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Abstract

The trust region method, minimization of a real valued function f by using its quadratic
model subject to Euclidean norm trust region constraint, occurs in many trust region
algorithms. In most cases, it is inexpensive and even unnecessary to find an exact solution
of a trust region problem unless the number of variables is relatively small. In order to
alleviate this difficulty, in this thesis, we emphasized on a trust region method that takes
Hessian of the model to be the true Hessian of a twice continuously differentiable real
valued objective function f on R™ , at a given current iterate point x; using the so called
two dimensional subspace minimization strategy. As the name indicates, the two
dimensional subspace minimization method defines an approximate minimizer s to lie
in a subspace Sy of R™ spanned by two reasonably chosen directions. We constructed
such subspace using Lanczos iterative method. This subspace method first reduces the
n-dimensional trust region problem to 2-dimensional constrained problem, and then to
finding roots of a fourth degree polynomial with the help of Lagrangian approach for
constrained optimization problems. We compared the performance of the two dimensional
subspace minimization method with that of an alternative trust region method, namely,
the dogleg method, and the other common methods such as the steepest descent and
Newton’s method using MATLAB and we obtain that the two dimensional subspace
minimization method is more efficient.
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Introduction
We consider the following unconstrained optimization problem.
min f(z) st x€R"

where f : R® — R be at least twice continuously differentiable function. It may not be
possible to solve this problem directly due to many reasons such as difficulty in solving
zeros of the gradient of f and hence a numerical method is used instead. In numerical
optimization there are mainly two iterative procedures, namely, line search method and
trust region method. Since both of these approaches are iterative, we need an initial guess
x), as current approximate minimizer.In line search method, to approximate minimizer of
f,at each iteration k, we seek a nonzero vector dj, called a descent direction of f at xzy ,
along which f is decreasing. Then, we use this vector to determine a nonnegative scalar
ty, called step length by solving(approximately) the one dimensional problem

min  f(xg +txdg) st t>0

to locate next iterate point xp,; using the scheme z,.1 = x) + txdi. There are many
line search methods. Some of them are steepest descent method, Newton’s method and
quasi-Newton method.

Newton’s method is fast and globally convergent only if the initial guess is close
to the exact minimizer unless the objective function f is convex. This is because the
Hessian matrices of f may not be positive definite and so the Newton point may not
be available or it may not be a descent direction. Thus, this method has only local
convergence property. However, the steepest descent method has global convergence
property with slow convergence rate [3],[5],[7]. In order to mitigate this difficulties, we
focus on the second approach, trust region method. A trust region method approximates
f by some simpler function usually quadratic function, an approximation to the second
order Taylor representation of f at a given initial guess x;,called model of f at x; denoted
by my , and (approximately) solve the model in some neighbourhood of this guess.Such
constrained quadratic problems are referred to as trust region subproblems(TRS).
If the matrix in the quadratic term of m,, is taken to be the true Hessian of f, we call it
the Newton trust region method [1],[5],[3].As we have said, a trust region method is not
only to replace line search to get global convergence but also circumvents the difficulty
caused by non-positive definite Hessian matrices in line search. The k' iteration of a
trust region Newton method for the above unconstrained minimization involves finding
an approximate solution of the trust region subproblem:

?elﬁl%% mi(s) = fu +gis+ %STHkS st |s]] < Ag, (1)
where my(s) is the quadratic model of the objective function f to be minimized , fr =
f(x1), gr = V f(z), gradient vector of f at x), , Hy = V2 f(x1), the Hessian matrix of f
at xp , Ag is a given positive trust region radius, and ||.|| is the Euclidean norm.

Trust region methods find approximate minimizer s, of (1) sequentially and use
this approximate minimizer as trial step to move to next iterate point. Thus, in trust



region algorithm, the main source of computation effort other than the function eval-
uations required, is on the problem (1) to determine the step from the current iterate
[1],(3],[5],[8].

There are different trust region methods such as dogleg method, two dimensional
subspace minimization method, Steihaug’s method etc. Trust region algorithms are dif-
fer in their strategies for approximately solving (1). The dogleg method rely on an
improvement of approximate solution of (1) along the steepest descent direction, called
the Cauchy point [5],[8]. This method is designed that an approximate solution to (1)

to be the step s, with ||s|| < Ay , on a piecewise linear curve passing through the origin,

the unconstrained Cauchy point, s} = Mgk and the Newton point , sy = —H, Yok

9¢ Higk

[5],[6],[7],[8].- The dogleg method is appl}opriate when the objective function f is con-
vex(that is, the Hessian Hj, is always positive semidefinite) [1],[3],[5]. This motivates
us to consider other techniques for finding approximate solution of (1) which include the
directions of negative curvature(that is, the directions dj for which dZH kdr < 0) in the
space of candidate trust region steps to handel the indefinite case, and still produce an
improvement on the Cauchy point for convergence. The so called two dimensional(2D)
subspace minimization strategy is designed with these properties [2],[5].

The purpose of this thesis is to solve the above unconstrained optimization problem
by Newton trust region approach with two dimensional subspace minimization method
which mitigates the aforementioned drawbacks of Newton’s and the steepest descent
methods. So, we use the two dimensional subspace minimization method to approxi-
mately solving each subproblem. The subspace of this method is spanned by two rea-
sonably chosen directions, namely, the steepest descent direction(or the unconstrained
minimizer of the quadratic model) and the Newton direction(in case Hy is positive def-
inite) or the modified Newton direction —(Hy + a4 I)"'g or the direction of negative
curvature (to handle indefinite matrices Hy). Therefore, the two dimensional subspace
minimization strategy is an extension of the dogleg method [5]. Such an « is determined
using Lanczos method to construct a subspace of the method. This directions are chosen
for the seek of a global and fast convergence property [2],[4],[5],[7].

The use of two dimensional subspace approach converts the n-dimensional subprob-
lem (1) to a 2-dimensional constrained problem so that the cost of computation is very
small relative to the original problem for large n. Then, Lagrangian approach aids to
reduce this 2-dimensional subproblem to finding roots of a fourth degree polynomial
[5],[6],[8]. We compare the performance of the 2D subspace minimization method with
that of an alternative method, namely the dogleg method, and the other basic methods
such as the steepest descent and Newton’s method.

The remaining part of this project is organized in the following way. Section 1 deals
about basic concepts(preliminaries), mainly, general trust region methods and some re-
lated concepts, section 2 (the main body of this paper) focuses on the subspace minimiza-
tion technique for Newton trust region step, and the last part(section 3) shows numerical
implementations of some selected problems using MATLAB showing that the method
achieves its goal efficiently provided that the parameters used are chosen appropriately.



Chapter 1

Preliminaries

In this section, we will see basic definitions, terminologies and ideas that are important
for the consistency of this project.

1.1 Definitions and Terminologies

Even though there are different norms on R”, we use the Euclidean norm defined below
throughout this paper.

Definition 1.1. Let © = (z1, 22, ..., 2,) € R" and A € R™*™. Then,

i. |z|| = /a2 + 22 + ... + 22
ii. ||Al| = sup{||Az|| : 2 € R* and |z] =1}.
Thus, we have
[Az]| < |Allllz]l  and [|AB| < [A[l]|B]|,Vz € R", A, B € R"™".

Definition 1.2. Let A = (v1 vy ... vn), where v; € R*", Vi =1,2,...,n. Then, the
set S = span{vy,vs, ..., v, } is called the column space or range of A.

Definition 1.3. Let z,y € R" and S = {v1, v, ...,v,} be a set in R™. Then,
a. = and y are orthogonal if xTy = 0.
b. x is orthogonal to S if xTv; =0 for eachi =1,2,..,n.
c. S is orthogonal if vl v; =0 for all i # j.
d. S is orthogonal if it is orthogonal and ||v;|| =1 for each i =1,2,...n.

The following remark has a vital role in characterizing eigenvalues and eigenvectors,
and factorization of symmetric matrices.

Remark 1.1. Let A € R™*" be symmetric. Then,

a. All eigenvalues of A are real.



b. Eigenvectors corresponding to distinct eigenvalues are orthogonal.

c. A is orthogonally diagonalizable. That is,A = QT DQ, where D is a diagonal matriz
of eigenvalues of A and Q is an orthogonal matriz(that is,QT = Q=) of order n
whose columns are the corresponding eigenvectors. Such factorization of A is said
to be its eigendecomposion or spectral decomposition.

Theorem 1.1. (Cauchy-Schwartz inequality)
For any vectors x an y in R"™
2ty < Jlzllly]l-

The common vectors and matrices in optimization are defined below.

Definition 1.4. (Gradient vector and Hessian matriz)

Let f : R™ — R be at least twice continuously differentiable function. Then, for any given
vector x, € R™, the gradient vector and Hessian matriz of f at xy denoted by V f(xy)
and V2 f(xy) respectively are defined as:

of(zy)
ox1
Of(zx)
Oxo
Vf(xe) =
Oxn
and
fulzr)  fielze) - - o fin(a)
f21(96’k) f22(33k) . . . f2n(xk)
V2 f(xr) = '
*f(xx)

where fi;(zy) = fori=1,2,..,nandj=1,2,. n.

8aci8xj ’

Remark 1.2. Since Hy, = V2 f(xy) is symmetric, it is orthogonally diagonalizable. That
18, for each k, there exist an orthogonal matrix Q. and a diagonal matriz Dy such that
Hy, = QI DyQy., where the diagonal elements of Dy, are eigenvalues of Hy and columns
of Qi are the corresponding eigenvectors. Moreover, we can orthonormalize the set of
columns Q. to form an orthonormal basis for some subspace of R™.

Definition 1.5. Let A be an n x n matriz on R™. Then, A is said to be
i. Positive definite(PD) if 2T Az > 0 for any nonzero v € R".
i. Positive semidefinite(PSD) if x¥ Ax > 0 for any nonzero x € R™.

iti. Negative definite(ND) if xT Ax < 0 for any nonzero x € R™.



iv. Negative semidefinite(NSD) if 2T Az < 0 for any nonzero v € R".
v. Indefinite if it is neither PD, PSD, ND nor NSD.

Definition 1.6. All eigenvalues of PD, PSD, ND and NSD matrices are positive, non-
negative, negative and none-positive respectively.

1.2 Optimization Problems And
Optimality Conditions

Let f : R™ — R be at least twice continuously differentiable function. Since maximization
problem is equivalent to minimization, we can consider any of one, minimization, in this
project.

e The general form of Unconstrained problem is:

min  f(x) st xzeR™

e The general form of constrained problem is:
min  f(x) st z €S CRY

where the feasible set S = {x € R" : g;(z) < 0 and hj(x) =0} for i € [ =
{1,2,..,m},j e J={1,2,...,p} and ¢;, h; : R” — R are all differentiable functions.

Remark 1.3. A point x* € S is called a global minimizer of f on S if f(x*) < f(z),Vx €
S, and it is a local minimizer of f on S if there exists € > 0 such that f(z*) < f(z),Vx €
Ne(z*) N S, where Ne(z*) = {z € R": || — a*|| < €}, called e-neighbourhood of x*.

Optimality Conditions

i. First order necessary condition: If f attains its local/global minima at z*, then

Vf(x*)=0.

ii. Second order necessary condition: If z* is a local/global minimizer of f on R™, then

Vf(z*)=0 and V2f(z*)is PSD.

iii. Second order sufficient condition: If Vf(z*) =0 and V?f(z*) is PD, then x* is
a local minimizer of f.

iv. Karush-Kuhn-Tucker (KKT) Conditions: If z* is a local/global optimal solution of
min  f(z) st gi(x) <0,i=1,2,..,m
, then the following KKT conditions should hold:

L Vf*)+>2"  AVagi(a*) =0, for some \; > 0,i =1, ...,m. This is called dual
feasibility.
2. Nigi(z*) =0,i=1,2,...,m. It is called complementary slackness.

3. gi(xz*) <0,i=1,2,...,m. It is primal feasibility.



1.2.1 Convexity and Minimization Problems

Definition 1.7. A function f : R" — R is said to be convex if for any x,y € R" and
any A € [0, 1],
fOz+ (1 =Ny) <Af(x) + (1 =N f(y)
Remark 1.4. i) Let f be twice continuously differentiable on R™. The Hessian matriz
of f is positive semi definite at each x € R" if and only if f is convexr on R™.

ii) An optimization problem whose objective function and its constraint set are convex
1S CONVEL.

ii1) Every local minimizer of a convex problem is global.

1.3 Lagrangian Approach For Constrained Problems

We can change a constrained problem in to an equivalent unconstrained problem. It is
performed by adding a function f : R™ — R such that fy(z) = 0, for each feasible point
x on to the objective function to be minimized. Then, the resulted function is called
Lagrangian for the problem.

1.3.1 Lagrangian Method For equality Constraints

Consider the problem
min  f(z) st z €S (1.1)

, where S := {z € R" : hj(z) = 0,j = 1,2, ..., p}. Then,we have fy(z) = > 7_, pi;h;(x) =
0, for any p; € R. Therefore, the Lagrangian for (1.1) is

L(z,p) = f(x) + Zujhj(ﬂf),

where = (p1, ..., )T € RP called Lagrange multiplier. The corresponding Lagrange

problem is
min  L(z,p) st xzeR"VueRP (1.2)

Remark 1.5. If 2* is an optimal solution of (1.2) and x* € S for some p* € RP| then
x* is optimal solution of (1.1). Thus, an optimal solution x* of (1.1) should satisfy
VL(z*)=0 and z* € S.

1.3.2 Lagrangian Method For Inequality Constraints

We consider the problem
min  f(z) st z €S (1.3)

, where S :={z € R" : g;(z) < 0,i = 1,2,...,m}. We have the same transformation as
above but the Lagrange multipliers Ay, ..., A,,, are all nonnegative.



1.4 Rate Of Convergence Of Sequences

Rate of convergence measures how fast a sequence does converge.

Definition 1.8. Let xy be a sequence in R™ that converges to x*. The rate of convergence
15 said to be

a. Linear if there is a constant r € (0,1) and kg > 0 such that W <rVk > k.

k—x*|

T —x*
lawsi=a*l _

b. Super linear if klim Tor—27]

— 00

c. Quadratic if there exist constants M > 0 and ky > 0 such that
et < MYk > ko.

|l —z

Let f : R™ — R be at least twice continuously differentiable function. In the study of
unconstrained optimization, we seek to solve a problem of the form:

min  f(x) st xe€R" (1.4)

Solving (1.4) directly may not be always possible due to various reasons. To overcome
this difficulty, we need to study numerical optimization which solves it numerically. The
iterative procedures that we use have to be convergent.

Definition 1.9. An iterative method is said to be

i. locally convergent if the sequence of iterates generated by the method converges to a
solution when the initial approximation is already close enough to the solution.

i1. globally convergent if the sequence of iterates generated by the method converges for
any nitial approximation.

In numerical optimization there are mainly two iterative procedures to find an
approximate minimizer of (1.4). These are the line search and trust region methods.

