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An analysis is developed for the calculation of creep deformation of an axisymmetric boiler 

tube subjected to axisymmetric load. The stresses and the permanent strains at a particular 

time and at the steady state condition, resulting from loading of the tube under constant 

internal pressure and elevated temperature were evaluated when accounts is taken to the 

secondary creep characteristics of a given material. In this thesis first the formulation of an 

analytical theory of creep for tubes according to the Bailey creep theory [41] was discussed. 

Bailey theory was proposed for an idealized homogeneous material loaded uniaxially. The 

theory takes into account the initial elastic strain, the transient creep strain, and the 

minimum creep rate strain. Next, more general solution by finite element method are 

presented and discussed for a class of problems in which no prior analytical solution may 

exists; like the cases of cracked and/or pitted boiler tubes. The method of solution is an 

extension of the direct stiffness method.  The body is replaced by a system of discrete 

triangular cross-section ring elements interconnected along circumferential nodal circles. 

The equations of equilibrium for the body are derived from the principle of minimum 

potential energy. The creep behavior of the body is formulated in terms of creep laws in 

current use.  Starting with the elastic solution of the problem, creep strains are treated as 

initial strains to determine the new stress distributions at the end of time interval. The 

procedure is repeated until either the final time is reached or until the stress distribution is 

not changed i.e. when a steady stated condition is reached. Calculated results according to 

arbitrarily selected boiler tube data are shown at the end. 
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1. Introduction 

1.1 Project Overview  

The object behind the successful operation of boiler is to take heat energy in its available 

form (for example, coal, oil, etc.) and to convert this heat energy into a form which can be 

conveniently used. This may be done by heating water in a boiler and then using the 

resulting hot water or steam for a desired purpose. There are many types of boilers 

developed in order to meet a variety of duties and ever-increasing output demands. Broadly 

boilers can be classified as: shell type (fire-tube), water tube and electric boilers. 

 

Boiler tubes may fail in service condition due to many reasons. Some of these reasons are: 

tube surface pitting, corrosion cracking, creep rupture, carbide graphitization, oxidation, 

sulfidation, embrittlement, etc. These conditions which give rise to early failure of tubes are 

attributed to one or a combination of the following reasons [30, 47]*:  

i. the environmental conditions within the boiler can be highly aggressive and alter 

the microstructure of tubing. 

ii. stresses caused by external loads, or induced by cold forming operations, uneven 

cooling or welding, may substantially lower the resistance of tubing to be attacked 

by certain corrosive media. 

                                                 
* Show reference number  
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Pitting  

Pitting is a type of extremely localized attack which can be difficult to detect. Pitting is a 

destructive form of corrosion that affects the water side of boiler tubes. Surface 

imperfections and deposits can serve as initiation sites for pitting, and a consequent 

breakdown of the protective scale. The corrosive penetration depends on factors such as 

temperature, oxygen concentration, and lack of flow of fresh fluid to the pitted area. 

 

Sulfidation 

Sulfidation or sulfide corrosion is a problem often encountered if there are reducing 

conditions in coal and oil fired boilers. Sulfidation can become a problem when 

temperatures exceed 260oC [30]. Sulfides may form scale on the tubing surface and cause 

damage, because the scale is easily changed to powder and subject to exfoliation; or the 

sulfides with their comparatively low melting point may fuse with the tubing surface and 

cause rapid inter-granular penetration. 

 

Embrittlement 

During exposure at elevated temperatures between 400oC and 540oC, high-chromium 

ferritic and martens tic steels, as well as the ferrite phase in duplex austenitic-ferritic 

stainless steels are subject to a form of embrittlement [47]. This condition is known as 

475oC embrittlement because maximum embrittlement occurs at this temperature. The 

condition is characterized by an increase in hardness and a loss in toughness. At chromium 

levels greater than 15% the embrittlement may be observed in long-time exposures at 

temperatures at least as low as 260oC, depending upon the chromium and alloy content. At 
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chromium levels of 13% or 14%, a modest increase in hardness may be seen in long-time 

exposure at 480oC [28]. 

 

Carbide graphitization 

The carbide phase of carbon and carbon-moly steels may be converted to graphite after 

long-time exposure to high temperature. If this occurs locally as sometimes associated with 

weldment, especially in headers and steam piping, structural integrity may be adversely 

affected. If it occurs, generally slight losses of strength and ductility can be expected. In 

carbon steels, such conversion to graphite may occur on prolonged exposure to 

temperatures exceeding about 425oC. In carbon-moly, the conversion may occur on 

prolonged service above about 470oC [28, 35]. 

 

Oxidation 

Resistance to oxidation is one of the most important characteristics of alloy and stainless 

grades. The chromium in these grades reacts with oxygen to form a tight, adherent scale 

that retards oxidation at elevated temperatures. As the chromium content increases, the 

degree of protection and the maximum operating temperature increases for the tubing. 

 

Stress corrosion cracking 

Austenitic chromium-nickel steels that are highly stressed in tension may develop 

transcrystalline or intercrystalline cracks when simultaneously exposed to a specific 

aqueous corrosive medium. The austenitic stainless steels are very susceptible to chloride 
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stress corrosion cracking. Dissolved oxygen is essential to the cracking of the austenitic 

stainless steels in solutions containing chlorides or other halides. 

 

Short-term Overheat 

Short-term overheat failures are most common during boiler start up. Failures result when 

the tube metal temperature is extremely elevated from a lack of cooling steam or water 

flow. A typical example is when superheater tubes have not cleared of condensation during 

boiler start-up, obstructing steam flow. Tube metal temperatures reach combustion gas 

temperatures of  Co870  or greater which lead to tube failure. Failure results in a ductile 

rupture of the tube metal and is normally characterized by the classic “fish mouth” opening 

in the tube where the fracture surface is a thin edge. 

 

Long-term Overheat (Creep) 

Long-term overheat occurs over a period of months or years. Superheater and reheat tubes 

commonly fail after many years of service, as a result of creep. During normal operation, 

alloy superheater tubes will experience increasing temperature and strain over the life of the 

tube until the creep life is expended. Furnace water wall tubes also can fail from long-term 

overheat. In the case of water wall tubes, the tube temperature increases abnormally, most 

commonly from waterside problems such as deposits, scale or restricted flow. In the case of 

either superheater or water wall tubes, eventual failure is by creep rupture. 

 

Creep is a time-dependent deformation which occurs when a material is stressed at high 

temperature. Over a period of time with a continued load, the material will eventually 
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rupture. The temperature at which creep becomes important depends on the particular 

metal. For carbon steel, creep rupture becomes a design consideration at 425oC, for alloy 

steels at about 480oC and for austenitic stainless steels at about 560oC [41]. The failed tube 

has minimal swelling and a longitudinal split that is narrow when compared to short-term 

overheat. Tube metal often has heavy external scale build-up and secondary cracking. 

 

Creep rupture can be avoided in tubing by selecting a grade of steel whose creep rupture 

strength is sufficient to withstand the specific operating conditions. For boilers creep and 

creep rupture data have been used as part of the criteria for establishing maximum 

allowable working pressures. The values are listed in ASME Boiler and Pressure Vessel 

Code, “Section VIII, Power Boilers” [32]. Designing and operating at the corresponding 

design conditions will prevent almost all failures of this type. 

 

The phenomenon of creep rupture is one of formation of voids by sliding or shearing forces 

at grain boundaries, and the enlargement and coalescence of these under tensile forces. 

These voids concentrate primarily or grain boundaries normal to the maximum applied 

stress and final fracture is predominantly a brittle inter-granular one obeying the maximum 

principal stress theory of failure. Material damage accumulates with time with the result 

that the proportion of the material available to carry load is reduced, thereby increasing the 

applied stress until fracture occurs. This damage (voids, fissures, cracks, etc.) occurs 

essentially uniformly over a relatively large cross-sectional area, or volume, of the material 

and the resulting stress is an average one. 
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Almost all of the breweries, food complexes and textile factories in our country are 

equipped with different types of boilers. From experience we know that most of them have 

problems with the ruptured fire chamber or flue gas tubes. Though we have this common 

day to day problem, there is no any qualified organization engaged to undertake the 

corrective action of ruptured boiler tubes. In order to undertake appropriate corrective 

action for ruptured tubes subjected to combined loads, proper knowledge of the stress 

distribution along the tubes is important. Thus we think the study of thermal stresses and 

rupture analysis is a roadmap for a professional organization to be established for the 

proper maintenance of ruptured boiler tubes. 

 

1.2 Elevated Temperature Design Criteria 

The time factor, which can be ignored at lower temperatures, is an essential ingredient of 

elevated temperature design criteria. Current rules (like the ASME boiler and pressure tube 

code) reflect the time-dependence of both materials properties and structural behavior. 

Component design life is explicitly considered, and the concept of life fraction summations 

is utilized in the basic load controlled stress limits. Strain limits, creep fatigue damage 

criteria, and creep ratcheting rules are also included.  

 

Obviously, inelastic analysis methods should be a part of any satisfactory high-temperature 

design techniques. To adequately guard against failure resulting from time dependant 

inelastic behavior, without introducing extreme conservatism, the stress and deformation 

history must be predicted throughout the life of a structure. 
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Inelastic Analysis Methods 

Generally, unless otherwise justified, an elastic structural analysis for high-temperature 

conditions requires a combined time independent elastic-plastic analysis and time-

dependant creep analysis in which creep and elastic plastic behavior are simultaneously 

considered. 

 

Time-independent Elastic-plastic Behavior 

Three ingredients, in addition to Hooke’s law are necessary to describe material behavior 

for an elastic plastic analysis [31]. These are: 

1. yield criterion, specifying the states of multiracial stress for which plastic flow first 

sets in, 

2. flow rule in the form of equations relating plastic strain increments to the stresses 

and stress increments subsequent to yielding; and 

3. hardening rule, specifying the modification of the yield condition in the course of 

plastic flow. 

 

Time-Dependant Creep Behavior 

Constitutive equations based on the equation of state require three ingredients, some what 

similar to the ingredients required to describe elastic-plastic behavior [41]. These are: 

i. uniaxial creep equation describing the experimental, uniaxial, constant-stress, creep 

curves 

ii. so called “flow rule” for generalizing the uniaxial equation to the multiaxial 

conditions; and 
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iii. hardening law for generalizing the constant stress creep law to variable conditions 

 

The uniaxial creep equation can, theoretically, be any convenient algebraic equation that 

adequately describes the creep curves. The particular equation, or “creep law” used 

depends, of course, on the creep data for the material of interest. For the flow rule, the 

concepts of effective stress and effective creep strain are introduced, together with the 

following assumptions [31]: 

i. creep deformations occur under constant volume 

ii. the hydrostatic stress state does not influence creep deformations 

iii. the principal direction of the stress and creep-strain-rate tensors coincide in an 

isotropic medium 

  

1.3 Objective of the Thesis 

The specific objective of this thesis work is to demonstrate the thermal stress analysis and 

develop a code to be used to analyze creep behavior of boiler tubes. The objective includes 

in general terms the following. 

