in the mechanism of radiation. Any accelerated
charged particle of the absorber produces a field which is half
advanced and half retarded. This field makes all other particles of
the absorber generate a field (absorber response) which is equal to
half the retarded minus half the advanced field of the source, which
they referred to as the absorber reaction. The absorber reaction is
then consldered as the source of the radiation reaction force. Using
their assumption and Dirac’s result of the radiation reaction force,
th

they have also arrived at the followlng equatlion of motion, for a

relativistic charged particle in a completely absorbing medium,

_ =(k) & 2 2 . . o
mi = eaz Fnué. t ze (én a“—anaoga
k#a

where a” is the space time coordinates of the particle and ?iz] is the

retarded field of the k-th particle.

In the present appreach no assumption of an absorber will be
made. Instead Dirac’s description, which seems to have its root in
(1.10)}, is well accepted and his expression for the radlation reaction
force will be discussed and calculated. In any case (i.e. either by
using the retarded field alone or Dirac’s method) our calculation in

arriving at the required result has involved no approximation.

For low-velocity motion, ¢ « c, the expression for the radiation

reaction force reduces to that derlved from Larmor radiation formuls.

27-




Removal of Singular Terms Due to Symmetry of Delta Function

2.1.

The equation of motion of a relativistic charged particle can be

written as

(2.1)

[=5
Iﬂ.
olen
i
[1]
~
=]
7]
~r

P . I F(x,t) a°% and

t

where p =

ym® Is the spatial component of the particle’s four
momentum, m is the rest mass of this same particle and f(x,t) is the

Lorentz force density.

FRt) = plRt) [E&,t) N amxﬁ(;,t)]

From the expressions of the simultaneous expansion for flelds given in

(1.238) , we have

(1.28) and
E=e [R%3 + R'3 + R°3 + terms with +ve
-2 -1 0 powers of R
and (2.2)
H = 2 -1 5 0~ terms with +ve
H=e [R . * R h_1 + R h o+ [ povers of R ]]
where
—_ _ "\ — - - \n N
-2 - n_ln ’ -1 = C1 n - 51 )
A
29
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=3
X
-1
-+~
DI
=1
x
-3
s
|
a
@l
X
=10
-+
Wi
~
>l
X
Si;

DO b
L)
A%}

The primed scalar functions‘b: and \Qk used here are related to their
corresponding unprimed scalar functions C: and Qk » Trespectlively,

given in (1,30) and (1.31) by

—(k+£-2)

vk k \ _ —~(k—2)
CL R Ct and ﬂ; = R Qk
with this relation we have
N 3’3 v ‘3’22
Q = & £ , f =- < -
*1 (1+22)3/2 0 (1+za)3/2
N 4 z 2 4 z 4
na = 1; 3/2 * ?; 1/2 2y
(1+2°) (1+27)
LY L LY A
o= 9:“0-29! e 280 (2.3)
89 8¢ ’
o _ a'a @ Wi _ 8'a s
€, =~y €, = —Z 3

e
@l
@
=

The Lorentz force exerted on a charge located at the postion E by
the field produced by another charge at x’, after substitutiing for
the fields from (2.2) into the Lorentz force density and representing
thé point charge and charge density interms of d-function, can be

written as

20
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F=e? [[ ol - Fle)elx - F’(t)]{(&_z + 3 x B_)R

= = o a0 terms with +ve 8- .a3-,
+ (do + 9 X ho)R + [powers of R ]} dx d7x (2.4)
where R = |Xx - X’| and r(t) and r’(t) are the trajectories of the

charge on which the field acts and the charge producing the field,
respectively.

We now calculate the force that the particle producing the field
exerts on 1tself. This requires putting r{t) = r’(t) and then R = Q.
The latter condition will make all terms containing positive powers of

R zero., And for r(t) = r’(t) , we have

8Ix - r(t)J8[x’~ r'(t)] = &[x — x'] 8[X'- 1’ (t)]
with these (2,4) becomes

Fo= o af%— 7 (1)1 [ol% - X/I@_+ & x F_)R>
- — — -1 — — — 3—
+(d+ 90X h_ IR + (d, + 9 x R )ldx (2.5)

Let us consider the integration over x

since Xx - x’ = R

3

&% a°R
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then

= =ales = a2, 7 L = o oanml e o= — .3
ja[x—x][(d_2+exh_2)R +(d_1+axh_1)R +(d0+exho)]dx

s(R)d® R, (3 - = | 8(R)°R
_[(d +9xh) 2 I(d_1+exh_1)——ﬁ
+ _[(Eio + 9 X EO)S(ﬁ)daﬁ (2.6)

Consider the first integral on the right hand side of this last

inequality. Since E_2= -n_lﬁ and 1_1_2 = 'n_lﬁ X @, 1t is enough to

a(R)
n — d R

consider I ‘n
R

Substituting for ‘9_1 from (2.3)

4 2n )

J‘n n 8(R) &R = J _S8in6de Jﬁ de [(R)dﬁ
-1 Ra 2 . — _.p 3/2
[ (5-3) ]

oly 0 0

Choosing & // k , we have ¥° 2 + (%)% =1 — ¢° sin° 0

= n sing sing #
J:n n 2R om J _ 5in6d® I sind cose} dgp Ja(ﬁ)an
-1 2 3/2
R o [ 2 2] coso

0 0

T
00

J:n n 3R SRl JS(ﬁ)dR =0

0[1_@251n29]1’2 o 0
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The integral containing integrand terms proportional to R! (i.e, the
second integral on the right hand side of (2.8)) also vanishes when a
similar integration over 8 and ¢ is performed. Thus, in the field
expresslions, terms proportional to R and R! do not contribute to
the Lorentz force of the self-action. The whole contribution comes
from the terms proportional to R%. Let us evaluate the integral
containing these terms (l.e. the third integral on the right hand

side of (2.6)).

