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Abstract

Impurity atoms (indium and tellurium) were incorporated in silicon through an implanta-
tion process. The samples were annealed to remove radiation damage. The formation of

Cd-Te complex and the temperature dependence of the quadrupole interaction frequency

(QIF) were studied with help of perturbed 7 — 7 angular correlation (PAC) technique.
The observed pairing between Cd and Te was due to the interaction between acceptors

and donor atoms in silicon. This explains how the presence of Te influences the lattice site

of the Cd atoms. The unique quadrupole interaction frequency UQ = 444MHz was asso-

ciated to this complex formation. The strong quadrupole interaction frequency, 444MHz

at room temperature, decreases to 388MHz at 7U0°C' which is associated to the state

( <Cd — Te)~ and (Cd — Te)° respectively.

v



0.1 Introduction

Nuclear techniques, such as Mossbauer Spectroscopy, Perturbed 7 — 7 Angular Corre-
lation Spectroscopy (PAG), Nuclear Magnetic Resonance and others have proven in the

past to be versatile tools for studying a broad range of problems of nature [1, 2]. The

interaction between the nuclear moments and the extranuclear electromagnetic fields is

called hyperfine interactions [3].

The hyperfine interactions method involving the measurement of (PAC) is being used to
investigate defects in intermetallic compounds, metal oxides, semiconductors, and insula-
tors. PAC measurements heavily rely on radioactive probe atom like 111In [4j. It measures

the electric field gradient (EFG) which arises from the immediate lattice surrounding at
the site of the probe atom. The observed effect is from the hyperfine interaction between

electric field gradients and the quadrupole moment of the isotope m(7d, which is daughter

of

Acceptor-Donor pairs in semiconductors received much attention in the past because of
their role in the deactivation of electrical^ active centers. PAC is well suited for the

detection of such pairs because the probe atom, indium, is also an acceptor in silicon.

Several group-V donors atoms implanted in silicon have been reported earlier. Recently a

new defect complex has been reported after tellurium implantation in silicon. This defect
complex was characterized by the observed unique quadrupole interaction frequency. This
frequency is dependent on the temperature.

In this thesis discussion is given about the formation of indium-tellurium pair and the

temperature dependance of the electric field gradient associated with the formed complex.

1



Chapter 1

Hyperfine interaction

1.1 Introduction

The observation of microscopic environment in solids is possible using nuclear methods

whose working principles are based on the interaction between the nuclear moments of the

probe nucleus and the surrounding electromagnetic fields. The interaction of moments

(magnetic or electric) of the nucleus with electromagnetic fields is called Hyperfine Inter-
action. The hyperfine field affects the nucleus which makes possible the determination of

internal fields in solids through the measurements of the nuclear properties

1.2 Classical Electrostatic Hyperfine Interaction

The nucleus of a solid is surrounded by electrical charges (clouds of charges ) which

interact with external electromagnetic fields. This interaction causes a potential <5(f) at
the site of the nucleus. Classically, the electrostatic interaction energy of a nuclear charge

distribution p{ f ) in an external potential $(r) is given by

Klee = J p( r )$( f )d3r (1.1)

2



where f p{r )dzr — Ze, the total charge of the nucleus. Assuming the potential $(?̂ )

to range slowly over the region of the nuclear charge distribution, where p{r ) is non-
negligible, the potential can be expanded in Taylor series around 7̂ = 0 near the center of

the nucleus as

*W -«O) +S(£M??(5^.*-*+ (1.2)

Substituting equation (1.2) into equation (1.1) gives

$elec — $( 0 ) Ze +Y, fSrx<* ] / p(r ) xad3r + ES ' J O j z a p

d2$
_ dxadx{3 _ 0

r )d3r
V v. 'V

Eelec = E® + £(1) + E(2). (1.3)

The first term is the Coulomb energy of point charges, which only contributes to the

potential energy of the crystals lattice and thus it is of no interest in the discussion of the

hyperfine interactions. The second term is the electric dipole interaction which vanishes

because atomic nuclei possess no electric dipole moment (parity conservation). The third

term E® corltains the isomeric shift and quadrupole interaction. By introducing r2 =
J2a and adding and subtracting the same term| J p(r )r2d3r > one can write

E® as

= /p(r^r+iEE»., /rfr)<?r(3*,*,-rX). (1-4)

where the quantity $ap is
_ / d2<I> \

Q0 \dxadxp )' (1.5)

Of course, this result can also be obtained through the expansion of the term using

a binomial series expansion of the potential $(7^, where

Therefore,
•M° T~ [4TT£O Eoi r - r

1 1
Ir — r I (r2 + ra — 2r • r')

(1.6)
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1
r — ri

1
r

r' - r r12 3 / r' - f\2 3 / 7’
,2 \ 2 6(r' • f )2

r2 2r2 2 \ ?’2 / 8 V r2 / ^ 2i A + ’ "

1 l r f - r' 1 / r - r'\2 r'2 '

jr^^ rr 4' ^2- 4' ^3^^2-/
_

r2 .

or,

1 1 f - r7 1
7' — r'l v + r3 ^ 2

2

r3l ? r; r'2 -

5 r3

With — ?''cos0, substituting equation (1.7) into equation (1.6), one obtains,

= _L*+ f P(r)r' cos 6
d3r + J_ f p(r ) (3cos' g -1)H^47reo r 47reo J r2 87T O J r

This expression can be rewritten using tensor representation of the term

(1.7)

f rf , A v ^a-̂ Q— = r cos v = } —r Vi Q i

i
(with #a=l,2,3 corresponding to X,Y,Z respectively). In the above expression, q is the

total charge J p{r )dh\ Using the cartesian expansion we obtain,

$(r-) = JLl + f d\+ -±-Y, X«X4 f
47re0 v — 47T60 J H 87ren Tt J r587TC0 a/3

${,-*)
_

$o , y _JL y Q a p X g X p
^ a 47T6or3 87T6O 4^ 7l5 (1.8)

a/3

with
$° = 1 4

Pa

47reo ?*’
= J p{r )xad3r

and

Qa^3 = J p{ r )( 3xax0 - r'26Qp )d3r
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1

pa and Qap are the dipole and quadrupole tensors, respectively. The quadrupole tensor
Qap can be expressed as its nine components in matrix from [5]. Hence,

/

Qafi ^
\

3a;2 - r'2 3xy 3xz

3xy 3y2 — ra 3yz

3xz 3yz 3z2 - r'2

\

/

Moreover, transforming the quadrupole tensor Qap to diagonal form, one can find a new

coordinate system in which the non-diagonal terms vanish and one gets a new quadrupole

tensor
f 3®2 - r'2

Q'ap => 3y2 — r12

The electrostatic potential $(f) that causes the electrostatic interaction energy in equation

(1.1) is the same as the potential 4>(r ) given in equation (1.5). In addition, the expansion

performed for &(r ) in equation (1,2) is for a slowly varying potential over the region
* \ / A \ / 1/ »/ v_J I O

of the nuclear charge distribution and the expansion performed in equation (1.6) is also

for r* < r, i.e. for a slowly varying potential. On the other hand, if one substitutes
equation (1.6) into equation (1.2) and performs the necessary differentiation, equation

(1.8) can be obtained. Therefore, equation (1.8) and equation (1.2) are expressions of the
same potential based on different approaches, The electrostatic potential 4>(r) satisfies

Poisson’s equation A$ — — 4 ivpe(r ) , which holds true especially near r — 0. Hence, the
gradient of $ at f — 0

M = £ $aa = 47re|\l/ (0)|2 (1.9)
V / 0 Q

where — e|^(0) J 2 is the charge density of the atomic electrons at the nucleus. Applying
a suitable choice of rotation of the coordinate axes to equation (1.4), the electrostatic
hyperfine interaction may be written as

E{2) = / P(r )r2d?r+1J2Y,$«/> / p{r )d?r(3xaxp-r2^)
v ^ _ -V

& 0

5



E(2) = + (1.10)Es EQ.

The first term, the isomeric shift Es, reflects the interaction between the extended charge
of the nucleus and the charge density of the electrons at the nucleus.

Es = ^ J2® Jp{r )r2d?r = ^p|#))|2 Jp(r)r2d3r = 2(?’2)

The isomeric shift does not explicitly depend on the angular momentum of the nucleus.
Instead, it depends on the mean square of the radius of the nucleus. Thus, this leads only
to a shift of the nuclear energy levels but not to a splitting of the degenerate m-substates.
EQ describes the interaction between the electric field gradient and the non-spherical part
of the nuclear charge distribution, i.e. the quadrupole moment tensor.

i

1.3 Quantum Mechanical Treatment of the Electro-
static Hyperfine Interaction

The interaction between the quadrupole moment of tire nucleus and the local electric field
gradient results in a splitting of the energy levels of the different states of the nucleus.
The interaction energy is defined as the matrix element of the electrostatic Hamiltonian
( Ee l )

Em = ( Im\Hel\Im!) (1.11)

where I is local angular momentum with its projection m and ml along the Z-axis. The
Hamiltonian that describes the interaction of a fixed electrostatic field gradient with the
electric quadrupole moment of a nuclear state is given by [6, 7, 8]

HQ =^T<2V<2> = ~ EC-1)9^2^-? (1.12)
u o

This relation results from the Hamiltonian

Hel = E
c,p K - rc\ (1.13)

6



k

for rc > 7 p. The term of the above expression can be written using the expansion

of Legender Polynomials [6],
1 oo rk

r— Tj = E^Pfc(cos(rp, rc))
'P ' C ] fc=o ' c

(1.14)

where P* is Legender polynomial. Using the addition theorem of spherical harmonics

few^^^Charge distribution

mm$wMgm

V A
Nucleus

Figure 1.1: Representation of the position vectors rc and rp.

which states that; if two different directions ( Oi 7 <f>i ) and (02 , 02) in spherical coordinate

system are separated by an angle 9 [9, 8] then

A' jr ^Pklcosll ) =^£ W.tfOVtfc.M
A' jr ^Pk(c°si>) = (Lis)

where the asterisk may go on either spherical harmonic since

(Lie)

and

Y Z M ) = Yk ,q(6,<j>) = (-1)" (2/c + l)(ft - (?)!PA?(c°s(0, 0)).\J 47T(/C + g)!
Therefore, substituting equation (1.13) and equation (1.14) into equation (1.15) and then

substituting the result into equation (1.12) one obtains
OO 1 p

H.I = 4*£ 57— T E(-1)’£vXM.. M £3hn,-,(»» M
k=0

-r 1 q p e 1 c
s '

(1.17)

