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Abstract

In this dissertation, we discuss four fixed point approximation meth-

ods that can be applied to solve optimization problems, differential

equations, variational inequalities and equilibrium problems.

In the first main result of the dissertation, we propose an inertial

algorithm for solving split equality of monotone inclusion and f -

fixed point of Bregman relatively f -nonexpansive mapping problems

in reflexive real Banach spaces and established strong convergence

theorems for the algorithm.

Secondly, we establish a strong convergence theorem for approx-

imating a common element of sets of solutions of a finite family of

generalized mixed equilibrium problem, sets of semi-fixed points of

a finite family of continuous semi-pseudocontractive mappings and

sets of solutions of a finite family of variational inequality for a finite

family of monotone and L-Lipschitz mappings in Banach spaces.

Thirdly, we constructed and proved a strong convergence of an

algorithm for approximating a common element of the set of solutions

of a finite family of generalized mixed equilibrium problems, the set

of f -fixed points of a finite family of f -pseudocontractive mappings

viii



and the set of solutions of a finite family of variational inequality

problems for Lipschitz monotone mappings in real reflexive Banach

spaces.

In the fourth main result of the dissertation, we introduce an

iterative process which converges strongly to a common point of sets

of solutions of a finite family of generalized equilibrium problems,

fixed points of a finite family of continuous asymptotically quasi-ϕ-

nonexpansive mapping in intermediate sense, and zeros of a finite

family of γ-inverse strongly monotone operators in uniformly convex

and uniformly smooth real Banach space.

We give numerical examples to demonstrate the behavior of the

convergence of the algorithms analysed in each of the four main re-

sults of the thesis.

ix



Chapter 1

Introduction

1.1 Background of the Study

Fixed point theory is a beautiful mixture of analysis, topology, and geometry.

Fixed point theory, as an important branch of nonlinear analysis theory, has played

very important roles in many different fields. We can find a lot of demonstrations

in many areas such as optimization theory, differential equations, equilibrium the-

ory, economics theory, image recovery, game theory, mechanics, quantum physics,

control theory, and so forth. In the last century, fixed point theorems are developed

for single-valued or multi-valued mappings of many types of spaces. The topic of

approximation of fixed points of mappings is as useful as existence theorems for

applied mathematics. Approximation methods can also be applied to prove the

solvability of optimization problems, differential equations, variational inequalities

and equilibrium problems (for more details refer [10, 13, 35, 38, 39, 42, 51, 68]).

In particular, the existence theory for nonlinear equations of evolution; that is,

equations of the form: x′(t) +Bx(t) = V (x(t)), t ≥ 0,

x(0) = x0

, (1.1.1)

at equilibrium state, and setting V = 0 in equation (1.1.1), we obtain the following

equation:

Bx = 0. (1.1.2)

In many cases, where the mapping B is accretive, solutions of equation (1.1.2),

represent the equilibrium state of the system described by equation (1.1.1). For

1
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solving equation (1.1.2), Browder [19] introduced a self mapping, S =: I − B, on

a real Banach space, which he called a pseudocontractive mapping. Therefore,

the fixed point of S is a solution of Bx = 0. Approximating zeros of accre-

tive mappings is equivalent to approximating fixed points of pseudocontractive

mappings, by assuming existence of such zeros. For earlier and more recent re-

sults on the approximation of fixed points of pseudocontractive mappings refer to

[20, 27, 31, 33, 58, 59, 69, 103, 101].

Throughout this dissertation, we denote by N and R the sets of positive integers

and real numbers, respectively. We also assume that E is a real Banach space, E∗

is the dual space of E, C is a nonempty closed convex subset of E, and ⟨ . , .⟩ is
the dual pairing between E and E∗.

Let g : E → R ∩ {+∞} be a proper convex function. The sub-differential of

g, ∂g : E → 2E
∗
, is defined, for each x ∈ E, by ∂g(x) = {x∗ ∈ E∗ : g(y)− g(x) ≥

⟨y − x, x∗⟩ ,∀y ∈ E}. It is shown in [?, 34] that ∂g is a monotone mapping, and

that 0 ∈ ∂g(u) if and only if u is a minimizer of the function g. In particular,

setting the sub-differential equivalently as B, where B is monotone, we have the

fact that, 0 ∈ B(u), which reduces to Bu = 0, for the case where B is single-

valued. Therefore, approximating zeros of such monotone mappings is equivalent

to finding a minimizer of some convex function.

It is obvious that the fixed point technique introduced by Browder [19] for ap-

proximating zeros of accretive mappings, is not applicable when B from a real

Banach space to its dual space is monotone. Hence, there is the need to develop

techniques for approximating zeros of monotone mappings. This motivated the

study of developing techniques for approximating zeros of monotone mappings in

arbitrary normed linear spaces. In addition, a new notation of fixed points for

mappings from a normed linear space to its dual space called semi-fixed points.

The concept of a semi-fixed point was introduced by Zegeye [99] and has recently

been studied by several authors, for example, [30] and [106]. Approximation meth-

ods for finding semi-fixed points of nonlinear mappings from C into E∗ are very

active area of researchs.

On the other hand, many mathematical models, originating in economics, physics,
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engineering, and statistics can be formulated as generalized mixed equilibrium prob-

lem (Ceng and Yao [24] ) which is to find x ∈ C such that

H(x, y) := F (x, y) + φ(y)− φ(x) + ⟨y − x,Bx⟩ ≥ 0,∀y ∈ C. (1.1.3)

where F : C × C → R is a bifunction, φ : C → R is a real valued function, and

B : C → E∗ is a nonlinear mapping. The generalized mixed equilibrium problem

is quite general it includes and unifies a wide class of problems, such as general-

ized mixed equilibrium problem, equilibrium problem, mixed varational inequality

problem, varational inequality problem, optimization problem, saddle point prob-

lem, Nash equilibrium in non-cooperative game.

Moreover, constructing iterative algorithms for finding a common element of the

set of fixed points of nonlinear mappings, the set of zeros of monotone mappings,

set of solution of variational inequality and the set of solutions of equilibrium prob-

lem in different spaces have been also extensively studied by many authors due to

its direct connection with applied sciences.

Let f : E → R be a convex and smooth function and g : E → R be a convex

and lower semicontinuous function. Consider the following minimization problem:

min
x∈E

{f(x) + g(x)}. (1.1.4)

By Fermat’s rule, problem (1.1.4) is equivalent to the problem of finding a point

p ∈ E such that

0 ∈ (∇f + ∂g)(p), (1.1.5)

where ∇f is the gradient of f and ∂g is the subdifferential of g.

The general form of problem (1.1.4) is called monotone inclusion problem which

is to find an element x ∈ E such that

0 ∈ (A+B)x, (1.1.6)

where A : E → E∗ is a monotone mapping and B : E → 2E
∗
is a maximal mono-

tone mapping.

This problem is also connected with fixed point problem. Thus, Taiwo et al.

[84] introduced and studied a new generalization of the monotone inclusion prob-

lem in Hilbert spaces which is called the split equality of monotone inclusions and

fixed point problems. More specifically, split equality of monotone inclusions and
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fixed point problems are applicable in the fields of machine learning, statistical

regression, image processing and signal recovery(see, [46], [87], [88], [89], [90]). In

addition, the problem includes the core of many mathematical problems, as special

cases, such as: common solutions of monotone inclusion and fixed point problems,

split equality monotone inclusion problem, split equality fixed point problem and

many important optimization problems such as, split feasibility problems, split

minimization problems, split equilibrium problems, split saddle-point problems

(see for example, [45], [46], [79], [83], [84], [85], [87]). Split equality of monotone

inclusions and fixed point problems are one of active areas of research in nonlinear

analysis at present.

Moreover, to speed up the convergence of iterative algorithms has always been

of great importance. In 1964, Polyak [61] proposed an inertial algorithm which

can be seen as a discrete version of a second order time dynamical system to speed

up convergence rate of smooth convex minimization problem. The main idea of

this method is to make use of two previous iterates in order to update the next

iterate, which results in speeding up the algorithm’s convergence.

Our purpose in this dissertation is, therefore, to introduce and study iterative

algorithms for approximating: a common point of sets of solutions of a finite fam-

ily of generalized equilibrium problems, fixed points of a finite family of continuous

asymptotically quasi-ϕ-nonexpansive mapping in intermediate sense, and zeros of

a finite family of γ-inverse strongly monotone operators in uniformly convex and

uniformly smooth real Banach spaces; a common element of sets of solutions of a

finite family of generalized mixed equilibrium problem, sets of semi-fixed points of

a finite family of continuous semi-pseudocontractive mappings and sets of solutions

of a finite family of variational inequality for a finite family of monotone and L-

Lipschitz mappings in Banach spaces; a common element of the set of solutions of

a finite family of generalized mixed equilibrium problems, the set of f -fixed points

of a finite family of f -pseudocontractive mappings and the set of solution of a finite

family of variational inequality problems for Lipschitz monotone mappings in real

reflexive Banach spaces and an for solving split equality of monotone inclusion and

f -fixed point of Bregman relatively f -nonexpansive mapping problems in reflexive

real Banach spaces and also using inertial method to speed up algorithm.
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1.2 Preliminaries

In this section, we shall present some important definitions and preliminary results

which will play a crucial role in the subsequent chapters. They can be found in

any standard functional analysis book such as Alber and Ryazantseva[3], Chidume

[?], Khamsi and Kirk [50].

Throughout this dissertation, we denote the strong convergence and weak con-

vergence of a sequence {xn} by xn → x and xn ⇀ x, respectively. Recall that the

unit sphere in E is given by SE = {x ∈ E : ∥x∥ = 1}.

1.2.1 Reflexivity and Weak Convergence

Definition 1.2.1. If E1 and E2 are real Banach spaces with duals E∗
1 and E∗

2 ,

respectively and S : E1 → E2 is a bounded linear mapping, then the adjoint S∗ is

a linear mapping S∗ : E∗
2 → E∗

1 satisfying the equation

⟨x, S∗y∗⟩ = ⟨Sx, y∗⟩ for all x ∈ E1, y
∗ ∈ E∗

2 .

The dual space of E∗ is called the bidual of E and is denoted by E∗∗. Note

that E∗∗ is a Banach space.

Let x ∈ E be given. A function fx : E
∗ → R defined by

fx(j) = ⟨x, j⟩ for all j ∈ E∗.

Then, since j is linear bounded functional on E,

|fx(j)| = |⟨x, j⟩| ≤ ∥j∥∥x∥ for all j ∈ E∗,

and fx is linear functional. Furthermore, as result of the Hahn-Banach theorem,

∥fx∥ = ∥x∥.

Definition 1.2.2. An injection mapping ν : E → E∗∗ is called canonical embed-

ding if the following properties holds:

a) ν is linear: ν(αx+ βy) = αν(x) + βν(y) for all x, y ∈ E, α, β ∈ R;

b) ν is isometry: ∥ν(x)∥ = ∥x∥ forall x ∈ E.

Generally, the canonical embedding mapping ν from E into E∗∗ is not sur-

jective. It is well known that a mapping J : E → E∗∗ defined by J(x) = fx is

canonical embedding. If J is surjective, then we have an important class of Banach

spaces.
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Definition 1.2.3. A Banach space E is said to be reflexive if the canonical em-

bedding mapping J is surjective, that is, J(E) = E∗∗.

Hilbert spaces, Lp, ℓp and Wm
p (Ω) spaces for 1 < p < ∞) are examples of

reflexive Banach space, where Wm
p (Ω) denotes the usual Sobolev space (see, [17]).

Definition 1.2.4. A sequence {xn} ⊂ E is called weakly convergent sequence

which converges weakly to x ∈ E if for all x∗ ∈ E∗

⟨x, x∗⟩ = lim
n→∞

⟨xn, x∗⟩.

Proposition 1.2.1 (Eberlein-Smulian). Every bounded sequence in reflexive Ba-

nach space E admits a weakly convergent subsequence.

1.2.2 Geometry of Banach Spaces

Definition 1.2.5 ([2], [28]). A Banach space E is said to be strictly convex if for

all x, y ∈ SE with x ̸= y imply ∥λx+ (1− λ)y∥ < 1 for all λ ∈ (0, 1).

Definition 1.2.6 ([2], [28]). A Banach space E is called uniformly convex if for any

two sequences {xn} and {yn} in E such that ∥xn∥ = ∥yn∥ and limn→∞ ∥xn+yn
2

∥ = 1,

we have

lim
n→∞

∥xn − yn∥ = 0.

Remark 1.2.1. Every uniformly convex is strictly convex Banach space. But, the

converse is true if the dimension of the Banach space is finite.

The following is an interesting property of uniformly convex spaces which is

due to Milman and Pettis [2].

Proposition 1.2.2. Every uniformly convex Banach space is reflexive.

Lemma 1.2.3. [95] If E is a uniformly convex real Banach space, then there exists

a continuous, strictly increasing and convex function g : [0,∞) → [0,∞), g(0) = 0,

such that for all x, y ∈ Br(0) and for any p > 1, α ∈ [0, 1], we have

∥αx+ (1− α)y∥p ≤ α∥x∥p + (1− α)∥y∥p −Wp(α)g(∥x− y∥),

where Wp(α) = αp(1− α) + α(1− α)p and Br(0) = {x ∈ E : ∥x∥ ≤ 0}.

Definition 1.2.7. The modulus of convexity of E is a function δE : (0, 2] → [0, 1]

defined by

δE(ϵ) = inf{1− ∥x+ y

2
∥ : x, y ∈ SE; ∥x− y∥ ≥ ϵ}.
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It is well known that E is uniformly convex if and only if δE(ϵ) > 0, for all

∈ (0, 2].

Definition 1.2.8. Let p > 1 be a real number. Then, E is called p-uniformly

convex if there is a constant c > 0 such that δE(ϵ) ≥ cϵp for all ϵ ∈ (0, 2].

It is known that a p-uniformly convex Banach space is uniformly convex.

Definition 1.2.9 ([2], [28]). The Banach space E is said to be smooth if

lim
t→0

∥x+ ty∥ − ∥x∥
t

,

exists for each x, y ∈ SE. It is also said to be uniformly smooth if the above limit

is attained uniformly for x, y ∈ SE.

Definition 1.2.10. The modulus of smoothness of E is the function ρE : [0,∞) →
[0,∞) defined by

ρE(λ) = sup

{
∥x+ λy∥+ ∥x− λy∥

2
− 1 : x, y ∈ SE

}
.

It is obvious that a space E is uniformly smooth if and only if lim
λ→0+

ρE(λ)

λ
= 0.

Definition 1.2.11 ([2], [28]). Let E be a real Banach space with its dual space

E∗. The generalized duality mapping Jp : E → 2E
∗
is defined by

Jp(x) = {f ∈ E∗ : ⟨x, f⟩ = ∥x∥∥f∥, ∥f∥ = ∥x∥p−1}, for all x ∈ E.

If p = 2, then we write J2 = J and call it normalized duality mapping and

Jp(x) = ∥x∥p−2J(x). One can easily see the following facts:

a) For each x ∈ E, Jp(x) is a nonempty, closed and convex subset of E∗ for each

x ∈ E.

b) Jp is monotone mapping. Moreover, Jp is strictly monotone if E is strictly

convex Banach space.

c) If E∗ is strictly convex Banach space, then Jp is single valued mapping.

d) If E is reflexive and E∗ is strictly convex Banach spaces, then Jp is single

valued monotone and demicontinuous mapping.

Proposition 1.2.4 ([2], [28]). If E is a uniformly smooth, then J is uniformly

norm-to-norm continuous on each bounded subset of E.

It is well known that E is uniformly smooth if and only if E∗ is uniformly convex

(see, e.g., [2]).
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1.2.3 Convex Functions and Bregman Distance

In this subsection various important definitions and basic concepts which are used

in the subsequent chapters.

Let f : E → (−∞,+∞] be a function. We denote the domain of f by domf ,

that is, domf = {x ∈ E : f(x) < ∞}. A function f is said to be proper if

domf ̸= ∅. It is said to be lower semi-continuous if the set {x ∈ E : f(x) ≤ r} is

closed for all r ∈ R.

Definition 1.2.12. Let f : E → (−∞,+∞] be a function. Then,

a) f is called convex if f(αx+ (1−α)y) ≤ αf(x) + (1−α)f(y) for all x, y ∈ E

and α ∈ [0, 1].

b) f is called uniformly convex if there exists a continuous increasing function

ψ : [0,+∞) → R, ψ(0) = 0, such that f(tx+(1− t)y) ≤ tf(x)+(1− t)f(y)−
t(1 − t)ψ(∥x − y∥), for all x, y ∈ domf . The function ψ is called a modulus

of convexity of f . It is called strongly convex if f is uniformly convex with

the modulus of convexity ψ(t) = ct2, c > 0.

(3) f is said to be strongly coercive if lim
∥x∥→+∞

f(x)

∥x∥
= +∞.

Definition 1.2.13. Let f : E → (−∞,+∞] be function. The Fenchel conjugate

of f is a function f ∗ : E∗ → (−∞,+∞] defined by

f ∗(x∗) = sup{⟨x, x∗⟩ − f(x) : x ∈ E}.

Definition 1.2.14. Let f : E → (−∞,+∞] be convex function. The subdifferen-

tial of f at x is defined by

∂f(x) = {x∗ ∈ E∗ : f(y)− f(x) ≥ ⟨y − x, x∗⟩ ,∀y ∈ E}.

For any x ∈ int(domf) and any y ∈ E, we denote by f 0(x, y) the right-hand

derivative of f at x in the direction of y, that is,

f 0(x, y) = lim
t→0+

f(x+ ty)− f(x)

t
. (1.2.1)

The function f is called Gâteaux differentiable at x if the limit (1.2.1) exists for

any y ∈ E. In this case, the gradient of f at x, ∇f(x), coincides with f 0(x, y) for

all y ∈ E. It is called Gâteaux differentiable if it is Gâteaux differentiable at every

point x ∈ int(domf). We note that if the subdifferential of f is single-valued,
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then ∂f = ∇f . The function f is said to be Fréchet differentiable at x if the limit

(1.2.1) is attained uniformly for every y ∈ E with ∥y∥ = 1 and f is said to be

uniformly Fréchet differentiable on a subset C of E if the limit (1.2.1) is attained

uniformly for x ∈ C and ∥y∥ = 1.

Proposition 1.2.5. [60] If f is a uniformly convex and Gâteaux differentiable

function in (domf) with modulus of convexity ψ, then

⟨x− y,∇f(x)−∇f(y)⟩ ≥ 2ψ(∥x− y∥),∀x, y ∈ domf,

or equivalently,

f(y) ≥ f(x) + ⟨y − x,∇f(x)⟩+ ψ(∥x− y∥), ∀x, y ∈ domf.

Proposition 1.2.6. [60] If a function f is strongly convex with constant µ > 0

and Gâteaux differentiable in (domf), then

⟨x− y,∇f(x)−∇f(y)⟩ ≥ µ∥x− y∥2,∀x, y ∈ domf,

or equivalently,

f(y) ≥ f(x) + ⟨y − x,∇f(x)⟩+ µ

2
∥x− y∥2,∀x, y ∈ domf.

Proposition 1.2.7 ([108]). If f is strongly convex with constant µ, then f ∗ has a

Lipschitz gradient with parameter 1
µ
and if f has a Lipschitz gradient with param-

eter L, then f ∗ is strongly convex with parameter 1
L
.

Remark 1.2.2 ([60]). If E is a smooth and strictly convex Banach space, the func-

tion f(x) = ∥x∥2, ∀x ∈ E is strongly convex with constant µ ∈ (0, 1].

Definition 1.2.15. A function f : E → (−∞,+∞] is called Legendre if it satisfies

the following two properties:

(L1) the interior of the domain of f , int(domf), is nonempty, f is Gâteaux dif-

ferentiable and dom(∇f) = int(domf);

(L2) the interior of the domain of f ∗, int(domf ∗), is nonempty, f ∗ is Gâteaux

differentiable and dom(∇f ∗) = int(domf ∗);

Example 1.2.1. (see, Bauschke [7] and Bauschke et al. [8]) One of the important

and interesting Legendre function in a smooth and strictly convex Banach space

is f(x) = 1
p
∥x∥p (1 < p < +∞) with its conjugate function f ∗(x∗) = 1

q
∥x∗∥q

(1 < q < +∞), where 1
p
+ 1

q
= 1. In this case, the gradient of f , ∇f , coincides

with the generalized duality mapping, Jp, of E, that is, ∇f = Jp.
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Note that ∇f = I if E = H, a real Hilbert space and f(x) = ∥x∥2, where I is

the identity mapping on H.

Lemma 1.2.8. (see, Bonnans and Shapiro [15]) If the function f is a Legendre

function and E is a reflexive Banach space, then ∇f ∗ = (∇f)−1.

Definition 1.2.16. (see, Bregman [16]) Let f : E → (−∞,+∞] be a Gâteaux

differentiable convex function. The function Df : domf × int(domf) → [0,+∞),

defined by

Df (y, x) = f(y)− f(x)− ⟨y − x,∇f(x)⟩, ∀x, y ∈ E. (1.2.2)

is called the Bregman distance with respect to f .

The Bregman distance has the following two important properties (see, Reich

and Sabach [70]), called the three-point identity : for any x ∈ domf and y, z ∈
int(domf),

Df (x, y) +Df (y, z)−Df (x, z) = ⟨x− y,∇f(z)−∇f(y)⟩, (1.2.3)

and the four-point identity : for any y, w ∈ domf and x, z ∈ int(domf),

Df (y, x)−Df (y, z)−Df (w, x) +Df (w, z) = ⟨y − w,∇f(z)−∇f(x)⟩. (1.2.4)

Lemma 1.2.9. (Phelps [60]) If f : E → (−∞,+∞] is a proper, lower semi-

continuous and convex function, then f ∗ : E∗ → (−∞,+∞] is a proper, weak∗

lower semi-continuous and convex function and for any x ∈ E, {yk}Nk=1 ⊆ E and

{ck}Nk=1 ⊆ (0, 1) with
∑N

k=1 ck = 1 the following holds:

Df

(
x,∇f ∗

(
N∑
k=1

ck∇f(yk)

)
) ≤

N∑
k=1

ckDf (x, yk

)
. (1.2.5)

If E is a smooth and strictly convex Banach space and f(x) = ∥x∥2 for all

x ∈ E, then we have that ∇f = J , where J is the normalized duality mapping

from E into 2E
∗
and the Bregman distance with respect to f , Df , reduces to the

Lyapunov functional ϕ : E × E → [0,+∞) defined by

ϕ(y, x) = ∥y∥2 − 2⟨y, Jx⟩+ ∥x∥2,∀x, y ∈ E. (1.2.6)

It is obvious from the definition of a function ϕ that

(∥x∥ − ∥y∥)2 ≤ ϕ(x, y) ≤ (∥x∥+ ∥y∥)2,∀x, y ∈ E, (1.2.7)

ϕ(x, y) = ϕ(x, z) + ϕ(z, y) + 2⟨x− z, Jz − Jy⟩, ∀x, y, z ∈ E, (1.2.8)
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and

ϕ(x, J−1(αy + (1− α)z)) ≤ αϕ(x, y) + (1− α)ϕ(x, z), (1.2.9)

for all x, y, z ∈ E and α ∈ (0, 1). Observe that, in a Hilbert space H, the equality

reduces to ϕ(x, y) = ∥x− y∥2, x, y ∈ H.

Let f : E → R be a Legendre function. We make use of the function Vf : E×E∗ →
R defined by

Vf (x, x
∗) = f(x)− ⟨x, x∗⟩+ f ∗(x∗), for all x ∈ E and x∗ ∈ E∗.

We note that Vf is a nonnegative function which satisfies (see, Senakka and

Cholamjiak [77])

Vf (x, x
∗) = Df (x,∇f ∗(x∗)) for all x ∈ E and x∗ ∈ E∗, (1.2.10)

and

Vf (x, x
∗) + ⟨∇f ∗(x∗)− x, y∗⟩ ≤ Vf (x, x

∗ + y∗), for all x ∈ E and x∗, y∗ ∈ E∗.

(1.2.11)

Definition 1.2.17. Let f : E → (−∞,+∞] be a Gâteaux differentiable convex

function. The Bregman projection of x ∈ int(domf) onto the nonempty, closed

and convex set C ⊂ domf is the unique vector P f
C(x) ∈ C satisfying

Df (P
f
C(x), x) = inf{Df (y, x) : y ∈ C}.

If E is strictly convex and smooth Banach space and f(x) = ∥x∥2 for all x ∈ E,

then the Bregman projection mapping P f
C reduced to the generalized projection

mapping ΠC : E → C which is defined as for any arbitrary point x ∈ E the

minimum point of the functional ϕ(x, y); that is, ΠCy = p, where p is the solution

to the minimization problem

ϕ(p, x) = min
y∈C

ϕ(y, x). (1.2.12)

In addition, if f(x) = ∥x∥2 for all x ∈ E and E = H, where H is Hilbert space,

then P f
C reduced to a metric projection mapping PC of H onto C. As we all know,

if C is a nonempty closed convex subset of a Hilbert space H and PC : H → C

is the metric projection of H onto C, then PC is nonexpansive. This fact actually

characterizes Hilbert spaces and, consequently, it is not available in more general

Banach spaces. The existence and uniqueness of the operator ΠC follows from the

properties of the functional ϕ(x, y) and strict monotonicity of the mapping J ; see,

for example, [2, 34].
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1.2.4 Nonlinear Mappings

Definition 1.2.18. A mapping T : C → E is called asymptotically regular on C

if for any bounded subset K of C,

lim sup
n→∞

{∥T n+1x− T nx∥ : x ∈ K} = 0.

Definition 1.2.19. Let C be a nonempty subset of E. A mapping T : C → E is

said to be Lipschitz if there exists nonnegative real number L such that

∥Tx− Ty∥ ≤ L∥x− y∥ for all x, y ∈ C.

If L < 1, then T is called contraction mapping and it is called nonexpansive if

L = 1.

Clearly, every Lipschitz mapping is uniformly continuous.

Definition 1.2.20. A point x ∈ C is said to be a fixed point of a mapping

T : C → E if Tx = x. The set of all fixed point of a mapping T is denoted by

F (T ).

Definition 1.2.21. A mapping T : C → E is said to be

a) asymptotically regular on C if for any bounded subset K of C’

lim sup
n→∞

{∥T n+1x− T nx∥ : x ∈ K} = 0;

b) quasi-nonexpansive if F (T ) ̸= ∅, and

∥Tx− p∥ ≤ ∥x− p∥, ∀x ∈ C, ∀p ∈ F (T ).

c) asymptotically quasi-nonexpansive if F (T ) ̸= ∅ and there exists a sequence

{kn} ⊆ [1,∞) with lim
n→∞

kn = 1, such that

∥T nx− p∥ ≤ kn∥x− p∥,∀x ∈ C,∀p ∈ F (T ), n ∈ N.

d) asymptotically quasi-nonexpansive in the intermediate sense if F (T ) ̸= ∅ and

the following inequality holds:

lim sup
n→∞

sup
p∈F (T ),x∈C

(∥T nx− p∥ − ∥x− p∥) ≤ 0.

Remark 1.2.3. a) The class of nonexpansive mappings is a subset of the class

of quasi-nonexpansive mappings if the set of fixed points of nonexpansive

mappong is nonempty set;
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b) The class of quasi-nonexpansive⊆ the class of asymptotically quasi-nonexpansive

⊆ the class of asymptotically quasi-nonexpansive in the intermediate map-

pings.

Definition 1.2.22. [71] A point p in C is said to be an asymptotic fixed point of T

if C contains a sequence {xn} which converges weakly to p such that limn→∞ ∥xn−
Txn∥ = 0. The set of asymptotic fixed points of T will be denoted by F̃ (T ).

Definition 1.2.23. [104] A point p in C is said to be a strong asymptotic fixed

point of T if C contains a sequence {xn} which converges strongly to p such that

limn→∞(Txn − p) = 0. The set of strong asymptotic fixed points of T will be

denoted by F̂ (T ).

Definition 1.2.24. A mapping T : C → E is called

a) relatively nonexpansive [22, 26] if F̃ (T ) = F (T ) ̸= ∅ and ∥Tx−p∥ ≤ ∥x−p∥
for all x ∈ C and p ∈ F (T ).

b) relatively-ϕ-nonexpansive [22, 26] if F̃ (T ) = F (T ) ̸= ∅ and ϕ(p, Tx) ≤ ϕ(p, x)

for all x ∈ C and p ∈ F (T ).

c) relatively weak nonexpansive [104] if F̂ (T ) = F (T ) ̸= ∅ and ϕ(p, Tx) ≤
ϕ(p, x) for all x ∈ C and p ∈ F (T ).

d) relatively-ϕ-asymptotically nonexpansive [1, 67] if F̃ (T ) = F (T ) ̸= ∅ and

there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n → ∞ such that

ϕ(p, T nx) ≤ knϕ(p, x) for all x ∈ C, p ∈ F (T ) and n ≥ 1.

e) quasi-ϕ-nonexpansive [63] if F (T ) ̸= ∅ and ϕ(p, Tx) ≤ ϕ(p, x) for all x ∈
C, p ∈ F (T ).

f) asymptotically quasi-ϕ-nonexpansive [62, 65, 109] if F (T ) ̸= ∅ and there

exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n→ ∞ such that ϕ(p, T nx) ≤
knϕ(p, x) for all x ∈ C, p ∈ F (T ) and n ≥ 1.

g) accretive if for each x, y ∈ C, there exists j(x − y) ∈ J(x − y) such that

⟨j(x− y), u− v⟩ ≥ 0, ∀u ∈ Tx, v ∈ Ty.

Remark 1.2.4. The class of asymptotically quasi-ϕ-nonexpansive mappings is more

general than the class of relatively asymptotically nonexpansive mappings, which

requires the restriction: F̃ (T ) = F (T ).
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Definition 1.2.25 ([68]). A mapping T : C → E is said to be asymptotically

quasi-ϕ-nonexpansive in the intermediate sense if F (T ) ̸= ∅ and

lim sup
n→∞

sup
p∈F (T ),x∈C

(ϕ(p, T nx)− ϕ(p, x)) ≤ 0. (1.2.13)

Put

ξn = max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nx)− ϕ(p, x))}.

It follows that ξn → 0 as n→ ∞. Then (1.2.13) is reduced to the following:

ϕ(p, T nx) ≤ ϕ(p, x) + ξn, ∀p ∈ F (T ), ∀x ∈ C. (1.2.14)

From the definitions, we observe that the class of asymptotically quasi-ϕ-nonexpansive

mappings in the intermediate sense is a generalization of the class of asymptoti-

cally quasi-nonexpansive mappings in the intermediate sense in the framework of

Banach spaces.

Example 1.2.2. [56] Let E = R with the usual norm. For n ∈ N, we define a

mapping Tj on R by

Tjx =

0, if x ≤ 1
j2
;

1
j2
, if x > 1

j2
,

∀x ∈ R.

Then
d∩
j=1

F (Tj) = {0} and ϕ(0, T nj x) = |T nj x− 0|2 = 0 ≤ |x|2 = |x− 0|2 = ϕ(0, x)

and

ξjn = max{0, sup
p∈F (T ),x∈R

(ϕ(p, T nx) − ϕ(p, x))} = 0,∀n ∈ N, that is Tj is asymptoti-

cally quasi-ϕ- nonexpansive mapping in intermediate sense, j = 1, 2, · · · , d. But Tj
is not relatively nonexpansive, because, let {xn} be a sequence define by xn = 1

j2
+ 1
n
.

Then xn → 1

j2
, xn − Tjxn =

1

n
→ 0 as n → ∞. This implies that 1

j2
∈ F̃ (Tj) and

1
j2
/∈ F (Tj).

