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ABSTRACT

The watrix elewents of the Haniltonian between nine
localized wuve functions in tight-binding formalisu are
derived. The synnetry adapted wave-functions and the
secular equations are formed by the group theory nethod
for hign synuetry points in the Brillouln Zone. 4 s¢t of
interaction integrals is chosen on physical grounds and
fitted via the Slater ~Koster interpolation scheue to the
abinitio band structure of chrowmium calculated by the
Green's function method. Then the energy band structure of
chromiua is interpolated and extrapolated in the Brillouin
done, These results may be directly used for couputation of
the couplex energy band structure at any point of the

Briliouin Lone and density of states of chromiun,.
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INTRODUCTLON

The alectronic eneroy band  caleulastion da  one of  the
st Laabod prebioms P soblid obalo ohyveios, Phe sunoccags wit
CHOHL 2 LA a2t 00 iR by SO R LS L e iy R, et o luCieRs s WLOTL
wirich we ave now able fo nndecstaund ihe elactyronic enerqy

\ .

levels of mapy solids may be ascribed principally to two soure

ces:

L. The existence of gophisticated firvst-principles band
caloulatlions, which begin with a capefully chosen one-
slectron potential and are fraqguently carried out
saelf-consistently. These calculations can be carried
out at few high sqmmetry points in the Brillowin zone

{(B2Y,

2, The development of interpolation schemes, which short
circuit many of the calenlational complexzities inhe~
vent in a band calovlationsby the Juodicious use of
symmebry avguments and group theory method, thereby
leading te a deeperx undergtandinq of the qualitative
features of the eleciron enerqgy versus wave number
dispersion relations, This method is used as a useful

adjunct of firsgt-priociples hand caloulations.

The enexrgy band structure of chromiuwm 18 computed at
few high aymmetrv points In the 1/48 part of the BZ b fivat--

g b Y E 2 ¥
principie method (Greenia function method) by 8. Asano and

J. Yamashital|l]. The CGreen function method has merits of

yvielding guantitatively accurate rvezults. To obtaln energy



versuys wave-vector dispersion relation at any point in the BZ,
o 4 2

e more promising approach is to use intevpolation scheng. In

1ight of thig, the main objective of this project 1s to inter«
polate and extrapolate the energy band structures of chromium
in the whole Brillounin zone by Slater-Koster interpolation

scheme.

Within thisz frame work one has to derive the matyix ele-
mentg of the Hamiltonian between nine localized wave-functions
in tight-binding formalism., The symmetry adapted wave-functions
are formed by group theory methods for symmetry points and lines
of particular symmetry in the BZ; The secular eguations for the
symnetyy points and lines are devlved using the symmetrized
wave-functions ag basis set of the repregeﬁtatien. The gecular
deﬁerminant.which is in geﬁaral 9%% and complex is obtained in

its reduced Fform,

The intéraction integrals involved in the matrix elements
of the Hamiltonian are related to one another by judicious: use
of symnetyry argument and physical insight., And the matrix
slements, thereby the secular equations ave expressed in temms
of the inﬂepeﬁééﬁﬁ interaction integrals. These independent
integfals are treated as disposable fonstants and ave fitted to
the firstwpriﬁciplewenergy band gtiructures of Cr via the Slater-

Kogter dnterpolation scheme,

These resgults may be directly uged Ffor computation of the

complex energy band structuve at any point in the Brillouin



zone, for the gtudy of magnetlem and to calculate density of
_gtétas of Cp, Also in studying optical propexties, related to

transitions between the energy bands,
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i governed by Schroe-
dinger equation of the form,

F‘hz 22 3y A U e =W l)
P VY b V(y) Vo= eV, A

' , e b D . . .
where the potential V{r)t, is periodic which arisesg from the

periodic arrvangement of the lattice particles[2].

In principle the problem of electrons in a solid is a
many-~electron problem, for the full Hamiltanian-of the solild
contains not only the one-electron potentisls describing the
interacﬁionslcf the electrons with the massive-atomic nuclel,
but also palr potentials éescriﬁing the electrgnwaleétrén
interactions. In the independent-electron-approximation thase
interactions ave represented by an effective one-electron poten-
tial V(O . The' peoblem of how best o choose this effective

potential is a complicated one[3], ~

~The wave-function that is solution of eg.(l) is of Bloch~

forn
o e ’;} :};
V() = UF) et (2)
where U(x) has péﬁiédicity of the potential,
. o S
And - MR L (3)

where ﬁ ls the lattice vector and ¥ the wave vector which

is a good quantum numbex.

~
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- Hence, it is obvieus from eg, (3} that not all energy

coogalues ave possible buoh only carbaln values B are posgible

n

: w5 . - : .
for a given kK., As k wuns through all values, the permissible

enargy values belong to weal wave vectors, =

As a conseguence of the translatlonal symmetyxy of the
lattice therve exist enargy gap“ that is forhidden region and

allowed region energy banﬂs.
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Fig. 1 FEnergy bandg of a crystalline solid,
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The energy bhand structure of a crystalline solids foxm

a complicated phygical systemn. And the problem of calculating

band structure is a many-body problém. =

First principle methods used in bandxcaléuiation conglst
of formulating the form of the crystal notential by inspection
and prqéeed to solve Schrddinger equation, These methods of
calculating energy 1evel$.have a reaéonable c¢laim of exactnegs
- in thatv the expansions employed iqills in principle, converge
to the gtate of intervest as more functions are added[4]., At
the same time the calculations are generally guite difficult to

pérform except at points of high symmetyy in the BZ,

On the other hand there is a moxe powérful method which
provides g weasonably simple technique of approximating the
energy of states at general points of thevéone. Thiag method is
known as the %iéhtmginding aﬁproxim&tion or linear combinétion

of ﬁtomic orbltals (LCAO}.
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CHAPTER 2
THE TYGHT-BINDING APPROXYMATION
and

THE SLATER-KOSTER TNTERPOLATION SCHEME

The tight=binding approximation deals with the cage In
which the overlap of atomic wave-functions is enough to require

correction to the picture of isolated atoms([5],

The principal assumption in this approximation is that in
the vicinity of each lattice point the full periodic cryséal
Hamiltonian can be approximated by the Hamiltonian of a single

atom ﬁat at the lattice point,

_ﬁat = ﬁkin + U

- ,
at(r) | (4)
Also the bound levels of the atomlce Hamlltonian are well loca-

lized, that is

B, 65 () = E o5 () (5)

then we requilre *¢§‘ to be very small for ”f- that exceed the

lattice constant termed as "range of ¢

A Lk

2" and we can proceed
by calculating corrections to the Hamiltonlan to this extreme
case. The index n in eq.(5) representé a set of quantum

numbers,

On the other hand one can formulate the full crystal
Hamiltonian and proceed until the necesslty for approximation
arises[6], The crystal Hamiltonian contains a sum of potentials

centered on each atom.
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t Y

R T e .
where R, is a primitive lattice vector,

We further assume that the motion of electrons in the
-lattice is determined by the potentilal of the ion at which

vicinity an electron is pregent at a glven moment,

The crystal potential which is regarded as the sum of
atomic potential is periodic for the crystal possess’ transla-
tion symmetry. Coﬁsequently the elgenfunctions of the full

crystal Hamiltonlan pregerve the Bloch form

r

'?ﬁ(%) = é exy(iﬁ"ﬁv) ¢ (%mﬁv) ' (7)

where the function ¢C§@§_not necessarily an exact atomic sta-
tionary-state wave-function, however for 'EV(?nﬁv) ¢§(§)i very
' v
small the function -¢ (%) approachesg the stomic wave-function
a

'@n\r)' , or to wave~functlons with which ¢g{§) is degenerate,

Based on this expectation, one seeks a ¢(;) guch that,’
- > 3 . a ?" ’
e !‘JP (Z) = ‘E;i }’)Tt q)n (f) L] . (8)

The major p;o@lem’éf the tight-binding approximation is thé
accu;ate evaluation of Bloch suns, eq, (7). The approximation
consists of neglecting the overlap between the functions on
non-neighbouring sites, but it makes a reasonable approximation

if the overlap is not small,

The tight-binding approzimation 1ls most suitable fox



v O .

electxons which ave tightly bound to their atoms in the bands
built from lnner electrong or Ffrom d-electrons whose orvbits
have relatively small radiil7] , but very bad for valence and
excited states, wvhence the corresponding Bloch sums converge

vary slowly.

The tight~binding method demongtrates an importantfprinm
ciple. Suppose we take N atoms, and keep them far apart, On
each atom there will be differant atomic levels:; in the whole
assenmbly thege will he Nmfold degenerate states for a single

electron(8].

But when we bring the atoms together, the orbitals over-
lap and we find that the N-fold degeneracy is split into a band
of states, There wlll he a complei@ band, of N states, arising
from each atomlc level. So that we can zefer to the 3s~band,
dp~band, etc,, arising from the corresponding atomic states,
This clgssificétion ls partlcularly apt in thg.case of transgil-
tion metals, where the d-state of the atom are rather compact
within each core, so that they combine to form a relatively
narrow and well defined d-band, From eq,(7) and eq, (8}

¥z () mvz,.ngxpuk.ﬁ JPn o ‘f’f“"ﬁv’, (9)

I3
L}

This function looks like a series of strongly localized atomic
orbitals, multiplied by a wawy  phase factor -exp(ik.R) . Within
‘@ach atom the local orbital predominates, and should be a good

solution to the local Schroedinger equation,
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Thle suggest that our wave function ds a lineax combinae
tion of atomic orbitals. Por this reason thig method ls alsgo

known as Linear Conbination of Atomic Orbltals (LCAQ) .

We can now form the mgtrix component of the energy het-
ween two Bloch sums, eq, (9), but besides running into computiling
difficulties with three-center integrals the Bloch suns are not
orthogonal to each other. We can remove thig difficulty by
setting up new atomic orbitals, linear combinations of the oriw
ginal ones, which are orthogonal to each other{ This can be
done most symmetrically by the method of_LéwdiﬂﬁﬂWe shall assuﬁe
that this isldone, and shall call the resulting orbitals ¥ .
These Lowdiln functions Yu show symmetry propéerties like those
of the atomic orxbjltals ¢2 from which they were derive§[9], From

these Ldwdin functiong, we can now construct Bloch sums,

TRy exp(ReR) v (G-
N i exp (1F ﬁi) y (& ﬁi) (10)

where ﬁi' is the vector position of the atom on which the
orbital is located, these Bloch sumg are normalized and ortho-
gonal ﬁo each othe¥, We are agsuming periodic boundary condi-~-
ﬁions, and the number of unit cells in the repeating region 18
‘N ; the norﬁalization is over thilg repeating region, The sum

ig ovex primitive unit cells.

The matrix component of energy between two Bloch gums, If

i is the Hamlltonian

o 1, oxp (AR (=R )) g G-k ity (R av (11)

3,3
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The sum is over the N unit cells, And the posiltion vectors “ﬁi
and ;ﬁj' sangaes overn the positions of atoms on which orbitals
Yo and Yy are located nespeactively. One sﬁmmation of the
above double sum can be eliminated, for it merely amounté to

rmultiplication by "NV

T 3 R a +
§: oxp (1K (ﬁjmﬁj‘)) f‘i’n{rmﬁi)}!‘i’m(rwﬁj)dv (12)

.(ﬁjwﬁi) is the vector displacement from the atom on which the
orbitals Wn is located, to one of its neighbourxs on which an

orbital ‘Pm, is located.

