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Abstract
In this thesis, given a bounded domain Q c R™. we focus on the variational form

f {aVu - V¢ + augp}dx = f fodx, ¢ € H(Q)
Q Q

Of an elliptic problem,
—alu+ a(x)u =f, inQ
With various conditions (Dirichlet, Neumann, and Robin) on boundary dQ. We

provide some general results on uniqueness and also find sub (supper)-solutions
with in the frame work of variational setting.
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Introduction
The variational formulation is often the only effective method for formulating and
solving problems while retaining their core structures. The first chapter of this
thesis introduces essential tools from functional analysis that are necessary for a
proper variational formulation of various boundary value problems. This section
focuses on functional analysis in Hilbert (Sobolev) spaces, emphasizing the
solvability of abstract variational problems, culminating in the Lax-Milgram
theorem.
In the second chapter, the Laplace equation is frequently encountered in applied
sciences, particularly in the analysis of steady-state phenomena, with solutions
referred to as harmonic functions. For example, the equilibrium state of an elastic
membrane is a harmonic function, as is the velocity potential of a homogeneous
fluid. Additionally, the steady-state temperature in a homogeneous and isotropic
body is also a harmonic function, representing the time-independent form of the
diffusion equation.
Poisson's equation is significant in the study of conservative fields (such as
electrical, magnetic, and gravitational fields), where the vector field is derived from
the gradient of a potential. If u represents the position of a flexible membrane and f
symbolizes an external distributed load (vertical force per surface area), a steady-
state equation can be modeled.
This section discusses various boundary conditions: Dirichlet conditions fix the
membrane's position at the boundary; Robin conditions describe elastic
attachments; and homogeneous Neumann conditions correspond to free vertical
motion at the boundary. These concepts are all examined within the context of
variational formulation. Additionally, various solution concepts for these equations,
using Poisson's equation as a reference, are briefly reviewed. Among classical,
strong, distributional, and weak solutions, weak solutions are the most practical for
implementing the Galerkin method (including finite and spectral elements), which is
commonly used for numerical approximations of boundary value problems. The
weak formulation efficiently addresses uniqueness, existence, and stability issues,
naturally leading to the development of Galerkin-type numerical methods.
The weak formulation is constructed by selecting a space of smooth test functions,
multiplying the differential equations by these test functions, integrating the
divergence terms by parts, applying boundary conditions, and interpreting the
resulting integral equation as an abstract variational problem. This process
illustrates how a differential equation can be transformed into an integral equation,
thus framing it as a variational problem.

Furthermore, various boundary conditions—Dirichlet, Robin, Neumann, and mixed
(both homogeneous and non-homogeneous)—are analyzed through the lens of
Poisson's problem's variational formulations. The Poisson problem, recognized as
the simplest elliptic problem, is examined using the Lax-Milgram Theorem to verify
the existence, uniqueness, and stability (well-posedness) of weak solutions. The
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continuity of bilinearity, linearity, and coercivity (ellipticity) is also assessed during
this proof.

The third chapter focuses on the variational formulation of both linear and
nonlinear (or semilinear) elliptic boundary value problems, starting with Poisson's
equation and leading up to general second-order equations in divergence form. The
results presented lay the theoretical groundwork for numerical methods, such as
finite elements and, more broadly, Galerkin methods, enhancing the appeal of this
theory. Advanced topics include broader solvability issues and the spectral
properties of elliptic operators, formalizing concepts of eigenvalues and
eigenfunctions.

Additionally, eigenvalues and eigenspaces are utilized in the separation of variables
method and to demonstrate the asymptotic stability of steady-state solutions in
dynamic systems. General elliptic equations in divergence form are employed to
address boundary value problems involving elliptic operators with varying diffusion
and transport terms. The discussion extends to the impact of regularity theorems on
the smoothness of u.

Finally, the application of variational formulation theory is broadened to identify
weak subsolutions or weak supersolutions, effectively serving as lower and upper
barriers.



Chapter one

Function spaces, an Overview

1.1 introduction

This chapter presents important tools that make it easier to grasp and work with
variational (weak) formulations of elliptic problems. The vector analysis formulas,
primary Hilbert (Sobolev) spaces, and functional analysis theorems that can be used
with the theorems later worked out in this thesis are all presented in this chapter.

1.2 Adapted function spaces and their properties

In this section we define certain function spaces that would be used to state
certain fundamental results.

Definition (1):
let @ € R™ be a domain. The Sobolev spaces we will use most are the Hilbert
spaces

HY(Q):{V € L2(Q) : VV € L2(Q:R™)} (1.1)

And its closed subspace HZ(Q) = D(Q)H (@

Hj (Q) Is a Hilbert subspace of H(Q)

Definition (2):

The space H™(Q),m > 1

Let O € RY be a domain. Let H = L?(Q),z = L?(Q: RY) c D*(Q:RY) and
L: L2(Q) — D(Q: RY) given by

H™(Q) = {V € L2(Q): DV € L2(Q); V,: |la| < m)} (1.2)

Definition (3):
Distributions:- the space D(Q) is defined as

D(Q) ={V:Qc R" — R,V € C*(Q),suppV c Q} (1.3)
Terminology: - the D(Q) space is the space of functions C® over Q with a compact
support strictly included in £

Definition (4):

The notion of support of V (noted as suppV) is introduced as the smallest closed
subset containing all the points where a given function V is non-zero is another
function space essential for the functional analysis of equations having partial
derivations.



suppV = {x € R* / v(x) # O}}" (1.4)
To illustrate the notion of support, consider a function defined as

(1, gven 0 <x <1
H(x) = {O, otherwise
In this case, the function H is non-zero in an open domain (0, 1), but has a closed
interval [0, 1] as support.

suppH = {x € R* / H(x) # 0}X"=[0,1]

Definition(5):

A distribution in Q (generalized functions) is a linear continuous function in D(Q).
The set of distributions is denoted by D'({Q). (1.5
Theorem (1):

The space D(Q ) is dense in L?((Q)
The closure of space H(Q) in D(Q) is associated to the former and is noted as
Hg ()

The following definition and property are thus obtained

Definition (6):
H3(Q) = ﬁD(mH(}(Q) is a closure of H* (1.6)
Theorem (2)
H}(Q) ={V:Qc R* — R,V € H}(Q),V = 0 on 90} (1.7)

The Green formula: (integration by parts formulas)

Definition (7):
Let O € R® be abounded C'-domain and

F:Q0 — R"
be a vector field with components F;,] = 1, ...,n, of class C*(Q); we write F €

Cl(Q:R™)
The gauss divergence formula holds:

Jo divFdx = [, FVdo,where divF = ¥}_, 0, F, (1.8)

V-is outward normal unit vector to dQ) and do- is the ‘surface’ measure on 9{)



A number of useful identities are derived from fQ divFdx = fag F-Vdo and recalling

the identitydiv(VF) = VdivF + VV - F, we obtain the following integration by parts
formula:

Jo VdivFdx = [, VF-Vdo — [ VV - Fdx (1.9)

Choosing F = Vuand u € C?(Q) n C*(Q), since divVu = Auand Vu - V = d,u,
The following green’s identity follows:

f VAudx =J- V dyu dc—f VV - Vudx (1.10)
Q 1o} Q

In particular, the choice V = 1 yields
j Audx = dyudo (1.11)
Q F19)

If also V € C%2(Q) n C*(Q), inter changing the roles of u and v, we deserve a second
green’s identity

f (vAu — ulAv)dx = (voyu —ud,v) (1.12)
Q 00

1.3 A set of fundamental inequalities:-

We recall some fundamental inequalities that emerge from the analysis and that are
used intensely in the frame work of functional analysis of equations having partial
derivations.

Cauchy-Schwartz inequality
Theorem (3):
Let u and v be two functions belonging to L?((2). The result obtained is:

1
2 2
lu, v[ <l u |l Ilvll=f u'desU uzdﬂl U vzdﬂl (1.13)
Q Q Q

Holder’s Inequality:
Theorem (4):

Let p and q be two conjugate real numbers that satisfy:%+%= 1.let u be a

function belonging to LP (). The result obtained is:



1 1
j u-vdQ < [f uPdQlp - [] vidQ)a (1.14)
Q Q Q
Poicare’s inequality:
Theorem (5)

Let Q be an open bounded domain of R™ and u a function belonging to sobolev

space Hj(Q). under suitable hypotheses, the norm ||u| |n1a) is equivalent to
|[Vv]|.2(q) - This means that there exists a constant (), independent of u, such that
[IVullizi) = CpllVullrzrm (1.15)
Trace inequality
Theorem (6):
Let Q0 be a bounded Lipschitz domain (or half space) and set I' = 9() . then there is

a well defined trace operator
Yo: HY(Q) - L?(T'), which is linear, continuous and such that

1Ly,u =u/r,ifu € C(Q)
2.||y0u||L2(r) < C* |l u llgrq) with C* is independent of u (1.16)

1.4 Some other definitions

The dual of H} (), denoted by H™1(Q ) consists of elements that can be written as
f + divf, where

f € L2(Q;R) and f € L2(Q; R™) (1.17)

Definition (9):
Well-posedness
Well-posed problems are problems having the following features
a) there exists at least one solution
b) there exists at most one solution
c) the solution depends continuously on the data (data—solution is continuous
means a small error on the data shows a small error on the solution)  (1.18)

Definition (10):
Smooth and Lipschitz domains
e ifQisaCk- domain for every K > 1,it is said to be a C*domain. Then these
domains are smooth domains (1.19)

e Abounded domain Q is Lipschitz if 9Q can be described by a family of charts
((p],N]),] =1, ..., N, where the functions ¢;,] =1,..,Nare Lipschitz  (1.20)
e Wessay that u: Q0 — R is Lipschitz if there exists L such that

lu() —u(y)| < Llx -yl (1.21)
for every,x,y € (1. The number L is called Lipschitz constant of u



1.5 Lax-Milgram theorem and Inequalities
Lax-Milgram theorem

Theorem(7)
Let V be a (real) Hilbert space endowed with inner product(-,-) and induced with
norm || - ||. Let a = a(u, v) be bilinear form in V, if:

i) a is continuous, i.e. there exists a constant M such that

la(u,v)| < M||u||||v||,Vu,v EV (1.22)
ii) a is V-coercive, i.e. there exists a constant a such that
a(u,v) = a||V||? V,E V, Then there exists a unique solution &t € VlorV —

elliptic
If the following stability estimate holds

NGNS F e (1.23)



Chapter two

Elliptic problems

Introduction

In 2D, Poisson's equation Au = f is the is the simplest of all the elliptic
equations. These kinds of equations describe a wide range of phenomena, many of
which are stationary in nature. Diffusion and reaction models, regarded as
stationary conditions, typically correspond to a stable state with no further
temporal dependence. Elliptic equations also arise in the study of elastic structure
vibration modes and in the theory of electrostatic and electromagnetic potentials
(e.g., through the method of separation of variables for the wave equation).

