
I' 

Graduate Seminar Report 

On 

Convergence of Fourier series 

[In partial fulfillment of the M.SC degree in Mathematics] 

By 

Addisu W/meskel 

Advisor 

Seid Mohammed(PhD) 

June 2010 



Dedicated to 

My Father 



A CNOWI.EDGMENT 

This report actuall y Slars by giving some hi storical background and Ihe importance of Fourie r 

series, so as to present some sort of motivation fo r mathematic ian on the subject matter. 

The main objecti ve of th is seminar report is to set the sufficient condition for the convergence of 

Fourier series of funcl ions. In fac t it also del ivers a counter example which displays the converse 

of the statement is nOI necessaril y true. 

Explaining thi s much about the objective of this seminar report ,First o f all I wish to express my 

than k to God. After that my deepest gratitude goes to my lecturers in the department. Especiall y 

to Dr. Seid Mohammed , my advisor, with whom I had many consultations and from whom I 

have had many valuable comments and suggestions. 

Moreover I also express my appritiati on to my colleagues and fri ends, in particular, Mr. 

Kcfya lew Hailu, Mr. Habtamu Getachew, Mr. Gebru Shimekaw, Mr. Moybon Woldc , Mr. 

Girma Mcngcsha and Mr. Abdulwahid Rudan, and Mr. Belachcw Tolla for their material 

support and reasonable suggestions 

Lastl y but not the least, it is my pleasure to thanks my family, Worke, Fclckc, Hiwot, Is rael and 

Etagu and I want to say I love you alL 

Addisu W/meskcl 

" 



TA llLE or CONTENTS 

TIT LE 

Dcdicli lion ..... • . . . . . . • • • • . 1 

Ac kn ol\·lcdgcment ............ _ ................................................................ 11 

on I : Introduction ...... . . ... _ ... •. _ ........ ......... .... ............................................. 1 

on II: Revision 

2 .1 Periodic func ti ons .... . .. ........ ....................... . .. ... ..... .... .. .. .. .... ... .... .. .3 

2.2 Periodic extension ... ..................................... ....... ... ... ... .................. 4 

2.3 Revision on rcal analys is ............................................. .. ... .. ... ...... ...... 6 

2.4 Hannonic and Trigonometric series .. .. .... ............................................. 9 

2.5 The Trigonometric system, Aux iliary and orthogonality ...... ...... ......... ....... 11 

on III: Fourier Series Jexpansion) 

3. 1 Fourier series of Function of period 2:rr ................................................ 13 

3.2 Fourier series of fu nction on interval of length br. .................................. 17 

3.3 The cosine and Sineserics .............................. ... .......... .. ................... 17 

3.4 The complex fonn of Fourier seri es of functions ...................................... 20 

3.5 Fourier series of function of period 21 ........................... ....... ... ......... ... 22 

) n IV: Some basic preliminary proper lies 

4. 1 Di rchlet's Kernel. ......................................................................... 24 

4.2 Fejer's Kernel ................................ . ............. .. ... .............. ................. 27 

4.3 Some basic theories in L 2 [ - IT, rr]. ................... .. ......... ...... .......... .. ..... 30 

)0 V: Convergence of Fourier series of fun cl ions 

;. 1 otations and Definit ions .................... . . ....• .•...................... .40 

5.2 Sufficient condition for the convergence of Fourier 

series of funct ion at a poi nt.. ............................................................. 42 

III 



5.3 Convergence of Fourier series of a piecewise 

Smooth function [continuous or Discolltinuous] ............................. . . .. ..... 47 

5.4 Abso lute and Unifonn convergence of Fouri er 

Series of continuous piecewise smooth function of Period 2n ........ ... ........... 48 

ion VI: T he ex islence of a conlinuous function whose fo urie r series d iverges 

6.1 Some preliminaries .. . .. . ................................................................. 52 

6.2 Fejcr's example ofa continuous function 

with d iverge nt Fourier series ................................................... , ........ 57 

r ences ............................................................................. . ••••••• . .............. 6 1 

IV 



Convergence of Fourie r se ries 

SECTION I 

IN TRODUCTION 

n. Joseph Fourier, a mathematician and an engineer di scovered his series in connec ti on 

heory of heat cond uction. Fourier claimed that an arbitrary function, defined in a finite 

al by an arbitrary capricious graph, can always be reso lved in to a sum of pure sine and 

;! funct ion. But further fundamenta l invest igation on Fourier's di scovery we re made by 

mathematic ians and finally in 1829. L. Dirichlet circumscribed the funct ion which allows 

.sion in Fourier series and set up the theorem of sufficient condition for the convergence of 

;: r series. 

leory of representat ion of func tions of real variable by means of Fourier series is of highest 

l ance not only on account of facts that such mode of representati on is at present an 

tCnsible too l in the various branches of mathematical physics, but also because thi s theory 

:periences the most far reaching influence up on the development of modem mathematical 

,is. It is a significant fact that the theory of th is mode of representation of function by a 

ometric series had its own origin in the attempt to investigate the form of a stretching string 

ate of vibrat ion. 

·nometric and Fourier series constitutes one of the oldest parts of analys is. They arose, fo r 

ce in class ica l stud ies of heat and wave equations. Today they playa centra l role in the 

of sound, heat condition, electromagnetic waves, mechan ical vibrations, signal processing 

Jage analysis and compression. 

:r series can be used to represent very broad class of functions. For instance trigonometric 

is one of the fonns: 
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ilall be concerned with three main questions in this seminar paper report : 

Given a function f . how do we calculate the coefficients a n and bn? 

Once the series of f has been obtained, whcn docs the series converges and it converges 

to the function value? 

Is there a continuous runction whic h is continuous whose Fourier series diverges? 

jition to all those questions listed above, we will also di scuss some basic properties o r 

er coefficients of functions. And the result will be very important on answering the last two 

IOns. 

10 answer the above three basie questions, let us start by revi sing and developing some 

:ntary concepts rrom the real analysis in the coming section. 
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Convergence of Four ier se ries 

SECTIO, " 

REVISION ON REAL ANA LYSIS 

)criodic fun ctions 

lction I issaid to have a period T>O, or simply periodic with period T>O, if 

[(x + T) = [ (x) 

ach x in the domain of the definition of [. (It is understood that both x an x + T lies in the 

lin) 

1stance, 2rr, 4rr, 6rr, ... are periods of the function I(x) = Sinx and a ls~, n>O is a period 
n 

rt nx and Cos nx 

arks 

1fT is a pcriod off, thcn obviously, [(x + nT) = [(x) for all n E Z and fo r all x in the 

domain off. 

If we plot a periodic functiony = [(x) of period T on a closed interval a ~ x ~ a + T, 

we can obtain the entire graph of [by a corrospondingperiodic repetition of the portion 

of the graph corresponding to a ~ x ~ a + T 

If f and 9 are peri od ic of period T, then their sum f + 9 is al so of peri od T. 

Irem 2.1.1 

be a periodic function ofperi odT. Suppose that for someto, the integral ft:o+T [(t)dt 

). Then for every real number r , the integra l t o+
T 

f( t + r)dt exists and for eve ryt t , the 
I , 

ral tl+T [(t)dt exists and these integrals are with the same value. 
I, 

r 

to show thi s WLOG, let liS assume thatO < T < T, and then we have: 
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of Fourier seri es 

f.',,+T [(t )dt- I/'" [ (t )dt+ f" ,+T [ (t )dt= 1',,, [ (t + Tldt+ " ,+T [ (t )dt 
o Of .. ' 0 )'o+r 

considering x :;:; t + T - r and x :;:; t - r in the last two respective integrals. we have 

" , ,, [( ) " ,+T 
)to t + T dt=hoH_r [ (x + r)dx and 

" ,+T [ ( ) " ,+T-, 
) 'o +r t dt=),o [ (x + r )dx 

1" ,+T [(t)dt= 1" ,+T-' [(x + r )dx+ 1" ' +TT [(x + r)dx 
o 0 0 + - r 

r 'o+T =", [(x + r)dx 

to show the second statement 

sidering T :;:; t1 - to. in the above result we get 

f" , +T [(x + (t1 - to)dx=!',+T [(t)dt 
, 1 

we have the result to be all the samc. 

Periodic eXlension 

;ider a function f which is defined on an interval [a, b], where nothing has been said about 

.dicily of the function f. Here we can extend f by periodicity from the interva l [a , b] in to 

.. ho le of the x-ax is. This leads to a periodic function which coincides with f on the 

val [a, b l Here this func ti on, wh ich is obtained by extending the function fan 10 the whole 

e x-axis by extension. is called periodic ex tension of f along the x-ax is. 

onncction with the problem of extending f by periodicity from the interval[a, b] on to the 

ie of x-axi s. the foll owing two cases have to be considered. 
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Convergence of Fourier series 

I : f(a) ; f eb) 

s case there is no difficulty in making the periodic ex tension of f. We can simply obtain the 

jic extension by j ust repeating the graph of { on the interval[a. b1 . (sec Example 2.2.1, the 

igurc) 

; continuous on[a, b], then its extension is continuous on the whole of x-axis. 

