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Abstract

The Bethe-Salpeter equation (BSE) provides a non-perturbativ method of treating
the relativistic two-particle bound state problems on the basis of covariant instanta-
neous ansatz (CIA). On this basis, the structure of the hadron-quark vertex function
I'(¢) of vector mesons is derived from a QCD motivated Bethe-salpeter (BS) frame
work and it is generalized to include various Dirac covariants (other than iv.e) from
their complete set. They are incorporated in accordance with a naive power counting

rule order-by-order in powers of the inverse of the meson mass.

We study vector meson decay constants with inclusion of both the leading order
(LO) and the next-to-leading order (NLO) Dirac Covariants, in addition to iv.c, in
the Hadron-Quark vertex function I'(¢) from their complete set on the basis of power

counting rule through the frame work of BSE under covariant instantaneous ansatz.

vi
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Chapter 1

Introduction

Many powerful theories in physics are described by Lagrangians which are invariant
under certain symmetry transformation groups. Invariance of a Lagrangian under a
symmetry transformation leads to a conservation law. The conservation of energy,
linear momentum and angular momentum are consequences of space-time symmetries
of the Lagrangian. It is believed that all interactions are generated by imposition of
local gauge invariant on a given Lagrangian. When they are invariant under a trans-
formation identically performed at every point in the space in which the physical
processes occur, they are said to have a global symmetry. The requirement of local
symmetry is much more strict than the requirement of global symmetry. In fact, a
global symmetry is just a local symmetry whose group’s parameters are dependent of
space-time co-ordinates. Historically, these ideas were first noticed in the context of
classical electromagnetism and later in general relativity. However, the importance
of gauge symmetries appeared in quantum field theory. Today, gauge theories have
applications in high energy physics, condensed matter and nuclear physics among

other subfields.



In Chapter 2 of this thesis we discuss the most widely known gauge theories, quantum
field theories, including quantum electrodynamics.

The earliest field theory having a gauge symmetry was Maxwell’s formulation of
electrodynamics in 1864. The importance of this symmetry remained unnoticed in the
earliest formulations. After the development of quantum mechanics, Weyl, Vladimir
Fock and Fritz London modified gauge by replacing the scale factor with a complex
quantity and turned the scale transformation into a change of phase (a U(1) gauge
symmetry). This explained the electromagnetic field effect on the wave function of
a charged quantum mechanical particle. This was the first widely recognized gauge
theory.

In 1954, attempting to resolve some of the great confusion in elementary particle
physics, Chen Ning Yang and Robert Mills introduced non-abelian gauge theories
as models to understand the strong interaction holding together nucleons in atomic
nuclei. Generalizing the gauge invariance of electromagnetism, they attempted to
construct a theory based on the action of the (non-abelian) SU(2) symmetry group
on the isospin doublet of protons and neutrons. This is similar to the action of the
U(1) group on the spinor fields of quantum electrodynamics. For the theory (SU(2)
symmetry group) to succeed there had to exist a massless isotriplet of intermediate

spin-1 vector bosons.

This idea later found application in the quantum field theory of the strong and weak
forces. The strong force gauge theory, now known as quantum chromodynamics, is a
gauge theory with the action of the SU(3) group on the color triplet of quark fields.

The Standard Model unifies the description of electromagnetism, weak interactions



and strong interactions in the language of gauge theory. The importance of gauge
theories for physics stems from the tremendous success of the mathematical formalism
in providing a unified framework to describe the quantum field theories of electro-
magnetism, the weak force and the strong force. This theory, known as the Standard
Model, accurately describes experimental results regarding three of the four funda-
mental forces of nature, and is a gauge theory with the gauge group SU(3)x SU(2)x
U(1) [1].

In the scientific investigations, there is a great need for covariant solutions of bound
state equations in order to construct realistic Quantum Chromodynamics (QCD)
based models of mesons. Furthermore, we ideally need to know the structure of these
bound states. This is because mesons are the simplest bound states in QCD. The
Bethe-Salpeter formalism is generally accepted to represent the appropriate frame-

work for the description of bound states within relativistic quantum field theory.

In chapter 3 we discuss all about Bethe-salpeter equation. We first make general-
ization of one particle propagator in external field to two particle propagator With
particles in mutual interaction to derive Bethe-Salpeter equation (BSE) . The formu-
lation of BSE under covariant instantaneous ansatz (CIA) is also discussed.

In chapter 4 we study leptonic decays of vector mesons (V-mesons) which proceed via
one-photon annihilation of a ¢q pair constituting a V-meson through a quark loop as

shown in figure 1.1.

We employ a QCD-oriented framework of the BetheSalpeter equation (BSE) under



Figure 1.1: Quark loop diagram for leptonic decay of V-meson.

covariant instantaneous ansatz (CIA) [2,3]. CIA is a Lorentz-invariant generalization
of instantaneous approximation (IA). For ¢¢ system, CIA formulation ensures an ex-
act interconnection between 3-D and 4-D forms of the BSE. The 3-D form of BSE
serves for making contact with the mass spectra of hadrons, whereas the 4-D form
provides the Hqq vertex function I'(¢) for the evaluation of transition amplitudes.
Recent studies [2,3] indicated that various mesons have many different covariant struc-
tures in their wave functions whose inclusion was also found necessary to obtain
quantitatively accurate observable. Hence, this work uses a BS wave function for a
hadron, which would incorporate more than a single Dirac structure for the calcula-
tion of transition amplitudes for various processes.

Finally We summarize and give conclusion in Chapter 5.



Chapter 2
Gauge theories: QED and QCD

In the current view, all the fundamental interactions are derived from a ”gauge prin-
ciple” similar to that in electromagnetism. Gauge symmetry lies at the heart of gauge
theory. A gauge symmetry differs from an ordinary symmetry in two important re-
spects:

1. Gauge symmetry is a local symmetry rather than a global symmetry. For a local
symmetry, the element of the symmetry group (G) that acts on the fields of a theory
at a space-time point ( x , t) depends on the position x and time t, whereas for a
global symmetry a fixed group element acts on fields at different space-time points.
2. A gauge transformation leaves a physical state invariant. Gauge symmetry reflects
a redundancy in the variables used to describe a physical state. By contrast, a global
symmetry acting on a physical state in general produces a new, distinct physical state.
In section 2.1 we explain the origin of gauge invariance starting from Maxwell equa-
tions. In section 2.2, we discuss Quantum Electrodynamics(QED) gauge theory. In
section 2.3 we introduce Quantum Chromo-dynamics(QCD). In the last section (sec-

tion 2.4) we drive the Feynman rules for the Lagrangian in QCD.



2.1 Origin of Gauge invariance

Let us begin by considering the basic laws of classical electromagnetism; the Maxwell

equations
V.E =p. (2.1.1)
- - 10B

EF=—— 2.1.2
VX c Ot ( )
V.B = 0. (2.1.3)

- - 1. 10E
B=-74——. 214
VX c‘7 * c ot ( )

It is convenient to introduce the potentials A(z) and ¢(x) in place of the field E and

B and write,

B=VxA. (2.1.5)
L . 04

E=-V¢——. 2.1.