� Derivation of general relationships for determining the limiting stresses in boiler 

tubes. 

� Estimation of the life time of boiler crack free tubes under creeping mode. 

� Making suggestions and recommendations in preventive maintenance procedures of 

boiler tubes and repair of ruptured tubes based on the creep life estimation.  
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These objectives will be achieved by employing the following procedures: 

� Modeling of the tubes as an end constrained thick wall cylinder subjected to internal 

and external pressure at elevated temperature. 

� Deriving governing equations to determine the radial and tangential stresses. 

� Study the effects of flue gas temperature on clean tubes and tubes covered with 

scale or soot, and the effect while shortage of feed water inside the shell. 

� Analysis of creep failure time of tubes in reference to operating pressure and 

temperature.  

� Commenting on the analysis of creep in the presence of longitudinal or 

circumferential through-crack in the tube 

 

 

 

 

 

 

 

G

G
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2. Introduction   

2.1 Literature Review 

When metals are subjected to stress at temperatures in excess of mT33.0  where mT  is the 

absolute melting temperate, the metal suffers time-dependent creep deformations. In 

addition, internal damage increases with time and ultimately the metal ruptures. Therefore, 

when designing shell structures operating at such evaluated temperatures, consideration 

must be made to ensure that creep deformations do not exceed operational requirements 

during the life of the component. Common allowable strains are 1% average and 5% 

maximum [21].  

 

During the last hundred years there was a large amount of published materials on creep 

mechanics mostly influenced by various approaches in establishing suitable constitutive 

equations. The relations were verified by the practical use of the proposed constitutive 

equations in structural analysis (thin-walled structures like tubes, discuss, plates, shells, 

etc.). By establishing suitable constitutive equations, which give the strain rates and the rate 

of internal damage of the material, it is possible in principle to establish by numerical 

means the strain, stress and damage history at all points in the shell.  

 

Design of parts for elevated temperatures where a condition of general creep will occur 

presents two principal requirements. A satisfactory means is necessary for determining the 

stress distribution and for relating creep in the practical case, which is usually one 
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involving compound stress, with that of simple tension for which practically all test data 

have been obtained. Also, it is necessary that test data be obtained under conditions 

comparable with those in practice, particularly in regard to the amount of creep permissible 

and any weakening effect of service upon the material. 

 

Bailey [41] is the pioneer of presenting a useful work in the study of design aspect of creep, 

1935. He proposed general expression for creep in terms of principal stresses based on 

simple tension test. He performed several experiments to verify the validity of those 

general creep expressions and got good agreement. 

 

Satisfactory estimate of a correlation of tension creep test with relaxation tests was made by 

Popov [40], in his PhD dissertation work. The validity of methods for simple relaxation is 

demonstrated on the bases of experimental agreement between calculated and test results. 

The formulations for tension creep curves were established. Then the analytical schemes 

that appear satisfactory are extended for relaxation with the elastic follow-up.  

 

The consideration of primary creep in the design of internal-pressure vessels was proposed 

by Coffin et al [38]. In their paper the evaluation of permanent strains and stresses at a 

particular time resulting from loading a thick-walled cylinder under constant internal 

pressure and elevated temperature when account is taken to the primary creep 

characteristics of a given material. The results are compared with permanent strains 

obtained by considering secondary creep as the general bases for pressure vessel design. 

Till then the commonly accepted bases for design of pressure vessel at elevated 

temperatures has been by the use of tensile secondary-creep data applied to combined 
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steady stress such as the method used by Bailey [41]. They show how the tensile primary-

creep characteristics may be utilized in the design of thick-walled pressure vessels. In other 

words, they showed the stress-deformation history of the tube from the time when the 

pressure is applied initially until its life expectancy, or to the time when steady-state 

conditions corresponding to secondary creep are reached. 

 

Yoh-han Pao and Marin [43] formulate on analytical theory of creep deformation of 

materials. The theory was proposed for idealized materials and may be applied to those 

materials whose behavior conforms to that idealized material. In the theory, the initial 

elastic strain, the transient creep strain, and the minimum rate creep strain are taken to 

account. 

 

Creep analysis of axisymmetric bodies using finite elements for calculating the creep 

strains was developed by Greenbaum and Rubinstein [37]. The method involves starting 

with the elastic solution of the problem and calculating the creep strains for a small time 

increment. Those creep strains for a small time increment. Those creep strains are treated as 

initial strains to determine the new stress distribution at the end of the time increment. 

 

Next we will outline some of the available literatures from 1975 to date as follows. Lower 

bounds on rupture times of thick-walled tube in pure torsion and a hollow sphere under 

constant internal pressure were obtained by Goel [2] and numerical values of rapture time 

for the tube case with different forms of damage rate lows were presented. The type of 

damage law assumed makes a significant effect on predicting the time to rapture but failure 

in all cases occurs almost instantaneously after the appearance of first crack.  
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A structural element in creep may rupture in any of the two modes of failure, namely, 

ductile and brittle. When a structural component is subjected to high stress levels failure 

may occur due to the geometric instability caused by necking; such a failure is called 

ductile failure. On the other hand, structures at low stresses and high temperatures may 

exhibit brittle failure. It happens due to the degradation of the microstructure of the 

material. Fissures and voids are usually found where such a failure occurs and these voids 

and fissures grow on planes which are perpendicular to the direction of the maximum 

principal stress. 

 

Ponter [20] described creep constitutive relationships based on Bailey-Orowan theory. 

Displacement and work bounds are derived from the general theory for a body subjected to 

variable thermal and mechanical loading. Special cases are discussed, including isotropic-

hardening plasticity and the bounds are related to certain elementary continuum problems. 

For cyclic loading the bounds relate to the exact solution when the cycle time is small 

compared with characteristic material times.  

 

Coocks and Leckie also developed constitutive relations, based on the Baily-Orowan’s 

creep theory [21-22]. They derived constitutive relations for “Deformation Bounds for 

Cyclically Loaded Shell Structures Operating under Creep Conditions” and “Creep Rupture 

of Shell Structures Subjected to Cyclic Loading”. A bounding theorem on displacement is 

obtained for structures subjected to cyclic loading and application of the bound is 

illustrated. 
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The non-buckling finite deformations of an orthotropic thin wall cylinder are investigated 

by Orgill and Wilson [26] for a  cylinder made of a nonlinear material and subjected to  

strains  in the cylinder where were assumed to be axially homogeneous. The model is then 

extended to include axially non-homogeneous stresses and strains that may arise due to 

particular displacement boundary conditions such as radial confinement at the edges. The 

loads are applied to the cylinder incrementally, the finite strains are computed and 

adjustments are made in cylinder dimensions and the constitutive law to account for 

geometric and material nonlinearities.  

 

Again within the framework of classical elasticity, the non-buckled deformations are 

calculated for orthotropic, right circular, thin-walled cylinders under uniform load 

conditions [19]. The principal direction of orthotropy follows parallel constant angle 

helices. Non-dimensional system parameters involving four material constants and three 

loading conditions (internal pressure, longitudinal load, and pure torque) are identified. 

Through parametric studies deformation patterns are calculated that are unique to 

orthography. Numerical examples illustrate that the proper selection of cylinder orthotropy 

can lead to designs with optimal deformations or load-carrying capacity which may be used 

for the design of robotic actuators driven by internal pressure. 

 

Hyer and Cooper [25] have presented a linear elastic solution for determining the response 

of composite tubes subjected to a circumferential temperature gradient of the 

form θcos1TTo ∆+∆  which is assumed not to vary with distance along the tube nor 

through the wall. Previously, considerable work had been done to understand the response 
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of single and multiple layers of fiber-reinforced materials in tubular form to bending, 

torsion and tensile loads. In their work, they assumed temperature-independent material 

properties and used a displacement approach. The results are limited to tubes with the fibers 

in each layer oriented axially or circumferentially, so-called cross-ply tubes. Numerical 

results show that fiber orientation strongly influences the stresses in a single layer tube. 

When the fibers are aligned axially, all components of stress in the tube are small. When 

the fibers are aligned circumferentially, the hoop stress becomes large. 

 

The temperature distribution and thermal stresses in asymmetrically heat radiated tubes 

were considered by Fett [18]. The transient and stationary temperature distributions in a 

tube wall caused by an asymmetrical heat flux distribution are evaluated. The results are 

represented for the case of a heat radiating half-space. In addition, the accompanying stress 

distributions are computed. In their work analytical solution of this problem was 

communicated. 

 

Zarrabi et al have done substantial work in the area of boiler tube life analysis since 1990’s. 

A simple method was developed to estimate the life of boiler tubes of fossil-fuel power 

plants by Zarrabi [16]. The method is applicable when the dominant mode of failure is 

creep rupture and/or plastic collapse followed by fracture in the presence of tube thickness 

loss caused by corrosion and/or erosion processes. The method uses both ISO and 

projection rupture data; and does not require creep stress index as an input. 

 

Later around 1994 with the initiative of the University of new south Wales (UNSW) and in 

collaboration with the pacific power and Australian Nuclear and scientific Technology 
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organization (ANSTO), a research and development project has been formulated for life 

assessments of boiler tubes by Zarrabi and Zhang [13]. A *P  parameter is descried that can 

be used to determine the primary stress in a scarred boiler tube. The scar may be due to 

localized erosion or corrosion. This primary stress can then be used as one of the 

ingredients for estimating the tube life. The project consists of two major systems, namely: 

an off-line system and an on-line system. Each system provides the tubing life using both 

deterministic and probabilistic models. Although there were a number of computer codes 

for estimating the life of boiler tubing, the off-line system that has been developed under 

the above-mentioned project is unique with respect to the following: 

• normally the tube thinning is assumed to be uniform and extended along the entire 

tube. The off-line system allows for localized erosion, corrosion or tube scars. 

• the existing computer programs were mainly applicable to super heater and re-

heater tubing that operate within creep range. The offline system is  

• applicable to economizer and water-wall tubing that operates below creep range as 

well as super heater and re-heater tubing. 

 

To obtain the tubing life the three parameters that need to be known are: the tube geometry, 

material properties, and operational loads. Knowing the tube geometry and loading-

conditions, the tube stress is calculated as a function of time. Combination of the tube stress 

with material properties at operating temperature will lead to tube life determination. 

 

Erosion or corrosion causes the tube to become progressively thinner and as a result of 

which the primary stress in the tube increases with time. Extensive elastic-plastic finite 
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element analysis needs to be performed to obtain the primary stresses in the localized 

thinned section of a tube. That may be the basis for the first time to model localized 

thinning and scars in the boiler tubing. The thinned sections due to pitting were modeled as 

a grove on the surface of the tube. Therefore the stress and strain analysis was performed 

due to the stress concentration.  

