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Abstract

We make use of the light cone coordinators for studies on muon decay. We derive
the Volkov wave function in a linearly polarized laser field. In this work we examine
the process of muon decay in a linearly polarized laser field = — e~ + - +v,. A
detailed calculation of this process is carried out, using Volkove wave function for

the initial muon and electron.
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Chapter 1

Introduction

All hadrons and leptons experience weak interaction, and hence can undergo weak
decays. Leptons do not participate in strong interactions. The weak decay of u= —
e~ + Ve + v, which is the dominant decay of the muon is interesting. In principle,
the muon decays electromagnetically via u= — e~ + v [1]. Muon decay involves
neutrinos. Neutrinos are unique in that they can interact by weak interaction.
They are colorless, electrically neutral, and massless. For muon decay, the left

handed masselss neutrinos are designated by spinor:

(1 —75)u(p) (1.0.1)

and, the right handed anti-neutrino spinors are designated by spinor:

(1 + y5)v.(p). (1.0.2)

We calculated lowest-order graphs for weak interaction, where the momentum ex-
changed due to the weak current satisfies ¢> << My,. The existance of W= simply
leads to a reinterpretation of the Fermi coupling G. Weak currents involve massive
vector bosons (W=, Z%) according to the “Standard model” for electroweak interac-

tions. These weak bosons were first discovered by Weinberg and Salam.



We use Glashow-Salam-Weinberg(GWS) theory of weak and electromagnetic in-
teractions among lepton and study its properties. The main features of GWS model
for weak interaction are:

1. There exist charged and neutral weak currents.
2. The charged currents contain only couplings between left-handed leptons.
3.The bosons W+, W~ and Z° mediating the weak interaction must be very massive.
4. This gauge bosons receive masses through the Higgs mechanism.

In this thesis we have introduced the light cone coordinates in terms of the usual

space-time coordinate as:

a, = %(ao + a3) (103)
a_ = %(ao —as) (1.0.4)
a; = (ay,as). (1.0.5)

With this ,we can write the dot product of two-four-vectors as
a.b=2a;b_ +2a_by —ayb,. (1.0.6)

The light cone Dirac matrices are:

=7+ (1.0.7)
7-=7"=9 (1.0.8)
Y= (n,%) (1.0.9)

The Feynman slash matrix is then,

d=7.0="75a_—"y_ay —Y1 01 (1.0.10)

with the property

Y+V+ = 0 (1011)

Yo+ = VF70 (1.0.12)



VEVE = 27077 (1.0.13)
VEVL = TV (1.0.14)

The gradient in terms of the light cone coordinates have been expressed as:

8y = D+ Os (1.0.15)
0. =y — O (1.0.16)
8, = (01,0,) (1.0.17)

Through out the thesis, natural units are used, where A = ¢ = 1 with h being the
reduced Planck’s constant and ¢ the speed of light in vacuum and pu, v taking values
(0,1,2,3). The thesis is organized as follows; Volkove wave function of free muon in a
laser field are desired in Chapter 2. As a mathematical preliminary, the study of free
muon decay through the process u= — e + v, + . is done in Chapter 3. In Chapter
4 we study muon decay in an intense laser field using Volkove wave function for
both initial muon and electron. we calculate decay width for this process. Chapter

5 deals with summary and conclusion.



Chapter 2

Intermediate Vector Boson (IVB)
and Volkov States

2.1 Intermediate Vector Bosons

The weak interactions are mediated by the exchange of intermediate vector bosons
just as electromagnetic interactions are mediated by photons. The intermediate

vector bosons W=, Z% are massive in contrast to photons which is massless [2].

2.1.1 Massive Vector Boson field

At this point we need to develop the field theory of a free (non-interacting) massive
vector particle. Let‘s begin with a vector field W, which we take to be complex,
since we want to describe charged particles.

The field strength tensor for W, given by:
G = oW, —o,W, (2.1.1)
and, the free Lagrangian for a massive W boson field is,

1
—=G5 G+ miy, Wi (2.1.2)

L:2W



where G, is the field strength tensor of W# bosons.
G, =0oW,—-0,W, (2.1.3)

G, = 0,W; — 9, W (2.1.4)

Under Gauge transformation G, and G}, are invariant.

The equation of motion for W, by using the corresponding Euler-Lagrange equa-

tions as:
oL oL
—Ou(———— Y =0. 2.1.5
oz~ ey =0 (2.1.5)
where L is given in Eq.(2.1.2),
oL
o = my W, (2.1.6)
oL
——— )=-9, . 2.1.7
Oy ( oL ) =0, (=0, W, + 9, W,) (2.1.8)
v 0(8,,W;) — Uy vVVou wVvuy <L
Under Lorentz gauge condition,
o,W" =0, (2.1.9)

we obtain the equation of motion of W-boson field W), is,
(O 4 m? ) Wy(z) =0 (2.1.10)

This is the equation of motion for W, (x).

Similarly the equation of motion for W field as,

(O +mi)W;(x) =0 (2.1.11)

There are three independent polarization vectors that satisfy the Lorentz condition

e.k=0 with £* = m? for a W-boson moving in the 4z direction with

k' = (w,0,0,w);w* = k* + miy (2.1.12)



A convenient basis of polarization vector is,

1
= _—(0,1,4,0 2.1.13
¢ = =5 ) (2.1.13)
0 1

" = ——(k,0,0.k) (2.1.14)

my
which are the two transverse polarization vectors and the longitudinal polarization
vector
The transverse polarizations have helicity +1, while the longitudinal polarization

has helicity 0. These obey the orthogonality / completeness relations

Zeﬁeﬂ‘ = —01) (2.1.15)
m
11k k kV

Z € = —gu + n{:_%v (2.1.16)

To reproduce the successes of 4-Fermi theory the W+ must have some unusual
properties.

