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ABSTRACT

The main objective of this work is to model a less
computationaly demanding flexible single-site anisotropic
potential using generalized spherical harmonic functions.
These functions'have been used to expand the well depth,
€(X,9.,92) and -the range, O(X 01,93}, pargmetq.x‘:g‘__qf,__,_ the
shifted Lennard-Jones (LJ) potential. T

We have compared our potential with site-site 1J and
single-site Gay-Berne (GB) potentials. The results are in
petter agreement with LJ site-site potential for all tested
orientations. The computational time is comparable to that of
GB potential.

The new potential has +the additional advantage of
flexibility. By taking additional spherical harmonic terms any
desired accuracy can be obtained. The important virtues of
this model is that it can also be used to model  non-

cylindrically symmetric molecules.




INTRODUCTION

Liquid crystal mesophases are formed by many substances
which show strong shape anisotropy purpose of understanding
Liquid Crystal. The development of simple, accurate pair
potentials representative of these molecules 1is thus of
tremendous value in order to evaluate their"maéfbsédéic
properties’. The potential must be mathematically simple,
involving only functions which are easy to calculate; it must
not be time consuming.

Until recently, an accurate intermolecular potential for
any system was Jjust a gleam in the theorist’s eye. The
structure and dynamics of monatomic solids and liquids were
calculated on the basis of simple, convenient, and reasonable
pair potentials and often enough the results were surprisingly
good; for example molecular dynamics studies have shown that
the Lennard-Jones (12-6) (I1J) potential accounts quite
adequately for argon. The application of the same model to
polyatomic molecules has met with good results compared to
that obtained experimentally, but the calculations are time
consuming. Some approximate potentials to simulate
cylindrically symmetric molecules have been developed such as
the Gay-Berne®? (GB) potential to overcome the time problem.
However, it is not clear how to extend such potentials to

molecules with non-cylindrical symmetry. Recently much work
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has been done using spherical harmonics to represent shape
anisotropy in MonteCarlo (MC) simulation of systems such as
halogens. spherical harmonics have proved a flexible and cost
effective route to the simulation of such systems®.

In the first chapter of this work we shall give a brief
descoription of thg concept of liquid crystal theories and
general ideas about the main types of potential nodels used in
liquid crystals modelling {nciuding their merits “and flaws.
The second chaptex is focused on our potentiq},(;ﬁ)ﬁgggqr;bing
the general form of the potential, the method to determine S
functions, computational details including evaluation of the
coefficients of the strength and range parameters, and
determination of IZM, LJ and GB potentials as functions of
distance T. The third chapter includes results and
discussion, while the fourth is the conclusion. At the end of
this thesis Appendices contain some tables used in our

calculations as well as the general references.




CHAPTER ONE

POTENTIAL MODELS

1.1. INTRODUCTION

A liquid orystal differs in many ways from the isotropic
phase from which it is formed but the diffqrqr}qqz,gﬁgfgﬁm -
importance is the extent of long-range orientational ordér
while positional order is limited‘. it is this difference
which any molecular theory of liquid crystals should first
explain. The development of such theories must begin with the
formulation of the intermolecular potential and the
identification of those features which are responsible for the
transition from the liquid to the liquid crystal phase. The
problem of calculating the thermodynamic observables of a
system from a given intermolecular potential is complex.
There are only two possibilities open: one is to use
approximate tl‘leoriesﬁ""“‘'9'1°'”'”'“'“"‘5"5'17 and the other is to

resort to computer simulationsitsor20-2223,

1.2. TYPES OF MODEL POTENTIALS
Accurate theoretical potentials are few for polyatomic
nolecules®. gtatistical Mechanical calculations are usually

done with model potentials. The intermolecular potentials can
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be broadly classified into three categories: Purely Hard
potentials, Purely Attractive Potentials and Mixed Type

pPotentials. The flow chart is given in fig 1.1.

1.2.1. PURELY HARD POTENTIALS
The simplest type of hard intermolecular potential is
Ui, =« , if 1 and J overlapped

- 0 , otherwise. - T aay

onsager® used this potential to studyagigh;,giyculaxy¢.~.

cylinders capped on both ends with half spheres. In this
model the phase transition is induced purely by the density of
the particles. As the result it 1is unsuitable for
thermotropic systems where phase rransition is induced by both

- density and temperature.

1.2.2. PURELY ATTRACTIVE POTENTIALS

The simplest type of purely attractive potential is the
- Lebwohl-Lasher potential defined as
U(By) = ~1/2€4y (3cos’Byy — 1) = —E”Pi(cosﬁu) (1.2)
where B, is the angle between the two molecular symmetry axes,
p,(cosB,,) is the second order Legendre Polynomial and €4, is
the positive interaction strength parameter.

This potential model is extensively studied by mean-

field theory®™'? as well as computer simulation 12-28-1%.22/%2,

The advantages of this model are that its simplicity and

apbility to predict the spontaneous ordering of the nematic
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phase from the isotropic phase. The main flaw of this model
is that it is not able to distinguish between side-by-side and

head~-to-tail configurations.

1.2.3. MIXED TYPE POTENTTALS
1.2.3.1 Atom-Atom Lennard-Jones Potential?is-2s-?7/2%2

The repulsion at short range is a consequence of the
overlap of the electron clouds and 1t varies w1th dlstance

_One of the popular forms of mixed type. potentials usedito
describe the potential between two molecules is the atom-atom
potential. Here the intermolecular potential is assumed to be
a sum of interatomic potential U, between the atoms which
constitute the two nolecules
Usp = Lap Usn(Tar) (1.3)
where r,, is the separatien between atoms a and b of molecules
1 and 2 respectively. The atomic potentials U,, are usually
taken as LJ (12,6) form
Uy = 4€[(0/Fw)™ = (6/Tw)"] | (1.4)
where ¢ 1s the energy scaling paranmeter, 0 is a distance
scaling parameter, and r,, is the distance between the two
atoms a and b. The atom-atom potential is expected to model
the effects of the short-range asymnetric repulsive core and
the long-range asymmetric attractive force™

It has been demonstrated that the above model effectively
reproduces the thermodynamic properties of liguid nitrogen and

oxygen over broad ranges of temperature and density, as well




6
as it leads to accurate calculations of the second virial
coefficient over a wide temperature range®.

In computer simulations of aspherical molecules, a
popular and effective representation of the short-range
attractive and repulsive interaction consists of designating
several sites in each molecule between which L-J 12-6
potentials act®?*. For larger molecules it may be necessary
to employ many siteé; t&piééily.éﬁérat eéch étb;réégiéiaﬁ,Jto‘
represent the short-range -interactions.: S0 the time to
evaluate the potential increases as the square of the number
of sites. This leads to a computational inefficiency. This
problem can be overcome by modelling site-site potential with
a single-site anisotropic potential. The two models are given

in fig 1.2.

1.2.3.2. Single-Site Model Potentials

Like the atom-atom models their principal virtue is in
providing a reasonable description of the molecular shape. . In
these models a general expression of the type,
U(r) = e€f(r/o) (1.5)
where € and g are assumed to be dependent of the orientation

of molecules, is used for the pair potential.

i) Corner’s Single-Site Potential Model®

Corner proposed modelling an intermolecular potential

U(rv,0,) by a pseudo-atomic form of Eq 1.5.




0(0,0,0)

-

7

Thus the ILJ form of Ed 1.4. becomes

U(re,u,) = he(9,0,0) [ (0(0,020)/F}7 = 0(0,0,0)/T})°] (1.6)
where ,,v, and @ denote the orientations of molecule 1,
molecule 2, and the intermolecular vector T respectively.
Corner considered a molecule with four T.J sites to determine
the potential parameters in Eq 1l.6. The ILJ potential
parameters for the site-site interactions are assumed to be €u
and g,,. BY conparing ‘the ‘exact site-site potential with Eq o
1.6 he was able to finc_’l__i‘_gpgxoximgtg gmpirit_:a_l,i:._,Qggg;gss_;qggggqxf
E(mlmzm) and a(alm,m) -‘--I"hésle i"é.lat‘ion.s are. | |
€(w,0,0) = e°[1+(10/9L“=-9/8L‘) (C, 2+C,' 2y+9/8L°8,' C,’ s, ¢, ¢

- 1/714s,' %8,/ ¢ ) (1.7)

|

Oo [1-2/5L‘+7/2L‘(c; 240’ 2) + 21L" G/ 2, 2

- 1415’ C,’ S’ G ¢+ 16L(C, 240, 28, 28 ¢ 2

_ 25138,' 28, 2C,’ ?C,' *C"? 1 (1.8)
where 8, = Sin®, ., ¢,/ = cosB., o' = Cos(y, ~¥.') [Fig 1.3],
€, = 16€., To = UJas and L = 27/5(L/0,) With L, the intermo-
lecular distance between the first and fourth sites. The
above expressions are valid for L* s 1.3 and are not the
simplest that could be found from the numerical fitting. Also

it is valid only for prolate molecules of restricted

‘anisotropy-

ii i core 34
In this model the molecules are considered as convex hard

cores (eg. spherocylinders, ellipsoids, etc). The pair




8

potential U(re,0,) is assumed to be a function of s where

5 = S(re,0.) is the shortest distance between the cores. The
potential is given by

U(To,0;) = de[ (0,/S(roe,) ) - {00/S(rw,0,))%] (1.9)
where €, and 0, are angle independent parameters, The
difficulty inherent in this model is that the calculation of
the distance s is difficult and tlme consumlng and also € 18\_

wrongly taken to be independent of orientation.

iii) Gaussian Overlap Models

a) Gen Gaussjan Mode]lg2®-35.36.37

An axially symmetric molecule whose charge density is

p(r) is assumed to be Gaussian, where

p(r)~ exp[~(x*+y?)/g 2 - z*/0,%] (1.10)
fhere x, y, and z refer to the principal axes, z being the
symmetry axis. The contour surfaces of p are ellipsoids of
fevolution about » axis, with 6. and o, the diameters of the
listribution perpendlcular and parallel to the Symmetry axis,

‘espectively. If two such distributions Separated by r ang
1aving orientations @, and o, 1nteract the coulomb energy is
flgorously given by

1(rw,0,) =fdr.dr.p.(r,)p,(x,) | r,r,| (1.11)
[t is assumed that at short-range where the distribution
>verlap slightly, U is approximately Proportional to the
verlap volume integral of the two distributions

J(xe.0,) ~farp,(r,)p,|r,-x]|. (1.12)
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This integral can be evaluated exactly and has a Gaussian form
U(ruv,0,) = e(mlmzm)exp[—r’/c(mlmzw)’] (1.13)
where €(9,0.8) and o{w,0,0) are angle-dependent strength and
range parameters given by

€{0,,0;,0) = €,[1-y3C,,>) /2 (1.14)
and 7

O(W;,0;,0) = Oo[1-x7C),* 142 ( (1"x(cuz"'czz)+12(2cxczcu"cmz)}-Uz (1.15)
where | | o o

X= (olz'a;a)/(ﬂiz""ha) EEE s e Coe o Thi ‘*u"ﬁﬂ-lﬁ)
is anisotropic parameter, e, and o, are constants and o, and G,
are major and minor axes. If U,,U, and R are unit vectors
along v,, w, and o respectively, then the three cosines in Eqs
1.14 and 1.15 are given by:

C., = U,.U,, C, = R.U, and C,=R.U,

In this model, €(v,,0,,0) is independent of @, the
intermolecular vector orientation. Tt is 3 maximum when the
molecules are parallel and a minimum when they are
perpendicular, Although it is valid for oblate as well as
prolate shapes of arbitrary anisotropy, the r dependence in Eq
1.13 is not realistic. Therefore it is replaced by the more

realistic IJ form in Berne~Pechukas and Gay-Berne models.

b) B e_a Pechukas degl2-2s
Berne and Pechukas have propesed a Gaussian Overlap Model
in which the overlap between two ellipsoidal charge

distributions is first calculated. They suggested that the
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functional forms €(2) and o(2) may give a reasonable
description of the well depth and Van der Waals diameter ag
functions of orientation so that the potential could be

written in the form

v(u, rszR)=4E(UuU=){[U(U1,UuR)/r]"-[G(Ul:UuR)/r]‘} (1.17)
where

€(Us,U;) = €o[1-x*(U,,U,)2]2 (1.18)
o a 7 e

a(U‘,U,.B)=a.,[1—1/zx{(R.U,+R.U,)’/(1+xe(ll,-tl,)

* (R.U-R.U;) /(1-x(U,.U,) } ]2 (1.19)

are called strength and range parameters respectively. The
anisotropy parameter ¥ is determined by the parameters of the
ellipsoidal Gaussians as given by Eq 1.1s.
This potential has the following unrealistic features
(1) For parallel molecules, the well depth is independent of
their orientation with respect to the intermolecular
vector, whereas in reality the well depths for these
- configurations should be significantly different for
elongated mesogenic molecules.
(2) The width of the attractive well ig found to vary

with respect to the intermolecular vector.

¢) Tsykalo and Bagment Model?®*

Tsykalo and Bagment proposed that the pair potential
should be scaled with a function which depended on the

orientation of the particles with respect to their
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intermolecular vector. They redefined the strength parameter
as
€(U,,U,,R) = €(0,,U,)0,2/0%(U,,0,,R) (1.20)

However the anisotropy in the strength parameter is then
determined by shape anisotropy via ¥ which may not be
appropriate. In addition this class of potential has another
unrealistic feature in that the width of attractive well
varies with the‘oriéhtation of the péféicles wiﬁh réspecf to
the_ . intermolecq]_a; vector alththigh the width should Be

essentially independent of this orientation.

d) Gay and Berne Model?-**®

As we have seen before many attempts have been undertaken
to model site-site potential with single-site potential.

To rectify the deficiencies of the Berne-Pechukas
potential mentioned above Gay and Berne have modified the
original Gaussian Overlap Potential in an essentially
phenomenological manner. Thus they attempted to obtain a
function which gave the best fit to the pair potential for a
linear array of four equidistant Lennard-Jones centres with a
separation of 20, between the first and fourth sites [Fig
:1.4]. On the basis of such modelling they have proposed a new
Ifunctional form for the strength parameter, namely
€(U,,U,,R) = €(U,,U,)e’*(U,,U,,R) (1.21)

where
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¢’ (U,,U,,R) = 1-yx' /2{(U,.R+U,.R)?*/(1+y’ U, . 1,)
+ (U,.R-U,.R)?/(1-%’ U,.U,}} (1.22)
which is the function of R as well as U, and U,.
The new parameter x’ is used to adjust the ratio of side-by-
side to end-to-end well depths and reflects the anisotropy,
X' = (e /e )*=1}/{(€ /€, )"+1}) (1.23)

To overcome the problem associated with the width of the
attractive well, the anisotrbpic range and strength parameters
Were-ug§d~in*thQE§ﬂ$§§9§;PQFQDtialrap»;;y;gfg;,,ﬁ;g?,;ig_ _
V(Ul,Uz,R)=€(U1,U2,R){[r—o(U”Uz,R)+l]"’2—[r—o(Ul,Uz,R+1]6]}.7.(1.;24I). |
rather than the Lennard-Jones scaled potential of Eq 1.4,
where o(U,,U,,R) is given by Eqg 1.19.