!. f(a) '" feb) 

5 case, we can not accompli sh the required periodic extension of {without changing the 

of rCa) and {Cb). since periodic ity req uires the equal ity of the two val ues. 

~ to have the periodic extension of t, we may consider two approaches as given be low: 

Completely avoid considering the values at the end points. 

Sui tably modifying the values of the function at a and b so that 

f(a); feb) ,(sce Examplc 2.2. 1, thc second figurc) 

on while we d iscuss on the issue of Fourier series of functions, we will encounter th is 

'emen t is necessary and these two modifications on the function will not affect on 

ating the Fourier coefficients o f the func tion. 

Iplc2.2. 1 

der the fo llowing graphs of funct ions on the interval [- IT, IT] and their corresponding 

-Ie periodic extensions. Here the right side shows the func tion whereas the left shows the 

:pond ing periodic possib le periodic extension. 
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Convergence of Fourier series 
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Figure 2.2.1 

RC"ision on rea l analys is 

"ition 2.3.1 [Uniform convergence[ 

:ider an infinite series of real valued funct ionLk: t fk(x) on the intervaJ[a. b]. Such a seri es 

d to converge for a given val lie of x on the interva l, if its partial sum 

, 
s,(x) = I [,(x) (n = 1,2,3, ... ) 

k:1 

fini te limi t sex) = limn ... .., sn(x) 

se ri es converges for eachx E [a , b] . then its sum sex) is defined on the whole of the 

,.I[a,h]. 

eries is said to converge to sex) unifonnly on[a, b] , if and only if given E > 0, there exist a 

ve intege r N :::; N(E) ,SllCh that [Sn(x) - s(x)[ < E ,for each 11 ~ N and x E [a , b] 

we give the following two basic theorems without proof, where one can get their proof 

difTerent analysis text books. (Refer the bibliography at the end of this report.) 
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:o rem2.3.1 (T he Wcicrestr:tSs M-lest ] 

1. {M,t) be a scquence of posit ive constant s such that the series r:.l Mn converges 

2. ~= 1 Un be a series of real va lued functions on the illlerva l[a , b] such that I Un (x) I ::; Mn 

for each x E [a . b] n = 1.2.3 •.. . 

l1hc series L '::. l Un converges uniformly . 

mple 2.3.1 

·d h . ""t:O Sin nx 
i l ert eSeneS L. n=l--,-• 

on the interval ]O, I). Here takingUn(x) = Sin lnx, then since 
• 

x) I ;;;; ISin znx i ::; ~ and the seriesL~_l ~ converges, then by the Weiereslrass M-test the n n - n6 

SL~= l Si~znx converges uniformly on the interval lO, I] 

Ircm2.3.2 

ider the infinite series L:=t Un on the interval [a. bl . where Un are real valued functi ons. If 

:rms of the series are continuous on [a, b] and if the series converges uniformly on [a, b] , 

The sum of the series is also cont inuous on [a, b] and 

The sum can be integrated term by term 

I.e. f:eL'::=, U. ex)) dx = L::=, f: U.ex)dx 

1ition 2.3.2 ISmooth and piecewise smooth] 

ction f is said to be smooth on [a. bJ. ifit has a conti nuous derivative on [a, b). In other 

;, the derivative of the function changes continuously without jump. 

lnction f is sa id to be piecewise smooth on [a, b] , if ei ther f and its derivati ve arc both 

!lIOUS o n [a. bl or they have finite number of jump di scontinuities on la, bl . i.c. It is easy to 

3t the graph o f piecewise smooth function is either a continuous or di scontinuous curve 

has finite number of corne rs at which the derivatives have jump. 
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Convergence of Fourie r series 

,Ulplc 2.3.2 

sider the following graphs on the interval La, bl 

, 
'I 

" , 

," 

1 I: . . " , , 

Figure 2.3.1 

. , 

," 

' . , 

. , 

'" 

! above fi gure, we can observe that ( I) is a smooth graph whereas (2) & (3) are piecewise 

th graphs. Moreover, (2) is conti nuous piecewise smooth , whereas (3) is discontinuous 

wise smooth . 

u k 

ttinuous or di scont inuous function defined on the whole of the x-axis is piecewise smooth, 

piecewise smooth on every interval of fi nite length. 

'Ille 2.3.3 

der a function [ on the interva l[ - IT, IT]. Here 

If[ ( -rr} = [(rr) , then the periodic ex tension of [ on the whole of x-axis is cont inuous 

piecewise smooth . 

If [( - rr) :f:. [err) , then the periodic extension of [on the whole of x-ax is is 

discontinllous piecewise functi on. 
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Convergence or Fourier series 

Harmonic and Trigonometric series 

: simplest periodic function and one of the greatest important for application is the runction 

[ (x) ~ A Sin(wx + '1' ) 

5 function is call ed a Harmonic function with ampli tudelAI. angular frequency wand initial 

5e <p 

also periodic function of period T = 211' since 
w 

[(x + ~) ~ A Sin (w (x + ~) + '1') ~ A Sin(wx + '1') ~ [(x) 

I expanding fusing the trigonometric formula for add ition, then we have 

) ~ A Sin(wx + '1') ~ A [Coswx Sintp + Sinwx CostpJ 

= A Simp Cos wx + A CosqJ Sinwx 

a = A SinqJ and b = A C05qJ 

; we have 

[(x) ~ aCoswx + bSinwx 

!rall y, we consider ourselves that every harmonic function can be represented in the foml of 

a Coswx + b Sinwx. 

if we let period of the harmonic function isT = 2/, then w = ~ 

.e hannonic function ofpcri od 21 is given by the form 

rrx rrx 
aCos-

t 
+bSin-

t 
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Convergence or Fourie r se ries 

now T = 21 and consider the sequence of harmonics 

[ 
rrkx rrkxl 

a, COS-1-+b, Sin-I-. k = 1.2.3 •... 

he above hannonics, the frequency of each hannonics is given byw" =.!!! and hence the 
I 

od of each hannonics is thus 

rcfore 

; 

2IT 21 
T" =-=­w, k 

T = kT, 

:e T = 21 is the period of each hannonics as T is an integral multiple of period of each 

lonics. (sec the remarks in chapler2. 1) 

lei's consider the fini le se ries given by the form 

'lySI'! is a periodic funct ion with periodT = 2l. 13ecausc A is constant and al so the others are 

~ same periodT and hence their sum. ( for the same reason) 

'unctionSnis called a trigonometric po lynomial of order nand period21. 

over, the infinite series 

f ( ITkx ITkX) 
A + L.. a" C05-

1
-+ b"Sin-

l
-

"=1 

ed an infinite tr igonometric series or simply a trigonometric series. 
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Convergence of Fourier series 

"e the main qllestion that we need to answer at tile end oflhis seminar is: "Can any given 

clioll of perio{f/" = 21 be represented as a Slim 0 trigonometric series?" 

shall see later that for very wide class of functions such kind of series representnlion is 

s ible. 

N cons ider! belongs to this class. Hence we have: 

; we get 

set 

f ( rrkx rrkX) [(x) ; A + L. ak Cos-
I
- + bkSin-

l
-

k., 

~ 

It 
x= ­

rr 

[(~) ; A + I (ak Cos kt + bkSin kt) k., 

cp(t) ; [C) 

clearly, <p is of period 2" whereas f is ofpcriod 21 

The Trigonometric system, Auxilia ry integrals and Orthogonality 

e bas ic trigonometric system we mean the system of func tions 

') x,Sin x, Cos 2x,Sin 2x, Cos 3x.Sin 3x, .. .. 
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Converge nce of Fourier series 

: fo ll owing au.xiliary integrals can be justified quite easily using the basic intcgral ion 

1niqllcs and it is just left as an cxercise for the reader to check. 

I. f:n Cos nx dx =0 f n Sin nx dx =0 
-n 

2. f Tf Cos2nx d ;; rr f ll Sin2nx d ;; rr 
-Il - n 

3. f~1f Cosnx Cosmx dx ;; 0 f~Tf Sin nx Sin mx dx ;; 0 

For n *' m 

4. f~1f Sin nx Cosmx dx ;; 0 

ce the formulas ( I ),(3)&(4) shows that the product of any two diffe rent function from the 

mometric system above vanishes. 

ow we shall agree to call two funct ions(j)(x) & y(x)orthogonal on the interval La, b) , if 

f: q>(x) y(x)dx = O. 

