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ABSTRACT

The importance of public transportation in developing countries lies in its ability to
promote sustainable urban development, support economic growth, and enhance the
overall well-being of communities. Light rail transit systems are particularly essential
for alleviating traffic congestion issues on roads by offering an alternative mode of
transportation. Therefore, it is essential to assess the performance of light rail transit
services from passengers’ perspective to pinpoint both strengths and areas needing
improvement within the transit network. Accordingly, the primary goal of this thesis
research is to evaluate the light rail transit service performance from the perspective of
AA-LRT’s passengers and recommend optimal improvement strategies that enhance
travel experience of passengers. Through a satisfaction survey conducted via paper-
based questionnaire, the authors determined the passengers' satisfaction index on AA-
LRT’s service through HPSI. The calculated overall passenger satisfaction index of 2.66
indicates that passengers remain below the “fairly satisfied” threshold (score=3). The
authors also proposed an NDS compartmental model to explore trends of passenger
satisfaction levels. The model categorizes passengers into "N" for less or quite satisfied,
"D" for dissatisfied, and "S" for satisfied. The model was evaluated for existence and
uniqueness of solutions, as well as the positivity and boundedness of solutions. Local
stability was analyzed for both dissatisfaction-free and dissatisfaction-persistent steady
states. An optimal control problem was formulated and analyzed to investigate
strategies for minimizing passenger dissatisfaction. Numerical findings indicate that the
efforts related to providing train services that adhere to high levels of reliability and
punctuality for arrivals, and related to trains operate with excellent safety and security
standards effectively reduces dissatisfaction levels. The graphical representation of
numerical results also indicates the importance of the order of the fractional derivative
in representing the evolution of passengers’ satisfaction over time with consideration of
memory effects.

Keywords: Passengers” attitude; Mathematical model; Satisfaction index; travel

experience attributes; optimal control
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study

The Addis Ababa Light Rail Transit (AA-LRT) has become an integral part of the city’s
transportation system, serving for thousands of passengers daily. However, the transit
system could not provide a dedicated mass transit solution in order to alleviate the
chronic transportation problem in the city. This is evident through the presence of
passengers who express complaints about disruptions of the service operations, as well
as congestion and prolonged passenger waiting times, with an average wait of 17
minutes, are among the main problems faced by passengers of AA-LRT (Debebe &
Asteray, 2022). These transportation related problems (see Figure 1.1) can impact the
efficient operation and pose a great challenge to planners and policy makers (Shen et al.,

2016).

Figure 1-1:Travel characteristics of AA-LRT

Passengers' attitudes towards the service quality of the rail transport system can be
influenced by various factors. Positive attitudes may be influenced by factors such as

punctuality, cleanliness, comfort, and courtesy.

On the other hand, negative attitudes may stem from issues like frequent delays,
overcrowding, lack of accessibility, and poor customer service. Additionally, passengers

who are less or quite satisfied might develop neutral attitudes. This may result from a



lack of strong positive or negative experiences, or a perception of the service being

neither particularly good nor bad.

In transport planning and the development of advanced transport systems, predicting
passengers’ satisfaction plays a crucial role (Stelzer et al., 2016). It is critically important
to understand how passengers’ attitude evolves in the future and whether specific
control measures by the transit operator will enhance passengers’ satisfaction and can
reduce dissatisfied passengers. UK train operators’ contracts include provisions that
link payments and penalties to their ability to meet certain thresholds for customer
satisfaction. In developing countries, light rail transit systems could benefit from
adopting a similar approach to the UK train operators' contracts. By including
provisions that tie payments and penalties to meeting specific customer satisfaction
thresholds, AA-LRT system would be incentivized to prioritize and improve the overall
passenger experience, and passengers would receive compensation from the transit
system if it fails to meet the minimum service standards. This approach could lead to an
increased focus on service reliability, cleanliness, safety, and customer service,
ultimately enhancing the quality of public transportation and fostering greater
satisfaction among passengers. Furthermore, it could encourage accountability and a
commitment to continuous improvement within the light rail transit system, ultimately

contributing to their long-term sustainability and success.

A series of surveys in Great Britain have been conducted to gather feedback from
passengers about their experiences with rail travel and their level of satisfaction with
their most recent train journey. The findings indicate that satisfaction with different
aspects of rail journeys changes over time (Rail User Survey — Edition 22 - Transport

Focus, 2022).

The shift in passengers' satisfaction as a result of experiencing different travel attributes
over time is a complex and dynamic process that can be analyzed and understood

through mathematical modeling. By capturing the various factors that contribute to
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passengers' satisfaction, such as travel comfort, service quality, and efficiency,
mathematical models can provide valuable insights into how these elements interact
and influence overall satisfaction levels. These models can help urban rail transit system
identify key areas for improvement and optimization, leading to a better overall travel
experience for passengers. By studying this dynamic system through mathematical
modeling, researchers and industry experts can gain a deeper understanding of the
complex relationships between different travel attributes and passenger satisfaction,
ultimately leading to more informed decision-making and enhanced customer

experiences.

Mathematical modeling has been a central part in describing and analyzing various
aspects of real-world problems in various disciplines including science and engineering.
This can be observed, for instance, by examining its application in various contexts (Din
et al.,, 2022; Ghosh et al., 2021; Sene, 2022). The authors discussed how mathematical
modeling can help identify key factors that contribute to the dynamics of real-life

situations by analyzing the stability of steady states.

Modeling passengers’ attitude can be defined as the creation of a mathematical model to
represent the satisfaction expressed by rail passengers regarding their encountered
travel experience attributes in order to predict how passengers with similar attitude will
behave under similar circumstances. This approach allows for the systematic analysis
and interpretation of how passengers move or transition between different levels of
satisfaction. By dividing passengers into distinct compartments based on their
satisfaction levels, it becomes easier to understand the dynamics of satisfaction within
the population and identify factors that influence changes in satisfaction over time. This
modeling approach provides a structured way to study and predict passengers’
evolution of satisfaction, which can be valuable for improving the overall quality of

service.



In the context of rail passengers, memory effects can play a significant role in shaping
their attitudes. These effects refer to the influence of past experiences from encountered
incidences and include persistence of negative experience, recency bias, confirmation
bias, social influence and expectation formation. For example, if passengers have had
persistently unfavorable experiences in the past, it can create a pessimistic outlook and
low expectations for future trips. This anticipation of experiences potentially recurring
in the future can further contribute to how passengers will perceive their travel

experience.

The study aims to refine an integer order model representing the dynamics of
passengers’ level of satisfaction with railway transportation by integrating fractional
order derivatives, which offers a more accurate representation of the model in capturing
the memory effects (Barros et al., 2021), providing greater flexibility in adjusting system

responses to align with real world observations and experimental data.

By formulating an appropriate objective function in terms of costs related to the
intervention strategies, the study seeks to determine optimal improvement strategies
that can enhance passenger experiences, and contribute to the effort to improve overall
railway operations. This aspect of the proposed research aims to translating the

theoretical insights into practical interventions.

In summary, the study presents a new approach to modeling and analyzing passengers'
attitude towards the transit service in order to predict the passengers’ evolution of
satisfaction and develop effective strategies that improve passengers’ overall travel

experience.

1.2 Statement of the problem

There has been an extensive discussion about evaluating passengers’ satisfaction within
the transit industry, with several indicators and measures established and implemented

in different ways to align with the goals and objectives of transit agencies.
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These measures typically assess operational performance in either historical or current
contexts. Similar to transit agencies worldwide, the AA-LRT system undertakes routine
inspections of its facilities and services to ensure that all aspects of the travel experience
meet passengers” expectations in terms of quality. However, the transit system has been
lacking passenger-oriented measures that can accurately identify which service aspects

are the most dissatisfying or satisfying for passengers.

Moreover, there have been no initiatives to introduce cost-efficient improvement
strategies that focus on enhancing passengers’ travel experiences in accordance with

their perceptions of travel attributes.

Presently, there are passengers of AA-LRT who consistently express their dissatisfaction
with the transit's service, leading to the formation of negative attitudes resulting from
unaddressed aspects of travel experience. Previous research (Bogale & Gizat, 2021)
revealed that the overall service quality and customers’ satisfaction in AA-LRT falls
below moderate threshold. Media outlets frequently broadcast passengers' feedback to
assess levels of satisfaction with the LRT service, and the passengers have highlighted
issues such as lengthy queues and delayed wait times, overcrowded trains, limited
accessibility for elderly and disabled individuals, and safety and security concerns as
recurring challenges they encounter. These constraints contribute to the reduced public
perception of the transit service, leading to growing concerns as passenger
dissatisfaction escalates. Furthermore, while previous studies have explored
passengers’ satisfaction with AA-LRT system, none have specifically explored into the
evolution of passengers’ satisfaction from the users’ perspective. Therefore, it is
imperative to identify key travel experience attributes that influence passengers’
satisfaction by evaluating AA-LRT’s past performance in critical areas of the service
significant to passengers, and to track the development of passengers’ satisfaction

trends.



1.3 Research questions

The thesis research aims to address the following interrelated questions.

+ What is the overall passenger satisfaction level with AA-LRT services analyzing
the travel experience attributes?

+ How does the attitude of passengers evolve in the future?

+ What are the cost effective improvement strategies that enhance passengers’

satisfaction?

1.4 Research Objectives

14.1 General Objective

The general objective of the study is to evaluate the light rail transit service performance
from the perspective of AA-LRT's passengers and recommend optimal improvement

strategies that enhance travel experience of passengers.

1.4.2 Specific Objectives

The specific objectives of the study include

Objective 1 To identify and analyze travel experience attributes contributing to
passengers’ satisfaction,

Objective 2 To predict the future trend of satisfaction/dissatisfaction level, and
Objective 3 To develop optimal improvement strategies by exploring different

scenarios, that lead to increased satisfaction.
1.5 Significance of the study
Policy

This study provides valuable insights for policymakers by highlighting key attributes of

the travel experience that significantly affect passenger satisfaction.



By identifying areas where satisfaction is low despite high importance, policymakers
can prioritize improvements and allocate resources more effectively. This research aids
in shaping transit policies that enhance the overall quality of public transport,

ultimately promoting a more sustainable and user-friendly transit system.

Theory

From a theoretical standpoint, this study contributes to the existing literature on
customer satisfaction by integrating satisfaction-importance analysis with mathematical
modeling. By formulating a compartmental model and an optimal control problem, the
study advances theoretical frameworks that link passenger satisfaction with dynamic
system optimization. This integration offers a new lens through which to understand
and predict passenger behavior, paving the way for future research in transport theory

and systems dynamics.

Methodological

This study demonstrates the effectiveness of using a customer satisfaction index to
quantitatively assess passenger satisfaction levels. The satisfaction-importance analysis
serves as a robust framework for identifying critical attributes of the travel experience,
while the mathematical modeling component introduces a systematic approach to
optimize control strategies. This methodological approach can be replicated in other
transportation studies, enhancing the rigor and reliability of passenger satisfaction

assessments.

Practical

Practically, the findings of this study provide actionable recommendations for transit
agencies and operators. By pinpointing the travel experience attributes that require
improvement, transit authorities can implement targeted interventions that directly

address passenger concerns.



The study's formulation of optimal control strategies offers a practical roadmap for
enhancing service delivery, ultimately leading to increased passenger satisfaction and
retention. This research serves as a guide for transit managers seeking to create a more

positive travel experience for their users.

1.6 Research design

The main objective of the study is to ascertain the level of satisfaction and how
passengers’ satisfaction with various aspects of travel experience on AA-LRT service
has changed over time, and suggest effective improvement strategies. This involves
utilizing measures of satisfaction and formulating a compartmental model. The study
utilizes ODE45 solver in MATLAB, to depict the evolution of passengers’ satisfaction
levels. Optimal control theory is used to determine cost-effecting improvement
strategies that minimize the cost of implementing the measures to enhance passengers’
satisfaction, taking into account system dynamics and operational constraints, including
initial passengers’ satisfaction levels. The optimal control model considers factors such
as the reliability of service operations, comfort at stations and on trains, and security
and safety issues. The research process includes defining the problem, setting objectives,
conducting a literature review, surveying passengers’ satisfaction, modeling satisfaction
dynamics, checking wellposedness of the model, developing improvement strategies

and finally offering conclusion and recommendations.
The research is pursued through the following processes.

1. Statement of the problem: This provides an overview of the problem, its
importance, and the rationale for its investigation.

2. Objectives: These outline what the research seeks to achieve, highlighting the
desired outcomes, purpose, and focus of the investigation.

3. Literature review: This step aims to collate existing knowledge about the topic

and contextualize new findings within the field.



10.

It involves exploring various tools and models to assess and evaluate passenger
satisfaction, developing detailed research questions addressing current gaps, and
identifying appropriate research methodologies, theoretical frameworks, and
analytical approaches. Travel experience attributes are determined from
established literature resources.

Passenger satisfaction survey: This involves assessing the current status of
passenger satisfaction through a survey.

Satisfaction index: This involves exploring various measures of performance of
public transportation.

Trend analysis of passenger satisfaction: This involves depicting the trajectories
of the state variables and conducting stability analysis.

Modeling passengers’ satisfaction dynamics: This step focuses on developing a
mathematical model to gain insights about the development of passengers’
satisfaction.

Solution of the model: This involves using analytical methods to show that the
solution exists, is unique, positive and bounded.

Development of improvement strategies: This step involves defining optimal
control problem corresponding to the model formulated in step (7) and applies
Pontryagin's maximum principle to develop optimal improvement strategies.
Conclusion and recommendations: The study concludes with developed

recommendations.

A concise overview of the necessary activities in the course of the study were

identified and presented in the flow chart below.



Literature Review

ravel experience
attributes identified

Passengers' satisfaction

survey conducted

Self administered
CQuestionnaire

v

Satisfaction index
determined and IPA
conducted

44— 5P55, HPST and PSIT

Compartmental model

Caputo fractional

recommendation

formulated and - B
reformulated order derivative
Analytical method Wellposedness of the
&raphical Trend of passsengers’
interpretation satisfaction determined
Imporfance- Optimal imlpmvmnt Pontryagin maximum
Performance strategies developed | ¢ inciple
analysis e ¢ P princip
Conclusion and

Figure 1-2: Outline of research design
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1.7 Scope and limitations
This thesis research was intended to assess the performance and identify travel
experience attributes that contribute to the satisfaction/dissatisfaction of passengers
with AA-LRT service based on attributes for which satisfaction levels are low but the
perceived importance of the service is relatively high, considering the variation of
satisfaction and importance ratings provided by the transit users. The study also aims to
predict the pattern of passengers’ attitudes towards travel experience attributes of key
aspects of quality service. To do this, the researchers formulated a satisfaction model
which considered only the time variant nature of passengers’ state of satisfaction levels
and analyzed it to demonstrate the trajectories of the state variables of the model,
showing the pattern of passengers’ attitudes in the future. The compartmental model
used in this study might simplify the fuzzy dynamics of passengers’ attitude, incurring

formulation error.

Like other studies, this study's findings may be subject to self-reporting biases inherent

in survey research, potentially affecting the accuracy and reliability of the data.

Therefore, it is important to interpret the findings within the defined scope and

limitations of this study.

1.8 Thesis organization

The rest of the thesis report is structured as follows: Chapter two introduces measures
of quality of rail transit service, customer satisfaction models, some fundamental
concepts, definitions, and propositions related to fractional-order derivatives used in
formulating the NDS-model. In chapter three, the authors present salient features of
AA-LRT, the data collection methods, measures of passengers’ satisfaction, model
formulation, optimal control problem and numerical analysis. = The graphical

representation of numerical results is discussed in chapter four. The report concludes

11



with chapter five, which presents concluding remarks, recommendations and future

work.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

In the realm of urban rail transit systems, understanding and enhancing passengers’
travel experiences is critical area of study. This literature review begins by defining key
aspects of passenger travel experience attributes within the context of urban rail transit
systems, with a specific focus on the AA-LRT system. Furthermore, it reviews a number
of metrics for measuring passenger satisfaction, identifying their strengths and
shortcomings. It also illustrates how the heterogeneous passenger satisfaction index
overcomes these shortcomings. The review also examines the use of mathematical
models by researchers to tackle intricate real-world problems. Lastly, it discusses the
application of optimal control theory in the literature to identify and implement

effective optimal control strategies.

