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ABSTRACT

The photon statistics and squeezing properties of the
signal light produced by the degenerate and the nondegenerate
parametric amplifiers are analyzed employing the coherent state
propagator. The propagator is evaluated using a method recently
introduced by Fesseha {1]. The task of evaluating the
propagator by means of this method essentially reduces to the

problem of solving the pertinent Euler-Lagrange equations,
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1. INTRODUCTION

A c-number formulation of the quantum dynamics of a
physical system appears to be more convenient than the
Heisenberg or the density operator formalism. In guantum
optics the analysis of a systenm is very often carried out using
the P-function or the Q-function. However, the task of finding
the solution of the pertinent Fokker-Planck equation does not
turn out to be so simple. In addition, for a system with a
nonclassical feature, the diffusion coefficient in the Fokker-
Planck equation becomes negative. As a result of this, it is
not possible to obtain the solution of such equation.

On the other hand, we realize that the Q-function is
expressible in terms of the propagator. In view of this, the
problem of determining the Q-function reduces to the task of
evaluating the propagator.

The main objective of this thesis is to analyze the
statistical and squeezing properties of the signal light from
the degenerate and the nondegenerate parametric amplifiers,
employing the coherent state propagator. The propagator may be
determined using path integral methods (2] or by directly
solving the Schrddinger equation. However, we find it to be
more convenient to evaluate propagator applying the method
recently introduced by Fesseha [1].

This method has been developed by introducing the notion
of a coherent state propagator action associated with an
arbitrary quadratic Hamiltonian. This action is calculated by

means of the Euler-Lagrange equation applying the definition

T
A =24, +IL,dt , where Ay stands for the free action and where
o




both the quadratic terms in the interaction Lagrangian L; must
be the product of the free and the full classical solutions,
with a conjugated variable in one of these terms and its
complex conjugate in the other first fixed, respectively, at
the free and the full classical solutions. Once the action is
evaluated for a quadratic Hamiltonian then the associated
coherent state propagator can easily be determined using this
method.

The mean and the variance of the photon number as well as
the photon number and the photon count distributions are very
often used to describe the statistical properties of light.
According to the relation between the mean and the variance of
the photon number, the photon statistics is usually classified
as Poissonian, super-Poissonian or sub-Poissonian, In addition,
based on the photon number distribution, one describes a light
beam as coherent, chaotic or none of these.

Another interesting property of light is the fluctuations
of its quadrature components. For light in a squeezed state
the fluctuations in one quadrature component are below the
vacuum level while the fluctuations in the other component are
increased so that the uncertainty principle is not violated (3~
5}. Squeezed 1light has recently been the object of
considerable interest in view of its potential applications in
high precision measurements and low-noise communications(e,7}.
Squeezed states have been generated by several nonlinear
optical processes such as degenerate parametric amplifier
(8,9}, second harmonic generation [10-12] and degenerate four

wave mixing (13,14].




This thesis is devoted to the study of the photon
statistics and the quadrature fluctuations of the signal light
generated in parametric amplification, employing the new method
of evaluating the propagator,

The organization of thjs thesis is as follows. 1In chapter
two we derive an expression for the expectation value of an
arbitrary operator in terms of the P-apd the Q-functions. we
also discuss various methods of evaluating the coherent state
propagator. In chapter three we present a systematic
derivation of the photon numbér and the photon count
distributions. 1n addition, we obtain explicit expressions for
the fluctuations of the quadrature components of light beam. In
chapter four the statistical ang Squeezing properties of the
signal light from the degenerate parametric amplifier are
investigated, In chapter five, we study the statistical
properties and quadrature fluctuations of the signal light from
the nondegenerate parametric amplifier. Finally in chapter siy
we discuss briefly the main results of this thesis and make

certain remarks of interest,




2. THE COHERENT STATE PROPAGATOR AND EXPECTATION VALUES

Coherent states are very useful in the analysis of quantum
optical problems {15] since the ccherent state representation
has proved to be more suitable for such analysis. The coherent
state is a minimum uncertainty state and is associated with the
most classical state of light one can imagine in the framework
of quantum theory [{16]. A coherent state can be eXpressed as
the linear superposition of the number states. The coherent
states satisfy the completeness relation and the normalization
condition but are not orthogonal.

The expectation value of an operator A(a*,a) is
expressible in terms of the density operator or in terms of a
c-number equivalent of this operator for a certain ordering
scheme. For example, the expectation value of A(a*,a) can be
expressed in terms of the Q-function which is the c-number
equivalent of the density operator for the normal ordering.
Since the OQ-function is related to the coherent state
propagator, the determination of this function, for a given
system, reduces to the task of evaluating the propagator. The
propagator may be determined by directly solving the
Schrédinger equation or by using path integral methods or by
employing the new method.

This chapter is structured as follows. In section one we
discuss some important properties of the coherent states that
will be frequently used in this work.

In section two we present a systematic derivation for the
expectation value of an operator A(a®,a) in terms of the Q- and

P- functions. It is to be recalled that the P-function is the




c-number equivalent of the density operator for the antinormal
ordering.

In section three we derive the Schrddinger equation for
the propagator. We also consider the integral representation of
the propagator. Finally, we discuss the new method of

evaluating the propagator.
2.1 The Coherent States

A coherent state is defined as the eigenstate of the

annihilation operator a such that [17)

ala> = ele> and <ala” = <a|a (2.1)

Where o 1is a complex number. The boson operators a and a

satisfy the commutation relation
{a,a'] = 1. (2.2)

Using the completeness relation for the number states
I=E|n><n1 , (2.3)
]
one can easily verify that the coherent state is expressible as
i - l; 1y al
Ty = expil-= —_— I, 2.4
‘ p(-<ial®) ) (2.4)

The coherent states are normalized

<gla> = 1 (2.5)




but are not orthogonal

<a B> :exp(—%;m2 —%lﬂziﬂx‘ﬁ)
We note that

|<a|B>]2 = exp(-|a-B]|2), (2.7)
so that the coherent states are approximately orthogonal if fa-

B| is very large. The completeness relation for the coherent

states has the form [18)

2
7=[9% 4yca) (2.8)
T
where
d?a = d(Rea) d(Ima) (2.9)

2.2 EXpectation value

The expectation value of an operator A(a¥,a) for a system

described by the density operator p(a’,a) can be written as

<A> = Tr(pk). (2.10)

Now expanding p(a*,a) and A(a*,a) in a power series in

the normal order and in the antinormal order, respectively, we
have

<A> = Y N0 Tr(atiamang k)

l.m .k

Using the cyclic property of the trace operation, we see that




Tr(a-flam "3 +k — Tr(a+ka+] ma) .

Thus

<A> = EEC Ol Tr (atkattaman) | (2.11)

mn,k

With the aid of (2.8), expression (2.11) can be put in the form

dza 7 + X +] |
<A> =f—q2 CCh el atkartlana ) o>
R l.mrg;c i
or

<A> = -Q%EQNa co)A (ot o) (2.12)

in which
=Y Cppattan (2.13)
1,m

is the c-number equivalent of the density operator p for the

normal ordering and

Afat, a) Ec’ * Ky (2.14)

is the c~number equivalent of the operator A for the antinormal
ordering.

Alternatively, expanding p(a*,a) and A(a*,a) in a power
series in the antinormal order and in the normal order,
respectively, we have

<A> = Y 3N ¢, 0l Tr(alatma g k)
l,mn k

Since
Tr(al +ma+na) — Tr(a+m +na al)

Wwe see that




<A> = Y N ¢, 0T (atmatraka )
i,mnk

Now following the above procedure, the expectation value of A

can be expressed in the form

2
<A> = f‘d aJP(a',a)An(a‘,a) (2.15)
s
where

Pla‘,a) =Y Cpame!
I,m

is the c-number equivalent of the density operator p for the

antinormal ordering and
A(at,e) =Y ¢ atmak
n, k
is the c-number equivalent of the operator A for the normal
ordering.
In order to obtain the relation between the @Q-function and

the P-function, we expand the density operator p(a®,a) in a

power series in the antinormal order. That is
p=3Y Cpata™, (2.16)
1,m

Now employing (2.8), we have

2
p = ffiiiiz(gmalla><a|a*m
T 1l,m

d2€l Ml }
= E C, e o> <a
f 14 (Lm Im )| |

2
= -g—EP(u‘,a)[a><a| . (2.17)

Multiplying this from the left by <f8| and from the right by




|B>, we get

o(p*, B) = ff%?EP(a‘,u)exp(—la-Biz) . (2.18)

The density operator of a system describable by a gquantum
Hamiltonian H(a%',a) and represented by the state vector | ¥(t)>

is defined as
p = |¥(t)><¥(t) | (2.19)

where the state vector evolves in time according to the

Schrédinger equation (h=1)
id_|¥(t)> = H{a*,a) |¥(t)> . (2.20)
dt

A formal solution of this equation, when the system is

initially in a coherent state |a’>, can be written as

¥ (t)> = Ula’> (2.21)
where
U = et (2.22)
is the evolution operator. It then follows from (2.19) and
(2.21) that
p = Uja’><a’ |U* . (2.23)

Multiplying this equation from the left by <a|and from the

right by |a>, we note that




Q(a’,a) = K(a,t|a’,0)K' (a,t|a’,0) (2.24)

in which

Q(a’, @) = <alpla> (2.25)

and

K(a,tja’,0) = <a|U|a’> (2.26)
is defined as the coherent state propagator of the system.
We shall next proceed to show that the P-function and the

