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Abstract

Molecular descriptors called topological indices are graph invariants that play
a significant role in chemistry, materials science, pharmaceutical sciences and
engineering, since they can be correlated with a large number of physico-
chemical properties of molecules. Topological indices are used in the process
of correlating the chemical structures with various characteristics such as
boiling points and molar heats of formation. Graph theory is used to char-

acterize these chemical structures.

Binary and m-ary trees have extensive applications in chemistry and com-
puter science, since these trees can represent chemical structures and var-
ious useful networks. In this thesis, we present exact values of all im-
portant distance-based indices for complete m-ary trees and we introduce
the general eccentric connectivity index of a graph G which is defined as,
ECI.(G) = X ev(q) ecca(v)dg(v) for a € R, where V(G) is the vertex set

of G, eccg(v) is the eccentricity of v and dg(v) is the degree of v in G.

The thesis consists of four chapters. In the first chapter we define the stan-
dard graph theory concepts, and introduce the distance-based graph invari-
ants called topological indices. We give some background to these mathe-
matical models, and show their applications, which are mainly in chemistry

and pharmacology. To complete the chapter we present some known results
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which will be relevant to our work.

Chapter 2 focuses on the most common distance-based indices of complete
m-ary trees of a given height. We present exact values of all important
distance-based indices for complete m-ary trees of a given height. We solve
recurrence relations to obtain the value of the most well-known index called
the Wiener index. New methods are used to express the other indices (the
degree distance, the eccentric distance sum, the Gutman index, the edge-
Wiener index, the hyper-Wiener index and the edge-hyper-Wiener index) as
well. Values of distance-based indices for complete binary trees are corollaries

of the main results.

Chapter 3 focuses on the general eccentric connectivity index of trees. We
obtain lower and upper bounds on the general eccentric connectivity index
for trees of given order, trees of given order and diameter, and trees of given
order and number of pendant vertices. The upper bounds for trees of given
order and diameter, and trees of given order and number of pendant vertices
hold for o > 1. All the other bounds are valid for 0 < a < lor0 < a < 1.
We present all the extremal graphs, which means that our bounds are best

possible.

Chapter 4 focuses on the general eccentric connectivity index of unicyclic
graphs. We obtain sharp lower and upper bounds on the general eccentric
connectivity index for unicyclic graphs of given order, and unicyclic graphs
of given order and girth. All the lower bounds are valid for 0 < a < 1 and

all the upper bounds are valid for 0 < a < 1.

We use combinatorial methods, algebraic methods, analytic methods and
various graph theoretical techniques, which, in combination with our ideas

yield new results.
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Chapter 1

Introduction

In this chapter, we define the standard graph theoretical terms that will be
used in the thesis, and introduce a mathematical model called a topological
index. We then provide motivation for our work, and also present some
relevant background results. Terms not defined in this chapter will be defined

in subsequent chapters, as the need arises.

1.1 Graph theory terminology

Definition 1.1.1. A graph G consists of a finite, non-empty set, V(G), of
vertices, together with a (possibly empty) set, F(G), of unordered pairs of
vertices, called edges. The number of elements in the vertex set V(G) is
called the order of G, and the number of elements in the edge set E(G) is
called its size. If the order of GG is 1, then we say G is trivial; otherwise G is

called a nontrivial graph.

For e € FE(G), if edge e = {u,v} (or, simply e = uv), we say that v and v

are adjacent vertices, whereas e is said to be incident with u (or v). We also
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say that e joins vertices u and v.

Definition 1.1.2. The line graph, L(G), of a graph G is the graph with
vertex set F(G) in which e, f € E(G) are adjacent as vertices in L(G) if and

only if they are adjacent as edges in G.

Definition 1.1.3. The degree of a vertex v € V(G), dg(v), is the number of
vertices (edges) adjacent (incident) to v. When it is obvious that we mean
graph G, then we omit G and use d(v). A vertex of degree 1 is called a

pendant vertex.

A simple graph of order n in which all distinct pairs of vertices are adjacent

is called complete graph and is denoted by K.

The neighbours of a vertex v € V(G) are the vertices adjacent to v. The
neighbourhood of a vertex v € V(G), denoted as N(v), is the set of all

vertices which are adjacent to v. So, dg(v) = |N(v)].

Definition 1.1.4. A subgraph H of a graph G is a graph in which all its
vertices belong to V(G) and all its edges belong to E(G). If a subgraph of
G contains precisely all the vertices of G, it is called a spanning subgraph
of G. For U C V(G), the induced subgraph of G induced by U, G[U] is the

maximal subgraph of G which has vertex set U.

For W C V(G),G — W denotes the graph obtained from G by deleting the
vertices in W together with their incident edges. If W = {w}, we just write
G —w for G — {w}. For F' C E(G),G — E’ denotes the graph obtained
from G by deleting the edges in E'. If E' = {uv}, we just write G — uv for
G — {uwv}. G + uv is obtained from G by adding an edge uv ¢ E(G).

A path of order n, P, : vivy...v, is a graph with V(P,) = {v1,v2,...,v,}
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and E(P,) = {vivg, vovs, ..., vy_10,}. For n > 3, adding an edge between v,

and v, in the path P, yields a cycle graph of order n, denoted by C,,.

Definition 1.1.5. A graph G is connected if there is at least one path
between every pair of vertices; otherwise it is disconnected. Disconnected
graphs are thus split up into a number of connected subgraphs, called com-

ponents. That is, a component of G is a maximal connected subgraph of

G.

Definition 1.1.6. A tree is a connected graph with no cycles. In a rooted
tree the level of a vertex is its distance from the root. The height of a rooted
tree is the length of a longest path starting from the root. For an integer
m > 2, an m-ary tree is a rooted tree in which every vertex has at most
m children. A complete m-ary tree is an m-ary tree in which every internal
vertex has exactly m children and all leaves have the same level. Note that

if m = 2, then the complete m-ary tree is called complete binary tree.

Definition 1.1.7. A unicyclic graph is a connected graph containing exactly

one cycle. The girth of a unicyclic graph is the length of its cycle.

Definition 1.1.8. The distance between v and v in V(G), dg(u,v), is the
length of a shortest u — v path in G. The eccentricity, eccg(u), of a vertex
u € V(G) is the distance between v and a furthest vertex from u. When it is
obvious that we mean graph G, then we omit G and use d(u,v) and ecc(u).
The diameter of GG, is defined as the maximum value of the eccentricities of

the vertices of G.

A diametral path is a path between two vertices whose distance is the diam-

eter.

For terms not defined here, the reader is referred to any introductory Graph

Theory book, such as [15]. More specialized terminology not presented here
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will be defined as needed, in the relevant chapter. Throughout this thesis, we

will consider a graph which is nontrivial, simple, undirected and connected.

1.2 Topological indices

Graph theory is largely applied to the characterization of chemical struc-
tures, as well as to qualitative and quantitative structure-property (QSPR)
and structure-activity (QSAR) relations by means of certain numerical char-

acteristics called topological indices.

In chemistry and biology, researchers study molecules with desired physic-
ochemical properties, for example, boiling points, molecular volumes, flavor
threshold concentration antiviral activity, energy levels, electronic popula-
tions, etc. And these properties can be quantitatively represented by some
values of a certain index. The notion of a “topological index” appears first
in a paper of the Japanese chemist Hosoya [15], who investigated the surpris-
ing relation between the physicochemical properties of a molecule and the
number of its independant edge subsets (matchings). A topological index is
a map from the set of chemical graphs to the set of real numbers. Therefore
a topological index is a numeric quantity that is mathematically derived in
a direct and unambiguous manner from the structural graph of a molecule.
Since isomorphic graphs possess identical values for any given topological
index, these indices are referred to as graph invariants. The advantage of
topological indices is that they may be used directly as simple numerical de-
scriptors in a comparison with physical, chemical, or biological parameters
of molecules in quantitative structure-property relationships (QSPR) and in

quantitative structure-activity relationships (QSAR).



Topological indices have been extensively studied due to their applications
in chemistry, bioinformatics and network science. Over a hundred such
distance-based and degree-based indices have been used in the literature
[38, 43]. Let us present definitions of well-known distance-based topological

indices of graphs.

The oldest of these topological indices, dating back to 1947, is the well-known
Wiener index. It was originated by the chemist Harold Wiener [79] during the
study on boiling points of paraffin (bi-product of petroleum) and he referred
to it as path number, but afterwards the path number was assigned the name

of its inventor and entitled as Wiener index or Wiener number.

Definition 1.2.1. The Wiener index of a graph G is defined as,

WE) = Y dwn =g Y Y dw

{uw}CV(G) ueV(G) veV(G)

and the edge-Wiener index

We(@) = > dle f),
{e.f}CE(G)
where the distance between two edges in a graph G is defined as the distance
between their corresponding vertices in the line graph L(G) of G. Thus
We(G) = W(L(G)).

Note that the factor of % is required in the second definition of W(G) since
each unordered pair {u, v}, u # v, appears twice in ZueV(G) Zvev(G) d(u,v).
This pioneering, eminent and well studied index of graph G is a distance-
based index. It deserves high rank in theoretical chemistry and chemical

graph theory due to its theoretical as well as applicable nature.



A modification of this index is the generalized Wiener index defined as (see
[43])
Wi(G) = > d'(uw),

{u}CV(G)
where k is a real number. In particular, for K = —1 it is called the reciprocal
Wiener index and for £ = —2 it is the Harary index or Harary number.

With Wiener’s discovery of a close correlation between the boiling points of
certain alkanes and the sum of the distances between vertices in the graphs
representing their molecular structures [79], it became apparent that graph
parameters, or topological indices, can potentially be used to predict prop-

erties of chemical compounds.

The Wiener index has been investigated in the mathematical, chemical and
computer science literature under many different names and with slight dif-
ferences in the definition, it is sometimes also called the distance or the total

distance of a graph.

Definition 1.2.2. The hyper-Wiener index of a graph G is defined as

WW(G):% 3 d(u,v)+% S o),

{up}CV(G) {up}CV(G)
the edge-hyper-Wiener index is

WWe(G):% 3 d(e,f)+% S i f).

{e,f}CE(G) {e.fYCE(G)

The Schultz index includes both distance and degree in its definition. De-
scribed as a weighted version of the Wiener index, it was introduced inde-

pendantly by Dobrynin and Kochetova [27], and Gutman [42], in 1994.
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Definition 1.2.3. The Schultz index or degree distance of a graph G is
defined as

DD(G)= Y (d(u)+d(v))d(u,v).
{u}cV(G)
A related index, which uses the product, rather than the sum of the degrees,
is called the Schultz index of the second kind [42], but for which the name
Gutman index has also been used [74]. Throughout this thesis, the latter

name is used.

Definition 1.2.4. The Gutman index of a graph G is defined as

Gut(G)= > d(u)d(v)d(u,v).

{uycv(G)

Recently, some other indices based on eccentricity have been introduced and
investigated by mathematicians, chemists and biologists. Here we list the
most commonly used eccentricity-based topological indices. We begin with
the eccentric connectivity index (FCT), which was put forward by Sharma,
Goswami and Madan [70] in 1997. It has been employed successfully for the
development of numerous mathematical models for the prediction of biolog-

ical activities of diverse nature.

Definition 1.2.5. The eccentric connectivity index of a graph G is defined

as

ECI(G)= > ecc(v)d(v).

veV(G)

Definition 1.2.6. The total eccentricity (see [20]) of a graph G is defined as



Definition 1.2.7. The eccentric distance sum (see [10]) of a graph G is
defined as
EDS(G)= Y _ ecc(v)D(v)

veV(Q)

where D(v) = >, cv ) d(u,v).

In this thesis, we introduce the general eccentric connectivity index ECI,(G)

of a graph G.

Definition 1.2.8. The general eccentric connectivity index of a graph G is

defined as
ECI,(G) = Z ecc(v)d*(v)

veV(G)

for a € R.

If &« = 1, we obtain the classical eccentric connectivity index and if « = 0 we

obtain the total eccentricity index of a graph G.

1.3 Literature review

1.3.1 Motivation

Topological indices have important use in medical, industrial and environ-
mental research. Here we present some background material and give various
applications, with emphasis on the Wiener index, eccentric connectivity in-

dex, eccentric distance sum, Gutman index and degree distance of a graph.

In chemistry, a molecular graph represents the topology of a molecule, by

considering how the atoms are connected. This can be modelled by a graph,



where the vertices represent the atoms, and the edges symbolize the covalent
bonds between the atoms. Double and triple bonds, if any, are approximated
by a single edge in forming the molecular graph. In many studies it is also
assumed that, the molecular graphs are hydrogen-suppressed; that is, there
will be no vertices corresponding to H-atoms and no edges corresponding
to bonds between H-atoms to other atoms. For example, chemists often

represent the benzene ring as a simple hexagon.

Chemical graph theory uses topological indices as a powerful tool for estab-
lishing relationships between the structure of the molecular graph, and its
properties or activities. For instance, structural features such as size, shape,
branching, symmetry, bonding patterns and the neighbourhood patterns of
atoms in the molecules can be measured by a topological index [12, 14, 30].
The Wiener index has successfully characterized properties such as the boil-
ing point, density, critical pressure, refractive indices, heats of isomerizaton
and vaporization of various hydrocarbons [27]. This quantitative relation-
ship between the structure of a molecule and its properties (or activities)
is the basis of the so-called quantitative structure versus property (activ-
ity) relationship (QSPR, QSAR) studies. Here the term ‘property’ means
physicochemical properties, whereas ‘activity’ refers to biological and phar-

macological activities of the chemical compound [75].