Vo= (2.1.6)

The origin of gauge invariance lies in the fact that A and ¢ are not unique for given
fields Eand B. The transformations which A and ¢ may under go while preserving
E and B , and hence the Maxwell equations, are called gauge transformations. These

transformations are

A— A=A+ VAT 1) (2.1.7)
And
, ON(Z,t
¢—= ¢ =¢— ét ) (2.1.8)

where A(Z,t) is an arbitrary function. Equations (2.2.7) and (2.2.8) can be combined
in to a single component equation by introducing the 4- vector potential A, = (ff, i),
thus

A, — AL = A, +9,A(x), (2.1.9)



Maxwell equations’ can also be written in a covariant form using the 4- current density

Ju = (7,ip). In terms of which we can write these equations as,
O = Jus (2.1.10)
where the field strength tensor is
F,=0,A,—0,A,. (2.1.11)
Under the gauge transformation in (2.1.9) it can be easily checked that
E,=Fu. (2.1.12)

This in turn leads to invariance of Maxwell’s equation (2.1.10). The gauge invariance
is in turn linked to charge conservation. In general, there are two types of gauge
transformations. Global gauge transformations, i.e transformations which are the
same at all space time points and Local gauge transformations, i.e transformations
which vary from point to point in space time. The above gauge transformations (2.1.9)
are local gauge transformations on A, field. In the physical world all fundamental
interactions are believed to originate from a gauge principle [4]. Now, we discuss the

gauge theory Quantum Electrodynamics(QED) in the next section.

2.2 QED Gauge Theory

In this section, we begin with the Lagrangian formulation of Quantum Electrody-
namics describing the interaction between light and matter.

The free Dirac Lagrangian is described by,

£Dirac = =(2) (0 + m)Y(2). (2.2.1)



It can be easily checked that £ pj.qc is invariant under the global gauge transformation

b — e, (2.2.2)

where 9 is constant. And hence

prrac = £pirac- (2.2.3)

Now let us generalize to local gauge transformation on (x)
)(x) = P(r)e™, (2.2.4)

where # now depends on space-time variable x. 1) Should then transform as,

(x) — e @ (). (2.2.5)

Thus
£ irae = =€ OY(2) (7,0, + m)p(x) e

= —p(2) (1uOu + m)P(x) — i(2)7,(0,0(x)) (). (2.2.6)
We see that the extra term iy (x)y,(8,0(x))(x) spoils the gauge symmetry. Thus

we see that £ pirqc i not invariant under local gauge transformation on v (x). Pulling

a factor of 'e” out of (x), by letting 0(x) = eA(x), we can write (2.2.6) as,
°€/Dirac =4£ - w@%ﬂﬂ)au/\ (227)

Since the free Dirac Lagrangian is not locally gauge invariant, to make it locally
invariant we are obliged to add a term ie(1y, )9 A, () in the Lagrangian in order to
soak the extra term in (2.2.7), where A, (x) is the new carrier gauge field introduced.

Thus, let us write the lagrangian as

£Di7"ac - _@E(w) (V,uau + m)@/)(l“) + ie(@ZVu)Au(x)v (2'2'8)



where A,(z) transforms under local gauge transformation according to the rule
1
A, — A (x)+ 28#9(1’). (2.2.9)

This new Lagrangian is now invariant under local gauge transformations.Thus the
price we have to pay to make £ p;... locally invariant is the introduction of a new
vector field A, () that should couple to ¢ and 1 through the term ieyy,¥ A, in the
Lagrangian. The charge e’ plays the role of coupling constant between matter field
and gauge field. One can also say that to conserve the total charge of the universe,
matter field should coupled with gauge field in a certain mathematically self consistent
manner through a term iez/jyuq/)AM, in the Lagrangian [4]. This in turn Mathematically
models the interaction between the charged particle and electromagnetic field.

The full QED Lagrangian must also include a term for the free gauge field A, (), i.e
—1/4F,, F,,. Thus we write the full QED lagrangian as

1

£qup = —P() (10 + m)B(@) + ie(B@b (@) Au(e) = {FuF  (2210)

In section 1 of this unit we have seen that [}, is invariant under local gauge trans-
formation. Thus —1/4F),, F),, is invariant under local gauge transformation. It can
be seen that a simple prescription for making £ locally invariant is to replace 0, by
the covariant derivative D,

D, = 8, — icA,, (2.2.11)

so that we can write the locally invariant full QED Lagrangian as,

1
Loep = —(z) (v, Dy + m)(x) — ZFWFW (2.2.12)

Let us see the basic qualitative structure of the Lagrangian in (2.2.10). The first and

third terms describe the free propagation of Dirac particle and photon respectively.
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The second term involves three fields (1,9 and A,,), and these define a vertex in which
three lines are joined. An incoming fermion, an outgoing fermion and a photon. To
obtain the vertex factor, simply rubout the field variables. The QED vertex factor
for this is

ey, (2.2.13)

It is to be visualized that a set of local gauge transformations {U = ¢?®)} form a
U(1) group. Where U is a unitary unimodular 1x1 matrix i.e UTU = UUT = 1, and
| U |= +1. The group of all such matrices forms U(1) group. Since element of U(1)

commute with each other, QED is an abelian U(1) gauge theory.

2.3 QCD Gauge theory

In this section we infer the structure of Quantum Chromo-dynamics(QQCD) from local
gauge invariance. QCD is based on the extension of the idea in QED, but with the
U(1) gauge group replaced by the SU(3) group of phase transformations on the quark
color field. In the colored quark model, each flavor of quark comes in three different
colors - Red, Blue and Green. Although the various flavors of quarks carry different
masses, the three colors of a given flavor are all supposed to weigh the same. Thus

the lagrangian for a particular quark flavor can be expressed as,

£Dirac = —&R(v,ﬁu + m)wR — l/;B(’Yuau + m)@DB — @EG(%@ + m)i/JG (2.3.1)

We can simplify the notation by introducing 3 component color matrices

()
= |4, | and = (1@3 75 1/3@) where each of ¥g, ¥, 1Yg... is a 4x1 Dirac spinor.

Y
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We can write £ p;.q. compactly as,

£Di'rac - —Qﬂ(%ﬁu + m)dja (232)
m 0 0
wherem = |, ,, o | is mass matrix
0 0 m

This looks just like the original Dirac lagrangian, but v is now a 3x1 matrix. This la-
grangian exhibits SU(3) symmetry. That is to say,it is invariant under transformation

of the form
V= =Uy, (2.3.3)
where U is any unitary 3x3 matrix, ie | U |= 1 and UTU = UU' = 1. Any unitary

matrix can be written in the form
U=el (2.3.4)

where H is Hermitian H' = H. Any 3x3 matrix can be expressed as super position of
a unit matrix 1 and A\, Ao, A3, ....... As which are the generators of SU(3) group, that
is
H =01+ X0(X);a=1,2..8, (2.3.5)
where 6 and (z) are arbitrary parameters. Thus the unitary 3x3 matrix can be
expressed as
U = e, (2.3.6)

Let us consider first a global SU(3) transformation on 1 (z)

o = N0y, (23.7)
where 0’s are constants and are the same at all space time points. It can be easily

checked that

/
dirac — £Di7"ac-
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Thus We see that £ pj.qc is invariant under global SU(3) group transformation on .
Now what we are interested in is the invariance of Lp;... under SU(3) local gauge

transformations. Consider the following local SU(3) gauge transformation.
P — ) = M@y, (2.3.8)

In this case 6(z) varies from one space time point to another. Under this transfor-

mation £ transforms as,
£— L= _&UT(Q)(”YM(% +m)U(0)y

= _QZ('V/J@M + m)g/; - &UT(H)V/A(@LU(Q)W}- (2~3~9)

where U = ¢?"?"(®)_ £ is not invariant under such a transformation, due to the

extra term —yUT(0)7,(9,U(0))y. To make £ locally invariant, let us make use of

the minimal coupling prescription by replacing
oY — D, (2.3.10)
where
D, =0, —ig\*A%(x).
Pulling out g’ from 6, where g is a coupling constant, equation (2.3.9) becomes
Livae = =0 (10, + M)y — igihy, b0\ (x). (2.3.11)
If D, is to transform under SU(3) local gauge transformations then,
D,y — DL;D' =U(0)D . (2.3.12)

This implies that

(O — igA* AL () U (0)p () = U(0)(9 — igA* Ajy(x)) ¥ ().
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Hence
= (0,U —ig\. Al (x)U)(x) = —igUNAu(x)(x); X Ayu(z) = XA ().