Definition 1.2.26. Let C be a nonempty subset a real Hilbert space H. A map-

ping T : C → H is called

a) pseudocontractive if ⟨x− y, Tx− Ty⟩ ≤ ∥x− y∥2 for all x, y ∈ C;

b) k-pseudocontractive if ⟨x− y, Tx− Ty⟩ ≤ k∥x− y∥2 for all x, y ∈ C.

Definition 1.2.27. A mapping A : D(A) ⊂ E → E∗, is said to be
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a) monotone if for each x, y ∈ D(A), the following inequality holds:

⟨x− y, Ax− Ay⟩ ≥ 0;

b) γ-inverse strongly monotone if there exists a positive real number γ such that

⟨x− y,Ax− Ay⟩ ≥ γ∥Ax− Ay∥2;

c) semi-pseudocontractive mapping if for each x, y ∈ C, the following inequality

holds:

⟨x− y, T (x)− T (y)⟩ ≤ ⟨x− y, J(x)− J(y)⟩ .

d) J-nonexpansive mapping if for each x, y ∈ C, the following inequality holds:

∥x− y∥∥Tx− Ty∥ ≤ ⟨x− y, J(x)− J(y)⟩ .

Hence, every J-nonexpansive mapping is semi-pseudocontractive.

Proposition 1.2.10. Let A : D(A) ⊂ E → E∗ be monotone mapping. Then

T := J − A is semi-pseudocontractive mapping.

Proof. Let A : D(A) ⊂ E → E∗ be monotone mapping. Then, for all x, y ∈
D(A),

⟨x− y, T (x)− T (y)⟩ = ⟨x− y, (J(x)− A(x))− (J(y)− A(y))⟩
= ⟨x− y, J(x)− J(y)⟩ − ⟨x− y, A(x)− A(y)⟩
≤ ⟨x− y, J(x)− J(y)⟩ .

Definition 1.2.28. [99] A point p ∈ E is called a semi-fixed point (J-fixed point)

of mapping T : E → E∗, if there exists Tp = Jp, where J is the normalized

duality mapping. The set of semi-fixed points of T is denoted by Fs(T ), that is ,

Fs(T ) = {x∗ ∈ C : Tx∗ = Jx∗}.

Definition 1.2.29. [106] Let f : E → R be a Gâteaux differentiable convex

function. A mapping T : C → E∗ is called

a) f -pseudocontractive if for each x, y ∈ E, we have

⟨x− y, T (x)− T (y)⟩ ≤ ⟨x− y,∇f(x)−∇f(y)⟩ ;

b) γ-strictly f -pseudocontractive if for all x, y ∈ C, there exists γ > 0 such that

⟨x− y, T (x)− T (y)⟩ ≤ ⟨x− y,∇f(x)−∇f(y)⟩−γ∥(∇f(x)−∇f(y))−(Tx−Ty)∥2.
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Definition 1.2.30. A point p ∈ C is called f -fixed point of T if Tp = ∇f(p). The
set of f -fixed points of T is denoted by Ff (T ), that is, Ff (T ) = {p ∈ C : Tp =

∇f(p)}.

We remark that if E is smooth and strictly convex and f(x) = 1
2
∥x∥2 for all

x ∈ E, then ∇f = J , where J is the normalized duality mapping from E into

2E
∗
, and the notion of f -pseudocontractive mapping reduces to the notion of semi-

pseudocontractive mapping and f -fixed point of T reduces to semi-fixed point of

T . If, in addition, E = H, a real Hilbert space, then f -pseudocontractive mapping

becomes pseudocontractive mapping. The mapping T is f -pseudocontractive if

and only if A = ∇f − T is monotone and T is strictly f -pseudocontractive if and

only if A = ∇f − T is γ-inverse strongly monotone. In this case, the zero of A

corresponds to f -fixed point of T . In fact, if T and ∇f are continuous on E then A

is maximal monotone and the set of zeros of A and hence the set of f -fixed points

of an f -pseudocontractive mapping T is closed and convex ( see, Zegeye and Wega

[106]).

Definition 1.2.31. (Wega and Zegeye [93]) A mapping T is called a Bregman

relatively f -nonexpansive if

Df (p,∇f ∗(Tx)) ≤ Df (p, x),∀x ∈ E, p ∈ F̃f (T ) and Ff (T ) = F̃f (T ) ̸= ∅.

We remark that if f(x) = 1
2
∥x∥2, for all x ∈ E, then ∇f = J and Df (y, x) =

ϕ(y, x) for all x, y ∈ E and hence the Bregman relatively f -nonexpansive mappings

reduce to the ϕ-relatively J-nonexpansive mapping. Moreover, f -fixed point and

f -asymptotic fixed point of T reduce to semi-fixed point and semi-asymptotic fixed

point of T , respectively. If, in addition, E = H , a real Hilbert space, then Bregman

relatively f -nonexpansive mappings become relatively nonexpansive mapping.

1.3 Generalized Mixed Equilibrium Problem

Let F : C × C → R be a bifunction, φ : C → R be a real valued function, and

B : C → E∗ be a nonlinear mapping. The Generalized Mixed Equilibrium Problem

(GMEP) (Ceng and Yao [24] ) is to find x ∈ C such that

H(x, y) := F (x, y) + φ(y)− φ(x) + ⟨Bx, y − x⟩ ≥ 0,∀y ∈ C. (1.3.1)

The set of solution of (1.3.1) is denoted by GMEP (F, φ,B).

If φ ≡ 0, the problem (1.3.1) reduces to the Generalized Equilibrium problem

(GEP) (Mouda and Thera [53]) which is to find x ∈ C such that

H(x, y) := F (x, y) + ⟨Bx, y − x⟩ ≥ 0,∀y ∈ C. (1.3.2)
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The set of solutions of (1.3.2) is denoted by GEP (F,B).

If in (1.3.1), we consider F ≡ 0, then problem (1.3.1) reduces to finding x ∈ C

such that

φ(y)− φ(x) + ⟨Bx, y − x⟩ ≥ 0,∀y ∈ C, (1.3.3)

which is called the Mixed Variational Inequality of Browder type (MVI) [18]. The

set of solutions to (1.3.3) is denoted by MV I(C,B, φ).

If F ≡ 0 and φ(y) ≡ 0 for all y ∈ C, problem (1.3.1) reduces to finding x ∈ C such

that

⟨Bx, y − x⟩ ≥ 0,∀y ∈ C, (1.3.4)

which is the classical Variational Inequality Problem (VIP). The set of solutions

to (1.3.4) is denoted by V I(C,B).

If in (1.3.2), B ≡ 0, then problem (1.3.2) reduces to the Equilibrium problem (EP)

(Blum and Oettli [14]) which is to find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C. (1.3.5)

The set of solutions to (1.3.5) is denoted by EP (F ).

Some basic facts about generalized mixed equilibrium problem.

Lemma 1.3.1. [107] Let C be a closed convex subset of a smooth, strictly convex,

and reflexive Banach space E. Let be B : C → E∗ be a continuous and monotone

mapping, φ : C → R be a lower semi-continuous and convex function and let

F : C × C → R be a bi-function satisfying Condition A. For r > 0 and x ∈ E,

define a mapping THr : E → C as follows:

THr x = {z ∈ C : H(z, y) +
1

r
⟨y − z, Jz − Jx⟩ ≥ 0, for all y ∈ C}, (1.3.6)

for all x ∈ E, where H(z, y) := F (z, y) + φ(y) − φ(z) + ⟨y − z, Bz⟩. Then, the

following hold:

(1) THr is single-valued;

(2) F (THr ) = GMEP (F, φ,B);

(3) GMEP (F, φ,B) is closed and convex;

(4) THr is quasi-ϕ-nonexpansive;

(5) ϕ(p, THr x) + ϕ(THr x, x) ≤ ϕ(p, x), ∀p ∈ F (THr ).

Remark 1.3.1. If φ ≡ 0, then H = H and Lemma 1.3.1 hold.
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Optimization: Let ϕ : C → R be a convex and lower semi-continuous func-

tion. The minimization problem is to find x∗ ∈ C such that

ϕ(x∗) ≤ ϕ(y),∀y ∈ C. (1.3.7)

Setting F (x, y) := ϕ(y)− ϕ(x), problem (1.3.7) coincides with (1.3.5).

Saddle Point Problem: Let φ : C1 × C2 → R. Then x∗ = (x∗1, x
∗
2) is called

saddle point of the function φ if and only if for x∗ = (x∗1, x
∗
2),

φ(x∗1, y2) ≤ φ(y1, x
∗
2),∀(y1, y2) ∈ C1 × C2. (1.3.8)

If C := C1 × C2, and F : C × C → R is defined by

F ((x1, x2), (y1, y2)) := φ(y1, x2)− φ(x1, y2),

then x∗ = (x∗1, x
∗
2) is a solution of (1.3.5) if and only if x∗ = (x∗1, x

∗
2) satisfies

(1.3.8).

Nash Equilibrium in Non-cooperative Games: Let I be a finite set of

players and let Ci be a strategy set of the ith player, for each i ∈ I. Let fi : C :=∏
i∈I

Ci → R be a loss function of the ith player depending on the strategies of all

players, for all i ∈ I. For x = (xi)i∈I ∈ C, we find x−i = (xj)j∈I|j ̸=i. The point

x∗ = (x∗)i∈I ∈ C is called Nash Equilibrium if for i ∈ I, the following holds:

fi(x
∗) ≤ fi(x

∗
−i, yi),∀yi ∈ Ci, (1.3.9)

(that is, no player can reduce his loss by varying his strategy alone). If F : C×C →
R given by

F (x, y) :=
∑
i∈I

(fi(x−i, yi)− fi(x)),

then x∗ ∈ C is a Nash equilibrium if and only if x∗ satisfies (1.3.5).

1.4 Statement of the Problem

Several authors have studied algorithms for finding a common element of the set

fixed points of nonlinear mappings and the set of solution of equilibrium prob-

lems in Banach spaces. In recent times, some authors proposed many iteration

algorithms for finding fixed points and common fixed points of the nonexpansive

mappings and the generalized equilibrium problem in the framework of Hilbert

spaces and Banach spaces [49, 63, 86]. In 2017, Ibiam et. al. [42] also studied

the strong convergence result for finding a common element of sets of solutions of
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a finite family of generalized equilibrium problems, sets of fixed points of a finite

family of continuous relatively nonexpansive mappings and sets of zeros of a fi-

nite family of γi-inverse strongly monotone mappings in 2-uniformly convex and

uniformly smooth Banach spaces. However, it is still open to extend the result of

Ibiam et. al. [42] to more general nonlinear mappings than continuous relatively

nonexpansive mappings and to more general spaces than 2-uniformly convex and

uniformly smooth Banach spaces.

On the other hand, approximating zeros of these monotone mappings is equivalent

to approximating Semi-fixed points of semi-pseudocontractive mappings, assuming

the existence of such zeros, which is also equivalent to finding a minimizer of some

convex functions. In recent times, some authors proposed the algorithm converges

strongly to a common solution of a variational inequality, an equilibrium prob-

lem, and semi-fixed points of a continuous semi-pseudocontractive mapping in the

framework of Hilbert spaces and Banach spaces.

In 2019, Shahzad and Zegeye [78] proved the following convergence theorem for a

common solution of fixed point, equilibrium and variational inequality problems

in Hilbert spaces.

Theorem 1.4.1. Let C be a nonempty, closed, and convex subset of a real Hilbert

spaces H. Let A : C → H be a Lipschitz monotone mapping with Lipschitz constant

L > 0, F : C×C → R be a bi-functional satisfying Condition A, and T : C → H

be a continuous pseudocontractive mapping with F := F (T )
∩
V I(A,C)

∩
EP (F ) ̸=

∅. Let the sequence {xn} be generated by
u, x0 ∈ C,

zn = PC(xn − λAxn),

xn+1 = αnu+ (1− αn)(βyn + (1− β)un),

(1.4.1)

where PC is the metric projection from H onto C, yn = KT
rnT

F
rnxn, where T

F
rn , K

T
rn :

H → C are mappings defined as follows: for x ∈ H,

T Frnx = {z ∈ C : F (z, y) +
1

rn
⟨y − z, z − x⟩ ≤ 0,∀y ∈ C}

and

KT
rnx = {z ∈ C : ⟨y − z, Tz⟩ − 1

rn
⟨y − z, (1 + rn)z − x⟩ ≤ 0, ∀y ∈ C},
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respectively, {rn} ⊂ [a,∞), for some a > 0, un = PC(xn−λAzn), λ ∈ [a, b] ⊂ (0, 1
L
)

and {αn} ⊂ (0, c] ⊂ (0, 1) with limn→∞ αn = 0 and
∑
αn = ∞. Then, the sequence

{xn} converges strongly to a point PFu.

Recently, in Banach space settings, Bello and Nnakwe [9] studied a new Halpern-

type subgradient extragradient iterative algorithm which converges strongly to a

common solution of a variational inequality, an equilibrium problem, and a semi-

fixed point of a continuous semi-pseudocontractive mapping in uniformly smooth

and 2-uniformly convex real Banach spaces. They proved the following theorem.

Theorem 1.4.2. Let E∗ be the dual space of a uniformly smooth and 2-uniformly

convex real Banach space E. Let C be a nonempty, closed, and convex subset of

E. Let A : C → E∗ be a monotone and L-Lipschitz mapping, F : C × C → R
be a bi-functional satisfying Condition A, and T : E → E∗ be a continuous

semi-pseudocontractive mapping with F := Fs(T )
∩
V I(A,C)

∩
EP (F ) ̸= ∅. Let

the sequence {xn} be generated by

x0 ∈ C,

zn = ΠCJ
−1(Jxn − λAxn)

Tn = {w ∈ E : ⟨w − zn, Jxn − λAxn − Jzn⟩ ≤ 0}

xn+1 = J−1(αnJx0 + (1− αn)[βJvn + (1− β)Jwn]),

(1.4.2)

where vn = T FrnK
T
rnxn with T Frn and KS

rn as the resolvent mappings for F and T ,

respectively, {rn} ⊂ [a,∞), for some a > 0, wn = ΠTnJ
−1(Jxn−λAzn), λ ∈ (0, 1)

with λ < c
L

and {αn} ⊂ (0, 1) with limn→∞ αn = 0 and
∑
αn = ∞. Then the

sequence {xn} converges strongly to a point ΠFx0.

We observe that the strong convergence result of Bello and Nnakwe [9] is re-

stricted to solution of a variational inequality, an equilibrium problem, and a semi-

fixed point of a continuous semi-pseudocontractive mapping in uniformly smooth

and 2-uniformly convex real Banach spaces.

Moreover, Moudafi [54] introduced and studied a new generalization of the mono-

tone inclusion problem in Hilbert spaces. It is called Split Monotone Inclusion

Problem (SMIP) which is defined as finding a point p ∈ H1 such that

(p, S(p)) ∈ (A+B)−10× (C +D)−10, (1.4.3)

where A : H1 → H1 and C : H2 → H2 are inverse strongly monotone mappings, B :

H1 → 2H1 and D : H2 → 2H2 are maximal monotone mappings and S : H1 → H2 is
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bounded linear mapping, where Hi, i = 1, 2 are Hilbert spaces. If S = I, then the

SMIP reduces to the Common Solution Monotone Inclusion Problem (CSMIP). He

proposed the following iterative algorithm for approximating the solution of SMIP

and proved its weak convergence. For x1 ∈ H1, the sequence {xn} generated by

xn+1 = U(xn + γS∗(T − I)Sxn), (1.4.4)

where S∗ is the adjoint mapping of S, T = JBλ (I − λA), and U = JDλ (I − λC),

where λ > 0.

The Split Monotone Inclusion and Fixed Point Problem (SMIFPP) [84] is the

generalization of SMIP which is defined as finding a point (p, q) ∈ H1 × H2 such

that

p ∈ F (T ) ∩ (A+B)−10, q ∈ F (G) ∩ (C +D)−10 and S(p) = K(q), (1.4.5)

where A : H1 → H1 and C : H2 → H2 are inverse strongly monotone map-

pings, B : H1 → 2H1 and D : H2 → 2H2 are maximal monotone mappings,

T : H1 → H1 and G : H2 → H2 are demi-contractive mappings, S : H1 → H3

and K : H2 → H3 are bounded linear mappings, where Hi, i = 1, 2, 3 are Hilbert

spaces. If C = 0 = D, T = G = I, and K = I, where I is identity mapping, the

SMIFPP reduces to the Split Monotone Inclusion Problem (SMIP).

To the best of our knowledge, many researchers have established and studied dif-

ferent algorithms for approximating the solution of the following problems: split

monotone inclusion over the fixed point problems or split feasibility problems over

the solution set of monotone inclusion problems in real Hilbert spaces (see, e.g.,

[45, 44, 46, 79, 83, 85, 87, 97] and the references therein).

1.5 Research Questions

Based on aforementioned research gaps lead us the following research questions.

1) Can we obtain a strong convergence theorem for finding a common element of

set of solutions of a common finite family of generalized equilibrium problem,

set of fixed points of a finite family of continuous asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense and set of zeros of a finite

family γ-inverse strongly monotone mappings in Banach spaces?

2) Can we establish strong convergence theorem for finding a common element
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of set of solutions of a common finite family of generalized mixed equilib-

rium problems, set of a common semi-fixed points of a finite family of con-

tinuous semi-pseudocontractive mappings and set of a common solutions of

a finite family of variational inequality for a finite family of monotone and

L-Lipschitz mappings in Banach spaces?

3) Can we construct an algorithm for approximating a common element of the

set of solutions of a finite family of generalized mixed equilibrium problems,

the set of a common f -fixed points of a finite family of f -pseudocontractive

mappings and the set of a common solutions of a finite family of variational

inequality problems for Lipschitz monotone mappings in real reflexive Banach

spaces?

4) Can we obtain an inertial method for approximating a solution of split equal-

ity of monotone inclusion and f -fixed point problems in real Banach spaces?

1.6 Objectives

The main objectives of this study are:

1) to obtain strong convergence iterative algorithm for finding a common ele-

ment of set of solutions of a a common finite family of generalized equilibrium

problem, set of a common fixed points of a finite family of continuous asymp-

totically quasi-ϕ-nonexpansive mapping in the intermediate sense and set of

a common zeros of a finite family γ-inverse strongly monotone mappings in

uniformly smooth and uniformly convex Banach spaces.

2) to establish strong convergence of a hybrid iterative method for finding a

common element of set of solutions of a common finite family of generalized

mixed equilibrium problems, set of a common semi-fixed points of a finite

family of continuous semi-pseudocontractive mappings and set of a common

solutions of a finite family of variational inequality for a finite family of

monotone and L-Lipschitz mappings in reflexive real Banach spaces.

3) to develop a Halpern type algorithm for approximating a common element

of the set of solutions of a common finite family of generalized mixed equi-

librium problems, the set of a common f -fixed points of a finite family of

f -pseudocontractive mappings and the set of solutions of a common finite

family of variational inequality problems for Lipschitz monotone mappings

in reflexive real Banach spaces.
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4) to introduce an inertial method for approximating a solution of split equality

of monotone inclusion and f -fixed point problems in real Banach spaces.

6) to give applications of our results to solutions of other problems.

5) to give numerical example that justify our results.

7) to discuss the improvements against recent results in the literature.

1.7 Scope of the Study

The scope of this thesis is limited to:

• find method that approximate a common solution of a common solution of

generalized equilibrium, zeros of Monotone Mapping and fixed points prob-

lems in uniformly convex and uniformly smooth real Banach space;

• construct an iterative process for solving generalized mixed equilibrium prob-

lems, semi-fixed (f-fixed) point problems and variational inequality problems

in reflexive real Banach spaces;

• develop an inertial approximation method for solving split equality of mono-

tone inclusion and the f -fixed point problems in Banach Spaces.



Chapter 2

Review of Literature

2.1 Common Solution of Generalized Equilibrium,

Zero Point and Fixed Point Problems

In this section, we present some research methods that approximate a common el-

ement of solution of fixed point of nonlinear mappings, equilibrium problems and

zeros of monotone mappings in the framework of Hilbert and Banach spaces.

In 2013, Hao [40] investigated fixed point problems of asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense based on hybrid projection meth-

ods. He established the following strong convergence theorem in a reflexive Banach

space:

Theorem 2.1.1. Let E be a strictly convex, smooth and reflexive Banach space

such that both E and E∗ have the Kadec-Klee property. Let C be a nonempty,

closed, and convex subset of E. Let T : C → C be an asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense. Assume that T is asymptotically

regular on C and closed, and F (T ) is nonempty and bounded. Then, the sequence

{xn} defined by 

x0 ∈ C1 = C,

x1 = ΠC1x0

yn = J−1(αnJxn + (1− αn)JT
nxn),

Cn+1 = {z ∈ Cn : ϕ(z, yn) ≤ ϕ(z, xn) + ξn},

xn+1 = ΠCn+1x0,

(2.1.1)

24
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where ξn = max{0, supp∈F (T ),x∈C(ϕ(p, T
nx) − ϕ(p, x))} and {αn} satisfies the re-

striction lim supn→∞ αn < 1, converges to a fixed point of T .

On the other hand, Iiduka and Takahashi [43] established the following strong

convergence theorem for finding a zero point of a monotone mapping A in a 2-

uniformly convex and uniformly smooth Banach space E:

Theorem 2.1.2. Let E be a 2-uniformly convex and uniformly smooth Banach

space with dual E∗. Let A : E → E∗ be γ-inverse strongly monotone mapping with

A−1(0) ̸= ∅. Then the sequence {xn} defined by

x1 = x ∈ E,

yn = J−1(Jxn − λnAxn),

Cn = {z ∈ E : ϕ(z, yn) ≤ ϕ(z, xn)},

Qn = {z ∈ E : ⟨xn − z, Jx− Jxn⟩ ≥ 0},

xn+1 = ΠCn∩Qnx,

(2.1.2)

where J is the normalized duality mapping on E and λn ∈ (0, c
2γn
2
] for some c > 0,

converge strongly to p ∈ A−1(0), where p = ΠA−1(0)x.

Notice that the theorem is given to approximate the zero point of γ-inverse

strongly monotone mapping in 2-uniformly convex and uniformly smooth Banach

spaces. In 2009, Zegeye and Shahzad [104] introduced an iterative algorithm to

approximate a common element of a zero of monotone mapping and a fixed point

of relatively weak nonexpansive mapping in a real uniformly convex and uniformly

smooth Banach space and and proved the following strong convergence theorem:

Theorem 2.1.3. Let E be a real uniformly convex and uniformly smooth Banach

space with dual E∗. Let C be a nonempty, closed and convex subset of E. Let A :

E → E∗ be a maximal monotone mapping with J−1S relatively weak nonexpansive,

where Sx := Jx− Ax. Let T : E → E be a relatively weak nonexpansive mapping

with A := A−1(0) ∩ F (T ) ̸= ∅. Assume that 0 < a ≤ λn ≤ b = c2γn
2
, where c is
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uniformly convexity constant. Then, the sequence {xn} defined by

x1 = x ∈ C,

yn = J−1(Jxn − λnAxn),

zn = Tyn,

C0 = {z ∈ C : ϕ(z, z0) ≤ ϕ(z, y0) ≤ ϕ(z, x0)},

Q0 = E,

Cn = {z ∈ Cn−1 ∩Qn−1 : ϕ(z, zn) ≤ ϕ(z, yn) ≤ ϕ(z, xn)},

Qn = {z ∈ Cn−1 ∩Qn−1 : ⟨xn − z, Jx− Jxn⟩ ≥ 0},

xn+1 = ΠCn∩Qnx,

(2.1.3)

where J is the normalized duality mapping on E, converge strongly to p = ΠAx.

In 2009, Takahashi and Zembayashi [86] introduced hybrid projection method

for finding a common solution of an equilibrium problem and a fixed point problem

for a relatively nonexpansive mapping in uniformly smooth and uniformly convex

Banach spaces and proved the following theorem:

Theorem 2.1.4. Let E be a uniformly smooth and uniformly convex Banach space.

Let C be a nonempty, closed and convex subset of E. Let F : C × C → R be a bi-

functional satisfying Condition A, and T : C → C be a relatively nonexpansive

mapping with E := F (T ) ∩ EP (F ) ̸= ∅. Let the sequence {xn} be generated by

x0 ∈ C,

un = J−1(αnJxn + (1− αn)JTxn),

zn ∈ C such that F (zn, y) +
1
rn

⟨y − zn, Jzn − Jun⟩ ≥ 0,∀y ∈ C,

Hn = {z ∈ C : ϕ(z, zn) ≤ ϕ(z, xn)},

Wn = {z ∈ C : ⟨xn − z, Jx0 − Jxn⟩ ≥ 0},

xn+1 = ΠHn∩Wnx0

. (2.1.4)

for every n ≥ 0, where J−1 is the inverse of J , ΠC is the generalized projection of E

onto C (defined below), {αn} is a sequence in [0, 1] satisfying lim inf
n→∞

αn(1−αn) > 0

and rn ⊂ [a,∞) for some a > 0. Then, {xn} converges strongly to p = ΠEx0.

In 2016, Kazmi and Ali [49] also studied a strong convergence result for finding

a common solution of an equilibrium problem and a fixed point problem for an
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asymptotically quasi-ϕ-nonexpansive mapping in intermediate sense in uniformly

smooth and strictly convex Banach spaces as follows.

x0 ∈ C,

un = J−1(αnJzn + (1− αn)JT
nxn),

zn+1 ∈ C s.t. F (zn+1, y) +
1
rn

⟨y − zn+1, Jzn+1 − Jun⟩ ≥ 0,∀y ∈ C,

Hn = {z ∈ C : ϕ(z, zn+1) ≤ αnϕ(z, zn) + (1− αn)ϕ(z, xn) + ξn},

Wn = {z ∈ C : ⟨xn − z, Jx0 − Jxn⟩ ≥ 0},

xn+1 = ΠHn∩Wnx0

(2.1.5)

where ξn = max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nx)− ϕ(p, x))}.

Recently, Ibiam et. al. [42] studied a strong convergence result for finding a

common element of set of solutions of a finite family of generalized equilibrium

problems, set of fixed points of a finite family of continuous relatively nonexpan-

sive mappings and set of zeros of a finite family of γi-inverse strongly monotone

mappings in 2-uniformly convex and uniformly smooth Banach spaces, which gives

by

x0 ∈ C0 = C,

zn = ΠCJ
−1(Jxn − λnAn+1xn)

yn = J−1(αnJxn + (1− αn)JTn+1zn),

un, vn ∈ C such that

F1(un, y) + ⟨B1yn, y − un⟩+ 1
rn

⟨y − un, Jun − Jyn⟩ ≥ 0,∀y ∈ C,

F2(vn, y) + ⟨B2yn, y − vn⟩+ 1
rn

⟨y − vn, Jvn − Jyn⟩ ≥ 0, ∀y ∈ C,

wn = J−1(βJun + (1− β)Jvn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn)},

xn+1 = ΠCn+1x0.

(2.1.6)

Inspired and motivated by the above works, in Chapter 3, we proved a strong

convergence theorem for finding a common element of set of a common solutions

of a finite family of generalized equilibrium problem, set of a common fixed points of

a finite family of continuous asymptotically quasi-ϕ-nonexpansive mapping in the

intermediate sense and set of zeros of a finite family γ-inverse strongly monotone

mappings in Banach spaces. Moreover, a numerical example is given to illustrate

the implementability of our algorithm.
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2.2 Approximation of Common Solutions of Non-

linear problems

Approximating zeros of accretive mappings is equivalent to approximating fixed

points of pseudocontractive mappings, by assuming existence of such zeros. For

earlier and more recent results on the approximation of fixed points of pseudocon-

tractive mappings refer to [20, 27, 31, 33, 58, 59, 69, 103, 101].

It is obvious that the fixed point technique introduced by Browder [19] for ap-

proximating zeros of accretive mappings, is not applicable when the mapping is

monotone from a real Banach space to its dual space. Hence, there is the need

to develop techniques for approximating zeros of monotone mapping. In 2008,

Zegeye [99] introduced a new class of mappings, that is, semi-pseudocontractive

and he proved that T := J − A is semi-pseudocontractive mappings, where J is

normalized duality mapping if and only if A is monotone mapping. Hence, approx-

imating semi-fixed points of these semi-pseudocontractive mappings is equivalent

to approximating zeros of monotone mappings , assuming the existence of such

zeros, which is also equivalent to finding a minimizer of some convex functions.

In recent times, some authors proposed algorithms which converge strongly to

a common solution of a variational inequality, an equilibrium problem, and semi-

fixed points of a continuous semi-pseudocontractive mapping in the framework of

Hilbert spaces and Banach spaces.

In 2011, Zegeye [101] studied a viscosity approximation method for finding a

common fixed point of two continuous pseudocontractive mappings in a real Hilbert

space. He proved the following theorem.

Theorem 2.2.1. Let C be a nonempty, closed, and convex subset of a Hilbert

space H. Let Ti : C → C, i = 1, 2, be continuous pseudocontractive mapping such

that F =
∩2
i=1 Fix(Ti) ̸= ∅. Let f be a self contraction on C, and let {xn} be a

sequence generated by x1 ∈ C and

xn+1 = αnf(x) + (1− αn)K
T1
rnK

T2
rn xn (2.2.1)

where {αn} ⊂ [0, 1] with limn→∞ αn = 0 and
∑∞

n=1 αn = ∞,
∑∞

n=1 |αn+1−αn| <∞,

and {rn} ⊂ (0,∞) with lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| < ∞ and KTi
rn : H →

C, i = 1, 2, are mappings defined as follows: for x ∈ H,

KTi
rnx = {z ∈ C : ⟨y − z, Tiz⟩ −

1

rn
⟨y − z, (1 + rn)z − x⟩ ≤ 0,∀y ∈ C}.

Then, {xn} converges strongly to z = ΠFf(z).
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In 2019, Shahzad and Zegeye [78] proved the following convergence theorem for

a common solution of fixed point, equilibrium and variational inequality problems

in Hilbert spaces.

Theorem 2.2.2. Let C be a nonempty, closed, and convex subset of a real Hilbert

spaces H. Let A : C → H be a Lipschitz monotone mapping with Lipschitz constant

L > 0, F : C×C → R be a bi-functional satisfying Condition A, and T : C → H be

a continuous pseudocontractive mapping with F := F (T )
∩
V I(A,C)

∩
EP (F ) ̸=

∅. Let the sequence {xn} be generated by
u, x0 ∈ C,

zn = PC(xn − λAxn),

xn+1 = αnu+ (1− αn)(βyn + (1− β)un),

(2.2.2)

where PC is the metric projection from H onto C, yn = KT
rnT

F
rnxn with T Frn and

KS
rn as the resolvent mappings for F and T , respectively, {rn} ⊂ [a,∞), for some

a > 0, un = PC(xn − λAzn), λ ∈ [a, b] ⊂ (0, 1
L
) and {αn} ⊂ (0, c] ⊂ (0, 1) with

limn→∞ αn = 0 and
∑
αn = ∞. Then, the sequence {xn} converges strongly to a

point PFu.

In 2020, Nnakwe and Okeke [57] constructed a new Halpern-type iterative al-

gorithm which converges strongly to a common solution of two generalized equilib-

rium problems and a common semi-fixed point of two continuous semi-pseudocontractive

mappings in a uniformly smooth and uniformly convex real Banach space. They

proved the following theorem.

Theorem 2.2.3. Let E∗ be the dual space of a uniformly smooth and uniformly

convex real Banach space E and C be a nonempty, closed, and convex subset

of E. Let Bi : C → E∗, i = 1, 2 be a continuous and monotone mapping,

Fi : C × C → R, i = 1, 2 be a bi-functional satisfying Condition A, and Ti :

C → E∗, i = 1, 2 be a continuous semi-pseudocontractive mapping with F :=∩2
i=1 (Fs(Ti)

∩
GEP (Fi, Bi)) ̸= ∅. Let the sequence {xn} be generated by

x1 ∈ C,

zn = TH1
rn T

H2
rn xn

xn+1 = J−1(αnJx1 + (1− αn)JK
T1
rnK

T2
rn zn]),∀n ≥ 1.