Q-function are normalized. To this end, we recall that

2
pz‘[d aP(aHa);a><a;

b1
Since
Tr(p) = 1 (2.27)
we notice that
2
fdn“ Pla*,a) =1 . (2.28)

Moreover, on account of (2.25) we have

j.dzaQ(a',a) = TT(—gigEa><aip)
n n
= Tr(Ip)
=1 (2.29)

2.3 The Coherent State Propagator

A. The Equation of Evolution

The coherent state propagator of a system is the matrix

element of the time evolution operator between the initial and

10




the final states

K(a,t]a’,

Differentiating both sides

time, and noting that the

time, we have
dK(a, t]a’,0)
gt

or

idR(a,t]a’,0)
it

0) <a|U|a’>

of this equation with respect to

state vectors are independent of

<a|dU|a’>
dat

<a|HU|a’>.
(2.30)

Now expanding H(a%,a) in a power series in the normal order, we

have

;3K

gt

(e, e10,0) = Y cp<a-atlamy o>
1,m

{2.31)

so that using (2.8) expression (2.31) can be put in the fornm

; OK

gt

Since

B<aip> = (2
we find that
, 0K ; dzﬁ
" ; t! R =
1 at(a La', 0) ‘f —
= Clm
1,m

or

d
+——)<a. P> ;
“ aa‘) “ P

2
—l(a, t]la’,0) =f£n—ﬂz Craa*iPpm<a B ><p U a>
1.m

(2.32;

d

a‘)m<a;ﬂ><ﬂ!UEa5
a

d d2p |
el T _ym | - v ; | /
a+fau‘) <a1(f B><p )U;a>

11




aK / = * i a /
15, (e, tla’,0) = H(a, 205 Kletelio) (2.33)
where
* a s 1 1 a
Hla®, -0 + ) = Cra' { = + ym (2.34)
do* 12,:" 1o 2 da*

is the c- number equivalent of H(a%,a) for the normal ordering.
This is the Schrddinger equation for the propagator subject to

the initial condition (2]

K(a,t|a’,0)] .y = <ala’> . (2.35)

B. Path Integral Representation

We now wish to construct a path integral representation

for the coherent state propagator

K(a”,Tla’,O) — (arlle‘iHT|a,> . (2.36)

One can divide the time T into N equal intervals, so that

T = Ne . (2.37)

Hence expression (2.36) can be rewritten as

<a"|e™|a’> = <a”|e™E|grs

= <a”]eME, o | oiME 40y

12
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Inserting N-1 identity operators defined in terms of the

coherent states, the propagator can be expressed in the form

N-1 dEa N-1

" 7 - ) | o ~d€H !
Ko, il 0) " = ] — [ <ayyle i ia (2.38)
i=1 J=0
in which
a, = af and ay = a”, (2.39)

For small ¢, one can approximately write that

<y, | e’ a> = <%+d(1—ieH(a+,a))j%>. (2.40)

Since for normally ordered Hamiltonian H(a*, a)

<aj,[H(a*,a) |ep> = H(oyy" o) <ay,, | o>, (2.41)

we see that

EH _ : .
<o, e’ ap = (1-ieH (e, o)) <oy ey

or

<oj[e™Map = <o, |apexp(-ieH(ay,,", ) . (2.42)

Using this result in (2.38) the propagator can be rewritten as

MN-1 2 N-1
dee,
0ot ol oy | o 1 j _; .
K(a”, Tial,0) | iigd] ! - l L(aj+l:aj>exp( ieH (0, 05)) .
3= 3+

Noting that

13
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- * l 3 1 +
<aj+l o2 EXP (A .10y — Eaj‘laj,l - Eajaj) '
we have

Kta”, Tl a’, 0)

N-1 dza N-1 1
' J + _ * _
llmf[! - l—gexp[ajﬂaj %t
J= J=

1 = , .
i1 —-ccjaj—leH(aj,,l,aj)]

2

. N-1 d
LinfT]

1 , .
expz[ J+1a a3+1a a” zajaj—leH(ajﬂ,aj)], {(2.43

Furthermore, applying the relations

¥ *
1. 1. 1 (0je1 - @)
PRRLE - %5%; = Sea; e (2.44a
and
1 * 1 =« 1 * (a', - a‘) N
5%l T S, " 5€%5n _le_z_ (2.44b;
we find that
N-1 1
llgn MR cc qaj,l—Ea;aj—ieH(a}d,a:-)
i=0

“le (aj,-af) ¢ (0., —a.)
=1im _a,.L-l_—~a‘. H_L_J_—JGH( @ )

—%a'd—iH(a‘,a) dt . {(2.45)

Upen taking the limit €-0 one can put the cocherent state

propagator in the form

T
K(a", T a’,0) = fp{a(t)] eXp[det] (2.46)
Q

14
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where

‘o —-%a*d-—iH(aﬁa) {2.47)

L=1tq
2
is the Lagrangian associated with H(a", @) which is the c-number

equivalent of H(a',a) for the normal ordering.
C. The New Method of Evaluation

According to the new method {1] introduced recently by
Fesseha, the coherent state propagator for a single-mode

quadratic Hamiltonian H(a*,a) can be expressed in the form

9 aeieT %

K(a”, T a’,0) Ler
oo’ da’*

(2.48)

where A is the coherent state propagator action defined by

T
a=a,+ [Lde (2.49)
Q
in which
A, = ,%laﬂz _ %i'afiz + ala" e-ieT (2.50)

stands for the free action and L, is the interaction Lagrangian.
The quadratic terms in the interaction Lagrangian must be the
product of the free and the full classical solutions, with a
conjugated variable in one of these terms and its complex
conjugate in the other first fixed, respectively, at the free
and the full classical solutions (for details see Ref. f13).

Moreover, according to this method the coherent state

15




propagator for a two-mode quadratic Hamiltonian H(a%,a,bt,b)

can be put in the form

’ 2 iw,T 2 iw, 7%
K(a”, B”, Tial,p/,0) = | LAc " J'4e et . (2.51)
da’ 30t Gp’ APt

In this case, the free action A, is given by

1. . . .
Ao—"; ‘a”fz‘E a2+ oot e lmaTﬁ_.i‘-_iBﬁfzﬂ%!pf’z_,,plpﬁe 10T 15 59

and the interaction Lagrangian is determined following the same

procedure as that for the single mode Hamiltonian.

16
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3. PHOTON STATISTICS AND SQUEEZED STATES

The statistical properties of a light beam is usually
described in terms of the mean and the variance of the photon
number as well as the photon number and the photon count
distributions. The relation between the mean and the variance
of the photon number is used to classify the photon statistics
as Poissonian, super-Poissonian and sub-Poissonian. Unlike the
other distributions, sub-Poissonian statistics represents a
nonclassical feature of light. Such features of light cannot be
described in terms of light waves.

Another interesting property of light is the fluctuations
of the pertinent quadrature components. A light beam is said to
be in a squeezed state if the fluctuations of one of the
quadrature components is reduced below the vacuun level at the
expense of enhanced fluctuations in the canonically conjugate
quadrature [19,20]. A squeezed state like sub-Poissonian
statistics represents a nonclassical feature of light.

Much work, both theoretical ang experimental, has been
done on squeezed states of light [21]. A variety of nonlinear
optical systems are predicted to produce squeezed light. A
squeezed 1light has attractive applications in precision
measurements and low-noise communications [6,22].

This chapter is organized as follows. In section ohe we
derive an expression for the photon number distribution P, in
terms of the Q-function.

In section two we obtain an expression for the photon
count distribution P, (T) in terms of the Q-function.

In section three we discuss the fluctuations of the

17
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guadrature components of a 1light beam. The notion of a
squeezed state of 1light is then defined in terms of the

qguadrature fluctuations.
3.1 The Photon Number Distribution

We now proceed to obtain the photon number distribution of
a light beam described by the density operator p. The mean

photon number is expressible as
<> = Tr{pn) . (3.1)

Employing (2.3), we can write

<n> =Y Tr(‘n><n pn)
n

=Y <n pn m
n
=Y np, (3.2)
I
Where
P, = <n|p|n> (3.3)

represents the photon number distribution. The quantity P,
represents the probability that the number of photons in a
given light beam is n.

Now applying the completeness relation for the coherent

states twice, expression (3.3) can be rewritten in the form

_ (d*a d*B . :
P, fTTm,axa p P><p >, (3.4)

so that making use of (2.4) and (2.25), we get

18




2 2 ' € * npn
Pn=fda dﬁe-aa-ﬁB‘GﬂQ(a‘,[})a—i}— . (3.5
T P nt
We recall that
d?e

9 r g, ) =f§ﬂ’f<x,y) (3.6)
ks Y

and in invoking the transformation (x,¥Y) #(a’,a), we have

[ELY r(x,y) - [dada iJ( X;y) fla*, a) (3.7)
T s a , 0
where
Ox dx
a“ aa$ .
X,y _ _ 1
J = = = 3.8)
(a‘,a] 9y Oyy 2 (
da Ja*

is the Jacobian of the transformation. In view of (3.6), (3.7)

and (3.8), the photon count distribution is expressible as
— 1 \2 * * ~eta-BBratp . an *n ,
pn_(ﬁ.) [dardadprap e O(u ,p)_ﬁ_m , (3.9
so that application of the fact that

o _rn- o e
oo (10 o PP and a® = (-1)° e e (3.10)
P ap= da*

leads to

< L1112 ¢ d * ﬂ?.@l 39" s
P, n!(Zn) fda dadf*dBQ(a*, ) e aﬁ“e 3 € . (3.11

2L fapre-pB =
2nfd[3 e 5(B) (3.12a)

and

19
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H_fdae‘“'“ =& («*) (3.12b)
‘.l'[
we have

38 («") &8 (P)

P, = |da'df ola*, ) (3.13;
a f Po P ETAL op”
Furthermore, on account that
_[dxfﬁélﬂﬂ_f(x) = (-1)n9L{x) o 1 (3.14"
ox? dx ™

the photon count distribution can be put in the form

62:1

Ezziﬁ;ﬂg(a"p)edmh‘:ﬁ=o

n

P :...41__
n!

