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Abstract

In this dissertation, we discuss four fixed point approximation meth-
ods that can be applied to solve optimization problems, differential
equations, variational inequalities and equilibrium problems.

In the first main result of the dissertation, we propose an inertial
algorithm for solving split equality of monotone inclusion and f-
fixed point of Bregman relatively f-nonexpansive mapping problems
in reflexive real Banach spaces and established strong convergence
theorems for the algorithm.

Secondly, we establish a strong convergence theorem for approx-
imating a common element of sets of solutions of a finite family of
generalized mixed equilibrium problem, sets of semi-fixed points of
a finite family of continuous semi-pseudocontractive mappings and
sets of solutions of a finite family of variational inequality for a finite
family of monotone and L-Lipschitz mappings in Banach spaces.

Thirdly, we constructed and proved a strong convergence of an
algorithm for approximating a common element of the set of solutions
of a finite family of generalized mixed equilibrium problems, the set

of f-fixed points of a finite family of f-pseudocontractive mappings

Viil



and the set of solutions of a finite family of variational inequality
problems for Lipschitz monotone mappings in real reflexive Banach
spaces.

In the fourth main result of the dissertation, we introduce an
iterative process which converges strongly to a common point of sets
of solutions of a finite family of generalized equilibrium problems,
fixed points of a finite family of continuous asymptotically quasi-¢-
nonexpansive mapping in intermediate sense, and zeros of a finite
family of «y-inverse strongly monotone operators in uniformly convex
and uniformly smooth real Banach space.

We give numerical examples to demonstrate the behavior of the
convergence of the algorithms analysed in each of the four main re-

sults of the thesis.

X



Chapter 1

Introduction

1.1 Background of the Study

Fixed point theory is a beautiful mixture of analysis, topology, and geometry.
Fixed point theory, as an important branch of nonlinear analysis theory, has played
very important roles in many different fields. We can find a lot of demonstrations
in many areas such as optimization theory, differential equations, equilibrium the-
ory, economics theory, image recovery, game theory, mechanics, quantum physics,
control theory, and so forth. In the last century, fixed point theorems are developed
for single-valued or multi-valued mappings of many types of spaces. The topic of
approximation of fixed points of mappings is as useful as existence theorems for
applied mathematics. Approximation methods can also be applied to prove the
solvability of optimization problems, differential equations, variational inequalities
and equilibrium problems (for more details refer [10, 13, 35, 38, 39, 42, 51, 68]).

In particular, the existence theory for nonlinear equations of evolution; that is,

equations of the form:

'(t) + Ba(t) = V(x(t), t>0, | (1.1.1)

z(0) =z

at equilibrium state, and setting V' = 0 in equation (1.1.1), we obtain the following
equation:
Bx =0. (1.1.2)

In many cases, where the mapping B is accretive, solutions of equation (1.1.2),

represent the equilibrium state of the system described by equation (1.1.1). For



solving equation (1.1.2), Browder [19] introduced a self mapping, S =: [ — B, on
a real Banach space, which he called a pseudocontractive mapping. Therefore,
the fixed point of S is a solution of Bx = 0. Approximating zeros of accre-
tive mappings is equivalent to approximating fixed points of pseudocontractive
mappings, by assuming existence of such zeros. For earlier and more recent re-
sults on the approximation of fixed points of pseudocontractive mappings refer to
[20, 27, 31, 33, 58, 59, 69, 103, 101].

Throughout this dissertation, we denote by N and R the sets of positive integers
and real numbers, respectively. We also assume that E is a real Banach space, E*
is the dual space of E, C' is a nonempty closed convex subset of E, and ( . ,.) is

the dual pairing between E and E*.

Let g : B — RN {+oc0} be a proper convex function. The sub-differential of
g, 0g : E — 2P is defined, for each z € E, by dg(x) = {z* € E* : g(y) — g(x) >
(y —x,x*) Yy € E}. Tt is shown in [?, 34] that Jg is a monotone mapping, and
that 0 € dg(u) if and only if u is a minimizer of the function ¢g. In particular,
setting the sub-differential equivalently as B, where B is monotone, we have the
fact that, 0 € B(u), which reduces to Bu = 0, for the case where B is single-
valued. Therefore, approximating zeros of such monotone mappings is equivalent

to finding a minimizer of some convex function.

It is obvious that the fixed point technique introduced by Browder [19] for ap-
proximating zeros of accretive mappings, is not applicable when B from a real
Banach space to its dual space is monotone. Hence, there is the need to develop
techniques for approximating zeros of monotone mappings. This motivated the
study of developing techniques for approximating zeros of monotone mappings in
arbitrary normed linear spaces. In addition, a new notation of fixed points for
mappings from a normed linear space to its dual space called semi-fixed points.
The concept of a semi-fixed point was introduced by Zegeye [99] and has recently
been studied by several authors, for example, [30] and [106]. Approximation meth-
ods for finding semi-fixed points of nonlinear mappings from C into E* are very

active area of researchs.

On the other hand, many mathematical models, originating in economics, physics,



engineering, and statistics can be formulated as generalized mized equilibrium prob-
lem (Ceng and Yao [24] ) which is to find x € C such that

H(z,y) = F(z,y) + ¢(y) — (z) + (y — 2, Bx) > 0,Vy € C. (1.1.3)

where F': C' x C — R is a bifunction, ¢ : C' — R is a real valued function, and
B : C' — E* is a nonlinear mapping. The generalized mixed equilibrium problem
is quite general it includes and unifies a wide class of problems, such as general-
ized mixed equilibrium problem, equilibrium problem, mixed varational inequality
problem, varational inequality problem, optimization problem, saddle point prob-

lem, Nash equilibrium in non-cooperative game.

Moreover, constructing iterative algorithms for finding a common element of the
set of fixed points of nonlinear mappings, the set of zeros of monotone mappings,
set of solution of variational inequality and the set of solutions of equilibrium prob-
lem in different spaces have been also extensively studied by many authors due to

its direct connection with applied sciences.

Let f : E — R be a convex and smooth function and ¢ : £ — R be a convex

and lower semicontinuous function. Consider the following minimization problem:
min{ f(x) + 9(x)}. (1.1.4)

By Fermat’s rule, problem (1.1.4) is equivalent to the problem of finding a point
p € E such that
0€ (Vf+99)(p), (1.1.5)

where V f is the gradient of f and Og is the subdifferential of g.
The general form of problem (1.1.4) is called monotone inclusion problem which

is to find an element xz € E such that
0€ (A+ B)z, (1.1.6)

where A : E — E* is a monotone mapping and B : F — 2F" is a maximal mono-

tone mapping.

This problem is also connected with fixed point problem. Thus, Taiwo et al.
[84] introduced and studied a new generalization of the monotone inclusion prob-
lem in Hilbert spaces which is called the split equality of monotone inclusions and

fixed point problems. More specifically, split equality of monotone inclusions and



fixed point problems are applicable in the fields of machine learning, statistical
regression, image processing and signal recovery(see, [46], [87], [88], [89], [90]). In
addition, the problem includes the core of many mathematical problems, as special
cases, such as: common solutions of monotone inclusion and fixed point problems,
split equality monotone inclusion problem, split equality fixed point problem and
many important optimization problems such as, split feasibility problems, split
minimization problems, split equilibrium problems, split saddle-point problems
(see for example, [45], [46], [79], [83], [84], [85], [87]). Split equality of monotone
inclusions and fixed point problems are one of active areas of research in nonlinear

analysis at present.

Moreover, to speed up the convergence of iterative algorithms has always been
of great importance. In 1964, Polyak [61] proposed an inertial algorithm which
can be seen as a discrete version of a second order time dynamical system to speed
up convergence rate of smooth convex minimization problem. The main idea of
this method is to make use of two previous iterates in order to update the next

iterate, which results in speeding up the algorithm’s convergence.

Our purpose in this dissertation is, therefore, to introduce and study iterative
algorithms for approximating: a common point of sets of solutions of a finite fam-
ily of generalized equilibrium problems, fixed points of a finite family of continuous
asymptotically quasi-¢-nonexpansive mapping in intermediate sense, and zeros of
a finite family of y-inverse strongly monotone operators in uniformly convex and
uniformly smooth real Banach spaces; a common element of sets of solutions of a
finite family of generalized mixed equilibrium problem, sets of semi-fixed points of
a finite family of continuous semi-pseudocontractive mappings and sets of solutions
of a finite family of variational inequality for a finite family of monotone and L-
Lipschitz mappings in Banach spaces; a common element of the set of solutions of
a finite family of generalized mixed equilibrium problems, the set of f-fixed points
of a finite family of f-pseudocontractive mappings and the set of solution of a finite
family of variational inequality problems for Lipschitz monotone mappings in real
reflexive Banach spaces and an for solving split equality of monotone inclusion and
f-fixed point of Bregman relatively f-nonexpansive mapping problems in reflexive

real Banach spaces and also using inertial method to speed up algorithm.



1.2 Preliminaries

In this section, we shall present some important definitions and preliminary results
which will play a crucial role in the subsequent chapters. They can be found in
any standard functional analysis book such as Alber and Ryazantseval[3], Chidume
7], Khamsi and Kirk [50].

Throughout this dissertation, we denote the strong convergence and weak con-
vergence of a sequence {x,} by x,, — x and x, — z, respectively. Recall that the

unit sphere in E is given by Sg = {z € E : ||z|| = 1}.

1.2.1 Reflexivity and Weak Convergence

Definition 1.2.1. If £, and E, are real Banach spaces with duals £} and E7,
respectively and S : E; — FEs is a bounded linear mapping, then the adjoint S* is
a linear mapping S* : £ — Ej satisfying the equation

(x,S™y*) = (Sx,y*) for all x € Ey,y* € Ej.

The dual space of E* is called the bidual of E and is denoted by E**. Note
that E** is a Banach space.

Let x € F be given. A function f, : E* — R defined by
£2G) = (@) for all j € B
Then, since j is linear bounded functional on F,

[fe()] = Kz, ) < |ljll]]] for all j € £7,
and f, is linear functional. Furthermore, as result of the Hahn-Banach theorem,

1 fzll = [lll-

Definition 1.2.2. An injection mapping v : E — E** is called canonical embed-

ding if the following properties holds:
a) v is linear: v(az + fy) = av(z) + pr(y) for all z,y € E, a, f € R;
b) v is isometry: ||v(z)|| = ||z|| forall z € E.

Generally, the canonical embedding mapping v from E into E** is not sur-
jective. It is well known that a mapping J : E — E** defined by J(z) = f, is
canonical embedding. If J is surjective, then we have an important class of Banach

spaces.



Definition 1.2.3. A Banach space F is said to be reflexive if the canonical em-

bedding mapping J is surjective, that is, J(E) = E**.

Hilbert spaces, L,, £, and W"(Q2) spaces for 1 < p < oo0) are examples of

reflexive Banach space, where W (€2) denotes the usual Sobolev space (see, [17]).

Definition 1.2.4. A sequence {x,} C E is called weakly convergent sequence
which converges weakly to x € F if for all * € E*
(x,z") = lim (x,,x").
n—oo

Proposition 1.2.1 (Eberlein-Smulian). Every bounded sequence in reflexive Ba-

nach space E admits a weakly convergent subsequence.

1.2.2 Geometry of Banach Spaces

Definition 1.2.5 ([2], [28]). A Banach space E is said to be strictly convex if for
all z,y € Sg with « # y imply || Az + (1 — N)y|| < 1 for all A € (0,1).

Definition 1.2.6 ([2], [28]). A Banach space E is called uniformly convex if for any

two sequences {z,, } and {y,} in E such that ||2,|| = [|y,|| and lim, . || 2252 = 1,
we have

lim ||z, —yn| = 0.

n—oo

Remark 1.2.1. Every uniformly convex is strictly convex Banach space. But, the

converse is true if the dimension of the Banach space is finite.
The following is an interesting property of uniformly convex spaces which is
due to Milman and Pettis [2].

Proposition 1.2.2. Every uniformly convexr Banach space is reflexive.

Lemma 1.2.3. [95] If E is a uniformly convex real Banach space, then there exists
a continuous, strictly increasing and convex function g : [0,00) — [0, 00), g(0) = 0,
such that for all z,y € B,(0) and for any p > 1, a € [0, 1], we have

lo + (1 = a)y[|” < aflz[” + (1 = )|yl = Wy(a)g(llz = yl),
where W,(a) = a?(1 —a) + a(l — a)? and B,(0) ={z € E : ||z|| < 0}.
Definition 1.2.7. The modulus of convexity of E is a function dg : (0,2] — [0, 1]

defined by N
rTry

2

Op(€) = inf{l — | |2,y € Sp; le —yl = €}



It is well known that E is uniformly convex if and only if 0g(e) > 0, for all
€ (0,2].

Definition 1.2.8. Let p > 1 be a real number. Then, E is called p-uniformly

convex if there is a constant ¢ > 0 such that dg(e) > ce? for all € € (0, 2].

It is known that a p-uniformly convex Banach space is uniformly convex.

Definition 1.2.9 (]2], [28]). The Banach space E is said to be smooth if

exists for each x,y € Sg. It is also said to be uniformly smooth if the above limit

is attained uniformly for z,y € Sg.

Definition 1.2.10. The modulus of smoothness of F is the function pg : [0, 00) —
[0, 00) defined by

A —A
pE(A):sup{’|x+ yH—;—H:C yl —1:as,y€SE}.
A
It is obvious that a space E is uniformly smooth if and only if A1im+ 'OET() = 0.
—0

Definition 1.2.11 ([2], [28]). Let E be a real Banach space with its dual space
E*. The generalized duality mapping J, : £ — 2% is defined by

Jo(x) ={f € E": (w, f) = Izl £1l, 1 fI| = l|l=[IP~"}, for all = € E.

If p = 2, then we write Jo, = J and call it normalized duality mapping and

Jp(x) = ||z||P~2J(x). One can easily see the following facts:

a) For each z € E, J,(z) is a nonempty, closed and convex subset of E* for each
re k.

b) J, is monotone mapping. Moreover, J, is strictly monotone if E is strictly

convex Banach space.
c) If E* is strictly convex Banach space, then J, is single valued mapping.

d) If E is reflexive and E* is strictly convex Banach spaces, then J, is single

valued monotone and demicontinuous mapping.

Proposition 1.2.4 ([2], [28]). If E is a uniformly smooth, then J is uniformly

norm-to-norm continuous on each bounded subset of E.

It is well known that F is uniformly smooth if and only if £* is uniformly convex

(see, e.g., [2]).



1.2.3 Convex Functions and Bregman Distance

In this subsection various important definitions and basic concepts which are used

in the subsequent chapters.

Let f : E — (—o00,400| be a function. We denote the domain of f by domf,
that is, domf = {x € E : f(x) < oo}. A function f is said to be proper if
domf # (. Tt is said to be lower semi-continuous if the set {x € E : f(x) <r} is
closed for all r € R.

Definition 1.2.12. Let f : E — (—o00, +00] be a function. Then,

a) fis called conver if f(ax+ (1 —a)y) < af(z)+ (1 —a)f(y) for all z,y € E
and a € [0,1].

b) f is called uniformly convex if there exists a continuous increasing function
0, +00) = R, 9(0) = 0, such that f(tx+(1—t)y) < tf(z)+(1—1t)f(y)—
t(1 —t)(||lx — yl|), for all z,y € domf. The function ¥ is called a modulus
of convezity of f. It is called strongly conver if f is uniformly convex with
the modulus of convexity ¥(t) = ct?, ¢ > 0.

(3) f is said to be strongly coercive if  lim @) _ +00

lzll=+oo |||

Definition 1.2.13. Let f : E — (—o00,+00| be function. The Fenchel conjugate
of f is a function f*: E* — (—o0, +00] defined by

f(z") = sup{(z,2*) — f(x) : x € E}.

Definition 1.2.14. Let f : F — (—00, +00] be convex function. The subdifferen-
tial of f at x is defined by

Of(x) ={2" € E": f(y) — fx) > (y —z,2") ,Vy € E}.

For any x € int(domf) and any y € E, we denote by f°(z,y) the right-hand

derivative of f at x in the direction of y, that is,

fo(x, y) = lim flz +ty) — f(x)

t—0+ t

(1.2.1)

The function f is called Gateaux differentiable at x if the limit (1.2.1) exists for
any y € E. In this case, the gradient of f at x, Vf(z), coincides with f°(x,y) for
all y € E. Tt is called Gateaux differentiable if it is Gateaux differentiable at every
point z € int(domf). We note that if the subdifferential of f is single-valued,



then 0f = V f. The function f is said to be Fréchet differentiable at x if the limit
(1.2.1) is attained uniformly for every y € E with |ly]] = 1 and f is said to be
uniformly Fréchet differentiable on a subset C' of E if the limit (1.2.1) is attained
uniformly for x € C' and ||y|| = 1.

Proposition 1.2.5. [60] If f is a uniformly convex and Gateaux differentiable

function in (domf) with modulus of convezity v, then

(z =y, Vf(x) = V[f(y)) = 2¢(lz —yll), vz, y € domf,

or equivalently,

fly) = f(z) + {y — 2, Vf(x)) + |z —yl),Vo,y € domf.

Proposition 1.2.6. [60] If a function f is strongly convex with constant p > 0
and Gateaux differentiable in (domf), then

(@ =y, Vf(2) = V) > ple—yl* Yo,y € domf,

or equivalently,

J) 2 J(@) + (g =2, V@) + Slle = yl*, Ve, y € dom .

Proposition 1.2.7 ([108]). If f is strongly convex with constant u, then f* has a
Lipschitz gradient with parameter i and if f has a Lipschitz gradient with param-

eter L, then f* is strongly convex with parameter %

Remark 1.2.2 ([60]). If E is a smooth and strictly convex Banach space, the func-
tion f(x) = ||z||?,Vx € F is strongly convex with constant u € (0, 1].

Definition 1.2.15. A function f : £ — (—o00, +0o0] is called Legendre if it satisfies

the following two properties:

(L1) the interior of the domain of f, int(domf), is nonempty, f is Gateaux dif-
ferentiable and dom(V f) = int(domf);

*

(L2) the interior of the domain of f*, int(domf*), is nonempty, f* is Gateaux

differentiable and dom(V f*) = int(dom f*);

Example 1.2.1. (see, Bauschke [7] and Bauschke et al. [8]) One of the important

and interesting Legendre function in a smooth and strictly convex Banach space
is f(x) = %Hx”p (1 < p < +o00) with its conjugate function f*(x*) = %Hx*”q
(1 < g < +00), where 713 +% = 1. In this case, the gradient of f, V f, coincides

with the generalized duality mapping, J,, of E, that is, Vf = J,.
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Note that Vf = I if E = H, a real Hilbert space and f(z) = ||z||?, where I is
the identity mapping on H.

Lemma 1.2.8. (see, Bonnans and Shapiro [15]) If the function f is a Legendre
function and E is a reflexive Banach space, then V f* = (Vf)~!

Definition 1.2.16. (see, Bregman [16]) Let f : E — (—o00,+o0] be a Gateaux
differentiable convex function. The function Dy : domf x int(domf) — [0, 400),
defined by

Di(y,z) = fy) — f(x) = (y — 2,V f(z)),Vr,y € E. (1.2.2)

is called the Bregman distance with respect to f.

The Bregman distance has the following two important properties (see, Reich
and Sabach [70]), called the three-point identity: for any x € domf and y,z €
int(domf),

Df(xvy) + Df(yv Z) - Df(x7z) = <33 - Y, Vf(Z) - Vf(y)), (1'2‘3)

and the four-point identity: for any y,w € domf and z, z € int(domf),

Di(y,x) = Dy(y, 2) = Dy(w,x) + Dy(w, z) = (y —w,Vf(2) = Vf(z)). (1.2.4)

Lemma 1.2.9. (Phelps [60]) If f : E — (—o0,400] is a proper, lower semi-
continuous and convexr function, then f* : E* — (—o00,400] is a proper, weak*
lower semi-continuous and convez function and for any x € E, {ys}2_, C F and

{ex N, C(0,1) with S0, ¢ = 1 the following holds:

N N
Dy (x,Vf* (Z eV f ) <3 eDs(a yk) (1.2.5)

k=1 k=1

If F is a smooth and strictly convex Banach space and f(z) = ||z||? for all
x € FE, then we have that Vf = J, where J is the normalized duality mapping
from FE into 2F" and the Bregman distance with respect to f, Dy, reduces to the
Lyapunov functional ¢ : E' x E — [0, +00) defined by

oy, x) = llyllI* — 2y, Jz) + ||=||*, Yo,y € E. (1.2.6)
It is obvious from the definition of a function ¢ that

(lzll = lylD* < é(z, ) < (lzll + lyl)* Yz, y € E, (1.2.7)

o(z,y) = oz, 2) + d(z,y) + 2(x — 2, Jz — Jy),Vx,y,z € E, (1.2.8)
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and

¢(‘r7 ‘]_l(ay + (1 - OZ)Z)) < Oé¢($, y) + (1 - OZ)QZS(Z’, Z)a (129)
for all z,y,z € E and a € (0,1). Observe that, in a Hilbert space H, the equality
reduces to ¢(z,y) = ||z —y|*, z,y € H.

Let f : E — R be a Legendre function. We make use of the function V; : Ex E* —
R defined by

Vi(z,2*) = f(z) — (x,2") + f*(z"), for all x € E and z* € E".

We note that V; is a nonnegative function which satisfies (see, Senakka and
Cholamjiak [77])

Vi(x,2*) = Dy(z, Vf*(2*)) for all z € E and 2™ € E~, (1.2.10)
and

Vi(x, ™) + (Vf(2") —z,y") < Vi(z,2" +y*), for all z € E and z*,y" € E*.
(1.2.11)

Definition 1.2.17. Let f : E — (—o00,+00| be a Gateaux differentiable convex
function. The Bregman projection of = € int(domf) onto the nonempty, closed

and convex set C' C domf is the unique vector Pé(x) € C satistying
Dy(PL(x),x) = int{D; (y,x) : y € C}.

If F is strictly convex and smooth Banach space and f(x) = ||z||? for all z € E,
then the Bregman projection mapping Pg reduced to the generalized projection
mapping Il : £ — C which is defined as for any arbitrary point z € E the
minimum point of the functional ¢(z,y); that is, llcy = p, where p is the solution
to the minimization problem

o(p,x) = yeig o(y, ). (1.2.12)

In addition, if f(z) = ||z||* for all z € E and F = H, where H is Hilbert space,
then Pg reduced to a metric projection mapping Po of H onto C. As we all know,
if C' is a nonempty closed convex subset of a Hilbert space H and Po : H — C
is the metric projection of H onto C', then P is nonexpansive. This fact actually
characterizes Hilbert spaces and, consequently, it is not available in more general
Banach spaces. The existence and uniqueness of the operator Il follows from the
properties of the functional ¢(x,y) and strict monotonicity of the mapping J; see,
for example, [2, 34].
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1.2.4 Nonlinear Mappings

Definition 1.2.18. A mapping T : C' — FE is called asymptotically regular on C
if for any bounded subset K of C,

limsup{||T"*'z — T"z|| : v € K} = 0.

n—oo

Definition 1.2.19. Let C' be a nonempty subset of E. A mapping T : C' — F is

said to be Lipschitz if there exists nonnegative real number L such that
|Tx — Ty|| < L||lx —y|| for all z,y € C.

If L < 1, then T is called contraction mapping and it is called nonexpansive if
L=1.

Clearly, every Lipschitz mapping is uniformly continuous.

Definition 1.2.20. A point x € C is said to be a fixed point of a mapping
T:C — FEif Tx = z. The set of all fixed point of a mapping 7' is denoted by
F(T).

Definition 1.2.21. A mapping 7 : C — F is said to be

a) asymptotically regular on C if for any bounded subset K of C”

limsup{||T" 'z — T"z|| : v € K} = 0;

n—oo
b) quasi-nonexpansive if F(T) # (), and

[Tz —pll < ||z —pll, Ve € C,Vp € F(T).

¢) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence
{kn.} C [1,00) with lim k, = 1, such that
n—o0

|7 = p|| < kullz = pll, Vo € C.¥p € F(T),n € N.

d) asymptotically quasi-nonexpansive in the intermediate sense if F/(T') # () and
the following inequality holds:
lmsup  sup (7" — p|l -l — pll) < 0.
n—00  peF(T)zeC
Remark 1.2.3.  a) The class of nonexpansive mappings is a subset of the class

of quasi-nonexpansive mappings if the set of fixed points of nonexpansive

mappong is nonempty set;
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b) The class of quasi-nonexpansive C the class of asymptotically quasi-nonexpansive

C the class of asymptotically quasi-nonexpansive in the intermediate map-

pings.

Definition 1.2.22. [71] A point p in C'is said to be an asymptotic fixed point of T'
if C' contains a sequence {z,,} which converges weakly to p such that lim,, . ||z, —

Tx,|| = 0. The set of asymptotic fixed points of 7" will be denoted by F(T').

Definition 1.2.23. [104] A point p in C' is said to be a strong asymptotic fixed
point of T" if C' contains a sequence {x,} which converges strongly to p such that
lim, o0 (Tz,, — p) = 0. The set of strong asymptotic fixed points of 7" will be
denoted by F(T).

Definition 1.2.24. A mapping T : C' — FE is called

a) relatively nonexpansive [22, 26] if F(T) = F(T) # 0 and | Tz — p|| < ||z — p||
for all z € C and p € F(T).

b) relatively-¢-nonexpansive [22, 26] if F(T') = F(T) # 0 and ¢(p, Tz) < ¢(p, x)
for all z € C and p € F(T).

¢) relatively weak nonexpansive [104] if F(T) = F(T) # 0 and ¢(p, Tx) <
¢(p,x) for all z € C and p € F(T).

d) relatively-¢-asymptotically nonexpansive [1, 67| if F (T) = F(T) # () and
there exists a sequence {k,} C [l,00) with k, — 1 as n — oo such that
o(p, T"z) < kpo(p,z) for all z € C;p € F(T) and n > 1.

e) quasi-¢-nonexpansive [63] if F(T) # 0 and ¢(p, Tx) < ¢(p,x) for all z €
C,pe F(T).

f) asymptotically quasi-¢-nonexpansive [62, 65, 109] if F(T) # () and there
exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that ¢(p, T"x) <
kn¢(p,x) for all z € C,p € F(T) and n > 1.

g) accretive if for each x,y € C, there exists j(x —y) € J(x — y) such that
(J(z —y),u—v) >0,Vu € Tx,veTy.

Remark 1.2.4. The class of asymptotically quasi-¢-nonexpansive mappings is more
general than the class of relatively asymptotically nonexpansive mappings, which
requires the restriction: F(T) = F(T).



14

Definition 1.2.25 ([68]). A mapping 7 : C' — E is said to be asymptotically

quasi-¢-nonexpansive in the intermediate sense if F(T) # () and

limsup sup (o(p, T"x) — ¢(p,x)) <O0. (1.2.13)

n—oo  peF(T)xcC

Put
£ =max{0, sup (é(p,T"x) — ¢(p,x))}.

peF(T),xeC

It follows that &, — 0 as n — co. Then (1.2.13) is reduced to the following:
o(p, T"x) < ¢(p,x) +&,,Vp € F(T),Vx € C. (1.2.14)

From the definitions, we observe that the class of asymptotically quasi-¢-nonexpansive
mappings in the intermediate sense is a generalization of the class of asymptoti-
cally quasi-nonexpansive mappings in the intermediate sense in the framework of

Banach spaces.