1.5 Line Search method

e In line search methods to determine a step length is to is find a minimizer of a
univariate function along a line.

Definition 1.10. Consider a function f: R™ — R and a point z), € dom(f).
A nonzero vector dy, € R™ is called a descent direction of f at xy, if there exists a d > 0
such that

f(l’k + tdk) < f(l‘k),vt € (0,5)

Theorem 1.2. Let V f(xy) be the gradient of f at xy.
If (Vf(xy))tdy, <0, then dy is a descent direction of f at xy.

Remark 1.6. i. If Vf(xy) #0, then dp = —V f(xy) is called the steepest descent
direction of f at xy.



1. Most numerical methods for minimization of f : R® — R constructs sequence of
iterate points using the scheme Ty 1 = xp + tpdy, where ty(called the step length) is
obtained by a line search along dy that minimizes ¢(t) = f(xy + tdg) on 0 <t < b,
for some b > 0 at each iterate xj. The step length may an optimal solution to our
univariate function and is called the exact step length or else it satisfies some what
smooth conditions only and is called inexact step length. The conditions that our
inexact step length required to satisfy are called Wolfe conditions. These conditions
are

Wi f(ze + trdy) < flag) + ity V f(zp) T dy, for some 0 < ¢; < 1.
Wo. Vf(zp + tpdp)Tdy > oV f(a) dy, for some c; < ¢y < 1.

The Generic Idea of Line Search Method

Given an iterate z;, as current approximate solution to (1.1) . In line search method, we
find a descent direction dy of f at z; and a step length ¢;, a minimizer(approximate) of
the one dimensional problem:

min  f(xp+tdy) st t>0

to locate the next iterate xp,; by the scheme xy 1 = x) + tpdx.

There are a number of line search methods. A certain numerical method need to
have fast global convergence whenever possible. Thus, we focus on the steepest descent
and Newton’s methods having global and fast local convergence respectively [3],[5]’[9].

1.5.1 The Steepest Descent Method

The steepest descent method is a line search method in which the search direction at
xy is given by dr = -V f(zy). This method has global convergence property, but its
convergence rate is slow(linear) due to its zigzaging nature, that is, V f(zx41)Tdx = 0 for
each k [5]. We have the following algorithm to solve (1.4).

Algorithm 1.1. (Steepest descent):

Initial step: Choose small error tolerance, € > 0 and initial guess x1. Let k = 1.
Main step: While ||V f(xy)|| > €

Let d, = -V f(xy). Find(approzimate) ty, that minimizes ¢(t) = f(xy + tdg),t > 0.
Tho1 = Tp + trdy.

end

1.5.2 Newton’s Method

Newton’s method is a basic tool in numerical optimization. In its original form, this
method is destined for solving equations. However, it can be easily tailored for uncon-
strained optimizations also.



Newton’s Method For Minimization

We can use Newton’s method to approximate minimizer of one as well as multidimensional
problems. Newton’s method uses the Taylor’s approximation to approximately solve the

targeted optimization problem.

Theorem 1.3. (Taylor’s Theorem)
Suppose that f : R™ — R is continuously differentiable and s € R™. Then we have

flz+s) = f(x) + gz +ts)"s,

for some t € (0,1), where g is the gradient of f. Moreover, if f is twice continuously
differentiable, we have that

1
oot 9)=gla)+ [ Hottopdr
0
and that ]
flw+s) = f(z) +g(@)"s + 55" H(x + ts)s,
where t € (0,1) and H is the Hessian of f.

One Dimensional Newton’s Method

Let f: R — R be at least twice continuously differentiable function. Newton’s method
starts from a suitable initial guess ¢, and it takes the next iterate point ¢; to be the
minimizer of the quadratic approximation of f at ¢y,

q(t) = f(to) + [ (to)(t — to) + 3/ (to)(t — to)?. That is,

f (to)
=1t — -
f"(to)
Subsequent iterations are determined in similar manner and we have the scheme:
f(t)

tk+1 = tk - f// (tk)a

until |f(tg)] < € or |tgr1 — tgx| < € for some sufficiently small error tolerance e.
Remark 1.7. Newton’s method is applicable whenever

a. f'(ty) # 0, V.

b. f'(tr) > 0,y (i.e fis strictly convex).

The first limitation is alleviated by using the approximation f” () ~ M, called

te—tr—1
the secant method and the second by using |f" (¢)| instead of f”(t;), called one dimen-
sional modified Newton’s method.



Multidimensional Newton’s Method

Newton’s Method for multidimensional minimization is a direct extension of its one di-
mensional version. That is, given a current iterate point x;, € R", the next iterate
point x;; is the point that minimizes the quadratic approximation of f around x;. This
approximating function is

1
q(x) = fxr) + V(o) (z — ) + Sl = ) V2 f () (x — )
So,we must have Vq(zx,1) = 0. Thus, the sequence of iterates is generated by

Topr = 2 — (V2 f (1) 7'V f (21),

where f : R" — R is at least twice continuously differentiable. Therefore, the New-
ton’s method can be considered as a line search method with step direction dY =
—(V2f(x1)) 'V f(zr), called Newton’s direction and step length ¢; = 1, full Newton
step length. However, di is a descent direction only when the Hessian matrix is positive
definite.

To find a minimum point of a twice differentiable function f defined on R", we use the
following algorithm.

Algorithm 1.2. (Newton’s method):
Imput: f,g=Vf, H=YN?%f e (error tolerance)

1. Choose a suitable initial guess x;1 € R*. k=1

2. If ||lg(zr)|| <€, stop(x* = xy is an approximate minimizer). Else go to step (3)
3. Solve the system of linear equations H(xy)x = —g(xy)

4. Tpe1 = xp +x. Set k:=k+ 1, and repeat from step (2).

Definition 1.11. A function f : D C R™ — R s said to be Lipschitz continuous on D
if there exists the smallest constant L > 0(called Lipschitz constant) such that

|f(z) — f(y)| < Ll|x —yl|,Vz,y € D,

The convergence property of Newton’s method is given below.

Theorem 1.4. Suppose that f is twice differentiable and that the Hessian H(x) = V2 f(z)
is Lipschitz continuous in a neighborhood of a solution x* at which the second order
sufficient conditions are satisfied. Consider the iteration xp, 1 = ) — Hk_lgk. Then,

i. if the starting point xq is sufficiently close to x*, then the sequence of iterates con-
verges to x*;

ii. the rate of convergence of {xy} is quadratic,and

iii. the sequence of gradient norms {gr} converges quadratically to zero.

10



Proof. See[5,pp 44-45]. O

Remark 1.8. Newton’s method has a quadratic global convergence whenever f is conver,
otherwise the method is successful only when the initial gquess xy is close to x*.

We can overcome the above limitation of Newton’s method by doing the following

1. Use matrix factorization such as eigenvalue decomposition to approximate the Hes-
sian matrix Hj, by a positive symmetric definite matrix By so that dy = —Bk_lgk is
a descent direction.

2. Make line search along dj, to have f(xpy1) < f(xg).

1.6 Trust Region Method

Trust region method is one of the numerical optimization methods in solving nonlinear
programming problems. As we have said, solving (1.4) analytically may not be always
possible due to various reasons such as complicated nature of the objective function
f. The trust region method mitigates this difficulty by approximating f to a simpler
function(usually quadratic function) called model of f, at a given current iterate point
xp. This quadratic model is an approximation to the Taylor representation of f at x
and is denoted by my. That is,

1
mk(s) = fk + ggs + §STBkS

, where B}, is symmetric.

In Taylor approximation theory, an approximation to a given function at a given point
is adequate in some neighbourhood of that point. In order to preserve this property of
Taylor approximation, the trust region method fixes a region around the current iterate
xj on which the model is trusted to be an adequate representation(approximation) of f.
This region, called ”trust-region”, is fixed by choosing a positive number Ay, called trust
region radius, and the method minimizes the quadratic model my over a ball of radius
Ag, Q={s e R": ||s|| < Ag}, where [|.|| is the Euclidean norm.

Once approximating the objective function f by its quadratic model my, and fixing
the trust region €2, our optimization problem is essentially reduced to solving a sequence
of trust region subproblems in which both the objective function and the constraint are
quadratic. That is,

1
Hel]% mi(s) = fx +gis+ ESTB]CS st |s]] < Ag (1.5)

, where fr, = f(x), By is the Hessian or its approximation, and the rest quantities are
as above. Thus, trust region method aims to find an approximate solution of (1.5) which
requires a suitable choice of the trust region radius Ay .
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¥k the ball [trust region) the path that we follow

at termtion k while minimizing

Figure 1.1: Trace of unconstrained optimization with trust region method

1.6.1 Choice Of The trust Region Radius,/A;

The size of the trust region is critical to the effectiveness of each step.The direction of the
step changes whenever the size of the trust region is altered. Since the size of the trust
region is a determinant factor for agreement between my(s) and f(zr+s) , a suitable
choice of A has to be done.

If the trust region is too small, the algorithm misses an opportunity to take a
substantial step that will move it much closer to the minimizer of the objective function.
If too large, the minimizer of the model may be far from the minimizer of the objective
function in the region. Thus, in the former case we may enlarge the region to include
those missed steps, and we may reduce the trust region and try again in the later case. In
other words, if Ay is too small, there is well agreement between my(s) and f(zy + $)
but this may hinder the progress of iterates. This is an indication for enlarging the region
at the next iterate. If Ay is too large, then my(s) and f(x;+s) may not agree and the
minimizer of my(s) over the region can fail to produce acceptable next iterate [1],[3],[5].
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Given a step s, agreement between the model function m; and the objective function
f is determined in terms of the ratio defined by:

_ J(aen) — flae+ sn)

mk(O) — mk(sk)

(1.6)

the numerator is called the actual reduction(ared), and the denominator is the predicted
reduction(pred) (that is, the reduction in f predicted by the model function).

As the step s; is obtained by minimizing the model my over a region that includes
s = 0, the pred will always be nonnegative. This shows that the sign of p; is determined
using the sign of f(zr) — f(xx + sx). Hence, if p; is negative, the new objective value
f(zx + sg) is greater than the current value f(xy), so the step must be rejected. On the
other hand, if py is close to 1, there is good agreement between the model m; and the
function f over this step, so it is safe to expand the trust region for the next iteration.
If py is positive but significantly smaller than 1, we do not alter the trust region, but
if it is close to zero or negative, we shrink the trust region by reducing Aj at the next
iteration. Thus, at each iteration we have to determine the value of the ratio, pj in order
to update the trust region radius and decide the acceptance or rejection of the step sg.
Trust region methods to approximately solve the subproblems at each iteration differ in
the way of determining the step s,. However,they use the following algorithm to update
their trust region radius and to determine the acceptance of the step.

1.6.2 Trust Region Algorithm

Apart from the question how the step(approximate minimizer) of the trust region sub-
problem is determined, the generic trust region algorithm is given as follow.
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Algorithm 1.3. (Generic trust region algorithm):
Given: initial guess(xg), A >0, Ay € (0,A), n € [0, %),
tol > 0(suff small error tolerance),k := 0.

while ||V f(zy)| > tol
Obtain sy by(approrimately) solving (1.5)
Evaluate py, from (1.6)

if pr < i,then
1
Apir = ZAk
else
, 3
of pr > 1 and ||sk|| = Ak, then

Ak—H = mm(ZAk, A)

else

Apy1 = Ap
end %t f
end %if

vf  pr > nthen

Tpy1 = Tp + Sk

else
Tk41 = Tk
end Yo f

end Y%while

The next important issue is methods for (approximately) solving the trust region sub-
problem (1.5) with convergence.

1.6.3 The Cauchy Point

Although in principle we seek the optimal solution of the subproblem (1.5), it is enough
for purposes of global convergence to find an approximate solution s; that lies within the
trust region and gives a sufficient reduction in the model.

Definition 1.12. The minimizer of the model function my along the steepest descent
direction si = —g;. subject to the trust region bound is called the Cauchy point, denoted
by s..

As we have said above, we need a step in the trust region that results a sufficient reduction
in the model my. We can quantify this sufficient reduction in terms of the Cauchy point.
That is why we seek to have a focus about it.

14



Procedures To Determine s,

The Cauchy step s§ is inexpensive to calculate(no matrix factorizations are required)
and has crucial importance in deciding if an approximate solution of the trust-region
subproblem is acceptable. We follow two main steps to find it.

Stepl: Determining a vector s! that minimizes the linear version of the model m;, subject

to the trust region bound. That is, sb = TocT 9k

|ng|

Step2: Finding a scalar 75, that minimizes my(7s%) subject to the trust region bound, and
then we set s§ = 7458,

Thus,
{1, if g{ Brgi <0
Tk =

_llgll® ;
min{ —F— noT Bror” , 1}, otherwise.

Improvement On The Cauchy Point

Although the Cauchy point s§ provides sufficient reduction in the model function my
with global convergence, and it is easy to calculate, we usually need to improve it. The
reason is that always taking the Cauchy point as our step is equivalent to the steepest
descent method with a particular choice of step length [4],[5],[6]. The steepest descent
method has slow rate of convergence even if the optimal step length is used and so we
have to improve s; as much as possible.

There are various trust region methods that compute the Cauchy point and try to
improve on it to find a better approximate solution of (1.5). However, this paper focuses
on the two dimensional subspace minimization strategy for Newton trust region(see
Chapter 2) which is a generalization of the so called Newton dogleg method. So, let us
see the dogleg method for general trust region discussed above.

1.6.4 The Dogleg Method

The dogleg method is one of the earliest methods which originally proposed by Powell,
to find an approximate solution of the trust region subproblem (1.5), and based on an
improvement of the Cauchy point. In this section we drop the iteration subscript k for
simplicity and denote s* to be the solution of (1.5).

This method is more effective whenever the Hessian B of the model function m is
positive definite. If B is positive definite, then the unconstrained minimizer of the model
m is sV = —B~!g called the Newton point. Thus, we take it as an approximate solution
s* of (1.5) whenever sV is feasible.

Consider the case |[s™|| > A. 1In this case if the Cauchy point s° reaches the
boundary, then no more improvement on it and this method takes s* to be s¢. That is,

* C

s =S

If s¢ is strictly inside the trust region, then this method made a technical improvement
on it. Since A is small relative to ||sV]|, the restriction ||s|| < A shows that the linear
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approximation is effective. For such A, we can get an approximation to s* by simply
omitting the quadratic term from the model m. That is,

s*(A):—Aﬁ when A is small.
9

For intermediate value of A | the solution s* typically follows a curved trajectory.

The dogleg method finds an approximate solution by replacing the curved trajectory
for s* with a path consisting of two line segments. The first line segment runs from the
origin to the minimizer of m along the steepest descent direction, which is

oo 99
9" By

, and the second line segment runs from s* to s. This curve is called the dogleg path.
Mathematically, we can express it as:

v 0<r<1
S(T):{TS, <7<

s+ (r—1)(sN —s), 1<7<2

The dogleg method chooses s to minimize the model m along this path, subject to the
trust-region bound. The following theorem shows that the minimum along the dogleg
path can be found easily.