Thus
1
A () =UNA,(2)U ' + g(auU)U‘l, (2.3.13)

where A, (7) = \*Aj () is a 3x3 matrix that should transform as
Al () = UA,(2)U " — é(@uU)U‘l. (2.3.14)

This is transformation property of non-abelian gauge field A, (z). U and U~! in the
first term of equation (2.3.14) can not brought together, because they do not commute
with A, (z). If we add the term igip(z)A*A%(x)p(x) to the initial Lagrangian, the

modified lagrangian

£ pirac = —0(YuOp + MY + igiy A A, (2.3.15)

£ is now invariant under local SU(3) gauge transformations. But as usual the cost is

introduction of A, (eight of them). Since we can write
Fu = =Dy, D) Dy = 8, — igAu(x), (2.3.16)
9

= B = —(0, — igAu(2))(0y — igAy(2)) — (0) — igA(2)) (0, — igAp(x))

;
g
- gauay — 8,0, — ig(Au0, — A,D,) — ig(0, A, — D,A,) — g2 (A, A, — AJA,).

Thus the non abelian SU(3) gauge field tensor can be expressed as,

F = 0,A, — 9,4, — ig[Au(x), A(2)] (2.3.17)
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The kinetic term for for gauge field lagrangian which corresponds to free gauge field

can be written as,

1
)] (2.3.18)

Thus we write the full QCD Lagrangian as
_ - 1
£QCD = —¢(%3u + m)¢ + lglb%Au(l')l/J - ZT/r(F/.LVF,LLV)’ (2-3~19)

where A, (z) are the eight gluon fields coupled to three color fields. £q¢p is invariant
under local gauge transformation if £ g0n = _};Fﬁquu is invariant in it. To show

this, let us consider local SU(3) transformation F}, — F,
= 0, (UAU — é(&,U)U‘l) — 0, (UA U - é(aﬂU)U‘l)
—ig[(UA U™ — :-}(auU)Ul), AU - é(&uU)Ul)].
Using the identity 0,U = U(9,U 1)U in the above equation, we can write,

F,=UF,U". (2.3.20)

Let under this transformation the gluon field lagrangian transforms as,

1 1
£ ruon = —ZTT(F;,,F;,,) = —Z(UFWU’IUFWU’l),
= L on = —l(F F.)=4&£
gluon — 4 prd v ) — L gluon-

This shows the invariance of £, under local SU(3) transformations. Thus £ocp =
—p(2) (1,0, +igt(x) A, ()b (x) — L F2, F2, is invariant under local SU(3) gauge trans-

uv= v

formation. The gluon field tensor is

F,, =0,A, —0,A, —ig[A,, A, (2.3.21)
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where A, = )\“AZ can be written as
Fu = (0,450 — (8, A5) A" — ig AL ASIA, A,

= Fu = (0 ADX = (0, A} + g fune A AL A

1Vl 2]

where f,;. the structure constants of SU(3) group and fu,. = 1 for even permutation
of ’abc’ while f,,. = —1 for odd permutation of ’abc’. Thus we can write the gluon

filed Lagrangian as,
1 a a a a 1 & a a
£ gluon = _ZTT[@“A” = 0,A0)(0, A, — 0,A7)] — ZTT[gfabCAZAy(auAy - 0,A})]

1
~ 1 Trl9futc ALAL (0,4 — 0,A5) + 9 Fune fuae AL AL ALAT). (2.3.22)

pAo Ay
From this we ca see that, it contains terms describing gluon-gluon self interactions.
In the equation (2.3.22) the first term is for free A, field propagation, the second and
third terms are three gluon vertex ('g’ is linear in this gluon-gluon interaction),and

the last term is for a four-gluon vertex. The Dirac fields constitute eight color currents
JH = igipy, A, (2.3.23)

which act as sources for the color fields(4,,) in the same way that electric currents act

as source for the electromagnetic field. We now derive the Feynman rules for QCD.

2.4 Feynman rules for QCD

The full QCD Lagrangian is

"EQCD = _&(Vuau + m)¢ + ing'Yu)‘aAzw + £gluona (2'4'1)
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where £ p,0n 1S given in (2.3.22). The second term igl/_wu/\“Azw describes the quark-
gluon vertex. We just rub out the field variables and obtain the quark-gluon vertex

as

1gYuA” (2.4.2)

Figure 2.1: quark-gluon vertex.

Now, looking at £gyen, it contains not only the free gluon propagation part,
(0,45 — 0,A5)(0,A; — 0,A5), but also gluon-gluon interaction terms
1 (& a a e a a
£gg=—7Trlg Jabe A A (0, AL — 0,A%) + g fage ASAS(D, AL — 0, A%L)]
1 C e
—ZTT[—kg? Javefade AL ALATAL). (2.4.3)
First and second terms carry three factors of A,, and leads to the three-gluon vertex.

The third term Carries four factors of A,, and leads to the four-gluon vertex. To fond

the three gluon vertex let us see fig 2.2.

1 a a C
£3—gluon = _§fabc(a/r’4y - aVAM)AZAV (244)
Now let us consider all possible permutations of a,b,c in (2.4.4) the non zero terms

are

£3—gluon = _gfabc(auAg)AzAf/ - gfbac(auAﬁ)AZAzc/ - gfacb(auAg)AzAg
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Figure 2.2: 3-gluon vertex.

~9oca(OuAL) ALAL — g fear(0u A7) AL A (2.4.5)

Writing the Fourier transform of the gauge fields in momentum space, we get

1

Az,b,c(m) = (271')4

/ d4:‘€1’273€ml’2’3’$A$’b’c(/€172’3). (246)

Thus making contraction over the indices, £3_g,0n can be written as

£3—gluan = —gfabc{—i(lil.Ab)(Aa.AC) —+ i(lil.Ac)(Ab.Aa> — i(ﬁQ.AC)(Aa.Ab)
ik A%) (AL A%) + ik AP) (A% A%) — i(k5.A%) (AP A%},

L3 guon = — G fave{ (K3 — k1) AP (A% A) + (k) — Kg). A°(A*. AY)
+ (kg — K3).AY(AP.A%)}. (2.4.7)
We can get the 3-gluon vertex factor by rubbing out the gauge field. It is
—gfave{ (K3 = K1) 030 + (K1 — K2)10ap + (K2 — K3)adpy }- (2.4.8)
Now the 4-gluon interaction part of the Lagrangian is

Ve ey Ve U

1
£1-guon = =70” fave faae AL AL AL AT (2.4.9)
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Consider Figure 2.3 to extract the £4_guo, vertex factor. Considering all possible

permutations os indices a,b,c and a,d,e in (2.4.9), we can write,

1
£4—gluon = _Zgz{fabcfadeAb ACAdAB + fabcfaedAaAb AS Ad + fabdfaceAb AdAC A

Ve Zay Vs U Ve el Vel U [Vl ey Vel

+fabdfaecAb AdAe Ac + fabefachb Ae Ac Ad + faebfache AbAC Ad} (2410)

[ el Vel pt vt tpt e ey Vs

Figure 2.3: 4-gluon vertex.