1,It must be massive, with my = (\/%7),50 that at energies << my, we recover
the point-like interaction of 4-fermi theory.

2,It must carry £1 unit of electric charge, so that electric charge is conserved at

each vertex in the invariant amplitude diagram .



2.2 Volkov States

In this section we want to solve the Dirac equation

(mau — e A, — m)w =0 (2.2.1)

in an external electromagnetic field with potential A,, moving with the velocity
of light in a fixed direction, specified by the wave vector ? The potential A,
is assumed to depend on the space-time coordinates x through the scalar product
p=kux

A, =A,(kx) (2.2.2)

Moreover, we will extend the general Volkov solution to the special case of linearly
polarized laser field solution.

We can rewrite Eq.(2.2.1), by separating the space and time parts as [3].
i”yoao + 2%81 — 6(7[)./40 — ’}/IAZ) —m w =0 (223)

We now introduce the concept of the technique of light-cone variables, which is
useful in problems involving motion at the speed of light [3].

Thus, in light-cone coordinates Eq.(2.2.3) becomes

1

{z‘ {ﬁm F0)5(00 +0) + 5l +7)5(0 —0.) ﬂm}

Fe 50 F 0+ A = 50 =0 = A s | -m b =0 224)

Simplifying terms we get,

1 1
[z;wl + iéy — 0 +iy10L —e(yp A+ Ay — 1AL — m] v=0 (2.25)

We can now assume without loss of generality that the wave moves in the x3 direc-
tion. Thus,

k, = w(1,0,0,1), (2.2.6)



which implies that
ky =w#0 (2.2.7)

and

k.=k =0 (2.2.8)

The Lorentz gauge condition is given by
kA=2k;A_ +2k A, —k A =0 (2.2.9)

which immediately implies that

A =0 (2.2.10)

The Dirac equation then reads
1 1 .
Z§7+a+ + 257—3— +i7. VL —ey- A +eyi AL —m| P =0 (2.2.11)

The potential is assumed to move with the velocity of light in the x3 direction and

will only depend on the variable z_ [3]. Thus,
Ar=A(z2) and A-=A_(z_) (2.2.12)

The motion of the electron in the x, and x, directions can be described by a plane

wave
Y=Yz, x_,x,) = N, exp(—ip.x)p(x_) (2.2.13)

where

p.x=2p x_+2p_x,. —piT) (2.2.14)

Upon substituting Eq.(2.2.13) and Eq(14) into Eq.(2.2.11), there follows

1 1
z’§7+8+ + 257—3— +iviVe —ev- Ay teyi AL —m

exp i(2pix_ +2p_xy —pix)) ¢(z_) =0, (2.2.15)



which leads to
1
= 51+ (2p-) = 7-(2p4) +er-As +er AL —m

exp i(2pyx_ +2p_xy —pray) o(x-)
1
+ [2578@5@) exp i(2prax_ 4+ 2p_xy — pLxL)] =0 (2.2.16)

Simplifying terms we finally obtain Dirac equation in light cone coordinates as,

1
[2578 — Y- = Y-py — YipL —ey-Ap + ey AL — m] Pz-) =0 (2.2.17)

Splitting the wave function into its light-cone projections we have

6= 504 +6) with bu= 10, (2:2.18)

satisfying we get,
Y20+ =0 and yrpr = 290+. (2.2.19)

The Dirac Eq.(2.2.17) upon substitution of Eq.(2.2.18) and Eq.(2.2.19) becomes
[%p— —71(pr —eAyr) — m} o

+ {@'%7—3— +7-(p+ —eAy) —vi(pL —eAr) — m] o- =0 (2.2.20)

Multiplying Eq.(2.2.20) from left by v_ and applying the relations in Eq.(1.0.11),
Eq.(1.0.12), Eq.(1.0.13) and Eq.(1.0.14) we obtain

{2%7#?—} ¢+ + |:2’7L70<pL —eAy) — QWOW} ¢ =0 (2.2.21)

This can in turn be expressed as

[2%%29} ¢+ = 270 [w(m —eA)+ m} ¢ (2.2.22)

We can write ¢ in terms of ¢_ as

br =5, [u(m —eAL) + m} 6. (2.2.23)
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Now we multiply Eq(2.2.20) from left by 7, as

[ia— +2(py — €A+)} -+ {% (pL—eAL)v. — m%] 70 {’M (pr—eArl)+ m] ¢ =0.

2
(2.2.24)
This is reduced to
[ia_ - < —d4p.p_ +4eAip_+ (pL —eAL) + mQ)} ¢ =0, (2.2.25)
where we used the relations
Yivo = —vvL and (yL.AL)?=—AL (2.2.26)
Now the square of the field is given by
AP =4A A — A5 = -A3. (2.2.27)

1
{iﬁ ~ ( —dpip_ +deAp +pt+ AL —2epl AL+ mQ)} ¢-=0

2p_
(2.2.28)
Now we write
p*=dpip_ —pi. (2.2.29)
Thus Eq.(2.2.28) becomes
1
i0_ — 2—(4€A+p_ —2epy A; — 2 A% | ¢ =0, (2.2.30)
D_
where we have used the condition
P> =m? (2.2.31)

Substituting

2./4.]? = 4A+p_ - QAlpl (2.2.32)
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we arrive at the most simplified Dirac equation

i0_ — %(26./4.]9 — A% | ¢_ =0 (2.2.33)
Solution of Eq.(2.2.33) is
b_(2_) = do exp (—id(z_)) (2.2.34)
with the phase
O_(_) = /Ox_ (e;l'p - e;f) (2.2.35)
and ¢ is a constant spinor satisfying
Y+po = 0. (2.2.36)
We can choose it to be
bo = Yov-u(p), (2.2.37)

u(p) being a unit spinor satisfying the free Dirac equation in(xy,...x3) notation
To=ct.
(y.p+m)u(p) =0 (2.2.38)