Substituting the expresslions for the vectors c_io and Eo » We have

The function ‘n1 given in (2.3) is

3
~Q = L4 = 1
1 (1 +22)3/2 (7—-2 + (5-5)2)3/2
Hence
' 4 21T [+1]
WAS(RICR = - 51n6ds ndg |8(R)AR = 0O
1 2n [?—2+ (3_3)2]3/2
o 0 0
. 2. \ 2
since ‘C'-1 = 6——01-97- and ¢ = 9_ 91_9_ , the values of the
2 — = 3! 1 - 21
ad¢ ae

integrals containing \C;l and \C? n are also zero.
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Thus,

[@ + 7 x Fpsmd = & [".'s‘ + 3 X% (3 x 5)] [clsmaR

2 [ — — i . _-, .3
v 2 [.a + 3 % (8 % e)] f o s(R)aR

4 4
From (2.3) n, = T2, % 2t
(1+2%) (1+2°)

Integration of the first two terms of this expression glves stiil
Zero,

Hence
fnlﬁa(ﬁJdaﬁ = 27‘fa(ﬁ)d3ﬁ = 2!
With the help of the expression for ‘C: » given in (23}, the result

Just obtained can be used to evaluate the integral of ‘C:.

.9
89

[}2‘ @l

J"cjl S(RIR = [ ] J"nza(ﬁ)dsﬁ = 4y°(5-9)

With these results of integration, we have

j(ao+ § x h)S(R)d'R = % ' [5 + 9 x (%X 5)] + 27°(3-9) ['5 + 98X (9 X 3)]
Collecting all our results of integrations and substituting them into
(2.8) (Note that for the action of a particle on itself all the points
r(t) , r‘(t) , %, and X' should be the same), we get the Lorentz force

that the relativistic charged particle exerts on itself to be

F = % e%yt [3 + 9 X (9 x ;3')] + 26%°(5.9) [3 + 9 X (9 X 1_9)] (2.7)
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This expression is identical to that obtained by Gordeyev (1875).
But in this paper (2.7) was obtained by assuming that as R 5 o0,
n = R/R and 2 = n*y9 also become zero. In addition the singular terms
(1.e. terms ~ RZ and R were to be avoided by means of mass
renormalization. In the present calculation all these assumptions are
not made, the symmetry of delta function was Just encugh to carry out

the exact calculations.

The fourth component of the equation of motion can be found by

taking the scalar product of F with &.
Thus

3F) = §e2y4(5-5) + 2%%(3.9)? (2.8)

For Low-Velocity motion , # « ¢ and % > 1 , the Lorentz force of

the self action reduces to

which 1is .exactly the same as that derived from Larmor radiation

formul=a.

The Lorentz-force of the self action (2.7) can be written as

where Up = (U=y9,17) is the four velocity of the particle and

dt = dt/y is an element of the particles proper time. Combining this




with the fourth component (2.8) glves a four vector self-action force

F; in a covariant form.

F® = gez [[)(r— u, (.Up)z] (2.9)

.
This 1s the same as the expression given by Dirac (1938) for a
radiation reaction force on a classlcal relativistic peint charged

particle,

2.2. Cancelation of Singular Terms By Using The Correct Retarded

Green Function.

The self-action force in (2.7} was obtained from a purely
retarded field of the particle only. But it can also be calculated
from an expression for a field that contalns not only the retarded
field but also an advanced field of the particle. According to Dirac’s

agsumption this field is given by
=1 F -F (2.10)
2 ret adv :

Where- F:et and F;dv denote the retarded and advanced fields,
respectively, of the particle.
The field obtained in this way 1is suppesed to be free from
singularities everywhere 1in space and hence at the postion of the
particle producing the field.

The field given above 1s actually not an assumption in the

present calculation but, as we have shown in (1.10), it happens to be

a consequence of mere mathematical result that comes out of using the
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correct retarded Green function. We shall find the self-action force
by using this Green function in the delta-functlon approach to the

simultaneous expansion for potentials and flelds.

Using (1.7a) in (1.6a) and (1.6b) and with the system of units we have
adopted in the simultaneous expansion for potentils and flelds (i.e.

¢ = 1), we can wrlte the scalar and vector potentlals as

¢ =e J _o(z) [6(1: ~ [R(t~z)|) ~ 8(% + [ﬁ(t—t)!)]d‘r
[R(t—T) | |

(2.11)

bl

-° [ o E(t—r)[a(-: ~ |R(t-0)|) - 8(x + If_*(t"ﬂl)]dt
|R(t—) |

When the interaction of the particle with other particles is
considered (l.e. T > 0) the potentials in (2.11) at once reduce to the
usual retarded Lienard-Wiechert potentlals. But for the interaction of'
the particle with itself (i.e. v = 0) with €(0) = 1/2 these potentials

(2.11) lead to the field given in (2.10).