Gay and Berne considered a 1linear array of four
equidistant LJ sites per molecule to determine their potential
parameters. The best fit to LJ potential gave p= 1, v= 2 and
€./€s = 0.2.

The ability of particles interacting via the Gay Bern
potential to exhibit liquid-crystalline behaviour.has been
demonstrated using MD simulation. The system exhibits a
nematic phase with long-range orientational order and Jjust
short-range translational order®.

The disadvantages of GB potential are that it is
complicated, contains many terms with different parameters,
and there is no obvious way to extend it to describe general

shape molecules.

g S e
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Types of Model Potential

Purely Hard Poten. Purely Attractive Poten.  Mixed Poten.

Pl

T TR il ey At T B
Site-Site Potential Single-Site Potential
Kihara Model Corner Model Gaussian Overlap

Model
General Gaussian Berne-Pechukas Tskalo-Bagment Gay-Berne
Model Model Model Model

Fig. 1.1. Flow chart showing different types of model

potential.




a)

14

molecule 1

molaculs 2

Fig. 1.2. Two types of potential model;
a) site-site and b) singie-site
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- 5
Fig. 1.3. The intermolecular axis coordinate system
(the 'r-frame’), with potar 2= ARTe along r.
— 2 - o
[ S — - ~ " -
—_ o -

Fig. 1.4, A four-site moleculs, LJ potentials with parameter .~ act between sites

on neighbouring molecules which are iocated on the axes of the
moiecules 2.—/3 apart
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CHAPTER TwO
SINGLE~SITE ANISOTROPIC PAIR POTENTIAL

BASED ON SPHERICAL HARMONIC EXPANSION

2.1, INTRODUCTION
Our objective is to develop a general single-site

anisotrOPic pair_pbféﬁtial that can be ﬁééd"fof efficiéht

computer simulation.. . R

e
§.2

Our model is based on the shifted form df the Lennard-
Jones (LJ) potential given by
V(r,ﬂuﬂz)=4e(r,ﬂuﬂz){[r~0(r,ﬂ“ﬂz)+1]'” = [(r=o(r,q,,q0,)+1]°)

(2.1)

Where the first term of the right hand side represents the
anisotropic repulsion and the second term represents
anisotropic dispersion interaction between molecules 1 and 2.
r 1is the intermolecular unit vector from molecule 1 to
molecule 2 and r is the distance betwgen their centres.
g(r,a,,8,) is the intermolecular separation for a given
molecular and intermolecular vector orientation where the
intermclecular potential is zero and €(r,0,,0.) 1s the
potential well depth for the given molecular and
intermolecular orientations. The well depth, €, and the range
parameters, ¢, are determined as reduced units with respect to
€Ec, and g,.

Using the Gaussian overlap model Berne and Pechukas and
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Gay and Berne proposed particular forms for the functions ¢
and €. The main advantage of the Gaussian overlap model is
that it is a simple physical model. The disadvantages are
that it is unlikely to represent the true potential very
accurately and that there is no obvious way to improve it, or
to modify it to describe hon-cylindrically symmetric
moclecules.

In our model the range parameter which is the separation
between molscules at zero intermolecular Potentialy.o(r,n,,0;),
and the energy scaling parameter which is the potential depth,
€(r,q,,1,), for two arbitrary shape molecules are considered
tS be functions of intermolecular vector orientation r as well
as the intermolecular orientations f1, and Q.. These parameters
are expanded in the flexible generalized spherical harmonics

which are functions of the orientations of the two molacules

(2,,1,) and that of the intermolecular vector (w}), as

TUE, )= Do Faane Like O™ S,.,,5%2(0) (2.2)
and

e(rlnlln2)= E:.‘Lzzz Eu,-z,- ):lu,kz €erezd ** Suzzzkm(n) . (2'3)

where 0 = (n,,N,,0).
Following the convention of &. J. Stone®, the

generalized spherical harmonic is expressed as

Sere (1) = L C(31323?mlmzm)D“um(ﬂ;)D“.m(nz)Yz.'(ﬁ)) (2.4)
where
i = (a,,B,,y,) describes the orientation of molecule 1 with

respect to an arbitrary space-fixed axis system.
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Q, = (a,,B,,y.) describes the orientation of molecule 2.

[ = (8,9) (polar angles) describes the direction of the
intermolecular vector, r, defined from the origin of molecule
1 to the origin of molecule 2. The coordinate system is shown
in Fig 2.1, Y.."(8,9) is spherical harmonic and D, (a,B,y) is
the Wigner Rotation Matrix Or generalized spherical
harmonic*., Some broperties of Wigner Rotation Matrices and

related functions are given in Appendix a1.

C(e.L,¢; m,m.m). A6 .8 Clebsch-Gordan Coafficient (CGe) given .,

by
Cle.l,2/mmm) = 5.m1w2{(2€+1)(€1+32‘3)!(21‘32+2)!(“31+22+3)!}1”
X{(€1+ml)5(31‘m1)5(£2+m2)!(32=mz)!(3+m)!(ﬂ“m)1}1“

(~1)*

Zi(L,+2,=2-2)! (Z2,=m,=z)! (£,+tm,=z)!

x (€=22+ml+z)!(£ﬁel=m2+z)! {2.5)
Where z runs over those positive integer values such that
nong of the factorials in the denominator is nsgative. The
last two factorials in EqQ 2.5 are in the denominator=, Some

values of CGC are calculated and listed in Tablg Az, 2.
£,, £,, and 2 are ranks of vectors on molecules 1, 2 and that

Joining their centres respectively.

In the language of vector Spaces, the direct product
space £,®8¢, is invariant under rotations. It is, however,
reducible (contains invariant subspaces), and it can be

decomposed into a direct sum of irreducible subspaces. The

general result is that 2,92, contains irreducible parts
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£=£1+Ez,2L+£1=1,.....,§21=€25(which can be written symbolically
as (€1+£,)e(£1+£2-1)e....). Also CGC = 0 unless m = m,+m,
These two results are summarized in the selection rules;
C(e.2,¢;:mm,m) = 0 unless

1) &=} <2 < |g,+e, (2.6)

2} m = m+m, (2.7)
For a given rank of £, m has the values of

m = +2,€=1,8~2,.,,-¢ (2.8)

For integer ¢ and m CGC has the following properties:

C(g,2.;:mmm) = [ =)ettese C{2,2;¢;=m,,=m,, -m) {(2.9.a)
= (=)o g,2,0m,,m,,m) {2.9.0)
2e+1 2
= (_)Elﬂu! ! C(:ﬁlﬂﬂz;=ml,um,=m2‘, (2.9-C)
[ ] llt
(SR i
g+p *2
= (=)£2’E2’ Il C(E:’izz’il.“‘ﬂ. mzl—‘nl) (2‘9'd)
L 22,+1)
28+1 2
= (=yo LCae st m, ~m,  m,) (2.9.2)
{22, +1
22+1 72

= (a}‘:z‘dﬂ 1‘ If Cf?‘zz‘gl;;mz.rmrml)' (Z'Q'f}
22,+1;

For linear molecules all terms with non=zerc K, or k,
vanish and £,+£,+¢ must be even; for linear centrosymmetric
molecules there is the further restriction that £, and £, must
both be even.

Thus due to the centrosymmetric restriction imposed on
our model, the ellipsoidal model, Z,, £, and £ are even.

If the mclecule has a C. symmetry-axis, such a rotation
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must leave the energy unchanged, so terms invelving D, ,* can
only appear if k = 0. In particular, it has been shown that
for linear molecules, k, = k, =0, hence simpler functions can
be used. Thus Egs 2.2 and 2.3 for molecules with cylindrical

symmetry reduce to

0(rw,w,) = Euu:):um Gereze Sereael{;2) (2.10)
and
AR R st QR T AP R S I e e e et il s e e
E(ro,u,) = E!..u.ztE-:.u- €rreze Sereael 1:) (2.11)

R L e |
s{lLZI(m.\.!) = Em.-z- C(Exez‘e:m.\mzm)yzln((ﬂl)Ytzn(mz)Yln‘(@) (2‘12)
W, = (0,,0,,0), w, = (B, ,a,) and w, = (B,,a,)

Some  expressions for Y..(Ba) are determined and given in
Appendix A2, Table A2.1.

Here we shall restrict the expansion to the lowest order
terms of 2, and ¢,. Thus restricting the values of £, ang £,
o be 0 and 2 the resulting values of 2 can be determined from

d 2.6 as tabulated below

g

2, 0 2 0 2
2, 0 0 2 2
2 0 2 2 0,2,4

hence the surviving terms of S,,., are
Socor Sz025 Sozzs Sazas S and S,,,

These functions are determined and summarized in Table
2.1. The details of the determination of these functions is

provided in Appendix A3.
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Using the various assumptions and approximations given
above the expansions of Egs 2.10 and 2.11 reduce to
O(T,0:,82) = Oooo Sooo(@12) + 0202 Szoz(@i2)+ Ooaz Seaa(w:,) +
U220 Sazo(®12) + Oz22 8222(W012) + Taze Saze(0;5) (2.13)
and
€(T,01,@:) = €ooo Sooo(@a) t+ €202 Sz0a(W12) + €02z Soza(Wr2) +

s220 ‘3220(@12) + E222 222(“)12) + E224 ZZI(E‘J12) (2'14)

Assumlng that-both&interactlng molecules “are.

1eads. 60 . Ous = Oosa . AN, €xpn = Soapyys. Thus. Eg

become

G(rfﬁ)llﬁ)Z) = 0000 SOOO("‘"IZ) + 0022 {5202(m12)+ SOZZ(QLZ)} +

Taz0 S220{W12) + O22a Sz0( ) + Ta20 Suza(043) (2.13)
and
€(T,0,,0:} = €ooo Socn(®12) + €02z {Saea(®12) + Soaa(Wy,)} +
€220 S220{B12) * €a2z Sp22(W12) + €500 5220 {0,,) (2,16)
It is clear, from the last two eguations, that there are
two sets of expansion ccoefficients. Five for the range

parameter, Gge, Upzzsr Uzos Ul and o,.,,, and five for the well
depth, €ocor €ozzr €220r E222 GNA €.,

In order to determine these coefficients, the range and
strength parameters of our potential are fit to those
determined from the LJ site-site potential for carefully
chosen crucial configurations. The complete procedure is

explained in the computational details.
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2.2. COMPUTATIONAL DETAILS

The coefficients in Egs 2.15 and 2.16 are estimated
according to the following procedure. A flow chart is
presented in Fig 2.2.

A four-site molecule described in Figqure 1.4 is
considered for determining the expansion coefficients in our
potential LJ potentlal with range parameter o and strength

.5» A 'h?-,_;_-if;@_ﬁ 11 1,_...-, *Jii@w{ﬂk"" Lo ! < Lol I
parameter e act between s1tes on nelghbour ng molecules wh ch !

are. 1geated on the axes ngthe molec 198, .20/3 apart. 1s used. ]

Y:g\

Four cruc1a1 configurations aregldentlfled for these
nolecules, viz, side-by-side (S=S), head-to-tail (H=T), Tee
(T), and cross (X) configurations. These configurations are
given in Fig 2.3. For these four configurations the LJ

potentials as functions of intermolecular separations are

. [

calculated. The potentiel l ; deptn '“e,m::‘eha"the-rz.

intermolecular separations at zero ,po entJal Otrats Parertt

“ l(
<

determined for these crucial conflquratlons Tﬁeee‘reéults

are used to calculate the strength,t u;;,:and rangeu gﬁin’

(((
0

L S

parameter coefficients of our potential, Minimization' routine . .
is used to determine these coefficients*.

Generally to determine the strength coefficients, for
example, the following algorithm is used. Let €. = €u..° be the
reduced minimum potential well depth for the i configuration
determined for LJ potential. Where €an 15 the LJ potential
well depth of Eg 1.4 for the i configuration. The

corresponding potential well depth, ¢/, for our model is
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given by Egq 2.16 as
€1 = €o00S000 * €202 (Sa0:+Sezz) + €2205220 + €325 Suzz + €20 Sises
For the identified crucial k configurations the spherical
harmonic functions are determined and substituted in the above
equation. An error function is defined as
£ =1L."(e, - g,)2 ) (2.17)

Where £ is a functlon of the five coefflclents

g TR PR ke e e e M N

f = f(EOOOJ‘ 60221. Ezzar E222' GZZC) hd

These coefflclents are determlned as those that . migghﬁ_ﬂ

this error function u51ng the conjugate gradlent method,
Similarly the range coefficients of Eg 2.15 are
determined as follows: the separation at zero potential, o, =

O,ero’s 18 determined for the i*" configuration using LJ

¢
[ o

potential, Where o,..} is the, :educed LJ range scaling
parameter of Eq 1.4 at zero potentlal -f, tﬁé[ glve1 AT
configuration. The correspondrngfsgggrqff’ &j:ﬂ“fd‘fuu%g‘

vy K H ”

single~site potential is expressed as

i

L 14

“ 13 - N .
g s

| t J(, ¢ x (“

!

g, = Uoc;osood + oozz{szoz+sozz} + 022(‘8220_+ Uzzz zzz Ll' Uze4b1u£ o .“-

LI
LI} A
LI}
LY

The spherical harmonic functions are obtalined' ‘for . the"
identified crucial k configurations. Aan error function f is
given by

£ =X."g, - g, (2.18)

Where f is a function of the five coefficients,

£ = £(%ocos o2as Uazos Taozs 0Ua50)

The coefficients chosen are those which_minimize this error

function using the conjugate gradient method.
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The strength and range parameters determined using L.J
site-site potential are given in Table 3.1. The two sets of
parametef coefficients determined as those which gave the
minimum errors of Egs 2.17 and 2.18 are listed in Table 3.2.
We have compared our potential with the Site-Site LJ and

the Single-site GB potentials. The results are Presented in

the following section,

R A ST T, EERE R ,,;l.;g;%; Al o R R
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START

CRUCIAL K CONFIGURATIONS

]

Calculate Spherical
harmonic. functions .. .. . .

Determine Separation
at Zero Potential
for LJ potential

Determine Depth
of Potential Well
for LJ potential

e U
L )
define error function
£=F 1 ( oy~a,’)?