2.2 Quality attributes of passengers’ travel experience

The urban transportation system that utilizes electric technology offers various
advantages such as saving time for passengers and contributing to pollution reduction.

Additionally, it plays a crucial role in supporting the urban transportation system.

To evaluate the effectiveness of light rail transit as a mass transit transportation service,
factors such as the service reliability, convenience, safety, comfort, accessibility, and
affordability should be taken into account (Imam, 2014). Moreover, Friman and
Fellesson ( 2009) conducted a thorough review of existing literature , highlighting that
factors such as reliability, frequency of service, travel time and cost, comfort and
cleanliness, network coverage proximity, and safety considerations are crucial aspects

for customers when assessing the quality of public transportation services.

13



In this study, reliability is defined as the consistency and dependability of the urban rail
transit system in providing scheduled services without disruptions. This pertains to the
capability of the AA-LRT system to consistently and dependably operate, without
encountering frequent disruptions or delays. In other words, a reliable transit system
can be counted on to maintain a high level of operational consistency, thereby meeting
the expectations and needs of its passengers. According to Habib et al. (2011), reliability
is a fundamental aspect of transit service quality that influences passenger satisfaction
and ridership. Reliability pertinent to scheduled services has been used to measure of

the reliability of transportation .

Service characteristics encompass the tangible features of the transit system such as
frequency and accessibility as well as intangible features such as convenience.
According to a study by Soltanpour et al. ( 2018), these service characteristics
significantly impact the perceived quality of urban rail transit services among

passengers, affecting their overall experience and willingness to use the system.

Cleanliness pertains to the physical condition and hygiene of the transit facilities, trains,
and stations. Passengers may interpret the presence of litter on trains or at stations as an
indication that the less visible aspects of public transportation services are neglected.
Research by Diab et al. (2021) emphasizes the role of cleanliness as a key determinant of

passenger satisfaction and perceptions of the urban rail transit system.

Providing a comfortable environment for passengers enhances their experience and
encourages them to use the service again (Nordin et al., 2016). Comfort in urban rail
transit systems includes factors such as seating accessibility and convenience,
ergonomics (ease of movement), air quality and temperature, passengers’ behavior, and

train crowding.

Information availability and accuracy, including real-time updates and signage, are

integral to the quality of urban rail transit services.

14



The work of Nathanail (2008) underscores the significance of clear and timely

information in enhancing passenger perception and satisfaction with the transit system.

Customer service care relates to the interactions between passengers and transit staff,
ability of the rail operator in delivering services in crowded stations as well as the
responsiveness to passenger inquiries or concerns. According to Yilmaz & Ari (2017),
effective customer service positively influences the overall image and reputation of

urban rail transit systems.

Urban light rail transit operators need to evaluate how passengers perceive the
measures taken to keep them safe from the risk of injury and crime, and make sure that
a safe environment is maintained for passengers using the transit. Research conducted
by (L. Xu et al., 2018; X. Xu et al., 2020) indicates that safety and security play a vital role

in building trust and confidence of passengers using urban rail transportation services.

The TCRP report 100 found that elements such as service reliability, frequency of
service, passenger behavior, terminal shelters and lighting, and the availability of seats
are crucial factors in determining passenger satisfaction (Kittelson & Associates et al.,
2003). Other important factors mentioned include safety from criminal activities,

cleanliness, courteous staff, and the comfort of seats.

The review of the existing literature demonstrates that various travel experience
attributes influence passenger satisfaction and the overall efficiency of the transit
system. In order to ensure the accuracy of the satisfaction evaluation, this study
considers various service aspects in passengers' satisfaction surveys to uncover their
perspectives. As a result, 32 travel experience attributes that characterize AA-LRT

service were identified from the existing literature, as outlined in Table 2.1.

15



Table 2-1: Travel Experience Attributes

Travel Experience Attributes

(1) Reliability of train departures

(18) Quietness of the train

(2) Reliability of train arrivals

(19) Ease of boarding and alighting the train

(3) Punctuality of train departures

(20) Train crowding

(4) Punctuality of train arrivals

(17) Availability of schedules and maps on train

(5) Frequency of trains on the route

(21) Provision of information for disabled and
elderly rail passengers at stations

(6) Operational speed of trains on the route

(22) Information made available at the ticket office

(7) Availability of transit personnel at the station

(23) Provision of information for disabled and
elderly rail passengers on trains

(8) Awvailability of services on weekends/holidays

(24) Provision of schedules and maps at stations

(9) Short wait time for transfers

(25) Efficiency of service at the ticket office

(10) Daily service time

(26) Administration of complaints

(11) Cleanliness of interior and seats on the trains

(27) Administration of crowded stations during
rush hours

(12) Cleanliness and hygiene on the stations

(28) Train operators’ behavior

(13) Cleanliness and hygiene of the transit

(29) Ability of AA-LRT system to avoid or reduce

facilities safety related issues at stations

(14) Accessibility and convenience of seat and
shelter on the stations

(30) Ability of AA-LRT system to avoid or reduce
safety related issues on train

(31) The effort that AA-LRT system to avoid or reduce

(15) Comfort of seats on the trains security related issues at stations

(32) Ability of AA-LRT system to avoid or reduce
security related issues on train

(16) Smoothness of ride and stops

2.3 Customer Satisfaction indices
In marketing literature, ensuring customer satisfaction is a key element in any service
industry, including the rail transit service sector. It refers to the extent to which
customers are happy with the products and services provided by a company or
organization. In the context of rail transit services, customer satisfaction plays a vital
role in determining the quality of service delivery. Customer satisfaction survey can not
only pinpoint areas where passengers are satisfied or dissatisfied, but also reveal the
extent to which specific factors impact customer satisfaction (Kittelson & Associates et

al., 2003).
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It is significant because it directly impacts the reputation and success of rail transit
service providers, and help to identify areas where transit service providers can

improve their services to enhance users’ loyalty and revenue.

Over the years, numerous customer satisfaction techniques have been developed to
assess and improve the quality of services offered by rail transit companies. ServQual
method as an attributed based service quality measurement method is the most popular
and widely recognized (Chou et al., 2011; Gilbert & Wong, 2003; Lupo, 2013; Tsang &
Qu, 2000). This method aims to measure the gap between customers' expectations and
perceptions of service quality across multiple dimensions. The ServQual method
defines five service quality dimensions, namely reliability, responsiveness, assurance,
empathy, and tangibles, each of which includes several items for measuring service
quality (Parasuraman et al., 1991). These dimensions and items are used to evaluate the
various aspects of service delivery and customer experience within the rail transit
industry. However, despite its widespread use, the ServQual method has some
disadvantages, such as the small number of attributes: five attributes may be insufficient
to fully represent the range of variability within each dimension of service quality
(Daniel & Berinyuy, 2010). Other attributes together with the service quality dimensions
employed in the ServQual method influence passengers’ perceptions and expectations.
These attributes encompass the lack of fundamental amenities such as shelter at the
stations, availability and standard of sanitation, insufficient safety and security
measures, ineffective handling of service-related complaints and availability of

information like schedules and maps on the train and the conduct of passengers.

Various techniques for assessing customer satisfaction have been created and refined,
including the European Customer Satisfaction Index (ECSI), Swedish Customer
Satisfaction Barometer (SCSB), the American Customer Satisfaction Index (ACSI), and

the Norwegian Customer Satisfaction Barometer (NCSB).
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These indices provide alternative approaches to measuring and understanding
customer satisfaction within the rail transit service sector. This can be observed by
examining specific benchmarks, methodologies, and indicators tailored to their

respective regions and industries (Eboli & Mazzulla, 2007; Nurmahdi, 2019).

One of the most recent developments among these indices is the European Customer
Satisfaction Index (ECSI), which offers a more comprehensive and standardized
approach to measuring customer satisfaction across European countries (Fornell et al.,
1996). This index is increasingly recognized as a more appropriate measure of service
quality due to its ability to capture the diverse needs and expectations of customers in

different cultural and market contexts (Fornell et al., 1996).

Girma & Woldetensae (2022) used customer satisfaction index to measure the
satisfaction level regarding the quality of bus services provided in Addis Ababa. While
the authors provide valuable insights into overall service quality, they do not fully
account for the heterogeneities among user judgments. In a rail transit service,
passengers evaluate travel experience attributes based on their own perspective. For
instance, while some passengers may prioritize comfort and cleanliness, others may
place a high value on reliability of service operations. Additionally, some passengers
may emphasize the service characteristics such as daily service time, while others may
be more concerned with on-time performance. This diversity in priorities among
passengers illustrates the heterogeneity in how passengers evaluate their travel
experiences. This limitation highlights the need for a more nuanced and comprehensive
understanding of customer satisfaction within the rail transit service industry, taking
into consideration diverse travel experience attributes. To overcome the variations,
Eboli & Mazzulla (Eboli & Mazzulla, 2009) suggested a new customer satisfaction index
to evaluate satisfaction level by correcting the satisfaction and importance ratings

according to the dispersion of the ratings from the average value.

18



Our research applies this customer satisfaction index recommended by Eboli and
Mazzulla to determine passengers’ satisfaction index. This approach is a more thorough
and detailed examination by concentrating on specific attributes, providing valuable

insights into enhancing passengers' satisfaction levels.

By incorporating this approach, our study aims to build upon the existing literature and
contribute to a deeper understanding of the drivers of passenger satisfaction in the

transportation industry.

2.4 Customers’ satisfaction models

In the literature, numerous studies have been conducted on the topic of transit service
quality. Some of them are reported in the literature ((Eboli & Mazzulla, 2007), (Iseki &
Taylor, 2010),(Joewono & Kubota, 2007), and (Tyrinopoulos & Antoniou, 2008)).
Primarily centered on soliciting service users’ feedback and viewpoints through
surveys, these studies fall short in developing a predictive model that can adapt the

evolving trends in passengers’ satisfaction.

While our research is valuable in understanding the determinants influencing
satisfaction, it also provides a quantitative model for predicting passengers' level of
satisfaction. Eboli & Mazzulla ((2007) employed a structural equation model to identify
the impact of various service attributes on overall satisfaction and analyze the
correlation between service quality attributes. Observing the variance of satisfaction

rates, the study fails to account for the differences in user perceptions.

Hailu and Teklu (2024) employed compartmental modeling approach that entails
classifying passengers into various compartments according to their vulnerability,
exposure to negative perceptions, and acquisition of negative attitudes stemming from

safety concerns and unreliable train services, or recovery from negative attitudes.
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These compartments are given distinct labels and are interconnected based on changes
in perception as passengers undergo different dynamic travel experiences.

Consequently, individuals can move between these compartments.

Obsie et al. (2020) employed factor analysis to reduce the dimensionality of data by
identifying underlying factors that contribute to overall satisfaction levels among
passengers in the case of AA-LRT. Furthermore, they also used the ordered logit model
in analyzing the relationship between these identified factors and the level of passenger
satisfaction, providing a framework for understanding how different variables influence

satisfaction levels.

De Ona (2016) employed a regression model to demonstrate the key factors influencing
the overall satisfaction of transit users in Algiers. In the case of train travel, the
regression analysis indicated that passengers’ satisfaction was primarily influenced by
“safety and security” (B =0.453) and “comfort on the vehicle”(f = 0.262).
Additionally, factors such as “information”, “accessibility”, and “comfort at the
stations” were also found to have significant impacts on passengers’ satisfaction. The
regression model can be used to make predictions or recommendations for improving
overall satisfaction based of those specific attributes. Unlike the regression model which
introduces randomness through the error term in predicting the behavior of the model,

deterministic model is predictable and does not involve randomness.

2.3 The proposed fractional order model

Bidah et al. (2020) introduced a mathematical model that captures agree-disagree
opinions. Drawing inspiration from this model, our research has leveraged it as a
motivation to devise a satisfaction-dissatisfaction model tailored specifically for
understanding how passenger satisfaction changes in response to important service
features, as well as interactions with staff and administration. By incorporating insights
from Bidah et al.'s work, the authors aim to enhance our understanding of the dynamic

nature of passenger satisfaction within the context of AA-LRT system.
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This model for understanding satisfaction and dissatisfaction is a mathematical
framework explained using ordinary differential equations involving fractional
derivatives. Fractional (fractional order) derivative is a generalization of integer order
derivative. An equation which contains fractional derivatives is known as a fractional
differential equation. A fractional order model means a representation of a system
described by a fractional differential equation or a system of such equations (Podlubny,

1999).

The classic autonomous ordinary differential equations representing dynamical systems
have no memory, as their solution is independent of the previous instant (Barros et al.,
2021). Fractional calculus has been extensively studied over the past two or three
decades by mathematicians including Grunwald-Letnikov, Riemann-Liouville and
Caputo (Bonilla et al., 2007). The Riemann-Liouville method results in initial conditions
that include the limiting values of the Riemann-Liouville fractional derivatives at the
lower bound ¢t = a, and these types of initial conditions lack a recognized physical
interpretation. Applied engineering problems require formulation of fractional order
model with the use of physically meaningful initial conditions, such as
x(a),x'(a),x"(a) and so on. In this study, x(a) represents the current level of
satisfaction with the rail transit service rendered, while x'(a) reflects the rate at which
passengers’ satisfactions towards the service are evolving. This could illustrate the rate
at which the level of satisfaction is either improving or declining. Additionally, x"(a)
could signify the rate at which the change in attitude is itself changing. M. Caputo’s
approach enables the formulation of initial conditions for fractional order differential
equations at the initial state ¢ = a (Podlubny, 1999), and is easy and simple instead of
other approaches as its fractional derivatives do not involve in defining initial
conditions. Further, the Caputo fractional order model can help detect the evolution of

passengers’ satisfaction earlier than the conventional models.
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It accounts for long-term memory effects, such as the influence of social interactions that
may influence passengers’ state of satisfaction level, allowing for more rapid

implementation of control measures and improvement strategies.

2.5 Optimal control techniques

The utilization of optimal improvement strategies in transportation systems has been
widely explored in the literature, with a focus on enhancing passenger satisfaction, and
improving overall system performance. By incorporating mathematical models and
control theory, researchers have been able to develop efficient improvement strategies

to optimize passengers' journey experiences within transit systems.

A recent research conducted by Luan & Corman (2022) demonstrated that the use of
optimization techniques can help enhance passengers’ comfort and minimize the
impact of delays on train timetable . Additionally, the study revealed that incorporating
flexibility into train schedules can offer more opportunities to better serve rail
passengers. These findings provide valuable insights that can be applied to our study.
Specifically, the research suggests that incorporating optimization techniques may
contribute to enhancing passengers' experiences and attitudes towards the Addis Ababa

Light Rail Transit system.

One of the seminal works in this area is presented by Rosa et al. (2018), who introduced
the concept of optimal control of customer dynamics, which can be applied to
transportation systems to improve passenger experience and system reliability. The
study emphasized the evolution of the number of customers in some firm by
considering an objective functional to show the effectiveness of the optimal control

strategy.

Furthermore, the existence and formulation of optimal control problems have been
extensively discussed in the work of (Evans, 2005; Levine, 1972; Van Long, 2015),

providing a comprehensive foundation for understanding the theoretical
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underpinnings of optimal control. Their rigorous analysis of optimal control problems
has contributed significantly to the development of systematic methodologies for

formulating and solving optimal control problems in various domains.

Graphical representation of numerical results is essential for identifying and evaluating

the most appropriate control strategy to implement within transportation systems.

Notable contributions in this regard include the work of Bryson et al. (2008) who
demonstrated the application of numerical optimization techniques to analyze and
compare different improvement strategies. Their research provided valuable insights
into the practical implementation of optimal control techniques through numerical
analysis, enabling researchers and practitioners to assess the effectiveness of various

improvement strategies in real-world transportation scenarios.

Hailu and Teklu (2024b) applied optimal control theory to identify the most effective
strategies for improving passenger satisfaction. They specified performance criterion
and utilized the Pontryagin’s maximum principle to evaluate the performance of a time

varying system representing the dynamics of passengers’ attitude.
ymg sy p g y P &

In the context of transit systems, the study by Yuan et al. (2020) presented a
comprehensive framework for modeling and optimizing passenger flow using
advanced optimization software. Their research highlighted the potential benefits of
optimal improvement strategies in addressing congestion and improving overall system
performance, laying the groundwork for applying similar approaches to enhance

passengers' travel experience within urban transit networks.

