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Abstract

Channel proteins that selectively conduct molecules across the cell membrane often exhibit
an asymmetric structure. By means of a stochastic model the channel asymmetry in the
presence of non equilibrium fluctuations can influence the transport through such channels
by a ratchet like mechanism. In general, the ratchet effect refers to the generation of
directed motion of Brownian particles in a spatially asymmetric (ratchet) potential in
the presence of non equilibrium fluctuations and externally applied time periodic force
with mean zero. Using this structure, Schulten and Kosztin [1] have numerically studied
the behavior of steady state flux by considering various cases of an external tilting force.
Being interested in seeking analytical results, we model the potential of the channel by a
ratchet like potential and obtain analytical expressions for the steady state flux of glycerol
through the channel due to a concentration gradient, constant force, periodically switching
force and non equilibrium fluctuations of the cell membrane. In addition we compare our
results with the numerical results obtained in [1].
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Chapter 1

Introduction

Aquaporins (AQPs) are membrane water channels present in all life forms and more than
100 of them have been characterized. Aquaporin-1 was first identified as an integral
membrane protein in red blood cells and renal proximal tubules, where it functions as
water-selective membrane pore. Eleven human AQPs have been identified and their im-
paired function may lead to pathological situations, such as nephrogenic diabetes insipidus
and congenital cataract of the eye [2]. All members of the AQPs super family acts as a
passive transporters of water. Aquaglyceroporins, a subfamily of AQPs, have the abil-
ity to conduct small, linear polyols stereoselectively in addition to water molecules. The
most studied Aquaglyceroporin is the Escherichia coli glycerol uptake facilitator (GlpF)
is a channel used by organisms to absorb glycerol molecules from the environment for use

in metabolism when there is little glycerol available.

AQPs transport water efficiently, but they are impermeable to charged species. Glycerol
diffuses into the cell through GlpF and is phosphorylated by the glycerol kinase (GIlpK),
which prevents back-diffusion. All of these channels (GIpF and AQPs) are strictly selec-
tive for non-ionic compounds, thus preventing the dissipation of the membrane potential.
Such selectivity is of crucial importance to the proper function of the cell membrane, as

the flow of water in the response to osmotic stress must not disturb the electrochemical



properties of the membrane. Blockage of protons is essential in maintaining the trans-
membrane proton gradient in the cell. However, this property is somewhat unexpected

given the presence of a chain of water molecules in the pore.

Transport inside GIpF is done by a ratchet like mechanism|[1]. In a wide sense, a ratchet
is a system in spatially periodic but asymmetric potential driven by a zero mean force,
deterministic or/and stochastic ones. Feynman [4], used the rachet and pawl to illustrate
the meaning of the second law of thermodynamics and its implication. According to him if
everything is at the same temperature then heat can not be converted to work by means of
cyclic process. In other words it means that usefull work cannot be obtained from equilib-
rium (thermal) fluctuations. Magnasco [6], reformulated this problem in terms of a system
of over damped Brownian particles in a periodic asymmetric (ratchet like) potential and
pointed out that the ratchet can extract energy (for free) out of the time correlated pieces
of a colored (non white) thermal bath and all that is needed to generate motion and force
in the Brownian domain is loss of symmetry and substantially time correlations. Another
ratchet like mechanism has been investigated, in which a spatially periodic potential is
switched on and off periodically [8]. During the time interval in which the potential is
switched off, particles diffuse freely and symmetrically. During the following on period
particles move towards minima of the potential and because the potential is asymmetrical
it pulls more particles in one direction than the other. The result of this off-on switching

is macroscopic drift of particles in single direction.

Theoretical activity has been inspired by possible applications and explanation for some
class of active processes in biochemical systems(2]. The effects of free energy driven oscil-
lations and fluctuations on kinetics of chemical reactions including enzyme catalysis and
the problem of extracting energy from the field of fluctuations were considered. Molecular

motors were proposed to be modeled by ratchet type systems. Translocation of proteins



into or across cellular membrane requires driving forces that can be Brownian (thermal)
and directed motion is induced not by a temperature gradient but by chemical reactions.
As it is seen from above processes in spatially periodic and asymmetric systems influ-
enced by random perturbations (thermal noise, non equilibrium fluctuations) are of great

interest in almost all natural sciences starting from physics up to molecular biology.

Transport in asymmetric channel membrane is numerically studied by Schuten and Kosztin
in [1]. They modeled the Escherichia coli glycerol uptake facilitator (GIpF) having a po-
tential mean force (PMF) with a prominent potential well at the external (periplasm)
side and a constriction potential barrier towards the internal (cytoplasmic) side of the
channel. Numerically they computed the steady state flux of the glycerol molecules inside
GIpF due to a concentration gradient, a constant force, a periodically switching force and

a random telegraph force (RTF).