2.1. Definition of elliptic problems

The definition elliptic equation in dimension n is. Let 2 c R™ be a
domain, A(x) = (a;; (x)) asquare matrix of order n, where i,j = 1,...,n
b(x) = (by, ..., b)) (%), c(x) = (cq, ..., cp)(x) vector fields in R™,
ap = ap(x)and f = f(x)real functions. An equation of the form:
— Liz1 Oy, bi (U + 2iy € (D uy, + ao(x) = f(x) (2.1)

or
Yim1 @iy (Ui + Kimg by (D, + ag(0)u = f(x) (2.2)

is said to be elliptic in £ if A is positive in (2, i.e. if the following ellipticity condition
holds:

dij=1aij (X)g; > 0,V,€ N,V .ERY e #0
We say that (2.1) is in divergence form which can be written as:
—div(A(x)Vu) + div(b(x)u) + c(x) - Vu + apg(x)u = f(x) (2.3)

The flux function q, which is q = -AVu. This represents the diffusion in
heterogeneous or an isotropic media. In this case, u might stand for either a
substance's concentration or temperature. Therefore, thermal or molecular
diffusion is indicated by the word -div(AVu). Anisotropic diffusion is indicated by
matrix A, which is known as the diffusion matrix. Convection or transport is
modeled by div(bu), which is equivalent to a flux function given by

q = bu
The vector b has the dimensions of a velocity, such as the diffused odors carried by
the wind from industry sites. The wind speed in this instance is b. div(bu) simplifies
to beVu, which is the same form as the third term, ceVu, if divb =0.



apu models reaction. When u is a substance's concentration, then a, denotes the
rate of growth if (ay; < 0) or decomposition if (ay> 0). Lastly, f stands for an
external action that is dispersed throughout the domain, such as the rate at which
an external source supplies heat per unit mass. If the entries a;;of the matrix A and
the component b;of b are all differentiable, we may compute the divergence of both

AVu and bu, and reduce (2.1) to the non-divergence form
n

= ) 5 () ey + ) B () g + ECO = f ()
k=1

ij=1
Where

n
b, (x) = Z 0, Qi (X) + by (X) + ¢, X) and E(x) = divb(x) + ay(x)
i=1
In cases where either the a;; or the b; are not differentiable, it is necessary to

maintain the divergence form and apply a suitably weak interpretation to the
differential equation (2.3). Diffusion phenomena are also linked to a non-divergence
form equation through stochastic processes, which generalize Brownian motion. we
could move forward by examining a random walk in hZ2, which is independently
symmetric along each axis. By appropriately passing to the limit as h and the time
step T approach zero, we can derive an equation of the type

ur = Dy (x,y) uyx + Dy (x,y) Uyy
With diffusion matrix

_(D1(x,y) 0
Ay =" Dz<x,y))

Where D; (x,y) > 0,D, (x,y) > 0.Thus, the steady state case is a solution of a
non-divergence form equation.

2.2 .The Poisson Problem and various notions of solutions

2.2.1 The poisson problem
Let) < R"is a domain, « is a positive constant and two real function ay, f: 2 —
R. we want to fund a function u satisfying the equation

—alu+agu = fin

and one of the boundary conditions of 9() .
e The final objective is crucial to resolving the poisson problem mentioned
above. We must demonstrate the existence, uniqueness, and stability of the



solutions, and then we wish to compute the answer using numerical
analysis techniques based on these findings. A brief explanation of the
many concepts of solutions using the poisson problem as a model are:
e (lassical solutions are twice continuously differentiable functions ; the DE
and boundary conditions are satisfied in point wise sense.
e Strong solutions belong to the sobolev space H?(£2) . Thus, they possesses
derivatives in L?(2) up to the second order, in the sense of distributions.
The DE is satisfied in the point wise sense, a.e., with respect to lebesgue measure in
(2, condition is satisfied in the sense of traces.
e Distributional solutions belong to L} .(2) and the equation holds in the
sense of distributions that is:

Jo (Ve +a,(Mueldx = [ fedx, Ve € D(2)
The boundary condition is satisfied in a very weak sense

o Weak or variational solutions belong to the Sobolev space H! (). The
boundary value problem is recast within the framework of the abstract variational
theory.

If all the data (domain, boundary data, forcing terms) and the solution are C*, all
the above notions must be equivalent. Thus, the non-classical solutions constitute a
generalization of the classical one

Let u be a non-classical solution of the Poisson problem for our purpose the most
convenient notion of solution is the weak formulation, It leads to a quiet flexible
formulation with a sufficiently high degree of generality and a basic theory relying
on the Lax-Milgram theorem.

Finally, the varational formulation is the most natural to implement the Galerkin
method (finite elements, spectral elements ,etc,...) widely used in the numerical
approximation of the solutions of boundary value problems.

2.2.2 .Diffusion, Drift and Reaction

To present the main ideas behind the variational formulation we start from 1-
dimensional problems with an equation slightly more general than Poisson’s equation

-Let us derive the variational formulation of the problem (in 1-dimension)

{—(p(x)u’)’ +q()u+7rx) = f(x) in the interval (a, b) (2.4

Boundary conditions atx =aand x =b
(2.4) can be understood as a stationary problem including diffusion, drift,

and reaction. The primary steps for the weak formulation are as follows:
a) Choose a smooth test function space that satisfies the boundary criteria.
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b) Integrate the differential equation over the domain Q after multiplying it
by using a test function and using the boundary conditions,

c) carry one of the derivatives in the divergence term onto the test function
using an integration by parts to generate an integral equation.

d) The closure of the space of test functions indicates the appropriate
Hilbert space in which to interpret the integral equation as an abstract
variational problem.

2.2.3 Problems with homogeneous Dirichlet boundary conditions
we proceed by analyzing homogeneous Dirichlet conditions as:

{—(p(x)u’)’ + qgXu’ + rx)u = f(x), in (a, b) (2.5)
u@ =u(()=0 ’

Assumep € C! ([a,b])withp > 0,and q,7,f € C ([a, b]).Let

u € C?(a,b) n C ([a,b])be a classical solution of (2.5). We select Cj (a, b) as the

space of test functions having a continuous derivative and compact supportin (a, b).

particularly, it vanishes at the end points.

Now we multiply the equation by an arbitrary v € Cj (a,b) and integrate over

(a, b). We find:

f:(pu')'vdx + f;[qu’ + rulvdx = fab fvdx (2.6)

From (2.6) we derive the integral equation

b b
f [pu’v' + qu'v + ruv]dx =f fvdx, vv € C} (a,b). 2.7
a a
Thus (2.5) implies (2.7)

On the other hand, assume that (2.7) is true. Integrating by parts in the reverse
order, we recover (2.6), which can be written in the form

b
f {—=(pv') + qX)u’ + rx)u — f(x)}vdx = 0,vv € CJ (a,b)

The arbitrariness of v shows
—(pU' ) + gq)u’ + r(x)u — f(x) = 0in(a,b)

i.e. the original differential equation.

Thus, for classical solutions, the two formulations (2.5) and (2.7) are equivalent.
Equation (2.7) still makes perfect sense because it only includes one derivative of u.
It has converted (2.5) into an integral equation that is applicable to test functions in
an infinite-dimensional space. These result in the following functional setting: we
identify a solution belonging to Hj (a, b), in which the homogeneous Dirichlet

11



requirements are already included; we enlarge the class of test functions to H} (a, b),
which is the closure of C§ (a, b) in H!—norm.

Thus, the weak or variational formulation of problem (2.5) is:

Find u € H} (a,b) such that

b b
f {pu'v' + qu’' v + ruv}dx =J- fvdx ,vv € Hj (a,b). (2.8)
a a

The bilinear form

b
B(u,v) =.f {pu’' v’ + qu’' v + ruv}dx

a

And the linear functional

b
LV=f fv dx

a

Equation (2.8) can be recast as
B(U,V) =LV, Vv € Hj(ab).

Then existence, uniqueness and stability follow from the Lax-Milgram Theorem,
under the hypotheses a(x) = 0 i.e in Q. Recall that, by Poincare’s inequality

llullo < Cp Il u'llo,

choosing H} (a, b) the norm

[Tully = [u'llo
equivalent to [[u ||y 2 = [[ullo + [[ullo

Proposition 2.1. Assume thatp,q,q’,r € L®(a,b)and f € L?(a,b).

1
Ifp(x)= a > 0and — > qd&®)+ r(x) = 0a.e.in(a,b) (2.9)
then (2.8) has a unique solution u € Hj (a, b). Moreover
Cp
llullo = — 1Ifllo (2.10)
Proof .We want to show that the hypotheses of the Lax-Milgram Theorem hold, with

12



V = H}(a, b).Continuity of the bilinear form B is:
b 7.7 li
|B(u,v)| < [, {lp e [/ 0|41 g g [/ v+ 7l uv|}dx.

using Schwarz and Poincare’s inequalities, we obtain

|B(w, V)| <l p llgee I llgv g+l g llpee Nl v llg +1 7 el w lloll v llg
< pligetCpll g ot C5 N7 lle)llullplv'llg

so that B is continuousin V.
Coercivity of B:

b
B(u,u) = j {p(u)? + qu'u + ru?}dx
al b b
> allu'll3 +—f q(uz)’dx+j ru?dx
2 a a
beo1
(integrating by parts) = allu’ll3 + f {—Eq’ + r}uzdx
a
(from (2.9)) = a||u'||3

and therefore B is V —coercive
Continuity of L in V. The Schwarz and Poincare’s inequalities yield

ILvl = [[2 frdax| <I £ lloh v o< Co Il £ llo 10"l

sothat | L ly«<Cp Il f llg

Then, the Lax-Milgram Theorem gives existence, uniqueness and the stability
estimate (2.10).