 

A robust (simple and conservative) method for determining the creep life of a defect-free 

component subjected to uniform load and temperature is also described by Zarrabi and 

Toudeshky [14]. This method has been specifically developed for the components 

containing stress concentrators. It is called the UNSW-LIFE2 method and requires only the 

elastic stresses, the uneasily creep rupture data and the steady-state creep solution for the 

plain component excluding stress concentrators where the latter is readily available from 

literature and is normally simple to calculate. 

 

Another very important work of Zarrabi and his co-workers is the “ Estimation of metal 

temperature variations for scarred boiler tubes, 1996”  [15]. The paper describes the 

development of a non-dimensional parameter termed *T . It is shown that *T  can be used 

to estimate the tube temperature variation in the scarred tube section. Also a method has 

been described for volume and characterization of a tube scar. This is important for more 

accurate tube life assessments. The plant engineer can predict the remaining life of boiler 

tubes installed in a fossil-fuelled power plant if the stress and average temperature history 

of the tubes are known, together with the way the tubing is thinned as a result of erosion 

and corrosion processes.  
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One of the powerful methods that are currently available for the design and life assessment 

of the components that operate within the creep range is the reference stress (RS) method. 

However, for problems for which the RS is not available from existing solutions, one 

usually needs to use a non-linear finite element method which is normally iterative, time-

consuming and computationally expensive. An efficient and effective method for 

computing an approximate value for RS is described that combines a lower-bound theorem 

and finite element decartelization by Zarrabi and Motalagh [12]. The resulting quadratic 

programming is solved by an active set of finite element formulation algorithm. The 

verification and application of the proposed method are also described. 

 

The stress algorithm for a non-linear kinematics hardening model is derived by Meggyes 

[17]. The algorithm is implemented in a FEM code and on a simple shear test; they 

compared the numerical results with the analytical ones. 

 

The analysis of creep-damage processes is becoming more and more important in 

engineering practice due to the fact that the exploitation condition like temperature and 

pressure are increasing while the weight of the structure should decrease. In the same time 

the safety standards are increasing too. The accuracy of the mechanical state estimation 

(stresses, strains and displacements) mainly depends on the introduced constitutive 

equations and on the chosen structural analysis model. Altenbach in his work “ A Non-

classical Model for Creep-Damage Processes” , for the first purpose an improved 

generalized phenomenological creep model is introduced and extended to the case of creep-

damage coupling. In addition, a micrometrical-based model is discussed.  For thin-walled 
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structures under creep-damage conditions, the advantages and the problems of different 

approaches were discussed.  

 

Continuum damage theory has proven to be an effective tool in creep damage simulation. 

In order to establish some mechanical principles for life extension of components at 

elevated temperatures, a numerical scheme based on the localized creep damage theory is 

introduced by Ling et al [23]. To illustrate the strength potential of structures for life 

extension, the method was first applied to a simple case of two-bar structure. Based on the 

considered simple case, typical components of geometrical discontinuity, material 

discontinuity, and temperature inhomogenity were analyzed. In terms of the damage 

distribution or exhaustion of the components, some principles for life extension were 

proposed. 

 

Nonlinear FEA of pressure vessels requires careful engineering judgment, experience and 

powerful analysis software. SÎanal [10] presents two pressure vessel problems, where the 

large displacement and plastic straining response of the structure is simulated by 

geometrically and materially nonlinear finite element analysis. The first application case 

involves the limit load prediction of imperfect tubes (with ovalized cross-sectional shape) 

under external pressure and discusses the accuracy of the pressure vessel code formula. The 

second case simulates the large- strain cold-deforming process of a pressure vessel made 

from a strain-hardening steel. In each case, special aspects and pitfalls of a nonlinear 

analysis have been discussed and some recommendations are given to the stress analyst. 
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In life assessment, the effect of a pre-existing stress field on the behavior of a crack at high 

temperatures needs to be addressed. Kwon et al [6] considered the effects of residual 

stresses in crack growth of cold bent and longitudinally cracked carbon-manganese tubes 

and pipes tested under pressure at 360oC, using the fracture mechanics parameters reference 

stress, refσ , stress concentration factor, K , and creep energy release rate, *C . Residual 

stress measurements using the X-Ray diffraction technique and a successive layer removal 

method have been performed through the thickness of the pipe extrados. Theses data have 

been used in finite element analysis to model effects of the secondary stresses acting on the 

crack tip. Creep crack growth rates versus *C  at 360oC, in cold bent tubes, were shown to 

be faster by a factor of about 50 at constant *C  compared to cracking in fracture mechanics 

CT  test specimens. 

 

The numerical calculations of creep damage development and life behavior of circular 

notched specimens have been performed with the Kachanov-Rabotnow damage Law [4]. 

The creep deformation will relax the elastic stress concentrations. The redistribution of the 

stress concentration depends on the material properties and specimen geometry.  

 

In order to evaluate the fatigue damage of high pressure tube steel strain controlled fatigue 

tests using uniaxial specimens were performed by Koh [1]. The objectives of the paper 

were to investigate the fatigue behavior of high strength tube steel under strain-controlled 

conditions and evaluate its damage in the presence of mean stress by applying a cyclic 

strain energy density.  
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Studies have been carried out on carbon steel pipes to demonstrate the leak before break 

design criterion and validate the analytical procedures. Fatigue crack initiation, fatigue 

crack growth rate and fracture resistance behavior of the pipes have been experimentally 

and analytically evaluated [8]. A study on an axisymmetric method of creep analysis for 

primary and secondary creep was made by Jahed and Bidabadi [11]. Even predicting the 

creep life of axisymmetric problems such as gas turbine discs and pressure vessels are 

complex task but very important. Even the most elaborate finite element procedure 

provides results that are very time consuming and are not always satisfactory.  

 

Recently, researches on creep are extended on consideration of cracked bodies. The 

estimations of creep fracture mechanics parameters for through-thickness cracked cylinders 

and finite element validation was made [44]. Wasmer et al [7] have been also studying the 

creep crack initiation and growth in thick section steel pipes under internal pressure. In 

their study they investigate the creep crack growth in pre-cracked straight and bent pipes of 

a 9% Cr-steel, containing multiple cracks and tested at 625o C under static and slow cyclic 

pressure loading.  

 

In this thesis, an analysis and computation technique is developed for the evaluation of 

small axisymmetric creep deformation of boiler tubes. Three general methods are 

discussed, and the finite element method is proposed for best handling of calculation of 

creep deformations in a general complex structural components. 
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2.2 Organization of the Thesis 

In chapter one, the main causes for boiler tubes failure are shortly discussed. Then the basic 

assumptions employed for our creep analysis are discussed. The review of literatures is 

summarized on the second chapter. The mathematical modeling and basic theory of creep 

are discussed in the third chapter. The derivation and solution techniques are presented in 

chapter four. The results obtained and their discussions are included in fifth chapter. Finally 

the conclusion and recommendations for future research are mentioned the last chapter.  
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3. Mathematical Modeling  

3.1 Introduction 

Many pressure vessels and other engineering structures are subjected simultaneously to the 

action of stress and high temperature. This is the case for vessels and piping used in nuclear 

power plants, boilers, and chemical processing industries. The continual increase in the 

temperatures of operation has placed great practical importance on the strength of materials 

at elevated temperatures, and the development of materials to cope with this trend.  

 

Experiments show that the yield point and the ultimate strength of a metal in tension 

depend considerably on the temperature [34].  Several tensile test diagrams for medium-

carbon steel at different temperature show that up to about Co250  the ultimate strength of 

the steel increases, bur with further increase in temperature it drops off rapidly.  Also the 

yield point becomes less pronounced as the temperature increases and at the same time here 

is a decrease in the slope of the straight portions of the diagrams; hence decrease in 

modulus of elasticity. 

 

Experiments at high temperature show that the results of tensile tests also depend on the 

duration of the test.  As the duration of the tensile test increases, the load necessary to 

produce fracture becomes smaller and smaller. Experience shows that under such 

conditions a continuous deformation or creep takes place, which is an important factor to be 

considered in design. 
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In most experiments pertaining to creeping, the gradual elongation of a material under 

prolonged tension is studied.  In studying the progressive creep of tensile test specimens 

under constant load and high temperature, two phenomena must be kept in mind: 

i. hardening of the material due to plastic strain, and 

ii. removal of this hardening, or “ softening”  of the material, due to the prolonged 

action of the high temperature. 

 

In general, the strength properties (yield point and ultimate strength) decrease with high 

temperature while the ductile properties (elongation and reduction in area) increase. At 

these elevated temperatures the ultimate elongation does not always continue to increase 

with a rise in temperature, but reaches a peak and falls rapidly thereafter to final rupture. 

 

We can model a boiler tube as a thick wall cylinder subjected to internal and/or external 

pressure at a temperature in the creep range. Thus the problem may be simplified to 

determine the stresses in the tube wall and analyze the failure with regard to creep 

deformation.  

 

For our analysis, we will start by considering a normal boiler tube surface, i.e. surface with 

no soot or scale deposit and no crack and scar existing. Based on the developed model 

constitutive governing equation will be derived. Then the stresses and strains due to 

thermal loading, external load and elastic creep phenomenon will be determined by three 

distinct methods. These methods will be discussed in the next chapter. Further we may 

extend our analysis to tubes with circumferential and longitudinal through-crack on the 
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surface and will see some proposed relations. First let us identify the different stress 

categories to clarify our modeling and analysis. 

 

3.2 Stress Categories 

According to the ASME stress categories, the total elastic stress which occurs in the vessel 

and tube shells are considered to be composed of three different types of stresses, primary, 

secondary, and peak [32]. 

 

i. Primary Stresses 

A primary stress is a stress produced by mechanical loading only and is so distributed in the 

structure. It is a normal stress or a shear stress developed by the imposed loading that is 

necessary to satisfy the simple laws of equilibrium of external and internal forces and 

moments. Primary stresses that considerably exceed the yield strength will result in failure, 

or at least in gross distortion. Typical examples of general primary stress are the average 

stress in a cylindrical or spherical shell due to internal pressure or due to distributed live 

loads, the bending stress of a flat cover without supporting moment at the periphery due to 

internal pressure. 

 

ii. Secondary Stresses 

Secondary stresses are stresses developed by constraints due to geometric discontinuities, 

by the use of materials of different elastic moduli under external loads, or by constraints 

due to differential thermal expansion. Examples of secondary stresses are the bending 

stresses at dished end to shell junctions, general thermal stresses, etc. 
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iii. Peak stresses 

Peak stress is that increment of stress which is additive to the primary-plus-secondary 

stresses by reason of local discontinuities or local thermal stress including the effects (if 

any) of stress concentration. A typical example is the stress at the weld toe, crack, scar, etc.  

 

Failure of pressure vessel and piping system that operate at high temperature can occur by 

net section rupture, creep crack growth or a combination of both processes. In the case of 

boiler tubes, overheating and overloading of the tube will cause net section rupture. Scale 

formation on the tube wall or shortage of feed waters will affect the heat transfer processes, 

so that net section rupture may happen due to overheating. Improperly working safety and 

drainage valves will cause pressure build-up inside the tube and thus lead to probable net 

section rupture due to high pressure. 