We substitute Eq.(2.2.23) and Eq.(2.2.34) into Eq.(2.2.18) and obtain

1 1
¢=§P+;ﬂwMu—Mn+m%mw@mM4®
Po

1 1
=35 [%7 + =% (Y1707 (pL — eAL) + %vm)} u(p)exp(—i®)

2p_
- % {707— + % (=v1y-(pL —eAy) + W_m)} u(p)exp(—id)
= % [707— + 2]'% (Y=yL(pL —eAyL) + V_m)} u(p)exp(—id) (2.2.39)

Commuting vyy— to the left and using the Dirac equation in the form

(vipL + m)ulp) = (v-py +v+p-)u(p), (2.2.40)
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we find

1 1 .
¢=3 [’m + 5, 1= (VP by - enAL)} u(p)exp(—i®) (2.2.41)

which in turn be expressed as

1 1 .
=3 [%7— + Y07+ — 5@—%«44 u(p)exp(—i®) (2.2.42)
Thus,
i L _id 2.2.43)
¢ = A QP_GV—M 1| u(p)exp(—i®) (2.2.

where 79 = v- + 4.

Now it is possible to show that
V- Al = - A = - A = AL = vl A (2.2.44)
Therefore, we finally arrive at the solution

1
o=11- §€V—WLAL u(p)exp(—i®) (2.2.45)

Finally, the solution for the Dirac equation in an external laser field becomes

= Nexp(—ip.z)p(x_). (2.2.46)
It then follows that
Ye(x) =N (1 - %e’y_.A) u(p)exp (—ip.x — iP) (2.2.47)

The solution found can be immediately generalized to an arbitrary direction of the

vector k by replacing p_ and ~_ as,

T 2 42
o(z) :/0 dz’ (e;l_'p - Zi) (2.2.48)
¢ eA.p 62./42)
_ ("4 _ , 2.2.49
/0 v < k.p 2k.p ( )

where

2wp_ =k.p
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wy.=vk=¥ (2.2.50)
With the help of Eq.(2.2.50) we arrive at the Volkov solution

=N (1 + %) u(p) exp(—ip.x — iD). (2.2.51)

The electron bispinor has to be normalized by demanding that
Up sUp o = 2mdgg (2.2.52)

This leads to the conclusion that the normalizer above is

m
N =,|—= 2.2.
= (22.53)

where V' is the normalization volume.

Therefore, the complete solution of the Dirac equation for an electron in an electro-

magnetic field is given by:

P = Eiv (1 + %) u(p) exp(if) (2.2.54)
with f the phase term
e v e(pA) 62./42)
f=-p /0 de ( U 20) (2.2.55)

and ¢ = k.x and E denotes the energy of the particle in the field.
Here we note that the exact solution of the Dirac equation for an electron Eq.(54) in

the absence of an electromagnetic field A, = 0 is reduced to the free-field solution

m —ip.x
=4/ E_Vu(p) e

The the effective mass m* also reduces to the electron mass m.

For a linearly polarized plane wave laser field we write the potential in the form

A(z) = a cos(yp), (2.2.56)
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where a indicates the amplitude of the vector potential and the polarization is chosen
as € = (0,1,0,0).

Substituting the A(x) into the phase term we obtain

- ¢ eap cos(p)  €*a® cos®(p)
R A G v e
1 e
f=-pr— 5 dp (Zeap cos(p) — e*a® 0032(g0)) (2.2.58)
0
= —pr — %p {Qeap sin(p) — e*a’ (isin@go) + %(p)] : (2.2.59)

where we have used the integrals
©
/ dp cos(p) = sin(y)
0

s 1 1
/ dy cos?*(p) = 13@'71(2@) + 3¥ (2.2.60)
0

Rearranging terms we obtain

eap sin(p)  e*a® sin(2p)

= —qr — + , 2.2.61
d 2(kp) (8kp) ( )
where
e2a’k
—p— 2.2.62
4= i) ( )

is the effective four-momentum of the particle in the laser field.
Now the full Volkov solution for a linearly polarized plane wave laser field is written

as

_/m el A (o) exn | —ior — ieap sin(p)  ie*a® sin(2p)
o1 =i (14 gy ) ) e[ i - S SRR,
(2.2.63)

These are the eigen wave functions of the particles in the laser field.



Chapter 3

Free Muon Decay

3.1 The Decay of Muon

Free Muon decay through the process =~ — e v, was first studied using the
original Fermi theory of weak interaction. The decay implies a change in the state
of the muon,because the interaction that causes it is weak. It can be described in

the framework of Fermi theory for point interaction as in Fig 3.1

5 Lt Y
e g
ﬂ F : 1rre

[Eh Ty

Figure 3.1: Momenta and spins for muon decay

15
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The S-matrix element Sy; for a transition from an initial state |i) to a final state
|f) can be expressed as:
Sy = —z/ dtHZ%t(u_ — € Uely), (3.1.1)

and the interaction Hamiltonian(HZ%,) is given by:

1= [ P@lan0 =@l =) (312

where, |f) # |i), and G is weak interaction coupling constant.