In summary, the literature on optimal control techniques provides a solid foundation
for formulating and analyzing improvement strategies aimed at improving passengers'

travel experience attributes within transit systems.
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By leveraging mathematical models, rigorous theoretical frameworks, and numerical
results, the authors opted to use Pontryagin’s maximum principle to develop and
evaluate optimal improvement strategies that can enhance the overall quality of service

and operational efficiency in transportation networks.
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CHAPTER THREE

MATERIALS AND RESEARCH METHODOLOGY

3.1 Introduction

The main aim of this research is to evaluate the service performance of AA-LRT by
measuring passengers' satisfaction levels and forecasting satisfaction trends using
compartmental modeling with optimal control methods. This section presents the basic
preliminaries in the theory of differential equations and fractional calculus and
describes the approaches used for collecting and analyzing data and creating a
structured framework for modeling and analysis. It also explains the process of
developing a compartmental model which includes defining assumptions and
descriptions. Additionally, it includes analytical techniques to ensure that the model

developed is well posed.

3.2 Preliminaries

This is to present the basic preliminaries in the theory of differential equations and
fractional calculus that serve as a foundation in the use of differential equations to

model passengers’ evolution of satisfaction as time-varying system.

Definition 3.2.1 Let x be the state of a dynamical system. Then a generalized

deterministic model involving x is given by

dx

D
where x € R", t represents time, and p € R™ represents the parameters upon which the
evolution of the system depends.
Definition 3.2.2 Let nbe a positive integer such that n—1 <k <n. The Caputo

fractional order derivative of order k for a function f:[0,) = R is defined as

(Petras, 2011)
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CDRF(L) = Jy Fr () =g, ve > 0 )

F(n K)
Where I'(.) is the gamma function defined as I'(z) = f o t*~te~tdt for complex numbers
z with positive real part.

Definition 3.2.3 The Caputo fractional order integral of order « for a

function f: [0, ) — R is defined as (Petras, 2011)

() = i fo £ dg ve > 0
I'(k)
2)
Definition 3.2.4 The Mittag—Leffler function with two parameters @ >0 and f > 0 is

provided as (Podlubny, 1999)

z€eC (3)

oo z!
Fap(®) = Lizi rangy Y

The Mittag-Leffler function with one parameter (when f = 1) is the function defined as

Zi
Ea®) = 2izi oy

Definition 3.2.5 A value x” is identified as a steady state of the Caputo-fractional order

model when (Biala & Khaliqg, 2021; Li et al., 2009)

CDEx(t) = f(t,x(t)),lc € (0,1]if and only if f(t,x*) =0forallt >0

Definition 3.2.6 A steady state x, is considered stable when initial conditions close to
that point result in trajectories (time evolutions of x) that approach the steady
state. On the contrary, if these trajectories move away from x, , the steady state is
unstable.

Definition 3.2.7 The reproduction number R, s is defined to be the average number of
new passengers who transitioned from the less or quite satisfied to
dissatisfaction compartment due to the impact of a dissatisfied passenger
introduced in a population with a less or quite satisfied, during the period in

which he or she was in that sense of perception.
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Proposition 3.2.1 The Laplace transform operator for the Caputo fractional order
derivative with order x, n—1 <k <n, n €N of the function f is given by the
following expressions

L(CD*F)(s) = sKF(s) — S s571=1 £1(0) where F(s) = L(f(£)).

Proposition 3.2.2  The Laplace transform of two parameters function of Mittag Leffler

is given by

saB
L (tﬁ_lEa,ﬁ(/’lt“)) =7

Proposition 3.2.3  (Generalized Mean Value theorem). Suppose h(t) € L[0,Tf] and

€D*h(t) € L[0,Tf] for x € (0,1] then the theorem states that h(t) = h(0) + ﬁ

€D*h({)t" where { € [0,t], for each t such that 0 < t < Tj.
The results presented below are based on Proposition 3.2.3.
a) The function h is non-decreasing for all t € [0, Tf], if D*h(t) = 0.
b) The function h is non-increasing for all t € [0, Ty], if D*h(t) < 0.
Proposition 3.2.4  Suppose g(t) € L(R)NF(R) and k ER,n—1 <k <n,n € N then
the following conditions hold
a) (D*I*g)(t) = g(©).
b) (CI*D*g)(®) = g(8) — TR=b = g (0).
c) Specifically, if 0 < k < 1, then (“I* *D¥g)(¢t) = g(t) — g(0).
d) For a constant function g(t) = b then ¢D*(b) = 0.
3.3 Description of study area
This thesis research is based on the AA-LRT system, which began operations in 2015 by
Ethiopia Railways Corporation (ERC). It was the first light rail and rapid transit in
eastern and sub-Saharan Africa at that time. The AA-LRT uses electric power, and the
network consists of two routes, one running the East-West route from Ayat to Tor-
Hailoch, and the other running the North-South route from Minilik II square to

Akaki/Kality, as indicated in Figure 3.1.
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The two routes share 2.7km of common track from Lideta to Meskel Square. These
routes span a total length of 34.25km (North-South: 16.9km, East-West: 17.35km). The
system was accommodating the daily transportation of approximately 34,689
passengers on average, playing a vital role in the city's transportation system at the time
of this study. The route has a standard gauge width of 1.435m. The design speed is
80km/hr, with an operational speed of 70km/hr. It travels underground, through
tunnels and bridges, and includes pedestrian and car crossings. There are a total of 39
stations, with 27 located at the ground level, 9 on the bridge, 2 on the partial bridge and

one in the tunnel.

The light rail system features 39 ticket offices and 18 power stations, along with 22
elevators and 12 escalators. The transit system was operating with an average of 12
single tramcars per day when the survey was carried out. On average, passengers
experience an average waiting time of 17 minutes (Debebe & Asteray, 2022). The figure

below illustrates the routes of the light rail transit system.
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Figure 3-1: Addis Ababa light rail transit routes
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3.4 Research method

The methodology used in this study is designed to address the research questions. The
essential characteristics of passengers' travel experience are identified by reviewing
existing literature and conducting focus group discussions (FGDs). The FGD involved
individuals who had first-hand experience using the light rail transit in Addis Ababa.
As a result, 15 AA-LRT service users (comprising 4 women, 3 men and 8 male youths)
took part in the FGDs. Regarding their overall experience, the participants in the focus
group discussion mainly shared their thoughts on the AA-LRT service in response to

the questions posed to them.

They experienced incidences such as trains arriving late and not allowing passengers to
board, as well as trains stopping mid-trip and later informing passengers that electric

power was the cause.
Enquiries made during focus group deliberations include

1. Can you share your overall experience when using urban rail services?

2. What specific aspects of the travel experience do you find most satisfying
or enjoyable?

3. Are there any particular features or amenities that improve your overall
satisfaction with urban rail travel?

4. In what ways do you think the urban rail service could be improved to
better meet your needs and expectations?

5. How do you feel about the cleanliness and maintenance of urban rail
facilities?

6. Is there anything about the urban rail service that frustrates you or causes
dissatisfaction?

7. Have you encountered any challenges with ticketing, information

availability, or customer service during your urban rail travels?
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8. How important do you consider factors such as punctuality, safety,
comfort, and accessibility in your overall satisfaction with urban rail
services?

9. Do you have any suggestions for enhancing the passenger experience on

urban rail services?

Subsequently, a survey questionnaire (refer to Appendix A) is developed using the
attributes identified from existing literatures and inputs from participants who took

part in the FGD.

This questionnaire covered basic travel and demographic information, as well as
various aspects of the train service such as reliability, service characteristics, cleanliness,
comfort, information, customer service, safety, and security. Not all the selected travel
attributes will have equal importance ratings. Some attributes will have a much bigger
influence on whether a passenger is satisfied with the overall journey than others. To
counter the variability response rates, respondents were requested to express ratings of
importance and satisfaction for each service attribute using a Likert scale, with options
ranging from "Very satisfied” to "Very Dissatisfied" for satisfaction ratings and from
"Unimportant” to "Very important" for importance ratings.

The collected survey data is then analyzed using passenger-specific overall level of
satisfaction to segment the total passengers into different compartments, showing
distinct levels of satisfaction. These compartments include neutral(less or quite
satisfied), satisfaction, and dissatisfaction. To effectively capture the dynamics of
passengers’ satisfaction and gain valuable insights, a compartmental model is
formulated. There are two motivations for choosing compartmental modeling. First,
compartmental modeling is appropriate when predicting the future trend of the system

is desired.
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Second, compartmental modeling approach involves assumptions and approximations
that give researchers autonomy to test the model and refine the solution until it
effectively addresses the problem (“GAIMME — Guidel. Assess. Instr. Math. Model.
Educ.,” 2019). Analytical methods were utilized to check some qualitative properties
such as the non-negativity and boundedness of the solutions, as well as to establish the
existence and uniqueness of solutions of the model formulated. Additionally, numerical
techniques are applied to track satisfaction trends, and optimal improvement strategies

are identified through the use of optimal control theory.

3.4.1 Data sampling and collection

The population of this study consists of the entire passengers of AA-LRT. To obtain a
representative sample from the entire passengers, the number of passengers per day

was first identified from 10/2023 to 02/2024 records of passengers’ flow of AA-LRT.

The total number of passengers required for the survey was determined for both lines,
and then distributed to specific stations. A combination of simple random (for the
survey) and purposive (for the station) sampling techniques was employed. Out of the
39 stations available, 13 stations were selected, comprising five stations from East-West
route, three communal stations and five stations from North-South route, as depicted in
Figure 3.2. The selected stations offer a good representation of all stations, providing a

comprehensive overview of the corridor’s characteristics.
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Figure 3-2: Selected stations along the AA-LRT route map

The first step involved calculating the sample size of the total population of LRT users

and then distributing it across both lines to determine the sample size at each station.

The Cochran's sample size formula, a commonly used formula in survey sampling, was

utilized to calculate the sample size required for obtaining a representative sample of

the population with 95% level of confidence and +5% desired margin of error.

AA-LRT's documents from transport center showed that the numbers of passengers

were recorded on a monthly basis. The mean daily passenger count was calculated for

the period spanning from October to February in the year 2023/2024. A simple random

sampling technique was used to approach passengers waiting for the train at selected

stations.
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Table 3-1: Average number of passengers

Average number of
passengers per day

Average number of
passengers per day

Month N-S line E-W line

October 15570 21923 37493
November 8431 23341 31772
December 15461 22590 38051
January 14779 19918 34697
February 13380 18053 31433
Estimated  average  number  of

passengers per day 13524 21165 34689

The data from the AA-LRT's transport center indicated that the estimated average

number of passengers per day is 34689.
Cochran’s sample size formula:
It is recommended to be used for studies with infinite populations (Cochran 1977).

z2xpx(1-p)

ny

n: sample size, e = 0.05, desired level of precision, the margin of error, p = 05, the
fraction of the population that displays the attribute, z = 1.96, the z-value, extracted

from a z-table.
The Cochran’s sample size, n, = 384.146
Cochran’s modified formula for finite populations

The sample size for the population size can be computed using the formula

o
ng—1
N

n=
1+

where ny, = 384.146 is the Cochran’s sample size and N = 34689 is the size of the

population.

The sample size for the study is 381 passengers.
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The authors proportionally divided the 381 samples into 150 for the N-S route, 81 for

the communal stations and 150 for E-W route.

The questionnaires were offered to the selected passengers about to board a train at

stations, and this takes place between 02 April and 08 April 2024.

3.4.2 Satisfaction Index (SI) and Importance Performance Analysis (IPS)

The satisfaction index is a measure used to assess the level of satisfaction attained by the
transportation service provider in relation to the overall experience of passengers
during their journey. The satisfaction index is calculated by averaging the satisfaction
and importance ratings in terms of various attributes of travel experience. This
approach allows for a systematic evaluation of passengers’ satisfaction, but it does not

consider variations in user perceptions.

The evaluation of satisfaction index and the analysis of importance and performance are
performed to assess the satisfaction levels of passengers and highlight the key areas that

need immediate attention from transit operators.

Due to the varying importance of attributes for passengers, a satisfaction index that
relies solely on satisfaction and importance ratings may not be appropriate to account
for such discrepancies. A new customer satisfaction index suggested by L. Eboli and G.
Mazzulla (Eboli & Mazzulla, 2009) was used to identify passengers’ travel experience

attributes critical to enhancing passengers’ travel experience.
This attribute-weight is calculated by the following formula:
HPSI; = S;W;

where §; is the mean of satisfaction rates on the j — attribute expressed by passengers
corrected according to the deviation of the rates from the average value. §; is calculated

by the following formula:
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SF=S5; ZJ < X 32, where N = 32 is the number of attributes

W; is the mean of the importance rates on the j — attribute expressed by passengers

corrected according to the variance of the importance rates.

W is calculated according to the formula

I;

87

321j

j=152
6]

W

This attribute-weight helps the researchers to identify which attributes are likely to have
least impacts on the overall satisfaction of passengers in the AA-LRT for the month of

February.

Additionally, the overall passenger satisfaction index (HPSI), with 'H' representing
heterogeneous, is computed using the following formula

32

HPSI = Z S;W;
j=1
Importance-Performance analysis (IPA), first proposed by Martilla & James (1977),
provides valuable information on the service quality attributes that a company should
prioritize to enhance customer satisfaction. Typically, satisfaction survey data is
employed to create a matrix with two dimensions: The average score for importance is
represented on the x-axis, while performance (average satisfaction) is shown on the y-
axis. Many studies have utilized IPA. For instance, Aghajanzadeh et al. (2022)

conducted a study to assess attributes influencing user satisfaction with metro services.
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The average satisfaction level for each attribute is determined by the formula: X, = ==

where x; represents the satisfaction rating given by the i"participant, and N is the total
number of participants. Similarly, the average importance level for each attribute is

N .
computed as y, = %, where y; is the importance rating provided by the

i"'respondent, and N is the total number of respondents.

The average of satisfaction and importance mean ratings for the whole attributes are

DI T

provided by S, = =5 and I = = respectively.

3.4.3 Assumptions and description of the models

The intricacy of a system model can be evaluated based on the underlying assumptions.
Listed below are the underlying assumptions that are reasonable about the missing

information.

1. The daily operation of the AA-LRT system is performed under the same
condition.

2. The targeted population is thoroughly mixed; that is, the less or quite satisfied
individuals are evenly distributed across the entire population. Consequently, a
random sample of passengers can be considered. The authors need these
assumptions for our model to be useful in the classification process.

3. The number of passengers in each compartment changes only due to the transfer
of passengers in or out of the compartment.

4. All selected passengers are either “less or quite satisfied”, “dissatisfied”, or
“satistied”. There are no other types of passengers to be considered.

5. The number of new passengers entering the system is equal to the number of
passengers leaving off the system.

6. In the survey conducted to measure satisfaction with AA-LRT service, many of
the attributes the authors identified are found to be key attributes.
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The reason behind making these assumptions is primarily driven to formulate a
mathematical model that is tractable in a deterministic framework using ordinary
differential equations, and inspired by Agree-Disagree model that represents public

opinion (Bidah et al., 2020).

3.44 Descriptions of the models
Because there are various studies where satisfaction ratings that show the present status

of passengers’ satisfaction towards AA-LRT service are involved, our model explains
how satisfaction changes over time in relation to the travel experience features of the
AA-LRT service and their interactions. The population the authors are interested in is

divided into three distinct compartments, each of which is explained below.

1. “Neutral” “N” individuals refer to the number of passengers who have had
mixed travel experiences resulting in feelings of reduced or moderate
satisfaction. They exhibit weak or indifferent attitudes towards their overall

travel experience.

2. “Dissatisfied” “D” individuals are individuals who express dissatisfaction. They
have encountered notable problems or inconveniences during their rail travel
experience. This category has unfavorable opinions about what they encountered
during their travels.

3. “Satisfied” “S” individuals represent passengers who may have encountered
positive experiences, witnessed improvements in the rail system, or received
satisfactory resolutions to their complaints. Satisfied passengers will likely to
continue to use the service. This category has a favorable outlook on their travel
experiences.