7



I To write Hei more compactly, let

Tq — eprpYk,qiPp >^p )
p

and

c ' c

where ep are the (point) charges in the nucleus at the points (rp, 0p, <£p). T* is the k-rank

tensor operator of the nuclear quadrupole moment, ec are point charges (ions in the crystal

lattice) at positions ( rCi 9Ci ( f>c ) with respect to nuclear center, Vqk is the tensor operator of

the classical external field gradient. Therefore, for k = 2 equation (1.12) can be written

as

^= 44E(-I)%(2) ?̂0 9

HQ = Hel =
Now, calculating field tensors from Coulomb’s law

% = E-= E
' c x2 + y2 + z2

1/2

dVc
dz = £ec - ,&+?+ ,?)-3/2

dz2 = Z>c
2 «,2 -32 “ r
7'5

and with

2 = rcosQ

f)2V 1

But from the general definition of the field tensor,

(1.18)

(1.19)

c 1 c

8



V,f = J^V„where, V„= 0a*2

y(2) __ _
V±2 ~ -^ Eecy^sin20 exp(±i20)

Here we have used y2,±2 = y ~~ sin2 9exp(±i2<f)) . Taking the real part only gives

V±2 = ^ E shl2 0(cos2* ~ sin2
•

But,

and,

d2Vc „ec= E^(3si“ 2 e cos2 0- x)
C0a:2

02VC ^ ec
dy2 = E;!i(3sin20sin2 ^-1) -

C

(1.20)

(1.21)

Let Vxx =0and Vyy =0
14* — Vuy = 3E “§sin2 ^(cos2 0 “ sir*2 4>

c 7 '

and,

3
~ ^ sin2 0f COS2 (f) — sin2 0)

C r \

Therefore, = \f^Vxx
3

Vvv = i\fivVzz where

V
Kcx ^ yy (1.22)

zz

î? = E§WM)
c 7

or

tfa = EJ EXP (±^) sin 0 cos 0 (1.23)

where, Y^.ii = \/|f exp (±hj!>) sin 0 cos0. If we consider only the real part,then

y±i = E “ I sin e cos 0 cos <t> -
Let us now calculate the mixed derivatives

d2V _ e° ‘V) _ £ eca; y _ £ec(sin2 i9) cos <£sin$
dxdy dy r5 ?’3

(1.24)

(1.25)

9



(1.26)d2V d { Z) — ecpr) Ev 2 £ ec(sin 0) cos ^cos 6
dxdz dz 4*5 r3

d2V d ( Eeca: z £ ec(sin 0) sin 0cos 9
dydz

~
dz r5 ?*3

By symmetry
d2V _ d2V
dxdij dydx
d2V d2V
dxdz dzdx
d2V _ d2V
dydz dzdy

(1.27)

3sin2 9 cos2 (f> — 1 sin2 9sin <f> cos <j> sin 9 cos 9 cos <j> ^
sin2 9 cos <j>sin 3sin2 9 sin2 0 — 1 sin 9 cos 9 sin <f>

^ sin 9 cos 9 cos <j> sin 9 cos 9 sin (f> 3cos2 9 — 1 j

However, choosing a principal axis system such that the mixed derivatives of the potential

V disappears, the elements of the tensor become

d2V
^

ec
dxadx(3 ^ 7’3

T/(2) _ Ito "

4
5
7r

vj? = 0

Where ?j measures the symmetry of the field with respect to quantization axis. For axially

symmetric field (r/ — 0), the fields tensor operator reduces to the form

v =\ilv‘- (m
Using this result the Hamiltonian HQ can be written as

HQ = \J\ V„r0
(2) (1.29)

Em = ( Im\ HQ\ Im)

10



Em = yj~ Vzz{ Im\T^\Im). (1.30)
or,

The quadrupole moment of a nucleus is usually defined as the / = m component of the

tensor [11, 7}. That is,

eQ = ( II\ Dfc(iUj -1)|//) - ( I I \Y,PPr2
p( Zcos26 -1)|II ). (1.31)

P P

But,
= E/vJ'WM)

where Y^O, <f> ) = y^jb^cos2 # — 1). Hence,

T°
(2) = ^ePrp(3cos2 0 -!)•

But Zp — Tp cos 9 ) so

T«'J1 = Ee p(3’ c°s2 o-'?)

= /^E^-r?)

or,
^rl(2)

Jr = E«p(3Z,2- >'?) (1.32)
V 16TT P

Using equation (1.32) in equation (1.31) gives

eQ — <n| 2̂ ep(3Z2 — r2 )\II )
P

rp(ty

= <I/[^U|//)
V 16?r

^ = 4\/fumf |//> (l -33)

This equation is solved using Wigner-Eckert Theorem and the 3-j symbols [12, 13]
The Wigner-Eckert Theorem predicts that the matrix element (jim|T*|jW) may

11



be separated into two parts, one of them containing information of magnetic quantum

number and other containing characteristic of the wave vector and operator. It separates

the vector of the form ( jm\T^ \ fmf ) as

tHnVm') = (-1)’— m ^ j k f

^ -m q m! j
Using these definitions for j=I, k=2 and q=0, eQ can be written as

eQ =
Using the Wigner-Eckert theorem,

{ II\T^ \ II ) = (-1)'-«
/ / 2 / N

V -/ o / /
</||T2||/) .

Hence,

x' ’V 5

/

V

I 2 I \\ iTWn&W T\
| x-1 I I -1 I I * /-I 0 I J

or,

= 4 7T

5

/

\

I 2 I

-I 0 /

\

/
(/ j|T2||/).

Therefore, the expression for interaction energy becomes

Em = S{ Im\T^ \ Im' )Vzz .

By use of the Wigner-Eckert theorem this expression can be written as

w! / 2 / '
\ — ??z 0 m /

(/||T3||/>Vi*.

(1.34)

(1.35)

Solving for (/||T2||/) from equation (1.34) and substituting into equation (1.35) we obtain

Em = 1
4

/

\

I 2 /

— m 0 7n
eQK,

4

v/f
I 2 I
-/ 0 I

12



or,

f / 2 / \
eQV„

1 ^ -m 0 m J
4 ( ' 2 / N

U 0 l )
(1.36)

Inserting equation (A.6) into equation (1.36) the energy eigenvalues of the quadrupole

interaction are
3m2 - /(/ +1)

m ~ 4/(2/ -1) eQVzz‘ (1.37)

Similarly for m'-substates

E„.= l{1tl )- eQV„.4/(2/ -1)

The difference of the two substates gives

(1.38)

— m ~ Em' = 3eQVzz
4(2/ -1)|m

2 -m?\, (1.391
\ /

where differences|m2 - mn\ are integral numbers. Due to the m2 dependence of the

quadrupole interaction energy there is a two fold degeneracy of each energy levels. The

term Q is the quadrupole moment of the nucleus that is subjected to the external field.
The splitting of the levels is not equidistant in the electrostatic interaction. Hence, the

fundamental frequency of the interaction LOQ is defined as [11]

eQV„
UQ 4/(2/ — l )Ti

Using this result in equation (1.39)

(1.40)

Em- Em> = ZTILOQ\W? — m!2 (1.41)

the frequency UQ corresponding to the smallest non-vanishing energy difference is

QUQ for half integer nuclearspin /

3UQ for integer nuclear spin /
(1.42)

13



0)
c
LU

+ 5/2

3ton2tM §

± 3/2
too ± 72

T Kv i -

zz

Figure 1.2: Schematic diagram of the splitting of the intermediate energy level for I = 5/2

and 7] = 0 according to equation (1.39)..
Fig.(1.2) shows the splitting of the energy level of the intermediate state of a nucleus with

spin / =|, as the result of static electric quadrupole interaction. For rj — 0 the ratio of

the transition frequencies are u)\ : u>2 : (U3 = 1 : 2 : 3. The smallest transition frequency in

this case would beU\ ~ a>o and the remaining components can be obtained by the relation

ojn = nojo(n — 1, 2, 3). In the case of non-axially symmetric field (7/ ^ 0), the Hamiltonian

describing pure electrostatic quadrupole interaction is written in a form [14, 15, 16]

HQ -{3/7- /(/ +1) +|(/» + il ) }huQ,

SZ 5a
3
o 0

LU
I

LU '5

-10

-15
0 0.1 02 03 0A OS 06 07 OS OS 1

(1.43)

n

Figure 1.3: The splitting of the intermediate energy level as function of the asymmetry

parameter rj according to equation (1.44)
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where /*, /+ and /_ are designated as the angular momentum operators. The quantities

COQ and r/ are defined in equation (1.40) and equation (1.22) , respectively.

In order to calculate the energy eigenvalues, the interaction matrix (.Im\ HQ\ Im!) has to

be diagonalized. This can be achieved by the unitary transformation of the Hamiltonian

( HQ). For the spin / —|, the resulting energy eigenvalues are [15],

where a and /3 are

and

B± b = EQ + 2OJ\U )Q(X arccos /?)
2 u

1
E+3 = Ea — 2ahu>Q( -(n+ arccos /3))

2 3
1E±i EQ 2Q7;WQ("(7T - arccos /3) )

2 «J

2
a= \l 28(1 +|)

P = 80(1- i f )
a3

The corresponding expressions for the spin precision frequencies are,

— 2\/3aojQ sin(~ arccos0)
o

18

16

o 143
c

3 12

10

0 0.1 02 0 3 04 05 06 0 ? 08 09 1

n

(1.44)

(1.45)

/ 1< /

Figure 1.4: The splitting of the intermediate energy level as a function of the asymmetry

parameter r; according to equation (1.47)
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(1-47)

The value of the asymmetric parameter defined by equation (1.22), in the principal axes

system with the convention \VXX \ < jV^yl is restricted to 0 < 7/ < 1. Therefore, the

electric field gradient tensor can be described for most applications by two parameters,
i.e. Vzz and TJ . In most cases the quadrupole coupling constant VQ is defined instead of

Vzz. This convention will be followed here:

VQ = (1.48)

When rj = 0 the value of g = 1

16



Chapter 2

Theory of angular correlation

2.1 Introduction

Perturbed Angular Correlation (FAC) is a nuclear technique, which uses radioactive nuclei

as a probe to extract information about their microscopic environments [17]. The method

is based on the spatial orientation of nuclear spins. The radiation from a radioactive source

has no unique direction in space under normal circumstances. But, if attempts made to

align the spin nuclei, an anisotropic radiation distribution is observed. An effective spin

alignment can be established by picking out only those nuclei whose spins align in a

preferred direction.