For this first-order approximation we may choose free wave functions to describe
the four particles with four-momenta p,p , k, k" and spins s, s , t, t respectively.
According to the Feynman rules the (outgoing) anti neutrino is represented by an
(incoming) wave function with negative energy (see Fig. 3.1). We employ the form

of the plane wave solution,

uy(2) = 2B,V) " u,(p', 8) exp(—1p,,.) (3.1.3)
ue(r) = (2E.V) ™ uu(p, s) exp(—ip,a") (3.1.4)
Upe() = (2B V) 0,0 (k, t) exp(ik,z,,) (3.1.5)

Uty = (2B, V) ™2y, (K ) exp(—1k, o) (3.1.6)

w, (), ue(2), upe(x) and u,,(x) are the free wave function of muon,electron, muon
neutrino and electron anti neutrino

where

Eﬂf = p/07 Ee - p07 Elle - ko; E"F = klo (317)

and u(p, s),v(p, s) denotes the spinor part(E positive)

u(p, s) = (B +m)Y? ( X ) (3.1.8)

0.pX
E+m
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g.pPX

v(p,s) = (E +m)Y? <E+m> (3.1.9)

Xs

with the two- component unit spinors ys.
Substituting this expression in to the matrix element, Eq.(3.1.1) yields the S-

matrix element

—1G . exp[@(k:; — p;L +pu+ ku)z,l

- 1.1
V2 ) TR OV oV v R0V ]2 (3.1.10)

S(p~ — e vy, =

X [t (K )7, (1 = 35)un (D' 8], X[@e(p, )70 (1 = 7) Ve (K, 1)]
where [ d*zexplu(k, — p, + pu+ ku)xu] = 27)' 6 (p+ k+ K —p)

, Golp+k+k —p)

3.1.11
\/5[16V4k:'0p'0p0k0]1/2 ( )

S(p~ — e Devy,) = —1(2m)

X [ty (K )7, (1 = y5)uu(p', )] X [Ue(p, $)7u(1 = 75)vie(k, t)]

= _\jg(27f)454(p+k+k/ —0 )T (K, )7 (L=75) (' )] (ps )73 (1=75)vue (K, 1)]
(3.1.12)
we can write,
S(u™ = e ) = —12n) 0 p+ k+k —p )M (3.1.13)
S(p~ = e ver,) = —1(2m) 6 (py — pi) M (3.1.14)
where
M = %[@w(kla )7L = 75)ua(p 8 )][@e(p's 8 )7u(1 = 5)vne(k, 1)), (3.1.15)

is invariant amplitude of free muon decay through the process = — e v.v,.
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3.2 Decay Rate and Life Time

The muon decays practically 100 percent of the time to an electron and two neutri-

nos. Here we investigate its decay rate and see what it tells us[5].

P e+ v+, (3.2.1)
L —
. I,
o
-
W

s

Figure 3.2: Muon decay interms of the vector bosons and the momentum transfer
in the vector boson.
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The decay rate of muon with polarization S’ and an electron with polarization

S is [4].
G2d®p BE [ BE / /
dl' = ——=-—555 - — k _ 2 9
(2m)52p"02p0 / 2k0 / o0 Pk +k—p) Z |M?, (3.2.2)
tt
where
M= [ty (1 = 5 )t [Eey (L — 5) . (3.2.3)

| M|? consists of two similar factors for the muonic and electronic transition currents

if we write M = M*E, with

M* = [, 4" (1 = ~")u,] (3.2.4)
B, = [i7(1 = 95w, (3.2.5)

and
Do IMPE= Z(M”EM)(M”EN -~ Z(M“M”)(EHEJ)- (3.2.6)

Let us first focus on the muonic factor,

XM () = MM (3.2.7)
X () = [, (K ) (1= up(p )] X [, (K )7 (1=9")uu(p, )] (3.2.8)

t/
where

[t (K, 87" (1= 7" )uu(p, )" = [@,(p', )7 (1 = 7°)uu (K, 1)] Thus,
X () = Zaw(l{:/,t')*y“(l — Y Yuu(p s ) (p, s )y (1 — 75)u1,#(kl,t/). (3.2.9)
tl
Now using the spin sum formula

Dt (K )ty (k)5 = (K +1m)ap = Fug (3.2.10)

t
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where «, § denote the spinor indices and m, = 0

1++° 5

s (3.2.11)

uu(pl> S,)aﬂu(pla 8/)/3 = [(/p' + mu)(
Substitution of Eq.(3.2.10) and Eq.(3.2.11) into Eq.(3.2.9), we get the muonic factor

1+ 5

XMV(M) = Z 7ﬁg(1_75)97[(pl+mu)(T)]aﬁﬂuu (k/7 t‘/)ﬂ’}/ga(l_/yf))mruu” (kl, t/)T
t/
(3.2.12)
Thus,
, : 1+ ' , ,
X (1) = Yig(1 =) eal (b + mu)(%ﬁ)]ama(l —Ys)or Kppe (3:2.13)
which can in turn be expressed as,
, , 1+ N /
X () = Trl (=) (6 +m) (e K (3214)
Since y#v5 = —y5y* this yields
1 ! / /
X)) = STr[(6 +m)(1 43 S0 KL= (=) (3215)

Now we make use of the property that any trace of a product of an odd number
of 7 matrix vanishes. Further more it holds that (1 — 7;5)? = 2(1 — 73) so that
Eq.(3.2.15) becomes

Xt () = Tr{(f +mu)(L+7 500 k(1= s)] (3.2.16)

=Tr[py" K1 =)+ prvs B9 Fvu(l =) (3.2.17)

+m (L= 5) +muys K97 (1 —s)]
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Obviously the second and the third terms are odd: due to which they do not
contribute. The remaining terms contribute. Taking into account that ~v5(1 — ;) =

—(1 —75), we can express,

X () =Tr[py" E4"(1—=n5) —my 59" k7" (1= 7)) (3.2.18)
Thus,
X () = Trl(f —mu S0 k4" (1 =75)] (3.2.19)
Using the trace technique, the final result for the muonic part is,
XM () = 4[(p —muS )k — (0 = muSHE g™ + (p = myS K + e (p —m, S k.
(3.2.20)

The electronic contribution is evaluated in a similar manner, which gives
X, (e)=E,Ef (3.2.21)

XMV(G) = Z[ae(p7 S)’YM(l - 75)UV€(]€7 t)] [ﬂe(p, S)VV(l - ’}/5)1}%(]{3, t)]+ (3222)

t
where

[ae(p7 S)’Yu(l - 75)Uue<kv t>]+ - [7_)1/5 (k, t)f)/u(l - 75)“6(297 5)]