In seeking the analytical results, Alemayehu Dinkayehu [5] studied part of this work
by modeling the PMF of the GIpF by a ratchet like potential. He found analytical ex-
pression for the steady state flux due to the concentration gradient only, constant force
and periodically switching force. Based on the simple model of Alemayehu our aim is to

extend his work to the case of a random telegraph force (RTF).

The rest of this thesis is organized as follows. In chapter two, we briefly present Ale-
mayehu’s work and we find the analytical expression for the steady state flux due to the
concentration gradient only, constant force and periodically switching force. In chapter
three, we give analytical expression for the steady state flux due to a random telegraph
force (RTF) which is our new contribution for this system. The last chapter is devoted

to summary and concluding remarks.



Chapter 2

Transport of glycerol inside GlpF

We take the glycerol uptake facilitator channel (GlpF) with a potential mean force (PMF)
inside it as modeled by Schulten and Kosztin in [3] for numerical simulation. But we
model the PMF by a simple ratchet like potential following Alemayehu’s work. Glycerol
molecules are considered as Brownian particles moving in a medium of high friction inside
the channel and we find the analytical expression for the steady state flux due to
.concentration gradient

.external constant force and

.external periodically switching force

To do this, first we have to look at the transport of the glycerol molecule inside the channel.

2.1 Glycerol molecule inside GIpF

The Escherichia coli glycerol uptake facilitator (GIpF) is an aquaglycerol channel protein,
which transports both water and glycerol molecules, but excludes charged solutes. In
particular, molecular dynamics (MD) studies established that water and glycerol diffusion
through GIpF is singlefile. The corresponding potential of mean force (PMF) [2] that
guides transport of glycerol through the channel is highly asymmetric reflecting the atomic

structure of GIpF as shown in Fig. (2.1a) with prominent potential well at the external



(periplasmic) side and a constriction region with several pronounced potential barriers

towards the internal (cytoplasmic) side of the channel.

Figure 2.1: (a) Plot of section through the glycerol conduction pathway in GIpF and (b)
the corresponding asymmetric PMF (solid curve)|[4].

Glycerol transport through GIpF can be modeled in terms of over damped Brownian
motion along the axis of the channel as a result of the concentration gradient established
at the ends of the channel. The interaction of a diffusing glycerol molecule with protein,
lipid, solvent and other glycerol molecules is taken into account through the PMF, U(x).
The motion of the glycerol molecule inside GIpF in the presence of an external force F'(t)

in the strong friction limit is described by the Langevin equation

vii = f(x) + () + F(t), (2.1.1)

where v is the friction coefficient, f(x)=- U’(z) is the deterministic force derived from the
potential mean force (PMF) and £(t) is the Langevin force due to the equilibrium thermal
fluctuations. £(t) is a Gaussian white noise with < £(t) >=0 and < £(#)£(0) >=2D~%}(t),
where §(t) is the Dirac-delta function and D is the effective diffusion coefficient of the

glycerol molecule inside GlpF. According to the fluctuation-dissipation theorem, D and



7 are related through the Einstein relation D = kT /. We assume that F(t) is a time
dependent force, but homogeneous. It describes either an externally applied force or some
intrinsic non equilibrium fluctuations of the system. This is due to the single file nature
of the glycerol transport through GIpF i.e. a force applied at either end of the channel
will be transmitted along the file without significant loss in intensity (incompressibility of

the single file).

At this point, we introduce dimensionless units that will be employed throughout this
thesis, unless otherwise stated. All other units can be expressed in terms of the following
three: length of GIpF (=L~4.8 nm, diffusion time 7=7p=L?/D~10"" s, and thermal
energy e=kpT~4.28 x1072! J, here kp is the Boltzmann constant, 7=310 K is the
physiological temperature and D~2.2x107!% m?/s is the effective diffusion coefficient of
glycerol molecule inside GlpF. Thus the force is ' = yD/L=kgT/L~0.9 pN. In new

units (dimensionless), the Fokker-Planck equation (FPE) corresponding to Eq. (2.1.1) is
O P(z,t) = =0, J(x,t), (2.1.2)

where

J(z,t) = =0, P(x,t) + [f(x) + F(t)]P(x,t). (2.1.3)

In the above equations P(z,t) is the unnormalized probability density of the glycerol
molecule (this is due to the fact that there exists a concentration gradient at the ends of
the channel) and J(z,t) is the local instantaneous flux of glycerol through the channel.
The probability density P(z) is related to the local concentration C(z) by P(x)=S(x)
C(z), where S(z) is the area of the channel cross section and from the crystal structure,
one finds that the opening area at both ends of GIpF is SOES(O)%S(l)%100212 [3]. GIpF
can be regarded as a nano pore, which connects two reservoirs of glycerol molecules located
at x = 0 (periplasm) and at = = 1 (cytoplasm) with glycerol concentration Py = P(0)

and P, = P(1) respectively and initially Py>P;.