Minimization Procedure

)

Calculation of Sigma
Coefficients

2 |

define error function
f=):1-1k( €;—¢,’ )2

Minimization Procedure

Calculation of Epsilon
Coefficients

Potentials

Compare LJ, GB and ZM

Fig. 2.2. Flow Chart showing computational details.
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Fig. 2.3. Four crucial configurations; a) side-by-side
b) head-to-tail, ¢) Tee (T) and d) Cross (X) configurations




Table 2.1 S functions Se1eae TOr some values of £,,2, and ¢
(further functions are tabulated in Appendix A3).

Here the following designations are used

SRS s e R *%ﬁ‘ﬁ. e ,rg, L AR L NPT RN
X =cosB, x = cosBl, and x = cosB

Sooe = (L1/47)2 (2.19)

Sk = C(202, 202)K.2* KooPas( X, )POO(X )Pzz(X){ZCOS(.?al;Elp)}

C(202 101)}(21 koopzl(x )Poo(x )Pz.\(X){ECOS(GJ."’p)}

€{202;0,0,0)Kk,0* KeoP m(XJPm(XJPm(X)

(2,20}
Sozz = C(022,022)}{222 kwpoa(xl)Pzz(Xz}Pzzlx){‘COsza 2'9)}
+
0(022:011)kn2Iﬁmpmfxl)Pnfxz)Pn(X)f2COS(Gz”9)}
4+
C(022?0,0,0)k202 kooPoo(Xl)onfxz)on(x)
(2.21)

S0 = C(220,2= 201)K..% k coPa2( X, )Pn(X JPo (X)) {2005(‘2&'24'2(21)}
C(240 1= lo)kzlz ]\oopzl(le)PJ.z(xz)Poo(X) {2005(“&24‘&1)}
+

C(220:0,0,0)km2}anmfxl)Pm(Xz)Pm(X)
(2.22)
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S.22 = C(222,202)k222 kzoP22(x1)on(Xz)Pzzfx) {2C05(2a =-29))
C(222,022)K.." KuoPaolX, )Pzz(x )P.2(X) (2cos(2a,~2p) )

0(222 112)k,,* k,,Pn(Xl)Pu(X )P,,(X){Zcos(a#a,-,,)}

C(222,2-20)Kz." KaoPaa(X,)Pay(X2) Poo( X) (2cos(-2a.+2a,))
C(222,1-10)K,,* Kk,oP.,( XT) Pi2(X2)Poo(X) {2C0s( =a,+a,) )
¢(222;0,0,0)k,.? Pm(xl)j:Pm(Xz)Pm(x)
= C(222,2-11)k0? KelPs(X) P (X.) B () ( 2C08 20,-0,-9))
(222, 12000 KB () o () e (2008120200013 v
C( 22_2 s101}K20® KuoPoy (X, ) Poof lePn (X} {2cos(a,~p)}

C{222;011)knzkzopzofxl)Pnfxz)Pn(X){QCOS(C!‘fFP) (2.23})
5.2 = C(2241224)k222 kupzz(xl)Pzz(Xz)Pza(X){2C05(2&1+2a2—4'9)
+

C(224,213 PKaaKai KasPoo (X0 ) Poy ( X2 ) P (X)) {2Cos (2a,+a,~3¢) }
+

C(224,213 )k21k22k43P21\!X1)P22(X2)Pn(X) {2C05(C21+2a2-3w} }

+
C(224I202)k22k20k42p22(X1}PZO(XZFPJZ(X) i 2COS(261=2@) :‘
+
c(224l022)kzokzquzpzo(xl)PzzfXz)Paz(X){2':05(2&2-2!9) ]
+

Cl224,112)K,.0% KoPou (X)) Pay (X)) P (X) ¢ 2C0s{@,tx,~20}) )
+

=C(224 r2=11 )kzlkzqulpzz(XL)le(xz)PAL(X) { 2COS(2'&1‘G2"LP) }
+
0(2241101)kzlkzokaxpzl(xl}on(xz)P41(X) (2C05(&1=R0)}
+
-‘C(224:‘121)kzlkzzkuletxl)Pzz(xz)Pu.(x) {2COSf2az"al"'P) }

+
C(224J011)kzokzlkupzc(xl)le(xz)le(x) {2005(025'9) }
+

c(224,2- 20)]{222ka22(‘( 1P, (X, )];'-‘w(k(){2:::05(*2&2 3,5}
+
= C(224,1-10)k,,? k.DPZL(Xl)Pn(XZ)P.O(X) {2cos(~a,+a,)}

C(224:0,0,0)k,,? kazo(Xl)on(Xz)P.o(X) (2.24)
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CHAPTER THREE
RESULTS AND DISCUSSION

We have performed g3 series of test Calculations on our
pair potentials. 1n all cases we have given comparisons with
LJ and GB potentiails. | The potentials are scaled with respect
to the corresponding potential depths for side~by-side
¢o;figurations.

In all the diagrams series 1, series 2, ang series 3
Correspond to LJ, GB, and Our potential models respectively,
For brevity ws shall refer to our potential as ZM potential,

Figure 3.1 represents the intermclecular separation
dependence of the pair potentials for side=by=-side (3.5}
coenfiguration. The botential well depth and Separation at the
well depth are remarkably represented by our pair potential
model.  The GB potential, on the other hand, although it fits
the well depth of LJ potenﬁial, but it overestimates the
separation at the potential depth. It appears that the GB
potential is shifted by some distance indicating that the

potential is more repulsive,
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Plotted in Figure 3,2 are head~-to-tail (H, T) configura-
tion results for the three potentials, Remarkable agreement
between LJ and zmM potentials has been obtained with s.s to
H.T ratio of approximately 0.15, i.e, the side-by-side
potential well is approximately 6.67 times deeper than the
end-to-end. While the repulsive part problem found in the

previous configuration (Figure 3.1) for gB potential is

partially solved here, the well depth is much desper thar fisy

of IJ, with s.s to H.T ratio of .approximately 0. 2,4 +9i the
side-by~side Potential well is approximately 5 tinmes deeper
than the end-to-end.

Figures 3.3 and 3.4 compare the potentials for Tee (T)
and cross (X) configurations, respectively, Our potential
model fits that of LJ remarkably. The GB potential shows
significant. discrepancy both in the potential wel] and
separation at the potential minimum. This dramatic difference
between curves of series 1 and series 2 SUpports the view that
the GB model has Some gualitative deficiencies probably
resulting from the use of only two configurations, namely
side-by-side andg head-to-tail, to fit a1l the parameters used

in their potential.
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For further comparison the above three potentials have
been tested on five additional cases. These cases include:
rotation from side-by-side to head-to-tail maintaining the
molecules parallel, rotation from side-by-side to head-to-tajl
through a Vee configuration, rotation from side-by-side to a
Tee configuration, rotation from head-to-tail to a Tee

configuration, and the rotation from side-by-side to a crossed

configuration. The results of maximum well depth (a) ang’ '~

separation at maximum well depth;(b),ara.given;in gigg;gg 3.9

3.6, 3.7, 3.8 and 3.9 for the above five cases respectively.
On the average the ZM model potential represents the LJ
potential better than the GB poterntial model. The fit can be
improved by considering additional critically important
configurations and including higher-order spherical harmonic
terms in the expansion of strength and range parameters.

The computational time required to evaluate the
potentials of 10,000 randomly generated configurations was
ietermined. ' The results for LJ, GB and ZM are in the ratio
8:1:1 respectively,

It should be mentioned that the zZM potential also shows
1 high degree of flexibility. Ten-site molecules have been
itudied. The corresponding strength and range coefficients
lave been determined. The results compare very well with the

orresponding LJ models.
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Fig. 3.5. Comparison of the a) maximum weil depth, and b) s8eparation at

maximum well depth for LJ, QB, and ZM potentials as function of angle
for the planar cenfiguration shown above.
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Fig. 8.7. Comparison of the a) maximum well depth and b) separation at

maximum well depth for LJ, GB, ZM potentials as functiona of angle
for the planar configuration shown above.
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In summary, three potentials have been compared
according to the nunmber of paraneters and their
determinations. In the three cases the well depth, €, and the
range parameters, ¢, are determined as reduced units with
respect to €, and 0,. IJ potential has only two parameters €

and o. GB potential is characterized by o, 0.,€,, €., X; X

v, and p parameters. IM potentlal is determined using Oueo:

Gozas Ozz0r Tazzs Oazs €ooos €orar Eazor Eamar ‘and €,,. parame LYE T

potential contains ten parameters. These parameters. are
evaluated easily by fitting o and e of our potential tomfﬁét
of LJ potential. As we have seen in the computational detalls
these parameters are determined by solving a set of linear
equations using conijugate gradient minimization methods. The
GB potential, on the other hand, contains about eight
parameters. In addition to there is no simple clear
mathematical procedure to determine these parameters, The
simple mathematical procedure used to determine ZM potential
parameters makes it more competent and easy to be appliéd to

different configurations and sites.
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Table 3.1. The potential well depth and the separation
at zero potential calculated using LJ potential
for S-S, H-T, T and X configqurations,

potehtial . SN o ,7_:-;‘: .__.._':' o e . .7:_..‘:»}:.“'_{_:‘_ SRR T o L ::_. LT

parameters 5-5 H=-T T X

€ (ru,u,) ~8.79852 | '=1.32091 | ~3.22390:}:. =7.61438.
g(rw,w,) 0.95549 2.98290 1.91236 0.83892

Table 3.2. The Goefficients of the well depth and the
separation at zero Potential determined to
minimize.the_corresponding error function,

Strength Coefficients Range Coefficients
€ 500 =.23244592E+03 Fooa +70389342E+02
€022 »2341785S0E+02 Toza +61391961E+01
€320 =.12241262E+02 T 220 =.90241715E+01
€322z =,15379991E+00 T2z »28821168E+01
€224 =.31720260E+01 Taz2s +35789736E+01
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CHAPTER FOUR

CONCLUSION

We have used generalized Spherical harmonlc functlons to:

develop @ pair potential which is flexible. fThe flexlblllty

of the potential has been tested using more sites, and can b

modelled to accurately fit the Lo potential, It appears
prom¢51nq tc model nonhcyllndrlbally symmetric molecules,
We have shown that the overall) agreement between our

potential and LJ is remarkable, #ost of the important
|

quantitative features, strength and raqge parameters of the LJ
potentials have been correctly predictéd for different types
of configurations. 1In addition, our ;btential combines the
accuracy of LJ potential and the computdtional,speed of the GB

potential,
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APPENDIX A1l

Some properties of Wigner Rotation Matrices and related

functions.

Wigner rotation matrix is given by
D‘-k(afBrY)=e_1“ @ i d*u(B) (Al.1)
where the reduced rotation matrices are given by

(C&+m) I (l-m)!(e-k)!(e+k)!1t2
d*m(B)=L (-1 cos(B/2)* sin(B/2)¥
(E+m-t)!(2-k-t)! (L+k-m)!

(Al,.2)
where

x=2£8+m-k-2t, y=2t-m+t

FOor centerosymmetric molecules XK = 0, then
Dfwol(a,B,y)=e= g (B) =(-1)"(4m/(21+41) 1** ¥, (0) (Al1.3)
D‘_c,(cz,B,.'y)=(--l)"[(I’.—m)1/(£+m)!]”2 P,(cosB)e'™ (31.4)

Yeu(Ba) = (=1)® ((2£+1)/[47(2+m)!]) P (cosh) et (a1.5)

where
1 d*!= (cos?B~1)*

P,"(cosB) = — (1-cos2p)I= /2 (Al1.6)
2t d(cosB)*I=

ls called Legender Polynomial“2,
Pem = (-1)%, (a1.7)

“e-m = (C1)MY, (Al.8)

\/




46

APPENDIX A2

This appendix contains some of the important harmonics,
Clebsch Gordan Coefficients (CGC) and Legender Polynomial
functions that have been used in our potential for the

determination of S.,. functions.

Table(A2.1): Some of the lower-order harmonics

T B

Y. (0,9)

m

0 (L/4m)1/2

0 (3/4m)** cosB

1 F(3/87w)"* sinb exp(zip)

0 (5/4m)*3(1/2) (3cos® - 1)

1 | #(5/47)Y2(3/2)Y? s5inB cosyp exp(*ig)

2 (5/4m)**(3/8)"? sin*@ exp(*i2ey)

0 (7/4m)*3(1/2) (5co0s’® - 3cos8)

1 | #(7/47)V?(3/16)7? sinB(5cos?0 - 1) exp(tip)
+2 (7/4m)*3(15/8)"* sin®0cosH exp(tiz2e)

3 | #{(7/47)*?*(5/16)"* sin’0 exp(tilep)

0 (9/4m)**(1/8) (35cos‘® - 30cos?8+3)

t1 | #(9/47)"2(1/80)*/* sin@(35cos%0 - 15cosH) exp(itp)
2 (9/4m)"2(5/32)*% sin®8(7cos®0 =~ 1) exp(i2typ)
3 | #(9/47)*?(105/48)"* sin’® cos® exp(+ile)

+4 (9/47)*/2(105/384)** sin*® exp(+idy)
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Table(A2.2): Some of the non-zero Clebsch-Gordan Coefficients

(CGC)
£, 2, £ m, m, m C(e,,2,,¢;m ,m,,m)
0 0 0 0 0 0 +1
0 1 1 0 0 0 +1
0 1 1 0 1 { 1 +1
o |2 24 o | o . o0 1
0 2 2 0 1 1 +1
0 2 2| o 2 2 4
1 1 0 1 -1 0 +1/4 3
1 1 0 0 0 0 -1/(3
1 1 1 0 1 1 -1/ 2
1 1 1 0 -1 -1 +1/0 2
1 1 1 1 0 1 +1 /0 2
1 1 2 0 0 0 +2/16
1 1 2 0 1 1 +1// 2
1 1 2 1 -1 0 +1// 6
1 1 2 1 0 1 +1 /42
1 1 2 1 1 2 +1
1 2 1 0 0 0 -2//10
1 2 1 0 1 1 -/ (3/10)
1 2 1 1 -2 -1 + (3/5)
1 2 1 1 -1 0 + 3/10
1 2 1 1 0 1 +1/Y10
1 2 2 0 1 1 -1//6
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Table (A2.2): continued

e, 2, L m, m, m c(e,,e,,¢;n, ,m,,m)
1 2 2 0 2 2 -2/ 6
1 2 2 1 -2 -1 +1//3
1 2 2 1 -1 0 +1/4 2
1 2 2 1 0 1 +1/4 2
1 2| 2| 1 1 2 5 ¥k B
2 2| o 0 0.4l .0 +1/(5
2 2 0 1 -1 0 -1/ 5
2 2 0 2 -2 0 +1/¢5
2 2 1 0 1 1 + (3/10)
2 2 1 1 -2 -1 +1//5
2 2 1 1 -1 0 ~1/410
2 2 1 1 0 1 \-$(3/10)
2 2 1 2 -2 0 +2/410
2 2 1 2 -1 1 +1/4 5
2 2 2 0 0 0 - (2/7)
2 ) 2 0 1 1 +1/Y 14
2 2 2 0 2 2 +2/4 7
2 2 2 1 -2 -1 + (3/7)
2 2 2 1 -1 0 +1// 14
2 2 2 1 0 1 -1/ 14
2 2 2 1 1 2 ~ (3/7)
2 2 2 2 -2 0 + (2/7)
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Table (A2.2): continued

