TEMPERATURE- DEPENDENT
HYPERFINE INTERACTION AT THE

¢d NUCLEUS IN SILICON

A Thesis Submitted to the

School of Graduate Studies
Addis Ababa University

In Partial Fulfilment of the
Requirements for the Degree of

Master of Science in Physics
Submitted by
Teshome Senbeta

June 2005
Addis Ababa, Ethiopia



Acknowledgment

I express my deepest gratitude to my advisor Dr. Genene Tessema for pro-
viding me his own data, invaluable and constructive guidance, convenient
working environment, specially different softwares and computer. It is his
patience and continuous follow up that bring me to the last day. So, my

gratitude and affection to him is greater than expressing in a word.

I would like to express my sincere thanks to my mother, brothers and
sisters for their encouragement. I thank the physics Department and my
instructors in the Department for their help in one way or the other for
sucecess. I would like to express my heart full thanks to my friends Zelalem
Nigussa for his invaluable discussion and moral encouragement, Legesse
Lemecha for assisting me in certain physical problems and supplying me

different ideas and Fikadu Beyene for his technical support.

I am greatly in debited to my wife Asnakech Getu for her inspiration,

encouragement and unlimited support and my daughter Hawi for her love.

Last but not least, Robe Teachers College is acknowledged for sponsoring

me to join the School of Graduate Studies.

Addis Ababa, Ethipia Teshome Senbeta
June, 2005



Contents

List of Tables
List of Figures
Abstract

Introduction

0.1 Imtroduction . . . . . . v o v i i e e e e e e e e e e e e
Chapter 1

1 Hyperfine interaction
1.1 Imtroduction . . . . . . . o o e e e
1.2 Classical Electrostatic Hyperfine Interaction . . . ... ... ... ... ..

1.3 Quantum Mechanical Treatment of the Electrostatic Hyperfine Interaction
Chapter 2

2 Theory of angular correlation

2.1 Introduction . . . . . . . L. e e e e e e e e e e e

2.1.1 Directional angular correlation . . . . . .. ... ... ... .. ...
2.2 Extranuclear perturbation . . ... .. .. .. ... o000
2.3 Perturbation by static interaction . . . . . .. ... .o 000000

2.3.1 Perturbation factor for static electric quadrupole interaction . .

2.4 Measurement of the time spectra in perturbed angular correlation (PAC) .

i

iii

17

17
17
18
20
22
25



Chapter 3

3 Results and discussion
3.1 Introduction . . . v v v v v e e e e e e e e
3.2 Formation and property of the /n — T'e pair in silicon . . . ... ... ...

3.3 Temperature-dependent Electric Field Gradient . . . . ... .. ... ...
Conclusions
Appendix
A The 3-j symbols
B Time dependent correlation function
C Anisotropic Coeflicients

Bibliography

it

32

32
32
33
37

43

44

44

48

56

65



List of Tables

3.1 Direction dependence of the S,, values for single crystal. . . ... ... ..

3.2 Relation between annealing temperature and fractional population of the

probe atoms exposed to electricfield . . .. ... oo oL

iii



List of Figures

1.1

1.2

1.3

2.1

2.2

3.1

3.2

3.3

3.4

Representation of the position vectors roand 75, . . . . .. . . oo 7

Schematic diagram of the splitting of the intermediate energy level for

I =5/2 and 7 = 0 according to equation (1.39). . .. . ...... ... .. 14

The splitting of the intermediate energy level as function of the asymmetry

parameter  according to equation (1.44). . .. ... . ... ... ... .. 14

The gplitting of the intermediate energy level as a function of the asymme-

try parameter 5 according to equation (147}, .. ... ... ... ... .. 15

I"ig.(a) shows emission direction of -rays in laboratory systems and Fig,(b)

represents a decay scheme of a <y - -y transition from an ensemble of nuclei. 18

Ilustration of coincidence measurements. The two lower figures are taken

from [26] . ... 31

PAC spectra of (Cd-Te) doped in silicon at different annealing temperature 34

Fractional population of Cd-Te that experiences an EFG during annealing
at different temperatures and unperturbed fraction during this annealing

PIOCESS. . v v v v v vt e e e e e e e e e e e e 37

Fourier transform of the PAC time spectra taken at room temperature and

TO0°C . o e e e e e 38

Temperature dependence of the QIF . . . .. ... ... ... .... 40

iv



Abstract

Impurity atoms (indium and tellurium) were incorporated in silicon through an implanta-
tion process, The samples were annealed to remove radiation damage. The formation of
Cd-Te complex and the temperature dependence of the quadrupole interaction frequency
(QIF) were studied with help of perturbed  — -y angular correlation (PAC) technique.
The observed pairing between Cd and Te was due to the interaction between acceptors
and donor atoms in silicon. This explains how the presence of Te influences the lattice site
of the Cd atoms. The unique quadrupole interaction frequency vq = 444M Hz was asso-
ciated to this complex formation. The strong quadrupole interaction frequency, 444MHz
at room temperature, decreases to 388MHz at 700°C which is associated to the state

(Cd —Te)~ and (Cd — Te)? respectively.



0.1 Introduction

Nuclear techniques, such as M dssbauer Spectroscopy, Perturbed « - ¢ Angular Corre-
lation Spectroscopy (PAC), Nuclear Magnetic Resonance and others have proven in the
past to be versatile tools for studying a broad range of problems of nature [1, 2). The
interaction between the nuclear moments and the extranuclear electromagnetic fields is

called hyperfine interactions [3].

The hyperfine interactions method involving the measurement of (PAC) is being used to
investigate defects in intermetallic compounds, metal oxides, semiconductors, and insula-
tors. PAC measurements heavily rely on radioactive probe atom like 1 I'n [4]. It measures
the electric field gradient (EFG) which arises from the immediate lattice surrounding at
the site of the probe atom. The observed effect is from the hyperfine interaction betwesen

electric field gradients and the quadrupole moment of the isotope ! C'd, which is daughter

of W in,

Acceptor-Donor pairs in semiconductors received miuch attention in the past because of
their role in the deactivation of electrically active centers. PAC is well suited for the
detection of such pairs because the probe atom, indium, is also an acceptor in silicon.
Several group-V donors atoms implanted in silicon have been reported earlier. Recently a
new defect complex has been reported after tellurium implantation in silicon. This defect
complex was characterized by the observed unique quadrupole interaction frequency. This

frequency is dependent on the temperature.

In this thesis discussion is given about the formation of indiun-tellurium pair and the

temperature dependance of the electric field gradient associated with the formed complex.



Chapter 1

Hyperfine interaction

1.1 Introduction

The observation of microscopic environment in solids is possible using nuclear methods
whose working principles are based on the interaction between the nuclear moments of the
probe nucleus and the swrounding electromagnetic fields. The interaction of moments
(magnetic or electric) of the nucleus with electromagnetic fields is called Hyperfine Inter-
action. The hyperfine field affects the nucleus which makes possible the determination of

internal fields in solids through the measurements of the nuclear properties

1.2 Classical Electrostatic Hyperfine Interaction

The nucleus of a solid is surrounded by electrical charges (clouds of charges } which
interact with external electromagnetic fields. This interaction causes a potential ®(7) at
the site of the nucleus. Classically, the electrostatic interaction energy of a nuclear charge

distribution p(7) in an external potential ®(r) is given by

Bues = [ p(F)OFd (11)



where [ p(F)d*r = Ze, the total charge of the nucleus. Assuming the potential ®(7)
to range slowly over the region of the nuclear charge distribution, where p(f) is non-
negligible, the potential can be expanded in Taylor series around 7 = 0 near the center of

the nucleus as

00 =000+ 3 (55 )t 5325 (g

Substituting equation (1.2) into equation (1.1) gives

oy S0t 320 o g 207

8 ) Tatg t ... (1.2)

Egee = 0)Zfl—l- Z [

Foee = EO 4+ EO 4 p@), (1.3)

The first term is the Coulomb energy of point charges, which only contributes to the
potential energy of the crystals lattice and thus it is of no interest in the discussion of the
hyperfine interactions. The second term is the electric dipole interaction which vanishes
because atomic nuclei possess no electric dipole moment (parity conservation). The third
term E® coltains the isomeric shift and quadrupole interaction. By introducing 2 =
Yo 72, and adding and subtracting the same term ¢ ¥, 55 Po, [ p(r)r?d®r, one can write
E® as

E® — % Y oY @, fp('r)r2d3r + % D Qg fp(T‘)dBT(S:L‘QIBg - 1'25%), (1.4)
a g a g

where the quantity @, is

0
o, = ) 15
o (awaa'vp ( )
Of course, this result can also be obtained through the expansion of the term Ir 7 using

a binomial series expansion of the potential ®(7), where

o) = L [ A (1.6)

4‘?T60 vol I?' - T_',l

Therefore,
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or,

2
o 3(?_"-1-‘;) 2
1 ml o1 1[ ‘ 1]. (17)

[r — 7| T r3 9

With fﬂr’i = 7’/ cos §, substituting equation (1.7) into equation {1.6), one obtains,

O(F) =

f p(f’)? cosB f p(F}3 cos2 g — 1)r? &

4’11'60 r 41760 871‘60

This expression can be rewritten using tensor representation of the term

TaXa

~

T
=rcosf=)
44

(with 2,=1,2,3 corresponding to X,Y,7 respectively). In the above expression, q is the

total charge [ p(F)d®r. Using the cartesian expansion we obtain,

ta [ PXe . 1 §(7) Bz — T0ag)
0(F) = et b T Ly Eozﬁxaxﬁf - &y

41re 7 4d7eg rd

‘I)(?—') 30 4 Z Z QaﬁX Xp (1.8)
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with
1 g
Pl = 2
dreg 1’
= f p(F)zad’r
and

Qup = [ #(i)(Bzazs — 1" b0p)dr



Pe and (g ave the dipole and quadrupole tensors, respectively. The quadrupole tensor

(Qap can be expressed as its nine components in matrix from [5]. Hence,

322 -2  3ay 3xz
Qag = 3zy 3yt r? 3Byz
RYT 3yz 3% — "

Moreover, transforming the quadrupole tensor Qap to diagonal form, one can find a new
coordinate system in which the non-diagonal terms vanish and one gets a new quadrupole

tensor
3x% — 12

Q::rﬁ = 3y2 _ 7.1'2
322 _ 7.12
The electrostatic potential ®(7) that causes the electrostatic interaction energy in equation

(1.1) is the same as the potential ®(7} given in equation (1.5). In addition, the expansion

g notential gver the region

or a gl ntial
- = == a [CervT v o

performed for ®(F) in equatio

g e AL

e

{1.2) is
\ ri

wly varyin

of the nuclear charge distribution and the expansion performed in equation (1.6} is also
for " < r, i.e. for a slowly varying potential. On the other hand, if one substitutes
equation (1.6} into equation (1.2) and performs the necessary differentiation, equation
(1.8} can be obtained. Therefore, equation (1.8) and equation (1.2} are expressions of the
same potential based on different approaches. The electrostatic potential ©(r) satisfies
Poisson’s equation A® = —4 wp,(), which holds true especially near 7 = 0. Hence, the

gradient of @ at 7= 0

(A@)O =% o = el 2(O)P (1.9)

where —e|¥(0)|? is the charge density of the atomic electrons at the nucleus. Applying
a suitable choice of rotation of the coordinate axes to equation (1.4}, the electrostatic
hyperfine interaction may be written as

E® = é Za: Do f p(ryridr + é Za: zﬂ: Do f p(r)dr (3fca$ﬂ - Tzéan)

- -
v




E@ = E, +  Eq (1.10)

The first term, the isomeric shift E;, reflects the interaction between the extended charge

of the nucleus and the charge density of the electrons at the nucleus.