 

On the other hand boiler tubes are subjected to erosion and corrosion that cause tubes to 

become locally thinned or scarred and cracked. Scars and cracks are known to facilitate the 

creep failure. Operational boiler tubes may experience cyclic thermal, pressure and system 

loadings between long periods of normal and steady-state operation. During so-called 

steady-state operation, the tube may also be subjected to high-cycle fatigue owing to 

fluctuating temperature and pressure. For a boiler tube in steady state operation 

temperature, we may neglect the damage due to temperature fatigue.  

 

For components operating at temperatures below creep range, the design stress is based on 

the conventional stress analysis (yield and/ or ultimate tensile strength) of materials. But for 

components operating within the creep range of temperatures, the design stress is also 
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required to be less than or equal to the creep rupture stress for a specified life. It is normally 

assumed that the material damage due to fatigue, plasticity and creep can be estimated 

separately and then summed to obtain the total damage. 

 

A structural element in creep may rupture in any of the two modes of failure, namely, 

ductile and brittle [21]. When a structural component is subjected to high stress levels, a 

failure may occur due to the geometric instability caused by necking. Such a failure would 

be called ductile failure. On the other hand, structures at low stresses and high temperature 

may exhibit brittle failure. Fissures and voids are usually found where such a failure occurs 

and they grow on planes which are perpendicular to the direction of the maximum principal 

stress. 

 

3.3 Basic Theories and  Assumptions  

3.3.1  Theoretical background  

Modern structural elements are subjected to temperature changes which frequently result in 

the development of transient stresses large enough to cause plastic flow, and to elevated 

temperatures which often lead to creeping phenomena. In the analysis of thermal stresses in 

these elements the actual properties of the material cannot be described precisely without 

taking into consideration the following properties [34]:  

i. temperature dependence of material properties; 

ii. plastic deformation, considering the decrease in yield stress of the material with 

rising temperature; and 

iii. time-dependent strain and stress response of materials.  
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At elevated temperatures the deformation of metals continues with no increase in stress. 

This is called creep and is defined as the time dependent inelastic deformation of materials 

[21, 22]. Creep properties are obtained by subjecting tensile specimens to a constant load at 

a constant temperature and observing the axial strain at selected time intervals. 

 

3.3.2   Creep Curves at Constant Stress  

It has been found from experiment that if a metal which creeps is subjected to a constant 

uniaxial stress then the accumulation of creep strains with time has the form illustrated in as 

shown by Fig. 3.1 [38, 41]. The variation of strain with time is described by the following 

stages. 

OA  is an instantaneous deformation that occurs immediately upon application of the 

load and may contain both elastic and plastic deformation. 

AB   is the primary stage in which creep changes at a decreasing rate as a result of strain 

hardening. The deformation is mainly plastic. 

BC   is the secondary steady state stage in which the deformation is plastic. In this stage 

the creep rate reaches a minimum and remains constant as the effect of strain-

hardening is counter balanced by an annealing influence. Here the creep rate is a 

function of stress level and temperature.  

CD is the tertiary stage in which the creep continues to increase and is also 

accompanied by a reduction in cross-sectional area and the onset of necking, 

hence increase in necking, thereby resulting in fracture. 
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Fig. 3.1 Creep curve obtained at constant temperature under constant load 

 
3.3.3  Basic Assumptions 

Operational boiler tubes may be considered as long, thick-walled cylindrical tubes which 

are subjected to internal and/or external pressure and operating at elevated temperatures. 

Thus, a boiler tube may undergo elastic, plastic and/or creep deformations. To make 

analysis of these factors, we consider an axisymmetric hollow circular cylinder of inner and 

outer radii a  and b  respectively under the following assumptions [27]. 

i. The deformation is small and the radius of the deformed cylinder is nearly the same 

as the radius of the non deformed cylinder. 

ii. The material is homogeneous, isotropic and compressible. 

iii. All material properties are temperature dependnt (for creep analysis).  

iv. Prandtl-Reuss work-hardening flow rule, Von Mises yield criterion and Ramberg-

Osgood equations are applicable. 

v. The Mises-Mises type theory of creep and Norton’s Law for creep are applicable. 

vi. Inertia forces and the coupling term in the governing equations are neglected and 

plane-strain condition is valid. 
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3.4 Derivation of Equilibrium Equation  

We have already modeled the boiler tube as a thick-wall cylinder which is subjected to 

internal and/or external pressure and used at a temperature that may induce creep. Further 

we may consider the ends of the boiler tube to be constrained rigidly by end plates. 

Therefore, we may assume the longitudinal strain is negligible and hence the tube is in state 

of plane strain. Not only due to the end constraint but also since the length of the cylinder is 

large as compared to its cross sectional dimensions, the axial strain is negligible and the 

cylinder is then in a state of plane strain. Assuming isotropic material properties, we may 

start from equilibrium consideration of an infinitesimal element taken from the tube. 

    

If a circular cylinder of constant wall thickness is subjected to the action of uniformly 

distributed internal and external pressure, the deformation produced is symmetrical about 

the axis of the cylinder and does not change along its length. Consider an element cut from 

the cylinder by two planes perpendicular to the axis and at a unit distance apart as shown in 

Fig. 3.2.  From the condition of symmetry it follows that there are no shearing stresses on 

the sides of an element  PQSR  of this element. 
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Fig. 3.2 Pressure loading and force equilibrium diagram 
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Let θσ  denote the hoop-stress acting normal to the side PQ  and RS  of the element, and 

rσ  the radial stress normal to the side PR .  The radial stress varies with the radius r  and 

changes by an amount 
dr

d rσ
 in the distance dr .  Thus, the normal radial stress on QS  is 

consequently: 

dr
dr

d r
r

σσ +                 (3.1) 

Summing up the forces on the element in the direction of the bisector of the angle θd  gives 

us the following equation of equilibrium 

( ) 0=+




 +−+ θσσθσθσ θ ddrrdr

dr
d

ddrdr r
rr         (3.2) 

and, neglecting higher order differentials, 

0=
−

+
rdr

d rr θσσσ
                                                                                               (3.3) 

 

3.4.1 Creep Strain 

Creep strain components are obtained from Norton’s law [27], which assumes a power law 

relation to exist between the equivalent stress and equivalent strain. This is given by the 

equation 

qn
ecreep tKσε =                (3.4) 

Where q , n , K , are material constants, and eσ  and t  are the stress and time parameter, 

respectively. Thus, the problem is more simplified since it is a matter of determining the 

stresses and the strains in the tube wall and analyzing failure with regard to plasticity and 

creeping. Creep problems are treated in a manner essentially similar to that for plastic-flow 
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problems [27, 46]. A series of computations are made, each at a progressively increasing 

time interval after the initiation of loading. Each computation determines the increase in 

creep strain during the increment in time from the pervious computation. As time increases 

while the load is applied, two important relations must first be postulated for the 

computation of creep deformation. 

i. The stress-strain-time relations as given by equation (3.4) and 

ii. The cumulative-creep laws in cases involving variable stress history. 

 

When the applied load is kept constant the stress-strain-time relation is assumed to have a 

relation given by equation (3.4), but in the case of variable load the stress-strain-time 

relation is determined by the cumulative creep laws. Next let us see the assumptions behind 

cumulative creep laws.  

 

3.4.2 Cumulative Creep Laws 

Failure due to creep rupture is an important design consideration under constant stresses 

and temperature conditions. Expected service life can be established from standard creep 

rupture data. However, since most members are not subject to either constant stress or 

constant temperature, creep-rupture damage criteria which will predict time to rapture in 

such members having multi-axial states of stress using time to rupture data obtained from 

tension tests have evolved.  

 

Consider first the case of uniaxial stressing in which the magnitude of the stress is varied 

during the test. If the stress is changed after a certain amount of creep at a given constant 
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stress, a question arises as to what the continuing strain-time path will be. The answer to 

this question has not been completely resolved, but the computation procedure can be 

applied to any arbitrary law. Three cumulative-creep laws that have been considered are 

shown next [27, 28]. 

 

a) Time-hardening Rule 

The time-hardening rule states that the principal factor governing the creep rate is length of 

time at the particular temperature involved, regardless of the stress history. Let the stress be 

maintained at 5σ  for the first ot  hours see Fig. 3.3, the initial creep curve being OA . If the 

stress is suddenly changed to 4σ , where 4σ < 5σ , a new point A′  is located on the 4σ  

curve vertically below A  and creep proceeds along BA′ . This processes is repeated 

for 3σ , 2σ  and 1σ . 
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Fig. 3.3 Time-hardening principle 
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If ot  represents the time at the beginning of a creep interval, equation (3.4) can now be 

solved for eσ  by replacing the time t by the average time 2
tt ∆+  during the interval t∆ . 

Thus,  

n
q

nc
e

e

t
t

tqK

−






 ∆+





∆

∆
=

11

2
εσ               (3.5) 

 

b) Strain-hardening Rule 

An alternative hypothesis is the strain-hardening rule. Here the assumption is that the 

principal factor governing the creep rate is the strain, regardless of the stress history 

required to produce the strain. Thus, under variable-stress history corresponding points on 

new stress curve are obtained by proceeding along horizontal lines (constant strain), as 

indicated on Fig. 3.4. To obtain the relation between the stress, strain, and strain increment, 

time is eliminated between equation (3.4) and (3.5). Thus if c
oe,ε  is the equivalent creep 

strain at the beginning of the interval t∆  in which the stress is changed to eσ  and c
eε∆  is 

the increment in equivalent creep strain during the interval, the resulting relation becomes 

n
q

c
ec

oe

n
q

c
em

e tq
K

−

−






 ∆+





∆
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1

,

1

2
εεεσ              (3.6) 
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Fig. 3.4 Strain-hardening principle 

 
The “ strain-fraction”  (strain-hardening) rule is expressed by the relation 

1=∑
Ii

i

ε
ε

                (3.7) 

Where iε  is the strain for a given stress and temperature, and Iiε  is the strain at rupture 

under the same stress and temperature. 

 

c) Life-hardening Rule 

The life-fraction rule is a compromise between the time-hardening rule and the strain-

hardening rule. If, for example in Fig. 3.5 creep occurs up to point B  at 4σ  and the stress 

is then changed to 3σ , the point B′  is located such that the time at B′  is the same function 

of the total life at a steady stress 3σ  as the time at B  for a steady stress 4σ . Thus, if the 

time at B  is ¼ the total life of a steady-stress at 4σ , B′  is chosen at ¼ the life along the 

3σ  curve. 
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Fig. 3.5  Time-fraction principle 

 
The “ life-fraction”  rule is based on the premise that the expenditure of each individual 

rupture life-fraction of the total life at elevated temperature is independent of all other 

fractions of the life to rupture, and that when the fractional life used up at different stress 

levels and temperatures is added up, it will equal unity;  i.e., 

1=∑
Ii

i

t
t

                 (3.8) 

Where it is the time at stress or temperature i  and Iit  is the creep rupture time at 

temperate i . 