2, £, £ m, m, m C(€,,2,,¢;m,m,,m)
2 2 2 -1 1 + (3/7)
2 2 2 0 2 + (2/7)
2 4 0 o| o ST e
2| 4 0 R S +4(343)ﬁﬁ§__
2 4 0 2 2 +3// 42 )
2 4 1 -2 -1 +1/7 14
2 4 1 -1 0 +4 /Y 70
2 4 1 0 1 + (3/7)
2 4 1 1 2 +2/47
2 4 1 2 3 +1/4 2
2 4 2 -2 0 +1 /4 70
2 4 2 -1 1 +1/v 70
2 4 2 0 2 +3/4 42
2 4 2 1 3 +1/4/ 2
2 4 2 2 4 +1
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Table(A2.2): Continued

£, £, £ m, m, m C(e,,¢,,2;m,m,,m)

2 4 2 2 -4 -2 +4.47214

2 4 2 1 -3 -2 -1.05409

2 4 2 0 2 2 +.34503

2 4 2 1 1 2 -.19920

2 4. 21 2.} © |.2& +.08909

2 4 2 2 -3 -1 +3.16228

2 4 2 1 | =2 | -1 ~1,13687

2 4 2 0 1 1 +.48795

2 4 2 1 0 1 -.35635

2 4 2 2 -1 1 +.19920

2 4 2 2 -2 0 +.34503

2 4 2 1 -1 0 -.48795

2. | a 2 0 0 0 +.53452

2 4 4 2 2 4 +.33029

2 4 4 1 3 4 -.61791

2 4 4 0 4 4 +.71351

2 4 4 2 1 3 +.49543
|2 4 4 1 2 3 -.58387
t2 4 4 0 3 3 +.17838

2 4 4 1 -4 -3 +.61791

2 4 4 2 0 2 +.59216

2 4 4 1 1 2 -.39723
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Table(A2.2): Continued

2, £, £ m, m, m c{e,,8,,2;m ,m;, m)

2 4 4 0 2 2 -, 20386

2 4 4 1 -3 -2 +.58387

2 4 4 2 -4 -2 +.33029

2 |4 o 4f 2. -1 | 2 | +.62819

2 4 4 1 0 1 -.13957

2 s Al o 1 1 Ce,43%200

2 4 4 1 -2 -1 +.39723

2 4 4 2 =3 1 +.,49543

2 4 4 2 -2 Q +,59216

2 4 4 1 -1 0 +.13957

2 4 4 0 0 0 -.50865

2 4 6 2 4 ) +1.00000

2 4 6 2 3 5 +.81650
12 4 6 1 4 5 +.57735
‘2 4 6 2 2 4 +.65124

2 4 <] 1 3 4 +,69631
_2 4 6 0 4 4 +.30151

2 4 6 2 1 3 +,50452

2 4 6 1 2 3 +.71351

2 4 6 0 3 3 +.46710

2 4 6 | -1 4 3 +.13484

2 4 6 2 0 2 +.37605
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Table{(A2.2): Continued

£ L, £ m, m, m C(e,,¢,,¢;m ,m,,m)
2 4 6 1 1 2 +.67270
2 4 6 0 2 2 +.58258
2 4 6 | -1 3 2 +.25426
2 4 6 [ -2 4 2 +.04495
2 | a 6| 2 | -1 | 11" s.oes8r |
2. 4 6 1 f .0 1 +.59459 ks
2 4 6 0 1 1 +.65134 ’
2 4 6 | -1 2 1 +.37605
2 4 6 | -2 3 1 +.10050
2 4 6 2 -2 0 +.17408
|2 4 6 1 -1 0 +.49237
2 4 6 o | o 0 +.67420
4 2 2 4 -2 2 +.74536
4 2 2 3 -1 2 -.52705
4 |2 2 2 0 2 +.34503
4 2 2 1 1 2 ~.39841
4 2 2 0 2 2 +.53452
4 2 2 3 -2 1 +.52705
4 2 2 2 -1 1 -.56344
4 2 2 1 0 1 +.48795
4 2 2 0 1 1 -.71270
4 2 2 1 -2 -1 +1.19523
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Table(A2.2): Continued

e, e, [ m, m, m C(e,,8,,2:m ,m,,m)
4 2 2 2 -2 0 +.34503
4 2 2 1 -1 0 ~.48795
4 2 4 4 o | a +.71351
4 2 4 3 1 4 -.61791
4 2 a | 2 2 | a4 | F 3569y
4 2 4. a -1 3 +.61791
4 2 4 3 0 3 +.17838
4 2 4 2 1 3 -.58387
4 2 4 1 2 3 +.49543
4 2 4 4 -2 2 +.33029
4 2 4 3 -1 2 +.58387
4 2 a 2 0 2 -.20386
4 2 4 1 1 2 -.39723
4 2 4 0 2 2 +.59216
4 2 a | 3 -2 1 +.49543
4 2 4 2. | -1 1 +.39723
4 2 4 1 0 1 ~.43320
4 2 4 0 1 1 -.13957
4 2 4 1 -2 -1 +.62419
4 2 a 2 -2 0 +.59216
a 2 4 1 -1 0 +.13957
4 2 4 0 0 0 -.50965
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Table(A2.2): Continued

2, 2, 2 m, m, m C(e,,¢,,¢:m,,m, ,m)
4 4 0 4 -4 0 +.33333
4 4 0 3 -3 0 -.33333
4 4 o] 2 -2 0 +.33333
¢ {4l ol 1| 0 -.66667
4 4 0 0 0 0 +2,00000
0 4 " 0 2 4 +1.00000 "
0 4 4 0 3 3 +1.00000
0 4 4 0 2 2 +1.00000
0 4 4 0 1 1 +1.00000
0 4 4 0 0 0 +1.,00000
4 0 4 4 0 4 +1.00000
4 0 4 3 0 3 +1.00000
4 0 4 2 0 2 +1.00000
4 0 4 1 0 1 +1.00000
4 10 4 0 0 0 +1.00000
4 4 2 4 -2 2 +.24618
4 4 2 3 -1 2 -.36927
4 4 2 2 0 2 +.44137
4 4 2 1 1 2 -.93048
4 4 2 0 2 2 +2.64820
4 4 2 1 -3 -2 -.36927
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Table(A2.2): Continued

g, 2. £ m, m, m c(é,,¢,,;m,,m,, m)
4 4 2 2 ~4 -2 +.24618

4 4 2 4 -3 1l +.46057
14 4 2 3 -2 1 -.43519

4 4 2 2 -1 1 +.29608

4 4 | :ré; ' imu B O TR RV DT { (- S
4 4 A1 2 0 S I S "*%ﬁ%%??ﬁvg;
4 4 2 1 -2 -1 +.2966é o
4 4 2 2 -3 -1 -.43519

4 4 2 3 -4 =1 +.46057

4 4 2 4 -4 0 +.53182

4 4 2 3 =3 0 -.13295

4 4 2 2 -2 o -.15195

4 4 2 1 -1 o +.13295

4 4 2 0 0 o -.41786

4 4 4 4 0 4 +.31289

4 4 4 3 1 4 -.49473

4 4 4 2 2 4 +.56097

4 4 4 1 3 4 -.98945

4 4 4 0 4 4 +1.87736

4 4 4 4 -1 3 +.49473

4 4 4 3 0 3 -.46934

4 4 4 2 1 3 +.18699
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Table(A2.2): Continued

e, £, ¢ m, m, n c(e,,2,,2:m, ,m,,m)
4 4 4 1 2 3 -,18699

4 4 4 0 3 3 -.31289

4 4 4 | -1 4 3 +2.96836

4 4 4 4 -2 2 +.56097

4 4 4 3 -1 2 BEPE 11 T R R
4 | 4 4 2 0. .| 2 me24584
4 4 4 1 1 2 +.21203 |
4 4 4 0 2 2 ~.62579

4 4 4 | -1 3 2 +1,12194

4 4 4 | -2 4 2 +3,36581

4 4 4 4 -3 1 +.49473

4 4 4 3 -2 1 +.18699

4 4 4 2 -1 1 ~.42405

4 4 4 1 0 1 +.11175

4 4 4 0 1 1 ~.22350

4 4 4 | -1 2 1 -.21203

4 4 4 | -2 3 1 +2.61785

4 4 4 | -3 4 1 +2,96836

4 4 4 4 -4 0 +.31289

4 4 4 3 -3 0 +.46934

4 4 4 2 -2 0 -.24584

4 4 4 1 -1 0 -.22350
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Table(A2.2): Continued

2, £, £ m, m, m C(e,,¢e,,¢;m ,m;,m)
4 4 a | o 0 0 +.13857

a 4 6 | 4 2 6 +.51640

4 4 6 | 3 3 6 -.68313

4 4 6| a 1 5 +.63246

4 4 sl 3 | 2 s RS | £ 4 3 SR
4 4 6| & 0 4 . 460302 . .
4 4 6 3 1 4 +.09535
4 4 6 2 2 4 -.50452

4 4 6 | 4 -1 3 +.49237

4 4 6 3 0 3 -.68313

4 4 6 2 1 3 ~.32567

4 4 6 4 -2 2 +.34816

4 4 6 3 -1 2 +.52223

4 4 6 2 0 2 +.64324

4 4 6| 1 1 2 ~.46057

s | a 6| 4 -3 1 +.20597

a 4 6 | 3 -2 1 +.50602

4 4 6 2 -1 1 +.30896

4 4 6 1 0 1 ~.32567

4 4 6 4 -4 0 +.08989

4 4 6 3 -3 0 +.38205

4 4 6 2 -2 0 +.49441
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Table(A2.2): Continued

2, 2, [ n, m, m C(eL,,¢,,8;m,,m,,m)
4 4 6 1 -1 0] -.02247

4 4 6 0 0 ¢} -.44947

4 4 8 4 4 8 +.00254

4 4 8 4 3 7 +.00720

4 4 8| 4 2 6 +.01831 e
4 4 8 3 3 6 -.68313
4 4 8 4 1 5 +.04578 |

4 4 8 3 2 5 +.09157

4 4 8 4 0 4 +.05097

4 4 8 3 1l 4 +.12896

4 4 8 2 2 4 +.170569

4 4 8 4 -1 3 +.02943

4 4 8 3 0 3 +.09307

4 4 8 2 1 3 +.15573

4 4 8 4 -2 2 +.,01537

4 4 8 3 -1 2 +.06148

4 4 8 2 o 2 +.12859

4 4 8 1 1l 2 +.16266

q 4 8 q =3 1 +.00687

4 4 8 3 -2 1 +.03637

4 4 8 2 -1 1 +.09623

4 4 8 1 0 1 +.15215
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Table(A2.2): cContinued
R S L - SRR ; _("'F:;-E‘;{e:@'{-fh-;',-5.“,_5‘_'-« .

2, £, 2 m, m, m c(e,,2;,8;m ,m,,m)

s | sl o | -4 | o +.0022077 7
4 4 g | 3 -3 0 +.01833
4 4 8 | 2 -2 0 +.06415
4 4 8 | 1 -1 0 +.12830

4 4 8 0 0 0 +.16038
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Table(A2.3): Some of the lower Legender Polynomial functions

I

£

P,* {cos8)

1
cosB
sinf

1/2 (3 cos?@ - 1)

'3 sinfoos®

3 Sinaﬂ e R

1/2 (5 cos’® - 3 cosB)

1/2 sinB(15 cos?6 - 3)

15 sin*Bcosb

15 sin’6

1/8 (35 cos*8 - 30 cos?Q +3)

1/2 sind (35 cos®® - 15 cos)

1/2 sin®B(105 cos®*@ - 15)

105 =in@°*6cos6

105 sin‘®

1/16(231 cos®8-315 cos*6+105 cos?@-5)
1/8 sinB (693 cos®8-630 cos’8+105 cos8)
1/8 sin®@ (3465 cos'8-1890 cos%6+105)
1/4 sin®8 (6930 cos*@ - 1890 cosf)

1/2 sin'® (10395 cos*@ - 945)

10395 sin®8 cosH

10395 sin®d
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Table (A2.3) continued

L m - PM(cosB) .

8 o 1/128 (6435 cos’d ~.12012 003‘3"'@:%3;@“5'9 T
1260 cos®® + 35)
g8 1 1/16 sinB (6435 cos’@ - 9009 cos®® + 3465 cos’0 -
315 cosh)
8 2 1/16 sin®0 (45045 cos® - 45045 cos‘G + 10395 cos?0
- 315)

8 3 1/8 sin®@ (135135 cos®8 - 90090 cos’® +10395cos0)

8 4 1/8 sin'® (675675 cos'® ~ 270270 cos®6 + 10395)
8 5 1/2 sin®g (675675 cos®8 - 135135 cosB)

8 6 1/2 sin®8 (2027025 cos?6 - 135135)

8 7 2027025 sin’8 cos@

8 B 2027025 sin'd
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APPENDIX A3

This Appendix explains the calculation details for

some lower-order Spherical Harmonic Functions.