Xow(e) =Tr[(p—me Sy Ayl —75) (3.2.23)
= 4[(p — meS)k — (p — MeS)k gy + (p — MeS)k — 1€appn(p — MmeS)k. (3.2.24)

The final result for the squared invariant matrix element in Eq.(3.2.6) becomes
STIMP = X ()X, (c) (3.2.25)
t,t’

3" IM[P = 64(p —m,S) K, (p — meS) ks (3.2.26)
t,t'
Substituting Eq.(3.2.26) into Eq.(3.2.2) we get,
G*64d3p . B3 B3

dl = (P— — - kk S (p+k +k—p) (3.2.2
(2m)52p02p0 g P S ) (P=meS / 20 g0 KR O Pk k=) (3.2.27)
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We may perform the integration over the neutrino momenta by using the well known

relation .

ErEPE : N R
/Q—k()%,o kEO (p+k +k—p) = 57(¢ gas + 24a45)0(¢")O(q") (3.2.28)

where ¢ = p —p'
Upon substituting Eq.(3.2.28) into Eq.(3.2.27) we get,
G*md®p
3(2m)5pp°

2(p" = p)alp’ —muS)* (P —p)alp — meS)?] x O —p°)(O(p — p)?)

!

dl’ = [(p/ — p)Q(p/ —muS ) (p — meS)at (3.2.29)

(0 —p)*=—=2pp +p*+p° (3.2.30)
where p =m, =p°p = my,
(p' = p)* = —2p"my, +mj + m? (3.2.31)

The condition (p' — p)? > 0 for a non-vanishing dI' yields,the restriction

2 2
0 0 mu+me

< = (—— 3.2.32
P < Praz = ( o, ) ( )

which consequently requires p© — p° > 0 since

) m? —m?
po—pozmp—p°>mu—p2m:(“—e> >0 (3.2.33)
2m,,

The condition p° < p?,.. Eq.(3.2.29) gives,
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. G27Td3p '0N\2 ) 0 0
dl' = W[(mu_p ) - P ][(p _meS )+ (3234)

S (p—meS)|+2[my —p = S p[(my = p°) (p° —meS°)+

p(p - mes)] X @(pgum: - p())?
where

d*p’ = 4rpidp,. (3.2.35)

Here S = %’% is the space component of the electron spin vector.

Integrating Eq.(3.2.34) over dpy we get,

3G?
r, = 3@ / dp’/(p°)? — m2[—4m,, (p°)? + 2p°(m? + m2) — 2m,mZ]. (3.2.36)
Thus,
G*m?
r, = B — 2yt — 12471 2.
h= Togns T 8Y 8y —y y*Iny (3.2.37)

where y = 2. The contribution of 8(y?) and terms is negligible in comparison

TN N

to 8(y) terms due to m. << m,, and hense those terms can be dropped.

Thus,
G2m5
r,= 21— 2.

From Eq.(3.2.37), it is obvious that the decay rate would vanish if y = 1. In
that case the muon would be stable. So that there would be no phase space for the
final-state electron. The result in Eq.(3.2.38) is calculated at tree level (which gives
the maximum contribution) so does not include the so-called radiative corrections.

Therefore, the total decay rate of muon is equal to

G2m5 8m2

£ e
- = — —. 3.2.39
K 19273 [ mi ) ( )

Due to the use of free muon decay through the process = — e~ 7.1, we drive the

decay width. The life time of muon decay as,

(3.2.40)

1
Tﬂ_ = F_
=



24

3.3 Differential Cross Section of Muon Decay

Golden rule for scattering;- tells us if particle 1 and 2 collide producing particle

1422344+ ... +n, (3.3.1)

the cross section is given by general formula[7],

|M? d’ps d’py d*pn
do = . PGP (3.3.2)
4\/<p1 'p2)2 — (m1m2)2 (27’(’) 2F5 (271') 2F, (271') 2F,

X (270)46% (p1 4+ P2 — D3 — Paceveeennn. Pn)

In the center of mass frame p, = —p; and py.ps = E1FEy + pi.

V (p1p2)? — (mimy)? = (E1 + E)|pi| (3.3.3)

Thus.
1

8

)2 \M!2d3p3d3p4
(E1 + Es)|p1| B3y

5*(p1 4 p2 — p3s — pa) = 0(Ey + By — By — E4)0°(—ps — pu) (3.3.5)

do = ( 5*(p1+ p2 — p3 — pa) (3.3.4)

The out going energy in terms of p3 and py is F; = y/m? + p?,. We carry out py

integration where p3 = —p4. This gives,
o= G s < e B (a3
VmE + pi/mE +
where,
d’ps = p*dpdQ; p = |ps) (3.3.7)
and df) = sin ©dOdP
Substituting Eq.(3.3.7) into Eq.(3.3.6) we get,
d_az(iy 1 /OO|M|2X5(E1+E2)—\/m§+P2—\/mi+P2pzdp
ds) 81’ (E1+ Es)|p1| Jo

Vi R m

(3.3.8)
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The integral over p and m; — (E; + Es) is then
2 ‘M |2 |pz|

do 1 P3=—p4

o~ 5 (E1 + E2)2 [py|

(3.3.9)

where |pf| is the magnitude of either out going momentum and |p;| is the mag-

nitude of either in coming momentum.

el M
o =[1-(55)"] (3.3.10)

The invariant amplitude of muon decay is,

|MJ? = 2G%(p1.p2) (p3pa) (3.3.11)

where p3 = —py

[M]* = 2G(p1-p2)(—13) (3.3.12)

If we now go to the center of mass frame and neglect the mass of the electron,

we can write,

|M|* = 2G5 (p1.p2) (p3.pa) (3.3.13)

pr-p2 = [(p1 + p2)® — P — p3]/2 (3.3.14)