Remark 2.1. Ifg = 0, the bilinear form B is symmetric. In this case the weak
solution minimizes in H} (a, b) the “energy functional”

J@) = [p)? + ru? - fudx
Then, equation (2.8) coincides with the Euler equation of J:

J'(wv =0, vv € Hi(a, b)

2.2.4 Neumann, Robin (mixed) conditions (non homogeneous)

The weak formulation of the Neumann problem can be derived as:

13



{—(p(x)u’)' + gx)u’ + r(x)u = f(x),in (a,b) 212)

—p@u'(@) = A, p (b) v’ (b) = B.

Assumep € C! ([a,b]),withp > 0, andq,r,f € C° ([a,b]).A classical solution
u € C?(a,b) n C!([a,b])is continuously differentiable up to the end points we
choose a space of test functions C! ([a, b]). Multiply the equation by an arbitrary V €
C'([a, b]), and integrating over (a,b), we find

b b b
f (pu' )’ vdx +f [qu’ + ru]vdx =f fvdx. (2.13)
a a a

Integrating by parts the first term (divergence term) and using the Neumann
conditions, we get

- ff (pu')'vdx = ff pu'v'dx — [pu'v]h = ff pu'v'dx — v(b)B — v(a)A

Then (2.13) becomes

b b
J [pu'v' + qu'v + ruv]dx — v(b)B — v(a)A =j fvdx, (2.14)
a

a

forevery v € C! ([a,b]).
Thus, (2.12) implies (2.14). If the choice of the test functions is correct, we should
be able to recover the classical formulation from (2.14). Let us start recovering the
differential equation. Since

Ci(a, b) c C*([a, b)),
(2.14) clearly holds for every v € Ci (a,b). Then, (2.14) reduces to (2.7) and we
deduce as before,

—(pu')' + qu' 4+ ru — f = 0,in (a,b). (2.15)

Let us now use the test functions which do not vanish at the end points. Integrating
by parts the first term in (2.14) we have:

fab pu'v'dx = — fab (pu')'vdx + p(b)v(b)u'(b) — p(a)v(a)u'(a).
Inserting this expression into (2.14) and taking into account (2.15) we find:
v(b)[p(b)u'(b) — Bl —v(a)[p(a)u’(a) + A] = 0.
The arbitrariness of the values v (b) and v (a) forces
p(b)u'(b) = B,—p(a)u'(a) = 4,
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recovering the Neumann conditions as well. Thus, for classical solutions, the two
formulations (2.12) and (2.14) are equivalent.

Enlarging the class of test functions to H1(a, b), which is the closure of C1([a, b]) in
H'—norm, we may state the weak or variational formulation of problem (2.12) as
follows:

Figure outu € H'(a,b) such that, Vv € H(a,b),

b b
f {pu'v' + qu'v + ruv}dx =J- fvdx + v(b)B + v (b) A. (2.16)
a a

The Neumann conditions are encoded in equation (2.16), rather than forced by the
choice of the test functions, as in the Dirichlet problem.
The bilinear form is:

B(u,v) = f: {pu'v' + qu'v + ruvidx
and the linear functional is:
Lv =[] fvdx + v(b)B + v(a)A

equation (2.16) can be recast in the abstract form

B(u,v) = Lv,Vv € H'(a,b)

Again, existence, uniqueness and stability of a weak solution follow from the
Lax-Milgram Theorem we get the trace inequality

V() < C'lIvllyz (217)
for every x € [a, b], withC C* = v2max{(b — a)~'/2, (b — a)/?}.
Proposition 2.2. Assume that:
i)p,q,7 € L®(a,b) and f € L?(a, b)
i) p(x) = ay > 0,r(x) =cy >0ae.in(a, b)and
) 1
Ky, = min{a,, ¢y} -3 Il g|lpe >0

Then, (2.8) has a unique solution u € H!(a, b). Furthermore

llulliz <Kg* {1Ifllo + C*(IAl + [B])}. (2.18)
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Proof. Let us check that the hypotheses of the Lax-Milgram Theorem hold, with V =
H(a,b).

Continuity of the bilinear form B. We have:

b
B|(u,v)| sf {Ip e [V [+ g e [ v|+1 7 Il Juv]}dx
a

Using Schwarz's inequality, we easily get
[Bw, v)| < I pllgee +1 q llpeo +11 7 llpeo) lullgoll vlly,
so that B is continuousin V.

Coercivity of B. We have
b
B(u,u) = j {p(w)? + qu'u + ru?}dx
a
The Schwarz inequality gives

1
<Iq llgee Mlu'llp T w llp< 5 g Ml {lu’ G+ w115}

b
f qu'udx
a

Then, by ii of proposition 2.2

1 m2 1 2 2
B w) 2 (@0 =5 1 q e )13 + (co =5 1 g lem ) W N3 Ko W 12,

so that B is V-coercive.
Continuity of L in V. Schwarz's inequality and (2.17) yield

ILv] <N f ligh v llg+ |[v(b)B + v(a)A| <
<{lIl fllog+ C*(JAl + [BD} I v Il

whence || L lly<<Il f llo+ C*(|A| + |B]).
Then, the Lax-Milgram Theorem gives existence, uniqueness and the stability
Estimate (2.18)

Remark 2.3. Suppose, p = 1,q = r = 0. The problem reduces to

u”" = fin(a,b)
{—u’(a) =4, u'(b) =B.
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Proposition 2.2. Of (Hypothesis ii) is not satisfied (since r = 0). If u is a solution of
the problem and k € R, u + k is also a solution of the same problem. We cannot
expect uniqueness. Not even we may prescribe f, 4, B arbitrarily, if we want that a
solution exists. In fact, integrating the equation u’’ = f over (a, b), we deduce that
the Neumann data and f must satisfy the compatibility condition

B+ A =[f(x)dx. (2.19)
If (2.19) does not hold the problem has no solution

Robin condjtions(non homogeneous). Suppose that the boundary conditions
in problem (2.12) are: —

—p(a)u'(a) = A,p(b)u’'(b) + hu(b) = B(h > 0, constant)
The Robin condition is imposed at x = b only. With small adjustments, we may
repeat the same computations made for the Neumann conditions.

The weak formulation is:
Findout u € H! (a, b) such that,vv € H(a,b),

b b
J. {pu’'v' + qu'v + ruv}dx + hu (b) v (b) =f fvdx 4+ v (b)B + v (a)A. (2.20)

The bilinear form :
é(u, V) = f: {pu'v' + qu'v + ruv}dx + hu(b)v(b)

And the Linear functional is:
b
LV =f fvdx + v(b)B + v (a)A.
a

The problem in the abstract form can be written as
B(u,v) = Lvv, € Hl(ab)

Proposition 2.3. Assume that i) and ii) of Proposition 2.2 hold and that h > 0. Then
(2.20) has a unique solution u € H!(a, b). Furthermore

Iully < Ko Ml f llg+ C*(JAl + |B])}
Proof. LetV = H'(a,b).since

B(u,u) = B(w,u) + hu?(b) = K, ll u I3,
And
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|B(w,v)| < |B(w,v)| + hlu(b)v(b)|
< Upligeo +1qlige + 7 N+ h(C*)?) Il u 20l v Il
B is continuous and V- coercive. the conclusion follows easily.

Mixed conditions. The weak formulation of mixed problems does not present
particular difficulties. The conditions

u(a) =0, p()u (b) = B

Thus, we have a mixed Dirichlet-Neumann problem. Since u (a) = 0, we have to
chooseV = H&,a, the space of test functions v € H!(a, b), vanishing at x = a. The
Poincar’e inequality holds in H},a so that we may choose ||u'||oas the norm in H} a.
Moreover, the inequality

v(x) < C™||vllo (2.21)
holds for every x € [a, b], with C** = (b — a)/2.
The weak formulation is: Determine u € H{ ; such that

b b
f {fpuv'+ qu'v + ruvldx = f fvdx + v (b) B,V, € H},a. (2.22)
a a

We have:

Proposition 2.4 Assume that i) and ii) of Proposition 2.2 hold. Then, (2.22) has a
unique solution u € Hé,a. Furthermore
lu'lly < Ko H{Cp Il f llg+ C**|B}

2.2.5 Variational Formulation of Poisson’s Problem In R™

2.2.5.1 Dirichlet problem (homogeneous)
We now analyze the variational formulation of Poisson’s problem in dimension n>
1, starting with dirichlet conditions.

Let 2 < R™be abounded domain. The problem:

{—aAu + apg(x)u = fin Q (2.23)

u = 0on 90

Where a« > 0, constant. To examine and formulate a weak formulation.
Assume that agand f are smooth and that u € C?(2) n C°(2)is a classical solution
of (2.23).

18



We select Cj (2) as the space of test functions, having continuous first derivatives
and compact support in Q. In particular, they vanish in a neighborhood of 012.
Letv € C3(2) and multiply the Poisson equation by v. We get

Jo {=abu + agu — flvdx = 0. (2.24)
Integrating by parts and using the boundary condition, we obtain:

— [ 0vu - vdo + [ {aVu - Vv + aquvldx = [, fvdx, Vv €
cL(Q) (2.25)

Thus (2.23) implies (2.25). On the other hand, assume (2.25) is true. Integrating by
parts in the reverse order we return to (2.24), which entails —aAu + qyu — f =
0in Q.
Thus, for classical solutions, the two formulations (2.23) and (2.25) are equivalent.
Observe that (2.25) only involves first order derivatives of the solution and of the
test function. Then, enlarging the space of test functions to Hi (R) in H'-norm,
closure of C} () in the norm

Iully=Il Vu llg
The weak formulation of problem (2.25) is:

u € H} (Q) such that

f {aVu - Vv + aguv}dx = j fvdx,Yv € H}(Q) (2.26)
Q Q

The bilinear form
B(u,v) = f {aVu - Vv + ayuv}dx
Q
and the linear functional

Lv = f fvdx
Q

Then, equation (2.26) corresponds to the abstract variational problem

B(u,v) = Lv,Vv € Hj(Q)
Then, the well-posedness of this problem follows the Lax-Milgram theorem under
the hypothesis a;, > 0. Precisely:

Theorem 2.1. Assume that f € L?(f2) and that 0 < aq(x) < yoa.e.in 2. Then,
problem (2.26) has a unique solution u € H} (). Moreover

Cp
I Vu llp< . £ llo.