Here for

brevity the Legender Polynomial functions are designated as:

P”(CQS»_B) = Py,(X)
Pyy(cosB,) = P;4(X1)

Pll(kéj;'”'”

P,,(cos8,)

A3.1 DETERMINATION OF Sons
Soco =Loco C(000;000) Yoo (0,) Yoolw,) Yoo'(w)
= (L74m)™2 (1/4m)*2 (1/47)22
= (1/4m)>2
A3.2 DETERMINATION OF §,,,:-
S22 = Luio.m C202:M,,0,m) Y0 (0,) Youa(0,) Yo' ()
from Eq 2.8
when 2, = 2 the values of m, = -2,-1,0,1,2

£, 0 the value of m, =0

€ = 2 the values of m=-2,-1,0,1,2

(A3.1)

The values of orders m,,Mm, and m that make CGC not equal

‘€ro are determined from Eg 2.7 and tabulated below

m | -2 -1 0 1 2

m, 0 0 0 0] o

m -2 -1 0 1 2
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Sio> = Loa C{202;-20-2) v, (u,) Yoo(02) Yau'(w) (A3.2)
= Yoo (0,) { C(202:-2,0,—2)YLq(w1)¥La'(m)
+ C(202:2,0,2)Yaa(m1)YL,‘ﬂo)
+ C(202;—1,0,-1)YLq(m1)Ym_f(m)
+ C(202:1,0,1)Y, ,(0,)Y,,,.(0)
T €(20250,0,0)Y,,4(0,)Y,,0 (0) ) (A3.3)
For m = + 2
a ='Ctzoz':z,o,é‘):'{'v;.;('i'a;)'v;;(i;{zﬁt) (0)Y,0(0)

Yz.-‘z(ﬂ:.)voo(“a)(Qtjya;-z-(w)}”{f L 7(A3°4)

kzzpzz(xl)exP(izal) kzzpzz(xl)exP(-i2a1)

= C(202,202) |KooPyo (X,) + KooPoo( X,)
K22P22(X)exp(-iz2yp) K22Po(X)exp(izeyp) (A3.5)
we have
exp(ima) = cos(ma) + isin(ma) (A3.6.a)
exp(-ima) = Cos(ma) - isin(ma) (A3.6.Dh)
exp(ima)|+ exp(-ima) = 2Ccos (ma) (A3.6.¢)

substituting Eq A3.6.c into Eq A3.5 we get

a =C€(202,202)k,,? kmﬁkz(xl)Pm(Xz)Pn(X){2005(205‘2¢)} (A3.7)

For m = + 1
b = C(202:1f0.l){Yal(wi)Ym(wz)(ml)Y;A‘(m)
+

'Yz,-x(wzl)yoo(mz)((01)‘1’2,-1‘(”)} (A3'8)

k21P21(x1)exp(ia1) k?lpzl(xl)exp(-ialj
= C(202,101) KooPoo( X,) t KooPoo(X,)
Ka1Pa (X)exp(-ip) KaPs (X)exp(ip) (A3.9)

Eq A3.6.c into Eq A3.9 gives
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= €(202,101)k,,? kooPn(X,,)Poo(X,)Pu(X){ZCos(a,-(p)} (A3.10)

For m = ¢
c = 0(20270roio)yz,o("h)Yoo(mz)yz,o‘(w) (A3.11)
= C(202;01010)k20: on(xl)Poo(xz)on(x) (A3. 12)

Then S,,, will be obtained by substituting Eqs A3.7,

A3.10 and A3.12 into Eq A3.2,

S:s = €(202,202)k,,2 k';;é;;fk')'P;O(X'");ii;;‘??t’)”t266&-'(5&1—”263 y

C(202,101)k,?: k»Pn(xr)Pw(Xz)Pu(x)[Z%S(aﬁ@)} s
C(202;0,0 10)K,.2 kazo(Xl)Pm(Xz)on(x)
(A3.13)
where
Kew = (-1)" {{28+1) /[4m(e+m) ! ])re2 (A3.14)
and P,* is determined from Eq Al.6 and some values are
tabulated in table (A2.3).
A3.3. DETERMINATION OF S,,,:-
S022 = Lomze C(02270,m,,m) Yo (0:) Youo(0,) Y.."(0)

from Eq 2.8

il
(]

when 2, = 0 the values of m,

Il

2, 2 the value of m, = -2,-1,0,1,2
£ = 2 the values of m = ~2,=-1,0,1,2
The values of orders m,,m, and m that make CGC not equal zero

re determined from Eq 2.7 and tabulated below

m, [ o 0 0 0 o
m, | ~2| -1 0 1 2
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Sezz = Lusm C(022;0,m,,m) Y. (0,) Yool 0:) Yau'(0) (A3.15)
= Yoo(w,) { C(022:0,-2.-2)Y,,-z(wz)l’=,-z'(w)
+ C(022;0,2,2)Y2,2(02)Y2,;(¢a)
+ C(ozz:o,-l,-l)Yz,_l(wz)Yz,-l‘(to)
* €(022;0,1,1)Y, ,(0.)Y, ,*(0)
+ ccozz:o,o,0)!,,0(.«.;,)2.,0‘(«;) } (A3.16)

Form =+ 2

a = C(0227022) (Y, (0,)Y,. (0.} (0¥, (0)
+

- Yeo(04) Yo a(0,) (80 Y, "( @)} r(*%% ;

KooPoo(X,) KooPoo(X,)
= C(022,022) kzzpzz(xz)exp(izaz) + kuPu(Xz)exp(-izaz)
K22P2o(X)Yexp(~i2yp) K22Poo(X)exp(izp) (A3.18)
substituting Eq a3.6.c into Eq A3.18 we get

a = C(022,022)k,,? kooPoo(Xl)Pzz(xz)Pzz(X){2005(202*2‘0)} (A3.19)

For m =+ 1
b = C(022:011){Yo,o(wl)Yu(mz)(ml)Yz,l‘(w)
+

Yo,0(01) Y5, (0:) (0,) Y, " (0) ) (A3.20)

kOOPDO(Xl) kOOPOO(Xl)
= C(022,011) KaPa(X,)exp(ia,) + KuPo (X:)exp(~ia,)
k21P21(x)exp(-i"p) kzlpn(x)exP(in) (A3‘21)

Eq A3.6.¢c into Eg A3.21 gives

b = c(022,011)k,,2 koopoo(xl)le(xz)le(x){zcos(az"p)} (A3.22)
For m = ¢
c = C(022;000)Ym(ml)Yzo(mz)Yalo‘(m) (A3.23)

C(022:‘0:0;0)kzozkooPoo(X1)on(xz)on(X) (A3.24)




66
Substituting Eqs A3.19, A3.22 ang A3.24 into Eq A3.15
So22 can be calculated as below
Sozz = C(022,022)k22’k°°P00(X,)PZi(Xz)Pn(X){2cos(2a2—2tp)}
C(022;011)kn’kooPoa(X;)Pn(Xz)Pn(X){2008(0!;-(0)}
€(022;0,0,0)k,,2 kooPoo(;l)on(x,)Pm(X) (A3.25)
A3.4 DETERMINATION QF S,02—

s220 = Ellfl?,o c(zzo’.m2lmllo) Ym(ml) Ym(ml) Yh.(m)

SREmE

from Eq 2.8
when £, = 2 the values of.m, = =2,-1,0,1 PR R L s
€, = 2 the value of m, = -2,-1,0,1,2
£ = 0 the values of m=0
The values of orders m ,m, and m that make cgc not equal zero

are determined fron Eq 2.7 and tabulated below

m, -2 -1 0 1 2
m, 2 1 0 =1 | =2
m 0 0 0 0 0

220 = Laiea C(220:m,,m,,0) Yom(0:) Youa(0) Yo'(0)  (A3.26)
= Yo' (@) { C(220:-2,2f0)Yz,-z(ml)Yz.2(mz)
+ C(220:2,—2,O)Yz,z(wl)Yz,-z(mz)
+ C(220;—l,l,O)Yz,_l(ml)Yu(mz)
+ C(zzo;l,-1,0)YL1UM)YLq(mﬂ

+ C(220;0,0,0)Yz,o(ml)Yz,o(mz) } (A3.27)

Form = + 2
a = C(220:2-20){Yzz(ml)\’z-z(mz)(wl)Yoo‘(w)
+

Y22 (02) Y22 (02) (0,) Yo' (@) ) (A3.28)
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kaaPaa(X,)exp(i2e,) KaaPaa (X, ) exp(-i2aq,)
= C(220,2-20) kaszz(X,)exp(-—i2az) + kuPzz(X,)exp(iZOt,
KooPoo{ X) kooPm(X) (A3.29)
substituting Eq A3.6.c into Eq A3.29 we get
a=C(220,2—20)]{222koona(Xl)Pzz(XZ)Poo(X){ZCos(-2a2+2al)}(A3.30)
For m = + 1 ’
b = 0(22031"‘10){Yn(ﬂnf)yz-t(@z-z(Qt‘)"yoo-(“)“-"~"-"' T e

YZI(QI)YZ-J.(Q:)(ml)YOO‘(m)} oL (A3-3]_-)

k21P21(x1)exp(ia1) k21P21(X1)exp(-ial)

I

C(22011_10) k21P21(X2)exp(-iaz) + kzlpzl(xz)exP(iaz)
KooPoo( X) KaoPoo( X} (A3.32)
substituting Eq A3.6.c into Eq A3.32 we get

b =C(220,1-10)k,,> koonl(Xl)Pu(Xz)Poo(X){2003(‘az+al)} (A3.33)

For m = ¢
c = C(022;000)Yzo(wl)Yzo(mz)Yoo*(m) (A3.34)
= C(220;0,0,0)k202 koopzo(xl)on(xz)Poo(X)r (A3'35)

Substituting Egs A3.30, A3.33 and A3.35 into Eq A3.26
S,.6 can be calculated
3220 = C(220,2-20)kn2]QmPn(Xl)Pn(Xz)Pm(X){2cos(—2ai+2al)}
C(220,1-10)k,,? kau(xliPu(Xa)Pm(X){2cos(-ai+ag}
+

C(220;0,0,0)k,,> KooP20(X1) P2o(X,) Poo (X) (A3.36)

3.5. DETERMINATION OF I

5220 = Eu,u,- C(222;mum21m) qu(('h) qu(mz) Yz-‘((‘))
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from Eq 2.8
when €, = 2 the values of m, = -2,-1,0,1,2

£,

il

2 the value of m, = -2,-1,0,1,2
€ = 2 the values of m = -2,-1,0,1,2
The values of orders M ,m, and m that make cgc not equal zero

are determined from Eq 2.7 and tabulated below

nl dg ay e P 0 o ey 1\ s

M1=2 -1 0[-2-101[210 -1 -2 210 -1

mlo -1 -2)10"1 5] 5 -1012|-101 >

Form= ¢+ 2
X = a2z C(222im1,m2,2) v, (u,) Yamo (03) Y,,"(w)
L a2 C(2227m1,m2,-2) Yo (02) Yana(9,) Y.*(0)  (A3.37)
a = C(222i2,0,2){Yz,z(wl)Yz,o(mz)Yzz'(w)ﬂ;,-z(wl)Yz.o(wz)Yz-z‘(w)}
b = C(222:0,2,2){Yz,ocwx)Yz,z(mz)Yz;(w)w,,o(ml)vz,-g(mz)Yz-;(w)}

c = c(222;11112){Yz,l(mx)Yz,l(mz)yzzi(m)"'yz,-l(ﬁh)Yz,-l(mz)yz-z.(w)}

K22Paa(X,)exp(iza,) K2:P2a(X,)exp(-i2a,)
2 =C(222,202) |K,,P,0(X,) + KaoPuo(X.)

K22P22(X) exp(~12¢) k2P (X)exp(i2ep) (A3.38)
substituting Egq A3.6.c into Eq A3.238 we get

a = C(222,202)k,,? kzonz(Xl)on(Xz)Pzz(X){2005(20:2&0)1 (A3.39)

kzopzo(xl) kzopzo( X,)
= C(222,022) kzszz(Xz)eXP(iZGz) + kzszz(Xz)EXP(-iIZGz)
kzszz(X)eXP('imP) kzzpzz(x)eXp(iz‘p) (A3'40)

ubstituting Eq A3.6.c into Eq A3.40 we get

S
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b =c(222,022)k,, K20P20( X, ) P,y (X,) P,o ( X) (2cos(2a,-2¢)) (A3.41)

kanPa (X, )exp(ie,) KaPa (X, )exp(-ia,)

0
Il

C(222,112) KuPa(X,)exp(ie,) + k2P (X,)exp(~ia,)

k22P2.(X)exp(~i2¢) k2Paa(X)exp(i2p) [ (a3 +42)

subst—ituting Eq A3,6.¢ into Eq A3.42 we get
c = 0(2..220112)]5:12'k:apn(xﬂpn(xa)l’n(x){3‘303(‘3:*'“142#)} (A3.43)

For m = 0

y=I .;,.z,l;'?é"f'fré?:ml,mzf,0) You(0,) Yoo 0:) Yaoo( @) (3344)

b

I

a c(222;21-2r0){Yz,z(wl)Yz,—z(mz)yzo.(m)
+
Yo, (03) Y2 2(0,) V0" (0) )

C(222"1f-llo){Yz,l(ml)y2,-l(m2)y20.(m)
+

o
]

Yz,-l (0, ) Yz,l(mz ) Yzo*(w) )

c = C(222;0101O)Yz,o(ml)yz,o(mz)yzo‘(w)

(A3.45)

K22Poa (X, )exp(i2a,) kzszz(Xl)eXP(‘iZ‘al)

C(222,2-20) kzszz(Xz)exp(-.iZcza) + kzszz(Xz)exp(iZQE)
K20P20(X) K2aPao( X) (A3.46)

substituting Eq A3.6.c into Eq A3.46 we get
=C(222,2-20)k,,? k,oPn(xl)Pn(xz)on(X){2cos(—2a2+2a1)} (A3.47)
kKaPa(X,)exp(ia,) Ka1Pa (X, ) exp(-ia,)
C(222,1-10) ~KuPy(X;)exp(-ia,) + KaaPa (X,)exp(ia,)
K20P20( X) K20P20(X) (A3.48)
substituting Eq a3.6.c into Eq A3.48 ye get
= -C(222,1—10)k212 kaoPn(Xl)Pu(ijon(X){2005(-a,+a1)} (A3.49)

¢ = €(222;0,0,0)k,,? P2o(X,) Poo(X,) Poo (X) (A3.50)
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For m = + 1
X = Lawn C(222im,m,,1) Y, (0,) Yauz(02) Y.,%(0)
+ Lotnan C(222;m,m,, ~1) ¥, (0,) Youa(02) Y, _,*(0) (A3.51)
a = C(zzz:z,-l,l){Y,,z(m,)vz,_i(mz)Yz,;(m)

Y:,-z (0, ) Yz,:. (w, ) Yz,-zi () )

b = C(222:1,0,1){Yz,xtwl)Yz,o(wz)Yz,l‘(w)
Ya,-a(0y) Yz,:( 02) Y, " (0)
¢ = C(222:0.-1:1){Ya,o(m)Ya.xwz)Y:,f(m)
Ya0(0,) Yz,:(wz )Yz, " (0))
d =

C(222;_112r1{Yz,—l(01)Y2,2(m2)yz,1*(m)
+

Yz,l(ml)Yz,—z(mz)yz,-lﬁ(m ) }

(A3.52)

Ka:Paa (X, )exp(ize,) k22P22(X1)exp(-i2al)

1= C0(222,2-11) kuPn(Xz)exp(—iaz) + -kzan(XZ)exp(iaz)
~KauPo (X)exp(-ip) KaPs (X)exp(ig) (A3.53)

Eq A3.6.c into Eq A3,53 gives

a =—C(222r2-11)k212 kzzpzz(xl)le(xz)le(X) {2COS('2al_azth)} (A3 <54}

kzxpzl(xl)eXp(iax) k21P21(x1)exp(-ia1).
1 = c(222l101) kzopzo(xz) + kzopzo(xz)
k21P21(X)exp(-i@) kzlpzl(x)eXp(i‘p) (A3'55)