Finally, since o' and a are independent variables, one can
write that

" [o(ar, a) o%'a]

| (3.15;
Jde "7 de?

n a'=a =0

P :...l_
n!

3.2 The Photon Count Distribution

The photon count distribution P_(T) represents the
probability of detecting m photons in a time interval T. A
guantum mechanical derivation of the photon count distribution
was first presented by Kelly and Kleider [23]. The physical
significance of photon count distribution is most transparent
for photon counting experiments on a light beam whose photons
are restricted to a single mode. For this case the photon count
distribution can be written as [17]

PAT) = TI(){ilﬁggﬂjfexp(ﬁya‘a):: , (3.186)

20
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where n orders the creation operator a* to the left of the
annihilation operator a, and y is the guantum efficiency of the

detector. We easily see that

— Y (" +\ m+ m+
P (T) = ) i IF Tz{p(a) Tami], (3.17)

Now using (2.8) twice, we have

-y " {-y) ! rdfa J2p "By ¢B ! (gt mloml
PAT) 2; - 11 — — - <a p P><Pi(arymigml|gy

- zz_if {- y j'dda d2p Ol p) B am! <q B>

1
l m

or

PAT) = " d?a d*B

L ST S e ot By e <al B>t (3.18)

which represents the expression for the photon count

distribution in terms of the Q-function.
3.3 Bgqueezed States

In order to describe the squeezing properties of a light
beam of frequency w, we define the pertinent annihilation
operator a in terms of two Hermitian operators a; and a, by [24]

a = (a; + ia,) e™ , (3.19)
One can easily see that quadrature components are expressible

as
al=-%(aef”t+ a‘te oty (3.20a)

and

21




e R B LT T I B il e R I

a, = — (aefwt - gre-ivty (3.20b)

We shall next obtain the commutation relation for the

quadrature components. To this end, we note that
(a,,a,) = aa, - a,a, . (3.21)

Substitution of (3.20) into (3.21) then gives

(a,,a,] = (a,a’)

E
2
or in view of (2.2), we find that

[a,,a,] = % : (3.22)

This represents the commutation relation for the quadrature
components,

The variance of each quadrature component is give by

Aaf = <al> - <ap® (3.23a)

and

Aaj = <aj> - <a,>? . (3.23b)

From (3.20a) it follows that

<at> = Lcaatr+ 2earar v erive g2, v Lg-aiot gy (3.24a)
4 4 4 4
and
<a,»? =%ezi°’t<a>2 +-ie"““f<a‘>2-h%<a><a*> . (3.24b}

Now on combining (3.24a) and (3.24b), there emerges

22
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Aa? =.%<aa*>+u%<a‘a>+-%92“”<a2>+—%e’u”t<a’2)

derercgyr o Lgzivecgnz o Logcaty (3.25°
4 4 2
Since
aat = a'a + 1
one finds that
Aalz = i + l(a*a) + H]:“92i0f<az> + ie—2imt<a*2>
4 2 4 4
—ies-2°’t<a>2 - le‘zl"*’f<a*>2 - Learcan. (3.26a)
4 4 2
Similarly
Aazz = _]_'. + i(a*a) - ie2iwt<a2> _ *}_e-zj‘mt<a*2>
4 2 4 4
1

+_}Iezmt<a>z . etiotegeyz - 1

A =<ar<a'y . (3.26b
4 2

According to the Heisenberg uncertainty relation

AaAa, > %i<{%,ag> {(3.27)

Thus combining this with (3.22) one gets

Baba, > % (3.28)

For light in a coherent state the minimum uncertainty relation,

with equal quadrature fluctuations, is satisfied. That is

Aa, :% and Aa, = % , (3.29)

so that [25]

(3.30)
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A light beam is said to be in a squeezed state if aa, < %
and aa, > % or vise versa [26,27) such that the uncertainty
relation aa, sa; > 4 is not violated {28]. A squeezed state for

which the minimum uncertainty relation holds is sometines

referred to as a squeezed ccherent state.
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4. THE DEGENERATE PARAMETRIC AMPLIFIER

There has been considerable interest in the statistical
(28,29] and squeezing [30] properties of the light produced by
a degenerate parametric amplifier. Takashi (31) was the first
to indicate the light generated by this device to be in a
squeezed state. In a degenerate parametric amplifier a strong
pump photon of frequency 2w interacts with a nonlinear crystal
and 1is down converted into two signal photons at the
subharmonic frequency w (32].

The process of parametric amplification has been discussed
by several authors [33~37] wusing different methods and
approximation schemes. Some authors [38,39] have analysed this
problem employing the so called parametric approximation.

This chapter is structured as follows. In section one we
derive the coherent state propagator for the systemn adopting a
certain approximation scheme [40). Then employing the resulting
propagator we study the statistical and squeezing properties of
the signal mode 1in section two and in section three,

respectively,

4.1 The Propagator of the System

The Hamiltonian for a degenerate parametric amplifier, in
the absence of cavity damping, is given by
H=wa'a +2wb'b + ix (a%b*-a*2h) {(4.1)

where a(a®) and b(b') are the annihilation (creation) operators
for the signal and pump modes, respectively, and « is a

coupling constant between the two modes. The propagator
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associated with the Hamiltonian (4.1) cannot be determined
exactly. We shall reduce this Hamiltonian to a quadratic form
by replacing the pump mode with an approximate c-number
function. To this end, we note that the Heisenberg equation of

motion for the operators a and b are given by

i_aE = [a, H] (4.2a)
and
i-gig = [b,H . (4.2b)
It then follows that
a = -iwa - 2xba’ {4.3a)
and
b= -2iwb + ka? . (4.3b)

As a first approximation, we shall replace the operator b

in (4.3a) by the free classical solutions

Bc‘ — Ble-zimt (4'4)

with 87 = §(0). Consequently

a = -iwa - 2kple2ivtg: | (4.5)
Differentiating both sides of (4.5) with respect to time, one
gets

4 = -iwa - 2xf/e 2i°ta" +4ipkPle 2ot | {4.6)

Employing the adjoint of (4.5) in (4.6) and assuming 8’ to be
real, we see that

4 = -iwa + 4k?p2a + 2iokpfle 2wty (4.7)

One can readily obtain from (4.5) the result
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2iwkB/e?tat = —ipa + wla (4.8)
and substitution of this into (4.7) leads to
d+2iwa - (w?+Ad%) a =0 (4.9)
where A = 2«f’. The solution of (4.9) can be written as
a(t) = (Aelt + Be M) g-ivt (4.10)

Where A and B are constants to be determined. Using the initial

condition along with (4.5), we note that

a’=a+B. (4.11a)
Moreover, from (4.5) and (4.10) we have
a(o) = -iwa’ - Aa’” {(4.11b)
and
a(0) = A(-iw + A) + B(iwm+A) . (4.11¢)

It then follows from (4.11) that

A= == 4.12a
5 ( )
and
! I
B= 22, (4.12b)
so that
ale) = |28 gne, altal . giet
2 2
or
a(t) =la'coshAit - a”’sinhAt]e -iot | (4.13)

We now easily see that for the normal ordering
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a2={a’2cosh?lt~a“sinhzlt-(2a“a’+l)sinhlt coshit]e 210t (4 14)
Finally, substitution of this into (4.36) results in
b= -2iwb + x[a’®’cosh?At+ (a’)?sinh?) ¢
-(2a”a’+1) sinhAt coshi£] e -2iet, (4.15)

We shall be interested in the case for which the signal
mode is initially in the vacuum state. Hence the c-number

equivalent of (4.15) for the normal ordering and for af = 0 is

B = -2iwp - xsinhAt coshhte-2iet (4.16)

In order to obtain the solution of this equation, we let

B(t) = B(t) g 2iwt | (4.17a)

Then we note that

B‘ = hzijeiain ;":Bcez_azj:mf T L S T T S f(‘4“ 3713’)
On account of this result, (4.1éyﬁﬁgkégéﬁﬁ§=form3E:QQ”i;q_i‘

. I [ R A N
[ A . - . o1

B = - xsinhl¢ céshftég,ﬁf]ﬁf:ﬁlfﬂj?;;?w%(4ﬁ18)
B(t) =-Kfsinhlt coshiAt + C (4.19a)

or
B (L) =[C~§xsinh21t]e‘”“’t (4.19b)

where C is a constant. Application of the initial condition
B(o) = B¢ along with A = 2xfB!

leads to

Beey = Bll1- 4;{2 sinh? (2kf/t) |e -2det (4.20)

This represents approximately the time evaluation of the
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amplitude of the pump mode. This approximation scheme is valid

for all interaction times t < T where

T =

2Kﬁ!sinh'1 (2B (4.21)

and 3(T) = 0.
We now replace the operator b in the interaction part of
(4.1) by this approximate c-number function. We then base our

analysis of the degenerate parametric amplifier on the

Hamiltonian
A= wa'a + ixf(t)[e?ivig? - g-2iuty2) (4.22)

where

£{t) = pliL- sinh? (2xfp/t)| . (4.23)

4p”=

The approximation scheme adopted here is quite justifiable for
a sufficiently large number of pump mode photons at the initiail
time,

We now proceed to obtain the pPropagator associated with
the Hamiltonian (4.22) using the new method. To this end, we

note that the corresponding Lagrangian is given by

I = %dta _%a*a_iwa*a+Kf(t)[ezimcaz_e-zimta*zl . (424)

The Euler-Lagrange equations that follow from {(4.24) are

G = -Jwa - 2kf(t) e 2dwtys (4.25a)
and
@' = Joa® - 2kf () e2iwty | (4.25b)
If we let
a(t) = B(t)e ivwt (4.26)
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then we have

& = -fwa + Be fet

{4.27)

Combination of (4.27) and the complex conjugate of (4.26) with

(4.25a) yields

B = -2kf(t)B* .