 

3.4.3 Elastic strain 

Fig. 3.6a shows an axisymmetric ring element and its cross-section to represent the general 

state of strain for an axisymmetric problem. It is most convenient to express the 

displacements of an element PQSR  in the plane of cross-section in polar coordinates. We 

then let u  and w  denote the displacements in the radial and longitudinal directions, 

respectively. The side PR  of the element is displaced an amount u  and side QS  is then 
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displaced an amount dr
r
u

u
∂
∂+  in the radial direction. The normal strain in the radial 

direction is then given by 

r
u

r ∂
∂=ε               (3.9a) 

In general, the strain in the tangential direction depends on the tangential displacement v  

and on the radial displacement u . However, for axisymmetric deformation behavior, recall 

that the tangential displacement v  is equal to zero. Hence, the tangential strain is due to 

only to the radial displacement. Having only radial displacement u , the new length of the 

arc PR  is ( ) θdur + , and the tangential strain is then given by 

( )
r
u

rd
drdur

=
−+

=
θ

θθεθ              (3.9b) 

 

dr∂uu +

u
θ

dθ r

P

x

∂r

R

y S

Q

                      

z

r

σzr

σz

σr σrz

σθ

P

Q

S

R

P’
Q’

 

                                (a)    (b) 

Fig. 3.6 Cross-section of axisymmetric element 

 
Next, we consider the longitudinal element ’’PPQQ  to obtain the longitudinal strain and 

the shear strain. In Fig. 3.6b, the element is shown to be displaced by amounts u  and w  in 

the radial and longitudinal directions at point ’P , and to displace additional amounts dz
z
w

∂
∂
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along line ’PP  and dr
r
u

∂
∂

 along lines ’’QP . Furthermore, observing line ’’QP  and ’PP , we 

see that the point ’Q  moves upward an amount dr
r
w

∂
∂

 with respect to point ’P  and point P  

moves to the right an amount dz
z
u

∂
∂

with respect to point ’P . Again, from the basic 

definitions of normal and shear strain, we have the longitudinal normal strain given by 

z
w

z ∂
∂=ε               (3.9c) 

and the shear strain in the zr −  plane given by  

r
w

z
u

rz ∂
∂+

∂
∂=ε               (3.9d) 

From Hooke’s law the expressions for the stresses in terms of the strains are 






 +

−
=

r
u

v
dr
du

v
E

r 21
σ                                                                  (3.10a) 






 +

−
=

dr
du

v
r
u

v
E

21θσ           (3.10b) 

Substituting equations (3.10a and 3.10b) into the equation for equilibrium, equation (3.2) 

we obtain the following equation for determining u  

0
1

22

2

=−+
r
u

dr
du

rdr
ud

             (3.11) 

 

The general solution for this equation is 

r
C

rCu 2
1 +=               (3.12) 



 39 

Where 1C  and 2C  are integration constants to be determined from boundary conditions.  

Substituting equation (3.14) into equation (3.12a and 3.12b) 

( ) ( )




 −−+

−
= 2212

1
1

1 r
v

CvC
v

E
rσ          (3.13a) 

( ) ( )




 −++

−
= 2212

1
1

1 r
v

CvC
v

E
θσ          (3.13b) 

If ip  and op  denote the internal and external pressures respectively, the conditions at the 

outer and inner surfaces of the cylinder are 

( ) obrr p−==σ          and              ( ) iarr p−==σ  

Therefore, 

22

22
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E
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C oi

−
−−=      and         

( )
22

22
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1
ab

ppba
E

v
C oi

−
−+=  

With these values for the integration constants, the general expression for the normal 

stresses rσ , θσ  and radial deformation u  become 
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( )222

22
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Therefore, the elastic strains are 
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3.4.4 Thermal Strains 

When the wall of a cylinder is heated non-uniformly, its elements do not expand uniformly 

and mutual interference sets up thermal stresses.  In the following discussion the 

distribution of the temperature is taken to be symmetrical with respect to the axis of the 

cylinder.  

 

During thermal deformation such cross sections can be assumed to remain plane if taken 

sufficiently distant from the ends of the cylinder, hence the unit elongations in the direction 

of the axis are constant as expressed by equation (3.9a-3.9d). These elongations can be 

represented as functions of the stresses zσ , rσ , θσ  and the thermal expansion, α .  Let the 

temperature difference above the minimum temperature on the tube at each radial point is 

given by T  and assume varies with the radial distance r , only,     

( ) Τ++−= ασσσε θr
z

z E
v

E
          (3.17a)            

( ) Τ++−= ασσσε θz
r

r E
v

E
          (3.17b) 

( ) Τ++−= ασσσε θ
θ rzE

v
E

                     (3.17c) 

Using the symbol Λ  for the unit increase in volume, we obtain 

( ) Τ+++−=++=Λ ασσσεεε θθ 3
21

rzrz E
v

        (3.18) 

By substituting equations (3.17) into equations (3.10) and use equation (3.18) for further 

simplification we obtain 

T
v

E
v

v
v

E
z αεσ

21211 −
−



 Λ

−
+

+
= Ζ         (3.19a) 
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T
v

E
v

v
v

E
rr αεσ

21211 −
−



 Λ

−
+

+
=         (3.19b) 

T
v

E
v

v
v

E αεσ θθ 21211 −
−



 Λ

−
+

+
=         (3.19c) 

Substituting equation (3.18) and equations (3.19) into equations of equilibrium, equation 

(3.2), we get 

=−+ 22

2 1
r
u

dr
du

rdr
ud ( )

dr
dT

v
v

ru
dr
d

rdr
d α

−
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         (3.20) 

Thus, 

r
C

rCTrdr
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



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+= ∫ α            (3.21) 

Where *
1C  and *

2C  are integration constants. If the inner and exterior surfaces are free from 

external forces, we can apply the following boundary conditions 

B.C   ( ) 0==arrσ  and ( ) 0==brrσ , Thus 
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abv
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az 22

2
1
ασ          (3.22c) 

Usually for thick wall tubes logarithmic temperature distribution is assumed. Let the 

temperature at the inner surface and outer surface are given as iT  and oT  respectively. If we 

assume oi TT >  and the temperature difference between the inner and external 

surface =∆T oi TT − , the distribution of temperature through the wall is given by 
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( )
( )
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b
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TTrT i
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ln
∆+=              (3.23) 

Therefore, 
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Note if there is no temperature gradient through the tube or 0=∆T ; 0=== zr σσσ θ  

  

3.4.5 Total strain 

Total strains are assumed to be composed of three parts: elastic, thermal and creep strain 

Hamid J. et al [11]. Mathematically the total strain can be written as 

creepthermalelastictotal εεεε ++=             (3.26) 
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j������G[G

G

4 Solution Technique   

4.1 Analytical Approach 

In the absence of additional experimental information regarding creep under combined 

stress, it is necessary to adapt the result of a simple-tension creep tests to the solution of 

more complicated problems [27, 34].  This is usually accomplished by assuming that: 

i. during creep and plastic deformation, the direction of the principal stresses, 1σ , 

2σ and 3σ , coincide with the direction of the principal strains 1ε , 2ε and 3ε ; 

ii. the volume of the material remains constant, so that for small deformations                 

0321 =++ εεε ; and (4.1) 

iii. the maximum shearing stresses are proportional to the corresponding shearing 

strains. 

 

It can be shown that the values of shearing strain on the planes bisecting the angles between 

the principal planes are 21 εε − , 32 εε −  and 13 εε − . In order to obtain this result let us 

consider a cubic element shown in Fig. 4.1 having unit elongations 1ε  and 2ε  in the 

directions 1 and 2 . 

ε1

ε2

γ

γ2

1a

c

o

b  
Fig. 4.1 Simple cubic element 
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The shearing strain γε 212 =  corresponding to the planes ob  and oc  are found from the 

triangle oab . Assuming that 21 εε > , we obtain 

1

212

1
1

1
1

24
tan

ε
ε

γ
γεπ

+
+

=
+
−≈





 −              (4.2) 

From which 

2112 εεε −=                 (4.3) 

Similarly, we can find the shearing strains for the other two bisection planes, and 

assumption (3) then takes the following form 

21

21

σσ
εε

−
−

=
−
−

=
32

32

σσ
εε

13

13

σσ
εε

−
− ξ=              (4.4) 

Where ξ  is a function of 1σ , 2σ  and 3σ  which must be determined from experiments.  

From equation (4.1) and equation (4.4) it follows that [41] 

( )



 +−= 3211 2

1
3

2 σσσξε             (4.5a) 

( )



 +−= 3122 2

1
3

2 σσσξε             (4.5b) 

( )



 +−= 1233 2

1
3

2 σσσξε             (4.5c) 

To adapt equations (4.5) to creep at a constant rate, we can divide these equations by the 

time t .  Using the notations 1ε� , 2ε�  and 3ε�  for the principal creep rates and denoting the 

factors before the brackets by Ψ , we arrive at the following equations 

( )



 +−Ψ= 3211 2

1 σσσε�             (4.6a) 

( )



 +−Ψ= 3122 2

1 σσσε�             (4.6b) 
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( )



 +−Ψ= 2133 2

1 σσσε�             (4.6c) 

Applying these equations to simple tension model, where σσ =1  and 032 == σσ , we 

obtain 

σε Ψ=�                 (4.7) 

The primary region is of greater interest for structures subjected to cyclic loading [38], the 

period of loading being of the same order as the time during which primary creep takes 

place.  It is found that the primary portion of the creep curve is adequately described by an 

equation of the following type [41] 

qntKσε =                 (4.8) 

where K  and n  are constants depend on the metal, n  is normally being between 2 and 9 

and q  is normally about 33.0 . 