If P(t) is the total number of passengers at a given time t,

P(t) = N(t) + D(t) + S(t)
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Each passenger evaluates the various aspects of his/her travel experience based on
his/her own perspective, and passengers may be influenced by the satisfaction or
dissatisfaction expressed by others. Accordingly, each passenger is categorized as
"satisfied," "dissatisfied," or "neutral." Passengers who have no strong feelings (either
positive or negative) about their journey on the LRT can be classified as neutral.
Passengers can transition from one compartment to another by their
interactions/influences with other passengers. Every passenger has also developed

positive or negative attitude due to his/her personal travel experience.

When neutral individuals interact with satisfied ones and exchange their travel
experiences, the neutral individuals can be influenced and begin to perceive the service
as having satisfying travel elements and subsequently become satisfied at a rate a;.
Similarly, the neutral individuals can also be influenced by passengers experiencing
dissatisfaction with the transit service at a rate a,. A passenger experiencing satisfaction
with the service may be influenced by someone with a feeling of dissatisfaction at a rate
of fB,, or a passenger with a feeling of dissatisfaction may be persuaded by satisfied

passengers’ experience of improvements at a rate of y,.

Satisfied passengers may have experienced both positive and negative aspects of travel
experience attributes, which places them in the neutral category at a rate of ;. And,
dissatisfied passengers become neutral at a rate of y;. Despite the presence of other
contributing factors such as family dynamics, biases, media, economic status, and
occupations that contribute to the development of passenger satisfaction, the authors
opted to focus solely on developing a simplified mathematical model by disregarding

these additional factors.

A flowchart schematically outlining the interactions between the different categories
within the system is depicted in Figure 3.3. Each circle in the flowchart represents a
compartment labeled with the name of the class. Arrows show the transition of

individuals among the compartments.
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Figure 3-3: Flowchart of NDS model
All the parameters have the unit of inverse time.

3.4.5 The fractional order model
A popular construct in mathematical modeling is that of a compartment. In its simplest

form, a compartment consists of an aggregate, possibly of individuals, and different
compartments can interact through exchange, or controlling each other’s inputs or

outputs.

The change in the number of passengers in each compartment equals the difference
between what transfers in and what transfers out from the compartment. The net rate of
change, which is the difference between input and output, is the basis for writing the

governing differential equation.
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The deterministic integer order model that represents the time varying system of
passengers’ satisfaction level is a system of nonlinear integer-order ordinary differential

equations shown below

dN() __ S(ON® _  DONE
BT S 2 P T Y1D (@) + B1S(t)
dD(t) _ D(t)N(t) S(t)D(t) . S()D(t) .
7 - 2 PO + B> PO 2700 v1D () (1)
das(t) S(N(t) S(t)D(t) . S()D(t)

1 L) 0 B 0 — f1S(0)

dt P(t)

subject to the constraints N(0) > 0, D(0) = 0,5(0) = 0.

In the system dynamics, N,D and S are the state variables that characterize the levels of
satisfaction of passengers overtime.

Here, the authors reformulated the classic model which represents how passengers’
satisfaction changes overtime. This formulation involves utilizing Caputo fractional
order derivative, which enables us to account for memory effects and enhance our
insights into the evolution of passengers’” satisfaction over time. The fractional order
model where k represents the Caputo fractional order within the range of [0,1] can be

observed in Equation (2).

S(t)N(t) D(t)N(t)
CDE(N(D) = —of = 5= — oG —, 5=+ ¥ D(8) + Br'S(D)

D(ON(t) S(©)D(t) s(©)D(t)
D(DW) == BT Vg — VD@ )
S(ON(t) S(£)D(¢) s(©)D(¢)
DS = ==+ V= — B — BrS(®)
where N(0) > 0,D(0) = 0,and S(0) > 0 3)

The operator *D* for fractional derivative has a dimension of (time)™ instead of
(time)~!. Therefore, in accordance with dimensional analysis, all the parameters
present on the right side of the fractional order model must have power k. As the
fractional order model is nonlinear, there are no techniques available to determine the
analytical solution. Therefore, the solution is provided through numerical methods.

To simplify the analysis, the authors consider the proportions of passengers who were

neutral, dissatisfied, and satisfied.

40



If the fractions of the N, D and S are represented in the population as n = N/P, d = 2

P
and s = %, respectively, and replace N by n, D by d and S by s, the model equation (2)

can be written as

¢pe(n(t)) = —afsn — afdn + yfd + Bfs

€pr(d(t)) = afdn —yfd — y¥sd + B§ ds (4)
¢Dx(s(t)) = afsn+ yfds — Bfs — p¥ds
where n(0) = 0,d(0) = 0, ands(0) = 0. (5)

Since P(t) = N(t) + D(t) + S(t), n(t) + d(¢t) + s(¢t) = 1.

The system of equations in model (4) can be simplified into the following differential

equations.

cpe(d(t)) = afd(1—s—d) —yfd — y¥sd + B¥ds
CD*(s(t)) = a¥s(1 —s —d) + yXds — p¥s — p¥ds

which can be simplified to

cpr(d(t)) = afd(1—s—d) — ysd —y¥d
cp*(s(t)) = a¥s(1 —s —d) + ysd — Bfs

where y = y5 — B5.

As non-negative and bounded values of populations are relevant, the authors establish
some qualitative properties namely the non-negativity and boundedness of solutions of
the fractional order model. Additionally, the authors analyze the existence and
uniqueness of the solutions of the Caputo fractional order model given in Equation (2)

with initial conditions given in Equation (3).

3.4.6 Well posedness of the model

Theorem 3.4.6.1 The solutions of the system (shown in Equation (2)) are non-negative for
non-negative initial conditions (shown in Equation (3)). That is, the solutions (n(t), d(t),s(t))

for the model (Equation (2)) is positive invariant in R3.
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Proof: Appendix B

Theorem 3.4.6.2 The solutions of the system (shown in Equation (2)) are uniformly

bounded at all times for non-negative initial conditions (shown in Equation (3)).

Proof: Appendix B
To show the existence and uniqueness of solution of the model, rewrite the fractional

order model (Equation (2))) together with initial conditions (Equation (3))) in the vector

form
{CD"X(t) =C(t,X(t),0<t<T <o )
X = XO
where X(t) = (N(t), D(1),S(t)) and
ok SWN®) DON()
D(t)N(t) S(t)D(t) S(t)D(t)
G(t,Y(®) =|C,(t, D) =5 o tBE e TV T Y "D(t)l 7)
C5(t,S(1)) [ R SON® | SODW) _ o SODO) _ "S(t)J
“re T2 T 10

Using condition (c) of proposition 3.2.4, the authors establish the subsequent integral

equations
S(E)N(t) D(t)N(t)
N(t)—N<0)=C1K<—af o2 — a5 2 +V1D(t)+ﬁfS(t)>
B _Cpie ((x DON® | 5 SODW®) _  SOD®) _
D(®) = D(0) = €1 (o X2 + By 1020 — yr 2L — D (1)) ®)

— _Cyr [ (xSON®) | SODWD) i SODE) _ ok
S)—500)="°1 <oc1 ro T2 e P e /j’lS(t)>

From Equation (8), the authors determine the following

N() = N(0) + = [[(t — O ¢, (&, N(©))d¢

T'(x)
D(8) = D(0) + 155 Jy (¢ = O C2(§, D(©))dg 9)
S(®) = S(0) + 555 Jy (= 7 C5(£,5(©))dg

Employing the Picard iterative method numerically, the authors obtain the following
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1

Na(6) = o5 Jy (6 = 71 C1 (&, Nyoa () lE
Dn() = 155 Jy (6 = O €5, D1 (§))d§ (10)
Sn(6) = 725 Jy (6 = 71 58,501 (9) g

Ultimately, the initial value problem (10) is transformed to

1 [t _
X(t) = Xx(0) M) . CEXENE-HtdE

Then the authors establish the following Lemmas to prove existence uniqueness
theorem.

Lemma 3.4.6.1  The vector function C(t,X) is Lipschitz in the variable X on a set [0,T] X R}
with some Lipschitz constant K.

Proof: Appendix B

Theorem 3.4.6.3 (Existence-Uniqueness theorem) The initial value problem that constitute
Equation (2) and initial states N(0) = 0,A(0) = 0,and S(0) =0 has a unique solution

X(t) € Q(1), the set of bounded continuous functions on I with norm ||X|| = sup{|X(t)|:t € I}.

Proof: Appendix B

Therefore, the fractional order model (Equations (2) and (2)) is well posed.

3.4.7 Qualitative analysis

Qualitative analysis of a compartmental model plays a crucial role in understanding the
behavior and dynamics of complex systems. By studying the steady states and their
local stability, the authors can gain valuable insights into the long-term behavior of the
system.

3471  Steady states
This section focuses on establishing certain properties of the solutions to the NDS
model. Quantitatively analyzing the steady states (or simply the equilibria) of the model

allows us to understand the long-term behavior of passengers’ attitudes and identify
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potential states of stability. The steady states are determined as the values x, of x which

will remain unchanged for all t > t, at a specific time t,.

This means that all the model variables will remain steady, and as a result, will equal

zero. This condition can be used to determine the steady states of the system.

It is crucial to observe that the fractional order model described in Equation (2) has two
types of steady-state solutions: a dissatisfaction-free steady state (DFSS) and a
dissatisfaction-persistent steady state (DPSS), denoted by E° = (N°D°S°% and

E* = (N*,D",§") respectively. The dissatisfaction-free steady state is the solution of
CDEN(t) = €D*D(t) = €D*S(t) = 0, for each t > 0
In a state of equilibrium without dissatisfaction, D° = 0.

This yields

o _ Plat —p)

where N° and S° represent the number of neutral and satisfied passengers, respectively,

in the absence of dissatisfied passengers.

Thus, for the evolutionary system governed by Equation (2), the dissatisfaction-free
steady state is

BE o P(ak=pY)
E° = (a—}fp, 0, 2 L) (11)

1

Intermsofn=N/P,d = g and s = %, the dissatisfaction-free steady state is

E° = (i—i,:, 01— ﬁ—f), which exists provided that af > B; holds.
1

K
a;

To evaluate the dissatisfaction-persistent steady state denoted by E* = (d*,s*), the
authors set *D*(n(t)) =0, D*(d(t)) = 0 and °D*(s(t)) = 0 and simplify the resulting
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K_ ., pK, K. K_ KpK
equations. Then, the authors obtain the following d* = —%= ;(([j( . 2?:;,6)“2[; Lands® =
%1 2

xas—xyi+afyr—asy By
x(x—af+az)

Therefore, for the system governed by Equation (2), the dissatisfaction-persistent
equilibriumis E* = (n*,d",s*), wheren* =1 —-d" —s".
3.4.7.2  Local stability of dissatisfaction steady state

The local stability of the dissatisfaction-free steady state is examined by its effective
reproduction number denoted by R.;r, which is determined by using the next
generation matrix (Van Den Driessche & Watmough, 2002). The number R, indicates
the potential for dissatisfaction to develop within the population. When R, is less
than unity, a small number of dissatisfied passengers introduced into a neutral
population will generally influence others to develop a feeling of dissatisfaction.
Conversely, if R, s exceeds unity, the number of dissatisfied passengers will grow, and
dissatisfaction will evolve throughout the population. The “dissatisfaction”
compartment, the only compartment that contains passengers with a feeling of
dissatisfaction, will be decoupled from the system. The equation representing this

compartment is

cp*(d(®) = ‘D (d(t)) = afdn —y¥d —y¥sd + ¥ sd
= (azn+ B3 s)d — (y1 +vzs)d
which is of the form CD"(d(t)) = (F—=V)d(t), where F(x,y)=asn+ B5 sand

V(x,y) = y{ +v5s.

Evaluating F and V at the dissatisfaction free steady state EC = (%,0,1 —%), the
1 1

25 K e 5 AP R VI i e e 15
— and V = — .
ay ay

K BR 4+ BE o — KK . .
Z,f}c £ = £ iﬁﬁ, and the effective reproduction
aryrty2 a1 —v2 by

authors obtain F =

The next generation matrix, FV ™! =

az BT +Bzar-Bi By

afyr+yyal vy BY

number, R r =
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Theorem 3.3.7.2.1  The dissatisfaction-free steady state of the model (Equation (2)) is locally
asymptotically stable if Ress is less than unity. Otherwise, it is unstable.

Proof: Appendix B

Theorem 3.3.7.2.2  The dissatisfaction-persistent steady state of the model (Equation (2)) is
locally asymptotically stable if R,z f is greater than unity. Otherwise, it is unstable.

Proof: Appendix B

3.5 Optimal control problem (OCP)
Through the application of optimal control techniques, this research aims to provide
insights into the optimization of passengers' travel experience within the transit system.
The authors formulate the optimal control problem associated with the dynamics of

passengers' satisfaction level within the transit system.

Formulation of the Optimal Control Problem:

The initial step involved formulating the optimal control problem corresponding to the
dynamics of passengers' satisfaction level within the transportation system. This
included defining the state variables, control variables, constraints, and objective

function to be optimized.

Selection of Improvement Strategies:

Improvement strategies were selected based on the analysis of the importance-
performance analysis conducted to identify potential enhancements within the transit
system. These strategies aim to improve passengers' travel experience by addressing

key performance indicators.

Definition of Performance Criterion:

Performance criterion, in the form of a cost function, was defined to quantitatively

measure the impact of each improvement strategy on enhancing passengers' satisfaction
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levels. This criterion serves as the basis for evaluating the effectiveness of the proposed

enhancements.

Application of Pontryagin’s Maximum Principle:

The Pontryagin’s maximum principle, a fundamental optimization tool in optimal
control theory, was employed to determine the optimal enhancement strategies that
maximize passengers' satisfaction levels while considering system dynamics and

constraints. By applying this principle, the most effective control strategies were

identified.
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Demographic and travel characteristics of sample

Although the population is evenly spread between male and female, the majority of the
respondents is female (64% of the sample). Most of the respondents were younger than
21 years (67%) while 13% were over 46 years of age. The most frequent purpose of
respondents was to travel to work in the private or public sector (66%) while 25% to
school/university. In terms of education level, about 95% of the respondents were
holders of Bachelor degree and lower. Figure 4.1 depicts the summary of demographic

and travel information.

c Master degree and above ! 5
-% Bachelor degree b49
é Diploma A----127
- High school |19
Other A-l 6
g o Leisure AF 3
E ork (private or public sector) J 66
School/university A_| 25
§ One to three times a month J.l 4
% One to three times a week AI_I 7
E On a daily basis ¥ 39
Over 61 years J.l 4
46-60 J_' 9
o 22-45 A|_| 20
18-21 y 44
Up to 17 years : J23
S Female | o4
é ) Male y 36

0O 10 20 30 40 50 60 70 80 90

Percentage

Figure 4-1: Demographic information and travel characteristics
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4.2 Reliability test

The reliability test of Cronbache’s alpha value is the most commonly used test for
assessing the internal consistency of a questionnaire. Thus, Cronbache’s alpha value
yields a coefficient ranging from 0 to 1. Cronbache’s alpha value above 0.7 is considered
the minimum acceptable value. The questionnaire's reliability was assessed using
Cronbache’s alpha, and Table 4.1 shows the details of the reliability values for each
aspect of the travel experience. Consequently, the questionnaire was deemed reliable

and can be used to measure the passengers’ satisfaction.

Table 4-1: Cronbache's alpha values

Aspect Number of Cronbache’s” alpha
attributes  Satisfaction ratings  Importance ratings

Reliability -+ 0.794 0.847
Service characteristics 6 0.743 0.718
Cleanliness 3 0.746 0.715
Comfort 6 0.758 0.773
Information 5 0.771 0.744
Customer service 4 0.740 0.734
Safety and security 4 0.858 0.754
Overall 32 0.759 0.702

Table 4.2 presents the mean score and variability of satisfaction and importance ratings.
These measures help to take into account the heterogeneity among passengers when
assessing the quality of service provided by AA-LRT. By observing passengers’
evaluations of expected quality (average importance ratings), it seems that passengers
find the service attributes to be significant. The majority of service attributes
demonstrate greater consistency when compared to the evaluations of perceived
quality, as indicated by the average satisfaction ratings. Further, Table 4.2 presents data
indicating that more than 21 attributes are rated as important by passengers, with
average importance ratings exceeding 2.5. Notably, availability of schedules and maps
on train, smoothness of ride and stops, and provision of information for disabled and

elderly rail passengers at stations receive an average importance rating below 2.0.
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Through variance analysis of satisfaction and importance ratings, the study identified

passenger heterogeneity in evaluating service quality.