Similarly

B' = -2kfF(t)B .

Now from (4.28) one readily obtains

£t) . o Av2 2
f(t)B dx“f2({t)R
and
"t_ f(t) = 2 £2 %
B f(t)B dxrcf2({E)R*

In order to obtain the solution of

change of the independent variable B(t) - B(2).

dB dB dz

dt dz dt

and

d*B _ dzs(igz . dB d?z
de? gz dt) dz qge: '

where Z is a real function of time. With the aid of (4.30)

expression (4.29a) can be rewritten as

J_qff_z_ £(e) g.gJ

d’B , |dt? f(€) dt| g axrroqe

dz? dz\z dz dZ\2
) )

Next setting
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(4.29),

B =0,

{(4.284a)

(4.28b)

{4.294a;

(4.29pb)

we make a

Then

{(4.30a)

(4.30b

I

(4.31°




=2 = 2xf(t) , {(4.32)

we see that

d*z _ F(t) dz

= =0 , 4.33
de? £(t) dt ( )
Hence (4.31) reduces to the form
2
B _p.g . (4.34a)
dz*
Similarly, one can show that
Z =
dB - B* =90 . (4.34b)
dz?

These are homogeneous differential equations with constant

coefficients., Their solutions can be written as
B{Z(t)] = ae 21t 4 peitt) (4.35a)
and

B*[Z(t)] = ce 28] 4+ geZit) (4.35hb)

where a, b, ¢ and d are constants to be determined. 1In

accordance with (4.32)

L
Z(t) = 2xff(t’)dt’
Q
t
= 2xp’ l———}ﬁ-sinhz(ZK ey lde!
W[ - g mime ax
or
_ Kt_ 1 , 7 / '
Z(t) = 2“ﬁ’¢*:ﬁ; AEBTESlnh(ZKB t) cosh(2xp’t) . (4.36,

In view of (4.26), expression (4.35) can be put in the form
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a(t) - e-imt[ae*Z(t) + beZ(L‘)] (4.373)
and

a*(t) = eiet{ce 28 + geiltl] | (4.37b)
We now determine the integration constant using the
boundary conditions a(0) = a’ and a'(T) = ¢"' along with (4.25).
Thus it follows from (4.37) that
a' =a+ b (4.38a)
and
all* e ieT = ~a 2D 4 4a (T (4.38b)
In addition, employing (4.25) and (4.38) we have
& (0) = -iw {a+b) - 2xf(0) (c+d) (4.39%a)
and
&' (0) = iw {c+d) - 2xf(0) (a+b) . (4.39Db;
It also follows from (4.37) that
&(0) = -iw {a+bh) + 2xf(0) (b-a) (4.40a)
and
&' (0) = iw (c+d) + 2k (0) (d-c) . (4.40Db)

Comparison of (4.39) and (4.40) shows that

a-b = c+d (4.41a)

and
atb = c-d , (4.41Db)

or
c = a and d = -b, (4.42)

Applying these relations, Egq. (4.38) can be rewritten in the
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form

@/ =a + b

and
@t e 10T = 530-Z(D 4 gJaZ(D
from which follows

! oo Z{T HE L -iwT
o' e + e
a = 4 .433
z2cosh [Z{1) ] ( )

and

P o =Z{T) _ wil* - -ieT
p=2%° a_e . 4.
2cosh [Z(T) ] (4.43D)

We finally find the solution of the Euler-Lagrange equations

(4.25a) and (4.25b) to be

O'.C(t) - e-imt[ae-Z(t) + beZ{t)] (4.44&)

and

(l.:;-(t) - eimt[aevZ(C) _ beZ{t)] (4.44b)
Where a and b are given by (4.43). On the other hand, We note

that the free classical solutions are

a. () = a’e ot (4.45a)

and

a’, (t) = q/" glott-T1 (4.,45b)

Now we are in position to determine the coherent state
propagator action. According to (2.49) the coherent state

action can be written as
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A = _%Iah';z _ %éa’lz + @lg/te-ieT

+ Kff(t)[e”“"acuac - e‘“‘*‘ta%‘a;] (4.46)
4]
Hence applying (4.44) and (4.45) we have

T
2iwt _ -Ziwt, * *
Kff((:)[e X0 = € ' @ C]
0

T
= Kff(t) [eziQC(aleﬂ'mt) e—imt(ae-z(t) _,_beztc))
0

- efzimt(aﬂ*eim(t-ﬂ)eimt(ae—zrt) _bezf:)) ] dace

T
= Kff( ) [aw'e 24 + hale?t) - 3¢/t g 10T Z(E) +ba'teieT20) g | (4, 47)
o]

Since dZ = 2¢f(t)dt and Z(0) =0, we see that
T

Kff(t)[e“‘*’toccoac - e’”“’taco*ac*] dat
0

0o |

Z(T}
f [act"e 2 L haloZlt) L gl g -iwT-2(1) +baﬂ‘e~iu1‘+z(t)] dz
o

- %[_aaf(e—z(i")_l) +bal(ez(T)_l) +aaH4e—;’uT(e-Z{T) _1)
+ balte ioT (oM _1y] | (4.48)

Substitution of (4.43) into (4.48) leads to

T
Kff(t)[e““’tacoac - e“”“’tacn‘ac‘] dt
o]

= ~alae ioTiq/qM e 19Tgoch [Z(T) ) + %a’ztanh (z(D)]
—%a”‘ze'zi“’Ttanh[Z(T)] : (4.49)

Therefore, the coherent state propagator action for the
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degenerate parametric amplifier under the present approximation
takes the form

Aa=-=la"z - Liae s Lottann(zim)
2 2 2

+ala e 19Tgech(z(T)] - %a”‘ze““”tanh[z(T)] . (4.50)

Finally, making use of (2.48) along with (4.50), the expression

for the coherent state pPropagator of the system is found to be

1
K(a”, Tl !, 0) = sechz[Z(T)]exp(—% ol 2 - %la’ﬁz

+-Ea’ztanh[Z(T)]+a”a”%9d”Tsech[Z(T?]

%a’“z e 2°Tranh[z(T)]) .

(4.51)

Since we are interested in the case for which the signal

mode is initially in the vacuun state, setting a’ = 0 we have

i
K({a”,Ti0,0) = sech ? [(Z(T)]

% exp~—:éL-;»a”'2—%a”‘2e'3i‘“Ttanh[Z(T)] . (4.52)

Furthermore, replacing T and q”° by t and ', (4.52) can be
rewritten as

1
K{a,t 0,0) = sech 2[z(6)]

xexp—%EaIz—%a'ze”zi“’ttanh[z(t)] . {4.53)

We shall use this propagator to investigate the photon

statistics and squeezing properties of the signal light.

35




4.2 Photon Statistics of the Signal Mode

A. The Mean and the variance of the Photon Number

We now seek to calculate the mean and the variance of the

photon number for the signal mode. To this end we note that

Ola',a,t) = K°K

= sech(Z(6)] exp[-a'a +Aa*?+ Ba?] (4.54)
where
A= -%e'”“tanh[z({:)] (4.55a)
and
B - -%e”wtanh[zw)] . (4.55b)

We recall that the mean photon number is expressible in the

form

<atar = f'd;a Ola', a,t) (ata-1) (4.56)

where a'c - 1 is the c- number equivalent of a'a for the

antinormal ordering. Since the Q-function is normalized, we can

write (4.56) as

2
<ata> = j.dna Ola*,a, ) a*e - 1 . {4.57)

Using the relation

ab+a?B+p2a
fd;[? e‘ﬂ'B*Aﬂ‘Z’BV*aﬂ‘*bﬂ - 1 - e 1~-448 (4.58)

(1-4ARB) 2

and(4.54), we see that
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j‘dza Ola’,a, t)a‘a

T

= }im Sech[zZ({t)]

a-0Q

b0

a-0
b0

It

a-0
b0

lim sech[Z{¢t)]

lim Sech[Z(£))]

d? 1
dadb 1
{1~4AB) 2

a a+2bA
da 3
(1-4AB) 2

e

= 1lim sech{z(t)]
a-0

Q

{1-4AB) 2

1

ab+a?B+b3A

2 2
d* fd ae*a'a+Aa'z+B«2+au'+ba
dadbs =

abta?b«b2A

e

1-4A8

ab+a?B+b2A

1-4A8

o 1-4a8 {a+2bA) (b+2aB)

3

sech([Z(t)]

3

(1-4AB) 2

Now employing (4.55), we find that

and

AB = % tanh? [Z(£)]

1-4AB = sech®[Z{(t)]

Substitution of (4.61) into (4.59) gives

We then have

or

/

d

L

<a*a> = cosh? [2{(t)]
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(1-4AB) ?