Let us shift the argument of the unit step functlion in (2.11) by

small € ( > 0 ) so that

€30

$ = lim ej—%@:ﬁ}—- [6(17 - |R(t-t)]) - 3(z + |R(t—) |)]d1:
€50 |R(t—) |
A= lim eJ _O(z+e) 5(t~r)[60r ~ |R(t-T)|) - 8(7 + |ﬁ(t—¢)|)]dt

[R(t—1) |
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Starting from these expresslons and following a similar path to that

used to arrive at (1.41) and (1.43), we get

-2 H

W

]ka ! B(z +e)¢’ — B(x+e)e ]
a5t s-1 1

(2.12)

_ (-1)% R*? é kg
¢=e k Tk 1. .. [ﬁ] [

where 'ti = gR[z * (1+22)V2] given by (1.37) and thelr corres -

ponding, scalar functlions

73+2 IZ + (1+22)1/2]s+1

(1+z2

w4

1/2
)

are the same as those given in (1.40) and (1.46) for ¢: and ¢,

respectively, .
and
d i1
- - _ (-1 =
A(x,t) = e - 9% (2.13)
m} m
n=0
where
1. L (1) ]
_ (_1)a+m Rs+m1 Y l:1 8 k2 a . . _ - -
% =) KK, 2 ;) g [P, 8 +E)¢+m—1]
1 2 ae
(2.14)
with
+
¢;+m - ‘3’8““2 [z + (1+22)1/2]s+m+1
(+ 22)1/2

The indices in (2.12) and (2.14) are still restricted by the same
equation (1.39).Note that it should be understood that the potentialg

in (2.12) and (2.13) are going to be evaluated in the limit as € 5 C.
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For R - 0 the terms that we need to consider In these above

expanslons (2.12) and (2.13) for potentials are those proportional to

R™',R® and R (of course these terms are equivalent to those considered
for flelds in the preceeding calculation). For the scalar potentlal

they correspond to s = (0, s = 1, and s = 2.

For s =0, k1=k2=... = 0, we have
¢ = 1im e[RqB(tn e)qfl ~ R a(c+ e)¢"1]
R-0 b -
€30

¢° = e 6(0) lim [R“‘(qu1 —~ ¢:1)] =0
R0
For s = 1, k1=1, k2=k3=... =0
¢' = lin e{—-[ g!].";:[ o(z'+ €)¢,— o(x"+ € ¢;]}
R0 ad
€-30
¢! = - eB(O)[ g!]é—,: [2/%] = - ew’(@-é’)
a6

For s = 2, the possible values of the indices satisfying (1.38) are

k1=2,k2=k3=...=0 and k1=0,k2=1,k3=k4=...=0.
with this
2 2 2 g
¢° = linm e[ 1 [0—] . [6_8 ] + 2.8 ][6(1:*+ €)¢. — ot + e)¢u]
2 21 — 3! - 1 1
R0 ] 86
€30
= .2 o It
¢2 = ¢68(0) lim ire | [a_|,2.8 274(§.5)
2l 21 - 3! -
R0 ae a¢
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¢% = e {z’s(ﬁ-@) [% (3-3) + 6y%(5-9)% + :'52] + 29%(R-5)(F )

v LA R®9)

L) =

Thus for the scalar potential, we have as R 5 0,

$ = ¢ +¢ +¢°
b = M- @D SR®Y [ 6D+ 0t@ 9 ¥
+ 272(§°3)(5-3) + %(§°§)} (2.15)
Similarly

*

A=9p-er 3[1 - ' ®DED) - (ﬁ-a)f] + e ®DS  (2.16)

We are now in a position to find the fields E and H. This can be
done By differentiating the scalar and vector potential expression
(2.15) and (2.18), respectively, as 1in (i.z). Carrying out the
differentation and tending R to =zero in the resulting field

expressions, we get
E =—e14[3 + 3 (3-5)5]
and
H = oxE
with these expressions for fields we once again arrive at an
expression for the Lorentz force of the self-action identical to (2.7)

but here in a very interesting way(without divergencies in integrals

over R).
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CHAPTER 3

LAGRANGIAN DESCRIPTION OF A SYSTEM OF RELATIVISTIC CHARGED PARTICLES.

- 3.1, Lagrange Equations of Hotion

The Lagranglan descriptien of a system of relativistic charged
particles requires a complete specification of posltion, velocity'and
the fleld varlables describing the field produced by each of the
individual particles of this system. All these variables are functions
of the particle’s proper time, implicitly. But since the field
variable, four potential, 1s already found interms of the simultaneous
position, velocity and all orders of accelerations, the Lagranglan of
such system also contains these simultaneous position, velocity and
all orders of acceleratlions Instead of the flield variables. As such we

may write

wvhere a = 1,2,3, ... , N Is the number of particles in the system.