) with this definition, we can say that the functions of the trigonometric systcm above are 

wise orthogonal on the intcrval[ -rr, IT]. Or more precisely, the system above is orthogonal 

-rr. rr]. 

ark 

'e know from Theorem2.1.1 , the integral of periodic funct ions is the same over any in terval 

!! same length to the period. Therefore fonnulas (\) lip 10 (4) are valid not only over [-]f,]f] 

Iso for any interval of the fonn[a, a + 2rr]. Thus the system is orthogonal on every such 

tal. 
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Convergence or Fourier series 

SECTION III 

FOURI ER SERI E5 /EXPANSION/ 

w here on thi s chapter we will have some sort of di scussion on the issue of Fourier se ries o f 

ctions with period2rr,2T and also their complex form . In thi s chapter we only focus on 

Irier series of functions, and we do not raise anything about the criteria that when this series 

I converges to the val ue of the function. This question will be answered in the coming 

pters. 

Fourier series of functions of period 2rr 

.sider a function f E Lf-rr, rr] and with a period of2rr . Thcn from the tri gonometri c series 

It of view (see chapter 2.4. 1), set 

a, '\' 
[(x) ; 2 + L (a, Cos kx + b,Sin kx) (1) 

1(:"1 

I let us detemline the coeffic ients ao. ak and bk by assuming that the series converges 

) rml y to the limit func tion f and hence term by term integration is possible . 

~rating both sides from - rr to IT and using the auxiliary integrals on chapte r 2.5, we have 

L:[(X)dX ; a
2
, L: dx + f ( a, L: Cos kx dx + b, L: Sin kx dX) 

''''''1 

c 

1 f" a, ; - [(x)dx 
rr _" 

(2) 

1 multiplying ( I ) by Cos nx and Integrating both sides from - IT to rr we have 
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Convergence or Fourier series 

{ (x ) Cos nxdx 

~ 

= ;0 L: COS nx dx + ~ ( a k L: COS nxCos kx dx + bk L: COS nxSin kx dX) 

lee using the result in (chapter2.5. auxil iary rormulas) we have 

1 f" ll n = - [(x)Cos rIxdx 
rr _" 

n = 1,2,3 ... (3) 

:e again multiplying once again ( 1) with Sin nx and Integrating both sides rrom - IT to IT we 

a f" f (x)Sin nxdx = 2° - n Sin nxxdx 

~ ( " " ) + L a k Ln Sin nx Cos kx dx + bk L7I Sin nx Sin kx dx 
k ;; 1 

5 we get 

1 f" bn = - {(x)Sin nxdx 
rr _" 

n = 1,2,3 ... 

erore combining the three result s, we get 

1 f" an = - {(x)Cos nxdx 
rr _" 

1 fn 
bn = - {(x)Si n nxdx 

rr _" 

n = 0,1,2,3 ... 

n = 1,2,3 ... 
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Convergence of Fourier series 

finili on 3.1.1 

f E L[-rr,rr] and with period 2rr then the series in ( I) with the coefficient in (5) is called the 

Jrier series of the functi onf . And the coefficients in (5) are called the Fourier coefficients of 

function . 

!ulion 

f E L[-rr,rr] and with peri od2rr. If we fonn the Fourier series of f without deciding in 

ance whether it converges tof(x), we write 

ao '\' 
[(x)-"2 + L (a, Cos kx + b,Sin kx) (6) 

1£ = 1 

thi s notation (6) only means that the Fourier series written on the right side corresponds to 

~unctionf . The sign "-" can be replaced by" = " onl y if we sllcceed in proving that the 

:s converges and the sum equal to f(x) . 

.ark 

lentally, we note that the fonnula in (5) involves integrating the funct ion ofperiod2rr. Thus 

lterval of integration [-rr, rr]ean be replaced by any other interva l of length 2rr so that 

her with the fOm1ula in (5) we have 

1 fau 
a. = - [(x)Cos nxdx 

IT a 

1 fa
+. b. = - [(x)Sin nxdx 

IT a 

n = 0,1,2,3 .. . 
(3) 

n = 1,2,3 ... 

rem 3.1.1 

mction f E L[-rr, rr] and with period2rr can be expanded in a tri gonometric series which 

:rges un ifonnly on the whole of renl axis. then the series is the Fourier series of f. 
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,of 

: have f expressed in trigonometric series (1), Ihal means: 

~ 

ao '\ 
[(x) = 2" + L. (ak Cos kx + bkSin kx ) (1) 

k= 1 

nee since the trigonometric series converges uniformly over the whole real axis, then f is 

tinuous and term by term integration is possible. 

s we have 

1 In ao = - [(x) dx 
IT - n 

he other hand multiplying the series in (1) by Cosnx 

:x)Cos nx = :0 Cos nx + Lk= l(ak Cos nxeos kx + bkCos nxSin kx) (8) 

. we want to show that the series on the right of(8) converges uniformly to the limit functi on 

.c left . 

ever since ( 1) converges uniformly, putting the partial sum 

m 
ao '\ 

Sm(x) = 2" + L. (ak Cos kx + bkSin kx) 
k = 1 

> 0,3 N = N(£) such that 

I[(x) - Sm(x)1 S £,[OT all n 2: N and x E R 

we have 

ICos nxll[(x) - Sm(x)1 S ICos nxl£ S £ 

fore 

1[(x)Cos nx - Sm(x)Cos nxl S £ 
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Convergence of Foun er senes 

e lhe series in (8) converges uniformly. Whieh means again tcrm b) IC"" Intcgrollon I 

ble. Thus we get once again 

1 f" • • ~ - [ (x)Cos IIxdx n _. n ~ 1.2.3 .. , 

li lar ways, multip lying the series in ( I) by that of Sin nx and for the same argumentntion, 

llain 

1 f' b. ~ - [ (x)Sin nxdx 
IT _ . 

n ~ I .2 . 3 .. , 

fo re, Ihe trigonometric series in ( I) is precisely the Fourier series o f the function f. 

Fourier series of functi ons on inten'u l or length 2rr 

jcr a function[ E L[ - IT, IT). Since there is nothing has been sa id about periodic ity of [ on 

crval, we use its periU(.l ic extension (sec chapter 2.2) of [ over the whole o f x-ax is, where 

ves UiO a periodic function which coincides with that of the function [on the indicated 

tl and which has a Fourier series ide nt ical to that of the function f. 

rk 

ve secn (in the section ofpcriodic ex tcnsion, chapter 2.2) that If 

"* [ (rr) , then the periodic ex tension of [ needs some necessary modi fication (sec the two 

Here it is important to notice that , ince changing va lues o f the function at finite number 

ts or even fai ling to defi ne it al fi ni le number of points in the interval do not change the 

f then integrals in (5). Thus in bolh cases Ihe Fourier series or coe ffi cients wi ll have the 

!l lue as before. 

T he C os ine und the sine series 

L[ -1. 1], thcn rcc. llth .. 

, i' If [is even, thcnL ,[ (x)dx ~ 2 o[(x )dx 

If { is odd. thenf~,f(x)dx ~ 0 

.aba University, Mathematics Department Page 17 



Convergence or Fourier series 

oW consider f E L[ -l , l]and is an even function, then clearly f (x)Cos nx is c\'cn and 

:t')Sin nx is odd. 

us the Fourier coefficients of f thcreby givcn as 

, ; ~ f~n[(x)Cos nxdx ; ; fa" [(x)Cos nxdx n; 0,1,2,3 ... ,and bn ; 0 ,n ; 1,2,3, ... 

rcover the Fourier scrics off is given by 

a o '\' 
[(x)- T + 1.... (a, Cos kx) (9) 

k = 1 

call scri es (9) as the cosine series. 

ilarty, if f E L[ -t, l]and is an odd function , then the Fourier series of the functi on is Sine 

[(x)-I (b,Sin kx) (10) 

' .1 
~ re 

1 fn 2 fn bn ; - [(x)Sin nxdx ; - [(x)Sin nxdx 
IT - If TC 0 

n ; 1,2,3 ... 

let us illustratc how to construct Fouricr series of some functions through the following 

lples. Later on we will observe complcx approach on Fourier series representation of 

.lOns . 

nplc 3.3.1 

s expand the function [(x) = x 2 , -IT:5 x :5 IT in Fourier series 

to expand [ in Fourier series we use the periodic extension off. Since f is even, then the 

:lic cxtension is also an even function . We can observe thc graph of f and its periodic 

sion below. (Observc also that the periodic extension is al so continuous and piecewise 

th) 
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Figure 3.3. 1 

, since the function is even, the Fourier series is a cosine series 

Ie havc 

n ; 0,1,2,3 ... 

we get ao :;::; ! f.on x 2dx :;::: 2n2 and for the others, using integration by part s, we havc 
" 3 

2i" 2 [X' 2x 2 ]" 4 Qn:;::: - x 2Cosnxdx:;::;- -Sinnx+-ZCos nx-1Sinnx :;::;(- l )n2" 
rr o nn n n o n 

thc Fourier series of the function fan the interval [-rr, rr] is given by: 

~ 

rr' I 4 f (x1- -+ (-11"- Cosnx 
3 n' 

n::\ 

lplc3.3.2 

; now expand the function f(x) :;::; x, 0 < x < Zrr in Fourier se ries 

5 case the function is nei ther evcn nor odd. Now considering the periodic ex tension of r (as 

, below), 
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Figure 3.3 .2 

! we ean observe that the periodic extension of the func tionf is discontinuous, however 

ewise smooth . 