‘a Ola*,a, t)a"e = cosh?2 [Z(t)] .

ab+a?p+b2A

1-4A8

(4.59)

(4.60)

(4.81)

(4.62)
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<a*a> = sinh? [Z(¢t)]) . (4.63)

This represents the mean photon number for the signal light

from the degenerate parametric amplifier.

Table 1. Calculated Values of n for the degenerate

parametric amplifier as a function of 2x8’t for different

values of f§,

n

2Bt g’ = 10 g7 = 100 g7 = 1000
0.0 0.000000 0.000000 0.00000
0.5 0.271412 0.271539 0.271540
1.0 1.377414 1.381061 1.381097
1.5 4,490084 4,533392 4.533827
2.0 12.76261 13.15014 13.15408
2.5 33.53045 36.57289 36.60465
3.0 78.47049 100.1114 100.3554
3.5 138.8604 271.8097 273.6400
4.0 731.0567 744,6015
4,5 1925.449 2024.,248
5.0 4798,511 5498.548
5.5 10296,73 14912.15
6.0 14714.73 40276.46
6.5 107586.6
7.0 278881.7
7.5 666232,0
8.0 1274832
8.5 1334441

We next calculate the variance of the photon number. To

this end, we recall that
an? = <n®* - <m? (4.64)

where

n=a'a (4.65)

and for the antinormal ordering

n? =a?*a*? -3ga*+ 1. (4.66)

Consequently, the c- number equivalent of n! for such ordering
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is a”a’ - 3a'a + 1. Using this one can write

2
<n?> =lff%§59(a’,a,t)(a‘zaz-Sa‘a +1) . (4.67)
We note that

d?q

. 2.2 _ hiz 0° d?q -~ata+Aa*?+ Ba? .
—?F-Q(a LEE) atta Sechli (t”]éﬁﬁéf'iF“e

On carrying out the integration applying (4.58) we have

2
f%q-g(a’,a, £y at?a?

= Sechiz(t)] & 1

JAOB

1

(1 - 4AB} *

2A
3

(1-4AB) *

= Sech([Z(t)]

+
5

(1 - 4AB) ¢

{4.68)

RS

2 12AB8
(1 - 4AB)

Making use of (4.60) and (4.61) one readily obtains

ff%;lQ(a‘,a,t) ot 2o
= 2cosh®[Z(t)] + 3sinh®[zZ(¢t))cosh?[Z(¢£)] {(4.69)

In view of (4.62) and (4.69), expression (4.67) can be

rewritten as

<n®*> = 2cosh?[Z(£)] + 3sinh?{Z(t)] cosh?[z(8&)]

- 3cosh?{z(t}] + 1, (4.70)
so that combining this with (4.63) and employing the relation

cosh? {Z(¢t)] = sinh? [Z(£)] + 1 (4.71)

we get
an? = 2n(1 + ny) . (4.72)

In which n = sinh?(Z(t)]. This represents the variance of the

39




photon number for the signal light. Since the variance of the

photon number

is greater than the mean photon number, the

statistics of the signal photon is super - Poissonian {41].

Table 2.

Calculated Values of an?

for the degenerate

parametric amplifier as a function of 2x8’t for different

values of f§7,

an?

2kt 3’ = 10 B* = 100 B’ = 1000
0.0 0.000000 0.000000 0.000000
0.5 0.690152 0.690545 0.690549
1.0 6.549367 6.576781 . 6.577055
1.5 49,30188 50.17006 50.17882
2.0 351.2936 372.1529 372.3676
2.5 2315,643 2748,299 2753.,011
3.0 12472.18 20244.80 20343.10
3.5 38842.17 148304.6 150304 .9
4,0 1070350 1110352
4.5 7418555 8199205
5.0 46061022 60479054
5.5 2.12e+08 4.45e+08
6.0 4.33e+08 3.24e+09
6.5 2.31e+10
7.0 1.56e+11
7.5 8.88e+11
8.0 3.25e+12
8.5 3.56e+12

B. The Photon Number Distribution

According to (3.15) the photon number distribution of the
signal light is expressible as

aEn [Q(Cﬁ‘,a,t)eu'a] .

P:_.];"h =a=0 *
! Jet goan ¢ e

in

Thus using (4.54), we have

P

n

sech[z(t)) 3’[8Aa*}£ﬂ{esﬂ] (4.73)

n! Ja* " A at=g=0 *

One can easily check that
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EST[eAa“}z 2 At e he"?

ajiz[eaa'z] _ 2Ae“""2 + 4A2a'2eﬂﬁ'2
aialeA“‘z] = 12A2a*e’’ 4 galq*leAt
ESQZ[QAWZ]= 12A%e4c"" 1 4843 *208a"?
ajis[eﬁfj = 120A%a"e*™ + 1604%*

%[e"“'z] = 120A%% 7 +7204% " 2027 + 48045 S0t 1 5446 S oAt |
Consequently,
[e*] oo = 1
Soaler e = 0
%[ ¥ - 1pat
2 fer g = 0
& fer] . = 12043

Similarly, one can show that
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n_mz{eBaZ] «=0 = 2B

da?

afz:‘i[eﬂu"‘] a=0 = 12B
0° o

aaS[eB ]a-O =0

is[eﬂﬂz] «-0 = 120B .

Now employing the above results in (4.73) we find that

sech{zZ(t)]

b, - Lz (4.74a)
P, - sech;f(t)] 4AR (d.74b)
b, - sechi?(t)] 144A2B? (4.74¢)
P6 - SeChG[lz(t)] 14400A3R3 (d4.74d)
and
P, =P, =P, =0. (4.75)

Finally, using (4.60) in expression (4.74) we obtain the

following relations for the first four sequences of the photon
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number distribution

_ 1
By = cosh{z{(t)y] ' (4.76a)

_ 1 sinh?[2(t))

b , {(4.76b)
‘ 2 cosh? [2(£)}]
1x3 sinhi{z(t)) '
(4.76C
4 2x4 cosh®[Z(t)]
and
- 3
p, - 1x3x5 sinh® (Z(t)! (4.76d)

2Xx4x6 cosh? [z(t)]

In general this photon number distribution can be put in the

form
_ (2n-1)'1  sinh®*[Z(£)]
2n (2m) 'Y cosh?*1[z(¢)]
or
_ {2n-1) 1 nn
o T — (4.77)
(L +n 2
where 1!! = 1(1-2)(1-4) . . ., with -1!! = 1. Expression (4.77)

represents the photon number distribution for the signal light,
This result confirms the fact that the signal photons are
always generated in pairs by the degenerate parametric

amplifier,

C. The Photon Count Distribution

According to (3.18) the photon count distribution P,(T) is

expressible as
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p.(T) m!fn = e o, B) pram| <o | B> |7 .

Applying (4.54) and (2.7) one can write that

2

pP(T) = Sech{z(t)}_lff'dza d*p
m! T

s

+ Bﬂ?. + ﬁta _ ata - Btﬁ] ﬁ*mam

exp[-yup*+Aa’

or
PA(T) = Sech{Z(t)]i%?ai:?f.d;m d;B exp[-a'a
+Aa*?+Cafr - p*p + BPZ) (4.78)
where
C=1 - v. (4.79)

Now carrying out the integration using (4.58) we have

2 -
jﬁd;“ expl-a*a + Aa'*+CP al] = exp[AC?P*®) , (4.80)

so that in view of this result expression (4.78) takes the form
— Ym am dZB i 2 2n+2
P (T) = Sech[Z{¢t)] m@fTexp[ B*P+BP2+AC2P*2] . (4.81

Again applying (4.58) one readily gets

P(T) = Sechlz(t)] Yo
ml gcm

1
(1~4ABCz)"‘]' (e.82)

In order to put the photon count distribution in some

other form, we expand the quantity in brackets. That is

1
_1 w (-=)1!
[1-a28C7 7 = 3 T (4aB) e, (4.83)

Differentiating both sides with respect to "C" m times, we find
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(4AB) L c2l-m (4.84)

where [m/2] is equal to m/2 for even m and (m+1l)/2 for odd m.