=[(2E)* — 0 —0]/2 (3.3.15)

=257 (3.3.16)

p3-pa = [(ps + pa)?® — P — p3l/2 (3.3.17)

= [(p1 +p2)* —0—m]/2 (3.3.18)

= [4E* —m,]/2 (3.3.19)

= 2F*[1 — g”—E“)Z] (3.3.20)

|MJ? = 8G2E?[1 — (%)2]. (3.3.21)
The differential scattering cross section of muon in Eq.(3.3.9) is

= 3Gl - (PP 3322



1 2 1 2
S E2[1 -
? /sz(47r)2 =55

dQ = sin ©dOdP, [sinOdOIP = 47

And the total cross section is

1
= —G%E*]1 -
o Qr [ (

My

my

)2]2dS2

)T

3B
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(3.3.23)

(3.3.24)



Chapter 4

Muon Decay in A Linearly
Polarized Laser Field

Previously, some attempts have been made to find the change in the decay rate of the
muon whenever a strong laser field is present. Liu, Li, and Berakdar (LLB)[8]. Tried
to calculate this change for a strong linearly polarized laser, using an approximated
electron wave function combined with numerical calculations[6]. They found a large
modification of the life time, as much as an order of magnitude. Narozhny and
Fedotov challenged this result. Recently,the full analytical calculations of the decay
rate of the muon in the presence of a strong circularly polarized laser field, was
finding only small (explicit) corrections to the unperturbed decay rate. Although
one might not intuitively expect major alterations of this conclusion once a laser with
a different polarization is used, it proves to be worth going through the calculations
for a strong linearly polarized laser. The electron wave function will involve two
different exponents of the sine function, resulting in triple summations of the Bessel
function. In contrast with the circularly polarized case, there is only one exponent
of the sine function, and consequently, only one summation of the Bessel functions
. Also, this calculation will settle any possible disagreement among the community

regarding the difference in laser polarization.

27
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4.1 Laser Assisted Muon Decay

We assume the decay of muon to occur in the presence of a monochromatic, linearly
polarized, spatially homogeneous laser field. The final state electron is treated rela-
tivistically[8]. The electromagnetic field is described by the classical four potential
Au(r) = aycos(k.x) that satisfies the Lorenz condition. k.c = 0 and a, = (0, <)
is a constant four vector and ¢q is the amplitude of laser electric field. We choose
the photons to propagate along the z-direction k£ = (w, 0,0, w) follows from the laser

frequency w and wave number k.

4.1.1 The S-Matrices Element for the Laser Assisted Muon
Decay

S = —z/ dtHin (™ — € Dery,), (4.1.1)

o0

where H;,; is the Hamiltonian of the weak interaction in-ducing the decay process.

Hiny = %/d%[?ﬂm (@)Y (1 = 75) (@) [ ()7 (1 = 75) 5, ()], (4.1.2)

Substituting Eq.(4.1.2) into Eq.(4.1.1) gives,

S = ‘ff [ sl @l = @I e = e e, (413

Here G is the constant of the weak interaction and x stands for the spatial coordi-

nates. 1, JJVW 1., and 1)y, are, respectively, wave function of the muon, the muonic
neutrino, the electron, and the electronic anti neutrino. The neutrinos are treated
as massless particles described by Dirac spinors. For the laser intensities considered
here the state of the electron and intial muon in the laser field is represented by the
Dirac- Volkove function(normalized in a large volume V). The full Volkove solution

for a linearly polarized plane wave laser field it has the form.
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m el A , ieap sin(p)  ie?a® sin(2p)
Y = <1 + ) u(p)exp {—qu — + ,
W=y Ey 2(kp) ) (kp) (8kp)
(4.1.4)
where ¢ = k.z, p is the laser free four momentum, q is the effective momentum
of the particle in the laser field and m is mass. ¢ = p — ?ZZ;’; m? =md — %
Thus,
Me el A , ieaq sin(p)  ie?a® sin(2p)
Ve = (1 + —) u(q)exp {—qu — + ;
v \'" 3y ) " ) (#ka)
(4.1.5)
- me _ el _ ieaq sin(p)  ie?a® sin(2p)
e = q <1 + —> erp {qu + — , (4.1.6
Ev O\ k) (ka) g | O
m el A , ieap sin(p)  ie?a® sin(2p)
), = K (1+ )upe:np[—sz— + :
VB ey (o) Sk
(4.1.7)
1
Yy, = EVHVU(QQ) exp(—ige.x) (4.1.8)
_ 1 ]
Yy, = EV“VU(QQ) exp(ige.) (4.1.9)

vy, = ”E,,levv(ql) exp(iq;.x) (4.1.10)

Upon substituting Eq.(4.1.10),Eq.(4.1.9),Eq.(4.1.7) and Eq.(4.1.6) into Eq.(4.1.3)

gives the S-matrices elements for the laser assisted = decay,

Sy = "\;g / d4x\/;tva<q2)exp(iq2.x)%<1 _ w@ (1 + %) u(p)

(4.1.11)

2

ie2a? sin

(2¢)

. teap Sin ie2a? sin(2 Me — e - ieaq sin
633]9 |:_Zp - p(kp) (90) + (8]43}'))( s0):| EE—VU(CD (1 + ﬁ%) €$p [qu + q(kiq) (LP)

(1 = 5)y/ 7w v(@) exp(iar.z)

(8kq)
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o1 e 10 1+ )
(4.1.12)

2

2

. ieap sin(p) ie2a? sin(2¢) — eAl . ieaq sin(p) ie?a? sin(2p)
exp <‘pr B R T >] [a(q) (1 + W) exp (“19” N >

Yu(1 = 75)v(q1) exp(iq:.v)]

[ muyme 4 ieap sin(p)  ie*a® sin(2p)