Example 1.2.2. [56] Let E = R with the usual norm. For n € N, we define a
mapping T; on R by

0, if v < &
Tz =< a Vz € R.
=, f > 5,

d
Then (| F(T;) = {0} and $(0,T}'x) = |T'z — 0]> = 0 < |a|* = |z — 0] = ¢(0, z)

j=1

and

¢ =max{0, sup (é(p,T"x) — ¢(p,z))} =0,Yn € N, that is T; is asymptoti-
peF(T),z€R

cally quasi-¢- nonexpansive mapping in intermediate sense, j = 1,2,--- ,d. ButT;

is not relatively nonexpansive, because, let {x,} be a sequence define by x, = ]%—1—%
1 1 ~

Then vy = —, @y — Tjz, = — — 0 as n — oo. This implies that %2 e F(T};) and
J n

4 ¢ F(T).

Definition 1.2.26. Let C' be a nonempty subset a real Hilbert space H. A map-
ping T': C' = H is called

a) pseudocontractive if (x —y, Tx — Ty) < ||z — y||? for all z,y € C;
b) k-pseudocontractive if (z —y, Tx — Ty) < k||z — y||* for all z,y € C.

Definition 1.2.27. A mapping A : D(A) C E — E*, is said to be
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a) monotone if for each z,y € D(A), the following inequality holds:

(x —y, Az — Ay) > 0;

b) ~-inverse strongly monotone if there exists a positive real number ~ such that

(x —y, Az — Ay) > ~|| Az — Ay|)*;

¢) semi-pseudocontractive mapping if for each z,y € C, the following inequality
holds:

(x—y,T(x)—T(y) < (zx—y,J(x)— J(y)).

d) J-nonexpansive mapping if for each z,y € C, the following inequality holds:
[z = yllll Tz =Tyl < (z -y, J(x) = J(y)) -

Hence, every J-nonexpansive mapping is semi-pseudocontractive.

Proposition 1.2.10. Let A : D(A) C E — E* be monotone mapping. Then

T = J — A is semi-pseudocontractive mapping.

Proof. Let A : D(A) C E — E* be monotone mapping. Then, for all z,y €

(z) — J(y)
< (z—vy,J(x) = J(y)) .

Definition 1.2.28. [99] A point p € E is called a semi-fized point (J-fixed point)
of mapping T' : E — FE*, if there exists Tp = Jp, where J is the normalized
duality mapping. The set of semi-fixed points of T" is denoted by Fy(T'), that is ,
F(T)={a*e€ C:Tx* = Ja*}.

Definition 1.2.29. [106] Let f : E — R be a Gateaux differentiable convex
function. A mapping 7' : C' — E* is called

a) f-pseudocontractive if for each x,y € F, we have
b) 7-strictly f-pseudocontractive if for all z,y € C| there exists v > 0 such that

(v =y, T(z) = T(y)) < (x —y, V() = V() =V (2)=V[(y)—(Tz=Ty)|
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Definition 1.2.30. A point p € C'is called f-fixed point of T"if Tp = V f(p). The
set of f-fixed points of T is denoted by F;(T'), that is, F¢(T) = {p e C : Tp =
Vfp)}-

1

We remark that if £ is smooth and strictly convex and f(z) = 3|=||* for all
r € F, then Vf = J, where J is the normalized duality mapping from F into
28" and the notion of f-pseudocontractive mapping reduces to the notion of semi-
pseudocontractive mapping and f-fixed point of T" reduces to semi-fixed point of
T. If, in addition, £ = H, a real Hilbert space, then f-pseudocontractive mapping
becomes pseudocontractive mapping. The mapping T is f-pseudocontractive if
and only if A =V f — T is monotone and T is strictly f-pseudocontractive if and
only if A = Vf — T is y-inverse strongly monotone. In this case, the zero of A
corresponds to f-fixed point of T'. In fact, if T and V f are continuous on F then A
is maximal monotone and the set of zeros of A and hence the set of f-fixed points
of an f-pseudocontractive mapping T is closed and convex ( see, Zegeye and Wega

[106]).

Definition 1.2.31. (Wega and Zegeye [93]) A mapping T is called a Bregman

relatively f-nonexpansive if
Dy(p,Vf*(Tx)) < Dy(p,z),Yz € E,p € F5(T) and F§(T) = F;(T) # 0.
We remark that if f(x) = 1||z|% for all z € E, then Vf = J and D;(y,z) =

2
¢(y, ) for all 2,y € E and hence the Bregman relatively f-nonexpansive mappings
reduce to the ¢-relatively J-nonexpansive mapping. Moreover, f-fixed point and
f-asymptotic fixed point of T" reduce to semi-fixed point and semi-asymptotic fixed
point of T, respectively. If, in addition, £ = H , a real Hilbert space, then Bregman

relatively f-nonexpansive mappings become relatively nonexpansive mapping.

1.3 Generalized Mixed Equilibrium Problem

Let F': C x C — R be a bifunction, ¢ : C' — R be a real valued function, and

B : C'— E* be a nonlinear mapping. The Generalized Mized Equilibrium Problem
(GMEP) (Ceng and Yao [24] ) is to find = € C such that

H(z,y) = F(z,y) + ¢(y) — ¢(x) + (Br,y — x) > 0,Vy € C. (1.3.1)

The set of solution of (1.3.1) is denoted by GM EP(F, ¢, B).
If ¢ = 0, the problem (1.3.1) reduces to the Generalized Equilibrium problem
(GEP) (Mouda and Thera [53]) which is to find € C such that

H(z,y) == F(z,y) + (Bz,y —x) 2 0,y € C. (1.3.2)
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The set of solutions of (1.3.2) is denoted by GEP(F, B).
If in (1.3.1), we consider F' = 0, then problem (1.3.1) reduces to finding z € C
such that

o(y) — p(z) + (Bx,y —x) > 0,Vy € C, (1.3.3)

which is called the Mized Variational Inequality of Browder type (MVI) [18]. The
set of solutions to (1.3.3) is denoted by MV I(C, B, ¢).
If F=0and ¢(y) =0forall y € C, problem (1.3.1) reduces to finding x € C such
that

(Bx,y —z) > 0,Vy € C, (1.3.4)

which is the classical Variational Inequality Problem (VIP). The set of solutions
to (1.3.4) is denoted by VI(C, B).

If in (1.3.2), B = 0, then problem (1.3.2) reduces to the Equilibrium problem (EP)
(Blum and Oettli [14]) which is to find € C such that

F(x,y) > 0,Vy € C. (1.3.5)

The set of solutions to (1.3.5) is denoted by EP(F).

Some basic facts about generalized mixed equilibrium problem.

Lemma 1.3.1. [107] Let C be a closed convex subset of a smooth, strictly convex,
and reflexive Banach space E. Let be B : C — E* be a continuous and monotone
mapping, ¢ : C — R be a lower semi-continuous and convez function and let
F:C xC — R be a bi-function satisfying Condition A. Forr >0 and x € E,
define a mapping TH : E — C' as follows:

1
THy ={2€C: H(z,y)+ ;(y —z,JJz—Jx) >0, forally € C}, (1.3.6)

for all x € E, where H(z,y) := F(z,y) + ¢(y) — ¢(z) + (y — z, Bz). Then, the
following hold:

(1) TH is single-valued;

(2) P(TF) = GMEP(F, 4, B);

(8) GMEP(F,p, B) is closed and convex;

(4) TH is quasi-p-nonexpansive;

(5) 6w, T x) + ¢(TFw,2) < ¢(p,x),Vp € F(TF).

Remark 1.3.1. If ¢ =0, then H = H and Lemma 1.3.1 hold.
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Optimization: Let ¢ : C — R be a convex and lower semi-continuous func-

tion. The minimization problem is to find z* € C such that

o(z%) < o(y),Vy € C. (1.3.7)

Setting F'(z,y) := ¢(y) — ¢(z), problem (1.3.7) coincides with (1.3.5).
Saddle Point Problem: Let ¢ : (1 x (5 — R. Then z* =

saddle point of the function ¢ if and only if for x* = (27, z3),

(x7,23) is called

(7, y2) < @(y1,73), Y(y1,92) € Cr x Cy. (1.3.8)

If C:=C) xCy and F : C x C'— R is defined by

F((r1,m2), (Y1,42)) = @(y1, T2) — p(21,92),

then z* = (x7,z}) is a solution of (1.3.5) if and only if x* = (z7,2}) satisfies
(1.3.8).
Nash Equilibrium in Non-cooperative Games: Let I be a finite set of

players and let C; be a strategy set of the i** player, for each i € I. Let f; : C :=

H C; — R be a loss function of the i player depending on the strategies of all
iel

players, for all i € I. For & = (2;)ie; € C, we find x_; = (x;);jer;2. The point
x* = (2%);er € C is called Nash Equilibrium if for ¢ € I, the following holds:

(that is, no player can reduce his loss by varying his strategy alone). If F': C'xC —
R given by
icl

then z* € C is a Nash equilibrium if and only if z* satisfies (1.3.5).

1.4 Statement of the Problem

Several authors have studied algorithms for finding a common element of the set
fixed points of nonlinear mappings and the set of solution of equilibrium prob-
lems in Banach spaces. In recent times, some authors proposed many iteration
algorithms for finding fixed points and common fixed points of the nonexpansive
mappings and the generalized equilibrium problem in the framework of Hilbert
spaces and Banach spaces [49, 63, 86]. In 2017, Ibiam et. al. [42] also studied

the strong convergence result for finding a common element of sets of solutions of
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a finite family of generalized equilibrium problems, sets of fixed points of a finite
family of continuous relatively nonexpansive mappings and sets of zeros of a fi-
nite family of ~;-inverse strongly monotone mappings in 2-uniformly convex and
uniformly smooth Banach spaces. However, it is still open to extend the result of
Ibiam et. al. [42] to more general nonlinear mappings than continuous relatively
nonexpansive mappings and to more general spaces than 2-uniformly convex and

uniformly smooth Banach spaces.

On the other hand, approximating zeros of these monotone mappings is equivalent
to approximating Semi-fixed points of semi-pseudocontractive mappings, assuming
the existence of such zeros, which is also equivalent to finding a minimizer of some
convex functions. In recent times, some authors proposed the algorithm converges
strongly to a common solution of a variational inequality, an equilibrium prob-
lem, and semi-fixed points of a continuous semi-pseudocontractive mapping in the

framework of Hilbert spaces and Banach spaces.

In 2019, Shahzad and Zegeye [78] proved the following convergence theorem for a
common solution of fixed point, equilibrium and variational inequality problems

in Hilbert spaces.

Theorem 1.4.1. Let C' be a nonempty, closed, and convex subset of a real Hilbert
spaces H. Let A : C'— H be a Lipschitz monotone mapping with Lipschitz constant
L>0, F:CxC — R be a bi-functional satisfying Condition A, andT : C — H
be a continuous pseudocontractive mapping with F := F(T)(\VI(A,C) N EP(F) #
(). Let the sequence {x,} be generated by

u, xo € C,
2n = Po(x, — NAx,), (1.4.1)

Tp4+1 = ARl + (1 - O‘n)(ﬂyn + (1 - ﬁ)un)7

where Pc is the metric projection from H onto C, y, = K] TF x,, where TF K[ -
H — C are mappings defined as follows: for x € H,

1
Trix:{zeC:F(z,y)+r—(y—z,z—x>SO,‘V’yGC’}
and

1
K;:an:{zeC:(y—z,Tz}—r—(y—z,(l—l—rn)z—@§0,Vy€C},
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respectively, {r,} C [a,0), for some a >0, u, = Po(x,—AAz,), A € [a,b] C (0, 1)
and {ay,} C (0,¢] C (0,1) with lim,, o a, = 0 and > oy, = 00. Then, the sequence

{z,} converges strongly to a point Pru.

Recently, in Banach space settings, Bello and Nnakwe [9] studied a new Halpern-
type subgradient extragradient iterative algorithm which converges strongly to a
common solution of a variational inequality, an equilibrium problem, and a semi-
fixed point of a continuous semi-pseudocontractive mapping in uniformly smooth

and 2-uniformly convex real Banach spaces. They proved the following theorem.

Theorem 1.4.2. Let E* be the dual space of a uniformly smooth and 2-uniformly
convex real Banach space E. Let C be a nonempty, closed, and convex subset of
E. Let A: C — E* be a monotone and L-Lipschitz mapping, F' : C x C — R
be a bi-functional satisfying Condition A, and T : E — E* be a continuous
semi-pseudocontractive mapping with F := Fs(T)(\VI(A,C)EP(F) # 0. Let
the sequence {x,} be generated by

(

LU()EC,

2p = e J H(Jx, — NAz,) (1.4.2)

T,={weFE: (w—z,Jr, — Nz, — Jz,) <0}
Tpy1 = J N anJzg + (1 — ap)[BJv, + (1 = B)Jw,]),

\

where v, = TanZ:an with Tf; and KTS" as the resolvent mappings for F and T,
respectively, {r,} C [a,00), for some a > 0, w, = II1, J ' (Jx, — AAz,), A € (0,1)
with X < ¢ and {a,} C (0,1) with limy, ooy, = 0 and ) a,, = oo. Then the
sequence {x,} converges strongly to a point Ilzxy.

We observe that the strong convergence result of Bello and Nnakwe [9] is re-
stricted to solution of a variational inequality, an equilibrium problem, and a semi-
fixed point of a continuous semi-pseudocontractive mapping in uniformly smooth

and 2-uniformly convex real Banach spaces.

Moreover, Moudafi [54] introduced and studied a new generalization of the mono-
tone inclusion problem in Hilbert spaces. It is called Split Monotone Inclusion
Problem (SMIP) which is defined as finding a point p € H; such that

(p, S(p)) € (A+ B)~'0 x (C + D)0, (1.4.3)

where A : Hy — Hy and C': Hy — H, are inverse strongly monotone mappings, B :
H, — 29t and D : Hy, — 272 are maximal monotone mappings and S : H; — H is
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bounded linear mapping, where H;,i = 1,2 are Hilbert spaces. If S = I, then the
SMIP reduces to the Common Solution Monotone Inclusion Problem (CSMIP). He
proposed the following iterative algorithm for approximating the solution of SMIP

and proved its weak convergence. For z; € Hy, the sequence {z,} generated by
Tny1 = U(xy + 98T — I)Sx,), (1.4.4)

where S* is the adjoint mapping of S, T' = JZ(I — AA), and U = JP(I — \O),
where A > 0.

The Split Monotone Inclusion and Fized Point Problem (SMIFPP) [84] is the
generalization of SMIP which is defined as finding a point (p,q) € H; x Hs such
that

peF(T)N(A+B) "0, € F(G)N(C+ D)'0and S(p) = K(q),  (1.4.5)

where A : Hi — H; and C : Hy — H, are inverse strongly monotone map-
pings, B : H; — 2™ and D : H, — 2"2 are maximal monotone mappings,
T : H — H, and G : H, — H, are demi-contractive mappings, S : H; — Hj
and K : Hy — Hj are bounded linear mappings, where H;,i = 1, 2,3 are Hilbert
spaces. f C =0=D, T =G =1, and K = I, where [ is identity mapping, the
SMIFPP reduces to the Split Monotone Inclusion Problem (SMIP).

To the best of our knowledge, many researchers have established and studied dif-
ferent algorithms for approximating the solution of the following problems: split
monotone inclusion over the fixed point problems or split feasibility problems over
the solution set of monotone inclusion problems in real Hilbert spaces (see, e.g.,
[45, 44, 46, 79, 83, 85, 87, 97] and the references therein).

1.5 Research Questions

Based on aforementioned research gaps lead us the following research questions.

1) Can we obtain a strong convergence theorem for finding a common element of
set of solutions of a common finite family of generalized equilibrium problem,
set of fixed points of a finite family of continuous asymptotically quasi-¢-
nonexpansive mapping in the intermediate sense and set of zeros of a finite

family ~-inverse strongly monotone mappings in Banach spaces?

2) Can we establish strong convergence theorem for finding a common element
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of set of solutions of a common finite family of generalized mixed equilib-
rium problems, set of a common semi-fixed points of a finite family of con-
tinuous semi-pseudocontractive mappings and set of a common solutions of
a finite family of variational inequality for a finite family of monotone and

L-Lipschitz mappings in Banach spaces?

Can we construct an algorithm for approximating a common element of the
set of solutions of a finite family of generalized mixed equilibrium problems,
the set of a common f-fixed points of a finite family of f-pseudocontractive
mappings and the set of a common solutions of a finite family of variational
inequality problems for Lipschitz monotone mappings in real reflexive Banach

spaces?

Can we obtain an inertial method for approximating a solution of split equal-

ity of monotone inclusion and f-fixed point problems in real Banach spaces?

1.6 Objectives

The main objectives of this study are:

1)

to obtain strong convergence iterative algorithm for finding a common ele-
ment of set of solutions of a a common finite family of generalized equilibrium
problem, set of a common fixed points of a finite family of continuous asymp-
totically quasi-¢-nonexpansive mapping in the intermediate sense and set of
a common zeros of a finite family ~-inverse strongly monotone mappings in

uniformly smooth and uniformly convex Banach spaces.

to establish strong convergence of a hybrid iterative method for finding a
common element of set of solutions of a common finite family of generalized
mixed equilibrium problems, set of a common semi-fixed points of a finite
family of continuous semi-pseudocontractive mappings and set of a common
solutions of a finite family of variational inequality for a finite family of

monotone and L-Lipschitz mappings in reflexive real Banach spaces.

to develop a Halpern type algorithm for approximating a common element
of the set of solutions of a common finite family of generalized mixed equi-
librium problems, the set of a common f-fixed points of a finite family of
f-pseudocontractive mappings and the set of solutions of a common finite
family of variational inequality problems for Lipschitz monotone mappings

in reflexive real Banach spaces.
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4) to introduce an inertial method for approximating a solution of split equality

of monotone inclusion and f-fixed point problems in real Banach spaces.
6) to give applications of our results to solutions of other problems.
5) to give numerical example that justify our results.

7) to discuss the improvements against recent results in the literature.

1.7 Scope of the Study

The scope of this thesis is limited to:

e find method that approximate a common solution of a common solution of
generalized equilibrium, zeros of Monotone Mapping and fixed points prob-

lems in uniformly convex and uniformly smooth real Banach space;

e construct an iterative process for solving generalized mixed equilibrium prob-
lems, semi-fixed (f-fixed) point problems and variational inequality problems

in reflexive real Banach spaces;

e develop an inertial approximation method for solving split equality of mono-

tone inclusion and the f-fixed point problems in Banach Spaces.



Chapter 2

Review of Literature

2.1 Common Solution of Generalized Equilibrium,
Zero Point and Fixed Point Problems

In this section, we present some research methods that approximate a common el-
ement of solution of fixed point of nonlinear mappings, equilibrium problems and

zeros of monotone mappings in the framework of Hilbert and Banach spaces.

In 2013, Hao [40] investigated fixed point problems of asymptotically quasi-¢-
nonexpansive mapping in the intermediate sense based on hybrid projection meth-
ods. He established the following strong convergence theorem in a reflexive Banach

space:

Theorem 2.1.1. Let E be a strictly convex, smooth and reflexive Banach space
such that both E and E* have the Kadec-Klee property. Let C' be a nonempty,
closed, and conver subset of E. Let T : C' — C' be an asymptotically quasi-¢-
nonexrpansive mapping in the intermediate sense. Assume that T is asymptotically

reqular on C' and closed, and F(T) is nonempty and bounded. Then, the sequence
{z,} defined by

xg € Ch =C,

x1 = Il o

Yo = J HanJr, + (1 — ) JTx,), (2.1.1)
Copr = {2 € Cu: 9(2,4n) < 0(2,20) +&a},

Tp+1 = ch+1$07

24
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where &, = max{0, Sup,epr) rec (@, ") — ¢(p,x))} and {a,} satisfies the re-
striction limsup,,_,., o, < 1, converges to a fized point of T.

On the other hand, liduka and Takahashi [43] established the following strong
convergence theorem for finding a zero point of a monotone mapping A in a 2-

uniformly convex and uniformly smooth Banach space E:

Theorem 2.1.2. Let E be a 2-uniformly conver and uniformly smooth Banach

space with dual E*. Let A : E — E* be vy-inverse strongly monotone mapping with
A7Y(0) # 0. Then the sequence {z,} defined by

;

rn=x €k,

Yo = T (J — A Azy),

Co= {2 € B 6(z,p) < 0z, 2)}. (212)
Qn={z€ E:{(x,— 2z Jx— Jx,) >0},

| Tnt1 = He,n@a 7,

where J is the normalized duality mapping on E and X, € (0, CQ%] for some ¢ > 0,

converge strongly to p € A71(0), where p = II4-1()x.

Notice that the theorem is given to approximate the zero point of v-inverse
strongly monotone mapping in 2-uniformly convex and uniformly smooth Banach
spaces. In 2009, Zegeye and Shahzad [104] introduced an iterative algorithm to
approximate a common element of a zero of monotone mapping and a fixed point
of relatively weak nonexpansive mapping in a real uniformly convex and uniformly

smooth Banach space and and proved the following strong convergence theorem:

Theorem 2.1.3. Let E be a real uniformly convex and uniformly smooth Banach
space with dual E*. Let C' be a nonempty, closed and convexr subset of E/. Let A :
E — E* be a mazimal monotone mapping with J—1S relatively weak nonexpansive,
where Sx = Jr — Ax. Let T : E — E be a relatively weak nonexpansive mapping
with A := A7Y0) N F(T) # 0. Assume that 0 < a < A\, < b = S where ¢ is

2
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uniformly convezity constant. Then, the sequence {x,} defined by

;

rn=x € C,

Yo = J 1 (Jz, — N Azy,),

Zn = Tyn7
Co={2z€C:¢(2,2) <o(z,y0) < d(z,20)}, (2.1.3)
QO = Ev

Cn - {Z € Cn—l N Qn—l : qb(Z,Zn) S ¢<Zvyn) S gb(z,mn)},
Qn={2€C,1NQn_1:(x,—2zJor— Jr,) >0},

[ Tn+1 = H(JannfEa
where J is the normalized duality mapping on E, converge strongly to p = Ilx.

In 2009, Takahashi and Zembayashi [86] introduced hybrid projection method
for finding a common solution of an equilibrium problem and a fixed point problem
for a relatively nonexpansive mapping in uniformly smooth and uniformly convex

Banach spaces and proved the following theorem:

Theorem 2.1.4. Let E be a uniformly smooth and uniformly convex Banach space.
Let C be a nonempty, closed and convex subset of E. Let F: C' x C'— R be a bi-
functional satisfying Condition A, and T : C — C be a relatively nonexpansive
mapping with B := F(T)N EP(F) # 0. Let the sequence {x,} be generated by

(

x9 € C,

Up = J N Jo, + (1 — ) JTz,),

zn € C such that F(z,,y) + % (y — zn, Jzp — Jup) > 0,Vy € C,
Hy ={z€C:¢(z,2,) < ¢(z,7n)},

W,={z€C:{(x, — 2z, Jrg— Jx,) >0},

(2.1.4)

\ Tpt1 = HHannxo

for everyn > 0, where J! is the inverse of J , Il is the generalized projection of E
onto C (defined below), {a,} is a sequence in [0, 1] satisfying liminf o, (1 —a,) > 0
n—oo

and ry, C [a,00) for some a > 0. Then, {z,} converges strongly to p = Igxy.

In 2016, Kazmi and Ali [49] also studied a strong convergence result for finding

a common solution of an equilibrium problem and a fixed point problem for an
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asymptotically quasi-¢-nonexpansive mapping in intermediate sense in uniformly

smooth and strictly convex Banach spaces as follows.
(

xg € C,

Up = J HapJz, + (1 — ) JTxy,),

Zni1 € C st Fzpa1,y) + % (Y — zna1, J2zni1 — Juy) > 0,Vy € C,
Hy ={2€C:9(z,2n41) < and(z,2) + (1 — an)p(2, 20) + &},
W,=4{z€C:{(x, — 2z, Jrg— Jx,) > 0},

(2.1.5)

Tpt1 = g, Aw, To
\

where §, = maX{Ov sup <¢(pa Tnx) - ¢(p7 ZL’))}

peF(T),xeC
Recently, Ibiam et. al. [42] studied a strong convergence result for finding a

common element of set of solutions of a finite family of generalized equilibrium
problems, set of fixed points of a finite family of continuous relatively nonexpan-
sive mappings and set of zeros of a finite family of 7;-inverse strongly monotone
mappings in 2-uniformly convex and uniformly smooth Banach spaces, which gives
by
o € O() = C,

= IIcJ Y (Jxp — MAni1n)
Un = J HanJz, + (1 — ) I Thi12n),
Uy, Uy, € C such that
Fy(Un,y) + (BoYn,y — vp) + = < — U, JU, — Jyp) > 0,Vy € C,

“(BJun + (1 = B)Jvy,),

) < ¢(2, )},

+
+

Coi1 ={2€Cy: d(z,w,

L CETL+1 = ch+1$0

Inspired and motivated by the above works, in Chapter 3, we proved a strong
convergence theorem for finding a common element of set of a common solutions
of a finite family of generalized equilibrium problem, set of a common fixed points of
a finite family of continuous asymptotically quasi-¢-nonexpansive mapping in the
intermediate sense and set of zeros of a finite family ~-inverse strongly monotone
mappings in Banach spaces. Moreover, a numerical example is given to illustrate

the implementability of our algorithm.
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2.2 Approximation of Common Solutions of Non-
linear problems

Approximating zeros of accretive mappings is equivalent to approximating fixed
points of pseudocontractive mappings, by assuming existence of such zeros. For
earlier and more recent results on the approximation of fixed points of pseudocon-
tractive mappings refer to [20, 27, 31, 33, 58, 59, 69, 103, 101].

It is obvious that the fixed point technique introduced by Browder [19] for ap-
proximating zeros of accretive mappings, is not applicable when the mapping is
monotone from a real Banach space to its dual space. Hence, there is the need
to develop techniques for approximating zeros of monotone mapping. In 2008,
Zegeye [99] introduced a new class of mappings, that is, semi-pseudocontractive
and he proved that T := J — A is semi-pseudocontractive mappings, where J is
normalized duality mapping if and only if A is monotone mapping. Hence, approx-
imating semi-fixed points of these semi-pseudocontractive mappings is equivalent
to approximating zeros of monotone mappings , assuming the existence of such
zeros, which is also equivalent to finding a minimizer of some convex functions.

In recent times, some authors proposed algorithms which converge strongly to
a common solution of a variational inequality, an equilibrium problem, and semi-
fixed points of a continuous semi-pseudocontractive mapping in the framework of
Hilbert spaces and Banach spaces.

In 2011, Zegeye [101] studied a viscosity approximation method for finding a
common fixed point of two continuous pseudocontractive mappings in a real Hilbert

space. He proved the following theorem.

Theorem 2.2.1. Let C' be a nonempty, closed, and convex subset of a Hilbert

space H. Let T; : C' — C, 1 = 1,2, be continuous pseudocontractive mapping such
that F = (o, Fiz(T;) # 0. Let f be a self contraction on C, and let {x,} be a

sequence generated by r1 € C' and
Tpr1 = o f(z) + (1 — an)KTT;KTfon (2.2.1)

where {a, } C [0, 1] with lim,, oo 0, = 0 and Y 0" | 0y = 00,y 2 | Qi1 — 0t | < 00,
and {r,} C (0,00) with iminf, ooy > 0, D 07| [Fy1 — 7| < 00 and Kl : H —
C,1=1,2, are mappings defined as follows: for x € H,
1
Klio={2€C:(y—2Tz)— —({y—z (1+r,)z—z) <0,Vy € C}.
T'n

Then, {x,} converges strongly to z = Iz f(z).
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In 2019, Shahzad and Zegeye [78] proved the following convergence theorem for
a common solution of fixed point, equilibrium and variational inequality problems

in Hilbert spaces.