Substitution of {4.84) into (4.82) vields

P(T) = sech(z(t)] X"

m!
- (-5 -
—— . (4AR lc21-m 4.85"
x1=)[j1"; 1 (-1-5, @I-m1 448 (4.85.
2

in which AB and c are given by (4.60) and (4.79), respectively,
Thus (4.85) represents an alternative expression for the photon

count distribution for the signal light,

4.3 Bqueezing of the Signal Mode

We next investigate the Squeezing properties of the signatl

light. To thisg end, we note that

2 -
<a?> = sech[Z(t)]fféﬁiexp[~a‘a * Aa*+Ba?] q? , (4.86a)
so that
2
<a?y = sech{Z(t)]-jljad i exp-a*a + Aa*+Bg?]
JB i3

Now, performing this integration using (4.58) results in
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1
1

<a?> = gsech[z(¢t)] é% 1
(1-4AB) 2

or

2A

<a?> = sech[z(t)] (4.87)

o] w

(1-4AB)
On account of (4.55a) and (4.61), this can be rewritten as
<a®> = -e 2tginh (Z(¢)] cosh [Z(t)] . (4.88a)
Similarly, one can show that
<a'®> = -e2i®tginh [Z(¢t)] cosh [2(E)] . (4.88b)

Next, we consider

2 -
<a> = gech[Z(8)] ELE-exp{—a‘a + Aa*“+Bwa?l «
b)Y

This can be expressed in the form

_ . a dza * 2 2
<ar = lim secb[z(t)]——f exp{-a'a + Aa**+Ba? +va] ,
V=0 aV T

and carrying out the integration we get

P 1 vZB
<a>=1im sech{z(t) L | — L1 o 1-124B
v=Q v 1
(1-4AB) 2
or
<a> =0 , (4.89a)
Similarly, one can easily verify that
<a*> =0 , {4.89h)

Finally, with (4.63), (4.88) and (4.89) substituted into

(3.26a) there emerges
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2
1

Aa

e

e

+

N

sinh? (Z(£)] ~%sinh [z(t)] cosh[Z(¢t)]

+%{ez“’—e‘mﬂﬁ—n%(e“f’ﬂeﬂ‘“ﬂez“’+e‘““)

or

Aa? = %e“zzm. (4.90a)
And in a similar manner one can easily get
2 _ 1 _aze
Aaz = —4—9 . (4-90b)
In accordance with (4.21) we observe that for t < T, 2Z(t)
> 0. Consequently according to (4.90) the quadrature
fluctuations satisfy the condition sa, < 4 and aa, > % for t <

T. This shows that the signal 1light

parametric amplifier is in a squeezed state.

realize that the product of the quadrature

satisfies the minimum uncertainty relation.

Moreover,

from the degenerate

we

fluctuations

Therefore the

sigpal light is in the so called squeezed coherent state.
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Table 3.

Calculated Values of

for the degenerate

parametric amplifier as a function of 2«8’t for different

values of 7.

aa,
2¢B't B’ = 10 B’ = 100 B7 = 1000
0.0 0.500000 0.500000 0.500000
0.5 0.303299 0.303266 0.303265
1.0 0.184127 0.183942 0.183940
1.5 0.112055 0.111570 0.111565
2.0 0.068660 0.067677 0.067668
2.5 0.042857 0.041060 0.041043
3.0 0.028133 0.024924 0.024894
3.5 0.021177 0.015150 0.015099
4.0 0.009243 0.009159
4.5 0.005697 0.005556
5.0 0.003609 0.003371
5.5 0.002464 0.002047
6.0 0.002061 0.001246
6.5 0.000762
7.0 0.000473
7.5 0.0003086
8.0 0.000221
8.5 0.000216

Table 4.

parametric

amplifier

Calculated Values of aa,

as a

function

for the degenerate

of 2xkB’t under the

parametric approximation and under the present approximation

schemes for $’/ =100.
I¥-¥

parametric present
2¢B7t approximation approximation
0.0 0.500000 0.500000
0.5 0.303265 0.303266
1.0 0.183940 0.183942
1.5 0,.111565 0.111570
2.0 0.067668 0.067677
2.5 0.041042 0.041060
3.0 0.024894 0.024924
3.5 0.015099 0.015150
4.0 0.009158 0.009243
4.5 0.005554 0.005697
5.0 0.003369 0.003609
5.5 0.002043 0.002464
6.0 0.001239 0.002061
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5. THE NONDEGENERATE PARAMETRIC AMPLIFIER

There has been considerable interest in the statistical
properties of the 1light produced by the nondegenerate
parametric amplifier [35,42). In the nondegenerate parametric
amplifier a pump photon of frequency w, interacts with a
nonlinear crystal and is down converted into a signal and an
idler photon at frequencies w, and w,, respectively, where o,
+ w, = w. and w, # w,. The signal and the idlef photons have the
same statistical properties and gquadrature fluctuations.

This chapter is organized as follows. In section one we
derive the coherent state propagator for the system following
a similar procedure used for the case of the degenerate
parametric amplifier. In section two we study the photon
statistics of the signal light. In section three we investigate
the guadrature fluctuations of the signal 1light and also
discuss the Heisenberg uncertainty relation for the quadrature

fluctuations.
5.1 The Propagator of the System

The Hamiltonian that describes the nondegenerate
parametric amplifier, in the absence of cavity damping, is

given by [42)

H=w,a’arw,b’b+w_c’c+ik(abc*-a'b‘c) (5.1)
where a(a*), b(b') and c(c*) are the annihilation (creation)
operators for the signal, idler, and pump modes, respectively

and « 1s a coupling constant between the three modes. The

propagator associated with the Hamiltonian (5.1) can not be
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determined exactly. We then reduce this Hamiltonian to a
quadratic form by replacing the pump mode operator c with an
approximate c-number function. To this end, we note that the
Heisenberg equation of motion for an operator A which does not

depend explicitly on time is given by

dA

I:EE = [A, H] . (5.2)

Thus the Heisenberg equations of motion for the operators a, b,

and ¢ are

a =-iw,a - kb'c {5.3a)

b= -iwb - xa‘c (5.3b)
and

¢ = ~Iw.C + Kab. (5.3¢)

Now as a first approximation, we replace the operator c in

(5.3a) and (5.3b) by the free classical solution

Yo, (£) =v'e (5.4)
in which v = 4(0). As a result of this, we have
4= -iw,a - xyle ®tp: (5.5a)
and
b= -iwyh - xyle ¥etgr (5.5b)

Differentiating both sides of expression (5.5a) with respect to

time, one gets
& = ~iw,4 - xyle 7B + ixe_yle *h (5.6)
Employing the adjoint of (5.5b) in (5.6) and assuming ¥ to be
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real, we see that

d=-iw,a + Ik(w,.-w,) ye b + xiy/2a, (5.7)

Since
W = w, + owy {5.8)
4= -iw,a + ixw, e ¥ pht + kiyilg (5.9)

One can readily obtain from (5.5a) the result
ixw,y'e 'ht = -iw,4 + wla.
and substitution of this into (5.9) leads to

d+2iw,d - (0l +A%)a =0, (5.10a)

Similarly, one can easily check that

b+ 2iwh - (0fp + AH)b =0, (5.10b)
where A = k7.

The solution of (5.10) can be written in the form

atey = e*h“ﬂAe‘°+ Be At (5.11a)

and

b(t)

e 1t Cert 4 periy (5.11b)
where A, B, C and D are constants to be determined. Using the
initial condition a(0) = a’, we note that (5.11la) reduces to

a’ = A + B, (5.12a)

Moreover, from (5.5a) and (5.11a) we have

4(0) = -iw,a’ - xy'b* (5.12b)

and
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a(0) = -iw, {A+B) + A{(A-B) (5.12¢)

where b’ = b(0). It then follows from (5.12) that

IR/t / i+
A= 27P" g p- alrp” . (5.13)
2 2
Similarly, one finds
I 4t [ o0
C = b -a and D = éliji— , (5.14
2 2
so that
a(t) = e (alcosh At - b’"sinhAt)
and

b(t) = e ™ (bleoshit - a’“sinhAt) .
For the normal ordering of the operators, we easily see that
ab = e "< (a’b/cosh?At - (a’"a’+1) sinhAtcoshit
- b”’b’sinhAtcoshit + a’"b'"sinh?i¢)

Substitution of this into (5.3c) results in

=fat

¢ = -iw_y + ke (a’b’cosh?At - (a’*a’+1) sinhAtcoshit

- b'"b’sinhAtcoshit + a’’b’*sinh?ie) . (5.16)

We shall be interested here in the case for which the signal
and the idler modes are initially in the vacuum state.
Therefore, the c-number equivalent of (5.16) for the normal

ordering and for a’ = 3/ = g can be put in the form

iw

Y = -iwy - xe "“fsinhAtcoskit . (5.17)

In order to solve this equation, we let
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Y(E) = c(E) e i@t (5.18a)

Then we note that

lw .t

Y = —lwy + ¢ce O, (5.18b)

On account of this result, (4.17) can be written as

¢ = - ksinhAtcoshlit , (5.19)

-so that
c(t)==Kf(sinhltcoshkt)dt*-D

or

yi{t) = (D - —z%sinhzkc) g iwat (5.20a)

where D is a constant. Application of the initial condition
Y(0) = along with A = «vy (5.20b)

leads to

[A)

ot

Y(£) = y|1 - —— sinh?® (xy/t) | e (5.21)

2y

This represents approximately the time evolution of the
amplitude of the pump mode. This approximation scheme is valid

for all interaction times t<T where

7= 1 sinh (/v (5.22)

Ky’
and y(T) = 0.
We replace the operator ¢ in the interaction part of (5.1)
by this approximate value of the amplitude. We then base our

analysis of the nondegenerate parametric amplifier on the

Hamiltonian
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H=w,a'a+ wb'bh + ixf(t)[en%tab - e"ﬂ%ta‘b*] (5.23)
where

FLE) =91 - sinh? (xy’t) | . (5.24)

2y"?

As in the case of the nondegenerate parametric amplifier, the
approximation scheme adopted here is guite justifiable for a
sufficiently large number of pump mode photons at the initial
time.