Much recent work in pharmaceutical drug design has focused on identifying
properties of chemicals directly from their molecular structure. In phar-
maceutical research, both trial and error syntheses of compounds and their
random screening for activity are time consuming and uneconomical [38].
So, preliminary investigations using QSAR and QSPR are done to select the
most promising compounds for a desired property, and hence decrease the

number of compounds which need to be synthesized during the process of
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designing new drugs [0, 38, 56]. Topological indices are ‘one of the oldest
and most widely used descriptors in QSAR’ [34]. They have many advan-
tages over other descriptors used in QSAR, such as geometrical, electrostatic,
steric, electronic and quantum descriptors [38]. Topological indices can be
computed easily and rapidly for any known compound, or even one not yet
synthesized. Many software programs, such as CODES SA, SciQSAR and
POLLY are readily available for both the calculation of the descriptor values,
and subsequent multivariate statistical analysis [38, 66]. Furthermore, not
only are they powerful tools for drug design and environmental toxicology
assessment, but they are also being used for virtual screening, lead opti-
mization, isomer discrimination, chemical documentation and combinatorial

library design [30].

Therefore, one of the most interesting problems on topological indices is to
study the extremal properties of topological indices and characterize the ex-
tremal structures. Another direction is to study the relation between topolog-
ical indices and some other graph invariant, which helps researchers to know
the indices better and find more internal information. The quantification
of chemical structures is a basic problem in structure-activity relationships
(SAR) which is an important tool for developing safer and potent drugs. The
procedure for quantification of chemical structures is by translation of chem-
ical structures into characteristic numerical descriptors (topological indices)
[7, 13]. This procedure provides a correlation between quantitative biological

activity and qualitative chemical structures.

Another active area of chemical research deals with nanotubes, nanotori,
nanostars and other dendrimers. These polymeric materials are of major
chemical importance as they are finding applications in a variety of high

technology uses, both biomedical (such as MRI diagnostics, coating agents

10



to protect or deliver drugs to specific parts of the body, as anti-bacterial and
anti-viral agents, as vectors in gene therapy) and industrial [53]. Explicit
values for various topological indices, and in particular, the eccentric connec-
tivity index and eccentric distance sum, are being calculated for these classes

of compounds (see, for example [4, 5, 68]).

In the second chapter of this thesis, we find the explicit values for various
topological indices of dendrimers called complete m-ary trees. To compute
our results, we use the method of combinatorial computing, graph theoretical

tools and analytic techniques.

1.3.2 Relevant background results

Let us present some basic results on distance-based indices of a graph. Many
researchers are interested in finding bounds for graph invariants and the
related problem of figuring out the graphs achieving the maximum and min-

imum values of corresponding indices.

The minimum value of the Wiener index of a graph of given order is attained
by the complete graph and the maximum value is attained by the path. A
lower bound on the Wiener index of a graph of given order and size can be
found in [29] and Plesnik [65] pointed out that the bound is sharp for several
graph classes, for example for trees, and planar graphs. An upper bound in
terms of order and size was determined by Solte$ [72]. Liu and Pan [59] gave
a lower bound on the Wiener index of trees in terms of its order and diameter
and they showed that the bound is sharp by giving an extremal graph on the
class. But the problem of finding an upper bound on the Wiener index of a
tree in terms of order and diameter is quite challenging. This long-standing

open problem of finding an upper bound for the Wiener index of a tree in
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terms of its order and diameter is addressed by Mukewumbi and Vetrik [64]
for diameter at most 6. Alhevaz and Baghipur [I] gave upper and lower
bounds for the (first) edge-hyper Wiener index of a graph in terms of its size
and Gutman index by using a method, which applies group theory to graph
theory.

The degree distance has recently been investigated in more detail in the
mathematical literature. For trees of given order, Wiener index and degree
distance have a linear relationship [42, 54]. Dankelmann, Gutman, Muk-
wembi and Swart [21] gave an upper bound on the degree distance in terms
of order and diameter. The degree distance of unicyclic graphs of given order
and girth was considered in [49]. Further results on the degree distance are

given in [44].

Dankelmann et al. [22] gave a bound on the Gutman index of a connected
graph in terms of its order. Mukwembi [63] improved this bound and he
also gave an upper bound on the Gutman index of graphs of given order and
diameter. An upper bound on the Gutman index of a graph in terms of its
order, diameter and minimum degree, where diameter is not a constant, was
given in [60] and the Gutman index of a graph in terms of its order, diameter
and vertex-connectivity was studied in [61]. Gutman [12] revealed that, in
the case of acyclic structures, the index is closely related to the Wiener index
and reflects precisely the same structured features of a molecular graph as
the Wiener index does. Dankelmann et al. [23] presented an upper bound for
the Gutman index and also established the relation between the edge-Wiener
index and Gutman index of graphs. Chen and Liu [18] studied the maximal
and minimal Gutman index of unicyclic graphs, and they also determined
the minimal Gutman index of bicyclic graphs [19]. Gutman [12] remarked

that theoretical investigations on the Gutman index focusing on polycyclic
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molecules is more difficult. Since then, several authors [18, 36, 42] have
studied the index and also its relationship with other graph parameters. In
[60] the authors proved an asymptotic upper bound for any connected graph

G of order n and minimum degree 0.

The eccentric distance sum was conceptualized by Gupta, Singh and Madan
[40]. The investigation of the mathematical properties of eccentric distance
sum started only recently [46, 48, 80]. First observe that removing an edge
from a graph does not decrease distances. It follows that, as in the case of the
Wiener index, for every spanning tree 7' of G, EDS(G) < EDS(T'). Thus the
problem of finding an upper bound on the eccentric distance sum of a graph
can now be restricted to finding an upper bound on the eccentric distance
sum of trees. Ili¢, Yu and Feng [40] proved that path graph has the maximum
eccentric distance sum among connected graphs of a given order. Further,
in the same paper, they established bounds on the eccentric distance sum in
terms of other graph invariants, such as the Wiener index, degree distance,
eccentric connectivity index, independence number, connectivity, matching
number, chromatic number and clique number. Turning to lower bounds,
clearly the complete graph minimizes the eccentric distance sum among all
graphs of given order. This simple bound on the index was improved for trees
and for unicyclic graphs. Among trees of a given order the star was identified
to be the unique graph which minimizes the index [80]. In the same paper,
Yu, Feng and Ili¢ established the lower bound for eccentric distance sum for

trees of a given order and diameter.

One of the newest distance-based topological indices, the eccentric connectiv-
ity index was conceptualized in 1997 by Sharma, Goswami and Madan [70].
This index belongs to well-known topological indices. The eccentric connec-

tivity index provides very good correlations with respect to both biological
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and physical properties of chemical substances [55]. This index has shown
an excellent predictive power in pharmaceutical properties, for instance, it is
useful for predicting anti-HIV activity of chemical substances [30]. Experi-
ments reveal that prediction using eccentric connectivity index, of analgesic
activity [70] and of anti-inflammatory activity [41] is more accurate than
prediction using the Wiener index. Mathematical properties of the eccentric
connectivity index have been extensively studied. We explore most of the

known mathematical results to date.

It was proved independantly by Morgan, Mukwembi and Swart [62], as well
as by Zhou and Du [84], that the minimum eccentric connectivity index for
a graph of order n is attained by the star S,,. An asymptotic maximum of
the eccentric connectivity index was independantly determined by Morgan,
Mukwembi and Swart [62], and by Dosli¢, Saheli and Vukicevié [28]. For
trees, the maximum eccentric connectivity index value among trees of or-
der n is attained by the path P, [28, 62]. Morgan, Mukwembi and Swart
[62] obtained the sharp lower bound on the eccentric connectivity index for
graphs with given order and diameter. They also proved an asymptotic up-
per bound on the eccentric connectivity index for graphs with given order
and diameter. Morgan, Mukwembi and Swart [62] obtained the sharp lower
and upper bounds on the eccentric connectivity index for trees with given
order and diameter. The lower bound was given also in [84]. Zhou and Du
[84] found the sharp upper bound and Ili¢ [17] gave the sharp lower bound
for trees with given order and number of pendant vertices. The tight lower
and upper bounds for trees of given order were given in [34]. Trees with
given degree sequence were investigated in [77], Ili¢ [47] gave the sharp lower
and upper bounds for unicyclic graphs with given order and girth. Zhang

and Hua [81] obtained the tight upper bound, and Zhou and Du [84] stated
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the tight lower bound for unicyclic graphs of given order. General graphs of

diameter 2 were studied in [82] and bipartite graphs in [33].
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Chapter 2

Distance-based indices of

complete m-ary trees

2.1 Preliminary results

In this section we express the hyper-Wiener index of a graph and the edge-
hyper-Wiener index of a tree with the help of the second derivative of the
Wiener polynomial. The Wiener polynomial of a connected graph G is de-

fined as

W(G,z) = Z gAwv)

{uw}CV(G)

and the Hosoya polynomial is

H(G,z) =) n(G, k)

k>0

16



where n(G, k) is the number of pairs of vertices that have distance k. The

edge-Hosoya polynomial of G is defined as

H.(G,z) = Zne(G, k)a®

k>0
where n.(G, k) is the number of pairs of edges of distance k.
Cash [17] proved the following result on the hyper-Wiener index.

Theorem 2.1.1. For a connected graph G we have WW (G) = H'(G,1) +
sH"(G,1), where H'(G,1) is the first derivative and H"(G, 1) is the second

deriwative of the Hosoya polynomial, evaluated at x = 1.

Tratnik and Pletersek [73] obtained results on the edge-hyper-Wiener index,
the Hosoya polynomial and the edge-Hosoya polynomial.

Theorem 2.1.2. Let G be a connected graph and let T' be a tree. Then

(i) WW.(G) = H.(G,1) + tH!(G, 1),

(i) H(G,z) =W(G,z)+ |V(G)],

(iii) Ho(T,z) = Y L2)

T

From the second equation we have
H'(G,z) =W'(G,z) and H"(G,z)=W"(G,z). (2.1)

Then we can express the hyper-Wiener index of a graph in terms of the

Wiener index and the second derivative of the Wiener polynomial.

Theorem 2.1.3. For a connected graph G we have WW(G) = W(G) +
TW"(G,1).

17



Proof. Clearly, W(G) = W/(G,1) so from (2.1) we obtain H'(G,1) = W(G)
and H'(G,1) = W"(G, 1), thus by Theorem 2.1.1, we get WW (G) = W(G)+
TW"(G,1). O

Let us differentiate the third equation of Theorem 2.1.2. We obtain

_ aW'(T,x) — W(T, z)

xr2

H/(T,z) . (2.2)

Similarly, we differentiate (2.2) to get H!(T, z)

2?2(W'(T,x) + aW"(T,z) — W'(T,x)) — 2z(aW'(T,z) — W(T, z))
_ W"(T,x) B 2WN(T, x) N 2W (T, IL’) (23)

T 2 3

Now we express the edge-hyper-Wiener index of a tree in terms of the second

derivative of the Wiener polynomial.

Theorem 2.1.4. Let T be a tree. Then WW,(T') = sW"(T, 1).

Proof. By (2.2), we have H(T,1) = W'(T,1) —W(T,1) and by (2.3), we get
H!(T,1) =W"(T,1)=2W"(T,1)+2W (T, 1). Hence, from Theorem 2.1.2 we

obtain

1 1
WW,(T) = H(T,1) + H/(T.1) = SW"(T,1).

2.2 Wiener index

We present a few lemmas and use them to obtain the Wiener index of com-

plete m-ary trees, which is the main result of this chapter. Let N;(v) be the
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set of vertices at distance ¢ from v and let N;(v) be the set of vertices at

distance at most 7 from v in G.

Lemma 2.2.1. Let T}, ,,, be a complete m-ary tree of height h with the root

vertex vy. The number of vertices at distance i from vy is m*, where 0 < i < h.

Proof. Clearly, |No(vo)| = 1 and |Ny(vg)| = d(vg) = m. Since every vertex
in N;_1(vg) is adjacent to m vertices in N;(vg) for ¢ = 2,3,...h, we obtain

|NZ(’00)| = ]Ni,l(vg)|m = mi. O

The number of vertices in a complete m-ary tree of height h is given in

Lemma 2.2.2.
Lemma 2.2.2. We have |V (T} )| = m;tll_l
Proof. We have
[V (Thm)| = [No(vo)| + [N1(vo)| + [Na(vo)| + - -+ + [N (vo)]
= 1+m+m’+---+mh
mh+1 -1
o om—1

]

Since we know the distance between the root vy € V(1)) and any vertex

of T}, we obtain the following lemma.

Lemma 2.2.3. Let T}, ,,, be a complete m-ary tree of height h. Then

h h+2 _ h 1 h+1
Z d(vo,u) = m (h+ m —I—m'

_ 2
’LLGV(Thym) (m 1)

19



Proof. For a vertex u € N;(vg) we have d(vg,u) = i and by Lemma 2.2.1,

|Ni(vo)| = m', where i = 1,2, ..., h. Therefore

Z d(vo, u)

’LLEV(Th’m)
= Z d(vg,u) + Z d(vo,u) + -+ + Z d(vg, u)
u€N1(vo) u€N2(vo) u€Np, (vo)

= m+42m? +3m® 4+ - + hm".
Then
(1 —m) Z dvg,u) = m+m?>+m?+ -+ mh — hm"t!

uEV(Th’m)

and

1— h h h+1 h h+2 _ h 1 h+1
Z d(vo,u)—m( m'") m"t hm (h+1)m +m'

—m2 1—-m —1)2
VT (1 —m) 1—-m (m—1)

For any rooted tree T" with root vertex vy, we denote by (1) the sum of

the distances from the root vy of T' to all its vertices. That is, [(T) =
ZueV(T) d(u, vo).