The principle of least action for the motion of this system is

t
58 = aszdt = 0
t
1
t2 [}
L X
58 = a[ [Z ~—6x]dt=0 (3.1)
k a
t ax

By using a mathematical induction it can be shown that if ¢ and ¢ are

arbitrary functions of X then
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k k=-j-1
oy = —)qow+— Z(n’ k=1 (3.2)

Using (3.2) , the integrand in (3.1) can be written ag

' i

k-1
k k k-j-1
O sx = (-1)* -4 [3—~L]ax .. E (- )’d [a-—."]ai'
k a X
Ix 0

a k k d k a
dxo c'ixa o c‘ixﬂl
with this
t2 0 K t'2 k-1 K
[Z t'&ess'z]dt= [( 1)"5’-_[%]&(]&
ak 2 dx- LakJ) 2
t. k=0 t. J=0 a
1 1
o k-1 3 ta
+—1~Z ( 1)’1—[95 s = o
¢ c'lxJ Bg‘c a
k=1 =0 a t

Arranging the indices of summation in the second expression, we have

2 00 2 k-1
(Lo [Tl & (%)
¢ ke 8x ¢ 5o dx axa
1 1
0 t
1 ya? (aL k12
Yo (-1)° — ki1 =0
d:n(j 9 i+ a
J, k=0 a t
1
If 8% (t) = % (t) =0 for k = 0,1,2, ... , then
a 1 a 2
2
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This equation holds true only if

f[( ()] - .

cM.I
Q>

k=0 a

vhich are the required Lagrange equatlons of motion for the system of
relativistic charged particles., Thls equation conslists of a system of
3N Lagrange equations each with infinlte order of derivatives. The
sclutions of these equations then need infinite number of intial
conditions. These initial conditions are the position, velocity and
all orders of accelerations of each particle in the system at the
intial state of this system. That is equivalent to knowledge of the

fields at any point in space at initial moment.

We next consider the energy and momentum conservation laws for
the motion of thls system. We may follow the usual procedure of

deriving these conservation laws for a conservatlve system,

The Lagrangian of a conservative system can’t depend explicitly
on time. Hence,

0 «©

o o "
g-':=zzﬁ X ZZ@V (3.4)
X k a k
0 6x ax
a=1 k=0 a=1 k=0 a

By making use of the identity given in (3.2) and with the help of the

Largange equations (3.3), eq. (3.4) can be written as

H

a 4y
dx_ = dx_

[4] [4] -1

® k-1 ) k=y-1
E (-1)! & [@]V
J k a
dx X
k= 0

a

]

o
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After arranging the indices of summatlion, we have

N ® kL
B Z z S (LJ %u ol
0 dxo -

a=1 k,J=0 av
a

From this we get the energy conservation as

N (2]
s £ a) | aL ~
S R A= et - L = Constant (3.5)
a ] k+]
dxo

o0
oL _ d |7 (g d° | e
ax dx k k
1]

av
a

If we perform summation over all particles of the system, then

SIS

N N w K

aL  _ d .k d 8L
Fa ATt [t e
£ 7% dx

O am1 k=1 (! air'a

That gives the conservation of linear momentum in the system including
the field momentum, expressed in terms of the ©particles’
accelerations. If there is no external field acting on the system,
then the Laranglan depends on the coordinates due to the potentials,

which are functions of the coordinates in the form ﬁab = §a - xb.

Thus, for any interacting particles a and b of the system, we have

43




dL
Hence, Z vl 0]

with this eq. (3.8) glives an equation for the conservatlon of momentum

of this system to be

E: E: (- 1)k d [gE ] = constant (3.7)

x
a=1 k=0 v

=1

a

3.2. The Retarded And Advanced Fields

For a relativistic charged particle in an arbitrary motion, the
Maxwell equations as we have already sald are satisfied by both
solutions, the retarded and advanced Lienard-Wiechert potentials,
These potentials (expressed interms of the particles postion, velocity
and all orders of accelerations, which are simultanecus wlith the

observation time) are given by

hd L e
+,— _ + . —_— - _ 1 —
¢ (x,t) = e(bo ; Alx,t) = ZT o3, ,
and
_ ) o =,
¢ (x,t) = e‘I’o : Alx,t) = e Zﬁﬁéc
8'—‘-0
where
Lo k (-1)® gProti? %’ L
8(x—x x’ xl! ’ X', ) = Z i ! — [ _!‘]
’ K ax’?




k
[ (1) _k’ P m+£—1 =~ i
Qz(i_-x_’ Ii’ ? f’ ’ ¥ X’ ’ ) = Z i ' a__R [ %‘] k
- . ax,p
(3.9)
(Here m = Z klk s, P = Z 1k ) are the retarded and advanced £&-th

order potentials, respectively. As the above expresslons show, the
retarded and advanced potentials have the same expresslons except for

an aleternating sign difference.

When an interaction between such particles is considered, a
relation between a retarded potential of one particle and an advanced
potentiai of another second particle was established in the following
way:

Congider an interaction between two relativistic charged

particles (hereafter named as particle 1 and particle 2},

The &-th order retarded potential at the position of particle 2 due to
particle 1 is glven by (3.8)

%y ...) = @

X

+ — —
®, (xa Xy
Let us consider the m-th total derivative of this potential with

respect to X, = ct,
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where the indices satisfy the equations

m=1+Zka and p=z,jk

Z 1% ¢, _ Z 1 [xz]k Q_P_Z1 8’ g
ml L, m - J1 — o iV "0 Tlen+i
vy dxo X ki 6x2 oo 8 o

(3.10)
where m = Z ka P = ZJk

By using the relation

«©

-1) S! _ _ 8
Z G-omr = 8, = (-1

we can write (3.10) as

) k
1 4° 1 g gbtet % 1k
ﬁr +10 —j"i“'.— —; P -_2. TR (3. 11)
- ) kY 8x2 k!

m=0

”l

The right hand side of this last equation is the &-th order advanced
potentlal @i' at the positon of the first particle produced by the

second particle.