The actual calculation of the integrals in, eq, {12} the
matrix cémponent of the energy, is,extreﬁely '&ifficulte Pirst
we must find the orthogonalized Ldwdin functions, from the
atomic orbitals, and this is a very considerable tagk, When
this ls done, each %h in eq.(32) is a combination of atomic
orbitals of man§ nearby atoms, Thus, the integral in eq.(lZ}
can be made up ag a linear combination of many integrals of the

form of
L o 3
Pop (B dH o (2R ay | | (13)

This is thfeewpenté% integral whoge calcéulation ié'véry AL EfL-
cult, All these compliéatidns add u? to make the rigorous cal-
culation of éhe matrix components of energy an almost impossible
task, not only because the individual terms are difficult to
work out, but also because‘there are go many of them, combined

in complicated ways,



" In the Slater-Koster lLnterpolation scheme some sloplifis
cations aré introduced converting the method from a rigorous
one to{a rather simple interpolation scheie, We merely use the
foim in eq.(l2) for the matyix components of energy, but £éplace
the integrals Dby disposable constants, which we choose to £it
~accurate determination of energies at particulax K values, We
wieh_oﬁly'a findte number of arbitwary constants, for we have
to fit only a finite number of accurate calculations of enexgy.
To chooga a finite number, we procéeﬁ ag follows. The integral
in eq. (12} will get smaller numerically as the atoms in qﬁesti@n
~get further apaxt, The presence of the oxrthogonalized Lowdin
functiong in the Bloch sum, eq, (10), will amplify the above
piocess. Hencé; 8 Ffilrst natural simplification is to assume
arbitrarily thatlall Integrals are to be disregarded except
those for nejlghbotrg lying closer than a ¢ertain minimum dis-
tance, We can uge only neavest, second nearest and third nearest

according to how many disposablie constants we wish to use,

There is one thing'to be noti;ed about the integrals in
eq.(lzl,’Many of them must be relaéed, through deﬁands of
crystaljsymmetry;¢ﬁ%ﬁs, i£ symmetyy operations of rotatlon and
invexslion abcqt the atom at positlon ﬁf', where the oxbital ¥,
is located, will carry the atom at ﬁj into another unit cell,
then there will be relations between the integrals between the
orbital and orbitals of type on'these various atoms, which

clearly must all be at the same distance from the firxst atom,



" This can be systematically handled by the group theory,

decreasing greatly the number of independent integrals,

The convenlent feature which we can obsefve fr@ﬁ ed(12)
is the vezy simple way in which each teym 6epenas on tﬁaﬁéropaw
gation constant Vg . For each fKﬁ value,'the'energy_leyels
can be related to the irreducible rapfesenﬁatiaﬁs dfftha~group-
of vave vector, the wave~functianﬁ in tha cxystal are the bases
of such irreducible repzesantations. Aﬁy series of wavenfuncw .
| tions can. form the- basis cf what 18 in general reducible xeyren‘
sentation of the group° Bt ju&ious uge Gf group Lhecxy one can
build up a set of ba51c functlons for the irreﬂucible represeﬁ*
tation of the group of wave functions[le] Such an aﬁalyaié

short circuit maﬂy of the GdELHiatLOﬁﬁl ccmp]exitieq inherent in

the Slateeroster interpalatian scheme .,

The SldtewaOSLer interpqlation scheme is. sim§ly a ‘method
of 1nterpclating between ene;gy eigonvalues calculated at peints
of high symmetxy in the B% and thereby obta;ning elactron ais-

persion feiatians.that.a;n valid-ﬁex allgagfzq.n.

s

This mefhed of 1nte?polation is a&vaniageous fﬁr the paraw
meters of the saheme may be aéjusted ﬁo bring the enezgy bahas
and rexmi snrfaces inio better agreement ?ith ezpergment[ll] as
kg well kﬁéwn, the;varwous appreximaﬁiens madé in fixstwpﬂ&n“

ciples bana ealeulations gan 1@&& t@ substantial exroxa;<;_ 3

The phiiasﬁphiéal buﬁléok.cénaegning-thafutmiityxgna-sig{”

nificance of interpolation scheme in velation to £i¥st principle
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i ,.

band &&lculataanﬁ ls that these two guite diflofent app?oaches

Eagafae& ag complementary wather than competitive,

,_as it is done here it is possible to combine the best

features of both approaches. : ;,

In conclugion Slater-Koster interpolation schewe s a
uaefal'aajuncﬁ te'firstﬁprincﬁple caloulations along the lines
just described ana its most basic use is to be f@und in the

determination of the band %tructure and. ﬁeﬁﬂity of states.

SR

-
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- CHAPTER 3

ROUE ~ TIHGORY

ettt e s

3.1 Bymmetyy = _Group Operators

The Séhxcediﬁger equation ig uvgually too complicated to be
golved analytically or even n&merically\wiﬁh&uﬁ making
gross approximations. The real lmportance of symmetry
argumenﬁs in sueh gituations liee in the fadt that for
systems Gf-iﬁtezest; the synmeatry pr&?érﬁies of the eqnaw
tlon may be'feiétivaly imple, ahd moére than that they do -

not invelve approxim ian[lzjg

Oné investigates a ggria&n aymmeb“y property of any phy%i*
cal system {répregented In the usugl Fformalism by its
Hami;tonian)'by "rotating the approprlate coordinate and
checking Lo gee 1F ihe,Haéilﬁanian still looks the game

fyrom the nev point of view.

The tool needed io.carry,out thig gzgceéure is the get of
‘Qgegatéxﬁ whid ch changa certain parvameters of coordlnates
ef‘the-;y ,nApy & up c;f?eé smount. The entire set of
such @P?f&u@ﬁ% on a eerta in ceﬁrﬁjnate convenlently fcrms

mathgmati ai qreug of ﬁp&faﬂéLB; oalied a symmetry grou§,

Whi¢h gﬁfgahjaﬁﬁ-mac ex of group theory.

- The pxgncgpal reasons group theory has heen use;ul in phyw
sics aré, it_enables_ﬁo Giﬁsﬁpiy and lable the eigenstates s
of a.quantum;maéhanieal system and to understand the dege-

nexate eneygy eigenstates of the aystem in terms of the



3.2

gymmetry properties possessed by its
commuting observables, whosze ai

“the degenexrate

| ebsefvables i&gntiiy consarvatios

periodic potential problem is

lengihe[14],

and commute

= 6{-‘-

EL

etiong, It pro«

luges” from thege symmetry properties a complete set of

genvalues serve to lable

Clevels  oundguely. Thege same commuting
11 laws obeyed by the gyge

tem, and so establish selection rules for trangiitionsg

decay schemas and ceactiona[13]. The other fundamental
use of group theduy is réjeaie& in connection with the
to &hGW'hGW to set up the
symmetrized fuﬁetiqasg-

Spaca GwogL*

'The graupﬁ uf cye rationg u&th which we are cance%ned in

‘exygtal @goblems ave of a rather specialized natur& galled

apace gronps; They are a spec cial case of more genaral
groups of linear coordinate transformations which preserve
Such epeﬁaﬁi@ﬁs laeave the lattice invariant
with the Hawmiltenlan &n&'are important in

claselfying

An opexator:

the electron sghates,

‘5f“§”é?ace group containg a pavt vwhich ig

-Qféitheﬂ a §£§p@&-égrimpré@ez rotation, o , and a tranglation

;Paftfkﬁ;féhd~iszééﬁataa by {fa/tl},

R L R S (14)
x)| "/“11 932 Y3 Ay [ty |
e Ll PTRE CPICPPS B RS I (15)
X3 %3y, %3p C3p/ | X3} &y



w 17w

o such operabors 2 {a/t} and {8781} wmbléiply in the

Fellowing vays
pseie/t) = {pesBt i) (1.6}

The unit opsrator Ls represented by {¢/0} and the

inverse of the operator {u/t} is
Hase¥ ™t =Tt e @ e (17)

‘Bpace gronps are charavterized by the fact that they poasess
can Invariant subgrgﬁp_gg t?&nslatiﬁns of pavticular form
S {known ag primitive.i%aﬁﬁiati@n)'{sfﬁn} . Where ﬁn X

“the. lattlce vector given by

i ﬁn - fnlgT *'ﬁggg'*=ﬂ3§3 (18)

s ) . ' . . ) _ o
_,131"5 are primitive translations and ny ‘s are integers.

»

ALY properties of the space groups can ke devived from the
© fact that they éaﬁtéfn an invaxisnt svhgroup of primitive

 ¢ranslations.,

1) Wwhenever R, is a primitive translation aﬁn_ algo ls
y % . . : . . ' .
if”{m/ﬁ} Jig o owember of the space group,

-2
1

©.-2)  Bpace groups. are Tinite in nuwwber in a space of gilven
- almengion, there ave 230 in thyee dimension, 17 in two

ﬁimeﬂsiaﬁ,aﬁd-g'in 6ﬁé'&iﬁéﬁaiany

3) - only certain propex rotations can be present, namely

rotations about well definéd sxes through ilntegral



, [15] .

'dent sgt of @uncijon ¢l ssee 1 9, and a group acr

a A8 =
-,mu@ﬁipl@s’ﬁ@“ and 90° about specified axes, and lnpe«
“pepor cotatlons (that 13, products of these yestylow

tions with the invewragion:),

In enumerating the possible groups which the rotatlonal
parts of the operators in the space group can form, it is
found that only 32 ave possible in three dimensions. These

are known as the 32 point groups or 32 urystal classes,

The lattice generated.by the pfimiﬁivé-iranslaﬁions off a
apace group must bégi%@arianﬁ undexr the operations of the

point group,

- Whe full cubie group Uy, is an élamant of 32 point groups,

it consists of 48 Oﬁeraﬁiﬁnarwhich leave a cuba invariant,

‘Hatrixgﬁépreﬁenﬁat;pnfdf‘a Grbng

Hatfix repfesen%a jon off g gr&up conniats a- group of

matyices with the pama wultiplication propertles as the

_gﬁaug it reyfésentss_xn pravtice vepresentations always

-arlse through traano%mauion properties of gome functions

7

I
o

To see ihﬂh dnoa qeneral way cahside & linearly indepen«

5 L

'33f 1inaar tranafovmaticna of which a typjedi one is ., If

A

1ﬁhe“funeticns and ﬁransformati@ng arae such that ”Téj' car

L,



B 1‘ ‘:} Cein

ar

in every casge be expresssd as s lingar combluation of the

& tEt

s«z@tél y b s ces o B thab ds
7 4 o
o, = njigwg¢1 {14}

thesn we bhave ij‘m‘aeciisztéli,i? the set of mabtrices E’i’j ('f} s, Fure
.therem@we; these matrices form a repregentation of G, for

1f 0 = §F ; tﬁan |
D@ = by ) ij(i%) N £

The LLﬂQuiﬁﬁg @1 ¢9 E cre s by éf§ said to form a basis
for the. fepfe&@ntaticﬁ n j(@), -An aliernative wording is to
say that the xmnctien% ¢1 by sagbg'®n‘:€xansfarm adCoT~

_ding ﬁc'ahe-regrasgniatian ﬁij{@} éf G;

A gepresentation Djj(T} mf a4 group G lg rgduc*bie into the
‘wepresentations D} , D%, .;;'; B iF a srangformation of
the tvpe DfCﬁ) = P D{@}P exigts which brings every

matrls Dgﬁiﬁ) of the apresentation Into the form

A

o
* dmte Pt
4"'5
—

R R

(21)