Let us make contraction over the indices. We get,
£ _ _1 2 Ab Ad AC A€ — Ab A) (A€ Ad Ab Ac Ad A¢
4—gluon — 49 {fabcfade(( . )( . ) ( . )( . )) + fabdface(( . )( . )
— (A% A (AT A)) + Fape faca((AP.A) (AL A%) — (A% A°)(A°. AN))}. (2.4.11)
Now we rub out the gauge fields to get the 4-gluon interaction vertex factor as,
L,
_Zg {fabcfade((sup(slja - 6uadup) + fabdface((suu(spa

_6,u05p1/) + fabefacd((suu(spa - 5y06p;/,)}~ (2412)

The presence of three and four gluon vertices in QCD is due to the fact that gluons
themselves carry color charge. This arise on account of the non-ablelian character of

SU(3) color group.



Chapter 3

Bethe-Salpeter Equation

The Bethe salpeter equation is a relativistic equation for bound state problems, i.e
it describes the bound states between two or more elementary particles on a fully
covariant relativistic footing. Examples of two-particle systems described by the
Bethe-Salpeter equation are the positronium, bound state of an electron-positron
pair; the exciton, bound state of an electron-hole pair meson, a quark-anti quark pair
in bound state etc. Since the particle pair described by the Bethe-Salpeter equation
is in a bound state, the particles can interact infinitely often. Concurrently, since the
number of interactions can be arbitrary, the number of possible Feynman diagrams
will quickly exceed feasible calculations. The Bethe-Salpeter equation is then a direct
application of the Feynman rules, and a resummation of the infinite set of diagrams
by using integral equation. If both the irreducible kernel, and the n-point Green
functions are understood as the full (non approximate) expressions, then the Bethe-
Salpeter result for any n-point Green function is the exact result of field theory, as
far as the full expression for a given Green function is considered, and as far as the
existence of a fixed value of the mass of bound system is taken into account.

in this chapter, we first derive the propagator equation for a Dirac particle in an

19
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external field. Then we make generalization of one particle propagator in external field
to two particle propagator With particles in mutual interaction, making generous use
of Feynman propagator formulation to derive Bethe-Salpeter equation which is firmly
rooted in field theory. Moreover we formulate the BSE under Covariant instantaneous

ansatz (CIA) framework.

3.1 Single particle Dirac propagator in external

field

We recall that the Schrodinger equation of a particle with total Hamilton

_ L s
H= 2mv +V (3.1.1)
18
(z’—a — H)Y(z,t) =0 (3.1.2)
5 ,t) = 0. 1.

Similarly Schrodinger equation for the propagator is

(i% ~ H)K(Z, ;5 1) = i6*(@ — )5 (t — 1), (3.1.3)

If we replace H by the Dirac Hamiltonian
H = a.p+ Bmy, (3.1.4)

Equation (3.1.3) becomes the Dirac equation for the propagator.

In the absence of external field, the Dirac equation for the state function is given by

(i% — & — Bme)(#,t) =0, (3.1.5)
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with p = —iV. In the presence of external field A,, we make use of the minimal
coupling prescription:

= -0 0
V—-V-— zeA,za = iy~ ep. (3.1.6)

Now equation (3.1.5) becomes

(i% — e+ @.(iV + ed) — Bm)p(@,t) = 0. (3.1.7)

Let K (i",t;f/ ,t') be the full Dirac propagator; the propagator equation for Dirac
particle in the presence of external field A, is

((Z% —ed) + @3V + eA) — Bm)K(E 47 ) = B3 (E — TVt —t).  (3.1.8)

Multiplying (3.1.8) by ( from the left and use 8 = 74, —ifa; = ; it be written in a

covariant form as
(7,0 — ipeA,(x) + m)K (z,2) = —id*(x — 2),
= (7,0, + m)K (z,2') = —id*(x — 2) + iey, A, (2) K (2, 1), (3.1.9)

where the propagation is from z" to x. Now let us introduce an intermediate space-

time point z”, where t < " < t. Then equation (3.1.9) becomes

(Y +m) K (,27) = —i / d'z" %z — 2")5* 2" — o)

" !

+ie/d4x”54(x — 2 )y A (e VK (2" 2. (3.1.10)

From (3.1.3), we can deduce the equation satisfied by a free propagator Ko(z, ) as,
(7,0, +m)Ko(z,2) = —id*(z — ). (3.1.11)
Equation (3.1.10) can be written as,

(0 + m)Ko(x, 2') = / d'x" (7,0, + m)Ko(z, 2")6"(a" — )
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" " I

e / 42 (3 + M) Ko, 2 )y Ay (VK (2, 2). (3.1.12)

Dropping the (7,0, + m) term from both sides of (3.1.12), we get

1" " !

K(z,z) = Ko(z,z') — e/d4x”K0(x,x")%Au(x VK (). (3.1.13)

It is also possible to introduce an intermediate space-time point 2 and write K (2", z")

in the same manner, we get

" "

VK (z",2). (3.1.14)

’ "

Kz, z) = Ko(z",2') — e/d4x Ko(z', 2" )y, Az

/

Using the symbolic notation z — 1,2" — 2,2" — 3, 2" — 4...the full propagator can

be written as
K(1,2) = Ky(1,2) —e/d43K0(1,3)%AM(3)K0(3,2) + (—6)2/d43/d44K0(1,3)

VuAu(3)Ko(3,4)7,Au(4) Ko(4,2) + ... (3.1.15)

t 1 1 1
K17 Ka(l.2) 3 2 ;
= = s = Ee
. /\ \/
% 13
2 2 E:
1
g
4
" 4 ooo & oo
4 3
2 2

Figure 3.1: Diagrammatical interpretation of one particle propagator.

Since the propagating particle is Dirac particle, both direction of times (T e~ and
| eT) are meaningful. In the coming subsection we generalize one particle propagator

to two particle propagator where the particles are mutually interacting.
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3.2 Two particle propagator with particles in mu-
tual interaction

Now we consider the simultaneous propagation of two free Dirac particles. Particle
one propagates from point 3 to 1 through path a and particle two propagates from

point 4 to 2 through path b.

Y]

W
I

Figure 3.2: Simultaneous propagation of two free particles.

The definition of 2-free particles propagator is
Koaw(1,2;3,4) = Koa(1,3)Kop(2,4). (3.2.1)

where Ko,(1,3) and Ko(2,4) are the one particle free Dirac propagator. Let us
consider the two particles interact through single photon exchange.

The simplest possibility is the coulomb interaction between a and b, which is,

62

— (3.2.2)

)
Tab
but it is non covariant. To write in a covariant form, we first write the Fourier

transformation in momentum space, we get

2 2.a.b
e e
A

. CASTACE (3.2.3)



24

1 =
F a1 P2
= L)
Fa P=
=Y = - 1=

Figure 3.3: simultaneous propagation with mutual interaction through a photon.

Now we can write the covariant generalization of equation (3.2.3) as,

2 b 2, ab
e“V4V4 — €V

(P —P.)*  (Pa—10)%

(3.2.4)

The right hand side of (3.2.4) is Moller interaction in momentum space in the

form,
— P = (P (—— yb. 3.2.5
(Pa — Pa)? e (pl—pl)Z) 8 (329
In two particle case, we further generalize,
e Au(3) = ie*yiDp(5,6)7) = 1(5,6), (3.2.6)

where 5 and 6 are intermediate space-time points at which a photon connects to two
fermion lines a and b such that ¢35 < t5 < t; and t4 < tg < to, and Dp(5,6) is photon

propagator joining space time points 5 and 6,

Dp(5,6) = / (5;;4 (;—j)eiq~<f5fﬁ>. (3.2.7)

Thus, the first order correction to two particle propagator due to simultaneous inter-

action of both Dirac particle through exchange of a photon is

Ki(1,2;3,4) = /d45/d46K0(1,2;5,6)@'@27§DF(5,6)72K0(5,6; 3,4)
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1 z
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7 =2
= =l

Figure 3.4: simultaneous propagation with mutual interaction through two photons.