 

The portion of interest of the creep curve Fig. 3.1 depends upon the problem under 

consideration.  For example in the traditional situation of steady loads sustained for long 

periods, the problem has been the determination of long-term deformations [38, 40].  In this 

situation the elastic and primary portions of the curves are usually neglected as being small 

with respect to the steady-state creep and the simplified creep curves and the simplified 

creep curves take the form shown by Fig. 4.2.  It is found that the steady-state creep 

rate )1( =q  is governed by a formula of the type 

nK
dt
d σε =                 (4.9) 



 46 

t o

E

o

B

p

ε

α

C

ε
ε

 

Fig. 4.2 Simplified creep curve at constant temperature under constant load 

 
To bring equation (4.7) and equation (4.9) into agreement, we must take 

1−=Ψ nKσ               (4.10) 

To establish the form of the function Ψ  for the general case of creep, represented by 

equation (4.6), we use the Von Misses yielding condition for a three-dimensional stress 

system and for simple tension [31, 34].  Introducing the value of equivalent stress 

( ) ( ) ( )2
13

2
32

2
21

2

1 σσσσσσσ −+−+−=e          (4.11) 

Equations (4.6) then become 

( )



 +−= −

321
1

1 2
1 σσσσε n

eK�          (4.12a) 

( )



 +−= −

312
1

2 2
1 σσσσε n

eK�          (4.12b) 

( )



 +−= −

213
1

3 2
1 σσσσε n

eK�          (4.12c) 

We may make simple analogy of the above synthesis for cases of creeping boiler tubes. Let 

us consider thick boiler tube under internal pressure p  and operating temperature T . 
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Assuming that the pipe is in a condition of plane strain, the axial strain zε vanishes and 

thus, 

( )



 +−= −

zr
n
eK σσσσε θθ 2

11
�          (4.13a) 

( )



 +−= −

zr
n
er K σσσσε θ2

11
�          (4.13b) 

( ) 0
2
11 =



 +−= −

θσσσσε rz
n
ez K�          (4.13c) 

From the last equation we conclude that 

( )rz σσσ θ +=
2
1

             (4.14) 

From the condition of equilibrium of the element shown in previous discussions equation 

(3.2), to determine θσ  and rσ  we have considered the deformation of the tube, equation 

(3.10) and equation (3.11). Now if we differentiate equation (3.11) with respect to r , we 

obtain 

( )θ
θ εεε

−=−= rrr
u

dr
du

rdr
d 11

2            (4.15) 

Assuming a steady state of creep and if we divide equation (4.15) by time t , we have 

( )θ
θ εεε

��
�

−= rrdr
d 1

             (4.16) 

Substituting for θε� and rε�  from equations (4.13) an additional equation for determining the 

principal stresses is obtained.  This equation can be greatly simplified by using equation 

(4.14). The equivalent tension then becomes 

( )re σσσ θ −=
2
3

             (4.17) 
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and we obtain, from equation (4.13a) and equation (4.13b) 

( ) n
r

n

r K σσεε θθ −





=−=

+1

2
3

��            (4.18) 

Equilibrium equation, equation (3.3) then becomes 

( ) ( ) n
r

n
r rdr

d σσσσ θθ −−=− 2
           (4.19) 

and we conclude that 

( ) 2r
Cn

r =− σσ θ              (4.20) 

where C is constant of integration, and therefore 

nr

r
C

rdr
d

1

2

1





=

σ
             (4.21) 

and after integration we obtain 

2

2

12
CrC

n n
r +−=

−
σ              (4.22) 

where nCC
1

1 =  

The integration constants 1C  and 2C  will now be determined from the conditions at the 

inner and outer surface of the pipe. If we assume the tube is loaded by internal pressure 

only 

2

2

12
)( CaC

n
p n

arr +−=−=
−

=σ   and  2

2

12
0)( CbC

n n
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From these equations we obtain 
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Therefore, eliminating the constants in equation (4.22) by equation (4.24) we get 
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From equation (4.20) and equation (4.25) we then obtain 
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Equations (4.14), (4.25) and (4.26) give the stresses in the pipe under conditions of steady 

creep rates. The magnitudes of the creep rate are obtained form equation (4.18), which 

gives 
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Although creep deformation may appear to be within allowable limits, this is no guarantee 

that failure will not occur as the condition of stress rupture may be reached [48]. The 

maximum tensile stress occurs at the outside surface where br = , which gives an 

expression for allowable pressure as a function of geometry and n . 


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            (4.28) 
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 It is assumed in the above derivation that the temperature of the pipe does not change 

with r . In the next chapter simple solution will be obtained by assuming a steady state of 

creep.  It gives satisfactory results for the creep which takes place after a long period of 

action of the forces.  If we wish to ascertain what the creep is after only a short duration of 

load, the formulas derived on the assumption of steady creep are not satisfactory; we must 

have recourse to the creep curve BC  see Fig. 4.2.The problem becomes complicated, and 

difficult to calculate analytically.  

 

In the cases of temperature differential through the tube wall, with the heat flowing towards 

the bore, the temperature distribution under steady state condition is given by the following 

equation [48] 







+
+=

ba

r
k

HK
TT mean

log
             (4.29) 

Where: =H  Heat transfer rate at outside surface 

    =k  Thermal conductivity of the tube 

  =meanT  Mean temperature through the tube 

Therefore, the n  in all the above stress equations can be used by substituting n′ , which 

is defined as follows 

kK
Hb

n
n

21+
=′              (4.30) 
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4.2 Incremental Approach (Analytical) 

Commonly accepted basis for design of pressure vessels at elevated temperatures has been 

the use of tensile secondary-creep data applied to combined steady stress. Such methods 

were used by Bailey, Marin, and Soderberg as we can see from Coffin et. al. [38].  The 

creep analysis of boiler tubes by secondary-creep data has been discussed in the preceding 

sections. However, in short life, secondary-creep conditions are rarely attained and primary 

creep must be the basis for any analysis.  

 

Coffin et. al. [38] attempt to show how the tensile primary-creep characteristics may be 

utilized in the design of thick-walled pressure vessels. In other words, they attempt to trace 

the stress-deformation history of the tube from the time when the pressure is applied 

initially until its life expectancy, or to the time which the steady-state conditions 

corresponding to secondary creep are reached. Here we will drive a rate type governing 

equation to estimate the residual stress field developed in the boiler tubes. Once we have 

estimated the residual stress fields by simple stress-strain superposition, we can trace the 

instantaneous stress-strain history. Gill [36] made such analysis to predict the creep history 

on circular hole in a sheet subjected to uniform sheet at creeping temperature range. 

References are also made to Jahed and Bidabadi [11], who have used a similar approach for 

creep analysis in inhomogeneous rotating disc. In this thesis, an approach similar to that of 

Gill and Jahed will be used for boiler tube creep analysis. 
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4.2.1  Governing Equations 

Our analysis has been made for a thick-walled boiler tube under constant temperature 

throughout the wall and isotropic material properties. Consider a differential element of an 

axisymmetric member which is in equilibrium. We will start from the equilibrium 

consideration of this element as derived in the previous chapter and given by equation 

(3.3), and the total strains as assumed in equation (3.29). In the case of plane strain, the 

compatibility equations take the following form. 

c
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du εασσε θ +++−−== )1(1 2

        (4.28a)    

c
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E
vv
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θθθ εασσε ++−−−== )1(1 2

         (4.28b) 

Thus, the radial and tangential stresses rσ  and θσ  can be determined by Hooke’s law, and 

for plane strain state they are given by 
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Substituting equation (4.29) into the equilibrium equation (3.3) yields the governing 

equation of the form 
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12          (4.31) 

If the tube is free from initial creep strain, the thermo-elastic behavior is governed by the 

equation  
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0
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            (4.32) 

Equation (4.32) is similar to Lame’s equation which is used to determine the strain and 

deformation at time 0=t . Since creep is a time dependent problem, we need to drive rate 

type governing equation helpful to estimate the residual stress field. Once the residual 

stress field is estimated the instantaneous quantities are determined by the principles of 

superposition. The rate type governing equation may be derived by differentiating equation 

(4.30) with respect to time. Hence, for time ,0>t  the governing rate equation becomes 
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In general, there are no exact solutions to these equations.  However, there have been 

numerous numerical methods for the treatment of such problems. Jahed and Bidabadi [11] 

used axisymmetric method of creep analysis for primary and secondary creep in the time 

domain for creep analysis of inhomogeneous body. The method is based on estimating the 

residual stress field which was proposed by Jahed and Dubay earlier. Prediction of residual 

stress in axisymmetric homogeneous materials is relatively simple. Greenbaum and   

Rubinstein [37] employed the finite element analysis. For our analysis of creep in boiler 

tubes, next we use see the residual stress field prediction method (stepwise integration) 

first, and then we will make use of FEA and compare the results obtained.   

 

Radial and tangential strain rates can be obtained from the Prantel Reuss flow rule [11]. For 

plain strain case. These are given by 
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where eσ  and eε�  are the Von Mises effective stress and the strain rate, respectively. The 

general solution of equation (4.33) is 
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where C  and D  are integration constants and  
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combining equations (4.28), (4.36) and (4.37), and after simplification we obtain 
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The integration constants, 1C  and 2C  can be calculated by applying the following boundary 

conditions 

( ) ir prar �� =⇒= σ    and   ( ) or prbr �� =⇒= σ         (4.40) 

Substituting equation (4.40) into equation (4.38a) yield the following set of equations 
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where oI  is defined as 

( ) bro III =+= 21              (4.42) 

Note that, for boiler tubes assumed to be operating at steady state pressure (constant 

operational pressure) from the water side and fire side, 0== oi pp �� , thus the integration 

constants given in equations (4.41) become 
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To obtain creep strains, two common models, i.e. time-hardening and strain-hardening are 

used. The time hardening hypothesis, takes the creep strain rate explicitly as a function of 

stress and time and implicitly as a function of temperature in the following form (see 

section 3.4.2) 
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However, the strain hardening theory assumes the creep strain rate is a function of stress, 

temperature and accumulated creep strain and is given in the following form 
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4.2.2  Summary of Calculation Steps 

The following outlines may be followed for the calculation of stresses and strains at each 

instant of time step. 

1. The distribution of radial, tangential and longitudinal stresses is calculated based on 

the basic Lame’s solution derived from equation (4.32). These are the stresses at 

zero time )0( =t , when the elastic loading is complete.  

2. The distributions of radial and tangential strain rates are obtained by using one or 

both hardening rules, equations (4.44) and/or equations (4.45). 

3. The distributions of the rates of radial and tangential stresses are calculated by using 

the derived formulas equations (4.38). 

4. If these stresses and strains are allowed to redistribute (relax) for an increment of 

time, select a suitable time interval t∆ . Then the radial, tangential and longitudinal 

stresses at the next time step tt ∆+  are obtained by assuming 

( ) ( ) ( ) tiririr ∆×+=+ σσσ �1        (4.46a) 

( ) ( ) ( ) tiii ∆×+=+ θθθ σσσ �
1        (4.46b) 

( ) ( ) ( )[ ]111 2
1

+++ += iiriz θσσσ        (4.46c) 

5. Similarly, the strains at the next time is obtained by assuming 

( ) ( ) ( ) tiririr ∆×+=+ εεε �
1        (4.47a) 

( ) ( ) ( ) tiii ∆×+=+ θθθ εεε �
1        (4.47b) 

6. Steps 2–5 are repeated for each time step until the radial and tangential stress 

distributions approach a steady state condition or until the specified total time is 
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reached. The step at which the stress redistribution is completed is called stationary 

state and is defined by =rε� 0=θε� . 