Eq A3.6.c into Eq A3.55 gives
b = c(222,101)k,,? k20P21(x1)P20(x2)P21(x){2005(01_@)} (A3.56)
K0P 20 (X)) K2oP2o(X,)
= C(222,011) KaPa(X)exp(ia,) + knPn(Xz)exp(—iaz)

KaiPoy (X)exp(-ip) KaPay (X)exp(ip) (A3.57)
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Eq A3.6 ¢ into Eq A3.57 gives

C = C(222,011)k,,* kzoPao(X;)Pn(xz)Pn(x)(2005(02"'0)} (A3.58)

kaPa (X, )exp(~ia,) kP2 (X,)exp(ia,)
d =C(222,-121) K2oP.o(X,)exp(2ia,) + ~K2.P2, (X ) exp(-2ia,)
—KaPa (X)exp(-igp) KPPy (X)exp(ie) | (A3.59)
Eq A3.6.c into Eq A3.59 glves 7
a=-c(222, ‘121)k=1’kzan(X )Pzz(x )Pu(x){ZCOS(Zaz-ar@)} (A3 60)
e L e
Substitution of Egs A3.39, A3.41, A3.43, A3.47, A3.49,

A3.50, A3.54, A3.56, A3.58 and A3.60 into A3.139 dives,

S.e2 = C(222,202)k,,? KaoPaa (X2 ) Pao(X,) P,y (X) { 2¢08 ( 20,-20) )
C(222,022)k,,? kzopzotjcl)sz(xz)Pn(xy{2cos(2a2-2«on
C(222,112)k,,* kzzpncx?)Pu(xg)Pu(X) (2cos(a,+a,.,,))
+
C(222,2-~20)k222 RZOPQZ(XI)PH(XZ)PZO(X) {ZCOS(-2a2+2C!1)}
C(222_.1—10)k2.12 'k;oPn(X:;)Pu(Xz)on(X) {2cos(-a2+a1)}
€(22250,0,0)K0° Puo(X,)Puo(X,) Pao(X)
+
- C(222,2-11)k,,* KaaPaa (X3)Poa(X,) Paa(X) (2008 ( 20,-,-p))
- C(222,-121)k,,® kzszl(Xi)Pn(Xz)Pn(X){2005(2a2—a1—tp)}
¢(222,101)k,,? KaoPau(X,) Pao(Xa) Pas (X) (208 (a,-9) )
€(222,011)Kas™ KaoPao(X,)Poy(Xs) P, (X) { 208 (,-p) )

(A3.61)
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A3.6. DETERMINATION OF S

-
2234 *

S220 = Lz C(224;m,,m,,m) Yo (0:) Youa(0,) Y,.*(0) (A3.62.a)
from Eq 2.8

when £, = 2 the values of m, = -2,-1,0,1,2
£, = 2 the value of m, = -2,-1,0,1,2

£ = 4 the values of m= —4,-3,-2,-1,0,1,2,3,4

The values of orders I,,m, and m that make CGC not equal zero

are determined from Eq 2.7 and tabulated below

J:l -3 -2 -1 0 1 2 3 4

—2-2—1-2—10-2-101—2-—1012210-1210122

45-2-1-20-1-210—1-2210—1—2—1012012212

For m = + 4
x =L . .. C(224;m1,m2,4) Y“‘("i‘) Yoz (0.) Y,.,*(0)
Eu,mz,-qc(224:‘m1,m2r~4) Yom(0:) Youa(02) Yo *(0) (A3.62.b)
a = C(224:2,2,4){Yz,i(wlle,z(uz)Y“*(w)

Yz,—z(mx)yz,—z(‘oz)yq-qi (w)}

K22P2a(X, )exp(ize,) K22P2a (X)) exp(-i2a,)
= C(224,224) KaoPoa(X,)exp(i2a,) + knPn(xz)exp(—izag
KaPu(X)exp(-iap) KuPu(X)exp(ide)) | (a3.63)
substituting Eq A3.6.c into Eq A3.63 we get
=C(224,224)k,,? k“Pzz(Xl)Pzz(Xz)PZ,(X){Zcos(2a1+2a2—4cp)} (A3.64)
For m = + 3
=¥ m.m2,s C(2245M1,m2,3) ¥, (0,) Yora(0,) Y,.."(0)

+
E nl,m2,-2 0(224;m1:m2:-3) an(wl) Yz-z(mz) Y4—3 (('))
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a = c(224;21113){Yz,a(ml)YzA(wz)Yu.(m)
+

Yz,q(ﬁh)Yz,-l ((')z)Yha.(m) }

b = c(224;1:213){Yz,x(mx)yz,z(mz)yqa‘(m)
+

Yo (00)Y, 5 (0,)Y, " (0))
(A3.65)

KaaPaa (X )exp(iza,) kanz(Xl)eXP(-;?!ql_)‘
a = C(224,213) |k,P,,(X,)exp(ia,) + KasPo(X.)exp(~ia,) |
kaPu(X)exp(-i3p) ;... kisPos(XYexp(ide) | (k4. ¢6 y
EqQ A3.6.c into Ed A3.65 gives
a=C(224,213)kzzkzlk“Pzz(Xl)le(Xz)Pn(X){2008(20!1+012-3(p)} (A3.67)
Ka1Pai (X, )exp(ia,) KaPo (X, )exp(-ia, )
b = C(224,123) knPu(Xgexp(ziag + knPu(XQexp(-izaQ
k“Pu(X)exp(-iaw) kuP“(X)exp(iBw) (A3.68)
Eq A3.6.¢ into Eq A3.68 gives
)=C(224,2l3)kukuk“Pu(Xl)P22(X2)P43(X){2cos(al+2a2-3tp)} (A3.69)
For m = + 2

= Enl,nz,zc(224;mlfm2f2) anl(ml) Yz-z(mz) Yu.(m)
+

E,u,.z,_zC(224;ml,m2,—2) Yaul@1) You(w,) Y,..*(0) (A3.70)
a = C(224;2,o,2){yz,z(ml)yz,o(mz)yu*(m)
Ya,.2(0,)Y,,, z-mz )Y " (w))
b = C(224;()1212){YLO(ml)YLz(wz)Yu.(m)
Yoo(0)Y, , ;rmz)n-;(m) )
c =

C(224F1f1:2){Yal(wl)YLl(mz)Yu*(w)
+

YZ,-.’L(ml)Y2,-1(m2)Y4—2.(m) } (A3.71)
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kzzpzz(xx)exp(izax) kazpnfxl)exp(-iza;)

a = C(2241202) kaopao(xa) + kzopao(xz)

kiPoua(X)exp(-i2gp) KiPa(X)exp(ize) (A3.72)
substltutlng Eq A3.6.¢ into Eq A3.72 we get

I

a = C(224, 202)kzzkzokﬁpzz(Xl)on(Xz)Pu(X){2cos(2czl—2tp)} (A3.73)
KzoPs0 (X, ) KPao(X,)
= C(224,022) k,,P,,(x,)exp(iza-,.) o+ k,,P,_.,(x_.,)exp(-'iza,)' S
i =.Pz.(x)exp( ~i2¢) .aP.z(X)exp(lw) (A3_ -74)
substitutlng Eq A3 6 c 1n;§qu A3, f4 ve get o
b = ¢(224, 022)k2°k22k,2P20(X1)Pzz(XZ)P.z(X){2005(202—299)} (A3.75)
KaPoy (X, )exp(ia,) Ko Pos (X, ) exp(-ia, )
C = C(224,112) KaPa(X,)exp(ia,) + KaPay (X.)exp(-ia,)
ki:Poa(X)exp(-i2¢) KiPea(X)exp(i2o) (A3.76)
substituting Eq A3.6.c into Eq A3.76 we get
P =:C(224,112)k,,? kuPn(Xl)le(XZ)P,z(X){2cos(a2+al—2tp)} (A3.77)
For m = g |
= Lurman C(224;m1,m2,1)er(m,) Yax{©;) Y, ,*(0)

E.l,u,_l C(224:m1,m2,-1)‘{2u(m1) Yoz (02) Y, ,*(0) (A3,78)

a = C(224:2,-1.l){Yz,z(ml)Yz,q(mz)Y.,.l‘(m)
Yz,-—z("’l)YZ,j(mz)Ya,-xn(m) }
b = c(224:1,0,1) Yo (01)Y,,0(0,)Y,," (0)
Yz,-l(wl)Yz,:( 92) ¥, (w))
c = C(224:-1,2,1){Yz,-l(ml)Yz,z(wz)Y.,l‘(m)
Yz,ltwl)Yz,-zEsz)Y‘.,-J(m)}
d =

C(224;0,1,1) {Ya,o(ml)Yz,l(mz)Y.,l*(m)
+

Y2,0(01) Y., 1 (0,) Y, ,*(0)) (A3.79)
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KaPaa(Xa)exp(i2a,)  K.Po,(X,)exp(~iza,)]

a = C(224r2-11) kaxpzx(xa)exp("iaz) + "knpn(xa)e}(p(iaz)

-kuP“(x)exp(-igo) kupu(x)eXp(i"p)

Eq A3.6.c into Eq A3.80 gives

(A3.80)

a=-C(224 2-11 )k21k22kupzz(xl)le(Xz)Pu(x) {2005( 20’1"“2"'9) } (A3 .81)

KnPa (X,)eXp(ia,)  k,,P., (X, )exp(-ia,)

b = ¢(224,101) K20P1o(X2) o+ KaoPa0(X,) -
fTmhe(ie)  KuPaMexptie) | (x2.02)

Eq A3.6;éh1hto Eéwii.az gives o | v R

b = C(224,lOl)knkzokule(Xl)on(Xz)P“(X){2cos(al-(p)} (A3.83)
KaPay (X1 )exp(-ia,) =K1 Poy (X, )exp(ia,)

= C(224,-121) kuPn(XZ)exp(ziaz) + knPn(XZ)exp(—ziaJ
“kKaPa(X)exp(-igp) kKuPa(X)exp(ip) | (a3.84)

Eq A3.6.¢ into Eq A3.84 gives

3="c(222:_121)kzikzzkupn(xl)Pzz(xz)Pu(X) {2005(2(12_&1"(9) } (A3- 85)

KzoPso (X, ) K20P20 (X, )

I

kuPu(X)exp(-—itp) kupu(x)e}(p(i‘p)

Eq A3.6.c into Eq A3.86 gives

I

C(2241011)k20k21k41 20(X1)P21(X2)P21(X){ZCOS(az*lp)}
For m = 0
= Luiw20 C(2245m1,m2,0) Yo (01) Youa(0,) Yoo'(0)

a = C(224;2I_2f0){Y2,2(w1)Y2,-2(m2)Y«lo‘(m)
+

Yo,-2(0,)Y, 5 (0,)¥,0* (@) )

C(224,011) KaPa(X.)exp(ia,) + kaP. (X.)exp(-ia,)

(A3.86)

(A3.87)

(A3.88)
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b = C(224;1,—1,0){ym(wl)yz,_l(m,)yw*(m)
Yz,-,(ml)Yz.jmz)Y.o‘(m)}

c = 0(224;0,0,0)Yz,o(ml)Yzlo(mz)Y.o‘(w) (A3.89)

k22P22(x1)exp(izal) kzzpzz(xx)exP(_izal)

a =C(224,2~20) kzapza('x:)exP("izaz) + knpaz(xz)exP(izaz)

KioPuo(X) KPolX) 1 (a3.90)

substltutlng Eq A3.6.c into Eg A3. 90 we get
a =C(224,2~20)k;;> KaPas( X, )P,,(x,)P.o(x){2cost-2a,+zai)} (A3591)
Ka1Par (X)) exp(ia,) KaiPa (X)) exp(-ia, )
b =C(224,1-10) -knPu(XZ)exp(-iaz) + knPn(Xz)exp(iaz)
KioPio(X) K4oP o (X) (A3.92)
substituting Eq a3.¢6.c into Eq A3.92 we get

b = -0(224,1-10)]{212 k4oP21(X1)P12(X2)P40(X){2COS("(22+C!1)} (A3'93)
¢ =0C(224;0,0,0)k,2 kquzo(Xl)on(Xz)Pm(X) (A3.94)

Substitution of Egqs A3.67, A3, 69, A3.73, A3. 75, A3.77, A3, 81,

A3.83, a3, 85, A3.87, A3.91, A3.93, A3.94 into A3.62.a gives

3
Y224
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Sz = C(224,224)k,,? kuP;z(X;)Pu(xz)Pz.(x){2008(20#20;‘4@)}

+

C(224f 213)k22k21kupza(x )le(x )P43(X){2COS(2CI +C¢2-3¢)]

C(224 213)k21k22ku QL(X )Pzz(x )Pu(x) {ZCOS(Q,_'I'ZQZ"?'Q‘J)}

+

0(224 202)k22k20k¢2 22(x1)P20(x )Pu(x){zcos(zal_z‘p)}
C(224, Ozz)kaoka:ku ,o(xl)P,,(x,)P“(X)(2cos(2a,~2¢p)}'

0(224 112)k21 .aPu(x )Pn(x )P.a(x){2005_(aa+a;"2'0)}

+
- C(22412"'11)k2 kzzkupzz(x )Pn(X )P“(X){ZCOS(2QI'—(12-IP)}

C(224 lOl)kukzoku 21(X )on(x )Pu(x) 2COS(C! @)}

= C(222 _lzl)kzlkzzku 21(X )Pzz(x )P“(X)[Zcos(za

C(224, Oll)kmknkqu(X)E>

—a,~p) )
21(X le(x) {2005(052-(9)}

+
C(224,2- 20)k222k4oP22(X P22 (X,)P

- C(224,1-10)k

4°(X){2cos(—2a +2a,))
2’ k4oP21(X )P, (X, )Pw(X){ZCOS(*aﬁal)}

€(224;0,0,0)k,,* k.ono(Xl)on(Xa)Pm(x)

(A3.95)
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Some of the Higher order Spherical Harmonics calculated

following the same above procedure.