I let us determine the Fourier series of the function. Here since the function is neithcr evcn 

KId , we have to computc both an&bn . After a sort ofintcgration, wc get: 

1 ( 2 rr 
ao :;:: ;; Jo X dx :;:: 2rr 

I ( 2rr 
an :;::;; Jo X Cos nxdx :;:: 0, n = 1,2,3, ... and 

1 f'· -2 bn :;:: - x Sin nxdx :;:: - , 
rr 0 n 

n = 1,2,3, .. 

e the Fourier expansion of the functi on on the interva l 0 < x < 2rr is thus given by 

~ 

f (x)-rr + L C2
) Sin nx 

n=1 

The complex form of Fourier series of fun clions 

E L[- rr, rr1 and thc Fourier seri es of f is given by 

f(x)- a
2
, + L (a, Cos nx + b,Sin nx) (6) 

, , ' 
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lin the Euler's fonnula (e i9 :; CosO + iSinO). then we have 

efn8 + e- f"8 
Cos nO ::; 2 

e ht9 _ e - in9 

and Sin nO = 2i 

IS the Fourier series of [ becomes 

v put 

~ 

a '\' ( [e
f
"8 +2 e-

fn9
] + b, [_ie fn9 

2+ ie-
IM8

] ) f (x) - 2° + L. a, 
,", 

an + ibn 
and c n :; 2 , n :; 1,2,3, ... 

vith this notation, the Fourier seri es of the function [can be set in complex fonn as follows 

~ 

[(x)- L cne 1nx 

" "'-co 

rc 

- ' f' f( ) -'ox -0 I 2 c,-- xe , n- ,±,± ... 2n -n 

ark 

nth panial sum of the previous series ( I I) is given by 

m 

Sm(x):; L cne inx 

n"'-m 

( 11) 

(12) 

c the convergence of the series in ( II ) must be understood to mean the existence of the 

as m -t 00 of the pan ial sum (12). 
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ample3.4.1 

nsider a function { given by {(x ) ::; eX on the interval- Fr < X < Fr. ow let us determine the 

nplex Fourier series of the function. 

ng the fonnula obtained above then the Fourier coefficient of { is hence given by: 

IS we have 

n:co 

L (- I )"Sin nrr . 
f(x)- e'"X 

(1 - in)n 
n::-co 

Fourier seri es of fun ctions of period 21 

sider a function { E L[ - I, I] and with pcri od21. 

1: = ~ and define a function <p as 
" 

4'(t) = f C) 

(- I )"Sin nrr 

(1 - in)rr 

(13) 

(
'(t + Zn)) ('t ) ('t) 4'« + Zrr) = f n = f ;;: + ZI = f;;: = 4'«) 

4'« + Zrr) = 4'«) 

efore, <p is periodic with period 2n, thus the Fourier series of <p is given by 

00 

<p(t)- ~o + L anCos nt + bn5in nl (14) 
n:::1 
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lere 

1 I" () 1 " (" ) a" ; - _ rp t Cos ntdt ; -I f - Cos ntdt n n n - n If 
and 

If" If" It b" ; - rp(t)Sin ",dt ; - f (-) Sin ntdt 
rr - n rr - n IT 

. If 1 I 
N puttmgx:::; -, we have -dx = -dt 

" '" 
IS 

,n = 0,1,2,3, ... 

1 I" )."" bn = I _n [(x Stn,xdx ,n = 1,2,3, ... and 

~ 

ao '" mr nrc 
f(x)-T+ L, a"Cos-, x+b"Sin-, x (5) 

n : \ 

lark 

: note that eve ryth ing that we have done for the case of period 21l is also applicable ror the 

of period 21. 

nstancc, if f is even, then the Fourier se ri es is cosine seri es and the coefficients arc obtained 

! :::; ~ Ion [(x)Cos nln xdx ,n = 0,1,2,3, ... whercasbn = 0 and likewise for odd functions. 

:over, we can also write the Fourier series of the function in complex form as: 

~ 

f(x)- L cnel¥ 
n=-oo 

1 f' In> e" ; 2i f(x)e ---rdx 
- I 

n; O.±I.±2 ... 
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SE TION IV 

SOME HASIC I'HEUMINA H I' I'HOI'EHTlES 

have not yet establi shed anything in concern with convergence of at a point x of the Fourier 

c,orrunction! E L[-n,nj. 

.rder to accomplish that, let us now discuss on some basic properties on the Fourie r series of 

: tions, especially for those funct ions belonging in L 2 [-Jr, IT]. First let us begin with the 

Illing the following properties on trigonometry, for which the y are very much helpful in 

'esenting Fourier series of functions using other approach, 

Dirichlet's kernel 

Ima 4.1.1 

. ( ') 1 SIn n+- x 
I _+~n_ Coskx= . i , 2 L.k _l 2Sm , 

s· '("') 
~n: l Sin (k +.!.) x = In , 7 
L.k_O 2 Sm­, 

.r 

lave the tri gonometric identity Sin(y + a) - Sin(y - a) = 2Cosy Sina 

= kx and a = ~, then we have 
2 

adding fork = O,l,Z,3, ,.., n, we get 

Sin (n +~) x - Sin (-ZX) = ZSin (~) [1 + Cosx + CosZx + ... + COSllX] 

Sin (n +~) x + Sin (~) = 2Sin (~) [1 + Cosx + Cos2x + ... + Comx] 
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erefore 

Sin (n +~) x = 2Sill (~) r~ + Cosx + Cos2x + ... + cosnxj 

1t means 

, S. ( 1) 1 In n+ x 
-+ '\' Coskx; 2 
2 L. 2S · x 

/c :: 1 Ini 
(1 ) 

lilarly, to show the second trig identity, we have that 

2Sin (~) Sin (k +~) x ; Coskx - Cos(k + l )x 

., 
1\ - 1 1\ - 1 

2Sin G) L Sin (k +~) x ; L [COSkx - Cos(k + l )xj ; 1 - Co,nx ; 2Sin' (~) 
k = O /c = O 

ce 

(2) 

'der to see if the Fourier series of a function { E L[ -rr, rr]actually converge to the value of 

some pointx E [-rr, rr), we must investigate whether or notlimn ..... oo Snex) = { ex), where 

:) is the nth partial sum of the Fourier series off. 

' let us try to express Snex) in a more manageable form, so that we can study the convergence 

ria so easily. 

; ,~ J:n f(t)dt + ;. L:=I [Coskx C f(t )cosktdt + Sinkx J:, f (t )Sinkt<lt 1 
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~ u:" ret) [i + L~" Coskx Coskt + SinkxSinkt] dt 

~ ; J:" ret) [i + L~" Cos(x - t )k ] dt 

ere using the result of (1) 

(3) 

re at t = 2krr. k E Z the value Dn(t) = n + ~ ), 

inition 4. 1.1 IDirichlet's kernel) 

:a ll Dn in (3 ) to be the Dirichler 's kernel. 

I put U = x - t, then we get 

1IX+" Sn(x) ~ - f(x - u)On(u) du 
rr X -It 

;: both f and Dnare periodic with period 2rr, we have 

1 f" 1 fO 1 f" ) ~ - r(x - u)On(u) du ~ - r(x - u)On(u) du + - r (x - u)On(u) du 
rr -It rr - It rr 0 

~; J: r(x + tjOn(t) dt +; f: r(x - tj0n(t) dt 

~ ; f:(f(x + t) + r(x - t}]On (t) dt 

Ig rex) ~ 1, we have ao ~ 2, a, ~ b, ~ 0, k ~ 1,2,3 ... 