 

4.3 Incremental Approach ( FEM ) 

4.3.1 Introduction  

An analysis and a numerical computer program will be developed for calculating the creep 

strains in an arbitrary axisymmetric tube of revolution subjected to axisymmetric loads. The 

method of solution is an extension of the direct stiffness method. The body is replaced by a 

system of discrete triangular cross section ring elements interconnected along 

circumferential nodal circles. The equation of equilibrium for the tube is derived from the 

principal of minimum potential energy. The creep behavior of the tube is obtained by the 

use of an incremental approach as discussed in the previous topics. The method involves 

starting with the elastic solution of the problem and calculating the creep strains for a small 

time increment. These creep strains are treated as initial strains to determine the new stress 

distribution at the end of the time increment. The procedure is repeated either until the final 

time is reached or until the stress distribution becomes constant i.e. a steady-state condition 

is reached. The method is quite general and is independent of the type of creep law used. 

 

4.3.2 Method of Analysis  

The method of analysis used in this thesis is known as the direct stiffness or displacement 

method. It can best be described as a variational procedure. In classical elasticity one of the 

most widely used variational principals is the Theorem of Minimum Potential Energy [46]. 

This theorem states that of all displacement functions which satisfy the boundary 
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conditions, the one which satisfies the equilibrium equations makes the potential energy an 

absolute minimum. The direct stiffness method is a systematic procedure for the application 

of this theorem.  

 

From continuum problems, the body is approximated by a set of simple sub-regions, called 

finite elements, which are usually taken as geometrically simple as possible. Within each 

element the displacements are assumed to be linear combinations of functions with 

undetermined coefficients, and are chosen so that continuity is preserved along the edges of 

adjacent elements. The assumed displacement functions for any element are related to the 

displacement at some particular points of the element. These points are called the nodal 

points of the element, and are usually taken as the corner points. The internal strain energy 

for each element of the body is then expressed in terms of the nodal point displacements. 

The potential energy for the complete body is determined by summing the strain energy for 

all the elements and subtracting the work done by the external loads.  

 

Finally, minimization of the potential energy with respect to the nodal displacements yields 

the desired system of equations for determining the unknown nodal displacements. For 

programming and computational reasons, the method of constructing the governing 

algebraic equations is to consider each element separately. The potential energy for each 

element is minimized. This gives a system of equations in terms of the nodal displacements 

for that element and the applied forces acting on the element. The coefficient matrix for 

these equations is called the element stiffness matrix. The governing algebraic equations for 

the body are obtained by superposition of the element stiffness matrices, subject to the 
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condition that the displacement at any given node must be the same for all elements 

attached to that node. The resulting equations are modified to account for displacement 

boundary conditions, and are solved to yield the unknown nodal point displacements. The 

element strains and stresses are then calculated from the known displacements.  

 

The inclusion of creep behavior in a finite element approach is best handled by using an 

incremental approach and treating the creep strains as initial strains. The solution of the 

problem begins by obtaining the elastic solution. Based on these stresses, the creep strains 

for a small time interval are computed. The results obtained are taken as initial strains for 

the next time interval and are included as fictitious creep forces at the nodal points in the 

evaluation of the nodal displacements and element stresses and strains for the next time 

step. The process is repeated for each increment of time. The basic assumption used in this 

approach is that the change in stress during any time increment is small compared to the 

stress at the beginning of that increment. The error introduced by this type of procedure can 

be made as small as one wish by reducing the time increment.  

 

Similar procedure for solving creep problems was used by different authors. Jahed and 

Bidabadi [11] used incremental method to solve a problem of creep in variable material 

property (VMP). Gill [36] applied similar technique to discuss the stretching of a plate 

containing a small hole. In this part of the thesis an iterative technique will be applied to 

solve creep problem of boiler tubes by the FEM. 
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4.3.2.1    Derivation of Element Stiffness Relation 

In applying the direct stiffness method, the first step is to choose a finite element which will 

be used in the representation of the body. Because of its ease to represent complex 

geometries, the triangular element has been the most widely used. For axisymmetric bodies, 

the easiest element to use is a triangular cross-sectional circular ring. Greenbaum and 

Rubinstein [37] used this basic element, but Jahed and Bidabadi [11] used finite number of 

“ ring”  elements in which the analysis is some how differ geometrically. They have 

presented a stiffness matrix for this element based on the assumption that the displacements 

are linear functions of the coordinates. In this thesis we will use the triangular element as 

shown in Fig. 4.3. 
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Fig. 4.3 Infinite thick-wall tube discritized by triangular element 

 

The choice of the displacement functions for the element is the prime consideration in the 

derivation of the element stiffness matrix. The stiffness characteristics are completely 

specified by the choice of displacements, and therefore, the displacement functions chosen 

directly influence the accuracy of the solution. In general, the number of independent 

displacement functions to be used should equal the number of degrees of freedom of the 

nodal point displacements of the element. The displacement functions are chosen to 
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preserve continuity between elements, and the finite element solution will converge to the 

exact solution as the number of elements is increased. For the triangular element shown by 

Fig. 4.4 with nodal points at the corners, the simplest way to satisfy the above requirements 

is to take the displacements as linear functions of the coordinates, i.e.,  
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Fig. 4.4 Triangular element 

 
( ) zaraazru 321, ++=           (4.48a) 

( ) zaraazrw 654, ++=           (4.48b)  

where ia  is a constant, 6...2,1=i  

Another choice for the representation is to choose additional nodal points at the mid-points 

of the sides of the triangles. It is then possible to represent the displacements with a 

parabolic distribution, thus maintaining continuity along the edges of the elements since 

three points determine a parabolic curve. Because of the excellent results presented by 

Kown [39], we will use the linear distribution of displacements in the study of creep 

behavior of the tube. A complete derivation of the resulting stiffness matrix and load vector 

is given in appendix AI. 
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4.3.2.2   Multiaxial Stress-Strain-Time Relationships   

In order to determine the multiaxial creep strain at any point in the body a stress-strain 

relation is needed. The multiaxial creep strains can be determined by following the 

assumptions which were discussed in section 4.1.These assumptions are satisfied by the 

following stress-strain relationships for a cylindrical coordinate system with rotational 

symmetry [41] 

( )zr
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σ
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2                      (4.49a) 

( )zr
e

c
ec σσσ

σ
εε θθ −−

∆
=∆ 2

2           (4.49b) 

( )θσσσ
σ
εε −−

∆
=∆ rz

e

c
ec

z 2
2           (4.49c) 

rz
e

c
ec

rz σ
σ
εε

2
3∆

=∆
           (4.49d) 

Where the effective stress, eσ  is defined as 

( ) ( ) ( ) 2222 6
2

1
rzzrzre σσσσσσσσ θθ +−+−+−=         (4.50) 

The effective incremental creep strain c
eε∆  is equivalent to the uniaxial creep strain 

increment and is obtained from tests. In general, the effective incremental creep strain is a 

function of the effective stress eσ , the total effective strain c
eε , the temperature T , the 

time t , and the strain history of the material, i.e,  

( )tTf c
ee

c
e ,,,εσε =∆              (4.51) 
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A number of methods have been proposed for predicting creep strains under a continuously 

changing stress condition, like the one proposed by Popov [40]. However, each of the 

methods has been shown to have shortcomings, and as yet there does not appear to be a 

method which is capable of predicting creep behavior in a perfectly general way. The 

method of solution presented here is independent of the manner in which creep strains are 

assumed to be accumulated, and may be used with any method. Two of the most commonly 

used methods of accumulating creep strains are the strain-hardening and the time-hardening 

laws, as discussed in section 3.4.2.  

 

4.3.2.3   Solution technique    

The solution of the creep problem begins with the assumption that if there is no temperature 

gradient, the total change in strain during a time interval is the sum of the changes in elastic 

and creep strain, i.e., 

{ } { } { }cel εεε ∆+∆=∆              (4.52) 

Where the superscripts el  and c  denote elastic and creep strain respectively. The change in 

the elastic strains is thus, 

{ } { } { }cel εεε ∆−∆=∆              (4.53) 

The incremental stresses are then related to the elastic strains by the general Hooke’s law 

equations  

{ } [ ]{ }elD εσ ∆=∆              (4.54) 

Substituting equation (4.52) into equation (4.54) yields the relation between the incremental 

stress, total strain, and creep strain  

{ } [ ]{ } { }{ }cD εεσ ∆−∆=∆             (4.55) 
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The other field equations are obtained from the relationship between strain and 

deformation, the creep law of the material, and from the minimization of the potential 

energy of the body. These equations may be expressed as 

{ } [ ]{ }iuB ∆=∆ε            (4.56a) 

{ } ( ){ }Ttf e
c ,,σε =∆            (4.56b) 

{ } [ ] [ ]cc FKu 1−=∆            (4.56c) 

Where { }iu∆  = change in nodal point displacements  

[ ]K  = stiffness matrix of the body.  

 

4.3.3 Solution steps   

At time 0=t , the elastic stresses are determined. These stresses are assumed to remain 

constant during a small time increment, t∆  and the incremental creep strains are calculated 

from equation (4.56b).  

 

The creep strains are substituted into equation (4.56c) to find the total change of the nodal 

point displacements. These displacements are substituted into equation (4.56a) to determine 

the total change in strain.  

 

Finally, the incremental stresses are obtained from equation (4.55) and are added to the 

previous stresses to yield the new stress distribution { } { } { }σσσ ∆+=∆+ ttt . As long as the 

incremental stresses,{ }σ∆ , are small compared to the previous stresses,{ }tσ , no basic 

assumptions are violated and the solution proceeds to the next time increment using the 
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same procedure. If, however, the incremental stress is not small compared to the previous 

stresses, the time step can be repeated with a smaller time increment. 

 

During the initial or transient states of creep, the stresses change very rapidly so that it is 

necessary to choose exceptionally small time increments in this region. However, as the 

solution approaches a steady state condition, i.e.{ } 0→∆σ , it is theoretically possible to 

increase the time increments without violating any assumptions. Once a steady-state 

solution is reached, the stresses remain constant and the creep strains for future times may 

be obtained by extrapolation. 

 

Where there is an inclusion of time dependent loading, it is handled by applying the load in 

discrete increments. The procedure is to apply an increment to the load at 1tt = , and then 

assume that the body creeps at this load level until the next increment of load is applied. 

This method is easily incorporated into the procedure described above. Now for analysis on 

the boiler tubes we need to take the effective creep strain, stress and time function 

developed for a uniaxial test performed on material of the same property, equation (3.4).  
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5 Results and Discussion 

5.1  Input description 

The input data in the derived analytical and the finite element formulations are generally 

categorized in to four groups. The next results were obtained based on the following data 

input in MATLAB program.   

 

General Data: This data describes the overall problem.  It gives the control parameters for 

the body under consideration. These are number of element, total number of nodal points 

and number of nodal points where boundary conditions are to be specified. 

 

Element Data and Nodal Point Coordinates: This data may be input by listing the nodal 

point numbers, temperatures and pressure for each element, and the coordinates for each 

nodal point, or may be input by using the automatic mesh generator. If the automatic mesh 

generator is used only the inside and outside coordinates, pressures and temperatures need 

to be input. 