In successive emission of two 7-rays the observation of the first emission in one direction

determines the preferred spin alignment. From a give nuclei, one selects an ensemble

of aligned nuclear spins such that the correlated second 7-ray of the cascade reflects

anisotropic radiation pattern.

To observe the spin precession in angular correlation measurements, the nuclear moments

(magnetic or electric ) must be large enough in order to enhance A** (the anisotropic

coefficients). Moreover, the life time r of the intermediate state of the decaying nuclei

should also be large enough. The reason for having large r is in order to have enough

17



time for the interaction of the nuclear with electromagnetic fields moments at the site of

the nucleus to take place. This results in perturbation of the correlation. In some cases

the nuclear moment interacts with static extranuclear fields (static interactions) or it may

interact with fields that periodically vary (periodic interactions), or it may interact with

time dependent fields (time-dependent interactions).

2.1.1 Directional angular correlation

From the above introduction we see that an anisotropic radiation pattern can only be

observed when there is a nuclear spin / alignment. This spin alignment is governed

by conservation of angular momentum, and the angular distribution of electromagnetic

radiation with respect to its angular momentum vector L. Fig.2.1 describes this situation.

Z

e, * /1
92

Y0

k 2

4]

I.i Mj

I M

El1
YI

E
y2

i f Mf ' Ef

Fig.( b )

F)g-( a)

Figure 2.1: Fig.(a) shows emission direction of 7-rays in laboratory systems and Fig.(b)

represents a decay scheme of a 7 — 7 transition from an ensemble of nuclei.

In the figure a radioactive nuclei decays to the intermediate state by emission of 71 which

carries an energy of E\ and angular momentum L\ in the direction of k\. The intermediate

18



state is now populated with nuclei of certain directions (say, 72 in the direction of k2

). Then, the succeeding radiation of 72 with energy E2 and angular momentum L2 is

anisotropic and reflects unequal sub-levels of the population of the intermediate state

spin L. Therefore, angular correlation is the spatial distribution of the second quantum

state.

The probability of measuring 72 in a particular direction relative to the direction of 71

depends on the angle between the directions of both radiations. When the angle depen-

dence remain constant as a function of time, we have unperturbed angular correlation.
Such directional angular correlation can be described by correlation function W ( k\ , k2 ).
Here W ( ki ,k2 ) is the probability to detect 72 at an angle 6 with respect to 71 when a

nuclei decays through the cascade /,• — > / — » //. According to [11, 18] W (9 ) is defined as

W (ku k2 ) -W ( 9 ) = £ AkkPk (cos9 ) (2.1)
k

Vvhere G is the angle between ki and Akk is the angular correlation coefficient, which

describe the deviation of the coincidence probability from the isotropic case W {9 ) = 1. It

will be derived in the next section. Pk ( cos 9 ) is Legender Polynomials and describes the

spatial angular distribution of the 7-ray.

Since electromagnetic radiation have even parity, the sum in equation (2.1) includes only

even values of k’s. If the radiation patterns are pure multipole orders of L\ and L2 i i.e.
for case of no mixed state (mixed state is a state which has a dipole and quadrupole in

the first or second states), one can write equation (2.1) as
kmae

=W {9) = 1+ £ AkkPk ( cos6 ) (2.2)
k — 2

where k = 2, 4, kmax . By selection rule for angular momentum, kmax —
min( 2I , 2LI , 2L2 ). This show that kmax/ 2 is determined by the smallest of the three

angular momenta. From equation (2.2) when W (0 ) — 1, the result is an isotropic radi-

ation pattern. But when k — 2 = kmax , anisotropic radiation pattern takes place and

therefore, according to selection rule kmax / 2 = 1 which indicate that I > 1 for anisotropic

radiation.
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2.2 Extranuclear perturbation

In general the probability of measuring 72 in a particular direction relative to the direction

of 71 depends on the angle between the direction of 71 and 72. However, as the nucleus

remains in the intermediate state for a finite life time, the nuclear spins may interact, with

the environment. Accordingly, through magnetic dipole or electric quadrupole interactions

between the nuclear spins and the extranuclear environment, the orientation of the nuclear

spin is altered. The precession of the nuclear spin is reflected by a time dependant angular

correlation of 71 and 72, and is called perturbed angular correlation. This perturbation

depends on the magnitude of interaction and the mean life r of the intermediate state. The

magnitude can be described by a precession frequency u) for static perturbation, OJ is equal

to the Lamor frequency COB for magnetic interaction and is proportional to // (magnetic

dipole moment) and H (magnetic field). But, for quadropole case u> is proportional to

Q and Vzz. The time dependence of directional angular correlation is contained in a

perturbation function G*fc(£).

For a randomly oriented nuclei (polycystalline) in the local field, seen by an ensemble of

atoms, equation (2.1) becomes

w( ki , g ) =W (0 ) = £Gkk(t ) AkkPk (cos e ) (2.3)
k

Quantum mechanically, if one chooses the quantization axis to coincide with the direction

of the first radiation, the interaction causes a transition among the m-state. The transition

among m-state can be described by a time dependent density matrix of the intermediate

state /. The interaction of the nucleus in its intermediate state I with extranuclear

fields is described by Hamiltonian H. This interaction lasts from a time t=0 where a

first radiation is emitted to a time t when the second radiation emitted. Within this

time interval t the states |ma) change to different states |mj) because of the extranuclear

perturbation. The transition from states (ma) to states |mb) may be represented by a

unitary operator A(t ) that describes the evolution of the state vectors jm.;,) , and thus the
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perturbed angular correlation can be expressed as [11]

W { kuki , t ) = Y {m/|i?2A(t)|?nQ) (maj/f1|mi){m/|i/2A(t)|m,
a)*{|m/

a|/f1|mi):*
Hlj )7?Ja

(2.4)

where Hi and H<i represent the interaction Hamiltonian that governs the two step 7-

transition between the nucleus and the radiation field only. The state|ra) form a complete

set and the state vector fi(t ) is expressed as

k {t )\ma ) =Y lm6)W|A(t) [ma)
mb

and,

A(0K) =EK)«|A(^)K) (2.5)
m[b

The expansion coefficients are the matrix elements of the time-evolution operator A(t) in

the m representation. The evolution operator satisfies the Schrodinger equation with

~dT ~ hHA{t )

d4rv = 4"<*A(t) %

lnA(i) =
A(t ) — exp(-r-i/t). (2.6)

10

Using equation (2.5) and equation (2.6), one can write equation (2.4) as

W ( k1, k2,t ) = Y { rnf \ H2\mb ) {mb\k{t )\ma ){ma\ H1\mi ){mf \ H2\rn'bY

x <m£|A(t)K,)*(T<|fli|mj)* (2.7)

Based on the unitary matrix representation, which can be written in terms of the spherical

harmonics Y^ (0 f </>) , and the special choice of the quantization axis Z, the time dependent

correlation function can be derived as shown in appendix B and the required result is

21



W ( kuk2 > t ) = £ + l)(2*a + 1)]^1/2

kifoNiNi

xY^(9uh)Ykf * (62 , h) (2 -8)

where we define the perturbation coefficient Gk^2 (t ) as

Gkih (0 = T, [(2fci +!)(2*2 + l)]1/2(mfc|A(t)|ma) (m^|A(t)|m(l)t
uiQWb

x f 7 7 M f ' 7

\ rn'a -ma Ni J\m’b -m!b N2

Hence, the influence of the external perturbation is completely described by the pertur-

bation function G*^a (t). The expression (2.8) represents the time differential perturbed

angular correlation, i.e. the correlation measured if the second radiation is observed within

the time t and t + dt after the emission of the first radiation.

(2.9)

2.3 Perturbation by static interaction

If the perturbation of angular correlation is caused by the interaction of the nuclear

moments (magnetic or electric ) with a stationary externally applied magnetic field or

a crystalline electric field gradient, the matrix elements of A(t) can be expressed in the

771 representation. We designate the unitary matrix which diagonalizes the interaction

Hamiltonian H by U [11]
UHU -1 - E (2.10)

where E is the diagonal energy matrix with the diagonal element En (energy eigenvalues).

Uexp( — i / hHt )U ~l = U {1- { i / h) Ht + 1/2{ {i / n)Ht f + ...JIT1

= 1 - ( i / h) E t + 1/2{ { i / n) E t f + ...

U exp(— i jTiHt )U ~l — exp( — ( i / h)Et ). (2.11)
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provided that the perturbing Hamiltonian is very small. Using the time evolution operator

A(i) = exp(— (i/h)Ht ) )

we can write

VU ~l exp(-{i/n)Ht )U ~lU = U ~l exp( ~(i / h)Et )U,
exp{-(i/ h) Ht ) = CT1 exp( -(i/ h)Et )U,

or

A(*) = U ~l exp( -(i/h)Et )U. (2.12)

Therefore, the matrix elements of A( t ) in the m representation are

(m6|A(t)|ma) = E l«X«l (m.6|A(t)|ma)

= E<«K>>|e"(i/fi)ffV«>
— / ^ \i*|ifva /

where m and n are the matrix elements of the unitary matrix U that is obtained by solving

eigenvalue equation (2.10). The perturbation

- E (-l)2/+ma+mfc[(2fci + mh+ l)]1/2

mamb

x exp( ~(i/ h)( En-£„»)0(rc|m6)* <n|ma){n'|m£){n'|m'o)*

I I k2

v K — m'b N2

If the perturbing field is axially symmetric, then this guarantees that Afi — N% = N ,
but ki need not be identical to The symmetry axis of the interaction can be then

chosen parallel to the Z-axis and as the quantization axis for the eigenfunctions of the

Hamiltonian H. The eigenfunction |ra) and the evolution matrix A(£) are then diagonal

in this representation U — 1. [77 = 0 and non diagonal eigenvalues of the Hamiltonian

vanish ]
(m&|A(i)|roa) = ^<ra\ b )*e~^ /h)Emt (m\ma )

' I I h \
K m'a — ma Ni J
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(m6|A(t)|m0) = e ( ,/R )Emt5mma5mmh (2.14)

Therefore, the perturbation factor is reduced to
/

GS?'(0 = £K2*1 + l)(2fc2 + l)]1/2

m

I l k!
m!a — ma N\

x exp(

\

/
/ / h

\ m!h -m'b N2

(2.15)

an important relation can be derived from this choice of axes. If the axial symmetric

field is parallel to the propagation direction of one of the two radiation (e.g; 71) , then

y^(0, ip) — o > and only the term m = m!y i.e. Em — Emr = 0, occur. The

orthogonality relation of the 3 — j symbols can be used in equation (2.15) and we obtain

Gkifa2 (t ) — $kifo' Therefore, the angular correlation is not influenced by this field. The

influence of such a field can be interpreted as a precision of the intermediate nuclear state

about k\. The projection of I on ki does not change, and the population of the m-states

with respect to ki is not disturbed.