Table 4-2: Mean and Variance-Satisfaction and Importance

Reliability Reliability of train departures R1 257 176 395 1.26
Reliability of train arrivals R2 1.81 060 391 147
Punctuality of train departures R3 271 150 471 0.62
Punctuality of train arrivals R4 135 031 3.82 1.01
Service Frequency of trains on the route SCl1 252 228 421 122
characteristics = Operational speed of trains on the route SC2 367 117 390 1.28
Availability of transit personnel at the station SC3 423 087 357 1.56
Auvailability of services on weekends/holidays SC4 3.07 205 285 1.15
Short wait time for transfers SC5 254 104 293 1.07
Daily service time SC6 264 1.04 466 0.30
Cleanliness Cleanliness of interior and seats on the trains CL1 324 250 236 0.41
Cleanliness and hygiene on the stations CL2 251 044 205 0.21
Cleanliness and hygiene of the transit facilities CL3 338 214 188 0.14
Comfort Accessibility and convenience of seat and shelter on the Ccol 241 185 204 0.74
stations
Comfort of seats on the trains co2 277 178 381 0.70
Smoothness of ride and stops CcOo3 282 176 1.18 0.20
Quietness of the train CO4 221 017 228 1.02
Ease of boarding and alighting the train CO5 167 088 255 1.72
Train crowding CO6 186 134 452 0.55
Information Auvailability of schedules and maps on train I1 223 082 192 0.50
Provision of information for disabled and elderly rail 12 238 1.16 1.65 0.55
passengers at stations
Information made available at the ticket office 13 223 089 253 1.30
Provision of information for disabled and elderly rail 14 140 049 297 174
passengers on trains
Provision of schedules and maps at stations 15 2.00 0.82 341 225
Customer Efficiency of service at the ticket office CS1 285 196 145 0.50
Care Administration of complaints CS2 201 042 263 1.75
Administration of crowded stations during rush hours CS3 | 257 150 1.75 0.74
Train operators’ behavior CS4 387 213 152 0.37
Safety and Ability of AA-LRT system to avoid or reduce safety SS1 234 072 338 0.76
security related issues at stations
Ability of AA-LRT system to avoid or reduce safety SS2 209 064 389 0.69
related issues on train
The effort that AA-LRT system to avoid or reduce SS3 | 290 1.81 3.14  0.63
security related issues at stations
Ability of AA-LRT system to avoid or reduce security Ss4 223 063 329 0.55

related issues on train

Mean 2.53 2.93
Source: Field survey, 2023/24

The satisfaction and importance ratings provided by the transit passengers were
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instrumental in calculating the attribute weight, as demonstrated in Table 4.3. The final

column displays the impact of each attribute on the overall HPSI.

By observing the corrected importance weight, it appears that all the attributes are
found to be important by the passengers. Weight scores below 33% can be identified as
critical service attributes.

Table 4-3: Determining PSI and HPSI

Attributes

Attribute

wght
(PSI)

Corrected
Satis Wght

Corrected
import wght

Attribute
Weight
(HPSI)

1 Reliability of train departures 0.11 1.364 0.024 0.03
2 Reliability of train arrivals 0.07 1.985 0.020 0.04
3 Punctuality of train departures 0.13 1.780 0.058 0.10
4 Punctuality of train arrivals 0.05 2.137 0.029 0.06
5 Frequency of trains on the route 0.11 1.013 0.026 0.03
6 Operational speed of trains on the route 0.15 4.185 0.023 0.10
7 Availability of transit personnel at the station 0.16 7.477 0.017 0.13
8 Availability of services on weekends/holidays 0.09 1.671 0.019 0.03
9 Short wait time for transfers 0.08 2.255 0.021 0.05
10 Daily service time 0.13 2.436 0.118 0.29
11 Cleanliness of interior and seats on the trains 0.08 1.527 0.044 0.07
12 Cleanliness and hygiene on the stations 0.05 5.206 0.074 0.39
13 Cleanliness and hygiene of the transit facilities 0.07 1.941 0.102 0.20
Accessibility and convenience of seat and shelter on the
14 stations 0.05 1.141 0.021 0.02
15 Comfort of seats on the trains 0.11 1.567 0.041 0.06
16 Smoothness of ride and stops 0.04 1.643 0.045 0.07
17 Quietness of the train 0.05 10.445 0.017 0.18
18 Ease of boarding and alighting the train 0.04 1.152 0.011 0.01
19 Train crowding 0.09 0.939 0.062 0.06
20 Availability of schedules and maps on train 0.05 2.205 0.029 0.06
Provision of information for disabled and elderly rail
21 passengers at stations 0.04 1.775 0.023 0.04
22 Information made available at the ticket office 0.06 2.031 0.015 0.03
Provision of information for disabled and elderly rail
23 passengers on trains 0.04 1.454 0.013 0.02
24 Provision of schedules and maps at stations 0.07 1.773 0.011 0.02
25 Efficiency of service at the ticket office 0.04 1.507 0.022 0.03
26 Administration of complaints 0.06 3.497 0.011 0.04
27 Administration of crowded stations during rush hours 0.05 1.601 0.018 0.03
28 Train operators’ behavior 0.06 2.556 0.031 0.08
Ability of AA-LRT system to avoid or reduce safety related
29 issues at stations 0.08 2.765 0.034 0.09
Ability of AA-LRT system to avoid or reduce safety related
30 issues on train 0.09 2.481 0.043 0.11
The effort that AA-LRT system to avoid or reduce security
31 related issues at stations 0.10 1.689 0.038 0.06
Ability of AA-LRT system to avoid or reduce security related
32 issues on train 0.08 2.870 0.045 0.13
2.50(50% Overall heterogeneous
) passengers’ satisfaction 2.66(53.2%
Overall passengers’ satisfaction index(OPSI) index (OHPSI) )
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The OPSI is measured at 2.50. When the authors correct the satisfaction and importance
ratings based on their variations from the mean, the OHPSI is calculated to be 2.66. This
index demonstrates consistency with Bogale & Gizat, 2021 findings, where respondents'
mean evaluation of service quality (M~2.9) similarly fell below moderate satisfaction
thresholds. This convergence across independent studies substantiates the index's
validity as a robust measure of transit service quality assessment.

The discrepancy between the OPS and OHPS indices arises from the varying impacts of
each service attribute on the indices. If the importance ratings have consistent variances
across all attributes and, at the same time, the satisfaction ratings also exhibit equal

variances across all attributes, the HCSI and CSI values will be identical.

When the authors examine the attribute weights related to PSI, it is evident that the
attributes with the greatest impact on overall satisfaction are daily service time,
operational speed of trains on the route, availability of transit personnel at the station,
and punctuality of train departures. The weighted scores that vary from 0.04 to 0.16 (as
indicated in Table 4.3) indicate that other attributes also play a significant role. Despite a
0.16 difference between the two indices, the weighted scores for PSI differ notably from
those of HPSI, which range from 0.01 to 0.39. The attribute with the highest weighted

score for HPSI pertains to cleanliness and hygiene at the stations and daily service time.

Furthermore, certain service attributes contribute minimally to both indexes. The
system’s ability to address safety concerns at stations (0.08 to OPSI and 0.09 to OHPSI)
and the punctuality of train arrivals (0.05 for OPSI and 0.06 for OHPSI) rank among the
least influential factors. These findings help identify potential areas for improvement

that may have been over prioritized or require targeted interventions.

HPSI is a valuable tool for assessing transit service quality and tracking transit agency

performance by taking into account differences in user evaluations and adjusting
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importance and satisfaction levels based on deviations from the average. Hence, the
overall HPSI score indicates that the AA-LRT service is 53.2% successful in satisfying its

passengers.

4.3 Importance-Performance Analysis (IPA)

The IPA is founded on the idea that transit operators can enhance overall customer
satisfaction by focusing on areas where the level of satisfaction is relatively low and the
perceived importance of the service is relatively high. The importance-performance

analysis involves an examination of a matrix divided into four quadrants.

Each quadrant categorizes attributes as either "Require consistent focus," "Surpass what
was expected," "Potential opportunities for improvement," or "Less emphasis." This
analysis helps identify priority areas for action based on the perception of importance

and performance of specific attributes.

Require consistent focus (Above average importance and above average

satisfaction)

This section indicates the area in which the transit service provider is successfully
meeting the expectations of passengers. Factors within this category play a vital role in
determining the overall satisfaction level of passengers. It is recommended that the

service provider continues to prioritize or slightly enhance the focus on these attributes.

Surpass what was expected (Below average importance and above average

satisfaction)

This section highlights where the transit operator is exceeding passengers' expectations
by a considerable margin. The attributes in this category do not have a significant
impact on the overall level of satisfaction of passengers with the transit services. It is
advisable for the transit operator to sustain the current emphasis on these attributes or

slightly reduce it.
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Potential opportunities for improvement (Above average importance and below

average satisfaction)

This section indicates attributes for which satisfaction levels are low but the perceived
importance of the service is relatively high. This section also indicates where the transit
operator is falling short of passengers' expectations. These critical attributes of the
service encompass safety and security issues, train crowdedness, and the reliability of
train operations, and they can be considered for improving passenger satisfaction. And,
they have a major influence on passenger satisfaction, and it is highly recommended for
the transit operator to definitely enhance the focus on attributes in this area.

Less emphasis (Below average importance and below average satisfaction)

This section highlights where the transit operator's performance is weaker compared to
other areas, but it is deemed less critical to passengers. The attributes in this area do not
greatly impact overall satisfaction with transit services because they are considered less
important to passengers. Therefore, the transit operator should keep the current

emphasis on attributes in this area unchanged.
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Figure 4-2: Importance-satisfaction evaluation matrix

As shown in Figure 4.2, the potential opportunities for improving the service include

attributes such as:

§54: Ability of AA-LRT system to avoid or reduce security related issues on train
§S2: Ability of AA-LRT system to avoid or reduce safety related issues on train
15: Provision of information for disabled and elderly rail passengers at stations
I4: Provision of information for disabled and elderly rail passengers on trains

R2: Reliability of train arrivals

R4: Punctuality of train arrivals

CO6: Train crowding
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The attributes listed under “Require consistent focus” signify the service’s strength.
Hence, it is crucial for operators to uphold a high level of standard for these attributes

in order to gain a competitive edge. These attributes encompass

SC3: Availability of transit personnel at the station

SC2: Operational speed of trains on the route

SS3: The effort that AA-LRT system to avoid or reduce security related issues at stations

SCb: Short wait time for transfers

SS1: Ability of AA-LRT system to avoid or reduce safety related issues at stations

CO2: Comfort of seats on the trains

SC1: Frequency of trains on the route

R1: Reliability of train departures

R3: Punctuality of train departures

SC6: Daily service time
The service attributes outlined under “Surpass what was expected” can be viewed as
features that may exceed what is necessary. Hence, the transit operator should not focus
on these areas of their service in order to improve service quality. These attributes

encompass

CS4: Availability of services on weekends/holidays

CL3: Cleanliness and hygiene of the transit facilities

CL1: Cleanliness of interior and seats on the trains

SC4: Availability of services on weekends/holidays

CO3: Smoothness of ride and stops

CS1: Efficiency of service at the ticket office

CS3: Administration of crowded stations during rush hours

12: Provision of information for disabled and elderly rail passengers at stations
CL2: Cleanliness and hygiene on the stations

CO1: Accessibility and convenience of seat and shelter on the stations
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Finally, the attributes categorized as “Less emphasis” can be viewed less critical by
passengers. These are travel experience attributes of the service that are neither meeting
expectations nor perceived as particularly significant in improving the overall service

experience. These services include

I1: Availability of schedules and maps on train

CO4: Quietness of the train

13: Information made available at the ticket office

CS2: Administration of complaints

CO5: Ease of boarding and alighting the train

4.4 Optimal improvement strategies

This section explores methods for enhancing service quality that could potentially be
used to intervene in order to change the systems’ behavior in a way that its performance
is optimized. The importance-performance analysis discussed in section 4.3 indicated
that critical factors affecting passengers’ satisfaction include safety and security issues

within the train, and reliability and punctuality for arrivals.

The authors examine the most effective enhancement strategies for the NDS model
outlined in Equation 2 by utilizing the initial conditions specified in Equation 3 to
identify the best control strategies that reduce the number of passengers experiencing

dissatisfaction.

The objective is to identify the optimal intervention strategies u* = (uj, u;) based on the
control strategies u = (u;,u;) such that the resulting state trajectories N*,D* and S*

satisfy the model outlined in Equation (2).

The importance-satisfaction evaluation matrix reveals distinct improvement priorities
across service attributes. While most "Comfort" attributes exceed expectations
(requiring minimal intervention) and "Information" aspects need limited emphasis, the

analysis identifies "Reliability" and "Safety/Security" attributes as critical opportunities.

57



These domains exhibit consistent gaps between passenger expectations and perceived

performance, justifying their selection for targeted improvement strategies.

The control u, (t) pertains to the actions related to providing train services that adhere
to high levels of reliability and punctuality for arrivals, the control u,(t) represents to
the effort related to trains operate with excellent safety and security standards. The
control problem involves reducing the numbers of passengers experiencing

dissatisfaction.

It is assumed that the number of individuals holding a neutral attitude, possibly due to
not having strong positive or negative experiences, decreases by the factor 1 —u; as a
result of the provision of train services that adhere to high levels of reliability and
punctuality for arrivals. Similarly, the number of passengers experiencing
dissatisfaction decreases by the factor 1 — u, through the enactment of excellent safety
and security standards. The optimal control problem corresponding to the Caputo
fractional order model given in Equation 2 is derived by involving the control variables

mentioned earlier.

CDR(N()) = —(1 — uy)al SN _ e DOND 4y xpy (1) 4 pES(E)

P(t) P(t)
D(t)N(t) S(t)D(t) S(t)D(t)
CDR(D(®)) = ols 20D + g TONE — (1 — )y SEE0 — D () (12)
S(t)N(t) S(t)D(t) S(t)D(t)
CDR(S(0) = (1 — )l T + (1 — uy )y T30 - pr TO2E — prs(n)

with initial conditions given in Equation (3), and 2 = {(u;(t), u,(t)): 0 < uy(t), u,(t) <

1,t € [0, ¢

The system described in Equation (12) can be written in state-space form as
x'(6) = f(t,2(0), u®)); x(to) = %o (13)

The vector u(t) signifies the control variables at specific time t, while the vector x(t)

represents the state variables that characterizes the evolution of the level of passengers’
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satisfaction in response to the control u(t) at the initial condition x(t,) = x,. Equation

(13) fully determines the evolution of the state variables overtime.

The authors make the assumption that f is a continuous function of the variables t, x,u
and is continuously differentiable with respect to x. This assumption guarantees the
existence and uniqueness (at least locally) of a solution to the equation described by

Equation (13).

Setting the controls to zero means no improvement strategies are being taken to
enhance passengers' travel experience. Conversely, when the controls are set to their
maximum value of 1, it suggests that the intervention is fully implemented even though
this does not align with reality. In the case of AA-LRT, this value corresponds to what

operationally feasible and align with the transit existing infrastructure.

For AA-LRT system, the authors calibrated these control values to reflect realistic,
achievable levels of implementation. The selected values (between 0 and 1) were

determined by three critical factors:

(1) Operational feasibility within the current organizational and technical

framework,

(2) Compatibility with the existing transit infrastructure's physical and

operational characteristics, and

(3) The minimum intervention level required until passenger-perceived service

satisfaction.

This approach ensures our proposed strategies maintain practical relevance

while still demonstrating measurable potential improvements.

The performance criterion J:U[0,T] - R can be formulated in what is known as the

Lagrange form
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Snw) = [ (0N +5;0 + 2ot + Zudyde
0

The coefficients h;and ), represent positive weighting factors and %1 and %2 indicate the

relative costs linked to the intervention strategies u; and u,, respectively. These factors
aid in balancing the units of integrand. In the cost functional, the term §; N refer to the
running cost associated with providing train services that adhere to high levels of
reliability and punctuality for arrivals, while the term b,D signifies the running cost

associated with operating trains with excellent safety and security standards.