Theorem 2.2.2. Let C' be a nonempty, closed, and convex subset of a real Hilbert
spaces H. Let A : C'— H be a Lipschitz monotone mapping with Lipschitz constant
L>0, F:CxC — R be a bi-functional satisfying Condition A, andT : C'— H be
a continuous pseudocontractive mapping with F := F(T)\VI(A,C)EP(F) #
(). Let the sequence {x,} be generated by

u, zg € C,
zn = Po(x, — Mx,), (2.2.2)
Tp+1 = QRU + (1 - O‘n)(ﬁyn + (1 - B)un),

where P is the metric projection from H onto C, y, = K} TFx, with TF and
Kfn as the resolvent mappings for F' and T, respectively, {r,} C [a,o0), for some
a >0, u, = Po(z, — Az,), X € [a,b] C (0,1) and {ay,} C (0,¢] C (0,1) with
lim, .o @, =0 and > a,, = co. Then, the sequence {x,} converges strongly to a
point Pru.

In 2020, Nnakwe and Okeke [57] constructed a new Halpern-type iterative al-
gorithm which converges strongly to a common solution of two generalized equilib-
rium problems and a common semi-fixed point of two continuous semi-pseudocontractive
mappings in a uniformly smooth and uniformly convex real Banach space. They

proved the following theorem.

Theorem 2.2.3. Let E* be the dual space of a uniformly smooth and uniformly
convex real Banach space E and C be a nonempty, closed, and convex subset
of E. Let B; : C — FE*, 1+ = 1,2 be a continuous and monotone mapping,
F,: CxC — R, i =1,2 be a bi-functional satisfying Condition A, and T; :
C — E*, i = 1,2 be a continuous semi-pseudocontractive mapping with F :=

ﬂ?zl (Fs(T;) YGEP(F;, B;)) # (0. Let the sequence {x,} be generated by
T € O,
Zp = Tngg?xn (2.2.3)
Tpi1 = J HanJzr + (1 — o) JKDK2,]),Vn > 1.

where TTIT{Z' and KZ:: are resolvent mappings for H; and T;, © = 1,2, respectively,
and {an,} C (0,1) with lim, oo a, = 0 and Y o, = 0o. Then, the sequence {x,}

converges strongly to a point Ilrx;.
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In 2021, Bello and Nnakwe [9] studied a new Halpern-type subgradient ex-
tragradient iterative algorithm which converges strongly to a common solution of
a variational inequality problem, an equilibrium problem, and a semi-fixed point
problem of a continuous semi-pseudocontractive mapping in uniformly smooth and

2-uniformly convex real Banach spaces. They proved the following theorem.

Theorem 2.2.4. Let E* be the dual space of a uniformly smooth and 2-uniformly
convex real Banach space E. Let C' be a nonempty, closed, and convexr subset of
E. Let A: C — E* be a monotone and L-Lipschitz mapping, F : C x C — R
be a bi-functional satisfying Condition A, and T : C — E* be a continuous
semi-pseudocontractive mapping with F := Fo(T)NVI(A,C)(EP(F) # 0. Let
the sequence {x,} be generated by

p
x9 € C,

2p = Mo Y(Jx, — NAz,)
(2.2.4)
T,={w € FE:{(w—z,Jr, — Nz, — Jz,) <0}

| T4l = J o Jrg + (1 — o) [BTv, + (1 = B)Jw,)),

where v, = TE KL x, with TF and K as the resolvent mappings for F and T,
respectively, {r,} C [a,00), for some a > 0, w, = II1, J ' (Jx, — AAz,), A € (0,1)
with X < £ and {a,} C (0,1) with limy, oo, = 0 and ) a, = oco. Then the
sequence {x,} converges strongly to a point Ilrxy.

Inspired and motivated by the work given in [9, 57, 107], in chapter four of
this thesis we constructed hybrid projection iterative algorithm for finding a com-
mon element of sets of solutions of a finite family of generalized mixed equilib-
rium problems, sets of semi-fixed points of a finite family of continuous semi-
pseudocontractive mappings and sets of solutions of a finite family of variational
inequality for a finite family of monotone and L-Lipschitz mappings in Banach
spaces and proved strong convergence theorem.

Again we observe that, in all the above results, the mapping 7" is a continuous
pseudocontractive mapping in Hilbert space or a continuous semi-pseudocontractive
mapping in a uniformly smooth and 2-uniformly convex real Banach space. More-
over, Zegeye [101] proved convergence theorem for a common fixed points of two
continuous pseudocontractive mappings. But, the algorithm can be extended to an
algorithm for approximating a common element of the set of solutions of a finite
family of generalized mixed equilibrium problems, the set of f-fixed points of a

finite family of f-pseudocontractive mappings and the set of solutions of a finite
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family of variational inequality problems for Lipschitz monotone mappings in real
reflexive Banach spaces. Thus, in chapter five of this thesis we introduced an al-
gorithm and proved a strong convergence theorem to approximate the solution of

this problem.

2.3 Inertial Method For a Solution of Split Equal-

ity Monotone Inclusion and Fixed Point Prob

lems

In this section, we present some literature review on approximation of solutions of
split equality monotone inclusion and fixed point problems.

Moudafi [54] introduced and studied Split Monotone Inclusion Problem (SMIP)
which is defined as finding a point p € H; such that

(p, S(p)) € (A+ B)~'0 x (C + D)0, (2.3.1)

where A : Hy — Hy and C' : Hy — H, are inverse strongly monotone mappings, B :
H, — 28t and D : Hy — 22 are maximal monotone mappings and S : H; — H, is
bounded linear mapping, where H;,7 = 1,2 are Hilbert spaces. If S = I, then the
SMIP reduces to the Common Solution Monotone Inclusion Problem (CSMIP). He
proposed the following iterative algorithm for approximating the solution of SMIP

and proved its weak convergence. For x; € Hy, the sequence {z,} generated by
Tpi1 = Uz, +4S*(T — I)Sx,), (2.3.2)

where S* is the adjoint mapping of S, T = JZ(I — AA), and U = JP(I — \O),
where A > 0.

The Split Monotone Inclusion and Fized Point Problem (SMIFPP) [84] is the
generalization of SMIP which is defined as finding a point (p,q) € H; x Hs such
that

pEF(T)N(A+B)'0,q€ F(G)N(C + D)0 and S(p) = K(q), (2.3.3)

where A : Hi — H; and C' : Hy — H, are inverse strongly monotone mappings,
B: H, — 2" and D : Hy, — 22 are maximal monotone mappings, T : H; — H;
and G : Hy — H, are demi-contractive mappings, S : H; — Hs and K : Hy, — Hj3
are bounded linear mappings, where H;,72 = 1,2, 3 are Hilbert spaces. If C' =0 =
D, T =G =1, and K = I, where [ is identity mapping, the SMIFPP reduces to
the Split Monotone Inclusion Problem (SMIP).
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In 2021, Taiwo et al. [84] studied the split equality problem for systems of
monotone inclusions and fixed point problems of set-valued demi-contractive map-
pings in real Hilbert spaces. They proposed a viscosity type algorithm and proved
its strong convergence under some mild assumptions.

The need to speed up the convergence of iterative algorithms has always been of
great importance. In 1964, Polyak [61] proposed an inertial algorithm which can
be seen as a discrete version of a second order time dynamical system to speed up
convergence rate of smooth convex minimization problem. The main idea of this
method is to make use of two previous iterates in order to update the next iterate,
which results in speeding up the algorithm’s convergence. Very recently, some au-
thors have proposed viscosity-type algorithm with different inertial parameters for

solving equilibrium and fixed point problems; see for example [44, 97].

In 2021, Yao et al. [97] proposed the following iterative algorithm with inertial
extrapolation step for approximating a solution of SMIP in real Hilbert spaces and
proved weak convergence of the sequence generated by the proposed algorithm
under some mild assumptions. Let A : Hy — H; and C : Hy — Hy be inverse
strongly monotone mappings, B : H; — 2t and D : H, — 22 be maximal

monotone mappings. For arbitrary xg, 1 € H;, define the sequences {w,} and
{zn} by

Wy, = Ty, + Oén(xn - xn—l)

(2.3.4)

where S* is the adjoint mapping of S, T = JZ(I—\A), and U = JP(I-\C), where
A>0,0<a, <a,,where @, = 0 if x, = x,_;, otherwise @, = min{6, m}’
where 6 € [0,1) and {e,} C ¢; and v, = v > 0 if (T' — I)Sw, = 0, otherwise
Y = %, where 0 < 0, < 1.

In 2020, Izuchukwu et al. [44] proposed and studied a new inertial extrapolation
method for solving the split feasibility problems over the solution set of monotone
inclusion problems in real Hilbert spaces. Let A : H; — H; be Lipschitz monotone
mapping, 7' : H, — H; be nonexpansive mapping, B : H; — 2 be maximal

monotone mapping and S : H; — Hjz be bounded linear mapping such that ||S|| #
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0. For arbitrary xg, 1 € Hy, define the sequences {u,}, {w,}, {y,} and {z,} by

(
Up = Ty + an(xn - $n—l)

Wy, = Up — Y S* (I —T)Suy,
Yo = (I + 2, B)71(1 = N\, A)w, (2.3.5)
Zn = Yn — /\n(Ayn - Awn)

Tpt+1 = (1 - 971 - 5n)wn + ann,

\

where 0 < «,, < @,,,where @,, = #;171 if x,, = x,_1, otherwise @,, = min{ ni;il, ||znf::n_1|| 1

0<b<y,<c< W, and A\, 1 = min{mf_jﬁ,)\n} if Aw,, # Ay,, otherwise
An, Y > 0 and {B,}, {0.}, and {e,} are sequence of positive real numbers. They

proved that the proposed method converges strongly to x*, where x* € (A+B)~*(0)

and S(z*) € F(T), under some condition on the control parameters (3, 6,, and
en, provided that {p € (A+ B)7'(0): S(p) € F(T)} # 0.

All the results addressed above deal with either of the following: split monotone
inclusion and fixed point problem or split feasibility problems over the solution set
of monotone inclusion problems in real Hilbert spaces.

Based on these results, the following important question arises:

Can we obtain an inertial method for approximating a solution of
split equality of monotone inclusion and f-fixed point problems in real

Banach spaces?

Answer to this question is given in chapter six in the affirmative.



Chapter 3

A common Solution of
Generalized Equilibrium, Zeros of
Monotone Mapping and Fixed

Points problems

3.1 Introduction

We partially answer our first research problem of this dissertation. We propose an
iterative algorithm to approximate a common solution of generalized equilibrium
problem, zeros of monotone mapping, and fixed points problem of a finite family
of continuous asymptotically quasi-¢p-nonexpansive mapping in the intermediate
sense. It is also proved that the proposed algorithm converges strongly to a com-
mon solution. We collect technical lemmas from literature to prove our main result
in the second section of this chapter. We state the proposed algorithm in section
3 and prove its boundedness. The main result will be stated and proved in sec-
tion 4. Finally, application of the main result is supported by numerical examples

presented in the last section of the chapter.

34
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3.2 Technical Tool Box

In this section, we collect technical results that will be useful throughout the

chapter to prove our main theorems.

Lemma 3.2.1. [100] Let E be a uniformly convez real Banach space and Br(0)
be closed ball of E. Then there exists a continuous, strictly increasing and convex
function g : [0,00) — [0,00), g(0) = 0, such that

k

oo + onay + -+ + agal” < aillwil® + csang (o — i),

i=0
for any s,t € {0,1,2,...,k} and for v; € Bgr(0) == {z €: ||z| < R}, i =
0,2,..., K with Zf:oai =1 and o; € [0,1].

Lemma 3.2.2. Let E be a uniformly convex real Banach space. Then for all

x,y € E; we have
1
[z —y| < ;HJJJ—J@/II, (3.2.1)

where J is the normalized duality mapping of E and for some pu > 0.

Proof. Note that the function f(x) = [|z||? is a strongly convex Gateaux differen-
tiable function with constant p > 0 and V fxr = Jx, where J is the normalized
duality mapping (see, for example [11]). Thus, by the definition of strong convexity

of f we have
(Jo = Jy,x —y) > pllz —yl%,

and hence ]
|z —yll < ;HJ:U — Jyl|.

The proof is complete. O

Lemma 3.2.3. [92] Let E be a reflexive and smooth real Banach space. Then for
each x,y € E, there is p € (0, 1] such that

pllz —ylI* < é(z,y),Vz,y € E.

Lemma 3.2.4. [}] Let C' be a nonempty, closed and convex subset of a reflexive,
strictly convex, and smooth real Banach space E and let x € E. Then for all
yedl,

Oy, Hex) + ¢(Hox, x) < ¢y, ).
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Lemma 3.2.5. [47] Let C be a nonempty, closed and convex subset of a smooth,
uniformly conver Banach space E. Let {x,} and {y,} be sequences in E such that

either {x,} or {y,} is bounded. If lim ¢(z,,y,) =0, then lim ||z, —y,| = 0.
n—oo n—oo

Lemma 3.2.6. [}/ Let C be a convex subset of a smooth real Banach space E. Let
x € E. Then

xg = lor < (z — xo, Jxg — Jx) > 0,Vz € C.

Lemma 3.2.7. [}] Let C' be a nonempty, closed and convezr subset of a reflexive,

strictly convex, and smooth real Banach space E and let x € E. Then Vy € C,
oy, Hox) + o(llcx,x) < ¢(y, z).
We make use of the function V : F x E* — R defined by
V(z,z*) = ||z]|* — 2 {x,2*) + ||z*||?, for all x € E and z* € E*,
studied by Alber [4]. That is V(z,z*) = ¢(z, J 'z*) for all x € E and z* € E*.

Lemma 3.2.8. [}/ Let E be a reflexive, strictly conver and smooth real Banach

space with E* as its dual. Then
V(z,x*) + 2 <J71x* -, y*> < V(x,z"+y"),
forall x € E and x*,y* € E*.

We denote by N¢(v) the normal cone for C' at a point v € C, that is No(v) :=
{z* € E*: (v—y,a*) > 0 for all y € C'}. In the sequel we shall use the following

lemma.

Lemma 3.2.9. [75] Let C' be a nonempty, closed and convex subset of a real

Banach space E and let A be a monotone and hemicontinuous opeartor of C' into
E* with C = D(A). Let B: E — 2" be an operator defined as follows:

Av + Neov, if v e,
Bv =
0, if vgC

Then B is mazimal monotone and B~(0) = VI(A,C).
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3.3 Iterative Algorithm

Let C be a nonempty, closed and convex subset of uniformly convex and uniformly
smooth real Banach space E. Let F} and F; be bi-functions satisfying ” Condition
A” and By, : C — E* be monotone mappings where k =1,2. Let T, : C = C, j =
1,2,...,d be a finite family of continuous asymptotically quasi-¢-nonexpansive
mapping in the intermediate sense and A; : C' — E*,¢ = 1,2,...,m be a finite
family of 7,-inverse strongly monotone mappings. Define a sequence {z,} by the

iterative scheme:

(

x9 € Cy = C,

=IIcJ ' (Jr, — MAni1my)
Yn = J HanJxn + (1 — an)JT0 ),
Up, v, € C' such that
Fy(tn, y) + (Biyn, y — tn)
Fy(vn, y) + (B2, y — n)

(BT + (1= B)Jvn),

) < ¢(2,2n) +&nt,

Ly — tn, Jup — Jyn) > 0,Vy € C, (3.3.1)

+
+ o (Y = vn, Jun — Jyn) >0,y € C,

Croi1={2€Cy: o(z,w,

$n+l HCn+1

where gn ZmaX{O sup (¢(pv T‘]nl’) - ¢(p7 1’))}, An = An( mod m)> Tn =

peF(T),xeC
T mod d) and J is the normalized duality mapping on E; {r,} C [c1,o0) for some
c1 >0, 5,a, € (0,1) for all n € N such that liminf o, (1 — o) > 0; and {\,,} is a

n—oo

sequence in [a, b] for some 0 < a < b < py, where v = 11<nj<n Vi
<i<m

With some assumptions on the parameters and operators, the stated algorithm
is well-defined.

Lemma 3.3.1. Let C' be a nonempty, closed and conver subset of a uniformly
convez and uniformly smooth real Banach space E. Let Fy and Fy be bi-functions
satisfying ”Condition A7 and By, : C' — E* be monotone mappings where k =
1,2. LetT; : C — C,j=1,2,...,d be a finite family of continuous asymptotically
quasi-g-nonexrpansive mapping in the intermediate sense and A; . C — E* i =
1,2,...,m be a finite family of ~v;-inverse strongly monotone operators. Assume

that F = [ﬂ F(T;) ﬁA;l(O) # 0. Let {x,} be a

1

2
() GEP(F, By)

k=1




38

sequence defined by (3.3.1). Assume that Tj is asymptotically regular on C' and
F(Tj) is bounded for each j. Then, the sequence {x,} is well defined for each
n > 0.

Proof. Now, we divide the proof into two steps.
Step 1 We show that C), is closed and convex for each n > 0.

It is obvious that Cy = C' is closed and convex by assumption. Suppose that
CY is closed and convex for some k € N. Let {z,} C Cxi1 be such that z,, — z as

m — 00. Since Cy11 C Cf and CY is closed, z € C and

121 = 2 (2, Jwg) + [|wi

Tim [z ” = 2z, Jun) + [l

= lim ¢(zpm, wy)
m—0o0

¢(27 wk)

< liminf(¢(zm, xx) + &)

m—0o0

Then z € Cyyq and so Cjq is closed.
Let 21,29 € Cgy1. Then 21, 29 € C. It follow that z = t2zy + (1 — t)zy € C}, for
each t € [0, 1]. Notice that

d(z1, wy) < P21, ) + &k, (3.3.2)

and
P(22, wi) < P22, k) + & (3.3.3)

The inequalities (3.3.2) and (3.3.3) are equivalent to
2 (21, Jag — Jwg) < lawll* = [Jwgl® + & (3.3.4)

and
2 <22, Jl'k — ka> S kaH2 — HwkHQ -+ fk (335)

Multiplying ¢t and (1—t) on both sides of (3.3.4) and (3.3.5), respectively, we obtain
2 (2, Jay — Jwg) < [logl]* — [Jwk]® + &

That is,
¢(Z7 wk) < ¢(27 Ik) + fk-
This implies z € Cy; and hence Cj41 is closed and convex. Therefore, inductively

C,, is closed and convex for all n > 0. Hence Il¢, 7o is well defined for all n > 0.
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Step 2 We show that F' C (), for each n > 0.
From the assumption, we see that F' C C' = (. Suppose that F' C C}, for some
k € N. Now, we show that F' C Cy,,. Let w € F. Then by Lemma 3.2.1, we get

d(w,yp) = o(w, J NapJrp + (1 — ak)JT,szk))
= lw||* = 2{w, apJzy, + (1 — o) JTE, 2k )
o Ty, + (1 — ) JTE, 2|
|wl[]? = 20y (w, Jzg) — 2(1 — o) {w, JT,i“+1zk>
Fagflagl® + (1 — an) 1T 2
apd(w, z) + (1 — o) p(w, TL, 1 21)
ard(w, z) + (1 — ag)d(w, zx) + (1 — )&

IN

IN

IN

Then
o(w, yr) < agd(w, zg) + (1 — ag)p(w, z) + &k (3.3.6)

And by Lemma 3.2.2] Lemma 3.2.7 and Lemma 3.2.8, we get

o(w,z) = ¢(w,Hod (Jop — MpApr171))
< o(w, J (T, — MAg1wr))
< V(w, Jop — MpApia)
< V(w, (Jop — MeApi17y) + MApi1zr)
-2 <J’1(Ja:k — MeAp1xk) — w, )\kAk+1xn>
< V(w, Jxg) — 2Xk <J_1(J$k — MeAp1x) — W, Ak+1xk>
= o(w,xy) — 2\, (z), — w, Ap 1)
+2 <J*1(Jxk — MeAp1xk) — x, —)\kAk+1xk>
< o(w,xy) — 20 (T, — w, Ag12k)
F2N [T (T = MeAprze) — 2| | Aoz
< (w, xp) = 2Ak (Tk — w, Aprmi) + 2%%’|Ak+lxk“2
< 6w~ sl Al + 22 A

A
= (w,z) + 2Ak(f — M Apsazal*.

Then \
d(w, z) < d(w, zp,) + 2)\k(f — || Az (3.3.7)
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Therefore, from (3.3.7) and A, € (0, uy) we obtain that

P(w, 2) < d(w, ). (3.3.8)

Substituting (3.3.8) into (3.3.6), we have

d(w, yr) < o(w, 1) + &k,

and so w € Cyq. This implies, by induction, that F' C C,, and the sequence {x,}
generated by (3.3.1) is well defined for all n > 0.

3.4 Strong Convergence Theorem

Theorem 3.4.1. Let C' be a nonempty, closed and convexr subset of a uniformly
convex and uniformly smooth real Banach space E. Let Fy and Fy be bi-functions
satisfying ”Condition A” and By : C' — E* be monotone mappings where k =
1,2. LetT; : C — C,j=1,2,...,d be a finite family of continuous asymptotically
quasi-p-nonexrpansive mapping in the intermediate sense and A; . C — E* i =

1,2,...,m be a finite family of ~v;-inverse strongly monotone operators. Assume
2
() GEP(F, By)

that F = [ﬂ F(T;) ﬁ A7H0)

sequence defined by (3.3.1). Assume that Tj is asymptotically reqular on C' and

N N # 0. Let {x,} be a

F(T;) is bounded for each j. Then, the sequence {x,} converges to some element

of F.
Proof. We divide the proof into four steps.

Step 1. We show that lim z, =z, lim w, =z, lim y, = x and lim z, = x for
n—o0o n—oo n—oo n—o0

some point z € C.
In view of Ilo, xg, we see from Lemma 3.2.6 that
(xp — 2z, Jxg — Jxpy) > 0,Vz € C,,.
The fact that F' C ), implies that
(xp —w,Jxg — Jx,) > 0,Yw € F. (3.4.1)

From Lemma 3.2.7, we have

¢(2n, To) (1, o, o)
<Z5(HF36’0, iUo) - <Z5(HF13O, l’n)

¢(HF1’07 330)-

IA

IN
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This implies that the sequence {¢(z,,zo)} is bounded. Since z,, = Ils, xo and

Tpr1 = g, 29 € Cpiq C C,, we have that

n+1

(b(xna xO) S ¢(:cn+1,:c0),Vn Z 07

which implies that {¢(x,,, o)} is increasing and bounded sequence and so lim ¢(z,, zo)

n— oo
exists. Furthermore, for any positive integer [, the inequality in Lemma 3.2.7 pro-

vides

O Xntt, ) = O(Tngr, e, x0)

< A(@ni1, w0) — S, 0, To)
S ¢(xn+l7 xO) - ¢(xn7 :I;O)-
This implies that
lim ¢(zy41,2,) = 0, for any integer [ > 0. (3.4.2)

n—o0

Thus by Lemma 3.2.5 implies that
T [0 = 2| =0, (3.43)

and hence {z,} is Cauchy. Therefore, there exists a point x € C' such that z,, —
as n — 00.

Since x,4+1 € Chy1, We get
O(Tns1, Wn) < O(Tnt1, Tn) + &,
this with (3.4.2) implies that
nll_{rolo O(Tpg1, wy) = 0. (3.4.4)

Thus, by Lemma 3.2.5, we obtain

lim ||zp41 — wy| = 0. (3.4.5)
n—oo
and hence
|20 — wall < |70 — Tpall + |20 — wal| = 0 as n — oo, (3.4.6)

which implies that w,, — x as n — oco. Furthermore, the uniform continuity of J

on bounded sets, gives that

lim ||Jz, — Jw,| = 0. (3.4.7)
n—oo
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Thus, the uniform convexity of £ and Lemma 1.2.3 we have, for all p € F', that

o(p,yn) = o(p, J NanJzn + (1 — )T 1 20)) (3.4.8)
= Ipl* = 2{p, anJan + (1 = @) J T3, 120)
+|an Sz, + (1 — ay) JT) JrlZn||2
< Pl = 200 (9, Jxn) — 2(1 — @) (p, JT 1 20) + Q|2 || (3.4.9)
H(L = )| Ty 2nl® = (1 = an)g(|[Jan — JTy 1 20l])
= and(p,xn) + (1 = )o(p, T3 120) — (1 — an)g (|| Jwn — JT7 1 20l])
< ang(p,on) + (1 — an)o(p, 20) + &n (3.4.10)
—an (1 — ay)g(||[J2n — JT)  20])).
Then
(s Yn) < (P, xn) + (1 = )PP, 2n) + & — an(l — an)g(| T2 =TT 20])-

(3.4.11)

Thus from (3.3.7) and (3.4.11) we have that

An

O(D,yn) < O(p,xn) + 2(1 — ap) Ay (7 - 7) | Apg1zn || + &, (3.4.12)

—an(1 = an)g(||J2, — JT, +1zn||)

On the other hand from Remark 1.3.1 we get that

o(p,wn) = dp, JH(BIun + (1 = B)Jv,)) (3.4.13)
Bé(p,un) + (1 = B)o(p, vn)

Bé(p, Trryn) + (1 = B)o(p, To,ryn)

O(Ds Yn)-

IN

IN

Substituting (3.4.12) into (3.4.13) we get that

An

—an(1 = ay)g(||Jxn — JT,)  20])).-

Now, using the fact A\, < py and inequality (3.4.14) imply that

an(l = an)g(|[Jzn = JT} 1 2nl)

- (b(pa wn) +£n

A
=
=
&
N

< (Nl = flwall) (lall + flwnll)
+2|plllJwn = Jaul + &n
< Mo (lznll = llwall) + 2lpll[|Jwn = J2u]| + &0,
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where My = sup (||z,] + ||w.|]). Thus, from (3.4.6), (3.4.7) and the fact that
neN

lim,,_, &, = 0 we obtain
nh_r}olog ([[Jzn — JT0 1 2a]) = 0.

Therefor, from the property of g we get that ||Jx, — JT,  2,|| = 0 as n — oo.
Furthermore, since J~! is also uniformly norm-to-norm continuous on bounded

sets, we see that
lim ||, — T} 20| = 0. (3.4.15)

n
n—oo

Moreover, from (3.4.14) and (3.4.15) we have that

An

which yields
lim ||A,412,] = 0. (3.4.16)

n—

Now, from Lemma 3.2.7, 3.2.8 and 0 < a < A\, < b < py imply that

(T, 2n)

o(p, HCJ Yz, — MAniaz,))
A2, I HTp — M Ap12n))
V(mn, Jxy — MApi1xy)

(T, (J2y — MApi1n) + A Ani1,)
-2 <J_1(an — MAni1T,) — Ty, )\nAn+1wn>
O(xp, Tn) + 2A, <J (Jxy — AApi1Ty) — Ty, —An+1xn>
G2, 20) + 20| T (20 = A Api12n) = nlll] = Apgan||

IANIN A
<

IA

)\2
< (zﬁ(a:n,arn)+27”||An+1ffnll2

b2
< qﬁ(xmxn)+2gl\z4n+1xn|!2.