(2.2.3)

where THi
rn and KTi

rn are resolvent mappings for Hi and Ti, i = 1, 2, respectively,

and {αn} ⊂ (0, 1) with limn→∞ αn = 0 and
∑
αn = ∞. Then, the sequence {xn}

converges strongly to a point ΠFx1.
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In 2021, Bello and Nnakwe [9] studied a new Halpern-type subgradient ex-

tragradient iterative algorithm which converges strongly to a common solution of

a variational inequality problem, an equilibrium problem, and a semi-fixed point

problem of a continuous semi-pseudocontractive mapping in uniformly smooth and

2-uniformly convex real Banach spaces. They proved the following theorem.

Theorem 2.2.4. Let E∗ be the dual space of a uniformly smooth and 2-uniformly

convex real Banach space E. Let C be a nonempty, closed, and convex subset of

E. Let A : C → E∗ be a monotone and L-Lipschitz mapping, F : C × C → R
be a bi-functional satisfying Condition A, and T : C → E∗ be a continuous

semi-pseudocontractive mapping with F := Fs(T )
∩
V I(A,C)

∩
EP (F ) ̸= ∅. Let

the sequence {xn} be generated by

x0 ∈ C,

zn = ΠCJ
−1(Jxn − λAxn)

Tn = {w ∈ E : ⟨w − zn, Jxn − λAxn − Jzn⟩ ≤ 0}

xn+1 = J−1(αnJx0 + (1− αn)[βJvn + (1− β)Jwn]),

(2.2.4)

where vn = T FrnK
T
rnxn with T Frn and KS

rn as the resolvent mappings for F and T ,

respectively, {rn} ⊂ [a,∞), for some a > 0, wn = ΠTnJ
−1(Jxn−λAzn), λ ∈ (0, 1)

with λ < c
L

and {αn} ⊂ (0, 1) with limn→∞ αn = 0 and
∑
αn = ∞. Then the

sequence {xn} converges strongly to a point ΠFx0.

Inspired and motivated by the work given in [9, 57, 107], in chapter four of

this thesis we constructed hybrid projection iterative algorithm for finding a com-

mon element of sets of solutions of a finite family of generalized mixed equilib-

rium problems, sets of semi-fixed points of a finite family of continuous semi-

pseudocontractive mappings and sets of solutions of a finite family of variational

inequality for a finite family of monotone and L-Lipschitz mappings in Banach

spaces and proved strong convergence theorem.

Again we observe that, in all the above results, the mapping T is a continuous

pseudocontractive mapping in Hilbert space or a continuous semi-pseudocontractive

mapping in a uniformly smooth and 2-uniformly convex real Banach space. More-

over, Zegeye [101] proved convergence theorem for a common fixed points of two

continuous pseudocontractive mappings. But, the algorithm can be extended to an

algorithm for approximating a common element of the set of solutions of a finite

family of generalized mixed equilibrium problems, the set of f -fixed points of a

finite family of f -pseudocontractive mappings and the set of solutions of a finite
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family of variational inequality problems for Lipschitz monotone mappings in real

reflexive Banach spaces. Thus, in chapter five of this thesis we introduced an al-

gorithm and proved a strong convergence theorem to approximate the solution of

this problem.

2.3 Inertial Method For a Solution of Split Equal-

ity Monotone Inclusion and Fixed Point Prob-

lems

In this section, we present some literature review on approximation of solutions of

split equality monotone inclusion and fixed point problems.

Moudafi [54] introduced and studied Split Monotone Inclusion Problem (SMIP)

which is defined as finding a point p ∈ H1 such that

(p, S(p)) ∈ (A+B)−10× (C +D)−10, (2.3.1)

where A : H1 → H1 and C : H2 → H2 are inverse strongly monotone mappings, B :

H1 → 2H1 and D : H2 → 2H2 are maximal monotone mappings and S : H1 → H2 is

bounded linear mapping, where Hi, i = 1, 2 are Hilbert spaces. If S = I, then the

SMIP reduces to the Common Solution Monotone Inclusion Problem (CSMIP). He

proposed the following iterative algorithm for approximating the solution of SMIP

and proved its weak convergence. For x1 ∈ H1, the sequence {xn} generated by

xn+1 = U(xn + γS∗(T − I)Sxn), (2.3.2)

where S∗ is the adjoint mapping of S, T = JBλ (I − λA), and U = JDλ (I − λC),

where λ > 0.

The Split Monotone Inclusion and Fixed Point Problem (SMIFPP) [84] is the

generalization of SMIP which is defined as finding a point (p, q) ∈ H1 × H2 such

that

p ∈ F (T ) ∩ (A+B)−10, q ∈ F (G) ∩ (C +D)−10 and S(p) = K(q), (2.3.3)

where A : H1 → H1 and C : H2 → H2 are inverse strongly monotone mappings,

B : H1 → 2H1 and D : H2 → 2H2 are maximal monotone mappings, T : H1 → H1

and G : H2 → H2 are demi-contractive mappings, S : H1 → H3 and K : H2 → H3

are bounded linear mappings, where Hi, i = 1, 2, 3 are Hilbert spaces. If C = 0 =

D, T = G = I, and K = I, where I is identity mapping, the SMIFPP reduces to

the Split Monotone Inclusion Problem (SMIP).
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In 2021, Taiwo et al. [84] studied the split equality problem for systems of

monotone inclusions and fixed point problems of set-valued demi-contractive map-

pings in real Hilbert spaces. They proposed a viscosity type algorithm and proved

its strong convergence under some mild assumptions.

The need to speed up the convergence of iterative algorithms has always been of

great importance. In 1964, Polyak [61] proposed an inertial algorithm which can

be seen as a discrete version of a second order time dynamical system to speed up

convergence rate of smooth convex minimization problem. The main idea of this

method is to make use of two previous iterates in order to update the next iterate,

which results in speeding up the algorithm’s convergence. Very recently, some au-

thors have proposed viscosity-type algorithm with different inertial parameters for

solving equilibrium and fixed point problems; see for example [44, 97].

In 2021, Yao et al. [97] proposed the following iterative algorithm with inertial

extrapolation step for approximating a solution of SMIP in real Hilbert spaces and

proved weak convergence of the sequence generated by the proposed algorithm

under some mild assumptions. Let A : H1 → H1 and C : H2 → H2 be inverse

strongly monotone mappings, B : H1 → 2H1 and D : H2 → 2H2 be maximal

monotone mappings. For arbitrary x0, x1 ∈ H1, define the sequences {wn} and

{xn} by  wn = xn + αn(xn − xn−1)

xn+1 = U(wn + γS∗(T − I)Swn),
(2.3.4)

where S∗ is the adjoint mapping of S, T = JBλ (I−λA), and U = JDλ (I−λC), where
λ > 0, 0 ≤ αn ≤ αn,where αn = θ if xn = xn−1, otherwise αn = min{θ, εn

∥xn−xn−1∥},
where θ ∈ [0, 1) and {εn} ⊂ ℓ1 and γn = γ > 0 if (T − I)Swn = 0, otherwise

γn = σn∥(T−I)Swn∥2
∥S∗(T−I)Swn∥2 , where 0 < σn < 1.

In 2020, Izuchukwu et al. [44] proposed and studied a new inertial extrapolation

method for solving the split feasibility problems over the solution set of monotone

inclusion problems in real Hilbert spaces. Let A : H1 → H1 be Lipschitz monotone

mapping, T : H1 → H1 be nonexpansive mapping, B : H1 → 2H1 be maximal

monotone mapping and S : H1 → H3 be bounded linear mapping such that ∥S∥ ̸=
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0. For arbitrary x0, x1 ∈ H1, define the sequences {un}, {wn}, {yn} and {xn} by

un = xn + αn(xn − xn−1)

wn = un − γnS
∗(I − T )Sun

yn = (I + λnB)−1(1− λnA)wn

zn = yn − λn(Ayn − Awn)

xn+1 = (1− θn − βn)wn + θnzn,

(2.3.5)

where 0 ≤ αn ≤ αn,where αn = n−1
n+α−1

if xn = xn−1, otherwise αn = min{ n−1
n+α−1

, εn
∥xn−xn−1∥},

0 ≤ b ≤ γn ≤ c < 1
∥S∥2 , and λn+1 = min{ µ∥wn−vn∥

∥Awn−Ayn∥ , λn} if Awn ̸= Ayn, otherwise

λn, ∀n > 0 and {βn}, {θn}, and {εn} are sequence of positive real numbers. They

proved that the proposed method converges strongly to x∗, where x∗ ∈ (A+B)−1(0)

and S(x∗) ∈ F (T ), under some condition on the control parameters βn, θn, and

εn, provided that {p ∈ (A+B)−1(0) : S(p) ∈ F (T )} ̸= ∅.
All the results addressed above deal with either of the following: split monotone

inclusion and fixed point problem or split feasibility problems over the solution set

of monotone inclusion problems in real Hilbert spaces.

Based on these results, the following important question arises:

Can we obtain an inertial method for approximating a solution of

split equality of monotone inclusion and f -fixed point problems in real

Banach spaces?

Answer to this question is given in chapter six in the affirmative.



Chapter 3

A common Solution of

Generalized Equilibrium, Zeros of

Monotone Mapping and Fixed

Points problems

3.1 Introduction

We partially answer our first research problem of this dissertation. We propose an

iterative algorithm to approximate a common solution of generalized equilibrium

problem, zeros of monotone mapping, and fixed points problem of a finite family

of continuous asymptotically quasi-ϕ-nonexpansive mapping in the intermediate

sense. It is also proved that the proposed algorithm converges strongly to a com-

mon solution. We collect technical lemmas from literature to prove our main result

in the second section of this chapter. We state the proposed algorithm in section

3 and prove its boundedness. The main result will be stated and proved in sec-

tion 4. Finally, application of the main result is supported by numerical examples

presented in the last section of the chapter.

34
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3.2 Technical Tool Box

In this section, we collect technical results that will be useful throughout the

chapter to prove our main theorems.

Lemma 3.2.1. [100] Let E be a uniformly convex real Banach space and BR(0)

be closed ball of E. Then there exists a continuous, strictly increasing and convex

function g : [0,∞) → [0,∞), g(0) = 0, such that

∥α0x0 + α1x1 + · · ·+ αkxk∥2 ≤
k∑
i=0

αi∥xi∥2 + αsαtg(∥xs − xt∥),

for any s, t ∈ {0, 1, 2, . . . , k} and for xi ∈ BR(0) := {x ∈: ∥x∥ ≤ R}, i =

0, 2, . . . , K with
∑k

i=0 αi = 1 and αi ∈ [0, 1].

Lemma 3.2.2. Let E be a uniformly convex real Banach space. Then for all

x, y ∈ E; we have

∥x− y∥ ≤ 1

µ
∥Jx− Jy∥, (3.2.1)

where J is the normalized duality mapping of E and for some µ > 0.

Proof. Note that the function f(x) = ||x||2 is a strongly convex Gâteaux differen-

tiable function with constant µ > 0 and ∇fx = Jx, where J is the normalized

duality mapping (see, for example [11]). Thus, by the definition of strong convexity

of f we have

⟨Jx− Jy, x− y⟩ ≥ µ||x− y||2,

and hence

∥x− y∥ ≤ 1

µ
∥Jx− Jy∥.

The proof is complete.

Lemma 3.2.3. [92] Let E be a reflexive and smooth real Banach space. Then for

each x, y ∈ E, there is µ ∈ (0, 1] such that

µ∥x− y∥2 ≤ ϕ(x, y), ∀x, y ∈ E.

Lemma 3.2.4. [4] Let C be a nonempty, closed and convex subset of a reflexive,

strictly convex, and smooth real Banach space E and let x ∈ E. Then for all

y ∈ C,

ϕ(y,ΠCx) + ϕ(ΠCx, x) ≤ ϕ(y, x).
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Lemma 3.2.5. [47] Let C be a nonempty, closed and convex subset of a smooth,

uniformly convex Banach space E. Let {xn} and {yn} be sequences in E such that

either {xn} or {yn} is bounded. If lim
n→∞

ϕ(xn, yn) = 0, then lim
n→∞

∥xn − yn∥ = 0.

Lemma 3.2.6. [4] Let C be a convex subset of a smooth real Banach space E. Let

x ∈ E. Then

x0 = ΠCx⇐⇒ ⟨z − x0, Jx0 − Jx⟩ ≥ 0,∀z ∈ C.

Lemma 3.2.7. [4] Let C be a nonempty, closed and convex subset of a reflexive,

strictly convex, and smooth real Banach space E and let x ∈ E. Then ∀y ∈ C,

ϕ(y,ΠCx) + ϕ(ΠCx, x) ≤ ϕ(y, x).

We make use of the function V : E × E∗ → R defined by

V (x, x∗) = ∥x∥2 − 2 ⟨x, x∗⟩+ ∥x∗∥2, for all x ∈ E and x∗ ∈ E∗,

studied by Alber [4]. That is V (x, x∗) = ϕ(x, J−1x∗) for all x ∈ E and x∗ ∈ E∗.

Lemma 3.2.8. [4] Let E be a reflexive, strictly convex and smooth real Banach

space with E∗ as its dual. Then

V (x, x∗) + 2
⟨
J−1x∗ − x, y∗

⟩
≤ V (x, x∗ + y∗),

for all x ∈ E and x∗, y∗ ∈ E∗.

We denote by NC(v) the normal cone for C at a point v ∈ C, that is NC(v) :=

{x∗ ∈ E∗ : ⟨v − y, x∗⟩ ≥ 0 for all y ∈ C}. In the sequel we shall use the following

lemma.

Lemma 3.2.9. [75] Let C be a nonempty, closed and convex subset of a real

Banach space E and let A be a monotone and hemicontinuous opeartor of C into

E∗ with C = D(A). Let B : E → 2E
∗
be an operator defined as follows:

Bv =

{
Av +NCv, if v ∈ C;

∅, if v /∈ C

Then B is maximal monotone and B−1(0) = V I(A,C).
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3.3 Iterative Algorithm

Let C be a nonempty, closed and convex subset of uniformly convex and uniformly

smooth real Banach space E. Let F1 and F2 be bi-functions satisfying ”Condition

A” and Bk : C → E∗ be monotone mappings where k = 1, 2. Let Tj : C → C, j =

1, 2, . . . , d be a finite family of continuous asymptotically quasi-ϕ-nonexpansive

mapping in the intermediate sense and Ai : C → E∗, i = 1, 2, . . . ,m be a finite

family of γi-inverse strongly monotone mappings. Define a sequence {xn} by the

iterative scheme:

x0 ∈ C0 = C,

zn = ΠCJ
−1(Jxn − λnAn+1xn)

yn = J−1(αnJxn + (1− αn)JT
n
n+1zn),

un, vn ∈ C such that

F1(un, y) + ⟨B1yn, y − un⟩+ 1
rn

⟨y − un, Jun − Jyn⟩ ≥ 0,∀y ∈ C,

F2(vn, y) + ⟨B2yn, y − vn⟩+ 1
rn

⟨y − vn, Jvn − Jyn⟩ ≥ 0, ∀y ∈ C,

wn = J−1(βJun + (1− β)Jvn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn) + ξn},

xn+1 = ΠCn+1x0.

(3.3.1)

where ξn =
d∑
j=1

max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nj x) − ϕ(p, x))}; An = An( mod m), Tn =

Tn( mod d) and J is the normalized duality mapping on E; {rn} ⊂ [c1,∞) for some

c1 > 0, β, αn ∈ (0, 1) for all n ∈ N such that lim inf
n→∞

αn(1− αn) > 0; and {λn} is a

sequence in [a, b] for some 0 < a < b < µγ, where γ = min
1≤i≤m

γi.

With some assumptions on the parameters and operators, the stated algorithm

is well-defined.

Lemma 3.3.1. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let F1 and F2 be bi-functions

satisfying ”Condition A” and Bk : C → E∗ be monotone mappings where k =

1, 2. Let Tj : C → C, j = 1, 2, . . . , d be a finite family of continuous asymptotically

quasi-ϕ-nonexpansive mapping in the intermediate sense and Ai : C → E∗, i =

1, 2, . . . ,m be a finite family of γi-inverse strongly monotone operators. Assume

that F =

[
d∩
j=1

F (Tj)

]
∩

[
m∩
i=1

A−1
i (0)

]
∩

[
2∩

k=1

GEP (Fk, Bk)

]
̸= ∅. Let {xn} be a
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sequence defined by (3.3.1). Assume that Tj is asymptotically regular on C and

F (Tj) is bounded for each j. Then, the sequence {xn} is well defined for each

n ≥ 0.

Proof. Now, we divide the proof into two steps.

Step 1 We show that Cn is closed and convex for each n ≥ 0.

It is obvious that C0 = C is closed and convex by assumption. Suppose that

Ck is closed and convex for some k ∈ N. Let {zm} ⊆ Ck+1 be such that zm → z as

m→ ∞. Since Ck+1 ⊆ Ck and Ck is closed, z ∈ Ck and

ϕ(z, wk) = ∥z∥2 − 2 ⟨z, Jwk⟩+ ∥wk∥2

= lim
m→∞

[∥zm∥2 − 2 ⟨zm, Jwk⟩+ ∥wk∥2]

= lim
m→∞

ϕ(zm, wk)

≤ lim inf
m→∞

(ϕ(zm, xk) + ξk)

= ϕ(z, xk) + ξk.

Then z ∈ Ck+1 and so Ck+1 is closed.

Let z1, z2 ∈ Ck+1. Then z1, z2 ∈ Ck. It follow that z = tz1 + (1− t)z2 ∈ Ck for

each t ∈ [0, 1]. Notice that

ϕ(z1, wk) ≤ ϕ(z1, xk) + ξk, (3.3.2)

and

ϕ(z2, wk) ≤ ϕ(z2, xk) + ξk. (3.3.3)

The inequalities (3.3.2) and (3.3.3) are equivalent to

2 ⟨z1, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2 + ξk, (3.3.4)

and

2 ⟨z2, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2 + ξk. (3.3.5)

Multiplying t and (1−t) on both sides of (3.3.4) and (3.3.5), respectively, we obtain

2 ⟨z, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2 + ξk.

That is,

ϕ(z, wk) ≤ ϕ(z, xk) + ξk.

This implies z ∈ Ck+1 and hence Ck+1 is closed and convex. Therefore, inductively

Cn is closed and convex for all n ≥ 0. Hence ΠCk+1
x0 is well defined for all n ≥ 0.
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Step 2 We show that F ⊆ Cn for each n ≥ 0.

From the assumption, we see that F ⊆ C = C0. Suppose that F ⊆ Ck for some

k ∈ N. Now, we show that F ⊆ Ck+1. Let w ∈ F . Then by Lemma 3.2.1, we get

ϕ(w, yk) = ϕ(w, J−1(αkJxk + (1− αk)JT
k
k+1zk))

= ∥w∥2 − 2
⟨
w, αkJxk + (1− αk)JT

k
k+1zk

⟩
+∥αkJxk + (1− αk)JT

k
k+1zk∥2

≤ ∥w∥2 − 2αk ⟨w, Jxk⟩ − 2(1− αk)
⟨
w, JT kk+1zk

⟩
+αk∥xk∥2 + (1− αk)∥T kk+1zk∥2

≤ αkϕ(w, xk) + (1− αk)ϕ(w, T
k
k+1zk)

≤ αkϕ(w, xk) + (1− αk)ϕ(w, zk) + (1− αk)ξk.

Then

ϕ(w, yk) ≤ αkϕ(w, xk) + (1− αk)ϕ(w, zk) + ξk. (3.3.6)

And by Lemma 3.2.2, Lemma 3.2.7 and Lemma 3.2.8, we get

ϕ(w, zk) = ϕ(w,ΠCJ
−1(Jxk − λkAk+1xk))

≤ ϕ(w, J−1(Jxk − λkAk+1xk))

≤ V (w, Jxk − λkAk+1xk)

≤ V (w, (Jxk − λkAk+1xk) + λkAk+1xk)

−2
⟨
J−1(Jxk − λkAk+1xk)− w, λkAk+1xn

⟩
≤ V (w, Jxk)− 2λk

⟨
J−1(Jxk − λkAk+1xk)− w,Ak+1xk

⟩
= ϕ(w, xk)− 2λk ⟨xk − w,Ak+1xk⟩

+2
⟨
J−1(Jxk − λkAk+1xk)− xk,−λkAk+1xk

⟩
≤ ϕ(w, xk)− 2λk ⟨xk − w,Ak+1xk⟩

+2λk∥J−1(Jxk − λkAk+1xk)− xk∥∥Ak+1xk∥

≤ ϕ(w, xk)− 2λk ⟨xk − w,Ak+1xk⟩+ 2
λ2k
µ
∥Ak+1xk∥2

≤ ϕ(w, xk)− 2λkγ∥Ak+1xk∥2 + 2
λ2k
µ
∥Ak+1xk∥2

= ϕ(w, xk) + 2λk(
λk
µ

− γ)∥Ak+1xk∥2.

Then

ϕ(w, zk) ≤ ϕ(w, xk) + 2λk(
λk
µ

− γ)∥Ak+1xk∥2. (3.3.7)
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Therefore, from (3.3.7) and λk ∈ (0, µγ) we obtain that

ϕ(w, zk) ≤ ϕ(w, xk). (3.3.8)

Substituting (3.3.8) into (3.3.6), we have

ϕ(w, yk) ≤ ϕ(w, xk) + ξk,

and so w ∈ Ck+1. This implies, by induction, that F ⊆ Cn and the sequence {xn}
generated by (3.3.1) is well defined for all n ≥ 0.

3.4 Strong Convergence Theorem

Theorem 3.4.1. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let F1 and F2 be bi-functions

satisfying ”Condition A” and Bk : C → E∗ be monotone mappings where k =

1, 2. Let Tj : C → C, j = 1, 2, . . . , d be a finite family of continuous asymptotically

quasi-ϕ-nonexpansive mapping in the intermediate sense and Ai : C → E∗, i =

1, 2, . . . ,m be a finite family of γi-inverse strongly monotone operators. Assume

that F =

[
d∩
j=1

F (Tj)

]
∩

[
m∩
i=1

A−1
i (0)

]
∩

[
2∩

k=1

GEP (Fk, Bk)

]
̸= ∅. Let {xn} be a

sequence defined by (3.3.1). Assume that Tj is asymptotically regular on C and

F (Tj) is bounded for each j. Then, the sequence {xn} converges to some element

of F .

Proof. We divide the proof into four steps.

Step 1. We show that lim
n→∞

xn = x, lim
n→∞

wn = x, lim
n→∞

yn = x and lim
n→∞

zn = x for

some point x ∈ C.

In view of ΠCnx0, we see from Lemma 3.2.6 that

⟨xn − z, Jx0 − Jxn⟩ ≥ 0,∀z ∈ Cn.

The fact that F ⊆ Cn implies that

⟨xn − w, Jx0 − Jxn⟩ ≥ 0, ∀w ∈ F. (3.4.1)

From Lemma 3.2.7, we have

ϕ(xn, x0) = ϕ(ΠCnx0, x0)

≤ ϕ(ΠFx0, x0)− ϕ(ΠFx0, xn)

≤ ϕ(ΠFx0, x0).
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This implies that the sequence {ϕ(xn, x0)} is bounded. Since xn = ΠCnx0 and

xn+1 = ΠCn+1x0 ∈ Cn+1 ⊆ Cn, we have that

ϕ(xn, x0) ≤ ϕ(xn+1, x0), ∀n ≥ 0,

which implies that {ϕ(xn, x0)} is increasing and bounded sequence and so lim
n→∞

ϕ(xn, x0)

exists. Furthermore, for any positive integer l, the inequality in Lemma 3.2.7 pro-

vides

ϕ(xn+l, xn) = ϕ(xn+l, ΠCnx0)

≤ ϕ(xn+l, x0)− ϕ(ΠCnx0, x0)

≤ ϕ(xn+l, x0)− ϕ(xn, x0).

This implies that

lim
n→∞

ϕ(xn+l, xn) = 0, for any integer l > 0. (3.4.2)

Thus by Lemma 3.2.5 implies that

lim
n→∞

∥xn+l − xn∥ = 0, (3.4.3)

and hence {xn} is Cauchy. Therefore, there exists a point x ∈ C such that xn → x

as n→ ∞.

Since xn+1 ∈ Cn+1, we get

ϕ(xn+1, wn) ≤ ϕ(xn+1, xn) + ξn,

this with (3.4.2) implies that

lim
n→∞

ϕ(xn+1, wn) = 0. (3.4.4)

Thus, by Lemma 3.2.5, we obtain

lim
n→∞

∥xn+1 − wn∥ = 0. (3.4.5)

and hence

∥xn − wn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − wn∥ → 0 as n→ ∞, (3.4.6)

which implies that wn → x as n → ∞. Furthermore, the uniform continuity of J

on bounded sets, gives that

lim
n→∞

∥Jxn − Jwn∥ = 0. (3.4.7)
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Thus, the uniform convexity of E and Lemma 1.2.3 we have, for all p ∈ F , that

ϕ(p, yn) = ϕ(p, J−1(αnJxn + (1− αn)JT
n
n+1zn)) (3.4.8)

= ∥p∥2 − 2
⟨
p, αnJxn + (1− αn)JT

n
n+1zn

⟩
+∥αnJxn + (1− αn)JT

n
n+1zn∥2

≤ ∥p∥2 − 2αn ⟨p, Jxn⟩ − 2(1− αn)
⟨
p, JT nn+1zn

⟩
+ αn∥xn∥2 (3.4.9)

+(1− αn)∥T nn+1zn∥2 − αn(1− αn)g(∥Jxn − JT nn+1zn∥)
= αnϕ(p, xn) + (1− αn)ϕ(p, T

n
n+1zn)− αn(1− αn)g(∥Jxn − JT nn+1zn∥)

≤ αnϕ(p, xn) + (1− αn)ϕ(p, zn) + ξn (3.4.10)

−αn(1− αn)g(∥Jxn − JT nn+1zn∥).

Then

ϕ(p, yn) ≤ αnϕ(p, xn) + (1− αn)ϕ(p, zn) + ξn − αn(1− αn)g(∥Jxn − JT nn+1zn∥).
(3.4.11)

Thus from (3.3.7) and (3.4.11) we have that

ϕ(p, yn) ≤ ϕ(p, xn) + 2(1− αn)λn

(
λn
µ

− γ

)
∥An+1xn∥2 + ξn (3.4.12)

−αn(1− αn)g(∥Jxn − JT nn+1zn∥).

On the other hand from Remark 1.3.1 we get that

ϕ(p, wn) = ϕ(p, J−1(βJun + (1− β)Jvn)) (3.4.13)

≤ βϕ(p, un) + (1− β)ϕ(p, vn)

= βϕ(p, T1,ryn) + (1− β)ϕ(p, T2,ryn)

≤ ϕ(p, yn).

Substituting (3.4.12) into (3.4.13) we get that

ϕ(p, wn) ≤ ϕ(p, xn) + 2(1− αn)λn

(
λn
µ

− γ

)
∥An+1xn∥2 + ξn (3.4.14)

−αn(1− αn)g(∥Jxn − JT nn+1zn∥).

Now, using the fact λn < µγ and inequality (3.4.14) imply that

αn(1− αn)g(∥Jxn − JT nn+1zn∥) ≤ ϕ(p, xn)− ϕ(p, wn) + ξn

= ∥xn∥2 − ∥wn∥2 + 2 ⟨p, Jwn − Jxn⟩+ ξn

≤ (∥xn∥ − ∥wn∥) (∥xn∥+ ∥wn∥)
+2∥p∥∥Jwn − Jxn∥+ ξn

≤ M0 (∥xn∥ − ∥wn∥) + 2∥p∥∥Jwn − Jxn∥+ ξn,
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where M0 = sup
n∈N

(∥xn∥+ ∥wn∥). Thus, from (3.4.6), (3.4.7) and the fact that

limn→∞ ξn = 0 we obtain

lim
n→∞

g
(
∥Jxn − JT nn+1zn∥

)
= 0.

Therefor, from the property of g we get that ∥Jxn− JT nn+1zn∥ → 0 as n→ ∞.

Furthermore, since J−1 is also uniformly norm-to-norm continuous on bounded

sets, we see that

lim
n→∞

∥xn − T nn+1zn∥ = 0. (3.4.15)

Moreover, from (3.4.14) and (3.4.15) we have that

2(1− αn)λn

(
γ − λn

µ

)
∥An+1xn∥2 ≤ ϕ(p, xn)− ϕ(p, wn) + ξn,

which yields

lim
n→∞

∥An+1xn∥ = 0. (3.4.16)

Now, from Lemma 3.2.7, 3.2.8 and 0 < a < λn < b < µγ imply that

ϕ(xn, zn) = ϕ(xn, ΠCJ
−1(Jxn − λnAn+1xn))

≤ ϕ(xn, J
−1(Jxn − λnAn+1xn))

≤ V (xn, Jxn − λnAn+1xn)

≤ V (xn, (Jxn − λnAn+1xn) + λnAn+1xn)

−2
⟨
J−1(Jxn − λnAn+1xn)− xn, λnAn+1xn

⟩
= ϕ(xn, xn) + 2λn

⟨
J−1(Jxn − λnAn+1xn)− xn,−An+1xn

⟩
≤ ϕ(xn, xn) + 2λn∥J−1(Jxn − λnAn+1xn)− xn∥∥ − An+1xn∥

≤ ϕ(xn, xn) + 2
λ2n
µ
∥An+1xn∥2

≤ ϕ(xn, xn) + 2
b2

µ
∥An+1xn∥2.

Then

ϕ(xn, zn) ≤ 2
b2

µ
∥An+1xn∥2. (3.4.17)

It follows from (3.4.16) and (3.4.17) that ϕ(xn, zn) → 0 as n → ∞. Then by

Lemma 3.2.5 we get

lim
n→∞

∥xn − zn∥ = 0, (3.4.18)
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and hence zn → x as n→ ∞. Furthermore, from (3.3.6), we have

ϕ(x, yn) ≤ ϕ(x, xn) + ϕ(x, zn) + ξn.

Thus, we obtain ϕ(x, yn) → 0 as n → ∞ since ϕ(x, xn) → 0, ϕ(x, zn) → 0, and

ξn → 0 as n → ∞ and by Lemma 3.2.5, we obtain that lim
n→∞

∥yn − x∥ = 0 and so

yn → x as n→ ∞.

Step 2. We show that x ∈
d∩
j=1

F (Tj). Observe that from (3.4.15) and (3.4.18), we

obtain

∥T nn+1zn − zn∥ ≤ ∥T nn+1zn − xn∥+ ∥xn − zn∥ → 0, as n→ ∞.

Thus

lim
n→∞

T nn+1zn = x. (3.4.19)

Let {nl1}l1 ⊂ N be such that Tnl1
+1 = T1 for all l1 ∈ N. In view of asymptotic

regularity of Tn+1 and (3.4.19) we get

∥T nl1
+1

1 znl1
+1 − x∥ = ∥T nl1

+1

nl1
+1 znl1

+1 − x∥ (3.4.20)

≤ ∥T nl1
+1

nl1
+1 znl1

+1 − T
nl1
nl1

+1znl1
+1∥+ ∥T nl1

nl1
+1znl1

+1 − x∥
= ∥T nl1

+1

1 − T
nl1
1 ∥+ ∥T nl1

1 znl1
+1 − x∥ → 0, as l → ∞.