Thus

[+ ]
14" _ k2=
DR

rn=0

=]
1d a2
Zﬁ‘“‘“ wm =8,

n=l

OB
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Hence

® 1 B ¢1+
¥, - & = —— “fimid (3.12)
1/ £ | X L (m+1)1 E

Thus the difference between advanced potentlial of the second
particle at the position of the first and the retarded potential at

the positoon of the second is a total time derivative of some function

,

of {x2~x

L]

1’;f 1’§i""}' And its being a total time derivative
suggests that we can Include this difference In the Lagrangian
function of this system without affecting the equations of motion of
the system. Moreover, due to this relation , in a purely retarded
conslderation of the interaction between such particles, advanced

interactions can directly enter into the description without any

postulate made to include them,

As an example illustrating an important consequence of (3.12) wé
shall obtain the equations of motion of a two particle system (of

course they are relativistic charged particles).

The Lagrangian of this system, constructed from a purely retarded

potential, is given by
L =-mc¥ 1% - mc 1-5° — 1 { e (%+ -9 -Ke+) + e (é+ -9 -Il+)}
1 1 2 2 2 1 1 2 2
(3.13)

Substituting this into the Largrange equations of motion,

aL  d (6L -0)*d* (aL) _
= - — + R, - = 0,
ox dx_ |dv k k
a 0 Ca ox
k=2 [+] a

47




and carrying out the differentations with respect to postion, velocity
and (k-1)-th order of acceleration of one of the particles, say a = 1,

we get

d e 1+
- Z‘:_%!l(al-s) 2 Pt + 1B p! ] (3.14)

The first term on the right hand side is half-the usual retarded
Lorentz force exerted on particle 1 by 2. The second term, after
making use of the relation between retarded and advanced potential
(eq.(3.12)), gives the Lorentz force on this same particle 1 due to
half-advanced field of the second particle. Equation (3.14) then

becomes

Thus the forece exerted on particle 1 by the other particle 2 in the

system can be given by

d P

_1 =2+ —=2- -
al—é-(F +F)
o
Similarly - (3.15)
dP. _ 1 z1+ —=1-
x2Sz v FD )
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This result is in agreement with the theory of action at a
distance, which is the basis of Wheeler and Feynman absorber theory of
radiation, which describes such Interactions by a time symmetric

solution in the form
- 1 ., =
F . =3(F_+F ) (3.18)

Although the description of the external force (3.15) is the same, the
methods used in the present by Gordeyev (1978) and Wheeler and

Feynman (1945) to arive at this description are completely different.

In the Wheeler and Feynman approach the advanced Interactions are
accepted as a postulate just because the retarded flelds alone are not
enough to obey the law of action and reaction. While (3.16) was
derieved from the least action principle, which is given interms of
each particle’s space—time coordinates. Here (3.18) is a result of the
relation between advanced and retarded Interactions between the

particles (3.12).

3.3. Retarded and Advanced Fields in the Delta Function Approach

One of the important consequences of the simultaneous expansion
for potentials and flelds, in addition to providing the possibility of
common time (i.e. observaion time) description of the interaction
between relativistic charged point particles which may avold the need
for the knowledge of the past history of the indlvidual particle

producing the fleld, is the relation established between a retarded
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and advanced fields of two interacting particles. Thls relation has
led to a half retarded plus half advanced fleld descriptlon of the

interaction of these particles,.

We have used in parallel both the Lagrange expanslon method or
its results and delta function appreoach in the simultaneous expansion
for potentialg and fields and calculation of the self-action force. It
is clearly seen that the latter approach at least for 1ts being simple

can be taken to be advantageous than the former approach.

We now obtain the relation between retarded and advanced fields
found in (3.12) and derive the equations of motlion for the system of

two relativistic charged particles in the delta function approach,

Let us conslider the interaction of the same two particles considered
to arrive at (3.12). The retarded scalar and vector potentials at the
position of particle 2 due to particle 1 are given by (1.32) and

(1.33), respectively, as

) = 20, [o(o) 6[(552(1:) - R (t-)? - 'ta]dt

K“(iz,t) = 2Ze, J'em 9, (t—) 6‘[(§2(t) -~ §1(t—t))2 - ta]d'r

with the Taylor expansion of El(t—r) given in (1.42), we can write

these potentlals as
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where

o'* 2 J'e(r) T (%, (£) ~ X (t-1))° ~ v*lde

1s the m-th order retarded scalar potential at the position of
varticle 2 due to particle 1.