In most cases, angular correlations are observed by using a radioactive source that consists

of an ensemble of randomly oriented microcrystals . The angular correlation is obtained by

averaging over the random directions of the symmetry axes of the microcrytals. Therefore,

the perturbation factor of the powder source is

Cu- W = GK’W- (2.16)

The perturbation factor of the sources that as a whole display no privileged di-
rection is therefore called the attenuation factor. The time integrated attenuation factor

of the static interaction of the powder source has finite lower limits or is described as ”
hard core For the hard core case the perturbation factor reduces to equation (2.19),

i.e. from equation (2.15) one can write the averaged perturbation function as [11]
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/
Gkk {oo) = X)

m

/ / /.-, / /

^ m'a — ma Ni J ^ m'b -m'b N2

x exp( i/h( Em

\

/

For this limiting case m — mf and &i — k2 = k > and
/

G**(oo) = £
The orthogonality of the 3-j symbols is given as

/ I k

m — m N

2

E
77117712

/ . . . \ /
31 32 ^3

^ mi 772-2 ni3 J

/31 32 3'z

K nil ni2 m'3
_ ^h]3^n>3in'3

2 j3 + l '

Hence, j3 = j3 and m3 = m'3 equation (2.17) becomes
1

Gk-(°°) - 2& + j •

Thus, the values in the hard core cases are independent of the interaction.

(2.17)

(2.1.8)

(2.19)

For the second order k = 2 perturbation of the electrostatic interaction the hard core

would be 1/5. The meaning of this lower limit of the static interaction is that, the

anisotropic distribution of the second 7-ray is never completely lost regardless of the

field strength.

It is important to emphasize that the existence of the hard core case is subordinated to

the following assumptions

a) The perturbing interaction are static; b) No privileged direction exist in the radioactive

source considered as a whole. If either one of these assumptions is violated, the correlation

can be quenched , i.e destroyed completely.

2.3.1 Perturbation factor for static electric quadrupole interac-

tion

The interaction between the nuclear quadrupole moment and the electric field gradient

at the site of the nucleus is referred as the electric quadrupole interaction. This interac-
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tion results in the splitting energy levels of the decaying nucleus. Therefore, if there is

splitting of the intermediate level, we can observe the perturbed angular correlation. The

Hamiltonian that describes the axially symmetric electric quadrupole interaction and the

resulting energy difference from this interaction for the degenerate m-states is given by

equation (1.29) and (1.39) respectively. Rewriting the equations

//^ /| T0
(2) (2.20)

Em Bn,- m'21 (2.21)

and substituting equation (2.21) into (2.15), one obtains the perturbations factor for the

axially symmetric quadrupole interaction. That is

\ /

G^ (t ) = £[(2*i +1)(2*2 +1)]1/2 \ 1 ^
rn y ma — ma Ni \

I I hi
m'b -m'b N2

r 2 /2 \ . . / \x exp{ — oi\ jn — ui JU/QOJ

' ( T T Jk \ /
~ TAWi i) (^2 + I)]1^2

77? \

I I k\
m'a ma Ni

I I k2

^ 771.; — m!b N2

cos( najot )

or

= £ SnN 2 cos(nw0t ) ,
n

where the summation index n is over all positives integers and zero, i.e.,

(2.22)

n =
|m2 — ma\ for integer I

l/2|m2 — m!2\ for half integer I
(2.23)

The coefficient 5*jy 2 is given by

SnN 2 — £1(2*1 +1)(2&2 + 1)]1/2

777777'

/ J I k\ ^ ( 1 I h\
V K — ma Nx ) V mi -m'b N2 j (2.24)

where the prime on the summation sign indicates that the summation over m and in'
should only include those terms where m and m! satisfies the condition (2.23) .
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POLYCRYSTAL SOURCE
.

In general the correlation functions of polycrstalline sources are given as according to the

relation (2.3). For axially symmetric (77 — 0) quadrupole interactions the time dependent

perturbation term is represented by the attenuation coefficient Gkk (t ) [11].

' ( i l k
Gkk {t) = E I exp(-3i(m2 -ma )uQt )

m^n* \ m! — m p I
(2.25)

The quadrupole frequencies UQ is defined by equation (1.40) and p = — m' + m. This

expression can also be written as

Gkk(t ) =Y,Skn cos( noj0t ) (2.26)
11

with
\ 2

„. I / k , NSkn = £ I 1 (2-27)
171,111* ^ mf — m — m! + m j

and n satisfies the condition in equation (2.23). The Skn can be determined to all allowed

m-levels of the intermediate state, m and 771' (see appendix C). The time integrated

coefficients from polycrystalline samples can be obtained from [11]

Gkk {00) = - / exp( • t /T )Gkk {t)dt,
T J O

where Gkk(t ) is by equation (2.22).

\ roo
Gkk( 00) =Y\ Skn- / exp{ ~t/ r ) exp(-inw0t )dt

n T J°
V- c ^ f°° ( i n o J o T v v ,- 2̂ S^- / exp(-*( ) )dt

=YSkn~T

r

— 1 , ,1+ incoQT
. . ~ exp(— 1(

n r 1 + inu)0T

= E^T-4 "„ 1 + mu0T

1- inuipT

n + («W0T)2

r ))l§°
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or

«“ (“ > = -TTO1
Taking the real part only

g“ (00) =?S TT(^' (2'28)

The limiting values for infinitely strong axially symmetric static quadrupole interaction

are determined by the value of the hard core, which is given here in terms of the coefficient

Skn as

GA*(OO) - Sko

In a non-axially symmetric magnetic or electric field the S\n are polynomial function of

V -

2.4 Measurement of the time spectra in perturbed
•M. jt.

angular correlation (PAC)

Up to now we have discuss only the theoretical back ground of PAC. In this section we

will discribe how the data are measured experimentally and how the results compare with

predictions based on the appropriate theoretical perturbation functions.

In measuring the angular correlation between 71 and 72 as a function of time elapsed

between the arrival of both photons, at least two detectors are necessary. The simplest

form of the experimental set up is a two detector system in which one is fixed and the

other one is movable.

When both 71 and 72 are detected in coincidence unit (coincidence unit is a clock which

detect both gamma rays and allow them to pass only if their energy has the desired value),
information can be obtained on the orientations of the same nuclear spins I at the times

of the emission of the two 7 ra}'s. The spin precession frequency OJ is deduced from the

measured changes of the spin orientation A/ during the time t, between the emission of
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both gamma rays for an ensemble of probe atoms. Thus, whenever a radioactive probe

atom decays the frequency of the 7 that is emitted provides information about the field

strength at its lattice site which related to field strength according to equation (1.40).

The time differential coincidence count rate at a time t, where t is the elapsed

time between the emission 71 and 72, is given by [19]

Nij {8 > t ) = N0 exp( -t/m)W (0 } t ) + B (2.29)

where B is the time independent background random coincident count rate, W (0, t ) repre-

sents the time dependent angular correlation, and 9 is the angle between the two detectors.
For k— 2, the coincidence count rate recorded by detectors i and j is

N(9it ) — iV0 exp( — t/ rw ){ l + A22G2(t ) P2( cos 9 ) } + B. (2.30)

Since detector 2 is movable, eight coincidence spectra JVy (0, t ) are possible similar to the

arrangement of four fixed detectors that each form 90 degree to each other. The ratio

function R(t) can be obtained from the relation [18]
N {180°) - JV (90°)m= N ( m° ) + 2N ( 90° ) ' (2.31)

and,
R(t ) — A22G2( t ). (2.32)

From equation (2.32) the experimental R(t.) can be fitted with the perturbation function
3

R(t ) - A22G2(t ) = A22 Y fiSin cosnwot
0

(2.33)

Once the relation between the experimentally measured quantity R(t) and the pertur-
bation factor (?22(£) is known, it is possible to determine VQ and r\ from the measurable
spectra. For polycrystalline sources the coefficient S2n for ?? — 0 are already calculated

according to equation (2.27) in appendix C. But for 0 < 7] < 1, S^n can be predicted from
the Fourier transform graph of the perturbation function C?2 (£) [20].
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The general situation observed in the 7 - 7 decay of angular correlation is summarized

in Fig 2.2. First a radioactive probe such as mIn nucleus decays by emitting a photon

with energy — 171KeV and goes to the intermediate state. At this intermediate state the

splitting of the energy level occur which can be described by its frequencies and EFG.
The intermediate level inturn decays to the ground state through emission of the second

gamma m3' of energ)' 245KeV,\vith the formation of the daughter atom cadmium. Using

the two detectors the 7 7-coincidence spectrum is measured and converted to PAC time

spectra and its Fourier transform spectra ,
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Figure 2.2: Illustration of coincidence measurements. The two lower figures are taken

from [26]
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entire charge distribution will be disturbed at the site of the impurity because of the size

difference and change of the lattice parameters near the complex.

In some cases, it is customary to find a variety of impurity atoms simultaneously in the

semiconductors. These impurities can be either acceptors or donors in the host lattice. At

suitable thermodynamic conditions the impurities can form an acceptor-donor pair which

in many cases contributes for the passivation of electrically active centers. Such pairs

have been detected by different methods such as infrared absorption (IR) and perturbed

7 — 7 angular correlation PAC. In the present discussion, results of the PAC measurement
is presented. The PAC is very suitable for the detection of such pairs since it is sensitive

to the nearest neighbour defect.

3.2 Formation and property of the In — Te pair in

silicon

In the current investigation of indium-donor defect interaction in silicon, we employed

Czochralski-grown crystalline silicon with (110) surface orientation. The impurity atoms

(indium and tellurium) were incorporated in silicon by ion implantation. Tellurium was

implanted with dose 2.5 x 1016atoms/ cm2 at 50KeV in the mass separator facility at Uni-
versity of Bonn. Following tellurium implantation and recovery from radiation induced

damage, the probe atom indium ( n i In) was implanted at IGOKeV with dose ranging

between (1012 and 1013 ) atoms/ cm2. This dose range corresponds to a local concentra-
tion of probe atoms in the order of 1017atoms/ cm3. After the impurity implantation the

samples was annealed at different temperatures in vacuum ( a 0~6mbar ) in an isochronal

annealing program for 10 minutes holding time. Consequently, the time spectra where

taken right after each annealing stage. Fig 3.1 shows the time spectra taken after different
annealing temperatures . Severe radiation damage in the sample was observed immedi-

ately after implantation. Panel 1 of Fig 3.1 show the time spectrum after annealing the

sample at 500°^. This spectrum shows substantial improvement of the radiation damage
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as indicated by the rise in the value of the anisotropic coefficient (^22)• The spectrum of

course slightly modulated by a quadrupole interaction frequency due to the small fraction

of the probe atoms. This frequency is highly damped because of the EFGs coming from

defect complexes in close proximity of the probe atoms in the sample.
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Figure 3.1: PAG spectra of (Cd-Te) doped in silicon at different annealing temperature

At 700°C } one can clearly see a well defined frequency modulation resulting from the

formation of a unique probe-defect complex in the sample. Again, at higher annealing

temperature the frequency still exists but the amplitude of modulation decreases suggest-

ing the dissociation of the formed complex.