Lemma 2.2.4. Let T be any rooted tree with the root vertexr vy such that
dr(ve) = m. Let Ty, Ty, ..., T,, be the rooted trees with root vertices v,,,

Upyy - - -, Uy, TESpectively obtained by removing the root vertex vy from T'. Let

m
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n; be the number of vertices in T;, where 1 < i <m. Then

W(T)=> W(T)+ Y (i + 1)+ Y (nl(T) + 2nm; + nl(T))).
1=1 i=1 1<i<g<m
Proof.
Z d(u,v
uweV(T)
:ZZduijZZdvo, Z Z Zduv
=1 wweV(T; =1 weV(T3;) 1<i<j<m eV (Ty) ueV (T;)
= ZW +Z Z (vo, vy,) + d(vy,;, w)) +
=1 ueV(T;)

Z Z Z (d(w, vy,) + d(vr,, v9) + d(vo, vr;) + d(v,,,v))

1<i<g<m veV (Tj ) weV (T;)

= ZW +ZZ 1+ d(v,,,u))

i=1 ueV (T,

+ Z Z Z (u,vy,) + 2+ d(v,;,v))

1<i<j<m ueV (T;) veV (T})

= ZW +an+l
+Z Z Zduvn+z 22—1—2 Zdvr],

1<i<i<m \weV (T;)ueV (T3) weV(T)veV(T;)  ueV(T)veV(Ty)
= ZW(Tz‘) +Z(m +UT) + Y (mUT) + 2nin; + nl(T5)).
i=1 i=1 1<i<j<m

]

Since every complete m-ary tree is a rooted tree, we use Lemma 2.2.4 to study
the Wiener index of complete m-ary trees. We replace all trees 17,15, ..., T,

by T},—1,, and we get
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Lemma 2.2.5.

M —(h+)m" +1
(m —1)2

h
W(Thm) = mW (Th_1.m) + ( m ) mht h>1

with initial value W (Tp ) = 0.

Proof. By Lemma 2.2.4, we have

W (Thm)
= W (T ) V(Do )| + 1T )
+(75 ) VTl + 2V D))
= W (s + IV (Tt )]+ U)o = DIV (T )| 1),

From Lemmas 2.2.2 and 2.2.3 we obtain

mh — 1 (h — 1)mh*tt — hmh +m
V(Tho1m)| = p— and [(Th_1m) = (1)

Y

mh—1  (h—=1)m" —hm" +mY\
+ m
m—1 (m—1)2
mT
(m —1)

W(Th,m> = mW(Th,l,m) +m (

We solve this recurrence relation and get an explicit formula for W (T},,,).

Theorem 2.2.6. Let T}, ,, be a complete m-ary tree of height h. Then

(hm — h — 2)m?"2 + (hm + 2m — h)m"*!
(m —1)? '

W(Th,m) =
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Proof. By Lemma 2.2.5 we have

M (h+ Dm" 41
(m —1)2

h
W(Thm) = mW (Th_1m) + ( mn > mht > 1

with initial value W(T},,) = 0. The homogeneous part of the recurrence
relation is

WI(Th ) = mWI(Th_1,m)

and the general solution of the homogeneous part is
W9 (Thm) = km" (2.4)

where k is a constant to be calculated. The non-homogeneous part of the

recurrence relation is

<hmh+1 —(h+1)m" + 1) i

f(h) (m_ 1)2

B hm — m m2h mm"
 \m—-1  (m—1)2 (m—1)%

The particular solution is
WP(Thm) = (Ah 4+ B)Ym*" + Chm",

where A, B and C' are constants to be calculated. To find the values of A, B

and C' we substitute W?(1},,,) into the recurrence relation. That is,

hmM — (h+1)mh +1
WP(Thm) = me(Th_17m)+( m (h +1)m" + )mh—H

(m =1
= m((Ah 1) + Byt £ C(h— D)
(s Y
m—1 (m—1) (m—17
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This implies that

(Ah 4+ B)Ym*" + Chm"

hm m
_ _ 2h—1 _ h _ 2
= (Ah— A+ B)m + (Ch —C)m" + (m R P 1)2> m

L _mm
(m —1)?
Thus
((m —1)Ah+(m—1)B + A) m2 1 Cm
m
B hm —— m o mmh
 \m—-1  (m—1)2 " (m—1)%
Consequently,
(m—1)Ah+(m—-1)B+A  hm = m
m T m—1  (m—1)2
and
m
C =
(m —1)2

This implies that A and B satisfy

(m—-—1)A = mm_ N
(m—1)B+A = —%
Solving this system for A and B gives
Ao m? o —2m?
(m—1)* (m —1)°
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Thus the particular solution is

(2.5)

2 2 h+1
W (Th) = ( hm 2m ) m2h (hm

(m—12 (m—1)3 m—1)%

The general solution of our recurrence relation is the sum of the general

solution of the homogeneous part and the particular solution. That is,
W(Thm) =WI(Thm) + WP(Thm). (2.6)

From (2.4), (2.5) and (2.6) we have

hm? _ 2m? o hm
m—12 (m—-13)" T m-12

W (Thm) = km" + (

Using the initial value W (T} ,,) = 0 we get

Therefore

2m?2 mh N m 2_ 2—7712 o
W(Th,m) _((m—1)3+(m_1)2)m + <h (m—l) (m_1)3>
(hm — b — 2)m2*2 4 (hm + 2m — h)ymh+!

(m—1)3 .

2.3 Distance-based indices

In this section we study the edge-Wiener index, the hyper-Wiener index, the
edge-hyper-Wiener index, the degree distance, the Gutman index and the
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eccentric distance sum.

An ancestor of a vertex v; € N;(vg) for 1 < i < h is any vertex, say v;_,
where 0 < p < ¢, which belongs to the path connecting v; and the root vy in

Thm- Then v; is called a descendant of v;_,.
Theorem 2.3.1. Let T}, ,, be a complete m-ary tree of height h. Then

AR2m2h e _ q2ht3 4 k2 o b3 g b2 o bl
(m —1)* ’

EDS(Th.) =

where a = 8h?+10h—1, b = 4h?>+10h+4, ¢ = 4h>+7h—1, d = 8h?>+10h+4
and e = 4h*> + 3h + 1.

Proof. For the root vertex vy € V(T},,,) we get

hmh+2 _ (h 4 1>mh+1 +m

D(vg) =m +2m* +3m3 + - + hin" = (m 1)

(see the proof of Lemma 2.2.3 for detailed computation). Now we obtain
D(v;) for any vertex v; € N;(vg) where 1 < i < h. In the following computa-
tion, one line corresponds to a vertex, say v;_, in N;_,(v) forp =0,1,2,...,1,
which is a ancestor of v; and those descendants of v;_, that were not consid-

ered before.

D(Ui) =m+2m2+3m3+...+(h_2-)mh—i

+243m—=1)4+4(m—Dm+--+ (h—i+4)(m—)m" " +

+id+ (i +D(m—=1)+ G +2)(m—Dm+--+ (i +h)(m—1)m"".
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Thus D(v;)

h — h—i ; i
(h —i)ym"*2 — (h — i+ 1)mh=* 1 +m

(m —1)2
h_. h_l .
+( i+ 2)mh 2 — (h — i+ 3)mh 41
s o m—1
N — i+ 4mh — (h— i+ 5)mh =2 + 1
m—1 *

+(h+z‘)mh+1 —(h+i+1)mh+1

m—1
=
_ h—i
N Z i+ 2p)mM TP — (b — i+ 2p + 1)m P 1
m—1

h h—i+2 . ;
( —Z) ((h—@+1)mh’+1—|—m (h — i)ymh=i+1 i
2
m—1) m—1

mP
p=1

)

p=1
h — h—i ; ;
(h —i)mh=2 — (h —i + 1)mh=t + m
(m —1)
(= mh o — (=i D
m—1 Zmp+2mhlzpmp
+ i .
— 1
h - h % ; ;
( —1)?
h — h—i ; ;
( Hmh= (b — i+ 1)mhﬂ mitl —m
' m—1 Cm—1
_|_2mhfi mz+2 _ (Z + l)mi-i-l +m N i
(m—1)2 m
| —1
h+ h+2 _ ;
(h+1)m (h + i+ 3)m"! 4 2mh= L 4 (i 4+ 1)m —
(m — 1)?
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Hence we obtain

EDS(Thm) = Z ecc(v)D(v):Z Z ecc(v)D(v

’UEV(Th,m) 1=0 veN;(vo)

Xhi i 4 gy LD = (ot i Bym! 4 2mt (4 D
(m—1)2

since there are m’ vertices in N;(vg) and ecc(v;) = h + i for any vertex

v; € N;i(vg) where 0 < i < h. Thus EDS(Th,m)

h h
1 .
= DQ7n“4§:ﬁ?+wn+h%nf—4n”“§:@2+2hrﬁﬁ+h2+3hyn
—
=0 =0
h h h
mM4§:@+hy+m§:u%+m+¢+hmf—§:@?+mym>
=0 =0 1=0
1 h
h+2 h+1 1200
= ﬁ((m —m —|—m—1)sz
(m=1) par

h
+(2hm"? = (2h + 3)ym" 4 (h+ )m — h) Y im’
=0
h
1
+(h2mh+2 (h2—|—3h mh+1—i—hm Zmz+2mh+l(h h; )))
=0

We know that

h ht1 h h+2 h+1

- omMt—1 s hm" —(h 4+ 1)mM T +m

i i — . 2.
;:0 m - and ZE:O im (m 1) (2.7)

Since (m — 1)23201  i*m’

= m+42m? +2m® +2m* + - 4 2mh — (h? 4+ 2h — 1)m" T 4 BEmT?

= m+2m*(1+m+m?+ - +m"?) — (B + 2h — \)m" ™ + B*m/+?
9 2 h—1 __ 1
_ m (m . ) +m— (h2 4+ 2h — 1)mh+l + ththQ’
m_
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we obtain

(2.8)

Zh: 2 g 2(mh+1 — mz) n m — (h2 + 2h o 1)mh+l + h2mh+2
rrm = .
i=0 <m - 1)3 (m — 1)2

We use (2.7) and (2.8) and simplify the expression to get

AR2m2hHE — gm2ht3 1 pm2ht2 4 et gmht2 4 el
(m—1)* ’

EDS(Tjn) =

where a = 8h?4+10h—1, b = 4h®>+10h+4, c = 4h* +Th—1,d = Sh?+10h+4
and e = 4h®> + 3h + 1. O]

We use Lemmas 2.3.2, 2.3.3 and 2.3.4 to obtain the Wiener polynomial of

complete m-ary trees.

Lemma 2.3.2. Let u be any leaf of T}, . Then

h+l _

S gt - =D 1)

+ .
"D (ma?—1 1
VN (v0) (mx — 1)(max ) mx

Proof. In the following computation, one line corresponds to a vertex, say
vp—; in Np_;(vg) for ¢ = 1,2,... h, which is an ancestor of u and those

descendants of v;,_; that were not considered before. We have

Z xd(u,v) -

vEN<p—1(v0)

2 + (m — 1)2°
+2® 4+ (m — )a* + m(m — 1)a®

2t 4+ (m — 1)2° + m(m — D)’ + m?*(m — 12" +
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+2" + (m — 1)z"™ + m(m — 1)2"*?

+m?(m — D"+ m 2 (m — 1) 2!
which is equal to

r4 2?4+ 2
+(m -1 1 +z+a>+ - +a"2)
+m(m — 1)z’ (1 +z + 2%+ - 4+ 2"3)

+m2(m — 1)1‘7(1 tr4+at++ xh*‘l) +

+mh—3(m_ 1)172h_3(1 —l—I)
+m" 2 (m — 1)2*" !

ah -1 eh=1_1 2
) (58 n e (25

h—3 __ 1 1
+m2(m — 1):v7 (x—l) S mh—Z(m i 1):172}1—1 (JU )
x J—

h+1 __ — 13
= xx_1x+(mx_f$ (xh_l—l—’—ml'Q(xh_Q—l)

+m2x4(xh73 _ 1) 4+t mh*2x2(h72)(aj . 1))

_ g N (m _ 1)303 (thl n m:Ch + m2xh+1 4+ .4 mh*Qth*?))
x—1 r—1
— 1)z
_(m—l):z:<1 +ma? +miat 4 gm0
T —
h+1 3
€T — 7 m—1)x
= + ( ) (" (1 4+ ma 4 (ma)? + - - + (ma)"™?)
x—1 r—1
— 1)z
_u (14 ma? + (ma®)? + - + (ma®)"7?)
T —

T

g (m 1ah ((mx)h_l - 1) (m—1)a ((me)h_l - 1)

r—1 x—1 mx — 1 r—1 mx2 —1
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(2" — 2)(ma — 1)(mz? —1)  (m — Va2 (ma? — 1)((mz)"! - 1)
(x — 1)(mx — 1)(mz? — 1) (x — 1)(mx — 1)(ma? — 1)
(m — D3 (mx — 1)(ma?)h=1 - 1)

(x — 1)(ma — 1)(ma? —1)
b+ p2h 8 a2kt Rl 2R | ko 2D
(x — 1)(mx — 1)(ma? — 1)
mahtt 3 _ pht2 | phtl a0
(x — 1)(ma — 1)(ma? —1)
+(ZB — 1)(mz — 1)(ma? — 1)
mh+1x2h+2(:€ _ 1) _ mhx2h+2(x _ 1)
(x — 1)(mx — 1)(ma? — 1)
ma" 3 (z — 1) — 2" x — 1) = ma?(2? — 1) + x(2? — 1)
(x — 1)(mx — 1)(ma? — 1)
(ma?)* — 22(ma?) + ma T3 — 2 —mad —ma? + 2 +x
(mx — 1)(ma? —1)
mz?((mz?)h — 1) — 22((ma®)" — 1) + 2" (ma? — 1) — x(ma? — 1)
(mx — 1)(ma? — 1)
2?(m — 1) ((ma®) —1) 2" -2

(mz —1)(ma? —1) mx—1"°

_|_

Since there are m” leaves in Th,m, we have

) _ p ((2P(m = D((ma®)" —1) 2" —a

uENR (vo) vEN<p—1(v0)

Lemma 2.3.3. Let u be any leaf of T}, ,,,. Then

S o _ 2 = Dl(ma?) — )

mz? — 1

vEN (vo)

Proof. Let u be any leaf of T}, ,,,. Since there are m — 1 leaves at distance 2

from u, m(m — 1) leaves at distance 4 from u, ..., m"1(m — 1) leaves at
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distance 2h from u, we obtain

Z 24 = (m = 1)2® + m(m — Da* + m2(m — 1)a® + ...