In a similar way the {m+f)-th order retarded scalar potential may be
written as

Q:::!; = 2e IB(T) tm+8 6[(§a(t) — ii(i;—-c))2 - dt

Expanding iz(t—t) In powers of T, wWe have

R(t—t) = §2(t) - fi(t— T) = R(t) + Tﬁl(t) + 1 glt,T)
where R(t) = §2(t) - §1(t) and g(t,T) is the same as (1.34)

i ] 3
; (~1) [ R

glt,t) = DT T 15‘1
=1

With this the argument of the delta function becomes

(Qg(t) - 3(_1(t—'1:))2 1 = R+ 31 T — 1% = £t 1)

50 that

1+

Qm+£

= 2 J'et-c) ¢ S[f(t,T)] dr

Now let us take the m-th total derivative of @I:a with respect to

xo=ct=t(w1thc=1)

m m
d_ Qlie = 2e IQ(T) tm+£ d_ 3{f(t,¢)]dr
dx'; m at”
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then

Z I—T‘-i- Z - @liz = Ze IG(T)T {Z " — 3[f(t, t)]}d
*o

The term in the curled brackets 1is Just an expression for the Taylor

expansion of &[f(t+t,T)}] in powers of t. Thus we have

»
1 4" 1+ _ ¢
Z ﬁ m +£ = 2Ze J.G(TJT 6[f(t+1:,1;)]d1_-
m=0
But f(t+z,t) = [R(t+z) + ¢ 51(t+1) + T glter, )] ~ <2

= (X, (t+7) - X (£))% ~
Hence,
dm
ax®

1+

Qm-l-l

= 2e je(r}r‘am?l(t) - X, (t+7))% - 2lde

[>Te
=lle

B
Ji}
[=]
o B

The right hand side of this last equation is the &~th order advanced

scalar potential @i- at the position of particle 1 due to particle 2.
Or

This 1is the required relation which can be written as in (3.12) but

here it was obtained in a much less obscured way than before.

To get the Lagrange equations of motion for the system of two
particles in this approach we shall once again use the Lagrangian in

(3.13) and the Lagrange equations of motion,
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w0
8L oL
ax, "& v,

k:

Differentiating the Lagrangian with respect to

IQ.
OS':'

—
QJ’Q:
B e

——

]!

and v and

substituting into this equation at once gives

w
e 1+ k Lk
+ —;E%Ei - _6(;- .K“)] + E (GO [%] (3.17)

Now let us consider the term which contains higher derivatives of the

Lagrangian:
e 1+
% _ _g _ 3% + _ﬁ ~ A“)
a% ax ax%
1 1 1
1+ 1+
a_f = a;"o = 231 JB("() ——i—fa'(f)dl' (3. 18)
ax ax ax
1 1
Since
@:ﬁ_[(ﬁ-rtﬁ +1:-g-)2—1:2]=2(§+1:3 +t§)ra—g i k=2
Kk k 1 1 k
ax ax ax
1 1 1
. s I} k-1
g _ (-1) " & I Gl B I 25
X E+1 )1 £,x-1 k! !
ax
1 £=1
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and

Qg = 2 (R + 151 + 1g) , we may write the above

|

integral in (3,18) as

1+
¢ _ d (-1)
_g_ = — { 2e, Ié(t) i

%
1 1

* 3[f‘(t.t)]d‘r}

Q

then

]
i
| —
i

e k Lk 1+ Nk gk
2 Z (-1)* d [z_g; -2 e fotx Z;_, 4 ste(t, vlde
b= g bl 8 s odt

0 1

e
1

2

Q
EA IQ:

1 1 1

Here again the expression in the curled bracket 1is the scalar
potential at the positon of particle 1 due to particle 2.

Thus

Using the expresslon for the retarded vector potentlal A

[52-5“] = 9,(t)-20, [0(0)3 (L)l (t, T)]de
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5_(5 Ay = § {2 Ie(r) (- ”k 1 bosiect, v)ldr
ok 2 T g 1 (k=11
1

k
+ 2, fe(t)ﬁi(t-t) (;}’ =& g;s[f(t,-c)]dr}
1

the first term on the right hand side of this equation can be found
k-1

by differentiating 9 (t-r) with respect to i‘cl (or § ) after

being expanded in powers of T.

e s k .k k-1
_;Z(‘“ _d: —g(e "‘*] Z( D"t { Ieaje(r)(;ii \ -c“"a(f)dr}
dxo ax

0¥ 5 3 (-1)* x 8
+ Z ¥ {15\2 ee, Je(r)ﬁl(t ~) -t — a[f‘(t,r)]d-;}

Bxi

Using Leibnitz differentatlion formula for the k-th derivative of a

product of functions the first term on the right hand side of the

above last equation becomes

e

[11]
1 d okt . e, 4i%
_mg“’a“t“'{e Ie(t) Z — 6[f(t,1:)]d-f}_ - =i
k,n=0
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and the second term

(3.19)

Combining the results we have obtalned in (3.17) and (3.19), we get

) e

k=2

®) w2~ = w2- 2
-2 ] -3

1 1

Substituting this expression into {3.17) at once gives the equation of

S | B2
xi|o:

[¢ + (3, A2+)]

Q-IQ-
-

motion given in (3.15) for particle 1. Similar equation of motion can

be found for the other particle 2 without difficulty.
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Conclusion

We have shown that the correct retarded Green function gives the
field of a moving charged particle at any point iIn space
including the particle’s position. The advanced part of this
Green function becomes very lmportant when the field of a point

particle at its own position is considered,

We have demonstrated that the Lagrange expansion of retarded
flelds and Taylor expansion of Green function are equivalent
approaches to the simultaneous expansion of the electromagnetic

flelds of a relativistic charged particle in arbitrary motion,

We have made two different but exact calculations of the
self-action force without making any assumption and have obtained
(in both ways) similar expressions for thls force that coincide
with the conventional expression for the radiation reaction force
glven by Dirac., This shows that mass renormalization in classical

electrodynamics is unnecessary.