Proof . We check that the hypotheses of the Lax-Milgram Theorem hold, with
V=H} (Q).
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Continuity of the bilinear form B. The Schwarz and Poincare’s inequalities yield:

IBw,v)| < all Vu lloh Vo llg+ 7o Il w lloll v llg
< (a+ C3yo) I Vu ligh Vv i

So that B is continuous in Hj ().
Coercivity of B.

0(|Vu|2dx+f aou?dx > a |l Vu Il
Q

B(u,u) =f

Q

since ay = 0.
Continuity of L. The Schwarz and Poincare’s inequalities give

jﬂ fvdx

Hence L € H™'(Q)and |l L lz-1@)< Cp Il f llo- The conclusions follow from the Lax-

Milgram Theorem.

Remark 2.4. Assume that u is the elastic membrane's equilibrium location and that

¢ = 0. The work performed by the elastic internal forces is then represented by B (u,
v). However, Lv conveys the effort put in by outside forces. The weak formulation
(2.26) claims that these two works are balanced, which is a variation on the virtual
work principle.

Moreover, the Dirichlet functional solution u of the problem minimizes in H}(Q)
because of B's symmetry.

|Lv| = <I £ llol v o< Cp Il £ il Vo .

E(w) =La|Vu|2dx—qudx

The first term on the right-hand side denotes internal elastic energy, and the second
term denotes external potential energy. E (u)is the potential energy. It is the Euler
equation for E represented by equation (2.26). Consequently u minimizes the
potential energy in accordance with the virtual work principle.

2.2.5.2 Non homogeneous Dirichlet conditions.

1
Assume that u = g on dQ is the Dirichlet condition. When g € Hz (9Q)) and Q. is a
Lipschitz domain, then g represents the trace on dQ of a (non unique) function
g € H' (Q), which is referred to as the extension of g to (. set

w=u-g

We are reduced to homogeneous boundary conditions. Actually, w € H3(Q) isa
solution to the equation.
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f {aVw - Vvdx + agwv}dx = f Fvdx, Vv € Hy (Q)
Q Q

Where, F = f — aV§ — ayg € L*(2). The Lax-Milgram Theorem yields existence,
uniqueness and the stability estimate.

Cp -
I Vw llo< ;{u fllg+ (@+ag) i gl (2.27)

for any extension g of g. Since || u ll; ,<llw Il +Il é l; » and recalling that

I g 12 90y= inf{ll g l,2:8 € HY(Q), 890 = 9}

taking the lowest upper bound with respect to g, from (2.27) we deduce, in terms of
u:

Il 2= € vo,m, DI £ llg +1 g 172090y}
2.2.5.3 Neumann, Robin (mixed) problems(non homogeneous)

Let Q c R™be a bounded, Lipschitz domain. We have

{—aAu + ag(X)u = fin Q (2.28)

d,u = gon 0Q
where v represents the outward normal unit vector to d{) and a > 0 is a constant.
We assume that a,, f, and g are smooth and that u € C? () N C*(Q) is a classical
solution of (2.28) in order to construct a weak formulation. The space of test

functions, with continuous first derivatives up to 9Q, is selected as C1( Q).
Letv € C1( Q) be arbitrary, and multiply the Poisson equation by v. we obtain

f {—aAu + agu}vdx =] frdx. (2.29)
Q Q
Integration by parts gives
—f a d, uvdo + f {aVu - Vv + aguv}dx = f fvdx,vv € C1(Q)  (2.30)
19} Q Q
Using the Neumann condition we write

j {aVu - Vv + aguv}d = f fvdx +a | gvdovv € C1(Q). (2.31)
Q Q )
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Thus (2.28) implies (2.31).
Conversely, suppose that (2.31) is true. Integrating by parts in the reverse order,
we find

ad,uvdo = af gvdo (2.32)
1)

L {—aAu + agu — flvdx + fa

Q

for every Vv € C1(Q) . Since C5 () c C'(Q) we may insertany v € C3 (£2) into
(2.32), to get

Jo {=abdu + agu — flvdx = 0

The arbitrariness of v € C} () entails —adu + aqu — f = 0in Q.
Therefore (2.32) Becomes

Jyq dvuvdo = [, gvdovv € C1(02)

And the arbitrariness of v € C3 (2) forces d,u = g, recover the Neumann
conditions as well.

Thus, for classical solutions, the two formulations (2.28) and (2.31) are
equivalent. Recall that, C! () is dense in H(2), which therefore constitutes the
natural Sobolev space for the Neumann problem. Then, enlarging the space of test
functions to H!(22), we may give the weak formulation of problem as follows:

Determine u € H*(Q) such that

f {aVu - Vv + ayuv}dx = f frdx + af gvdo, Vv € H1(Q). (2.33)
Q Q E1)

Here the Neumann condition is encoded in (2.33) and not explicitly expressed as in
the case of Dirichlet boundary conditions.
The bilinear form
B(u,v) = [, {aVu - Vv + aguv}dx (2.34)
and the linear functions
Lv = [, fvdx +a [,, gvdo, (2.35)
(2.33) the abstract variational problem

B(u,v) = Lv,Vv € H}(Q)

The following states the well-possdness of this problem
Under the hypotheses on the data of trace inequality
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v lze0)< COLQ) v il,. (2.36)

Theorem 2.2. Let2  R"be a bounded, Lipschitz domain, f € L?2(Q2),g € L*(9)

and 0 < Cy < ap(x) < ypa.e.in . Then, problem (2.33) has a unique solution
u € H().Moreover,

min{la‘%}{ll flg+Cal g ||L2(am}

Proof. suppose that the hypotheses of the Lax-Milgram Theorem hold, with V =
H'(0).Continuity of the bilinear form B. Using the Schwarz and Poincare’s
inequality we get:

I lly o<

[B(u,v)| < a ll Vu llgll Vv llg+vo T ullgl v g
< (Cl + Vo) Tu 20l v iy,
so that B is continuous in H1((Q).

Continuity of L. From Schwarz’s inequality and (2.36) we get:

< + «a

ILv| =

f frdx f gvdo| <Il f ol v llo+ @ Il g Izl v ll12(00)
Q a0
<{lfilo+Callglizaa}lvi,

Therefore L is continuous in H(Q) with

II'L ||H1(Q)*S|| f ||L2(Q)+ Call g ||L2(aﬂ)

Coercivity of B. It follows from

B(u,u) =j

a|Vu|?dx +] aou?dx = min{a, co} ll u I,
Q

Q
since ay(X) = ¢y > Oae.in Q.
The conclusion follows from Lax-Milgram.[ ]

Remark 2.5. As in the one-dimensional case, without the condition ay(x) = Cy > 0,
neither the existence nor the uniqueness of a solution is guaranteed
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For example, let a, = 0. Then two solutions of the same problem differ by a constant.
A way to restore uniqueness is to select a solution with, e.g., zero mean value, that is

Jo ux)dx = 0.

The existence of a solution requires the following compatibility condition on the
datafand g:

f fdx + aj gdo =0, for v=1 (2.37)
Q Q

Jo aVu-Vvdx = [, fvdx +a [,, gvdo

Note that, since Q is bounded, the function v = 1 belongs to H* ().
If ap = 0 and (2.37) does not hold, problem (2.28) has no solution. If g = 0, (2.37)
has a simple interpretation. Indeed problem (2.28) is a model for the equilibrium
configuration of a membrane whose boundary is free to slide along a vertical guide.
The compatibility conditionfQ fdx = 0 expresses the obvious fact that, at

equilibrium, the resultant of the external loads must vanish.

Robin problem. The same arguments leading to the weak formulation of the
Neumann problem (2.28) may be used for the problem

{—aAu +ay(X)u =f inQ (2.38)

d,u+hu =g on 01.
The weak formulation comes from (2.30), observing that
d,u = —hu + g on 0

The variational formulation:
Find u € H'() such that

j {aVu - Vv + qquvidx + a | huvdo = j fvdx + aj gdaVv € H1(Q)
Q Q )

aQ Q

We have

Theorem 2.3. Let Q, f, g and aybe as in Theorem 2.2 and 0 < h (x) < hy a.e. on dQ.
Then, problem (2.38) has a unique weak solution u € H(12). Moreover

1 |
SR |
Il 2 min{a, CO}{II fllo+Call g llzia)

Proof. Introducing the bilinear form
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B(w,v) =Bw,v) +a ) huvdo
Q

the variational formulation becomes
B(u,v) = Lvvv € H (Q)

From the Schwarz inequality and trace inequality

huvdo| < ho Il u "LZ(aQ)" v ”LZ(aQ)S C2h0 I u "1,2" v "1,2-

oQ

Conversely, the positivity of a,a, and h entails that
B(u,u) = B(u,u) = min{a,co} Il u I3,

The conclusion follow easily. ]

Mixed (Dirichlet-Neumann) problem. Let [; be a non empty relatively open subset of
0Q. Set Iy = 0Q \ I, and consider the problem

—aAu+a,(xX)u =f in Q
u =0 onTIp
dou =g on ['y.

The functional setting is Hé,FD (Q), i.e. the set of functions in H! () with zero trace
on [';. the Poincare’s inequality holds in Holer (Q) and therefore we may choose the
norm

e lys =1 Ve llg
n

From (2.29) and the Gauss formula, we obtain, since u = 0 on I},

),

The Neumann condition on Iy, yields the following variational formulation:
Determine u € Hgr, () such that, Vv € Hyp (),

a d,uvdo + f {aVu - Vv + aguv}dx = f fvdx,vv € C1(Q)
Q Q

N

f aVu - Vudx + f aguvdx = J- fvdx+a | gvdo.
Q Q Q Ty

Using the trace inequality
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" % ”LZ([‘N)S C " v ”1,2, (239)
the proof of the next theorem follows the usual pattern.