= +m" ' (m—1)2*"
= (m—1D2*(1+ma®+mz* + ... +m"12?"Y)

= (m— 12> +ma? + (mz®)* + ...+ (ma®)")
— 2(m—1) ((mx ) —1> = (m —1)((mz?) —1)‘

ma? — 1 mz? — 1

Considering all pairs of leaves of T}, ,,, we have

1 mh 22(m — 1)((maz?)"* — 1)
duw) _ = d(upw) _ "
>, =g, D =3 e

{u,v}C N}, (vo) uEN}, (vo) VENR (vo)
22m"(m — 1)((mz*)" — 1)
2(ma? —1)

In Lemmas 2.3.2 and 2.3.3 we presented results involving leaves of T}, ,,. Sim-

ilarly, it can be proved that for any vertex u € Ny (vg), where k = 2,3,... h,

2 -1 2k_1 k+1
3 ey _ (m —1)((ma”) )+:B T

= — — -
vEN<p_1(vo) (mCL‘ 1)(mgj 1) mz 1

and

S ot _ 2m = D(Cme
max? — 1
vE N} (vo)

and consequently we obtain
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Z Z L) _ ok 22(m — 1)((maz?)* — 1) ) R
(mz — 1)(ma? — 1) mz — 1
u€Np(vo) vEN<k—1(vo)
and

u,v) $2mk<m B 1)((m$2)k _ 1)
Z a = 2(maz? —1) '

{u,v}C N (vo)

Lemma 2.3.4. For k=2,3,...,h, we have

mek(m o 1)<<m$2)k _ 1>(mx 4 1) mk(xk—i-l _ x)
W (Tym, )W (Th—1,m,x) =
( k, x) ( k—1, IE) 2(mx2 _ 1)(m$ _ 1) max — 1
Proof. W(Tjm,x)
_ Z xd(u,v)
{u, v}V (T, m,)
_ Z RCORY) + Z 24wv) + Z 2Uu)
{u,0}CV (Th—1,m) {u,v}CNi (vo) u€Ny (v0),vEN<—1(v0)
2?mk(m — 1) ((ma?)* — 1)
= W(Ti- my
(Th—1,m, ) + 2(ma? — 1)
o (F = D = 1)
(mx — 1)(ma? — 1) mx — 1
2*m*(m —1)((ma*)* = 1) (1 1 mb (a1 — x)
- W T —1,m> 9
(Th—1,m, ) + mr? — 1 (2+mx—1)+ mx — 1
?2mF(m — D ((ma®)k —1) mz—1+2 mF@a*t -2
= W(Ti-1m, )+ ( o) = 1), ( )
mx? — 1 2(mx — 1) mx — 1
This implies that
e (m — 1) (ma®)* — D(ma + 1) m(H1 — )
T —W(T- =
W( k,m> {L‘) W( k 1,m7x) Q(me — 1)(mx — 1) mx — 1
O
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Let us present the Wiener polynomial of complete m-ary trees.

Theorem 2.3.5. Let T}, ,, be a complete m-ary tree of height h. Then

R
+mxx— 1 ((mx):r: = imw)Z - m’::_—lm2> + (2) 22

+mx.

Proof. From Lemma 2.3.4 we obtain ZZZQ (W (Tym, ) = W(Tg—1m,x))

B ixm — D ((ma?)* — 1) (max + 1) +im )
B 2(ma? —1)(mz — 1) mzx — 1
k=2 k=2
h

z?(m —1)(mx + 1) )
2(ma? —1)(mz — 1) &= ((mx) - ma: -1 z;

_ 22(m D) (ma+ 1) <<m>2h+2_<m> mi+ m)

I
?TM?

2(ma? —1)(mzx — 1) (mx)? —1  om—1
" (mz)"! — (mz)?  mM - m?
mx — 1 mz — 1 m—1 '

Since S0y (W (T, &) — W(Th-1m, ) = W(Thm, &) — W(Typm, ) and
W (T, ) = ()x* + mz, we obtain

WD 2) 23212752—_11))((Tniﬂ111)) ((mx():;;—_(;nx)‘l - mh;:__lm2)
+mxx— 1 ((mx)::xl : ﬁmx)Q - m};:—_lm2> i <ﬂ;> "
+ma.

[

We differentiate W (T}, ) to obtain the first derivative of the Wiener poly-

34



nomial of 7}, ,,. We have W/(T}, ., )

x(m — 1) (h(mz)?"*? — (max)?)
(mx — 1)2(ma? — 1)
(m — D)((z? + x)ma — 2z)((ma)* — (ma)**+?)
(mx — 1)3(ma? — 1)2
+h(mx)h+2 — (h + 2)(mx)" — (mx)? + 3(mx)?

(mx —1)3
(m" —m)((z + 1)(mzx)?® — 2(mx)?) mit — m?
(mx — 1)2(ma? — 1)2 (m—1)(mx — 1)2

+(m — 1)mx + m.
Note that substituting x = 1 into this function and simplifying gives the
Wiener index of 7}, ,,,. That is,

m2*2(hm — h —2) + m"* 1 ((h +2)m — h)
(m —1)3

W (T, 1) = = W (T ).

Similarly, taking the derivative of W' (T}, , x) gives the second derivative of

W (Thm, ). So W"(Thm,x) is

(m—1)a (m—1)b
(mzx — 1)2(mx? — 1)2((mx)?2 —1)2  (mx — 1)*(ma? — 1)3(mx + 1)
Wl _ 2 mht2 _ o3
TR a__ 2 . +m(m —1),

(mx—1)*  (mx—1)3(ma?2—-1)> (mx—1)3(m—1)
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where

a = (2zh* 4 zh)(mz)*" — (2h* 4 8zh + 2mh + 3h)(max)*"TE

—(4xh® + 2zh — 4hm — 4h — x)(max)*

+(4h* + 8xh + 8z + 10h + 2m + 1)(mx)*"+*

+(2zh* 4 xh — 4mh — 4h — 4m — x — 4)(max)*+3

+(2hm — 2h* — Th + 2m — 5)(mx)*"*2

—3x(mx)? + (8 + 2m + 5)(mz)® + (5z — 4m — 4)(mx)”

—(16x + 2m + 15)(mz)® — (22 — 8m — 8)(mx)® — (4m — 14)(ma)*,
b = (2274 32)(ma)*"*® — 3z — 1)(ma)**® — (7o + 3)(ma)*

+(32 + 3)(max)*" 3 + (ma)?? — (227 + 3z) (ma)®

+(3x — 1)(ma)" + (T2 + 3)(m2)® — (32 + 3)(mz)® — (mx)?,
¢ = m(h* = h)(mz)" = 2m(h* + h — 2)(mzx)" !

+m(h? + 3h + 2)(ma)" — 6m(mz),

d = (324 22%)(ma)* — (32 — 1)(max)® — (Tx + 3)(mx)? + (3z + 3)(mx) + 1.

We substitute z = 1 to the equation for W"(T}, ,,,, ) and after simplifying

we obtain

a b

W”(Th,m’ 1) = (m i 1)2(m _ 1)4 + (m — 1)4

+m(m — 1), (2.9)

where

a = (2h* — h)m*6 — (8h — 5)m** ™ — (4h? + 6h — 16)m>"*

+(8h + 17)m?"3 + (2h® + Th + 6)m>"*+2,
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b = (h* —h—5m""? — (2% 4+ 2h 4+ 6)m"™* + (h* 4+ 3h + 1)m"*™!

—mS + 5m® — 10m* + 10m> — 5m?.

By Theorem 2.1.3 we have WW (T}, ,,,) = W (Thm) + 3W" (Thm, 1), therefore
we use (2.9) and Theorem 2.2.6 to obtain the hyper-Wiener index of T}, ,.

Theorem 2.3.6. Let T}, ,, be a complete m-ary tree of height h. Then

a b m
WW(Th,m) = 2<m + 1)2(m _ 1)4 + Q(m — 1)4 + <2);

where
a = (20% 4+ h)m* T — (8h — 1)m?"™ — (4h? + 10h — 12)m*"
+(8h 4+ 21)m* 3 + (2h% + 9h + 10)m* 2

b = (R*+h—1)m""™® — (2 + 6k + 10)m"*? 4+ (h? + 5h + 1)m"*!

—m® + 5m® — 10m* + 10m? — 5m?.

Since by Theorem 2.10 we have WW,(Thm) = 3W" (Thm, 1), we can use (2.9)

to get the edge-hyper-Wiener index of T}, ,,.

Theorem 2.3.7. Let T}, ,, be a complete m-ary tree of height h. Then

a b m
WW6<Th,m) = 2(m + 1)2(m — 1)4 + 2(m - 1>4 * <2>7
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where

a = (2h% — R)m*6 — (8h — 5)m*"*® — (4h? + 6h — 16)m>"**
+(8h + 17)m?3  (2h® + Th + 6)m>" 2,
b = (h®—h—>5m""™ — (2h? + 20 + 6)m" "> + (h? + 3h + 1)m"™

—m® + 5m° — 10m* + 10m? — 5m?2.

Let us consider the degree distance, the Gutman index and the edge-Wiener

index, Klein et al. [54] showed that for every tree T of order n,
DD(T) =4W(T) — n(n — 1). (2.10)
Gutman [12] showed that
Gut(T) =4W(T) — (2n — 1)(n — 1) (2.11)
and from [16] we have
n
W.(T)=W(T) - ( ) (2.12)

Thus we can easily obtain the degree-distance, the Gutman index and the

edge-Wiener index of complete m-ary trees.

Theorem 2.3.8. Let T},,, be a complete m-ary tree of height h. Then
DD(Ty, ) s

(4hm —m — 4h — T)m?*"*2 + (m? + 4hm + 8m — 4h — \)m —m? +m
(m —1)3 .

Proof. From (2.10) we have DD(T},,,) = 4W (Th,m) — n(n — 1) and Lemma
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2.2.2 gives n = ™= S0 using Theorem 2.2.6, we obtain DD(T},,)

m—1

4(hm — h — 2)m* 2 4(hm + 2m — h)mhtt mhtt — 1/ mhtt — 1 -
(m—1)° m — 1
(4hm — m — 4h — T)m*"2(m? + 4hm + 8m — 4h — 1)m"—m? + m
(n— 17 -

m—1

]

Theorem 2.3.9. Let T},,, be a complete m-ary tree of height h. Then
Gut(Th,m) is

(4hm — 2m — 4h — 6)m?"*2 + (3m? + 4hm + 6m — 4h — 1)m"™ —m3 +m
(m —1)3 '

Proof. From (2.11) we have Gut(T} ) = 4W (Thm) — (2n — 1)(n — 1) and

Lemma 2.2.2 gives n = =1 Therefore Gut(Th,m)

m—1

4(hm — h — 2)m"*2 4+ 4(hm + 2m — h)mh+?
(m —1)?

th+1_2 mh+1_1

(1) — -1

(=) (e )

(4hm — 2m — 4h — 6)m*" > 4+(3m? + 4hm + 6m — 4h — L)m"* ' —m? + m
(m—1)° '

O

Theorem 2.3.10. Let T}, be a complete m-ary tree of height h. Then
We(Th,m) 18

(2hm —m — 2h — 3)m**2 + (m? 4+ 2hm + 4m — 2h — 1)m"*t —m2 +m
2(m —1)3 '

Proof. From (2.12) we have W.(Tjm) = W(Th,m) — (3) and Lemma 2.2.2
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gives n = % Thus using Theorem 2.2.6, we get W (Th.m)

(m—1)3 2(m—1)
(2hm — m — 2h — 3)m*"*2 4+ (m? + 2hm + 4m — 2h — 1)m"™ —m? +m
2(m —1)3 '

(hm — h — 2)m?*2 - mMH(h+2)m —h) mht -1 (th -1 1)
m — 1

]

We obtain values of distance-based indices for complete binary trees when

using m = 2 in Theorems 2.2.6, 2.3.1 and Theorems 2.3.6 — 2.3.10.

Corollary 2.3.11. For a complete binary tree I}, o of height h we have

h —2)2%h%2 4 (b 4)2M!
4h? — 10h + 6)2*"2 + (4h® + 11h — 11)2" — 2,

4h* — 14h + 24)2°" + (h* — 3h — 23)2" — 1,

4h —9)222 4 (4h + 19)2" — 2,

(Th.2) (
(Th.2) (
(Th.2) (
WWe.(Th2) = (4h% —18h + 32)2*" + (h? — 5h — 31)2" — 1,
(Th2) (
(Th2) (4h — 10)22"2 1 (4h 4 23)2" — 6,
(Th.2) (

4h — 10)2%" 4+ (2h + 11)2" — 1.
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Chapter 3

General eccentric connectivity

index of trees

In this chapter, we present lower and upper bounds on the general eccentric
connectivity index for trees of given order, trees of given order and diameter,
and trees of given order and number of pendant vertices. The upper bounds
for trees of given order and diameter, and trees of given order and number of
pendant vertices hold for o« > 1. All the other bounds are valid for 0 < a <1
or 0 < a < 1. We present all the extremal graphs, which means that our

bounds are best possible.

Note that the general eccentric connectivity index of a graph G defined as

ECI,(G) = Z ecc(v)d®(v).

veV(G)
If o = 1, we obtain the classical eccentric connectivity index.

Proofs of known results for the classical eccentric connectivity index do not

work for the general eccentric connectivity index, therefore we use new dif-
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ferent techniques. We use the following lemma in the proofs of our next main

results.

Lemma 3.0.12. Let 1 <x <y andc>0. Fora>1 ora <0, we have
(r+c)" —a" <(y+¢) =y

If0 <a<1, then
(x+0)*—a%> (y+c)* —y*.

Proof. We consider the function
f@) = (@ + o) —
for z > 1. The derivative of f(z) is
f'(x) =al(x + )"t — 2.

If a > 1, then (z +¢)* ' > 2% so f/(z) > 0 and f(z) is strictly increasing.

Let a<1. Then1—a=0>0. We get

b b
(x+c) -2 = ! ~ (2 <0
r+c T
1

. b b .
since 0 < = < 1 <1 and ( L ) < (l) . Therefore, if a < 0, we have
xT+c x x+c T

f'(x) >0 and f(x
f'(z) <0 and f(z

is a strictly increasing function. If 0 < a < 1, we obtain

~_

is strictly decreasing.