The observed frequency is assigned to the formation of the indium- tellurium pair in

the silicon. To our knowledge , this frequency has never been observed in any intrinsic

or impurity doped silicon. The quadrupole interaction frequency of UQ — 44AMHz is

derived from the time spectra representing In — Te pair in silicon. Moreover, orientation
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measurements were also taken by pointing the major crystal axes toward the detectors
(he. (100), (110) and (111)). The measurements suggest that orientation of the major

component of EFG tensor(Vw) lies along (100) [20, 21]

The 7 — 7 coincidence spectrum R(t) recorded as function of time is described by the

perturbation function discussed in Chapter 2. Recall that

R(t ) = A22G2(t ),
R(t ) = A22'£ fiG2( t ) , (3.1)

where
3

G2 (t ) = 2̂ Sn exp( ~5nt ) cos(wnt ). (3.2)
o

Here /,- is fractional population of site (i) characterized by Vgi and 77*. The anisotropy

coefficient A22 = — 0.1025 represents the effective spatial anisotropy of the 7 — 7 angular

correlation. 5n is the Lorenzian distribution for the different EFG distribution around the

mean value. The value of 5 is 2.150% for annealing temperature of 500°C and 0.15% for
all other cases.

The coefficient S2n depends on the orientation of the EFG tensor with respect to the host
lattice (for single crystal). The experimental data for S2n is given in table 3.1. The strong
dependence of S2n values on angle 6 is clearly seen from the table. For small change in
angle 9 large change in S2n values is observed (see Fig. 2.1).

s2n 0 = 2.72, <£ = 90 9 = 0.03, 0 = 0.3 e = 90, 0 = 0.04
£21 .322152 .000023 .642857
£22 0 .000079 0

£23 .178974 .000005 .357143

Table 3.1: Direction dependence of the S2n values for single crystal.

In this experiment, the Te+2 ions are assumed to occupy octahedral interstitial site in
the diamond structure of silicon. The strong quadrupole coupling constant frequency
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T E /,% unperturbed fraction polycrystal u/0

500°c 9.9(1) 65(3) 25 418.0

600°c 26.7(1) 58(1) 15 418.0

650°c 29.5(2) 55(2) 15.3 418.0

700°c 32.6(2) 52(2) 15 418.0

800°c 28.1(1) 57(1) 14 418.0

900°c 15.5(2) 66.3(1) 18.2 418.0

Table 3.2: Relation between annealing temperature and fraction of the probe atoms

exposed to electric field gradient

indicates that this interaction is related to associated EFG, Vzz through the relation

VQ = eQVzz / h (3.3)

Since we are performing the experiment for the case of / — 5/2, then the fundamental

interaction frequency uo = STTVQ / IO. In panel 1 of the Fig 3.1, the sample is annealed

for 10 min at Ta = 500°(7 and 10(1)% of the probe atoms in the sample experiences an

EFG, and a large population G5(3)% of them are still in the symmetric region. After

annealing at Ta = 700°(7, 32.6(2)% of the probe atoms experience unique EFGs and

52(2)% are unperturbed. The frequency modulation is slightly damped due to the presence

of imperfection close to the Cd-Te complex.

As the annealing temperature is increased, more Cd-Te pairs are formed until the pair

fraction reaches 32.6(2)% of the probe atoms at Ta — 700°C\ When the annealing tem-

perature is further increased above Ta — 700°C the formed complex start to dissociate

and completely vanishes above 1000°G. For all cases the fraction of the probe atoms not

mentioned here are situated in undefined lattice location.

The influence of the annealing temperature Ta on the population is shown in Fig.3.2.
The Cd-Te implantation at 23°C causes radiation damage and/or amorphization of the

i
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Si crystal. During annealing at temperatures up to 700°C\ recrystallization occurred

and Cd-Te complexes were formed, which lead to the observed quadrupole interaction

frequency (QIF). Above this temperature the concentration of Te+2 ions decreases and the

probability for the formation of Cd-Te complex decreases. Hence the fractional population

that experiences the observed EFG will decrease.
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Figure 3.2: Fractional population of Cd-Te that experiences an EFG during annealing at

different temperatures and unperturbed fraction during this annealing process.

3.3 Temperature-dependent Electric Field Gradient

In this section, the temperature dependence of the EFG at the niCd nucleus in silicon

is discussed. To examine the temperature dependence of the EFG another sample was

prepared using the process given in section 3.2 but changing the annealing condition.

Following the implantation of tellurium and indium the sample was annealed at 500°C'

and 700°C consecutively for lOminuetes, and then the sample was stored in an oven. These
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annealing temperature were chosen in order to observe maximum fractional population of

the In-Te complex. The temperature dependance of the QIF was examined between the

temperatures 20°(7 and 725°(7. The time spectra taken at different sample temperatures

showed a significant change in QIF. The QIF decreases from VQ — 444MHz at room

temperature to VQ 388MHz at the highest temperature.
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Figure 3.3: Fourier transform of the PAC time spectra taken at room temperature and

700°C

The strong temperature dependence of the quadrupole interaction frequency is seen from

Fourier transform of the PAC time spectra. The first peak the interaction frequency

observed at room temperature is shifted to the left at 700°(7 indicating the decrease

in frequency. According to equation (3.3) this indicate that the electric field gradient

decreases.

At the present time, there is no clear theoretical understanding that explains the change

of the electric field gradient at the site of the nucleus. Often the empirical T3//2 relation

is used to explain the same effects in metals. However, the change of the quadrupole
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interaction frequency in semiconductors is belived to resulte from the existence of different

charge states of the complex in the sample at the time of the measurements [17], Thus,

the observed complex would be formed by Columbic attraction between substitutional

indium { In" ) and ionized tellurium (Te+ and Te4“f ) during thermal treatment of the

samples. The change of the charge state of the probe atom as it transform from In"

to Cd~2 would form complexes ( Cd — Te )" and (Gd — Te )° which causing two different

EFGs Vzz{ — ) and V**(0) respectively. However, the population of the states could vary

with temperature resulting in different averaged EFG values.

The formation of indium-donor pairs in silicon using PAG technique have been studied by

[4, 22, 23]. They measured EFG at the cadmium-donor pairs after electron capture decay

of the 111Jn probe atoms to niCd. In this case the trapping and detrapping of impurities

or defects is governed by the electronic properties of the indium atom. However, since

the EFG is measured at the cadmium nucleus, it yields information about the electronic

structure of the cadmium impurity complexes. In their paper [22] they indicate that the

EFG of three indium donor pairs (donors: P, As and Sn) have similar step-like temperature

dependence of the coupling frequency VQ. In their discussion the drastic change in the

strength of the field gradient is attributed to the electronic effects, based on the fact that

thermal lattice expansion or increases in the phonons amplitude cause comparatively small

and smooth variation.

The electronic capture decay of inIn transforms the electrically inactive In-Te pairs into

a Cd-Te pair that can be regarded as an acceptor. Here the model which refers to the

charge state of the Cd-donor complex Cd-D is used which was applied for first time to

the semiconductor In2Te5 [22 and references therein].

At low temperature Te+ is dominant because of high concentration of Te. Hence, most

of the complexes are ionized to the {Cd — Te)“ state that produces an electric field

Vzz{— ). At high temperature more Te+2 state is populated. At higher temperatures

the {Cd — Te )° state dominates and produce EFG, Vzz { 0 ). In semiconductors as the

temperature increases the Fermi level Ep shifts to the center of the energy gap and the

39



ionization probability P(T) is dependant on the temperature. P(T) is described as, using

the Fermi-Dirac probability distribution,

P(T) = 1+ g exp{\ECd-D ~ EF (T )\ / kT } ’ (3>4)

where Ecd-D is the energy level and g is the degeneracy factor of the Cd-D acceptor.
The charge state of the acceptor is thus characterized by a dynamic equilibrium between

(Cd — Te)~ and (Cd -Te)° resulting in fluctuating field gradients. Assuming an identical

principal axes system for V(-) and V(0), the time average of the EFG is given by [22], as

VZZ (T ) = (1- aT ){ Vzz{0) + [Vzz ( ~ ) -V„(0)]P(T)}. (3.5)
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Figure 3.4: Temperature dependence of the QIF

The empirical factor (1 — aT ) is added to account for a small temperature dependence of

the EFG caused by thermal effects. Our sample can be considered as n type semiconductor

because of high concentration of Te (high Te dose). However, at the local site the Columbic

interaction between the In" ions and ionized Te forms Cd-Te states. The Cd-Te states
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act as acceptors and form acceptor energy levels. Based on this the sample is assumed

a P type semiconductor. For P-type semiconductors, the temperature dependant Fermi

level is given by [24, 25] as,

EF = Ev+ kT\n( Nv/ NA )

or,

EF = Ev - kTIn( NA/ NV ) (3.6)

But, Nv = 2( 2TTKTML/ h2^12

where Nv is the effective density of states in the valence band, k is Boltzmann constant

— 1.38 x 10~2SJ / K ) T is temperature in K, in* is the effective mass of electrons = mo x 0.2

for silicon (mo is mass of free electrons = 9.11 x lO-31/^) and h is planck’s constant

— 6.625 x 10^34 J.sec. One can write Nv as,

where, PQ — 2

iV — P.'T3/2
'— -* u-*- f 3 7^\ — /

( 2nkm*Jh2 y/ 2
= 3.66 x 1020/m3k3/2. Therefore EF can be written as

EF = Ev - kTln{ NA/ P0T 3/2). (3.8)

Substituting the value of EF from equation(3.8) into equation(3.4) gives,

1
P(T ) = 1 + 5exp{[£a - Ev + kTln( NA/ P0T3P ) ) / kT } ’

1
P(T ) =

or

P(T) =

1+ 5[exp AEa/ kTNA/ P0TW ] ’