= /d45/d46K0(1,2;5,6)[(5,6)[(0(5,6;3,4). (3.2.8)

For the interaction of the two particles through exchange of two photons,

the second order correction to the two-particle propagator becomes

K5(1,2;3,4) = /d45/d46/d47/d48[(0(1,2;5,6)](5,6)K0(5,6; 7,8)1(7,8)Ko(5,6;3,4).
(3.2.9)
If we consider up to n photon interaction, the full propagator for two-particles in a

sequential action of Moller interaction in Ladder approximation is,
K(1,2;3,4) = Ko(1,2;3,4) + K1(1,2;3,4) + K5(1,2;3,4) + ...
K(1,2:3,4) = Ko(1,2;3,4) + /d45/d46K0(1, 2:5,6)1(5,6)K(5,6;3,4), (3.2.10)
where K(5,6;3,4) is the full 2-particle kernel for propagation from (3,4)— (5,6)
In the Ladder approximation limit, we can conclude from (2.3.10) that,

K = Ky + K, I K. (3.2.11)

In a single particle case, if the wave function at point 2 is known, we can write (1)

as

P(1) = /d32K(1, 2)31(2), (3.2.12)
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i‘;’;;:; = =+ % -+ %% + L

Ep(l, 253,40 25,4 Eal,2.3.4
kei1.2:3.4)
—— ——
S + + e L -ea
ol 23,4 K1l 234 Eal,2;3,4) il 234 Kal, 2,34

Figure 3.5: Ladder approximation for 2-particle propagation.

where 0 = 7, is the insertion needed to write the equation in covariant form. Now

let us use the above case to derive for two particle wave function.

¥(1,2) = /d33/d34[((1,2;3,4)5“6”1/1(3,4). (3.2.13)

If we use equation (3.2.10)to write (3.2.13), we get

¥(1,2) = (1, 2) +/d45/d46K0(1,2;5,6)1(5,6)¢(5,6). (3.2.14)

3.3 Derivation of Bethe-Salpeter Equation(BSE)

Let us operate (7,01q + Ma) (7,02 + ™yp) on both sides of (3.2.14) from left, we get

(YuOrua + Ma) (YO + M) (1, 2) = —1(1,2)9(1, 2). (3.3.1)
Equation (3.3.1) is Bethe-salpeter equation in co-ordinate space, where
1(1,2) = ie>yiDp(1,2)7) = —iK(1,2) (3.3.2)

is two particle interaction kernel. Let us transform the the variables x; and x; to new

variables X and x, where X is the center of mass co-ordinate and x is the relative
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co-ordinate.

X:xl—i—%;x:xl—%, (3.3.3)
1 1
81 = 58}’( + (%; 82 = 58}2 - 835 (334)
Thus, equation (3.3.1) becomes
(u + ) o+ ) 6(X, ) = —I(X)(X, 2). (33.5)

Writing the two particle wave function in a variable separable manner

V(X z) = p(X)Y(x), (3.3.6)
where we have used
_ 1 .5
X)=—=e"*. 3.3.7
(X) N7 (3.3.7)
P = p; + ps being the total momentum of the composite. We can write,
L ipx L ipx
(YuO1p + Ma) (Va0 + mb)ﬁe Pry(X) = _[(X)We PRy (X). (3.3.8)

If we use Fourier transformation of ¢(x) and I(x) as below

1 4 iq.X
V(X) = o7 [ dtae S ita)

1 47 iK.X
1(X) = (2ﬂ)4/d KefX[(K), (3.3.9)
then (3.3.8) becomes
(i(%%zpu + Yulu) + ma)(i(%wpu — V) + ) (q) = (271T>4 / d'q K(q,q9)(q),
(3.3.10)

where 2¢ = p; — ps , and ¢ = K + ¢. The variable ¢ stands for internal momentum
or relative momentum and K(q,q') is interaction kernel. If we express it by p; and

P2, where

P12 = ml,QPM + ‘m (3311)
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to obtain,

(i7*p1 + ma) (i7"pay + )b (q) = (Qi)4 / dq K(q,¢)v(q). (3.3.12)

This is BSE in momentum space. Let us define first BS wave function for spin less
quarks,

(P, q) = (—iv".p1 + ma)(—iv" . pay, + ma) (P, q). (3.3.13)

We use the general form of the qq interaction kernel, which is taken as a one gluon
exchange type [2,3]

1-1

K(q.q) = (éAl-iA_é)(VZ’YZ>V<Qaq/)7 (3.3.14)

2) is the color part of the interaction kernel, (7372) is spin part of the

interaction kernel and V' (g, ¢) is the confinement potential [2,3].
=, / 1 — 1 — a_b /
K(g,4) = (GA1522)77:V (4, 0)- (3.3.15)

Substituting (3.3.13) into (3.3.12) and using (3.3.15), the BSE in momentum repre-

sentation becomes

A1A2(I)(P, Q) =

(2;)4 /d4q/K(q= ¢)®(p.q)- (3.3.16)

And

Arp=miy+pis, (3.3.17)

where ®(P, ¢) is BS wave function for spinless quarks and A 5 are the inverse propa-
gators for scalar quarks. Thus, (3.3.16) is four dimensional BSE for spinless quarks.
We now give the formulation of BSE under Covariant Instantaneous Ansatz (CIA)

[5,6-8] in the next section.
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3.4 BSE Under Covariant instantaneous unsatz (CIA)

For simplicity we first outline the CIA framework for scalar quarks. For a bound
state of quark and anti quark system with total momentum P, the 4D BSE takes the

form

A1A2<1)(P, Q) =

oyt | K@), (341)
where K (q, ¢') is the effective Kernel which operates on the 4D wave function ®(P, ¢')
and A;, are the inverse propagators of two scalar quarks. The 4-momentum of the
constituent quark and anti quark p; » are related to the internal momentum g, of the
hadron by

pi2 = Mu2P, £ q,, (3.4.2)

(m3+m?)

where 715 = 3(1 £ 4 52) are the WightmanGarding (WG) definitions [12] of

masses of individual quarks. We now use an ansatz on the BS kernel K in equation

(3.4.1), which is assumed to depend on 3D variables ¢, ¢, i.e

K(q,q) = K(q,4), (3.4.3)
where
. q.P
= FPH_ (3.4.4)
The internal momentum is
. . q.P
Gp = (qu — iMo);0 = 57 (3.4.5)

q is observed to be orthogonal to the total 4-momentum P irrespective of whether the

individual quarks are on-shell or off-shell.

Gu Py = q. P, — - P> =0. (3.4.6)
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The longitudinal component of g, (i.e Mo) which does not appear in K (4,q) is
Mo = ML (3.4.7)
To reduce the 4D BSE in to 3D form, we define a 3D wavefunction ¢(g),
o(q) = /0; Mdo®(P,q). (3.4.8)

And we have the relation

d*q = &3¢ Mdo. (3.4.9)

Substituting this in to (3.4.1), we get

®(P.0) = Grr [ PrRG D00, (3.4.10)

Integrating both sides by Mdo from —oo to oo

> 1 *  Mdo e N
| mdrwip) =g [ 2 [EiRG6@,
we get
D@ = [ ETR(@.1)00) (3.411)

where D(q) is a 3D denominator function defined by

1 1 *® Mdo
_— = — _ 3.4.12
D@ 2mi ) Bl (3.4.12)

We note that the RHS of (3.4.11) is identical to RHS of (3.4.1) by virtual of (3.4.3)

and (3.4.8). Thus we get an exact interconnection between 3D wave function ¢(q)

and the 4D wave function ®(P,q).