Then
2

b
(T, 2n) < 2E||An+1xn||2. (3.4.17)

It follows from (3.4.16) and (3.4.17) that ¢(z,,2,) — 0 as n — oo. Then by
Lemma 3.2.5 we get
lim ||z, — 2,|| =0, (3.4.18)

n—oo
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and hence z, — x as n — oo. Furthermore, from (3.3.6), we have

O(@,yn) < O(@,20) + (2, 20) + &n-

Thus, we obtain ¢(x,y,) — 0 as n — oo since ¢(z,x,) — 0, ¢(z,2z,) — 0, and

& — 0asn — oo and by Lemma 3.2.5, we obtain that lim |y — || = 0 and so
Yp — T aS M — 00, )
Step 2. We show that = € ﬂ F(T}). Observe that from (3.4.15) and (3.4.18), we
obtain -
T2 120 = 2l < [ T2rz0 = all + 7 — 20l = 0, a5 1 = oo.
Thus
JI_EEOT ' 1%n = T. (3.4.19)

Let {n;, };; € N be such that T, +1 = Ti for all I; € N. In view of asymptotic
regularity of T, and (3.4.19) we get

nll—f—l

1T e — 2l = T 21 — = (3.4.20)
< nzh:llznzﬁl Tnz +1zml+1|| + || i, +1zml+1 x|
= T =T T 2 — ]| = 0, as L .
Hence,
lliglo Tlnllﬂzm1 =z. (3.4.21)

Since z, — z as l; — oo, we obtain from (3.4.21), using continuity of 7} and
(3.4.19), that
r = llll_r}lgo Tnl1+1 (T;l11+12"l1> = hm T1 <Tnl +lz”l ) = Tll'.

— 00

Similarly, if {nlj }l]. C N is such that Tnle =T} for all [; € N, then we have again
T = zhg;onjH (T:lljﬂznlj) = lgl;oT (Tm +1%n,. ) =Tz,
d
where j = 2,3,...,d. Hence = € ﬂ F(T;)
j=1
Step 3. We show that x € ﬂA;l(O)

i=1
Since A; is y;-inverse strongly monotone for ¢ = 1,2,...,m, we have that A; is

%—Lipschitz monotone continuous. Thus

1
|Aps12n — Azl < —ljz, — || = 0 as n — oc. (3.4.22)
v
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Hence, from 3.3.7 and 3.4.22, we obtain that
|Api1z|| < [[Ans12n — Apirz|| + |Ans12s|| = 0 as n — oo. (3.4.23)

Consequently, we get that
lim A,z = 0. (3.4.24)
n—oo

Let {ng,},s; > 1 C N be such that Ap,, 11 =A;forall s; € Nwherei=1,2,...,m.
Then
Aix = lim A, 12 =0, (3.4.25)

S;—>00

where i = 1,2,...,m. Thus = € mA;I(O).

i=1
2

Step 4. We show that = € ﬂ GEP(Fy, By). From u,, = T’ ., yn, Remark 1.3.1 ,

k=1
the fact that z,, — x and z, — = as n — oo, we obtain

oz, un) < O, yn) (3.4.26)
and(x, ) + (1 — ay)o(x, 2,)
< o(z,x,) + d(x,2,) = 0 as n — oo.

IN

Thus, by Lemma 3.2.5 and (3.4.26), we have u,, — x and y, — = as n — oo. These
imply that, lim |lu, — y,|| = 0. Consequently, lim ||Ju, — Jy,|| = 0. Hence,
n—00 n—oo

=l

n—00 Tn

0. (3.4.27)
But from (A2) we note that

1
(B1Yn, U — Up) + — (U — Uy, Jup, — Jyp) > —Fi(un,v) = Fi(v,u,),Yv € C.

Tn

and hence
Ju, — Jy,
(Bujn, 0 — tn) + <v ~ ¥> > Fy(v,up), Vo € C. (3.4.28)

Put z; = tv+ (1 —t)x for all t € [0,1] and v € C. Since C'is convex, z; € C. Since
By is monotone, we have that (Byz; — Biuy, 2 — uy,) > 0. Then, from (3.4.28), we

have
Ju, — Jy,
(Bizg, 2t — up) > Fi(z,up) — <zt — Up, u> (3.4.29)
Tn
+ (Bity — Biyn, 2t — Un) + (B12e — Bitg, 2 — uy)
>

Ju, — Jy,
F1<Zta Un) - <Zt — Unp, T—y> + <B1un — Biyn, 2 — Un> .
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By the continuity of B; and the fact that u, — x, y, — x as n — oo, we obtain
that
lim (Byu, — Biy,) = 0. (3.4.30)
n—oo

Using (3.4.28), and (3.4.30), it follows from (A4) and (3.4.29) that

n—o0

J n - J n
Fi(z,z) < liminf (F1(Zt,un) - <Zt — Up, u> + (Bity, — Biyn, 2 — Un>>
Tn
< lim (Byzy, 2e — up) = (Bizy, 20 — T) (3.4.31)

T n—oo

Now, from (3.4.31), (A1) and (A4) we get that

0=Fi(z,2) < tFi(z,v)+ (1 —1t)Fi (2, 2)
< tF(z,v) + (1 —t) (Bizg, 2 — )
< tFi(z,v) + (1 =t)t (Byz,v — x) .

and hence
Fi(z,v) + (1 —t) (Byzy,v — x) > 0.

Letting ¢ — 0, we have

Fi(z,v)+ (Biz,v—x) >0

This implies that + € GEP(Fy, By). Similarly, considering v,, = T3, yn, the
2
same argument gives that © € GEP(F,, By). Therefore, « € ﬂ GEP(Fy, By).

k=1
Finally, we prove that x = IIp(z¢). From z,, = Il (), we have

(Jxog — Jxp, x, — 2) > 0,V2 € C,,.
Since F' C (), we also have that
(Jrg — Jxp, xp — 2) > 0,Vz € F. (3.4.32)
By taking limits in (3.4.32), we get by the uniform continuity of J on bounded sets
(Jrg — Jx,x — z) > 0,Vz € F.

Now, by Lemma 3.2.6 we have that © = IIp(zo). This completes the proof.

It A, =0,7i=1,2,...,m, then strong convergence theorem for approximating
a common element of sets of solutions of two generalized equilibrium problems
and the sets of fixed points of finite family of asymptotically quasi-¢-nonexpansive
mapping in the intermediate sense in Banach spaces may not require that F is a

uniformly convex real Banach space and Theorem 3.4.1 is reduced to the following.
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Theorem 3.4.2. Let C' be a nonempty, closed and convexr subset of a uniformly
smooth and strictly convex Banach space such that both E and E* have the Kadec-
Klee property. Let Fy and Fy be bi-functions satisfying ”Condition A” and By, :
C — E* be monotone mappings where k =1,2. LetT; : C — C,j =1,2,...,d be

a finite family of continuous asymptotically quasi-¢-nonexpansive mapping in the

d 2
intermediate sense. Assume that F' = Lﬂ F(T;) | n ﬂ GEP(Fy, Bk)] # 0 and
1 k=1

Assume that Tj is asymptotically reqular on C and F(1}) is bounded for each j.
Let {x,} be a sequence defined by

(

xo € Cy =C,

Y = J Nz, + (1 — an) JT?  2y),

Uy, U, € C' such that

Fi(un,y) + (B1yn, y — upn) + % (y — up, Jup, — Jyn) > 0,Vy € C, (3.4.33)
Fy(vn,y) + (Bayn, Yy — Up) + % (Y — U, JUp, — Jypn) > 0,Vy € C,

wy, = JHBJu, + (1= B)Jvy,),

On-!—l = {Z € On : ¢<Z7wn) < gb(z,xn) + Sn}a

L Tpt1 = ch+1l’0.

d
where &, = ZmaX{O, sup  (o(p, T}'w) — ¢(p,))}; T = To( moaay and J is
j=1 peF(T),xzeC

the normalized duality mapping on E{r,} C [c1,00) for some ¢; > 0,83, a, € (0,1)
for all n € N such that iminf o, (1 — «v,) > 0. Then, the sequence {x,} converges

n—oo
to some element of F'.

Proof. We get that z, = x,, and the method of proof of Theorem 3.4.1 gives
the required assertion without the requirement that E' is a uniformly convex real
Banach space.

If By = B, =0 in Theorem 3.4.2.;then we get the following corollary.

Corollary 3.4.3. Let C' be a nonempty, closed and convex subset of a uniformly
smooth and strictly conver Banach space such that both E and E* have the Kadec-
Klee property. Let Fy and Fy be bi-functions satisfying "Condition A.” Let T :

C — C,j =1,2,...,d be a finite family of continuous asymptotically quasi-¢-
d
nonexrpansive mapping in the intermediate sense. Assume that F' = ﬂ F(T;)

1

N
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2

ﬂ EP(Fy)| # 0 and Assume that T; is asymptotically regular on C and F(T})
k=1
is bounded for each j. Let {x,} be a sequence defined by

.

x9 € Cyp =C,

Yn = J HanJx, + (1 — an)JTP ),

Up, Uy € C' such that

Fi(un,y) + % (y — up, Jup, — Jy,) > 0,Vy € C, (3.434)
Fy(vn,y) + % (Y — U, JUp, — Jyn) > 0,Vy € C,

wy, = JHBJu, + (1= B8)Jvy),

Cry1 =1{2 € Cp 1 9(2,wn) < ¢(2,70) + &},

L xn-i—l = ch+1$0.

d

where &, = Z max{0, sup (¢(p,T}'x)=d(p,7))}; Tn = To( mod a) and J is the
= pEF(T) el

normalized duality mapping on E; {r,} C [c1,00) for some ¢; > 0, B,a, € (0,1)

for all n € N such that liminf o, (1 — o) > 0. Then, the sequence {x,} converges

to some element of F. S

If F; = F5, =0 in Theorem 3.4.2, then we get the following corollary.

Corollary 3.4.4. Let C' be a nonempty, closed and convex subset of a uniformly
smooth and strictly convex Banach space such that both E and E* have the Kadec-
Klee property. Let By : C — E* be monotone mappings where k = 1,2. Let
T, :C—=C,5=1,2,...,d be a finite family of continuous asymptotically quasi-¢-

N

d
nonexpansive mapping in the intermediate sense. Assume that F' = Lﬂ F(T;)
=1

(2] VI(By, C)

k=1

# 0 and Assume that T; is asymptotically reqular on C' and F(T})
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is bounded for each j. Let {x,} be a sequence defined by

(e =c,

Y = J Nz, + (1 — @) JTP  2y),

Uy, Uy, € C such that

(B1yn, y — tn) + 7= (Y — Un, Jun — Jyn) > 0,Vy € C, (3.4.35)
(BaYns Y = Vn) + 70 (Y = Uy JUp — Jyn) > 0,¥y € C,
wy, = JHBJu, + (1 — B)Jv,),

Cry1 =1{2 € Cp : 9(2,wn) < ¢(2,70) + &},

L xnﬂ = ch+1l‘0.

d
where &, = Z max{0, sup (o(p, Tj"x)—gb(p, 2))}; T = T mod @y and J is the
j=1

pEF(T),zeC
normalized duality mapping on E; {r,} C [c1,00) for some ¢; > 0, B,a, € (0,1)
for all n € N such that iminf o, (1 — «v,) > 0. Then, the sequence {x,} converges

n—oo
to some element of F.

Theorem 3.4.5. Let C' be a nonempty, closed and convexr subset of a uniformly
convex and uniformly smooth real Banach space E. Let Fy and Fy be bi-functions
satisfying ”Condition A” and By : C' — E* be monotone mappings where k =
1,2. LetT; : C — C,j=1,2,...,d be a finite family of continuous asymptotically
quasi-p-nonexrpansive mapping in the intermediate sense and A; . C — E* i =
1,2,...,m be a finite family of ~v;-inverse strongly monotone operators. Assume
d m 2
that F = [ﬂ F(T;) (VI(A;,C) () GEP(Fy, By)

=1 i=1 k=1
a sequence defined by (3.3.1). Assume that T} is asymptotically reqular on C and

F(T;) is bounded for each j, and ||A;z|| < ||Aix — A;p||,Vo € C,p € F for each i.

Then, the sequence {z,} converges to some element of F'.

N N

# 0. Let {x,} be

Proof. Let p € F. Then by assumption ||4;z| < ||[Aiz — A;p||,Vz € C and in
particular || A;p|| < ||Aip— Asp|| = 0 which implies that A;p = 0 and so p € A;*(0).

Therefore, the conclusion follows from Theorem 3.4.1.

3.5 Numerical Example

We give an example of a finite family of continuous asymptotically quasi-¢-nonexpansive

mapping in the intermediate sense, a finite family of ~;-inverse strongly monotone,
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a bi-functions satisfying " Condition A” and monotone mappings satisfying Theo-
rem 3.2 and some numerical experiment result to explain the conclusion of theorem
as follows: Let H = R with Euclidean norm. Let C' = [-1,2] and T} : C — C
where j = 1,2,3,4,5 be defined by

s if z € [-1,0]
Tiw={ ¥ , (3.5.1)

4%:1: if x € [0,2]
Ag : C — R where k = 1,2, 3,4 be defined by

1
Apr = %x,‘v’x e C,

F;:[-1,2] x [-1,2] = R where i = 1,2 be defined by
Fz<x7y) = ‘/EQ - y27vx7y € Ov
and By, By : C' — R be defined by

0if z € [~1,1]
Bz = , (3.5.2)
(z —2)2if z € (1,2]

and
2z if z € [-1,0]

Bor =< 0 if 2 € [0, 1] : (3.5.3)

r—1 ifxel;2

Then Tj, A, F; and B, are continuous asymptotically quasi-¢-nonexpansive
mapping in the intermediate sense, ~;-inverse strongly monotone, a bi-functions

satisfying " Condition A” and monotone mappings respectively for each 7, k, 7. It

4 5
is clear that F' = Lﬂ F(Ty) ﬂ A;71H0)
=1 i=1

if we take, \, = 0.001 + m,an =1r, = m, and 8 = 0.5, we observe that
the conditions of Theorem 3.2 are satisfied and for o = 0.8 € Cy = C Scheme 3.1

reduces to

N

N ﬂGEP(Fk,Bk)] — {0}. Now,
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c¢ 2((n mod 4)4+1)—A\,
-1 if 5(n mod D11y < —1
_ 2((n mod 4)+1)—X\, . 2((n mod 4)+1)—A\
=Y Tom med 941) Lns it =S med o Zn €C
2, i 2((n mod 4)+1)—\ N> 2,

2((n mod 4)+1)

1
W+ G mod sy (L~ @)z if 20 € [=1,0]

Yn = )
anxn + (4((n m(}d 5)+1))n (1 - an>zn lf ZTL e (07 2]7
min{2, 2’””“’" ymax{—1, =" 1} if y, € [—1,1]
Up = )
\ min{2, 7T”(y”712_)j:y"+2r”,max{—1, (y” 2)’ +y" =i ify, € (1,2],
( 2y —(2rn—1 2, —1)
min{2, W,max{—l r"_(ln;; fnse et if y, € [—1,0]
Unp = § min{2, M ,max{—1, &=r21} if y, €[0,3]
min{2, o frT; s+ Yn, max{—1, 52— x = o+ yntt ify, € [ ,2],
Wp = un—2i-vn,
{zeC,: ndtn <2} ifw, >,
Cn+1 - )
{zeC,: ndtn > 2} ifw, <,
\xn—l—l PCTL+1

(3.5.4)
Then the scheme (5.5.1) converges strongly to 0. See the following table and
figure.



xn

n

yn

un

vn

wn

08

0.7976

0.797624

0.7955798

0.79257349

0.794076646

0.79703832

(.79584772) 0.10638747

0.09745135

0.10138747

0.099419411

0.44822887

0.44778434 0.00747353

-0.0023535

0.01730052

0.007473528

0.2278512

0.22768241{ 000226719

-0.0075145

0.01204889

0.002267194

0.1150592

0.11471966 0.00110705

-0.0085909

0,01080504

0.001107049

0.05808312

0.05799777) 0.00060927

-0,0090003

0.0102188

0.000609272

0.0293462

0.02931756 0.0002769

-0.0092442

0.00979813

0.000276962

0.01481158

0.01480078{ 000013843

-0.0092942

0.00957108

0.000138426

0.007475

0.0074533 | 6.9213E-05

-0.0092759

0.00941436

6.9213E-05

W| oo ]| o | =| W] o] ) o =

0.00377211

0.00376665) 3.4606E-05

-0.0092243

0.00929355

3.46065E-05

—_
o

0.00190336

0.00190153) 1.7305E-05

-0.0091568

0.0091914¢

1.7305E-05

—_
—_

0.00096033

0.0009594) 8.6516E-06

-0.0090822

0.00909948

8.65163E-06

—_
~~

0.00048449

0.00048311] 4.3258E-06

-0.0090046

0.0090133

4.32582E-06

—_
oo

0.00024441

0.00024406| 2.1629E-06

-0.0089264

0.00893072

2.16291E-06

—_
-~

0.00012329

0.00012317, 1.0815E-06

-0.0088485

0.00885063

1.08145E-06

—_
(&1

6.2184E-05

6.214E-05 | 5.4073E-07

-0.0087714

0.00877247

54072707

—_
(=2}

3.1362€-05

3.1274E-05 2.7036E-07

-0.0086954

0.00869592

2.70363E-07

—_
~

1.5816€-05

1.5794E-05) 1.3518E-07

-0.0086206

0,00862082

135182E-07

—
oo

1.9757E-06

7.9683E-06| 6.7591E-08

-0.0085469

0.00854708

6.75909E-08

—_
=]

4,0217E-06

4,0189E-06| 3.3795E-08

-0.0084745

0.00847461

3.37954E-08

0.90000
0.80000

0.70000 +
0.60000

0.50000 -+ \

0.40000 4

values

030000

0.20000 ‘

0.10000

0.00000

Number of iteration, n

2010000 101234567 8910111213141516171819

52

Remark 3.5.1. We provided a numerical example to demonstrate that for any choice

of initial values the sequence generated by Scheme 3.1 converges to a common

solution of the problem indicated.



Chapter 4

Approximation of Common
Solutions of Nonlinear Problems

in Banach spaces

4.1 Introduction

In this chapter, we discuss the second research problem of our dissertation. We
propose hybrid projection iterative algorithm for finding a common element of so-
lution set of a finite family of generalized mixed equilibrium problem, semi-fixed
point set of a finite family of continuous semi-pseudocontractive mappings and so-
lution set of a finite family of variational inequality for a finite family of monotone
and L-Lipschitz mappings in Banach spaces and proved strong convergence theo-
rem. We collect technical lemmas from literature to prove our main result in the
second section of this chapter. We state the proposed algorithm in section 3 and
prove its boundedness. The main result will be stated and proved in section 4. Fi-
nally, we give a numerical example to demonstrate the behavior of the convergence

of the algorithm in the last section of the chapter.

4.2 Technical Tool Box

We shall need the following known results in the sequel of this chapter.

Lemma 4.2.1. [57, 107] Let E* be the dual space of a smooth and strictly convex

real Banach space E and C' be a nonempty, closed and convex subset of E. Let

23
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T : E — E* be a continuous semi-pseudocontractive mapping. Let r > 0 and
xr € E. Define a mapping KI' : E — 2F by

Kl'e={2ecC:{y—2Tz) —%(y—z,(l—l—r)Jz—J@ <0,YyeC}xeE.
Then, K'v # (0,Vx € E, and the following hold:

(1) KT is single-valued;

(2) F(KT) = F,(T), where F,(T) denotes the set of semi-fized points of T’

(3) KT is quasi-p-nonexpansive;

(4) ¢(p, KF'z) + ¢(K 'z, ) < ¢(p,x),Vp € F(KT), x € E.

4.3 Iterative Algorithm

Let C' be a nonempty, closed and convex subset of uniformly convex and uniformly
smooth real Banach space E. Let By, : C — E*, k = 1,2,--- M be a finite
family of continuous and monotone mappings, Fy : C xC —- R, k=1,2,--- .M
be a finite family of bi-functionals satisfying Condition A, A; : C' — E* be a
finite family of L;-Lipschitz monotone mappings with Lipschitz constants L;, for
1=1,2,...,K,and T; : C' = E*, j =1,2,--- N be a finite family of continuous

semi-pseudocontractive mappings with

F = Lﬁ Fy(T;)

Let {x,} be the sequence generated by the iterative scheme:

M
N N |\ GMEP(Fy, ¢, Bi) | #0.

k=1

K
(VI(C A
=1

/

xg € Cy = C,

2 = o H(Jxy — MApi1,)

Up = e Y (Jxy — M\Ani12n)

U = J g S0 + 30 o, JK T 2,), (4.3.1)
wy = T (Bug Tun + 3451 Bu T 1 yn),

Coi1 ={2€Cy: d(z,w,) < d(z,2,)},

Tp4+1 = ch+1$0,
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where A, = Ay,( mod k) and J is the normalized duality mapping on E; {r,} C
N M

[c1,00) for some ¢; > 0, oy, By, € [e,1) C (0, 1) such that Za”j =1, Zﬁnk =1,
=0 k=0

and {\,} is a sequence in [a, b] for some 0 < a < b < £, where L = max. L;.
N

Lemma 4.3.1. Let C' be a nonempty, closed and convex subset of a uniformly
conver and smooth real Banach space E. Let B, : C — E*, k = 1,2,--- M
be continuous and monotone mappings, Fp : C x C — R, k = 1,2,--- M be
bi-functionals satisfying Condition A, ¢, : C — R, k = 1,2,--- /M be real
valued functions, A; : C'— E* be L;-Lipschitz monotone mappings with Lipschitz
constants L;, fori=1,2,... K, andTj : E — E*, j =1,2,--- | N be continuous

semi-pseudocontractive mappings with

F = Lﬁ Fy(T;)

Let {z,} be a sequence defined by (4.3.1). Then, the sequence {x,} is well defined
for each n > 0.

M
(Y GMEP(Fy, o1, Bi) | # 0.

k=1

N N

K
(VI(C A)
=1

Proof. Now, we divide the proof into two steps.
Step 1. We show that C), is closed and convex for each n > 0. It is obvious that
Cy = C'is closed and convex by assumption. Suppose that C}, is closed and convex
for some k € N.

Let {v;,} € Cry1 be such that v, — v as m — oo. Since Cy1 C Cy and C} is
closed, v € C} and

o(v,w) = [Jof|* =2 (v, Jwg) + [lwglf?
=t (o2~ 2 o ) + )
= lim ¢(,Um7wk)

m—00
< liminf ¢(vy,, xx) = ¢(v, ).
m—0o0

Then v € Ckyq and so Cyq is closed.
Let vy, vy € Cgyq and t € [0, 1]. Then vy, vy € Cf and so that v = tvy+(1—t)vy €
C.. Notice that

QS(Ula wk) S gb(vhxk) and ¢(U27wk) S ¢(U27 I'k) (432)
The inequalities (4.3.2) are equivalent to

2 (vy, Jop — Jwg) < kaH2 — HwkH2 (4.3.3)
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and
2 (v, Jzp, — Jwy) < ||zp]]? — |Jwk]? (4.3.4)

Multiplying ¢ and (1—t) on both sides of (4.3.3) and (4.3.4), respectively, we obtain
2 (v, Jog — Juwy) < [lae]* — wgl*.

That is,
¢<U, wk) S ¢(U, .Z'k)

This implies v € Cy1 and hence Cy, 4 is closed and convex. Therefore, inductively
(), is closed and convex for all n > 0. Hence Ilg, . x¢ is well defined for all n > 0.
Step 2. We show that F C ), for each n > 0.

From the assumption, we see that F C C' = Cy. Suppose that F C C} for some
k € N. Now, we show that F C Cy,1. Let p € F. Then by Lemma 3.2.1 and
Lemma 4.2.1, we get

N
opyyr) = o(p, J H(agJop + Z akiJKf,jzk)) (4.3.5)

i=1

i=1 i=1

N N
= |plI? -2 <p, oo+ Y akiJK,?;izk> + gy Tz + Y o JK 2|

N
IDl1? = 20, {9, Jai) — 23" o, (p, T 22

<
=1
g, [lk]* + Zak 1K 2el|” — angan, g Ty — TR 2 )
=1
< a [lIpI* =2 (p, Jox) + ||zl
N
—i—chki[ —2<p,JKTzk>+H z|”
=1
— oy, g (|| e — JK 7 2 )
N
= d(p, ) + Y and(p, K z) — aggan, g([|Jax — TK T 2])
=1
< ago(p, k) Zak O(p, z) — g0, (|| Joe — JK i zi]]). (4.3.6)

Then
N

P(ps yr) < o d(p, i) + Zakﬁ(p, Zk)- (4.3.7)

=1



And by Lemma 3.2.4 and monotonicity of A1, we have

o, 2k) = op, Hod ' (Jzy — MAgazy))

57

(4.3.8)

< ¢(p, J (T — MeAprazr)) — ¢z, I (T — MNpAprazy))
= |IplI* = 2(p, Jor — MeAprrz) + || Tz — NeAprze) ||
~[Jzr — MeApirze||* — 2 (zx, Jop — MeAprzr) + |22
pII* = 2 (p, Jaw) + [lwell® = Noxl® +2 (i, Tw) — |2
+2(p — 2, AeAp12r)
= o, wr) — D2k, vk) + 2 (p — 2k, NeArs17k)
= 0, k) — A2k, Tp) + 20 (P — 2, Apr1Zk — Ap+1p)
+2X (p — 2k, Agy1p)
< o(p,wr)-
and also,
o(p,ur) = o(p, Hod ' (Jxg — MAri12i))
< op, T (Jag — MeAwize)) — ¢ur, J7H(Txy, — ApApia2i)
= Ipll® = 2 (p, Jor — MeArgaze) + [Tz — MeAgra2) | (4.3.9)
—[I Tz — MeAprrzill® — 2 (up, Jop — MeApra2i) + |Jug]]?]
= |Ipll* =2 (p. Jaw) + llwwl® = ol + 2 (wn, Jaw) — Jlul®
+2(p — up, A Ap12k)
= o(p, xr) — O(up, xx) + 2 (P — Up, Mg Apy12k)
= o(p,xx) — P(ug, xx) + 2k (p — 2k, Apr12K) + 20k (2K — Uk, Akr12k)
= 0P, k) — Puk, ) + 2M, (P — 21, A12k — Ap+1p)
+2Xk (p — 2k, Akr1p) + 20k (21 — ug, Ags12k)
< @, k) — d(uk, Tr) + 2, (2 — Uiy Apgr2)

and from (1.2.8), we obtain

d(ug, vx) = O(ug, zx) + O(2k, vr) + (ugp — 21, J2i — Jxg) (4.3.10)

Thus, from (4.3.9) and (4.3.10) we get

o(p, ur) < o(p, wr) — d(ug, 21) — O(z1, T1) (4.3.11)
+ <Zk — U, )\k-AkJr]_Zk — J.??k + JZk>
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Moreover, by Lemma 3.2.6, we have that

(zk — Upy NeAprr2k — Jog + Jzi) = (U — 2p, MeApr10k — AeAkr12k)
+ (up, — 2k, Jrp — NeAprx — Jzi)

S )\k <uk — Zk, Ak+1l‘k - Ak+1zk> . (4312)

Then, since Ag,; is Lipschitz, by (4.3.11) and (4.3.12), we have that,

o(p,ur) < d(p,wr) — O(ur, 2) — O(2k, Ti) + 2Nk (U — 2k, Ap1Te — Ar121)
< 9p, wr) — dluk, z1) — 2k, Tr) + 2Ax[Jur — 2k ||| Ak — Aprr 2|
< o(psar) — (uk, 21) — Gz wr) + 2M Lljug — 2| ||z — 2|
< o(p, mk) — duk, 2k) — D(2k, Tk) (4.3.13)
2

Hence, from (4.3.13) and Lemma 3.2.3 we have

o(p,ur) < d(pxp) — pllu — 2il|* — pllzk — ]|
+XeLl|ue — 2?4 |lze — 22l
< opaw) + ML — )l — zel* + flon — 2z]?). (4.3.14)

Therefore, from (4.3.14) and A, € (0, %) we obtain that

o(p,ur) < o(p, vx) (4.3.15)

Thus, by (4.3.7), (4.3.8), (4.3.15) and Lemma 3.2.1, we obtain

M
o(p,wr) = o, T B Jur + > B ST y))

s=1

M
= |plI* -2 <p, BroJur + Zﬁks‘]Trfsyk>

s=1

M
—i—HoszJuk + ZﬁksJTgskaz

s=1

M
< pl* = 28r, (0, Jo) =2 ) Bro (0 Ty + Brollun?
s=1

M
3 Bl T yell* = BroBrg (1 Tux =TT i)
s=1
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IN

B P11 = 2 (p, Tue) + 2] = Buo B (1 = Ty
M

+D_ B |
s=1

= Bro®(p ) — Bro B9 (| Jux =TT i) +Zﬁk (0, T ye)

Pl = 2(p, JT = y) + | Ty ]

M
< Brod( ) + Y B0 ) = BroBrg(|l Jur — JT i) (4.3.16)
< op, my). (4.3.17)

Then p € Cyyq. This implies, by induction, that F C C,, and the sequence {x,}
generated by (4.3.1) is well defined for all n > 0.