Sn(x ) ~ 1,for al/ n 
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lec 

2J," 1 = - D" (t )dt 
IT 0 

refore for any arbitrary f E L(-IT, IT) 

1 J," 2 J," 5. (x) - [(x) = - [f (x + t) + [ (x - t) ]O.(t) dt - - f(x)D.(t)dt 
IT 0 n 0 

conclude that the Fourier series of f at x will converge to f(x ) if and onl), if 

,_~ 5.(x) - [(x) 

2 J, ' [[(X + t ) + [(x - t ) 1 = lim - - [(x ) D.(t ) dt = 0 
n ..... co rr 0 2 

Fejer's kernel 

(4) 

: again to see the Fourier series of a function f E L[ -rr, rr 1 is (C, 1) sum mabie aLX E 

rr] , we must invest igate that 

lim ".(x) = [ (x) 
.-~ 

'c 

ere using the previous result of Dirichlefs kerncl , we have 

= ~ L~=5~ t[f(x + t ) + [ (x - t)]D, (t ) ctt- ' f.o'[f(x + t ) + [(x - t )]~L~:5 D,(t)dt 
n -nO n n 

Jutting 

Jsing (2) from the trigonometric identities discussed earlier, 
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S' 2 (n') 
K,(' ) = In 2 

2nSin 2-

nilion 4.2.1 

:all K, (t) in (5) to be the Fe}er 's kernel. 

' take ((x) = 1, then So(x) = 5, (x) = ... = 5,_, (x) = 1 

21' 1 = - K,(t)dt 
n 0 

: forc 

2 { ' [{(X + t) + { (x - , ) 1 
o,(x) - {(x) =;; 10 2 - ( (x) K, (' ) d, 

[ is (C, 1) sum mabie at x E [-IT, IT] if and only if 

,,(x) - {(x) 

21' [{(X + ,) + {(x - t) 1 = lim - - {(x) K,(t)d, = 0 "_CIa IT 0 2 

rem 4.2. 1 

L[ -IT, IT land if [ is continuous at x E [-IT, 1£] , thcn [is (C, 1) summablc. 

ix £ > 0, thcn to prove thc statcmcnt wc need to find such tllat 

(5) 

1o, (x) - {(xli = I; fo' [f(x+ 'J;rex-'J ((x) 1 K,(' ) d'i < ( ,n ;" 

incc [is continuous alX, then there exist 8> O,far 0 < 8 < 1£ such that 
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£ 
I[ (Y) - [ (xli < 2 on Iy - xl < 0 

Ice for 0 :s t < 8 

: + I) + [(x - I) - 2[ (X) / 1 
2 s 21[ (x + I) - [(xli + I[(x - t) - [(x)1 

' (' ') , . -+ - = - [or nE N 
: 2 2 2 

ce we have 

I ~ l' [f (X + I) + f(x - I) - 2f (X) ] I £ 2 J, ' £ 
" 2 Kn(l) dl S -2 - Kn(t)dt <-

o IT 0 2 

"0, then Kn(t ) S I (D' thus 2nSin2 -, 

n [f(X + t ) + f (x - t ) - 2f (X)] I 
. 2 Kn(t)dt 

2 r s 0 j , If(x + t ) 1 + If (x - 1)1 + 2I f (x )ldt ~ 0 
4nrrSin 2 (2) 8 

e for some natural number 

1_' I" [f(X H )+f(X C)-2f(X)] I ' 
11" 8 2 Kn(t ) dt < i JOT n ~N 

!fore 

1

2 J, " [f(x +t)+f(X - t ) -2f (X)] () I - 2 Kn t dt < E 

" 0 

e 

lim o"(x) - f (x) ~ 0 
n_~ 

e [ is ee, 1) sum mabIe x. 
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Some bas ic theories in L Z [- rr, rrJ 

'e in Ihis subtopi c, some basic theories with regard to the Fourier se ries of functions \\hid are 

are integrable on the ind icated interval will be di scussed, The results ofthesc theories are so 

;h helpfu l in provi ng the basic criterion for the convergence of Fourier series, 

=orcm 4.3.1 

7 E LZ[-rr, IT} and Tn be any trigonometric polynomial of degree n. then IIf _ 5,,11 s 
- T" II , where S" is the nthpanial sum of the Fourier series off. 

of 

, 
T, ; Ao + L [A ,CoSkt + B,Sinkt] 

It :: 1 

. here we need to show that J is minimum when 1'" = S" 

10w this, we have 

1 In 2 In 1 In 
I;;; -n [J (t)]' -;; _fCt)T,(t) +;; - n [7~(t)]' (7) 

~ (fCtlT,(t) ; :0 (f (t)dt + t. :' (f (t)COSktdt + ~' (f(t )Sinktdt 

(8) 
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the other hand 

" ~ i" [T"(t) ]' = 2Ao' + I A.' + 8.' 
" k : l 

(9) 

substituting (2) &(3) in to (1), we get 

" ~ i: ([(t)]' - 2Aoao - 2 I:.
1 
A,a, + 8, b, + 2Ao' + ~ A,' + 8,' 

(10) 
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va lue in the brace is always non negative. Hence J will be minimum \\hcnA
o 

::;:; GO . All: ::;:; 
2 

and Bk ~ bk for k ~ 1,2,3, ... 

I the fo llowing corollary result is very important in proving the basic Riemann Lebesgue 
rem which comes soon. 

nlJary 4.3.IIThe Bessel's Inequalityl 

E L2[_rr. rr] , with the FouriercoefJicicnt{Ak } and {B
k

} , then 

r 

- ao Ak ~ ak and B k ~ bk for k ::;:; 1,2,3, ... in (4), we obtain - 2 ' 

le integral on the left is non negati ve. 

we obtain that 

2 n 1 fn 
ao + 'fa.' + b.'J ,, - [f(t )l'dt 
2 ~ rr - n 

k=l 

: this results the proof of the Bessel's inequality 

)vcr from this well known Bessel 's inequality we say that iff E L2[-rr,rrj, then 

atically 
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, nex t let us prove the converse orthe Bessel' s inequality with the rollo"ing theorem. 

Drem 4.3.2 (Conve rse of Ihe Bessel's inequa lityl 

k} and {bk} are arbitrary sequence or reul numbers such then, 0 0
2 + .E~. l ra k 2 + b

k 
21 < 00, , 

there exist f E L
2
[- IT, ITJ , such that {ak) and {bkl are precisely its Fourier coefficients . 

. f 

E Z, define a trigonometric polynomial or order n by Sn 

, 
a, '\ . 

S,(t) : 2" + L, a,Coskt + b,Smkt 
k :l 

for m < n, we have 

~ f [S, - SmJ' : H" [L a,Coskt + b,Sillkt , ]' 
1l It k : m+l 

, 
L [a.' + b.'J 

k z m+l 

eUing m very large, the sequence {Snl is a Cauchy sequence in L2(_lT, IT]. l-I owcver since 

" lTJ is a complete by the Resize Fisher, hence there exist f E L2[-rr, rr] such that 

~ II S, - til : 0 

we have 

" 1f" ' lim ~f S,(t )Cosjt dt : - { (t )COS}t dt : al 
n ..... oo rr rr -If -" 

1 f" a, : - {(t)Cosjt dt 
IT _" 
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lee aj is the Fouricr coefficicnt of [and similarly forb). 

N before we comc to thc basic The Riemann Lebesguc thcorem, it " ould be necessary the 
:)\ving important lemma. 

ri ma 4.3. 1 

r E L [-IT, IT J, thcn for cvcrYE > 0, thcrc exist a bounded and measurablc functi ong on 

. rr] , sueh that J:nl[(xl - g(xlld < E 

) f 

how we need to fo llow to cases: 

:- be none negative valued such that f E L[ -rr. IT], then by dc fin ition 

limn_~ J:n ' [= i:n!' where ' [= min ([(xl .O) 

given E > 0, there exist N=N(E) such thatIJ:,J - ~ [I < E for n ~ 

9 = N f which is measurable and bounded and moreover 

!ver since ~ 9 on [-IT, rrJ. Thus 

(1[(Xl - g(xlld < E 

2: 

!t f be any arbi trary function such thatf E L[-rr,ITJ. PUlling 

[= r - rWherc r.r-E L[-rr.rrJ 
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lee by the previous step there arc bounded and measurable funclions 91 and 92 such Ihat 

J:nl[(x) - 9, (x)ld < i and r nl[ (x) - 9,(x)ld < i 
e now 9 = 91 - 92 which is bounded and measurable on[-n, 1[J 

have 

ce we have 

orem 4.3.3IThe Riemann Lebesgue theoreml 

(" E L[-rr,rr] and (ad and (bk ) are Fourier coefficients off,then 

f 

> 0, then from the given information aboutf, we have J:,/(x)dx < 00, then there ex ist a 

ded and measurable function 9 on [-rr, rrJ such that 

I n I[(x) - 9(x)ldx < ~ (Using the above lemma) 
- n 2n 

!Ver9fL 2 [-rr, rr], since 9 is bounded and measurable. 