A1 AP (P, q) = % =T1(q), (3.4.13)



31

where I'(q) is the Hadron gluon BS vertex function under CIA. In (3.4.13) the 3D
form serves for making contact with the mass spectrum of hadrons, where as the 4D
form provides the Hqq vertex function I'(¢) which satisfies a 4D BSE with a natural

off-shell extension over the entire 4D space (due to the positive definiteness of the

2 (Pg)?
PQ

quantity ¢% = ¢ through out the inter 4D space) and thus provides a fully

Lorentz invariant basis for the evaluation of various amplitudes through various quark
loop diagrams [2,3]. Due to these properties, this framework can be profitably implied
for the evaluation of various transition amplitudes [2,3] all the way from low energies
to high energies. To find the value of the 3D denominator function D(q), we first get

the inverse propagators as a function of o.
A =mi,+pis, (3.4.14)

where p; o are the momentum of constituent quarks and m; o are masses of it. In

terms o the 4-momentum of individual quarks can be written as
Py = Pu(my + 0) + 4 poy = Pu(tha — o) — G, (3.4.15)
Inserting (3.4.15) to (3.4.14) and using the orthogonality between ¢, and P, we get
Ay =W’ + Py +0)?,
Ay = w? 4+ P2y — 0)?, (3.4.16)

where w}, = mi, + ¢. In this ansatz m; = my = 3. Using the Wightman-Garding

definition of mass and P? = —M? we can write;
2 2,1 2
Ar=wi = M(5 +0),
2 2,1 2
Ny =ws — M*(= — o)~ (3.4.17)
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Now the value of D(g) can be worked out using contour integration by noting the

positions of the poles in the complex o-plane. The poles can be identified from
A;=0,Ay =0. (3.4.18)

Inserting (3.4.17) to (3.4.18), we get the poles to be

1

ot =55
=+—+ - 3.4.19
o vy (3.4.19)

which lie on the real o-axis. Now we shift the poles by +ie as shown in figure 3.8.
Considering semicircular contour of large radius R with center at the origin in the

complex o-plane

. : Feiz)
- -
ot 1-is olais

Figure 3.6: Contour integration in o-plane.

) : M
From Cauchy’s-residue theorem, let f(o) = Qim.m, then
R
flo)do = —2mia_q, (3.4.20)
-R

where a_; = a’ { + a”, the sum of the residues at its poles in the lower half plane.

The poles lying with in the contour are o] — ie and o5 — ie. The residues at o — ie
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and o5 — ie can be;

1 1
— —_
= 211 2w (we — wy + M) (wa + wy — M)]
1 1
M= ) 3.4.21
4 27ri[2w2(w1—wg—M)(wl—i-wl—i-M)] ( )
Thus we get,
1 . / "
D) = —2mi(a} + ay),
1 1 1 1
o= + ). 3.4.22
D(q) ((wl -+ w2)2 — M? (Zwl 2(,4)2 ( )
Let us define Dy(q) = (w1 + ws)? — M2, then
. Dy(4)
D(q) = —————. (3.4.23)
(2 +35)

We now outline the framework of BSE under CIA for the case of fermionic quarks
constituting a particular meson. The scalar propagators A 1in the above equations
are replaced by the proper fermionic propagators Sr . Let us see how to incorpo-
rate the relevant Dirac structures in vertex function I'(§). Recent studies [5, 6 - §]
have revealed that various mesons have many different covariant structures in their
wavefunctions and their inclusion was also found necessary to obtain quantitatively
accurate observables [5]. Thus, it was introduced by [2] to incorporate the relative
Dirac covariants in the structure of Hqq vertex function systematically and use the
leading-order in their study. This study incorporate the relative Dirac covariants up
to the next leading-order so that to get more accurate observables. The transverse
Hqq vertex function for a V-meson can be expressed as a linear combination of eight
Dirac covariants [2,9-13], TV (i=0, . . . , 7), each multiplying a Lorentz scalar am-

plitude F;(¢?, qP, P?). The choice of the Dirac covariants is not unique. Thus in [2,3] a
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criterion was proposed so as to systematically choose among these eight Dirac covari-
ants. For a V-meson it was noted that [2,3] the covariant I'y = 4, (where 5 — Pﬂg—ﬁ is
the transverse projection of the 4-vector 7, ) was considered was considered to be the
most important one, but in this study we include more terms (i7.€) than this. Note

that 7.€ is the same as 4. on account of P.e = 0 with €, being the polarization vector.

In this study, we generalize the structure of Hgqqg vertex function for a V-meson in
[2,8].

D) = 5 No(i7.9) D@)5(@) (3.424)

For incorporating the Dirac structures in the expression for I'(¢), we take their forms
as in [2,3]. The factor D(§)¢(q) multiplying iv.c in (3.4.24) is Lorentz-invariant
momentum-dependent scalar which depends upon ¢?, P2 and q.P and thus has a
certain dimensionality of mass. But the Lorentz scalar amplitudes I'(¢, P) (i = 0, 1,
2,. . .) multiplying the various Dirac structures in [2,3] have different dimensionalities
of mass. In [2,3], T';(q,P) was made dimensionless by weighing each covariant with
an appropriate power of M and rewritten as in equation (3.4.25) [2,3].

We now give the vertex function of V-meson in the framework discussed above asso-

ciated with a certain power of M. We can express '/, as 2,3]

) 1 R
Tl = Qg NoD(@)6(d),

Qe = i) Ao + (1)1 PV I+ [0z = (12) () 52 + ()2 P) ) -
()10 (1-P) + 2002 (- P)iLS + (a2) 2 +il0.2)(0-P) s — i(a.0) ()
Az

+(q.9)[(v.P)(7v.9) — (7.¢)(v.P)] (3.4.25)

M3’
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where A; 1 =0, . . ., 7) are eight dimensionless and constant coefficients to be
determined. Now since we use constituent quark masses where the quark mass m is

approximately half of the hadron mass M, we can use the ansatz
g<K<P~M (3.4.26)

in the rest frame of the hadron. Then, each of the eight terms in equation (3.4.25)
receives suppression by different powers of % Thus, we can arrange these terms as
an expansion in powers of O(5;) [2]. We can then see in the expansion of €, that
the structures associated with the coefficients Ay, A; have magnitudes O(555) and
are of leading order. Those with As, A3, Ay, A5 are O(%), while those with Ag, A7

are O(#) This naive power counting rule suggests that the maximum contribu-

tion to the calculation of any vector meson observable should come from the Dirac

L

37 associated with the constant coefficients Ay and Ay,

structures iy.e and (v.)(7.P)

respectively [2].

In this study we incorporate the terms associated with Ay, Ay, Ag, Ag, Ay, As in (3.4.25)
and ignoring O(55z) terms for the moment and try to calculate the V -meson decay

constants. Thus, we take the modified form of the Hqq vertex function [2,3],

D) = {i(ve)Ao + (12)(1-P) 2% + a2 — (1:2) ()| 52
+[(v-e)(v.P)(7-q) = (7v-€)(v.q)(7.P)
P20 P + (a2) 5 1 ila) (1 P) L5} s ND@O@).  (34.27)

M M2 o

The structure of BSE is characterized by a single effective kernel arising out of a four-
fermion Lagrangian in the Nambu-Jona Lasino [2,3] sense. The input kernel K(q, q’)

AL.2A?) and spin (7h3)

in BSE is taken as one-gluon exchange like as regards color (%
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dependence. The scalar function V(q-q’) is a sum of one-gluon exchange Vpgp and a

confining term V,,, ;. For details see [2,3].