The existence of an optimal control is significantly important, as it would be futile to

seek a solution if no such solution is available.

Due to the complexity of most real-world problems, analytical solutions are usually not
feasible, making it necessary to rely on computational algorithms to solve optimal

control problems.
Pontryagin’s Maximum Principle
Consider the optimal control problem
minimize: J(uq, uy); x'(t) = f(t,x(t),u(t)); x(ty) = X (14)

Suppose there is a (local) minimizer u* = (uj, u;) € (C [0, tf])2 for the problem, and the
corresponding state of satisfaction vector (N*,D*,S*) € (C [0, tf])3. Then, there is a vector
function A* € (C[0,t¢])® such that the ordered triple (u*,x* A*) satisfies the Euler

Lagrange equations:
x'(t) = Hy; x(to) = xo
A(t) = —Hy A(tr) =0
H, =0
where H: R X R3 x R? x R® — R is the Hamiltonian function, defined as outlined in

H (&, x(t),u(t), ) = 1(t, x(t),u(t)) + ATf(t, x(t), u(t))
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F(t, x(t),u(t), )

%o D2 SON®) DN
=DuN 402D+ Jrui + g + A (-(L - e —p e - af— e
N S(HD SD
+y1D(©) + BrS(8)) + Az (g (I?(t)(t) + 52 (;)(t)(t) - (1 -w)y: (;)(t)(t)
S(H)N S(t)D S(t)D(L)
—yiD(t)) + A3((1 — uy)af % + (1 —w)yX —(;)(t)(t) - Bz (ltj)(t)(t)

= Brs®)

where 44, 1, and 45 are the co-state variables.

Forallt, 0 <t <ty and all admissible controls u, H (t, x(t),u(t),A) < H(t,u*, x*,1").
This implies that optimal control u* maximizes the Hamiltonian function

H(t,x(t), u(t), ).

By the same procedure applied in (Hailu & Teklu, 2024)

—ER =T BN+ A (-1 - w53 — a5 D) + A 2R 4+ As(1 — ) 5 — G2 =
o5 = b + Ay (o o + VE) + Ao Fp + B 58 — (1= w)yS 53 = vE) + 25((1 =
W)YE 38 — BE 2 = G2 = 5 = Mi(—(1 — ) 5o + B + A (B 5 — (1=
)5 ) + A3 (1 — u)ef 30 + (1 — up)yS 28 — BE 20 = BY) (15)
The conditions for transversality are
2(tr)=0,i=123 (16)

For u; such that 0 < u; < 1,i = 1,2, the subsequent equation hold true:

67-[ S(t)N(t) x SON()

a =D1Uq + Al P(t) 301 P(t) = O, and
a_}[ x S)D(t) kS@DE)
u - I)Zuz + /12]/ P(t) + 13'}/2 P(t) - 0'

Solving for u; and u,, the authors obtain
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kS(N(t) kS()N(t)

L T M Sk S 5 _
U, = ,and u, = —
D1 D2

S()D(t) S(®)D(B)
AZ)’%C P(t) =ABY£C P(t)

Theorem: The optimal control strategies (uj, u3) that minimizes J(u,, u,) over £, can be found

as follows:
SONE 5  SEONE)

. Azaf A1y

ui(t) = Max {0, min <1, P() " () and
1
S(®)D(t) kS()D(t)

. A2vy tA3Y2

ui(t) = Max {0, min <1, — PO . PO _ %
2

where A;(t) and A,(t) are the co-state variables satisfying Eq. 7 and the transversality

conditions described in Eq. 8.

Then, the authors obtain the conditions given below

O, Uu; <0

u; = {ui,O <u; <1 fori=1,2
1,ui >1

Proof: Applying the Pontryagin’s maximal principle as described in (Baba & Bilgehan, 2021),

the authors obtain the following results

o’

C Nk _ o
Dt /11 N’

oH oH . .- . % ,
DfA, = o5 and CDfA; = 5 With conditions of transversality 4; (T)=0,i=

1,2,3

The optimality conditions are established by calculating the partial derivatives of the

. . . . . oH oH
Hamiltonian H with respect to the control variables u; and u, leading to P 0 and = 0.
1 2

4.5 Numerical Results

In this section, the numerical results to the optimal control problem are achieved through the use
of a fourth order Runge-Kutta iterative method. Utilizing MATLAB programming language and
ordinary differential equation solvers (ODE45), the authors illustrate certain fundamental
qualitative findings of the NDS model through numerical representations. These representations
utilizes the initial passenger satisfaction levels, while the optimal system parameters are based on
assumptions due to a lack of a database documenting passengers’ satisfaction levels, as outlined
in Table 4.4. The numerical representations are to show the behavior of the transit system over a

period of three years. In the representations of the optimal control model given in Equation (12),
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the authors investigate the impacts of implementing actions focused on delivering train services
with enhanced reliability and punctuality for arrivals (uq), operating trains with upgraded safety

and security measures (U;), and a combination of both u4 and u, .
Table 4-4: Value and interpretation of parameters
Parameters Values Interpretation Source

N(0) 201 passengers Initial neutral(less satisfied or Estimated
quite satisfied) individuals

D(0) 93 passengers Initial dissatisfied individuals ~ Estimated
S(0) 87 passengers Initial satisfied individuals Estimated
aq 0.17/month N to S transition rate Assumed
p1 0.28/month S to N transition rate Assumed
V1 0.3/month D to N transition rate Assumed
a; 0.45/month N to D transition rate Assumed
B> 0.17/month S to D transition rate Assumed
V2 0.28/month D to S transition rate Assumed

Figure 4.3 illustrates the trajectories of the model given in Equation 2 showing the
projected trends of passengers’ satisfaction levels over time. The graphical
representation of the numerical results suggests the stability of dissatisfaction persistent
steady state. In our model, the estimated R.f; is approximately 2.66, indicating a

likelihood of persistent passengers' dissatisfaction.

63



...experiencing neutral state
300 T T T T T ...experiencing dissatisfaction
—P— ...experiencing satisfaction

250

200 ¥ ]

150

100 r 7

Number of passengers

25 30 35 40 45
Time in Months

Figure 4-3: Stability of dissatisfaction-persistent steady state

Figure 4.4 illustrates how the effort related to providing train services that adhere to
high levels of reliability and punctuality for arrivals has impacted passenger
dissatisfaction over a period of three years. The data reveals that this effort plays a
significant role in reducing passenger dissatisfaction. While the exact passenger
dissatisfaction numbers at specific time points cannot be precisely determined from
implicit solutions, the time series plot clearly demonstrates the number of passengers
experiencing dissatisfaction decreases when AA-LRT provides train services that adhere
to high levels of reliability and punctuality for arrivals are operated with top-notch

safety and security standards compared to those without such measures.
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Figure 4-4: The effect of the effort related to providing train services that adhere to
high levels of reliability and punctuality for arrivals

Figure 4.5 illustrates the effect of implementing safety and security measures in train
services on the level of passenger dissatisfaction over a three-year period. The graph
shows that when these actions are taken, the number of dissatisfied passengers is lower

compared to situations where no such measures are in place.
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Figure 4-5: The effect of actions related to providing train services that operate with
enhanced safety and security standards

Figure 4.6 illustrates the effect of enhanced security and safety procedures, as well as
the operation of trains adhering to providing train services that adhere to high levels of
reliability and punctuality for arrivals, on the level of passengers” dissatisfaction over a
span of three years. In addressing passengers’ dissatisfaction, the implementation of
such controls correlates with a reduction in dissatisfied passengers, whereas their non-
existence corresponds with an escalation. Therefore, the adoption of these measures
emerges as the optimal approach for enhancing the general satisfaction levels of

passengers.
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Figure 4-6: The effect of proposed optimal improvement strategies on passengers
experiencing dissatisfaction

Figure 4.7 demonstrates the effects of proposed enhancement techniques on passengers
with low or quite satisfaction levels. The reduction of the number of passengers
experiencing dissatisfaction shown in Figure 4.6 is counteracted by an increase in
passengers experiencing less or quite level of satisfaction. This suggests that dissatisfied
passengers shift towards feeling less of quite satisfied as a result of improvements in

security, safety measures, and the increased reliability and punctuality of train services.
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Figure 4-7: The effect of proposed optimal improvement strategies on passengers
with low or moderate satisfaction

Figure 4.8 illustrates the combined impact of the suggested enhancement strategies on
passenger satisfaction. The graph indicates a slight increase in the number of satisfied
passengers following the implementation of these improvement strategies. This
suggests that enhancements in security, safety measures, and the overall reliability and
punctuality of train services did not lead to a significant change in the number of

satisfied passengers.
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The numerical results depicted in Figures 4.9 and 4.10 show that the memory effect can
influence passengers’ perceptions of satisfaction and dissatisfaction based on how they
recall and evaluate past experiences which can impact their overall satisfaction levels
with the service. The authors can see that a decrease in the fractional order leads to a
reduction in the number of passengers experiencing dissatisfaction, as the memory
effect becomes increasingly pronounced. Conversely, a decrease in the fractional order
corresponds to an increase in the number of passengers feeling less or slightly satisfied.
This may be explained by the ideal that passengers may become accustomed to certain
service shortcomings or issues, leading them to lower their expectations and perceive

their experiences as less dissatisfying.

69



130 T T T T T T T T T —l

120

110 ’ .

100 .

[(e]
o

80 [

70

60 7

50 T

Number of passengers experiencing dissatisfaction

40 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time in Months

Figure 4-9: Effect of memory on passengers experiencing dissatisfaction

70



S ——-

k=0.7
k=0.4

[
Vv

340

21e]s |esinau yim siebusssed Jo JaquinN

Time in Months

Effect of memory on number of passengers with neutral attitude

Figure 4-10

71



CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion
Urban light rail transport service delivery by AA-LRT has been scrutinized in this
study. Heterogeneous passenger satisfaction index was used to measure passenger
satisfaction considering travel experience attributes. The calculated overall passenger
satisfaction index of 2.66 indicates that passengers remain below the “fairly satisfied”
threshold (score=3). This demonstrates that there are unmet expectations in critical
service dimensions. An Importance-Performance Analysis is also conducted to identify
travel attributes that are considered highly important but receive relatively low
satisfaction levels. These attributes include the ability of the AA-LRT system to prevent
or reduce security-related issues on trains, the effort related to providing train services
that adhere to high levels of reliability and punctuality for arrivals, the provision of
information for disabled and elderly rail passengers at stations, the provision of
information for disabled and elderly rail passengers on train. Additionally, through IPS
analysis attributes for which the effort made by AA-LRT surpass what is necessary has

been identified.

In this research, the authors develop a compartmental model, by segmenting
passengers into "Neutral," "Dissatisfied," and "Satisfied" compartments, that provides
valuable insights into the dynamics of passengers' satisfaction. The authors check the
wellposedness and analyze the stability of steady states of the model. Furthermore,
through the application of the Pontryagin’s maximum principle and numerical results,
optimal improvement strategies have been identified to enhance overall passenger

satisfaction and improve the quality of service delivery.

The optimal improvement strategies are the action related to providing train services

that adhere to high levels of reliability and punctuality for arrivals, and the effort
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related to trains operate with excellent safety and security standards, which our IPA

identifies as primary contributors of passenger dissatisfaction.

The study also examined the memory effect by converting the integer order model into
a fractional order model. The graphical representation of numerical results indicates the
importance of the order of the fractional derivative in representing the evolution of

passengers’ satisfaction over time with consideration of memory effects.

5.2 Recommendations and future work

Based on the research findings, the authors recommend that the transit operators and
concerned stakeholders focus on enhancing the reliability and punctuality of train
arrivals, and operating trains with strict security and safety standards to improve
passengers' satisfaction levels. These attributes have been identified as optimal
improvement strategies that can positively impact passenger experience, thereby
meeting the expectations and needs of its passengers. Implementing these measures can
instill confidence and create a positive perception of the rail operation among

passengers.

This may involve reallocating resources and efforts from features that may exceed what
is necessary in enhancing passengers’ satisfaction to the proposed optimal
improvement strategies. The efforts made by AA-LRT related to features such as
availability of services on weekends/holidays, cleanliness and hygiene of the transit
facilities, cleanliness of interior and seats on the trains, availability of services on
weekends/holidays, smoothness of ride and stops, efficiency of service at the ticket
office, and administration of crowded stations during rush hours are may exceed what

IS necessary.

Since this study is not exhaustive, other researchers with the same interest could modify
the model by introducing new compartments or the division of existing compartments,

thereby improving the model's ability to accurately represent the dynamism of
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passengers’ evolution of satisfaction. For example, by introducing a "fairly dissatisfied"
compartment through the division of the existing "dissatisfied" compartment, the model
can provide insights into the experiences of fairly dissatisfied passengers, thereby

contributing to more accurate predictions of passenger satisfaction evolution.
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Annexes

Appendix A Questionnaire (in English)

Addis Ababa University
Science and Technology Institute
African Railway Center of Excellence
This survey will take you no more than 7 minutes
Date of distribution: Date of collection: Station:

Name of data collector:

Dear respondents,

This questionnaire pertains to the thesis research entitled with” Modeling Passengers’ Attitude and
Analysis of Travel Experience Attributes: A case of Addis Ababa Light Rail Transit” and conducted by
a graduate student from Addis Ababa University, African Railway Center of Excellence. The feedback
based on travel experiences and perceptions of different aspects of services provided by Addis Ababa
light rail transit in March, 2024 is extremely valuable to provide insights and recommendations for
improving the service provided and enhancing passengers' experience and satisfaction. The data
collected will remain confidential and be used solely for academic purpose.

“ /r

Part I: Please provide the following information by placing an mark in the squares.

1. Sex: Male |:| Female |:|

Age:Upto17years [ | 1821[] 2245 [] 4660 [] Overé6lyears []
3. How often do you travel by trains?

On a daily basis [_] one to three times/week ] one to three times/month [_]
4. What is the most frequent purpose of your rail trip?

Travelling to school/university |:| work I:l Leisure I:l Other I:l
5. Station: Initial & final

6. Education
High school [ ]  Diploma |:| Bachelor degree [ ] Master’s degree and above ]
7. Overall satisfaction with the service. Highly satisfied [ _]Fairly satisfied [_] Neutral ]
Fairly dissatisfied I:l Highly dissatisfied
8. Do you recommend the service to others? Yes I:l No|:|
Part II: Kindly respond to each service attribute based on your experience travelling by train, by putting
an “x” in the spaces that best reflects your level of satisfaction, and indicate how important each of these
attributes is to you.