'Lwiﬁﬁ"ﬁﬁ&i ﬁ&%f&ce53ﬂi(%) aimﬁy the &iaqanal and zeros

mﬁwvr; pE o4 pf 4, 0P (22)



s 20 e
A representation that camnot he yeduced is termed

o elble, I8 8 vepresentsblon D Ly wedaced into iwraduci

coMponents, the reductlon g voadaus apavt from agolvalanc,
HE ] ] ¥

Conslder a vector space R{él POy see ¢n) of whidh
the base vectors és, trangform according to the reducible

: : A
rapregentation D 1 (T) Since the representation Dij(T) is

Sl

~reducible there exist b?'definition gome transformation
ﬁhiah b@insé thé-matr cea of D into Lhe reduced fomm, Such
a tganﬁfofmatﬂon is cquivalent to chaasing neyw hase vectors
¢ in R , and these ¢ chezéfﬁrﬂ transform acearﬁing &0

the reduced matrices Dke

Lot R! be the space gpanned by the first ny vectors éi
whare ny is the dimensioh of the zepresentation DY | Hence,
RY  transforms according to the waprogentation D}, and

pan spaces Rh transg-

4.(}
T

gimilarly sucoessive sgets of vecdtons
forming according to5thé regrasent&tiﬁn pi, Thus, it fol-
lows &iﬁecnly from Lhe raducibility of the representation

Dy 40

thaﬁ;the vegtoy space R oan be gplit up or reduced

into a seriles of invariant subspaces R branafoxnlng accor-

ding to che rgp ssentation Bi;

i
i

Siﬁcﬂ;th&_@% gpan «the whole space R, any function in the
space R'can ba weitten as the gum of functions; one from
“eaahf$ubsb§cé"ﬁi . This ie writben in symbols

L

R = ) RI + 32 ';:- I + . Rs (23)



t2Y 2 1 £
vsﬂcaliy this conre spondg’ to the fact that 1f the .

§
e

functiong of a Hamllionian are considered as one blg ved
gspaca {Hilbert Space) R, then the functlions belonging to
different invariant subspaces rY are in general asgotlated

with different energy levels

The reduction of R has the further impértant property that

the gubspaces R™ can always be made orthogonal to one an-

‘other, that ls any fuﬁction‘fram one Ri'is azthégdﬁalrto

any function from any other R,

- Group Character and Class

Let Dij{g) be any representation of a group of transfornas
tions @ . The sum of the dlagonal elémentg @f ng(%) is
called the éﬁaractar_ X of % in this representation[16].
- V A : ’% .
Ty = 3 Dii(T) ' (24)

.

Definition: A class is a set of elements out of a group,

o Il ' .
guch that If T is one element of the class,
then stg™d alse balongs to that clags for all

 group elements B

A E
It @an be easlly shown that the character ls
the pame for the matrices representing all the

© operstions. of the same ¢lass,

' Thegren 1: 'The number of lrreducible representations

egnals the numbey of dlassesn,



S
C From tha abovae digenssion J4 ia olear that the set of cha=
ractar 18 8 yvevy vasivl way of a gliven ¥ep-

salvalant ones, Moreover, t&g
number of classes In & group iz cousiderably amallew ‘Than

the number of elemenis, snd hence 8o 1z the nﬁmb@r of

different characters. In parvtioular the irreducible repre-
sentations of a group can ba tabulated o jiy in this wayo

s

The identity element

erl

always forms a class of its own and

X(E) #&s the dimension of the fepreseﬁtaiiaﬁ;

There ig one wove geveral  theorem pe 1' ng to-the Azﬂﬁdﬂm

gible representaiion of a finlte grouvp.

Theorem 2: The sum of the squaves of the dimensions of

é@?;%béﬂt& lGn equals the number 0f elements

. of the grovp.

i Wayve=Funelionsg

IF one nows the rg’lﬁﬁﬁﬂtat§uﬁ ﬁﬂixiﬁﬁs,ﬁf the group, there
i then a vsfy';@wafful theoren which allows vy o start
with any arblivary function and pvoduce from it & function

1
of the syﬁméﬁgy 0f one of the basis Functilons for one of

'{5;
rsn
o
z

the i’”eﬁﬁﬁ?ﬂlﬁ repré Séﬁtﬁtiﬂﬁ of the group, This

matb@é: off P egtigﬁ oper ’t s

edncible into izreducible

&
=
"'”,j"
ﬁ,
e
fe:
o
o
=

Suppoge & repragen

N o - i) ® . = ' L L ) ‘ . ‘
cponents pY Dg & gé;,$._ﬂ( then one can bring D



. X = _ - . e :L s N
into reduced form by a tvansiormatlon P ﬁ(@)?, and nienas

wad

thg chavasters awe
X0 = 2% o+ Xy e, xS (25)

}i 33 -
b)) : (26)

where the coafficient “Cz“ ta the number of times the

irveducible component p*  ocours in the reduction of VU,

To express the-grajectién Qpératar_ﬁxpliciﬁiy it is note
worthy to sta%e=tharﬁﬁﬁéaﬁeﬁtai érthegonaliﬁy;ralaﬁiéﬁ‘ef '

the £irst kind for irreducible rapzeaentatiqﬁﬁ[l7]; :

Theoyem 3: If  §§8€T) be the (a,8) matcix element of the
E#h irreducible representation of the group

sl . . .
element T. The number of the elements in the

‘ . . . . A

group h 1s the range of the group element 7,

And the range of A will be the nuwber of ineg-
alvalent irveducible representations. The range
s - 5 y 2, Sk \ A R . o - th
of ¢ and B will be the dimension, ny of the A

irreducible representaticn. Then

L D5 () DY () = h?f{gsﬁgj%x- woe e @

By putting L = j , ¢ = B and gusming, w@;cbﬁaiﬁ;théraxthég—
gonality relation of second type for the éhérééﬁéés

- . .> ; /‘r N
2% (@) WUE) 4 ne

iy, (28



¥

Multiplviag  egn, (26) by X T(F) snd summing we get

1 W RO Y A .
C, =HF L X TPy H () (25}
£ 2 @ v
i‘l

The uniguensgs of the reduction shows that two repragentas
tiong with the same characters are reducible into the sane

irreducible componsnts and hence ave equivalent,

Lat R ba a vector space tzansf@rminq.aﬁﬁcréing to & réyrea
gent ién which can be reduce i 3n%0 ifgeéncible componéts

by egn, (29}, Lat Dif(gkibe one of the irféducible_aampdneﬁt
- representation and & any vector of K. Tﬁ@n, the vectmxs”iﬁr'

R transforming acﬁoréinq 0 the pa? culs Y jrreduéibie re-

prssen%aiien ‘ﬁ?(gb is given by
e . )
by = 5 DS (EIT . | (30)

for any fixed value of 3, Putting 1 = 3. in ean€36) and

sunming, we have
ot a v xA (e ; - {31)

which belongs to an irreducible subspace transforming accor-

ding to p*

Therafore, the texn |
prhow g xh (i | (32)

iz the projectlion operator for it projects any vector ¢ in

the reducible vector space R to aﬁ@thaf.vector_?l which

helongs to an jeredueihle %ubapace tvan%f@fming aqeoxding to-'
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A A

the icyeducible representation D” . The 7 thus obtained

ave tovasd ag gymiatrty adapted wave functions,

Tf the basis of the gpace group wepresentation Dﬁ azé”,&

group of wave vectors, then any operation involvas trangs-
1 F t 0 - ._). e

lation £y only through the zimpla faotor exp(ikcogn); That

18, we have
% {E1E Y = ph {&]o} exp( { )
b i Tab

In gettlng up the projection operator, the complex conju-

gate of this matrix is used and iz gumed over %ﬁ {as well
. . Fal a . . . ) .
as over o). h@ hagis functlong are atomic wavemfuncm

tiong this swmigtlon of atowlc orbitals diaplaced by the
amount Mtn ; mltiplied by the factor exg{wlk € ) Lls
admply an: ordinary Bloch gom, showing that the ps@gﬁdnfe

of using Bloch sumg 18 a dlvect regult of the translation

symmetsy of the space group|1s],

If we start with an atomic Qrbii&lrfaﬁctisn of arbltrary
type at this site, and use the prajeaticﬁ'ep$ratcr, we

shall remove, gvervthing except that part of ‘the erbiual
which has the correct symmetry, fh? pﬁ@bl@ﬁ-aan be s¢mpliw
fied, however, Aif we_stért Lromw the beginiﬁg.“wiﬁh‘atcmic
orbitals of the correct Syﬁmetsv type. We'ﬁhug;i%aﬁé'fﬁr

our stuaf Gf pyimnetry orvbltals LhE‘ma¢h¢nery for Betting up
linear combinations of atomlc orbitals of any aesired synme=

L2y,

The lattice transliations; subgroup of space groups, since lt



3.6

o1y the suriace of €

e DE e -

ahellan group, all drreductible reprasentationg axe (onew
R . - , o, - . W - .
Gimengional matvices) explik.L Y, whevre k lies ingide or
LN §

0’
£ the Brillouin Zone. Ab a genexal polnt
in the Byrillouin Zone, it ils suificient that the wave _ func-

tion have the Bloch form in order that it be an avcoceptable

'&agggfvzgtion for an ivreducible rvepraesentation of the

Zpace group,

1f thexre are n operators in the point group, (n-l) othex
functions may be obtained in this way, which are chavacter

. - ) R o \
vized by wave vectors ok . The figure of these k vectors

la refered to ag a "stavr", It exhibits all of the rotaﬁicngl

mﬁ:&'mmﬂmmiewmmfgcxtmaknﬁc&

The Bloch functions characterized by X vectors in the stay

ave bals functions for an n-dimensgional. lrreducible re?rew
sentatlon of the space grboup, Tn this representation, the
matyices f@pf&&ﬁﬁtﬂng lattice cransiationg are éiagonal,

L)‘-i

with elements exp(iK Fn) whare k' runs over all the vecw

tors of the star.