4.4 Strong Convergence Theorem

Theorem 4.4.1. Let C' be a nonempty, closed and convexr subset of a uniformly
conver and uniformly smooth real Banach space E. Let By : C — E*, k =
1,2,--- , M be continuous and monotone mappings, Fp, : C x C — R, k =
1,2,---, M be bi-functionals satisfying Condition A, ¢, : C - R, k=1,2,--- . M
be real valued functions, A; : C — E* be L;-Lipschitz monotone mappings with
Lipschitz constants L;, fori1 =1,2,..., K, andT; : £ — E*, j =1,2,--- /N be

continuous semi-pseudocontractive mappings with

Let {x,} be a sequence defined by (4.5.1). Then, the sequence {x,} converges to

)

M
() GMEP(Fy, o1, Bi) | # 0.

k=1

(VI(C A)

=1

some element of F.

Proof. We divide the proof into four steps.

Step 1. We show that lim z, = z, lim w, = =, lim Yo = x, limu, =
n—00 n—00 n—00
r, lim z, = z, lim KTTgyn =,V = 1,2,...,N and hm TH’“yn = x,Vk =
n—oo n—o0 n—o0

1,2,..., M, for some point z € C.

In view of Ilg, xg, we see from Lemma 3.2.6 that
(xy — 2z, Jxg — Jxp) > 0,Vz € C,,.
The fact that F C ), implies that

(xy, —p, Jxg — Ja,) > 0,Vp € F. (4.4.1)
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From Lemma 3.2.7, we have

¢(9€n, 350) = ¢(chxo,$o)
Cb(ﬂf!?fo, 5130) - ¢(HJ-'I'07 ﬂﬁn)
S ¢<Hf$0, .To).

VAN

This implies that the sequence {¢(x,,z0)} is bounded. Since z,, = Il¢,xo and

Tni1 = g, ., xg € Cpiq C C,, we have that

n+1
¢(37n7370) S ¢($n+17$0)7vn 2 0

which implies that {¢(x,,, o)} is increasing and bounded sequence and so lim ¢(z,, zo)
n— oo
exists. Furthermore, for any positive integer [, the inequality in Lemma 3.2.7 pro-

vides

¢($n+l7$n) = ¢(xn+laHCnxO)

< ¢(Tnt1,x0) — B(Llc, w0, o)
S ¢(xn+l7 SEO) - ¢(xn; .CU()).
This implies that
lim ¢(zp41,2,) = 0, for any integer [ > 0. (4.4.2)

n—o0

Thus, it follows from Lemma 3.2.5 that
nh—r>Iolo |Zns1 — zn|| = 0. (4.4.3)

and hence {z,} is a Cauchy sequence. Therefore, there exists a point € C' such

that x,, — x as n — oo. Since x,.1 € C, 11, wWe get
O(Tnr1, Wn) < G(Tnt1, Tn),
this with (4.4.2) implies that
nh_)rglo O(Tpg1, wy) = 0. (4.4.4)
Thus, by Lemma 3.2.5, we obtain
lim ||zpe1 — wy| =0, (4.4.5)
n—00

and hence

|z — wnll < ||zn — Tpga|| + |Tne1 — wan|| = 0 as n — oo, (4.4.6)
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which implies that w,, — z as n — oo.
Now, from (4.3.17), (4.3.14), (4.3.6) and (4.3.8), we get

S, wn) <GP, wn) + Buo (ML — 1) [llun = zall® + llwn — 20|”] (4.4.7)
— g0y (1= Brg)g(1 T2 — T 20 1) = Bug B9 ([ T — IT ya)

Thus, from (4.4.7) and the fact that ay,, 8, > e >0, and A, € (0, %), for all

n > 0, we have

lim ||u, — 2z,|| = 0, lim ||z, — z,]| = 0, (4.4.8)
n—00 n—00
and
lim g(||Jzn, — JK72,||) =0 and lim g(||Ju, — JT ty,||) = 0. (4.4.9)
n—oo n—oo

Therefore, from (4.4.9) and the property of g, we get that
lim || Jz, — JK 2, = 0 and lim ||Ju, — JT y,|| = 0. (4.4.10)
n—o00 n—o0

As E* is uniformly smooth, J~! is uniformly norm-to-norm continuous on bounded

subsets of E* we obtain

lim |z, — K7 2,|| =0 and lim |lu, — T y,| = 0. (4.4.11)
n—oo

n—oo

Now

N
T ) < (T, J Oy T + Z ozn].JKg:j'zn))

J=1
N

< D¢, Kliz). (4.4.12)

Jj=1

From (4.4.11) and (4.4.12), we obtain

liminf ¢(z,, y,) = 0

n—oo

and so, by Lemma 3.2.5 we have

liminf ||z, — ya|| =0 (4.4.13)
n—oo
Since x,, — x asn — 0o, and from (4.4.8), (4.4.11), and (4.4.13), we obtain z,, — z,
Uy = T, Yp — T, Kz:fzn — x, Tfi’fyn — x asn — oo, for each j =1,2,..., N and
t=1,2... M.
K

Step 2. We show that x € ﬂ VI(C, A;).

=1
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Since A; is Lipschitz monotone countinuous for ¢ = 1,2,..., K, we have
| Aps1tn — Aps12n]| < Liluy, — 2,]] = 0 as n — oo. (4.4.14)

Now, Let

A;v+ New if v € C
Biv = )

DifvegC
where N¢ is the normal cone to C' at v € C given by No = {w € E* : (v — u,w) >
0,Vu € C}. Then, by Lemma 3.3.1, B; is maximal monotone and B; ' = VI(A;, C).
Let w € B;v. Then, we have w € A;v + Nov and hence w — A;v € Neov. Thus, we
get (v —u,w — Aw) > 0,Yu € C. Let {ng,}s,>1 C N be such that Ap, 41 = A; for
all s; € N wherei=1,2,..., K. Then <v — U, W — An5i+1v> > 0,Vu € C. On the

other hand, since u,, = o J ' (Jan, — A, An,, 1120, ), and v € C, we have
<U - un5i7 Jdnsl - (ansz - AnAn5i+1Zn5i)> Z 07

and so

Juy,, — Jx,,
U= Un,, )\— + Ansﬁlzn% > 0.
N,

Thus as u,,, € C| the above imply that

V
P
S
|
e

S
N
B
T
AR
4
~——
—~
i
e
[S—
Ot
N—

<U — Ung,> w>

IV
~
4
<
S
o
3
4
—
4
~
|
S
4
e
$
>
3
I
3
+
—
é\l
\/

U= uns 7Ansi+lv - Ansl+1unsl>

2

+ <U - unsi ) AnSiJrlunsi - Ansi+12nsi>

Ju,, — Jx,,
— v_un ’#
s
i An,

= <U - unsi ) Ansi—i-lunsi - An5i+1zn5i>

Ju,, — Jx,,
— U_un ’; X
s
i A,

Therefore, since E is uniformly smooth we have J is uniformly continuous and
hence Ju,, —Jz,, — 0ass; — oo. Thus, from (4.4.15) we get that (v — z,w) > 0
as n — oo. Then, maximality of B; gives that x € B;*(0) = VI(A4;,C) for each i.
Therefore, z € ﬂ VI(C,A;).

i=1
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Step 3. We show that z € ﬂ Fy(Tj). Let v}, = Kliz,. By Lemma 4.2.1(2),

7j=1
we get that

(y — v, Tv>——<y v (L4 7p)Jvl — Ja, ) > 0,Vy € C
Since C'is convex, yy = Ay + (1 — Nz € C, where A € (0, 1]. Then

<U; — y/\,Tiy/\> > <v; - y,\7Tiy,\> + <Z//\ - Ufw TZU;>

_% <y)\ - ’Ufz? (1 + TTL)JUZL - an>

= (o~ 2, Tan = Toth) = — (3 — v (1 7)oy — T

n

> (vy, —yn, Jyn — Ju,) — ri (yn — Vb, (L4 1) Jul, — Jxy,)

n

. 1 -
= (vl =y, Jyn) — — (yr — vl JU!, — Jxy,)

S N 7 B P A
> (), =y, Jyr) — W”‘]”";—Jx”” (4.4.16)
where W = E@%i‘gg lyx — v |-
Taking n — oo on both sides in (4.4.16) , we get that
( —yn, Tign) = (x =y, Jyn) (4.4.17)
Then, we obtain
(x—y,Ti(x+ ANy —2x)) > (x—y,J(x+ ANy —2))),Vy € C. (4.4.18)

Letting A | 0 and using the fact that T; is continuous, we have from inequality
(4.4.18) that

(x —y,Tix) > (x —y,Jo) Vye C= 0> (v —y,JJo —Tix) ,Vy € C.  (4.4.19)

Setting y = J!(T;x). Since E* is strictly convex and J~! is monotone, we get
that
(x — ), Jo —Tz) =0 (4.4.20)

which implies that T2 = Jz. Hence x € F,(T;), for each i = 1,2,..., N. There-
N

fore, z € ﬂ F;(T;)

j=1
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M

Step 4. We show that x € m GMEP(Fy, ¢k, Br).
k=1

Let d!, = Tgiyn. Then, by lemma 1.3.1 we have

Thus, by ”Condition A”, we have

) ) 1 ) )
Hi(y,d,) = —Hi(d,,y) < r—<y—d;,Jd;—Jyn> (4.4.21)
< ly—dpf—"——
< plJ&=Jul
Tn

where P = max sup|ly — d.||. Since y — H(z,y) is convex and lower semi-
1<i<N n>0
continuous and from (4.4.21), we obtain
Hi(y,x) <0,Vy € C. (4.4.22)
Setting yx = Ay + (1 — Nz, A € (0,1], we get yy € C and so, from (4.4.22) we
obtain H;(yx,z) < 0. By Condition A, we have that
0 = Hi(y)\ay/\>
< Hi(z+ Mz —vy),y). (4.4.23)

Letting A | 0 and using ” Condition A”, we have from inequality (4.4.23) that
Hi(x,y) > 0,Vy € C.

Hence, + € GMEP(F;, p;, B;), for each i = 1,2,...... , M. Therefore, we obtain

that
M

v € (\GMEP(F, ¢;, By).
i=1
Finally, we prove that = IIrxy. From x,, = Il xy, we have

(Jxog — Jxp, x, — 2) > 0,Vz € C,,.
Since F C C,,, we also have that
(Jrog — Jop, x, — 2) > 0,V2 € F.

Therefore, Now, by Lemma 3.2.6 we obtain x = Ilrxy. This is completes the proof.
If in Theorem 4.4.1, we assume that F, = 0, By = 0, and ¢, = 0 for k =
1,2,--- , M, then we get the following corollary.
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Corollary 4.4.2. Let C' be a nonempty, closed and convex subset of a uniformly
convexr and uniformly smooth real Banach space E. Let A; : C — E* be a finite
family of L;-Lipschitz monotone mappings with Lipschitz constants L;, for i =
1,2,...,K, andT; : E — E*, j =1,2,--- N be a a finite family of continuous

semi-pseudocontractive mappings with

F = lﬂ F,(T;)

Let {x,} be the sequences generated by the iterative scheme:

K

(VI(C A)

=1

N # ().

(

xg € Cy=C,

2y = Mo YTz, — MAngi1,)

Up = HoJ N Jxy — MAni12n)

Yn = J Han, JTy + Z?]:l o, JK i 2,), (4.4.24)
Wy = I (Bng Tt + (1 = Big)Yn),

Crir = {2 € Cn : 9(z,wn) < ¢(2,20)},

L Tpt+1 = HCnJrle)

where A, = An( mod k) and J is the normalized duality mapping on E; {r,} C
N

[c1,00) for some c1 >0, ay,, B, € [e,1) C (0,1) such that Zanj =1, and {\,}

=0
is a sequence in [a,b] for some 0 < a < b < %, where L = max L;. Then, the
S

sequence {x,} converges to some element of F.

If in Theorem 4.4.1, we assume that A; =0 for ¢« = 1,2,--- , K, then we get the

following corollary.

Corollary 4.4.3. Let C' be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let B, : C — E*, k =

1,2,--- ;M be continuous and monotone mappings, F, : C x C — R, k =
1,2,--- , M be bi-functionals satisfying Condition A, v, : C - R, k=1,2,--- M
be real valued functions and T; : £ — E*, j = 1,2,--- | N be continuous semi-

pseudocontractive mappings with

F = Lﬁ Fy(T;)

M
N |(\GMEP(F,, ¢, By) | #0.

k=1
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Let {x,} be the sequences generated by the iterative scheme:

(e, =C,
Yo = J g ST + 30, o, JK iy,
W = T (Bg 0 + 3oy B JT R y,), (4.4.25)
Cri1 ={2€C,: d(z,w,) < o(2,2,)},

L Tp4+1 = HC»,H_GCH

N
where {r,} C [c1,00) for some c1 >0, o, B, € [e,1) C (0,1) such that Za”f =
=0
M

1, Z/Bnk = 1. Then, the sequence {x,} converges to some element of F.

k=0
If in Theorem 4.4.1, we assume that A; = 0 for ¢ = 1,2,--- | K and ¢, = 0 for
k=1,2,---, M, then we get the following corollary.

Corollary 4.4.4. Let C' be a nonempty, closed and convex subset of a uniformly

conver and uniformly smooth real Banach space E. Let By : C — E*, k =

1,2,---, M be continuous and monotone mappings, F, : C x C — R, k
1,2,--- , M be bi-functionals satisfying Condition A and T; : E — E*, j =
1,2,---, N be continuous semi-pseudocontractive mappings with F := [ﬂjvzl FS(TJ)] N

[ﬂﬁil GEP(Fy, Bk)] # 0. Let {x,} be a sequence defined by (4.4.25) with o =0

fork=1,2,--- M. Then, the sequence {x,} converges to some element of F.

If in Theorem 4.4.1, we assume that B; = 0 for ¢ = 1,2,--- | K and ¢ = 0 for
k=1,2,---, M, then we get the following corollary.

Corollary 4.4.5. Let C' be a nonempty, closed and convex subset of a uniformly
conver and uniformly smooth real Banach space E. Let F, : C x C' — R,
kE=1,2,--- M be bi-functionals satisfying Condition A, A; : C — E* be L;-
Lipschitz monotone mappings with Lipschitz constants L;, fori=1,2,..., K, and
T, - B — E*, j = 1,2,--- /N be continuous semi-pseudocontractive mappings
mﬁ]ﬁ:[nﬁgqnﬂrﬂmggqam%ﬂm“ﬁ;Epw@]¢0La{%}@
a sequence defined by (4.5.1) with B; = 0 for i = 1,2,--- | K and @ = 0 for

k=1,2,--- M. Then, the sequence {x,} converges to some element of F.

If in Theorem 4.4.1, we assume that F, =0, B, =0, A;=0fort=1,2,--- | K
and pp =0 for k =1,2,--- | M, then we get the following corollary.
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Corollary 4.4.6. Let C' be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth real Banach space E. LetT; : E — E*, j =
1,2,---, N be continuous semi-pseudocontractive mappings with F := ﬂjvzl F (1) #

0. Let {x,} be the sequences generated by the iterative scheme:
Xg € C() = C,
Yo = J oy Jan + Zjvzl o, JK iy,

Coi1={2€C,:o(z,w,) < P(z,2,)},

L Tpt1 = ch+1

N
where {r,} C [c1,00) for some c¢1 >0, an;, Bn, € [e,1) C (0,1) such that Zanj =
j=0
1. Then, the sequence {x,} converges to some element of F.

4.5 Numerical Experiments

In this section, we provide a numerical experiment which shows the implementation

of the proposed algorithm.

Example 4.5.1. Let E = LR([O 1]) wz’th norm ||zl z = ([ [2(t)2dt)z, for x €
E and inner product (z,w) fo t)ydt, for z,w € E and let C = {z €

tlzlle < 1} be nonempty, closed and convex subset of E. Let A, T, B :
C — E* be defined by A(x)(t) = J(z)(t); T(x)(t) = —tJ(z)(t) and B(x)(t) =
$J(x)(t), for all x(t) € C,t € [0,1], respectively. Let F: C x C'— R be defined
by F(z,y) = 2(y—x,J(x)) Yo,y € C. Then A is Lipschitz monotone map-
ping with VI(C, A) = {0}; T is continuous semi-pseudocontractive mapping with
F(T) = {0}; B is continuous monotone mapping, and F is bi-function satisfy-
ing Condition A. Thus, a solution of the generalized mixed equilibrium prob-
lem is GMEP(F,p,B) = {0}, where ¢ = constant and hence F := Fy(T) N
GMEP(F,p,B)NVI(C,A) = {0}. For implementation, we choose N = M =
K=1, a, = ﬁ, Bno = 0.1, 1, = 0.5 and A, = 0.001 + 15—, for n >0, and we
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compute the we compute the (n + 1) iteration as follows:

;

Va(t) = 20 () = An(1 + 26, (1),
Jun(t),
ha(t) = 20 (5) — A(1 + 26) 2, (£),
n(t) = mind1, d—}ha (8),
Yn(t) = angn + (1 —Qano)mW(ﬂ, (4.5.1)
Wal5) = Bugttn(t) + (1= Boy) 9 (2),
Crt1 = {2 € Gt (2,20 — wy) < 5 (W + T, Ty — wh) },
wo(t) — 5Eh2a, () if  (an,T0) > bn

xo(t) if  {ap, o) < by

zp(t) = min{1, ol

HR

Tnt1(t) =

where a,(t) = () — wp(t) and by = 5 (W + Ty, T — Wy).

Now, taking different initial points, zg = t'°, 2o = ¥, 2o = t*° and 2y =
30 from C, we obtain Table 4.1 of numerical results provides that the sequence
{llz, — p||} approaches zero as n — oo and described in Figure 1 below. In this
case, we observe that the sequence {x,} converges faster when the power of ¢ gets

large.

Table 4.1: Table of numerical results for Example 5.5.1

o 0 1 5 6 7 8

1% 0.600000 0.218218 0.052004 0.036432 0.025545 0.019613
% 0.600000 0.179605 0.042661 0.029862 0.020915 0.015413
2% 0.600000 0.156174 0.037032 0.025910 0.018138 0.013113
3% 0.600000 0.128037 0.030307 0.021196 0.014829 0.010546




Iterates, ||xn -l

0.6
sernnsnne X (1) = t10
os L ———— (1) = t15
xo () = t2°
0.4 3 — Xo(t) = t30
4 v
0.3
0.2 -
0.1
o
o

Iterations, n

Figure 4.1: Convergence of the sequence {||z, — p||} as n gets large.
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Chapter 5

Approximating a Common
Solution of f-fixed point,
Variational Inequality and
Generalized Mixed Equilibrium

Problems

5.1 Introduction

The third main result of this dissertation is discussed in this chapter. An algo-
rithm for finding a common element of the set of solutions of a finite family of
generalized mixed equilibrium problems, the set of f-fixed points of a finite fam-
ily of f-pseudocontractive mappings and the set of solutions of a finite family of
variational inequality problems for Lipschitz monotone mappings in real reflexive
Banach spaces is proposed. The convergence of the proposed algorithm is dis-

cussed. Practicality of the main result is supported by numerical examples.

5.2 Preliminaries

Some of the results in the literature that provide technical tools to prove the main

result are mentioned below.

Lemma 5.2.1. ([21]) Let f : E — R be a strongly coercive Legendre function.

70
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Then the following properties are satisfied:
(i) Vf: E — E* is one-to-one, onto and norm-to-weak continuous;
(i1) the set {x € E: Ds(x,y) <r} is bounded for ally € E and r > 0;
(111) domf* = E*, f* is Gateauz differentiable and V f* = (Vf)~1.

Lemma 5.2.2. ([23]) Let f : E — R be a totally conver and Gateaux differentiable
function, and v € E. Let C be a nonempty, closed and convex subset of E. The
Bregman projection P(]; from E onto C' has the following properties:

(i) z = PL(z) if and only if (y — 2,V f(z) — Vf(2)) <0, Yy € C;
(i) Dyly, PA(a)) + Dy(PA2), ) < Dyly, ), ¥y € C.

Lemma 5.2.3. ([73]) Let f : E — R be a Gateaux differentiable and totally convex
function. If x € E and the sequence Ds(xy,x) is bounded, then the sequence {x,}
15 also bounded.

Lemma 5.2.4. ([73]) Let f : E — R be a Gateauz differentiable function which is
uniformly convex on bounded subset of E. Let {x,} and {y,} be bounded sequences

in E. Then, the following assertions are equivalent
(1) im Dy(xp,y,) =0;
n—oo
(i) lim ||z, — y.|| = 0.
n—oo

Lemma 5.2.5. ([98]) If f is a convex and lower semi-continuous function on a

Banach space E, then the following statements are equivalent:
(i) f is uniformly convex;

(i1) for all (z,x*),(y,y*) € Gph(Of) there exists modulus g such that
fy) =z f(x) +y —z,2%) + gl — yl);

(i1i) domf* = E*, f* is Frechet differentiable and V f*is uniformly continuous.

Lemma 5.2.6. ([?]) Let f be a strongly convex function with constant u > 0.
Then, for all y € domf and x € int(domf),

1
Dy(y,z) = Sl — yll?,

where Dy(y, x) is a Bregman distance with respect to f .
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Lemma 5.2.7. ([37]) Let f : E — (—00,+00] be a coercive and Gateauzr differ-
entiable function. Let C' be a closed and convex subset of a real reflexive Banach
space E. Assume that B : C — E* is a continuous and monotone mapping,
p: C"—= R s a lower semi-continuous and conver function and let F : C'x C — R

be a bi-function satisfying Condition A. Forr >0 and x € E, define a mapping
TS E — C as follows:

Th'z={zeC:H(zy)+ % (y—2,Vflz)=Vf(x))>0,YyeC}, (521)

where H(z,y) :== F(z,y) + o(y) — o(2) + (y — z, Bz). Then, T4 () # 0, and the
following hold:

(1) TL" is single-valued;

(2) F(T})") = GMEP(F, ¢, B);
(3) GMEP(F,p,B) is closed and convex;
(4) TI{,’T is quasi-Bregman nonexrpansive;

(5) Dy(p,T§"x) + Dy(T} v, 2) < Dy(p,x),Yp € F(TY").

Lemma 5.2.8. Let f : E — (—o00,+00] be a coercive and Gateauz differentiable
function. Let E* be the dual space of a real reflexive Banach space E and C be a
closed and convex subset . Let T : C'— E* be a continuous f-pseudocontractive

mapping. Forr >0 and x € E, define a mapping K{JT : E— C as follows:

Kifo = (=€ C: (y=2T(2) = -y = 2.(1+ V() = V(@) < 0.9y € C}.
(5.2.2)
Then, K17 (x) # 0, and the following hold:

(1) K17 is single-valued;

(2) F(K$") = Fy(T)

(3) F¢(T) is closed and convex;

(4) K{JT 1S quasi- Bregman nonerpansive;

(5) Dy(p, K3"x) + Dp(Kf x,x) < Dy(p,x),Yp € F(KL").
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Proof. Let B :=V f—T. Then, B is monotone and continuous. Putting F' = 0
and ¢ =0 in Lemma 5.2.7. Then, there exists z € C' such that

(y — z,B(2)) +%(y—z,Vf(z) —Vf(x)) >0,Vy € C,

Equivalently,
(=2 T() — -y~ 2, (14 V() ~ V(@) S0 Vy e C

Furthermore, applying Lemma 5.2.7, we get the results (1)-(5) of Lemma 5.2.8.
This completes the proof.

Lemma 5.2.9. (Xu [94] ) Let {a,} be a sequence of nonnegative real numbers

satisfying the following relation:

An+41 S (1 - an)an + anbnan Z no

where {a, } C (0,1) and {b,} C R satisfying the following conditions: Z a, = 00,

n=1

and limsup b, <0, or Z |anby| < 0o. Then lim a, = 0.

n—00 n—00
n=1

Lemma 5.2.10. (/52]) Suppose {s,} is a sequence of real numbers such that there
exists a subsequence {s;} of {n} such that s,, < sn41 for all i € N. Let the
sequence of {my} be defined by my = max{j < k :s; < sjy1}. Then, {my} is a
nondecreasing sequence satisfying my — 0o as k — oo and the following properties

hold:

Smy, < Smyt+1 and Sk < Sy 1,

for all k > Ny, for some Ny > 0.

5.3 Basic Assumptions and Proposed Algorithm

The following assumptions will be used in the sequel.

Assumption 5

(B1) Let C' be a nonempty, closed and convex subset of a reflexive real Banach
space F with its dual E*;

(B2) Let T; : E — E*, i =1,2,--- N be continuous f-pseudocontractive map-
pings;



74

(B3) Let B, : C' — E*, t =1,2,--- , M be continuous monotone mappings;

(B4) Let [, : CxC — R, t=1,2,--- M be bi-functionals satisfying Condition
A.

)

(B5) Let ¢, : C — R, t =1,2,--- , M be real valued functions;

(B6) Let A; : C' — E* be Lipschitz monotone mappings with Lipschitz constants
L; for j=0,1,2,... K.

(B7) Let the common set of solutions, denoted by F, be nonempty, that is

K M
F = N [ﬂ VI(C,A;)| N ﬂG’MEP(Ft,gpt,Bt) # 0.
=0

t=1

[V FA(T)

(C1) Let f be a strongly coercive, bounded and uniformly Fréchet differentiable
Legendre function which is strongly convex with constant ;1 > 0 on bounded
subsets of F.