Theorem 1.5. Let B be positive definite. Then
1. ||s(7)|| is an increasing function of T ,and
2. m(s(7)) is a decreasing function of T.
Proof. (See [5]) O

Since the model m is decreasing along the path s(7), its intersection point with the trust
region boundary called the dogleg point(DP), provides an improvement on s*. Therefore,

s* = DP = s" + a(s" — s*), (1.7)
where « is a positive number satisfying the scalar quadratic equation:
[s" + (a = 1)(s™ = s")[| = A (1.8)

That is,

o hy + \/h? + h3hs

1522 ’

where hy = (s5)7 (s, — sp ), ho = ||s, — si'||* and hg = A7 — ||sg ]|
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Algorithm 1.4. (Newto_n-dogleg meth_od:)
Given: initial guess(zo), A >0, Ag € (0,A), n € [0,1),
tol > 0(suff small error tolerance), go, Hy(Hessian of f at xg),k:=0.

1. If Hy, 1s not PD, we take s, = si.
2. If Hy, is PD and ||s?|| < Ay, we take s, = sB. Otherwise goto step 3.
3. If |s2|| = A, we take sy = s5. Otherwise goto step 4.

4. We solve o from (1.8) and improve s§, using (1.7). Set k :=k+1 until ||gi|| < tol.

Remark 1.9. The dogleg method is appropriate when the objective function f is con-
vex(that is, the Hessian Hy is always positive semidefinite).

The above remark motivate us to use other techniques which are suitable for the general
case. In the next chapter, we will see the two dimensional subspace method.
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Chapter 2

Two Dimensional Subspace
Minimization For
Trust Region Newton Step

2.1 Newton Trust Region Method

In the previous chapter we have seen that trust region methods do not require the Hessian
matrix By, of the model function to be positive definite but it is assumed to be symmetric.
Since the objective function f is assumed to be at least twice continuously differentiable,
we can use the true Hessian H; = sz(xk) of f at current iterate x; instead of By .
Notation: In the sequel we use

i. s instead of s;, to denote an approximate minimizer of the k* subproblem.

ii. 2, and z* to denote approximate minimizer of f at the k" iteration and opti-
mal(exact) solution of f respectively.

iii. fx to denote f(xy).

iv. g to denote the gradient vector of f at iterate point xy.
v. Hj to denote the Hessian matrix of f at xy.

vi. my to denote the quadratic model of f.

Definition 2.1. A Newton trust region method is a trust region method where the sym-
metric matriz By, in the quadratic model is taken to be exact Hessian Hy, = V2 f(x;) at a
given current iterate xy, of the objective function f to be minimized.

From this definition we can understand that a Newton trust region method is special
case of the general trust region method. Hence all concepts that hold for general trust
region method also hold for it. This paper is targeted to use two dimensional subspace
minimization technique to (approximately) solve a Newton trust region subproblem

1
Irel]ing mi(s) = fx + gi s+ §STHkS st |Is|| < Ag, (2.1)

18



Similarly, consider the following subproblem

1
mﬁlgn my(s) = gi s + gsTHks st |Is|| < Ag. (2.2)
seR™

Since fi doesn’t depend on s for each iteration k, minimizing (2.1) is the same as mini-
mizing (2.2). Thus, we can use (2.1) and (2.2) interchangeably while talking about their
minimizer. The existence of a global solution for (2.1) is guaranteed by theorem (2.1)
below.

Remark 2.1. Since, for each k, quadratic model my(s) is continuous and the trust region
Q={seR": |s|| < Ax} is a closed and bounded subset of R"™ (and hence compact), (2.1)

has a solution.

Furthermore, if f is not a convex function, then the Hessian matrix Hy of f at x; may
not be positive definite. Thus, the global solution of (2.1) may not exist.

The main purpose of this project is to obtain an approximate solution of (2.1) using
the so called two dimensional subspace minimization strategy. The resulted solution of
this method is assumed to has a good resemblance(good approximate) with the exact
solution.

2.2 Characterization Of Exact Solutions

When the problem is relatively small(that is, n is not too large), it may be worthwhile
to exploit the model more fully by looking for a closer approximate to the solution of the
subproblem. In order to have a precise characterization of the solution of (2.1), let us see
the following lemma which deals with the unconstrained minimizers of quadratics and its
particular characterization in the case where the Hessian is positive semidefinite.

Lemma 2.1. Let m be a quadratic function defined by

1
m(s) = g's + §STBS

where B is any symmetric matriz. Then

i. m attains a minimum if and only if B is PSD and g is in the range of B.
1. m has a unique minimizer if and only if B is positive definite.

wi. If B is positive semidefinite, then every s satisfying Bs = —g is a global minimizer
of m.

Proof. i («) : Since g is in the range of B, we can find s such that Bs = —g. Then
for any w € R", we have

m(s+w) =g’ (s +w) + 1(s +w)' B(s + w)

2
=m(s) + g w+ (Bs)'w + ~w' Bw
1
=m(s) + §wTBw
>m(s) (as B is PSD)



Thus, s is a minimizer of m. Conversely, if s is a minimizer of m, then by the 2"¢

order necessary condition Vm(s) = Bs + g = 0(so g is in the range of B), and
V2m(s) = B is PSD.

ii. (<) : Suppose B is PD. Then, B is invertible and hence we can find s such that
Bs = —g. From (i) above ,

m(s+ w) > m(s),Yw # 0.

Therefore, the minimizer s is unique. Conversely, assume that m has a unique
minimizer say s. By (i) B must be PSD. Claim that B is PD. If B is not PD, one
can find w # 0 such that Bw = 0. Then, m(s) = m(s + w), which contradicts the
uniqueness of s.

iii. Follow from (i).

Remark 2.2. This lemma also holds for the specific case B = H, exact Hessian of f.

Based on this lemma, the following theorem characterizes the solution of (2.1) precisely
where the iteration subscript k is omitted for simplicity.

Theorem 2.1. The vector s* is a global solution of the Newton trust region subproblem

1
mIiRn m(s) = f+g" s+ §STHS st sl <A, (2.3)
seR™

if and only if s* is feasible and there is o > 0 such that the following conditions are
satisfied.

W) (H+al)s = —g
b) a(A—|s*]) =0
¢) (H + al) is positive semidefinite

Proof. («<:) Suppose that ||s*|] < A and there is @ > 0 such that (a), (b), (¢) are satisfied.
Lemma 2.1(4i7), implies that s* is a global minimizer of the quadratic function

1
m(s) = g's+ EST(H +al)s =m(s)+ %STS.

Since m(s*) < m(s), we have

That is

m(s) > m(s*) + %((S*)TS* —sT's).

Then, by (b) a(A*—(s*)"s*) = 0. Thus,m(s) > m(s*)+5(A*—s"s). Therefore, as v > 0,
we conclude that m(s*) < m(s), for all s such that ||s|| < A, and hence s* is a global
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minimizer as desired. For the converse, we assume that s* is a global solution and we need
to find an « > 0, satisfying (a), (b), (¢). If ||s*|| < A, by assumption Vm(s*) = Hs*+g =0
and V?*m(s*) = H is PSD. Thus, a = 0 satisfies (a), (b), (c). Assume in the remainder
of the proof ||s*|| = A. Then (b) holds and s* minimizes m subject to ||s|| = A. By
applying optimality conditions for constrained optimization to this problem(see chapter
1), there exists an « such that the Lagrangian function L(s,a) = m(s) + $(s7s — A?)
has a stationary point at s*. That is,

g—i(s*) =0=(H +al)s"=—yg.

Thus,(a) holds. Since m(s) > m(s*), for any s with s7s = (s*)Ts* = A% we have
m(s) > m(s*) + =((s*)"s* — sTs).

Substituting ¢ = —(H + a1 )s*, we get
%(s — )T (H+al)(s — ") > 0.

Since the set of directions

*

S§— S

{w:w=4+——
s = s*|l

, for some ||s|| = A},

is dense in the unit sphere, (c¢) holds.

Now it is remained to show that a > 0. As (a) and (c) are satisfied by s*, by Lemma

2.1 (i), it minimizes m, and so m(s) > m(s*) + $((s*)"s* — s’s). Suppose that there are

only negative values of « satisfying (a) and (c). This implies m(s) > m(s*) whenever
|s|]| > [|s*]] = A. Thus, s* is a global minimizer of m as it is already a minimizer for
|s|| < A. Then, by Lemma 2.1 (i), Hs* = —g and H is PSD. Therefore, (a) and (c) are
satisfied by a = 0, which is a contradiction. Hence, a > 0. O

Corollary 2.1. 1) The point s = —H 'g is the unconstrained minimizer of m(s)
whenever H is positive definite. Moreover, if it is feasible,then s* = s.

2) If H is positive definite and |H 'g|| < A, then the solution s* of (2.1) doesn’t lie
on the boundary of the trust region.

Proof.

1) Tt is immediate consequence of the above theorem.

2) Suppose ||s*|| = A. By (1), s = —H 'g is a solution of (2.1). Since H is positive
definite and |H'g|| < A, it contradicts Lemma 2.1(ii)(uniqueness of s*). Hence,

[s*I] # A.
O
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2.3 Two Dimensional Subspace Minimization
Strategy

As we have seen in the previous chapter, the dogleg method is effective when the Hessian
By of the quadratic model is positive definite at each iteration k. The same is true
for Newton trust region method(By = Hy = V2f(z;)). Moreover, it may be costly to
(approximately)solve (2.1) over all of R”. Thus, we need a trust region method in between
these two.

Definition 2.2. Let f : R — R be twice continuously differentiable and g and H be
the gradient vector and Hessian matrixz of f respectively.

i. If H(x) has a negative eigenvalue, the x is said to be an indefinite point.

. If x is an indefinite point and a vector d satisfies d* H(z)d < 0, then d is said to be
a negative curvature direction of f at x.

. If rfg <0,d"g <0, d"H(z)d <0, then the vector pair (r,d) is said to be a descent
pair at indefinite point x. If x is not an indefinite point and satisfies

r'g <0, d'g<0, d"H(z)d=0,
then the vector pair (r,d) is said to be a descent pair at x.
Remark 2.3. If a negative curvature direction d satisfies
i. d¥g =0, then both d and —d are descent directions.
. d'g <0, then d is a descent direction.
iii. d'g >0, the —d is a descent direction.

The two dimensional subspace minimization approach was firstly suggested by
Shultz, Schnabel and Byrd [7]. This method defines the step s to lie in a subspace

T
Sk spanned by the unconstrained minimizer, s} = —gg‘;{i’;k gr and the Newton point
k
s = —H, 'gi. (equivalently, s{ = —g;, and s ) (in case when Hj, is positive definite) or

the inexact Newton directions, (Hj, + al)"'g, otherwise where ay, is an approximate to
the smallest eigenvalue of Hy.

Remark 2.4. The steepest descent and the Newton directions are chosen due to their
global and fast convergence properties respectively.

Lemma 2.2. Consider the problem (2.1) and let H be positive definite. For any a > 0,
the curve s(a) = —(H + al)™g is a descent direction for f. Moreover, either there is a
unique * such that ||s(a*)|| = A and s(a*) is the solution of (2.1) or ||s(0)|| < A and
s(0) is the solution of (2.1).
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Proof. If ||s(0)]] < A, then clearly s(0) is a global minimizer of (2.1). Otherwise consider
the Lagrangian

1 1
L(s,a) = f+g"s+ §8THS + ga(sTs — A?),

Then, we have
OL(s, )

ds
Since H is symmetric PD, so are H + ol and (H + al)™!, Ya > 0. Thus, we have

=Hs+tas+g=0=>s=—(H+al)'g and s's=A>

g's=—g"(H+al)'g <0, Ya >0.

Therefore, the curve s(a) = —(H + al) g is descent direction for all & > 0. Since

H is symmetric , we can make the set of its eigenvectors an orthonormal set in R"™.

Thus, we expand g with eigenvectors u;, 7 = 1,2, ....,n of H to show uniqueness. That is,

g =2 i Cilli-

Ci
U

+ o

7.

= (H—l—oz])_lgzz/\
i=1 "

Or ||[(H+al) gl =>0, ﬁ = ||(H+al) 'g|| is monotonically decreasing function

of . O

Theorem 2.2. Consider the problem (2.1) and let A\ < Ay < ... < A\, be eigenvalues of
H, where the iteration subscript k is omitted. For any o > —\y, H + «al is PD and the
curve s(a) = —(H + ol)"'g is a descent direction for f. Moreover, either ||s(0)]] < A
with g7s(0) < 0 and s(0) is a local minima of (2.1) or there exists a* > —\, such that
|s(a®)|| = A and s(a*) is a local minima of (2.1).

Proof. Since H is symmetric, there exist an orthogonal matrix Q and a diagonal matrix D
such that H = QT DQ where D = diag(\1, Mg, ..., \n) and columns of Q) are corresponding
eigenvectors of H. Then, for any o > —\q,

H+aol =Q"DQ +al = QT (D + al)Q
= H +al = QTAQ,where A = diag(M\ + o, o+, ..., Ay + @)
= H+al is PD(as \i+a>0,Vi=1,2,...,n).
So, s(a) is a descent direction by the above Lemma. Thus, we have two constraints,

namely, s7s < A? and g7s < 0. If ||s(0)|]| < A, then s(0) is a minimizer. Otherwise,
consider the Lagrangian

1 1
L(s,a,p) = f+g" s+ 58 Hs+ sals"s + € =A%) + pu(g"s +07).

Then, we obtain the following nonlinear system

Li=Hs+as+ (14 pu)g=0 (2.4)
2L, =s's+e& - A =0 (2.5)
L,=g"s+6=0 (2.6)
Li=ae=0 (2.7)
Ls =201 =0 (2.8)
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From (2.4), we get s = —(1 + pu)(H + aI)~'g. We can see that pu = 0 satisfies g*'s < 0.

Substituting s in to (2.4) gives ¢ (H + al)™tg = 6> > 0. So, if € # 0, then we must
have a = 0 and | — H lg|| = ||s|| < A with ¢’ H~'g > 0. On the other hand , ¢ = 0
implies || — (H + of)7Lg|| = ||s|| = A with ¢ (H + al)"'g > 0. Then, expanding g with
orthonormalized eigenvectors of H gives

n 2
Htal)lgP=Y .
I(H +aI)™ || 2 i+ a)?

Therefore, ||(H + o) !g|| is monotonically decreasing function of a for a > \;, where i
is the first index such that ¢; # 0. O

When Hj, is positive definite, we define the step to be the full Newton point if it is
feasible. Otherwise, we search in the two dimensional subspace. That is, the subproblem
(2.1) becomes:

1
minmy(s) = fr + gl s + §STHkS st ||s|| < Ag, s € span[st, sy (2.9)

The Cauchy point s§, is feasible for (2.9). Thus, as much as possible, we find an approxi-
mate solution resulting at least a positive fraction of a reduction in my, achieved by sj .
We can see that the entire dogleg path (see chapter 1) lies in the subspace Si. Therefore,
the dogleg method strategy can be made slightly more sophisticated by widening the
search for s to the entire two-dimensional subspace Sj in this case. Two dimensional
subspace minimization method is also applied to handle indefinite Hessian matrices. As
a result, it is called an extension of the dogleg method [5].