Bridllouin Zofid of the Body Centered Cublc Latitlce
e e - i = i t A . :

- ig aesirabiéfto construct a unit call ih,tﬁa.reciQrocal,
lattice that hag the full symmetzry of ﬁhis*iattiee[lﬁj._?his

ig done by applying the same procedure used inAceﬁstrucﬁing

'Wignaf$5eiﬁz Cell, a unit cell in the divect lattice, in the

raciprocal spaca,

2

All the electron states in the peviedic @@tential can be



3

character i nal

purface of the Brillouin zone
may be regaroed as o fonction
Hion s will be multivalued: th
energleg for a single ¥,

GO

)

zene, the energy will be
single contlauous manifold is
Digeontinuities in the eneryy

of the zone,

In the bhody-centered cublc (b
for the threa transiation veo

glven by

oy 5 i
ay v (4
+ Ca R
g = oy (4
Tow B
gy = 3 W

where "a is the lattice parameter

carteglan unit vectovs along

_vaiyg

P

Then the reciprocal latiice ¢

Por valuag

. Phe enevgy of thess states

of the k wechkor. Thls funos-
ere will be wmany differént

of ¥ lying inside the

d . ¥ =4
ntingous funetion of k.. A
veferred to as an enexgy band.

may occuy only on the surface

ce) lattice, possible cholces

tors in the direct lattice ave

A I

+ 5+ k)
A ~

o j s k_ €33)
’ la3

o :}_ 3 vi)

: A A ~
and {4, 3; k) awe the

the x, v and 3 axes regpeoile

; an be generated by the three
primitive vectors.
e . ZaT £ &y,
B, = 2o lB (34)
) e e
in which & , m and n are the different even permutation
of 1, 2 and 3,



 Fig.(2)¢ Brillouin Z¢he-fér Body Centeved éubié'ﬁaﬁiiée

The center of the zone. is degignated by. F » The {616) o
{111} ahd {116) axes arxe labealed by A, A and %, res-

pectively. The principal "gymme%fy ?dints“ of the 2@ne_h_

age I' , H, P and N , The last tﬁree paints are
interseatians of the A , & and 7 aXeé @aspeet&?ely}

,,with the faCes af the zgne, 'ﬁ

":ﬁTha cce@dinates of paints T 4 'H', P ana N are (G 0 Q);

ﬂ?*~(9,1 ,ﬁ}, _ (% %0 %) and 2 (% % 0} . raspectively. ﬁll the
equi?aient paints can be geﬂerateﬁ by adding the recipracai

lattice véctor to the c@?regpanding points..
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:'jﬁﬁﬁiﬂﬁ Operator Methed Applied to a Typloal Syvimatiry

ples For X direction in the Brillouin zoné of the

body. -~ centered cubic cell,

For 1 directién meKy and K, =0 , K%(G,WX2%}; The’OPeram
tors of pé;nt group cgvézmm},leave the Efydirection invari-
. ant. Hence, Cor group_operaéors are symmetry operators of
' %hé ir;diiection, The operators of the Chy gf@up are

- whare, , _
Bes(erye2) s Cy=(¥,x,2)y JC=yy,=2) and 0Cy=(y %, 2},
Let us now chodse nine atomic funotlons (s, P, py’ Pyr dny,
d

dxz, dyz, @ 2} as basis of the groﬁp sz;' By

#hey?? “aptey

‘operating'on these atomic wave-functions by the operators
 6§ the quup'czv ¢ ORE can obtain the chéraete:s'af the
“'-repgeseﬁtaﬁion matrices of these operators.-The characters
. are '

X(B)=8 7 R(Cy)=L , X(IC5)=3., K(IC,)=3 (36)

_Table 1 ; Character Table, Group of 1, ¢, [20]

aepéésénﬁaticn E ¢, ek e,
A 1 1 1 1
52 1 1 -1 wl,
P 1 -1 a1 1




. o B e
' “?he Qéﬁffiéieﬁtg CA , From edn, (29), ave

oL i - A k) Py ) 2l e 5 . - .
'@Ei 1, C22 = 1, LE3 s 2, Lzé w2

‘Hence, the dimensions of the ivreducible representation

'ﬁi’s areigiv&n by the above coefficients '
= 421- %. 22 + 223 4 224
The projection opsrators
~ . 2 LA
P, =3 X oy
© are glven by
. o ‘ . _
ﬁzl = B o+ C, ¢+ JC§ + JC,
- ‘l;.:_ . . e v P } - ..,
. ﬁzz B v e, | JC) Jc,

(37

5 : 2

k>

e 10 - ) . oy -
w4 = B 'CZ b JCy 502 .

:Sy app1yiné these operatﬁrs on the atomic wave-functions
. one can form symuetry adapted wave functiong of the diffe«
rent irreducible ra?fesentatiaﬂss The independent and

normalized gymmetry adapted wave functions are

PE P L T,

. Lo o R l
By ARy (jp > + [P > ) 14,

|d32ﬁr 23}

xy d
Ty ML (l& ~ {a, >»1}
‘2 w7 R
L . (38)
-~€3 “ ? 12, J? (Id >+ ]dg,>) )

B0 gy U = IRy e, xeeygt® >}
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CHAPTER 4

L e )

. BHERGY DBANDS, TN CHROMIUM VIA THS GREEM'S - FUNCTION METHOD

Amoné the many methods that have been proposed for the calcula-
tion of electronic energy band structure along lines of hith;ymmetry
in ﬁ=~space for a given periodiﬁ potential, the Green's - function
method has proved to be outstandingly succesful for its ability to
yield quantitatively accurate results and rapid convergence. The

Green's~function method developed by Korringa (1947) and by Kbhn and

Rostoker (1954) (often, therefore, also called the KKR method).

To calculate the band structure corresponding to a perioﬁic
potential V(?),‘we seek solutions of Schroedinger equation, eq.(l),
‘such that the Bloch cohdition, eq.(2), holds. The aim being éo
calculate the energy values E(ﬁ) as a function of arbitrary ﬁil?iﬁg-

within the first BZ in the reciprocal lattice space.
'y
In developing the Green's-function method one starts from the

integral form of the Schroeéinger equation, which is equivaleht
formulation of eq.(1).
v(T) = J6GF, FOVEDEAV - (39)

: : v : '
where the integral is 'over a unit cell of volume V and the Gr?en‘s-'
function G(?, %') is given by | .

. oE LT 3
5 exp[i(K tk). (r-7')]
G(x, ¥')=-: 2 -

Loy
v A (x +k)*- i

- (40)




o A2 .
' . - . . . e
The summation in eq. (40) is over all reciprocal lattice vectors K,
- -+ . . . . - 3 . .
For v and ' lying within the unit cell, G(?, ') satisfies the

differentialiequation

(v+E) 6, =5 F-T) (41)"

In the paper of S. Asano and J. Yamashita [1] the band structure
of paramagnetic Cy is evaluated by the Green's-function method. And
the crystal potential is set up by the self-consistent field (SCF)
procedure, which is beyound the festriction set by Hartree - Fock SCF
or Hartree - Fock - Slater SCF, To start with an effective potential,

e . .
'Veff(r], is written as

Vo (Ey % o 3
Veff(i) - VC (f)+vex(r)+vcorr (r) ’ (42)
Here, vc(%) is the Coulomb potential and it is evaluated from the
total charge distribution o(¥). The exchange potential, vV, (¥), is

also evaluated from p{(¥) by the Slater approximation

v () = 2,950 F))"s (43)
The correlation part of the effective potential, vcorr is assumed to
be Y
- O o0 -
Veore 7= V3 ()= (VI G, (1)) (44)

3

- -+ ) I
where, the Coulomb potential V: (r) and the exchange potential

sz(?) are evaluated from the total charge distribution po(?) of a
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The 1/48 part of Brillouin zone faces
Foints ot which E(E)ﬂvalues ar
~functidh hethod.

showing tee
€ computed by Green's
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o 6y (4%

) - +h 1&1
\.kéez-a, hﬁm the 0 row unﬁ

Eﬁ

2 ety

colasm. .Iiﬁﬁ’ia;@';‘fﬁ Yo S glv r‘e sresents the exoression  In e, (12)

+ — o ' S o )'l»""- Fd 3 ‘ [ 'S:i B :l" .5;w 1 3 :

‘ ’Jb Cj-ﬁt' 8 wore cmwﬂimh exoression in eg. (49) £z R 5 ob the-orlgin conseguent-

Xy .mﬁuﬂiﬁq '-'j{fi;e,_a thirée « ceritor integral to o — center integral,

) S iR p A PRV 4 :
By -7 B o (RRL) } Yy )W () v Eji v {50)
Now the wave - mﬁ:msa gy © Gem be chozen: ko, be orthononmal ized.

atosf_aic @abiualg .

For oue purpose .fmatrma wave - fonctions in. h3 integral of eg. (50) are
the r@nﬂ?&éﬁeneraté' 60 )mi ihe triply degederate prorbital and the five -
fold. éﬁgm'emw detype atonic orbival,

She s-type avaic 's:s:bital is spherically symeetrical ;g0 thot the charge -

closd density i o function qu;g OF To

- H\Q,>

Fig (é—*f}"- Voe ﬁ%y agode th%i:s

Toe 3p - c}{v aaﬁm.c, mfs}ital ;m aich. 11@,» hz:n.mda:cy Fares c}:m%ls*a of o

n.sagim,s t{s@hiﬁﬁ&*@ﬂ@v)l & "é* iy - h::’i}“ Thess . ftm%%;mm% will have

Lﬁ&l&ﬁ%ﬁ)&“’(ﬁtﬁi‘!ﬂ ?)mi v dag h_e :ifj-:eg seks };,y,‘z;



X iy

Fig (5 the Ip ~ Fype atouic orbitals B zﬂy ared P r

Toere 18 a javked directionnl character in these orbitals, which is exbhibited

e by weans of a suffix P, i?Y, P,. fhe other inportant chavacteristic of these
- atomic orbltals i that the reglons vhere the wave - fmction is of opposite

pign arve sepacated by a "nodal plane®, over which the wave - function is zevo.

The five - fold dagensrate atonde orbitals have transformation properties

e the sets ¥ 2%, ¥ -h{y‘ . "xz? :2 e
> ARG Tl

. s :
acdlans Tor the five d orbital®,

We have now nive ateule wave - fuoction which can be uged as the bagls of
the ceducible representation. M the foregolng discussion the following abbreva-
tions will be emploved

‘%rg' - _i_}’) . t{!px s ‘?} Y= ig}'é quz o é@) o \{Idxgjgglgz} 51}

: "V fog fod 3 . ot = Y ) 5 N = 7 ) !.‘.: ,7
3 dez sy« ‘aya i, Yoy 18, Mgl = }{}]

We let the atom to be locsted at the veotor positions

ke

Ry = oo el b a} +tegak 0 (52)

Fal I

Heve, Uy s Myr Wy are intezngmf 2a i ﬂuﬁ'latticé-p{ﬁanéter‘ anl -i‘;-, 3 p i:am
vnit vectors along the 8, vy, 2 axis respectively. ..‘}’.éfiﬁ' the sm%gm S f, M

- vefer to o out of "c-he set of atomic veve -~ ftmdtiﬁmé used as the basis of the
reducible representation. Then we shall denote ouwr integeals in og. (5(;1_}? by the

expression:
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l '{;{Li = 0,12
.Ef%e e wish ©o e {;ru OUR. ataiy coaponznis g" l ATY in t&imﬁ oF ‘i.hﬁ. R;V*L%L .7:‘_
get 'éfra‘l’imfﬁélﬁ mim are. given by e 5333 that: 1 POsELo 3 This s done bﬁ’

making useafril} relations betwesn r,?l{,izﬂ 131%‘5&3*‘5@35 \.mj_ Byﬁi“s;u:riy p&‘mm‘tsp S@
that the vashus 3« & in —:h* mawn{ conponent @s‘-th:, @fﬂ‘*gy' sve all mdqxfgﬁm
This ig crucial for we u:ea% *i:hz’m aﬂi &g dleposable constants in the Plai,er -

RKogtey Zﬂtf?‘i"p{)l&ﬁﬂﬁl g:%)m N

Taking mtxibﬁtim;*ﬁf@ﬁ the peavest, first neavest aﬂﬁ “cmxd ¥ %“’ﬁ o -
neighbours amongst ﬁiz;‘ nine msxxi(* ifzaiff - fimis %3& N in rg:r‘* ijzbﬁf;@:‘cﬂ f*{ﬁh‘hj,(ﬂ w
aq. (54) ‘che'fim will }‘%_- 23,.@5 {"ypzf-z ‘of intex ;g.azc* but ﬁmt; of them ore ﬁﬁfﬁmﬁﬂﬁv
By judious vee of a}nm’e,rg atz:ﬁmz%niﬁ only &5 B s T Lcmd out tab&mj@@m&f&

Thege bixdependsad P—:lf&ﬂi‘{l’&ffz &u.,, gii.’a ATy }B & &

The mati ﬁﬁ“@ﬁ‘iﬁ*@n}i oF ergeyy bebtwean the Bloch swms of the Piﬁi‘ qlt@n“iﬁ

£ -
orbitala can noy b cong %3’1&@:& uss;zuj tha -%ziri:y - oae in&enaaég:, B 8. *Ifhe&:ca -

are 81 "rﬁmix.m“gﬂmﬁtsrbat ‘T;fg_i?i;iﬁ: 2 '(3§c 'Ch,‘fé,(ﬁi that. "{r;’lg'igﬂ'ﬁ_lt('ﬁiﬁfﬁ "g. ﬁ

ig Hermitian the matolx eleten ts above end }:ﬁ@im the agonsl are zel&m& by

1. s . 0
Mgy =M - L (58l
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Fs_-"ﬁ‘zcxs, it s suf £ ickzﬁt téi)‘ s:%:*ri, ';'
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= ok, ) B \akv At & = ol if:.* anployed. h*iﬂamaﬁm nead rotation ie \,si‘}it’i

to denobe the {f“LCJ;x. elements
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(n fuy = How (56)

Soner patoix elerents of enprgy fov siwple aubic orystals ave given in the papey
of J.C. Slaber and G.¥F. Koster (Table 2 of ref. 9). ‘These elenents are sufficent
to derive the vest and can be adapted to the body centerved cubic structure case

P

by applying the reguired syneetry trensionmation.