Rating scale:

a) Highly dissatisfied “1”, Fairly dissatisfied “2”, Neutral “3”, Fairly satisfied “4”, and Highly satisfied
11517

b) Unimportant “1”, Of little importance “2”, Moderately important “3”, Important “4” and Very
important “5”
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Level of

satisfaction Level of importance
Service aspect Attributes ID |1 2 3 4 51 2|3 4| 5
Reliability | Reliability of train departures | RI | T T T T 1T 1T 1
Reliability of train arrivals R2
| Punctuality of train departures | R3 | T T T T 1T 1T 1
Punctuality of train arrivals R4
Service | Frequency of trains on the route | sC1 | T T T T 1T 1T 1
characteristics | Operational speed of trains on the route SC2
Availability of transit personnel at the SC3
station
Availability of services on SC4
weekends/holidays
| Short wait time for transfers | SC5 | T T T T 1T 1T 1
Daily service time SC6
Cleanliness Cleanliness of interior and seats on the CL1
trains
Cleanliness and hygiene on the stations CL2
Cleanliness and hygiene of the transit CL3
facilities
Comfort Accessibility and convenience of seat COl1
and shelter on the stations
| Comfort of seats on the trains | CO2 | T
Smoothness of ride and stops CO3
| Quietness of the train | CO4 | T
Ease of boarding and alighting the train | COS5
| Train crowding | CO6 | L L]
Information Auvailability of schedules and maps on 11
train
Provision of information for disabled 12
and elderly rail passengers at stations
Information made available at the ticket I3
office
Provision of information for disabled 14
and elderly rail passengers on trains
Provision of schedules and maps at I5
stations
Customer | Efficiency of service at the ticket office | CSI | T T T T 1T T 1
Care Administration of complaints CS2
Administration of crowded stations CS3
during rush hours
Train operators’ behavior Cs4
Safety and Ability of AA-LRT system to avoid or SS1
security reduce safety related issues at stations
Ability of AA-LRT system to avoid or SS2
reduce safety related issues on train
The effort that AA-LRT system to avoid | SS3
or reduce security related issues at
stations
Ability of AA-LRT system to avoid or SS4

reduce security related issues on train
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Appendix B Questionnaire (in Amharic)

A&N ANN eLACAL theAS AThttet
PAGZh PNNCC PAUST ™MOhA

PtAMNT 7%: P+HANANT $7: PNM-C oS P L LT

e+HNNETFU PGk +AFLPT

PHU @®ML% AAT  NASN ANN RLNCNt PA&ZLN PNNMC PAU$T “90hA (African Railway Center of
Excellence) PEUC 9o FIPUCT R8P NAGA ANN $AA NMEC NLINTTF ATAIAT AChF AL ATINY LD meF
a g MANAAN 1@ MPM, TR YANTFT ATRRAN+D- ANA NN PNNC AT+ ATRANA AT PG+ AATY
A18.AN PPAATL AB) MPT, ANAT NALT ATTR mPEPTF NTPE FARAN HIL NARNCT AMLPAL-:

NF A1LMMA Al INNATEAL:: FRCERPTT ATIAPT LUT 9RANT "X EMed
NEA 1:- AMPAL ao/B

L s+nt ] ok Yy |EI
2. A& Xhnh 17 oo ng-21 [ ] hn22-45 ] n46-60 [] nélamrnae []
3. 97 PUA 14 PNMC +MeT, 19T

Gait [] NAg>¥F N1 AAD 310 [] nochlianh 3t [
4. e+AGRL PNMRC FHPTT AATY (M A

AUt [ Ane [ Aeeneer [ AdA [
5. NG MNP a°9A ¢

6. PTIRUCT BLE

UGAtE 848 /% pmeed []  avrem [ PaeEacgp g [ AT &2 AT hif nAe [ ]
7. NPAA MM KIATIeF PAPE ACHH

nmg= nFAG [] nemr ZAFAR [] 90 @t kaFage ] hachintoe [
6T hach-NToe

8. PPAA NG WIATAHY ANT AIEMPA™NT LOOACA?  ATALAL [[]  AAPACT [

N&A 2:- PPAA NMHC A1AIF AMPd™ NARYA AT NARLZA MNLLPT ATEL° NFH AL N LIMaRTU- 110F
NaeyAt PAChAF ARMTTFUTT PAPANPPET ANKALTT N+IND- NF AL 7 x” JPANT NADMPI® LA

PACNF AN PPF: L6 hAhUNTI 1" raZhU-Nt9e "2" goIg® AT AATATE 3"
Namr ALAFAU “4" nmg® aZhFAL “5"
PANLALTT GPANPPTF: NMI° HP+E 1" He+5 "2" ammig 3" h&td "4"  NM9° hetd 5"

‘ PA1A%IA T ARIAG, APAN, PPTF AChs ANLALYF ‘

1/2 3|45 |1|2|3 |45

\ 1. PRIATNTF AD+TMEYE \ \ \ \ \
1.1 NPH @298 NAPF PNMET AHD R/ aoER
| 1.2 NPH oA NFPF ONMHCF AHOHLO- aEeh ]
1.3 NRH GR93 NFPF PAM-CTF A% ANNNC
| 14074 aEA NFOF PNMCF A% ANNNC ]
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2. PR1A%IAT 6Ne

2.1 NAPAARC AL P PNMFET TRAAN

2.2 eNN-CF &Mt

2.3 PNMC MN LM WAtBF NNS INFF@- AL aTTF

2.4 NALETS NN%A 7 NNNC ATAIART ANMM

2.5 NN ML NMC AT+HAAR PTRONLM- 1H,

2.6 PP ATAIT NSTF

3. eug

3.1 NNN-C @-H 16Us

3.2 (G &CTTF 10V5

3.3 Ph1AGT dPAeh, SAALPT (AT APe8SE N AT PARANNT) T8UT

4. 9o¥%%

4.1 NNMC CTF heYLT NHTN GPMAPT Ng dRpdDen, AT PARESE N+
A14°1F aRFC

4.2 NNN-C aoganen, goF-5F

4.3 anon Pq ae@-eby, NCF AL NAD- ARSI

4.4 NFH AT NAD8/A NFPTF PFH AR 9°FF (smoothness of ride)

4.5 N+N4LPTF NUS

4.6 NNM-C FH AL NAD- TeR57%

5. a/g

5.1 NFH AR N PFH ao/8

5.2 NNM-C @A NFPF AL ARS® 2hPFG ARhA F8+&F N AM aogs

5.3 W+t &4 F N5 aog s

5.4 NNMC FH AR ARPAD EhIPFG ARNA 8+8F NaAM aoZs

5.5 NNMC a0YA AF ARE/A NELPT AL NGTF PHH ADZEPT

6. PLINEF A1A9A+

6.1 NFNtF A7491T NCYTT PADES

6.2 NNMC MNP@ PRINTTF P43 dPA+FTE NCYF NAINM: Ne- AL APPA
NAT U

6.3 tA&s NTUNHNFA- P AR P AS dPa@réh, (%FT NAIE 1H NCha
+N4LPTFT ATIIAT NT9,LL +INC

6.4 PA&N ANN PAA NN-C F4INTCT A1ATINT A&+ TF 8N AINNTT

7. LUYIFS hALD a®mnP

7.1 PAMC MNPE- AL PR LIMA™ PMT ADFMOTY ATYNPLT MLTD ATRPTN
P, peCIM Mt

72 NFH AR faqPymame PMS FOhTY AMNPLT DLID ATRPiA
Nem.PLCIM M

7.3 NNMC TSP N&e AL P PImar  PRYYF FICTT ATINGLT MR
AGRPIN N LLLTIM ML

74 NNMC FH AL NAD- PRUYIT N2t
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Appendix C Proofs of theorems

Proposition 3.2.1 The Laplace transform operator for the Caputo fractional order derivative
with order k,n — 1 < k <n, n € N of the function f is given by the following expressions

LED f)(s) = s*F(s) — Xisy "7 £1(0) where F(s) = L(f(t)).
Proof:

1 I'(x)

(5 0y £0) EE=ds) = o £+ £(8) = =5 LEDLF (D) = s 2 P (s)

= s %F(s)

Thus, £ (——J; () 2 ds) = 579G (s) where G(s) = L(g(1) = LU ().

= 57796 (s) = s (s"F(s) — BiSg s"TTHH(0) = s°F (s) — XiZg 710,

Proposition 3.2.2 The Laplace transform of two parameters function of Mittag Leffler is

given by
L(tﬁ 1Ea,ﬁ(/’1t“)) =<3
tk

Proof: Laplace transform of Mittag Leffler E, g(t) = i~ P

L(f(®) = f e Stf(t)dt = F(s),s >0
0

'n+1)

Sn+1

L(t") = ,$>0

L(f * ) (0) = f =g du = L(F). L(g) = F(s). G(s)
0

saF
Oy

L (tﬁ‘lEa,ﬁ (At“)) =

79



RN L W e SR T o L ot petea
L(tﬁ F(ak+ﬁ>) f L e ™ Zrmkw)f i

[o%0) o)

= Z —f e—Sttﬁ-l-ak—ldt — Z k F(ﬁ i—azk) — Z /—t—kak
e l(ak+p)) Lil(ak+p) s P

k=0
_15(/1)"_1 11 se sa=h
s s« _sﬁ1 A shsa—) sa—_)

k=0 ——

Sa

Theorem 3.3.6.1 The solutions of the system (shown in Equation (2)) are non-negative for
non-negative initial conditions (shown in Equation (3)). That is, the solutions (N(t), D(t),S(t))

for the model (Equation (2)) is positive invariant in R3.

Proof:

The system of equations

x' = f(xq, X2, ..., %,); X(0) = x9 = 0, is a positive system if and only if

x;=fi(x; =20,%x,>0,..,x;, =0,...,x, = 0) > 0.

Thus, for the fractional order model (Equation (2)),

when N =0,D =0and S =0, “D*N =0, °D*D > 0 and “D*S > 0 respectively.
Therefore all the solutions of the model are non-negative.

Theorem 3.3.6.2 The solutions of the system (shown in Equation (2)) are uniformly

bounded at all times for non-negative initial conditions (shown in Equation (3)).

Proof:

Note that ¢D*(P(t)) = ¢D*(N(t)) + ¢D*(D()) + ¢D*(S(t)) = 0. This shows that
P(t) = N(t) + D(t) + S(t) is a constant, and then N < P,D < P,and S < P.

Thus, the total number of passengers P(t) is bounded.

Hence the solutions of the fractional order model (Equation 2) are bounded in the
closed positively invariant feasible set given by
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$={(N,D,SYER3: N+D+S =P}
Lemma 3.3.6.1  The vector function C(t,X) is Lipschitz in the variable X on a set [0,T] x R}
with some Lipschitz constant K.

Proof: the authors can observe that

[C(t N1 () = €1 (8, N (D) |

N SON®  DON(D) SON,(0) DN, (D)
“(‘“1 PO 27 P(® )‘(“"1 PO 2 P(®) )H
S@®) D)

H( 5@ D@
< max (e 50 + s 2 00 - O

ORI
626 02(0)) = Cal, D) = | (o5 21280 4 52020 _ e SOLD _ i, 1)) -

) (N1(t) — N, (D))

K D2ON® | e SODO)  SODO)
(a2 P(t) + B2 P(t) Y2 "% hDZ(t))”

= (o5 + £ 55~ 55 ~ i) @ - 2

S S
< Max{at -+ + 8 20 -5 vt} 010 - D, )]

e (e:5:0) = (0520 = (o 22 1 2000 _ e 5000 _ g, i) -

= g g -3 -

BY) (51 = S2)|| < Max {(o&s 55 + vE 2 — B 2o = BE)}I(S1(0) = S 0))]

S, (E)N(t) S (t)D(t) S, (t)D(t)
(0N 20080 _ 080 _ g, )

Thus, the authors conclude that
|lc(t, X, () — C(t, X, (®)|| < &IIX; — X
with

B 5@ | . D® K NO K SO eSO .
§ = max (Max {“1 o T P(t)} Max {“2 ro T T 5 Y2 e Vl}'

Max {(al 11\318 + v, L;Eg I ?Eg ,Bf)})
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Theorem 3.3.3.1 (Existence-Uniqueness theorem) The initial value problem

S(t)N D(t)N(t
DAN) =~ T o s o D) + BES)

K _ DON® | S®ODE)  SODQ)

PHPO) = g e

S(t)N(t) S(t)D(t) SOD()
ORI RN 0

—yiD(®)

CDX(S(t)) = ok —B1S(®)

with initial states N(0) = 0, D(0) = 0,and S(0) =0 has a unique solution X(t) € 2(I), the

set of bounded continuous functions on I with norm || X|| = sup{|X(t)|: t € I}.

Proof: The IVP

X)) =X0)+— f C(s,X(s)(t—s)1ds can be written as X(t) = F(X(t))where

I'(x)

F=0(0,T],R}) » Q([0,T],R}) defined by F(X())= X(0)+-—— f C(s, X(s))(t —

(k)0

s)k1ds.

Further, the authors have ||F(X1(t)) F(Xz(t))” ”r(;c)f (t—s)1tx [C(S,Xl(s)) —

C(s, X ()| ds < 75 fy (6 = ) ds X [|C (5, X,()) = € (5, Xo D)|| < 75 fy (¢ -

]

K—1
) tds < s

T.

This shows that F is a contraction, and hence, the initial value problem has a unique
solution.

Theorem 3.3.7.2.1  The dissatisfaction-free steady state of the model (Equation (2)) is locally
asymptotically stable if Ress is less than unity. Otherwise, it is unstable.

Proof: The authors notice that the Jacobian matrix of the system evaluated at the steady

state where there is no dissatisfaction described in Equation (5) is given by

Br—ar  (x—ap)(af = Br)

aK K
0 <ﬁ—1 —~ 1) yE+ Zfl
ay a
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As the matrix is a lower triangular matrix, the eigenvalues are simply the diagonal

elements of the matrix.
Thus,
=P —ag

And

— o, (BY _ 1\ _ ., x . @ZBT _ _ xai-xBr+aiyi-az By
A2 = X(af ) vit a alf )
It is clear that B — af < 0. Otherwise, the steady state does not exist. Therefore, the

stability of the steady state relies on the eigenvalue A,. By a simple calculation, the

K K K., K KpK
_Xxer—xBrtaryi—azB;
K
ay

authors can see that 4, = < 0if and only if R,rr < 1. This implies

that if R, is less than unity the dissatisfaction-free steady state is stable.

Theorem 3.3.7.2.2  The dissatisfaction-persistent steady state of the model (Equation (2)) is
locally asymptotically stable if R.sf is greater than unity.

Proof: The authors follow the same approach as the previous theorem. The authors
compute the Jacobian matrix as the authors did in the previous result, and then evaluate
it at the dissatisfaction persistent steady state. The eigenvalues of the matrix satisfy the

characteristic equation.

)

ak—xyBE+aly¥—akBE yaX—yyK+alfyk—akpk ay;; ap
](E*) :](_X 1-XBitaryi—az B xax—xvitaivi 231) :( )where

x(x—af+az) x(x—af+az) az1 QApp
Q. = — g xyitaiyi-azpi) _ Q-an)(xez—xyr+aiyi—az 1)
1 xCr—af+ak) 7 2 xCr—ai+ak) ’
+al€ aK_ K+aK K_aK K aK (XK—)([)’K+05K]/K—OCK[?K)
Ay = (x+ay)(xay—xBr+asyi 251), and Ayy = 2(xay 1ta1Y1 2P1 )

x(-ag+az) x(r-ai+az)
The polynomial that defines the characteristics of the Jacobian matrix is

A2+ fA+ g = 0 where
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f=- aryi—azBy

yand g = e X (xat — xBE + afyi — azfr) (ray — xyf +afyr —
azB1)

Set the conditions aj < B, y; < aj, and y > 0. Thenif R.rr > 1, yay — xB1 + afyy —
as B1 < 0. Thus, the authors have x,y > 0. Using the Routh-Hurwitz Stability Criterion,

the dissatisfaction-persistent steady state is locally asymptotically stable.
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Appendix C MATLAB CODES

function SafnSecuStan

format short
alpha(1l)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1)=0.30;gamma (2)=0.
tspan=[0 50];

vintial=[201 93 87];

function dy= SafnSecuStan(t,y)
dy = zeros(3,1);