1 4re dwZe
Bu= s X% [ ornidr = @ [ oty = T o))
o3
The isomeric shift does not explicitly depend on the angular momentum of the nucleus.
Instead, it depends on the mean square of the radius of the nucleus. Thus, this leads only
to a shift of the nuclear energy levels but not to a splitting of the degenerate m-substates.
Eq describes the interaction between the electric field gradient and the non-spherical part

of the nuclear charge distribution, i.e. the quadrupole moment teusor.

1.3 Quantum Mechanical Treatment of the Electro-

static Hyperfine Interaction

The interaction between the quadrupole moment of the nucleus and the local electric ficld
gradient results in a splitting of the energy levels of the different states of the nucleus.
The interaction energy is defined as the matrix element of the electrostatic Hamiltonian

(He!)
E, = {Im|Hq|Im') (1.11)

where [ is local angular momentum with its projection m and m’ along the Z-axis. The
Hamiltonian that describes the interaction of a fixed electrostatic field gradient with the

electric quadrupole moment of a nuclear state is given by (6, 7, §)
4 9
Hy = —5—T(2)V(2) =5 S (-1)iTv e (1.12)
This relation results from the Hamiltonian

Hy=Y % (1.13)

c,p |TP - TCI
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for r¢ > rp. The term i— of the above explessmn can be written using the expansion

of Legender Polynomials [6],

1 =] T'k

IT — I = z rkt+l PR(COS(prrc)) (114)
P ¢ k=0'c

where Py is Legender polynomial. Using the addition theorem of spherical harmonics

Charge distiibution

e
P ucleus

Figure 1.1: Representation of the position vectors r, and r.

which states that; if two different directions (61, ¢1) and (f3, ¢2) in spherical coordinate
system are separated by an angle 6 {9, 8] then
47r i

Z Y01, 61)Y), (2, d2)

q"--nk

Py (cost) = ok

Py(cost) = ! (01, 81)Y (02, 62) (1.15)

2k+1

where the asterisk may go on either spher 1ca1 harmonic since
Y '(0,4) = (=)0, 9) (L16)

and

V(6 6) = Yeal0,9) = (—N S )}

Therefore, substituting equation (1.13) and equation (1.14) into equation (1.15) and then

substituting the result into equation (1.12) one obtains

Hy = 4m Z 2’» 1 Z( 1)'123#,.«5}/&‘1( ¢p) Z LHYIK —q(te, ¢’C) . (1.17)

N




To write H,; more compactly, let
k w3
Tq = ZEP"ij\‘,Q(GP’qu)
P

and

€e
qu = Z @TY"F—'Q (901 qu)'l

4

where e, are the (point) charges in the nucleus at the points (rp, 8, ¢p). T* is the k-rank
tensor operator of the nuclear quadrupole moment, e are point charges (ions in the crystal
lattice) at positions (r¢, 8., @) with respect to nuclear center, V¥ is the tensor operator of
the classical external field gradient. Therefore, for k == 2 equation (1.12) can be written

as
1 2
HQ = 47{'-5- Eq (_,]_)‘ITq(z)V_(_q)
AT @)
HQ = Hel - ?V T . (118)

Now, calculating field tensors from Coulomb’s law

€. €c
VCZZE:Z 172

[552 + 4% + z2]

)
dz

_ Zec[ R zz)—a/z]
2 2 .2
o =T[5
and with
z = rcost
v 1
gz*

But from the general definition of the field tensor,

3 eo(3cos? — 1), (1.19)

: e
Vq(k) =y T Yi,—q(0cy fc)

c

5 1
v = JE?—EEBC(MOSZB -1



2 6'2‘;
() ,/16 V.. where, V., = 5.7

v = = Z eC‘/— sin? f exp(:i2¢)

Here we have used Yo,40 = /5 sin® 0 exp(+i2¢) . Taking the real part only gives

(2)= 3266”——3111 B(COS ¢ — sin? d))

But,
2
88;“ =3 ;g— (3 sin® f cos® ¢ — 1) (1.20)
and,
2
%1% = Z%(Ssinzﬁ?sin%b— 1). (1.21)
Let Vip = &% and V, 3y2
Viz — Vi =3 ?—;sinQB(cosqu — sin® r,b)
and,
V‘”'L;—@ = Z e—gsinzﬁ(coszqﬁ — sin? ¢).

Therefore, E) =4/ 3121VL91 1/ Gﬁan,, where

Vig — Vyy
" — / 1.22
N o (1.22)

€¢
v = Z = You1(8,9)

or

v = Z G exp (Lig)sinfcosd (1.23)
where, Y5 41 = \/g exp (Li¢) sin @ cos f. If we consider only the real part,then
f’? = Z Ce sm 8 cosf cos ¢. (1.24)

Let us now calculate the mixed derivatives

v _ 3(2—66 l’”%) _Teamy  Tedfsin®f)cosgsing
dudy Oy ™ T 78

(1.25)

9



o*v B(Efec,%) _ Yexz 3 ecsind) cosgdcosd

dxdz Oz T 3 (1.26)
oV _ a(zme‘:%) _ Terz  Yedsind) singcost
bz 0z v 3
By symmetry
A
dxdy  Oydw
oV OV
dxdz 020z
A
Aybz  9z0y (1.27)
\ 3sin’@cos®p — 1 sin®fsingcosd sindcosbcosg
oV =5 in? i s 20002 L : .
dzo0zg 27,3 sin® @ cos¢psing  3sin*@sin“¢ — 1 sinfcosbsing

sinfcosfcos¢  sinfcosfsing 3cos?d — 1
However, choosing a principal axis system such that the mixed derivatives of the potential

V disappears, the elements of the tensor become

@_ 1[5
Yo _4&&‘/“

2
Vil =0

{2) - V (V::x - yy) V 77 sz

Where 7 measures the symmetry of the field with respect to quantization axis. For axially

syminetric field (n = 0), the fields tensor operator reduces to the forin

@_1/o
oL o, 129

Using this result the Hamiltonian Hg can be written as

Hg = ‘/g V.. T8 (1.29)

= (Im|Hg|Im)

10



or,

By = ‘E Vi (Im| T | Im). (1.30)

The quadrupole moment of a nucleus is usually defined as the I = m component of the

tensor [11, 7}. That is,
eQ = (IS pp(322 — VI = (I3 ppr2(3cos” 0 — L)|11). (1.31)
r r

But,
T =" pr2¥a,(8, ¢)

1 /5
Téz) = Epprf,—& \/;(3 cos® 6 - 1),

where Y30(0, ¢) = /7-(3cos & — 1). Hence,

o _ |5 2
T = o Ep epra(3cos® g — 1).
@_ [ 2 g2 .2
" =\ 1or Ep ep(3r,cos” 0 — 1)

f 9 2 2
= E’]‘F Ep: BP(3Zp - T_D)

To(z) L 2,2
= ey3Z; —1 1.32
pASp T Tp

16w P

But Z, = rpcosf, so

or,

Using equation (1.32) in equation {1.31) gives
eQ = (II| 3" e,(3Z2 — v)|IT)
p

T®
[ &6
16

e = 4\/§ 1T (1.33)

This equation is solved using Wigner-Eckert Theorem and the 3-j symbols [12, 13]

= (1= |IT)

The Wigner-Eckert Theorem predicts that the matrix element (jm|TF|j'm’) may

11



be separated into two parts, one of them containing information of magnetic quantum
number and other containing characteristic of the wave vector and operator. It separates

the vector of the form (jm|TF|j'm’) as
k) R B A (.
m{Tylim) = (-1 ( , ) GNTH1T).-

-m q m

Using these definitions for j=I, k=2 and q=0, eQ can be written as

eQ = 4\@ (1|11

Using the Wigner-Eckert theorem,

I 2
(TN = (-1)'=0 ( ) (T2,
Hence,
o) — f 1\1—(1),1.@( rzi \ {TIT2|| 7y
Oy =4y 1V5k I 0 I}\*n* =/
or,

x| I 21 )
- 4\F T ) (1.34)
S S I §
Therefore, the expression for interaction energy becomes
T 2 !
B, = ‘/g (Im|T2| I}V,
By use of the Wigner-Eckert theorem this expression can be written as

Yis

I 2 1 2
B = [ (T2 Ve (1.35)
-m 0 m

Solving for {I||T?|{I) from equation (1.34) and substituting into equation (1.35) we obtain

\/%7( o2 I)eQV,,,,

—-m 0 m

(1 21
"\ -I o1

12

<



or,

I 2 1
eQVzz
1\ —m 0 m
= = (1.36)
4
I 21
~I 01

Inserting equation (A.6) into equation (1.36) the energy eigenvalues of the quadrupole

interaction are

3m? — I(I + 1)
Epy = et eQV,. .
m 4](2]. _ 1) QQV (1 37)
Similarly for m/-substates
3m? - I{I+1)
B =—ar—1) o9V (1.38)

The difference of the two substates gives

2oLVt 2 — ?), (1.39)

f — —

[ =
=i

T T a2l - 1)
where differences jm? — m| are integral numbers. Due to the m? dependence of the
guadrupole interaction energy there is a two fold degeneracy of each energy levels. The
term @ is the quadrupole moment of the nucleus that is subjected to the external field.
The splitting of the levels is not equidistant in the electrostatic interaction. Hence, the

fundamental frequency of the interaction wq is defined as [11]

eQVzs

Using this result in equation (1.39)

Eyy — Epr = 3hwg|m? — m' 1.41)
Q

the frequency wy corresponding to the smallest non-vanishing energy difference is

6wg for half integer nuclearspin I
= | a Jor hal] nteg P (1.42)
3wqg for integer nuclear spin I

13



4
4 + 5/2
g i 2h0¢ Jng
& , +3/2
T 4 Hog
+ %
T T — — T >

Figure 1.2: Schematic diagram of the splitting of the intermediate energy level for I = 5/2

and # = 0 according to equation (1.39)..