Hence,

lim
l→∞

T
nl1

+1

1 znl1
= x. (3.4.21)

Since znl1
→ x as l1 → ∞, we obtain from (3.4.21), using continuity of T1 and

(3.4.19), that

x = lim
l1→∞

Tnl1
+1

(
T
nl1
nl1

+1znl1

)
= lim

l11→∞
T1

(
T
nl1
nl1

+1znl1

)
= T1x.

Similarly, if {nlj}lj ⊂ N is such that Tnlj
+1 = Tj for all lj ∈ N, then we have again

x = lim
lj→∞

Tnlj
+1

(
T
nlj

nlj
+1znlj

)
= lim

lj→∞
Tj

(
T
nlj

nlj
+1znlj

)
= Tjx,

where j = 2, 3, . . . , d. Hence x ∈
d∩
j=1

F (Tj).

Step 3. We show that x ∈
m∩
i=1

A−1
i (0).

Since Ai is γi-inverse strongly monotone for i = 1, 2, . . . ,m, we have that Ai is
1
γ
-Lipschitz monotone continuous. Thus

∥An+1xn − An+1x∥ ≤ 1

γ
∥xn − x∥ → 0 as n→ ∞. (3.4.22)
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Hence, from 3.3.7 and 3.4.22, we obtain that

∥An+1x∥ ≤ ∥An+1xn − An+1x∥+ ∥An+1xn∥ → 0 as n→ ∞. (3.4.23)

Consequently, we get that

lim
n→∞

An+1x = 0. (3.4.24)

Let {nsi}, si ≥ 1 ⊆ N be such that Ansi+1 = Ai for all si ∈ N where i = 1, 2, . . . ,m.

Then

Aix = lim
si→∞

Ansi+1x = 0, (3.4.25)

where i = 1, 2, . . . ,m. Thus x ∈
m∩
i=1

A−1
i (0).

Step 4. We show that x ∈
2∩

k=1

GEP (Fk, Bk). From un = T1,rnyn, Remark 1.3.1 ,

the fact that xn → x and zn → x as n→ ∞, we obtain

ϕ(x, un) ≤ ϕ(x, yn) (3.4.26)

≤ αnϕ(x, xn) + (1− αn)ϕ(x, zn)

≤ ϕ(x, xn) + ϕ(x, zn) → 0 as n→ ∞.

Thus, by Lemma 3.2.5 and (3.4.26), we have un → x and yn → x as n→ ∞. These

imply that, lim
n→∞

∥un − yn∥ = 0. Consequently, lim
n→∞

∥Jun − Jyn∥ = 0. Hence,

lim
n→∞

∥un − yn∥
rn

= 0. (3.4.27)

But from (A2) we note that

⟨B1yn, v − un⟩+
1

rn
⟨v − un, Jun − Jyn⟩ ≥ −F1(un, v) = F1(v, un),∀v ∈ C.

and hence

⟨B1yn, v − un⟩+
⟨
v − un,

Jun − Jyn
rn

⟩
≥ F1(v, un), ∀v ∈ C. (3.4.28)

Put zt = tv+(1− t)x for all t ∈ [0, 1] and v ∈ C. Since C is convex, zt ∈ C. Since

B1 is monotone, we have that ⟨B1zt −B1un, zt − un⟩ ≥ 0. Then, from (3.4.28), we

have

⟨B1zt, zt − un⟩ ≥ F1(zt, un)−
⟨
zt − un,

Jun − Jyn
rn

⟩
(3.4.29)

+ ⟨B1un −B1yn, zt − un⟩+ ⟨B1zt −B1un, zt − un⟩

≥ F1(zt, un)−
⟨
zt − un,

Jun − Jyn
rn

⟩
+ ⟨B1un −B1yn, zt − un⟩ .
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By the continuity of B1 and the fact that un → x, yn → x as n → ∞, we obtain

that

lim
n→∞

(B1un −B1yn) = 0. (3.4.30)

Using (3.4.28), and (3.4.30), it follows from (A4) and (3.4.29) that

F1(zt, x) ≤ lim inf
n→∞

(
F1(zt, un)−

⟨
zt − un,

Jun − Jyn
rn

⟩
+ ⟨B1un −B1yn, zt − un⟩

)
≤ lim

n→∞
⟨B1zt, zt − un⟩ = ⟨B1zt, zt − x⟩ . (3.4.31)

Now, from (3.4.31), (A1) and (A4) we get that

0 = F1(zt, zt) ≤ tF1(zt, v) + (1− t)F1(zt, x)

≤ tF1(zt, v) + (1− t) ⟨B1zt, zt − x⟩
≤ tF1(zt, v) + (1− t)t ⟨B1zt, v − x⟩ .

and hence

F1(zt, v) + (1− t) ⟨B1zt, v − x⟩ ≥ 0.

Letting t→ 0, we have

F1(x, v) + ⟨B1x, v − x⟩ ≥ 0.

This implies that x ∈ GEP (F1, B1). Similarly, considering vn = T2,rnyn, the

same argument gives that x ∈ GEP (F2, B2). Therefore, x ∈
2∩

k=1

GEP (Fk, Bk).

Finally, we prove that x = ΠF (x0). From xn = ΠCn(x0), we have

⟨Jx0 − Jxn, xn − z⟩ ≥ 0,∀z ∈ Cn.

Since F ⊆ Cn, we also have that

⟨Jx0 − Jxn, xn − z⟩ ≥ 0, ∀z ∈ F. (3.4.32)

By taking limits in (3.4.32), we get by the uniform continuity of J on bounded sets

⟨Jx0 − Jx, x− z⟩ ≥ 0,∀z ∈ F.

Now, by Lemma 3.2.6 we have that x = ΠF (x0). This completes the proof.

If Ai ≡ 0, i = 1, 2, . . . ,m, then strong convergence theorem for approximating

a common element of sets of solutions of two generalized equilibrium problems

and the sets of fixed points of finite family of asymptotically quasi-ϕ-nonexpansive

mapping in the intermediate sense in Banach spaces may not require that E is a

uniformly convex real Banach space and Theorem 3.4.1 is reduced to the following.
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Theorem 3.4.2. Let C be a nonempty, closed and convex subset of a uniformly

smooth and strictly convex Banach space such that both E and E∗ have the Kadec-

Klee property. Let F1 and F2 be bi-functions satisfying ”Condition A” and Bk :

C → E∗ be monotone mappings where k = 1, 2. Let Tj : C → C, j = 1, 2, . . . , d be

a finite family of continuous asymptotically quasi-ϕ-nonexpansive mapping in the

intermediate sense. Assume that F =

[
d∩
j=1

F (Tj)

]
∩

[
2∩

k=1

GEP (Fk, Bk)

]
̸= ∅ and

Assume that Tj is asymptotically regular on C and F (Tj) is bounded for each j.

Let {xn} be a sequence defined by

x0 ∈ C0 = C,

yn = J−1(αnJxn + (1− αn)JT
n
n+1xn),

un, vn ∈ C such that

F1(un, y) + ⟨B1yn, y − un⟩+ 1
rn

⟨y − un, Jun − Jyn⟩ ≥ 0,∀y ∈ C,

F2(vn, y) + ⟨B2yn, y − vn⟩+ 1
rn

⟨y − vn, Jvn − Jyn⟩ ≥ 0, ∀y ∈ C,

wn = J−1(βJun + (1− β)Jvn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn) + ξn},

xn+1 = ΠCn+1x0.

(3.4.33)

where ξn =
d∑
j=1

max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nj x) − ϕ(p, x))}; Tn = Tn( mod d) and J is

the normalized duality mapping on E;{rn} ⊆ [c1,∞) for some c1 > 0,β, αn ∈ (0, 1)

for all n ∈ N such that lim inf
n→∞

αn(1− αn) > 0. Then, the sequence {xn} converges

to some element of F .

Proof. We get that zn = xn and the method of proof of Theorem 3.4.1 gives

the required assertion without the requirement that E is a uniformly convex real

Banach space.

If B1 ≡ B2 ≡ 0 in Theorem 3.4.2,then we get the following corollary.

Corollary 3.4.3. Let C be a nonempty, closed and convex subset of a uniformly

smooth and strictly convex Banach space such that both E and E∗ have the Kadec-

Klee property. Let F1 and F2 be bi-functions satisfying ”Condition A.” Let Tj :

C → C, j = 1, 2, . . . , d be a finite family of continuous asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense. Assume that F =

[
d∩
j=1

F (Tj)

]
∩
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[
2∩

k=1

EP (Fk)

]
̸= ∅ and Assume that Tj is asymptotically regular on C and F (Tj)

is bounded for each j. Let {xn} be a sequence defined by

x0 ∈ C0 = C,

yn = J−1(αnJxn + (1− αn)JT
n
n+1xn),

un, vn ∈ C such that

F1(un, y) +
1
rn

⟨y − un, Jun − Jyn⟩ ≥ 0,∀y ∈ C,

F2(vn, y) +
1
rn

⟨y − vn, Jvn − Jyn⟩ ≥ 0,∀y ∈ C,

wn = J−1(βJun + (1− β)Jvn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn) + ξn},

xn+1 = ΠCn+1x0.

(3.4.34)

where ξn =
d∑
j=1

max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nj x)−ϕ(p, x))}; Tn = Tn( mod d) and J is the

normalized duality mapping on E; {rn} ⊆ [c1,∞) for some c1 > 0, β, αn ∈ (0, 1)

for all n ∈ N such that lim inf
n→∞

αn(1− αn) > 0. Then, the sequence {xn} converges

to some element of F .

If F1 ≡ F2 ≡ 0 in Theorem 3.4.2, then we get the following corollary.

Corollary 3.4.4. Let C be a nonempty, closed and convex subset of a uniformly

smooth and strictly convex Banach space such that both E and E∗ have the Kadec-

Klee property. Let Bk : C → E∗ be monotone mappings where k = 1, 2. Let

Tj : C → C, j = 1, 2, . . . , d be a finite family of continuous asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense. Assume that F =

[
d∩
j=1

F (Tj)

]
∩[

2∩
k=1

V I(Bk, C)

]
̸= ∅ and Assume that Tj is asymptotically regular on C and F (Tj)
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is bounded for each j. Let {xn} be a sequence defined by

x0 ∈ C0 = C,

yn = J−1(αnJxn + (1− αn)JT
n
n+1xn),

un, vn ∈ C such that

⟨B1yn, y − un⟩+ 1
rn

⟨y − un, Jun − Jyn⟩ ≥ 0,∀y ∈ C,

⟨B2yn, y − vn⟩+ 1
rn

⟨y − vn, Jvn − Jyn⟩ ≥ 0,∀y ∈ C,

wn = J−1(βJun + (1− β)Jvn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn) + ξn},

xn+1 = ΠCn+1x0.

(3.4.35)

where ξn =
d∑
j=1

max{0, sup
p∈F (T ),x∈C

(ϕ(p, T nj x)−ϕ(p, x))}; Tn = Tn( mod d) and J is the

normalized duality mapping on E; {rn} ⊆ [c1,∞) for some c1 > 0, β, αn ∈ (0, 1)

for all n ∈ N such that lim inf
n→∞

αn(1− αn) > 0. Then, the sequence {xn} converges

to some element of F .

Theorem 3.4.5. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let F1 and F2 be bi-functions

satisfying ”Condition A” and Bk : C → E∗ be monotone mappings where k =

1, 2. Let Tj : C → C, j = 1, 2, . . . , d be a finite family of continuous asymptotically

quasi-ϕ-nonexpansive mapping in the intermediate sense and Ai : C → E∗, i =

1, 2, . . . ,m be a finite family of γi-inverse strongly monotone operators. Assume

that F =

[
d∩
j=1

F (Tj)

]
∩

[
m∩
i=1

V I(Ai, C)

]
∩

[
2∩

k=1

GEP (Fk, Bk)

]
̸= ∅. Let {xn} be

a sequence defined by (3.3.1). Assume that Tj is asymptotically regular on C and

F (Tj) is bounded for each j, and ∥Aix∥ ≤ ∥Aix− Aip∥, ∀x ∈ C, p ∈ F for each i.

Then, the sequence {xn} converges to some element of F .

Proof. Let p ∈ F . Then by assumption ∥Aix∥ ≤ ∥Aix − Aip∥,∀x ∈ C and in

particular ∥Aip∥ ≤ ∥Aip−Aip∥ = 0 which implies that Aip = 0 and so p ∈ A−1
i (0).

Therefore, the conclusion follows from Theorem 3.4.1.

3.5 Numerical Example

We give an example of a finite family of continuous asymptotically quasi-ϕ-nonexpansive

mapping in the intermediate sense, a finite family of γi-inverse strongly monotone,
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a bi-functions satisfying ”Condition A” and monotone mappings satisfying Theo-

rem 3.2 and some numerical experiment result to explain the conclusion of theorem

as follows: Let H = R with Euclidean norm. Let C = [−1, 2] and Tj : C → C

where j = 1, 2, 3, 4, 5 be defined by

Tjx =


1
2j
x if x ∈ [−1, 0]

1
4j
x if x ∈ [0, 2]

, (3.5.1)

Ak : C → R where k = 1, 2, 3, 4 be defined by

Akx =
1

2k
x,∀x ∈ C,

Fi : [−1, 2]× [−1, 2] → R where i = 1, 2 be defined by

Fi(x, y) = x2 − y2, ∀x, y ∈ C,

and B1, B2 : C → R be defined by

B1x =

0 if x ∈ [−1, 1]

(x− 2)2 if x ∈ (1, 2]
, (3.5.2)

and

B2x =


2x if x ∈ [−1, 0]

0 if x ∈ [0, 1
2
]

x− 1
2

if x ∈ [1
2
, 2]

. (3.5.3)

Then Tj, Ak, Fi and Bi are continuous asymptotically quasi-ϕ-nonexpansive

mapping in the intermediate sense, γi-inverse strongly monotone, a bi-functions

satisfying ”Condition A” and monotone mappings respectively for each j, k, i. It

is clear that F =

[
4∩
j=1

F (Tj)

]
∩

[
5∩
i=1

A−1
i (0)

]
∩

[
2∩

k=1

GEP (Fk, Bk)

]
= {0}. Now,

if we take, λn = 0.001 + 1
n+200

, αn = rn = 1
n+100

, and β = 0.5, we observe that

the conditions of Theorem 3.2 are satisfied and for x0 = 0.8 ∈ C0 = C Scheme 3.1

reduces to
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

zn =


−1, if 2((n mod 4)+1)−λn

2((n mod 4)+1)
xn ≤ −1

2((n mod 4)+1)−λn
2((n mod 4)+1)

xn, if 2((n mod 4)+1)−λn
2((n mod 4)+1)

xn ∈ C

2, if 2((n mod 4)+1)−λn
2((n mod 4)+1)

xn ≥ 2,

,

yn =

αnxn +
1

(2((n mod 5)+1))n
(1− αn)zn if zn ∈ [−1, 0]

αnxn +
1

(4((n mod 5)+1))n
(1− αn)zn if zn ∈ (0, 2],

,

un =

min{2, 2rn+yn
1−rn ,max{−1, yn−rn

1−rn }} if yn ∈ [−1, 1]

min{2, −rn(yn−2)2+yn+2rn
1−rn ,max{−1, −rn(yn−2)2+yn−rn

1−rn }} if yn ∈ (1, 2],
,



vn =


min{2, 2rn−(2rn−1)yn

1−rn ,max{−1, rn−(2rn−1)yn
1−rn }} if yn ∈ [−1, 0]

min{2, 2rn+yn
1−rn ,max{−1, yn−rn

1−rn }} if yn ∈ [0, 1
2
]

min{2, 5rn
2(1−rn) + yn,max{−1, −rn

2(1−rn) + yn}} if yn ∈ [1
2
, 2],

,

wn = un+vn
2

,

Cn+1 =

{z ∈ Cn : xn+wn

2
≤ z} if wn ≥ xn

{z ∈ Cn : xn+wn

2
≥ z} if wn ≤ xn

,

xn+1 = PCn+1x0.

(3.5.4)

Then the scheme (5.5.1) converges strongly to 0. See the following table and

figure.
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n xn zn yn un vn wn

0 0.8 0.7976 0.797624 0.7955798 0.79257349 0.794076646

1 0.79703832 0.79584772 0.10638747  0.09745135  0.10138747 0.099419411

2 0.44822887 0.44778434 0.00747353 -0.0023535 0.01730052 0.007473528

3 0.2278512 0.22768241 0.00226719 -0.0075145 0.01204889 0.002267194

4 0.1150592 0.11471966 0.00110705 -0.0085909 0.01080504 0.001107049

5 0.05808312 0.05799777 0.00060927 -0.0090003 0.0102188 0.000609272

6 0.0293462 0.02931756 0.00027696 -0.0092442 0.00979813 0.000276962

7 0.01481158 0.01480078 0.00013843 -0.0092942 0.00957108 0.000138426

8 0.007475 0.0074533 6.9213E-05 -0.0092759 0.00941436 6.9213E-05

9 0.00377211 0.00376665 3.4606E-05 -0.0092243 0.00929355 3.46065E-05

10 0.00190336 0.00190153 1.7305E-05 -0.0091568 0.00919146 1.7305E-05

11 0.00096033 0.00095964 8.6516E-06 -0.0090822 0.00909948 8.65163E-06

12 0.00048449 0.00048311 4.3258E-06 -0.0090046 0.0090133 4.32582E-06

13 0.00024441 0.00024406 2.1629E-06 -0.0089264 0.00893072 2.16291E-06

14 0.00012329 0.00012317 1.0815E-06 -0.0088485 0.00885063 1.08145E-06

15 6.2184E-05 6.214E-05 5.4073E-07 -0.0087714 0.00877247 5.40727E-07

16 3.1362E-05 3.1274E-05 2.7036E-07 -0.0086954 0.00869592 2.70363E-07

17 1.5816E-05 1.5794E-05 1.3518E-07 -0.0086206 0.00862082 1.35182E-07

18 7.9757E-06 7.9683E-06 6.7591E-08 -0.0085469 0.00854708 6.75909E-08

19 4.0217E-06 4.0189E-06 3.3795E-08 -0.0084745 0.00847461 3.37954E-08

Remark 3.5.1. We provided a numerical example to demonstrate that for any choice

of initial values the sequence generated by Scheme 3.1 converges to a common

solution of the problem indicated.



Chapter 4

Approximation of Common

Solutions of Nonlinear Problems

in Banach spaces

4.1 Introduction

In this chapter, we discuss the second research problem of our dissertation. We

propose hybrid projection iterative algorithm for finding a common element of so-

lution set of a finite family of generalized mixed equilibrium problem, semi-fixed

point set of a finite family of continuous semi-pseudocontractive mappings and so-

lution set of a finite family of variational inequality for a finite family of monotone

and L-Lipschitz mappings in Banach spaces and proved strong convergence theo-

rem. We collect technical lemmas from literature to prove our main result in the

second section of this chapter. We state the proposed algorithm in section 3 and

prove its boundedness. The main result will be stated and proved in section 4. Fi-

nally, we give a numerical example to demonstrate the behavior of the convergence

of the algorithm in the last section of the chapter.

4.2 Technical Tool Box

We shall need the following known results in the sequel of this chapter.

Lemma 4.2.1. [57, 107] Let E∗ be the dual space of a smooth and strictly convex

real Banach space E and C be a nonempty, closed and convex subset of E. Let
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T : E → E∗ be a continuous semi-pseudocontractive mapping. Let r > 0 and

x ∈ E. Define a mapping KT
r : E → 2E by

KT
r x = {z ∈ C : ⟨y − z, Tz⟩ − 1

r
⟨y − z, (1 + r)Jz − Jx⟩ ≤ 0, ∀y ∈ C}, x ∈ E.

Then, KT
r x ̸= ∅,∀x ∈ E, and the following hold:

(1) KT
r is single-valued;

(2) F (KT
r ) = Fs(T ), where Fs(T ) denotes the set of semi-fixed points of T ;

(3) KT
r is quasi-ϕ-nonexpansive;

(4) ϕ(p,KT
r x) + ϕ(KT

r x, x) ≤ ϕ(p, x),∀p ∈ F (KT
r ), x ∈ E.

4.3 Iterative Algorithm

Let C be a nonempty, closed and convex subset of uniformly convex and uniformly

smooth real Banach space E. Let Bk : C → E∗, k = 1, 2, · · · ,M be a finite

family of continuous and monotone mappings, Fk : C × C → R, k = 1, 2, · · · ,M
be a finite family of bi-functionals satisfying Condition A, Ai : C → E∗ be a

finite family of Li-Lipschitz monotone mappings with Lipschitz constants Li, for

i = 1, 2, . . . , K, and Tj : C → E∗, j = 1, 2, · · · , N be a finite family of continuous

semi-pseudocontractive mappings with

F :=

[
N∩
j=1

Fs(Tj)

]
∩

[
K∩
i=1

V I(C,Ai)

]
∩

[
M∩
k=1

GMEP (Fk, φk, Bk)

]
̸= ∅.

Let {xn} be the sequence generated by the iterative scheme:

x0 ∈ C0 = C,

zn = ΠCJ
−1(Jxn − λnAn+1xn)

un = ΠCJ
−1(Jxn − λnAn+1zn)

yn = J−1(αn0Jxn +
∑N

j=1 αnj
JKTi

rnzn),

wn = J−1(βn0Jun +
∑M

k=1 βnk
JTHk

rn yn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn)},

xn+1 = ΠCn+1x0,

(4.3.1)
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where An = An( mod K) and J is the normalized duality mapping on E; {rn} ⊂

[c1,∞) for some c1 > 0, αnj
, βnk

∈ [e, 1) ⊂ (0, 1) such that
N∑
j=0

αnj
= 1,

M∑
k=0

βnk
= 1,

and {λn} is a sequence in [a, b] for some 0 < a < b < µ
L
, where L = max

1≤i≤K
Li.

Lemma 4.3.1. Let C be a nonempty, closed and convex subset of a uniformly

convex and smooth real Banach space E. Let Bk : C → E∗, k = 1, 2, · · · ,M
be continuous and monotone mappings, Fk : C × C → R, k = 1, 2, · · · ,M be

bi-functionals satisfying Condition A, φk : C → R, k = 1, 2, · · · ,M be real

valued functions, Ai : C → E∗ be Li-Lipschitz monotone mappings with Lipschitz

constants Li, for i = 1, 2, . . . , K, and Tj : E → E∗, j = 1, 2, · · · , N be continuous

semi-pseudocontractive mappings with

F :=

[
N∩
j=1

Fs(Tj)

]
∩

[
K∩
i=1

V I(C,Ai)

]
∩

[
M∩
k=1

GMEP (Fk, φk, Bk)

]
̸= ∅.

Let {xn} be a sequence defined by (4.3.1). Then, the sequence {xn} is well defined

for each n ≥ 0.

Proof. Now, we divide the proof into two steps.

Step 1. We show that Cn is closed and convex for each n ≥ 0. It is obvious that

C0 = C is closed and convex by assumption. Suppose that Ck is closed and convex

for some k ∈ N.
Let {vm} ⊆ Ck+1 be such that vm → v as m→ ∞. Since Ck+1 ⊆ Ck and Ck is

closed, v ∈ Ck and

ϕ(v, wk) = ∥v∥2 − 2 ⟨v, Jwk⟩+ ∥wk∥2

= lim
m→∞

[∥vm∥2 − 2 ⟨vm, Jwk⟩+ ∥wk∥2]

= lim
m→∞

ϕ(vm, wk)

≤ lim inf
m→∞

ϕ(vm, xk) = ϕ(v, xk).

Then v ∈ Ck+1 and so Ck+1 is closed.

Let v1, v2 ∈ Ck+1 and t ∈ [0, 1]. Then v1, v2 ∈ Ck and so that v = tv1+(1−t)v2 ∈
Ck. Notice that

ϕ(v1, wk) ≤ ϕ(v1, xk) and ϕ(v2, wk) ≤ ϕ(v2, xk). (4.3.2)

The inequalities (4.3.2) are equivalent to

2 ⟨v1, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2 (4.3.3)
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and

2 ⟨v2, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2. (4.3.4)

Multiplying t and (1−t) on both sides of (4.3.3) and (4.3.4), respectively, we obtain

2 ⟨v, Jxk − Jwk⟩ ≤ ∥xk∥2 − ∥wk∥2.

That is,

ϕ(v, wk) ≤ ϕ(v, xk).

This implies v ∈ Ck+1 and hence Ck+1 is closed and convex. Therefore, inductively

Cn is closed and convex for all n ≥ 0. Hence ΠCn+1x0 is well defined for all n ≥ 0.

Step 2. We show that F ⊆ Cn for each n ≥ 0.

From the assumption, we see that F ⊆ C = C0. Suppose that F ⊆ Ck for some

k ∈ N. Now, we show that F ⊆ Ck+1. Let p ∈ F . Then by Lemma 3.2.1 and

Lemma 4.2.1, we get

ϕ(p, yk) = ϕ(p, J−1(αk0Jxk +
N∑
i=1

αkiJK
Ti
rk
zk)) (4.3.5)

= ∥p∥2 − 2

⟨
p, αk0Jxk +

N∑
i=1

αkiJK
Ti
rk
zk

⟩
+ ∥αk0Jxk +

N∑
i=1

αkiJK
Ti
rk
zk∥2

≤ ∥p∥2 − 2αk0 ⟨p, Jxk⟩ − 2
N∑
i=1

αki
⟨
p, JKTi

rk
zk
⟩

+αk0∥xk∥2 +
N∑
i=1

αki∥KTi
rk
zk∥2 − αk0αkjg(∥Jxk − JKTj

rk
zk∥)

≤ αk0
[
∥p∥2 − 2 ⟨p, Jxk⟩+ ∥xk∥2

]
+

N∑
i=1

αki
[
∥p∥2 − 2

⟨
p, JKTi

rk
zk
⟩
+ ∥KTi

rk
zk∥2

]
−αk0αkjg(∥Jxk − JKTj

rk
zk∥)

= αk0ϕ(p, xk) +
N∑
i=1

αkiϕ(p,K
Ti
rk
zk)− αk0αkjg(∥Jxk − JKTj

rk
zk∥)

≤ αk0ϕ(p, xk) +
N∑
i=1

αkiϕ(p, zk)− αk0αkjg(∥Jxk − JKTj
rk
zk∥). (4.3.6)

Then

ϕ(p, yk) ≤ αk0ϕ(p, xk) +
N∑
i=1

αkiϕ(p, zk). (4.3.7)
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And by Lemma 3.2.4 and monotonicity of Ak+1, we have

ϕ(p, zk) = ϕ(p,ΠCJ
−1(Jxk − λkAk+1xk)) (4.3.8)

≤ ϕ(p, J−1(Jxk − λkAk+1xk))− ϕ(zk, J
−1(Jxk − λkAk+1xk))

= ∥p∥2 − 2 ⟨p, Jxk − λkAk+1xk⟩+ ∥Jxk − λkAk+1xk)∥2

−[∥Jxk − λkAk+1xk∥2 − 2 ⟨zk, Jxk − λkAk+1xk⟩+ ∥zk∥2]
= ∥p∥2 − 2 ⟨p, Jxk⟩+ ∥xk∥2 − ∥xk∥2 + 2 ⟨zk, Jxk⟩ − ∥zk∥2

+2 ⟨p− zk, λkAk+1xk⟩
= ϕ(p, xk)− ϕ(zk, xk) + 2 ⟨p− zk, λkAk+1xk⟩
= ϕ(p, xk)− ϕ(zk, xk) + 2λk ⟨p− zk, Ak+1xk − Ak+1p⟩

+2λk ⟨p− zk, Ak+1p⟩
≤ ϕ(p, xk).

and also,

ϕ(p, uk) = ϕ(p,ΠCJ
−1(Jxk − λkAk+1zk))

≤ ϕ(p, J−1(Jxk − λkAk+1zk))− ϕ(uk, J
−1(Jxk − λkAk+1zk))

= ∥p∥2 − 2 ⟨p, Jxk − λkAk+1zk⟩+ ∥Jxk − λkAk+1zk)∥2 (4.3.9)

−[∥Jxk − λkAk+1zk∥2 − 2 ⟨uk, Jxk − λkAk+1zk⟩+ ∥uk∥2]
= ∥p∥2 − 2 ⟨p, Jxk⟩+ ∥xk∥2 − ∥xk∥2 + 2 ⟨uk, Jxk⟩ − ∥uk∥2

+2 ⟨p− uk, λkAk+1zk⟩
= ϕ(p, xk)− ϕ(uk, xk) + 2 ⟨p− uk, λkAk+1zk⟩
= ϕ(p, xk)− ϕ(uk, xk) + 2λk ⟨p− zk, Ak+1zk⟩+ 2λk ⟨zk − uk, Ak+1zk⟩
= ϕ(p, xk)− ϕ(uk, xk) + 2λk ⟨p− zk, Ak+1zk − Ak+1p⟩

+2λk ⟨p− zk, Ak+1p⟩+ 2λk ⟨zk − uk, Ak+1zk⟩
≤ ϕ(p, xk)− ϕ(uk, xk) + 2λk ⟨zk − uk, Ak+1zk⟩

and from (1.2.8), we obtain

ϕ(uk, xk) = ϕ(uk, zk) + ϕ(zk, xk) + ⟨uk − zk, Jzk − Jxk⟩ (4.3.10)

Thus, from (4.3.9) and (4.3.10) we get

ϕ(p, uk) ≤ ϕ(p, xk)− ϕ(uk, zk)− ϕ(zk, xk) (4.3.11)

+ ⟨zk − uk, λkAk+1zk − Jxk + Jzk⟩
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Moreover, by Lemma 3.2.6, we have that

⟨zk − uk, λkAk+1zk − Jxk + Jzk⟩ = ⟨uk − zk, λkAk+1xk − λkAk+1zk⟩
+ ⟨uk − zk, Jxk − λkAk+1xk − Jzk⟩

≤ λk ⟨uk − zk, Ak+1xk − Ak+1zk⟩ . (4.3.12)

Then, since Ak+1 is Lipschitz, by (4.3.11) and (4.3.12), we have that,

ϕ(p, uk) ≤ ϕ(p, xk)− ϕ(uk, zk)− ϕ(zk, xk) + 2λk ⟨uk − zk, Ak+1xk − Ak+1zk⟩
≤ ϕ(p, xk)− ϕ(uk, zk)− ϕ(zk, xk) + 2λk∥uk − zk∥∥Ak+1xk − Ak+1zk∥
≤ ϕ(p, xk)− ϕ(uk, zk)− ϕ(zk, xk) + 2λkL∥uk − zk∥∥xk − zk∥
≤ ϕ(p, xk)− ϕ(uk, zk)− ϕ(zk, xk) (4.3.13)

+λkL[∥uk − zk∥2 + ∥xk − zk∥2]

Hence, from (4.3.13) and Lemma 3.2.3 we have

ϕ(p, uk) ≤ ϕ(p, xk)− µ∥uk − zk∥2 − µ∥zk − xk∥2

+λkL[∥uk − zk∥2 + ∥xk − zk∥2]
≤ ϕ(p, xk) + (λkL− µ)[∥uk − zk∥2 + ∥xk − zk∥2]. (4.3.14)

Therefore, from (4.3.14) and λk ∈ (0, µ
L
) we obtain that

ϕ(p, uk) ≤ ϕ(p, xk) (4.3.15)

Thus, by (4.3.7), (4.3.8), (4.3.15) and Lemma 3.2.1, we obtain

ϕ(p, wk) = ϕ(p, J−1(βk0Juk +
M∑
s=1

βksJT
Hs
rk
yk))

= ∥p∥2 − 2

⟨
p, βk0Juk +

M∑
s=1

βksJT
Hs
rk
yk

⟩

+∥αk0Juk +
M∑
s=1

βksJT
Hs
rk
yk∥2

≤ ∥p∥2 − 2βk0 ⟨p, Jxk⟩ − 2
M∑
s=1

βks
⟨
p, JTHs

rk
yk
⟩
+ βk0∥uk∥2

+
M∑
s=1

βks∥THs
rk
yk∥2 − βk0βktg(∥Juk − JTHt

rk
yk∥)
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≤ βk0
[
∥p∥2 − 2 ⟨p, Juk⟩+ ∥uk∥2

]
− βk0βktg(∥Juk − JTHt

rk
yk∥)

+
M∑
s=1

βks
[
∥p∥2 − 2

⟨
p, JTHs

rk
yk
⟩
+ ∥THs

rk
yk∥2

]
= βk0ϕ(p, uk)− βk0βktg(∥Juk − JTHt

rk
yk∥) +

M∑
s=1

βksϕ(p, T
Hs
rk
yk)

≤ βk0ϕ(p, uk) +
M∑
s=1

βksϕ(p, yk)− βk0βktg(∥Juk − JTHt
rk
yk∥) (4.3.16)

≤ ϕ(p, xk). (4.3.17)

Then p ∈ Ck+1. This implies, by induction, that F ⊆ Cn and the sequence {xn}
generated by (4.3.1) is well defined for all n ≥ 0.