Theorem 2.4. Let QL € R™be a bounded Lipschitz domain. Assume
f € L?(2),g € L>(Ty)and 0 < ay(x) < ypa.e.in Q. Then the mixed problem has
aunique solution u € Hy, I, (2). Moreover:

1 ~
IVulloS =1l fllo+ C Il g Nizery)
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Chapter three :
Eigenvalues of the Laplacian

Introduction

This section shows that the availability of a basis of Eigenfunctions determines the
efficiency of the separation of variables method for a specific situation. the spectral
characteristics of uniformly elliptic operators are examined, with a particular focus
on the Laplace operators. This spectrum of differential operators takes into account

homogeneous boundary conditions.

3.1 Dirichlet Eigenfunctions for the Laplace operator
Let Q) be a domain. The problem

—Au =Auin Q
{ u = 0on 9. -1

A weak solution of problem (3.1) is a function u € H} () such that

a(u,v) = (Vu, Wv)y = A(w,v)y Vv € HE(Q)
The bilinear form is Hj (Q) -coercive (V- coercive), If Q is bounded
Theorem 3.1 Let Q be a bounded domain. Then, there exists in L?(2) an
orthonormal basis {u },>1 consisting of Dirichlet eigenfunctions for the Laplace
operator. The corresponding eigenvalues {A;};>; are all positive and may be

arranged in an increasing sequence.
The sequence {uk/,/lk}k>1 constitutes an orthonormal basis in H} (), with respect

to the scalar product (u, v); = (Vu, "'v),

Remark 3.1. Letu € L?(2) and denote by ¢, = (u,v), the Fourier coefficients of u
with respect to the Orthonormal basis {u };>1 is written as:

u=Yy-1 cugand [l u ”5= Y1 CI%
and

IVuy ||g = (Vug, Vug)o = A (wge, wid o = Ay

Thus, u € Hj (2) if and only if
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I Vu [12= Z A < oo (3.2)
k=1

Moreover, (3.2) implies that, for every u € Hj (),
IV 5= A By i = A4 I i,
The variational principle for the first Dirichlet Eigenvalue:

Jo 1Vul?

A = min {ﬁ u € H}(Q),u non identically zero. } (3.3)
u
Q

(3.3) is Raiyleigh's quotient. If the domain Q is smooth, we can demonstrate that the
corresponding normalized eigenvector u, is either strictly positive or strictly
negative in (, and that A, is a simple eigenvalue, meaning the related eigenspace has
dimension 1. For instance, the non-trivial solutions to the problem are the Neumann

Eigenfunctions for the Laplace operator in Q.
{—Au = uu inQ
dy,u=0 on JQ.

Theorem 3.2. If Q is a bounded Lipschitz domain, there exists in L?(Q) an
orthonormal basis {u;};»1 consisting of Neumann eigenfunctions for the laplace
operator. The corresponding eigenvalues form a non decreasing sequence {y }x>1,
with y; = 0and p; — +o0

Moreover, the sequence {uy/+/Ur + 1}xs1 constitutes an orthonormal basis in in
H'(Q), with respect to the scalar product (u, v);, = (u,v)y + (Vu, Vv),

3.2 Asymptotic Stability

To prove the asymptotic stability of a steady-state solution of an evolution
equation as time t —» 400, The results of the Eigenvalues of the Laplace operator
may be used
Given the following heat equation Assume that u € C%! (Q X [0,+®)is the
(unique) solution of

u—Au=fx) xeQt>0
u(x,0) = up(x) X €
u(o,t) =0 oc€eINt>0

where (2 is a smooth, bounded domain. Define u, = uy(x)
is the solution of the stationary problem

{—Auoo =f inQ
Uep =0 on 0Q
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Proposition 3.1. Fort > 0, we have
lu,t) — uell, < e™HCE 11 £ g+ lluoll,} (3.4)

Proof. Set g (x) = uy(X) — Uy (X). The function w (x,t) = u (X,t) — Uy (x) solves the
problem

wy —Aw =0 XxXeENt>0
w(x,0) =gx) X €N (3.5
w(o,t) =0 o €eadnt>0.

The method of separation of variables to find solutions of the form w(x,t) = v(x) -
z(t) is:

z'(t) _ Av(x) _ )
z()  v(x)
Thus, we are led to the Eigenvalue problem

{—Av =Av in Q
v=20 on 0.

From Theorem 3.1, there exists in L?(Q) an orthonormal basis {u;};»; consisting of
eigenvectors, corresponding to a sequence of non decreasing eigenvalues {4, }, with
A1 > 0and A —» 4. Then, if g, = (g, ux)o, we can write

g=> g and llglE= ) g2
1 k=1

Consequently, we find Z,(t) = e+, and finally

(0]

Wit = Y e g ()

1

Thus,
2
le(,t) —uelly =0 w(,t) I3
[ee]
— z e_ZAktg]%
k=1

and since A, > A, for every k, we deduce that
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[0e)

. ) - —
(6 = uall2 < D e PtgE = et g I
k=1

In particular
luell, < CZ 11 £ g

And hence
lgllo <luolly+ llusll,
< lluoll, + CEIf o

Proposition 3.1. implies that the steady state u,, is asymptotically stable in L2(Q) —
norm as t — +oo. The speed of convergence is exponential and it is determined by
the first eigenvalue 4.

3.3. General Equations in Divergence Structure

Assumptions
In this section, boundary value problems for elliptic operators with general
diffusion and transport terms are treated. Let ) € R™ be a bounded domain and set

Eu=—div(AX)Vu — bx)u) + c¢(x) - Vu + ay(x)u (3.6)
The following hypotheses hold throughout this section.

1.The differential operator € is uniformly elliptic.

For a,M,A >0, alf|> <AX)E &< M|E|?VE €RY a.e.in Q. (3.7)
2. The coefficients b, c and agare all bounded:
b)) < B,lcX)| <y,lag(x)| < yp, a.e.in Q. (3.8)

3.3.1. Dirichlet problem
Consider the problem

{8u=f+divfinﬂ

u =0on 90 (39)

where f € L?(Q) and f € L?(Q; R")

since H~1(Q) is the dual of Hj(Q). We know that every element of F which is an
element of F € H1(Q) can be written with an element in D(Q) of the form: F =
f +divf
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Moreover,

I Fllg-1oy<Il f llo +II £1lo. (3.10)
Thus, the right hand side of (3.9) represents a generic element of H~1 (Q). If all the
coefficients and the data f, f are smooth, then we can formulate the variational

form by multiplying the equation with a test function v € C3 () and integrate over
Q:

[c: Vu + ayu]vdx = f [f + divf]vdx

J- [—div(AVu — bu)v]dx + J-
Q Q

Q

Integrating by parts, we find, since v = 0 on 0Q).:

f [—div(AVu — bu)v]dx = f [AVu - Vv — bu - Vv]dx
Q Q

and
J vdiv fdx = —J f - Vvdx
Q Q
Thus, the resulting equation is
j {AVu - Vv —bu - Vv +cv - Vu + aqguv}dx = f {fv—f-Vv}dx (3.11)
Q Q

for every v € Cj (Q).

Thus, for classical solutions, the two formulations (3.9) and (3.11) are equivalent.
Increasing the space of test functions to H} () and using bilinear form:

B(u,v) = f {AVu - Vv —bu - Vv + cv - Vu + ayuv}dx
Q

and the linear functional
Fv = [, {fv—f-Vv}

Then, the weak formulation of problem (3.9) is the following:
Find u € H} (Q) such that

B(u,v) = Fv,VYv € H}(Q) (3.12)

well-posedness of the problem is indicated in the following set of propositions.
Proposition 3.2. Assume that hypotheses (3.7) and (3.8) hold and that f € L?(Q),
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f € L2(Q;R™). Then if b and ¢ have Lipschitz components and

1
> div(b — ¢)+ ap, = 0,a.e.in Q, (3.13)

(3.12) has a unique solution. Moreover, the following stability estimate holds:
1
Hully < = {1 +11fllo}) (3.14)

Proof. Using Lax-Milgram Theorem with V = H} (22)and Schwarz inequality
The continuity of Bin V is

< Mj IVu||Voldx < M Il Vu Il Vo i,
Q

f AVu - Vvdx
Q

Moreover, using Poincare’s inequality as well, we get

and

< yof [l lvldx < yoC2 I Vau lloll ¥ Il
Q

f apuvdx
Q

Thus, we can write

IBw,v)| < (M + (B +¥)Cp +yCZ) Il Vu lloll Vo iy

Shows that B is continuous.
The coercivity of B:

B(u,u) = f {AVu - Vu — (b — ©)u - Vu + agu?}dx
Q
Observe that, since u = 0 on d(, integrating by parts we obtain

1 1
f(b—c)u-Vudx=—f (b—c)-Vude=——f div(b — ¢)u?
Q 2Jq 2J)q

It follows that

1
B(u,u) = af |Vu|?dx +f [E div(b —¢) + ao] uldx > all Vull3
Q Q
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so that B is V —coercive. Since it is known that F € H™! (), the Lax-Milgram
Theorem and (3.10) give existence, uniqueness and the stability estimate (3.14).J
Remark 3.1. If A is symmetric and b = ¢ = 0, the solution u is a minimizer in

Hj (2) for the “energy” functional

E(u) = fﬂ {AVu - Vu + cu? — fu}

the Euler equation for E.

Non-homogeneous Dirichlet conditions
Remark 3.2. If the Dirichlet condition is non homogeneous, i.e.

u = gon 01,

1
with g € Hz (002), we consider an extension § of gin H'(2) andsetw = u — §
In this case (2 should be a Lipschitz domain to ensure the existence of §. Thenw €
Hj (2) and solves the equation
Ew=f +div(f+AVG—bg) —c-Vg —cg
We have
c-Vg+cg € L*(Q)and AVg — bg € L?(Q; R")

Therefore, the Lax-Milgram Theorem yields existence, uniqueness and the estimate

Il 2= Clan, M, 8,7, Yo, O{I £ llg +1 £ llg +11 g 272090}

A different approach to the Dirichlet problem. It can be observed that (3.9) is a well-
posed condition when divb + a, = 0, meaning that the coefficient c is not involved.
This requirement is met, specifically, if b (x) = 0 a.e.in Qand a4 (x) = 0.