<> Whenever H,, is positive definite, it is not as such difficult unlike the case when H,
is not positive definite because the Newton point is the unconstrained minimizer.

& If Hy, is not positive definite, then either it has zero eigenvalue but no negative
eigenvalue or it has negative eigenvalue which is the most difficult case. When
Hj, has zero eigenvalue but no negative eigenvalue, we take the Cauchy point sf, to
be our approximate minimizer.

When H;. has negative eigenvalue, we find an approximate (j to the most negative eigen-
value A} of Hessian H} in order to form sufficiently positive definite matrix (Hj, + axl)
where ay, € (|Cx|,2|¢k]]. Later on, we will see how such «y, is determined. Here, we have
two subcases.

{ The first one is when || — (Hy, +axl) 'gx|| < Ag. This case is called the hard case
and in such situation, we discard the subspace search, instead we define the step to
be s = —(H, +axl)lgp  if || — (Hp + apI)gi|| = Ay, and otherwise we use
some technical improvement on s. Since s is a descent direction, we move in the
direction of s till it reaches the boundary. That is,

S = —(Hk + ozkf)flgk + Y Vk
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, for some vector v in R™ and v, > 0 . Then, we can see that
Isl1* = | (Hx + ar) " gelI* + i lloll* = 20 (Hy + axD)g.

Since v, > 0, we consider v such that v} (Hy + o) 'gr < 0 so that ||s|| >
|(Hy, + axI) ' gi||. Moreover, 7, > 0 is chosen so that ||s|| = A. We will see how
vk and 7y are chosen after the following theorem.

¢ The second case is whenever || — (Hy + axl) 'gi]| > Aj. In such a case the
inexact Newton direction —(Hy, + axI)~'gx may not even unconstrained minimizer.
Therefore, we search for s in the two dimensional subspace:
Sk = span[s¢, —(Hy + axl)gr] for some oy € (—=AF, —2AF] where A} is the
smallest negative eigenvalue of Hj.

We can see that there are two main points to be discussed in this trust region method.
These are:

i) A method to find oy and vy.

ii) A method to minimize my, over the two dimensional subspace Sy
defined above.

As we have said, in order to handle the indefinite cases, we seek directions of negative
curvatures.

Theorem 2.3. Suppose that H, has negative eigenvalue. If \¥ is the smallest eigenvalue
and wy, a corresponding eigenvector of Hy, then wy is a direction of negative curvature of
f at xy.

Proof. Hywy, = MNwy = wl Hywy = Af||wy||* < 0. Therefore, wy, is a negative curvature
direction of f. |

Remark 2.5. In practical algorithms, we include the hard case in a single case. To do
so,consider the expression(where the subscript k is omitted):

v=—s"qg+/(sTq)2 + A2 — [|s]]%,

where q is an orthonormalized eigenvector corresponding to the most negative eigenvalue
of H. Here, v > 0. Let uw = vq. Since q is a negative curvature direction, so is u, for
v # 0 and

u'(H+al) g = —v¢"s = (s7q)* = sTq\/(sTq)? + A2 — [|s[] < 0.

Moreover, ||s + ul||? = [|s]|? + ||ul|® + 2sTu = ||s]|? + 72 + 2vsTq = A% Now we can see
that, uw = 0 when |[|s|]| = A. Otherwise, we take s +u = s+ yq to be our approximate
minimizer.

For large scale problems, it is costly to apply eigendecomposition and hence we have to
use a numerical method to approximate eigenvalues and eigenvectors.
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Remark 2.6. Theorem 2.3 together with the following iterative method(Lanczos) tackles
the hard case.

There are various numerical techniques to approximate the smallest eigenvalue of a real
symmetric matrix such as power method, Lanczos method etc. But, in this paper, we
use the so called Lanczos iterative method.

2.3.1 Lanczos Iterative Method

We would like to find out the eigenvectors and eigenvalues. More specifically, we are
interested in finding good estimates of the top and the bottom eigenvalues and the corre-
sponding eigenvectors very quickly. Thus, we will use a method named Lanczos Iteration
which at the end of any step gives a tri-diagonal matrix whose extreme eigenvalues ap-
proximate the extreme eigenvalues of a symmetric real matrix A. Under suitable initial
conditions, the tridiagnoal matrix at the m!* step has the same eigenvalues and eigenvec-
tors of the original matrix. Being tri-diagonal, the eigendecomposition is easily carried
out for that matrix. However, we seek only the smallest eigenvalue and the corresponding
eigenvector.

Rayleigh Quotient

If u is an eigenvector of the real symmetric matrix A, then Au = Au for some eigenvalue
A. In other Words,m/\inH(A — M)u|| = 0 if u is an eigenvector. If u is not an eigenvector,

then analogously, we can define an approximate eigenvalue by:

r(u) = argmin||(A — A )ul|
A

Here, r(u) is called the Rayleigh quotient associated with the vector w.

Theorem 2.4. Let A be a real symmetric matrix of order n and u be any nonzero vector
in R™ that is not an eigenvector corresponding to X. Then,

ul Au
= inl[(A— A)ul|| =
r(s) = g min] (A~ M)l =
Proof.
TAu ul Au
A— M 2 _ A—u I T — )\ 2
(A= ADplf? = (A~ S S Ay
ul Au ) W7 Au )
= (A = == Dul* + (=7 =T = AD)u]
= ||(A — Al)u| is minimum when \ = A4,

]

Lanczos iteration terminates in m iterations where each iteration involves estimating
the smallest (largest) eigenvalue by minimizing(maximizing) the Rayleigh coefficient over
vectors drawn from a suitable subspace. At each iteration, the dimension of the subspace
involved in the optimization increases by 1. The sequence of subspaces used are the so
called Krylov subspaces associated with a random initial vector.
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Krylov Subspaces

Definition 2.3. Let S™ be space of real symmetric matrices of order n, ¢ € R" and
A €8". The order k Krylov subspace generated by A and q, and denoted by K(A, q, k) is

the subspace:
K(A,q, k) = span(q, Aq, A%q, ..., A" q)

and the Krylov matriz K(A,q, k) is given by:

K(A,q,k)=1lq Aq Aq .. A¥q

Tri-Diagonalization and Krylov Subspaces

Tri-Diagonalization and Krylov Subspaces are related by the following theorem.

Theorem 2.5. Suppose the columns of Qr = (1 G2 ... qx] form an orthonormal basis
of K(A,q, k) and A € S™. Then, QT AQy =T 1is tri-diagonal.

Proof. Let us consider the i entry T;; of T for i > j + 1. T;; = q! Ag;.

Then, Ag; € span{q, Aq, A%q, ..., A%q} = span{q,...,qj+1}. Since {¢;}?, form an or-
thonormal set, g; is orthogonal to span{qu, ..., ¢;, ¢j+1} for i > j+1. This means ¢} Ag; = 0.
Since QF AQy, is symmetric, so is T' . Hence, Tj;; = 0 for i < j — 1 also. Therefore, T is
tri-diagonal. O

Key Ideas behind Lanczos Iteration

Let A € S™ and ); be the i*® smallest eigenvalue of A. That is,
AM< <. <\,
We seek to approximate ;.

T
and N\, = maxyy;;y

y#0

. T
Theorem 2.6. \; = min’LAY
y#0 Y Y

Proof. Since A is symmetric, the eigenvectors {u;}? ; of A form an orthonormal basis of
R™. Thus any y # 0 can be written as:

n

Yy = Z a;Uj .

i=1

Hence, r(y) = YAy 27:;;12)“ > A\ and r(y) < Ap. Thus, Ay < r(y) < A,. Moreover,

yTy :
the extreme values \; and ), attained by setting a; = 1 with all other a; set to zero and
a, = 0 with all other a; set to zero, respectively. O

Let us define two quantities, wy and W as follow:

. T T
wr, = min LAY and W), = max LAY

0£yeV, Y7 Y 0#yey, Y'Y
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where V} is k-dimensional subspace. Then, for any choice of increasing sequence of
subspaces, Vi C Vii1, Wy is non-increasing and w,, = Ay, and Wy is non-decreasing with
W, = A, as well. This is because, for each k, the optimization is performed over a larger
domain than the previous. This shows that wy is an increasingly better approximate to
A1, and Wy to A\, as the step index k increases. Lanczos iteration runs for m steps and
in each step k, it augments the subspace V} suitably to ensure the subsequent estimate
of the extreme eigenvalue is good.To do so,we choose sequence of subspaces as follow.
Let us rewrite wy and Wj in terms of an orthonormal basis, given by the columns of
Qr=1[n1 ¢ ... q, of the subspace V.

Any vector u # 0 in V} can be written as u = Qry where y € R¥1. Since QT Q,, = I, we
have

. T TA . T TA
wp= min CEAYY —min p(Quy) and Wy = max LAY — max #(Quy)
0£yeRkx1 vy 0£y 0#£ycRFx1 vy 0#£y

Let the minimum wy and maximum W), be attained at iy and y respectively.Let u, = Qrv,
v, = Qry. Then, a
Uk, U € Span{qi, qa, -, Gk }-
k1

We then add g to the set of orthonormal vectors {g;}¥_, such that {¢;};% is also or-
thonornal and the column space of Q). will be the subspace V.

Since we are interested to minimize w, and maximize W) over suitable increasing se-
quences of subspaces (the larger contain the previous minimum rate of change, we want
to have Vr(uy), —Vr(vg) € span{q,qo, ---, @, Qe+1}, where Vr denotes the gradient vector
at a certain vector argument.

Remark 2.7. The gradient of the Rayleigh quotient r(z) of a vector x is:

Vr(z) = i(Ayc —r(x)x).

T
Thus, Vr(z) € span{x, Ax}. Since ug, vy € span{qi,qo, ..., qr}, we have
VT(“k)? —VT(Uk) € Span{Qla q2; .-, 4k, Aq1a Aq27 L) AQk}

As mentioned above, we need to show:

Vr(ug), — Vr(v) € span{q, G2, ..., Qr» Qrt1}

If we choose Krylov subspaces, that is, Vi, = K(A, q1, k) = span[qi, Aq1, A%qy, ..., A¥Lqi]
such that columns of @y is an orthonormal basis for K(A, ¢;, k). Then,

span{qi, @, -, @, Aqr, Aga, ..., Aqi} = span(qu, Aqr, A2qu, ..., A¥ gy, AFqy)

= Vr(uy), —=Vr(vg) € span(qi, Aq, Ay, Ak_lQl, Ale) = span{qi, g2, - qk; Qk+1}-
We are done.
Remark 2.8. In general, one needs to orthonormalize the columns of the Krylov matrix
K(A, g1, k) to get Q at every iteration. Hence, computing eigenvalues and eigenvectors

of A reduces, at the end of m™ steps, to finding the eigendecomposition for tri-diagonal
matriz T.
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Lanczos Algorithm

Let A € S*. We seek to determine an orthogonal matrix @ = [¢1 ¢2 ... ¢n] and a
tri-diagonal symmetric matrix 7" such that

T =QTAQ.
Since T is symmetric, we can write it as:

o1 B 0
CI
B2 03
ﬁn—2 5n—l Bn—l
0 ﬁnfl 571
Using orthogonality of @),

T=QTAQ < AQ = QT
If we examine the k' column of AQ, we have:
Aq, = QT)., where T), = (O 0 ... Br_1 O Br 0 ... O)T
= Be-1qrx—1 + Orqr + BrGr

Therefore,we can find Q recursively.We first set Syqo = 0. Since the set {¢;}, is or-
thonormal,we have

G Age = Ollgrll* = ok
We now solve for (g1 as follow.
Br@rr1 = (A — kD) g — Br—1qk-1-
Let rp = (A — 0x)qr — Br—1qx—1-Then for any g # 0,

Tk
qk+1 = -~
Br

where By = ||ri||. Let as examine in algorithmic way.

Algorithm 2.1. (Lanczos Iteration):
Initialize: 1o =0, 5o =1, ¢ =0, k=0

while [ #0
Jk+1 = E
k=k+1
Op = ql{AQk
i = (A = opl)qr — Br-1qk-1
Be = lIrll

end Y%while
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Theorem 2.7. (Termination Criterion)

Let A € S",q1 € R" and ||q1|| = 1. Then, the Lanczos algorithm runs until iteration
m = rank K(A, q,n). Moreover, fori=1,2,....m we have AQy = QyT} + rre}, where
o P 0
b1 02 P
B2 03
Ty = A . and Qr=[n @ ... Q.
Br—2 k-1 Bra
0 Be-1 Ok
Proof. See 2] O

2.3.2 The Two-Dimensional Subspace Subproblem

By this method,at each iteration,n-dimensional trust region subproblem is replaced by a
2-dimensional subproblem which is very simple to solve relative to the original subproblem
for large n. So, the 2D subspace minimization technique highly reduces computational
costs while solving large scale problems.

Now onwards, in this section, we omit the iteration subscript k for simplicity. Instead of

(2.9), we can consider

1
minm(s) = ¢g’'s + ésTHs st |ls]| <A,s €S = span[s?, sV] (2.10)

Main procedures:

We seek to reduce the 2-dimensional subspace subproblem (2.10) to finding roots of a
fourth degree polynomial. First, we form an n x 2 matrix A using the steepest descent
direction s¢ = —g and the Newton point s (in case H is positive definite) or the direction
of negative curvature otherwise. If these columns of A are linearly dependent, then s = ag
for some a € R and so the quadratic model in (2.10) becomes to:

1
m(a) = [|g|*a + §gTHgoz2,

lgll®
~ gTHyg
minimizer of m(s). Therefore,we consider the Cauchy point, s¢, defined in chapter one,
for the seek of feasibility.
For the opposite case, we make these vectors(columns of A) orthonormal to each other

by using Gram Schmidt orthogonalization process and form a new matrix M using the

and its unconstrained minimizer is g, which is the same us the unconstrianed

orthonormalized columns of A. That is M = (m1 mg) , where m; = ﬁ and my = H:Z_H’
where w = sV — %g. Then, from linear algebra the span S’of these orthonormal

llgll
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vectors is equal to S = span[s?,s"¥]. Thus, for any s € S,3q = <;> € R? such that

s = Maq.
Therefore, the subproblem (2.10) becomes:

. 1
min m(q) =U'q+35¢'Gq st gl <A, (2.11)

where U = M%g and G = MTHM, is a 2 x 2 matrix.
Now this problem is too small (2-dimensional) with unknowns = and y which is easier to
solve than the previous problem(n-dimensional).