P=y (1) +y(2)+y(3);

dy (1)=-alpha (1) *y(3) * ) /P-alpha (2) *y (2) *y (1) /P+gamma (1) *y (2) +betta (1) *y (3) ;
dy (2) alpha(Z)*y(Z)*y /P+betta(2) vy (3) *y (2) /P-gamma (2) *y (3) *y (2) /P-
gamma (1) *y (2) ;

dy (3) alpha(l)*y( ) *y (3) /P+gamma (2) *y (2) *y (3) /P-betta (2) *y (2) *y (3) /P-
betta(l) *y(3);

end

[t,y] =oded’5(@SafnSecuStan, tspan,vintial);

size (y)

plot(t,y(:,1),'g->",t,y(:,2),"'c->",t,yv(:,3),"'b->", "LineWidth',1);

xlabel ('Time in Months')

ylabel ('Number of passengers' )

legend('...experiencing neutral state', '...experiencing dissatisfaction',
'...experiencing satisfaction')

box on

end

%

function OptimalImproStrategies
format short
alpha(1l)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1) =0.30;gamma (2)=0.
ul=0.7;
uz2=0.0;
kapa=0.7
tspan=[0 50];
vintial=[201 93 87 201 93 87];
function dy= control (t,y)
dy = zeros(6,1);

y(1)+y (2) +y(3);

y(4)+y (5) +y (6);

dy (1) =-alpha(1l) “kapa*y(3) *y (1) /P-

alpha (2) "kapa*y(2) *y (1) /P+gamma (1) “kapa*y (2) +betta (1) “kapa*y(3) ;
dy (2)=alpha (2) “kapa*y(2) *y (1) /P+betta (2) "kapa*y (3) *y (2) /P-

gamma (2) “kapa*y (3) *y (2) /P-gamma (1) “kapa*y (2) ;

dy (3)=alpha (1) “kapa*y (1) *y (3) /P+gamma (2) “kapa*y (2) *y (3) /P-

betta (2) "kapa*y(2) *y (3) /P-betta (1) “kapa*y(3);
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dy (4) =—alpha (1) “kapa* y(6 ) /P-

ul) *alpha (2) "kapa*y (5) * /P+gamma(l)Akapa*y(5)+betta(l)Akapa*y(6);
dy(5)=(l—ul)*alpha(Z)Akapa*y(5)*y(4)/P+(l—u2)*betta(2)Akapa*y(6)*y(5)/P—
gamma (2) “kapa*y (6) *y (5) /P-gamma (1) “kapa*y (5) ;

dy (6)=alpha (1) “kapa*y(4) *y (6) /P+gamma (2) “kapa*y (5) )/ P-
u2) *betta (2) “kapa*y (5) *y (6) /P-betta (1) “kapa*y(6) ;

end

[t,y] =oded’5 (@control, tspan,vintial);

size (y)

plot (t

,y(:,2),"'c=>",t,y(:,5), 'm->", "LineWidth', 1) ;
xlabel ('Time in Months'")

ylabel ('Number of passengers experiencing dissatisfaction')
legend('u 1=0.0",'u 1=0.7")

box on

end

%

function OptimalImproStrategies
format short
alpha(1)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1)=0.30;gamma (2)=0.
ul=0.0;

uz2=0.7;

kapa=0.7;

tspan=[0 50];

vintial=[201 93 87 201 93 87];
function dy= control(t,y)

dy = zeros(6,1);

P=y (1) +y (2) +y (3) ;

P=y (4)+y (5)+y(6);

dy (1) =-alpha (1) “kapa*y(3) *y (1) /P-

alpha (2) "kapa*y(2) *y (1) /P+gamma (1) “kapa*y (2) +betta (1) “kapa*y(3);
dy (2)=alpha (2) “kapa*y(2) *y (1) /P+betta (2) "kapa*y (3) *y (2) /P-

gamma (2) “kapa*y (3) *y (2) /P-gamma (1) “kapa*y (2) ;

dy (3)=alpha (1) “kapa*y (1) *y (3) /P+gamma (2) “kapa*y (2) *y (3) /P~
betta (2) “kapa*y (2) *y (3) /P-betta (1) “kapa*y(3);

dy (4)=-alpha (1) “kapa*y (6) *y (4) /P=- (1-

ul) *alpha (2) “kapa*y (5) *y (4) /P+gamma (1) “kapa*y (5) +betta (1) “"kapa*y (6) ;
dy (5)=(1-ul) *alpha (2) “kapa*y (5) *y (4) /P+ (1-u2) *betta (2) “kapa*y (6) *y (5) /P-
gamma (2) “kapa*y (6) *y (5) /P-gamma (1) “kapa*y (5) ;

dy (6)=alpha (1) “kapa*y(4) *y (6) /P+gamma (2) “"kapa*y (5) *y (6) /P- (1-

u2) *betta (2) "kapa*y (5) *y (6) /P-betta (1) “kapa*y(6) ;

end

[t,y] =oded’ (@control, tspan,vintial);

size (y)

plot(t,v(:,2),'c—>"',t,y(:,5), ' m—>", "LineWidth',1);

xlabel ('Time in Months'")

ylabel ('Number of passengers experiencing dissatisfaction')
legend('u 2=0.0","'u 2=0.7")

box on

end
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%

function OptimalImproStrategies
format short
alpha(1)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1)=0.30;gamma (2)=0.
ul=0.7;

u2=0.7;

kapa=0.7;

tspan=[0 50];

vintial=[201 93 87 201 93 87];
function dy= control (t,y)

dy = zeros(6,1);
P=y (1) +y(2)+y(3);
P=y (4)+y (5)+y (6);

dy (1)=-alpha (1) “kapa*y (3) *y (1) /P-

alpha (2) "kapa*y(2) *y (1) /P+gamma (1) "kapa*y (2) +tbetta (1) “kapa*y(3);
dy (2)=alpha (2) “kapa*y(2) *y (1) /P+betta (2) "kapa*y (3) *y (2) /P-

gamma (2) “kapa*y(3) *y (2) /P-gamma (1) “kapa*y (2) ;

dy (3)=alpha (1) “kapa*y (1) *y (3) /P+gamma (2) “"kapa*y (2) *y (3) /P-
betta (2) “kapa*y(2) *y (3) /P-betta (1) “kapa*y(3);

dy (4) =-alpha (1) “kapa*y (6) *y (4) /P (1-

ul) *alpha (2) “kapa*y (5) *y (4) /P+gamma (1) “kapa*y (5) +betta (1) “kapa*y (6) ;
dy (5)=(1-ul) *alpha (2) “kapa*y (5) *y (4) /P+ (1-u2) *betta (2) “kapa*y (6) *y (5) /P-
gamma (2) “kapa*y (6) *y (5) /P-gamma (1) “kapa*y (5) ;

dy (6) =alpha (1) “kapa*y (4) *y (6) /P+gamma (2) “kapa*y (5) *y (6) /P~ (1~

u2) *betta (2) "kapa*y (5) *y (6) /P-betta (1) “kapa*y(6) ;

end

[t,y] =oded’5 (@control, tspan,vintial);

size (y)

plot(t,v(:,2),'c—>"',t,y(:,5), ' m—>", "LineWidth',1);

xlabel ('Time in Months'")

ylabel ('Number of passengers experiencing dissatisfaction')

legend ('Without improvement strategies, that is u 1=0 =u 2', 'With the
imrovement strategies: u 1=0.7=u 2")

box on

end

%

function OptimalImproStrategies
format short
alpha(1l)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1) =0.30;gamma (2)=0.
ul=0.7;

u2=0.7;

kapa=0.7;

tspan=[0 50];

vintial=[201 93 87 201 93 871];
function dy= control (t,y)

dy = zeros(6,1);

P=y (1) +y(2)+y(3);
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P=y (4)+y (5)+y(6);

dy (1)=-alpha (1) “kapa*y (3) *y (1) /P-

alpha (2) "kapa*y(2) *y (1) /P+gamma (1) “"kapa*y (2) +betta (1) “kapa*y (3) ;
dy (2)=alpha (2) “kapa*y(2) *y (1) /P+betta (2) “kapa*y (3) *y (2) /P-

gamma (2) “kapa*y (3) *y (2) /P-gamma (1) “"kapa*y (2) ;

dy (3)=alpha (1) “kapa*y (1) *y (3) /P+gamma (2) “"kapa*y (2) *y (3) /P-
betta (2) “kapa*y (2) *y (3) /P-betta (1) “kapa*y(3);

dy (4)=-alpha (1) "kapa* y(6 ) /P-

ul) *alpha (2) “kapa*y (5) * /P+gamma(l)Akapa*y(5)+betta(l)Akapa*y(6);
dy(5)=(l—ul)*alpha(Z)Akapa*y(S)*y(4)/P+(l—u2)*betta(2)Akapa*y(6)*y(5)/P—
gamma (2) “kapa*y (6) *y (5) /P-gamma (1) “kapa*y (5) ;

dy (6)=alpha (1) “kapa*y (4) *y (6) /P+gamma (2) “kapa*y (5) )/ P-
u2) *betta (2) “kapa*y(5) *y (6) /P-betta (1) “kapa*y(6) ;

end

[t,y] =oded’ (@control, tspan,vintial);

size (y)

plot(t,v(:,1),'g->",t,y(:,4), 'm—>", "LineWidth',1);

xlabel ('Time in Months'")

ylabel ('Number of passengers with neutral state')

legend ('Without improvement strategies, that is u 1=0 =u 2','With the
imrovement strategies: u 1=0.7=u_2"'")

box on

end

%

function OptimalImproStrategies
format short
alpha(l1)=0.17;alpha(2)=0.
betta (1)=0.28; betta(2):O 17
gamma (1)=0.30;gamma (2)=0.
ul=0.7;
uz2=0.7;
kapa=0.7;
tspan=[0 50];
vintial=[201 93 87 201 93 87];
function dy= control (t,y)
dy = zeros(6,1);
y (1 ) y(2)+y(3);
y(4)+y(5)+y(6);

dy (1) =-alpha(l) “kapa*y(3) *y (1) /P-

alpha (2) "kapa*y(2) *y (1) /P+gamma (1) “kapa*y (2) +betta (1) “kapa*y (3) ;
dy (2)=alpha (2) “kapa*y(2) *y (1) /P+betta (2) "kapa*y (3) *y (2) /P-

gamma (2) “kapa*y (3) *y (2) /P-gamma (1) “"kapa*y (2) ;

dy (3)=alpha (1) “kapa*y (1) *y(3) /P+gamma (2) “kapa*y (2) *y (3) /P-
betta (2) “kapa*y(2) *y (3) /P-betta (1) “kapa*y(3);

dy (4)=-alpha (1) "kapa*y(6) * ) /P-
ul) *alpha (2) "kapa*y (5) *v (4 /P+gamma(l)Akapa*y(5)+betta(l)Akapa y(6)
dy(5)=(l—ul)*alpha(Z)Akapa*y(S)*y(4)/P+(l—u2)*betta(Z)Akapa v (6)*y(5)/P-

gamma (2) “kapa*y (6) *y (5) /P-gamma (1) “kapa*y (5) ;
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dy (6)=alpha (1) “kapa*y(4) *y (6) /P+gamma (2) “kapa*y (5) *y (6) /P- (1-
u2) *betta (2) “kapa*y (5) *y (6) /P-betta (1) “kapa*y(6) ;

end

[t,y] =oded’5 (@control, tspan,vintial);

size (y)

plot(t,y(:,3),'b->"',t,y(:,6), 'm->", 'Linewidth',1);

xlabel ('Time in Months')

ylabel ('Number of passengers experiencing satisfaction')

legend ('Without improvement strategies, that is u 1=0 =u 2', 'With the

imrovement strategies: u 1=0.7=u_2"')
box on
end

%

function dissatisfied

format short
alpha(l1)=0.17;alpha(2)=0.
betta(1)=0.28; betta(2)=0 17
gamma (1)=0.30;gamma (2)=0.
ul=0.7;
u2=0.7;
kapa (1)=0.7;
kapa (2)=0.4
tspan=[0 50];

vintial=[201 93 87 201 93 87 201 93 871];
function dy= dissatisfied(~,Vy)

dy = zeros(9,1);

’

P=y (1) +y (2)+y (3);
P=y (4)+y (5)+y (6);
P=y (7)+y (8)+y (9);

dy (1) =-alpha (1) *y(
dy (2)=alpha (2) *y (2

gamma (1) *y (2) ;

3) *
)

) ) /P-alpha (2) *y (2) *y (1) /P+gamma (1) *y (2) +betta (1)
*y (1) /Pt+betta (2) *y (3) *y (2) /P-gamma (2) *y (3) *y (2) /P-

dy (3)=alpha (1) *y (1) *y (3) /P+gamma (2) *y (2) *y (3) /P-betta (2) *y (2) *y (3) /P-
)

betta (1) *y (3

’

dy (4) =-alpha(1l) “kapa (1) *y (6) *y (4) /P~

alpha (2) “kapa (1) *y (5) *y (4) /P+gamma (1) “kapa (1) *y (5) +betta (1) “kapa (1)
dy (5)=alpha (2) “kapa (1) *y (5) *y (4) /P+betta (2) “kapa (1) *y (6) *y (5) /P-
gamma (2) “kapa (1) *y (6) *y (5) /P-gamma (1) “kapa (1) *y (5) ;

dy (6)=alpha (1) “kapa (1) *y (4) *y (6) /P+gamma (2) “kapa (1) *y (5) *y (6) /P-
betta (2) "kapa (1) *y (5) *y (6) /P-betta (1) “kapa(l) *y (6) ;

dy (7)=-alpha (1) “kapa (2) *y (9) *y (7) /P-
alpha (2) "kapa (2) *y (8) *y (7) /P+gamma (1) “kapa (2) *y (8) +betta (1) “kapa (2)
dy (8)=alpha (2) “kapa (2) *y (8) *y (7) /P+betta (2) “"kapa (2) *y (9) *y (8) /P~
gamma (2) “kapa (2) *y (9) *y (8) /P-gamma (1) “kapa (2) *y (8) ;
dy (9) =alpha (1) “kapa (2) 7) *y (9) /P+gamma (2) “kapa (2) *y (8) *y (9) /P-

) )

*y(
betta (2) "kapa (2) *y (8 (9) /P-betta(l) “kapa(2)*y(9

’

end
[t,y] =oded’ (@dissatisfied, tspan,vintial);
size (y)
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plot(t,y(:,2),'c—>"', t,y(:,5), ' m-—>",t, y(:,8),"'y->", 'LineWidth',1);

xlabel ('Time in Months'")
ylabel ('Number of passengers experiencing dissatisfaction')
legend ('\kappa=1"', "\kappa=0.7", '\kappa=0.4")

grid off
box on
end

%

function neutral
format short

alpha(1)=0.17;alpha(2)=0.4
betta (1)=0.28; betta(2)=0. 17
gamma (1)=0.30;gamma (2)=0.28;
ul=0.7;

u2=0.7;

kapa (1)=0.7;

kapa (2)=0.4;

tspan=[0 50];

vintial=[201 93 87 201 93 87 201 93 87]1;
function dy= neutral (t,y)

dy = zeros(9,1);

P=y (1) +y(2)+y(3);
P=y (4)+y (5)+y (6);
P=y (7)+y(8)+y(9);
dy (1)=-alpha (1) *y(3)*y (1) /P-alpha(2) *y(2) *y (1) /P+gamma (1) *y (2) +betta (1)
dy (2)=alpha (2) *y (2) *y (1) /P+betta (2) *y (3) *y (2) /P-gamma (2) *y (3) *y (2) /P-
gamma (1) *y (2) ;
dy (3)=alpha (1) *y (1) *y (3) /P+gamma (2) *y (2) *y (3) /P-betta (2) *y (2) *y (3) /P-
betta (1) *y(3);
dy (4)=-alpha (1) “kapa (1) *y(6) *y (4) /P-
alpha (2) "kapa (1) *y (5) *y (4) /P+gamma (1) “kapa (1) *y (5) +betta (1) “kapa (1) *y (6) ;
dy (5)=alpha (2) “kapa (1) *y (5) *y (4) /P+betta (2) “kapa (1) *y (6) *y (5) /P~
gamma (2) “kapa (1) *y (6) *y (5) /P-gamma (1) “kapa (1) *y (5) ;
dy (6)=alpha (1) “kapa (1) *y (4) *y (6) /P+gamma (2) “kapa (1) *y (5) *y (6) /P-
betta (2) "kapa(l) *y(5) *y (6) /P-betta (1) “kapa (1) *y(6) ;
dy (7)=-alpha (1) “kapa(2) *y (9) *y (7) /P~
*y(9);

alpha (2) "kapa (2) *y (8) *y (7) /P+gamma (1) “kapa (2) *y (8) +betta (1) “kapa (2)
dy (8)=alpha (2) “kapa (2) *y (8) *y (7) /P+betta (2) "kapa (2) *y (9) *y (8) /P~
gamma (2) “kapa (2) *y (9) *y (8) /P-gamma (1) “kapa (2) *y (8) ;

2)*y(8)*y(9)/pP-

)

’

dy (9)=alpha (1) “kapa (2) *y (7) *y (9) /P+gamma (2) “kapa (
betta (2) "kapa(2) *y(8) *y (9) /P-betta (1) “kapa (2) *y (9
end

[t,y] =odedb’ (@neutral, tspan,vintial);
size (y)
plot(t,y(:,1),'g->", t,y(:,4), 'm—>",t,y(:,7),"y->", " "'LineWidth',1);
xlabel ('Time in Months'")
ylabel ('Number of passengers with neutral state')
legend ('\kappa=1"', '\kappa=0.7", "\kappa=0.4")

grid off
box on
end
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