1.1
K(q,¢) = 52 5N 90V (g = q).

The values of parameters interring in to the interaction kernel have been calibrated
to fit the meson mass spectra obtained by solving the 3D BSE. Now come to the
problem of the 3D BS wavefunction. The ground-state wavefunction ¢(§) satisfies
the 3D BSE, on the surface P.q = 0, which is appropriate for making contact with
O(3)-like mass spectrum [2,3]. The ground-state wavefunction ¢(§) deducible from
this equation thus has a Gaussian structure [3,5,12] and is expressible as

(22

o(q) ~e 27, (3.4.28)
In the structure of ¢(g¢) in equation (3.4.28), the parameter 3 is the inverse range
parameter which incorporates the content of BS dynamics and is dependent of the
input kernel K(q, q’). In the next unit we calculate the decay constant of V-mesons

using this CIA formulation.



Chapter 4

Leptonic Decay Of Vector Mesons

4.1 V-Meson Decay Constant

Vector meson decay proceeds through the loop diagram shown in figure 1.1. The
coupling of a vector meson to the photon is expressed via a dimensionless coupling

constant g, which can be described as [2]

2

£u(P) =< 0/067,Q[V (P) >, (4.1.1)

v

where Q is the flavour multiplet of quark field and O is the quark electromagnetic

charge operator. (4.1.1) can in tern be expressed as a loop integral [2,3],

M2

eu = V3eg / d'qTr[y (P, )iy, (4.1.2)

(%

where eé = %, %, % for v = p, ¢, w respectively, and the polarization vector of V-
meson ¢,, satisfying ¢.P = 0. The BetheSalpeter wavefunction (P, q) for a V-meson

is expressed as
(P, q) = Sr(p1)I'(q)Sr(—p2). (4.1.3)
And the fermionic propagators for the two constituent quarks of the hadron are

(mq — 1. (ma + i7.
Sp(p) = iR gy et (4.1.4)
A A,

37
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Here I'(¢) is the hadron-quark vertex function in (3.3.27). The non preservative aspect
inter through the I'(§) in the process. Using (P, q) from (4.1.3) and the structure
of Hqq vertex function I'(§) from (3.3.27), evaluating the trace over ~-matrices and
noting that only the components of p;, and ps, in the direction of ¢, will contribute
to g, , we further make the replacements py, — (p1.€)ey, P2y — (p2.€)e,. Now let us

first do the trace in (4.1.2), we see that

Ny D(§)9(q)

Tr[y (P, q)iv,] = {ATr[—(my — iy.pr)i(7y-€)(ma + iv.p2)iv,)

2w A1,
FELTr [ (m — i.0)(7.) (3. P) (ma + 7.2)i
FEETr(my — iy)(0.2 — (7€) (0)) (ma + 7.2}
+%TT[—(m1 —i7.p1)(i(v.€)(v-P)(v-q) —i(v-€)(v.q) (- P)

+2i(q.€)(7.P))(mg + iy.p2)iv,] + %Tr[—(ml —i7y.p1)(q.€)(mg + i7.p2)]

As

+WT7“[—(m1 — 17.p1)i(q.€) (7. P)(ma + iy.p2)iv,] }- (4.1.5)

Let the term in (4.1.5) with coefficient Ay be T, the term with 42 be Tj...term with

% be T5, then

Ty = Tr[—(my —iv.p1)i(vy.€)(ma + i7.p2)iv,]

= Trimima(y.€) v, + imy(v.€)(7-p2) 7

—ima (1) (7-P) (7€) + (7-p1) (7€) (7-P2) Y- (4.1.6)

But terms with odd number of 4’s have zero trace. Thus we can write,

Ty = mimoTr((v.€)v,) + Tr[(v.p1)(7v-€) (v-p2) V4]

= dmymoae, + 4((p1.€)p2p — (p1.p2) + (€.p2)P1,)- (4.1.7)
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Then using the replacement py, — (p1.€)e,, Pay — (p2-€)e, and due to the fact that

the average value of < (py.€)(ps.€) >= 1(p1.p2),

4
TO = 4m1m2 — g(p1p2) (418)

But in terms of ¢ the 4-momentum of individual quarks is in (3.3.15). So (p;.p2) can

be expressed as
Y I 2 2 2,4 2 1 2
P1.p2 = —Mthe M — Mmoo M* — ¢° + Mo = m” — §(A1 + Ay + M*).  (4.1.9)

Because the values of m; and m for the case of two equal mass quarks is m; = mq = %

Similarly

1 1
pl.P = §(A1 - AQ - MQ),And,pQP = §<—A1 + AQ - M2) (4110)

This gives the expression for T} as,

1 1 2
=Ty = 4(6(A1 + Ag) + (6M2 - §m2)). (4.1.11)
We similarly get,
) 4
Ty = —4mM*=; Ty = —gm(Al — Ay);
Ty = [ M2(A; — Ay) — gmml Ay — (A2 AZ) - gm2M2];
8 4 2
T4 = [§m3 — gm(Al —|— AQ) — gmM2],
4 2 2 2 2 2 2

T5 = [gm (A — Ay) — §(A1 —A3) — §M (A — Ay)]. (4.1.12)

Now using (4.1.12) and the relation d*¢ = d*¢Mdo, then we can write (4.1.2) as

v

(2
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Mdo 1 2 1 Ay
= 4= (A + A ~M? A M]A A — A

AAZ{[(1+ 2) (6 +3m)]o [mM]A; — [3 m(A 2)]M

1 7 1 7 A

SMAAL — Ag) + —mP(A + Ag) + — (A2 — A2 M2m?2 =2

[4 (AN 2)+12m( 1+ 2)+4( )+12 ]M2

2 1 1y Ay

1 1 1 As

The vector meson decay constant is defined as in [2,3], i.e
M
fo= . (4.1.14)
€QGv
Thus, we can write
V3 D(q)
= —N, [ &4p(q)[=1]. 4.1.1
o [ @is@ (111

Let us now carry out the integration over do by method of contour integration in the
complex o-plane. The integration of A% on the plane is worked out in a similar way

as in the denominator function.

* M D(q M D(q
M (9) A2do — M 2(61)
0o 211 AlAQ — 0o 211 [wl M (

The poles can identified from Ay = 0 and are at

W2 1
=+ + . 4.1.17
o=E7+7 ( )

Considering semicircular contour of large radius R with center at the origin in the
complex o-plane. If we shift the poles by +ie and use the lower path for the contour,

we enclose the pole +52 + l — €.

AQd f M D(q)

o Bri 321 o] ¥

If we let f(o) = 2% A1A2 wi —M?(1+0)?], using Cauchy-

residue theorem

/_00 flo) = —2mia_y, (4.1.18)
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Figure 4.1: Contour integration in o-plane.

but
D(g) [wi — M*(5 +0)?]
a—y = lim,_ = 1 — 5 1[0+ 22_ y (4.1.19)
M2
Thus we get the result
* M D(G) ro D), » 2, W2 2
— = — M*(—= +1)7]. 4.1.2
- o AlAQ 1d0 20(.)2 [wl (M + ) ] ( 0)
Using the same way we can get
= M D(g) o
. %AIAQ (Al + AQ)dO' = D()(q), (4121)
* M D(q) - (w1 —w)
— Ay — Ay)do = Dy(q) ————= 4.1.22
0o 21 AlAQ( ! 2) 4 0<q> (u)l + WQ) ’ ( )
< M D(q D(q
D 2y = DD 12 ppn gy (4.1.23)

Oo%AlAQ 2 2(,()1 M
Now inserting (4.1.13),(4.1.19) and (4.120) in to (4.1.15) and taking m; = ms = m,

so that w; = ws = w, the v-meson decay constant f, becomes

16(4) 2 Dy(q) 7
3 Z 9 0 22
N /d om0y fuana, - [y
2 3 1 9 A4 Dg(d) A5
Do( )MW]MQ [3m 3mDO( q) — 6mM ]M + 3 Mu)]MQ . (4.1.24)
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The structure of the parameter 3 in ¢(g§) appearing in (4.1.21) as well as other input

parameters wy, A, ¢y are listed in [2,3].