 

Material Data: This data consists of Young’s modulus, Poisson’s ratio and coefficients of 

thermal expansion and the uniaxial creep law for the material under consideration. 

 

Boundary Conditions: This data specifies the constraints on the nodal points i.e. the 

number of nodal points where displacement boundary conditions are specified. 
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Material   12CrMoV (DINX22CrV12I) 

Uniaxial creep law     qn
ee tKσε =  

where 441064.19 −×=K , 14.4 == qandn  

Inside diameter               mma 1002 =    

Outside diameter            mmb 1502 =  

Operation temperature   CT o500=  

Operation pressure         MPaP 100=  

Poisson’ s ratio                       33.0=v  

Young’ s modulus        GPaE 207=  

Thermal expansion      6102.6 −×=α  

 

5.2  Output Data and Discussion of Results 

The output data consists of the following three groups of results. 

 

Problem Data: This is the listing of all the input data for the problem under consideration. 

It includes the element, nodal point and boundary condition data. This data is displayed as 

part of the output. 

 

Nodal Point Displacements: A complete listing of all nodal point displacement at the 

current time (time of observation) is displayed in the output. 

 

Element Stresses and Creep Strains: The stresses and creep strains for each of the 

discrete element of the tube are displayed in the output.  Fig. 5.1 shows the elastic stress 
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distributions, and we can see that the FE solution is in agreement with the analytical 

solution. In the cases when there is small temperature gradient between the inner wall and 

the external wall of the tube differential stress will be developed. If we assume a 

temperature difference of Co10  between the inner and external wall, the resulting stress 

distribution due to thermal loading is shown by Fig. 5.2. Fig. 5.3 shows the dependence of 

the effective strain on time. From the diagram we can clearly see when the effective strain 

reaches the limiting value. In most tube materials the recommend strain in 000,10  hour is 

about %1 . The total effective strain distribution is more clearly legible if we plot them for 

some selected time values as shown by Fig. 5.4. Fig. 5.5 shows the contribution of each 

strain component at the selected time of 000,10  hours. Finally the comparison of the 

elastic stress and the steady state stress distribution, which includes the effect of creep and 

temperature gradient, is shown in Fig. 5.6. 

 

As time passed while the boiler tube is under operation the total strain is getting higher and 

will reach the limiting point. This is due to the gradual increase of creep strain, since the 

elastic and the thermal strains remain constant as long as no temperature and pressure 

variation respectively. In Fig. 5.5 we can see that the creep strain take the larger 

contribution to the total strain. While the tube is stretching due to the increase in total strain 

the stress is also relaxing. The elastic stress distributions are changing and will have the 

arrangement as shown by Fig. 5.6. 
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Fig. 5. 1 Elastic stress distribution 
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Fig. 5. 2 Stress distribution due to temperature gradient 
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Fig. 5. 3 Effective total strain distribution 
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Fig. 5. 4 Effective total strain distribution (2D) 
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Fig. 5. 5 Strain distribution at 10,000 hour 
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Fig. 5. 6 Elastic and relaxed stresses distribution 
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6 Conclusion and Recommendation 

6.1  Conclusion 

In this thesis, three distinct methods have been presented for obtaining the creep behavior 

of an axsymmetric boiler tubes which are subjected to an axsymmetric pressure and 

temperature loading.  The first is the analytical solution (closed form solution) which is 

simple and can be used by designers as preliminary estimation of creep stresses and creep 

strains distribution. The solution for the stress and creep strain distributions are easily 

obtained when the tube attains steady state conditions. In the analytical theory, the initial 

elastic deformation and the transient creep deformation are neglected, since they are 

normally small as compared to the secondary creep deformation. 

 

The formulation of creep equation in this analytical approach is possible only for 

homogeneous, isotropic and geometrically defined shape of materials, like the boiler tube 

we considered. Cases of temperature gradient along the tube wall can be included in the 

formulation with slight modification of the derived equation as discussed in section 4.1. But 

in the case when material nonlinearity and stresses concentration factors like cracks and 

scars exist, the problem becomes more complicated. In this case the analytical method is 

limited to handle the problem and therefore, development of more advanced method is 

important. 
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The second method developed in this thesis was the analytical incremental method. Like 

the closed form solution, the method may be used only for basic geometrical shapes like 

cylindrical tubes, but unlike the first method, material nonlinearity can be handled in this 

second method. In the analytical incremental method the basic solution of a uniform 

homogeneous axisymmetric member is used to generate solution for non uniform and/or 

inhomogeneous tubes. The method is capable in determining the primary and secondary 

creeps in inhomogeneous tubes. For creep analysis of an inhomogeneous axisymmetric 

body, the method already derived can be modified by discritizing the tube into a finite 

number of concentric tubes with constant material properties. These concentric tubes are 

assumed to be subjected to a stress rate at the inner and outer radius, as illustrated by 

equation (4.38) for each discritized tubes the governing equation (4.33) will be solved to 

determine the creep behavior. 

 

Finally, we proposed that comprehensive methods should be available for handling creep 

problems without some of the limitations mentioned above. The third method, the 

incremental method by finite element formulations can be one of these methods. In the FE 

method material nonlinearity, loading nonlinearity and geometric complexities can be 

handled as long as the finite element mesh can be generated successfully. Since the method 

makes possible the study of creep behavior of complex geometries, the creep analysis of 

cracked tubes, corroded or eroded and/or pitted boiler tubes can be analyzed by developing 

the finite element formulation of the problems. The first or the second methods were 

enough for creep analysis of normally operating non damaged boiler tubes. But since 

practical boiler tubes are operating with surface cracked and/or pitted, we propose FE 

method should be used for precise creep analysis.  
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6.2  Recommendation for Future Research 

During the course of this investigation, three major areas were encountered for which 

further work is needed.  The first area is the creep behavior and life analysis of cracked 

boiler tubes.  In our analysis we considered very simplified assumptions that the surface of 

the tube is clean and no crack initiated or pitting formed on the surface. If we consider 

actual boiler tubes, soot deposit, scale formation and cracks are commonly encountered on 

the surface of tubes. Transversal and longitudinal through crack or cracks to some depth are 

practically possible. Thus, the analysis of cracked tubes should be the next area of 

investigation. 

 

The second major area of further study may be the cases of surface pitted and corroded 

boiler tubes. While operation, boiler tubes are exposed to abrasion and corrosion by the 

particles in the flue gas and steam and/or water respectively. Therefore, somehow similar to 

the crack problems, the already developed finite element method may be further developed 

to study the creep behavior of such eroded or corroded tubes. 

 

Another major area of further study is the analysis of swelled tubes and the case of large 

plastic deformations. Deposition of soot and scale on tube surface and shortage of feed 

water to the tube are typical factors which lead to localized overheating of tube material. 

Localized overheating or overall overheating will subject the tube to a net section collapse 

and plastic flow. Therefore, unlike the assumptions of small deformation analysis large 

deformations and material nonlinearity should be investigated during the plastic flow 
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process.  To our knowledge on these areas full and complete studies were not undertaken, 

thus we think these will be an interesting area of research. 
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Derivation of Element Stiffness Relations  

Consider the triangular element as shown in Fig. AI. 1. The coordinate system for this 

element is taken as a cylindrical system with the z-axis coincident with the axis of 

symmetry. The displacements of the element are assumed to be of the following form:  
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Fig.  AI.1 Triangular element 
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{ } [ ]{ }au Φ=           (AI.2)  

By evaluating equation (AI.1) at each of the three vertices of the triangle, the following 

relation is obtained 
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  or     (AI.3)  

{ } [ ]{ }au i Γ=           (AI.4) 

The generalized displacement vector { }a  is now expressed in terms of the nodal point 

displacement by inverting equation (AI.4), i.e. 

{ } [ ] { } [ ]{ }ii uHua =Γ= −1         (AI.5) 
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where ( ) ( ) ( )jikikjkji zzrzzrzzrA −+−+−=2  

The strain displacement relation in cylindrical coordinates are given by 
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Substituting equation (AI.1) into (AI.7) yields: 
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{ } [ ]{ }aN=ε           (AI.9) 
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For the solution of the creep problem the strain { }ε  is assumed to be composed of the 

elastic strain, thermal strain, and creep strain 

{ } { } { } { }∆Τ++= αεεε cel              (AI.10)  

Solving equation (AI.10) for the elastic strain gives  

{ } { } { } { }∆Τ−−= αεεε cel                   (AI.11) 

The stress strain relations for an elastic isotropic material are  
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Substituting equation (AI.11) into (AI.12) and using the relation that the creep strains are 

incompressible yields 
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or symbolically  

{ } [ ]{ } { } { }thc

v
E

v
E

D εεεσ
211 −

−
+

−=                 (AI.14) 

The stiffness matrix for the element may now be determined from the Theorem of 

Minimum Potential Energy. The principle states “of all kinematically admissible 

configurations, the deformation producing the minimum total potential energy is the stable 

equilibrium condition”. Therefore:  

0=Uδ                     (AI.15) 

The potential energy for the element is:  
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Where V  = volume of the element 

           pA  = area over which the surface forces P  are specified.  

 Substituting equations (AI.12), (AI.9) and (AI.16) into (AI.15) gives  
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Taking variations of (AI.17) with respect to the generalized displacements { }a  yields the 

following system of equations:  

[ ]{ } { }fak =                     (AI.18) 

where  
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Thus far the stiffness matrix and load vector which have been presented are with respect to 

the generalized displacements{ }a , equation (AI.18). However, it is much more convenient 

for combining stiffness matrices of adjacent elements to work with the nodal 

displacements. Since the nodal displacements are related to the generalized displacements 

through equation (AI.5). Substituting into (AI.18) and premultiplying by [ ]TB  yields the 

desired relationship:  
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[ ]{ } { }ii FuK =                                                                                                          (AI.20) 

where 

[ ] [ ] [ ] [ ] andBkBK Τ= { } [ ] { }fBFi
Τ=                                                                                                          

Once the element stiffness matrix and load vector have been evaluated, they are assembled 

into a set of nel×2  equations of equilibrium for the body ( =nel number of nodal points). 

Equilibrium requires that all element forces at node i  be in equilibrium with the external 

forces at that node. This is accomplished by adding the equations of all elements associated 

with the forces at that point, i.e.  
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j
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                                                                                                          (AI.21) 

Substituting Equation (AI.20) into (AI.21), and specifying that the displacement at any 

given node be the same for all elements attached to that node (i.e., compatibility), gives:  
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 or                                                                                (AI.22) 

[ ]{ } { }PuK i =                                                                                                              (AI.23) 

where[ ]K  is a nel×2 by nel×2  symmetric matrix. After the stiffness matrix for the body is 

assembled, displacement boundary conditions are specified and the matrix is constrained. 

The constrained equations of equilibrium are then solved by the method discussed in 

section 4.3.2.3.  

 

 

 

 