1sidering (A k ) and {Bk } are Fourier coe fficients org . 
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u means 

1 f' A, : - g(t)Cosktdt n _, 1 f' and Uk : - g(t )Sinktdt 
n _, 

. ~oo 2 Never smceL.k::l Ak < 00, then 

s there exist N>O, such that JAk J < ~ for k ~N 
2 

for anyk, we have 

la, - A, I : I~f ' I[(t) - g (t )l cosktdtl "~f' I[(t) - g(t)1 < ~ 
7f -J( 7f - J( 2 

-efore 

put 

, 

:lr ly we can also show for Iimk_C:O bk = 0 
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'o llary 4.3.3 

E L[O, rr], 'hen lim._~ f; ",(t)Sin (k + D' dl = 0 

of 

ne 

",(t)=O{or-rr S t SO 

1 ",(t ) E L[-rr, rr] 

e 

Sin (k +!) t :; Sinkt Cos ': + Coskt Sin': 
2 2 2 

len have 

l( t)COS~ and <p(t )Sin i are functions in L[-rr, rr] 

! by the Riemann Lebesgue theorem above the integrals on the right approach to as k ... 00 

rc m4.3.4 

=: U[-rr, rr] , then the nth partial sum of the Fourier series off. that is Sn converges to f 

espect to the norm inL 2 [-rr, rr). 

Jerf E L2 [-rr , rr], from real anal ysis, we ha ve a cont inuous function {" on (-1f, rr] such 

r -rr) = ["err) and moreover IIf - f" II < ~ 

ince {"is continuous, then the Casaro's partial sum (on ' ) of the function {'converges 

nl y. 
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nce we have 

lim 116; - [" II = 0 
n_~ 

• 5' +5 '+" '+5 • ere hereo ::; 0 I II-I d 5 . . th . . 
n n' an n IS the n part ial sum of the Fourier se ries of the 

: tion {". 

s now, there exist Nt for the selected E such that 

116n+,'-["II <i tor"~ ' 

5 fo r this N, we have 

lit - ["II + 11 6n+, , - ["II < f 

;e 

lit - Sn ll < E, since On+1" is the nth order trigonometric polynomial and hence by 

fern 4.3. 1 

:fore 

lim lit - Snll = 0 
n_~ 

lI ary 4.3.2 IT he parsc\'al's Equatio n) 

! {ak} and {bk} are the Fourier coefficients of f. 

) illust rate the proof, from the construction of the proof of theorcm4.3. 1, we have 
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N by the previous theorem sinccll[ - Sn II -i 0, then we havc 

mplc 4.3.1 

sider the funetion[(x) = :~ on [-1l,1l]. ow let us justify L~:l n14 = ~ using the pars 

's equat ion. 

the Fourier series of the function is given by the ronn 

~ 

rr' L Coskll [ (x)--+ -Cosh 
12 k' 

k : 1 

1 IT' 
"'~k- l - = - , thus the result. L. - k4 90 
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SECTION V 

CONVERGENCE or rOURIER SERIES OF r UNCTlON 

: have not yet establ ished anything about theconvcrgence at a point x of the Fouri er series of 
mction r E L[-rr, rrj 

! condition which is sufficient for the convergence that shall be given involve the existence of 

left and right hand limits and the ex istence of the generali zed left and ri ght hand derivati ves 
<"at x . 

.v let us get started with discussing on the following notations and definitions. 

No tations and Definitions 

-alion 

any real valued function! on R, we denote the left and right hand limits forx E R, as: 

lim r (t) ; r(x - ) and lim ret) ; r (x +) 
( ..... x- t ..... x .. 

• ecti ve ly, provided that the limit ex ists. 

e that, we say the function has jump discontinuity at a po int provided that two limits exist and 

!qual. On the other had the function is continuous at the point provided that they are equal. 

'inition 5.1.1 IGeneralized left and right hand derivatives I 

f be a real valued function and x E R such that {(x + ) exists, then we define the 

:rali zed right hand derivati ve of { at x as 

ret) - r(x +) 
"(x); lim 
Jr ( ..... x.. t - x 

l ided that thi s limit exists. 
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ilarl y with the ex istence of [(x - ), we define the generolil.ed left hand deri"athc or r at x 

{,'(x) = lim [ (I) - [ (x - ) 
t -.c l - x (2) 

'ided that the lim it ex ists. 

g the substitution h == t - x , (1) and (2) can be rewritten as 

[, ' (x) = lim • f (h+X)-f(H) d " ( ) _ I" f (",x)-f(x-) r 11-0 II an II x - tmll_o- It 

lplc 5.\.1 

It + 1 t > 1 
der the function [(t) = 17 t = 1 

3t 2 t < 1 

) = lim [(t) = lim 3t ' = 3 
(-1- t-r' 

both [(1 +)and [(! - ) ex ist 

" ( ) I' ! (t )-!( l+). 1+ 1-2 
r 1 == Im, ..... 1+ = IImt _ 1+ - == 1 and moreover 

t-I [ - 1 

" [{t) - [(! -) . 3t ' - 3 
= 11m = 11m = 6 

t-l+ t - 1 [ .... 1+ t - 1 

Jlice that in the above example bolh [; (1 ) and ft'(1 ) ex isl niX == 1 but f is nOl left and 

mtinuous atx = 1. Thus f docs not hnve an ordinary deri vati ve 0.1 the point. 
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urficicnt condition for the eonVI.' r F" , 
rgencc 0 OUncl'" scnes or runclion :II U Iloinl 

following bas ic theorem and its proofg ' b ' f . . • . 
Ive us ne cntcna ror the convergence of I'ouner 

; o f functi on at a point. 

rem S.2. 1 

E L[ -"," J and x be any point in[-",,, J 

f(x + land f(x -) exist 

f() { (x+)+{(x-) d 
I x:= an 

2 

f;(x) and f.'(x) exist, 

:he Fourier series of fat x wi ll converge tof(x) . 

lotice that, if x := ±rr, then f(x + )and f (x -) arc computed rrom the periodic extension 

function [(see chapter 2.2). 

tnt to prove this from the Dirichlet 's kernel approach (sec chapter 4.1). The Fourier series 

: x converge to f(x) provide thai 

2 fn [f(X + t) + r(x - t) 1 
lim [Sn(x) - f(x) ] = lim - 2 - rex ) On(t )clt = 0 
n ..... co n ..... oo rr 0 

Sin (n + i) t 
On(t) = , (t) 

2Sm 2' 
, - OO< l <oo 

view of (ii), rorm the hypothesises, we have to show that 
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1 J' ~~,,!;; 0 ([[(x + t) - rex +)] + [[(x - t) - rex - )]]D,(t)d( = 0 

.imply 

. 1 J' 1 lim - 'P (t )Sin (n + - ) (d( = 0 
n-HlI) rr 0 2 

:re 

'Pet) = ([[(x +t) - rex +)] + [[(x - t) - rex -)lJ 1 0 < (:5 n 
2Sin m 

writing 

'P(t) = [rex +t) - rex +) + rex - () - rex - )] ( 
t t 2Sin (z) 

ec that 

lim 'Pet) = r;(x )-r/ (x) 
' ..... 0· 

cp is bounded on the interval (0,8] for some 8 > O. 

: 'P E L[O,o]. 

)ver, since r E[ -n, n] and ---:"-(') is bounded on (0, n] , then 'PEL[ 0, n]. 
2Sm i 

fore 'PEL [O,n] 

)y the coro llary 4.3 .3 orthe Riemann Lebesgue theorem we have 

lim ~J' 'P(t)Sin (n +!) tcit = 0 
n .... oo rr 0 2 
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ce the statement is precisely sat' " d 'In '. ISlle . al means Ihe Founer senes o f the function r at z 
lerges to the va lue {(x). 

la rk 

mll y we have proved a little more than we have staled in the theorem stated above. The 

'em on ly states that if fCx + ),fCx - ),f;Cx) & f.'Cx) exist and f Cx) ; (x+J;f(X-J, then the 

ier series of { given as 

00 

~o + L akCas kx + bkSinkx; fCx); fCx +) + fCx-) 
k=l 2 

(3) 

!ver, the val ue o f { at a single point does not aITect ak and ble in (3).I-lence it docs not 

the series in (3). Thus can necessari ly put (3) provided that{(x) '* ! (x+>; f(X->. 

'ally we state the following corollary as fo llows. 

lary 5.2.1 

·L[ - IT, IT] , and let x be any point in[ -n, n]. If fCx + ),fCx - ),f;Cx) & fiCx), then the 

:r seri es of {at x converges to the value f(x+)+f(x-) 
2 

rk.s 

he prev ious theorem, one can understand the following basic resul ts 

Let{ E L[ - TC, TC] . then at every continuity po int off. where the left and right hand 

derivatives exist, then the Fourier series of {converges to value of{(z). In paniclilar, 

this is true at every point where {(x) has derivative. 