= dArleila—p). 1—

St \/— E,E Equue V2/ (QZ)/'VM( 75)[€$p< (kp) + (8kp)

(4.1.13)
+—Zé€l'p (—ieap sin(p) + ie2a2 sin(?go))]u(p)][a<q)ei(q+q1)_x (1_ ) [6.%' <ieaq sin(p) _ iea?® sin(2¢)
2k.p (kp) (8kp) Tu\ETs p (kq) (8kq)
e ieaq Sin ie?a® sin(2
+2?5€$p ( q(k:q) @ (Skq)( SD))]U(CH)]

where F,, E,, £, and Ej,_ are, respectively, the energies of y, v, and 7., e™. Further-

more, p,q, ¢ and ¢, are the four momenta of 1, v, and 7., e~, and @(qz), u(p), @(q), v(q1),

are, respectively, the free Dirac spinors.

_ My e 4 a1t
Spi=— w/E o 5 [ e e g, (- ) (411)

—ieap sin ie2a? sin(2 e ieap sin ie2a? sin(2 —
eap (Sietpale) 4 0@ ) | o ((eopante) 4 1L Y (p)] a(q), (1
2 2 2

ieaq sin(p) ie?a? sin(2p) AW teaq sin(p) iea? sin(2¢p)
75)[%17( q(kq) = - ®kq) SD) + 5y qexp< q(kq) = - (kq) = )]U(Ql)]-

Therefore

. G m,me 1 i(qa— T (57
S == B e | A (1 = sl
p=e=v, Ve

(4.1.15)

[U(q)7u(1 = 75)v(q1)],

where

/d4x€i(q—p+Q1+Q2+2L+l).x _ (2%)454((14— G+ q—p+2L+ l) (4.1.16)

)

)
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Spi = —i%(2ﬂ)454(q + 1+ ¢o — p+ 2L+ D[a(g) (1 = 75) fFu(p)] - (4.1.17)

X [u(q)yu (1 = 75) fro(q)].

Thus,

My, = %[ﬂ(f&)w(l — s )ulp) f* [a(g) 44" (1 = +°)o(q)] (4.1.18)

Therefore, the S-matrices element of Eq.(4.1.17) gives,
Spi=—i(2m)*6" (g +q + g —p+ (2L + 1)) My, (4.1.19)

where My ; is the invariant amplitude of muon decay in a linearly polarized laser

field.
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4.1.2 The Decay Rate of Muon in the presence of Laser
Field

Muon decay is represented by,

po(p) = e (@) + Ve(qr) + vu(a2), (4.1.20)

where the arguments label the associated momenta. The momentum conservation
is then

P+ L+ DK =q" + g + 4. (4.1.21)

Not that L has a prefatory 2. Following the standard procedure of determining the
decay rate, there are four summation indices, L, L' ./, and . One of the summation
indices,L, L, [, and I'. One of the two delta function, however, takes care of one of
the summation indices

I'=2L—L")+1, (4.1.22)

A quantity of interest to be calculated for this process is the rate of production .
Physically, the rate of production is the probability per unit time for the muon to
emit electron, muon neutrinos, electron anti neutrinos, in the presence of the laser

field. We begin by finding the probability p defined by

dpf
1 41.2
P= Z/ om)32E,(2m)32m,, SZ|Sf (4.1.23)

where we have taken summation over the spin state of the final muon neu-

trino,electron anti neutrinos,and electron and average over the spin state of the
incoming muon. The phase space integral over the final momentum ¢, ¢g; and ¢ ,has

been simplified in to the form.

3 3 3 3
Y STy ST B
2E¢(2m)3 2F.(2m)% | (27)32¢Y ) (27)3249

e Z 1S (4.1.25)

spm
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The S-matrix for this process the normal 4-dimensional d-function.
Sri=—1>_ (2m)'6* (¢ —p+q + g2 + (2L + 1)k) My, (4.1.26)
l=—o0
Eq(4.1.26) suggest conservation of momentum and energy. The (2L+1)k is the
number of photon, that are pulled from the laser field, we have observed the coupling
spinors,Bessel function, in to the scattering matrix My ;. The probability of the

interaction are

d pf 1 G 4 *
p= Z/ 232 (2m)32my, 52 Z *[6*(g—p+q1+q+(2L+1)E)))? L 2(L—L')+1

(4.1.27)
where ' = 2(L — L') + 1,

=Y & b, ¥ 2 2 B L DM M

T (4.1.28)
One of the two 4-dimensional §- function imply that for there to be any contribution
to the summation either is no incoming photon energy (E,=0,L,l = L'l'". Therefore
replace M} ;M with the square of scattering amplitude [Mf,|* eliminate the sum
over L' I,

We can write the probability of interaction in Eq.(4.1.28) as

—(2m)°[6%( oL+ 1)k M |2
p= Z/ o7 32Ef2mux Z 5 (G—p+a+q+(2L+1) ))] 28}%\ L’l| ,
(4.1.29)
where
— 1
| Mp,|* = 9 Z | My, (4.1.30)

SpsSesSvy, Sve

Which can be worked out using Dirac trace theromes.