Let {x,} be the sequence generated by the iterative scheme:

(

u, zg € C,
Zn = PéVf*(Vf(xn) — MAz,),
dy = PIV (V20 — MAnzn),
e | (5.3.1)
b = T O T o0 Ty o Th

_ firn firn firn firn
Uy = KTN o KTN_1 oo K" o Ky "y,

Tn1 = V[ (@ V f(u) + 0,V f(2n) + BuV [ (dn) + 1V f(0n))-

\

where A, = A, mod (k+1) and Vf is the gradient of f on F; {r,} C [c1,00) for
some ¢; > 0, &y, 0n, B, v € (0,1), Yo > 0 such that o, + 6, + B, + v = 1,
lim a,, = 0 with > 07 o, = 00 and B,,7, € [¢, 1) for some ¢ > 0, and d,, =

n—oo

PIVFA(Vf(n — MAnzn), 0<a <\, <b< & for L= max L;.
The following lemma assures that the proposed iterative algorithm yields a

bounded sequence.

Lemma 5.3.1. Assume that Conditions (B1) — (B7), and (C1) hold. Then, the
sequence {x,} generated by (5.5.1) is bounded.
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Proof. Let ag = by = I, where [ is the identity mapping on E, a; = K%;T" o
Kf™mo- oKL Mo KL fori=1,2,...,N,and , b, = T} oTH ™ o---oTH " oTH™
fort=1,2,...,M. Let p € F. Then, by Lemma 5.2.7 and 5.2.8, we get

Dy(p,un) < Dp(p,bar—1(xn)) — Dy(tn, bar—1(zn))
< Df(p7 bM—2<xn)) - Df<bM—1(xn>7 bM—2(xn)) - Df(um bM—l(xn))v

and, by induction we obtain

M-1
Dy(p,un) < Dy(p,n) = Y Db (), byn)). (5.3.2)
t=0
Similarly,
N-1
Dy(p,va) < Dy(p,wn) = Y Dylarsa(un), ar(un)). (5.3.3)
t=0

Thus, from (5.3.2), (5.3.3) and Lemma 5.2.6, we obtain

Do) < Dylpn)~ X Dyl bt<xn>)—%Df<ai+l<un>,ai<un>>
< Dy(p, an) o o (5.3.4)

-5 (MZ s () = by(an)]* + NZ laces () - az-<un>||2>
< Df(pyf;n()). - (5.3.5)

Let w, = Vf*(V f(2,) — \yAnz,). By Lemma 5.2.2 and the fact that A, < %, we
get

D¢(p,d,) = Dy(p, Péwn) < Dy(p,wn) — Dy(dn, wy)
= f(p) = f(wy) = (p — wn, V f(wn))
—[f(dn) = f(wn) = (dn — wy, V f(wy))]

= f(p) = (p—dn, Vf(wn)) — f(dn)

= f(p) = (p = dn, VI(20) = MAnzn) — f(dn)

= f(p) = (p—dn, V(zn)) + (p — dn, \aAn2zn) — f(dn)
= f(p) = 0~ 20, V() — fzn)

—[f(dn) = (dn — 20, Vf(z0)) — f2n)] + (p — dn, A\ An2zn)
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= Dy(p,xn) = Dy(dn, 2n) + (p — dn, An Anzn)

= D¢(p,xn) — De(dn,xn) + (P — 2, MAnzn) + (20 — dny A Anzn)

= D¢(p,xn) — Di(dn, xn) + A (P — 20y Az — Anp)

+ A (D — 2, Aup) + (20 — dny M Anzn)

D¢(p,xn) — D(dp, 1) + (20 — dn, AAnzn) - (5.3.6)

IN

Now, from (1.2.3), we obtain
D¢(d,, xn) = Dy(dn, 2n) + Dp(2n, xn) + (dn — 20, Vf(2n) = V(). (5.3.7)
Thus, from (5.3.6), (5.3.7) and Lemma 5.2.6, we get

Df<p7 dn) < Df<p7 SL‘n) - Df(dnvzn) - Df(Zn,Sﬁn)
L
D¢(p,xn) — [Hdn - Zn||2 + |lzn — zn”ﬂ (5.3.8)

2
+ (2 — dpy M Anzn + Vf(zn) — Vf(x,))

IN

Using the fact that A; is Lipschitz monotone for ¢ = 0,1,2,..., K and Lemma
5.2.2, we have that

(zn — dpy MAnzn + Vf(z0) = V() = (dy— zp, MiAnxy, — MAnzn)

+{dy, — 20, Vf(xn) = MAnz, — Vf(2,))
A (dp — 2py Apy, — Anzn)

Aalldn = znll | Anzn — Apznl|

A A

< LAn|ldn = zpll|zn — 2]
1
< L [ldn = 2all? + ||z — 207 - (5.3.9)
Thus, from (5.3.9), (5.3.9) and the fact that A, < %, we get

l\DI»—

Df(p> dn)

IA

Dy(p,xn) = 5 (1= LXa) [ldn = 2zl + Il — 24/1%] (5.3.10)
Dy (p,n). (5.3.11)

IN
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By (5.3.4), (5.3.10), A\, < % and Lemma 1.2.9, we obtain

Di(p,wnsr) = Di(p, VI (anVf(u) + 0.V f(2n) + BuV f(dn) + 7V f(vn)))
S @an(pa u) + ean<p7 xn) + B’an(pa dn) + P)/an<p7 Un)
< a,D¢(p,u) + (1 — an)Dy(p, xn) (5.3.12)
1
=58 (1= LAn) [ldn = 2all* + llwn = 2all’]
o [t N-1
Ty D beea () = bilan) [P+ Y i () = as(un)|?
=0 i=0
< Oéan(p, u) + (1 - an)Df(pv In)
< max{Ds(p,u), Ds(p,z,)}. (5.3.13)

Therefore, by induction, we get
D¢(p, z,) < max{Dy(p,u), Ds(p, o)}, for all n > 0. (5.3.14)

This implies that {Ds(p,x,)} is bounded. Therefore, by Lemma 5.2.3 we have,
{z,,} is bounded and also the sequences {z,}, {d,}, {u,} and {v,} are bounded.

5.4 Approximating a Common Solution of Non-
linear Problems

Theorem 5.4.1. Assume that Conditions (B1) — (B7) and (C1) of Assumption
5 hold. Then, the sequence {x,} generated by (5.5.1) converges strongly to a

common soluton p in F which is nearest to u with respect to the Bregman distance.

Proof. Let p = Pfu. From (1.2.10), (1.2.11), (5.3.4), (5.3.10) and Lemma 1.2.9,
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we obtain

Dy(p,xps1) = Di(p. VI (anVf(u) + 0,V f(zn) + BV (dn) + 7V f(0n)))
Vi, anVf(u) + 0,V f(2n) + BV f(dn) + 7V f(v3))

Vi, anV f(p) + 0.V f(zn) + BV f(dn) + 71V f(n))

—an (Tny1 — P, V(p) = Vf(u))

Dy(p, V" (anV f(p) + 0,V f(zn) + BV [(dn) + 1V f(vn)))
—an (Tns1 — p, VI(p) = V(u))

anDy(p,p) + 0nDy(p, w0) + BuDy(p, dn) + 1u Dy (p, vn)

—n (Tns1 — p, VI(p) — Vf(u)

= (1= @) Dy(p, ) — Bl — L) [l — 2l + 7 — 2l

IN

IN

N—-1
_'Yn Z be41(70) — by(27,) H2 Z @is1(un) — al(un)Hz
i=0

+an <In+1 p.V[f(u) = Vf(p) (5.4.1)
(1- an>Df(pa Tp) 4 an (2 — p, V f(u) =V f(p))
+an (Tns1 — 20, VF(u) = VI(p))

IN

Fan[lznis — 2al[[Vf(w) = V)]l

Now, we divide the rest of the proof into two parts as follows.
Case 1. Assume that there exists ng € N such that {Dy(p, x,)} is decreasing for
all n > ng. It then follows that {Df(p,x,)} is convergent and hence D¢(p, z,) —
D¢(p,xnt1) = 0 as n — oo. Thus, from (5.4.1) and the conditions on a,, B, Y,

and \,, we get

lim ||d, — zu|* + |20 — 2a* = 0, (5.4.3)
n—oo
and
M-1 N-1
T |y b (@) = bi(wa) [P+ Y llaie (un) — aiwa)|*| =0, (5.4.4)
t=0 i=0
which imply
lim ||d,, — z,|| = lim ||z, — z,]| =0, and hence, lim ||z, —d,|| =0, (5.4.5)
n—00 n—00 n—00
lim ||bey1(xn) — be(zy)|| = 0,6 =0,1,..., M — 1, and hence, lim |u, —z,| =0,
n—00 n—oo

(5.4.6)
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and
lim ||ai+1(un) —a;(u,)|| =0, 0<i<N —1, and hence, lim ||v, — u,| = 0.
(5.4.7)
Now,

IV f (1) = V()]

= [ (nVf(u) + 0,V f(2n) + BuV f(dn) + 7V f(vn)) = Vf (@)

< an[|Vf(u) = Vi (@)l + BullVF(dn) = V(2] (5.4.8)
+ 7l Vf(on) = V()]

and from (5.4.5), (5.4.6), (5.4.7), the fact that a,, — 0 as n — oo and uniform
continuity of Vf, we get |V f(zni1) — Vf(z,)|| — 0 as n — oo. Moreover, the

uniform continuity of V f* implies that
lim ||zp41 — @] = 0. (5.4.9)
n—00

Now, for j =0,1,..., K, we have

n+j—1
Ity = Tall < sy = ass + S Nl — il (5.4.10)

l=n

Then, from (5.4.5), (5.4.9) and (5.4.10), we obtain that
lim [|dpy; — 2] =0, for j =0,1,... K. (5.4.11)
n—o0

Since {z,} is bounded in F, there exists ¢ € F and a subsequence {z, } of {z,}
such that z,, — ¢ and

limsup (z, —p,Vf(u) = Vf(p)) = lim (zn, —p,Vf(u) =V[(p)). (54.12)

n—oo

Then, from (5.4.6), (5.4.7) and (5.4.11), we have that b;(x,,) — ¢, a;(u,,) — q,
dng+j —~qforte{1,2,...,M},ie{1,2,...,N}and j € {1,2,..., K}. Now, we
show that ¢ € F.

K
Step 1. First we show that ¢ € ﬂ VI(C,A;j).
=0
Let
{ Ajv+ Nev, ifved,
BjU =

(), otherwise ,

where N¢ is the normal cone to C at v € C given by No = {w € E* : (v — z,w) >
0,Vz € C}. Then, by Lemma 3.2.9, B; is maximal monotone and B;'(0) =
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VI(C,A;). Let w € Bjv. Then, we have w € A;v+Newv and hence w—A;v € Nev.
Thus, we obtain that
(v—z,w—Ajv) >0,Vr € C. (5.4.13)

Let {ns+j}, s > 1 be such that A4, ; = A; for all s € N where j =0,1,2,..., K.
Then, since d,_4; = PéVf*(Vf(:cnsﬂ) — M+jAizn.45), and v € C, we have

(v — Aot js vf(dnerj) - (vf(xnerj) - )\ns+jAjZns+j)> >0,

and so

<v — doris V f(dn1j) = Vf(Tn,;)

+ Ajzns+j> > 0. (5.4.14)
)\ns"v‘j

From (5.4.13), (5.4.14) and A; is monotone mapping, we get that

v

(V= dp,4j, Ajv)
(V= dn 45, Ajv)

Vild, i) —Vf(r, .
— <U — dns—i-jv f( é+]; y f(x S+j) + Ajan+J>
NstJ)

(V= dpj, Ao — Ajdy g j) + (U — dnyij, Ajdn, 15 — Ajzn,ij)
< Vf(dns—l—j) - vf(xns+j)>
(0= dus,

)\ns +]

<U - dns+j> w>

v

> (V= dngtj Ajdngsj — Ajngig)

_ <v sy, Vf(dn+j) — Vf(xns+j)>

Ans +,]

> (V= dngsj, Ajdngj — Ajengj)
oy ) = VS
ns+J
> (0= dngjy Ajlngj — Ajznts) (5.4.15)
IV (nsy) = V(@)
)‘ns+j ’

where R = max sup||v — d,,+;||. Taking limits on both sides of the inequality
0<j<K 450

(5.4.15) as s — oo and using the fact that A\, > a > 0, for all n > 0, Vf is
uniformly continuous, and (5.4.5), we get that (v — ¢, w) > 0 as s — oo for each

j. Therefore, the maximality of B; gives that ¢ € Bj_l(O) =VI(C,A,) for each j.
K
Therefore, g € ﬂ VI(C,Ay).

J=0



81

Step 2. We show that ¢ € ﬂ Fy(T;). Let a;(u,,) = K%;T”S a;_1(uy,,). By Lemma

7j=1
5.2.8 (2), we get that

(9~ al1tn,). Lot (0,)) = (9 = a0, (1 4+ 7 )V F(@(w0s,)) = ¥ (i (,))) < 0,

Ns

for all y € C.
Since C' is convex, yy = Ay + (1 — X\)q € C, where X € [0,1] and y € C. Thus,

(ai(un,) —yxn. Tiyn) = {aiun,) = yn Tyn) + (ya — ai(un, ), Tiai(un, )
= i, ), (14 7))V @) = 95 a1, )

s

= (a;(un,) — yr, Tiyr — Tra;(un,))

(o o), (1 )V @) = Va1 (u,)
> (ai(tn,) — 9 VF(5) — V fas(un,)))
= (o = o). () VS @(n,)) = Va1 ()
= {aslun,) — v, V()
(o o).V a{un,)) = 9 faini(n,)
> {ai(un,) — yr, V()
o — I L0 = Vs )
> (ai(un,) = yr, VF(yr)) : (5.4.16)
AV A 0s()) — (a1 )

Y
T?’L

S

where W = 1121224\7811}) lyn — ai(uy,)||. From the facts that a;(u,,) — ¢, V[ is

uniformly continuous, (5.4.7), r, > ¢y, for all n > 0 and taking the limits on both

sides of the inequality (5.4.16) as s — oo, we obtain that
(@ =ynTiyn) = (@ —yn Vf(yn) - (5.4.17)
Thus, from inequality (5.4.17), we obtain
({a=v,Tilg+ Ay —q)) = (e =y, Vila+ Ay —q),Vy € E. (5.4.18)

Using the fact that T; is continuous and V f is uniformly continuous on bounded
subset of E and letting A | 0 , we have from inequality (5.4.18) that
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(4—v.Tiq) 2(a—y, V(@) ,Vye C=0=(q—y,Vf(g—Tq),Vy € E.
(5.4.19)
Now, set y = V f*(T;q). Since FE is reflexive and V f* is monotone, we get that

(¢ =V (Tiq),Vf(q) — Tq) =0, (5.4.20)
which implies that T;q = V f(q). Hence q € F¢(T;), for each i = 1,2,..., N and

N
g€\ Fy(Ty).
=1

M
Step 3. We show that ¢ € ﬂ GMEP(Fy, @4, By).
t=1

Set by(z,,) = T};:"S bi_1(xy,,). Then,

Hy(bi(n,), y) + — (Y = bi(zn,), VI (bi(2n,)) = V[ (brr(2n,))) = 0,Vy € C.

Ns

Thus, by Condition (A2), we have

Hi(y, bi(un,)) < —Hy(be(zn,),y) < S (y = be(wn,), VI (be(2n,)) = Vf(br-1(n,))

= LT 0] = P )

plIVf(Oc(@n,)) = VF(Bra(an,)|

Tn

IN

IA

. (5.4.21)

s

where P = max sup ||y — by(z,.)||. From the facts that b;(z,,) — ¢, Condition
1<t<M s>0 : ’

A (A4), r, > ¢y, for all n > 0 and taking limits on both sides of the inequality
(5.4.21) as s — 0o, we obtain that

Hi(y,q) <0,Vy € C. (5.4.22)

Set yx = Ay + (1 — A)g, A € (0,1] and y € C. Consequently, we get y, € C. From
(5.4.22) and Condition A (Al), we obtain

0 = H(yx,yr) < XHy(ya,y) + (1 = XN H(yr, q) (5.4.23)
< Hiqg+XMg—y)y)

If A} 0, using Condition A (A3) we have

Hy(q,y) > 0,Vy € C.
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Hence, ¢ € GMEP(F, ¢4, By), for each t = 1,2,...... ,M. Therefore, ¢ €

M
(VGMEP(F, ¢, By).
t=1
Finally, we show that {x,} converge strongly to the point p.

From (5.4.12) and Lemma 5.2.2, we obtain that

limsup (2, —p, Vf(w) = VF(p)) = lim (zn, —p, V(u) = VI(p)(5.4.24)
= (¢—p,Vf(u)—Vf(p) <O0.

Thus, using (5.4.2), (5.4.9), (5.4.24) and Lemma 6.2.2, we conclude that

lim D¢(p,x,) = 0.

n—0o0

Hence, Lemma 5.2.4 implies that x,, — p as n — oc.

Case 2. Suppose that there exists {n,} of {n} such that D¢(p, ,,) < D¢(p, Tn,+1),
for all s > 0. It follows from Lemma 5.2.10 that there exists a nondecreasing
sequence{k;} C N such that ks — oo as s — oo and

max{D(p, zx,), Df(p,zs)} < D(p, Tp,41), (5.4.25)

for all s > 0. Thus, from (5.4.1) and the conditions on «,,, B,, », and A, we get

lim ||dg, — 22 ||* + |78, — 22 |> = 0O, (5.4.26)
n—oo
and
M-1 N-1
ti |3 [ea(en) = bl P+ 3 () = ais(un) 2| 0. (5.421)
=0 i=0
Then
lim ||dy, — 2| = lim [|zg, — 2. || = 0 and hence lim ||zx, — di || =0, (5.4.28)
§—00 5—00 §—00

lim [|bey1(zk,) — be(ze,)|| =0, 0<t<M—1, lim |up, — x| =0, (5.4.29)
s—00 §—00

and
sh_{lolo lla;(ug,) —a;—1(ug,)|| =0, 0<i<N-—1, sli_glo |vg, — u. || = 0. (5.4.30)
Moreover, following the methods used in Case 1, we get
lim sup (zx, — p, Vf(u) — Vf(p)) <O. (5.4.31)

5—00
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Therefore, from (5.4.2), (5.4.9), (5.4.31) and Lemma 6.2.2, we obtain that

lim D¢(p, zk,) = 0. (5.4.32)

§—00

This together with (5.4.2) imply that

lim D¢(p, v4,11) = 0. (5.4.33)

§—00

Thus, from (5.4.25), and (5.4.33) we have that

lim Dy(p,zs) = 0.

S§—00

This together with Lemma 5.2.4 imply that z; — p as s — oo. Therefore, from
Case 1 and Case 2, we can conclude that {z,} converges strongly to the point
pin F. The proof is complete.

We note that the method of proof of Theorem 6.4.1 provides the following the-
orem for approximating a common solution of f-fixed point, variational inequality

and generalized mixed equilibrium problems in real Banach spaces.

Theorem 5.4.2. Assume that Conditions (B1) — (B7) and (C1) are satisfied
with N = K = M = 1. Then, the sequence {x,} generated by (5.3.1) with
N = K = M =1 converges strongly to p in F which is nearest to u with respect

to the Bregman distance.

If, in Theorem 6.4.1, we assume that A; = 0, for j = 0,1,2,..., K, then

Theorem 6.4.1 provides the following corollary.

Corollary 5.4.3. Assume that Conditions (B1) — (B5), and (C1) hold.
Let F = |, Ff(Tz)] N [ﬂtj‘il GMEP(Ft,got,Bt)] # 0. Let {x,} be a sequence
generated from arbitrary ug, zo € C by

_ mfirn firn firn firn
Un = THM © THMfl 00 TH2 © TH1 Ly

Uy = K,Zf;;:n o Kf”r" 0-.+--0 K%;Tn o K%irnun7 (5434)

Tn-1

where V f is the gradient of f on E; {r,} C [c1,00) for some ¢; > 0, oy, 0n, V0 €
(0,1), Vn > 0 such that oy, + 6, + v, = 1, lim o, = 0 with >~ a,, = 0o and
Yn € lc,1) for some ¢ > 0. Then, the sequenzzo{oa:n} converges strongly to p in F
which 1s nearest to u with respect to the Bregman distance.
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If, in Corollary 5.4.3, we assume that F; = 0, for « = 1,2,..., K, then Corol-
lary 6.4.1 provides the following corollary for approximating the common solu-
tion of a finite family of mixed variational inequality of Browder type problems
for continuous monotone mappings and f-fixed point problems for continuous f-

pseudocontractive mapping in a reflexive real Banach space.

Corollary 5.4.4. Let {x,} be a sequence generated from arbitrary ug,xzo € C' by

wn = Tfr o THr 0o o Tfy* 0 Th "2,
t= Kf o Kf7, o0 Kf™ o K™, (5.4.)

Tny1 = VI (anVf(u) + 0,V f(x,) + 7V f(vn)),

where V f is the gradient of f on E; {r,} C [c1,00) for some ¢; > 0, o, 0n, V0 €
(0,1), Vn > 0 such that o, + 0, +v, = 1, lim a,, = 0 with > .2, = 0
and v, € [c,1) for some ¢ > 0. If the Condz’t;;;so (B1) — (B3), (B5) and (C1)
are satisfied and F = [ﬂi\il Ff(Ti)} N [ﬂtj\il VI(B, ¢, C’)} # (), then the sequence
{x,} converges strongly to p in F which is nearest to u with respect to the Bregman

distance.

If we assume that E is smooth and strictly convex, then f(z) = i|z? is

strongly coercive, bounded and uniformly Fréchet differentiable Legendre function

which is strongly convex with constant 4 = 1 and conjugate f*(z*) = %||z*||%. In

this case, we have Vf = J, Vf* = J ! and for r > 0 and x € E, we have
1
The={z€C:H(z,y) + . (y—2z,J(2) — J(x)) > 0,Vy € C}, (5.4.36)
where H(z,y) :== F(z,y) + ¢(y) — ¢(2) + (y — 2, Bz), and

1
Kre={z€C:{y—2T(2)) — . (y—2z,1+nr)J(z)—J(z)) <0,Vy € C}.
(5.4.37)
In this case, Theorem 6.4.1 reduces to the following corollary:

Corollary 5.4.5. Let C' be nonempty, closed and convex subset of a smooth and
strictly convez reflexive real Banach space E with its dual E*. Assume that Condi-

tions (B1) — (BT) hold. Let {x,} be a sequence generated from arbitrary uy, xy € C
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2 = o Y I (2,) — MAnTy)

dp = HeJ YT (2, — MAnzn),

up =Ty, 0Ty, o---oTy o Ty, (5.4.38)
v, = Kgi' o Ky o0 Ky o Kil'uy,

Tpp1 = J N anJ(u) + 0, (20) + B (dy) + Yo (v,)),

where A, = Ay, mod (k+1), and I is the generalized metric projection from E
onto C; {r,} C [c1,00) for some ¢; > 0, ap,0n, Bn,vn € (0,1), Vn > 0 such that
an + 0+ B+ =1, le a, = 0 with Y7, a, = 00 and By, v, € [c,1) for
some c >0, and 0 < a §n)\n00§ b < %, for L = max L;. Then, the sequence {x,}

0<i<K
converges strongly to p in F which is nearest to u with respect to the generalized

\

metric projection.
If, in Corollary 5.4.5, we assume that £ = H, a real Hilbert space, and

f(x) = Y|jz||?, then we have Vf = J = I and Vf* = J~! = I, were I is identity

mapping on H. Moreover, f-pseudocontractive mapping reduces to pseudocon-

tractive mapping. In this case, for » > 0 and x € F, we have
The={z€C:H(zy) + % (y—2z,2—1)>0,Vy € C}, (5.4.39)
where H(z,y) :== F(z,y) + ¢(y) — ¢(2) + (y — 2, Bz), and
Kix={z€C:{(y—21T(2)) — % (y—2z,(1+r)z—x) <0,YVye C}. (5.4.40)
Thus, we have the following corollary.

Corollary 5.4.6. Let C' be a nonempty, closed and convex subset of a real Hilbert
space H and let T; : H — H, i = 1,2,--- N be continuous pseudocontractive

mappings. Let {x,} be a sequence generated from an arbitrary u,zo € C' by

(

zn = Po(x, — M\Anzy,)

d, = Po(x, — \pAnzn),

up =Ty 0Ty o---oTy o T ay, (5.4.41)
v, = K o Kpp 0.0 Kg' o Ky,

Tpt1 = QpU + enIn + ﬁndn + YnUn,

\

where A, = Ay, mod (k+1), and Pe is metric projection of H onto C'; {r,} C [c1,00)
for some ¢y > 0, ap,0n, Bn, v € (0,1), Vn > 0 such that oy, + 0, + B + 0 = 1,
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lim a,, = 0 with >~ oy, = 00 and By, yn € [¢,1) for some ¢ > 0, and 0 < a <

n—oo

A <b< 1, for L = max. L;. If Conditions (B3) — (B7) are satisfied, then the

0<i<
sequence {x,} converges strongly to p in F which is nearest to u with respect to

the metric projection.

5.5 Numerical Example

In this section, we present an example to illustrate the main result of our paper.

Example 5.5.1. Let E = L5([0,1]) with norm ||lz||z = (fol z(s)[2)z2, for z € E
and C = {z € E : ||lz[lizg < 1}. Define f : E — R by f(z) = %||x||il§, then
Vf=J=1and Vf* = J = I, where I is identity mapping on E. Let A;,
Ti, B : C — E be defined by Aj(x)(s) = (1 + 7))V f(x)(s), 7 = 0,1,....K;
Ti(z)(s) = =s'Vf(x)(s),i=1,...,N and B(x)(s) = 55V f(x)(s), t =1,..., M,
for all x(s) € C,s € [0,1], respectively. Let F, : C x C — R be defined by
Fy(z,y) = #ﬂ (y—x,Vf(x)),Ve,y € C. Then Aj, for j =0,1,...,K are Lip-
schitz monotone mappings with ﬂj‘{:o VI(C,A;) ={0}; T;, fori =1,...,N are
continuous f-pseudocontractive with ﬂf\il Fi(T;) ={0}; By, fort =1,...,M are
continuous monotone mappings, and Fy, fort = 1,.... M are bi-function satis-
fying Condition A. Thus, a common solution set of the generalized equilibrium
problems is ﬂi\il GMEP(Fy, ¢, Br) = {0}, where ¢, = constant. Now, for imple-
1

mentation, we choose K =0, N =M =1,r, =1,0, =3, = 7 = 5(1 — an),

An = 0.00001 + 555, for n >0 and we compute the (n+ 1) iteration as follows:

(
Zp(s) = min{1, m}wn(s),
2

d,(s) = min{1, m}hn(s),

Un(S) — rl_ugl"n(s)? (551)

_ 1
vn($) = T sy U

L Tnt1(8) = anu(s) + 0nzn(s) + Brdn(s) + mun(s),
where wy,(s) = xp(s) — An(1 + 5)xn(s) and hy(s) = xn(s) — Au(1 + 5)2n(s).

Now, taking different initial points, z¢(s) = 2s, zo(s) = 2s°, xo(s) = 25
and fixed ug(s) = 25° in C' and ay, = o505, the numerical experiment result
provides that the sequence {||z, — p||} approaches zero as n — oo (see, Figure 1
below), where p = 0. In this case, we observe that the sequence {z,} converges

faster when the power of s gets large.
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=

A - xo(s) = 2*s

N —_— x(s) = 2*s°

N
N s x () = 2550

iterates, ||xn -1l
© 0o 0o 00 0 0 0 ©
P N W M 00O N OO O

o]

iterations, n

Figure 5.1: Figure 1: Convergence of the sequence {||x,, — p||} as n gets large.