4.4 Strong Convergence Theorem

Theorem 4.4.1. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Bk : C → E∗, k =

1, 2, · · · ,M be continuous and monotone mappings, Fk : C × C → R, k =

1, 2, · · · ,M be bi-functionals satisfying Condition A, φk : C → R, k = 1, 2, · · · ,M
be real valued functions, Ai : C → E∗ be Li-Lipschitz monotone mappings with

Lipschitz constants Li, for i = 1, 2, . . . , K, and Tj : E → E∗, j = 1, 2, · · · , N be

continuous semi-pseudocontractive mappings with

F :=

[
N∩
j=1

Fs(Tj)

]
∩

[
K∩
i=1

V I(C,Ai)

]
∩

[
M∩
k=1

GMEP (Fk, φk, Bk)

]
̸= ∅.

Let {xn} be a sequence defined by (4.3.1). Then, the sequence {xn} converges to

some element of F .

Proof. We divide the proof into four steps.

Step 1. We show that lim
n→∞

xn = x, lim
n→∞

wn = x, lim
n→∞

yn = x, lim
n→∞

un =

x, lim
n→∞

zn = x, lim
n→∞

KTj
rn yn = x,∀j = 1, 2, . . . , N and lim

n→∞
THk
rn yn = x,∀k =

1, 2, . . . ,M , for some point x ∈ C.

In view of ΠCnx0, we see from Lemma 3.2.6 that

⟨xn − z, Jx0 − Jxn⟩ ≥ 0,∀z ∈ Cn.

The fact that F ⊆ Cn implies that

⟨xn − p, Jx0 − Jxn⟩ ≥ 0, ∀p ∈ F . (4.4.1)
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From Lemma 3.2.7, we have

ϕ(xn, x0) = ϕ(ΠCnx0, x0)

≤ ϕ(ΠFx0, x0)− ϕ(ΠFx0, xn)

≤ ϕ(ΠFx0, x0).

This implies that the sequence {ϕ(xn, x0)} is bounded. Since xn = ΠCnx0 and

xn+1 = ΠCn+1x0 ∈ Cn+1 ⊆ Cn, we have that

ϕ(xn, x0) ≤ ϕ(xn+1, x0),∀n ≥ 0

which implies that {ϕ(xn, x0)} is increasing and bounded sequence and so lim
n→∞

ϕ(xn, x0)

exists. Furthermore, for any positive integer l, the inequality in Lemma 3.2.7 pro-

vides

ϕ(xn+l, xn) = ϕ(xn+l, ΠCnx0)

≤ ϕ(xn+l, x0)− ϕ(ΠCnx0, x0)

≤ ϕ(xn+l, x0)− ϕ(xn, x0).

This implies that

lim
n→∞

ϕ(xn+l, xn) = 0, for any integer l > 0. (4.4.2)

Thus, it follows from Lemma 3.2.5 that

lim
n→∞

∥xn+l − xn∥ = 0. (4.4.3)

and hence {xn} is a Cauchy sequence. Therefore, there exists a point x ∈ C such

that xn → x as n→ ∞. Since xn+1 ∈ Cn+1, we get

ϕ(xn+1, wn) ≤ ϕ(xn+1, xn),

this with (4.4.2) implies that

lim
n→∞

ϕ(xn+1, wn) = 0. (4.4.4)

Thus, by Lemma 3.2.5, we obtain

lim
n→∞

∥xn+1 − wn∥ = 0, (4.4.5)

and hence

∥xn − wn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − wn∥ → 0 as n→ ∞, (4.4.6)
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which implies that wn → x as n→ ∞.

Now, from (4.3.17), (4.3.14), (4.3.6) and (4.3.8), we get

ϕ(p, wn) ≤ ϕ(p, xn) + βn0(λnL− µ)
[
∥un − zn∥2 + ∥xn − zn∥2

]
(4.4.7)

− αn0αnj
(1− βn0)g(∥Jxn − JKTj

rn zn∥)− βn0βntg(∥Jun − JTHt
rn yn∥)

Thus, from (4.4.7) and the fact that αnj
, βnt ≥ e > 0, and λn ∈ (0, µ

L
), for all

n ≥ 0, we have

lim
n→∞

∥un − zn∥ = 0, lim
n→∞

∥xn − zn∥ = 0, (4.4.8)

and

lim
n→∞

g(∥Jxn − JKTj
rn zn∥) = 0 and lim

n→∞
g(∥Jun − JTHt

rn yn∥) = 0. (4.4.9)

Therefore, from (4.4.9) and the property of g, we get that

lim
n→∞

∥Jxn − JKTj
rn zn∥ = 0 and lim

n→∞
∥Jun − JTHt

rn yn∥ = 0. (4.4.10)

As E∗ is uniformly smooth, J−1 is uniformly norm-to-norm continuous on bounded

subsets of E∗ we obtain

lim
n→∞

∥xn −KTj
rn zn∥ = 0 and lim

n→∞
∥un − THt

rn yn∥ = 0. (4.4.11)

Now

ϕ(xn, yn) ≤ ϕ(xn, J
−1(αn0Jxn +

N∑
j=1

αnj
JKTi

rnzn))

≤
N∑
j=1

αnj
ϕ(xn, K

Ti
rnzn). (4.4.12)

From (4.4.11) and (4.4.12), we obtain

lim inf
n→∞

ϕ(xn, yn) = 0

and so, by Lemma 3.2.5 we have

lim inf
n→∞

∥xn − yn∥ = 0 (4.4.13)

Since xn → x as n→ ∞, and from (4.4.8), (4.4.11), and (4.4.13), we obtain zn → x,

un → x, yn → x, K
Tj
rn zn → x, THt

rn yn → x as n → ∞, for each j = 1, 2, . . . , N and

t = 1, 2, . . . ,M .

Step 2. We show that x ∈
K∩
i=1

V I(C,Ai).



62

Since Ai is Lipschitz monotone countinuous for i = 1, 2, . . . , K, we have

∥An+1un − An+1zn∥ ≤ L∥un − zn∥ → 0 as n→ ∞. (4.4.14)

Now, Let

Biv =

Aiv +NCv if v ∈ C;

∅ if v /∈ C
,

where NC is the normal cone to C at v ∈ C given by NC = {w ∈ E∗ : ⟨v − u,w⟩ ≥
0, ∀u ∈ C}. Then, by Lemma 3.3.1, Bi is maximal monotone andB−1

i = V I(Ai, C).

Let w ∈ Biv. Then, we have w ∈ Aiv +NCv and hence w−Aiv ∈ NCv. Thus, we

get ⟨v − u,w − Aiv⟩ ≥ 0, ∀u ∈ C. Let {nsi}si≥1 ⊆ N be such that Ansi+1 = Ai for

all si ∈ N where i = 1, 2, . . . , K. Then
⟨
v − u,w − Ansi+1v

⟩
≥ 0,∀u ∈ C. On the

other hand, since unsi
= ΠCJ

−1(Jxnsi
− λnsi

Ansi+1znsi
), and v ∈ C, we have⟨

v − unsi
, Jdnsi

− (Jxnsi
− λnAnsi+1znsi

)
⟩
≥ 0,

and so ⟨
v − unsi

,
Junsi

− Jxnsi

λnsi

+ Ansi+1znsi

⟩
≥ 0.

Thus as unsi
∈ C, the above imply that⟨

v − unsi
, w
⟩

≥
⟨
v − unsi

, Ansi+1v
⟩

(4.4.15)

≥
⟨
v − unsi

, Ansi+1v
⟩
−
⟨
v − unsi

,
Junsi

− Jxnsi

λnsi

+ Ansi+1znsi

⟩
=

⟨
v − unsi

, Ansi+1v − Ansi+1unsi

⟩
+
⟨
v − unsi

, Ansi+1unsi
− Ansi+1znsi

⟩
−
⟨
v − unsi

,
Junsi

− Jxnsi

λnsi

⟩
=

⟨
v − unsi

, Ansi+1unsi
− Ansi+1znsi

⟩
−
⟨
v − unsi

,
Junsi

− Jxnsi

λnsi

⟩
.

Therefore, since E is uniformly smooth we have J is uniformly continuous and

hence Junsi
−Jznsi

→ 0 as si → ∞. Thus, from (4.4.15) we get that ⟨v − x,w⟩ ≥ 0

as n→ ∞. Then, maximality of Bi gives that x ∈ B−1
i (0) = V I(Ai, C) for each i.

Therefore, x ∈
m∩
i=1

V I(C,Ai).
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Step 3. We show that x ∈
N∩
j=1

FJ(Tj). Let v
i
n = KTi

rnxn. By Lemma 4.2.1(2),

we get that⟨
y − vin, Tiv

i
n

⟩
− 1

rn

⟨
y − vin, (1 + rn)Jv

i
n − Jxn

⟩
≥ 0, ∀y ∈ C

Since C is convex, yλ = λy + (1− λ)x ∈ C, where λ ∈ (0, 1]. Then⟨
vin − yλ, Tiyλ

⟩
≥

⟨
vin − yλ, Tiyλ

⟩
+
⟨
yλ − vin, Tiv

i
n

⟩
− 1

rn

⟨
yλ − vin, (1 + rn)Jv

i
n − Jxn

⟩

=
⟨
vin − yλ, Tiyλ − Tiv

i
n

⟩
− 1

rn

⟨
yλ − vin, (1 + rn)Jv

i
n − Jxn

⟩
≥

⟨
vin − yλ, Jyλ − Jvin

⟩
− 1

rn

⟨
yλ − vin, (1 + rn)Jv

i
n − Jxn

⟩
=

⟨
vin − yλ, Jyλ

⟩
− 1

rn

⟨
yλ − vin, Jv

i
n − Jxn

⟩
≥

⟨
vin − yλ, Jyλ

⟩
− ∥yλ − vin∥

∥Jvin − Jxn∥
rn

≥
⟨
vin − yλ, Jyλ

⟩
−W

∥Jvin − Jxn∥
rn

, (4.4.16)

where W = max
1≤i≤N

sup
n≥0

∥yλ − vin∥.

Taking n→ ∞ on both sides in (4.4.16) , we get that

⟨x− yλ, Tiyλ⟩ ≥ ⟨x− yλ, Jyλ⟩ (4.4.17)

Then, we obtain

⟨x− y, Ti(x+ λ(y − x))⟩ ≥ ⟨x− y, J(x+ λ(y − x))⟩ , ∀y ∈ C. (4.4.18)

Letting λ ↓ 0 and using the fact that Ti is continuous, we have from inequality

(4.4.18) that

⟨x− y, Tix⟩ ≥ ⟨x− y, Jx⟩ , ∀y ∈ C ⇔ 0 ≥ ⟨x− y, Jx− Tix⟩ , ∀y ∈ C. (4.4.19)

Setting y = J−1(Tix). Since E∗ is strictly convex and J−1 is monotone, we get

that ⟨
x− J−1(Tix), Jx− Tix

⟩
= 0 (4.4.20)

which implies that Tix = Jx. Hence x ∈ FJ(Ti), for each i = 1, 2, . . . , N . There-

fore, x ∈
N∩
j=1

FJ(Tj).
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Step 4. We show that x ∈
M∩
k=1

GMEP (Fk, φk, Bk).

Let din = THi
rn yn. Then, by lemma 1.3.1 we have

Hi(d
i
n, y) +

1

rn

⟨
y − din, Jd

i
n − Jyn

⟩
≥ 0,∀y ∈ C.

Thus, by ”Condition A”, we have

Hi(y, d
i
n) = −Hi(d

i
n, y) ≤ 1

rn

⟨
y − din, Jd

i
n − Jyn

⟩
(4.4.21)

≤ ∥y − din∥
∥Jdin − Jyn∥

rn

≤ P
∥Jdin − Jyn∥

rn
,

where P = max
1≤i≤N

sup
n≥0

∥y − din∥. Since y 7→ H(x, y) is convex and lower semi-

continuous and from (4.4.21), we obtain

Hi(y, x) ≤ 0, ∀y ∈ C. (4.4.22)

Setting yλ = λy + (1 − λ)x, λ ∈ (0, 1], we get yλ ∈ C and so, from (4.4.22) we

obtain Hi(yλ, x) ≤ 0. By Condition A, we have that

0 = Hi(yλ, yλ)

= λHi(yλ, y) + (1− λ)Hi(yλ, x)

≤ Hi(x+ λ(x− y), y). (4.4.23)

Letting λ ↓ 0 and using ”Condition A”, we have from inequality (4.4.23) that

Hi(x, y) ≥ 0, ∀y ∈ C.

Hence, x ∈ GMEP (Fi, φi, Bi), for each i = 1, 2, . . . . . . ,M . Therefore, we obtain

that

x ∈
M∩
i=1

GMEP (Fi, φi, Bi).

Finally, we prove that x = ΠFx0. From xn = ΠCnx0, we have

⟨Jx0 − Jxn, xn − z⟩ ≥ 0,∀z ∈ Cn.

Since F ⊆ Cn, we also have that

⟨Jx0 − Jxn, xn − z⟩ ≥ 0, ∀z ∈ F .

Therefore, Now, by Lemma 3.2.6 we obtain x = ΠFx0. This is completes the proof.

If in Theorem 4.4.1, we assume that Fk = 0, Bk = 0, and φk = 0 for k =

1, 2, · · · ,M , then we get the following corollary.
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Corollary 4.4.2. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Ai : C → E∗ be a finite

family of Li-Lipschitz monotone mappings with Lipschitz constants Li, for i =

1, 2, . . . , K, and Tj : E → E∗, j = 1, 2, · · · , N be a a finite family of continuous

semi-pseudocontractive mappings with

F :=

[
N∩
j=1

Fs(Tj)

]
∩

[
K∩
i=1

V I(C,Ai)

]
̸= ∅.

Let {xn} be the sequences generated by the iterative scheme:

x0 ∈ C0 = C,

zn = ΠCJ
−1(Jxn − λnAn+1xn)

un = ΠCJ
−1(Jxn − λnAn+1zn)

yn = J−1(αn0Jxn +
∑N

j=1 αnj
JKTi

rnzn),

wn = J−1(βn0Jun + (1− βn0)yn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn)},

xn+1 = ΠCn+1x0,

(4.4.24)

where An = An( mod K) and J is the normalized duality mapping on E; {rn} ⊂

[c1,∞) for some c1 > 0, αnj
, βn0 ∈ [e, 1) ⊂ (0, 1) such that

N∑
j=0

αnj
= 1, and {λn}

is a sequence in [a, b] for some 0 < a < b < 1
L
, where L = max

1≤i≤K
Li. Then, the

sequence {xn} converges to some element of F .

If in Theorem 4.4.1, we assume that Ai = 0 for i = 1, 2, · · · , K, then we get the

following corollary.

Corollary 4.4.3. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Bk : C → E∗, k =

1, 2, · · · ,M be continuous and monotone mappings, Fk : C × C → R, k =

1, 2, · · · ,M be bi-functionals satisfying Condition A, φk : C → R, k = 1, 2, · · · ,M
be real valued functions and Tj : E → E∗, j = 1, 2, · · · , N be continuous semi-

pseudocontractive mappings with

F :=

[
N∩
j=1

Fs(Tj)

]
∩

[
M∩
k=1

GMEP (Fk, φk, Bk)

]
̸= ∅.
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Let {xn} be the sequences generated by the iterative scheme:

x0 ∈ C0 = C,

yn = J−1(αn0Jxn +
∑N

j=1 αnj
JKTi

rnxn),

wn = J−1(βn0Jxn +
∑M

k=1 βnk
JTHk

rn yn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn)},

xn+1 = ΠCn+1x0,

(4.4.25)

where {rn} ⊂ [c1,∞) for some c1 > 0, αnj
, βnk

∈ [e, 1) ⊂ (0, 1) such that
N∑
j=0

αnj
=

1,
M∑
k=0

βnk
= 1. Then, the sequence {xn} converges to some element of F .

If in Theorem 4.4.1, we assume that Ai = 0 for i = 1, 2, · · · , K and φk = 0 for

k = 1, 2, · · · ,M , then we get the following corollary.

Corollary 4.4.4. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Bk : C → E∗, k =

1, 2, · · · ,M be continuous and monotone mappings, Fk : C × C → R, k =

1, 2, · · · ,M be bi-functionals satisfying Condition A and Tj : E → E∗, j =

1, 2, · · · , N be continuous semi-pseudocontractive mappings with F :=
[∩N

j=1 Fs(Tj)
]
∩[∩M

k=1GEP (Fk, Bk)
]
̸= ∅. Let {xn} be a sequence defined by (4.4.25) with φk = 0

for k = 1, 2, · · · ,M . Then, the sequence {xn} converges to some element of F .

If in Theorem 4.4.1, we assume that Bi = 0 for i = 1, 2, · · · , K and φk = 0 for

k = 1, 2, · · · ,M , then we get the following corollary.

Corollary 4.4.5. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Fk : C × C → R,
k = 1, 2, · · · ,M be bi-functionals satisfying Condition A, Ai : C → E∗ be Li-

Lipschitz monotone mappings with Lipschitz constants Li, for i = 1, 2, . . . , K, and

Tj : E → E∗, j = 1, 2, · · · , N be continuous semi-pseudocontractive mappings

with F :=
[∩N

j=1 Fs(Tj)
]
∩
[∩K

i=1 V I(C,Ai)
]
∩
[∩M

k=1EP (Fk)
]
̸= ∅. Let {xn} be

a sequence defined by (4.3.1) with Bi = 0 for i = 1, 2, · · · , K and φk = 0 for

k = 1, 2, · · · ,M . Then, the sequence {xn} converges to some element of F .

If in Theorem 4.4.1, we assume that Fk = 0, Bk = 0, Ai = 0 for i = 1, 2, · · · , K
and φk = 0 for k = 1, 2, · · · ,M , then we get the following corollary.
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Corollary 4.4.6. Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth real Banach space E. Let Tj : E → E∗, j =

1, 2, · · · , N be continuous semi-pseudocontractive mappings with F :=
∩N
j=1 Fs(Tj) ̸=

∅. Let {xn} be the sequences generated by the iterative scheme:

x0 ∈ C0 = C,

yn = J−1(αn0Jxn +
∑N

j=1 αnj
JKTi

rnxn),

wn = J−1(βn0Jxn + (1− βn0)yn),

Cn+1 = {z ∈ Cn : ϕ(z, wn) ≤ ϕ(z, xn)},

xn+1 = ΠCn+1x0,

(4.4.26)

where {rn} ⊂ [c1,∞) for some c1 > 0, αnj
, βn0 ∈ [e, 1) ⊂ (0, 1) such that

N∑
j=0

αnj
=

1. Then, the sequence {xn} converges to some element of F .

4.5 Numerical Experiments

In this section, we provide a numerical experiment which shows the implementation

of the proposed algorithm.

Example 4.5.1. Let E = LR
2 ([0, 1]) with norm ∥x∥LR

2
= (
∫ 1

0
|x(t)|2dt) 1

2 , for x ∈
E and inner product ⟨z, w⟩ =

∫ 1

0
z(t)w(t)dt, for z, w ∈ E and let C = {x ∈

E : ∥x∥LR
2
≤ 1} be nonempty, closed and convex subset of E. Let A, T , B :

C → E∗ be defined by A(x)(t) = J(x)(t); T (x)(t) = −tJ(x)(t) and B(x)(t) =
3
5
J(x)(t), for all x(t) ∈ C, t ∈ [0, 1], respectively. Let F : C × C → R be defined

by F (x, y) = 2
5
⟨y − x, J(x)⟩ ,∀x, y ∈ C. Then A is Lipschitz monotone map-

ping with V I(C,A) = {0}; T is continuous semi-pseudocontractive mapping with

Fs(T ) = {0}; B is continuous monotone mapping, and F is bi-function satisfy-

ing Condition A. Thus, a solution of the generalized mixed equilibrium prob-

lem is GMEP (F, φ,B) = {0}, where φ ≡ constant and hence F := Fs(T ) ∩
GMEP (F, φ,B) ∩ V I(C,A) = {0}. For implementation, we choose N = M =

K = 1, αn0 =
1

n0+10
, βn0 = 0.1, rn = 0.5 and λn = 0.001 + 1

100n
, for n ≥ 0, and we
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compute the we compute the (n+ 1)th iteration as follows:

vn(t) = xn(s)− λn(1 + 2t)xn(t),

zn(t) = min{1, 1
∥vn∥LR

2

}vn(t),

hn(t) = xn(s)− λn(1 + 2t)zn(t),

un(t) = min{1, 1
∥hn∥LR

2

}hn(t),

yn(t) = αn0xn + (1− αn0)
1

rnt+rn+1
un(t),

wn(s) = βn0un(t) + (1− βn0)
1

1+rn
yn(t),

Cn+1 = {z ∈ Cn : ⟨z, xn − wn⟩ ≤ 1
2
⟨wn + xn, xn − wn⟩},

xn+1(t) =

 x0(t)− ⟨an,x0⟩−bn
∥an∥2 an(t) if ⟨an, x0⟩ > bn

x0(t) if ⟨an, x0⟩ ≤ bn

(4.5.1)

where an(t) = xn(t)− wn(t) and bn = 1
2
⟨wn + xn, xn − wn⟩.

Now, taking different initial points, x0 = t10, x0 = t15, x0 = t20 and x0 =

t30 from C, we obtain Table 4.1 of numerical results provides that the sequence

{∥xn − p∥} approaches zero as n → ∞ and described in Figure 1 below. In this

case, we observe that the sequence {xn} converges faster when the power of t gets

large.

Table 4.1: Table of numerical results for Example 5.5.1

x0 0 1 5 6 7 8

t10 0.600000 0.218218 0.052004 0.036432 0.025545 0.019613
t15 0.600000 0.179605 0.042661 0.029862 0.020915 0.015413
t20 0.600000 0.156174 0.037032 0.025910 0.018138 0.013113
t30 0.600000 0.128037 0.030307 0.021196 0.014829 0.010546
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Figure 4.1: Convergence of the sequence {||xn − p||} as n gets large.



Chapter 5

Approximating a Common

Solution of f-fixed point,

Variational Inequality and

Generalized Mixed Equilibrium

Problems

5.1 Introduction

The third main result of this dissertation is discussed in this chapter. An algo-

rithm for finding a common element of the set of solutions of a finite family of

generalized mixed equilibrium problems, the set of f -fixed points of a finite fam-

ily of f -pseudocontractive mappings and the set of solutions of a finite family of

variational inequality problems for Lipschitz monotone mappings in real reflexive

Banach spaces is proposed. The convergence of the proposed algorithm is dis-

cussed. Practicality of the main result is supported by numerical examples.

5.2 Preliminaries

Some of the results in the literature that provide technical tools to prove the main

result are mentioned below.

Lemma 5.2.1. ([21]) Let f : E → R be a strongly coercive Legendre function.

70
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Then the following properties are satisfied:

(i) ∇f : E → E∗ is one-to-one, onto and norm-to-weak continuous;

(ii) the set {x ∈ E : Df (x, y) ≤ r} is bounded for all y ∈ E and r > 0;

(iii) domf ∗ = E∗, f ∗ is Gâteaux differentiable and ∇f ∗ = (∇f)−1.

Lemma 5.2.2. ([23]) Let f : E → R be a totally convex and Gâteaux differentiable

function, and x ∈ E. Let C be a nonempty, closed and convex subset of E. The

Bregman projection P f
C from E onto C has the following properties:

(i) z = P f
C(x) if and only if ⟨y − z,∇f(x)−∇f(z)⟩ ≤ 0, ∀y ∈ C;

(ii) Df (y, P
f
C(x)) +Df (P

f
C(x), x) ≤ Df (y, x), ∀y ∈ C.

Lemma 5.2.3. ([73]) Let f : E → R be a Gâteaux differentiable and totally convex

function. If x ∈ E and the sequence Df (xn, x) is bounded, then the sequence {xn}
is also bounded.

Lemma 5.2.4. ([73]) Let f : E → R be a Gâteaux differentiable function which is

uniformly convex on bounded subset of E. Let {xn} and {yn} be bounded sequences

in E. Then, the following assertions are equivalent

(i) lim
n→∞

Df (xn, yn) = 0;

(ii) lim
n→∞

∥xn − yn∥ = 0.

Lemma 5.2.5. ([98]) If f is a convex and lower semi-continuous function on a

Banach space E, then the following statements are equivalent:

(i) f is uniformly convex;

(ii) for all (x, x∗), (y, y∗) ∈ Gph(∂f) there exists modulus g such that

f(y) ≥ f(x) + ⟨y − x, x∗⟩+ g(∥x− y∥);

(iii) domf ∗ = E∗, f ∗ is Frèchet differentiable and ∇f ∗is uniformly continuous.

Lemma 5.2.6. ([?]) Let f be a strongly convex function with constant µ > 0.

Then, for all y ∈ domf and x ∈ int(domf),

Df (y, x) ≥
µ

2
∥x− y∥2,

where Df (y, x) is a Bregman distance with respect to f .
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Lemma 5.2.7. ([37]) Let f : E → (−∞,+∞] be a coercive and Gâteaux differ-

entiable function. Let C be a closed and convex subset of a real reflexive Banach

space E. Assume that B : C → E∗ is a continuous and monotone mapping,

φ : C → R is a lower semi-continuous and convex function and let F : C×C → R
be a bi-function satisfying Condition A. For r > 0 and x ∈ E, define a mapping

T f,rH : E → C as follows:

T f,rH x = {z ∈ C : H(z, y) +
1

r
⟨y − z,∇f(z)−∇f(x)⟩ ≥ 0, ∀y ∈ C}, (5.2.1)

where H(z, y) := F (z, y) + φ(y)− φ(z) + ⟨y − z, Bz⟩. Then, T f,rH (x) ̸= ∅, and the

following hold:

(1) T f,rH is single-valued;

(2) F (T f,rH ) = GMEP (F, φ,B);

(3) GMEP (F, φ,B) is closed and convex;

(4) T f,rH is quasi-Bregman nonexpansive;

(5) Df (p, T
f,r
H x) +Df (T

f,r
H x, x) ≤ Df (p, x), ∀p ∈ F (T f,rH ).

Lemma 5.2.8. Let f : E → (−∞,+∞] be a coercive and Gâteaux differentiable

function. Let E∗ be the dual space of a real reflexive Banach space E and C be a

closed and convex subset E. Let T : C → E∗ be a continuous f -pseudocontractive

mapping. For r > 0 and x ∈ E, define a mapping Kf,r
T : E → C as follows:

Kf,r
T x = {z ∈ C : ⟨y − z, T (z)⟩ − 1

r
⟨y − z, (1 + r)∇f(z)−∇f(x)⟩ ≤ 0,∀y ∈ C}.

(5.2.2)

Then, Kf,r
T (x) ̸= ∅, and the following hold:

(1) Kf,r
T is single-valued;

(2) F (Kf,r
T ) = Ff (T )

(3) Ff (T ) is closed and convex;

(4) Kf,r
T is quasi-Bregman nonexpansive;

(5) Df (p,K
f,r
T x) +Df (K

f,r
T x, x) ≤ Df (p, x), ∀p ∈ F (Kf,r

T ).
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Proof. Let B := ∇f−T . Then, B is monotone and continuous. Putting F ≡ 0

and φ ≡ 0 in Lemma 5.2.7. Then, there exists z ∈ C such that

⟨y − z, B(z)⟩+ 1

r
⟨y − z,∇f(z)−∇f(x)⟩ ≥ 0,∀y ∈ C,

Equivalently,

⟨y − z, T (z)⟩ − 1

r
⟨y − z, (1 + r)∇f(z)−∇f(x)⟩ ≤ 0,∀y ∈ C.

Furthermore, applying Lemma 5.2.7, we get the results (1)-(5) of Lemma 5.2.8.

This completes the proof.

Lemma 5.2.9. (Xu [94] ) Let {an} be a sequence of nonnegative real numbers

satisfying the following relation:

an+1 ≤ (1− αn)an + αnbn, n ≥ n0

where {αn} ⊂ (0, 1) and {bn} ⊂ R satisfying the following conditions:
∞∑
n=1

αn = ∞,

and lim sup
n→∞

bn ≤ 0, or
∞∑
n=1

|αnbn| <∞. Then lim
n→∞

an = 0.

Lemma 5.2.10. ([52]) Suppose {sn} is a sequence of real numbers such that there

exists a subsequence {si} of {n} such that sni
< sni+1 for all i ∈ N. Let the

sequence of {mk} be defined by mk = max{j ≤ k : sj < sj+1}. Then, {mk} is a

nondecreasing sequence satisfying mk → ∞ as k → ∞ and the following properties

hold:

smk
≤ smk+1 and sk ≤ smk+1,

for all k ≥ N0, for some N0 > 0.

5.3 Basic Assumptions and Proposed Algorithm

The following assumptions will be used in the sequel.

Assumption 5

(B1) Let C be a nonempty, closed and convex subset of a reflexive real Banach

space E with its dual E∗;

(B2) Let Ti : E → E∗, i = 1, 2, · · · , N be continuous f -pseudocontractive map-

pings;
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(B3) Let Bt : C → E∗, t = 1, 2, · · · ,M be continuous monotone mappings;

(B4) Let Ft : C ×C → R, t = 1, 2, · · · ,M be bi-functionals satisfying Condition

A;

(B5) Let φt : C → R, t = 1, 2, · · · ,M be real valued functions;

(B6) Let Aj : C → E∗ be Lipschitz monotone mappings with Lipschitz constants

Lj, for j = 0, 1, 2, . . . , K.

(B7) Let the common set of solutions, denoted by F , be nonempty, that is

F :=

[
N∩
i=1

Ff (Ti)

]
∩

[
K∩
j=0

V I(C,Aj)

]
∩

[
M∩
t=1

GMEP (Ft, φt, Bt)

]
̸= ∅.

(C1) Let f be a strongly coercive, bounded and uniformly Fréchet differentiable

Legendre function which is strongly convex with constant µ > 0 on bounded

subsets of E.

Let {xn} be the sequence generated by the iterative scheme:

u, x0 ∈ C,

zn = P f
C∇f ∗(∇f(xn)− λnAnxn),

dn = P f
C∇f ∗(∇f(xn − λnAnzn),

un = T f,rnHM
◦ T f,rnHN−1

◦ · · · ◦ T f,rnH2
◦ T f,rnH1

xn,

vn = Kf,rn
TN

◦Kf,rn
TN−1

◦ · · · ◦Kf,rn
T2

◦Kf,rn
T1

un,

xn+1 = ∇f ∗(αn∇f(u) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn)).