Iig.(1.2) shows the splitting of the energy level of the intermediate state of a nucleus with
gpin [ = %, as the result of static electric quadrupole interaction. For n == 0 the ratio of
the transition frequencies are wy : we 1wy = 1: 2 : 3. The smallest transition frequency in
this case would be w; = wy and the remaining components can be obtained by the reiation
wy = nwo(n = 1,2,3). In the case of non-axially symmetric field (5 # 0}, the Hamiltonian

describing pure electrostatic quadrupole interaction is written in a form [14, 15, 16]

Hg = {3[,2 —I(I+1)+ g(fi -+ IE)}th, (1.43)

1a(_//”/_5

E,~Eagh

-3
15 . y 1 L FU—— L L L
L] L] 02 a3 04 o5 06 o1 o8 08 1

Figure 1.3: The splitting of the intermediate energy level as function of the asymmetry

parameter 7 according to equation (1.44)
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where I, I, and .. are designated as the angular momentum operators. The quantities

wg and 7 are defined in equation (1.40) and equation (1.22), respectively.

In order to calculate the energy eigenvalues, the interaction matrix (Im|Hg|/m') has to
be diagonalized. This can be achieved by the unitary transformation of the Hamiltonian

(Hg). For the spin I = 2, the resulting energy cigenvalues are [15],

1
Bys = Ey+ QanQ(§ arccos )

1
By = FEo— 2a'th(§(fr + arccos 3})

By = By - QQth(%(ﬂ' — arccos 3)} (1.44)}
where ¢ and f are
o= /28(1 + %2) (1.45)
and
P 80(10; 7). (1.45)

The corresponding expressions for the spin precision frequencies are,

wy = 2vV3awg sin(é arccos )

0] /mo

Figure 1.4: The splitting of the intermediate energy level as a function of the asymmetry

parameter 7 according to equation (1.47)

15



1
wy = 2v/3awg sin(g(vr — arccos f3))
S|
Wy = wy + wy = 2V30wg 81n(§(7r + arccos 3)) (1.47)

The value of the asymmetric parameter defined by equation (1.22), in the principal axes
system with the convention |V} < [Viy| < |[Vzal, is restricted to 0 < 5 < 1. Thevefore, the
electric field gradient tensor can be described for most applications by two parameters,
i.e. V,, and 1. In most cases the quadrupole coupling constant v is defined instead of

V... This convention will be followed here:

10
vQ = ()5 w1 (1.48)

When 7 = 0 the value of g =1

16



Chapter 2

Theory of angular correlation

2.1 Introduction

Perturbed Angular Correlation (DA i technigue, which uscs radioactive nuclel
as a probe to extract information about their microscopic environments [17). The method
is based on the spatial orientation of nuclear spins. The radiation from a radioactive source
has no unique direction in space under normal circumstances. But, if attempts made to
align the spin nuclei, an anisotropic radiation distribution is observed. An effective spin
alignment can be established by picking out only those nuclei whose spins align in a

preferred direction.

In successive emission of two y-rays the observation of the first emission in one direction
determines the preferred spin alignment. From a give uuclei, one selects an ensemble
of aligned nuclear spins such that the correlated second v-ray of the cascade reflects

anisotropic radiation pattern.

To observe the spin precession in angular cortelation measurements, the nuclear moments
(magnetic or electric ) must be large enough in order to enhance Ay (the anisotropic
coefficients). Morecover, the life time 7 of the interinediate state of the decaying nuclei

should also be large enough. The reason for having large 7 is in order to have enough

17



time for the interaction of the nuclear with electromagnetic fields moments at the site of
the nucleus to take place. This results in perturbation of the correlation. In some cases
the nuclear moment interacts with static extranuclear fields (static interactions) or it may
interact with fields that periodically vary (periodic interactions), or it may interact with

time dependent fields (time-dependent interactions).

2.1.1 Directional angular correlation

From the above introduction we see that an anisotropic radiation pattern can only be
observed when there is a nuclear spin I aligmmment. This spin alignment is governed
by conservation of angular momentum, and the angular distribution of electromagnetic
radiation with respect to its angular momentum vector L. Fig.2.1 describes this situation.

A
z

Fig(a)

Figure 2.1: Fig.(a) shows emission direction of y-rays in laboratory systems and Fig.(b)

represents a decay scheme of a y — -y transition from an ensemble of nuclei.

In the figure a radioactive nuclei decays to the intermediate state by emission of 4, which

carries an energy of B, and angular momentum L, in the direction of i:l The intermediate

18



state is now populated with nuclei of certain directions (say, 2 in the direction of ks
). Then, the succeeding radiation of v, with energy 2, and angular momentum L is
anisotropic and reflects unequal sub-levels of the population of the intermediate state
spin L. Therefore, angular correlation is the spatial distribution of the second quantum

state.

The probability of measuring v, in a particular direction relative to the direction of v
depends on the angle between the directions of both radiations. When the angle depen-
dence remain constant as a function of time, we have unperturbed angular correlation.
Such directional angular correlation can be described by correlation function W(IE;, ng_)
Here TfV(Fa, !:2) is the probability to detect 2 at an angle § with respect to y; when a
nuclei decays through the cascade I; — I — I;. According to {11, 18] W(8) is defined as

W k1, kz) = W(6) = D A Pilcos ) (2.1)
k

— —+

n oy I — - | . e 3 H H
ebween &y and Ly Az is the angular corrclation coefficient, which

where 0 is the angle
describe the deviation of the coincidence probability from the isotropic case W{#) = 1, It
will be derived in the next section. Pi(cos#) is Legender Polynomials and describes the

spatial angular distribution of the y-ray.

Since electromagnetic radiation have even parity, the sum in equation (2.1} includes only
even values of k's. If the radiation patterns are pure multipole orders of L; and Ly, ie.
for case of no mixed state (mixed state is a state which has a dipole and quadrupole in

the first or second states), one can write equation (2.1} as

kmcn:

Wk, k) = W(8) = 1+ Y ApPi(cost) (2.2)
k=2
where & = 2,4,..,knaz. By selection rule for angular momentum, Kpgz =

min(2I,2L,,2Ly). This show that kp.;/2 is determined by the smallest of the three
angular momenta. From equation (2.2) when W(#) = 1, the result is an isotropic radi-
ation pattern. But when k = 2 = k.4, anisotropic radiation pattern takes place and
therefore, according to selection rule kp.,/2 = 1 which indicate that I > 1 for anisotropic

radiation.
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2.2 Extranuclear perturbation

In general the probability of measuring -y, in a particular direction relative to the direction
of 7 depends on the angle between the direction of ; and ;. However, as the nucleus
remains in the intermediate state for a finite life time, the nuclear spins may interact with
the envirommnent. Accordingly, through magnetic dipole or electric quadrupole interactions
between the nuclear spins and the extranuclear environment, the orientation of the nuclear
spin is altered. The precession of the nuclear spin is reflected by a time dependant angular
correlation of 4 and 7z, and is called perturbed angular correlation. This perturbation
depends on the magnitude of interaction and the mean life 7 of the intermediate state. The
magnitude can be described by a precession frequency w for static perturbation. w is equal
to the Lamor frequency wp for magnetic interaction and is proportional to u (magnetic
dipole moment) and H(magnetic field). But, for quadropole case w is proportional to
@) and V,,. The time dependence of directional angular correlation is contained in a

perturbation function Gz (2).

For a randomly oriented nnclei (polycystalline) in the local field, seen by an ensemble of

atoms, equation (2.1) becomes

W (Fy, ko) = W(0) = 3 Grx(t) Aws Pi(cos 6) (2.3)

Quantum mechanically, if one chooses the gqnantization axis to coincide with the direction
of the first radiation, the interaction causes a transition among the m-state. The transition
among m-state can be described by a time dependent density matrix of the intermediate
state /. The interaction of the nucleus in its intermediate state I with extranuclear
fields is described by Hamiltonian H. This interaction lasts from a time t=0 where a
first radiation is emitted to a time t when the second radiation emitted. Within this
time interval ¢ the states |m,) change to different states |[m;) because of the extranuclear
perturbation. The transition from states {m,) to states |m;) may be represented by a

unitary operator A(t) that describes the evolution of the state vectors jms), and thus the
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perturbed angular correlation can be expressed as [11]

WE k)= Y (myHaABma)mal Hlme (m Ho () ml)* (i Hilmo)*
i, TTa, il

(2.4)

where H; and H, represent the interaction Hamiltonian that governs the two step -
transition between the nucleus and the radiation field only. The state |m) form a complete

set and the state vector A(t) is expressed as

A(t)ma) = D_ Ima) {me|A(t)ma)
and,
AQ) ) = 3 Im) (g A () ) (2.5

The expansion coefficients are the matrix elements of the time-evolution operator A(t) in

the m representation. The evolution operator satisfies the Schrédinger equation with

OA()  —i
TR R
dA(t)  —i
O + Hit

InA(t) = %Ht

Alt) = exp(%th). (2.6)

Using equation (2.5) and equation (2.6), one can write equation (2.4) as

Wk, kg t) = > (my| Halme) (ma| A(t)ma) (ma| Hilma) (my| Halme)™

M§,m T, M, M, m)

X (mp| At Img )™ (mg | Hy|ms)* (2.7)

Based on the unitary matrix representation, which can be written in terms of the spherical
harmonics Y, (0, ¢), and the special choice of the quantization axis Z, the time dependent

correlation function can be derived as shown in appendix B and the required result is
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Wk kat) = 3. Aw (1) Ak (1) GRsnz (8)[(2k + 1)(2k; + 1))
k1, k2o N1 Ng

XY, (01, $1)Y5" (02, ¢2) (2.8)
where we define the perturbation coefficient G 2 () as

Gt () = 3 12k + 1)(2hy + DI (ma A ma) (| A(EYme )

Mmamy

I I R I I ke
X . (2.9)
m; —Mg Nl mf, mmi N'z

Hence, the influence of the external perturbation is completely described by the pertur-
bation function Gﬁlk‘:rg (t). The expression (2.8) represents the time differential perturbed
angular correlation, i.e. the correlation measured if the second radiation is observed within

the time t and ¢ + §t after the emission of the first radiation,

2.3 Perturbation by static interaction

If the perturbation of angular correlation is caused by the interaction of the nuclear
moments (magnetic or electric ) with a stationary externally applied magnetic field or
a crystalline electric field gradient, the matrix elements of A(t) can be expressed in the
m representation. We designate the unitary matrix which diagonalizes the interaction
Hamiltonian H by U [11]

UHU' = E (2.10)

where E is the diagonal energy matrix with the diagonal element E,, (energy eigenvalues).