Let f E L[-TC, TC], then at every point of di scontinuity, where the left and ri gh t hand side 

F · . ff h I (x+J+(x-J derivative exist, then the oUrier senes 0 converges to t eva lIC 2 

aba University. Mathematics Department Page 44 



lIp le 5.2. 1 

ider Ihe funcli on [(x) = [ -; 
-Tr<x <O 

x=O 
O< X< n 

for this function the Fo urier series of {is given by 

~ 

[(x)- '\ Sin(2n - l )x 
~ 211 1 
n= 1 

:Iearly { is continuous except at x:; O. Moreover at x :; 0 

Convergence orFouner series 

[(0) = (0. ).(0-) Thus by , 
evious remarks thcn thc Fourier series ofthc function convcrge to the value of the functi on 

:h x in the indicated interval. 

!r words 

_ ~oo Sin(2n-1 )x 
- £'n= 1 2n-1 on -IT < X < rr 

Ie some of the pictures of the Fourier series of the functi on and the graph of the function 

indicated interval. 

1 

x) 

O. s 

-, -1 1 , 3 

- 0. 

S,(x) 

- 1 
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- 2 - 1 
\ 

2 3 

S,(x) 

{ (x ) 
0 . 7 

0. 5 

0.2 

-2 - 1 1 2 3 

-0 . 