(5.3.1)

where An = An mod (K+1) and ∇f is the gradient of f on E; {rn} ⊂ [c1,∞) for

some c1 > 0, αn, θn, βn, γn ∈ (0, 1), ∀n ≥ 0 such that αn + θn + βn + γn = 1,

lim
n→∞

αn = 0 with
∑∞

n=1 αn = ∞ and βn, γn ∈ [c, 1) for some c > 0, and dn =

P f
C∇f ∗(∇f(xn − λnAnzn), 0 < a ≤ λn ≤ b < µ

L
, for L = max

0≤i≤K
Li.

The following lemma assures that the proposed iterative algorithm yields a

bounded sequence.

Lemma 5.3.1. Assume that Conditions (B1) − (B7), and (C1) hold. Then, the

sequence {xn} generated by (5.3.1) is bounded.
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Proof. Let a0 = b0 = I, where I is the identity mapping on E, ai = Kf,rn
Ti

◦
Kf,rn
Ti−1

◦· · ·◦Kf,rn
T2

◦Kf,rn
T1

for i = 1, 2, . . . , N , and , bt = T f,rnHt
◦T f,rnHt−1

◦· · ·◦T f,rnH2
◦T f,rnH1

for t = 1, 2, . . . ,M . Let p ∈ F . Then, by Lemma 5.2.7 and 5.2.8, we get

Df (p, un) ≤ Df (p, bM−1(xn))−Df (un, bM−1(xn))

≤ Df (p, bM−2(xn))−Df (bM−1(xn), bM−2(xn))−Df (un, bM−1(xn)),

and, by induction we obtain

Df (p, un) ≤ Df (p, xn)−
M−1∑
t=0

Df (bt+1(xn), bt(xn)). (5.3.2)

Similarly,

Df (p, vn) ≤ Df (p, un)−
N−1∑
t=0

Df (at+1(un), at(un)). (5.3.3)

Thus, from (5.3.2), (5.3.3) and Lemma 5.2.6, we obtain

Df (p, vn) ≤ Df (p, xn)−
M−1∑
t=0

Df (bt+1(xn), bt(xn))−
N−1∑
i=0

Df (ai+1(un), ai(un))

≤ Df (p, xn) (5.3.4)

−µ
2

(
M−1∑
t=0

∥bt+1(xn)− bt(xn)∥2 +
N−1∑
i=0

∥ai+1(un)− ai(un)∥2
)

≤ Df (p, xn). (5.3.5)

Let wn = ∇f ∗(∇f(xn)− λnAnzn). By Lemma 5.2.2 and the fact that λn ≤ µ
L
, we

get

Df (p, dn) = Df (p, P
f
Cwn) ≤ Df (p, wn)−Df (dn, wn)

= f(p)− f(wn)− ⟨p− wn,∇f(wn)⟩
− [f(dn)− f(wn)− ⟨dn − wn,∇f(wn)⟩]

= f(p)− ⟨p− dn,∇f(wn)⟩ − f(dn)

= f(p)− ⟨p− dn,∇f(xn)− λnAnzn⟩ − f(dn)

= f(p)− ⟨p− dn,∇f(xn)⟩+ ⟨p− dn, λnAnzn⟩ − f(dn)

= f(p)− ⟨p− xn,∇f(xn)⟩ − f(xn)

− [f(dn)− ⟨dn − xn,∇f(xn)⟩ − f(xn)] + ⟨p− dn, λnAnzn⟩
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= Df (p, xn)−Df (dn, xn) + ⟨p− dn, λnAnzn⟩
= Df (p, xn)−Df (dn, xn) + ⟨p− zn, λnAnzn⟩+ ⟨zn − dn, λnAnzn⟩
= Df (p, xn)−Df (dn, xn) + λn ⟨p− zn, Anzn − Anp⟩

+λn ⟨p− zn, Anp⟩+ ⟨zn − dn, λnAnzn⟩
≤ Df (p, xn)−Df (dn, xn) + ⟨zn − dn, λnAnzn⟩ . (5.3.6)

Now, from (1.2.3), we obtain

Df (dn, xn) = Df (dn, zn) +Df (zn, xn) + ⟨dn − zn,∇f(zn)−∇f(xn)⟩ . (5.3.7)

Thus, from (5.3.6), (5.3.7) and Lemma 5.2.6, we get

Df (p, dn) ≤ Df (p, xn)−Df (dn, zn)−Df (zn, xn)

+ ⟨zn − dn, λnAnzn +∇f(zn)−∇f(xn)⟩
≤ Df (p, xn)−

µ

2

[
∥dn − zn∥2 + ∥xn − zn∥2

]
(5.3.8)

+ ⟨zn − dn, λnAnzn +∇f(zn)−∇f(xn)⟩

Using the fact that Ai is Lipschitz monotone for i = 0, 1, 2, . . . , K and Lemma

5.2.2, we have that

⟨zn − dn, λnAnzn +∇f(zn)−∇f(xn)⟩ = ⟨dn − zn, λnAnxn − λnAnzn⟩
+ ⟨dn − zn,∇f(xn)− λnAnxn −∇f(zn)⟩

≤ λn ⟨dn − zn, Anxn − Anzn⟩
≤ λn∥dn − zn∥∥Anxn − Anzn∥

≤ Lλn∥dn − zn∥∥xn − zn∥

≤ 1

2
Lλn

[
∥dn − zn∥2 + ∥xn − zn∥2

]
. (5.3.9)

Thus, from (5.3.9), (5.3.9) and the fact that λn ≤ µ
L
, we get

Df (p, dn) ≤ Df (p, xn)−
1

2
(µ− Lλn)

[
∥dn − zn∥2 + ∥xn − zn∥2

]
(5.3.10)

≤ Df (p, xn). (5.3.11)
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By (5.3.4), (5.3.10), λn ≤ µ
L
and Lemma 1.2.9, we obtain

Df (p, xn+1) = Df (p,∇f ∗ (αn∇f(u) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn)))
≤ αnDf (p, u) + θnDf (p, xn) + βnDf (p, dn) + γnDf (p, vn)

≤ αnDf (p, u) + (1− αn)Df (p, xn) (5.3.12)

−1

2
βn(µ− Lλn)

[
∥dn − zn∥2 + ∥xn − zn∥2

]
−γn

µ

2

[
M−1∑
t=0

∥bt+1(xn)− bt(xn)∥2 +
N−1∑
i=0

∥ai+1(un)− ai(un)∥2
]

≤ αnDf (p, u) + (1− αn)Df (p, xn)

≤ max{Df (p, u), Df (p, xn)}. (5.3.13)

Therefore, by induction, we get

Df (p, xn) ≤ max{Df (p, u), Df (p, x0)}, for all n ≥ 0. (5.3.14)

This implies that {Df (p, xn)} is bounded. Therefore, by Lemma 5.2.3 we have,

{xn} is bounded and also the sequences {zn}, {dn}, {un} and {vn} are bounded.

5.4 Approximating a Common Solution of Non-

linear Problems

Theorem 5.4.1. Assume that Conditions (B1)− (B7) and (C1) of Assumption

5 hold. Then, the sequence {xn} generated by (5.3.1) converges strongly to a

common soluion p in F which is nearest to u with respect to the Bregman distance.

Proof. Let p = P f
Fu. From (1.2.10), (1.2.11), (5.3.4), (5.3.10) and Lemma 1.2.9,
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we obtain

Df (p, xn+1) = Df (p,∇f ∗ (αn∇f(u) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn)))
= Vf (p, αn∇f(u) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn))
≤ Vf (p, αn∇f(p) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn))

−αn ⟨xn+1 − p,∇f(p))−∇f(u)⟩
= Df (p,∇f ∗ (αn∇f(p) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn)))

−αn ⟨xn+1 − p,∇f(p)−∇f(u)⟩
≤ αnDf (p, p) + θnDf (p, xn) + βnDf (p, dn) + γnDf (p, vn)

−αn ⟨xn+1 − p,∇f(p)−∇f(u)⟩

= (1− αn)Df (p, xn)−
1

2
βn(µ− Lλn)

[
∥dn − zn∥2 + ∥xn − zn∥2

]
−γn

µ

2

[
M−1∑
t=0

∥bt+1(xn)− bt(xn)∥2 +
N−1∑
i=0

∥ai+1(un)− ai(un)∥2
]

+αn ⟨xn+1 − p,∇f(u)−∇f(p)⟩ (5.4.1)

≤ (1− αn)Df (p, xn) + αn ⟨xn − p,∇f(u)−∇f(p)⟩
+αn ⟨xn+1 − xn,∇f(u)−∇f(p)⟩

≤ (1− αn)Df (p, xn) + αn ⟨xn − p,∇f(u)−∇f(p)⟩ (5.4.2)

+αn∥xn+1 − xn∥∥∇f(u)−∇f(p)∥.

Now, we divide the rest of the proof into two parts as follows.

Case 1. Assume that there exists n0 ∈ N such that {Df (p, xn)} is decreasing for

all n ≥ n0. It then follows that {Df (p, xn)} is convergent and hence Df (p, xn) −
Df (p, xn+1) → 0 as n → ∞. Thus, from (5.4.1) and the conditions on αn, βn, γn,

and λn, we get

lim
n→∞

∥dn − zn∥2 + ∥xn − zn∥2 = 0, (5.4.3)

and

lim
n→∞

[
M−1∑
t=0

∥bt+1(xn)− bt(xn)∥2 +
N−1∑
i=0

∥ai+1(un)− ai(un)∥2
]
= 0, (5.4.4)

which imply

lim
n→∞

∥dn − zn∥ = lim
n→∞

∥xn − zn∥ = 0, and hence, lim
n→∞

∥xn − dn∥ = 0, (5.4.5)

lim
n→∞

∥bt+1(xn)− bt(xn)∥ = 0, t = 0, 1, . . . ,M − 1, and hence, lim
n→∞

∥un − xn∥ = 0,

(5.4.6)
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and

lim
n→∞

∥ai+1(un)− ai(un)∥ = 0, 0 ≤ i ≤ N − 1, and hence, lim
n→∞

∥vn − un∥ = 0.

(5.4.7)

Now,

∥∇f(xn+1)−∇f(xn)∥
= ∥ (αn∇f(u) + θn∇f(xn) + βn∇f(dn) + γn∇f(vn))−∇f(xn)∥
≤ αn∥∇f(u)−∇f(xn)∥+ βn∥∇f(dn)−∇f(xn)∥ (5.4.8)

+ γn∥∇f(vn)−∇f(xn)∥,

and from (5.4.5), (5.4.6), (5.4.7), the fact that αn → 0 as n → ∞ and uniform

continuity of ∇f , we get ∥∇f(xn+1) − ∇f(xn)∥ → 0 as n → ∞. Moreover, the

uniform continuity of ∇f ∗ implies that

lim
n→∞

∥xn+1 − xn∥ = 0. (5.4.9)

Now, for j = 0, 1, . . . , K, we have

∥dn+j − xn∥ ≤ ∥dn+j − xn+j∥+
n+j−1∑
l=n

∥xl+1 − xl∥ (5.4.10)

Then, from (5.4.5), (5.4.9) and (5.4.10), we obtain that

lim
n→∞

∥dn+j − xn∥ = 0, for j = 0, 1, . . . , K. (5.4.11)

Since {xn} is bounded in E, there exists q ∈ E and a subsequence {xns} of {xn}
such that xns ⇀ q and

lim sup
n→∞

⟨xn − p,∇f(u)−∇f(p)⟩ = lim
s→∞

⟨xns − p,∇f(u)−∇f(p)⟩ . (5.4.12)

Then, from (5.4.6), (5.4.7) and (5.4.11), we have that bt(xns) ⇀ q, ai(uns) ⇀ q,

dns+j ⇀ q for t ∈ {1, 2, . . . ,M}, i ∈ {1, 2, . . . , N} and j ∈ {1, 2, . . . , K}. Now, we
show that q ∈ F .

Step 1. First we show that q ∈
K∩
j=0

V I(C,Aj).

Let

Bjv =

{
Ajv +NCv, if v ∈ C,

∅, otherwise ,

where NC is the normal cone to C at v ∈ C given by NC = {w ∈ E∗ : ⟨v − x,w⟩ ≥
0, ∀x ∈ C}. Then, by Lemma 3.2.9, Bj is maximal monotone and B−1

j (0) =
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V I(C,Aj). Let w ∈ Bjv. Then, we have w ∈ Ajv+NCv and hence w−Ajv ∈ NCv.

Thus, we obtain that

⟨v − x,w − Ajv⟩ ≥ 0,∀x ∈ C. (5.4.13)

Let {ns + j}, s ≥ 1 be such that Ans+j = Aj for all s ∈ N where j = 0, 1, 2, . . . , K.

Then, since dns+j = P f
C∇f ∗(∇f(xns+j)− λns+jAjzns+j), and v ∈ C, we have

⟨v − dns+j,∇f(dns+j)− (∇f(xns+j)− λns+jAjzns+j)⟩ ≥ 0,

and so ⟨
v − dns+j,

∇f(dns+j)−∇f(xns+j)

λns+j

+ Ajzns+j

⟩
≥ 0. (5.4.14)

From (5.4.13), (5.4.14) and Aj is monotone mapping, we get that

⟨v − dns+j, w⟩ ≥ ⟨v − dns+j, Ajv⟩
≥ ⟨v − dns+j, Ajv⟩

−
⟨
v − dns+j,

∇f(dns+j)−∇f(xns+j)

λns+j

+ Ajzns+j

⟩
= ⟨v − dns+j, Ajv − Ajdns+j⟩+ ⟨v − dns+j, Ajdns+j − Ajzns+j⟩

−
⟨
v − dns+j,

∇f(dns+j)−∇f(xns+j)

λns+j

⟩

≥ ⟨v − dns+j, Ajdns+j − Ajzns+j⟩

−
⟨
v − dns+j,

∇f(dns+j)−∇f(xns+j)

λns+j

⟩
≥ ⟨v − dns+j, Ajdns+j − Ajzns+j⟩

−∥v − dns+j∥
∥∇f(dns+j)−∇f(xns+j)∥

λns+j

≥ ⟨v − dns+j, Ajdns+j − Ajzns+j⟩ (5.4.15)

−R∥∇f(dns+j)−∇f(xns+j)∥
λns+j

,

where R = max
0≤j≤K

sup
s≥0

∥v − dns+j∥. Taking limits on both sides of the inequality

(5.4.15) as s → ∞ and using the fact that λn ≥ a > 0, for all n ≥ 0, ∇f is

uniformly continuous, and (5.4.5), we get that ⟨v − q, w⟩ ≥ 0 as s → ∞ for each

j. Therefore, the maximality of Bj gives that q ∈ B−1
j (0) = V I(C,Aj) for each j.

Therefore, q ∈
K∩
j=0

V I(C,Aj).
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Step 2. We show that q ∈
N∩
j=1

Ff (Tj). Let ai(uns) = K
f,rns
Ti

ai−1(uns). By Lemma

5.2.8 (2), we get that

⟨y − ai(uns), Tiai(uns)⟩−
1

rns

⟨y − ai(uns), (1 + rns)∇f(ai(uns))−∇f(ai−1(uns))⟩ ≤ 0,

for all y ∈ C.

Since C is convex, yλ = λy + (1− λ)q ∈ C, where λ ∈ [0, 1] and y ∈ C. Thus,

⟨ai(uns)− yλ, Tiyλ⟩ ≥ ⟨ai(uns)− yλ, Tiyλ⟩+ ⟨yλ − ai(uns), Tiai(uns)⟩

− 1

rns

⟨yλ − ai(uns), (1 + rns)∇f(ai(uns))−∇f(ai−1(uns))⟩

= ⟨ai(uns)− yλ, Tiyλ − Tiai(uns)⟩

− 1

rns

⟨yλ − ai(uns), (1 + rns)∇f(ai(uns))−∇f(ai−1(uns))⟩

≥ ⟨ai(uns)− yλ,∇f(yλ)−∇f(ai(uns))⟩

− 1

rns

⟨yλ − ai(uns), (1 + rns)∇f(ai(uns))−∇f(ai−1(uns))⟩

= ⟨ai(uns)− yλ,∇f(yλ)⟩

− 1

rns

⟨yλ − ai(uns),∇f(ai(uns))−∇f(ai−1(uns))⟩

≥ ⟨ai(uns)− yλ,∇f(yλ)⟩

−∥yλ − ai(uns)∥
∥∇f(ai(uns))−∇f(ai−1(uns))∥

rns

≥ ⟨ai(uns)− yλ,∇f(yλ)⟩ (5.4.16)

−W ∥∇f(ai(uns))−∇f(ai−1(uns)∥
rns

,

where W = max
1≤i≤N

sup
s≥0

∥yλ − ai(uns)∥. From the facts that ai(uns) ⇀ q, ∇f is

uniformly continuous, (5.4.7), rn ≥ c1, for all n ≥ 0 and taking the limits on both

sides of the inequality (5.4.16) as s→ ∞, we obtain that

⟨q − yλ, Tiyλ⟩ ≥ ⟨q − yλ,∇f(yλ)⟩ . (5.4.17)

Thus, from inequality (5.4.17), we obtain

⟨q − y, Ti(q + λ(y − q))⟩ ≥ ⟨q − y,∇f(q + λ(y − q))⟩ ,∀y ∈ E. (5.4.18)

Using the fact that Ti is continuous and ∇f is uniformly continuous on bounded

subset of E and letting λ ↓ 0 , we have from inequality (5.4.18) that
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⟨q − y, Tiq⟩ ≥ ⟨q − y,∇f(q)⟩ , ∀y ∈ C ⇔ 0 ≥ ⟨q − y,∇f(q)− Tiq⟩ , ∀y ∈ E.

(5.4.19)

Now, set y = ∇f ∗(Tiq). Since E is reflexive and ∇f ∗ is monotone, we get that

⟨q −∇f ∗(Tiq),∇f(q)− Tiq⟩ = 0, (5.4.20)

which implies that Tiq = ∇f(q). Hence q ∈ Ff (Ti), for each i = 1, 2, . . . , N and

q ∈
N∩
i=1

Ff (Ti).

Step 3. We show that q ∈
M∩
t=1

GMEP (Ft, φt, Bt).

Set bt(xns) = T
f,rns
Ht

bt−1(xns). Then,

Ht(bt(xns), y) +
1

rns

⟨y − bt(xns),∇f(bt(xns))−∇f(bt−1(xns))⟩ ≥ 0,∀y ∈ C.

Thus, by Condition (A2), we have

Ht(y, bt(uns)) ≤ −Ht(bt(xns), y) ≤ 1

rns

⟨y − bt(xns),∇f(bt(xns))−∇f(bt−1(xns)⟩

≤ ∥y − bt(xns)∥
∥∇f(bt(xns))−∇f(bt−1(xns))∥

rns

≤ P
∥∇f(bt(xns))−∇f(bt−1(xns)∥

rns

, (5.4.21)

where P = max
1≤t≤M

sup
s≥0

∥y − bt(xns)∥. From the facts that bt(xns) ⇀ q, Condition

A (A4), rn ≥ c1, for all n ≥ 0 and taking limits on both sides of the inequality

(5.4.21) as s→ ∞, we obtain that

Ht(y, q) ≤ 0, ∀y ∈ C. (5.4.22)

Set yλ = λy + (1− λ)q, λ ∈ (0, 1] and y ∈ C. Consequently, we get yλ ∈ C. From

(5.4.22) and Condition A (A1), we obtain

0 = Ht(yλ, yλ) ≤ λHt(yλ, y) + (1− λ)Ht(yλ, q) (5.4.23)

≤ Ht(q + λ(q − y), y)

If λ ↓ 0, using Condition A (A3) we have

Ht(q, y) ≥ 0, ∀y ∈ C.
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Hence, q ∈ GMEP (Ft, φt, Bt), for each t = 1, 2, . . . . . . ,M . Therefore, q ∈
M∩
t=1

GMEP (Ft, φt, Bt).

Finally, we show that {xn} converge strongly to the point p.

From (5.4.12) and Lemma 5.2.2, we obtain that

lim sup
n→∞

⟨xn − p,∇f(u)−∇f(p)⟩ = lim
s→∞

⟨xns − p,∇f(u)−∇f(p)⟩(5.4.24)

= ⟨q − p,∇f(u)−∇f(p)⟩ ≤ 0.

Thus, using (5.4.2), (5.4.9), (5.4.24) and Lemma 6.2.2, we conclude that

lim
n→∞

Df (p, xn) = 0.

Hence, Lemma 5.2.4 implies that xn → p as n→ ∞.

Case 2. Suppose that there exists {ns} of {n} such thatDf (p, xns) < Df (p, xns+1),

for all s ≥ 0. It follows from Lemma 5.2.10 that there exists a nondecreasing

sequence{ks} ⊂ N such that ks → ∞ as s→ ∞ and

max{Df (p, xks), Df (p, xs)} < Df (p, xks+1), (5.4.25)

for all s ≥ 0. Thus, from (5.4.1) and the conditions on αn, βn, γn, and λn, we get

lim
n→∞

∥dks − zks∥2 + ∥xks − zks∥2 = 0, (5.4.26)

and

lim
s→∞

[
M−1∑
t=0

∥bt+1(xks)− bt(xks)∥2 +
N−1∑
i=0

∥ai+1(uks)− ai−1(uks)∥2
]
= 0. (5.4.27)

Then

lim
s→∞

∥dks − zks∥ = lim
s→∞

∥xks − zks∥ = 0 and hence lim
s→∞

∥xks − dks∥ = 0, (5.4.28)

lim
s→∞

∥bt+1(xks)− bt(xks)∥ = 0, 0 ≤ t ≤M − 1, lim
s→∞

∥uks − xks∥ = 0, (5.4.29)

and

lim
s→∞

∥ai(uks)− ai−1(uks)∥ = 0, 0 ≤ i ≤ N − 1, lim
s→∞

∥vks − uks∥ = 0. (5.4.30)

Moreover, following the methods used in Case 1, we get

lim sup
s→∞

⟨xks − p,∇f(u)−∇f(p)⟩ ≤ 0. (5.4.31)
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Therefore, from (5.4.2), (5.4.9), (5.4.31) and Lemma 6.2.2, we obtain that

lim
s→∞

Df (p, xks) = 0. (5.4.32)

This together with (5.4.2) imply that

lim
s→∞

Df (p, xks+1) = 0. (5.4.33)

Thus, from (5.4.25), and (5.4.33) we have that

lim
s→∞

Df (p, xs) = 0.

This together with Lemma 5.2.4 imply that xs → p as s → ∞. Therefore, from

Case 1 and Case 2, we can conclude that {xn} converges strongly to the point

p in F . The proof is complete.

We note that the method of proof of Theorem 6.4.1 provides the following the-

orem for approximating a common solution of f -fixed point, variational inequality

and generalized mixed equilibrium problems in real Banach spaces.

Theorem 5.4.2. Assume that Conditions (B1) − (B7) and (C1) are satisfied

with N = K = M = 1. Then, the sequence {xn} generated by (5.3.1) with

N = K = M = 1 converges strongly to p in F which is nearest to u with respect

to the Bregman distance.

If, in Theorem 6.4.1, we assume that Aj ≡ 0, for j = 0, 1, 2, . . . , K, then

Theorem 6.4.1 provides the following corollary.

Corollary 5.4.3. Assume that Conditions (B1)− (B5), and (C1) hold.

Let F :=
[∩N

i=1 Ff (Ti)
]
∩
[∩M

t=1GMEP (Ft, φt, Bt)
]
̸= ∅. Let {xn} be a sequence

generated from arbitrary u0, x0 ∈ C by
un = T f,rnHM

◦ T f,rnHM−1
◦ · · · ◦ T f,rnH2

◦ T f,rnH1
xn,

vn = Kf,rn
TN

◦Kf,rn
TN−1

◦ · · · ◦Kf,rn
T2

◦Kf,rn
T1

un,

xn+1 = ∇f ∗(αn∇f(u) + θn∇f(xn) + γn∇f(vn)),

(5.4.34)

where ∇f is the gradient of f on E; {rn} ⊂ [c1,∞) for some c1 > 0, αn, θn, γn ∈
(0, 1), ∀n ≥ 0 such that αn + θn + γn = 1, lim

n→∞
αn = 0 with

∑∞
n=1 αn = ∞ and

γn ∈ [c, 1) for some c > 0. Then, the sequence {xn} converges strongly to p in F
which is nearest to u with respect to the Bregman distance.
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If, in Corollary 5.4.3, we assume that Fi ≡ 0, for i = 1, 2, . . . , K, then Corol-

lary 6.4.1 provides the following corollary for approximating the common solu-

tion of a finite family of mixed variational inequality of Browder type problems

for continuous monotone mappings and f -fixed point problems for continuous f -

pseudocontractive mapping in a reflexive real Banach space.

Corollary 5.4.4. Let {xn} be a sequence generated from arbitrary u0, x0 ∈ C by
un = T f,rnHM

◦ T f,rnHM−1
◦ · · · ◦ T f,rnH2

◦ T f,rnH1
xn,

vn = Kf,rn
TN

◦Kf,rn
TN−1

◦ · · · ◦Kf,rn
T2

◦Kf,rn
T1

un,

xn+1 = ∇f ∗(αn∇f(u) + θn∇f(xn) + γn∇f(vn)),

(5.4.35)

where ∇f is the gradient of f on E; {rn} ⊂ [c1,∞) for some c1 > 0, αn, θn, γn ∈
(0, 1), ∀n ≥ 0 such that αn + θn + γn = 1, lim

n→∞
αn = 0 with

∑∞
n=1 αn = ∞

and γn ∈ [c, 1) for some c > 0. If the Conditions (B1) − (B3), (B5) and (C1)

are satisfied and F :=
[∩N

i=1 Ff (Ti)
]
∩
[∩M

t=1 V I(Bt, φt, C)
]
̸= ∅, then the sequence

{xn} converges strongly to p in F which is nearest to u with respect to the Bregman

distance.

If we assume that E is smooth and strictly convex, then f(x) = 1
2
∥x∥2 is

strongly coercive, bounded and uniformly Fréchet differentiable Legendre function

which is strongly convex with constant µ = 1 and conjugate f ∗(x∗) = 1
2
∥x∗∥2. In

this case, we have ∇f = J , ∇f ∗ = J−1 and for r > 0 and x ∈ E, we have

T rHx = {z ∈ C : H(z, y) +
1

r
⟨y − z, J(z)− J(x)⟩ ≥ 0, ∀y ∈ C}, (5.4.36)

where H(z, y) := F (z, y) + φ(y)− φ(z) + ⟨y − z, Bz⟩, and

Kr
Tx = {z ∈ C : ⟨y − z, T (z)⟩ − 1

r
⟨y − z, (1 + r)J(z)− J(x)⟩ ≤ 0,∀y ∈ C}.

(5.4.37)

In this case, Theorem 6.4.1 reduces to the following corollary:

Corollary 5.4.5. Let C be nonempty, closed and convex subset of a smooth and

strictly convex reflexive real Banach space E with its dual E∗. Assume that Condi-

tions (B1)−(B7) hold. Let {xn} be a sequence generated from arbitrary u0, x0 ∈ C
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by 

zn = ΠCJ
−1(J(xn)− λnAnxn)

dn = ΠCJ
−1(J(xn − λnAnzn),

un = T rnHM
◦ T rnHN−1

◦ · · · ◦ T rnH2
◦ T rnH1

xn,

vn = Krn
TN

◦Krn
TN−1

◦ · · · ◦Krn
T2

◦Krn
T1
un,

xn+1 = J−1(αnJ(u) + θnJ(xn) + βnJ(dn) + γnJ(vn)),

(5.4.38)

where An = An mod (K+1), and ΠC is the generalized metric projection from E

onto C; {rn} ⊂ [c1,∞) for some c1 > 0, αn, θn, βn, γn ∈ (0, 1), ∀n ≥ 0 such that

αn + θn + βn + γn = 1, lim
n→∞

αn = 0 with
∑∞

n=1 αn = ∞ and βn, γn ∈ [c, 1) for

some c > 0, and 0 < a ≤ λn ≤ b < 1
L
, for L = max

0≤i≤K
Li. Then, the sequence {xn}

converges strongly to p in F which is nearest to u with respect to the generalized

metric projection.

If, in Corollary 5.4.5, we assume that E = H, a real Hilbert space, and

f(x) = 1
2
∥x∥2, then we have ∇f = J = I and ∇f ∗ = J−1 = I, were I is identity

mapping on H. Moreover, f -pseudocontractive mapping reduces to pseudocon-

tractive mapping. In this case, for r > 0 and x ∈ E, we have

T rHx = {z ∈ C : H(z, y) +
1

r
⟨y − z, z − x⟩ ≥ 0,∀y ∈ C}, (5.4.39)

where H(z, y) := F (z, y) + φ(y)− φ(z) + ⟨y − z, Bz⟩, and

Kr
Tx = {z ∈ C : ⟨y − z, T (z)⟩ − 1

r
⟨y − z, (1 + r)z − x⟩ ≤ 0, ∀y ∈ C}. (5.4.40)

Thus, we have the following corollary.

Corollary 5.4.6. Let C be a nonempty, closed and convex subset of a real Hilbert

space H and let Ti : H → H, i = 1, 2, · · · , N be continuous pseudocontractive

mappings. Let {xn} be a sequence generated from an arbitrary u, x0 ∈ C by

zn = PC(xn − λnAnxn)

dn = PC(xn − λnAnzn),

un = T rnHM
◦ T rnHM−1

◦ · · · ◦ T rnH2
◦ T rnH1

xn,

vn = Krn
TN

◦Krn
TN−1

◦ · · · ◦Krn
T2

◦Krn
T1
un,

xn+1 = αnu+ θnxn + βndn + γnvn,

(5.4.41)

where An = An mod (K+1), and PC is metric projection of H onto C; {rn} ⊂ [c1,∞)

for some c1 > 0, αn, θn, βn, γn ∈ (0, 1), ∀n ≥ 0 such that αn + θn + βn + γn = 1,
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lim
n→∞

αn = 0 with
∑∞

n=1 αn = ∞ and βn, γn ∈ [c, 1) for some c > 0, and 0 < a ≤
λn ≤ b < 1

L
, for L = max

0≤i≤K
Li. If Conditions (B3) − (B7) are satisfied, then the

sequence {xn} converges strongly to p in F which is nearest to u with respect to

the metric projection.

5.5 Numerical Example

In this section, we present an example to illustrate the main result of our paper.

Example 5.5.1. Let E = LR
2 ([0, 1]) with norm ∥x∥LR

2
= (
∫ 1

0
|x(s)|2) 1

2 , for x ∈ E

and C = {x ∈ E : ∥x∥LR
2
≤ 1}. Define f : E → R by f(x) = 1

2
∥x∥2

LR
2
, then

∇f = J = I and ∇f ∗ = J = I, where I is identity mapping on E. Let Aj,

Ti, Bt : C → E be defined by Aj(x)(s) = (1 + j)∇f(x)(s), j = 0, 1, . . . , K;

Ti(x)(s) = −si∇f(x)(s), i = 1, . . . , N and Bt(x)(s) =
t+1
2t+1

∇f(x)(s), t = 1, . . . ,M ,

for all x(s) ∈ C, s ∈ [0, 1], respectively. Let Ft : C × C → R be defined by

Ft(x, y) =
t

2t+1
⟨y − x,∇f(x)⟩ , ∀x, y ∈ C. Then Aj, for j = 0, 1, . . . , K are Lip-

schitz monotone mappings with
∩K
j=0 V I(C,Aj) = {0}; Ti, for i = 1, . . . , N are

continuous f -pseudocontractive with
∩N
i=1 Ff (Ti) = {0}; Bt, for t = 1, . . . ,M are

continuous monotone mappings, and Ft, for t = 1, . . . ,M are bi-function satis-

fying Condition A. Thus, a common solution set of the generalized equilibrium

problems is
∩M
t=1GMEP (Ft, φt, Bk) = {0}, where φt ≡ constant. Now, for imple-

mentation, we choose K = 0, N = M = 1, rn = 1, θn = βn = γn = 1
3
(1 − αn),

λn = 0.00001 + 1
100n

, for n ≥ 0 and we compute the (n+ 1)th iteration as follows:

zn(s) = min{1, 1
∥wn∥LR

2

}wn(s),

dn(s) = min{1, 1
∥hn∥LR

2

}hn(s),

un(s) =
1

rn+1
xn(s),

vn(s) =
1

1+rn(1+s)
un,

xn+1(s) = αnu(s) + θnxn(s) + βndn(s) + γnvn(s),

(5.5.1)

where wn(s) = xn(s)− λn(1 + s)xn(s) and hn(s) = xn(s)− λn(1 + s)zn(s).