To conpute the enevgy bard structure we have to solve a set of secular
equations given by eq. (18). This is done most systematically along.the six
lines of particular symmetry, at the fowr special points of symmetxy and aleng

low symmetyy dirvection in the 1/48 part of the B2 which is depicted in £ig.2,

The sectiay matyix for each line and point of syreetry will be 2 x 9 and
corplex. The numarical solukion of such an egualtbn is tedious. But, by using
the symretyy adapted wave -~ finctions as basgis functions vather than the simple
atomic orbitals, the seculay equations can be reduced to the simplified irreduci-
ble form. The syanetry adapted basis functions arve constructed hy the method
of projection operator discussed in chapter 4. These syldietry adapted wave
functing tﬂg;ethez:' with the seculay equations in irz:eﬂxxﬂblg form for all symmetys

potnis, lines as wall as for general direction ave given in Appendix A.

As a foregoing exanple let's construct the secular equat iion for the gymuetcy
dirvection 2 . The spwebey adoptad wave functions for this case bave already

baen constructed in Chaptey 4.

For X direction k, = k‘f e O,m/22) and ), = 0, henoe & = §
€ {0, ¥2) and & = 0. ‘The symwetry adapted wave - functions given in
eq. (38) enploying the new nokatich are ag follows:

£ {ln, 12, 45, to)

1

n, o 16n]
; fay, 17t

<

3



e
Hererael

: (57
1)}

) i
where, [27) = g 2y o+ [

ey = ey -~ i)
199 = ¥ ey + i)
fan = & dn - 13

the secular watriv for I~ divection is constructed using the prececding
synmateized wave - fuoctions for thig divection. Conssquantly, the resuliing

equation hava the veduced form eq. (21). Jhe irreducible representations of

v

s are 53.[ ; Y?, by 4 and % a° Thus we have

L= 473+ % 4+ 2

1 2 T2k, (58)

3
Yave, each T, orvespond to different enecgy level and the coefficient of
:i's' indicates oxdar of doyenevacy Of the level. The secular matrix in irrveduci

ble Form is

T I T I I
%o 0O 0 0 o
1 £ é{) C 0 0 0
i i0 0 0 0O
o 0 0 oirio 0o 0 o= o0 {59)
0O 0To0 0 OCO 0
O 00 0 0 ....i0..0
o 0 0-0 0 0 O 5
0 0 O 0 0 0 0O \,




Whare
(/) - e G2 s (/9)
e (2174 (21/20) - mOL) 25 (209)

c - (5/1) ‘(5/2!} ‘(5/5)“—‘}3( 3‘) (13/9)

971 ©/2) G5 (9/9EE)

/B = A6t /8Y) < B (B = O
' I (4/4y - u { }33) (a1

Ty vy w0 )

i

i
o

H

{3%/3%) ~ ( 24) - (37/8)
/D/ = . I O
| {8734 (8/8 -~ % ()

For & glven joint in the ) - direciion, that is for fs.x;eé'-vai_‘%s.oka’? _m'*“;
- andd }{2‘. all the amifa wabriy elenents in the seculay @Eﬁliﬁn alee}spreg%d ag .
a fonctizn of the thirty one i-mﬂf?@‘zd%m’t BE's. The valus of the eg;téifgm \’ﬁuﬂ‘i\.
are eigeavalues of the above eyvations is given in Tabla 2., _

T

¥rom the secular equations for the symmetzy points and lines 129 iffeap
and non-ldnear equations con be cbtalned fiea the availsble date of encrgy
values in Table 2.

In the final analysis the task of extrapolating the vhole Wodg xeduced
o eolving a set of 129 Ligawr aod non-dihear eguations dn 3L Independent

Paranehens.
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Table %, Matrix olementsz of thoe Homiltonian.
jE (1l1y = HiT(QOO) + Bﬁll(lli)CﬁﬁuCQSﬂﬂosﬁ + ZE]1[200)(CGSZa *

C0526+C6326)'%QE}I(ZZO){GosZaCnsZB+CasZaCoSZG+CasZBCasZ$)

(1]2) = BiE,,(111) SinaCospCoss + 2ik,, (200)Sin2a + 41k, (220)
{Sin2aCos28 + Sin2ello526)
(1]3) = 8iB,,(111)Cosa8ingCoss + 218, , (200)8in2s « 41k, (220)

5in2g (Cos2s + Cos2a)

(1{4) = SiBJ?(lll)COSuCOSBSinﬁ'%Ziﬁl?(200)81n26=%41E12(220)

Sin2é (Cos2a + Cosip)

i

(15)
(1{6) "8E15(111)8inmCosBSinGrvﬁﬁig(ZZO)SinZaSiHZG,'

wBEIS(llljﬁin@SinBC035mdﬁls(BZO)SinZHSinZS

EIED ﬂmSElS(ill)CosaSinﬁSinﬁ-~¢Bls(220j8in2a8in26
(L18) = /3 E g(002) (Cos2u - Cos2g) + 25 Byo(220) (~Cos2aCos2s +Cos 28 Cos 2s).
(119) = By (002) (~Cos20 - Cos28 + 2C0826 )~ 2B, 4 (220) (~2Cos20C0s2 8 +
Cos2aCos?28 + Cos28Cos26)
(212) = B,,(000) + 8%, (111)CosaCosh Coss + 2R (200)Cos 20 ¢

2E53[200)(00523-¥0052&) + 4B, ,(220) (Cos2aCos28 +(os2alios2s ) +
4522(022)C0526C0526 ’
(2]3)=:m8B23(111)SinaSin&Cosﬁ‘f4E23(220) Sin2aSin2g
(214) # =B8R, 4 (111)5inaCose 8ing - 4E,,(220) Sin2s Sin2s
(2|5)t:~8i325(111)0a3a31n30q55eriBZS(OZO)SiﬁzB-+41325(220)cQsza81n23+
43R, (022) 8in2gCos2s
(216) = 818, . (111)CosaCosp Sing + 238, (020)5in28 +4ik, (220)CosZa8in2s +
QiEZS(OZZjSinZGEQSZﬁ " |



(2}7)

ey =

2]

(313)

(3{4) = -

(5] 6)
(17

(318)
(319)
(414)

(415)
(a]6)

o BB
~81iR ,{111) SinaSing 5ing

P;T/g{111} %inuﬁasﬁﬁwsa¢-J§1E49(002) SinZa

mJ§1528(111j SinaCosn Coss « 1B, (002) SinZa - 7k, (022)
(Sin20Cos25 + Sin2aCoszs )+2 V3ik, 4 (022) (8in2aCos2s ~
SinZaCos2é)

Ezz(ooo)+3ﬁ22(111)_cOsacosacQsa+2E22(200)CO323+2E33(200)

(CosZa+Cosza]%QE?2(022)6052u60525+4E2?[220)C052B(C052«+C0526)

8b?1(131)F09abln3 sing ~4E. 3(2403%1nza01nz3

8ik 111)8inaCo ,30656%?rf?r(G?O)oJHZu*éLLQS(O?O)olnzaLOSZG +

25 ¢
4iE?5(022) 3in?2 a Cos2é

“SiE (]i}) ina Sinpg Sing

BLL?S(lll)(03aLOSRu1n6%?1E (070)51n25‘413?¢(ZBO)CObgﬁﬁiﬂzﬁ*
41L2‘(02?)&in25L0 520 _
w81E25(111)Lp5m51nﬂCosaw/?iﬁqé(OOZ)SinZBm

2 V31K, (022)85n26 (Cos26 +Cos2a) +2il, (022)SinZs (Cos26 - CosZa}
wa/Jﬁiﬁzg(lli)COSuSinncosamlhqg(ooz)alngs-r '

2084 (022)81in28 (Cos2a+Cos28 ) +2 V3il, o (022)8in28 (Cos2a-Co528)

B,, (000)+81, , (111 }CosuCoss Coss + ZB?Z(ZOO)C056$2E3%(ZOO)

\--’!"-J

(Cos2a+Cus26 4B, , (022)C0s2uCos28 +4E,, (220)C0526 (Cos2a+Cos2p)

u81F2f(]]l) yinaSing Siné

= BLLJ[(JIJJS:naEQSBCO%G ZjL?r(OZO)v1n3a441ﬁ25(ZZO)COSZGSiHZa +

(4]?} w

(“i8)

@

41? (03&)51nﬂu(052ﬁ

81P?%(. I)LosabinaLos6*ZiEZS(020)8£n2&+¢iﬁzs(EZO)SiHZSCOSZG+
41&25(022)6032a8in28

o :



(5]6)
(517)
(5]8)
(5{9)
(6}6)

6]7)
(648)
(6]9)
(7|7

(7]8)

(719)
(818)

(819)

7

{,'1_ [

V3 iﬁzg(;lljcogaﬂﬁﬁBSiﬂd+3i549(002)81n26+¢1349{022}

(CosZabins +Cos28 5inlé)
HSB{000)%8355(111)C05a€0580056+2E55(200){CasZu%CGSZB)+ '
2B (002)Co826 +4B ¢ (220)C052aC0528 +48, (022) (Cos2aCoss +
Co528 Cos26 ) )
“8E,  (111)Cosa8ing Sins -k, (022)8in2p Sin2s
~8RHg o (111)8inaCoss Sins ~4B,  (022)Sin2p $inZs
o ,
~8£59(lll)SinaSinﬁCnsﬁwéﬁsg(ZZO)SiBZQSiHZB
ﬁSS(OOO)+8555(111)0053C056C056+2ESS(206)(C052u+C0325)+
ZESS(OOZ)CGSZB+4E55(220)C0528(CosZ«+Co§25)
~8Bg ¢ (111)SinaSing Coss ~4B , (022)§in2asin2e
4#?&59(111)Sinu605331na+2eﬁnsg(zzO)Sinzusinza
4B, (111)SinuCosp Sing +2% . (220)8in2aSin2s
By (000)+8B, ¢ (111)CosuCosp Cosé + 2K  (200) (Cos2p +Cos28 ) +
2B (002)Cos2a+4E, ( (220)C0528C0826 +4k . (022)Cos2a (Cos28 +Cos 28
~4 V3o (111)Cosa8ing Sing -2 V38,4 (220)Sin28 Sin2s
4E59(111)C05&Siﬂ831ﬁ6+2ﬂ59(ZZO)SiHZBSinﬁé
g (000) 81y (111)C0s4CosE Coss +3Eqe (002) (Cos Za+Cos g ) +
2888(002)(%COSZu+%CUSZB+C0525)+3599(220)(C052300526+'

3-8

005230052@+4ﬁ88t2203(coszgcosza+%cOszucOszs+%caszﬂcOsza)
/§ B (00?)(QEOS?G+COG?B)~/§ B (602)(«6052a+Cos?ﬁ)-%
7 Bgg (0U2) (~Cos2atCosip )/ Beg 054

Y3 599(220)(c@szuﬂasZéwcoszsCosza)waﬁﬁgg(zzO)

{CosZ2aCos28 -Cos28Cos26)



e HEY e
CF Y R VA o £ i Ao B -,i, o T I i- N I
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(Oﬁ;u} }E {{002)[COSZ&¢CQSZ@)+4ﬁ§9[220)(CDSZGCOSZﬁ*
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665236032ﬁ+§6032360326)+3E88(220)(C05 afosiaetoé?ﬁfﬂﬁiﬁ)

e
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are taken o havae sero valuo,
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5.2 Numerilcal Bnalysis and Conputer Programming to Bvaluate the Pavameters.