Next, we obtain the same numerical tests of algorithm 5.5.1 by taking initial
points ug(s) = 2s%, xo(s) = 2s' and different control parameters, o, = fEoarig:

_ 1 _ 1 . g
On = Goopntio O = {100y 10" In this case, we observe that the rate of conver

gence looks the same through out (see, Figure 2).
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— & =1/(100n+10)
= = = «a,=1/(10000Nn+10)
srssssenns a =1/(1000000N+10)

iterates, ||xn -l

]

iterations, n

Figure 5.2: Figure 2: Convergence of the sequence {||x,, — p||} as n gets large.



Chapter 6

Inertial method for a solution of
Split Equality of Monotone

Inclusion and the f-Fixed Point

Problems in Banach Spaces

6.1 Introduction

In this chapter, we discussed the last research problem of our dissertation. We
propose an inertial algorithm for solving split equality of monotone inclusion and
f-fixed point of Bregman relatively f-nonexpansive mapping problems in reflexive
real Banach spaces. Using the Bregman distance function, we prove a strong
convergence theorem for the algorithm produced by the method in real reflexive
Banach spaces. In addition, we provide some applications of our method and give
numerical results to demonstrate the applicability and efficiency of the proposed
method. In the second section of this chapter, we collect technical lemmas from
literature to prove our main result. We state the proposed algorithm in section 3
and prove its boundedness. The main result will be stated and proved in section 4.
Finally, we provide some applications of our method and give a numerical example

to to demonstrate the applicability and efficiency of the proposed method.

90
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6.2 Technical Tool Box

In this section, we collect technical results that will be useful throughout the

chapter to prove our main theorems.

Lemma 6.2.1. (Wega and Zegeye [93]) If T : E — E* is a Bregman relatively

f-nonexpansive mapping, then F¢(T') is closed and convex.
Lemma 6.2.2. (Saejung and Yotkaew [76] ) Let {b,} C R and let {a,} be a

sequence in (0,1) such that Zan = oo and

n=1

ani1 < (1 — ay)a, + anb,,n > 1.

If for every subsequence {a,,} of {a,} such that lilgn inf (an, 11 — an,) > 0 we have
—00

limsup b, <0, then lim a, = 0.

k—o0 n—oo

Lemma 6.2.3. (Barbu [6]) Let A: E — E* be a monotone, hemicontinuous and
bounded mapping, and B : E — 2¥ be a mazimal monotone mapping. Then A+ B

18 maximal monotone.

Let E; and E5 be reflexive real Banach spaces with duals £} and Ej, respec-
tively. Let E = I} x Ey with dual E* = ET x E5 and duality pairing

<$,y*> = <$173/I> + <x2ay;>7

where x = (z1,29) € E, y* = (y},vy5) € E*.

Let h : E = Ey X Ey — (—00,+00] be defined by h(xy,x2) = f(x1) + g(xa),
V(z1,29) € Ey X Ey, where f : B} — (—o00,+00] and g : Ey — (—00,+00] are
proper, lower semi-continuous and convex functions. Then h is a proper, lower
semi-continuous and convex function and the subdifferential of h at © = (xy, z2) is

the convex set given by
Oh(z) = {z*€ E*:h(y)—h(z) > (y —x,2%) ,Vy € E}
= {(a1,23) € E} x Ej : 2] € 0f (1) and x5 € dg(x2)}.

If f:E — (—o00,400] and ¢ : Ey — (—00, +00] are Gateaux differentiable con-
vex functions, then h is Gateaux differentiable convex function and Vh(zy, z2) =
(Vf(xl),Vg(xg)), V(Il,xg) € F| x Es.

Definition 6.2.1. The Split Equality of Monotone Inclusion and f-Fixed Point
Problems (SEMIfFPP) is defined as finding a point (p,q) € E; X E, such that

(p.q) € (Ff(T)N (A+ B)~0) x (Fy(G) N (C' + D)~'0) and S(p) = K(q), (6.2.1)
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where T : By — Ef and G : Ey — Ej are Bregman relatively f-nonexpansive
and Bregman relatively g-nonexpansive mappings, respectively, A : Fy — E; and
C : Ey — Ej are monotone mappings, and B : E; — 2F1 and D : E, — 2F2 are
maximal monotone mappings, S : £y — E3 and K : Ey — FEj3 are bounded linear

mappings with adjoints S* : B — E; and K* : Ej — EJ | respectively.

6.3 Iterative Algorithm

In this section, we give the assumptions that will be used in the sequel first. Next,
we state the proposed algorithm and prove its boundedness.

Assumptions

(A1) Let E;,i = 1,2,3 be reflexive real Banach spaces with their respective duals
Eri=1,2,3

(A2) Let f: E; — R and g : Fy — R be strongly coercive, lower semi-continuous,
strongly convex, bounded and uniformly Fréchet differentiable Legendre func-
tions on bounded subsets with strongly convex conjugate f* and g*, respec-
tively. Let the strong convexity constants of f and g be p; and s, respec-
tively, and let g = min {uq, g2 };

(A3) Let T': By — Ef and G : Ey — E} be Bregman relatively f-nonexpansive

and Bregman relatively g-nonexpansive mappings, respectively;

(Ad) Let A : Ey — Ef and C : Ey — E5 be uniformly continuous monotone

mappings;
(A5) Let B: By — 251 and D : Fy — 2F2 be maximal monotone mappings;

(A6) Let S: Fy — E3and K : E5 — E3 be bounded linear mappings with adjoints
S*: By — E} and K* : B — EJ, respectively;

(A7) Let Q = {(a,b) € (Ff(T) N (A+ B)~}(0)) x (F,(G) N (C'+D)~1(0)) : S(a) =
K(b)} # 0.

(A8) Let {a,} C (0,1) be such that lim, o o, =0 and >~ | o, = o0;
(A9) Let {r,} be sequence in (0, §) such that lim, . 2= = 0;

(A10) Let Jg, be a normalized duality mapping on Ej.
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Algorithm 6.1

Initialization: Choose (x,w), (zg,wy), (x1,w1) € Ey X Ey, 5 € (0,1), 6 € (0, ),
0 < a,p,n, A1, 01. Define the algorithm as follows:

Step 0: Choose o, such that 0 < 0, <@, where ¢,, = ||V f(x,) — Vf(z,_1)| +
Vg(wn) — Vg(w,—1)| and

min{’"",a} if v, #x,_1 & w, # w,_
= v 7 ot 7 o (6.3.1)

o otherwise

Step 1: Compute

an = V[V [f(2n) +0on(Vf(2n) = Vf(zn))),

by = Vg (Vg(wn) +0n(Vg(wy) — Vg(wn-1))). (6.3.2)
Step 2: Choose 7, such that p < ~, < p, for S(a,) # K(b,) otherwise v, = p,
for some p > 0, where w,, = [|S*Jg,(S(a,)) — K(b,)||* + | K*Jg, (K (b)) — S(a,)|?
and

1|8 (an) — K(bn)HQ} | (6.3.3)

Prn = min {p+ 1,
2wy,

Step 3: Compute

dn =V [ (Vf(an) = S JE,(S(an) — K(bn))),
en = Vg (Vg(bn) = 1 K" Jp, (K (b,) — S(an))), (6.3.4)
Step 4: Compute
Yn = IV (VF(dn) = MA(dy)),
Zn = JﬁVg*(Vg(en) —0,C(en)).
Step 5: Compute

un = VI(Vf(yn) = An(Alyn) — Aldn))),
Un = *(Vg( n) = 0n(C(zn) = Clen))),
[ (anV (@) + (1 = o) [BV f(un) + (1 = B)T(un)]), (6.3.5)
9" (@ Vg(w) + (1 — an) [BVg(vn) + (1 = B)G(v)]).  (6.3.6)
Step 6: Choose A\, 1 and d,,11 such that n < A\, <

for some n > 0, where

min { A, mole—tel 4 i A(y,) # A(d,),

Ans otherwise,

Tn41 =

Wp+1 =

)\n—i—l and n S 5n+1 S 5n+17
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and

min < 4, —Ollen=enll _ if C(z,) # C(e,),

On, otherwise.

Set n:=n+ 1 and go to Step 0.

Remark 6.3.1. We note that if A and C are Lipschitz monotone mappings with
Lipschitz constants Ly and Ls, respectively, then following the method in [80], we
obtain n = min{%,)\l,%,él} and hence lim,_,.o A\, = A and lim,,_,., 9, = 9,
where A, 0 > n.

Lemma 6.3.1. Suppose that the assumptions (A1)- (A10) hold. Then the se-
quences {x,} and {w,} generated by Algorithm 6.1 are bounded.

Proof. Let (p,q) € €. By the definition of the Bregman distance, (6.3.7) and

Lemma 5.2.6, we have

Dys(p,un) = Dg(p, VI (Vf(yn) = M(Ayn) — Aldn))))
= f(p) — flun) = (p = un, Vf(yn)) + (P — tn, A(A(yn) — Aldn)))
= f(p) = J(Wn) = (0= Yn, V[ (4n))
—[f(un) = f(yn) = (un = Yn, VF(yn))]
+ (P — Uy Au(A(yn) — Aldy)))
= D¢ yn) = Dy(tn, Yn) + (P — tn, M(A(yn) — A(dn)))
= Dy(p,yn) = Dy(tn,yn) + (P = Yn, A(A(yn) — A(dn)))
+ (Yn — Uy An(A(yn) — Aldn)))

< Dg(p,Yn) = Dy(Un; Yn) + (P = Yn, Ma(A(yn) — A(dn)))
+ Al A(yn) — A(dn) ||y — ual|
< Df(pa yn) - Df(um yn) + <p — Yn, )‘n(A@n) - A(dn))>

An
; ( ) TP —

)\n-i-l
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< Dyl ) = il ) + = v Ma(Alun) — Ald))
ol = dall + 5 =

< Dyl Dyl ) 1o M) A
- 2i2+1 2Dy d) + 2(221 /%Df(un, Yn)

< Dyt~ (1= 25 ) Dylinn) + 5 Dyluds) (639

(0 = Yn, An(Alyn) — Aldn))) -

From (1.2.3), we have

Dy(p,yn) = Dy(p;dn) = Dy(Yn, dn) + (P = yn, VI (dn) = Vf(yn)) . (6.3.10)
Furthermore, from (1.2.10) and (1.2.11), we obtain
Dy(p,dn) = Dy(p, VI (V[lan) = mS" gy (S(an) = K(bn))))
= Vi(p, Vf(an) = mS"Jg,(S(an) — K(bn)))

< Vi(p, Vif(an)) = (dn — p, 5" JE, (S(an) — K(bn)))
= Dy(p,an) =7 (S(dn) = S(p), Ju;(S(an) = K(bn))) -(6.3.11)

Substituting (6.3.11) into (6.3.10) gives
Di(p,yn) < Dy(p,an) = (S(dn) — S(p), Ji, (S(an) — K(bn)))
=Dy (yn, dn) + (P = Y, Vf (dn) = V f(yn))

= Dy(p.n) = Dy (s ) + (0 — s V £(dn) = V() (6:3.12)
e (S(d) = S(p), T (S(an) = K (b))

Again, from (1.2.3), we have

Dy(p,an) = Dy(p, &) = Dyp(an, ©n) + (p = an, Vf(2n) = Vf(an)) . (6.3.13)

Now, from (6.3.1), (6.3.2) and Lemma 5.2.6 we obtain that

(p— an, V() = Vi(an)) < V() = Vf(an)lllp — anl
= 0l VF(@a) = Vi(@an)lllp - al
< V) = V)| [Ip = anll? +1]
< 0l VF(@a) = Vi(@a)l| [Ip = 2all® + 0 — aul]
+ 2V () = V(o)
< Q%Df(n Tn) + %Df(an,xn) - TQ”. (6.3.14)
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Combining (6.3.9), (6.3.12), (6.3.13) and (6.3.14), we find

O,
D , Up S D yYn) — ]- -
£(p, un) (0, Un) < -

+ (0 = Yn, Anl(Alyn) — Aldn)))
Df(p, an) - Df(ym dn) + <p — Yn, Vf(dn) - vf(yn)>
—¥n (S(dn) — S(p), Jrs (S(an) — K (bn)))

O\ N
- 1= = D Uny Yn + o D n dn
( M)\n+1> f( o) HAnt1 f(y )

+{P = Yn, An(Alyn) — Aldn)))

7P
D un7n+ nD Tl)dn
) D) + 2Dy )

IN

- Df(p’ a”) - Df(yna dn) - (1 — ,Uf\);i1> Df(un,yn)
UiiLDf(ym dn) = o (S(dn) — S(p), JE,(S(an) — K(bn)))

+ (P = yn, VI (dn) = VI (yn) + Aa(Alyn) — Aldn)))

= Df(p, Tp,) — Df(an, Tn) + (P — an, Vf(2,) = Vf(an))

oA oA
-D nadn — | 1= - D Ups Yn + < D nadn
) = (1= 52 ) Dylinsn) + 22Dy )

~Yn (S(dn) — S(p), Je5(S(an) — K(bn)))

(= 0 V() — VT () + Ml Al) — A(d)

Dy(p2) = Dy(an0s) + 2D (. 0) + =Dy ,) + 5
(1= 2 ) Dyl — (1= 5 ) Dyl

HAn+1 HAn+1
—Yn (S(dn) — S(p), T, (S(an) — K(bn)))

+ (P = Yn, VI (dn) = VI (yn) + An(Ayn) — Aldn)))

IN

— (1 + 2%) D¢(p, ) — (1 — 2%) Dy (an, z,) (6.3.15)
- (1 - Miiil) Dy (Yn, dn) — (1 - Mgi’;) Dy (un, yn)
0 (S(d) = S(p), T, (S () — K (b)) + =

2
+A0 = Yn, VI (dn) = VI (yn) + M(Alyn) — A(dr))) -

By the definition of y,,, we have V f(d,) — A\, A(d,) € V f(yn) + A\ B(y,). Since B

is maximal monotone, there exists h,, € B(y,) such that
Vf(d,) — MA(dy) = V(yn) + Anha.
This implies that

h, = Ai(v F(d) = V£ () — MA(dy) € Blya): (6.3.16)

n
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Since 0 € (A+ B)(p), A(yn) + hyn € (A+ B)(y,) and A + B is monotone, we get

(D = Yn, AYn) + hn) <0. (6.3.17)
From (6.3.16) and (6.3.17), we have
(P = yn, VI (dn) = VI (yn) + An(A(yn) — Aldn))) < 0. (6.3.18)
Thus, from (6.3.15) and (6.3.18) we get
Dy(pun) < (1 + 2%) Ds(p, 22) — (1 - 2%) Dilamzy)  (63.19)
- (1= ) D) = (1= 52 ) Dy

—n (S(dn) = S(p), Jry (S(an) = K (bn))) +

Furthermore, from (6.3.5), (6.3.19) and the Bregman relatively f-nonexpansiveness

of T', we have

Dy(p, VI (anV () + (1 = o) [BV [ (un) + (1 = 5)T (un)]))

Df (p, $n+1)

INCIACIA
Q
S
.
~
=
S~— S~— \&/ SN—

(VAN
Q
3
)
[y
3
8

(1 + 2%) Di¢(p, ) (6.3.20)

Dan) < aDyfavw)+ (1= an) (1422 Dy (g, (6:3.21)
—(1— ay) (1 - 2%) YORTS
~=a) (1= 2 ) Dy
(11— ay) <1 _ Mii:) Dy (vms 20)
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Since lim,, ;o A, and lim,,_,, 0, exist and 6 € (0, 1), we obtain that

lim (1 _ ) = lim (1 _ b0 ) 1% (6.3.22)

n—o00 ,U)\n+1 n—r00 ,u(sn+1 %

Take € € (0,%). Then, from (A9) and (6.3.22), there exists N € N such that

e, (1 — ) >0 and (1 — ) >0,¥n>N.  (6.3.23)
UAni1 f0p 41

Now, from (6.3.20), (6.3.21) and (6.3.23), we have

Dg(p, 2nt1) + Dg(q, wns1) < an(Dys(p,x) + Dy(q,w)) (6.3.24)
+(1 = an)(Dy(p, xn) + Dy(q; wn))
+on€e(Ds(p, xn) + Dy(q,wy)) + aneg

—(1 = an )y (K (en) = S(dn), T, (K (bn) — S(an))) ,

for all n > N.
But,
— (K(en) = S(dn), Jps (K (bn) = S(an))) = —(K(bn) = S(an), Jr,(K(by) — S(an)))
(K (en) = K (ba), Ty (K (b) — S(an))

—(S(an) = S(dn), Jp, (K (bn) — S(an)))
= —[[K(bn) = San)|
= {en = bn, K7 J g, (K (bn) — S(an)))
= (an = dn, 5" g, (K (bn) — S(an)))
— 1K (bn) = S(an)|
Hllen = Ol K7 T, (K (bn) — S(an))|
Hllan — dnl[[| S Tz, (K (bn) — S(an)) ||

IN

From the fact that Vg* is a Lipschitz mapping with constant i and the definition

of e,, we obtain that

lew = ball = V9" (Vg(ba) — 1K Tp, (K (b,) — S(an))) = ba|
< %\|K*JE3<K<bn>—s<an>||. (6.3.25)

Similarly, by the Lipschitz property of V f* and the definition of d,, gives

ldn — anl| < %HS*JE?)(S(%) — K (b))l (6.3.26)
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Then, from 6.3.3, (6.3.25), (6.3.25) and (6.3.26), we get

o (K (en) = S(dn), Ty (K (ba) = S(an)) < =l K(ba) — S(an)])”
+%||K*JE3<K<bn> — S(an))|?

+%H5*JE3(S(%) — K (0a))|?

—Ynl [ K (bn) — S(an)HQ
K (o) = S(dn)]?

IN

= S IE () — S|
< —LIK@G) - S@)* (6:3.27)

Thus, from (6.3.24) and (6.3.27), we obtain for all n > N

Dy(p, nt1) + Dyg(q, wns1) < an(Dy(p, ) + Dy(q, w))
+(1 = ) (Dg(p, 2n) + Dy(q, wn))
U

+05n€(Df(p7 xn) + Dg(Qa wn)) + O./nE§

_g(l — Oén)HK(bn) - S<an)”2

< an(Dy(p, x) + Dy(q, w))

+(1 = an(l = ) (Dy(p, x4) + Dylq, wn)) + O‘"Eg
< (1= an(1 =€) (Ds(p,xn) + Dy(q, wy))

Fau(1 = ) | = (Ds(p,2) + Dylg w)) + =
< max{Ds(p,x,) + Dy(q,wn),

L (Dylp. ) + Dyl w) + il (6329

Therefore, by induction, for all n > N, we have that

Df(paxn)+Dg<Q7wn) S maX{Df<p7xN>+Dg<q7wN)7
1 LLE

2

and hence {D¢(p, z,,) + Dy(¢q, w,)} is bounded which implies that the sequences
{D¢(p, x,)} and {Dy(q,w,)} are bounded. Furthermore, by Lemma 5.2.3, we have
{z,,} and {w,} are bounded. O
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6.4 Strong Convergence Theorem

Theorem 6.4.1. Suppose that assumption (A1)- A(10) are satisfied. Then, the
sequence {(xn,w,)} generated by Algorithm 6.1 converges strongly to (p,q) in €,
where (p,q) = Pt(x,w), where h : By x By — R is given by h(z,y) = f(z) + g(y).

Proof. Let (p,q) = P&(z,w). Then, from Algorithm 6.1, Lemma 1.2.9, (1.2.10),
and (1.2.11), we obtain

Dy(p,ni1) = Di(p, VI (anV () + (1 = ) [BV f(un) + (1 = B)T(un)]))
Vi(p, anV (@) + (1 — o) [BV f (un) + (1 = B)T (un)])
Vi, anV f(p) + (1 = an)[BV f (un) + (1 = )T (un)])
—0n (Tns1 —p, Vf(p) = Vf(2))
)
)

VAN

Dy(p, V" (anV[(p) + (1 — o) [BV f(un) + (1 = B)T (us)]))
—a (Tnp1 — P, VI(p) = V(x)

IN

anDg(p,p) + (1 — an) Dy(p, Vf* (BV f(un) + (1 = B)T (un)))
—n (Tnp1 —p, VI(p) = V()
= (L=an)Ds(p, VI (BV f(un) + (1 = )T (un)))
—an (Tny1 — p, VI(p) — Vf(x))
= (1 —an)Vi(p, (BVf(un) + (1 = B)T (un)))
+an (Tnt1 — T, V(@) = V(D)) + an (@0 — p, Vf(z) = V(D))
(1 = an)Vi(p, BV f(un) + (1 = B)T (un)) (6.4.1)
tau|zns — 2|V (@) = VW) + an (zn — p, V() = V(D).

Thus, from the definition of V, uniformly convexity of f* and the Bregman rela-

IN

tively f-nonexpansiveness of T', we obtain that

Vi(p, BV f(un) + (1 = B)T(un)) = f(p) = (p, BV (un) + (1 = B)T (un))

+f BV f(un) + (1 = B)T(uy))

f(p) = B8P Vf(un)) — (1= B) (p,T(un))

B (Vf(un) + (1 = B)f*(T(un))

—B(L = B)Y1(IV f (un) — T(un)|l)

= BVi(p, Vf(w)) + (1 = B)Vi(p, T(un))

—B(1 = B)i(IVf(un) = T(un)l])

= BDs(p,un) + (1= B)Dy(p, V(T (un)))
—B(L = B)r(IV f(un) — T(un)|l)

IN
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=B = B)r([[V S (un) = T (un)]), (6.4.2)

where v is the modulus of convexity of f.
From (6.3.19), (6.4.1) and (6.4.2), we obtain that

D(p,2nt1) < (1= an)Dyp(p,un) = B(1 = B)(1 = an)r ([IV f (un) = T'(un)l])
Fom|[znr — zl[[[Vf(2) = V() + an (20 —p, Vf(z) =V f(p))
) —

) —
(1-ay) <1 + QL) (prn) = (1= an) (1 _ 2%) Dy(an, 1)

- ( M%H) Dilon

l—a,)1-—
! )( M)\n+1

—Yn(l — an) (S(dn) — S(p
—B(1 = B)(1 = a1 (IIV f (un) = T(un)ll)

tan|[zni1 — [V f(z) = VD)l

+an (v, —p, V() = VD), (6.4.3)

IN

Tn

y Iy (S(an) — K(bn))) + (1 —an)—

Df(un yn)
) :
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and hence from (6.3.23) and (6.4.3), we get

Df (pu In+1>

<

IN

2’/“n n
(1= @)Dy (p. ) + Z2 Dy (p.) + 5

2
+an (tn —p, VI(2) = V(p)) + anlltn — 2l V(2) = V()|
2r,,
—(1 —ay) (1 — 7) D¢(ay, x,)
O\,
_(1 — ) (1 Iu)\n—H) Df(yn dn)

—(1 —ay) (1 M)\n+1) D¢ (un, yn)
— (1 = an) (S(dn) — S(p), Je,(S(an) — K(bn)))
—A(1—-p)1 - Oén)wl(HVf(Un) - (Un)||)
(1 — 0)Ds(p, xn) + aneDy(p, x,) + 5
+om (20 —p, Vf(2) = V(p) + anllznis — zallIVF(2) =V (p)l]
—(1 =) (1 — aye) Dy(a

ns L)
Df(ym dn)

O\
(1—ay)(1-
( )( :u)‘n-i-l
o,
—(1—a, 1— D (Upn, Yn
( >( mm) (i, )

(L = ) (S(d) = S(p). T, (S(an) — K (b))
=81 = B)(1 = (I f (un) = T,

(1~ (1~ ) Dy(p. ) (6.4.4)
Faull =) [ (o0 =, V1) - V1)
5tz — 2|V (@) = V)]

—(1 — ay) (1 — ane) Dy(an, x,) — (1 — ay,) (1 -

o\,
—(1—ay) (1 — M)\n+1> D¢ (tn,yn)

=B = B)(1 = )1 ([[V f(un) = T'(un)|])
— (1 = an) (S(dn) = S(p), Jp,(S(an) — K (b))

O\,

PAn41

) D
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Similarly, we have

Dg(%wn—i—l) S

(1 —an(l —¢€))Dy(q,wn) (6.4.5)
b1 =) [ G = 0. glo) ~ V(o)

T'n
5+ anllwni —wa|[[Vg(w) = Vy(q)

—(21 — ) (1 — ane) Dy(by, wy) — (1 — o) (1 - MiiL) Dy (v, 2n)
—(1—ay) (1 - ;%L) D, (2, €n)

=B = B)(1 = an)2(|[Vg(va) — G(ua)l])
— (1= an)yn (K(en) = K(q), S5 (K (bn) = S(an))) ,

where 1), is the modulus of convexity of g.
From the fact that {r,} C (0,5), 0 € (0,u), (A7), (6.4.4) and (6.4.5) we obtain

that

D(p, 2n11) + Do(q, wni1) < (1= an(l = €))(Ds(p, an) + Dylq,wn))  (6.4.6)

1
+a, (1 — 6)1

(zn —p, Vf(z) = V(D))

(wy, — q,Vg(w) —Vyg(q))
+an D(|zp11 — |l + w1 — wal])

+ry, — (1 — ) (1 — €a,)(Dyg(an, xn) + Dy(by, wy))

1
+a, (1 — 6)1

o\

—(1—a,) (1= 222 Dy, d,
(=) (1= 52 ) Dyl
04,

—(1—a,) | 1— D,(z,, e,
(=) (1= 2 ) D)
o,

—(l—a,) (1= D (tn, yn
(=) (1= 52 ) Dy, )
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06,
—(1—a,)+(1-— D,(v,, z,
(=)t (1= 5 ) Dyfons )

—M (1L = @) (| VF () = T,
—M (1= )t ([Vg(en) = Glon)])

—(1 - an)5l1S(an) = K(5a)]

(1= an(L = )(Dy(p.22) + Dy (g, w,)) (6.4.7)
(. V() ~ V()

Fou(1— ) {w — g, Vo) ~ Vo(a)
o anD([2ns1 = 2l + st — wl]),
where D = max{||V f(z) = V£(p)|. [Vg(w) — Vg(q)||} and M = 5(1 — §).