Subproblem (2.11) can be reduced to finding roots of a fourth degree polynomial
using some algebraic manipulations. Now, by Remark 2.1, the subspace subproblem
(2.11) has a solution. Thus, such a solution lies either in the trust region,Q2 or on the
boundary of it. That is, we have two cases.

Casel: G is positive definite and || — G7'U|| < A

In this case s = —G~'U.

Case2: G is not positive definite or || — G'U|| > A

A solution s that lies on the boundary of the trust region satisfies the condition(s) of
this case by the converse of Corollary 2.1. So, we can consider optimal solution of (2.10)
that lies on the boundary of the trust region. In this case, (2.11) becomes a constrained
problem with a single equality constraint in two variables, namely, * and vy, and we
can use the Lagrangian technique.

Let UT = (b, by) and G = (‘“1 “12) .

Q21 A22
Then,

L x 1 a1 G\ (T
Uha+ 21 G = (bl b2) (y) * 2 (:)3 y) <0L21 CL22> <y)

1
= blx + be -+ 5[@111‘2 + a2y + a1 1y + a22y2]

1 1 1
= 5&115132 + 5&22:(/2 -+ 5(&12 + CLQl)ny + bl.’E + bgy
Multiplying both sides of the last equation by 2 gives:
2UTq + ¢"Gq = ana® + asy® + 2a12xy + bix + boy

Put a1 = ay1, a9 = aje,a3 = ase, a4y = by and as = by. Then,(2.10) becomes:

min a122 + asy? + 2a102y + bix + by st 2t +y* = A? (2.12)

Then (2.12) can be reduced to a fourth degree polynomial equation using the Lagrangian
approach. The Lagrangian is:

L(z,y, 1) = a12® + 2a0xy + asy® + 2a42 + 2asy + p(a? + 3> — A?)
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A minimizer of (2.12) should satisfy the following system of equations.

oL

o = 2a17 + 2a9y + 2a4 + 2px =0
x

oL

e = 2a9x + 2a3y + 2a5 + 2uy = 0
Y

L

— =2ty - A*=0

o

After eliminating p, we obtain:
a2 + (a3 — ay)wy — agy® + asx — agy = 0
24y = A2
To eliminate the last equation,we can use the parametrization:

2At A1 -t
1+2 0 Y7 g

xTr =

,where t € R (2.13)

The last required 4" degree polynomial equation is:
Clt4 + Cgt?) + C3t2 —|— C4t —I— Cy = O (214)

where ¢; = A(—a2A + ayq),c2 = 2A((—ay + a3z)A + as),
c3 = 6A%ay, ¢y = 2A((—ay + az)A +as) and  c5 = —asA? — ayA

Now on, the problem is changed to finding real roots of (2.14). We use MATLAB
to find roots of the polynomial and we take a root that results the most reduction in the
reduced model function in (2.11). Then, we solve for x and y back by the parametrization
used.

2.3.3 The 2D Subspace Minimization Algorithm

Byrd, Schnabel and Schultz [7] extended the minimization to the whole bidimensional
subspace containing the dogleg path in such a way that also indefinite Hessian H can be
used. The two-dimensional subspace minimization algorithm to find approximate solution
of Newton trust region subproblem is stated below.

Algorithm 2.2. (Two-dimensional subspace approximation of TRS):

Input:

initial guess(xzo), A >0, Ay € (0,A), n €[0,1),
tol > 0(suff small error tolerance),go, Hy, k := 0.

Output: approrimate minimizer s ~ s* of the TRS(2.10)

1. Approzimating the most negative eigenvalue using algorithm 2.1
v~ A :=mineig(H) such that |v] € (—A1, —2\] if Ay <0

2. Check definiteness of H

a = |v|
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if v>tol %H is PD
sN=—-H1g
if sV < A
s=s"
return
else
S = span(g,—H 'g] and go to (8)
end  if
else if a<tol %(H is numerically singular)
5 =5
return
else %H is indefinite
s=—(H+al)™yg
if Jsl] < A
Let q be diretion of mnegative curvature and |q| =1

7= =g+ /BT + AT [5]P
Let v=~q.Set s=s+v

return
else
S = spanlg,s] and go to (3)
end Yif
end  %if
3. Let S = span|sy, so] with ||s1]| = ||s2]| = 1 and sTsy = 0.

M = [s; s1] € R™2
Find the minimizer q* = (Zj) of the model m in Subspace S:

1 T
¢* = argmin f + ¢" M (z) + = (5) MTHM <$>

22 4y2<A2 2 Yy
s=q"
s* = Mq*
return

Once v is available, the descent direction ¢ can be the eigenvector corresponding to it.
That is, Hq =~ vq.

Remark 2.9. The practical algorithm of the 2D subspace minimization method is ob-
tained by combining Algorithm 3.1 , Algorithm 2.1 and Algorithm 2.2 together.
2.4 Convergence Analysis

In the general trust region method, we have seen that taking the Cauchy point as an
approximate minimizer of (1.5) at each iteration has global convergence apart from its
slow rate. Thus, global convergence of most trust region methods to approximately
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solve (1.5) depends on the approximate solution obtaining at least as much decrease in
the model function as the Cauchy point does.

In order to see the global convergence of a trust region method, we need to obtain
an estimate of decrease in the model function m; achieved by the Cauchy point. We
then use this estimate to show that the sequence of gradient vectors {gx} generated by
algorithm 1.3 converges to zero. Such estimate of decrease is given as:

1 (0) = ma(se) = e1llgel| min{ A, |','g’“'|'|} (2.15)

for some ¢; € (0, 1], where s, is an approximate solution of (1.5) produced by a certain
trust region method.

Lemma 2.3. The Cauchy point satisfies (2.15) with ¢, = % That is,

ma(0) = ) > ol min{ 12} (2:16)

Proof.

For simplicity, we drop the iteration subscript k. We consider two cases.
Case 1: ¢"Bg <0

Here, we have

. A
m(s) —m(0) = m(mg) —/
A2
— 2 gl + 2 g7 By
gl lgll?
< —Allgll
on gl
< —[lgl min{A, =5}
1Bl
1 oA gl
< =5 llgllmin{A, ;=50
2 1Bl
So,we are done in this case.
Case 2: ¢'Bg >0
Here,we have two subcases.
Case 2.1: AHQQTH; <1
c lglI”
= = —"2"g.
9" By
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Thus,

lgll* 1 7 gl
V=—m(0)=— 4+ -9 Bg———
(s = m{0) g"Bg " 27 V(T Bg)?
__Llgl®
29T Bg
< - 1”“62]—H4 (By Cauchy Schwartz inequality)
2 |lgl*I1B]
__1lgl?
2 [|B|
1 . gl
< — S llgllmin{A, ==
2 1B
. gl
Case 2.2: m > 1
. A
=S = ———g.
gl
Thus,it is the same as case 1 above. This completes the proof. O

Theorem 2.8. a) Let s be any vector such that ||sg|| < Ap and my(0) — my(sg) >
ca(mg(0) —my(s$)), for some positive fraction co. Then, sy, satisfies (2.9) with ¢; =
2.
b) A step obtained by the two dimensional subspace minimization algorithm satisfies
(2.15) with ¢, = 3.

c) Let s*,s*P sP be optimal solution, approximate solution by two-dimensional sub-
space minimization method and approzimate solution by the dogleg method, respectively,of
the Newton trust region subproblem (2.1)) with PD B.Then,

m(s*) < m(s*P) < m(s”) < m(s°)
where s¢ is the Cauchy point.
Proof.  a) Since |[|s;]| < Ay, (2.16) gives the result.

b) Let s be an approximate solution obtained by 2D subspace algorithm.Since
mi(s3P) < my(s%), (2.15) gives:

1 :
mi0) ~ me(si”) > LlgelminAy, 120
E

c) While solving (2.1) exactly , its feasible set is Q@ = {s € R" : ||s]| < A}. Then,obviously

52D sP s¢ € Q.
Since s* is the minimizer of (2.1) over Q,we must have

m(s*) < m(s*P), m(s*) <m(s?) and m(s*) < m(s%)

35



While solving (2.1) using two dimensional subspace method,the feasible set is:
S = {s:|s]| < A,s€ span|g, —H—lg]}

We know that s¢ is the minimizer of (2.1) along the path s(7) = —Tﬁg, 0<7<1
and sP is the minimizer of (2.1) along the path

v 0<r<1
8<7_):{7'S, <7<

st (r—=1)(sN —s4), 1<7<2

Therefore, s¢,s” € S and hence m(s*?) < m(s”) and m(s*’) < m(s°).
Consider the minimizer of (2.1) without any constraint, that is,

oo 99
g"Hg™

u _lal®_ c— _ A

If [[s"[] > A, then 377 > 1 and so s° = —5rs".

=s° is on the dogleg path.
=m(s*") < m(s%)
On the other hand if ||s*|| < A,then
s =s" € s(T)
Therefore,m(s?P) < m(s®). Thus,we conclude that
m(s*) < m(s*P) < m(s?) < m(s°)

]

Theorem 2.9. Assuming Algorithm 1.3 is applied with By uniformly bounded in norm,
f is bounded below on the level set S = {x : f(z) < f(xo)} and Lipschitz continuous
differentiable in the neighborhood S(Ry) = {x : ||x — y|| < Ry}, for some constant Ry,
and the approximate solution sy of (1.5) satisfies (2.15) and ||sx|| < cAy for some o > 0,
and S is assumed to be bounded. Then

i. if n=20, then li’gg}fﬂgkﬂ =0 ,and

i. if n € (0,7), then lim [|gg| =0
k—o00

Proof. As By, is uniformly bounded, there exists § € R such that || Bg|| < §,Vk € R™.

i. From (1.6),we have
my(sk) = f (e + sk)
mk(O) — mk(sk)

ok — 1| =
Recall Taylor’s theorem
fzp +s1) = flar) + glzp +tsp)'s

36



for some t € (0,1). Thus,we have

1
flar +sp) = fr + ggsk =+ / [g(xp +tsg) — gk]TSkdta
0

and from the definition of my,

1 1
malsn) = F(o-+ su)| = 5t Bus = [ [o(on+ ton) - gl st
0
B e
< sl + s s 2.17)

We can see that C'(s) can be made arbitrarily small by restricting the size of sy.
Suppose for contradiction that there is € > 0 and a positive index K such that

lgill > €, Vk > K (2.18)

From (2.15), for any k£ > K, we have
€

5 (2.19)

mi(0) — my(sk) > cre min{Ay,

Since ||sg|] < 0A,(2.17) and (2.19) gives

o Ap(Ar(B/2) + C(sk))
2c1e min(Ag, €/ 5)

e — 1] < (2.20)

This holds for all sufficiently small values Aj. Thus,for such Ay with [|s;| < oA,
we can made A small enough so that

Cc1€
AL < — 2.21
< 3, (2.21)
Since C(sg) can be made arbitrarily small and ¢;e > foAy, we can restrict si so
that A
Clse) < cr€ — oAy
20
Thus,we have
cr€
AR(B/2) + C(sg) < % (2.22)
Furthermore, if we made Ay < 0A < 5» (2.20) and (2.22) gives
1
|Pk - 1| < 1

= pr> ]

Thus,by Algorithm 1.3 we have A1 > Ay whenever Ay, < A. This shows that the
reduction of Ay(by a factor of ) can occur in our algorithm only when Aj, > A
and therefore

A
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11.

Suppose that there is an infinite subsequence I such that p; > % forkel. Iftkel
and k > K, we have from (2.19) that

f@e) = f(@ra) = fan) — flae+ si)
> S mu(0) — ma(se)
> %cle min{Ay, %}

Since f is bounded below , we must have :
reh i = 0

contradicting (2.23). Hence no such infinite subsequence I can exist, and we must

have pp < % for all k sufficiently large. In this case, Ay will eventually be reduced

by a factor of 71; at every iteration, and we have llimAk = 0, which again contradicts
o

(2.20). Therefore, our original assertion (2.18) must be false, which completes the
proof.

Consider any m such that g,, # 0. If we use 6 to denote the Lipschitz constant for
g on the level set S, we have

lgs = gmll < Ollz = 2], Ve € 5

. Hence, by defining the scalars € = 1{|g,n|, R = H"?—Tg' = 7, and the ball

B(zp, R) ={z : ||z — x| < R},

we have the following.
1
2 € B(am, B) = |lg(2)l| 2 lg(@) ]| = l9(x) = gull = 7 llgm] = €.

If the entire sequence {xy }r>m stays inside the ball B(z,,, R), we would have ||gi|| >
€ > 0,Vk > m. But by the proof of (i) above, this condition can never occur.Thus,
the sequence {xy}r>m eventually leaves the ball B(x,,, R). Let the index r > m
be such that x4 is the first iterate after z,, outside B(z,,, R). Since ||gx|| > € for
k=m,m+1,..,r, we can use (2.19) to get:

T

f(xr) = f(@r41) = Z[f(mk) — f(@k+1)]

k=m
r

> Z n[me(0) — my(sg)]

k=m
TRFT L

: €
> nere mind{ Ag, =},
kz;n 1 { B}

TRFT L
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where the sum is limited to iterations on which a step is actually taken (zy # Tx11).
If Ap < %,Vk =m,m+ 1,...,r, we have

- 1
f(:cm) - f(xvdrl) > ncie Z Ak > 7]C1€R = 7761625 (224)
Ikk;ﬂﬂzirl
Otherwise, we have A, > % for some k =m,m +1,...,r, and so
51
f(@m) = f(zri1) = nere 3 (2.25)

Since the sequence { f(zx)}72, is decreasing and bounded below, we have
f(zx) — f*,as k — oo, for some f* > —oo. Therefore,using (2.24) and (2.25), we
can write

11
36

1
36

flaw) = 7 = flam) = f(@rs1) = nese” min{

“ner min{ =, 2} gml|* (2.26)

T4

(2.26) = [lgmll® < (Gmer min{5, 317 (f(2m) — f7).
Thus, as m —» 00, ||gm||* — 0. Hence, llm ||gm|| = 0.

]

Local fast rate convergence of a trust region method with B, = Hj usually associated
with Newton’s method. Steps that satisfy the trust region bound and becomes closer and
closer to the true Newton step near the solution are said to be asymptotically similar to
Newton steps. We show any algorithm of the form Algorithm 1.3 that produce such steps
has superlinear convergence.

Theorem 2.10. Let f be twice Lipschitz continuously differentiable in a neighborhhod of
a point ¥ at which second-order sufficient conditions are satisfied.Suppose the sequence
{zr} converges to x* and that for all k sufficiently large, the trust-region algorithm based
on (2.1) chooses steps sy, that satisfy the Cauchy- pomt based model reduction criterion
(2.15) and are asymptotically similar to Newton steps sy whenever ||sy || < LAy, that is,

s = sl = ol I} (2.27)

Then,the trust-region bound Ay becomes inactive for all k sufficiently large and the se-
quence xj converges superlinearly to x*.