Am it ig well lncsm foom the theory of stulianeons equations, one can
expact a Goigue set of solutions if and only if the nuber of unknowns matches
the nmber of equations. It ouir case the nurber of eguations by fav exceeds
the nurbar of wnkocwns. Mathematically the pylstﬁfﬁ? of unigue solution ig
doubtfull. But based on physical growund we know that thei:e exist a unigue
set of golutdions. As a matter of fact, the 129 eguations should be yedundant
or nearly redundant. Indentifying redundancy amongst the non~-linear equations
is a curbersome task, o we resorte to other pogsibility to accanplish the
primary purpose of determining the parameters.

Solving the linear set only six parameters can be obtained. These pavamoters
ave comparable with iron pavameters [20]. Comparison of the band structure of
Cr with that of iron calculated 'by Augmented plane wave method {21] shows that

the band structures of Cr and TFe have the sane shape except for some shift.

i

From this point of view it is xeasonsble to use the lron parameters as
crude starting values and to refine them till they satisfy the 129 equations,
there by reproducing the band styucture along the symmetry lines of the B2

conputed by first - principle method.

As can be seen explicitly in eq. (53) the paraneters depend solely on the
overlap 6‘5 the orbitalsy The paransters in absolute value will be greater for
overlapping orbitals on the Same center than for overlapping orbitals between
rearest nelghbours and thisg in turn is 'g‘;feate:er" than the owerlap between second
nearest neighboucs and 20 on. Based on this fact the thirty-one psrameters can

catagorized into four groups:-

1. E_ll(f){x)), 1322((m)f ESB-(C(?O); EQQ(OCO)

2. Ell(ll}__) v By (111), By (113}, Eoy (111), ’.{'}23(111) ) EZS(Ml)
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(9%} ¥ et

e %*r:s"onﬂ ﬁf;a,:r:t of this process uges the valuss of the fivse four parsreler
..iﬁ;rmin{»:ﬂ by the First process and ivon paveweters for tha yest. And all the 31
- ‘,:aﬂﬁasﬁr& are verisd on an interval of leagth 0.1 Ry with steps 0.0L Ry. fne
nin of i:fe azg{;iui,e error in %—03 wilng the secular equaticng decreassd hy one -
half in the process of varying the paransters in the aforewmentioned intecval.
ind above a1l the new values of all the thirty ~ one parareters Jie with in the
open interval. ‘This svggests that 1_0 get bhetier valves the only requivement
is to shrink the jnterval and refine the steps of variation. In this process
the new values vece varied on an inteival of length 0.0L By with. increment 0.00L
Ry. In this case sam of the newly cbiained values lie on the edge of the
interval. This is a doubbful situation for the best valugg mey lie oubside the
intervol. Thig was ,_:ifen'g;fiied h}; varying all of them on the sone interval with
the same incvement bot usmg the new values as starting ones. Md the outcoms
highly zeduced the evvor and all the thirty -~ one paramsters lie in the open
interval. And refining the widty of the intevval and the steps further the
variation continuved in an loterval of width 0.001 Ky ard with an iocrewent of
OOCé;i}Ry The error kept on decreasing but not apprecizbly as before and finally
varying 'in the sane interval and with the sae ataps the errvor is found to strike
. the game valua. 7 This suggest to refine the intorval and the increment but this
is not acceptable for the initlal values, that is the iron pavameters were given
to four decimal acouracy. . The itoretion vhilch is strictly converging process
was teviminated at thds polnt. The progromee used in this nc‘th{;:ﬁ is given in

Hlowchart. form and in-Fortran language In Appendix B.



i, (000)
B, (000)
£ ¢ (000)
E g4 (000)
By, (111)
By, (111)
By (111)
B, (111)
B,y (111)

825{111}

B 37 (111)

B oyg (111)

B e (111)

356(111)
E gq(111)

i

i

i

i)

i

H

it

Vaines of the

- 50

Interaction

iron in Rydberg Units

0.4041
0.9815
~(.1103
~0.1188
-0.1341
0.0876
~0.0303
0.1036
0.0765

~0,03510;

~0.0305
'0.0251
~0.013]
-0.0208
-0.0182

070218

E {4 (200)
B ., (200)
B 4 (002)
B, (200)
i, £200)

B, (020)

]
B . (200)

B (002)

B 4 1002)

B g (002)
F 4 (220)
15 (220)

. ey
o]

]

55 (220)

[—)
]

(220)

" 59

E, QLOOZJ

"

o

i3

i

i

i

T

Integrals fov

-0.0291
0.0828
-0.0210
00.2148
0.0110
0.0184
~0,0371
0.0154
0.0013
~0.0010
~0.0529
0.013.9
-0.0041
-0.0039

0.0010



Table 5. Values of the Mrsp Poup 4

intarsciion tegrals Chiained By the
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Table 6. The Calculated i (}\} Valvss in Rydhery Units for Ce.
a} Using the intevactien integrals of irton.
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CHAPTER 6

RESULTE AND BLECUSS TON

The principal &esult of thig work iz oblalining the values
of the interaction integrals for pavamagnetlc Cr which were
treated as simple parvameters, Thelr wvalues can be used to obtain
many valuable physical propexties of the cyystal such as energy

band. structure.

Once the interaction integralsg are obihalned computation of
the energy values 1s a simple task of diaggnalizing the different
secular equations, The energy values ave nothilng else but elgen-—
values of the complex matrices, The enexgy valuea at the symmetry
points and at many points along lines of pafticular synmetxy in
the 1/48 paxit of thoe BZ are computed by diagopalizlng the seculaw
equationg listed In Appendiz A, Such computatlon has been carried
out: along the high symmetry lines A , A, &, D and along the low

gsymmetry line from symmetry point P to pojnt X in the BZ.

The energy bands at the symmetyy points are connected with

the compatible enexgy bands along the syvmmetry lines [22],

The energy baﬁd”structure computed by Slater-Kogter intex-
polation schene contain higher energy levels that arve not glven
by the first -~ principlé method,. This is basically one of the
advantages of the Slater-Kosgter metbod which makes 1L an extra-
polation scheme. The other lmportant achievement of this method
pertaing to the intevpolation oif the enenrgy band styucture
along any general direction in the B% which is not computed by

the first - principle method, As an illustration enerxgy bhands
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along a general direction are shown in Appendix D, Fig(j). This

involves solving 2x% complex secular equations at all noints aldng
this direction for it lacks symmetry the secular determinant does
not have reduced form (Appendix A, Mo.l3). The only operator which

leaves this general direction invariant is the identity operator.

The enerdgy band structure of Cr internolated along symmetry
lines by the Slater-=FXoster method is shown in Figures {(f to j) of
Appendix D together with I {(k)-values computed by CGreen's function
method |1}, The computation by the interpolation scheme is carried
out at more dense points than it is in the first -~ oprinciple
calculation of Asano and Yamashita |1}. This is the other advan-
tage of usinag the interpolation scheme in conguncﬁion to the first

principle band caloulation methods.

In Fig. (15) the higher bands along A - direction Al at

L. 0) show some
4a

anomally. There is also sharp peak in the engrgy band along

e (T - directd = (e
X = (g~ g= go) along © = direction 1, at K s

= w37 N
D = direction Dy at % (?a Y 83) (Figure 16) and the higher

band along the low symmatry direction D show somre anomallv at

- 3w
k 16a 2Za lGa)

The unexpected peaks occuring in the higher bands may be
accounted to be dus to the fact that the eneragv values for higherx
bands is not calculated by the F¥FEKR method. So, in the processes of
improving the valuegs of the parameters by our search method, the
secular equations for higher bands were disregarded due to the
deficient available data and this produces an abnormal behavior in

the higher bands. The other most important reason that accounts for
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the observed aromally ig the neglect of some of the interactlon

integrals betweon seceond neavesi neighbonrs .,

a -,

Bome discrepancy is also scen in the inter calculated

bands . The maxinuan oerror, that s the maximum diffarence
between enexgy valueg caleulated by the first - principle method

and the ipterpolation scheme 1s 0,08459 Ry and it is along the
A = direction Ay band . The errvow along a glven direction is

maximum except in some cases in the relatlvely higher bands.

The digcrepancies veflect shortcomlngs of the method when
it dis used as a guantitative method of determining energy bands,
The reagon Lor this is not far o seek, The Slater-Koster inter-
polation scheme which ls bagically LCAO method regarded as a
mathemaﬁiaal-metﬁod 0% obtaining approximate solutions of the
Schroedinger eguatlon, it ig mogt successful vhen the inter~
atomic distance of nearegt nejghbours 1s large compared with the
spread of the atomlc wave-funciions.

Since the K-vector along the A - directlon intersects
pexpéndicularly the <111i» plance on which the numbexr. of atomg ls
relatively less and therefore the interatomlc distance lsg ghortex
compared to the spread of atomlc wave-functions, the maximum dis-
crepancy is observed between energy values along the A -~ direction

for the LCAQ method met lts liwmitatlon along thig direction,

The abgolute mean difference between the interpolated enexgy
values and those values of the enevygy compubted by the first -
principle method along A - dirvection iag 0.0212218 vy, along A =
direction 0,017092L Ry, along low?symmetry divection P-¥X 0,00828

"Ry and along the ¥ - direction 0.002471 iy,
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The Slatewr-Koster interpolation scheme which is hasically

LCAD method is ab Lis besit along the ¥ - dirvection. The k -

AN

vector along & - direction incersects pevpendiculacly the <110 %
plone which is the most dense plane ln boc lattice. The reparam
tion between plaéncs along this dlvection is rvelatively long to
pregerve the nuber of paivticles In o primiitive unlt cell gf

the Bravails lattice. Hence, the LCAO method is most succegsiul
along this direcition for the inter-atomic dlistance of nearest
nelghbours is large comparad with the spread of the atomle waves

functions,

At the gymmetyy points in the BZ the absolute mean diffe-
rence between the interpolated and those values of enexrgy com=
puted by the fiyst principle method are: at symmetry point T
0.00333 Ry, at symmeliy point # 0,00243 Ry, at symmetry point p

0,01608 Ry and at gymeetyy polnt N Lt i3 0,00625 Ry,

iron and chrowium arve both transition metals and theix
stable room tempevature form is body centered cubic (beo) Bravais
latticge. Mass number of ¥e 1o 25 and of Cr io 24, Tha lattice
cgongtant of Fe i 2,8?& and of Cr 1s 2.88 A, Hence, it ig reaso-

nable to expect that the band structuce of Fe and Cr have gowme

simllanity. .