Generally speaking, though, we are unable to demonstrate that the bilinear form B is
coercive; rather, we can state that it is weakly coercive, meaning that 45 € R exists
such that:

B(u,v) = B(w,v) + y(u,v) = B(u,v) + /10[ uv dx
Q

From the inequality:
lab| < ca? + ibz, Ve >0
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we get

+ 2
f (b — c)u - Vudx| < (,8+y)f |lu-Vuldx < el Vu II%+MII u I
Q Q 4¢
Therefore
_ B+7)?
Blww) =all Vullg+ 2 llullf—e Il Vu lI5— <T+ ) huli. (3.15)

If we choose ¢ = a/2and A5 = (B + y)?/4¢ + y, we obtain
~ a 5
B(u,u) > 5 I Vu llg
which shows the coercivity of B. Introduce now the Hilbert triplet
V =H}(Q),H =L*(Q),V*=H Q)

Since Q is a bounded, Lipschitz domain, Hj (Q) is dense and compactly embedded in
L?(Q). Finally, we define the adjoint bilinear form of B by

B*(u,v) = f {(ATVu + cu) - Vv — bv - Vu + aquv} dx = B(v,u)
Q
associated with the formal adjoint of £

E*u = —div(ATVu + cu) — b - Vu + ayu

The conclusions are:
1) The subspaces Nz and Np+ of the solutions of the homogeneous problems

B(u,v) = 0,Yv € H3(Q)

and

B*(w,v) =0, Vv € H}(Q)
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share the same dimension d,0 < d < oo,
2) The problem

B(u,v) = Fv, Vv € H}(Q)

has a solution if and only if Fw = 0 for every w € Ng-.

Theorem 3.3. Let Q be a bounded, Lipschitz domain, f € L?(2)and
f € L? (2; R™).Then, we have:

a) Either £ is an isomorphism between Hj(R2) and H'(2) and therefore
problem (3.9) has a unique weak solution, with

Il Vullo< C(n,a, K, B, ) f llg +1I £ lo}
or the homogeneous and the adjoint homogeneous problems

{8u =0 inQand {8*w=0 inQ
u =0 ondQ, w=0 on 9dQ

have each d-linearly independent solutions.

b) Moreover, problem (3.9) has a solution if and only if
f {fw—f -Vw}dx=0 (3.16)
Q

for every solution w of the adjoint homogeneous problem

Theorem 3.3 implies that if we can show the uniqueness of the solution of problem
(3.9), then automatically we infer both the existence and the stability estimate.

3.3.2 Neumann problem
Let Q) be a bounded, Lipschitz domain. The Neumann condition for an operator in
the divergence form (3.6) assigns on 0(1 the flux. This flux is composed by two terms:

AVu - v (—divAVu),and —bu - v (div(bu)) are the diffusion and transport terms,
respectively. We set

osu = (AVu — bu) v

We call d5u conormal derivative of u. Thus, the correct Neumann problem is:
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{ Eu=f in Q (317
du=g on 0Q. '
with f € L2(Q) and g € L?(9Q). The variational formulation of problem (3.17)

may be obtained by the usual integration by parts technique. It is enough to note,
that, multiplying the differential equation su = f by a test function v € H* () and
using the Neumann condition, we get, formally:

f {(AVu — bu)Vv + (c - Vu)v + ay uv}dx = f fvdx + f gvdo
Q Q 1o

Introducing the bilinear form
B(u,v) = fﬂ {(AVu — bu)Vv + (¢ Vu)v + aguv}dx (3.18)

and the linear functional
Fv = j fvdx + gvdo
Q a0

The weak formulation, when all the data are smooth
Find out u € H*(Q) such that

B(u,v) = Fv,Yv € H'(Q). (3.19)

If the size of b — cis so small enough, problem (3.19) is well-posed, as the
following proposition shows.

Proposition 3.3. Assume that f € L? () and g € L*(92).Ifay(x) = Cy> 0 a.e. in Q
and

ay =minfa — (B+7v)/2,¢co — (B+vy)/2} >0, (3.20)
then, problem (3.19) has a unique solution. Moreover, the following stability
estimate holds:

1 _
Il < —{IL f o+ C(n, ) 1l g 2000}
0

Proof . Since,
Bu,)|<M+B+y+ye) luldlvi,

B is continuous in H1(Q). Moreover,
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B(u,u) = af |Vu|?dx —
Q

j [(b—c) - Vu]udx +j aou?
Q Q

From Schwarz's inequality and the inequality 2ab < a? + b?, we obtain

B+v)
2

S@B+y) I Vullglullps Ihu % ,.

f [(b—c)-Vu]udx
Q

Thus, if (3.20) holds, we get B (u,u) = ag||u| |i2 and therefore B is coercive.
Finally, using the trace inequality, we check that F € H'(2)*, with

Il v "LZ(aQ)S C_(Tl, -Q) Il v "1,2

I Fllgry<I f llg+ C(n, Q) Il g 200

Theorem 3.4. Let (1 be a bounded, Lipschitz domain. Assume that (3.7) and (3.8)
hold. Then, if f € L?(2) and g € L?(90Q):

a) Either the non homogeneous problem (3.17) has a unique solution u €
H(0) and

" u "1,23 C(nl a, Ml ﬂ,]/;yo){" f "0 +" g "Lz(aﬂ)}
Or

The homogeneous and the adjoint homogeneous problems

Ew =0 in ()

{ Eu =0 in Q
(ATVw+cw) -v =0 on 9Q

(AVu—bu)-v =0 on anand{

have d-linearly independent solutions.
b) Moreover, equation (3.19) has a solution if and only if

Fw = f fwdx +f gwda =0 (3.21)
Q a0
for every solution w of the adjoint homogeneous problem
Remark 3.2. uniqueness implies existence
Note that if b = ¢ = 0 and a; = 0, then the solutions of the adjoint homogeneous

problems are the constant functions i.e. dimension,d = 1 and the compatibility
condition of (3.21) reduce to the equation.
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Jo fax+ [,, gdo = 0.

Remark 3.3. In the right hand side of (3.17) there is no term of the form div f
Consider, the problem —Au = divf ,d,u = 0.A weak formulation would be after
integration by parts:

f Vu - Vvdx = (f-v)vdo — f f-Vvdxvv € H1(Q). (3.22)
Q

Z10) Q
However, even if f is smooth (3.22) is equivalent to div(Vu + f) = 0in the sense of

distributions, but with

(Vu+f)-v=00n 0Q

3.3.3 Robin (mixed problems)

Robin problem.
Consider

{ Eu=finQ (3.23)

9u + hu = g on 9.

The variational formulation of (3.23) is obtained by replacing the bilinear form B in
problem (3.19) by

B(u,v) = B(u,v) + [,, huvdo

If0 < h(x) £ hpa.e.on 012,
In robin problem the bilinear form is weakly coercive analogous to Neumann
problem

Mixed (Dirichlet-Neumann) problem. Let [, be a non empty relatively open subset of
dQ and Iy = 0Q \ I'p. Consider the mixed problem

Eu=f inQ
u=0 onlp
o6ug onTy

We select H(l,,FD () as the correct functional setting is with the norm
Il u ”Hol,rD(Q)=" Vu lly. the linear functional,

Fv = [ fvdx+ er gvdo,

The variational formulation is
Find out u € Hgr, (Q) such that
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B (u,v) = Fv,vv € Hyr, (Q). (3.24)

Proposition 3.4. Assume that hypotheses (3.7) and (3.8) hold and that
f € L*(2),g € L*(Iy).Ifband c have Lipschitz components and

(b—c)-v<0ae.only, %div(b —¢)+ay=0, ae.in()

then problem (3.24) has a unique solutionu € H&FD(Q). Moreover, the following
stability estimate holds:

1 -
hu il < E{” fllo+Cllglzey}

Remark 3.4 Ifu = g, onIp, i.e. if the Dirichlet data are nonhomogeneous, setw =
u — go,where g, € H'(Q) is an extension of g,. Then W € H%'FD () and solves

B(w,v) = B(go, v) + J,, fvdx + fFN gvda Vv € Hyr (Q).

In general, the bilinear form B for the mixed problem is also weakly coercive
Note that the compatibility conditions (3.24) take the form

Fw = f fwdx + gwdo =0
Q Ty

for every solution w of the adjoint problem

E'w =0 in Q
w =0 on [}
A"Vw+cw) v =0 on Iy.

3.4 Weak Maximum Principles

Due to the setting of the sobolev functions, we need to introduce a notion of
“positivity or negativity on df2” which is stronger than the a.e. sense on the
boundary.

Letu € H(Q) and let Q be a bounded, Lipschitz domain. We say that u > 0, if there
exists a sequence {v;};>1CC*(2), C1(Q)is dense in H' such that v, » uin H'(Q)
and v, = 0. The trace of u gets its non-negativity from the sequence {v;};s;. Itis
clear that ifu > 0on 0{2, the trace is non-negative a.e. on d{2, but the reverse
implication is not true. Since v, = 0is equivalent to saying that the negative
part v, = max {—vy, 0} has zero trace on d12. it is also shown thatu > 0 on a1 if
and only if u™ € H} (). Similarly, u < 0on 82 if and only if u* € Hj (2).
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Other inequalities follow the same order, for example,u < vondQifu — v <
0 on d1. Thus, we define:

supu = inf{k € R:u < kon 90}, iangu = sup{k € R:u = kon 0Q}
a0

which coincide with the usual greatest lower bound and lowest upper bound when
u € C(0Q).
Consider the equation

B(u,v) = f {(AVu — bu)Vv + cv - Vu + aguv}dx = 0 (3.25)
Q

forevery v € H} ().
Theorem 3.5. (Weak maximum principle). Assume that u € H(Q) satisfies (3.25)
and that (3.7) and (3.8) hold. Moreover, let b Lipschitz and

divb +ay > 0a.e.inQ. (3.26)
Then
supu < supu* and inf > infu~ (3,27)
Q Q Q o0

Proof.Forb = ¢ = 0,and a, = 0 a.e.in Q). We have:
if u € H' () then its positive and negative part, ut = max {u,0} and u™ =
max {—u, 0}, belong to H! (22) as well.

f AVu - Vvdx = —j aouvdx, Yv € Hj(Q)
Q Q

Let

[ = supu®
20

Assume that [ < oo, otherwise there is nothing to be proved. Select as a test function
v = max{u — [,0} = 0, which belongs to Hj ().