Proof. We show that ||si|| < A, the TR bound is inactive and the rate of convergence
of {xy} is superlinear, for all sufficiently large k.Then,we seek a lower bound for predicted
reduction.Assume that k is large enough that the o(||sy ||) term is less than ||sY|. When
s |l < 34, from (2.27) and the fact ||z]| — [ly|| < ||z — yl|, we have ||si]| < ||s¥'|| +
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o(|Isi]l) < 2||si||- When |[si|| < $Ax, we have |[sp|| < Ay < 2[|sy'||. In both cases, we
have
sl < 21| < 21 Hg gl

and so ||gx| > $Ax/||H; (|- Then, by (2.15)

mi(0) = mi(sk) > el ge| min{Ay, yl'if ’\’| }
sl el
> o min || sy, ——kL__y
2152 2/ H ||| H, Y|
sl
- 1 1 3
AH N H2

Since xj, — x*, using the continuity of Hy and positive definiteness of H(z*)™!, for all
sufficiently large k, we get

C1 &1

>
A Hell|H 1 8IHH () [1H ()~

= Cs,

where ¢3 > 0. Hence, for all sufficiently large k, we have
mi(0) — mu(si) > el skl (2.28)

From Taylor’s theorem,we have that

[z +s) = fk+gk5+ sTV? f(ay, + ts)s,
for some ¢ € (0,1). Using this and Lipschitz continuity of H(z) near z*, we have

| fr = f(@r + sk — (my(0) — my(sk))|

1 1t

= ‘gngksk — 5/ SgH(Z’k + tSk)Skdﬂ
0

1

1
= 5/ |SZ:<Hk — H(l’k + tsk))8k|dt
0

< lsill” 1 H,— H tsp)|ldt
=5 |Hp — H(zp +tsg)|

L
< §||s;€||3 (2.29)

where L > 0 is the Lipschitz constant.Then, from (1.6), (2.27), (2.28),we get

Iskll*(L/2) _

-1 <
Y B

|| k]| < _Ak (2.30)

1(or some other fixed number less

Since the TR radius can be reduced only if pp < ;
than 1), so from (2.30, the sequence {A;} is bounded away from zero. Moreover, since
T, — 2%, satisfying the 2"¢ order sufficient condition, we must have ||s¥ || — 0 and there-

fore ||sx|| — 0 by (2.27). Thus,the trust region bound is inactive for all k sufficiently large
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, and the bound [|s}’|| < 2A, is eventually always satisfied.
To prove superlinear convergence, we use the quadratic convergence of Newton’s method(see
chapter one). That is

o+ s = 2"[| = o(llzw — 2|?),

which implies that [|sY || = o(||zx — 2*||). Then, by (2.27)
[z + s — 2]
<l + s — 2l + llsg” — s
= o([lzx — 27[*) + o([ls¢'[}) = o(llx — 2”[])-
O
Remark 2.10. This theorem together with Theorem 2.7(b) and Theorem 2.9 gives con-

vergence property of the 2D subspace minimization method.

Example: Consider the following unconstrained problem

i 2.31
min f(z), (2.31)
where f(z) = 14 (21 —22)*+ (2 —5)*+ (x3 —x1)?. Let us solve (2.31) by the 2D subspace
minimization algorithm using input data
rg = [3 6 4T, Ay = 2,A = 100,n = 0.24,tol = toleig = 0.001. Then,the gradient

4 -2 =2
vector and Hessian matrix of f at zy are go = [—8,10,2]7, and Hy = [ -2 14 0
-2 0 2

respectively,and fo = f(x¢) = 12. So, the quadratic model of f is
r. Lo
mo(s) =124 g5 s + 38 Hys,

where s = [s; so s3]7 € R®. The minimum eigenvalue of Hy is A = 0.6768 > tol, so ,H,
is PD and hence invertible. sl = —H, gy = [2.6667 — 0.3333 1.6667]" and

|sN|| = 3.1623 > Ay. Thus,we must search for s in the 2D subspace Sy = span{go, —Hj *go}.
Let A= [go — Hy'go]. Then,A is a 3 x 2 matrix whose columns are linearly independent.
Hence,we can orthonormalize the columns of A to form a new matrix M = [m; my] with
the set {my, my} is orthonormal,by using Gram Schmidt orthogonalization process.That

is,
90

ool

N _ N\T
S?V <(59V)Tm1>m1 = [0.6114 0.3468 0.7113]".
[sg- = ((sg )Tma)mu |

The corresponding subspace subproblem is

= [-0.6172 0.7715 0.1543]" and

my

mo —

min mg(s) s.t [|s|]] < Ag, s € Sp.
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Since s € Sy, we can find ¢ = [v w]|” € R? such that s = Mgq. Then,||s|| = ||[Mq||, and
the reduced 2-dimensional problem is

R 1
min my(q) = f(Mq) +UTq+ 54" Gg st [lall < Ao

;where f(Mq) = 812.6777,U = MTgy and G = MTHyM.
12.1905 2.6305 . .
Now,G = (2.6305 1.6034) , U= (12.9615 0.0000) . The Newton point of this re-
duced problem is sV = —G7'U = [~1.6459 2.7002] with ||sV] = 3.1623 > Ag. Then,by
using the parametrization (2.13) in section 2.3.2 for v and w, we can change this problem
in to finding roots of a fourth degree polynomial.So,a; = 12.1905,
as = 2.6305, a3 = 1.6034, ay, = 12.9615 and as = 0.0000. This implies that ¢; = 15.4009,
co = —84.6964, c3 = 63.1321, ¢4 = —84.6964, and c5 = —36.4450. The required polyno-
mial is
p(t) = cit* + cot® + cst? + cqt + cs.
The only real roots are,r; = 4.9128 and ry = —0.3196. Then,by the parametrization
used for components of ¢, we have
Ao(l — 7”1)

2
= 2201 _ 07818 and w; = .

= —1.8409.
1412 1+ r?

(%1

That is, ¢; = [v; wi]?. Similarly,using the root ry, we get go = [vo wo|T = [~1.1600 1.6293]".
Now,we compare the functional value using the reduced model function m{ and we take
the one with less value.

mg(q1) = 24.7898 and mg(q2) = 2.3232.
Thus,we must take ¢ = ¢ and so the minimizer of the model for this iteration is

s= Mg =[17120 —0.3298 0.9799)" and |s|| =2 = A,.

Lastly,we use py = Z:jg, defined in (1.6) and = 0.24 to update A and x respectively.Since

po = 1.0136 > 0.75 and ||s]| = 2 = Ay, by Algorithm 1.3,
Al = min 2A0, 100 = 2A0 = 4.

Moreover,pg > 1 and so, x1 = zo+s = [4.7120 5.6702 4.9799]7 which is closer to the
exact minimizer z* = [5 5 5] than zg because ||z* — x¢|| = 2.4495 > 0.7738 = ||z* — z4]|.

In each of the remaining 7 iterations, the full Newton step exists and is feasible. Thus,
we take the full Newton step at each iteration as shown in the table below.

Iteration A p IIsN|| I|s]|
0 2.0000 | 1.0136 | 3.1623 | 2.0000
1 4.0000 | 1.0244 | 0.8987 | 0.8987
2 8.0000 | 1.2037 | 0.2579 | 0.2579
3 16.0000 | 1.2037 | 0.1720 | 0.1720
4 32.0000 | 1.2037 | 0.1146 | 0.1146
d 64.0000 | 1.2037 | 0.0764 | 0.0764
6 100.0000 | 1.2037 | 0.0510 | 0.0510
7 100.0000 | 1.2037 | 0.0340 | 0.0340
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From this table, we see that the Newton step is feasible(using column 2 and column 4)
and is successful(using column 3).

Iter | x o 3 S1 Sa 53 m(s) gl

0 3.0000 | 6.0000 | 4.0000 | 1.7120 | -0.3298 | 0.9799 | 2.3232 | 12.9615
4.7120 | 5.6702 | 4.9799 | 0.7348 | -0.2234 | 0.4669 | 1.0672 | 4.0044
5.4468 | 5.4468 | 5.4468 | -0.1489 | -0.1489 | -0.1489 | 1.0133 | 0.3567
5.2978 | 5.2978 | 5.2978 | -0.0993 | -0.0993 | -0.0993 | 1.0026 | 0.1057
5.1986 | 5.1986 | 5.1986 | -0.0662 | -0.0662 | -0.0662 | 1.0005 | 0.0313
5.1324 | 5.1324 | 5.1324 | -0.0441 | -0.0441 | -0.0441 | 1.0001 | 0.0093
5.0883 | 5.0883 | 5.0883 | -0.0294 | -0.0294 | -0.0294 | 1.0000 | 0.0027
5.0588 | 5.0588 | 5.0588 | -0.0196 | -0.0196 | -0.0196 | 1.0000 | 0.0008

|| O | W N~

Remark 2.11. We choose a sufficiently small tolerance to get a more efficient approxi-
mate minimaizer.

43



Chapter 3

Numerical Implementations

In this chapter, we report numerical results(implementations) of the two dimensional sub-
space minimization algorithm for Newton trust region method using MATLAB in order
to evaluate its effectiveness and compare with the performance of an alternative method,
namely, the dogleg method, and other common methods such as Newton’s method and
the steepest descent method. We obtain the practical algorithm (MATLAB code) of
this method by combining Algorithm 1.3 Algorithm 2.1 and Algorithm 2.2 to-
gether. However, we can use eigen-decomposition(spectral decomposition) of the Hessian
matrices H at each iteration to find the smallest eigenvalue instead of Algorithm 2.1
whenever the problem is not too large. We use some selected test problems. Since the 2D
method has global convergence property, we can choose a particular vector as an initial
guess so as to make our interpretation easy.

Notaton: In our implementation, we use
i) 2o and A to denote the initial guess and trust region radius respectively.

ii) tol, Iter and mineig to denote the error tolerance taken, iteration and minimum
eigenvalue respectively.

iii) toleig to denote a bound for smallest eigenvalue obtained by the Lanczos method
to determine the definiteness of that involved Hessian matrix.

iv) 7 to denote a parameter in [0, 1) which determines the acceptability of a step s as

1
defined in Algorithm 1.3.

v) p to denote a parameter used to adjust the trust region radius A as defined in
equation 1.3.

vi) NM, SDM, DM and 2DM to denote Newton’s, steepest descent, dogleg and two
dimensional subspace minimization methods respectively.

We consider the following test problems.

1. Let o = [z1 2o x3]" and
f@) =1+ (21— 22)® + (22 — 5)* + (z3 — 11)%

min f(z) st z€R? (P1)
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2. Let x =[x, my ... wg90)T and
f(ZU) =1+ (1’1 + 1)2 + (%’2 — 1‘1)2 + ([Eg + 3)2 4+ ...+ (1’199 + 199)2 + (SEQOQ — $199)2.

min f(r) st z € R*™ (P2)
3. Let x =[x, m9 w3 24]7 and
f(x) = (v — 1022)* + 5(x3 — 24)* + (w9 — 223)* + 10(x; — 24)?
min f(z) st x€R* (P3)
4. Let z = [z 29 w3)T and
f(x) = (z1 — 2)* + (21 — 229)* + cos(%)
min f(x) st z€R? (P4)
Note: Our interpretation is based on the above test problems and we consider four digits
after the decimal point in most numeral values.

Newton’s method to solve (1.4) is very fast provided that the Hessian matrix, Hy of
the objective function f is positive definite for each k. To see this, consider

min f(z) st x € R (P1)

where f(x) =1+ (z; — 12)* + (z2 — 5)* + (23 — 11)%
One can determine [5 5 5|7 is the only minimizer. Let us see the performances of
Newton’s, the steepest descent, the two dimensional subspace minimization methods and
the dogleg method as well.

Taking 2o = [90 10 0]7 and tol = 1075, we get the following output from MATLAB
using Algorithm 1.2.
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Iter 1 ) x3 f(z) gl
0  90.000 10.0000 0.0000 15126.0000 513.419906
1 8.3333 8.3333 8.3333  124.4568  148.148148
2 7.2222  7.2222 7.2222 25.3865 43.895748
3 6.4815 6.4815 6.4815 5.8171 13.006147
4 5.9877 5.9877 5.9877 1.9515 3.853673
5 5.6584 5.6584 5.6584 1.1880 1.141829
6 5.4390 5.4390 5.4390 1.0371 0.338320
7 5.2926 5.2926 5.2926 1.0073 0.100243
8 5.1951 5.1951 5.1951 1.0014 0.029702
9 5.1301 5.1301 5.1301 1.0003 0.008800
10 5.0867 5.0867 5.0867 1.0001 0.002608
11 5.0578 5.0578 5.0578 1.0000 0.000773
12 5.0385 5.0385 5.0385 1.0000 0.000229
13 5.0257 5.0257 5.0257 1.0000 0.000068
14  5.0171 5.0171 5.0171 1.0000 0.000020
15 5.0114 5.0114 5.0114 1.0000 0.000006
16 5.0076 5.0076 5.0076 1.0000 0.000002
17  5.0051 5.0051 5.0051 1.0000 0.000001
18 5.0034 5.0034 5.0034 1.0000 0.000000

Table 3.1: Newton’s method for (P1)

However, the steepest descent method(Algorithm 1.1) with inexact step length and with
data inputs zo = [90 10 0]7 and tol = 1075 and Wolfe constants ¢, = 0.1,cy = 0.5,
requires 20559 iterations to obtain an approximate minimizer [5.0070 5.0070 5.0070]”
of the exact solution [5 5 5]7. Some of the iterations are shown below.

Iter T To T3 f(x) lgll
0 90.0000 10.0000  0.0000 15126.0000 513.419906
1 79.3750 -0.6250  5.6250 12841.1917 936.240691
2 76.9727 6.1868  6.7773  9940.9993 342.645817
3 68.1613 10.4020 11.1646 7437.3287 575.261551
4 64.5752  2.3546  12.9457 6586.9754  319.229926
20557 5.0070  5.0070  5.0070 1.0000 0.000002
20558 5.0070  5.0070  5.0070 1.0000 0.000001
20559  5.0070  5.0070  5.0070 1.0000 0.000001

Table 3.2: The steepest descent method for (P1)

Similarly, the two dimensional subspace algorithm with the same initial guess, zo =
(90 10 0]" and tol = 107%, and with n = 0.24, Ag = 1, A = 100 and toleig = tol, results
the following MATLAB output.
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Iter T Tg x3 f(x) llgll
0 90.0000 10.0000 0.0000 15126.0000 513.419906
1 89.1826 9.5038  0.2926 14664.9693 433.282994
2 90.0587 10.9217 -0.8129 15695.5546  775.024506
3 88.2928 10.0652 -0.4279 14664.5145 524.410834
4 844765 9.1353 0.3278 13066.2791 384.114652
5 86.1618 14.3657 -5.4862 18133.9006 3164.778080
22 5.0159  5.0159 5.0159 1.0000 0.000016
23 5.0106  5.0106 5.0106 1.0000 0.000005
24 5.0071  5.0071  5.0071 1.0000 0.000001
25 5.0047  5.0047  5.0047 1.0000 0.000000

Table 3.3: Two dimensional subspace minimization method for (P1)

While taking xo = [90 10 0]7, the objective function of (P1) has positive definite
matrices at each iteration. So, in this case, all the three methods(NM, SDM, 2DM) works
well as expected. However, as we have seen in the above tables, Newton’s results a more
efficient minimizer with less number of iterations compared to the SDM and the
2DM. When we see the SDM, it needs 20559 iterations which is very large compared to
18 and 25, iterations needed for NM and the 2DM respectively and even its minimizer
[5.0070 5.0070 5.0070]7 is less close to the exact minimizer [5 5 5|7 compared to the
minimizers [5.0034 5.0034 5.0034]7 and [5.0047 5.0047 5.0047]" obtained by NM and
the 2DM respectively.