The loteraction integrals of Cr ace evaluated using e inter-
action lutegralg as rouwgh starting wvalues, Thege interaction
integrals which are {treated ag dilgposable congtants (parameters)
in the Slater-Kogter interpolation scheme are vavied on an jinten-

val of physically accepitable  vange, The computation ils caryied



ot by NOE compuier . Phe progranme in avi form and an

FORTRAN Language is given  dn Appoendix B,

The ghape of thoe Dapd gtvucines by Ianflvencaed moest by the

interaction integrals belween Bloch wave-functions on the- game

-

center, This 1la revealed by the Lact that these integrals

variced most frowm thalr intelsl value Lhan thoe reast.,

(L1L) rvemained unaltered

\

e
Tt

The interaction integral B,

@0

thronghout the wvarlation processes, Thils integral depends on
the stmcture oFf the lattlce, PFow Iron and Chromiuvw have the

same lattice stnuctuve ihe interaction integrals which depend

on the structure factow veried negllgibly or remain unaltered,
Only those Integrals which depend on the potential vaviled
appreciably. Amongst the 31 intecaction integrals Eéz(DOO) varied
most From ity indtial value. The dilffevence between Ezz(DOO} of

Tron and Chrowilua Le 0.4575 Ry,



CONCTUSTON

i

The Slater-Kosteo inter polaticn scheme, which short clreult
many of the caleulational complexitics inhevent in enorgy band
calenlation by the judiclous use of symmetry avguments and
growp thaory wmothods thereby deading to a deepeor wnderstanding
of the gualitative fealures of the electron eneryy versus ﬁave
number dispersion relations do used here ag a ugeinl adjunct of
ab-inttio calenlation (Greens functions method) . Knowledge of
E{ﬁ) over a sufficlently broad range of energies would paymit
the determination of the crystal potentlial (by nse of technigues
developaed in Nuclear Pﬁysics), Tt would then be possible to deter-
mine wave-functions yhich could be used to calculate wave-function

depandent. properilasg,

Morveover, the xesults obtalned can be dirxectly used to
¢alceulate density of gtates and the complex energy band stiucture
of Cr. "Thege givé us valuable Information for the study oif elec-
trical copduaetiviiy, nagnetdam, optical properties related to

transition between encrgy bandg, charge and spin densitles ag

ohgsayrved ln ditlfcaction experiments and othern related propertles.

i



- 64

REFERENCES

Asano, 5. and Yawashita, J. "Land Theory of Antiferromag-

netic Cr," Journal of Physical Society of Japan, 23:

714~36 (1967).

Ashcoroft and Mermin, N.D., Solid State Physics. New York:

Holt, Rinehart and Winston, 1976, pp.132=141,

Slater, J.C. gnergy Bands and the Theory of Solids in

Methods in Computational Physics Vol.8., eds. B. Alder,

S. IFernbach and M. Rotenberg, New York: Academic Press,

1968, pp.21-32.

Callaway, J. Enerqgy PBand Theory. New York: Academic Press,

1964, pp.55-95,

Ashcroft, N.W. and Mermin, N.D. Solid State Physics. New

York: ilolt, Rinehart and Winston, 1976. pp. 175-190.

Callaway, J., Energy Pand Theory., New York: Academic Press,

1964, pp.l02~108.

Ellivtt, R.J., and Gibson, A.F., An Introduction to Solid

State Physicg and its Applications. London: William Clowes

and Sons Ltd,, 1974, pp.9%8-10Z2.

Cambridge University Press, 1972. pp.91-95,

Slater, J.C. and Koster, G.F., "Simplified LCAO Method for

the Periodic Potential Problem", Physical Review, 94:

pp.1498-1524, 1954,



10.

11.

12.

13,

14,

15,

160

17.

18,

19.

- 65 -

Asdente; M. and Priedel, J., "3d ERand Structure of Cr",

Physical Review E, 124: pp.384-390, 1961.

Ehrenreich, N. and Hodges, L., Interpolation 5cheme For The

Band Structure of Pransition Metals with Ferrowagnetic and

Spin-Orbit Interactions in Methods in Computational Physics

Vol.8. eds., B. Alder, S. Fernbach and M. Rotenberg. New York:

Academic Press, 1%68. pp.149-190.

Heine, V., Group Theory in Quantum Mechanics. London:

Pergamon Press, 1960. pp.l-24,

Kirk, W.M., "Symmetry Groups in Physics®, Reviews of Modern

Physics, 37: pp.84-105, 1965,

Koster, G.F., "Space Groups and Their Representation”,

Solid State Physics, 5: pp.l173=-256, 1957,

Heine, V., CGroup Theory in Cuantum Mechanics. London:

Pergamon Press, 1960. pp.24-47,

Heine, V., Group Theory in Quantum Mechanics. London:

Pergamon Presé, 1960. pp.113-128,

Falicov, L.M., Group Theory and Its Physical Aprlications.

Chicago: The University of Chicago Press, 1966. pp.20-42,

Slater, J.C., "Space Groups and Wave-Function Symmetry in

Crystals”, Reviews of Modern Physics, 37: pp.68-83, 1965,

Callaway, J., Energy PBand Theory. New York: Academic Press,

1964. pp.5-28.



20.

21.

22,

w66 -
Mikusik, P,, "Calculation of Compnlex Eand Structure and
Surface States of Iron*, Ph.D. Thesis. Pragues
\

Institute of the Czechoslovakia Academy of Sciences,

1574. pp.38.

Wood, J.H., "Energy Bands 1in JTron Via the Augmented Plane

Wave Method", Physical Review, 126: pp.517-527, 19262,

Jones, H., The Theory ¢f Brillouin Zones and Electronic

States in Crystals, Amgterdam: North-Holland Publishing

Company, 1962. pp.l09.



o 5
Appendix A.  Symmetrvized wave-funciions and secular equations.
1. Point 1(000) a =g = & =0

The whole cubic group Oh leaves this point invariant.

D o= vy b Sy v 3r,gn w2r

Py (1

I‘lsrr;! {lz) " |3) 3 ]4)}
ryetn £]5) , f6) , 173}

ry, v {18) , {90

= By

(212) - E(ry) 213) (214)

(3123 ' (3]3) - E[rig) (3]4) =0

(“12) (413) (4]4) - B(ryg)
J0515) - Hrye) (56) (5]7)

(5]6) ' (616) ~ B er) (6{7) s O

(517) (617) (717) = E(ryg)

618y - E(r (89

(618) ¥19) (819) o

(918) 819 - B(ry,)



Poini H{O [, 0) o o= 6 = 0 A o=

The whele cubic group 0, leaves it invariant.
Do iy iy e+ Hyy

Hl w1y

Hye v U]2) sy o 14)3

Hygov 19) , 6) , 7))

He o ~ {48, 19))

(1}1) = B1)

(zi2y - E(HlS) (213) (z{4)
(s12) (513) ~ B ,) (s14)
(412) (413 (414) = E(H )
(515) = E(H,c o) (5]6) (517)
(5]6) (6]6) - E(H,,) (617)
(517) (617) (717) ~E(Hye o)
(glg) - E(H, ) (8]9) o

(9]86) (9]9) - E(H,)




- (sz)r

(3]2)
[(412)
(5]2)
(6]2)
(7 2)

v B9 e

Point I’(?}-{;1 R ;i;, , ;Z) @ =R = 6 = T

Coy JCys JCZ) leaves it invariant.
3 .

The gro&p Td = (H, ng

Dom By v Byov 2y

Py 1)}
p3"-‘ {|8) s |9)}

Py th2) sy, (), 15, [6) , [7)}

(1]1) = B(P,)

(88) - E(Py) - (8]9)

ol 9 - sey| ’

B(Py)  (213) (z14) (215) (2]6) |7

(B13)-E(P,)  (3]1) (s15) (316 (3]7)

(413 (4la)-B(P,)  (4]5) (416) (4]7)
(5]3) (1) G[)-EP)  (5]6) sln |
I N CA ) (6ls)  (6l6)-E(P,)  (6]7)
ol . ol (715) (716)  (717)=E(P,)




Poini

The prour .
Frout f,h

.
3 v
(v e
S

leaves i1 invaviant.

2 _21: |
\5 3 1x { }f? { i 1y

REWARS EEEE SRRy

(4]d) = B(N

$EE212)

{55

(915)

(oloy - (673

©6]7)

(L)
(519)

(9]9) - BN

(7141} = E(i,)

(716171 = B(N,)

(3]2)1 = B(N,.)

(32))

= {)
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. 3 Py H '-3 . ,-‘3.
they are {E, C}, Cye Gy JC5, JC

o PL e

Divection Alu = 8 = 0, £ (0,u)

There are 8§ operations which leave the A direction invariant,
| 4 .2 S SR R |

- s, JC, JC.7 .

'L J(g s Jly }

it is a group of plane operations which sends a
%

Y This is the

group CQV )
square into itself. It contains a fourfold rational gxis and

four creflsection planes. : s

. . 1
D o= 3hy ot Ay b A v 2R,

by v L) L [3), 1(/318) 5 19)))
A, v {3(/3]9) - [8))) |
Az'm {je)} o C

Ao v {12) 4, 15 )

et [8') = 1(/B[8) + [9))

194 = 1(s319) - (8)

(1) - BGap) Almn (18" |
1211 (313) - B(a)  (3]8) =0
CLRS (8]3) (8'18") - E(a)]

d U309y + (8]8) =~ ¢/3(8l9) - /Z(ele)) - E(AZ)'
(6]6) = E(ﬁzi)

(2{2) = E(Agd=-  (2]4) (2]8) @2t

“loy e Gl - B(ag) (415) o
slzy - (5] (5]5) -B(A,) 517

(6]2) 6]4) 615) (7]7) ~ B (ag)



- 92

6. Direction Afa =R = § , o a(Q s W ))

CGroup sz leaves A divection im Brillouin zome invayiant.

oo Theve are 12 operators in Czy

CEV v{B, 204, 37C,, I, 20C,, 3C,)
1 _ 1 T
Ay o= (1), Y3(12) + |3+ 14) , /B(]S)+|6)+] )}
1 1 . _ -
by = #B212)-19- 103), A(9)-10), BEIS-19)-11),

CYIE6) -1, 18),19))

 let "lz‘) = J%(iz)‘f'i?s)%%;ﬂ)')'
B D I /%<|s>+16)+l?))-
[at) = ¢§c212)4lz)~|4>)
181 = JZls)-140)
161) = A(2]s)-16)-17)
1713 = /Tle)-17))
l-sy) o alzy ERCNED
(z'ly (2*12)-B(A)) @3 =0
SR (3']2") (3']3")-B(A})