We have shown that an exact Lagrangian description of a system
of relativistic charged particles with a common laboratory time
may be obtained with no Iindependent fleld variables but

higher derivatives of velocities of the particles instead.
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e have demonstrated that the appearance of advanced Interaction
In the Lagranglan description of a system of relatlivistic charged
particles (the Lagrangian of which does not contain advanced
interactions) is the direct result of the simultaneous expansions
for potentials, An Iintrinsic relation between retarded and
advanced fields of two Interacting particles have been obtalned

by means of Green functlon expanslion.

It appears to be possible to obtain the Hamiltonian formallsm
for a system of relativistic charged particle with a universal
laboratory time for all particles by using the simultaneous

expansions for potentials In the equation

j—t[ﬁ+§-K] - _ev[qb—(ﬁ-m]

but this remalns a problem for future research.
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Appendix A

A, Incorrect And Correct Retarded Green Functions.

Let us start with the usual "“incorrect® retarded Green function

" G: " given in (1.8a)

2
GU(R,¥) = 2c6(1:)8[1:2 _R ] - &(n) [6(1: ~B ar s 6'3)]

C

and the Green function equation in (1.5)

CIG(R, T) = [ Ve - aa/(cat)a] G(R,T) = - 4n8(R)8(T)

The above Green function can be written as

G, (R,7) = 0(7) 8(‘/% [o[< - @ & /r? I

C

where &(R) = R/|R|
Now Let us apply the d’Alembert’s operator to G::

WG = -6(x) e/ R ) { . [3[”” /E ]* 6[" L ]]

2,372 C

(R)

Ll TE] el S )

We have used the relations d&{R)/dR = 28(R) and RS(R) = 0,

Taking the divergence of this expression,

vG" = —29(1){%5 [6(1: _ g) + 5(T + g-)] + i,_a [6’(': - c'i) _ st + CE:)]}
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8(R)&(t),

D] =

with 0(7)3(R)&(t * g) = 8(t)3(R)S8(7) =
o(t)6'(t ¢ g) =0, 8 (1) = -5(t)/t and &(FK) = 3(R)/2nR%,

The expression for VZG: becomes

V6! = —ans(Rs(ni(t - &y + 2T [6"(t B e+ B)]
r CT Rca ] (o]
(A.1)
It remains to differentiate G: twice with respect to time t.

Since T =t — t’ , BG:(R.'c)/at = BG:(R,t)/at

&

6G:=6ér) [6(T—§)+6(1:+§—)] +9—(—'E—)—[6’('c—g)+8’(r+§-)]

Rc2
where a6(t)/ot = 8(t).

again with §(t)s(tr — g) = 8 (1)8(t — g) = ¢8(7)8(R) and R3(R) = O,

we have

a Gu — 6(-:) Fi !
3R 6(':—23)+6('r+g)
Differentiating this expression once more with respect ot the same

variable and using the above relations for 8 — functions we get

2 .u

35 8" G e(r) 5"(t — BD + "7 + B)] (A.2)

c? at? Re® ¢ ¢

Hence, the results obtained in (A.1) and (A.2) gives
ae’ = - (@)t — ) (A.3)

Thus the commonly used retarded “Green function" on substituting
it intc the equation it supposed to satisfy gives an expression
different from (1.5). That clearly shows its failure of being a
solution for (1.5) at all points in space. Particularly it is out of
consideration for the point at R = 0, Note also that due to the

product of delta functions in (A.3) the ratio R/ct is indeterminate,
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Let us check cur correct retarded Green function given in (1.7a):

6 (RT) = "lff’ [a(rmﬁ) ~ ot + g)] (1.7a)

C

We may write this Green function in an equivalent form as

{A.4)

/=2 =2
G (R, 1) = oz [6[1— R ] - 6[1: + YR ]
r 2 C C
Y R
For vV R® = R, eq. (A.4) is the same as (1.7a) and when v R = -R the
delta functions will interachange their argument but the whole
expression In (A.4) remains unchanged. We can use the relations given

for delta functions above to get the following results of

differentation.

VGr=‘9(T){'(—;‘2)75[5[T_ Ez ]_6[1:'1' Ez ]]

e R I

c ’® c ©
then
r [o4 Cc
Re
and
g_EGr = 9]‘;’5) [5'(1,' _ g_) _ BI(T & g)]
}.5 a_zr = 4nS{R)5(1) + 9(:) [5“(: - g) - &"(t + 5)] (A.8)
c a8t Re ¢

Hence, with (A.5) and (A.8), we have
L__]Gr = -and(R)s(x) ,

Which is Eq. (1.5) identifying the correct retarded function to be GP
given by (1.7a).
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Appendix B

B. Lagrange’s theorem

Let f(z) and g(z) be functions of z analytic on and inside a

contour ¢ surrounding the point z = t and let € satisfy the inequality
lea(z)| < [z-t|

for all z on the perimeter of ¢. then the equation
t’ =t + egl(t’)

regarded as an equation for t‘ has precisely one root in the interior

or ¢ and further any function analytic on and inside c¢ can be

expanded as a power serles in € in the form

hat n ,n-1
£(t’) = £{t) + Z fﬂ_ %1 {f’(t) [g(t)]"} (B.1)
dt

n=1

This expansion is known as the Lagrange expansion.