We now proceed to obtain the propagator associated with
the Hamiltonian (5.23) using the new method. To this end, we

note that the corresponding Lagrangian is given by

1 ;& 1 . . & 1 ) 1 + (i
L=Z-a&" - Za'é¢ - fw a'a + = - =
Log - 1 s Spp - 2pop
- 1wy P + kF(£) e up - e Uty | (5.25)

Some of the Euler-Lagrange equations that follow from this

Lagrangian are

&t = feat - kF(6) et (5.26a)
and
B = -iw,B - xF(L) e ietyr (5.26b)
Introducing
a'(£) = A'()e™ " and P(t) = B(t)e 19t (5.27)
we have
& = iw,a’ + Atelvt (5.28a)
and
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B = -iw,p + Be Tt (5.28b)

Combination of (5.28) and the complex conjugate of (5.27) with

(5.26) yields

A' = xF(t)B (5.29a)
B = ~xf(t)A"* (5.29h)
from which follows
A f(t) t _ L2 g2 . _
A 0 A KEF2(L)A 0 (5.30a)
and
f(t) Y L w22 -
D) B KF4(E) B 0 . {(5.30b)

In order to obtain the solution of (5.30a), we make a

change of the independent variable A(t) — A(Z). Then

da’ dA* dZ

dt - 4z dc (5.312)
and
da Ad2A°* | dZ\? dA' d?z .
= 2L = L = 5.31
de? az? (dt) -7 ae? ( b.

With the aid of (5.31), expression (5.30a) can be put in the

form

d?z _ f(t) dz
a*Ar | \de? f(t) dt) dar  krre(eyy ),
dz? ( dZ)2 dz ( dZ)2

=0 . (5.32)
dt dt
Next letting

dz

|

= k£(¢t) (5.33)
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we see that

d?z £(t) dz
- - =0 . .34
dt? £{¢t) dt (5

Hence (5.32) can be rewritten as

2n*
d?a’ _ .
dz?

=0 . {5.35a)

Similarly, one can easily check that

2
sz—s=o. (5.35b)

The solution for these homogeneous differential equations

with constant coefficients can be expressed in the form

and
B(Z) = ce 2t 4+ geilo (5.36b)
where
t
Z(e) = x[£(eh de’
0
£
= Kyy'l -1 sinh? (xy/t’) 1dt’
b 2y’*
or
z(e) =xy’e + X5 o 1 ginn (xy/t) cosh (xy't) . (5.37)
4.Y/t 4.Yld

In terms of the original variables (5.36) becomes
at = gloatige-ztn be?tth) (5.38a)

and
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B = e'i%t(ce-z(t) + de?ltly (5.38b)
The constants of integration can be determined from the

boundary conditions

B(o) =g/’ and a'(T)=¢"" (5.39)

along with (5.26). We see that at t=7 (5.38a) takes the form

—jw.T -
a”;e iw,T _ ge Z(n 4 be2ln ) (5.40&)

Differentiating (5.38a) with respect to time and setting t=0

r

we have

@' (0) = fw,a'(0) -~ xf(0) (a-b) .
Application of (5.26a) gives
@' (0) = fw,a'(0) - k£(0) P/,
so that

B’ =a-~b . (5.40b)

Combination of (5.40a) and (5.40b) results in

o/t eIl 4 plgz(m

a = 5.41
2cosh [Z2(T) ] ( )
and
al? e-iud’f‘ _ ﬁ/ez(T) b
= S.41b}
2cosh [Z2(T)] (
Similarly
et o 1wl T p/ez(m (
c = 5.42
2cosh {z{T] a)
ang
—qftt pTiwaT _ ony oz
q=_-4"¢e p'e (5.42b)

2cosh (Z(T) ]

It then follows that
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a=c and d = -b (5.43)

We finally find the solutions of the Euler-Lagrange equations

(4.26) to be of the form

al(t) = eiwa%ae-zu; + bei(t) (5,44a)

and

B, = e 1rf(ag 2t - pozia (5.44b)

where a and b are given by (5.41).

Now according to expression (2.49), the coherent state

propagator action can be written as

=
=
(X
=

i H * -1 1
A=-—Ja"l2-2 @ 24glgittgivaT _ 1 "2
2| ‘ 2 2 P
Linria , gigtte . io,r
- = e
S 1B/ Bp
T
+ Kff(t)[e“"fcﬁcaCO - e_“%ta;B%]dt , (5.45)
o]

s0 that in view of (5.44) together with the fact that

@, (£) = a’e™ ™ ang Be, (£) = pleionle-Ti (5.46)
we have
T +
Kff(t)[e“‘"—‘t[}cacn - eTalpl ) de
a
T
= Kff(t)[a’(ae‘z‘“ _bez(c)) —[}”‘e-mbT(ae‘z“) +bez(”)]dt . (5_47)
Q

Since dZ = kf(t)dt and Z(0) = 0, we note that
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K:{: £(t) [ef"’ctgcaco - e_i“’cta;[}’cn] dt

2(7)
- j‘[a’(ae'“5)~b92(”) _ ﬁ”'e'“*ﬂ(ae‘“c’+bez‘”)]dz
0

= ~ofa(e #D -1) - a’b(e?T 1) + ﬁ”‘e'“%Ta(e““T}—l)

- prreioTp ezt _qy (5.48)

Substitution of (5.41) into (5.49) leads to

T
Kf f(twei°JﬁCaCo— e'“*ta;ﬂ‘%]dt
0

e -1

‘ot e T v gl ol e M Tgach [Z(T)] - /P e i

= -0
+ p'pre sech[Z(T)] ~a/Ptanh (2 (1) ]

e B e Tanh (Z2(T) ] . (5.49)

Therefore, the coherent state propagator action for the

nondegenerate parametric amplifier is
A —-%;a’i2+a’a”’ev““Tsech[Z(T)]
- %Iﬁﬁgz _ _]é-.|[3!J2 + ﬁ’ﬁ”’e—i””Tsech[Z(T)]

+ a/p’tanh(z2(1)] - o”* " e **Ttanh(z(T)]) . (5.50°

Now employing (2.51) along with (5.49), the result for the

coherent state propagator of the system is found to be
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K(a”, B7, T/a’,B’,0) = sech(2(T)] exp[——;— : a”éz——;— raE

+alat e 19T gach (z{my] -

N =

o2 _ 1 ipriz

pre - 1op

+ Bip"re T sech(2(T)] + o’B'tanh [Z(T))

- &’ B’ e rann(z(T]] . (5.51)

For the case in which both the signal and idler modes are

initially in the vacuum state, a’ = 3/ = o0, Consequently

K(a”, 8", 7/0,0,0) = sech[2(T)] exp|-

ol

o2 lama
o - = :
Lipr

- a” B ranh (2(TY]] . (5.52)

In addition, replacing T, a”" and 8" by t, «' and B° (5.52) can

be rewritten as

K(a,B,t/0,0,0):=sech{Z(t)]exp[ﬁ% o ? —-%#ﬂéz

-a'Bre“Franh([z(t)]] . (5.53})

This represents the propagator for the nondegenerate parametric

amplifier under the present approximation scheme.
5.2 Photon Statistics of the Signal Mode
A. The Mean and the Variance of the Photon Number
We now seek to calculate the mean and variance of the

photon number for the signal mode using the Q-function. The Q-

function of the system is expressible in the form
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Ola*,a,(°,B,6) =K' (a,p, & 0,0,0) K(a,P,£0,0,0)

= sech? [Z(() ] exp[-a‘a-f*B +aa’p*+baf] (5.54)

a=-e®ftanh(z()] and b = e’ tanh[Z(E)] . (5.55)

Since we are interested in the statistical and guadrature
fluctuations of the signal light, we integrate the Q-function

over the complex variable (3. Hence we note that

2
otat e, 6) = [£ P ptar,a,p,p,0)
= sech®{z(t)] e-a.“f%ge_a'ﬁ+ad’g‘+baﬁ . (5.56)

On carrying out this integration, using (4.58) we have

Ola*,a, t) = sech?[Z(t)] e cu'a (5.57)

where

c = sech<{zZ{t)) . {(5.58)

We recall that

2
<atay = f'd * Cla*,a, ) a*a - 1
T

However, we notice that
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d?a
n

2 -
Ola’,a, t) a'a = sech? [Z(t)]fdn“e"f“a*a

]

-SEChE[Z(C)]éi[iE
c

cle,
2
sech® [Z(¢t)) (5.59)
CZ
Hence substituting (5.58) into (5.59), one gets
d?aq . — 2 .
j~ O{a*, &, t) e e = cosh (Z(e}] (5.60)
yis
80 that
<a'a> = sinh?{z(¢)) (5.61)

This represents the mean photon number for the signal light.