(
Suppose that {D¢(p, z,, )+Dy(q, wn, )} is a subsequence of { D¢ (p, z,,)+Dy(q, w,) }
such that

IN

+an (1 —¢)

hlgglolgf [(Df<p7 xnk+1> + DQ(Q7 wnk+1)) - (Df(p7 xnk) + D9<Q7 wnk))] = 0. (648)

Then, from (6.4.6) and the fact that {a,,} C (0,1), 7, < § and § < p for all n > 0,

o, — 0 and r, — 0 as n — oo, we obtain

D¢(an,, xpn,) = 0, Dy(by,, wn,) — 0 as k — oo, (6.4.9)

D¢ (Yny s dny) = 0, Dy(2,, €n,) — 0 as k — 00,(6.4.10)

D¢(tn, s Yn,) = 0, Dy(vp,, 2,,) — 0, as k — 00,(6.4.11)

D1V f (un,) = T (un)l) = 0,¢2([Vg(vn,) = Gun,)|) = 0 as k — 00,(6.4.12)

and
|S(an,) — K (bn,)]] = 0 as k — oo. (6.4.13)

Moreover, from (6.4.9), (6.4.10) (6.4.11),(6.4.12), Lemma 5.2.4 and the property

of ¥1 and 14, we have

an, — T, || = 0, |Yn, — dnyll = 0, ||tn, — Yn, || = 0 as k — oo, (6.4.14)

16, — Wa, || = 0, ||2n, — € ll = 0, ||Un, — 20, ]| = 0as k — oo, (6.4.15)
and
|V fun,) —T(un, )| = 0,||Vg(vn,) — G(u, )| = 0 as k — oo. (6.4.16)
From (6.3.5), (6.3.6), (6.4.16) and the fact that a,, — 0 as k — oo, we have
L [V f (@) = V()| <l 0 V@) = Vi)l (64.17)
(1= 8) T ([ (1) = Tun )| = 0
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and
Jim [[Vg(wn, 1) = Vg(vn,)|| = 0. (6.4.18)

Now, from (6.3.4) and (6.4.13) we obtain that

IV fan,) = VI(dn )l = 7llS*J5(S(an,) = K (b))l
< (p+ DS J3(5(an,) = K (b)) || = 0 as k {6.4d.9)
Similarly, we get
IVg(bn,) — Vglen, )|l = 0 as k — oo. (6.4.20)

From (6.4.17), (6.4.18), (6.4.19), (6.4.20) and the uniformly continuity of V f* and
Vg*, we have

| Zn,41 — Un, || = 0, and ||wn, 11 — vn, || — 0 as k — oo,

|an, — dp, || = 0 and ||b,, — e, || — 0 as k — oo. (6.4.21)

Then, from (6.4.14), (6.4.15) and (6.4.21), we obtain that

lim HxnkJrl - xnkH < lim HxnkJrl - unkH + lim ||unk - ynk” (6422)
k—o00 k—o0 k—o0
—00 k—oco k—oo
Similarly, we have
lim ||wp,+1 — wy, || = 0. (6.4.23)
k—o0

Now, since {(zy, ,wy, )} is bounded in E; X Es, there exists (z*, w*) € E} x Ey and
a subsequence {(xnkj,wnkj)} of {(xn,,w,,)} such that (xnkj,wnkj) — (z*,w*) and

lim sup((2n,, wn, ) = (), (Vf(2), Vg(w)) = (Vf(p), Vg(q))) (6.4.24)

k—o0

= lim (2, 00,) — (). (VI (@), Vg(w)) — (V1 (p). Va(a).

J—00
But (mnkj,wnkj) — (2*,w*) implies that p,,, — " and wy, — w*. Moreover,

from (6.4.14), (6.4.15) and (6.4.21), we have

ank.

S x*,dnkj — a:*,ynkj — x*,unkj — 7" as j — oo, (6.4.25)

and
by,

b W e Wz =Wt vy, — W as j — oo, (6.4.26)

In addition, from (6.4.16), (6.4.25), (6.4.26), the fact that 7" is Bregman relatively

f-nonexpansive and G is Bregman relatively g-nonexpansive mapping, we conclude
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that z* € ﬁf(T) and w* € ﬁg(G), and hence z* € Fy(T) and w* € F,(G). Next, we
need to show that (z*,w*) € Q. Let s € (A + B)(e). Then, there exists h € B(e)
such that s = A(e) + h.

Thus, from (6.3.16) and monotonicity of A and B, we have

(€= Ynio8) = (6= yny, Ale) + 1)

= (e —yn,, Ale) = Ayn,,)) + (€ = Yn, Alyny,) — Aldny,))
—|—<6 - y”kj ’ A(dnk]> + h’nkj> + <€ - ynk]. ) h — hnk]>
)

<€ - ynkj ) A(ynkj) - A(dnkj)

v

= (e— Yni, A(ynkj) — A(dnk].)> (6.4.27)

_|_/\1 <e — ynkj s Vf(dnk]> - vf(ynkj))>

J

Taking limits on both sides of the inequality (6.4.27) as j — oo and using the fact
that Vf and A are uniformly continuous, (6.4.14) and (6.4.25), we have

(e —z*,s) > 0. (6.4.28)

Then, by the maximal monotonicity of A + B, we get 0 € (A + B)x*, that is,
r* € (A+ B)7'(0). Similarly we obtain that, w* € (C + D)"'(0). Now, from
(6.4.13), (6.4.25), (6.4.26) and the fact that S and K are bounded linear mappings
we have Sz* = Kw* and hence (z*, w*) € Q. Therefore, from (6.4.24) and Lemma
5.2.2, we obtain that

lim sup (2., wn, ) = (p, @), (Vf(2), Vg(w)) = (V(p), Vg(a)))

k—o00

= lim ((zy, , wn,,) = (p.9), (Vf(2), Vg(w)) = (V[(p), Vg(q)))

J]—00

= ((z",w") = (p,q), (Vf(z),Vg(w)) — (Vf(p),Vg(q)) <0. (6.4.29)

Let s, = a,(1 —¢€) and

1

b = 7 @ =0, V(@) = VIP) + (wn — ¢, Vg(w) = Vyg(q))]

Tn 1
D n - 4n n - Wn .
oy T e e = el = ]

Then, inequality (6.4.7) implies that

{Ds(p, Tp+1) + Dy(q, wnt1)} < (1 —8,){Ds(p, xy) + Dy(q, wy)} + by, (6.4.30)
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From (6.4.22), (6.4.23), (6.4.29) and using the fact that a,, — 0 and 2= — 0 as
n — 00, we obtain lim,,_,+, s,, = 0, and lim sup,,_, . b,, < 0. From Lemma 6.2.2, we
conclude that lim,, .« (Ds(p, ) + Dy(q, wy,)) = 0 and so lim, o Df(p,z,) = 0
and lim,,_,o D,(¢, w,) = 0 . Hence, by Lemma 5.2.4 we obtain lim,_,, x, = p and
lim,, o w, = q.

Therefore, the sequence {(z,, w,)} generated by Algorithm 6.1 converges strongly
to (p,q) = PE(z,w) and this completes the proof. O

If, in Theorem 6.4.1, we assume that 1 = Fy = F3 = E, C = 0 = D,
S =0= K and G = Vg, then we obtain the following theorem.

Theorem 6.4.2. Let E be a reflexive real Banach space with its dual space E*.
Let f : E — R be a strongly coercive, lower semi-continuous, strongly conver,
bounded and uniformly Fréchet differentiable Legendre function on bounded subsets
with strongly convex conjugate f*. Let g : E — R be a strongly conver and
Gateauz differentiable function with the strong convexity constant of g be us. Let
T : E — E* be Bregman relatively f-nonexpansive mapping. Let A : E — E*
and B : E — 2 be uniformly continuous monotone and mazimal monotone
mappings, respectively. If the assumptions (A2),(A8), (A9) and (A10) are satisfied
and Q@ ={a € E : a € (Fy(T)N(A+ B)"*0))} # 0, then the sequence {x,}
generated by Algorithm 6.1 with By = Es = E3=F, C=0=D, S=0=K,
G = Vg and w = wg = wy converges strongly to p = Pé(x)

If E;, i+ =1,2,3 are strictly convex and smooth Banach spaces with their re-
spective, duals E}, i = 1,2,3 and g(z) = f(z) = i||z|?, then Vf = Vg = J,
Vf*=Vg = J1, PS{ = Il = P§ and the Bregman relatively f-nonexpansive
mapping 7" and the Bregman relatively g-nonexpansive mapping G reduce to rel-

atively semi-nonexpansive mappings. Thus, we obtain the following theorem.

Theorem 6.4.3. Let E;, i = 1,2,3 be strictly convex and smooth reflexive real
Banach spaces with their respective, duals E, 1 = 1,2,3 and let T : E; — EY
and G : Ey — E5 be relatively semi-nonexpansive mappings. Suppose that the
assumptions (A4)- (A6) and (A8)-(A10) are satisfied. If Q = {(a,b) € (Fs(T) N
(A+ B)710)) x (Fs(G) N (C + D)71(0)) : S(a) = K(b)} # 0, then the sequence
{(xn,w,)} generated by Algorithm 6.1 with Vf = J=Vg, Vf*=J"1=Vg* and

P{; = Ilg = P§ converges strongly to (p,q) in Q, where (p,q) = q(x, w).

If E;, i = 1,2,3 are real Hilbert spaces and g(z) = f(z) = 3||z||* then Vf =
Vg=1,Vf"=Vg* =1, Pé = Py = P§, Jg, = I and the Bregman relatively

f-nonexpansive mapping 7" and the Bregman relatively g-nonexpansive mapping
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G reduce to relatively nonexpansive mappings. Thus, we obtain the following

corollary.

Corollary 6.4.4. Let H;, + = 1,2,3 be real Hilbert spaces, T' : Hy, — H; and
G : Hy — Hy be relatively nonexpansive mappings. Suppose that the assumptions
(A4)- (A6) and (A8)-(A9) are satisfied. If Q = {(a,b) € (F(T)N(A+ B)~1(0)) x
(F(G)N(C+D)~0)) : S(a) = K(b)} # 0, then the sequence {(x,,w,)} generated
by Algorithm 6.1 withVf =1 =Vg, Vf*=1=Vg*, Jg, = I and P} = P, = P}
converges strongly to (p,q) = Po(x,w).

6.5 Application

6.5.1 Split Monotone Inclusion and f-fixed Point Problems

IfE;,=F i=1,23, K =1, where [ isidentity mapping, then SEMIfFPP reduces
to the split monotone inclusion and f, g-fixed point problems, which is defined as
finding p € (Fy(T) N (A + B)~%(0)) such that Sp € (F,(G) N (C + D)~1(0)).

Denote U = {p € (F;(T) N (A + B)~(0)) : S(p) € (F,(G) N (C + D)~} (0))}.

Corollary 6.5.1. Assume that conditions (A1)- (A6) and (A8)- (A10) are satisfied
with E; = E, i = 1,2,3 and K = I. If UV # (), then the sequence {(xn,w,)}
generated by Algorithm 3.1 converges strongly to (p,S(p)) = Ph(z,w).

6.5.2 Common Solutions of Monotone Inclusion and f-fixed
Point Problems

Let £, = E, 1 =1,2,3, S = K = I. Then, SEMIfFPP reduces to a common
solution of two monotone inclusion and f, g-fixed point problems, which is defined
as finding a point p € F such that p € (Fy(T) N (A+ B)~*(0)) N (F,(G) N (C +
D)1(0)).

Denote ' ={p € E:pe (Fy(T)N(A+ B)"'(0)) N (F,(G)N(C + D)~ (0))}.

Corollary 6.5.2. Assume that conditions (A1)-(A5) and (A8)-(10) are satisfied
with E; = E, i = 1,2,3. If T # (), then the sequence {(x,,w,)} generated by
Algorithm 6.1 with S = K = I converges strongly to (p,p) = Pl (x,w).
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6.5.3 Split Equality Monotone Inclusion Problem

IfT =V fand G = Vg, then SEMIfFPP reduces to the split equality of monotone
inclusion problems, which is finding a point (p,q) € E; x Ey such that p € (A +
B)7Y0), ¢ € (C+ D)7%(0) and Sp = Kjq.

Denote A = {(p,q) € (A+ B)"1(0) x (C+ D)"*(0): Sp = Kq}.
Corollary 6.5.3. If conditions (A1),(A2), (A4)-(A6) and (A8)-(A10) are satisfied

and A # 0, then the sequence {(x,,w,)} generated by Algorithm 6.1 with T =V f
and G = Vg converges strongly to (p,q) in A, where (p,q) = Pl(x,w).

6.5.4 Split Equality f-Fixed Point Problem

If A=B=0=C = D, then SEMIfFPP reduces to the split equality of f, g-fixed
point problems, which is finding a point (p,q) € E; x Ey such that p € Fy(T),
q € F,(G) and Sp = Kq.

Denote ¥ = {(p,q) € Ey X Ey :p € Fy(T),q € F,(G) and Sp = Kq}.

Corollary 6.5.4. If conditions (A1)-(A3),(A6) and (A8)-(A10) are satisfied and
Y # (), then the sequence {(xn,w,)} generated by Algorithm 6.1 with A= B =0 =
C = D converges strongly to (p,q) = Pi(x,w).

6.5.5 Optimization Problem

Let E; = E, 1 =1,2,3, be reflexive real Banach spaces. Let f; : F; — R be convex
smooth functions and ¢; : E; — R be convex, lower semicontinuous functions,
i =1,2. We consider the following minimization problem: Find (p,q) € FE; X Fy
such that

p solves irelgi{fl(w) +ag1(z) - (Vfi—=T)(x) =0}, (6.5.1)
gsolves  min{fa(y) +0(y) : (V2= G)(y) =0} (6.52)

and
Sp = K, (6.5.3)

where 7' : By — E} and G : Ey — Ej are Bregman relatively f-nonexpansive
mappings and S : Fy — E3 and K : Fy — E3 are bounded linear mappings.

Denote A = {(z,v) € Ey x Ey : z solve 6.5.1,v solve 6.5.2 and Sz = Kv}.
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This problem is equivalent, by Fermat’s rule, to the problem of finding (p,q) €
FE, x By such that

(p.a@) € [Fr(T) N (Vfi+891) " (0)] x [Fp,(G) N (V fo + 9g2) ' (0)] and S(p) = K(q),
(6.5.4)
where V f; are gradient of f; and dg; are subdifferential of g;, ¢ = 1,2. Note that

V fi; and 0g; are monotone and maximal monotone mappings, respectively.

Corollary 6.5.5. Let f; : E; — R be convex smooth functions and g; : E; — R
be convex, lower semicontinuous functions, 1 = 1,2. Assume that the conditions
(A1),(A3), (A6) and (A8) - (A10) are satisfied. If A # (), then the sequence
{(zn,wy,)} generated by Algorithm 6.1 with A=V f;, C =V fy, B=0g and D =
dga, converges strongly to (p,q) in A, where (p,q) = Pi(x,w), where h = fi + fs.

6.6 Numerical Experiment

In this section, we provide some numerical examples to clearly exhibit the behavior

of the convergence of the proposed method.

Example 6.6.1. Consider the minimization problem: find (p,q) € R* x R3 such
that

1
p solve m%Rri{H:cﬂl + EHng +(3,4,-2,5) 2 +3: T(x) = (-2,-3,1,—@.1)
TE

q solve Helig{Hyﬂl +lyll5 + (0,-5,3)'y + 2 : G(y) = (0,2, -1)} (6.6.2)
v
and
Sp = Kq, (6.6.3)

where S($1,$2,$3,$4) = <$1—|—$2,x3), T(xl,x2,$3,$4) = (%%1—1, §x2_1ax37 %‘T4_
1)7 V($1,$2,$3,$4) € R* and K(y1;y27?/3) = (—2y2 + ys,—ys); G(y1,y27y3) =
(g1, 392 + 3, —3ys — 2). V(y1, y2,y3) € R%.

By Fermat’s rule, this problem is equivalent to the problem of finding a point
(p,q) € R* x R? such that

(p.q) € @ ={(2,y) € [Fx(T) N (A+ B) " (0)] x [F,(G) N (C + D)"(0)] : S(z) = K(y)},
(6.6.4)

where A(z) = V(§||z|3 + (3,4, -2,5)'z + 3) = z + (3,4, -2,5), B(z) = 9(||z])

and f() = Yl Vo € B and Oly) = VIl + (0, -5.8)1y +2) = 2 +
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(0,-5,3), D(y) = 9(|lyll) and g(y) = 3|lyll3, y € R*. We note that the mappings
A: FE, — FE and C : E; — FE5 are monotone mappings, B : F; — E; and
D : Ey — FE5 are maximal monotone mappings, S : £1 — E3 and K : Fy — FE3 are
bounded linear mappings with adjoints S*(z1, z3) = (21, 21, 22,0) and K*(xy, z5) =
(0, =2z, 21, —T2), (71, 72) € R?, respectively, where F; = RY, B, = R3 and E3 =
R%. Moreover, we observe that Vf(z) = z,Vg(y) = y, Jgz = I, where I is
identity mapping on R?, and the mapping T : E;, — E; is a Bregman relatively
f-nonexpansive and G : Fy — FE is a Bregman relatively g-nonexpansive mapping
and Q = {((-2,-3,1,-4),(0,2,—1))} # 0.

Now, we present the numerical experiment results for testing and comparing the
performance of the control parameter by taking different values in the Algorithm
3.1. All experiments are performed by using MATLAB R2021b.

- == a,=n+1)°%°

8
— = (n+1)°7

7 @ = (n+1)’0'5

............ o, = (n+1)-0'3

n

lterates, ||d_-x ||
IN

(0] 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Elapsed Time [sec]

Figure 6.1: Algorithms 3.1. with 8 =0.5, \1 =1=2¢, £ =0.99,0 =0.1, v =10"*
and different «,,.

From FIGURE 6.1 and 6.2 we observe that the sequence d,, = (x,,w,) con-
verges faster to z* = ((—2,-3,1,4),(0,2,—1)), when the power a of the control
parameters «,, = (n + 1)~% gets closer to one while the initial point and all other
parameters are kept fixed, and the control parameter § gets closer to zero while

the initial point and all other parameters are kept fixed, respectively.

Example 6.6.2. Let Ey = Ey = E3 = Ly([0,1]) and let Q =W = {z € Ly([0,1] :
Iz, < 1}. Consider the minimization problem: find (p,q) € E1 X Ey such that

1
p solve melcrgl{§||a:||%2 +1:T(x)=Vf(x)}, (6.6.5)
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______ B= 0.99

n

lterates, |[d_-x ||

(0] 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Elapsed Time [sec]

Figure 6.2: Algorithms 3.1. with a,, = (n+1)7%% Ay =1 =41, u=0.99, § = 0.1,
v = 107" and different 3.
we  min{ 2ol +3: Gl = Vo) (6.6.6)
g solve  min{zlly|lz, :G(z) = Vgy)}, 6.
and
Sp = Kgq, (6.6.7)

where S(x) = 2z and f(x) = ||z|7,,Va € La([0,1]) and K(y) = y and g(y) =
1yl1Z,. ¥y € La([0,1]).

Thus, this problem is equivalent to the following problem:

1
psolve  min{ig(z) + S =z, +1: T(z) = Vf(2)}, (6.6.8)
. 1
gsolve  minfiw (y) + SllylZ, +3: G(z) = Vg(y)}, (6.6.9)
and
Sp = Kg, (6.6.10)

where ig and iy are indicator functions of () and W, respectively, S(x) = 2z and
K(y) =y.

By Fermat’s rule, this problem is equivalent to the problem of finding a point
(u,v) € By X Ey such that

(u,0) € T ={(z,y) € [F3(T) N (A+ B)"(0)] x[F,(G) N (C + D)7(0)] : S(x) = K(y)},
(6.6.11)
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where A(z) = V[5||z||7,+1] and B(z) = d(ig(x)), Vo € Ey and C(y) = V|fracl2||y||7,+
3] and D(y) = d(iw(y)), Yy € E2. We note that the mappings A : £y} — E} and
C : Ey — Ej are monotone mappings, B : By — 2F1 and D : By — 22 are maxi-
mal monotone mappings, S : £y — E3 and K : E5 — FEj3 are bounded linear map-
pings S*(x) = 2z and K*(z) = x,x € L([0, 1]), respectively. Moreover we observe
that Vf = I = Vg, where I is identity mapping on Ls([0,1]), and the mapping
T : E; — E} is a Bregman relatively f-nonexpansive mapping and G : Ey — EJ is
a Bregman relatively g-nonexpansive mapping and T = {(0,0)} # 0.

Now, we present the numerical experiment results for testing and comparing
the performance of the control parameter by taking different values in Algorithm
3.1. All experiments are performed by using MATLAB R2021b.

From Figure 6.3, we observe that the sequence (z,,w,) converges strongly to

(u,v) = (0,0), and the convergence is faster when a in the control parameter
= m gets closer to one while the initial point and all other parameters are
kept fixed.
0.6
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Figure 6.3: Algorithms 3.1. with z(t) = 3, w(t) = t?, xo(t) = 12, we(t) = 3
B=05 M=1=68 p=0.99,0=0.1,~v=10"* and different c,,.



Chapter 7

Discussion, Conclusion and

Recommendation

7.1 Discussion

In this dissertation, we established iterative algorithms that convergence strongly
to common solutions of nonlinear problems. The nonlinear problems discussed in
this work mainly focus on the fixed point problems of nonlinear mappings, the
generalized equilibrium problems, zeros of monotone mappings, and varitional in-
equality problems for Lipschitz monotone mappings. All supporting numerical
experiments were presented to indicate the worthiness of these results to practical
problems in nonlinear analysis. The research works are entirely new in the lit-
erature as manifested by the publication of these results by four different highly
reputable peer-reviewed international journals indexed by archives such as Web of

Science, Scopus and Mathematical Reviews.

7.2 Conclusion

The theorems obtained in this dissertation generalize, extend and unify so many
results in the literature. The main results of the dissertation are stated below to
illustrate this.

e In Chapter 3, we have proposed an algorithm for solving a common element
of sets of solutions of a finite family of generalized equilibrium problem, sets of
fixed points of a finite family of continuous asymptotically quasi-¢-nonexpansive

mapping in the intermediate sense and sets of zeros of a finite family ~-inverse

114
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strongly monotone mappings in uniformly convex and uniformly smooth real Ba-
nach spaces. We also gave some consequences of our results to a common solution
of some problems in Banach spaces. Our results extend and improve the results
of Kazmi and Ali [49], Ibiam et. al. [42] and Hao [40] to a common solution of
a more general problems that involves a common solution of a finite family con-
tinuous asymptotically quasi-¢-nonexpansive mapping in the intermediate sense
in Banach spaces. The results obtained in Section 3.2 have been published; see
“S. B. Zegeye, M. G. Sangago and H. Zegeye, A common solution of generalized
equilibrium, zeros of monotone mapping and fixed point problems. J. Analysis,
30(2)(2022), 569595. https://doi.org/10.1007 /s41478-021-00359-w.”.

e In Chapter 4, we constructed a hybrid projection type algorithm whose sequence
converges strongly to a common element of sets of solutions of a finite family of
generalized mixed equilibrium problem, sets of semi-fixed points of a finite family of
continuous semi-pseudocontractive mappings and sets of solutions of a finite family
of variational inequality for a finite family of monotone and L-Lipschitz mappings
in Banach spaces is proved. Our results in this chapter generalizes some of known
results in the literature. As a result, we obtain strong convergence results for a
common semi-fixed point of a finite family of continuous f-pseudocontractive map-
pings and for a common solution of a finite family of varitional inequality problems
for Lipschitz monotone mappings in Banach spaces. We remark that the theorem
proved is applicable in L,, I, or W (§2) spaces, 1 < p < oo, where W*(Q2) denotes
the usual Sobolev space. Our results provide an affirmative answer to the question
raised. The results obtained in this chapter appeared in ”Computational and Ap-
plied Mathematics 41, 200 (2022). https://doi.org/10.1007/s40314-022-01907-1.”

e In Chapter 5, we constructed a new algorithm to approximate a common element
of the set of solutions of a finite family of generalized mixed equilibrium problems,
the set of f-fixed points of a finite family of f-pseudocontractive mappings and
the set of solutions of a finite family of variational inequality problems for a finite
family of Lipschitz monotone mappings in reflexive real Banach spaces. We proved
a strong convergence theorem for the developed algorithm in reflexive real Banach
spaces. In addition, a numerical example is given to illustrate the implementability
of our algorithm. Specifically, the result of our method improve the result obtained
by Shahzad and Zegeye [78] from a Hilbert spaces to a reflexive Banach spaces,

from continuous pseudocontractive to continuous f-pseudocontractive and from
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equilibrium problem to generalized mized equilibrium problem. In addition, Theo-
rem 6.4.1 extends Theorem 3.1 of Bello and Nnakwe [9] from 2-uniformly convex
and uniformly smooth spaces to reflexive Banach spaces, from continuous semi-
pseudocontractive to continuous f-pseudocontractive and from equilibrium problem

to generalized mized equilibrium problem.

e In Chapter 6, we proposed an inertial type algorithm to approximate the so-
lution of the split equality of monotone inclusion and f, g-fixed point of Bregman
relatively f, g-nonexpansive mapping problems. We proved a strong convergence
theorem for the developed algorithm in reflexive real Banach spaces. The main re-
sult of our method improves the result obtained by Izuchukwu et al. [44] from the
split feasibility over the solution set of monotone variational inclusion problems
in real Hilbert spaces to the split equality of monotone inclusion and f, g-fixed
point of Bregman relatively f, g-nonexpansive mapping problems in reflexive real
Banach spaces. As an application, we provided several applications of our method
and provided a numerical result to demonstrate the behavior of the convergence
of the algorithm. A numerical example is also provided to illustrate the behavior

of the proposed algorithm.

7.3 Recommendation

To the best of our knowledge the following problems are still open for investigations.

e In Chapter 3, we have obtained strong convergence results for solving a com-
mon element of sets of solutions of a finite family of generalized equilibrium prob-
lem, sets of fixed points of a finite family of continuous asymptotically quasi-¢-
nonexpansive mapping in the intermediate sense and sets of zeros of a finite family
~v-inverse strongly monotone mappings in uniformly convex and uniformly smooth

real Banach spaces. The following questions can be addressed in the future:

a) Can we extend these results to Banach spaces more general than uniformly

convex and uniformly smooth real Banach spaces?

b) Can we extend these results to zeros of a finite family pseudo-monotone map-
pings more general than zeros of a finite family ~-inverse strongly monotone

mappings?

c) Can we introduce a simpler iteration scheme which is efficient and easy to

implement?
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e In Chapter 4, we have proved a strong convergence theorem for approximat-
ing a common element of sets of solutions of a finite family of generalized mixed
equilibrium problem, sets of semi-fixed points of a finite family of continuous semi-
pseudocontractive mappings and sets of solutions of a finite family of variational
inequality for a finite family of monotone and L-Lipschitz mappings in uniformly
convex and uniformly smooth real Banach spaces. Can we obtain sets of semi-fixed
points results for a class of mappings more general than a finite family of continuous
semi-pseudocontractive mappings in spaces more general than uniformly smooth

real Banach spaces?

e In Chapter 5, we have introduced an algorithm for approximating a common
element of the set of solutions of a finite family of generalized mixed equilibrium
problems, the set of f-fixed points of a finite family of f-pseudocontractive map-
pings and the set of solutions of a finite family of variational inequality problems
for Lipschitz monotone mappings in real reflexive Banach spaces. For further work

related with this research the following questions are open.

1. Can we extend these result to the set of f-fixed points results for a class of
mappings more general than a finite family of continuous f-pesudocontractive

mappings in spaces more general than reflexive Banach spaces?

2. Can we extend these result to the set of f-fixed points results for a class of
mappings more general than a finite family of continuous f-pesudocontractive

mappings in spaces more general than reflexive Banach spaces?

3. Can we extend these result to the set of solutions of a finite family of varia-
tional inequality problems for pseudo-monotone mappings more general than

Lipschitz monotone mappings?

e In Chapter 6, we have developed an inertial algorithm for solving split equality
of monotone inclusion and f-fixed point of Bregman relatively f-nonexpansive
mapping problems in reflexive real Banach spaces. Can we extended this result to

a finite family of maximal pseudo-monotone mappings in Banach spaces?
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