To derive the Lagrange expansion (B.1), we may write f£(t’) as

iy - 1 flw) (1 -~ eg’(w))
£t’) = Zni J w—-t — eglw) d (B.2)
[+]

where ¢ is the contour mentioned above.

L]
1 - [eg(@)]”
with w -t —-eglo) (o - £
n=0 -
the integral in (B.2) becomes
w w
fL) = Ze [f(w) _Ig(w))” dU_ZiJf(w) [g(w)1™ g’ ()
ni nt1 il n
— -t) (w - t)
n=0 n=1

(B. 3}
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The integrand of the second integral in (B.3) can be written as

£l g g (@) | 1 o0 d [ g(w) ]" , £(w) [g(a)]"
(v - )" n do |l =t) (o - t)"H

Substituting this into (B.3) and integrating by parts

o]

. € 1 [ £ (g
£(6) = £(t) +zn— mj O g
(w - t)

n=1

With the help of Cauchy’s integral formula thls expression can be

written as in (B.1)

w
N

, _ e dn-i , n
£{t’) = f(t) + R et {f (t) [g(t)] }

n=1

The retarded Lienard-Wiechert potentials with equation (1.12) can be
examples of f{(t’). In this case we have from (1.12) € = (-21:-) and

g(t) = R(t).

63

R T R e R A R N R PR B SR RIS L S T At ELETP N R PSR A Rl AL R o/ A B I E R AT VS Y




References

Arfken, G.: "Mathematical methods for Physiclists," Academic

Press, New York, 1966.

Bellman, R.: "Perturbation technique in Mathematics, Physics and

Engineering," Holt, Rinehart and Winston, New York, 1964,

Carrier, G.F., Krook, M., and Pearson, C.E.: "Functions of a

complex variable,” McGraw-Hill, New York, 1966,

Dirac, P.A.M.: "Classical theory of radiating electrons,”

Proc. Roy. Soc., London, A137, pp.148 - 69, 1938,

Gordeyev. A.N.: "Simultanecus expansion for the electromagnetic
field of a relativistic charged particle," J. Phys. A:

Math. Gen.,Vol.8, p. 1048, 1975.

Gordeyev, A.N.: "Description of the electromagnetic Interaction
of relativistic particles by means of a Universal Laboratory
time.” Translated from Teor. Mat. Fiz., Vol. 36, No.l,

pp. 54 - 63 , 1978,

Goldstein, H.: "Classical mechanics," Addison Wesely, Reading,

Mass., 2d ed., 1980.

64




10,

11,

12,

13.

14,

15,

Gradshtein, I.S., and Ryshik, I.HM.: "Table of series, products,
and inlegrals," VEB Deutscher verlag der wissenshaften, Berlin,

1963,

Hakim , R.,: "Remarks on relativistic statistical mechanics,"”

J.Math, Phys., Vol, 8, pp. 1315 - 44, 1967,

Heitler , W.: "The Quantum theory of radiation,” 3d ed., Oxford

University Press , London , 1954,

Jackson , J.D.: "Classical electrodynamics," 2d ed., Wiley,

New York , 1975,

Konopinski, E.J.: ‘"Electromagnetic fields and relativistic

particles,"” McGraw-Hill, New York, 1981.
Landau , L.D., and Lifshitz,E.M.: "The classical theory of fields
(course of theoretical physics; Vel.2)," 4th ed., Translated from

the 6th rev.ed. of Teorila polia , Pergamon Press, Oxford , 1975.

Page,L., and Adams, N.I.: "Electrodynamics,” D.van Nostrand,

New York, 1940.

Panofsky, K.H., and Phillips,M.: "Classical electricity and

magnetism, " 2d ed., Addison-Wesely, Reading, Mass., 1962.

65




Farao A =2 0 L N LR VTR R LTSS e TN A R =R T A E TR S e R AT e e s e s e

16. Weert, Ch.G.V.: “Comment : Simultaneous expanion for the
electromagnetic fleld of a relativistic charged particle,”

J.Phys. A : Math, Gen., Vol. 9, No. 3, 1976,

17. Wheeler, J.A., and Feynman, R.P.: "Interaction with the absorber
as a mechanism of radiation," Rev. Mod. Phys., Vol. 17, Nos. 2

arnd 3, pp. 157 - 81, 1945,
i18. Wheeler, J.A., and Feynman, R.P.: "Classical electrodynamics in
terms of direct interparticle action,” Rev. Mod. Phys., Vol. 21,

HO. 3; pp- 425 - 33, 19491

19. Wittaker, E.T., and Watson, G.N.: "A course of modern analysis,”

Cambridge University Press, London, 1927.

66 -