[@imy-Reag) @iz @le) @) @s) @]9
(a7 (BI8)-B0g) (56 CED I DR )
(cla) @) (6le)-Bmy) (67 (@18 (6]9)
7l sy ley ()-Bay (718 (7]9)
(8]4") | (815') (8l | 8]y (8'!8)»3‘3.(63) - (8]9)
(9]4) LS (916 o) (f8)  (9[9)-Bay)

#




(o =8, B ow-aq Cae (0, )

. . i h I )
(, Co, €, S0y, acy?, Jeyt)

I Fy v {Il), Y3(]2)+|4)- 1%)) » /3(16)-15)- l?))}
N {/“(I?)*|3)J  BCIDHD-12) /ZtlTB 15)) , .

ff_ aéczlé «[5)+17)) ;5 |8, 19}

?"_ ]ét'iIZf) 5-/§(|2)+14)"13))
L R ¢”(i6) [5)-17)
‘ ey = fﬂc123+l%))

s s Jﬁtz[ﬂ) 33-12))
l65) = /2 J”(IvJ 153) |
<119 a;#zézla) H15)+17))

el - E(Fl) S ES VDI (1{3*)
ety (2']2') - B(¥,) (2']3") = j=0
ey (31]2") (3]3") - B(E,)
(#]a)-E(F) . (41150 (416 (44 171) (arls) (4|9
6rlay . (8- E(FE) (5716%) 7y Grs) (57]9)
614"y, (61159 (6]6)B(F,) (6']7)  (6'18)  (679)
'(7'14* - (215" - (7']6") (M7)-Br) (71]8)  (7'(9)
fesjany S @lsy T slen (8179 (83)-E(E) (8]9)
ol C(o]sh) @6y 7Y ©l8)  (919)-B)




s ae(0, %))

Divection Lo =68, § = O

. G‘r()l_up Coy v (B, ‘CZ . G

=
i

™
<

5, v 1), ZUDH, 15), 19)
B, {V%(l7)=165) | |
x5‘§ (), 217 +(6)))

g 5;(12) 130, 183y

- 1;; 2y J“(|z) B

61) = zmcl?) l6))
[7:3 = /f(17)+16))
3y = ¢?c12) 13))
=B afzyy Q)9 (119)
et (2']203-E(xy) . (2]95) (2|9
Tl slay (5] -B(y) (3]9)
CIRY) e S (9]2Y) (95 (9}9)-B(2y)
i{(6i6)+(f{7)-ﬂ(6if} - (7]6)} = B(zz)'
(414) B (g (4]77) Ly
c7ﬂ4} ; :-,,hcvfl7*}»ﬁfzg) :
(3*l3'.w5c243 (38 o
CIED (8&3)-E{z ) |




9. Divection Mo = § =4, , §&(0,7,))

Group G, v (K, U; ,oacht }£;1 )} leaves divection O

. invariant.

D= ADy 4 by v 2Dy 2Dy

by v L), 1), fs), [9))

D, {l§)}

by v 2D 1) J?(tsj #17)))

B, v (202 13)) 4vclb) t!))} .

let |2') = Jz(IZ) 13))

C6ny - J?(la}+lv)3;
13') = f?(IZJwISJ)
S |
|7') = JZ(|6)-]7))

'{111) ~E(Di) (il (1]s) (119)
e (14)- B(Dy) (415) (419)
IO (514)  (5]5) ~K(Dy) (5]9)

(9]1) CIDE NCID R CIE RS 0N

(8]8) = E(y)

ICARFASEE Eﬁﬁg} _EZ‘Iéf} o
(6'12) (6']6') E(D, )
tint NE “ AR A
(31131 - By 7y | o
G B T TN




Bivecition (8 = i - o ¢ =0, ae (0, "*"f,f? 73}

H
b?oup LZV

.Y R ™ alq (ji;gl ) 3
LZV v {B, (_.2 3 B JCZ}

D= 4G+ Gy 4 26, ¢ 20

1 / 4

1
Gy v L[, Y22 -13)), |8y, [9))
1
G, v L/Z(l6)+17))}
1
G v {14), /2(]6)-]7)))

1 :
Gy v WVZ(l2)+]2)), [8))

4

1
tet  |2¢) = V/I(]2)+]|3))
!

|61y = /?(IG)+I7))

[31) = VEC12) = 15)

[7) = VE(6) = 11))
OIV-E@E) (3 (115)
(3111 (3'13)-5(6) (3'1%)
(511) (513" (515)-B(6,)
(911 (9]3") (21]5)

JLB16)+ N +(6]7)+(7]6)} = E(G,)

(4]4}mu(e3) : (4]7")

; =z 0
(7' ]4) (7'17')ﬂ5(63)
(2412%)-E(Gy) (2* |8) o
(8]2+) (8]8)~L(G,)

leaves diveciion G invariant.

(119)

(3'19)

(519)
(9]9)-B(6;)




11. Dir(ﬂ:tioﬁ P o X o= §de {0, "'l'/z) , Bo= ‘rT/?_;{
Group O, {h, J (',‘é'ti} leaves this directlon invariant.
Bowo6p" ¢ 307
DY Cla) 13, 16), YICl2)+l4)y, V(i) (319)4vEls)))
DT oAy, Y2251, (A9 -vE]8)))
1
let {2') = VZ(12)+]4))
[50) = vZ(|5)+]7)
fary = Loy /318)
|41 = /22)-14)
[7') = VZ(2]5)-17)
[91) = §]9)- /3|8
(-0 - (13 (1]6) (2 () (1]8)
(311) (313)-2(d")  (3]6) (312+) (315" (318"
(6]1) 613 (616)-BT)  (6]27) (615" (6]8")
(z' 1) ' (2t13) (296) (2 m-E@T)  (2)5H) (2)8Y
CHVE (51%) (516) (5929 (sfsy-5(0") (598"
(8']1) (84 3) (816) (842" (&ls')  (8]18)-ED")
(4'}4') - E(D") (4 61y (4'19")
(614" (6'le') - B/ (M) (6" 197) =0
(94

- I

") . BECAAD) (979" - E(D)

=0
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12. Dirvection N-X wc(0, "%}, B =7, § =0

Group C, v (B, JC) )
D& 6HT o+ BN

N AL, 12), 15, 18), [9))

N" ~]4), 16), 17))

- 12 (1]3) (11s)
(2]1) 21BN (2]3) (215)
3l0 (32)  (3]3)-B(N*)  (3]9)
sin 6l 613 6l5-ENY
(811) w6l 6l (8]5)
Ol o)) ©ln s
(414) - BONT) . (4]6) ol

6]a) (6[6) « EQN) 6]7)

(714) (7{6) (717) - B(NT)

()
(2{8)
(3]8)
(518)
(8]8)~n(n")

(9]8)

(1}9)
(2|9)
(3]9)
(519)
(8193
(9]9)-6 @)
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Appendix B. FPlow chart for the interpolation scheme,

C ST AR )

T,

S -

bJ)kead in iron parameters.
B)ﬁead in energy values computed by Green's
“Tunction method,.

______ R

Vary t?e ?irst four parameters interchsnging their
ordgr Z-times on an interval of length C. % frou
their center value with steps (.01,

U, ¥ AU O OV
Take the four new parameters which yield minimum
error in the secular equation and for the remalning
use iron parameters as starting values,

I

[ Jidth of the interval 0.1

and steps of Vayggtiogwglgﬂ

Vary tlie parameters on this interval with the o
aforementioned steps of variation.

H*’~—_'"""‘“‘“‘"‘“"_——”7'"L“' ) '"‘"':J*:"t?“‘“"f"AA___—"””'“_""'

Change the valuos of the parameters by Thobo values
#hilch minimize the error in solving the secular egs.

No T D
r——===..____ ls the error changing appreciably? -7

S, S
s

BN - Is there any e
——— parameter tnat lies on the edge of 77
T—..____the interval, T

1 g R SR = T i e

NG

L pDecrease the ipterval and the sﬁéﬁ&igg_gifggﬁiﬂiﬁfijj

T N [
e I8 the new dnterval == (0,00001 . -
T — _‘____-_‘-'—‘"__-k B T e

e ]
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L , .
‘iff///(;a‘ ¢ bixe‘ rew 1>EJ rilnfvi,fil 5owhic 11 H!l.IlJ_LJ) %e the er ixii:,f

_most. } e

e e S VU O
USLng thenp new valueﬁ for the parameters,triangular-
~ize the secular equations for the symmetry points
dﬂﬂ 01reciJonb 1n Lhe Bljlloulne 20NG.

" molve  9%x9 Complex secular equation for a general
direction in 1he Brl]loulne Z0ne.,

e e e et

. _ . e
//// Write all elgenvalues. “J//)7
< 5T O0P >

GUBROUTINES THAT ARE USED lN THIS PROGRALBLS,

Bubroutine 1, Calculate the matrix elenents
of the Hamiltonian.

Al

Gubroutine 2, Triangulsrize an nxn matrix oy
Gaussian elimination, Write the
diagonal elewents and the trace,

/
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CZF MG s lhs b e S ib3h 5238360 4348 hehl DB H2h ) aDEHDTEO L D6
3sbleGaibed ;-‘J)g(;f){f}y(}) ?(}i((}fh, ?]I {(ui)} 3!'( (O &) a!ﬂﬁ;b)gl’i({:;ui sIET
4502503 4045 U6, 00,002
DIMENSTON Evld L)
1 B e S

e e W B ]

PIL = 3.1415926 )
- TTTTTIC2 = O RPLRA2 0 0.0 s T T s -
C3 = CHPLXED. 00,0}
..-e{i; - CF"‘[ qu 0'993{)1__ - - [ FE— e - - B e e
Co = CHPLX{6.0:0.01) :
R e T et & oy el b e C’ﬁwﬁ?mé"ﬁF[:Rﬁ"ﬁ}"ﬂ"{ﬁf;K .j..wx.m_-_..—.\ma_m.-,-.-.,h,ﬁ A SRR AR a8 o ok T e e . e
' CL2= CRPLXLLZ2:0,;0.0} '
- TTTREAD T 257000 (L)Y s T=de30 0 T T T

700 FORMAT {LIFT47LLFT.479F7.4)
T UREAD [257051 CLKIT od ) 5 IEE 398y JE1 .3 ' ' o
TO5 FORBATCHTB.5aF 3 l) /7T (FBaSsF3 L)/ T(FBa54F3al}/TUFB5.F 3,30/ 7(F8:%
Y =X PO S P L P S P R A o P T G SU R AT A S S PSR P S A SR P T P R VA RS S K
\ 2300/ TUEB.5F 3. L0/ TLFBS4F3, l)/?(}ﬁa5953413I?€f8aégF3el}/?iF835953
T3/ TIFBLG:F 3, L) /54F8.55FF, 1)3 : o o
DO 36 I=1:%
TI6CEELTY w oIy
‘ DO- 35 L=lsl6
(e -w.wm-u—m-m?a-#mmsam.._»rf} — I,:__.:T;-QWJ e e bkt it 3 € ot Bt B 8 61 3 o el 8 4 b T A o 6 1 B e 0 Sk TP e o S8 8 £ e ok = R ks B AL AT e
- EMIN = 2;. : :
e QUMINTECLOWELZ o et e e e e
EMAX = CECDD ¢ 0.5
TUUELY s ELIY <~ 0.5
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L45 CﬂNTiNUF

ot s n e
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CALL _GAUSEL LO0EYl%hedd
SUR = SUM + CABS‘B%T)
155 CONYINUE _ PO
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