4.2 The Normalization factor NV,

To calculate the Bethe-salpeter normaliz NV, we use the current conservation condition

in [2,11]

2iF, = (2n)" [ darr{ip D255 () o(Pa)Sit (—p)] + (1 2),  (4.2.1)

op,

where the momentum of constituent quarks can be expressed as
p172li = Pu(ml + O') + (jﬂ’ (422)
The inverse propagators can also be expressed as

Szt py) = i(my +iy.p1); Spt(—p2) = i(ma — iv.py) (4.2.3)

Thus the derivative of the inverse propagator with with respect to the total 4-

momentum P, is

9
P,
Let A = 1/3(13, q)(%S;l(pl))w(P, q)Sgl(—pg). Using the expression for ¢(P,q) we

(Sp' () = — (1 + o). (4.2.4)

can write the trace in (4.2.1) as

(ml —|—(7)

TrlA] =
A=

Trli(m; + m.pl)mwwi(mg — 1y.p2)Yut(m + iy.p)T]. (4.2.5)

Now taking the value of I" from (3.4.27) we first evaluate the trace over the y-matrices
following the steps used in section 4.1. The trace contains a total of 648 terms. Out
of this 324 terms survive on account of trace theorems. The trace is now

_(m1+0'>

TrlAl =
A=A,

D*(G)N7¢*(@){To + L + ... + Ino}; (4.2.6)
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Now let us multiply both sides of (4.2.1) by —% and insert the the trace in (4.2.7) to
it, we can write the normalization constant as

212 ) ) [ Mdo , .
N2 = CL [ 0ap2@e@ [~ 358G+ )T+ T+ o+ T} + (1 2).
—00 1

2
(4.2.8)

In the above expression, terms like A% A2 and A;A, give divergent contributions due
to the presence of the factor (1m; + o) in the integrand. To overcome this problem,
one can consider, following [2,3], the charge to be concentrated on one of the quark
lines (say p;). This may amount to taking the derivative with respect to p; (instead

of P) [2,3] in the expression for N, 2 in (4.2.1). Thus, we can express N, 2 as

27)? ) ) ~ [ Mdo
v =B [oap@e)@) [ St Tt Lo} + (2. (129
—00 1

where we have been able to get rid of the factor (m; + o) and thus the integration
can be carried out over all the terms in the above expression. The integration over
do over various terms in (4.2.9) which can be carried out by noting the pole positions

in complex o-plane, in the the same way as we solve for the denominator function,

gives us
) [ Spa =)
) [ S 2ril ).
0 : ié—ZAlAQ _ 2m[%], (4.2.10)
0 [0 i
) [ M ng=anit 2",

Coo AIA



Hence, we get
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v 2

where
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(4m + M2)(M? — 12w2)  —M 4 (2
4@)3(]\/[2 — 4w?)? M2w? b

A2 (- 83712 +8m2+M2+ 2
'3 D(q)M> AM?w3 M3?w
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2A(M? — 4w?)? b

M203
1 —5m?+ Bml 4 2 3(—14 1)
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4m? + 3M?
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I

13m?
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2 2 2
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We have thus evaluated the general expressions for f, and N, in the framework of BSE
under CIA, with Dirac structure introduced in the Hqq vertex function besides iv.€.
We see that so far the results are independent of any model for ¢(¢). However, for cal-
culating the numerical values of these decay constants one needs to know the constant

coeflicients Ay, Ay...As. In this frame work, the relative parameters(ﬁ—é, ‘2—3, ﬁ—;, ...) are
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free parameters with out any further knowledge the meson structure. In ref.[2], only

1

the leading order covariants O(575) along with their respective coefficients (A and

A;p). They vary the parameters ﬁ—; at the lowest order to see the effects of introducing

(y-8)(v-P)

11— on the value of f,. They showed that the values of f, under CIA improved

when Dirac structure %]\(]P)

was introduced in the vertex function I'(¢) in compar-
ison to the calculated value with only 77.c. They observed an improvement in the
value of f, for the lightest vector mesons p and w. To get an observable improvement
on f, of the heavier vector mesons, we include the next-to-leading order terms with
O(%) in the vertex function I'(¢). This is what we expect from incorporation of

NLO covariants O(%) in the Hadron-quark vertex. Further discussion is relegated

to next chapter.



Chapter 5

Summery and Conclusion

The electromagnetic interaction between fermions and photons is described by quan-
tum electrodynamics (QED) which is based on the abelian gauge group U(1). The
locally invariant full QED Lagrangian contains the fermions-photon interaction part
as 2'612}’)%77/114# which shows the coupling of matter field and gauge field with e playing
the role of a coupling constant. This coupling confirms conservation of total charge in
the universe. QCD is based on analogy of the idea in QED, but with the abelian U(1)
gauge group replaced by the non-abelian SU(3) group of phase transformations on
the quark color field. We have seen also the strong force between quarks and gluons

can be explained by QCD based on the group SU(3).

Quarks can carry one of three possible charges known as “color” ,Red, Blue and green
(this has nothing to do with color in the macroscopic world!); hence, in QCD the
strong color force is mediated by particles called gluons, just as photons mediate the
electromagnetic force. Unlike photons, though, gluons themselves carry a color charge
and, therefore, interact with one another (in addition to quark-gluon interaction).

This gluon-self interaction makes QCD a nonlinear theory.

02
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As we know the decays V' — eTe™ proceeds through the coupling of ¢g loop to a vector
current. The Hqq vertex is non-perturbative and an extended vertex through which
the non-perturbative aspects of QCD enter into the calculation. The 4-D form of Hqq
vertex I'(g) is derived from a QCD motivated Bethe-salpeter equation frame work.
The structure of V-meson vertex contains eight Dirac covariants which have been
arranged into leading and sub leading covariants on the basis of power counting rule
proposed recently [2,3]. According to this result, the leading order (LO) covariants
(~ O(55) such as iy.e, (v.)(7.P)4;) are expected to give maximum contribution to
V- meson observables followed by next-to-leading order (NLO) (~ O(57r)) covariants
and then followed by next-to-next-to-leading order (NNLO) covariants and so on.
The calculation done using this scheme recently on P-meson sector [14] confirmed
this power counting rule. This rule in turn gives us the relative importance of various

covariants in hadronic calculations at quark level.

With this aim in mind, we worked out the decay constants of equal mass V-mesons us-

ing NLO covariants ([g.c—(7.€)(7.q)] 9%, [(v-€) (7. P)(7.q)—(v.€) (v-0) (v-P)+2(q.€) (7. P)is.
(g.)4%, i(q.€)(y.P)4%) along with LO covariants such as iv.c and (v.€)(y.P)4;) stud-
ied earlier in [2]. The earlier results on LO covariants were close to experiment for
lighter V-mesons such as f,(exp) = 220.9+ 1.7, and f,(exp) = 194.6 = 3.2. But were
no so close to experimental data for heavier V-mesons like fs(exp) = 228 £+ 2.87. By
this work we do hope that the results for heavier mesons would also substantially

improve and thus further validating the power counting rule. Moreover it improves

our understanding of the V-meson structure.
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