Uexp(—i/RHOU™ = U{1 — (¢/R)Ht + 1/2(G/h)HE)® + .. JU
=1 (i/R)Bt + 1/2((i/R)Et)* + ...
Uexp(—i/hHt)U " = exp(—(i/h)Et). (2.11)
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provided that the perturbing Hamiltonian is very small. Using the time evolution operator
A(t) = exp(—(i/R)H{),
we can write
UU Y exp(— (/R HU U = U exp(—(i/ ) Et)U,
exp(—(i/R)Ht) = U™  exp(—(i/R) Bt)U,
or
A(t) = U™V exp(—(i/R)Bt)U. (2.12)
Therefore, the matrix elements of A(¢) in the m representation are
{melAE)lma) = 3 In){nl{meA(t)ma)
= > (nlma)* {nfe~ /Mt my)

— N Ve VE s ifh)Ent o
= L Ne|feepy © (/ ) {wl[ru-a> (2<13)

where m and n are the matrix elements of the unitary matrix U that is obtained by solving
eigenvalue equation (2.10). The perturbation
G (B) = 3 (=12 M2k + 1)(2ke + 1)
1,1,

x exp(—(i/A)(Ey — Bw)t)nlms)* (nlma)(n'lmg) (nlmq)*

I I k I I kg
X
m —me Np my —my Ny

If the perturbing field is axially symmetric, then this guarantees that Ny = Np = N,
but k; need not be identical to ky. The symmetry axis of the interaction can be then
chosen parallel to the Z-axis and as the quantization axis for the eigenfunctions of the
Hamiltonian H. The eigenfunction |m) and the evolution matrix A(t) are then diagonal
in this representation U = 1. [ = 0 and non diagonal eigenvalues of the Hamiltonian
vanish }

(ma|A(E)ma) = D {mfmy)*e M Emt (mim,)
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(m‘bIA(t)lmﬂ> = e—(i/h)Emtammaammb (2-14)

Therefore, the perturbation factor is reduced to

T. . I kl I I k2
GN(t) = Sl(2hk1 + 1) (2ha + 1))

m ml, —mg, Ny my, —my N

x exp(—i/R(Ey — Em)t) (2.15)

an important relation can be derived from this choice of axes. If the axial symmetric
field is parallel to the propagation direction of oue of the two radiation (e.g; v1), then
Y¥(0,0) = \/@6;\;,0, and only the term m = m’, t.e. Ey — Fy = 0, occur. The
orthogonality relation of the 3 — j symbols can be used in equation (2.15) and we obtain
Gfﬁg’ (t) = 8k,x;- Therefore, the angular correlation is not influenced by this field. The
influence of such a field can be interpreted as a precision of the intermediate nuclear state
about la. The projection of I on 1:1 does not change, and the population of the m-states

with respect to k_'l is not disturbed.

In most cases, angular correlations are observed by using a radioactive source that consists
of an ensemble of randomly oriented microcrystals . The angular correlation is obtained by
averaging over the random directions of the symmetry axes of the microcrytals. Therefore,

the perturbation factor of the powder source is

Gilt) = Ghae (1) (2.16)

The perturbation factor Gyi(f) of the sources that as a whole display no privileged di-
rection is therefore called the attenuation factor. The time integrated attenuation factor
of the static interaction of the powder source has finite lower limits or is described as ”
hard core ”. For the hard core case the perturbation factor reduces to equation (2.19),

i.e. from equation (2.15) one can write the averaged perturbation function as [11)
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I I & I I ke

Gii(o0) =3

) !
m, —me Ny my —my, Na

X exp(“i/h(Em - Em')t)'

For this limiting case m = m' and k) = ky =k, and

2
. I Ik
Gir(o0) =) : (2.17)
m —m N
The orthogonality of the 3-j symbols is given as
> 1o Jz 7 hod2 gy _ Jjaj-galmm’s ’ (218)
mym2 iy Mg M3 my g ?TL{; 2-73 +1
Hence, j3 = 74 and mg = m} equation (2.17) becomes
—_— 1
. = — 2.1
(o) = 3 (219)

Thus, the values in the hard core cases are independent of the interaction.

For the second order & = 2 perturbation of the electrostatic interaction the hard core
would be 1/5. The meaning of this lower limit of the static interaction is that the
anisotropic distribution of the second -y-ray is mever completely lost regardless of the

field strength.

It is important to emphasize that the existence of the hard core case is subordinated to

the following assumptions

a) The perturbing interaction are static; b) No privileged direction exist in the radioactive
source considered as a whole. If either one of these assumptions is violated, the correlation

can be quenched, i.e destroyed completely.

2.3.1 Perturbation factor for static electric quadrupole interac-

tion

The interaction between the nuclear quadrupole moment and the electric field gradient

at the site of the nucleus is referred as the electric quadrupole interaction. This interac-
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tion results in the splitting energy levels of the decaying nucleus. Therefore, if there is
splitting of the intermediate level, we can observe the perturbed angular correlation. The
Hamiltonian that describes the axially symmetric electric quadrupole interaction and the
resulting energy difference from this interaction for the degenerate m-states is given by

equation (1.29) and (1.39) respectively. Rewriting the equations

HQ~[ Vi TP (2.20)

3eQVz |
4021 — 1)

and substituting equation (2.21) into (2.15), one obtains the perturbations factor for the

By By = — m"] (2.21)

axially symmetric quadrupole interaction. That is

I km\(1 I &
G ( t)~Z[ (2 +1)(2k2 + 1] ! :

my —m, N my -1y, Na

ar 2 I :
x exp{—3i(m” — m*)wqt)

' I I k I I &
= > [(2ky + 1)(2k2 + 1))4/2 ! : cos{nwgt }
™ m, —ma N; my, —my N
or
GYl (1) = Z 512 cos(nwt), (2.22)

where the summation index n is over all positives integers and zevo, i.e.,

m2 — m"?| for integer I
nod | | Jor integ (2:29)
1/2}m? — m™| for half integer I

The coeflicient Sk‘}"“ is given by

! I I k I I k&
Shike = 37 [(2ky +1)(2ky + 1))/ 1 ’ (2.24)
mm’ mfl —My N1 mf, —mf, Ng

where the prime on the summation sign indicates that the summation over m and m/

should only include those terms where m and /' satisfies the condition (2.23).
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POLYCRYSTAL SOURCE

In general the correlation functions of polycrstalline sources are given as according to the
relation (2.3). For axially symmetric (7 = 0) quadrupole interactions the time dependent
perturbation term is represented by the attenuation coefficient G (2) [11].

Gkk(t) = Zj: ! ! k GXp(—S?:(m2 - m’g)th) (2.25)

m,m’ m’ —-m p

The quadrupole frequencies wg is defined by equation (1.40) and p = —m/ + m. This

expression can also be written as
Gri(t) = D Skn cos(nuwpt) (2.26)
n

with
I I k
Skn - Z ( ) (227)
mym' \ m" —m ——m’+m j
and 7 satisfies the condition in equation (2.23). The Sk, can be determined to all allowed
m-levels of the intermediate state, m and m’ (see appendix C}. The time integrated

coefficients from polycrystalline samples can be obtained from [11]
Ginloo) = = [ exp(~t/r)Guslt)et
where G (t) is by equation (2.22).
Grr(co) = %: Sk,% fom exp(—t/7) exp(—inwgt)dt

1+ tnwyr )t

= Z Sk"% foo exp(—t(

—1 1 + inwyT
= E Skn ———— exp(—t(~ )|

T 1+mw'r

—Z kT

1 + inwer
Z — inweT
"1+ (nwor)? 1 + (T'l(.do’?')z
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or
NWeT

1+ nwc.'r) 1+ (nuwgr)?

Grafoo Z Sin

Taking the real part only

Gig(00) = ZSAH (2.28)

nwo'r)2

The limiting values for infinitely strong axially symmetric static quadrupole interaction
are determined by the value of the hard core, which is given here in terms of the coefficient
Sin as

Gir(00) = Sio
In a non-axially synunetric magnetic or electric fleld the Sy, are polynomial function of

1.

2.4 Measurement of the time spectra in perturbed

angular correlation (PAC)

Up to now we have discuss only the theoretical back ground of PAC. In this section we
will discribe how the data are measured experimentally and how the results compare with

predictions based on the appropriate theoretical perturbation functions.

In measuring the angular correlation between vy, and v, as a function of time elapsed
between the arrival of both photons, at least two detectors are necessary. The simplest
form of the experimental set up is a two detector system in which one is fixed and the

other one is movable.

When both «; and v, are detected in coincidence unit (coincidence unit is a clock which
detect both gamma rays and allow them to pass only if their energy has the desired value),
information can be obtained on the orientations of the same nuclear spins I at the fimes
of the emission of the two 4 rays. 'The spin precession frequency w is deduced from the

measured changes of the spin orientation Af during the time t, between the emission of
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both gamima rays for an ensemble of probe atoms. Thus, whenever a radioactive probe
atom decays the frequency of the v that is emitted provides information about the field

strength at its lattice site which related to field strength according to equation (1.40).

The time differential coincidence count rate Nj;(#,t) at a time t, where t is the elapsed

time between the emission +y; and g, is given by [19]

Nz'j(G, t) = Ng exp(—t/‘rN) "V(B, t) + B (229)

where B is the time independent background random coincident count rate, W (8,t) repre-
sents the time dependent angular correlation, and @ is the angle between the two detectors.