Thus for a > 1 or a <0, if z < y, then f(z) < f(y), so

(x+0)"—a < (y+c)* —y”
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For 0 < a < 1,if z <y, then f(z) > f(y) and

(x+c)* —a" > (y+o)* —y"

3.1 Trees of given order

We present bounds on the general eccentric connectivity index for trees hav-
ing n vertices, where 0 < a < 1. In Theorem 3.1.2 we include also the case
a = 1. The only tree with three vertices is the path Pj, so we can assume

that n > 4.

Theorem 3.1.1. Let T' be any tree of order n > 4. Then for 0 < a < 1 we
have

ECIL(T) > (n—1)* +2(n — 1)

with equality if and only if T is S,,.

Proof. The star S,, contains one vertex of eccentricity 1 and degree n — 1,
and n — 1 vertices of eccentricity 2 and degree 1. Thus ECI,(S,) = (n —
1)*+2(n—1).

Let T" be a tree having the smallest EC1, index among trees with n vertices.

We prove that 7" is the star S,,.

Assume to the contrary that 7" is not S,,. Let vgvivs...vs be a diametral
path in 7”. Clearly, d > 3. Let dy/(v1) = p and dy/(v4_1) = q. We can assume
that p > ¢q. Let V(T") = V(T") and E(T") = {v1v4}UE(T")\{v4_1v4}. Then

dr»(v1) = p+1 and dpv(vg_1) = ¢ — 1. We have eccerr(vyg_1) = ecorn(vg_1) =
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ecer/(v)) =d—1and d—2 < eccpn(v1) < d—1. For all z € V(T)\ {v1,v4-1},

dr(x) = dpv(x) and eccp:(x) > ecepr(x). Thus

ECI(T') — ECI(T") > ecer(v1)d$i(v1) — ecern(vy)dGn(vr)
+ ecopr (Vg—1)dgs (Va—1) — ecepr (Va—1)dgn (Va—1)

> (d=1Dp* =+ +(d-1)[¢" = (¢—1)%]

By Lemma 3.0.12, p* — (p+ 1)*] + [¢* — (¢ — 1)*] > 0, so ECI,(T") >
ECI,(T"), which is a contradiction. The proof is complete. O

Theorem 3.1.2. Let T be any tree of order n > 4. Then for 0 < a <1 we

have
3n? —10n +8

ECI,(T) < L 5

J 2971 1 2(n — 1)

with equality if and only if T is P,.

Proof. Let T' be a tree having the largest FC, index among trees with n
vertices. We prove by contradiction that 7" is the path P,.

Assume that 7" is not P,. Let vgvivs ... v, be a diametral path in 7”. Clearly,
T" contains a pendant vertex, say u, such that u ¢ {vg,vs}. We denote the
vertex adjacent to u in 7" by w. We define a tree 7" with V(1") = V(1")
and E(T") = {uve} U E(T") \ {uw}.

For any vertex x in 1", eccr/(x) = dp(x,v9) or ecer(x) = dp(z,v4). Thus,
without loss of generality, assume that eccy (w) = dp(w, vg). Then ecorn (w) =
drr(w,u) = ecep(w) + 1. We get ecer(u) < d, eccpn(u) = d+ 1 and
ecer(vg) = ecopn(vg) = d. Let S = {u,w,v}. Forallz € V(T")\ S, we have

ecern(x) > ecop ().
Let dp(w) = p > 2. Then dpv(w) =p—1, dp(u) = dpr(u) =1, dpr(vg) = 1,
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drr(vg) = 2, and dpv(x) = dp(z) for x € V(T") \ S. Then

ECI(T")— ECI(T") =

v

v

v

Y lecern(v)di (v) — ecor(v)dg (v)]

VeV (T')\S

+ Z lecern (v)dF, (v) — ecer (v)dF (V)]
veS

> ecern(v)dg (v) = ecerr(v)di (v)]

ves

(67

[ecer(w) + 1](p — 1)* — ecer(w)p
+(d+1D)1*—d-1*+d-2*—=d-1¢
ecerr(w)|(p = 1)* = p°]

+ (p-1*+1+d(2%-1)
ecer(w)[(p —1)* — p°]

+ (p—1)*+ 1+ eccr(w)(2* — 1)

Let f(p) = eccp(w)[(p — 1)* —p*+2* — 1] 4+ (p — 1)* + 1. Then f'(p) =

o [(ecer(w) + 1)(p = 1)°~ = ecep(w)p

afl]

. For 0 < a < 1 we have (p —

1)>=! > p=1 thus f'(p) > 0 which means that f(p) is increasing. So f(p) >
f(2) =2 > 0. This implies that ECI,(T")—ECI,(T") > 0 and ECI,(T") >

ECI,(T"), a contradiction.

Hence P, is the tree with the largest EC1, index. If n is even, then

21
ECI(P,) = (—3” ks 8) 2+ 2(n — 1).
If n is odd, then
21
ECI,(P,) = (W) 2 £ 2(n —1).
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This implies that for any n > 4,

3n2—10n+8

ECI,(P,) = { 5

J 2071 £ 2(n —1).

3.2 Trees of given order and diameter

Let us investigate bounds on the general eccentric connectivity index for trees

with n vertices and diameter d. We know that 2 < d <n — 1.

Let V,, 4 be a tree which consists of the path of length d and all the other
n —d — 1 vertices are adjacent to one central vertex of that path. We prove
that V,, 4 is the unique tree having the smallest general eccentric connectivity

index among trees with n vertices and diameter d.

Theorem 3.2.1. Let T be any tree of order n > 4 and diameter d. Then

for 0 < a <1 we have

<3d2 - 6d)2a—2 + Ul(nf;lJrl)cx 4 dn+2n72d2+d72 Zfd is even,

ECI(T) =

(3d2 —6d — 1)20472 + (d+1)(n2—d+1)a + dn+3n2—d2—3 Zfd is Odd,

with equality if and only if T' is V,, 4.

Proof. Note that the only tree of diameter 2 is \S,, = V,, » and the only tree

of diameter n — 1is P, =2V, ,_1. So we can assume that 3 <d <n —2.

Let T be a tree having the smallest FC'I, index among trees with n vertices

and diameter d. We prove by contradiction that 7" is V,, 4.
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Let us assume that for some n and d, there exists a tree T} ; of order n
and diameter d with EC1,(T}, ;) < EC1,(Vna) (where T}, ; is not V,, 4). Let
1. 4 be a tree with the smallest possible order n* such that ECI,(T}. ;) <
ECI,(Vyr 4).

Let vgv1vy . .. vg be a diametral path in 7). ;. Then 7). ; contains a pendant
vertex, say u, such that u ¢ {vg,vs}. We denote the vertex adjacent to u in
T by w. Lot V(Tje_y ) = V(T )\ fu} and B(Tho_y ) = B(T2 )\ fuw}.

Then T). , ; is a tree of order n* — 1 and diameter d.

Let drs, (w) =p. Then 2 <p <n*—d+1. We have dr, (w) =p—1,

dr:. (u) = Land dpy, | (x) = dp, (x) for all x € V(T}. 4) \ {u,w}. We

also know that eccrr, (u) > 4] +1, ecerr, | (w) = ecerr, (w) > [4] and

ecerr,  (x) =ecerr, () for x € V(T}. 5) \ {u,w}. Thus

ECI\(Ty g) — ECL(The_y4) > ecerr, (u)dy, d(u) +ecerr, (w)dg d(w)
~ ecers, | (W), | ()

1,d

= eccT;*’d(u) + eccT;l*’d(w)pa

— eccrr, (w)(p— 1)
> Eﬂ F1+ Eﬂ (" —(p—1)")

- 5| w-an

Since 7)., is a tree with the smallest possible order n* such that

ECI(T,. ;) < ECI1y(Vyra), we obtain ECI(T,._, ;) > EC14(Vpr—1,4) which
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implies that

ECI(T). 4) = ECIo(T}. 1 4) < ECIy(Vpea) — ECL(Vie—14)

B Bﬂ((n*—d+1>“—(n*—d>“+1>+1-

So

Eﬂ = (p—1)" + 1) +1< m (0 —d+1)" — (0" —d)*+1) + 1

and

P —p-D*<n" —d+1)*—(n"—d)?,
which is a contradiction, since 2 < p <n* —d+ 1 (see Lemma 3.0.12).

Thus 7" is V,, 4. It remains to find ECI,(V}, 4). We have

— 1)« 2n — d? -2
EC’Ia(Vn’d):(3d2—6d)2a_2+d<n (21—1— ) +dn+ n 2d +d

for even d, and

(d+1)(n—d+1)°‘+dn+3n—d2—3

ECI,(V,q) = (3d* — 6d — 1)2°7% + 5 5

for odd d, hence the proof is complete. O]

Let B, q be a tree which consists of the path vovv;...vg and all the other
n —d — 1 vertices are attached to v;. We present the sharp upper bound on

the general eccentric connectivity index for trees with n vertices and diameter

d.

Theorem 3.2.2. Let T' be any tree of order n > 4 and diameter d. Then
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for a > 1 we have

3d2 —8d+5

ECI,(T) < { 5

J 2 '+ (d—1D)(n—d+1)*+dn—d+1)
with equality if and only if T' is B, 4.

Proof. Note that the only tree of diameter 2 is S,, = B,, » and the only tree

of diameter n — 1 is P, & B, ,_1. So we can assume that 3 <d <n — 2.

Let T' be a tree having the largest EC1, index among trees with n vertices

and diameter d. We prove by contradiction that 7" is B, 4.

Let us assume that 7" is not B, 4. Let D = vovivs ... v4 be a diametral path

in 7”. Without loss of generality, we assume that dp/(vy) > dp(vg_1).

Then there exists a nonpendant vertex w ¢ V(D) whose all neighbors except
for one are pendant vertices or a nonpendant vertex w € V(D) \ {v;} whose
all neighbors which are not in D are pendant vertices. Note that if V(7") \
V(D) contains a nonpenadnt vertex, then w can be any nonpendant vertex
furthest from D. If all nonpendant vertices are in D, then w is any vertex in
V(D) \ {v1} having degree at least 3 (since 1" is not B, 4, such a vertex does
exist). We denote the pendant vertices adjacent to w in 7" by wy, wa, . . ., wp,

where p > 1. Tt follows that dp(w) = p + ¢, where e = 1 or 2.

Let 7" be a tree with V(T") = V(1") and E(T") = {viwy,v1wa, ..., 01wy}
UE(T") \ {wwy, wws, ..., ww,}. Then T” has order n and diameter d. We
have dr/(v;) = g > 2. Then dp(v1) = q¢+ p and dpv(w) = €. We obtain
ecer/(vy) = ecepn(vy) = d — 1, ecep(w) = ecopn(w) < d — 1, ecep(w;) < d
and eccpr(w;) = d, where i = 1,2,...,p. For all z € V(T") \ {v1,w},

dr(z) = dps(x) and for x € V(T") \ {wy, wa, ..., w,}, ecer(x) = ecer(z).
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Thus

ECI(T"Y—ECI(T') = eccyr(vy)dFn(v1) — ecer(vy)d3. (vq)

+ ecepr(w)dn (w) — ecer (w)dg, (w)
p

+ Z(eccw (w;)dF (w;) — ecer (w;)dF, (w;))

— (A= Dl(q+ ) — ¢°] + eccr(@)e® — (p+ )°]
+ pld — ecer (wy)]

> (d=D(g+p)* —¢"]+([d=1)[e* = (p+€)[3.1)
If ¢ > 2, then by Lemma 3.0.12,
(g+p)*—q" > (p+e)* —e€,

which implies that EC[,(T") — ECI,(T") > 0 and ECI,(T") > ECI,(T").

If ¢ =2, then by Lemma 3.0.12, (¢ + p)* — ¢“ > (p + €)* — €* with equality
if and only if € = 2, which means that w € V(D). Then the equality in
(3.1) occurs only if ecepr(w) = d — 1, which implies that w = vg_;. But we
assumed that dp+(v1) > dp/(vg—1) which means that dy(v4_1) = 2,80 p =10
and vg_1 is not adjacent to pendant vertices not in D. This is not possible,

therefore we again get EC1,(T") > ECI,(T"), which is a contradiction.

So 1" is B,, 4. We get

3d* — 8d + 4
ECI,(Bna) = <T+> 2+ (d—1)(n—d+1)*+dn—d+1)
for even d, and
3d* —8d +5
ECI,(Bna) = <T+> 2+ (d—1)(n—d+1)*+dn—d+1)
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for odd d. This implies that for any n > 4,

d*> — 8d
ECIL(Bya) = {%J 2L 4 (d—1)(n—d+ 1) +d(n—d+ 1),
hence the proof is complete. O]

3.3 Trees of given order and number of pen-

dant vertices

In this section we study trees with n vertices and p pendant vertices. Clearly,
2<p<n-—1. Let X,, be a tree which consists of p paths attached to one
vertex, such that the lengths of any two paths differ by at most one. We
obtain the sharp lower bounds on the general eccentric connectivity index

for trees with n vertices and p pendant vertices.

Theorem 3.3.1. Let T' be any tree having order n > 4 and p pendant ver-

tices. Let k = L”lej Then for 0 < o < 1 we have

ifn=1 (mod p),
ECI,(T) > (3pk® — pk — 2p+ 2k + 2)2°7' + (k+ 1)p* + (2k + 1)p
ifn=2 (mod p),

ECIL(T) > [(4k+2)(n—1)— (K> +3k+2)p]2*  + (k+ 1)p* + (k+1)p+n—1
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otherwise, with equalities if and only if T is X, .

Proof. The only tree with 2 pendant vertices is P, and the only tree with

n — 1 pendant vertices is .5,,, so we can assume that 3 <p <n — 2.

Let T" be a tree having the smallest FC'I, index among trees with n vertices

and p pendant vertices. We prove that 7" is X, .

Let D = vgvqvs . .. vg be a diametral path in 77. We know that every tree has
at most 2 central vertices. Let u be a central vertex with maximum degree,

say dp(u) = q > 2. Clearly, u = va) or vpay. Note that ecor(u) = [47].