Now, observe that in the set {u > [}, where v > 0 a.e., we have Vv = Vu so that,
using the uniform ellipticity condition and (3.27), we obtain

af |Vv|2dx < f AVu - Vvdx = —f aqu(u — dx < 0.
{u>1 Q (u>1}
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Thus, either |{u > [}| = 0 or Vv = 0. In any case, since v € H} (Q), the inference v =
0,whenu<1

The second inequality (3.27) may be proved in similar way .
Remark 3.5 Note that Theorem 3.5 implies thatifu < 0Ooru = 0ondf,thenu <
Ooru = 0in 2.In particular,ifu = Oond2thenu = 0in
Also, it is not possible to substitute supyq ut by supyq u orinfyg u~ with infyg uin
(3.27). A counterexample in dimension one is shown in figure 3.1. The solution of
-u” +u =0in(0,1),u(0) = u(l) = —1,has a negative maximum which is
greater than —1

Fig. 3.1. The solutionof -u” + u = 0in (0,1),u (0) = u (1) = -1
Corollary 3.1. Under the hypotheses of Theorem 3.5, the Dirichlet problem

{gu = f +divf in Q
u =0 on 90

has a unique solution u € H} (Q) and
Il Vu llo< C(n, o, K, B, V)X f llo +11 £ 1o}

A similar maximum principle holds for Robin (mixed conditions), yielding
uniqueness and therefore well-posedness, for the corresponding problems.
Suppose for instance that u € H!(Q) satisfies the equation

B(u,v) = 0,Yv € Hyr, (). (3.28)
Then u is a solution of a mixed problem with f =g = 0.
Theorem 3.6. Let [,c 9%, open,, I, # @. Assume thatu € H!() satisfies (3.28)
and that (3.7) and (3.8) hold. Moreover, let b be Lipschitz and

b.v < 0a.e.on Ty, divb +a, = 0 a.e.in Q.

Then
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supu < suput and inf > infu~
Q FD I‘D

3.5 Regularity

Consider the poisson problem

{—Au+u=Fin.(2

U =o0on 90
Where F € H1(Q)

The establishment of the optimal regularity of a weak solution in relation to the
degree of smoothness of the data. Under this conditions, the Lax-Milgram theorem
yields a solution u € H}(Q) and doesn’t bring much more smoothness. Again from

sobolev inequalities a solution u € LP (Q) with p = % forn>3,oru € L?(2), with
2 < p < wifn = 2. doesn’t increase the smoothness of u

Reversing our point of view and starting from a function in Hj(Q) and applying to it
second order operator “two orders of differentiability are lost”, the loss of one order

drives from H}(Q) in to L2(Q) while a further loss leads to H~1(Q),’-1’ shows lack of
one order of differentiability.

Nevertheless, consider the case in whichu € HY(R™)is a solution of the
equation

—Au+u=finR" (3.29)

If f € L?>(R™) the optimal regularity of u is: we start fromu € H! (R™), but
applying the second order operator —4 + I, where I denotes the identity operator,

we find f € L? (R). This shows that the starting function should really be in H? (R™)
rather than H! (R™). Indeed this is true and can be easily proved using the Fourier

transform. Since

0,,u(®) = i&n(8), Oz, u(§) = =§;;u(8)

we have

—Bu(®) = 1§1*a(®)

and equation (3.29) becomes

(1 +1E»a®) = f(§)

Whence
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(3.30)

From (3.30) we confirm that every second order derivative of u belongs to L?(R™).
This comes from the following facts:

eThe formula:
19 122y = O™ I v 72 gy

e the elementary inequality

2068l <1+ 1612 vij=1,..,m
e the simple computation

TR
e fOrd

[ reorax

[ Jowgueolax = [ giaras -
R"” R™

1 £ 2 —
<3| F@ra=

Thus, u € H2(R™) and moreover, we have obtained the estimate
Il u ”HZ(Rn)S Cl f "LZ(]RT‘)

If f € H! (R™), i.e. if f has first partials in L? (R™), a similar computation yields u €
H3 (R™) from this iteration we conclude that, for every m > 0,

if f € H™(R™) then u € H™*2(RM).

The inference takes us if m becomes sufficiently large, u is a classical solution. In fact,
ifu € H™*2 (R™) then
u € C*¥(R™) for k <m+2—§,

and therefore it is enough that m > gto have u atleast in C?(R™). An immediate

Consequence is:
if f € C*(R™) then u € C*(R™).

We extend this kind of results to the solutions of Dirichlet, Neumann and Robin
problems and to uniformly elliptic operators in divergence form.

There are two kinds of regularity results, interior regularity and global (up to the
boundary) regularity, respectively.

we only state the main results.

In all the theorems below u is a weak solution of
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Eu=finQ.

« Interior regularity
Theorem 3.7. (H?-interior regularity). Let the coefficients a; ;be Lipschitz in ().

Thenu € HE.(Q)andif 2 cc 0,
I lgzgen< C{If 2y 1w llz@) (3.31)
Thus, u is a strong solution in . The constant C depends on all the
parameters «, 3,¥,Yo, M and also on the distance of £2' from df2 and the Lipschitz
constantofaijand bj, iL,j=1,...,n
If we increase the regularity of the coefficients, the smoothness of u increases
according to the following theorem:

Theorem 3.8 (Higher interior regularity). Leta;;, b;€ C"™*'(Q) and ¢;, ay € C™
(Q),m = 1,i,j = 1,...,n.Thenu € HP?(Q)andif 2 cc 0,

It lymez(@ry< C{Il f Ngmeqy +1 w ll2(0)}
As a consequence, if a;;, bj, ¢j, ag, f € C*(Q), then u € C*(Q) as well.

¢ Global regularity
Consider first H?-regularity. If u € H%((Q), its trace on 0Q belongs to H3/2(0%Q) so
that a Dirichlet data gp has to be taken in this space. On the other hand, the trace of
the normal derivative belongs to H/?(99) and hence we have to assign a Neumann
or a Robin data gy in this space. Also, the domain has to be smooth enough, say c?,
in order to define the traces of u and 9, u.

Thus, assume that u is a solution of Eu = f in Q, with one of the following boundary

conditions:
u=gp € H3?(0Q)
or
9 + hu = gy € HY?(0Q)
With

0 < h(o) < hy a.e.on 00

Theorem 3.9 Let Q be a bounded, C?2—domain. Assume that aij, bj, i,j = 1,...,n,are
Lipschitzin Qand f € L? (2).Thenu € H?(2)and
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lu llgz@y< C {II ullg +1 f llg+ IIgDIIHs/z(aQ)} (Dirichlet),
I u llpgzy=< C{II ullg +Il f llg+ "9R”H1/2(ag)} (Neumann/Robin).

If we increase the regularity of the domain, the coefficients and the data, the
smoothness of u increases accordingly to the following theorem.

Theorem 3.10. Let Q be a bounded C™*?—domain. Assume that a;;, b;€ C™*1(Q), C,,

— 3 1
a€C™Q) ,i,j = 1,...,nf € H™"(2).1fg, € H™ 2 (2) or gy€ H™"2 (4Q) and
h € C™*1(00),thenu € H™*2(Q2) and moreover,

Il gmez gy € {1 llo +1 £ Namey+ Igpllmesra oy} (Dirichlet),

Il u "Hm+2(g)s C {” ullp +1 f ||Hm(ﬂ)+ lgr IIHm+1/2(6Q)} (Neumann, Robin).

In particular, if Q is a C*-domain, all the coefficients are in C®(2) and the boundary

data are in C*(0Q), then u € C*(Q).
e A particular case. Let Q be a C?> — domain and f € L?(£). The Lax-Milgram

Theorem imply that the solution of the Dirichlet problem

{—Au =f in Q
u =0 on 0Q

belongs to H2(Q) N H}(Q) and that
1w g2y C L f o= C Il At llo. (3.32)
Since we clearly have
I A llo=<I u 2oy
Corollary 3.2. Ifu € H2(Q) N H} (Q), then

I Au llo<Il u llg2q)< Cp Il Au llg

In other words, || Au Il and || u ll42(q) are equivalent norms in H2(Q) N H} (D).
Let us see the application of Corollary 3.2 to an equilibrium problem for a bent
plate.

Example 3.2. Consider the plane sector:
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_ a a
Sa—{(r,H).0<r<1,—E<9<E}(O<a<2n)

T x
u(r,0) =racos—60
o

T
Is harmonic function in S,, since it is the real part of f(z) = z«, which is
holomorphicin §,. Furthermore,

And
u(1,8) = COSZG,O <6 <a.
Focusing on a neighborhood of the origin. If « = m, S, is a semicircle and
u(r,d) =Rez=x € C*(S,)

Suppose a # m. Since

we have

7'[2 1 T T
f |Vu|2dx,dx, = —f r¥a tdr ==
S, a Jo 2

a

(3.33)

(3.34).

so thatu € H(S,)and is the unique weak solution of Au = 0in S,,with the
boundary conditions (3.33), (3.34). It is easy to check that forevery i,j = 1,2,

whence

1

2 T
|0.cixju| " dxydx, zf r?2——3dr
o

SO
This integral is convergent only for

s
2——3>-1
a
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The conclusion is that u € HZ(Sa) ifand only if « < m, i.e. if the sector is convex. If
a>mu ¢ H?(S,).

Conclusion: in a neighborhood of a non convex angle, we expect a low degree of
regularity of the solution (less than H?).