For k=2, the coincidence count rate recorded by detectors i and j is

N(8,t) = Noexp{—t/mn){1 + ApGa(t) Pa(cos @)} + B. (2.30)

Since detector 2 is movable, eight coincidence spectra Ny;(0,t) are possible similar to the
arrangement of four fixed detectors that each form 90 degree to each other. The ratio
function R{t) can be obtained from the relation [18]

_ N(180°) - N(90°)
~ N(180°) 4 2N(90°)

R(t) (2.31)

and,

From equation (2.32) the experimental R(t) can be fitted with the perturbation function

3
R(t) = ApGy(t) = Ag ) fiS2n cosnwot (2.33)

n=0

Ounce the relation between the experimentally measured quantity R(t) and the pertur-
bation factor Geof{t) is known, it is possible to determine v and 5 from the measurable
spectra. For polycrystalline sources the coefficient S5, for n = 0 are already calculated
according to equation (2.27) in appendix C. But for 0 < 5 < 1, Sy, can be predicted from

the Fourier transform graph of the perturbation function Gy(t) [20}.
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The general situation observed in the v — -y decay of angular correlation is summarized
in Fig 2.2. First a radioactive probe such as 1In nucleus decays by emitting a photon
with energy =171KeV and goes to the intermediate state. At this intermediate state the
splitting of the energy level occur which can be described by its frequencies and EFG.
The intermediate level inturn decays to the ground state through emission of the second
gamma ray of energy 245KeV,with the formation of the daughter atom cadmium. Using
the two detectors the «y-y-coincidence spectrum is measured and converted to PAC time

spectra and its Fourier transform spectra.
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Figure 2.2: Illustration of coincidence measurements. The two lower figures are taken
from [26]
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entire charge distribution will be disturbed at the site of the impurity because of the size

difference and change of the lattice parameters near the complex.

In some cases, it is customary to find a variety of impurity atoms simultaneously in the
semiconductors. These impurities can be either acceptors or donors in the host lattice. At
suitable thermodynamic conditions the impurities can form an acceptor-donor pair which
in nany cases contributes for the passivation of electrically active centers. Such pairs
have been detected by different methods such as infrared absorption (IR) and perturbed
v —y angular correlation PAC. In the present discussion, results of the PAC measurement
is presented. The PAC is very suitable for the detection of such pairs since it is sensitive

to the nearest neighbour defect.

3.2 Formation and property of the In — 7T'e pair in

[ ) +*
silican

In the current investigation of indium-donor defect interaction in silicon, we employed
Crzochralski-grown crystalline silicon with {110) surface orientation. The impurity atoms
(indium and tellurium) were incorporated in silicon by ion implantation. Tellurium was
implanted with dose 2.5 x 10'%atoms/em? at 50KeV in the mass separator facility at Uni-
versity of Bonn. Following tellurium implantation and recovery from radiation induced
damage, the probe atom indium (!'/n) was implanted at 160KeV with dose ranging ‘
between (10'2 and 10'® ) atoms/em®. This dose range corresponds to a local concentra-
tion of probe atoms in the order of 10" atoms/cm®. After the impurity implantation the
samples was annealed at different temperatures in vacuum (= 07%mbar) in an isochronal
annealing program for 10 minutes holding time. Consequently, the time spectra where
taken right after each annealing stage. IFig 3.1 shows the time spectra taken after different
annealing temperatures . Severe radiation damage in the sample was observed immedi-
ately after implantation. Panel 1 of Fig 3.1 show the time spectrum after annealing the

sample at 500°C. This spectrum shows substantial improvement of the radiation damage
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as indicated by the rise in the value of the anisotropic coefficient (Agp). The spectrum of
course slightly modulated by a quadrupole interaction frequency due to the small fraction
of the probe atoms. This frequency is highly damped because of the EFGs coming from

defect complexes in close proximity of the probe atoms in the sample.
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Figure 3.1: PAC spectra of (Cd-Te) doped in silicon at different annealing temperature

At T00°C, one can clearly see a well defined frequency modulation resulting from the
formation of a unique probe-defect complex in the sample. Again, at higher annealing
temperature the frequency still exists but the amplitude of modulation decreases suggest-

ing the dissociation of the formed complex.

The observed frequency is assigned to the formation of the indiuw- tellurium pair in
the silicon. To our knowledge , this frequency has never been observed in any intrinsic
or impurity doped silicon. The quadrupole interaction frequency of vg = 444MHz is

derived from the time spectra representing I'n -- T'e pair in silicon. Moreover, orientation
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measurements were also taken by pointing the major crystal axes toward the detectors
(i.e. (100), (110} and (111)). The measurements suggest thal orientation of the major
component of EFG tensor(V,,) lies along (100) [20, 21]

The ¥ — 7 coincidence spectrum R(t) recorded as function of time is described by the

perturbation function discussed in Chapter 2. Recall that
R(t) = ApGh(t),

R(t) = An ) fiGo(t), (3.1)

where

Gh(t) = 23: S, exp(—8,t) cos{w,t). (3.2)

Here f; is fractional population of site (i) characterized by vg; and 7;. The anisotropy
coefficient Agy = —0.1025 represents the effective spatial anisotropy of the v — v angular
correlation. 4, is the Lorenzian distribution for the different EFG distribution around the
mean value. The value of § is 2.150% for annealing temperature of 500°C and 0.15% for

all other cases.

The coefficient Sy, depends on the orientation of the EFG tensor with respect to the host
lattice (for single crystal). The experimental data for Sg, is given in table 3.1. The strong
dependence of Sy, values on angle @ is clearly seen from the table. For small change in

angle @ large change in Sy, values is observed (see Fig. 2.1).

Son | 0=2.72, ¢ =90 | 0 =0.03,¢ =03 | 8 =090, ¢=0.04
Sa1 322152 .000023 642857

Sa 0 .000079 0

s 178974 .000005 357143

Table 3.1: Direction dependence of the Sy, values for single crystal.

In this experiment, the T'e*? ions are assumed to occupy octahedral interstitial site in

the diamond structure of silicon. The strong quadrupole coupling constant frequency
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T. | ¥ fi% | unperturbed fraction | polycrystal | wq
500% | 9.9(1) 65(3) 2% 418.0
600° | 26.7(1) 53(1) 15 418.0
650°¢ | 29.5(2) 55(2) 153 | 4180
700° | 32.6(2) 52(2) 15 418.0
800°¢ | 28.1(1) 57(1) 14 418.0
900°% | 15.5(2) 66.3(1) 182 | 418.0

Table 3.2: Relation between annealing temperature and [raction of the probe atoms

exposed to electric field gradient

indicates that this interaction is related to associated EFG, V,, through the relation

vg = eQVza/h (3.3)

Since we are performing the experiment for the case of I = 5/2, then the fundamental
interaction frequency wy = 3wvg/10. In panel 1 of the Fig 3.1, the sample is annealed
for 10 min at T, = 500°C and 10(1}% of the probe atoms in the sanple experiences an
EFG, and a large population 65(3)% of them ave still in the symmetric region. After
annealing at 7, = 700°C, 32.6(2)% of the probe atoms experience unique EFGs and
52(2)% are unperturbed. The frequency modulation is slightly dainped due to the presence

of imperfection close to the Cd-Te complex.

As the annealing temperature is increased, more Cd-Te pairs are formed until the pair
fraction reaches 32.6(2)% of the probe atoms at T, = 700°C, When the annealing teni-
perature is further increased above T, = 700°C' the formed complex start to dissociate
and completely vanishes above 1000°C". For all cases the fraction of the probe atoms not

mentioned here are situated in undefined lattice location.

The influence of the annealing temperature 7, on the population is shown in Fig.3.2,

The Cd-Te implantation at 23°C' causes radiation damage and/or amorphization of the
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Si crystal. During annealing at temperatures up to 700°C, recrystallization occurred
and Cd-Te complexes were formed, which lead to the observed quadrupole interaction
frequency (QIF). Above this temperature the concentration of T'e*? ions decreases and the
probability for the formation of Cd-Te complex decreases. Hence the fractional population

that experiences the observed EFG will decrease.
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Figure 3.2: Fractional population of Cd-Te that experiences an EFG during annealing at

different temperatures and unperturbed fraction during this annealing process.

3.3 Temperature-dependent Electric Field Gradient

In this section, the temperature dependence of the EFG at the ''C'd nucleus in silicon
is discussed. To examine the temperature dependence of the E¥FG another sample was
prepared using the process given in section 3.2 but changing the annealing condition.
Following the implantation of tellurium and indium the sample was annealed at 500°C

and 700°C consecutively for 10minuetes, and then the sample was stored in an oven. These
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annealing temperature were chosen in order to observe maximum fractional population of
the In-Te complex. The temperature dependance of the QIF was examined between the
temperatures 20°C' and 725°C". The time spectra taken at different sample temperatures
showed a significant change in QIF. The QII* decreases from v = 444M Hz at room
temperature to vg = 388MHz at the highest temperature.
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Figure 3.3: Fourier transform of the PAC time spectra taken at room temperature and

700°C

The strong temperature dependence of the quadrupole interaction frequency is seen from
Fourier transform of the PAC time spectra. The first peak the interaction frequency
observed at room temperature is shifted to the left at 700°C' indicating the decrease
in frequency. According to equation (3.3) this indicate that the electric field gradient

decreases.

At the present time, there is no clear theoretical understanding that explains the change
of the electric field gradient at the site of the nucleus. Often the empirical T3/2 relation

is used to explain the same effects in metals. However, the change of the quadrupole
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interaction frequency in semiconductors is belived to resulte from the existence of different
charge states of the complex in the sample at the time of the measurements {17]. Thus,
the observed complex would be formed by Columbic attraction between substitutional
indium (In~) and ionized tellurium (Te* end Tett) dwring thermal treatment of the
samples. The change of the charge state of the probe atom as it transform from fn~
to Cd~2 would form complexes (Cd — Te¢)” and (C'd — Te)® which causing two different
EFCs V,,(—) and V,,(0) respectively. However, the population of the states could vary

with temperature resulting in different averaged EFG values.

The formation of indium-donor pairs in silicon using PAC technique have been studied by
(4, 22, 23]. They measured EFG at the cadmium-donor pairs after electron capture decay
of the 1! Jn probe atoms to 1*C'd. In this case the trapping and detrapping of impurities
or defects is governed by the electronic properties of the indium atom. However, since
the EFG is measured at the cadmium nucleus, it yields information about the electronic
structure of the cadmium impurity compiexes, In their paper [22] they indicate tha
EFGC of three indium donor pairs (donors: P, As and Sn) have similar step-like temperature
dependence of the coupling frequency vg. In their discussion the drastic change in the
strength of the field gradient is attributed to the electronic effects, based on the fact that

thermal lattice expansion or increases in the phonons amplitude cause comparatively small

and smooth variation.