To see the opposite case(with none positive definite Hessian(s)), consider the follow-
ing.

st x € ]R3, (P4)

where f(z) = (1 — 2)* 4+ (¥1 — 222)* 4 cos(%). Then,the gradient vector of f is

min f(z

4(I1 — 2)3 + 2<I1 - 21‘2)

g(x1, 2, 73) = —4(zy — 2x9)
—2sin(%)

Therefore, 2 1 2n7|,n € Z are stationary points and are all minimizers except for the
case n = 0. We can find many points such that the Hessian matrices are not positive
define at such points and hence we may have singular, negative definite or indefinite
Hessian matrices. That means, the Newton point may not available or it may not
be a descent direction and so Newton’s method is not applicable in this case. If the
Hessian matrices are indefinite with none zero determinant, then the Newton point exists
but it may not be a descent direction which may lead to a convergence to a stationary
point that is not a minimizer. In order to illustrate such situation,we consider to
initial guesses [0 0 0]7 and [0 0 =]7.

Let o = [0 0 0]T and tol = 107°. At this point, using MATLAB with Algorithm 1.2,
the Hessian matrices are indefinite and has no zero eigenvalue. We obtain the following.
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Iter 14 To x3 f(z) llgll
0 0.000  0.0000 0.0000 17.0000 32.0000
1 0.6667 0.3333 0.0000 4.1605  9.4815
2 1.1111 0.5556 0.0000 1.6243  2.8093
3 14074 0.7037 0.0000 1.1233  0.8324
4 1.6049 0.8025 0.0000 1.0244  0.2466
5 1.7366 0.8683 0.0000 1.0048  0.0731
6 1.8244 09122 0.0000 1.0010  0.0217
7 1.8829 0.9415 0.0000 1.0002  0.0064
8 1.9220 0.9610 0.0000 1.0000  0.0019
9 19480 0.9740 0.0000 1.0000  0.0006
10 1.9653 0.9827 0.0000 1.0000  0.0002
11 1.9769 0.9884 0.0000 1.0000  0.0000
12 1.9846 0.9923 0.0000 1.0000  0.0000

Table 3.4: Newton’s method for (P4)

We can see that, NM converges to the stationary point [1.9846 0.9923 0.0000]7 which
is not a minimizer. We can mitigate this difficulty by using the steepest descent method
since it does not use the Hessian matrices but it needs 323 iterations to obtain an ap-
proximate minimizer [1.9716 0.9858 — 6.2832]7 with the same initial guess, tolerance
and with Wolfe constants ¢; = 0.1, co = 0.5. Some of the iterations are
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Iter Ty T3 f(x) gl

0 0.0000 0.0000 0.0000 17.0000 32.0000
2.0000 -0.0313 -0.0313 5.2538 &8.5039
1.7422 1.0000 -0.0322 1.0708 1.0817
1.7830 0.8711 -0.0332 1.0037 0.1634
1.7830 0.8915 -0.0343 1.0021 0.0418

=~ W N =

319 1.9714 0.9857 -6.2832 -1.0000  0.0001
320 1.9715 0.9858 -6.2832 -1.0000 0.0002
321  1.9715 0.9857 -6.2832 -1.0000 0.0002
323 1.9716 0.9858 -6.2832 -1.0000  0.0001

Table 3.5: The steepest descent method for (P4)

The two dimensional subspace method overcomes the drawbacks of both methods,
NM and SDM. For this problem, taking the same initial point and tolerance with Ay = 1,
n = 0.24, A = 100 and toleig = 1074, we get the following.
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Iter 14 To x3 f(z) llgll
0  0.0000 0.0000 0.0000 17.0000 32.0000
1 0.6711 0.3464 0.6555 4.0662 9.4114
2 1.1193 0.5661 1.5220 1.3260  2.7679
3 14187 0.7127 3.4940 -0.0611 0.9332
4 14291 0.7480 7.4939 -0.7116 0.9004
5 1.6023 0.8011 6.1098 -0.9712 0.2554
6 1.7348 0.8674 6.2836 -0.9951 0.0746
7 1.8232 0.9116 6.2832 -0.9990 0.0221
8§ 1.8822 09411 6.2832 -0.9998 0.0065
9 19214 09607 6.2832 -1.0000 0.0019
10 1.9476 0.9738 6.2832 -1.0000 0.0006
11 1.9651 0.9825 6.2832 -1.0000 0.0002
12 1.9767 0.9884 6.2832 -1.0000 0.0001

Table 3.6: The two dimensional subspace minimization method for (P4)

In addition to fast convergence, the approximate minimizer obtained by 2DM is more
efficient compared to that of SDM.

At the second initial guess [0 0 7|7, with the same other data inputs as above, the
Hessian Hy has an eigenvalue —1.5308 x 10717 which is numerically singular. So, the New-
ton point is not available and hence Newton’s method is not applicable. The SDM and
2DM need 329 and 11 iterations and yield approximate minimizers [1.9723 0.9861 6.2832]%
and [1.9787 0.9893 6.2832]7 respectively. Thus, the two dimensional subspace method
is recommended to use instead of both.

Now on, we will compare the performances of the standard dogleg method(DM) and
that of the two dimensional subspace minimization method(2DM) using the test problems
listed above. First, let us the positive definite case. Consider (P1), that is,

min  f(z) st x € R, (P1)
where f(z) =14 (v1 — 22)* + (22 — 5)* + (x5 — 21)*.
The dogleg algorithm with 2o = [0 1 0]7, Ag =2, 7 = 0.24, A0, = 100 and tol = 1075,

yields a positive definite Hessian matrices at each iteration and we obtain the following
output from MATLAB.

20



Iter T Ty T3 f(x) ||9||

0  0.0000 1.0000 0.0000 258.0000 254.007874
1 1.0650 2.3204 1.0594 54.1351  74.495639
2 23412 3.1944 23272 12.3565  21.903500
3 3.7963 3.7963 3.7963  3.0994 6.976448
4 41975 4.1975 4.1975  1.4147 2.067096
5 44650 4.4650 4.4650 1.0819 0.612473
6 4.6433 4.6433 4.6433 1.0162 0.181473
7T 47622 47622 4.7622  1.0032 0.053770
8  4.8415 4.8415 4.8415 1.0006 0.015932
9 4.8943 4.8943 4.8943  1.0001 0.004721

10 49295 4.9295 4.9295  1.0000 0.001399
11 4.9530 4.9530 4.9530  1.0000 0.000414
12 4.9687 4.9687 4.9687  1.0000 0.000123
13 49791 4.9791 4.9791  1.0000 0.000036
14 49861 4.9861 4.9861  1.0000 0.000011
15 4.9907 4.9907 4.9907  1.0000 0.000003
16 4.9938 4.9938 4.9938  1.0000 0.000001

Table 3.7: The dogleg method for (P1) (positive definite case)

Using the same data inputs as Table 3.7 above and with toleig = tol, the 2DM yields
the following.
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Iter T Ty T3 f(x) ||9||

0  0.0000 1.0000 0.0000 258.0000 254.007874
1 1.1840 2.0973 1.1807 72.8255  96.018963
2 24633 29522 24584 18.8228  33.383271
3 3.6348 3.6348 3.6348  4.4733 10.176951
4 4.0899 4.0899 4.0899 1.6861 3.015393
5 43933 4.3933 4.3933  1.1355 0.893450
6 4.5955 4.5955 4.5955  1.0268 0.264726
7 47303 4.7303 4.7303  1.0053 0.078437
8§ 4.8202 48202 4.8202 1.0010 0.023241
9 48801 4.8801 4.8801 1.0002 0.006886

10 49201 4.9201 4.9201  1.0000 0.002040
11 4.9467 4.9467 4.9467  1.0000 0.000605
1249645 4.9645 4.9645  1.0000 0.000179
13 49763 4.9763 4.9763  1.0000 0.000053
14 49842 49842 4.9842  1.0000 0.000016
15 4.9895 4.9895 4.9895  1.0000 0.000005
16 4.9930 4.9930 4.9930  1.0000 0.000001
17 49953 4.9953 4.9953  1.0000 0.000000

Table 3.8: The two dimensional subspace minimization method for (P1)

Observe that, for this problem, (P1) at zop = [0 1 0]7 the 2DM results an approximate
minimizer [4.9953 4.9953 4.9953]" which is closer to the exact minimizer [5 5 5|7 than
an approximate minimizer [4.9938 4.9938 4.9938]% obtained by the DM with a negligible
extra number of iteration, one.

From Algorithm 1.4, for iterations with none positive definite Hessian matrices,the
DM takes its step to be the Cauchy point and so it is the similar to the SDM with a
particular choice of step length. So, in such a case the DM may have slow convergence
property. The two dimensional subspace minimization method mitigates this difficulty
by determining the smallest eigenvalue and a corresponding eigenvector to form its 2D
subspace and search on it. To illustrate this case, we can consider (P4), that is,

min f(z) st x € R

where f(x) = (21 —2)" + (21 — 2x2)* 4 cos(%). Then, at the initial guess xp = [0 0 "
with Ag = 1, 7 = 0.24, A,ee = 100 and tol = toleig = 1075, the initial Hessian matrix
Hj has eigenvalues 50.3776, 7.6224 and —0.2378 and hence it is indefinite. Moreover, the
dogleg algorithm needs 24 iterations to converge and it results indefinite Hessian matrices

up to iteration 13 which makes it slow. We can see the following table from MATLAB.
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Iter To T3 f(x) gl

0 0.0000 0.0000 0.6283 16.9511 32.000373
0.6400 0.0000 0.6314 4.7811 9.764334
1.0876 0.1216 0.6388 2.3555  4.030631
1.4850 0.7334 0.6672 1.0155  0.557667
1.6251 0.7528 0.7107 0.9716  0.516928
1.6413 0.8378 0.7416 0.9498  0.315305

Ol > W N~

21 1.9829 0.9914 6.2832 -1.0000 0.000020
22 19886 0.9943 6.2832 -1.0000  0.000006
23 19924 0.9962 6.2832 -1.0000  0.000002
24 19949 0.9975 6.2832 -1.0000  0.000001

Table 3.9: The dogleg method for (P4) (indefinite case)

However, the 2DM method needs only 15 iterations with the same input data as
shown below. We can see that, the distance from z* = [2 1 27]7 to the approximated

Iter R T3 f(z) gl
0 0.0000 0.0000 0.6283 16.9511 32.000373
1 0.6708 0.3457 1.2844 3.9223  9.418275
2 1.1182 0.5646 3.2214 0.5649  2.799034
3 1.3367 0.5726 7.2154 -0.6631 1.260659

12 1.9842 0.9921 6.2832 -1.0000 0.000016
13 19894 0.9947 6.2832 -1.0000  0.000005
14 1.9930 0.9965 6.2832 -1.0000 0.000001
15 1.9953 0.9977 6.2832 -1.0000 0.000000

Table 3.10: The 2DM for (P4)

minimizer obtained by the DM and 2DM are 0.0056 and 0.0052 respectively and hence
the 2DM results a more efficient approximate with less number of iterations compared
to the DM based on this problem. We can infer Algorithm 1.4 to see that we face similar
difficulties for such cases(problems involving indefinite Hessian).

Let us see the performances of the 2DM and the DM based on the test problems listed
above. Let z* denote exact minimizer and xzop and xp denote approximate minimizer
obtained by the 2DM and DM respectively and n be the dimension of a problem. For
both methods, we consider tol = 1075, Ay = 1, A, = 100 and n = 0.24 for each
test problems. Denote the number of iterations needed for DM and 2DM by Ip and Isp
respectively, and the problem by (Pi), for i = 1,2, 3, 4.
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(Pl) n x* Zo D Tap dl dg ID ]QD
5 0 4.9938 4.9946

(P1) | 3 5 0 4.9938 4.9946 0.0107 | 0.0094 | 17 | 18
5 0 4.9938 4.9946
20 5.0054 5.0050

30 5.0054 5.0050 0.0094 | 0.0086 | 23 | 24
40 5.0054 5.0050

(P2) | 200 a b c d 1x10%|1x10°¢|127 | 79
0 12 0.0013 0.0007

(P3) | 4 8 gé _006%?%1 _00(')%2(;1 0.0030 | 0.0024 | 26 | 24
0 16 0.0019 0.0017
1 0.0001 0.0003
2 —0.0000 —0.0000

5 0.0019 0.0014 0.0027 | 0.0020 | 18 | 19
4 0.0019 0.0014
2 0 2.0058 1.9950

(P4) | 3 1 -1 1.0029 0.9975 0.0064 | 0.0056 | 68 | 15
o Tr x 1073 6.2832 6.2832
—2 1.9938 1.9951

0.5 0.9969 0.9975 0.0070 | 0.0055 | 40 | 17
7 x 107! 6.2832 6.2832

Table 3.11: The two dimensional subspace minimization versus dogleg methods

Where dy = ||z* — zp||, ds = ||z* — z3p|
a=[-1 —1 =3 =3 .. —197 —197 —199 —199]" (exact minimizer of (P2))
b=[0 —2 —2 —4 —4 .. —198 —198 —200]" (initial guess)
c~a (approximate solution by DM)

d=~a (approximate solution by 2DM)

From Table 3.11 above, if we consider row 1 and row 2, the Hessian matrices are PD at
each iteration in both methods, namely, DM and 2DM. For these rows, the 2DM results
a relatively efficient approximate minimizer (see column 7 and 8) with a negligible extra
number of iterations(see column 9 and 10) compared to the DM. From row 2, one can
see that the 2DM is better for large scale problems (as it reduces the dimension of the
problem from n to 2) than the DM. In row 4, both initial guesses produce an indefinite
Hessian matrices and one can see that the 2DM is superior over the DM in this case (see
columns 7, 8, 9 and 10 ).
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Conclusion

This thesis has described the two dimensional subspace minimization(2DM) approach for
Newton trust region method to solve an unconstrained optimization problems. I have
implemented my own MATLAB code for 2D subspace minimization method to solve the
corresponding subspace subproblem (see Annex C).