My,
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Next we can use three of the d-function.

dpf S 554 2007 12
p= Z / TR ;O(m O (g=ptaitaatQLADK) (Bt By, + By, — -+ (2L+1)k))?| My |

(4.1.31)

where p is the probability of the interaction

43 > _
p= Z / b > (@m)°6*(q—ptait+aa+RLADE) (0( Bt By, + B, — By +(2L+1)K))?| My
27r =

32Ef2m
(4.1.32)
where
px Y (Ec+Ey+E,, —E,+(2L+1)k)>— lim dt expi( B+ By, 4+ E,, — E,+(2L+1)k)t
l=00 ) ’ 2T Tvo0 T/2 ) !
(4.1.33)
And use the other d-function to reduce the integrand to unity.
o0 1 T/2
px l; O(Ee + By, + By, — By + (2L + k) lim . dt (4.1.34)
P X i S(E.+FE; +E, —E,+ (2L+l)k)i lim T (4.1.35)
¢ ve G H 2T T—o0

l=—00

Substitute Eq.(4.2.35) in to Eq.(4.2.32) we get the probability of the interaction

as,

& - y
p= lim Z/ 2] S o — Z 2m)*6* (g —p+ @ + g2+ L + k)| My,

T—o00 32Ef2m
(4.1.36)
Therefore total production rate is of I' is
dp _p
S S 4.1.37
at T ( )

dpf . 454 —
= 2 - 2L My (41,
Z/ Sx)2E, 2, ZOO( )64 (g = p+ @ + g + (2L + D) My? (4.1.38)

hence,we are left with three summation indices. The total decay rate is,

F: Z FL,L/,I (4.1.39)

L.L'l
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LL L Z/ o) 32Ef2m (2%)454((] —p+aq+aq+ 2L+ l)k‘)|ML7[|2 (4.1.40)

Z/ _ d’py _/ d’q / P / d’q (4.1.41)
2E;(2m)* ~ ) 2E.2n)* ) (2r)32q) ) (2m)3248" h

dq g d*q 454 T2
Iy 2m)% 0% (g — 2L+ D)k)| M
LL'J] — / 2Ee<277) (27T)32q9 (27T)32qg( 7T) (q p + q1 + 42 + ( + ) )| L,l|

(4.1.42)

T, ., = / P00l sy p g+ gyt 2L+ DR (4143)
LL 2F,(27)% 2¢Y 2¢8 |

where,

d*q = 4mdEq? (4.1.44)

and
We may perform the integration over the neutrino momenta by using the well-

known relation

@, &
/ qu 2% q02 5Q+ @+ a)ales = 51 (Q% +20°Q7)0(QY),  (4.145)

with Q = ¢ — p+ (2L + ).
Substituting Eq.(4.1.45) and Eq.(4.1.44) into Eq.(4.1.43) these then reduced in

muon rest frame to,

where M is the muon rest mass, and E is q. The object T} ;/; is the square of the
matrix element in Eq.(4.1.18), summed over the spin and integrated over the neu-
trino momenta whose value can be worked out using trace theorems. The unaltered

decay rate of the muon is,
o G*M>
19273

(4.1.47)
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The limits of integration are determined by the © function, and the integration

separates into two parts

M/2 M/2+2L+1)w 1
/dE/dz@(Q2) :/ dE/ dz+/ / dz, (4.1.48)
Z(E)

with 2z (E) coming from the condition @ > 0

—M?+2M (2L + )w — 2E[M + (2L + l)w]

w(B) = 22L + l)wE

(4.1.49)

Since the first terms of Eq.(4.1.48) is independent of the summation indices, sub-
stitution of Eq.(4.1.48) into Eq.(4.1.46) allowed us to sum before integrating over
this first terms. In order to perform the summation per index of Tj ;/,, we use
Yo o In(2)nsk(2) = Ji(0), the recursion relation for Bessel function, n.J,(z) =
2(Jng1(2) + Juoi(z), and J_,(2) = (—1)%J,(2). We not that (L — L') can only
equal integer values; this notion force many of the summation terms to be zero[6].
The summations of the decay width of the muon, the integration may be performed
solving,
4.4 2

%) . 2&4(6— 101n% + %)]

8e2a?

5
TEANE R

The second integration term can also tackled in the same way. The indices of the
Bessel function are limited by [ < D, and L < B, as Bessel function becomes very
small once the index exceeds the argument. Therefore, given typical values such as
ea ~ 107*M,V and w ~ 1eV, (2l + L)w) is always much less than 1M,.V. Hence,
the correction from this integration term are small, as the range of integration is

small, after keeping only the first non-zero term, the correction becomes.
/ dz Z 2L+ 0Ty, 1, (4.1.51)
LI J=00

where TLL/J is the same as T} ;. Not that z,(4) = —1, from Eq.(4.1.49), and

hence, once again we are allowed to switch the order of summation and integration.
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Thus, the decay rate of muon gives,

8e2a?  w?  2w?. M etat M  M?

FC — FD[

The total change of the decay rate is then the sum of Eq.(4.1.50) and Eq.(4.1.52)

gives,

8e2a? 2w? M 5 w? etat

P=00 S (g =5+ 3 ~

M
9-12In—].  (4.1.53)
m

Due to the use of an intense laser field, we have calculated muon decay width taking
Volkvoe wave functions for both electron and initial muon in the presence of laser
field. However in the calculation done in[6], muon was taken as a free particle whose

wave function was taken to be a plane wave function.



Chapter 5

Conclusion and Summary

In this thesis as a preliminary exercise before solving to main problem, we first
calculated free muon decay. We calculate the decay width for free muon decay
through the process =~ — € + v, + ¥, in Chapter 3 which proceeds through the
weak interaction. We then studied Volkov wave function in a linearly polarized
laser field. The first full calculation of muon decay in a strong laser field was done
in Chapter 4.

In Chapter 2 we reviewed the intermediate vector bosons and Volkov state in an
intense laser field. Through the process u= — € + v, + 7.~ we have calculated in
detail the decay rate, S-matrix and the differential cross section of free muon decay
as in Chapter 3. As it was presented in Chapter 4, muon decay in a linearly polarized
laser field a long with laser assisted muon decay we show that the S-matrices element
and the decay width of muon in a strong laser field. Due to the use of an intense laser
field, we have calculated muon decay width using Volkvoe wave functions for both
electron and initial muon in the presence of laser field. However in the calculation
done in[6], muon was taken as a free particle whose wave function was taken to be

a plane wave type and they employed Volkove wave function only for the electron.
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