The electronic capture decay of '!In transforms the electrically inactive In-Te pairs into
a Cd-Te pair that can be regarded as an acceptor. Here the model which refers to the
charge state of the Cd-donor complex Cd-D is used which was applied for first time to

the semiconductor IngTes [22 and references therein].

At low temperature Tet is dominant because of high concentration of Te. Hence, most
of the complexes are ionized to the (Cd — Te)~ state that produces an electric field
V..(—). At high temperature more T et? state is populated. At higher temperatures
the (Cd — Te)® state dominates and produce EFG, V,.(0). In semiconductors as the

temperature increases the Fermi level Ep shifts to the center of the energy gap and the

39



jonization probability P(T) is dependant on the temperature. P(T} is described as, using
the Fermi-Dirac probability distribution,

1
P = 14 gexn{Foan = ErT/ATY"

(3.4)

where Egy_p is the energy level and g is the degeneracy factor of the Cd-D acceptor.
The charge state of the acceptor is thus characterized by a dynamic equilibrium between
(Cd—Te)~ and (Cd—Te)° resulting in fluctuating field gradients. Assuming an identical
principal axes system for V(-} and V(0), the time average of the EFG is given by [22], as

Vaa(T} = (1= aTHVzx(0) + [Vie(—) — Ve (O)| P(T)}. (3.5)

450 T T . T T T v T

410 "“-\ " Experiment

380 LAt St A B S S R R R N S
0 100 200 300 400 500 600 V00 800
Trnperature(’C)

Figure 3.4: Temperature dependence of the QIF

The empirical factor (1 — a7’} is added to account for a small temperature dependence of
the EFG caused by thermal effects. Our sample can be considered as n type semiconductor
because of high concentration of Te (high Te dose). However, at the local site the Columbic

interaction between the In~ ions and ionized Te forms Cd-Te states. The Cd-Te states
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act as acceptors and form acceptor energy levels. Based on this the sample is assumed
a P type semiconductor. For P-type semiconductors, the temperature dependant Fermi

level is given by [24, 25] as,
EF = Eu + len(Nu/NA)

or,

EF = EU — lell(NA/NV) (36)

3/2
But, N, =2 (27rkTm:; /h2)

where N, is the effective density of states in the valence band, k is Boltzmann constant
= 1.38x 10~2J/K, T is temperature in K, m}, is the effective mass of electrons = mg x 0.2
for silicon (mng is mass of free electrons = 9.11 x 107¥ Kg) and h is planck’s constant

= 6.625 x 1073 J.sec. Oue can write N, as,
N, = P,T%? (3.7)
3/2
where, Fp = 2(27rkm§ /hz) = 3.66 x 10%°/m3k%2. Therefore Er can be written as
Ep = B, — kT In(Na/ByT??). (3.8)

Substituting the value of Er from equation(3.8) into equation(3.4) gives,

1
™ =
P(T) 14 gexp{[Fs — By + kT In(Na/PeT32)/ KT}
1
P = 1 gToxp A B JRT N o] BT
or
1
P(T) = . 3.9
= T g o ) )

Now, substituting equation (3.9) into equation (3.5) and modifying the linear temperature

dépendence of equation (3.5) by 7%/2, we obtain

Vee0) = (1 aT)Ver0)+ Vo)~ VO o 2
P T3/ &T
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or

ki ] (3.10)

V(T = (1 — PTY3)[P, :
(1) = (= B - Feeap ()

where,

Pl = a,
P‘Z :V:zz(o):

P3 = sz(_) - sz(o):

Py = Naf Py,

Py = AE,/k,

Nyj =Py Py (3.11)
AE, = Eog7e — By = Psk. (3.12)

We use equation (3.10) to fit the data. During fitting P; was treated as free parameter and
its value is obtained as 6.7>107%. This small value of P, clearly suggests that the empirical
factor (1 — aT3/?) has no significant effect on equation (3.5). The acceptor concentration
N4 is also treated as a free parameter and is obtained as N4 = 9% 10'%(1)atoms/cm3. The
Cd-Te energy level is calculated from equation (3.12} and equals 0.21(1)eV. Moreover, the
frequency due to the two EFGs of the given states (C'd — Te)™ and (Cd — Te)° is found
to be 444(1)MHz and 388(MHz), respectively.
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Conclusions

In this thesis, crystalline silicon hosts were used to mvestigate In — T'e (donor-defect)
interactions. In and Te impurities were incorporated in silicon by the implantation method

with dose rates of 2.5 x 10%atoms/cm® at 50KeV and (10'2 — 10"¥)atoms/cm® for Te and

In, respectively.

The time spectra taken at various annealing temperatures showed a unique quadrupole
interaction frequency associated with the presence of tellurium in silicon. From these
spectra an interaction frequency of v = 444M Hz was derived. This frequency represent
the formation of In — Te in silicon. With small deviation from theoretical results of
Sy, values, the measurements suggest that the orientation of the major component of
EFG tensor (V,,) lies along (100). The frequency damping (2.15(0)%) is determined for

spectrum taken at 500°C and 0.15(1)% for all spectra measured at higher temperatures.

The measured interaction frequency showed strong dependence on temperature in the
temperature range between 20°C and 700°C. The drastic change of QIF can be explained |
by the model which assumes two different charge states at the time of the measurements.
States such as (Cd — Te)™ and (Cd — Te)? were assumed during the calculation. The
results give two different magnitude of the EFG as V,,(—) and V,,(0) respectively. Based
on calculation in this work the concentration of the charged complex (Cd-Te) is 9 X

10" (1)atorns/cm?® and its energy level above the valence band is 0.21(1)eV.



Appendix A

The 3-j symbols

Calculation of The 3-j symbols for k = 2 and spin [ =5/2

The 3-j symbols : for any angular momentum 71,52, 73 with projection mj,mg,ms3

respoctively [12]
i J2 I3 i
= (=127 A4, Jo, F3) Wa (i1, F2, 73, M1, Mo, M) (A1)
m1 Mg MMy
where
by — 3N — g Gl (1 + o+ 7)1
A(J1,32,33)=[(31 g2 — Js)W1 — g2 + Js)(—d1r + 42 + J3) jir2 (A2)

(1 + 72+ 73 + !
Walf1, Ja, 73, M1, g, ma) = [(1 +ma )G~ mi G2+ ma) (2 — ma)l (s + ma(ja — ma)l]'/?
(=1)”
X " ; ; : n
Z,,: (g1 + Ja — g3 — )G — my — v){Ja — g — v)!
y 1
(3 — J2 + My + ){s — 1 —ma + ¥}

(A3)

and the summation is over zero and positive values of v for which the factorial is not
negative. Usiug this formula we can evaluate the 3-j symbols as j; = js = I, jo = 2,my =

—m,mg = 0 and mg = m.
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Hence,

I 21
(wm 0 m) _J(Q();(izﬁi)nzl) [+ m)Y(T -~ m)U DT —m)l(T +m)1]

X Z (_1)V 1
—~ N2+ T T - I+m—)2-0-v)1([—-2—m+v)I(I~T1—-0+nu)!
For convenience this equation can be grouped into three parts A, B, and C, with

@M =24 1)Y(2)12
_[ (I+2+1+1) ] 3

= [(I + (I — m)2)(2NT —m)I(I + m)!|'/2,

and
(=" 1
¢= Z[ 2+ —-T-v){I+m— )2 O—u)‘] (I—-2—-m+v)i{I-1—-0+v)!
T (21 — 2)! 12
ST er i3yl @1+ NEHEI - 12l -2)!
2

[(21 +3)(21 1+ 2)(2] 1+ )@@ - 1)]1/2
= 1+ mypr2p -]
= T +m)(I —m)!

In C we have only three possible values of v, namely v = 0,1,2 since the other terms

make the factorials negative. Tor v =0

¢= 0!2!(I+m)!2[1(1 —m - 1o B (I+m— 1)!(11 —m—1)
For v =1,
C= - = 1 :
MU +m - —m-111 (T+m— DI —m-—1)
For v = 2,

1 1

O ST T = 2101 — )2l ~ AT+ m = 2)/(I — m)]

45



-1 1 1
Trm-I-m-1 Ttm-DT—m-1) 40 +m-2{ —m)

Using the above, the matrix elements of numerator in equation (1.36) gives

(I 2 1 )z 2(3m* — I(I + 1) | (Ad)
-m 0 m [(2I+3)(2I+2)(2I+1)(21’)(21’—1)]E

C =

Calculating the values of the matrix elements in the denominator of equation (1.36) gives

I 21 A B
-I 0 1I
where A’, B and ' are

(I+2—I)!(I—2+I)!(MI+2+I)I]%_ 2
(21 + 3)! - Jeres)er+ 2 F1)@)E - 1)

|

1
2

B = [(I — DT+ DI 2)( -+ I - I)!] —2(21)!

—1)¥
¢ = ( .
zu: v1(2 — w21 — )2 - v)i(v — 2)2!
The value of v that gives only non negative factorial is 2. Using this value ¢’ is given as
1
f —
o= 4021 — 2}V

Based on the above the values of the matrix element in denominator are

I 21
( ) ~ ABC = 2 x 220! % 7

1
70 I V@I +3)(2l +2)(2I + 1)(2N)(2I — 1) (27 —2)!