Table 5. Calculated Values of n for the nondegenerate

parametric amplifier as a function of ky't for different values

(LR AT 3 N NS P A

of .
a nn
Ky’t Yy’ = 10 Y/ = 100 Yy’ = 1000
0.0 0.000000 0.000000 0.000000
0.5 0.271283 0.271538 0.271540
1.0 1.373738 1.381024 1.381097
1.5 4.446721 4.532952 4.533822
2.0 12.38234 13.14617 13.15404
2.5 30.71072 36.54084 36.60433
3.0 61.33312 99.86555 1060.3529
3.5 269.9734 273.6214
4.0 717.6251 744.,4634
4.5 1830.545 2023.225
5.0 4181.834 5490.990
5.5 7083, 216 14856.47
6.0 39868.90
6.5 104652.7
7.0 258689.0
7.5 543117.7
8.0 731567.8

62




We next calculate the variance of the photon number. We

recall that

An? = <n?% - <m?

and

2
<n?>» = j‘dna Ofa*, 0, t) («*?a? - 3a'a + 1)

We note that

f'dza Ola*,a, t) a*?q? = -sech? [Z(t)) g’ Pl]
i dc?| c

2sech® [(Z(t)]
C]

(5.62)

Using (5.58) in expression {(5.62), we obtain

d%a . 2.2 L 4
.[ - Ola®,a, t) a*“a? = 2cosh* {Z(t)) , (5.63)

In view of (5.60), (5.61) and (5.63) the variance of the photon
number is found to be
An? = sinh% [(Z(t)] + sinh? [(Z(t)]

or

An¢ = n? +n . (5.64)

This relation shows that the signal light is chaotic, Moreover,
since the variance of the photon number is greater than the
mean photon number, the photon statistics of the signal light

is super-Poissonian.
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Table 6. Calculated Values of an’ for the nondegenerate

parametric amplifier as a function of ky’t for different values

of y’.
) an’?

kyf't ¥' = 10 ¥ = 100 ¥ = 1000
0.0 0.000000 0.000000 0.000000
0.5 0.344877 0.345270 0.345274

1.0 3.260894 3.288252 3.288526
1.5 24,22005 © 25.08061 25.08937
2.0 165.7048 185.,9681 186.,1827

2.5 973.8593 1371.774 1376.481
3.0 3823.084 10072.99 10171.05
3.5 5018.095 73155.59 75142.30
4.0 515703.4 554970.3

4.5 3352725 4095462

5.0 17491920 30156458
5.5 50179028 2.21e+08
6.0 1.59e+09
6.5 1.10e+10
7.0 6.69e+10
7.5 2.95e+11
8.0 5.35e+11

B. The Photon Number Distribution

We seek next to calculate the photon number distribution
of the signal light. Now using (5.57) in (3.15), the photon

number distribution for the signal light takes the form

P, sech® [2(¢)) i [ebes] ... (5.65)
n! det "o
vwhere
b = tanh?[z(&)] . (5.66)

One can easily show that
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2 e—ba'a
zE= = b
da'da J,..,_,
= 2b?

a::e—ba'a}
de'2da? ., _,

[BZneba'aJ - nipn
CLARECI A
Consequently

P, = sech?®[z(t)) b™ .

On account of (5.66) this relation becomes

sinh?"{z(t) ]

p 5.67
" cosh??*2 (Z(¢) ] ( !
Since
cosh?[Z(t)] =1 + sinh?(Z(¢t)) ,
we have
p = sinh®*"'(zZ(t))
(1 + sinh?[z(£)])"
or
P, = _.n (5.68)
(1 + mya*t

This represents the photon number distribution for the signal

light.
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C. The Photon Count Distribution

We next calculate the photon count distribution for the

signal light. In view of (5.57) we see that

Q(a’ B, t) = sech? [Z(t)] e c«'B | (5.69)

Using this result, (3.18) can be put in the form

P.(T) = sech?[z(t)] TI{?

j‘d;a-QSEEﬁqﬂ—yaﬁ‘—ca‘ﬁ]ﬁ*ma‘m <o By 2, (5.70)

from which follows

Pp(T) = sech?(z(e)) 10 aa'"m
' da
fcia d;BexpPa‘a—ﬁ*B+aaﬁ‘+ba'ﬂ], (5.71)
in which
a=1=9v and b= tanh’[z(t)] . (5.72)

Carrying out the integration using (5.58) we have

m
T) = 2(z(e)) X _F[_2 .
Ba(T) = sech?(z(0)) J L (5.73)
Application of the fact that
om 1 mli b”?
- b .74)
aam[l-abJ (1-abym? (5.7
leads to
P,(T) = sech?{z(t)] — YD)" (5.75)
(1l-ab)mt

On account of (5.72), expression (5.75) can be put in the form
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{ysinh?({z(t) )"

PAT) =
(1+ysinh?([z(¢)] )™
or
Po(1) = D" (5.76)

(1+ymy™?

This represents the photon count distribution for the signal
light.

5.3 Quadrature Fluctuations of the Signal Mode

We now proceed to study the quadrature fluctuations of the

signal light. To this end, we note that

{a?» = sechz[Z(t)}j‘d;ae?f““ «?

. d o LN SR 2
=] hz zZ ca'e + Ba \ .
sinsec [ (t)]-ggj‘ = e (5.77)

Performing the integration, using the relation

abc » a?pg + p2a
fdzﬁ e BB v BT . Bp% v apt . pp _ 1 e ¢ -4aB (5.78)
T (c? - 4AB)™ ‘ .
we obtain
<a®> =]jn:sech2[Z(t)]Ji 2
B~ aB (&
or
<a®> = 0 (5.79a)
Similarly one can show that
<a*’> = 0o , (5.79b)

In addition
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2 .
<a> Sechz[Z(M]N[gEEe'““ o

2 -
limSE‘C'hz{Z(t)]ﬁa_ d ae‘Cddiaa
a-0 daJ =n

Again carrying out this integration using (5.78) we have

<a> = la}én sech?®[Z2(t)] ﬁag [%]
or
<a>» = 0, (5.79¢)
Similarly one can easily verify that
<a'> =0 . (5.79d)

Finally, substitution of (5.61) and (5.79) into (3.26a) results

in

1

pa? = 1 o —;sinhz[z(t)J
ar

Aaf =

=

+ La. (5,80a)
2
In a similar fashion one can easily show that

Aaj = % + =0,

| =

We see that

Aa? >-% and Aal >-% . (5.80b)

This shows that the signal 1light from the nondegenerate
parametric amplifier is not in a Squeezed state. Moreover, we

note that
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Aa,Aa, > = (5.81)

This relation confirms the fact that the signal light is not in

a coherent state,

Table 7. Calculated Values of aa’, for the nondegenerate

parametric amplifier as a function of ky’t for different values

e L AT Ko aeiirme o L

of 7.
éaaz
ky't ¥!f = 10 y! = 100 ¥/ = 1000
0.0 0.250000 0.250000 0.250000
0.5 0.385642 0.385769 0.385770
1.0 0.936869 0.940512 0.940549
1.5 2.473361 2.516476 2.516911
2.0 6.441172 6.823087 6.827018
2.5 15.60536 18.52042 18.55217
3.0 30.91656 50.18277 50.42644
3.5 35.42014 135.2367 137.0607
4.0 3569.,0626 372.4817
4.5 915.5225 1011.862
5.0 2091.167 2745.745
5.5 3541,858 7428.483
6.0 19934.70
6.5 52326.60
7.0 129344.7
7.5 271559.1
8.0 365784.1
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Table 8. Calculated Values of aa’, for the nondegenerate
parametric amplifier as a function of «y’t under the paranmetric

approximation and under the present approximation schemes for

y! = 100.
aa’,
parametric present
ky't approximation approximation
0.0 0.250000 0.250000
0.5 0.385770 0.385769
1.0 0.940549 0.940512
1.5 2.516915% 2.516476
2.0 6.827058 6.823087
2.5 18.55249 18.52042
3.0 50.42891 50.18277
3.5 137.,0793 135.2367
4.0 372.6198 359.0626
4.5 1012.886 915,5225
5.0 2753.,308 2091.167
5.5 7484.268 3541.858




6. CONCLUSION

We have analyzed the photon statistics of the signal light
generated in the process of parametric amplification. This
analysis has been carried out applying the new method of
evaluating the propagator.

Tables 1 and 2 show that both the mean and the variance of
the photon number increase with the initial amplitude of the
bump mode for all interaction times t<T, where T is the time at
which the mean signal photon number becomes maximum. This ig
also true for the signal 1light from the nondegenerate
parametric amplifier as indicated in Tables 5 and 6.

We have found the signal light from the nondegenerate
parametric amplifier to be chaotic whereas the signal 1light
from the degenerate pParametric amplifier turns out to be
neither chaotic nor coherent. We have also seen that the
photon statistics of the signal light from both the degenerate
and the nondegenerate parametric amplifiers is super-
Poissonian.

Furthermore, the probability for the number of the signal
photons from the degenerate barametric amplifier to be aven is
different from zero while that for the number of photons to be
odd is zero. However, there is always some probability for the
number of signal photons from the nondegenerate parametric
amplifier to be even or odd. On the other hand the pProbability
of counting an even or an odd number of signal photons in a
time interval T ig different from zero for the two systems,

Analysis of the quadrature fluctuations reveals that the
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signal light from the degenerate parametric amplifier is in a
squeezed state while that from the nondegenerate parametric
amplifier is not in such state. According to Table 4 the
depletion of the pump mode increases the fluctuation of the
quadrature component a,. Consequently the effect of the
depletion of the pump mode is to decrease the degree of
squeezing of the signal light from the degenerate parametric
amplifier. However, from Table 8 we observed that the
depletion of the pump mode decreases the fluctuations of both
quadrature components of the signal 1light from the
nondegenerate parametric amplifier.

We maintain the standpoint that the propagator provides a
convenlent means of investigating the quantum dynamics of a
system. We also believe that the analysis, presented in this
work clearly demonstrates the simplicity with which the

propagator can be evaluated by means of the new method.
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