,(x) - 0 ~ , , 
i 

-0 7, 
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0.5 

0.2 

1 2 3 
-2 -1 

-0 .2 

',,(x) -0 . 

~~~~ 1 
Figure 5.2.2 

)flvc rgcncc of the Fourier series of a piecewise smooth runction IContinuous or 

iscontinuousl 

lI owing theorem is an automat ic consequence the previous remarks. 

em 5.3.1 

L[-rr, rr) . which is piecewise smooth function on the interval [a , b] , then for allx E (a, b), 

Irier series off, converge to {(x) at the point of continuity and to the value off(x+l+fex-) 
2 

·o int of di scontinuity. And the convergence may fa il atx = a and x = b. 

orem is a simple consequence of the fact that a piecewise smooth function on [a , b 1must 

eft and right hand derivative for all x E (a, b) . So we need to apply the previous t\\O 

; then after, , 
) bvious at the point where {(x) has a derivative, 

orners of {(x) , We use the L'HopiHll's rule. 

aba Universi ty, Mathematics Department Page 47 



Convergence or Fourier senes 

. {(x+ u) - { (x) 
lim. = 11m {'(x + u) = {'(x+) 1.1-0 U 1.1-0' 

Jarl y at a point o f j ump discon tinuity of [. we have 

. {(x + u) - {(x+) 
lim. = lim {,(x + u) = {'(x+) 

1.1-00 U 1.1-0. 

lcr words,f(x) has a right hand derivativc both at the comers and at a point of jump 

ntinuities. 

l ilar manner, therefore the existence of the Icft hand deri vati ve can al so be 100. 

r the end po ints of the interval [a, bJ ,the conditions of the theorem implies onl y that the 

mnd derivative at x::; aand left hand derivative at x::; b. Therefore the crilerions of the 

IUS remark at these points are not fu lly assured. 

vcr, if the interva l [a, b Jis of lengtil 2rr, Ihen [(x) is piecewise smoolh on the whole of x­

ince [(x) is periodic. Hence in thai case Ihe Fourier series converges cverywhere to the 

Jf [ on the whole x-axis. 

,so lute and Uniform convergence of thc Fouricr series of a conti nuous piecewise 

Ilooth function of period 2n 

ext lei us discuss on the issue o f the absolute and unifonn convergence o f the Fourier 

o r the case of a continuous function [ with the followi ng theorem. 

,m 5.4.1 

e continuous piecewise smooth func tion on the interval [-Tr, rr] . 

) and {bnJ arc the Fouri er coefficients of f. 

;;'; ,(lu,1 + Ib,I}<oo 

s continuous piecewise smooth func tion on the interva l I-Tr," 1. thenf' (x) exists 

Icrc except at the comers of [(x ), and is bounded function . 
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-cfore applying the integration by pans, we have 

I J' an = - [(x)Cosnx dx , -, 

= -'- [[(x)Sin nx l ~, - -'- J' [,(x)Sill IIX dx 
nlf nlf -If 

bn = ~ J' [ (x)Sin nx dx , -n 

= - -'- [[(x) Cos IIXJ~ , + -'- J" [, (x)Cos IIX dx 
nlf nn -If 

the values in the brace of the two expressions vanish. 

if we put a~ and b~ as Fourier coeffic ients off' (x), which is square integrable as it is 

tcd, then we have 

b~ 
a,. = - ­

n 
and 

a ' , 
bn ;;: ­

n 

f' E L 2 [- n, 1l] , then by the Bessel's inequality wc havc 

m 

L. a~2+b~2 < oo 
n'" 1 

ver since 

( Ib' I _ ~)' = b" - '1· ;1 + -'- " 0 
n n n n n1 

l a~ 1 + Ib~ 1 < ~(a" +b,,)+ 2-
n - 2 n n n2 

(4) 

(5) 

Ice the right hand side is the general tenn of a convergent series. then the series 

f la~ 1 : Ib~ 1 < 00 
(6) 

"=1 

Iba University. Mathematics Depart ment 
Page 49 



Convergence or Founer series 

5 using (4) and (6)for any continuous piecewise smooth function 

~ 

L la,l + Ib,l < '" 
' "' 

let us consider a trigonometric series orlhc form 

h is not assumed to be the Fourier series of any function, and then we have the following 
em. 

r em 5.4.2 

series L~::llanl + Ibnl converges, then the series converges abso lutely and un iformly and 

Fourier series of a funct ion. 

tOW that 

la,Cos nx + b, Sin nxl ,; la,Cos nxl + Ib, Sin nxl ,; la,l + Ib,l 

nn of the trigonometric series do nol exceed the lenn o rlhe convergent series. 

by the Weiereslrass M-test, we can sec that, the assoc iat ing trigonomet ric series 

gcs uniformly. 

by our previous just ification (Theorem 3. 1.1 of chapter3. 1), the series is Fourier series 

werges uniformly and absolutely . 

• ry 5.4.1 

se ries of a continuous piecewise smooth runction r on the interva l [ -Fr, Fr lconvcrgcs 

:Iy and uni formly IO[(X). 
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) f 

proof of thi s corollary is an automatic consequence 0 thc prcvious two theorems. 

uplc 5.4. 1 

,ider the functi on [ex) = Ixl on - Tr .5 x .5 Tr 

[ ( x) = !!. _ ~ LClO_ COS(2k-l )X 
2 rr k - l (2k - l )2 

. ) C05(2k - 1)X 3.king the sequence of funcllons Uk(X = (2k - l )2 on -Tr .5 x .5 n 

_ICOS(2k-l)X I < ~ bserve that IU k(X)1 - (2k - 1)2 - (2k-l )2 

00 Cos(2k-l)X Of' I 
'Y the Weierestrass M-Iest L k::1 (2k-1)2 converges unliorm y, 

. !!. - ~ ~oo COS(2k-1)X converges to [(x) unifonnly on the indicated interval. o re 2 rr L.. k=1 (2k-1)Z 

:x) 3 

2 . 5 
" / 

'" I 
2 , 

~ I 

1-, 
r \( 

1 r 
/ 

/ .. 

-2 - 1 1 2 3 

Figure 5.4.1 
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SEcno~ VI 

THE EXISTANCE OF A CONTtNOUS FUNCTION W/IOSE FOURIER SERI ES 

DIVERGES 

ome preliminaries 

im of this report is to produce a continuous functi on at a point and show that the 

;ponding Fourier series diverges at that point. In order to make a suitable condition for the 

'uction of the Fourier series for continuous func tion which diverges at a point, the 

ling results are necessary. 

are now building the necessary tools for the construction of our counter example. 

,. 6. \.1 

quence {( 1 + ~) "}is increasing whereas t ( 1 + ~)"+l}iS decreasing. 

'c show only for the 1 st. and the second one can be done in similar ways. 

1C Binomial theorem, we have 

1" 1n - 1 1n-l n-2 

(1+-) ;1+1+--+---+ '" n 2! n 31 n n 

:here are n + 1 terms and 

here are n + 2 terms 

ce 

k k + 1 _ < -.fork; 1.2.3 •...• " - 1 
n n+ l 
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lows that each term after the first two In the expression of 1 + _ execds the 
" (' )"" 

"" 
spending tenns in the expression of ( 1 + ;)". Moreover there is a poSili\c lenn lefio, er in 

( , )"+1 <pansion of 1 +-
"+, 

: the sequence {( 1 + ~) n} is increasing. 

136.1.2 

he result of the previous lemma, 

::ombining the two 

dng In on both sides, we get 

n In (1 +~) < 1 < (n + 1) In ( 1 + ~) 

"e - '- < In (1 + .:) < ~ 
n+l n n 
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Ima 6.1.3 

LI ' · ,,~1 ,- armonlc senes "" n:>: l- diverges , 

f 

~ lemma 6.1.2, we have ~ > In (n:l) 

0 1 > ln2, 

h imply 

1 3 - > In­, " 

1 1 1 3 4 (n + 1) xn :; 1 + 2" + '3 + ... + - > In 2 + In - + In - + ... + In _ 
n 2 3 n 

1 1 1 
x, = 1 + - + - + '" + - > In (n + 1) 

2 3 n 

leans 

1 1 1 
In(n + 1) < 1 + - + - + ... + - = x 

2 3 n n (1 ) 

le sequence on the left is di vergen t hence, thcn the sequencc on the right side is divergent 

neans, the Harmonic series E:=I': di verges. , 

s the next lemma, which has the most importan t usc to the construction o f (I continuous 

whose Fouri er series diverges. 

part of the lemma is on uni fonn bounded ness of a certain function \\hich depends 

md x. Whereas the second pan of it is simply responsible to change the fonn ofa 

in convenient one. 

ba University, Mathemat ics Department Page S4 



Convergence or Founer series 

Ima 6. 1.4 

2 S
· 't'n Sinkx . . ~ 
m mx Lok :l - ,-IS unlionnly bounded and is independent of x and the integers m&n 

2 S
· 't' n Sinh Cos(m-n)x Cos(m-n-+1)x C"'",'(e:mc:--"l)~X mmx Lok:1 --= + + ... +-

k n n-1 t 

Cos(m+l)% 

f 

Cos(m-+n)x 

" 

h 2 S· '(' n Sinh. . ~ 1 bo d .. m' h h 't'n SmJu' ow t at m mx Lok:l - , - IS unliorm y un ed, illS su IClcnt to s ow t at Lok _ t--;-

fonnly bounded 

n Sinkx . 
Sn(x) = Lk:l - ,- at a pomlX', 0 < x ~ n 

'onsider 

v = [~} . that means Vis the greatest intcger such that V ~; < V + 1 

the inequalitylSin xl ~ lxi , we have 

;v 

Sinkx kx 

\ 

" \ n ISn(x)l; ~ -,;- ,; ~ T; nx ,; Vx ,; 1 
(2) 

· V 

Ie result in (2), we obtain that 

~ Sinh\ 1 1 
ISn(x)I,;ISv (x)1 + ~ -,;- ,; 1 + V+l Sin m (3) 

last inequality is obtained using the property that 
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(4) 

:an be justified as 

= i ITm
COS (m - Dx + r~:~(Tk+1 - Tk)COS(k +i)x - TnCOS (n + Dxl 

<"( ~n- I ( 
- 2 Tm + L.. k =m Tk - Tk+ l ) + Tn) = Tm 

ince the func tion Sin t is concave on (o,·D 

ve Sin t ;:::: ~ t on 0 < t < ~ 
11' - - 2 

(V + l )Sin G) ~ (V + 1); ~;, on 0 < x :5 rr (5) 

d 4) and (5) 

ISn(x)1 ,; 1 + IT = K for n E Nand 0 < x ,; IT 

lce Sn(x) is an odd function and ofpcriod 2rr and furthcnnoreSn(O) = 0, we have 

.:5 K for each x E R 

TC 

n 
, Sinkx 

2 Sin mx ~ -k- .:5 2K (6) 
k =1 
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:; the uni fonn bounded ness of 2 Sin mx ~n Sillb. 
£..k- I k IS true. And moreover the expre ion i 

pendent of x, m and n 

v lastl y let us prove the trigonometric identi ty. 

:an put 

n n 

" Sinkx "\' 2 Sin mx Sin kx 
!mx L~ ::; ~ k 

k = l k = l 

= L"I; [Cos(m - k)x - COs(m + k)xl 

::; Cos(m-n)x + Cos(m-n+l )x + ... + "C'::'o.( m:::...- "I),,-x 
n n 1 

Cos(m+ l )x Cos(m+ lI)x 

n 

it this moment we are ready to describe a continuous function where the Fourier series 

:es for a given value ofx. 

jcr 's example of a continuous function with divergent Fouri er seri es 

preceding section we obtained some very general conditions which assure that a func tion 

aI to the sum of its Fourier series. The question arises if evcry function or at least every 

JOUS function is the sum of its Fourier series. 

S, Du Bois Raymond found a function of period 2rrand continuous everywhere, but whose 

. series diverges at a point and thus does nOI represent function there. Afterwards, several 

uthors fo und more such examples. BUI we shall now give an example which is issued by 

f. 

'1 be positive integers and define 

n . 

" Sl1Ikx Sex, m, n) ;:; 2 Si1} mx L - k-
' _I 
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ce by the previous lemma result, we have 

) 
Cas(m - n)x Cas(m - n + l )x Cas(m - l )xC _.a::s.!:(m.::,...:+_I:!)x::. 

x,m ,n :;;;: + + ... + --
n n-1 1 1 

Cas(m + n)x 

n 
(7) 

also the function sex, m, n) is unifonnly bounded. That is there exist 1011 > 0 such that 

IS(x, m, n)1 < M\ [ar each x, In and n 

I the expression in (7), the sum of the first n tenns of S(O, m, n) is 

e by ( I). we can assign 

111 
-+--+ ". +-+ 1 
n n - 1 2 

1 1 1 _+_+,,·+_+1> Inn 
n n - 1 2 

: consider the following three conditions 

A positive sequence (ak) such that Lk:l ak < 00 

A positive sequence (nk) such that ak In nk 

does not converge to zero as k -t 00 

A positive (mk) such that sequence 

mk + nk < mk+l - nk+ 1 k :;:: 1,2,3 ... 

!t us consider the series 

00 I ak sex, mk, nk) 
k:1 

e observe that 

,mk. nk)1 < akMl 

h W
· trass M test the series in (9) converges unifonnly. 

I t e eleres . 
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efore since each terms of the sequence {a /c5(x, '"/c. " /c)} is cont inuous, then seriC' (9) 

erges to the continuous limit function, sayf. Here the Continuity is on the " hole ofR, and 
~ at O. 

let as discuss a little bit about the Fourier series of the function f. 

the cosine polynomials 

n, n) is an even function and has period 27r . Thus the Fourier series of I is a pure cosine 
. Hence 

(10) 

Tom the uniform convergence of series in (9),and term-by-tenn integration is possible, \\ e 

:>nsidering 5' s as being cosine polynomial and using the some aux iliary integral s 

:ed in section 2.5, 

I to the coefficient of Cosmx in Sex, m/c, Ok) and is zero if no such tenn occurs 

nl" nk)' 

:lition (3) above, two polynomials Sex, m/c, 1I /c) with di fTerent subscript cnn nOI contain 

'ith the sameCosmx. 
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e, we obtain the Fourier series Of fby writing out the t f h . I . I 
enos 0 eae COsme po ),nomm In 

Id multiplying by the corresponding coefficientSAm. In other \\ ords (9) is nDlhing but the 
er series of the function f. 

let us display out that thi s Fourier series is di vergent at the pointx = O. 

Jut Sn is the nth partial Sum of the Fourier series (9). That means the nth part ial sum of the 

keted series of (9). Hence using the result in (8), we have 

( 11 ) 

:he condit ion (2). we know that the sequence {ak In nk}does not converge to zero 

ugh mk. mk - l - nk _ l oo -t) Hence the sequence {Sn(O) } is not a Cauchy sequence. Thus 

Jrier series does not converge. That means it di verge at zero. 

we have constructed funct ion. in which it is continuous at a point, however it' s Fourier 
s divergent. 

,Ie 6.2.1 

I" 2" er the sequences ak = k2 • nk = Z and mk = nk + 

seq uences satisfy the conditions I up to 3 listed above. For the sake ofconvcniel1cc 

I I 
-=:- <00 
k Z 11" 2 

+ nk =: Zk
2
+1 + Zk

3 < Z(k+l)l = m k - nk 

. I' th d·vergcnce at 0 of the Fourier seri es of the function \\ hieh is ;ourse Imp les e I 

'us at 0, where it defi ned in the form (9) above. 

'c have constructed a contmuous JU . ~ net ion f at x = Oand yctthc Fourier series di \ ergcs 
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