1
Example 3.3. As a second example, the function u (r, 8) = rzsin gis a weak solution

in the half circle
Se={(r0)0<r<10<6<m}
of the mixed problem

( Au =0 inS;
0
{ u(l,0) =sin§ 0<f<m
ku(r, 0) =0and d,,u(r,m) =0 0<r<1L
Namely,
1
|Vul? = —
4r
so that

T
f |Vu|?dx,dx, = —
S 4

n
whence u € H'(S,,). Moreover,

1 0
Ox,U = Uysin 6 + —ugcos @ = —=cos
r

2r 2

hence
Oy, u(r,m) =0

However, along the half-line 8 = /2, for example, we have

w

|axixju| ~1r2,r~0

so that

1
2
- -2 7.
f |0xix,u| dx;dx, fr dr = ©
Sa 0
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and therefore u & H2(S,).

Thus, the solution has a low order of regularity near the origin, even though the
boundary of S;is flat there. Note that the origin separates the Dirichlet and
Neumann regions (see fig 3.3)

Conclusion: In general, the optimal regularity of the solution of a mixed problem
is less than H'near the boundary between the Dirichlet and Neumann regions.

3.6 Equilibrium of a plate

Let us investigate the vertical deflection u = u (x,y) resulting from the
application of a normal load on a thin, bent plate. It can be shown that if 2 < R? is
the transversal section of the plate, then u is determined by the fourth order
equation.

AAu=A2u=%Ef in Q
wherein q is the loading density and D denotes the elastic properties of the material.
Bi-harmonic functions are the solutions to the Variational Formulation of Elliptic
Problems A% u= 0; biharmonic or bi-laplacian is the operator A2. In two dimensions,
the explicit expression of A? is given by
, ot a* %
A =ﬁ+26x26y2+6_y4
If the plate is rigidly fixed along its boundary (clamped plate), then u and its normal
derivative must vanish on 9.2.

Consider the problem:
{ Au=f inQ
u=d0d,u=0 on 9.
to obtain a formulation that is variational. Select the set of functions in
C?(Q)compactly supported in Q, or €3 (Q)as the space of test functions. Multiply by
functionv € Cg (©2) biharmonic equation and integrate over Q:

(3.35)

Jo A*uvdx = [, fvdx. (3.36)
Integrating by parts twice and using the conditions v = d,,v = 0 on 91, we get:

J A*uvdx = f (div VAu)vdx = 9, (Aw)vdo — f VAu - Vvdx
Q Q Q

Q

= —j Au avvda+j AuAvdx =J AuAvdx
a0 Q Q

Thus, (3.35) becomes
fAuAvdxzf fvdx. (3.37)
Q Q
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Now we extend the space of test functions by taking the closure of C&
() in H2(N), which is H5 (22). Note that the space of functions u such that u and d,u
have zero trace on Q. Thus H§ (2) ¢ Hj () n H? (2), and from Corollary 3.2 we
know that in this space we may choose ||u||, = || 4Au||y as a norm.

The variational formulation is:

Figure out u € HZ (2) such that

Jo, AuAvdx = [ fvdx, Vv € H{(Q). (3.38)
The following result holds:
Proposition 3.5. If f € L?(R2), there exists a unique solutionu € Hj (£2) of (3.38).
Moreover,
I Au o< Cp Il f llo.

Proof. Note that the bilinear form
B(u,v) = ] Au - Avdx
Q
coincides with the inner product in HZ (Q). On the other hand, setting,
Lv = f fvdx
Q
We have
IL(v)| = f Fuldx <1l £ llgl v o< Cy I £ llgll Av 1l
Q

Let u be the solution of problem (3.38). Setting w = Au, we have Aw = f with
f € L?>(). Thus, Corollary 3.2 impliesw € H?(Q) which, in turn, yieldsu €
H* (2)

3.7 Lower and upper Barriers for Semi linear Equations

To solve non-linear boundary value problems the iteration schemes are
formulated using the weak maximum principle
consider the problem:
{—Au = f(u) in Q

u = gon 0. (3:39)

1
Assume that 2 is a smooth domain and that f € C?! (R), g e Hz (a0 are also smooth
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A weak solution of problem (3.39) is a functionu € H! () suchthatu = g on N
and

Jo Vu - Vvdx = [, f(u)vdx, Vv € H;(Q). (3.40)
Introducing the weak sub and super solutions. We say that u, € H! () is a weak
sub solution of problem (3.39) if u, < g on 92 and

Jo Vu.-Vvdx < [, f(u)vdx, Vv € Hj(Q),v = 0ae.inQ

Similarly, we say that u* € H! () is a weak super solution of problem (3.39)
ifu* > g ondf? and

Jo VU -Vvdx = [, f(u)vdx Vv € Hy(Q),v = 0ae.inQ

Theorem 3.11 Assume that g is bounded on d2 and that there exist a weak
subsolution u,and a weak super solution u*of problem (3.39) such that:

a<u,<g<su"<b a, b e R.
Then, there exists a solution u of problem (3.39) such that
u, <usu’

Proof. Let M = max, )| f'|. Then the function F (s) = f(s) + Ms is nondecreasing.

Write Poisson's equation in the form
—Au + Mu = F(u)

To define the sequence recursively we apply the linear theory as the sequence
{uy }i»1 of functions: let u, be the solution of

{—Aul + Mu, = F(u,) inQ
u =g on 01.

Given uy, let u; ., be the solution of

{—Auk+1 + Muy,; =F(u,) inQ (3.41)

U, =9 on 0Q.
We claim that u;, is non decreasing and trapped between u,and u* :

U, S U S Upypq S U aein .
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Based on the claim, we deduce that u; converges a.e in () to some bounded function
u,as k - +oo. Since F(a) < F(uy) < F(b), by the Dominated Convergence Theorem
we infer that

f F (u)vdx — f F(uwvdx ask - +o
Q Q

for every v € Hj(Q). Now it is enough to show that there is a subsequence {ukj}

which converges weakly in H1(Q) to u, in order to pass to the limit in the equation

f (Vuk_+1 Vv + Muk_+1v) dx = f F (uk_) vdx Vv € H} (Q)
Q J J Q ]

and obtain (3.39)

We now prove the claim. Let us check that u, < u; a.ein . Set hy = u, — u;. Then
supgohs = 0and

J (Vhy - Vv + Mhyv)dx < 0, Vv € Hyj(Q),v = 0 a.e.in Q.
Q

since u, < uy => u, —u; < 0 we deduce uy < 0. Similarly, we infer that

u; < u*.Now assume inductively that

U, < Up_; < U <u* ae.inQ.

We prove that u, < up < upyq < u*ae. in Q. Letw, = up — up4q. We have wy, = 0
on dQ and

f (Vwy - Vv + Mw, v)dx = f [F(ug_,) — F(ug)]vdx Vv € H} (Q)
Q Q
Since F is nondecreasing, we deduce that F(uj_;) — F(u;) < 0 a.e.in Q so that

j (Vwy - Vv + Mwv)dx < 0Vv € Hj(Q),v = 0a.e.in Q.
Q

The above proofyields w;, < 0a.e.in (.
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Similarly, we infer that u, < ugand u,,q <u*. To complete the proof we have to
show that u;, — u, weakly in H1(Q). This follows from the estimate for the non
homogeneous Dirichlet problem (3.41):

el , < €M, D{IF Qi) lg+1 g vz a0y}

< G, M, D{F(B)+1 g 11290y}

Since {u;}is bounded in H1((Q), there exists a subsequence weakly convergent to wu.

The functions u, and u* in the above theorem are called lower and upper barrier,
respectively. Consider the following example to show non-uniqueness

The stationary fisher equation:
{ —Au =u(l—-u) inQ
u=20 on 0(.

Clearly, u, = 0 is a solution. If we assume that the domain Q is smooth and that the
first Dirichlet eigenvalue for the Laplace operator is 1; < 1, we can show that there
exists a solution which is positive in (). In fact, u* = 1 is an upper barrier. We now
exhibit a positive lower barrier. Let w; be the nonnegative normalized

Eigenfunction corresponding to A;
we know that w; > 0Oinside Q and from elliptic regularity, w;is smooth up to d12.
Let u, = dw;. We claim that, if o is positive and small enough, u* is a lower barrier.
Indeed, since —Aw; =A;w, , we have,

—Au, —u,(1—u,) =ow;(4; — 1 +0owy) (3.42)

If m =maxgw, and o < A;/m, then the right hand side of (3.42) is negative and u,
is a lower barrier. we infer the existence of a solution u such thatw; < u < 1.[]

The uniqueness of the solution of problem (3.39) is guaranteed if, for instance, f is
non increasing:

f'(s)<0,seR

Then, if u;and uyare two solutions of (3.39), we havew = u; — u, € H () and
we can write

—Aw = f(uy) — f(uy) = c(xX)w

where c(x) = f'(@(x)), for a suitable & between u; and u,. Since ¢ < 0 we conclude
from the maximum principle that w = 0 or u; = u,.
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Summary

The thesis, titled “Elliptic Problems and the Variational Form,” investigates the
mathematical structure and solutions of elliptic boundary value problems through
variational (or weak) formulations. It begins by deriving weak formulations for
various boundary conditions, including Dirichlet, Neumann, Robin, and mixed
conditions, particularly in relation to the Poisson equation. The work addresses the
well-posedness of these problems, ensuring the existence, uniqueness, and stability
of solutions by employing tools such as the Lax-Milgram theorem.

Key points covered include: The thesis underscores the significance of variational
formulations in solving boundary value problems while preserving originality. It
also introduces essential tools from functional analysis and Hilbert (Sobolev) spaces
to construct an appropriate variational framework. A comprehensive examination of
the Poisson equation is provided, exploring various boundary conditions and their
respective variational formulations.

Further, the it highlights the advantages of weak formulations, which are more
adaptable and conducive to numerical methods like the Galerkin method.

The Lax-Milgram theorem plays a pivotal role in establishing the existence,
uniqueness, and appropriateness of solutions for weak formulations.

In addition , the thesis also applies eigenvalue problems for the Laplace operator,
demonstrating how eigenfunctions can be utilized in the separation of variables
method and in analyzing the asymptotic stability of steady-state solutions.

Finally, this thesis concludes by emphasizing the broad applicability of variational
formulation theory beyond linear problems, extending to non-linear and semi-linear
partial differential equations. It also highlights how the theory aids in finding weak
subsolutions or supersolutions (lower and upper barriers) essential for complex
boundary value problems.
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