Claim 3.3.1. The degree of every vertez in V(T") \ {u} is at most 2.

Assume to the contrary that there exists a vertex w (# u) such that dp (w) =
r > 3. Let wy,ws,...,w,_o be any r — 2 neighbors of w not in D and not on

the path between u and w.

Let 7" be a tree with V/(7") = V(T") and E(T") = {uwy, uws, ..., uw,_2}
UE(T") \ {wwy,wws, ..., ww,_o}. Clearly, T” has p pendant vertices. We
have dpv(u) = g +r — 2, dpr(w) = 2 and dp(x) = dps(x) for all x €
V(T)\ {u, w}.

For each i = 1,2,...,r — 2, there is no path in 7" with the first vertex w

and the second vertex w; which is longer than [4]. We also know that for

every vertex z in 1", ecers (z) = dy/(x, vo) or dp+(x,v4) (which is at least [£]).

Thus ecepn () < ecer/(x) for all z € V(T"). It follows that

ECI(T") = ECI(T") < eccpr(u)din(u) — ecor (u)dg: (u)

+ ecerr(w)dgn (w) — ecer (w)dg, (w)
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< ecepr(u)|dgn (u) — di (u)]

— ecep(w)ld (w) — dn(w)]
= ecep(u)[(qg+ 7 —2)* — ¢°] — ecop (w)[r* — 2°]
< ecop(w)[(g+r—2)" — g% = (r* = 27)].

If ¢ > 3, then by Lemma 3.0.12,
(g+r—2)—q¢" <r*—2%

which gives ECI,(T") — EC1,(T") < 0 and ECI,(T") < EC1,(T").

Let ¢ = 2. Since u is a central vertex with maximum degree and dg(u) = 2,
it follows that w is not a central vertex, so eccr(w) > ecor(u) +1 = [4]41.

Then

ECI(T")—ECI,(T") < ecer(u)[(q+1—2)"—¢% — ecer (w)[r*— 2°]
< ecep(u)[(qg+r —2)*— q%] — (ecer (u) 4+ 1)[r*— 29]
= ceer()l(g +r— 2~ ¢ — (* — 2] — (r— 2°)

= 29 —r* <.
Hence, ECI,(T") < ECI,(T"), which is a contradiction.

Thus dp(z) < 2 for each x € V(T") \ {u}. So T" consists of p paths attached
to u. Since u is a central vertex of T”, two longest paths attached to u differ
by at most 1. Let uujus ... u; and uujul ... u;_., where e = 0 or 1, be those

two paths.

We prove that the lengths of any two paths starting at u differ by at most

one. Assume to the contrary that there are two paths, whose lengths differ
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by at least 2. It means that there is a path wufuj...u” in 7", such that

1<s<t—2anddp(ul)=1.

Let V(T") = V(T") and E(T") = {w_qu!_1, ug_qu?, wy_ou JUE(T)\{u?_ju,
Uo7, Uu_1urf. Then T” is a tree with the same pendant vertices. Note
that if s = 1, then v/, = u. We have dp(u?) = dpv(ul) = dp(u) =
drr(u) = 1 and dp(u—1) = dpv(ug—q) = 2. Moreover, dp/(x) = dp»(x) for
all z € V(T"). We also know that eccqr (u?) = s+t, eccpn(ull) = (s+1)+t—e,
eccri(ug) = 2t — €, ecopn(ug) = (t— 1)+ (t —€), ecopr(up—1) = (t—1)+ (t —¢€)
and eccpn(us—1) = s + (t — €). Note that ecerr(x) < ecer/(x) for all z €

V(T") \ {u?}. Then

ECI (T —ECI(T") > ecer(ul)dg, (ul) — ecepn(u)dG, (ul)
+ ecep(ug)dg (uy) — ecopn (ug)dgn (uy)
+ ecopr (up—1)d (up—1) — eccpmn(ug—1)dFn (us—1)
= (s+t)—(s+t—e+1)+(2t—¢) — (2t —e—1)
b2t —e—1)— (s+t—e)2°

= (t—s5s—1)2%4+¢>0,

so EC1,(T") > ECI,(T"), a contradiction.

Thus 7" is X,, . It remains to find EC1,(X, ;). We write d*(u) and ecc(u)
instead of d%, (u) and eccx,, ,(u), respectively. Since the lengths of any two
paths with the first vertex u differ by at most one, the lengths of any path
that starts at u is L"lej or f”TTIW Let k = L”TTIJ So X, has (n—1) — kp
paths of length k£ 4+ 1 and (k + 1)p — n + 1 paths of length k.

Let n = 1 (mod p). Then each path with the first vertex u (say @ =
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uuq Uy . . . ug) has length »==. Then

> ece(u)d(u;) = 172k +[(2k — 1) + (2k = 2) + -+ + (k+ 1)]2°

= 3k(k—1)2°' +2k
and

ECI(X,,) = ecc(u +pz ecc(u;)d” (u;)

= kp® + p[3k(k — )2‘1 't 2]

= {S(n — 1)<Z P 1)} 2 (n—1)p* ' +2(n—1).

Let n = 2 (mod p). Then we have p — 1 paths of length £ and one path of
length k + 1 starting at u. Let Q) = uuqus ... u;, be a path of length k. Then

2k 4+ D1*+ [(2k) + 2k — 1) 4+ --- + (K + 2)]2°

Z ecc(u;)d (u;)

= (BK*—k—2)2°" + 2k + 1.

Let Q)" = uujuy ... uj; be the path of length £ + 1. Then

> ecc(uf)d®(uf) = (2k+1)1% 4+ [(2k) + (2k — 1) + -+ + (k + 1)]2°

= (3K* + k)2 " + 2k + 1.

Consequently, we obtain

k+1

ECI,(X,,) = ecc(u)d*(u - 1) Zecc w;)d* (u; —1—2600
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= (k+1)p*+ (p—1[Bk> —k —2)2°7" + 2k + 1]
+ (3K* + k)2t + 2k + 1

= (3pk® —pk —2p+ 2k +2)2°7  + (b + 1)p* + (2k + 1)p.

Let n # 1 (mod p) and n # 2 (mod p). Then there are (n — 1) — kp paths
of length £ 4+ 1 and (k + 1)p — n + 1 paths of length k starting at u. Let
Q) = uuqus . .. ux be a path of length k. Then

]~

ecc(u;)d*(u;) = (2k+1)1°+[2k)+ 2k —1)+ - -+ (k+2))2°

= (Bk*—k—2)2""1 42k + 1.

Let Q" = uujuy ... uj,, be a path of length k4 1. Then

> d*(uf)ece(uf) = (2k +2)1% + [(2k + 1) + (2k) + -+ + (k +2)]2°

= (3K*+3k)2°7 1 4+ 2k + 2.

k
ECI(X,,) = ecc(u)d*(u)+[(k+1)p—n+1 Zecc w;)d® (u;)
=1

k+1
[(n—1) — kp] Z d®(u;)ece(u

= (k+1p*+ [(k:—|—1) 13K — k= 2)2° 4 2k 1]
+ (n—1—kp)[(3k* + 3k)2°"" + 2k + 2]
= [k +2)(n—1) = (K + 3k + 2)pj2*

+ (k+1p*+(k+1)p+n—1
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]

Let B;L’p be a tree which consists of the path vjvs...v,_,41 and all the other
p — 1 vertices are attached to vi. It is easy to see that B}, & By, pi1.
We show that EC1,(T) <ECI1.(B,,,) for every tree having n vertices and p

pendant vertices.

Theorem 3.3.2. Let T' be any tree having order n > 4 and p pendant ver-

tices. Then for a > 1 we have

3(n —p)* —2(n—p)
2

ECI(T) < { J 2"+ (n—pp*+(n—p+1)p

with equality if and only if T is B, .

Proof. The only tree with 2 pendant vertices is P, = B, , and the only

!

 n_1, thus we can assume that

tree with n — 1 pendant vertices is S, = B

3<p<n—2

Let T" be a tree having the largest EC1, index among trees with n vertices

and p pendant vertices. We prove by contradiction that 7" is By, .

Assume that 7" is not B, ,. Let P : vgv1va...vq be a longest path in T".
We can assume that dg(vi) > dg/(vg-1). Since T" is not B, ,, there exists a

vertex w € {vg, v3,...,v4-1}, where dp(w) =r > 3. Let wy,wa, ..., w,_o be

vertices adjacent to w which are not in P.

Let V(T") = V(T") and E(T") = {viwy, viwa, ..., vyw,_o} UE(T")\{ww;, ww,,
o, wwy—g}. We have dr(v1) = ¢ > 2. Then drv(vy) = q+7r—2, dpv(w) = 2
and dp/(z) = dpn(z) for all x € V(T") \ {v1, w}. It is obvious that ecep (x) <
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eccrs(x) for all z € V(T"). Thus

ECI(T") — ECI(T") > eccpr(vy)dGn(v1) — ecer(vy)d3.(vr)

+ ecepn(w)dqn (w) — ecers(w)dz (w)

> ecepr(v1)[dgn(v1) — d(v1))]

+ ecop(w)[d7n (w) — ds (w)]
= ecep(v1)[(g + 7 —2)" — ¢"] + ecep (w) [2% — 1°]
> ccop()(q 47— 2% — g7 + 27 — 9],

If ¢ > 3, then by Lemma 3.0.12,
(q+r_2)a_qa >ra_2a’

which gives ECI,(T") — ECI,(T") > 0 and ECI(T") > ECI,(T").

If g = 2, then (¢+r—2)*—¢*+2%—r® = 0. We know that d(v1) > dg(v4-1),
SO w # vg—1 (since dp(w) = r > 3). Thus w € {wy,vs,...,v4-2}, which
means that ecer(w) < d—2 and eccp(w;) < d—1fori=1,2,...,7r—2. On

the other hand, ecerr(w;) = d. Since
ecern (v1)dGn (v1) — ecer (v1)dG (v1) + ecepn(w)dGn (w) — ecer (w)dF, (w) > 0,

we have

r—2

ECI(T") - ECI,(T") > Z[eccTu (w;)dGn (w;) — ecor (w;)dg (w;)]
S () — (0~ 1)t )

i=1

v
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We have d$, (w;) = d3 (w;), thus ECI(T") = ECI(T") > S21-7 d$u(w;) > 0.
Hence, ECI,(T") > ECI,(T"), which is a contradiction.

Thus T" is B,, ,. We have

3(n —p)* —2(n —p)
A

ECI,(B,,) = { } 2+ (n—p)p" +(n—p+1p

for even n — p, and

3(n—p)*—2(n—p) -1
4

ECI,(B,,) = { } 2+ (n—pp*+(n—p+1p

for odd n — p. This implies that for any n > 4,

3(n—p)* —2(n—p)
9

ECIa(B;hp) = { J 2t (n—p)p*+ (n—p+1)p.

]
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Chapter 4

General eccentric connectivity

index of unicyclic graphs

In this chapter, we present lower and upper bounds on the general eccentric
connectivity index for unicyclic graphs of given order, and unicyclic graphs of
given order and girth. All the lower bounds are valid for 0 < o < 1, and the
upper bounds are valid for 0 < o« < 1. We present all the extremal graphs,

which means that our bounds are best possible.

4.1 Unicyclic graphs of given order and girth

Bounds on the general eccentric connectivity index for unicyclic graphs of
order n and girth k£, where 0 < o < 1, are given in this section. Theorem
4.1.2 includes also the case a = 1. For k > 3 let Cj, be a cycle with V(C},) =
{co,c1,...,cp_1} and E(Cy) = {coc1,cr09, ..o ChoCr_1, Ck_1¢C0 }. Let Cy(n —
k) be a unicyclic graph which consists of the cycle Cy, where n — k pendant

vertices are attached to one of the vertices of that cycle.
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We show that EC1,(U) > EC1,(Cy(n — k)) for every unicyclic graph differ-
ent from Cy(n — k). If n =k, then C,, is the only unicyclic graph of order n

and girth k£, so we can assume that 3 <k <n — 1.

Theorem 4.1.1. Let U be any unicyclic graph with n vertices and girth k,

where 3 < k <n—1. Then for 0 < a <1 we have

ECI(U) > (k? = k422071 4 M2 o (Re2nst) if k is even,

o— (k—1)(n—k+2)* (k+1)(n—k) . .
(k* — 2k +5)2071 + 5 + 5 if k is odd,

with equalities if and only if U is Cyx(n — k).

Proof. Let U’ be a unicyclic graph of order n and the cycle of length k with

the minimum FEC1, index.

Claim 4.1.1. FEvery vertex not in the cycle is a pendant vertex.

Assume to the contrary that U’ contains vertices not in the cycle having
degree at least 2. Let w be one of them whose all neighbors except for one, say
u, are leaves. Let Ny (w) = {u, wy,wa, ..., w,_1}, wherer > 2. Let V(U") =
V(U') and E(U") = {uwy, vws, . .. ,uw,_1 JUE(U")\ {wwy, ww,, . . ., ww,_1 }.
Then U” is a unicyclic graph. We have dy:(u) =p > 2, dyn(u) =p+1 — 1,
dy(w) =1 > 2, dyr(w) =1 and dy () = dy»(z) for all x € V(U’) \ {u, w}.
We know that eccyr(w) = eccyr(w) and ecey: (y) > eccyn (y) for ally € V(U').
Clearly, eccyn(w) = eccyn(u) + 1. Thus
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ECI(U") — ECI,(U") > eccy(u)dg (u) — eccyr(w)dgm (u)

+ eccyr (w)df (w) — eccyrn (w)dg, (w)

v

eccyn(u)[p® — (p+r — 1) + eccyn (w) (r* — 1)

> eccyn(u)[p® — (p+r—1D%+r*=1].

By Lemma 3.0.12, r* — 1 > (p+1r —1)® — p®. This implies that EC1,(U’) —
ECI,(U") > 0 and hence ECI,(U’) > ECI,(U"), which is a contradiction.

Claim 4.1.2. At most one vertex of the cycle is adjacent to pendant vertices.