Now, taking different initial points, x0(s) = 2s, x0(s) = 2s5, x0(s) = 2s10

and fixed u0(s) = 2s2 in C and αn = 1
10000n+10

, the numerical experiment result

provides that the sequence {∥xn − p∥} approaches zero as n → ∞ (see, Figure 1

below), where p = 0. In this case, we observe that the sequence {xn} converges

faster when the power of s gets large.
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Figure 5.1: Figure 1: Convergence of the sequence {||xn − p||} as n gets large.

Next, we obtain the same numerical tests of algorithm 5.5.1 by taking initial

points u0(s) = 2s2, x0(s) = 2s10 and different control parameters, αn = 1
100n+10

,

αn = 1
(100)2n+10

, αn = 1
(100)3n+10

. In this case, we observe that the rate of conver-

gence looks the same through out (see, Figure 2).



89

1 2 3 4 5 6 7 8 9 10

iterations, n

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ite
rat

es
, ||

x n - p
||

n
=1/(100n+10)

n
=1/(10000n+10)

n
=1/(1000000n+10)

Figure 5.2: Figure 2: Convergence of the sequence {||xn − p||} as n gets large.



Chapter 6

Inertial method for a solution of

Split Equality of Monotone

Inclusion and the f-Fixed Point

Problems in Banach Spaces

6.1 Introduction

In this chapter, we discussed the last research problem of our dissertation. We

propose an inertial algorithm for solving split equality of monotone inclusion and

f -fixed point of Bregman relatively f -nonexpansive mapping problems in reflexive

real Banach spaces. Using the Bregman distance function, we prove a strong

convergence theorem for the algorithm produced by the method in real reflexive

Banach spaces. In addition, we provide some applications of our method and give

numerical results to demonstrate the applicability and efficiency of the proposed

method. In the second section of this chapter, we collect technical lemmas from

literature to prove our main result. We state the proposed algorithm in section 3

and prove its boundedness. The main result will be stated and proved in section 4.

Finally, we provide some applications of our method and give a numerical example

to to demonstrate the applicability and efficiency of the proposed method.

90
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6.2 Technical Tool Box

In this section, we collect technical results that will be useful throughout the

chapter to prove our main theorems.

Lemma 6.2.1. (Wega and Zegeye [93]) If T : E → E∗ is a Bregman relatively

f -nonexpansive mapping, then Ff (T ) is closed and convex.

Lemma 6.2.2. (Saejung and Yotkaew [76] ) Let {bn} ⊂ R and let {an} be a

sequence in (0, 1) such that
∞∑
n=1

αn = ∞ and

an+1 ≤ (1− αn)an + αnbn, n ≥ 1.

If for every subsequence {ank
} of {an} such that lim inf

k→∞
(ank+1 − ank

) ≥ 0 we have

lim sup
k→∞

bnk
≤ 0, then lim

n→∞
an = 0.

Lemma 6.2.3. (Barbu [6]) Let A : E → E∗ be a monotone, hemicontinuous and

bounded mapping, and B : E → 2E
∗
be a maximal monotone mapping. Then A+B

is maximal monotone.

Let E1 and E2 be reflexive real Banach spaces with duals E∗
1 and E∗

2 , respec-

tively. Let E = E1 × E2 with dual E∗ = E∗
1 × E∗

2 and duality pairing

⟨x, y∗⟩ = ⟨x1, y∗1⟩+ ⟨x2, y∗2⟩,

where x = (x1, x2) ∈ E, y∗ = (y∗1, y
∗
2) ∈ E∗.

Let h : E = E1 × E2 → (−∞,+∞] be defined by h(x1, x2) = f(x1) + g(x2),

∀(x1, x2) ∈ E1 × E2, where f : E1 → (−∞,+∞] and g : E2 → (−∞,+∞] are

proper, lower semi-continuous and convex functions. Then h is a proper, lower

semi-continuous and convex function and the subdifferential of h at x = (x1, x2) is

the convex set given by

∂h(x) = {x∗ ∈ E∗ : h(y)− h(x) ≥ ⟨y − x, x∗⟩ , ∀y ∈ E}
= {(x∗1, x∗2) ∈ E∗

1 × E∗
2 : x∗1 ∈ ∂f(x1) and x

∗
2 ∈ ∂g(x2)}.

If f : E1 → (−∞,+∞] and g : E2 → (−∞,+∞] are Gâteaux differentiable con-

vex functions, then h is Gâteaux differentiable convex function and ∇h(x1, x2) =
(∇f(x1),∇g(x2)), ∀(x1, x2) ∈ E1 × E2.

Definition 6.2.1. The Split Equality of Monotone Inclusion and f -Fixed Point

Problems (SEMIfFPP) is defined as finding a point (p, q) ∈ E1 × E2 such that

(p, q) ∈ (Ff (T ) ∩ (A+B)−10)× (Fg(G) ∩ (C +D)−10) and S(p) = K(q), (6.2.1)
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where T : E1 → E∗
1 and G : E2 → E∗

2 are Bregman relatively f -nonexpansive

and Bregman relatively g-nonexpansive mappings, respectively, A : E1 → E∗
1 and

C : E2 → E∗
2 are monotone mappings, and B : E1 → 2E

∗
1 and D : E2 → 2E

∗
2 are

maximal monotone mappings, S : E1 → E3 and K : E2 → E3 are bounded linear

mappings with adjoints S∗ : E∗
3 → E∗

1 and K∗ : E∗
3 → E∗

2 , respectively.

6.3 Iterative Algorithm

In this section, we give the assumptions that will be used in the sequel first. Next,

we state the proposed algorithm and prove its boundedness.

Assumptions

(A1) Let Ei, i = 1, 2, 3 be reflexive real Banach spaces with their respective duals

E∗
i , i = 1, 2, 3;

(A2) Let f : E1 → R and g : E2 → R be strongly coercive, lower semi-continuous,

strongly convex, bounded and uniformly Fréchet differentiable Legendre func-

tions on bounded subsets with strongly convex conjugate f ∗ and g∗, respec-

tively. Let the strong convexity constants of f and g be µ1 and µ2, respec-

tively, and let µ = min {µ1, µ2};

(A3) Let T : E1 → E∗
1 and G : E2 → E∗

2 be Bregman relatively f -nonexpansive

and Bregman relatively g-nonexpansive mappings, respectively;

(A4) Let A : E1 → E∗
1 and C : E2 → E∗

2 be uniformly continuous monotone

mappings;

(A5) Let B : E1 → 2E
∗
1 and D : E2 → 2E

∗
2 be maximal monotone mappings;

(A6) Let S : E1 → E3 andK : E2 → E3 be bounded linear mappings with adjoints

S∗ : E∗
3 → E∗

1 and K∗ : E∗
3 → E∗

2 , respectively;

(A7) Let Ω = {(a, b) ∈ (Ff (T )∩ (A+B)−1(0))× (Fg(G)∩ (C +D)−1(0)) : S(a) =

K(b)} ≠ ∅.

(A8) Let {αn} ⊂ (0, 1) be such that limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;

(A9) Let {rn} be sequence in (0, µ
2
) such that limn→∞

rn
αn

= 0;

(A10) Let JE3 be a normalized duality mapping on E3.
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Algorithm 6.1

Initialization: Choose (x,w), (x0, w0), (x1, w1) ∈ E1 × E2, β ∈ (0, 1), θ ∈ (0, µ),

0 < σ, ρ, η, λ1, δ1. Define the algorithm as follows:

Step 0: Choose σn such that 0 ≤ σn ≤ σn where ψn = ∥∇f(xn) −∇f(xn−1)∥ +
∥∇g(wn)−∇g(wn−1)∥ and

σn =

 min
{
rn
ψn
, σ
}

if xn ̸= xn−1 & wn ̸= wn−1

σ otherwise
(6.3.1)

Step 1: Compute

an = ∇f ∗(∇f(xn) + σn(∇f(xn)−∇f(xn−1))),

bn = ∇g∗(∇g(wn) + σn(∇g(wn)−∇g(wn−1))). (6.3.2)

Step 2: Choose γn such that ρ ≤ γn ≤ ρn for S(an) ̸= K(bn) otherwise γn = ρ,

for some ρ > 0, where ωn = ∥S∗JE3(S(an))−K(bn)∥2 + ∥K∗JE3(K(bn))− S(an)∥2

and

ρn = min

{
ρ+ 1,

µ∥S(an)−K(bn)∥2

2ωn

}
. (6.3.3)

Step 3: Compute

dn = ∇f ∗(∇f(an)− γnS
∗JE3(S(an)−K(bn))),

en = ∇g∗(∇g(bn)− γnK
∗JE3(K(bn)− S(an))), (6.3.4)

Step 4: Compute

yn = JBλn∇f
∗(∇f(dn)− λnA(dn)),

zn = JDλn∇g
∗(∇g(en)− δnC(en)).

Step 5: Compute

un = ∇f ∗(∇f(yn)− λn(A(yn)− A(dn))),

vn = ∇g∗(∇g(zn)− δn(C(zn)− C(en))),

xn+1 = ∇f ∗(αn∇f(x) + (1− αn) [β∇f(un) + (1− β)T (un)]), (6.3.5)

wn+1 = ∇g∗(αn∇g(w) + (1− αn) [β∇g(vn) + (1− β)G(vn)]). (6.3.6)

Step 6: Choose λn+1 and δn+1 such that η ≤ λn+1 ≤ λn+1 and η ≤ δn+1 ≤ δn+1,

for some η > 0, where

λn+1 =

 min
{
λn,

θ∥yn−dn∥
∥A(yn)−A(dn)∥

}
, if A(yn) ̸= A(dn),

λn, otherwise,
(6.3.7)
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and

δn+1 =

 min
{
δn,

θ∥zn−en∥
∥C(zn)−C(en)∥

}
if C(zn) ̸= C(en),

δn, otherwise.
(6.3.8)

Set n := n+ 1 and go to Step 0.

Remark 6.3.1. We note that if A and C are Lipschitz monotone mappings with

Lipschitz constants L1 and L2, respectively, then following the method in [80], we

obtain η = min
{

θ
L1
, λ1,

θ
L2
, δ1

}
and hence limn→∞ λn = λ and limn→∞ δn = δ,

where λ, δ ≥ η.

Lemma 6.3.1. Suppose that the assumptions (A1)- (A10) hold. Then the se-

quences {xn} and {wn} generated by Algorithm 6.1 are bounded.

Proof. Let (p, q) ∈ Ω. By the definition of the Bregman distance, (6.3.7) and

Lemma 5.2.6, we have

Df (p, un) = Df (p,∇f ∗(∇f(yn)− λn(A(yn)− A(dn))))

= f(p)− f(un)− ⟨p− un,∇f(yn)⟩+ ⟨p− un, λn(A(yn)− A(dn))⟩
= f(p)− f(yn)− ⟨p− yn,∇f(yn)⟩

−[f(un)− f(yn)− ⟨un − yn,∇f(yn)⟩]
+ ⟨p− un, λn(A(yn)− A(dn))⟩

= Df (p, yn)−Df (un, yn) + ⟨p− un, λn(A(yn)− A(dn))⟩
= Df (p, yn)−Df (un, yn) + ⟨p− yn, λn(A(yn)− A(dn))⟩

+ ⟨yn − un, λn(A(yn)− A(dn))⟩
≤ Df (p, yn)−Df (un, yn) + ⟨p− yn, λn(A(yn)− A(dn))⟩

+λn∥A(yn)− A(dn)∥∥yn − un∥
≤ Df (p, yn)−Df (un, yn) + ⟨p− yn, λn(A(yn)− A(dn))⟩

+

(
λn
λn+1

)
θ∥yn − dn∥∥yn − un∥
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≤ Df (p, yn)−Df (un, yn) + ⟨p− yn, λn(A(yn)− A(dn))⟩

+
θλn
2λn+1

∥yn − dn∥2 +
θλn
2λn+1

∥yn − un∥2

≤ Df (p, yn)−Df (un, yn) + ⟨p− yn, λn(A(yn)− A(dn))⟩

+
θλn
2λn+1

2

µ
Df (yn, dn) +

θλn
2λn+1

2

µ
Df (un, yn)

≤ Df (p, yn)−
(
1− θλn

µλn+1

)
Df (un, yn) +

θλn
µλn+1

Df (yn, dn) (6.3.9)

+ ⟨p− yn, λn(A(yn)− A(dn))⟩ .

From (1.2.3), we have

Df (p, yn) = Df (p, dn)−Df (yn, dn) + ⟨p− yn,∇f(dn)−∇f(yn)⟩ . (6.3.10)

Furthermore, from (1.2.10) and (1.2.11), we obtain

Df (p, dn) = Df (p,∇f ∗(∇f(an)− γnS
∗JE3(S(an)−K(bn))))

= Vf (p,∇f(an)− γnS
∗JE3(S(an)−K(bn)))

≤ Vf (p,∇f(an))− γn ⟨dn − p, S∗JE3(S(an)−K(bn))⟩
= Df (p, an)− γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩ .(6.3.11)

Substituting (6.3.11) into (6.3.10) gives

Df (p, yn) ≤ Df (p, an)− γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩
−Df (yn, dn) + ⟨p− yn,∇f(dn)−∇f(yn)⟩

= Df (p, an)−Df (yn, dn) + ⟨p− yn,∇f(dn)−∇f(yn)⟩(6.3.12)
−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩ .

Again, from (1.2.3), we have

Df (p, an) = Df (p, xn)−Df (an, xn) + ⟨p− an,∇f(xn)−∇f(an)⟩ . (6.3.13)

Now, from (6.3.1), (6.3.2) and Lemma 5.2.6 we obtain that

⟨p− an,∇f(xn)−∇f(an)⟩ ≤ ∥∇f(xn)−∇f(an)∥∥p− an∥
= σn∥∇f(xn)−∇f(xn−1)∥∥p− an∥
≤ σn

2
∥∇f(xn)−∇f(xn−1)∥

[
∥p− an∥2 + 1

]
≤ σn∥∇f(xn)−∇f(xn−1)∥

[
∥p− xn∥2 + ∥xn − an∥2

]
+
σn
2
∥∇f(xn)−∇f(xn−1)∥

≤ 2rn
µ
Df (p, xn) +

2rn
µ
Df (an, xn) +

rn
2
. (6.3.14)
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Combining (6.3.9), (6.3.12), (6.3.13) and (6.3.14), we find

Df (p, un) ≤ Df (p, yn)−
(
1− θλn

µλn+1

)
Df (un, yn) +

θλn
µλn+1

Df (yn, dn)

+ ⟨p− yn, λn(A(yn)− A(dn))⟩
≤ Df (p, an)−Df (yn, dn) + ⟨p− yn,∇f(dn)−∇f(yn)⟩

−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩

−
(
1− θλn

µλn+1

)
Df (un, yn) +

θλn
µλn+1

Df (yn, dn)

+ ⟨p− yn, λn(A(yn)− A(dn))⟩

= Df (p, an)−Df (yn, dn)−
(
1− θλn

µλn+1

)
Df (un, yn)

+
θλn
µλn+1

Df (yn, dn)− γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩

+ ⟨p− yn,∇f(dn)−∇f(yn) + λn(A(yn)− A(dn))⟩

= Df (p, xn)−Df (an, xn) + ⟨p− an,∇f(xn)−∇f(an)⟩

−Df (yn, dn)−
(
1− θλn

µλn+1

)
Df (un, yn) +

θλn
µλn+1

Df (yn, dn)

−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩
+ ⟨p− yn,∇f(dn)−∇f(yn) + λn(A(yn)− A(dn))⟩

≤ Df (p, xn)−Df (an, xn) +
2rn
µ
Df (p, xn) +

2rn
µ
Df (an, xn) +

rn
2

−
(
1− θλn

µλn+1

)
Df (yn, dn)−

(
1− θλn

µλn+1

)
Df (un, yn)

−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩
+ ⟨p− yn,∇f(dn)−∇f(yn) + λn(A(yn)− A(dn))⟩

=

(
1 +

2rn
µ

)
Df (p, xn)−

(
1− 2rn

µ

)
Df (an, xn) (6.3.15)

−
(
1− θλn

µλn+1

)
Df (yn, dn)−

(
1− θλn

µλn+1

)
Df (un, yn)

−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩+
rn
2

+ ⟨p− yn,∇f(dn)−∇f(yn) + λn(A(yn)− A(dn))⟩ .

By the definition of yn, we have ∇f(dn)− λnA(dn) ∈ ∇f(yn) + λnB(yn). Since B

is maximal monotone, there exists hn ∈ B(yn) such that

∇f(dn)− λnA(dn) = ∇f(yn) + λnhn.

This implies that

hn =
1

λn
(∇f(dn)−∇f(yn)− λnA(dn)) ∈ B(yn). (6.3.16)
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Since 0 ∈ (A+B)(p), A(yn) + hn ∈ (A+B)(yn) and A+B is monotone, we get

⟨p− yn, A(yn) + hn⟩ ≤ 0. (6.3.17)

From (6.3.16) and (6.3.17), we have

⟨p− yn,∇f(dn)−∇f(yn) + λn(A(yn)− A(dn))⟩ ≤ 0. (6.3.18)

Thus, from (6.3.15) and (6.3.18) we get

Df (p, un) ≤
(
1 +

2rn
µ

)
Df (p, xn)−

(
1− 2rn

µ

)
Df (an, xn) (6.3.19)

−
(
1− θλn

µλn+1

)
Df (yn, dn)−

(
1− θλn

µλn+1

)
Df (un, yn)

−γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩+
rn
2
.

Furthermore, from (6.3.5), (6.3.19) and the Bregman relatively f -nonexpansiveness

of T , we have

Df (p, xn+1) = Df (p,∇f ∗(αn∇f(x) + (1− αn) [β∇f(un) + (1− β)T (un)]))

≤ αnDf (p, x) + (1− αn)Df (p,∇f ∗(β∇f(un) + (1− β)T (un)))

≤ αnDf (p, x) + (1− αn) [βDf (p, un) + (1− β)Df (p,∇f ∗(T (un)))]

≤ αnDf (p, x) + (1− αn)Df (p, un)

≤ αnDf (p, x) + (1− αn)

(
1 +

2rn
µ

)
Df (p, xn) (6.3.20)

−(1− αn)

(
1− 2rn

µ

)
Df (an, xn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)

−(1− αn)γn ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩+
rn
2
(1− αn).

Similarly, we have

Dg(q, wn+1) ≤ αnDg(q, w) + (1− αn)

(
1 +

2rn
µ

)
Dg(q, wn) (6.3.21)

−(1− αn)

(
1− 2rn

µ

)
Dg(bn, wn)

−(1− αn)

(
1− θδn

µδn+1

)
Dg(zn, en)

−(1− αn)

(
1− θδn

µδn+1

)
Dg(vn, zn)

−(1− αn)γn ⟨K(en)−K(q), JE3(K(bn)− S(an))⟩+
rn
2
(1− αn).
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Since limn→∞ λn and limn→∞ δn exist and θ ∈ (0, µ), we obtain that

lim
n→∞

(
1− θλn

µλn+1

)
= lim

n→∞

(
1− θδn

µδn+1

)
= 1− θ

µ
> 0. (6.3.22)

Take ϵ ∈ (0, µ
2
). Then, from (A9) and (6.3.22), there exists N ∈ N such that

2rn
µ

< αnϵ,

(
1− θλn

µλn+1

)
> 0 and

(
1− θδn

µδn+1

)
> 0,∀n ≥ N. (6.3.23)

Now, from (6.3.20), (6.3.21) and (6.3.23), we have

Df (p, xn+1) +Dg(q, wn+1) ≤ αn(Df (p, x) +Dg(q, w)) (6.3.24)

+(1− αn)(Df (p, xn) +Dg(q, wn))

+αnϵ(Df (p, xn) +Dg(q, wn)) + αnϵ
µ

2
−(1− αn)γn ⟨K(en)− S(dn), JE3(K(bn)− S(an))⟩ ,

for all n ≥ N .

But,

−⟨K(en)− S(dn), JE3(K(bn)− S(an))⟩ = −⟨K(bn)− S(an), JE3(K(bn)− S(an))⟩
− ⟨K(en)−K(bn), JE3(K(bn)− S(an))⟩
− ⟨S(an)− S(dn), JE3(K(bn)− S(an))⟩

= −∥K(bn)− S(an)∥2

−⟨en − bn, K
∗JE3(K(bn)− S(an))⟩

− ⟨an − dn, S
∗JE3(K(bn)− S(an))⟩

≤ −∥K(bn)− S(an)∥2

+∥en − bn∥∥K∗JE3(K(bn)− S(an))∥
+∥an − dn∥∥S∗JE3(K(bn)− S(an))∥.

From the fact that ∇g∗ is a Lipschitz mapping with constant 1
µ
and the definition

of en, we obtain that

∥en − bn∥ = ∥∇g∗(∇g(bn)− γnK
∗JE3(K(bn)− S(an)))− bn∥

≤ γn
µ
∥K∗JE3(K(bn)− S(an)∥. (6.3.25)

Similarly, by the Lipschitz property of ∇f ∗ and the definition of dn gives

∥dn − an∥ ≤ γn
µ
∥S∗JE3(S(an)−K(bn))∥. (6.3.26)
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Then, from 6.3.3, (6.3.25), (6.3.25) and (6.3.26), we get

−γn ⟨K(en)− S(dn), JE3(K(bn)− S(an))⟩ ≤ −γn∥K(bn)− S(an)∥2

+
γ2n
µ
∥K∗JE3(K(bn)− S(an))∥2

+
γ2n
µ
∥S∗JE3(S(an)−K(bn))∥2

≤ −γn∥K(bn)− S(an)∥2

+
γn
2
∥K(en)− S(dn)∥2

= −γn
2
∥K(bn)− S(an)∥2

≤ −ρ
2
∥K(bn)− S(an)∥2. (6.3.27)

Thus, from (6.3.24) and (6.3.27), we obtain for all n ≥ N

Df (p, xn+1) +Dg(q, wn+1) ≤ αn(Df (p, x) +Dg(q, w))

+(1− αn)(Df (p, xn) +Dg(q, wn))

+αnϵ(Df (p, xn) +Dg(q, wn)) + αnϵ
µ

2

−ρ
2
(1− αn)∥K(bn)− S(an)∥2

≤ αn(Df (p, x) +Dg(q, w))

+(1− αn(1− ϵ))(Df (p, xn) +Dg(q, wn)) + αnϵ
µ

2
≤ (1− αn(1− ϵ))(Df (p, xn) +Dg(q, wn))

+αn(1− ϵ)

[
1

1− ϵ
(Df (p, x) +Dg(q, w)) +

µϵ

2(1− ϵ)

]
≤ max{Df (p, xn) +Dg(q, wn),

1

1− ϵ
(Df (p, x) +Dg(q, w)) +

µϵ

2(1− ϵ)
}. (6.3.28)

Therefore, by induction, for all n ≥ N , we have that

Df (p, xn) +Dg(q, wn) ≤ max{Df (p, xN) +Dg(q, wN),

1

1− ϵ
(Df (p, x) +Dg(q, w)) +

µϵ

2(1− ϵ)
},

and hence {Df (p, xn) + Dg(q, wn)} is bounded which implies that the sequences

{Df (p, xn)} and {Dg(q, wn)} are bounded. Furthermore, by Lemma 5.2.3, we have

{xn} and {wn} are bounded.
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6.4 Strong Convergence Theorem

Theorem 6.4.1. Suppose that assumption (A1)- A(10) are satisfied. Then, the

sequence {(xn, wn)} generated by Algorithm 6.1 converges strongly to (p, q) in Ω,

where (p, q) = P h
Ω(x,w), where h : E1 ×E2 → R is given by h(x, y) = f(x) + g(y).

Proof. Let (p, q) = P h
Ω(x,w). Then, from Algorithm 6.1, Lemma 1.2.9, (1.2.10),

and (1.2.11), we obtain

Df (p, xn+1) = Df (p,∇f ∗ (αn∇f(x) + (1− αn)[β∇f(un) + (1− β)T (un)]))

= Vf (p, αn∇f(x) + (1− αn)[β∇f(un) + (1− β)T (un)])

≤ Vf (p, αn∇f(p) + (1− αn)[β∇f(un) + (1− β)T (un)])

−αn ⟨xn+1 − p,∇f(p)−∇f(x)⟩
= Df (p,∇f ∗ (αn∇f(p) + (1− αn)[β∇f(un) + (1− β)T (un)]))

−αn ⟨xn+1 − p,∇f(p)−∇f(x)⟩

≤ αnDf (p, p) + (1− αn)Df (p,∇f ∗ (β∇f(un) + (1− β)T (un)))

−αn ⟨xn+1 − p,∇f(p)−∇f(x)⟩
= (1− αn)Df (p,∇f ∗ (β∇f(un) + (1− β)T (un)))

−αn ⟨xn+1 − p,∇f(p)−∇f(x)⟩
= (1− αn)Vf (p, (β∇f(un) + (1− β)T (un)))

+αn ⟨xn+1 − xn,∇f(x)−∇f(p)⟩+ αn ⟨xn − p,∇f(x)−∇f(p)⟩
≤ (1− αn)Vf (p, β∇f(un) + (1− β)T (un)) (6.4.1)

+αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥+ αn ⟨xn − p,∇f(x)−∇f(p)⟩ .

Thus, from the definition of Vf , uniformly convexity of f ∗ and the Bregman rela-

tively f -nonexpansiveness of T , we obtain that

Vf (p, β∇f(un) + (1− β)T (un)) = f(p)− ⟨p, β∇f(un) + (1− β)T (un)⟩
+f ∗(β∇f(un) + (1− β)T (un))

≤ f(p)− β ⟨p,∇f(un)⟩ − (1− β) ⟨p, T (un)⟩
+βf ∗(∇f(un)) + (1− β)f ∗(T (un))

−β(1− β)ψ1(∥∇f(un)− T (un)∥)
= βVf (p,∇f(un)) + (1− β)Vf (p, T (un))

−β(1− β)ψ1(∥∇f(un)− T (un)∥)
= βDf (p, un) + (1− β)Df (p,∇f ∗(T (un)))

−β(1− β)ψ1(∥∇f(un)− T (un)∥)
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= Df (p, un)

−β(1− β)ψ1(∥∇f(un)− T (un)∥), (6.4.2)

where ψ1 is the modulus of convexity of f .

From (6.3.19), (6.4.1) and (6.4.2), we obtain that

Df (p, xn+1) ≤ (1− αn)Df (p, un)− β(1− β)(1− αn)ψ1(∥∇f(un)− T (un)∥)
+αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥+ αn ⟨xn − p,∇f(x)−∇f(p)⟩

≤ (1− αn)

(
1 +

2rn
µ

)
Df (p, xn)− (1− αn)

(
1− 2rn

µ

)
Df (an, xn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)

−γn(1− αn) ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩+ (1− αn)
rn
2

−β(1− β)(1− αn)ψ1(∥∇f(un)− T (un)∥)
+αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥
+αn ⟨xn − p,∇f(x)−∇f(p)⟩ , (6.4.3)
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and hence from (6.3.23) and (6.4.3), we get

Df (p, xn+1) ≤ (1− αn)Df (p, xn) +
2rn
µ
Df (p, xn) +

rn
2

+αn ⟨xn − p,∇f(x)−∇f(p)⟩+ αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥

−(1− αn)

(
1− 2rn

µ

)
Df (an, xn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)

−γn(1− αn) ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩
−β(1− β)(1− αn)ψ1(∥∇f(un)− T (un)∥)

≤ (1− αn)Df (p, xn) + αnϵDf (p, xn) +
rn
2

+αn ⟨xn − p,∇f(x)−∇f(p)⟩+ αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥
−(1− αn) (1− αnϵ)Df (an, xn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)

−γn(1− αn) ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩
−β(1− β)(1− αn)ψ1(∥∇f(un)− T (un)∥)

= (1− αn(1− ϵ))Df (p, xn) (6.4.4)

+αn(1− ϵ)

[
1

1− ϵ
⟨xn − p,∇f(x)−∇f(p)⟩

]
+
rn
2

+ αn∥xn+1 − xn∥∥∇f(x)−∇f(p)∥

−(1− αn) (1− αnϵ)Df (an, xn)− (1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)

−β(1− β)(1− αn)ψ1(∥∇f(un)− T (un)∥)
−γn(1− αn) ⟨S(dn)− S(p), JE3(S(an)−K(bn))⟩ .
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Similarly, we have

Dg(q, wn+1) ≤ (1− αn(1− ϵ))Dg(q, wn) (6.4.5)

+αn(1− ϵ)

[
1

1− ϵ
⟨wn − q,∇g(w)−∇g(q)⟩

]
+
rn
2

+ αn∥wn+1 − wn∥∥∇g(w)−∇g(q)∥

−(1− αn) (1− αnϵ)Dg(bn, wn)− (1− αn)

(
1− θδn

µδn+1

)
Dg(vn, zn)

−(1− αn)

(
1− θδn

µδn+1

)
Dg(zn, en)

−β(1− β)(1− αn)ψ2(∥∇g(vn)−G(vn)∥)
−(1− αn)γn ⟨K(en)−K(q), JE3(K(bn)− S(an))⟩ ,

where ψ2 is the modulus of convexity of g.

From the fact that {rn} ⊂ (0, µ
2
), θ ∈ (0, µ), (A7), (6.4.4) and (6.4.5) we obtain

that

Df (p, xn+1) +Dg(q, wn+1) ≤ (1− αn(1− ϵ))(Df (p, xn) +Dg(q, wn)) (6.4.6)

+αn(1− ϵ)
1

1− ϵ
⟨xn − p,∇f(x)−∇f(p)⟩

+αn(1− ϵ)
1

1− ϵ
⟨wn − q,∇g(w)−∇g(q)⟩

+αnD(∥xn+1 − xn∥+ ∥wn+1 − wn∥)
+rn − (1− αn)(1− ϵαn)(Df (an, xn) +Dg(bn, wn))

−(1− αn)

(
1− θλn

µλn+1

)
Df (yn, dn)

−(1− αn)

(
1− θδn

µδn+1

)
Dg(zn, en)

−(1− αn)

(
1− θλn

µλn+1

)
Df (un, yn)
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−(1− αn) +

(
1− θδn

µδn+1

)
Dg(vn, zn)

−M(1− αn)ψ1(∥∇f(un)− T (un)∥)
−M(1− αn)ψ2(∥∇g(vn)−G(vn)∥)
−(1− αn)

ρ

2
∥S(an)−K(bn)∥2

≤ (1− αn(1− ϵ))(Df (p, xn) +Dg(q, wn)) (6.4.7)

+αn(1− ϵ)
1

1− ϵ
⟨xn − p,∇f(x)−∇f(p)⟩

+αn(1− ϵ)
1

1− ϵ
⟨wn − q,∇g(w)−∇g(q)⟩

+rn + αnD(∥xn+1 − xn∥+ ∥wn+1 − wn∥),

where D = max{∥∇f(x)−∇f(p)∥, ∥∇g(w)−∇g(q)∥} and M = β(1− β).