1
1+ 5(7^75 exp^}‘ (3.9)

Now, substituting equation (3.9) into equation (3.5) and modifying the linear temperature

dependence of equation (3.5) by T3^2, we obtain

VZZ (T ) = (1- aT3/2)^) + -V2Z (0 )]
1 + 5(7^72 exp
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or

(3.10)

(3.11)

(3.12)

We use equation (3.10) to fit the data. Duiing fitting Pi was treated as free parameter and

its value is obtained as 6.7x10~6. This small value of Pi clearly suggests that the empirical

factor (1 — aT*'2 ) has no significant effect on equation (3.5). The acceptor concentration

NA is also treated as a free parameter and is obtained as NA ~ 9 x 1015(1)atoms/ cm3. The

Cd-Te energy level is calculated from equation (3.12) and equals 0.21(l)eV. Moreover, the

frequency due to the two EFGs of the given states (Cd ~ Te)~ and (Cd — Te)° is found

to be 444(l)MHz and 388(MHz), respectively.

vjn- (1- p'n+ i + 9iftT-Vy(f )]L
where,

Pi = a,

P2 = V«(0),

P3 = Vzz( ~ ) -Vzz(0 ),

Pi = NA/ PO ,
P5 = AEa / k ,

NA — Pi - Po

A Ea — Ecd-Te — Ev — -Pfjk.
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Conclusions
43

In this thesis, crystalline silicon hosts were used to investigate In — Te (donor-defect)

interactions. In and Te impurities were incorporated in silicon by the implantation method

with dose rates of 2,5 x 10lbatoms/cm? at 50KeV and (1012 — 1013)atoms/cm-3 for Te and

In, respectively.

The time spectra taken at various annealing temperatures showed a unique quadrupole

interaction frequency associated with the presence of tellurium in silicon. Prom these

spectra an interaction frequency of VQ — 444MHz was derived. This frequency represent

the formation of In - Te in silicon. With small deviation from theoretical results of

S^n values, the measurements suggest that the orientation of the major component of

EFG tensor (Vzz ) lies along (100). The frequency damping (2.15(0)%) is determined for
• ’ f A n^ 1 -I / -4\it~r f* 1\ 4 1 + 1 * 1 i i

spectrum taken at ouiro ana u.xo(i)7o ior an spectra measureu at mgner temperatures.

The measured interaction frequency showed strong dependence on temperature in the

temperature range between 20°C and 700°C. The drastic change of QIF can be explained

b}' the model which assumes two different charge states at the time of the measurements.

States such as (Cd — Te)” and (Cd — Te)° were assumed during the calculation. The

results give two different magnitude of the EFG as Vzz( — ) and Vzz(0 ) respectively. Based

on calculation in this work the concentration of the charged complex (Cd-Te) is 9 x

1015(l)a£oms/cm3 and its energy level above the valence band is 0.21(l)eV.



Appendix A

The 3-j symbols

Calculation of The 3-j symbols for k = 2 and spin I — 5/2

The 3-j symbols : for any angular momentum j\,^2, 7 3 with projection 7711, 7712, 7713

I troKr fl Ol
V V/i y

/
7l 72 73

^ 7711 7712 7713
= (-l)il * m3A(ji,J2 > h) 3̂011hih, m1 , m2, m3) (A.l)

where

^(ji 72 7*

3) = + zjgMjl "~ 72 + 73) K ~7I + 72 + 73)^1/2 (A.2)(ji +h+h + 1)!

1̂ 3(ii , J2, J3, Wi , «12, m3) = [O'
l +mi)!(j1 -mi)!0'

2+m2)!(j2-m2)!0'
3 +m3)!(i3 -m3)!]1/2

(-1)"
>< £r' !̂0‘

i + J2-J3- t/)Kii -mi - is)\{h - m2-1/)!
1 —(h - j2 + mi + v)\( j3 - ji -m2 + u)\ (A.3)

and the summation is over zero and positive values of v for which the factorial is not

negative. Using this formula we can evaluate the 3-j symbols as ji — j3 = I , j2 = 2,mi =
— m, m2 — 0 and m3 = m.
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Hence,
/

V

7 2 7

— m 0 m \
(2

(J + 2 + J + 1)!
)!|(J + m) K I “ + ro>!l!

X E (-1)" I
u\( 2 + I — I - u)\( I +m — u)\( 2 — 0 — v )\ (7 ~ 2 — m 4- ^)!(7 — 7 — 0 + mi)!

For convenience this equation can be grouped into three parts A, B, and C, with

A= (2)!(7 - 2 + 7)!(2)! 1/2

(7 + 2 + 7 +1)! ’

B = [(/ + m)!(7-m)!(2)!(2)!(7 -m)!(7 + m)!]1/2,

and

c = E( (-1)" ] X
1

7̂ *d(2 + I — I - v)\( I + m — u)\( 2 — 0 — v)\ ( I — 2 -m+ — I — 0+ v)\

A 9fA — £i
(27- 2)!

L (27 + 3)(27 + 2)(27 + 1)(27) (27-1)(27- 2)! j

2

1/2

(27 + 3)(27 + 2)(27 + 1)(27)(27-1)]
"
[(7 + m)!]2[2!]2[(7 — m)!]2l *

1/2

B =

= 2(7 + m)!(7 -m)!

In C we have only three possible values of u, namely v — 0,1, 2 since the other terms

make the factorials negative. For v — 0

C = 1 -1
0!2!(7 + m)!2!(7 — m — 1)!0! (7 + m — 1)!(7 — m — 1)!’

For u — 1,
-1 -1

l!.l!(7 + m — l)!l!(7 — m — l)!l! (7 + m — 1)!(7 — m — 1)!

For v = 2,
C = 1 1

2!0!(7 + m- 2)!0!(7-m)!2! 4(7 + m-2)!(7-m)!
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-1 1 1c= +(7 + m — 1)!(/ — m — 1)! (7 + m-1)!(7 -m — 1)! 4(7 + m - 2)!(7 — m)f
Using the above, the matrix elements of numerator in equation (1.36) gives

i z i \ or-ttn*
_

I I I a- 1 n
(A.4)

V

I 2 1

— m 0 m
2(37712 - /(/ + !))

( 21 + 3)(2/ + 2 )( 21 + l ) ( 2I ) ( 2I -1) 2

Calculating the values of the matrix elements in the denominator of equation (1.36) gives

( I 2 l\
\-7 0 7

= A’ .B'.C'

where A' , B' and C' are

( 1+ 2 - /)!(/ - 2 + /)!(-/ + 2 + /)!'
A' = ( 21 + 3)!

1
2 2

y/ ( 27 + 3)(2/ + 2)(2/ + 1) ( 2I )( 2I -1)

B' = ( I -/)!(/ + /)!(2! • 2!)(7 + /)!(/ - 7)l] 2
= 2(2/)!

(-1)"° v\(2 - v )\( 2I - v)\( 2 - iz )\( iz - 2)u\‘

The value of v that gives only non negative factorial is 2. Using this value Cr is given as

a 1
4(27- 2)!'

Based on the above the values of the matrix element in denominator are

/ 2 l\
\
-7 0 7

= A'B'C' = 2

/ \j( 2I + 3)(27 + 2)(27 +1)(27)(27-1)

_ 27(27-1)_
^/(27 + 3)(27 + 2)(27 +1)(27)(27-1)

Combining equation (A.4) and equation (A.5) results in,

1 I 2 I \
2(3m2 — /(/+!))

^ ~m V m J _ N/(2/+3)(2/+2)(2/+1)(2/)(2/-1)

x 2(27)! x 1
4(27-2)!

(A.5)

/

V

7 2 7

-7 0 7

2/(2/— 1)

\J (2/+3)(2/-f2)(2/-f l)(2/)(2/ — 1)
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which simplified gives
( I 2 I
\ — m 0 m j

f
I 2 I\

v -1 0 7 J

3m2 -1(1+ 1)
1( 21-1)

i

(A.6)
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Appendix B

Time dependent correlation function

Derivation of time the dependent correlation function and the perturbation

function

For anv hvn stfins <v transition between two levels ( such as level A and level B with
C/ X / v

corresponding eigenvalue V and ’b’ respectively ) the density matrix is defined as [11]

( b\QB\V ) = E ( b\H\“ ) (a\eAW ) ( b' \ H \ay (B.l)
a a'

Therefore, the density matrix in the intermediate state is

(m\e( ki )\m' ) = Y (B.2)
m m'

In equations (B.l) and (B.2) the angle independent factors have been set equal to l(one).
The matrix {ra|i/,|mi) represents

For the second transition a — m^ b — mj in equation (B.l) and equation (B.2), where i

and f indicates the initial and final states, respectively

(mf \e( kuk2 )\m!f ) - Y {mf \ H2 \m)(m\ H1\mi )( rni\ gi\m,
i }

m m' m £ m /

x {m'\Hi\m!i )*{rn,j\H2\m!)* (B.3)
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Furthermore, the density matrix equation (B.2) can be written as

<m|g> (fti )|m') = (B.4)
m

(m'\ g( k2 )\m) = (B.5)
"*/-E|LM )( ImLM \ H\Iim'i ) (B.6)
LM

Tlie eigenfunctions in the two systems are related by

(HLMTT) = 2̂(0a\ LM -jr ) D^M ( k Z ) (B.7)

where D^M ( k — > Z ) are the rotation group operators which is given below. The matrix

( kalLMir ) describes the eigenfunction of the radiation R corresponding to eigenvalues

L, M , and 7r of the angular momentum operators, the Z-component of angular momentum

and parity respectively, a is the index of polarization. The expression of this matrix holds

for both directional and polarization correlation. However, we are not interested in the

polarization part so 7r and a are neglected. The rotational group operators are given as

in]
Dfaik -» z ) = Dfaz- k ) (B.8)

ofa 7) - d>) (B.9)

Dfc+A7) = (B-10)

DZotoAi) = PL(coa0 ) (B.ll)

DUz -*) = Df£ ik -> *) = I ' $ (BJ2)

E D>< M' (k-^ )DM.M( Z' -> AT) = D^Af (fc -> a). (B.13)
A/'

The matrix element can be written as

Dj;u( k -» a') = E (B.14)
'X
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I

Here I and L must be retained since they are dependent on the other intermediate states.

We now use the fact that H for physical reasons is invariant under rotations [11]. The

matrix element (/jmj/L|/,mi) is non-zero only if /• = /j, m[ = m,-. Furthermore it is

independent of the magnetic quantum number m*.