Assume to the contrary that U’ contains at least 2 vertices, say ¢; and ¢;
(l,7 €{0,1,2,...,k—1}), such that each of them is adjacent to at least one
pendant vertex. Without loss of generality we can assume that eccy:(¢) <
eccyr(c;). Note that for each i = 0,1,2,...,k — 1, we have eccyr(c;) = | £]
or LgJ + 1 and the eccentricity of pendant vertices adjacent to ¢; in U’ is
eccyr(¢;) + 1. We know that dy(¢;) = p > 3 and dy(¢;) = r > 3. Let
Wy, Wa, . .., w,_2 be the pendant vertices adjacent to ¢;. Let V(U") = V(U')
and E(U") = {quwy, qws, . .., qu,_o JUE(U")\{c;w1, cjws, ..., cjw,_o}. Then
dyr(¢;) = p+r—2,dyr(c;) = 2 and dys(z) = dyr(z) for allz € V(U')\{¢, ¢}

It is easy to see that eccy:(cj) = eccyn(c;) and eccyr(y) > eccyr(y) for all

y € V(U'). Thus eccyn(¢;) < eccyr(a) < eccyr(cj) = eccyn(c;) and

ECI,(U")— ECI,(U") > eccy(e)dg(c) — eccyn(cr)dgn(cr)

+ eccy(¢;)d (¢;) — eccyn(cj)din(c;)

v

eccyn () [p® — (p+r — 2)Y] + eccyn(c;) (r® —29)
)

> eccyn(a)[p® — (p+1r—2)% +r*—2%.
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By Lemma 3.0.12, we get r* — 2% > (p+r —2)* — p®. Hence ECI,(U’) —
ECI,(U") >0 and ECI,(U") > ECI,(U"), which is a contradiction.

So U’ is Cx(n — k). If k is even, then Ci(n — k) contains k — 2 vertices of
eccentricity % and degree 2, one vertex of eccentricity g + 1 and degree 2,
one vertex of eccentricity g and degree n — k4 2, and n — k pendant vertices

of eccentricity g + 1. Thus

kn—k+2) | (k+2)n—k)

ECL(Cy(n — k) = (K — k +2)20 1 + . >

If k is odd, then Cy,(n—Fk) contains k—3 vertices of eccentricity 5 and degree

k+1

2, two vertices of eccentricity *5= and degree 2, one vertex of eccentricity %

and degree n — k + 2, and n — k pendant vertices of eccentricity k—;l Thus

(k;—1)(n—k+2)a+(k+1)(n—k).

ECI,(Cy(n—k)) = (k* —2k+5)2°7 1+ 5 5

]

We use P, = uguy ... u, and P) = ugu] . .. u; to define three sets of unicyclic
graphs. For positive integers a and b, let A, ,(k) be the set of unicyclic graphs
obtained from Cj, by identifying ¢y with u, and u;. For @ > 2 and b > 1, let
B, (k) be the set of unicyclic graphs obtained from Cj, by identifying ¢y with
u, and by identifying u; with u;, where 1 <i <a —1. For a > 1 and b > 0,
let D, (k) be the set of unicyclic graphs obtained from C}, by identifying ¢,
with u, and one of the other vertices of Cy, say ¢;, with v (1 <7 <k —1).
The unique graph in D,,_x110(k) is denoted by Cy * P,_g41. So Ci x Py_g41
is the unicyclic graph obtained from the cycle C} and the path P, _x.1 by

identifying one vertex of the cycle with an end-vertex of the path.
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Theorem 4.1.2. Let U be any unicyclic graph with n vertices and girth k,
where 3 < k <n—1. Then for 0 < a < 1 we have ECI,(U) < ECI,(C}, x
P _jy1) with equality if and only if U is Cy * Pp_g11.

Proof. Let U’ be a unicyclic graph having the largest ECI, index among
unicyclic graphs with n vertices and girth k. We prove that U’ is Cyx P, 1.
Let D = vyv1vs . ..vg be a diametral path in U’. Since U’ is not C,,, then v

or v, is a pendant vertex. We can assume that dy(vg) = 1.

Claim 4.1.3. Every vertex not in D has degree at least 2.

Assume to the contrary that there exists a vertex u ¢ D and dy/(u) = 1.
Let w be the unique neighbor of u in U’. We have dy(w) = s > 2. Let
V(Uy) = V(U') and E(Uy) = {uve} U E(U’) \ {uw}. Then U, is a unicyclic
graph. We have dy/(vy) = 1, dy,(vo) = 2, dp/(w) = s, dy,(w) = s — 1
and dy/(z) = dy,(z) for all x € V(U') \ {vo, w}. We know that eccyr(y) <
eccy, (y) for all y € V/(U'). Moreover, eccy:(vg) = eccy, (vo) = d, eccyr(u) < d

eccy, (u) =d+ 1, eccyr(w) < d — 1 and ecey, (w) < d. Thus

ECI,(U') = ECI,(U1) < eccy(vo)dg(vo) — eccy, (vo)dg;, (vo)
+ eccyr (w)dg (w) — eccy, (w)dg;, (w)

+ eccyr (w)dy (u) — eccy, (w)dyr, (u)

IN

d(1% —2%) + eccy, (w)[s* — (s — 1)°]
+d- 1= (d+1)1¢

< dl—-2%4s"—(s—1)Y—1< —1,

since by Lemma 3.0.12, 2* =1 > s* — (s —1)* for s > 3 and 0 < < 1, and
1-2+5*—(s—1)*=0if s=2or a =1. Hence ECI,(U’) < ECI,(U,),
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a contradiction.

Claim 4.1.4. U’ ¢ A,p(k) and U' € B (k).

From Claim 4.1.3 we know that U’ is in A, ,(k), Bas(k) or D, (k). We show
by contradiction that U’ & A, (k) and U' & By (k).

Assume that U" € A, (k). Without loss of generality, suppose that a > b.
Let V(Us) = V(U') and E(Usy) = {ugcy, upck—1} U E(U') \ {coct, cocr—1}. We
have dy(up) = 1, dy,(uo) = 3, dy/(co) = 4, dy,(co) = 2 and dy/(z) = dy,(x)
forallz € V(U")\{co, uo}. Note that by Claim 4.1.3, the diametral path of U’
is upuy ... uquy_y ... uy and eceyr(y) = dyi(y, uo) or dy:(y, ug) for any vertex
y € V(U'). Therefore eccy,(y) > eccy:(y) for all y € V(U’). Moreover, we
know that eccy/(ug) = eccy,(ug) = a + b, eccyr(co) = a and eccy,(co) = a +
|£] < a+b (note that [£] < bbecause | £] = dy(co, crya)) < du(co, ufy) = b).
Thus

ECI(U') = ECI1,(Uy) < eccyr(ug)dgn (ug) — eccy, (uo)dyy, (uo)
+ eccyr(co)dg(co) — eccy, (co)dg, (co)
= (a+b)(1°‘—3°‘)—|—a-4a—(a—i—{gJ)Q“
< (&+b)(1—3a)+(a+{
< (a+b)(1—3"+4%—2%) <0,

since by Lemma 3.0.12, 3*—1 >4*-2*if0 < a < 1,and 1 —-3*+4“—2% =0
if « =1. So ECI,(U") — ECI,(U3) < 0 and ECI,(U") < ECI,(Us), which
is a contradiction. Hence U’ & A, (k).

Assume that U’ € B,(k). Without loss of generality, suppose that i > b
(where u; = u}). Let V(Us) = V(U') and E(Us) = {uouir1} U E(U') \
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{uuip1}. We have dy(ug) = 1, dy,(uw) = 2, dyr(w;) = 3, dy,(u;) = 2 and
dy/(x) = dy,(x) for all z € V(U’) \ {uop,u;}. By Claim 4.1.3, the diametral
path of U’ is uwouy ... wuy 4 ... uy and eccyr(y) = dy(y, uo) or dy(y, ug) for
any vertex y € V(U’). Thus eccy,(y) > eccyr(y) for all y € V(U’). Note that
eccyr(ug) = eccy,(ug) = i+b, eccyr(u;) = i and eccy, (u;) = a+|%]. From the
definition of B,(k) we know that i <a—1<a+ [£],s0 —i > —(a+ |£]).

Therefore

ECI(U") = ECI,(Us) < eccyr(ug)dgy(ug) — eccy, (uo)dg, (uo)
+ ecepr () d (u) — ecey, (ug)dg, (u;)
= (i+0)(1* —2%) +i-3% — <a+ ED 2%
< (i4b)(1—2%) +i(3* — 2

< (i+b)(1—2"+3*—2%) <0,

since by Lemma 3.0.12,2* -1 >3*-2*if0<a<1l,and 1+3*—2-2* =0
if @ = 1. Hence ECI,(U') < EC1,(Us) and U" & B, (k).

Claim 4.1.5. U’ € D, (k).
From Claims 4.1.3 and 4.1.4 we know that U’ € D,4(k). Without loss of
generality, assume that a > 0. We show that b = 0.

Assume to the contrary that b > 1. Without loss of generality, suppose that

uy = ¢ for t < L%J We distinguish two cases: k> 4 and k£ = 3.

Let k£ > 4. Let V(Uy) = V(U') and E(Uy) = {c1¢k—1, ctrauy_1} U E(U') \
{cock_1,ccii1}. Then Uy is a unicyclic graph containing k-cycle, U’ and
U, have the same diametral path (connecting uy and wy) and eccyr(w) =

eccy, (w) for all w € V(U') \ {¢t41, Ciay -+, Ch1}-
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Let us show that Ef:_;rl(eccw(ci) — eccy,(¢;)) < 0. Two vertices ¢, and ¢,
where t < r < z < k, are called twins if r + z = k + ¢. It suffices to show
that there exists a pair of twins ¢, ¢,/, such that [eccy/(c) — ecey, (e)] +
leccyr (c.r) — eccy, (c)] < 0 and for all the other pairs of twins ¢, ¢, we have
leceyi (¢) — ecey, (¢)] + [eccyr(c,) — ecey,(c.)] < 0. It is important to note
that by Claim 4.1.3, both vertices of degree one are in a diametral path of U’,

thus the vertex furthest from ¢y is uf, and eccyr(co) =t +b > [£]. Similarly,

the vertex furthest from ¢ is ug and eccpr(c,) =t +a > [£].

Ifag%and k+tisoddorif a <£—1andk+tiseven, then

k k
€CCU/(C[§“+G) = \‘EJ , €CCU4(C(§]+G) = \‘gJ +1,

k
ceevlers o) = cccun () = |5

and

[eceun(ers1a) = ecev(erpra)] + [ecconles o) — eceniles )] = =1

The furthest vertex from ¢; is ug in U’ and one of the furthest vertices from
€[5 1a is ug in U’, so the furthest vertex from each vertex c,, where r =
t+1,t+2,..., f%} +a — 1, is ug in both graphs U’ and Uy, which implies
that eccy(c,) — eccy,(¢,) = —1. For the twin ¢, of ¢,, where z = |4] +¢ —
a+1, |5 +t—a+2,....k—1, we have eccy(c.) — eccy,(c.) < 1. For each
vertex ¢y, where f = [£]+a+1,[E]+a+2,..., 5]+t —a— 1, we obtain

eccy(cp) = ecey,(cp) = ng, hence Zf;;l(eccw(ci) — eccy,(¢;)) < —1.
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If a > £ and k + ¢ is odd, then

eccU/(cH;l)—¥+a, eccU4(ck+§1)—¥+a+1,
eccU/(cH;H):%—i-a for a >,
eccU/(cH;H):¥+a+l for a =1,
eccU4(ck+§+1):¥+a+l,

and
[QCCU/(Clw;fl) — €CCy, (Ck+;71 )i| + |:€CCU/ (Ck+§+1) — €CCy, (Ck:+;+1 )] < —1.

Ifa> % and k +t is even, then

k—t —t
eccyr(Crrt) = — +a and ecey,(Crst) = —5— +a+1
2 2
(note that crs is its own twin). In these cases the furthest vertex from ¢; and
2
C|ktt | 18 U In U’, so the furthest vertex from each vertex c,, where r = t+1, t+
2

2,..., B | -1, is ug in both graphs U’ and Uy, which implies that eccy(c,) —

eccy,(¢,) = —1. For the vertex c,, where z = [2H2] + 1, [ +2,.. . k-1

Y

we have eccyi(c,) — eccy,(c,) < 1, hence Zf:_til(ecc(]/(ci) —eccy,(¢)) < —1.

If t 7£ 1, then dU/(Co) = dU/(Ct) = 3, dU4<Co) = dU4(Ct) = 2, dU/(ug_l) =
dy/(c1) =2, dy,(u,_;) = dy,(c1) = 3 and dy/(z) = dy,(x) for all z € V(U') \
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{co,c1,¢ct,up 1 }. Thus

ECI,(U') = ECI1,(Uy) < eccy(co)dgs(co) — eccy,(co)dy, (co)

+ eceyr(cr)dgn(er) — eccy, (c1)dg, (e1)

+ eccyr(¢)dg (ce) — ecey, (c)dg, (cr)

+ eccyr (up_y gy (w,_y) — eccy, (w,_y )dy, (w,_y)

= eccyr(c) (3% —2%) + eccyr(cr) (2% — 3%)

+ eccy, () (3% — 2%) + eccy, (uy_1 ) (2% — 3%)
= [(eccy/(co) — eccy(cr) + eccy(cy)

— eccpr(u )] (3% = 2%) <0,

since eccyr (uy,_,) = eccyr(cr)+1 and eceyr(cg) < eceyr(eq)+1. Thus ECI,(U')
< EC]Q(U4)

It = 1, then dus(co) = 3, d(e0) = 2, do(uf 1) = 2, di(uh 1) = 3 and
dy/(x) = dy,(z) for all x € V(U') \ {co,u,_;}. Thus

ECI,(U") — ECI,(Uy) < eccy(co)dfi(co) — eccy, (co)dyy, (co)
+ eccy (ug,l)dg, (“271) - eccU4(u§,71)df}4 (U;fl)
= eccyr(co) (3% —2%) + eccy, (up_q) (2% — 3%)

= [(eccy(co) — eceyr(uy_1)](3% — 2%) < 0,
since eccyr(uy, 1) = a + 2 and eccyr(co) = maz{a,b + 1} < a + 2. Thus
ECI,(U") < ECI,(U,), which is a contradiction.