_ 2I(2] — 1) (A5)
(2 +3)(21 +2)(2] + 1)(21)(2I — 1) '

Combining equation (A.4) and equation (A.5) results in,

I 2 T
2A3m*—I{I+1))
-m 0 m _Jersenaer@ene-1)

2IEl—1)
I 21 /IRyl ) @) RI1)
- 01
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which simplified gives

(I 2 I)
-m 0 m [ 3m?— (I+1) (A.6)

I 9 g IR
I 01

47



Appendix B

Time dependent correlation function

Derivation of time the dependent correlation function and the perturbation

function

For any two steps 4 transition hetween two levels { such as level A and level B with
corresponding eigenvalue ’a’ and ’b’ respectively } the density matrix is defined as [11]
(Bleslt’) = > (bl Hla)(aloala) (| H|a')* (B.1)
a a
Therefore, the density matrix in the intermediate state is
(mlo(k)|m'’) = 37 (mlHulmi)(milgslm) (m| Hmi)* (B.2)
m m'
In equations (B.1)} and (B.2) the angle independent factors have been set equal to 1(one}.
The matrix {(m]|H;|m;) represents {(Im|H|Iymy).
For the second transition @ = m;, b = my in equation (B.1} and equation (B.2}, where i
and f indicates the initial and final states, respectively

(mglo(hy, ka)lmy) = >°  (mg|Haolm){m|Hi|ms)(mi|ei|ms)

m m' m; my

(| Hy iy (| Hpf')? (B.3)
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Furthermore, the density matrix equation (B.2) can be written as

(mlo(ky)|m') = 3 (miHn|ma) (mal Hy [mi)*

™

(m|e(ke)lm) = D {ms| Ha|m)(m | Ha|m)*

my

(Im|H|I;m{) = > \LM){ImLM|H|I;m;)
LAf

The eigenfunctions in the two systems are related by

(ko|LM7) = Y _(0c|LMm)Diy(k — Z)
N

(BA)

(B.5)

(B.6)

(B.7)

where Dﬁ’M(!c — 7)) are the rotation group operators which is given below. The matrix

(ko|LM) describes the eigenfunction of the radiation R corresponding to eigenvalues

L, M, and = of the angular momentum operators, the Z-component of angular momentum

and parity respectively. ¢ is the index of polarization. The expression of this matrix holds

for both directional and polarization correlation. However, we are not interested in the

polarization part so w and ¢ are neglected. The rotational group operators are given as

(11)
Dﬁﬂ!(k - Z) = DJ{‘Fﬂ(z - "')

[ Arw "
Dﬁ(}(qﬁ:a;'y) = 9L + lyﬁ (9:¢)
} dar Y

D[?O((‘b:em 'T) = PL(COSB)

. [ dx
ng(z—’k):Dfo(k—*z)z 2L+1Yf(9:¢)

Z Dﬁi"ﬂ(k - z!)Dgf‘Al(Zl - k) = Dﬁﬁ[(k — z).
At

The matrix element (ImLM|H{I;m;) can be written as

Dly(k — 2y = Y (ImLM|Lm}){I;m, I L|H|L;m,).

g
Ty
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(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)



Here I and L must be retained since they are dependent on the other intermediate states.
We now use the fact that H for physical reasons is invariant under rotations [11}. The
matrix etement {I;m;IL|I;m;) is non-zero only if I} = I;,;m{ = m;. Furthermore it is

independent of the magnetic quantum number m;.

Combining equation (B.6) and (B.7) and replacing the Clebsch-Gordan coefficient by
more symmetric Wigner 3 — j symbol (B.17) below and omitting uninteresting factors
(like 47 which does not contain information about the intermediate state), we get the

final expression for a typical matrix element

(mlHlmg) = 37 (1)~ I

)<0|L#)<IIILIIL-)DJ%F#(Z — k) (B.15)
LMy m M —m;

In addition to the above expressions we need the explicit form of the matrix element of
the type {m|o(k)|m'}. Inserting equation (B.15) in to (B.4) and (B.5), we obtain

{mlo(k)m') =3 _(mlH|m)(m'| Hy|m)*

My

- Z Z (_1)—2I+L—2rng+L’ I L I I I;
m; LAMu LMy m M —my m M —my;
(0| L) (Z|| LI I 0| Lpsy (TN L'\ 1) * Do aps (2 — ) Diag (b — 2)

But,

DE (7 — BYDI(k — 2) = 3 (Ll |kr)(ML'L' M'|kN) DYy (z — k). (B.16)
k
and the Celbsch-Gordan coefficients for vector addition §; + ja = J3, my -+ mgy = ma are
defined by the transformation

ljijedarna) = D |himadama) (fimajamaljams)

mima

fi—ja—mag /. . . J J J .
(=19 Gy ggmalgs —ma) = | T T T [2ds 41 (B.17)

1 Ma M3
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A i Jz 73 e
(Jimijamaljama) = (—1)Sitfa—ma,
my Mg T3

Therefore,

1 ! I L Ii I LI Ij
(m|o(k)m) = (e
nzu LXM:p KXL;r m M —my m' M —my;
I Lk L L &k
e (2t +1)
wo—p T M M N
x O L) (T LI EOIL Y (TN L T Dy (= — k) (B.18)

In the above expression N = M'— M, 7 = ¢/ — p and angle independent factor have again
been omitted. Moreover, we have used the fact that L/ — L, N, 7, 2] and I + L + m;
are integers. The sum m;, M and M’ over the product of the first 3 — 7 symbols of
equation (B.18) can be evaluated by using Racah relation, together with the symmetry
relation given below. The 3 — 7 symbols have the property that an even permutation of

the columns leaves the numerical unchanged [12].

h J2 73 _ Jo d3 41 _ fa o Iz (B.19)
my g 13 Mg M3 T Mg ™M Ty

While an odd permutation is equivalent to multiplication by (—1)7172%3s

fuode Js ) _ (<1t f2o o Js ) _ (—1)i+r+s Js Je I '
My My g Mg Ty T3 msy MMa MMy
(B.20)

In equation (B.20) the terms of the bottom row has been replaced their negative values:

jl j2 j3 — (H1)51+j2+j3 jl j2 j3 (le)
my Mg s —ny —Ma —M3

On the other hand the Wigner 6 — 7 symbols can be defined as
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(1) HisHiotmtmsmg ju o Js o Jo ja Je Je Ji  J5 s
My My —Mg —iy 1hg 1hg my —MmMy Thg

_ o J2 s 3.1 J2 I3 (B.22)
my My Mg Ju J5 Je
The term within {} is the Wigner 6 — j symbol and it is independent of magnetic quantum

numnber m. Using equation (B.21) and (B.22) in equation (B.18) gives

N _N\U-Ni+m-—-p L I' k 1 I k
N

LMpL! KLt popoT
I I &k
X (2k+1)
L I L
< O1La) (N QLY I ) Dy s — )

(m|o(k)

(B.23)

The expression (B.23) contains factors that depend only on the properties of the radiation.

To single out these factors clearly, we introduce with Racah radiation parameters C,,

defined by [11]

Chr(LL) = S (— )X {Lpul) — i er )OI Lpay* (0] /)

iy

22(—1)L““\/—2k+1(L g ’“)(om*(owm (B24)
By’ Hop T

Inserting equation (B.24) into (B.23)

I I k I I k
mlo(ENm’y = -1 2f—fi4+m—L /2k 1

LEF kN7

XCrr (LU Y| LIEY TN 2} Din (2 - ) (B.25)
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The matrix element {m|o(k;)|m’) is given by the expansion of equation (B.25) with the

proper subscripts. For the matrix element {(m’|g(ks)|m}, one finds

(m!|Q(L2)|m) = Z Z (_1)k2—!;—rr:—b’2¢m( :L’ I Ivz ){ I I k‘z }

Lo LY kaNaTy —n Ng Lg LIZ If

X LLY Il Lall DI LAY DI 2 > B) (B.26)

Let us define the coefficient Ay (the anisotropic coefficient which depends on radiation

pattern)
A = AL L LD ATy L)

where

I Ik

, }(IIILlllIs)(IIILEIIIi) (B.27)
L L, I

Ak(LlL;Iz'I) = Z (_I)L’CEU(LILQ){

Ll

jai}
-
=

k
AL = 3 (-1 ;:O(LzLa{ ! }(I||Lz||ff><fl|L;||If> (B.25)

L214 2 Ly Iy
with

ro(LL') = Cro(LL). (B.29)

Using some of the expression that we have discused up to now, we can derive a formula

for time dependent angular correlation function. Starting from

W (ki ke,t) = E (gl Hylmy) (mp| A(t) |70} (M| Hifmi) X

Mambmpmy

(g | Ha[mi )" (mg| A (€} [ma)” (mi | Hafma)* (B.30)

we introduce the density natrices by equation (B.4} and equation (B.5) above. writing

the correlation function as:

53



Wik koyt) = D, (mafo(ki)lme)(mle(ks)lma)x

mammym},

(maf A(E)Ima) (g | A () Img)* (B.31)

with 7, = 7 = 0, equation (B.9) or equation (B.12) can be used to express the Dk, as
spherical harmonics V¥ (8, ¢). Inserting the expansion (B.25) and (B.26) for the density
matrices into equation (B.30) or equation (B.31) and using the definition (B.27) and
(B.28) of the coefficient Ay gives

, I Ik
Wik ko t) = > >0 3 (-1 fitmes ~L \/2L1+1( ! )

trg i mymy Ly Lj kN1 D —Mig lvl

I Ik , s
x Cro(Li LYK LA T 2A |25
L I, I

LaLi, kaN20 my N Ly Ly I

/ NS = b
. b 1 k A B
X E : E : (_1)&2—1;-1*1715*1:2 /2k2+1( , 2 J{ 2 }
fry, —

X Cro(La LW | Lol DY | Lol TY Do (2 = k) D (2 — ko) {ima| A8 ma) (mip|A(8) [me)”

= X D \/(2k1+1)(2k2+1)Ak1(1)Ak2(2)x( f, I kl)

maml, mymy kika N1 N3 —Me N]

( Ik ) (sl A(8)lma) (i AOlm)" Doz — k1) Dito(z = )

mi, — Ty Ng

where the definition of Ay, (1) and Ag,(2) in equation (B.27) and (B.28) have been used.
Moreover from equation (B.9) or B.12)

4ar
Dmo %t +1Y;.1 (61, 91)
4r .
DNzU 2," +1 N2 (92a¢2)
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Wk,kat) = > 3 (@ + 1) 2k + 1) Ak (1A, (2)

mam;mbm;’ k1,ka N1 N2

y 4 I I o I I foo
V@i D)@+ D\ ml, —mg Ny J\ mj —my Ny

x (o | A(8) [ma ) (| A(8)[mi) " Vil (61, 61) Y1, ™ (62, ¢2)

Wk, kg t) =dm > A,ﬁ(1)Ak2(2)G£}k’;’ﬂ(t)[(2k1+1)(2k2+1)]-1/2

k1,ka NNy
XY (01, 1), (62, ¢2) (B.32)
= Y AuWAGR)GEE (t)P(cost) (B.33)
k1,k2 N1 N2

where @ is the angle between &k and ko.