Combining equation (B.6) and (B.7) and replacing the Clebsch-Gordan coefficient by

more symmetric Wigner 3 — j symbol (B.17) below and omitting uninteresting factors

(like 4n which does not contain information about the intermediate state), we get the

final expression for a typical matrix element

= £ (-i)-/+^‘
1 L h ^ (OlLr i i lWLWlMKz^ k ) (B.15)

LMf i m l M — m* j

In addition to the above expressions we need the explicit form of the matrix element of

the type Inserting equation (B.15) in to (B.4) and (B.5) > we obtain

But,

mi

= E E (-i)
ms LM^ L' M’ ii’

( \I L U
m' M — mi j

I V U
m' M — mi

x <0|i//i)(/||L||/j)(0|L/f)*(/|jL'|\Ii )*Dp,M,( z k )D^( k ^ z )

\

/

D%w( z ^ k ) D^lM ( k -» z) = 1 kr ) [ ML'U M' \kN ) DKrN { z k ). (B.16)
k

and the Celbsch-Gordan coefficients for vector addition j\ -f j2 — J3, mi + m2 = m3 are

defined by the transformation

\ j1 j2 j3rriz ) = \h'm\j2m2 ) {3\m1 j2m2\ jzmi )
m\m-2

(-l)il h mz {3\mxhm2\h-m2 )
( . . . \Jl 32 33

^ mi m2 m3 j
y 2^3 + 1 (B.17)
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( jimijirriilhmz ) =
/

V

Jl 32 32,

mi 772-2 — 772-3
Therefore,

nii LA/p /^Lr

7 I L li ) I V Ii
{ 772' M 777 j ^ 77l' M' ~Vli

\

X
/ V k

. /( I T

/

\

L l! k

M — M' N
( 2k -f 1)

x (0|LM)(/|lL||/i)(0|V)’{/||i,||/.-)^(^- k ) (B.18)

In the above expression N — M* — My r — // — and angle independent factor have again

been omitted. Moreover, we have used the fact that V — Ly JV, r, 21 and I + L + 772*
are integers. The sum 772*, M and M* over the product of the first 3 — 3 symbols of

equation (B.18) can be evaluated by using Racah relation, together with the symmetry

relation given below. The 3 — j symbols have the property that an even permutation of

the columns leaves the numerical unchanged [12],

/ . . . \
Jl J 2 J3

{ mi 7712 7723 /
J 2 J3 J1

772 2 777-3 772i

33 Jl 32

7713 7721 7722
(B.19)

While an odd permutation is equivalent to multiplication by (— 1)^1+72+73
^

. \
Ji J 2 33

772i 7722 7723 J
~ j)7'l+72+7*

3

/ .
3 2 J l 3 3

^ 7722 7721 77l3
— („1)71+72+73

( .
33 32 31

\ 7723 7722 772i

(B.20)

In equation (B.20) the terms of the bottom row has been replaced their negative values:

/ .
31 3 2 3 3

^ 7721 772-2 7773
— („1)7*

1+72+73

/
J l 3 2 J 3

^ 7721 772-2 -7723
(B.21)

On the other hand the Wigner 6 - j symbols can be defined as
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J^34+j5+j6+»n4+n<S+»>6
/ .

3\ 35 3 6

V

3 4 32 J6

ttll ms — 7776 / \ — 7774 7772 Wig

/ .
^4 J5 J3

^ 7714 — 777-5 ^3

J l ^2 33

7771 7772 ^3

/•

\

Jl J2 J3

j i j b 3 6
(B.22)

The term within {} is the Wigner 6 — j symbol and it is independent of magnetic quantum

number m. Using equation (B.21) and (B.22) in equation (B.18) gives

LMfiL' KLT

(

\

L U k \ l I I k

f i j j T ) \ m' — 777 N

x <
/

I l k
( 2k + 1)

L 1 1 I i
x (01L(i ) (/11L|j /,) (01L'n’ )*(/111/ 11/,-) D*N ( Z - k ) (B.23)

The expression (B.23) contains factors that depend only on the properties of the radiation.
To single out these factors clearly, we introduce with Racah radiation parameters C*r >

defined by [11]

C kT ( L L' ) = - f j!\k r ) { Q\L[x )* (0\I/ f / )

, L V k ^= E(-l) ,lV2k + l
m* \ P T J <0|LA)*(0|LV) (B.24)

Inserting equation (B.24) into (B.23)

(mb(fc)K) = EE(-i)2/ ‘̂+m“ L' T̂T 1

LL' kNr \ m,'
I l k

— m N

xCn,( LL' ) ( I\\L\\UmL'm i>*r N ( z-*)

I l k
L V U

(B.25)
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The matrix element. {m\ Q( k i )\m* ) is given by the expansion of equation (B.25) with the

proper subscripts. For the matrix element {rn,\ g( k2 ) \m) ) one finds

(m'le(fc) lm) = E E (-i)**-''-m-V2fta + i[ 1

L?L'2 k2 N-2T? ^ m!
i h

— m N2

x^r(LL0(//||X2||/) (//|jL/
2||/)*^;rs (^ -» k )

I I k2 \

U L'2 I f J
(B.26)

Let us define the coefficient Akk (the anisotropic coefficient which depends on radiation

pattern)

Akk = Ak { L iL\I i I )Ak ( L2L'2 I j I )

where

UL\

I l k' \ " n/||Li||/<) </||L/
i||/<) (B.27)

Li L\ U J
AV-W-1auu

Ak( L2L'2I f I ) = E (-l)i2^oM)
\

I l k
>

with

L2^2 [ L/ 2 L*2 I f

CULL1 ) = C^L9 ).

</||£3||7/><J||£4||/» (B.28)

(B.29)

Using some of the expression that we have discused up to now, we can derive a formula

for time dependent angular correlation function. Starting from

W ( kuk2,t ) = E (m/1 I I21mb)( mb|A(£)|ma ) (ma|//j jmi) x

(mf \ H2\ml }*(m'b\A(t ) \ma )* (m,
a\H1\rniy (B.30)

we introduce the density matrices by equation (B.4) and equation (B.5) above, writing

the correlation function as:
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W (kuk2 > t ) = E {wa|e(fci )|m^)(m/
6|e(^2)|m6) x

{m6|A(i)|mG) (77?||A(i)|m/
G) ^ (B.31)

with n — T2 = 0, equation (B.9) or equation (B.12) can be used to express the D^0 as

spherical harmonics Y^(8 } <f> ) . Inserting the expansion (B.25) and (B.26) for the density

matrices into equation (B.30) or equation (B.31) and using the definition (B.27) and

(B.28) of the coefficient Ak gives

w( k1 , k2 ,t ) = E E E (_i +
1

mam'rIrni,m'b h\h\ fci /ViO \ TTl'a — Tfla N\

I ki

x
I I ki
Li L\ I(

N

CULiLWllLMHWWiY

x E E { — i )k* ~T{+ b L<
2\J2k2 + 1

L2L2

/
1 1 , \ < - ? 1

k>2 \ | 1 1

\ m'b -mb N2 ) { L2 /4 //

xa,0(L2L' ){//||L2||7){//||L/
2||/)iD^0(z -» £1)^(2-» A*)K|A(i)|m.>K|A(0K)

E E \/(2^i +!)(2^ +!)Ai(lM*,(2) X f 7 7 fcl
A- ifcsAfiJVj ^ m' -ma Nx

k2 I W|A(A)|ma) <m(JA(A)|m^*Z)^0(> -> k^D^z -> A:)
m'j, -mb N2 J

m

(

where the definition of J4*J (1) and A^2 ( 2 ) in equation (B.27) and (B.28) have been used.
Moreover from equation (B.9) or B.12)
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W (kufa,t ) = E E <J {2 fa + 1)(2 fa +1)^(1)^(2)
niamj, liibmj A'i ,^2 Nx Ar2

X
47T

y (2fci + 1)(2k2 + 1)

/

\

/ I fci
ro' ~ma M

\

/

(

\

I I k*
m!b -mb N2

= 4TT E /l,1(l)yl,
2 (2)G^(0[(2/c1 + l) (2Aa + 1)]~1/2

&i,feaiVi//a

(B.32)

= E >lfei (l)^(2)G^(<)Pfc(cos0)
kifol f iNi

(B.33)

where 9 is the angle between fa and fa.
In equation (B.32), we now replace >1^(1) by ^(71) and (2) by A^2 (72) - Finally, we

obtain the required perturbation function as

W ( fa , fa ,t ) = E ^i (7i)^(72)G^2(t)[(2^ +1)(2A:2 + l)]"1/2

kifaNify

*>?(«. (B.34)

where we define the perturbation coefficient Gj$£3 (t ) as

G k i h i t ) = E K2fci + W2** + l)31/2{m6|A(t)|mQ) (m;|A(t)K)*

wiafn ^

X

(

\

I I fa \ I I h

m'a -rna Ar1 / \ m'b -rnb N2

2 (B.35)
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Appendix C

Anisotropic Coefficients

Calculation of for k = 2 and spin I = 5/2

The Wigner 3-j vectors can be solved using equation (A.l), (A.2) and (A.3). Therefore,
using: these equations

'

where

\5/2 5/2 2

m' — m m — m' J — A x B x C

, _ r (j i + h-is)!(it + -j2 +h) K ~ j i +h + 33)1,1
( j i +h+h+1)!

B = [(ji + mi) K/i - mi)!0'
2 + m2)!(j2-m2)!(j3 + m3)!(j3 -m3)!]s

(-ir
if "KB + h-h ~ v )\( j i - mi - v )\( j2 - m2 - v )\

1
t?3 ~ h + mi + t/)!( j3- j i - m2 + v )\

Therefore,
A=

2! x 3! x 2!
8!

1/2 2
V 6720

The possible combinations of S2o is
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J

m 1/2 -1/2 3/2 -3/2 5/2 -5/2 1/2 -1/2

m! 1/2 -1/2 3/2 -3/2 5/2 -5/2 -1/2 1/2

The other combinations like m = 3/2 and m! = -3/2 is not possible because it requires

values greater than value of k. If we have a vector in the form

can be written as
\

I I 2

m — m 0

\

/

the result

/ I 2 2[3m2 - /(/ +!)]
m -m 0 ) ~

^/(21+ 3)(2/ + 2)(2/ + l)(2/)(2/-1) '

For n = 0, m = 1/2 and m' = 1/2,

(
5/2 5/2 2 ^

V 1/2 “ 1/2 0 j
2[(3 x 1/2)2 — 5/2(5/2 + 1)]'

/8 x 7 x 6 x 5 x 4
2

= 0.038095

For n = 0, m = -1/2 and mf — -1/2,

/ 5/2 5/2 2

^ -1/2 1/2 0

2
2[(3 x — 1/2)2 — 5/2(5/2 + 1)]

\/8 x 7 x 6 x 5 x 4

2
= 0.038095.