In section (2.3), we have seen that the subspace of this method is spanned by the steepest
descent and the full(or inexact) Newton directions to have global and fast convergence
property respectively and this convergence property is achieved(see Theorem 2.9 and
Theorem 2.10). This method reduces the dimension of the subproblem from n to 2 and
then to finding roots of a fourth degree polynomial(see section (2.3.2)). Newton’s method
is better than the steepest descent and the 2DM when the Hessian matrices are positive
definite(PD) at each iteration(see Tables 3.1, 3.2 and 3.3). But, Newton’s method is not
applicable when the Hessian matrices are not positive definite because in such a case the
Newton point may not available or it may be not a descent direction (see Table 3.4).
Since the steepest descent method(SDM) doesn’t use Hessian matrices, it mitigates the
difficulty of Newton’s method caused by definiteness the Hessian matrices. However, it
needs an unacceptable number of iterations(see Table 3.5). Although the standard dogleg
method also overcomes the drawbacks of Newton’s method(see Table 3.9 and Table 3.11),
still it uses the Cauchy point when the Hessian matrices are not positive definite. That
is, the dogleg method is same as the steepest descent method with a particular choice
of step length for the case when the Hessian matrices are not positive definite. Based
on the test problems, Table 3.11 shows that the 2DM is better than the dogleg method
as it modifies the convergence property. Table 3.11 has also shown that 2DM is better
for large problem than the DM. Thus, we can conclude that 2DM is superior over
Newton’s, the steepest descent, and the dogleg methods as expected. However, for large
scale problems, defining the objective function, its gradient vector and Hessian matrix
for MATLAB code may be difficult.

One can emphasize on the following for further work.

i. How can we decrease or avoid (if possible ) the cases that take the Cauchy point as a
minimizer in 2D subspace minimization method to increase the rate of convergence?

ii. How can we define any large scale problem in the MATLAB code of 2D subspace
minimization method?
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Annex A
MATLAB Code For Newton’s and the steepest descent method

function Newton

% First,we have to define the objective function,its gradient vector and Hessian
% matrix as indicated at the bottom of this program Or alternatively

% We can save the objective function,its gradient vector and Hessian matrix

% using file names "f.m" , "grad.m" and "Hessian.m" respectively.

%» We must have an appropriate choice of parameters.

clc;

clear all;

x=input (’Enter the initial guess x=’);

tol=input (’Enter your error tolerance,tol=’)

obj=f(x); %obj is the objective function to be minimized.
g=grad(x); ' gragient of f
H=Hessian(x); %H is the hessian matrix of obj
k=0; % k = # iterations
if det(H)==0
disp(’Wrong initial guess.’)
return
end

while norm(g)>tol

obj=func(x);
g=grad(x);
H=hessian(x);
X=-inv(H) *g;
x=x+X;

k=k+1;

end

Yoo oo ToTo o ToToTo o ToToTo oo oo oo fo o o o o o o o o o o o o Jo T To T To oo oo oo o oo oo o o o o o o Jo o T T oo oo oo oo oo o o o o o

function fun = f(x)
fun="0ur objective_function"; 7 We have to define
%the objective function to be minimized here.
Yoo oo ool ToTo o ToToToToTo oo oo oo o o o o o o o o o o o Jo o T To T To oo oo oo oo oo o o o o o o o o T To T ToTo oo oo oo oo o o o o o o oo
function y = grad(x)
y="Gradient (f)" ; % We have to define
% the gradient vector of f here.

ToToToTo ToTo To o Jo o To o Jo o fo o fo o fo o oo oo oo oo o o o o o o o o o o o o o o o o o o o o o Jo o Jo o Fo o Fo o Fo o Fo o Fo o Fo o Fo o Fo o fo o Fo o fo o fo o fo o fo o o
function H=Hessian(x)
H=Hessian(f); % We have to define
%the Hessian matrix of f here.

o6



function steepestd

clc;

clear all;

x=input (’enter the initial column vector x: ’);
cl=input (’Enter 0<cl<l,cl=’);
c2=input (’Enrer c1<c2<1,c2=’);

obj=f(x); % func is the objective function to be minimized.
g=grad(x) ; % obj is the objective function value.
k=0; % k = # iteration
while norm(g) > tol %Tolerance=10"(-6) .
d = -g; % d is steepest descent direction
t =1;

newobj = f(x + txd);
while t~=0&&(newobj-obj)/t > cl*xg’*d
t = t*c2;
newobj = f(x + t*xd);
end
X = X + tx*xd;
obj=newobj;
g=grad(x) ;
k=k +1;
end
Yoo ToToTo o To o o ToToTo o To o o o Jo ToTo o o o o o o ToTo o o o o o o To To oo oo o o To T oo oo o o To T o oo o o o To T o oo o o o To T o oo o o o
function fun = f(x)
fun="0ur objective_function"; ’ We have to define
hobjective function to be minimized here.
Yool JoTo oo o ol ToToTo oo o o o Jo ToTo oo o o o Jo ToTo oo o o o o ToTo oo o o o JoTo T oo o o o JoTo T o o o o o ToTo o o oo o o To T oo o o o o
function y = grad(x)
y="Gradient(f)" ; % We have to define the gradient vector of f here.
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Annex B
MATLAB Code For the Newton dogleg method

function dogleg

% First,we have to define the objective function,its gradient vector and Hessian
%» matrix as indicated at the bottom of this program Or alternatively

% We can save the objective function,its gradient vector and Hessian matrix

% using file names "f.m" , "grad.m" and "Hessian.m" respectively.

clc;

clear all;

n=input (’Enter the dimension of the problem,n=’);

x_0O=input (’Enter the initial nxl column vector x_0 = ’); % Initial guess.

% We have to take a sufficiently small positive value.
tol=input (’Enter an error tolerance,tol=’);
eta=input (’Enter a parameter in (0,0.25),eta=’); % a parameter used to update x
% a positive parameter as a maximum upper bound to our trust region.
delmax=input (’Enter the maximum TR bound,delmax=’);
% We have to take a small positive parameter(not too small).
del=input (’Enter a trust radius in (0,delmax),del=’);
obj=f(x); g=grad(x);H=hess(x);

k=0;

while norm(g)>tol

obj=f(x); g=grad(x);H=hess(x);
if (g’+*Hx*g)<=0
tau=1;

else

tau=min((norm(g)) "3/ (delx*g’*Hx*g) ,1);
end

sc=-((taux*del)/norm(g))*g; %Cauchy point

if min(eig(H))>0
H=H;
sn=-inv (H) *g;
if norm(sN)<=del
sk=sN; %Newton point
else
if norm(sc)==del
sk=sc;
else
b=sc’*(sc-sN);
c= norm(sc-sN)"2;
d=del~2-norm(sc)~2;
al=(b+sqrt (b~ 2+c*d))/c;
a2=(b-sqrt(b~2+c*d)) /c;
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if a1l >=0
a= al;
else
a=a2
end
sk=sc+a*(sn-sc) ;
end
end
else
sk=sc;
tk=del*tau/norm(g) ;
end

mk=f (x)+g’ *sk+0.5%sk’ *H*sk;
rho=(f(x)- f(x+sk))/(f(x)-mk);

norm(sk) ;
if rho<0.25
newdel=0.25%*del;
elseif rho>=0.75 && norm(sk)==del
newdel=min(2*del,delmax) ;
else
newdel=del;
end
del=newdel;
if rho>=eta
newx=x+sk;

else
newx=x;
end
X=Nnewx;
k=k+1;
end
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Annex C
MATLAB Code For Two Dimensional Subspace Minimization

% The subspace minimization approach for Newton trust-region method.

% First,we have to define the objective function,its gradient vector and Hessian
%» matrix as indicated at the bottom of this program Or alternatively

% We can save the objective function,its gradient vector and Hessian matrix

% using file names "f.m" , "grad.m" and "Hessian.m" respectively.

function two_Dsubspace(Ageze A.)

clc;

clear all;

n=input (’Enter the dimension of the problem,n=’);

x_O=input (’Enter the initial nxl column vector x_0 = ’); % Initial guess.

% We have to take a sufficiently small positive value.
tol=input (’Enter an error tolerance,tol=’);

eta=input (’Enter a parameter in (0,0.25),eta=’); % a parameter used to update x
% A sufficiently small positive parameter used to determine

% definitness of the Hessian matrices H.

toleig=input (’Enter a parameter,toleig=’);

% a positive parameter as a maximum upper bound to our trust region.
delmax=input (’Enter the maximum TR bound,delmax=’);

% We have to take a small positive parameter(not too small).

del=input (’Enter a trust radius in (0,delmax),del=’);

obj=f(x_0); % f is the objective function to be minimized and
%obj is the objective value.
g=grad(x_0); % gradient vector of f.

H=Hessian(x_0); %H is the Hessian matrix of the
%hobjective fumction.
count=0; % iteration counter
while norm(g)>tol
obj=f(x);
g=gra(x);

H=Hessian(x);
if (g2 *Hxg)<=0

tau=1;
else
tau=min((norm(g)) "3/ (del*g’ *Hx*g) ,1);
end
sc=-((tau*del) /norm(g) ) *g; % The Cauchy point.

% Lanzos iteration to approximate the smallest eigenvalue and corresponding
% eigenvector(direction of negative curvature.)

k=length(H);
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r=rand(k,1);
Q(:,1)=r/norm(r);

if k==
beta=[];
end
for j=1:k
v=H*Q(:,j);

alpha(j)=Q(:,j)  *v;
v=v-alpha(j)*Q(:,j);
if j>1
v=v-beta(j-1)*Q(:,j-1);
end
if i<k
beta(j)=norm(v) ;
QC:,j+1)=v/beta(j) ;
end
end
T=Q’*H*Q; % The tridiagonal matrix approximating extreme
heigenvalues and eigenvectors of H.
[V,D]=eig(T);
for i=1:k

if min(diag(D))==D(i,1i)

d=v(:,1i); % eigenvector corresponding to the smallest eigenvalue.
end

end

lambda_1=min(diag(D)); % the smallest eigenvalue of H.

%Check definiteness of H

if lambda_1>toleig %» H is PD
sN=-inv (H) *g; %Full Newton step
if norm(sN)<=del
s=sN;
else

%Solving the reduced subspace subproblem(i.e the 4th degree polynomial)

sl=g/norm(g) ;
if sN==(sN’*s1)*sl
s=sc;
else
s82=(sN-(sN’*s1)*s1) /norm(sN-(sN’*s1)*s1) ; % Normalization
W=[s1 s2];
G=W’ *xH*W;
U=g’ *W;
if min(eig(G))>toleig
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s2N=-inv(G)*U’; % Newton point for the
% reduced subproblem.
if norm(s2N)<=del
s=s2N;
else
% Notation
al=G(1,1);
a2=G(1,2);
a3=G(2,2);
a4=U(1,1);
ab=U(1,2);
hCoefficients of the fourth degree polynomial.
cl=delx*(ad-a2x*del) ;
c2=2*del*(del*(a3-al)+ab);
c3=6xdel”~2*a2;
c4=2*xdel* (del*(a3-al)+ab);
cb=del*(-a2xdel-a4) ;
% The fourth degree polynomial.
poly=[cl,c2,c3,c4,cb]; % the fourth degree polynomial.
r=roots(poly);
r=r(imag(r)==0) % it saves only real roots of poly.
j=length(r);
for i=1:j
a(i)=2*del*r(i)/(1+r(i)"2);
b(i)=del*(1-r(i)~2)/(1+r(i)~2); % the parametrization used.
pp=[la(i) b(i)]’;
mr = f(x)+Uxp + 0.5%p’*G*p % The REDUCED QUADRATIC MODEL of f.
end
if min(mr)==mr
g=[a(i) b(i)]’; % a root resulting the smallest value of mr
end

s=Wxq; % Minimizer of the reduced subspace subproblem.
end % if
end % if
end % if
end % if
elseif abs(lambda_1) < toleig %» H is numerically singular.
s=sc;
else %» H is indefinite

MN=-inv (H+2*1lambda_1*eye(length(H)))*g;

if norm(MN)<=del

gamma=-MN’ *d+sqrt ((MN’*d) "2+del”~2- (norm(MN)) ~2) ;
v=gammaxd ;

s=MN+v;
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else
sl=g/norm(g) ;
if MN==(MN’*s1)*s1
s=scC;
else
52=(MN-(MN’*s1)*s1) /norm(MN- (MN’ *s1) *s1) ;
W=[s1 s2];
G=W’ *xH*W;
U=g’ *W;
if min(eig(G))>toleig
s2N=—inv(G)*U’ ;
if norm(s2N)<=del
s=s2N;
else
al=G(1,1);
a2=G(1,2);
a3=G(2,2);
ad=U(1,1);
ab=U0(1,2);

%Coefficients
cl=delx*(ad-a2x*del) ;
c2=2*xdel*(del* (a3-al)+ab);
c3=6*del"2*a2;
c4=2*del* (del*(a3-al)+ab);
cb=del*(-a2*del-a4) ;

% The fourth degree polynomial.

% polyd=clxf4(t(n)) + c2*x£f3(t(n)) + c3*xf2(t(n)) + c4xf1(t(n)) + c5;
c=[c1,c2,c3,c4,c5]; % the polynomial poly4
r=roots(c);
r=r (imag(r)==0)
j=length(r);

for i=1:j
a(i)=2*del*r(i)/(1+r(i)~2);b(i)=del*(1-r(i)~2)/(1+r(i)"2);pp=[la(i) b(i)]’;
mr = f(x)+U*pp + 0.5%pp’*G*pp; % The REDUCED QUADRATIC MODEL.

end

if min(mr)==mr

p=[la(i) b()]’;

end
s=Wxp;
end %hif
end %hif
end Hhif
end %if
end %if
Z=X+8;

mk=f (x)+g’*s+0.5%s’*xH*s; J Evaluating the quadratic model.
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if (f(x)-mk)~=0
rho=(f(x)-£(2))/(f(x)-mk) %The ratio of actual reduction to predicted reduction.
% Update del
if rho<0.25
newdel=0.25%*del;
del=newdel;
else

if rho>0.75 && norm(s)<=del
newdel=min(2*del,delmax) ;
del=newdel;
else
del=del;
end
end

%Updete x
if rho>eta
newx=x+s;
X=newx;
else
X=X;
end %if
end %hif
count=count+1;
end Y%while

Tolotototootolololototototo oo o oo oo o oo o o o o e oo o o ototototo oo o oo o o o o o o o o o ao o To o o oo
/» We have to define the objective function to be minimized here.
function fun = f(x)
fun="0ur objective_function";
Tolololotototolololololoto o ototaloto oo oo oo o o o o o o o o o o o o o o oo tototototo o o o o o o o e
% We have to define the gradient vector of f here.
function y = grad(x)
y="Gradient (f)" ;

Too o Too oo o Too Jo oo To o o To o Jo o o Jo o Jo o o To o Jo o o oo Jo o o To o o Fo o To o o o o Jo o o Fo o o
% We have to define the Hessian matrix of f here.
function H=Hessian(x)
H=Hessian(f);
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