Suppose that {Df (p, xnk
)+Dg(q, wnk

)} is a subsequence of {Df (p, xn)+Dg(q, wn)}
such that

lim inf
k→∞

[(Df (p, xnk+1) +Dg(q, wnk+1))− (Df (p, xnk
) +Dg(q, wnk

))] ≥ 0. (6.4.8)

Then, from (6.4.6) and the fact that {αn} ⊂ (0, 1), rn ≤ µ
2
and θ ≤ µ for all n ≥ 0,

αn → 0 and rn → 0 as n→ ∞, we obtain

Df (ank
, xnk

) → 0, Dg(bnk
, wnk

) → 0 as k → ∞, (6.4.9)

Df (ynk
, dnk

) → 0, Dg(znk
, enk

) → 0 as k → ∞,(6.4.10)

Df (unk
, ynk

) → 0, Dg(vnk
, znk

) → 0, as k → ∞,(6.4.11)

ψ1(∥∇f(unk
)− T (unk

)∥) → 0, ψ2(∥∇g(vnk
)−G(vnk

)∥) → 0 as k → ∞,(6.4.12)

and

∥S(ank
)−K(bnk

)∥ → 0 as k → ∞. (6.4.13)

Moreover, from (6.4.9), (6.4.10) (6.4.11),(6.4.12), Lemma 5.2.4 and the property

of ψ1 and ψ2, we have

∥ank
− xnk

∥ → 0, ∥ynk
− dnk

∥ → 0, ∥unk
− ynk

∥ → 0 as k → ∞, (6.4.14)

∥bnk
− wnk

∥ → 0, ∥znk
− enk

∥ → 0, ∥vnk
− znk

∥ → 0 as k → ∞, (6.4.15)

and

∥∇f(unk
)− T (unk

)∥ → 0, ∥∇g(vnk
)−G(vnk

)∥ → 0 as k → ∞. (6.4.16)

From (6.3.5), (6.3.6), (6.4.16) and the fact that αnk
→ 0 as k → ∞, we have

lim
k→∞

∥∇f(xnk+1)−∇f(unk
)∥ ≤ lim

k→∞
αnk

∥∇f(x)−∇f(unk
)∥ (6.4.17)

+(1− β) lim
k→∞

∥∇f(unk
)− T (unk

)∥ = 0
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and

lim
k→∞

∥∇g(wnk+1)−∇g(vnk
)∥ = 0. (6.4.18)

Now, from (6.3.4) and (6.4.13) we obtain that

∥∇f(ank
)−∇f(dnk

)∥ = γn∥S∗J3(S(ank
)−K(bnk

))∥
≤ (ρ+ 1)∥S∗∥∥J3(S(ank

)−K(bnk
))∥ → 0 as k → ∞.(6.4.19)

Similarly, we get

∥∇g(bnk
)−∇g(enk

)∥ → 0 as k → ∞. (6.4.20)

From (6.4.17), (6.4.18), (6.4.19), (6.4.20) and the uniformly continuity of ∇f ∗ and

∇g∗, we have

∥xnk+1 − unk
∥ → 0, and ∥wnk+1 − vnk

∥ → 0 as k → ∞,

∥ank
− dnk

∥ → 0 and ∥bnk
− enk

∥ → 0 as k → ∞. (6.4.21)

Then, from (6.4.14), (6.4.15) and (6.4.21), we obtain that

lim
k→∞

∥xnk+1 − xnk
∥ ≤ lim

k→∞
∥xnk+1 − unk

∥+ lim
k→∞

∥unk
− ynk

∥ (6.4.22)

+ lim
k→∞

∥ynk
− dnk

∥+ lim
k→∞

∥dnk
− ank

∥+ lim
k→∞

∥ank
− xnk

∥ = 0.

Similarly, we have

lim
k→∞

∥wnk+1 − wnk
∥ = 0. (6.4.23)

Now, since {(xnk
, wnk

)} is bounded in E1×E2, there exists (x
∗, w∗) ∈ E1×E2 and

a subsequence {(xnkj
, wnkj

)} of {(xnk
, wnk

)} such that (xnkj
, wnkj

)⇀ (x∗, w∗) and

lim sup
k→∞

⟨(xnk
, wnk

)− (p, q), (∇f(x),∇g(w))− (∇f(p),∇g(q))⟩ (6.4.24)

= lim
j→∞

⟨(xnkj
, wnkj

)− (p, q), (∇f(x),∇g(w))− (∇f(p),∇g(q))⟩.

But (xnkj
, wnkj

) ⇀ (x∗, w∗) implies that xnkj
⇀ x∗ and wnkj

⇀ w∗. Moreover,

from (6.4.14), (6.4.15) and (6.4.21), we have

ankj
⇀ x∗, dnkj

⇀ x∗, ynkj
⇀ x∗, unkj

⇀ x∗ as j → ∞, (6.4.25)

and

bnkj
⇀ w∗, enkj

⇀ w∗, znkj
⇀ w∗, vnkj

⇀ w∗ as j → ∞. (6.4.26)

In addition, from (6.4.16), (6.4.25), (6.4.26), the fact that T is Bregman relatively

f -nonexpansive and G is Bregman relatively g-nonexpansive mapping, we conclude
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that x∗ ∈ F̃f (T ) and w
∗ ∈ F̃g(G), and hence x∗ ∈ Ff (T ) and w

∗ ∈ Fg(G). Next, we

need to show that (x∗, w∗) ∈ Ω. Let s ∈ (A + B)(e). Then, there exists h ∈ B(e)

such that s = A(e) + h.

Thus, from (6.3.16) and monotonicity of A and B, we have

⟨e− ynkj
, s⟩ = ⟨e− ynkj

, A(e) + h⟩
= ⟨e− ynkj

, A(e)− A(ynkj
)⟩+ ⟨e− ynkj

, A(ynkj
)− A(dnkj

)⟩
+⟨e− ynkj

, A(dnkj
) + hnkj

⟩+ ⟨e− ynkj
, h− hnkj

⟩
≥ ⟨e− ynkj

, A(ynkj
)− A(dnkj

)⟩

+⟨e− ynkj
, A(dnkj

) +
1

λnkj

(∇f(dnkj
)−∇f(ynkj

)− λnkj
A(dnkj

))⟩

= ⟨e− ynkj
, A(ynkj

)− A(dnkj
)⟩ (6.4.27)

+
1

λnkj

⟨e− ynkj
,∇f(dnkj

)−∇f(ynkj
))⟩

Taking limits on both sides of the inequality (6.4.27) as j → ∞ and using the fact

that ∇f and A are uniformly continuous, (6.4.14) and (6.4.25), we have

⟨e− x∗, s⟩ ≥ 0. (6.4.28)

Then, by the maximal monotonicity of A + B, we get 0 ∈ (A + B)x∗, that is,

x∗ ∈ (A + B)−1(0). Similarly we obtain that, w∗ ∈ (C + D)−1(0). Now, from

(6.4.13), (6.4.25), (6.4.26) and the fact that S and K are bounded linear mappings

we have Sx∗ = Kw∗ and hence (x∗, w∗) ∈ Ω. Therefore, from (6.4.24) and Lemma

5.2.2, we obtain that

lim sup
k→∞

⟨(xnk
, wnk

)− (p, q), (∇f(x),∇g(w))− (∇f(p),∇g(q))⟩

= lim
j→∞

⟨(xnkj
, wnkj

)− (p, q), (∇f(x),∇g(w))− (∇f(p),∇g(q))⟩

= ⟨(x∗, w∗)− (p, q), (∇f(x),∇g(w))− (∇f(p),∇g(q))⟩ ≤ 0. (6.4.29)

Let sn = αn(1− ϵ) and

bn =
1

1− ϵ
[⟨xn − p,∇f(x)−∇f(p)⟩+ ⟨wn − q,∇g(w)−∇g(q)⟩]

+
rn

αn(1− ϵ)
+

1

1− ϵ
D [∥xn+1 − xn∥+ ∥wn+1 − wn∥∥] .

Then, inequality (6.4.7) implies that

{Df (p, xn+1) +Dg(q, wn+1)} ≤ (1− sn) {Df (p, xn) +Dg(q, wn)}+ snbn (6.4.30)
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From (6.4.22), (6.4.23), (6.4.29) and using the fact that αn → 0 and rn
αn

→ 0 as

n→ ∞, we obtain limn→∞ sn = 0, and lim supk→∞ bnk
≤ 0. From Lemma 6.2.2, we

conclude that limn→∞ (Df (p, xn) +Dg(q, wn)) = 0 and so limn→∞Df (p, xn) = 0

and limn→∞Dg(q, wn) = 0 . Hence, by Lemma 5.2.4 we obtain limn→∞ xn = p and

limn→∞wn = q.

Therefore, the sequence {(xn, wn)} generated by Algorithm 6.1 converges strongly

to (p, q) = P h
Ω(x,w) and this completes the proof.

If, in Theorem 6.4.1, we assume that E1 = E2 = E3 = E, C = 0 = D,

S = 0 = K and G = ∇g, then we obtain the following theorem.

Theorem 6.4.2. Let E be a reflexive real Banach space with its dual space E∗.

Let f : E → R be a strongly coercive, lower semi-continuous, strongly convex,

bounded and uniformly Fréchet differentiable Legendre function on bounded subsets

with strongly convex conjugate f ∗. Let g : E → R be a strongly convex and

Gâteaux differentiable function with the strong convexity constant of g be µ2. Let

T : E → E∗ be Bregman relatively f -nonexpansive mapping. Let A : E → E∗

and B : E → 2E
∗
be uniformly continuous monotone and maximal monotone

mappings, respectively. If the assumptions (A2),(A8), (A9) and (A10) are satisfied

and Ω = {a ∈ E : a ∈ (Ff (T ) ∩ (A + B)−1(0))} ̸= ∅, then the sequence {xn}
generated by Algorithm 6.1 with E1 = E2 = E3 = E, C = 0 = D, S = 0 = K,

G = ∇g and w = w0 = w1 converges strongly to p = P f
Ω(x).

If Ei, i = 1, 2, 3 are strictly convex and smooth Banach spaces with their re-

spective, duals E∗
i , i = 1, 2, 3 and g(x) = f(x) = 1

2
∥x∥2, then ∇f = ∇g = J ,

∇f ∗ = ∇g∗ = J−1, P f
Ω = ΠΩ = P g

Ω and the Bregman relatively f -nonexpansive

mapping T and the Bregman relatively g-nonexpansive mapping G reduce to rel-

atively semi-nonexpansive mappings. Thus, we obtain the following theorem.

Theorem 6.4.3. Let Ei, i = 1, 2, 3 be strictly convex and smooth reflexive real

Banach spaces with their respective, duals E∗
i , i = 1, 2, 3 and let T : E1 → E∗

1

and G : E2 → E∗
2 be relatively semi-nonexpansive mappings. Suppose that the

assumptions (A4)- (A6) and (A8)-(A10) are satisfied. If Ω = {(a, b) ∈ (Fs(T ) ∩
(A + B)−1(0)) × (Fs(G) ∩ (C + D)−1(0)) : S(a) = K(b)} ̸= ∅, then the sequence

{(xn, wn)} generated by Algorithm 6.1 with ∇f = J = ∇g, ∇f ∗ = J−1 = ∇g∗ and

P f
Ω = ΠΩ = P g

Ω converges strongly to (p, q) in Ω, where (p, q) = ΠΩ(x,w).

If Ei, i = 1, 2, 3 are real Hilbert spaces and g(x) = f(x) = 1
2
∥x∥2 then ∇f =

∇g = I, ∇f ∗ = ∇g∗ = I, P f
Ω = PΩ = P g

Ω, JE3 = I and the Bregman relatively

f -nonexpansive mapping T and the Bregman relatively g-nonexpansive mapping
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G reduce to relatively nonexpansive mappings. Thus, we obtain the following

corollary.

Corollary 6.4.4. Let Hi, i = 1, 2, 3 be real Hilbert spaces, T : H1 → H1 and

G : H2 → H2 be relatively nonexpansive mappings. Suppose that the assumptions

(A4)- (A6) and (A8)-(A9) are satisfied. If Ω = {(a, b) ∈ (F (T )∩ (A+B)−1(0))×
(F (G)∩(C+D)−1(0)) : S(a) = K(b)} ̸= ∅, then the sequence {(xn, wn)} generated

by Algorithm 6.1 with ∇f = I = ∇g, ∇f ∗ = I = ∇g∗, JE3 = I and P f
Ω = PΩ = P g

Ω

converges strongly to (p, q) = PΩ(x,w).

6.5 Application

6.5.1 Split Monotone Inclusion and f-fixed Point Problems

If Ei = E, i = 1, 2, 3, K = I, where I is identity mapping, then SEMIfFPP reduces

to the split monotone inclusion and f, g-fixed point problems, which is defined as

finding p ∈ (Ff (T ) ∩ (A+B)−1(0)) such that Sp ∈ (Fg(G) ∩ (C +D)−1(0)).

Denote Ψ = {p ∈ (Ff (T ) ∩ (A+B)−1(0)) : S(p) ∈ (Fg(G) ∩ (C +D)−1(0))}.

Corollary 6.5.1. Assume that conditions (A1)- (A6) and (A8)- (A10) are satisfied

with Ei = E, i = 1, 2, 3 and K = I. If Ψ ̸= ∅, then the sequence {(xn, wn)}
generated by Algorithm 3.1 converges strongly to (p, S(p)) = P h

Ψ(x,w).

6.5.2 Common Solutions of Monotone Inclusion and f-fixed

Point Problems

Let Ei = E, i = 1, 2, 3, S = K = I. Then, SEMIfFPP reduces to a common

solution of two monotone inclusion and f, g-fixed point problems, which is defined

as finding a point p ∈ E such that p ∈ (Ff (T ) ∩ (A + B)−1(0)) ∩ (Fg(G) ∩ (C +

D)−1(0)).

Denote Γ = {p ∈ E : p ∈ (Ff (T ) ∩ (A+B)−1(0)) ∩ (Fg(G) ∩ (C +D)−1(0))}.

Corollary 6.5.2. Assume that conditions (A1)-(A5) and (A8)-(10) are satisfied

with Ei = E, i = 1, 2, 3. If Γ ̸= ∅, then the sequence {(xn, wn)} generated by

Algorithm 6.1 with S = K = I converges strongly to (p, p) = P h
Γ (x,w).
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6.5.3 Split Equality Monotone Inclusion Problem

If T = ∇f and G = ∇g, then SEMIfFPP reduces to the split equality of monotone

inclusion problems, which is finding a point (p, q) ∈ E1 × E2 such that p ∈ (A +

B)−1(0), q ∈ (C +D)−1(0) and Sp = Kq.

Denote Λ = {(p, q) ∈ (A+B)−1(0)× (C +D)−1(0) : Sp = Kq}.

Corollary 6.5.3. If conditions (A1),(A2), (A4)-(A6) and (A8)-(A10) are satisfied

and Λ ̸= ∅, then the sequence {(xn, wn)} generated by Algorithm 6.1 with T = ∇f
and G = ∇g converges strongly to (p, q) in Λ, where (p, q) = P h

Λ(x,w).

6.5.4 Split Equality f-Fixed Point Problem

If A = B = 0 = C = D, then SEMIfFPP reduces to the split equality of f, g-fixed

point problems, which is finding a point (p, q) ∈ E1 × E2 such that p ∈ Ff (T ),

q ∈ Fg(G) and Sp = Kq.

Denote Σ = {(p, q) ∈ E1 × E2 : p ∈ Ff (T ), q ∈ Fg(G) and Sp = Kq}.

Corollary 6.5.4. If conditions (A1)-(A3),(A6) and (A8)-(A10) are satisfied and

Σ ̸= ∅, then the sequence {(xn, wn)} generated by Algorithm 6.1 with A = B = 0 =

C = D converges strongly to (p, q) = P h
Σ(x,w).

6.5.5 Optimization Problem

Let Ei = E, i = 1, 2, 3, be reflexive real Banach spaces. Let fi : Ei → R be convex

smooth functions and gi : Ei → R be convex, lower semicontinuous functions,

i = 1, 2. We consider the following minimization problem: Find (p, q) ∈ E1 × E2

such that

p solves min
x∈E1

{f1(x) + g1(x) : (∇f1 − T )(x) = 0}, (6.5.1)

q solves min
y∈E2

{f2(y) + g2(y) : (∇f2 −G)(y) = 0} (6.5.2)

and

Sp = Kq, (6.5.3)

where T : E1 → E∗
1 and G : E2 → E∗

2 are Bregman relatively f -nonexpansive

mappings and S : E1 → E3 and K : E2 → E3 are bounded linear mappings.

Denote ∆ = {(z, v) ∈ E1 × E2 : z solve 6.5.1, v solve 6.5.2 and Sz = Kv}.
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This problem is equivalent, by Fermat’s rule, to the problem of finding (p, q) ∈
E1 × E2 such that

(p, q) ∈
[
Ff1(T ) ∩ (∇f1 + ∂g1)

−1(0)
]
×
[
Ff2(G) ∩ (∇f2 + ∂g2)

−1(0)
]
and S(p) = K(q),

(6.5.4)

where ∇fi are gradient of fi and ∂gi are subdifferential of gi, i = 1, 2. Note that

∇fi and ∂gi are monotone and maximal monotone mappings, respectively.

Corollary 6.5.5. Let fi : Ei → R be convex smooth functions and gi : Ei → R
be convex, lower semicontinuous functions, i = 1, 2. Assume that the conditions

(A1),(A3), (A6) and (A8) - (A10) are satisfied. If ∆ ̸= ∅, then the sequence

{(xn, wn)} generated by Algorithm 6.1 with A = ∇f1, C = ∇f2, B = ∂g1 and D =

∂g2, converges strongly to (p, q) in ∆, where (p, q) = P h
∆(x,w), where h = f1 + f2.

6.6 Numerical Experiment

In this section, we provide some numerical examples to clearly exhibit the behavior

of the convergence of the proposed method.

Example 6.6.1. Consider the minimization problem: find (p, q) ∈ R4 × R3 such

that

p solve min
x∈R4

{∥x∥1 +
1

2
∥x∥22 + (3, 4,−2, 5)tx+ 3 : T (x) = (−2,−3, 1,−4)},(6.6.1)

q solve min
y∈R3

{∥y∥1 + ∥y∥22 + (0,−5, 3)ty + 2 : G(y) = (0, 2,−1)} (6.6.2)

and

Sp = Kq, (6.6.3)

where S(x1, x2, x3, x4) = (x1+x2, x3), T (x1, x2, x3, x4) = (1
2
x1−1, 2

3
x2−1, x3,

3
4
x4−

1), ∀(x1, x2, x3, x4) ∈ R4 and K(y1, y2, y3) = (−2y2 + y3,−y3), G(y1, y2, y3) =

(y1,
1
4
y2 +

3
2
,−1

2
y3 − 3

2
), ∀(y1, y2, y3) ∈ R3.

By Fermat’s rule, this problem is equivalent to the problem of finding a point

(p, q) ∈ R4 × R3 such that

(p, q) ∈ Ω = {(x, y) ∈
[
Ff (T ) ∩ (A+B)−1(0)

]
×
[
Fg(G) ∩ (C +D)−1(0)

]
: S(x) = K(y)},

(6.6.4)

where A(x) = ∇(1
2
∥x∥22 + (3, 4,−2, 5)tx + 3) = x + (3, 4,−2, 5), B(x) = ∂(∥x∥1)

and f(x) = 1
2
∥x∥22, ∀x ∈ R4 and C(y) = ∇(∥y∥22 + (0,−5, 3)ty + 2) = 2y +
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(0,−5, 3), D(y) = ∂(∥y∥1) and g(y) = 1
2
∥y∥22, y ∈ R3. We note that the mappings

A : E1 → E1 and C : E2 → E2 are monotone mappings, B : E1 → E1 and

D : E2 → E2 are maximal monotone mappings, S : E1 → E3 and K : E2 → E3 are

bounded linear mappings with adjoints S∗(x1, x2) = (x1, x1, x2, 0) andK
∗(x1, x2) =

(0,−2x1, x1,−x2), (x1, x2) ∈ R2, respectively, where E1 = R4, E2 = R3 and E3 =

R2. Moreover, we observe that ∇f(x) = x,∇g(y) = y, JR2 = I, where I is

identity mapping on R2, and the mapping T : E1 → E1 is a Bregman relatively

f -nonexpansive and G : E2 → E2 is a Bregman relatively g-nonexpansive mapping

and Ω = {((−2,−3, 1,−4), (0, 2,−1))} ≠ ∅.
Now, we present the numerical experiment results for testing and comparing the

performance of the control parameter by taking different values in the Algorithm

3.1. All experiments are performed by using MATLAB R2021b.
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Figure 6.1: Algorithms 3.1. with β = 0.5, λ1 = 1 = δ1 µ = 0.99, θ = 0.1, γ = 10−4

and different αn.

From FIGURE 6.1 and 6.2 we observe that the sequence dn = (xn, wn) con-

verges faster to x∗ = ((−2,−3, 1, 4), (0, 2,−1)), when the power a of the control

parameters αn = (n + 1)−a gets closer to one while the initial point and all other

parameters are kept fixed, and the control parameter β gets closer to zero while

the initial point and all other parameters are kept fixed, respectively.

Example 6.6.2. Let E1 = E2 = E3 = L2([0, 1]) and let Q = W = {x ∈ L2([0, 1] :

∥∥L2 ≤ 1}. Consider the minimization problem: find (p, q) ∈ E1 × E2 such that

p solve min
x∈Q

{1
2
∥x∥2L2

+ 1 : T (x) = ∇f(x)}, (6.6.5)
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Figure 6.2: Algorithms 3.1. with αn = (n+ 1)−0.5, λ1 = 1 = δ1, µ = 0.99, θ = 0.1,
γ = 10−5 and different β.

q solve min
y∈W

{1
2
∥y∥2L2

+ 3 : G(x) = ∇g(y)}, (6.6.6)

and

Sp = Kq, (6.6.7)

where S(x) = 2x and f(x) = ∥x∥2L2
,∀x ∈ L2([0, 1]) and K(y) = y and g(y) =

∥y∥2L2
,∀y ∈ L2([0, 1]).

Thus, this problem is equivalent to the following problem:

p solve min
x∈E1

{iQ(x) +
1

2
∥x∥2L2

+ 1 : T (x) = ∇f(x)}, (6.6.8)

q solve min
y∈E2

{iW (y) +
1

2
∥y∥2L2

+ 3 : G(x) = ∇g(y)}, (6.6.9)

and

Sp = Kq, (6.6.10)

where iQ and iW are indicator functions of Q and W , respectively, S(x) = 2x and

K(y) = y.

By Fermat’s rule, this problem is equivalent to the problem of finding a point

(u, v) ∈ E1 × E2 such that

(u, v) ∈ Υ = {(x, y) ∈
[
Ff (T ) ∩ (A+B)−1(0)

]
×
[
Fg(G) ∩ (C +D)−1(0)

]
: S(x) = K(y)},
(6.6.11)
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whereA(x) = ∇[1
2
∥x∥2L2

+1] andB(x) = ∂(iQ(x)), ∀x ∈ E1 and C(y) = ∇[frac12∥y∥2L2
+

3] and D(y) = ∂(iW (y)), ∀y ∈ E2. We note that the mappings A : E1 → E∗
1 and

C : E2 → E∗
2 are monotone mappings, B : E1 → 2E

∗
1 and D : E2 → 2E

∗
2 are maxi-

mal monotone mappings, S : E1 → E3 and K : E2 → E3 are bounded linear map-

pings S∗(x) = 2x and K∗(x) = x, x ∈ L2([0, 1]), respectively. Moreover we observe

that ∇f = I = ∇g, where I is identity mapping on L2([0, 1]), and the mapping

T : E1 → E∗
1 is a Bregman relatively f-nonexpansive mapping and G : E2 → E∗

2 is

a Bregman relatively g-nonexpansive mapping and Υ = {(0, 0)} ̸= ∅.
Now, we present the numerical experiment results for testing and comparing

the performance of the control parameter by taking different values in Algorithm

3.1. All experiments are performed by using MATLAB R2021b.

From Figure 6.3, we observe that the sequence (xn, wn) converges strongly to

(u, v) = (0, 0), and the convergence is faster when a in the control parameter

αn = 1
(n+1)a

gets closer to one while the initial point and all other parameters are

kept fixed.
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Figure 6.3: Algorithms 3.1. with x(t) = t2, w(t) = t2, x0(t) = t2, w0(t) = t3

β = 0.5, λ1 = 1 = δ1 µ = 0.99, θ = 0.1, γ = 10−4 and different αn.



Chapter 7

Discussion, Conclusion and

Recommendation

7.1 Discussion

In this dissertation, we established iterative algorithms that convergence strongly

to common solutions of nonlinear problems. The nonlinear problems discussed in

this work mainly focus on the fixed point problems of nonlinear mappings, the

generalized equilibrium problems, zeros of monotone mappings, and varitional in-

equality problems for Lipschitz monotone mappings. All supporting numerical

experiments were presented to indicate the worthiness of these results to practical

problems in nonlinear analysis. The research works are entirely new in the lit-

erature as manifested by the publication of these results by four different highly

reputable peer-reviewed international journals indexed by archives such as Web of

Science, Scopus and Mathematical Reviews.

7.2 Conclusion

The theorems obtained in this dissertation generalize, extend and unify so many

results in the literature. The main results of the dissertation are stated below to

illustrate this.

• In Chapter 3, we have proposed an algorithm for solving a common element

of sets of solutions of a finite family of generalized equilibrium problem, sets of

fixed points of a finite family of continuous asymptotically quasi-ϕ-nonexpansive

mapping in the intermediate sense and sets of zeros of a finite family γ-inverse
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strongly monotone mappings in uniformly convex and uniformly smooth real Ba-

nach spaces. We also gave some consequences of our results to a common solution

of some problems in Banach spaces. Our results extend and improve the results

of Kazmi and Ali [49], Ibiam et. al. [42] and Hao [40] to a common solution of

a more general problems that involves a common solution of a finite family con-

tinuous asymptotically quasi-ϕ-nonexpansive mapping in the intermediate sense

in Banach spaces. The results obtained in Section 3.2 have been published; see

“S. B. Zegeye, M. G. Sangago and H. Zegeye, A common solution of generalized

equilibrium, zeros of monotone mapping and fixed point problems. J. Analysis,

30(2)(2022), 569595. https://doi.org/10.1007/s41478-021-00359-w.”.

• In Chapter 4, we constructed a hybrid projection type algorithm whose sequence

converges strongly to a common element of sets of solutions of a finite family of

generalized mixed equilibrium problem, sets of semi-fixed points of a finite family of

continuous semi-pseudocontractive mappings and sets of solutions of a finite family

of variational inequality for a finite family of monotone and L-Lipschitz mappings

in Banach spaces is proved. Our results in this chapter generalizes some of known

results in the literature. As a result, we obtain strong convergence results for a

common semi-fixed point of a finite family of continuous f -pseudocontractive map-

pings and for a common solution of a finite family of varitional inequality problems

for Lipschitz monotone mappings in Banach spaces. We remark that the theorem

proved is applicable in Lp, lp or W
m
p (Ω) spaces, 1 < p <∞, where Wm

p (Ω) denotes

the usual Sobolev space. Our results provide an affirmative answer to the question

raised. The results obtained in this chapter appeared in ”Computational and Ap-

plied Mathematics 41, 200 (2022). https://doi.org/10.1007/s40314-022-01907-1.”

• In Chapter 5, we constructed a new algorithm to approximate a common element

of the set of solutions of a finite family of generalized mixed equilibrium problems,

the set of f -fixed points of a finite family of f -pseudocontractive mappings and

the set of solutions of a finite family of variational inequality problems for a finite

family of Lipschitz monotone mappings in reflexive real Banach spaces. We proved

a strong convergence theorem for the developed algorithm in reflexive real Banach

spaces. In addition, a numerical example is given to illustrate the implementability

of our algorithm. Specifically, the result of our method improve the result obtained

by Shahzad and Zegeye [78] from a Hilbert spaces to a reflexive Banach spaces,

from continuous pseudocontractive to continuous f -pseudocontractive and from
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equilibrium problem to generalized mixed equilibrium problem. In addition, Theo-

rem 6.4.1 extends Theorem 3.1 of Bello and Nnakwe [9] from 2-uniformly convex

and uniformly smooth spaces to reflexive Banach spaces, from continuous semi-

pseudocontractive to continuous f -pseudocontractive and from equilibrium problem

to generalized mixed equilibrium problem.

• In Chapter 6, we proposed an inertial type algorithm to approximate the so-

lution of the split equality of monotone inclusion and f, g-fixed point of Bregman

relatively f, g-nonexpansive mapping problems. We proved a strong convergence

theorem for the developed algorithm in reflexive real Banach spaces. The main re-

sult of our method improves the result obtained by Izuchukwu et al. [44] from the

split feasibility over the solution set of monotone variational inclusion problems

in real Hilbert spaces to the split equality of monotone inclusion and f, g-fixed

point of Bregman relatively f, g-nonexpansive mapping problems in reflexive real

Banach spaces. As an application, we provided several applications of our method

and provided a numerical result to demonstrate the behavior of the convergence

of the algorithm. A numerical example is also provided to illustrate the behavior

of the proposed algorithm.

7.3 Recommendation

To the best of our knowledge the following problems are still open for investigations.

• In Chapter 3, we have obtained strong convergence results for solving a com-

mon element of sets of solutions of a finite family of generalized equilibrium prob-

lem, sets of fixed points of a finite family of continuous asymptotically quasi-ϕ-

nonexpansive mapping in the intermediate sense and sets of zeros of a finite family

γ-inverse strongly monotone mappings in uniformly convex and uniformly smooth

real Banach spaces. The following questions can be addressed in the future:

a) Can we extend these results to Banach spaces more general than uniformly

convex and uniformly smooth real Banach spaces?

b) Can we extend these results to zeros of a finite family pseudo-monotone map-

pings more general than zeros of a finite family γ-inverse strongly monotone

mappings?

c) Can we introduce a simpler iteration scheme which is efficient and easy to

implement?
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• In Chapter 4, we have proved a strong convergence theorem for approximat-

ing a common element of sets of solutions of a finite family of generalized mixed

equilibrium problem, sets of semi-fixed points of a finite family of continuous semi-

pseudocontractive mappings and sets of solutions of a finite family of variational

inequality for a finite family of monotone and L-Lipschitz mappings in uniformly

convex and uniformly smooth real Banach spaces. Can we obtain sets of semi-fixed

points results for a class of mappings more general than a finite family of continuous

semi-pseudocontractive mappings in spaces more general than uniformly smooth

real Banach spaces?

• In Chapter 5, we have introduced an algorithm for approximating a common

element of the set of solutions of a finite family of generalized mixed equilibrium

problems, the set of f -fixed points of a finite family of f -pseudocontractive map-

pings and the set of solutions of a finite family of variational inequality problems

for Lipschitz monotone mappings in real reflexive Banach spaces. For further work

related with this research the following questions are open.

1. Can we extend these result to the set of f -fixed points results for a class of

mappings more general than a finite family of continuous f -pesudocontractive

mappings in spaces more general than reflexive Banach spaces?

2. Can we extend these result to the set of f -fixed points results for a class of

mappings more general than a finite family of continuous f -pesudocontractive

mappings in spaces more general than reflexive Banach spaces?

3. Can we extend these result to the set of solutions of a finite family of varia-

tional inequality problems for pseudo-monotone mappings more general than

Lipschitz monotone mappings?

• In Chapter 6, we have developed an inertial algorithm for solving split equality

of monotone inclusion and f -fixed point of Bregman relatively f -nonexpansive

mapping problems in reflexive real Banach spaces. Can we extended this result to

a finite family of maximal pseudo-monotone mappings in Banach spaces?
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