For n = 0, m = 3/2 and m' = 3/2

/ \ 2
5/2 5/2 2

\
3/2 -3/2 0 j

2[(3 x 3/2)2 - 5/2(5/2 + 1)]
\/8 x 7 x 6 x 5 x 4

2

= 0.002381.

For n = 0, m = -3/2 and m' - -3/2

/

\

5/2 5/2 2

-3/2 3/2 0

2
2[(3 x — 3/2)2 - 5/2(5/2 + 1)]

/8 x 7 x 6 x 5 x 4
2

= 0.002381.

For n = 0, m = 5/2 and m! = 5/2

/

\

5/2 5/2 2

5/2 -5/2 0

2
2[(3 x 5/2)2 - 5/2(5/2 +1)]

/8 x 7 x 6 x 5 x 4

2
= 0.059524.
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(
I For n = 0, m = -5/2 and m! — -5/2

2

f 2[(3 x — 5/2)2 -5/2(5/2 + l)]l 2' 5/2 5/2 2 X

^ -5/2 5/2 0 )
For n = 0, m = 1/2 and m! = -1/2

/

>7 8 x 7 x 6 x 5 x 4

2
5/2 2 5/2

^ -1/2 1 -1/2 y
2 l 2

x B x C ,

./7720

B = 72! x 3! x 3! x 1! x 3! x 2! = 1276
c= yx izlll^ i/!(2- i/)l(3- -1)!

y = 1, 2

c = -l +
i

1!.1!.2!.2!.1!.0! 2!.0!.l!.l!.2!.l!_ -1 1C — —: b - — 04 4
2/ 5/2 2 5/2 ^ [ 2

-1/2 1 -1/2 J W f m

For n — 0, m — -1/2 and m! = 1/2, by symmetry

w 1 o* /ft v/ n
/\ 1/^ y \j s\

2

7 5/2 2 5/2 > 2

V -1/2 1 -1/2 y
= 0

Therefore,
/ / I k

S20 — Y L (
\ rr/ — 777 — ??7 /

2

m}m' x m — m — m + m

= 2(0.038095 + 0.002381 + 0.059524) = 0.2000

The possible combination of £21 is,

m 1/2 3/2 -1/2 1/2 3/2 -3/2 -1/2 -3/2

m/ -3/2 -1/2 3/2 3/2 1/2 -1/2 -3/2 1/2

Therefore, for n = 1, m = 1/2 and m' = -3/2,
/ \ 2
' 5/2 2 5/2 I
^ -1/2 2 -3/2 J

2 I 2
“ x B x CL 76720

0.059524.

A
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c .
B = 2! x 3! x 4! x 0 x 4! x 1!

(“ 1)"

1/2

= 48>/3

C ^ i/!(2-1/)!(3-*/)!(4- y)!(i/)!(i/ - 2)!
i/ — 2 only for this case

C — 1 1
2! .0!.l!.2! .2!.0! 8

/ 5/2 2 5/2

-1/2 2 -3/2

For n =1, m = -3/2 and m' — 1/2
\

2

/ ĴL=48v/3 x -V = 0.064285
\/6720 8/l

5/2 2 5/2

3/2 -2 1/2

\
2 i 2
“ x B x C

J3 = 4!.1!.0!.4!.3!.2!

- N/6720

1/2

= 48^3

(-irv ' \ /

° =^u\{2- 12) 1 (1- i/)!(-*/)!(2 + 1/)!(2 + u )\
12 = 0 is only possible

/

C = 1 1

5/2 2 5/2

3/2 -2 1/2

For n = 1, m = 3/2 and m' - -1/2,
V

0!.2!.1!.0!.2!.2! 8
2

f 2
w

48\/3
~~

L \/6720
X 8 - 0.064285

/ 5/2 2 5/2

l -3/2 2 -1/2

2

2 I 2
x B x C

.N/6720

5 = l!.4!.4!.0!.2!.3!
1/2

= 48\/3

(“ l)"c ^ 121(2- 12)1(4- 12)1(4- 1/)!(12-1)1(12 - 2)!
12 = 2 only,

C =
1 1

2l.0l.2l.2l.il.0! 8
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/ \ 2
5/2 2 5/2

— 3/2 -2 -1/2 )

For n = 1, m = -1/2 and m' = 3/2,

2 x 48i/3
.v6720 8

2
= 0.064285

/

\

5/2 2 5/2

1/2 -2 3/2

2
2 „ J 2

x B xC

B = 3!.2!.0!.4!.4!.l!

. v/6720

1/2

= 48i/3

c = E (-ir
i/!(2 - i/)!(2 - v )\{-v )\{\+ i/)!(2 + u)\

v can be only 0,
C = 1 1

0!.2!.2!.0! . 1! .2! 8
(

5/2 2 5/2

1/2 -2 3/2
\ 2

For n = 1, m = 1/2 and m! — 3/2,
/

2
2 x 481/3

Ls/6720 8

2

= 0.064285.

\

5/2 2 5/2

-1/2 -1 3/2 7

2

£ =

r 2 12
. x B x CLI/6720

1/2
2!.3!.3!.l!.4!.l! - 24%/3

C' = E (-ir

1/ - 0, 1

c =

i/!(2- j/)!(3- i/)!(l - i/)!(i/)!(l + */)!

1 -1 1 1 -1
+0!.2!.3!.l!.0!.l! l!.l!.2!.0!.l!.2! 12 4 6

/ \ 2
5 / 2 2 5/ 2 ] [ 2 ( — 241/3)12

^ -1/2 -1 3/2

For n = 1, m = 3/2 and m! — 1/2,
v/6720

x
6 = 0.028571

‘ 5/2 2 5/2 X 2

\ -3/2 1 1/2 /

2 I 2
x B x C

.1/6720
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1!.4!.3!.1!.3!.2!
1/2

= 24>/3

(-1Y

v = 1, 2 only

C -

i/!(2- */)!(4 - i/)!(3- «/)!(»/ - l) I(i/ - 1)!

-1 1
+ _ -1 1 _ 1

l!.l!.3!.2!.0!.0! 2!.0!.2!.l!.l!.l! 12 4 6
/

\

5/2 2 5/2

-3/2 1 1/2

2
2

./6720
x 24s/3

4
2

= 0.028571

For n = 1, m = -3/2 and m' = -1/2,

f 5/2 2 5/2

3/2 -1 -1/2
\

2
2 l 2

x B x C

B =

LX/6720

1/2
4!.li .11.31.2!.31 = 24\/3

G = E (“ ir
i/!(2 - i/)!(l - i/)!(l - i/)!(i/ + 2)!(ix + 1)!

i/ = 0 and 1

C = 1
+

-1 _ 1 + -1 _ 1 _ J_ _ 1

/

01.21.1!.11.21.1! ll.ll.0l.0l.31.21 4 12 4 12 6
2

5/2 2 5/2

3/2 -1 -1/2

For n = 1, m = -1/2 and m' — -3/2,
V

2
L /6720

x 24\/3
6

2
= 0.028571

/

\

5/2 2 5/2

1/2 1 -3/2

2
2 12

x B x C

B - 31.2l.3l.ll.41.il

/6720

1/2
= 24/5

c^E (-i)"
1/1(2- i/)!(2- i/)!(3- */)!(*/ + l)!(i/ -1)!

i/ = 1, 2

C = -1 + 1 -1 1 _ -1
11.11.1121.21.0! ' 2l .0l .0l .ll .3TTl 4 + 12

~
6
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\

\

5/2 2 5/2

1/2 1 -3/2

2
" 2

w
(-24/3)

./6720
X

6
2 - 0.028571

Therefore,

S'21 = E /,
7 *

' TO' ro 777
)2

mini' N ?7V — m — m + m

S21 = 4(0.028571 + 0.064285) = 0.371

To obtain n = 2, we have four possible combinations. These combinations

m 5/2 -5/2 -3/2 3/2

m! 5/2 3/2 -5/2 -3/2

Even though other combinations like those given in the following table give n = 2, because

of the fact that — m! + m = 4 or -4 which are not allowed for k — 2, we cannot use them.

Ill -3/2 -5/2 3/2 5/2

m' 5/2 3/2 -5/2 -3/2

For n = 2, m = 5/2 and m! = 3/2,

5/2 2 5/2

-5/2 1 3/2

2
./6720

x B x C
2

= 2 only

0!.5!.3!.l!.4!.l!
1/2

= 24/30

C' = E (-iY
i/!(2- i/)!(5- i/)!(3- v)\{v- 2)\( v-1)!

(7 = 1
21.0L31.ll.0l.il 12

5/2 2 5/2

-5/2 1 3/2

\ 2

/

2
L /6720

For n = 2, m = 3/2 and m' = 5/2 by symmetry,

x 24/30
12

2

= 0.071429

f 5/2 2 5/2 ^( -3/2 “ I 5/2 ,
2 _ ( — 24/30)

./6720
X

12
2

= 0.071429
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For n = 2, m = -3/2 and m! = -5/2,

(

\

5/2 2 5/2

3/2 1 -5/2

2

5 = 4!.l!.3!.l!.0!.5!

r 2 I 2
x B x C

- \/6720

1/2

= 24\/30

C' = E (-ir

i/ = 1 only
id (2- i/)!(l - i/)!(3- v)\(y + 2 )\( u-1)!

-1 -1
(7 = 1!.1!.0!.2!.3!.0! 12

f \ 2
5/2 2 5/2

V 3/2 1 -5/2 J
For n = 2, m — -5/2 and m! — -3/2 by symmetry

' 2 (-24\/30)
- x/6720

X 12

2 - 0.071429

/ 5/2 2 5/2 N

^ 3/2 1 -5/2 /

2

ix <*£&]*.0.071429
l yorzv L L J

Therefore,

S2
7 * )2

m,m' v m' — m -m' + m J

-4 x 0.071429 = 0.2857

Let us now calculate S23. Four possible combinations that give n = 3 is given in the table.

m 5/2 1/2 -1/2 -5/2

m! 1/2 5/2 -5/2 -1/2

and the remaining four combinations are not possible for the reason discussed in the

previous case. For n = 3, m = 5/2 and m1 = 1/2,
2/

V
(

5/2 2 5/2

-5/2 2 1/2

2 I 2
x B x C

B = 0!.5!.4!.0!.2!.3!

LV6720

1/2
= 48\/l5
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