Sea = C(422;4,-2,2)k..szP..(Xi)Pu(Xa)Pzz(X){2005(4a1-2a2-2w)1
-C(422;3,-1,2)kuknkzzPuiXI)PH(Xz)Pzz(X){2003(301-0:2—2@)}
C(422;2,0,2)kukzokzzPu(Xl)Pgo(Xz)Pzztx){ZCos(zarzw)}
C(422;1,1,2 )k.lknkzzPuEXL)le(xz)PR(X) (2cos(a,+a,=2¢)}
0(422:0,2,2)k..,kz.knP.o(X;)Pn(xa)Pa(x)(-2c08(2aa-29))
0(422 3 =2 l)kukazkzl u(xl.)Pza(x )Pu(X){2COS(3a; 2a,-p) )
- C(422 2 -1, l)kzkzxknpu(x )Pn(X )Pn(x)(ztzosiﬁrazmr
C(422:1,0,1)kukzol<nP.1(X1)on(Xz)Pn(X){2cos(al-so)}
C(422:0,l,1)k.,okukquzrxl)Pu(Xz)Pu(X){2c05(a2-m}
-C(422;—1,2,1)kukuknP“:(-Xl)Pzz(xz)Pn(X){2005(-a1+2az—(p)}
C(422;2,—2,O)kﬂkukzoP,i(Xl)Pu(Xz)on(X){2cos(2a1—2a2)}

- C(422:l,-1,O)kukukzoP.i(Xl)Pu(xz)on(X){2008(%-&2)}
C(422:0,0,O)kmkzokzoP.,otxl)Pm(Xz)on(X)

(A3.96)

Sz = C(424;4,0,4)k“kzokMP“()&)PZO(XZ)P“(X){2cos(4a1-—4(p)}
C(424;3,1,4)k“knk“Pugrxl)Pu(Xz)P.4(X){2cos(3al+a2-4«p)}
C(424;2,2,4)kuknk“Pu(fl)Pzz(xz)P“(X){Zcos(2a1+2a2-4tp)}

—C(424:4,-1,3)k“kukuP“—EXL)Pn(X;,)P“(X){2cos(4a1-a2—3tp)}
C(424;3,0,3)knkzokuP“g-Xl)P;,O(Xz)Pn(X){Zcos(3a1-3tp)}
C(424;2,1,3)kuknk.aPuiXL)Pa(xz)Pu(X){2005(201+a=-3s0)}
C(424;1,2,3)k'.lkzzk.aPuin)Pn(Xz)P.u(x){zcos(al+2a2—3cp)}
C(424 :4,-2,2)kukukuP“Jr(Xl)Pzz(Xz)Pu(X) {2cos(4a,-2a,~2p) )

~C(424;3,-1, 2)k,akzlk‘zP.alxl)Pn(Xz)Pu(X) {2cos(3a,-a,-2¢))

C(424:2,0, 2)K iRk P ea (X1} Poo(X,) P, (X) {2cos(2a,-2¢)}

s
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+
C(424;llll2)k41k21klzpll(xl)P2l(XZ)P42(x) {zcos(al+az_2¢)}
+

C(42470,2,2)KiokaakisPao K1) Paa(X2) Py(X) { 2008 ( 20,-2p) )
C(424;3,-2,1 )kuknkuP.:(-Xl)Pzz(Xz)Pu(X) {2005(301-202-%'!) }
- 0(424:2,-1.1)k.zkukuP.:(xl)Pn(xz)Pu(X){2cos(2a1—aa—ao)}
C(424;1,0,1 )kukzokupu?xl)on(xz)P.l(X) (2cos(a,-p))
c(424;0,1, 1)k4J<21k41P.o(+x1)Pnfxz)Pu(X){2cosraz—w) )
-C(424;-1,2,1 )k.lk,,k.,p..txl)Pn(x,)Pu(-x) {2cos(-a,+2a,~p) )

C(424 2 -2 o)knkazktopu(x )Pza(x )Pw(X){ZCOS(Za,_-Z(I,)}
T

- 0(424 1 _1 o)kuknkau(x )Pn(xz)Pm(x){ZCOS(aL_a )} . '

C(424;0,0, 0)kmkzokaw(Xl)on(Xz)Pw(x)
(A3.97)
Si26 = C(426;4,2,6)k“knk“P“(xl)Pzz(XZ)PGG(X){2cos(4al+2a2—6tp)}
C(426;4,l,5)k“k21k55P“(;-(1)P21(X2)P55(X){2cos(4al+la2—5Lp)}
C(426:3,2,5)k4aknk65p“(;1)pn(xz)Pss(X) {2cos(3a,+2a,~5¢) }
C(426;4,0,4)k“kzokﬁ.P“ELXI)PZO(XZ)PM(X){2cds(4al-4tp)}
C(426;3,1,4)k43kuk64Puer1)le(XZ)PH(X){2cos(3a1+az-4~p)}
C(426;2,2, 4)k,zkzzk“P“(;I)Pzz(XZ)P“(X) (2cos(2a,+2a,~-4¢))
_C(426;4,—1,3)k“kzlksapd.;}(-xl)le(xz)Psa(x){2005(4(11"02_3‘0)}
C(426;3,0,3)kukzoksaP.ag:Xl)on(Xz)Ps:(X){2008(301-3tp)}
C(426;2,1,3)k,zkzlkﬂPuin)le(xz)Pﬁ(X){2005(2a,+a2—3tp)}
C(426:1,2,3)kukzathuin)Pu(Xz)P.m(X){2COS(a1+2az-3tp)}
C(426:4,-2,2)k“kukszP.;(Xl)Pzz(Xz)Psz(X){2cos(4a1-202-2w)}
-C(426;3,-1,2)k4,k21k62P‘3_£X1)le(XZ)Psz(X){2cos(3a1-—a2-2tp)}
C(426:2,0,2)k4zk2J<sdeaiX1)on(Xz)PGz(X){2005(201-243)}
C(426;1,1,2)kukukszPuixl)Pz,.(Xz)Psz(X){2cos(al+az-2tp)}

C(426;0 ' 2, 2)kqokzzkszpco(xl)Pzz(xz)Psz(x) {ZCOS( 2“2"2(9) }




80

+
C(426f'3;'zrl)ktakzzkupu(xﬂPzz(xz)Pel(x) {2cos(3a,-2a,-p) )
+

- C(425?2.-1.l)k.zknkuP.:(Xl)Pn(xz)Pa(X){2005(2%-02-‘9)}
0(426?1:0,l)kukzoknPu_(FX;)on(Xz)Psl(X){ZCOS(al-kO)}
C(426:0,l.1)k.oknkam(Xl)Pn(Xz)Pu(X){2005(0!;-(9)}

_C(426;_1!21l)k41k22k61P41-|(-x1)P22(XZ)PGL(X){ZGOS(-a1+za2-(p)}
C(426=2,—2.0)k.zkzzksoP:(Xl)Pz;(xz)Peo(X){2cos(2a1-2az)}

- 0(426'1t'1lo)kukukconn;(x;)-Pn(xa)Pco(x){200.5(%._.'13)}. :
C(426;0,0,0)KKaokeoPuo(Xs) Pao(X,) Peo( X)

Co ek - (A3.98)

S22 = 0(24212,0f2)kzzk4okzaPzz(X1)Pm(Xz)Pzz(X){2008(2*11-2‘0)}_

C(242;1,1,2)k21k“k22P21:X1)P“(Xz)Pzz(X){2cos(al+a2—2cp)}
C(242;012r2)kzoqukzzpzo:xl)qu(xz)Pzz(x){Zcos(zaz-z'\o)}
- C(242;-1,3,2)knk“kzzpi(xl)P“(Xz)Pzz(X){2cos(3a2—al—2<p)}
C(242;*2:‘1:2)kzquqkzzpz:;xl)Pu(xz)Pzz(X)[2005(40‘2-201_2@)}

- C(242;2,-1,l)k,zk“knP:(Xl)Pu(Xz)Pn(X){2005(2al-a2-tp)}
c(242;110fl)k21k40k21P21?x1)szo(xz)le(x){2cos(a1-"p)}

C(242:0,l,1)kzok.ukan:(Xl)Pu(Xz)Pu(X){2008(02'(47)}

- C(242:*1,2,1)kukukuP:(Xl)Pu(xz)Pn(X){2005(202-01*w)}
C(242:-2:3:1)kzzkukuPz:(Xl)Pu(Xz)Pn(x){2008(302-201-‘0))
C(242;2,-2,0)kzzknkzon:(Xl)P.z(Xz)on(X){2005(201-202)}

- C(242:1,-1,0)k21kuk2°P£(Xl)Pu(Xz)on(x){Zcos(al-az)}

C(242;010:0)kzokmkzopzo(xl)P40(X2)on(x)
(A3.99)

L I C(244 2,2 4)kzzk4zkupzz(x )P“(X )P44(X){2COS(2Q1+2Q 4(9)}
C(244;1,3 4)k21kukupzl(x JP (X, )P“(X){:Zcos(a tia,-4p) )

C(244 0,4 4)kzoku ,,4P2°(X1)P“(X2)P“(X){2005(4a2-4tp)}
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C(244;2,1,3)knkuk.,Pn:X;)Pu(X:)Pu(X){2005(2al+a=-3w)}
C(244;1,2, 3)knk.,]':.,P,JXL)P.,(x_.,)P.,(X) {2cos(a,+2a,~-3p)}
0(244?0:3;3)kzok43k43P2:(XL)P43(x2)Pu(x){2COS(3az-3(p)}

- C(244;-1,4, 3)k,lk..k.apzjxl)P.,(X,)P.;(X) {2cos(-a,+4a,-3¢))
C(244:2f0,2)kzzkmk.szz:Xl)Pm(Xz)P.z(X) {2cos(2a,~2¢))
C(244;:1,1,2 )knk.lk.,PannPu(xz)P.;(x‘) {2cos(a,+a,~2¢))
C(244;0,2, 2)kmk.,k.,P,,Erx,)Pn(X.)P..(X) (2cos(2a,729) ) .

_- C(244v =1, 3 2)kn oKaP n(X )Pu(x )P.a(X){ZCOS(Saa-al-mP)}

i o P s
C(244f 2 4 z)kzzk« .QPzz(x )Pu(xz)Pn(X){ZGOS(‘la -201*2R°)}

- 0(244 2,-1, 1)kzzkukupzz(xx)Pu{xz)Pu(x){2005(2(11"02-(\0))

+

C(244Flf0;1)knkmkuPu(Xl)P.o(xz)Pqu){2005(0&'%0)}
C(244F011p1)kzokukupz:t;(xl)Pu(xz)Pu(X){2003(02_(0)}

- C(244;-1,2,1)knkukuPzi(Xl)Pu(Xz)Pu(X){2cos(2a2—al—tp)}
C(244;-2,3,1)knk,,,k,uPzziXl)Pu(Xz)Pu(X){2cos(3a2~2a1—tp)}
0(244;21_2ro)k22k42k40P22(X1)P42(x2)P«)(X){2COS(2QL—202)}

- C(244:1,-1 0)k21k41k4oP:(X )P (X)) P (X) {2c0s (a,~0,) )
C(244;0,0 0)k20k40k40P20(x )P4 (X2 )Pm(X)

(A3.100)

laae = C(246;2,4,6)kzzk“k“Pzz()il)P“(Xz)P“(X){2cos(2al+4a=—6cp)}

C(246;2,3,5 )kzzk.akﬁst;f X )P (X)) Pes(X) {2cos(2a,+3a,~-5p) )

C(246;1,4, 5)knk“ksspn_fxl)P“(XZ)PGS(X) {2cos(a,+4a,-5¢p) )

C(246:2,2,4 )k22k42ksquz(f1)Pcz(xz)Pﬂ(x) (2cos(2a,+2a,-4¢) )

C(246;1,3, 4)kuk43k6.Pn+( X1)Pus(X2) Poy(X) (208 (@, +30,-40) )
C(246}0,4,4)k,0k“k“P2i(Xl)P“(X2)Ps.(X){200s(4az-4rp)]

C(246;2,1,3)kzzkﬂkﬁPnin)Pu(Xz)PQ(X){2005(2a1+a2-3tp)}

C(246;1,2,3 )knkuksapn(x:.)Pm(xz)Pe:(x) {2005(a1+2c12-3'p) }
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+
C(246:0,3,3)KaoksKesPao( X, ) Paa(X,) Pey (X) {2cos(3a,-39p))
+

- C(246;-1,4-,3)knk“ks,Pn(Xl)P“(Xz)P‘,(X){Zcos(-a1+4a,—3'p)}
C(246?2,Of2)kzzl':.okszPu:XL)P.o(Xz)Psa(X){2005(201-2%}
C(246;1,1, 2)kuk.lkszPJxl)P.l(xz)Pﬂ(X) {2cos (a,+a,-2¢) )
C(246;0,2,2)kzokuksszoErxl)P.z(X;)Psz(x){2cos(2az~2¢>)}

- C(246;-1,3,2)kuk.akszP:(Xl)P.;(Xz)P}.a(X){2005(3&#&;—%))
C(246;~2,4, Z)R.#..maztxa)P«(&)Pu(x) (2c0s(4a,~2a,-2¢) )

- C(246; 2,71, 1)kakok nPu(X )Pu(x )Pn(x){Zcos('a’araz-m}

c(246; 1,0 1)knk4okﬂ n?x )P.O(X,)Pu(x){zcostax-'p)}
C(246;0,1 1)kzokuk61Pm(X )P (X:)Pe(X) {2c0s(a,m9) )

- C(246?-1r2_,l)knkukﬂP:(Xl)Pu(Xz)Pﬂ(X){2COS(2az-artP)}
C(246:-2,3,1)kzzk.akﬂPz:Exl)P4;(X2)P61(X){2cos(3a2-2a1-ao)}
C(246;2,-2,0)kzﬁgzkeoP;(Xl)Pu(Xz)PGO(X) {2cos(2a,-2q,))

= C(246;1,-1,0)k,,k,, K. P 21(X VP (X, )PGO(X){2COS(0! -a )}

C(246:0,0,0)Kk,0k,keoP zo(x JPo(X2)Pyo(X)
(A3.101)

30aa = C(044:0,4,4)kookukuPoo(Xl)P“(Xz)Pu(X){2cos(4aa-4tp)}
C(044;0,3, 3)kook..akuPoo(JrXL)Pn(xz)'Pu(X) {2cos(3a,-3p))
C(044;0,2, 2)kook“,k‘aPm{Xl)Pu(XZ)P‘,(X) {2cos({2a,~2¢p)}
C(O44:0,1,l)ko.,k.ukquixl)Pu(XZ)Pu(X){Zcos(az—qz) )

C(044;0,0, 0)kook40kcopoo(XL)Pm(xz)Pm(X)
(A3.102)

oa C(404:4,0,4)KiKooKeePus (X, ) Pog (X,) P, (X) {2cos (4a,-4p) )
C(404:3,0, 3)k“kookupurxl)Poo(Xz)Pn(X) {2cos(3a,-3¢)}
C(404;2,0, 2)k.,2k°°1<.2pdixl)13w(x2) Pi2(X){2cos(2a,-2¢))
C(404;1,0,1 )kukookuPug:Xl)Poo(xz)Pu(X) {2cos(a,-p))

C(40470,0,0) K okooKecPioXy) Poo(X;) Puy(X) (A3.103)
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Sio = C(440;-4,4 O)k“k“kooP“(X )Psa(X2)Poo(X) { 2c0S (4a,-4a, ) )
~ C(440;-3,3 O)knk.,kan(x )Pus(X2)Poo(X) { 2c08 (3,-3a, ) )
C(440;-2,2, 0)k.zkukooPu(X;)P.z(xz)Poo(x){2005(202-201)}
- C(440?-1,1.-0)kukukooP:(xl)P.u(xz)Poo(X){2005(02-01)}
0(440:0,0,O)R.OR.ORMP.OFXJP.o(xz)Poo(x)
(A3.104)
Swe = C(444;4,0, 4)k“k4,,k“p“(x1)Pw(x )P (X} {2c0s (4a,-4p) )

C(444:3,1 4)k43kukupu(x )Pu(x )P“(X) {2008(301'{'0'2‘4"\‘0)&:} |

C(444;2,2, 4)k.akukul’u(xa)Pu(xa)Pu(,x,) (2008(2a.t2a,~49)) ..