Let £ = 3. We use the same graph U,;. However, for £ = 3, we have
c1 = ¢ and ¢ = ¢ = ¢—1, thus E(Uy) = {couj,_} U E(U’) \ {coc2}. Then
dU’(CO) == 3, dU4(CO> == 2, dU’(uzfl) == 2, dU4(U;)71) =3 and dU/(ZE) = dU4<J])
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forallz € V(U")\ {co,u,_1}. We have eccyr(c2) = a+1, eccy, (c2) = a+2 and
eccyr(w) = eccy, (w) for all w € V(U') \ {c2}. Note that eccyr(uy_1) = a+2
and eccyr(cp) = maz{a,b+ 1} < a+ 2. Then

ECI(U') — ECI1,(Uy) = eccyr(co)dgn(co) — eccy,(co)dy, (co)
+ eccyr(wy,_y )dy (w,_y) — eccu, (u,_y)d, (W)
+ eccyr(c)dpy(c2) — eccy,(c2)dg, (c2)
= eccyr(co) (3% —2%) + (a+2)(2% — 37)
F(a41)2% — (a+2)2°

< (a4+2)[(3* =29 4 (2% — 3%)] — 2* < 0.

Therefore ECI,(U') < EC1,(Uys). Hence, we have a contradiction. So U’ is
Ck * Pn—k—i—l- O

Suppose G = Cy * P, 41 and ¢, = ¢, where 3 < k < n — 1. We need to

consider two cases to compute the value of ECI,(G).

Case 1: n > |[2]. We have ecce(c;) = eccalcp—i) = n—k+1i for i =
0,1,2,..., ng The diametral path D = wuguy ... Up_p_1C0CKL_1Cr—2 . .. Criy

contains n + 1 — [£] vertices. We obtain

ECI,(G) = ECI,(D)+ ' ecca(c;)dg(c;) + eceq(co)dg(co)

—

— eccp(cp)dd(co) + eccG(c(g])d%(c[gw) — ech(c(g])d%(c[g])
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B F(nﬂ—[gw—lomﬂ—(§1>+8J -
- 2

ol [0 o (5] <>%

conw -z (o [ e,

If k£ is even, then

12n? k? —12kn — 1 k+4
ECL(G) = L n?+3 8n 6n + 8k + J2a_1

+ (4kn — 3k* — 8n 4+ 10k)2° 2 + (n — k)3% +n — g

If k£ is odd, we get

1202 4 3% — 12kn — 28n + 14k + 1
ECL(G) = L n” + 3k lmé 8n + 14k + 5J2a_1
k41
+(4kn—3k2—4n+8k5—5)2"_3+(n—k)3a—|—n—%.

Case 2: n < |%£]. Then ecca(c;) = ecca(cp—i) = | 5] for 0 < i < 2] —n,
ecca(c;) = ecca(cp—i) = n—k+ifor | 2| —n+1 <i < 4] and ecca(up_p—i) =

|]+ifor 1 <i<n—k Lete=1if kisevenand e =0 if k is odd. Then

EIR
ECL(G) = 2 ) eccalc;)d(c:) +2 ecca(ci)dg(c:)
i=1 i=| %) —n+1
n—k—1
+ Z ecca(wi)dg (us) + ecea(co)dg(co)
=1
+ €- eCCG<CL§J )d%(CL%J> + GCCG(UO)CZ?;(UO>

—
[MIE
i
|
—
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[51-1

(] e E o

i=[ 3 |—n+1

B () ot lre 2]

which is
k-3 k
(3n® 4+ 3k* — 5kn — k —n)2* ' + s tn—3
if k is even, and
k—1)32 k+1
(3n2+3k2—5nk—3k+2)2a1+%+n—%

if £ is odd.

4.2 Unicyclic graphs of given order

We use the results from the previous section to obtain bounds on the general
eccentric connectivity index for unicyclic graphs with n vertices. The only

unicyclic graph with three vertices is C'3, so we can assume that n > 4.

Theorem 4.2.1. Let U be any unicyclic graph of order n > 4. Then for

0 <a <1 we have
ECIL(U)>2°" +(n—1)*+2n—6
with equality if and only if U is C3(n — 3).

Proof. Let U’ be a unicyclic graph having the smallest FCI, index among
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unicyclic graphs with n vertices. Then from Theorem 4.1.1 we know that U’
is Ck(n — k) for some k& > 3. We prove that U’ is C3(n — 3) which means
that ECI,(Cs(n —3)) < ECI,(Ck(n —k)) for 4 < k < n. We distinguish

two cases.

Case 1: 4 < k < n — 1. Assume to the contrary that U’ is Ci(n — k)
for some k, where 4 < k < n—1. Let b = |£]. Let V(U") = V(U’) and
EU") = {ep-1¢ps1,c0c} U E(U') \ {cp—1¢p, cpcpy1}. Then U” is a unicyclic
graph. We have dy/(co) = n — k + 2, dyr(co) = n — k + 3, dy(c) = 2,
dyr(cp) = 1 and dy/(x) = dyn(z) for all z € V(U’) \ {co, cp}. It is easy to see
that eccyn(y) < eccy(y) for all y € V(U'). Note that eccyr(co) = b = %],
eccyn(co) = [E] = 1. eccyr(cp) =b+ 1= [£] + 1 and eccyr(cy) = [£]. Thus

ECI,(U") = ECI(U") > eccy/(co)ds(co) — eccyn(co)dgn(co)

+ eccyr(ep)di (ep) — eceyn(cp)din (cp)

> eccyr(co)|diy(co) — dipn(co)]
+ eceyn () [d3 (o) — dhu(c)]

_ (M _1) (= k+2)" — (n— k +3)°]
+ [g (2% —1%)

_ g [(n—k+2)*—(n—k+3)*+ (2% —1)]
— (n—k+2)"+(n—k+3)°

> 5 k2 0= k3 (20— 1)
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By Lemma 3.0.12, we have
29—1>n—k+3)*—(n—k+2)°,

which implies that EC1,(U") — ECI,(U") > 0 and EC1,(U") > ECI,(U"),
so U’ does not have the smallest £CI, index. We have a contradiction.

Therefore, U’ is Cs(n — 3).

Case 2: k = n. It suffices to compare ECI,(Cs(n — 3)) and ECI,(C,).
Let f(n) = ECI,(C,) = n[%]2* and g(n) = ECI,(Cs(n — 3)) = 2°7* +
(n — 1)* + 2n — 6. We consider the function h(n) = f(n) — g(n). If n is
even, then the derivative h/(n) = n2% — a(n — 1)*! — 2. If n is odd, then
W(n)=(n—3)2*—a(n—1)*! — 2. Thus for any n,

R'(n) > (n - %) 2° —a(n—1)*"t -2

Since 1 < 2* < 2, we get (n—1)2* > n — 3. Since -5 < (n—1)*"' < 1, we
have —a(n — 1)** > —a > —1. Therefore h/(n) > (n — 1) —1-2> 0 for

n > 4, which means that h(n) is increasing. Consequently, we obtain
h(n) > h(4) = 8(2%) —2°%? — 3% — 2 > 2% — 3% + 2% — 1.

By Lemma 3.0.12, we have 2* — 1 > 3% — 2%, This implies that h(n) > 0
for every n > 4. Hence ECI,(C,) = f(n) > g(n) = ECI,(Cs(n — 3)) and
C3(n — 3) is the only graph having the smallest EC1, index. ]

There are only two different unicyclic graphs with four vertices, namely Cy
and C3(1). By Theorem 4.2.1, we have ECI,(Cy) > ECI1,(C3(1)) for 0 <
a < 1 and it can be easily checked that ECI,(Cy) > ECI(C5(1)). This

74



means that for n = 4, Cy is the unicyclic graph having the largest general

eccentric connectivity index, where 0 < a < 1.

Theorem 4.2.2. Let U be any unicyclic graph of order n > 5. Then for

0 < o<1 we have

ECI,(U) 21 4+ (n—3)3"+n—2

< er —12n + 17J

with equality if and only if U is Cs x P,_s.

Proof. Let U’ be a unicyclic graph having the largest ECI, index among
unicyclic graphs with n vertices. Then from Theorem 4.1.2 we know that U’
is Cpx P, _j11 for some 3 < k < n. We prove that U’ is C3* P,_5 which means
that EC1,(C3 % P,_5) > ECI,(Cy * P,_j41) for 4 < k < n. We distinguish

two cases.

Case 1: 4 < k < n— 1. Assume to the contrary that U’ is Cy x P,_j11
for some k, where 4 < k < n—1. Let V(U") = V(U') and E(U") =
{c1e3} U E(U") \ {coc1}. Then U” is a unicyclic graph. We have dy(co) = 3,
dyr(co) = 2, dyi(cs) = 2, dyr(cs) = 3 and dy(x) = dyr(z) for all z €
V(U")\ {co,c3}. For all y € V(U'), we obtain eccy:(y) < eccyr(y). Note
that eccyr(co) = maz{n — k, k — 2} and eccyr(c3) = n — 3, so eccyn(cy) <
eccyn(cs). Since eccyr(cr) = max{[£],n — k + 1} and eccyn(c;) =n — 2, we

get eccyr(c1) < ecepn(cy). Then

ECI,(U")— ECI,(U") < eccy(co)dss(co) — eccyn(co)dgn(co)

+ eccy(e3)dgy(cs) — eceyn(cs)dgn(cs)
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IN

eccyr (co)[di (co) — dirn(co)]
+ eccyr(cs)|dpy (cs) — dipn(cs)]
= eccyn(cg) (3 —2%) 4 eccyn(es) (2% — 3%)

= [eccyn(co) — eccyn(c3)](3% —2%) <0,

which implies that EC1,(U’") < ECI,(U"), so U" does not have the largest

ECI, index. Thus, we have a contradiction.

Case 2: k = n. It suffices to compare ECI,(C3 * P,_5) and ECI,(C,). If

n is even, then

3n? —12 16
ECI,(Cy%Py_y) = < n 4”* )2a+(n—3)3a+n—2:g(n). (4.1)
If n is odd, then
3n? —12 17
ECI(Cy%Py_y) = < n 4”* )2a+(n—3)3a+n—2:g(n). (4.2)

Then the derivative of g(n) is ¢'(n) = (3n—6)2%'+3%+1 for every n > 5. Let
f(n) = ECI,(Cy,) = n|5 2% We consider the function h(n) = g(n) — f(n).
If n is odd, then h/(n) = (n —5)2* ' +3*+ 1> 0 for all n > 5. So h(n)
is increasing and h(n) > h(5) = 2(3* — 2%) +3 > 0, which implies that
g(n) > f(n).

If n is even, then the derivative h/(n) = (n—6)2°71+3%+1 > 0 for all n > 5.
This implies that h(n) is increasing. Thus h(n) > h(5) = 2(3* —2%)+3 > 0.
Therefore g(n) > f(n), which means that ECI,(Cs* P,,_5) > ECI1,(C,,) for

every n > 5.

Hence, for each n > 5, C3 x P,,_5 is the only graph having the largest £C1,
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index. By (4.1) and (4.2),

3n?2 —12n+ 17
2

EC[a<Cg‘kPn,2) = \‘ J 2a71+(n—3)3a+n—2

7



Chapter 5

Conclusion and future research

5.1 Conclusion

In the second chapter of the thesis, we presented exact values of all important
distance-based indices for complete m-ary trees of a given height. We solved
recurrence relations to obtain the value of the most well-known index called
the Wiener index. New methods were used to express the other indices (the
degree distance, the eccentric distance sum, the Gutman index, the edge-
Wiener index, the hyper-Wiener index and the edge-hyper-Wiener index) as
well. Values of distance-based indices for complete binary trees are corollaries

of the main results of this chapter.

In the third chapter, we introduced the general eccentric connectivity index
ECI,(G) of a graph G. Bounds on ECI,(T) for trees T' of given order, lower
bounds on ECI,(T) for trees T' of given order and diameter, and trees of
given order and number of pendant vertices, where 0 < a < 1 were given. We
also gave upper bounds on FCI,(T) for trees T of given order and diameter,

and trees of given order and number of pendant vertices, where @ > 1.
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In the fourth chapter, we presented lower and upper bounds on ECI,(U) for
unicyclic graphs U of given order and girth, where 0 < a < 1. Bounds on
EC1,(U) for unicyclic graphs U of given order, where 0 < av < 1, were also
stated. In some theorems we included also the case o = 1. All the extremal

graphs were presented, which means that our bounds are best possible.

Proofs for the classical eccentric connectivity index do not work for the gen-
eral eccentric connectivity index, therefore we used new different techniques

which generalize the classical eccentric connectivity index.

In conclusion, we wish to state that the main aim of this research is met;

and all objectives that enhanced the establishment of the aim achieved.

5.2 Future research

Further work can be carried out on the general eccentric connectivity index
for trees, unicyclic graphs and general graphs of given graph parameters. We
state a few challenging open problems on the general eccentric connectivity

index for trees, unicyclic graphs and general graphs.

Problem 5.2.1. Find lower and upper bounds on ECI,(T) for trees T of

given order, where a < 0 or a > 1.

Problem 5.2.2. Find lower bounds on ECI,(T) for trees T' of given order
and diameter/trees of given order and number of pendant vertices, where

a<0ora>1.

Problem 5.2.3. Find upper bounds on ECI,(T) for trees T' of given order
and diameter/trees of given order and number of pendant vertices, where

a < 1.
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Problem 5.2.4. Find lower and upper bounds on ECI,(U) for unicyclic
graphs U of given order/unicyclic graphs of given order and girth, where

a<0ora>1.

Problem 5.2.5. Find lower and upper bounds on ECI,(G) for general
graphs G of given order, graphs of given order and diameter, graphs of given

order and number of pendant vertices, for a € R.

These problems remain open for future research.
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