In equation (B.32}, we now replace Ay, (1) by Ay, (1) and Ag,(2) by Ag,(v2). Finally, we

obtain the required perturbation function as

Wik ko t) = > An(1)Ar(r)Ghnt (O)(2k + 1)(2ke + 1))/
ki kz N1 N2

XY (01, 1)V (6a, 62) (B.34)

where we define the perturbation coefficient G,{.‘;‘g’ (t) as

GR(8) = 3 [(2ky + 1)(2hz + )Y my | AtYma) (mpl AQE) me)*

Moy

I I K I I K
X . (B.35)
m; —1g N1 mg — My Ng
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Appendix C

Anisotropic Coefficients

Calculation of Sy, for £ =2 and spin 7 = 5/2

The Wigner 3-j vectors can be solved using equation {(A.1), (A.2) and (A.3). Therefore,

using these equations

m  -—m m-m

(5/2 5/2 2 )zAxBxC‘

where

A= [(jl + 4o — da)l(G1 + —de + )= + 52 + js)[]%
(41 + Ja + J3 + 1)1

B = [(j1 + m)W(G — mu (G2 + ma)!(fo — ma)!(js + ma)l{da —~ mg)|?
» (=1)”
O g vi(ji + jo — g3 — I — my — )1(j2 — ma — v)!
1
% (j3 — jo + my + ) (ja — Ji — ma + AL

Therefore,

[2! x 3 % 2!]1/2 2

8t 6720

The possible combinations of Sy is

56



m | 1/2|-1/2|3/2|-3/2|5/2|-5/2] 1/2 |-1/2
m' | 1/2|-1/2 | 3/2 | -3/2|5/2|-5/2|-1/2 | 1/2

The other combinations like m = 3/2 and m' = -3/2 is not possible because it requires

I
values greater than value of k. If we have a vector in the form ) the result

m —m 0
can be written as

r I 2 _ 2[3m? — I(I + 1}]
V@I +3)2r + 2@ +1)2NRI-1)

m —m 0

Forn =0, m = 1/2 and m' = 1/2,

52 5/2 2 2:[2[(3><1/2)2—5/2(5/2+1)]2
1/2 —1/2 0 VBXxTx6xb5x4 '

= 0.038095

Forn =0, m =-1/2 and m' = -1/2,

5/2 5/2 2 2_ 2[(3X—1/2)2_—5/2(5/2+1)] 2_
(”1/2 1/2 0) ﬁ[ VBXTXBx5x4 ] = 0.038095.

For n =0, m = 3/2 and m' = 3/2

5/2 5/2 2 2__ 23 % 3/2 — 5/25/2 + DIT?
(3/2 ~3/2 o) _[ VEXTx6x5x4 ] = 0.002381.

For n = 0, m = -3/2 and m’ = -3/2

2
5/2 5/2 2} r2f(3x-3/2)%—5/2(5/2+ 1))} _
(“3/2 3/2 O) _[ V8XTx6x5x4 ] = 0.002381.

Forn =0, m = 5/2 and m' = 5/2

5/2 5/2 2 2_ 2[(3 x 5/2)% - 5/2(5/2+ )]1?
(5/2 —5/2 0) "[ B TXBxE %1 ] = 0059524,
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For n = 0, m = -5/2 and m' = -5/2

( 5/2 5/2 2 )2 _ [2[(3 x =5/2)* — 5/2(5/2 + 1)]]2 = 0.059524.

5/2 5/2 0] VBXTXx6xbx4
Forn =0, m = 1/2 and m' = -1/2

2
h/2 2 b/2 2 2
/ / =[mxBxO].
-1/2 1 -1/2 V7720
B =2 x 3l x 3l x 1] x 3] x 21 = 12v/6

(=1
C=3, w2 — Y3 — v)li(y — 1)!

1 1
= Ttolalinol T 2Lolil el

c="t1log

(52 2 52) [ 2
\-1/2 1 12 ) V7T

For n =0, m = -1/2 and m’ = 1/2, by symmetry

(5/2 9 5/2)-_—0

C

2

x12/6x 0] =0
]

') W |

h

~1/2 1 -1/2
Therefore,
I I k 2
S0= 2 ( )
mm' ~m —m —m' +m

= 2(0.038095 + 0.002381 + 0.059524) = 0.2000

The possible combination of Sy is,
m | 1/2 | 3/2 |-1/2|1/2 | 3/2 |-3/2|-1/2 | -3/2
m/ | -3/2-1/2| 3/2 | 3/211/2|-1/2|-3/2| 1/2

Therefore, forn = 1, m = 1/2 and m’ = -3/2,

(5/2 2 5/2 )2:[ 2 xBXC]z

-1/2 2 -3/2 V6720
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1/2
B=[21x31x4!x0x4!x1!] — 483

(~1)”
C= 2 B oA i)~ 2)!

v = 2 only for this case
1 1

20L11212100 — 8
2
5/2 2 5/2 ( 3 ) — 0.064285
> = A
-1/2 2 -3/2 V6720
For n =1, m = -3/2 and m’ = 1/2
2
5/2 2 5/2 2
/ / = [ 2 x B x C}
3/2 —2 1/2 V6720
1/2
B = [41.1!.0!.4!.3!.2!} — 48v/3

(—1)"
A2 — A = A(=)(2 + )2+ )]

C =

el T
=2

v = 0 is only possible
1 1

oraratolelal ~ 8

5/2 2 5/2 :[ 2 xﬁ@
3/2 —2 1/2 ver20 8

¢ =

= 0.064285

Forn =1, m = 3/2 and m’ = -1/2,
2
5/2 2 b5/2 2
/ / = [ 2 X B x C'l
_3/2 ) _1/2 +/6720
1/2
B= [1!.41.4!.0!.21.31] = 48V/3

(-1)"
¢= Zu'(ﬁ-u)'(4~u)'( 4 -y -1y —2)!

v = 2 only,
1 1

C= oo 8

59



(5/2 2 5/2 ) =[ 2 x48‘/§]2=0.064285

—3/2 2 —1/2 /6720 8

Forn =1, m=-1/2 and m’ = 3/2,

52 2 52\ 2 2
(1/2 9 3/2) 2[\/6720XBXG]

1/2
B- [3!.2!.0!.41.4!.1!] — 483

(-1
C= L = A+ i+

v can be only 0,
1 1

Ton2rotoniral T8
2

(5/2 2 5/2) ﬁ[ 2 x43\/§

C1/2 -2 3/2, V6720 8

Forn=1,m=1/2 and m’ = 3/2,
2
5/2 2 §/2 2
/ / = [ 2 X B % C']
~1/2 -1 3/2 V6720
1/2
B = [2!.3!.3!.1!.4!.1!] = 24V/3

) (-1
c=3 12 — )3 — (1 = )N + )

C

2
] - 0,064285.

v=20,1
C‘ — 1 + -1 o i_ _ 1 — ;1
TooLon3lilonl! Toinitaetonilal 12 4 6
2
5/2 2 5/2 _94 2
/ / =[ 2_ (2 \/g)] = 0.028571
—~1/2 —1 3/2 V6720 6

Forn=1,m=3/2 and m' = 1/2,

5/2 2 5/2 2m 2 2
(“3/2 ) 1/2) _[\/6720XBXO]
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1/2
B= [1!.4!.3!.1!.31.2!] —24V3

(-1)
C=2 (2 — (= )3 = )i(v — DI - 1)!

v=1,2only
B -1 N 1 _-1.1 1
Tqnanatetoto! Cootolon1litll o 12 4 6

5/2 2 5/2 ’ 2 24v31%
( a1 1 ) = [\/ﬁ X T] = 0.028571

Forn=1,m=-3/2 and m’' = -1/2,

5/2 2 5/2 2:[ 2 xBxC‘]z
3/2 -1 -1/2 6720

C

1/2
B= [4!.11.1!.31.2!.31] — 243

b (_‘1)u

YT (2 — )1 = )1 — )W+ 2)I(v +1)!
v=0and 1
oo 1 N ~1 1 N -1 1 1
Tootanitilata toiliolenstet 4 12 40 120
2
5/2 2 5/2 2
/ / - [—2— x M] — 0.028571
3/2 —1 —1/2 V6720 6

Forn=1m=-1/2 and m’ = -3/2,
2
5/2 2 5/2 2
/ / = [ 2 x B x O]
1/2 1 —3/2 V06720
1/2
B = [3!.2!.31.11.41.1!] — 243

(=1
C=2 (@ = )2 - )I(B~ N + DIy — 1)

_ -1 N 1 -1 N 1 -1
TLkaietate! ooronoh1l3tit 4 12 6
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(5/2 2 5/2 (*24“5)]2:0.028571

2
1/2 1 _3/2) m[\/ﬁ720x 6

Therefore,

I I k 2
321=E( , )
™m

m,m! —-m -m +m

Sy = 4(0.028571 -+ 0.064285) = 0.371

To obtain n == 2, we have four possible combinations. These combinations

m | 5/2|-5/2|-3/2| 3/2
m | 5/2| 3/2 | -5/2|-3/2

Even though other combinations like those given in the following table give n = 2, because

of the fact that —m’ + m = 4 or -4 which are not allowed for k = 2, we cannot use them.

m | -3/2)-5/213/2 | 5/2
w | 5/2 | 3/2 | -5/2 | -3/2

For n =2, m = 5/2 and m' = 3/2,
2
5/2 2 5/2 2
/ / = [ 2 X B x C‘}
—~5/2 1 3/2 V6720
1/2
B= [01.5!.31.1!.41.1!] — 2430

_ (=
C=2 (2 -5 — )3 - )y —2)(v - 1)

v = 2 only
1 1

T olonsLiLon1l 12

5/2 2 5/2 QH[ 2 xzm/@
—5/2 1 3/2 L6720 12

For n = 2, m == 3/2 and m' = 5/2 by symmetry,

C

2
] = 0.071429

(5/2 2 5/2) =[ 2 x(‘%‘/@r:o.mmg

-3/2 -1 5/2 V6720 12
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For n = 2, m = -3/2 and m’ = -5/2,

(5/2 9 5/2)2[ 2

3/2 1 —5/2 V6720

1/2 .
B = [4!.1!.31.1!.0!.5!] = 24/30

_ (—D
C= G @ (v + 2w = 1)

v =1 only
-1 -1
1L.1non203t00 12

(5/2 2 5/2 )22[ 2 (—24v/30)72

C:

X ] = 0.071429
3/2 1 —5/2 V6720 12

For n = 2, m = -5/2 and m' = -3/2 by symmetry

52 2 512 \ m[ 24‘/_)] = 0.071429
\3/2 1 -5/2) LV672 La
Therefore,
I I k 2
Sm=Y (7, )

mm' *m —-m —m'+m

=4 x 0.071429 = 0.2857

Let us now calculate Syq. Four possible combinations that give n = 3 is given in the table.

m | 5/211/2|-1/2 | -5/2
m' | 1/2 {5/2 | -5/2 | -1/2

and the remaining four combinations are not possible for the reason discussed in the

previous case. For n = 3, m = 5/2 and m’ = 1/2,
2
5/2 2 5/2 2 ?
/ / = [ x B x C’]
—5/2 2 1/2 V6720

1/2
B = [0!.5!.4!.01.%.3!] — 48V15
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