C(444:l,3,4)kuknk“P“(XL)P,,(XZ)P“(X){2005(a1+3&2—4tp)}
C{444:0,4,4)kwk“k“Pw;rxl)P“(XZ)P“(X) {2cos(4a2-4¢)}
-C(444;4,-1, 3)k“kuk“P‘.jxl)Pu(Xz)PH(X) [2COS(4al—a2-3tp) }
C(444;3,0,3)k“kmkuPuzrxl)Pm(Xz)Pu(x) {2cos(3a,~3p))

C(444;2,1,3)k42k41kuP42:X1)Pu(Xz)P”(X) {2cos(2al+az-3(p)}
C(444;1,2,3)k“k,,zk“Pu:XL)P42(X2)P43(X) {2cos(a,+2a,-39p) )
C(444;0,3,3)k..okukquELXl)Pu(xz)Pu(x) {2¢c0s(3a,~-3y))
- C(444;-1,4,3 )kuk“k“P‘:(Xl)P“(XZ)PU(X) {2cos(4a,~a,~3¢p))
C(444; 4,~-2, 2)k“kﬂkuP“EXl)P,Z(Xz)P42(X) {2008(‘4&1-2a2‘-2tp) }
-C(444;3,—1,2)k.ak.lk.zP.a£Xl)Pu(Xz)Pu(X) {2cos(3a,~a,-2¢))
0(444472,0,2)k,;quoknazpng_xl)P{o(xz)Pl.z(x) {2cos(2a,-2¢))
C(444;1;1,2)k41k41k4zpuixl)Pu(x2)P42(X) {2cos(a,+a,-2¢))
C(444;0,2,2)kmkukquixl)Paz(xz)Pu(X) {2cos(2a,-2¢p))
—C(444;-1,3,2)kuk.,kuPufxl)P“(xz)Pn(x) {2cos(3a,~a,-2¢p))
C(444:-2,4,2)k42k44k42P42+(X1)P“(X2)P..z(X){2008(402-201"2‘9)}
-C(444:4,-—3,1)k“kukuP“-EXl)P‘,(XZ)PH(X){2cos(4a1-3a2-tp)}

C(444;3I-—2f 1)k43k42kup43(x1)P42(x2)Pu(x) {2005( 301-2‘12_(") }
+
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- C(444:2,—1,1)kmkukuP‘:(Xl)Pu(Xz)P_“(X){2cos(2&1-a2-tp)}
C(444:1,0,l)kuk,okuPuS-xl)Pw(xz)PH(X)(ZCos(al—tp)}
C(444;011f1)kqokukupdos'xl)Pu.(xz)Pu(x){2005(‘12_"’)}
- C(444;-1,2,1)kukukuP,,i(Xl)P.z(Xz)Pu(X){2003(2&,—01-9)}
C(444;-2,3, 1)k.zk.ak.lP.szXl)Pu(Kz)Pu(X) (2cos(3a,-2a,-p) )
-C(444-"3;4,1)k.=k..kuPu(X JPu(X3) Py (X) (2c0s (4a,-3a,-p) )
C(444, 4,4 O)R..k“ka“(X TP (X, )P, (X){2cos(4a,- -4a,))
- C(444, -3,3 0)k4,kﬂka.3(x )P, (X, )Pm(x){ZCos(:!a2 3a1)}
0(444=-2.2,-0)k..k..k.oP.i(x1)P.=( Xa)Po(X) {2c0B(2a,~2a,)} .
- 0(444;_1f1ro)kqlkdlkdopd.-*l-(xl)P41(x2)P40(X){2005(02_01)}
C(444:0,0,O)RwRWKme(Xl)P.O(Xz)Pm(X)
(A3.105)
Siae = C(446;4,2,6)k“k42k55Pu(Xl)P“(X2)PGG(X){2cos(4al+2a2—6tp)}
c(446;3;3f6)k43k43k56P43(;l)P-iJ(Xz)Pse(x) {2cos(3a,+3a,-6p))
C(446;2,4,6)k,,zk“ksspu(;l)P,,,,(Xz)P“(X){2cos(2a1+4az—6tp)}
C(446;4,l,5)k‘4k4lk65P“:X1)Pu(Xz)PGS(X){2005(4al+a2—5tp)}
C(446;3,2,5)k“kukﬁsPu(;’l)P42(X2)P65(X){2cos(3a1+2a2—5tp)}
C(446:2,3,5)k42k.3k65P42(;1)P43(Xz)Pss(X){2005(2al+3as-5'P)J
C(446;1,4,5)kuku-ks_,,PuExl)P“(Xz)Pﬁs(X){200s(a1+4a2—5gp)}
C(446F4.-0,4)k“kmkﬂp.;(X;)Pm(xz)P“(X){2003(401'4(9)]
C(446:3,1,4)k”kuk“P”ixl)Pu(Xz)P“(X){2cos(3al+a2—4(p)}
C(446;2,2,4)k.,zk‘zkupu(fx)Pm(xz)Psq(X){2008(2014'20!2‘4%9)}
0(446;1,3,4)kukukﬂpuixl)P“(XZ)P“(X){2005(01+302-4lp)}
C(446;014;4)k40k44ksqp4og_xl)Pu(xz)Psc(x){2005(4522_4@)}
-C(446:4,—1,3)k“kukﬂP“-EXl)Pu(XZ)PG;(X){2cos(4al—a2—3tp)}

C(446:3,0,3 K eKaoKaaP s (X1) Py ( X,) Poy (X ) { 2cos ( 3a,~39p) )
+
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C(446;2,1,3)kukukﬁPu(Xl)Pu(Xz)Pa,(x) {2cos(2a,+a,~3yp) )
C(446;1,2, 3)kuk4zksapu.§x!.)Plz(xz)Pss(x) {2cos(a,+2a,-3p))
C(446:0,3,3)k.okuk“Pms_Xl)P.a(xz)PG,(X){2cos(3az-3tp)}

- C(446:—l,4,3)kuk“kﬂPuixl)P“(Xz)PG,(X) (2cos(4a,~a,~3p))
C(446?4,"2,2)kuk-azkezpu-{xx)Ptz(xz)Psz(x){2005(401—202—2‘P)}
-C(446;3,-1 ,2)k.,kuk“P.a(XI)P.L(Xz)Pﬂ(X) {2cos(3a,~a,-2¢) )

C(446'2 0 2) 42k4ok62 Az(x )qu(x )P“(X){zcos(Zal-ztp)}

C(446;1,1 z)kukukup.l(x )P (X,) Py (X) (2008 (ai4a,2365)

C(44650,2, z)k.ok..kup.o(xnP..(x,)P.i_(x){zcosczaa;-_am@; .
_C(446;-1r312)kukukﬁzpu-'(-xl)Pu(xz)Psz(x) {2cos(3a,-a,-2¢))

C(446;-2,4 ;2 )k42k44k52P4:E Xl)P“(Xz)PGz(X) [2008(4&2-201-21{)) }
-C(446;4,-3, 1)k“kmka“EXI)PH(XQ) Pea (X)) { 2cos(4a1-3a2—tp) }

C(446;31_21 1 )k43k42k61pd:1(x1)P42(XZJPEL(X) { 2005(301_202"@)}
+

C(446:2,-1,1)KKaKaiPoa{ X, ) Pyy (X,) Poy (X) {2cos(2a,~a,-p))
C(446:1,0,1)k.u_kwkuPu;rXL)Pm(Xa)Pe.l(X) {2cos(a,-y)}
C(446:0,1, 1)kmkukaw(JrXL)Pu(Xz)Pﬂ(X) {2cos(a,~p))
- C(446:-1,2,1)kukukﬂP:(XI)P42(X2)P61(X){2COS(2a;-a1-‘P)}

+
C(446;-2 /3,1 )quknkslp-iz(xl)Pn(xz)Pm(x) {2cos ('302"'201—@) }
+

C(446;—3,4,1)kuk“kﬂPu-EXJP“(XZ)PGI(X)(Zcos(4a2-3al—(p)}
C(446:—4,4,0)k“k“ksoP,,;(Xl)P“(Xz)Pw(X){2cos(4a2-4a1)}
- C(446;—3,3,0)knk“ksoP‘i(Xl)P“(Xz)PSD(X){2cos(3a2-—3a1)}

C(446:-2,2,0)k.2k42ksoP4i(Xl)Pu(Xz)Pso(X){2005(20:2-20!1)}
- C(446:-1,1,0)kukukﬁohicxl)Pu(Xz)Pso(X){ZCOS(a;-al)}

C(446;OIOI 0)kllOkIO]{EOPdO(xl)P40(x2)P60(x)
(A3.106)
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C(448:4,4,8)k,,k“k,,P“(XL)P“(X,.,)P,,(X){2cos(4a2+4a1—8tp)}
C(448:4,3,7 )k..k.,k.,P“(;l)Pu(x,)P,,(X) {2cos(4a,+3a,~7p))
0(448;3,4,'7)kuk“k,.,P.,(;l)P“(X,)P,,(X){2cos(3az+4al-7(p)}
C(448:4, 2,6)k‘,k.zk,ﬁP‘.(;l)P.z(X,)P,G(X) {2cos(4a,+2a,-6p})
C(448:3,3,6)kukuk,cpu(;‘(l)Pu(xz)P.s(x){2005(30#3&,-6@)}
C(448:2,4.6)k..k“k..P.z(;;)P..(Xa)P“(X) {2cos(2a,+4a,-69p) )
C(448;4,1 5)k“kuk,5P“(X )Pii(X,) P,y (X) {2C08( 4a,+a,~5p) }

0(448 3,2 5)kuk4zkas 43(x )Ptz(x }P,,(X){ZCOS(3Q +2az-5§°)}

C(44852,3 5)knkuklspu(x;)Pn(x:)Pqu(,x) (2003(2'331'3":_59)] o

C(448;1,4, 5) KK eKasP o (X, ) Py (X.) Py (X) {2cos(a,+4a,~5p))
C(448r’4:0,4)k..k..okuP:(Xl)Pm(Xz)P“(X){2005(401-4‘9)}
C(448;3,l,4)k“k“k“P:(Axl)P“(XZ)P“(X) {2cos (3a,+a,-4p))

C(448;2,2,4)k kK, P ,Z(X JPu(X,) P (X) (2cos(2a,+2a,-4¢) )

C(448;1,3, 4)k41k43k34P41(X JPu(X2) Py (X) (2c0s (@, +30a,-40p) )

C(448 0,4 4)k4°k“k“P4o(xl)P“(X-‘,)P“(X){2C0$(4C£2'4(P)}
+

- c(448;4l -1,3 )kukukaspu(xl)Pu(xz)Pea(x) {2005(46‘1"&2_3‘9) }

+
C(44873,0,3)KeKacKesP s (X)) Pio( X,) Pyy (X) (2C0S (3a,-30) )
+

C(44872,1,3)KKiuKaPas(Xy) Pyy(X,) Pys(X) { 2c08 ( 2o,+a,=30p) }
+

C(44871,2,3)k,KeKaPa (X ) P X,) P,y (X) {2cos(a,+2a,-3¢p) )
+

C(448;0,3,3)K,KuKasPuo(X,)Pos(X,) Pys( X) {2cos(3a,-3¢))
+

- C( 448;-1 4, 3)kukuksapu(xl)Pu(xz)Pu(x) {2003(4‘12_01-3‘0) }
+

C(448;4 r—2,2 )kukq.zkazPu(XJ.)Pu(Xz)Psz(x) {2005(401'202—24’) J
+

= C(448 73,-1 ) 2)kukukaan(xx)Pu(xz)Paz(x) {ZCOS(301'02-2(P) }
+

C(448;2,0, 2) KK oK e2Pus (X, ) Puo (X2) Py X) {2cos(2a,-2¢))}
+

C(448;1 ' 1, 2)kukukezp41(x1)Pu(Xz)Paz(x) {2COS(&1+02-2(9) }
+

0(448;0r2r2)kaok-tzkazpw(xl)Pu(xz)Pa:(x) {2005(2‘12_2(‘))}
+
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-C(448;-1,3, 2)kukwkuPu(XI)P“(XZ)P"(X) {2cos(3a,-a,-2yp))
C(448;-2,4, 2)ktzk44ka2pdz-;x1)P44(xz)Paz(x) {2cos(4a.-2a,~2¢))
-C(448;4,-3,1 )k“knkuP“-’(-Xl)Pn(Xz)Pu(X) (2cos(4a,-3a,~p) )
C(448;3,-2,1 )k.ak‘zk,lP.:Exl)P,z(xz)Pu(X) {2cos(3a,-2a,~p))
= C(448;2,-1, 1)kukukup.;(x;)Pu(xz)Pu(x) {2cos(2a,~a,~p) )}
c(448;1r0tl)kuk‘okupuixl.)Pw(xz)Pn(x) {2cos(a,-¢)}

C(448,‘0,1 ] l)k»zoku.kupao(xl)Pu(xz)Pn(x) {2008(&2-(9)}
+

- C(44a,--1,z,1)k.lk.,k;,P.i(kl)P.z(xz)P.;(k')"{2'é6é"(2d,;a14tp)'} |
C(4487-2, 3, 1)KKiskisPas(X,) Paa (X,) Py, ( X){2co8(3a,-2a,-9)) ...
- C(448:-3.4,1)k.ak...,kuP.:Exl)P“(Xz)Pn(X) {2cos(4a,~3a,~y))
C(448:-4,4,0)k“kukaoP:(Xl)P“(Xz)Pm(x) (2cos(4a,-4a,))
- C(448;-3,3 ,0)kuk“ksoP:(Xl)Pu(Xz)Pao(X) {2cos(3a,-3a,)
0(448;-2,2,o)kukuk,op:(xl)Pu(xz)pm(X){2cos(2a2-2a1)}
- C(448:-1,1,0)k41k41ka;(Xl)Pu(Xz)Pw(X){2cos(aa-al)}

C(44870,0,0)KicKioKaoPoo( X1) P o (X,) Pyo(X) (A3.107)
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