We study the conduction of glycerol molecule through GplF analytically, by taking a
simple model potential (ratchet like potential) instead of PMF (see Fig. (2.1b)above), as

shown in Fig. (2.2) below with the respective expressions for U(z) be

QL—lf ) when 0<x <[,
Ulw) = @ 190, —Q,  when Ly <z <Ly (2.1.4)
L_ﬁﬁ +2Q, when Ly <z <L

where Q1=-7.6, (Q2=7.2, L1=0.2, Ly=0.4, L3=1.0 (all are dimensionless quantities)

Q2

]

0 0.z 0.4 0.4 0.8 1

X
T
Figure 2.2: Plot of the model potential versus position .

Hence, the model potential is determined by the parameters Lq, Lo, L3, @)1 and Q5 with

a barrier height at L,=0.4 and a minima at L;=0.2.

2.2 Transport driven by concentration gradient

In this section, we consider our model with constant concentration values(P and P;) at
the two ends of the channel. The existence of concentration gradient produces a constant
flux, Jy at steady state with in the channel. The corresponding FPE for this case from
Eq. (2.1.2) is

O P(z,t) = —0,Jo(z,1), (2.2.1)



where

Jo(z,t) = =0, P(x,t) + f(x)P(x,t) (2.2.2)

In steady state the flux is constant throughout the channel, hence from Eq. (2.2.2) we
obtain
dP(z)

where P;(z) is the steady state probability density. Eq. (2.2.3) is a linear ordinary

differential equation of first order, thus to solve it let us suppose its solution to be
Pi(z) = R(z)V (x) (2.2.4)

where R(z) and V(x) are arbitrary functions of x to be determined. Substituting Eq.
(2.2.4) into Eq. (2.2.3) we obtain

R(z) d‘gi"”) + V(x)[d};im) U (2)R(z)] = —Jo. (2.2.5)

Since R(x)and V(x) are arbitrary functions of x, thus we may choose R(x), such that

dR(z)
dx

+U'(x)R(z) =0 (2.2.6)
and the solution of this equation is
R(z) = C, e V@ (2.2.7)

where C} is constant of integration. Substituting Eqs. (2.2.6) and (2.2.7) into Eq. (2.2.5)

and rearranging the resulting equation we obtain

dV(z) = _J V@ dyg (2.2.8)
¢y
and the solution of this equation is
_ Jo ’ U(z') ../
V() =Cy— — [ "W dx (2.2.9)
C1 Jo

where Cy is constant of integration. Substituting Eqs. (2.2.7) and (2.2.9) into Eq. (2.2.4)
we obtain

P,(z)=C e V@ — J eU(x)/ V@ ! (2.2.10)
0



where the constant C' = CC5 is obtained by imposing boundary condition. We know

that at © = 0, P;(0)=P, and substituting this condition into Eq. (2.2.10) we obtain
Py=C et (2.2.11)
where Uy = U(0). Thus the value of C' is
C =Pyeh (2.2.12)
Substituting Eq. (2.2.12) into Eq. (2.2.10) we obtain
P,(z) = Py %0 V@) — Jj V@) /w Y@y, (2.2.13)
0

Similarly at « = 1,P(1)=P;, using this condition into Eq. (2.2.13) and rearranging the

resulting equation we obtain

1 —1 1 -1
Jo= e {/ eU(x)dxl Py— & {/ eU(I)d:L} P (2.2.14)
0 0

where Uy =U(1).
But we know that U(z) vanishes at the end points of the channel i.e. at x =0 and x = 1
we have Uy=U(0)=0 and U;=U(1)=0 respectively. Thus substituting these two values

into Eq. (2.2.14) we obtain

Jo(Py, P1) = {/1 eU@da;] 71(P0 - P) (2.2.15)
0

This is the net flux of the glycerol inside the channel due to the concentration gradient
established at the periplasmic (Fy) and cytoplasmic (P;) side of the channel. Since U(z) in
our model potential is made up of three piecewise linear potentials, so that the integration
of the potential across the channel can be carried out in a straightforward way:
fol V@ dy —fOLl Ui(@) dg + fL2 U2(2) g + fLS Us(=) g
where Ly = 0.2, Ly = 0.4 and L3 = 1.0. Hence
fo U (@) J e 8( ™o — 1) + %(67.2 — e 4 L2 1),
But we know that the value of e="¢ < €™ and e™"? < €72 due to this the value of the

above integral is

[ V@) da = 70.574869115
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2.3 'Transport driven by potential gradient

In this section let us consider that a constant force F'(t)=Fj is externally applied to the

channel in the presence of concentration gradient. Then the corresponding FPE is
O P(z,t) = =0, J(x,t), (2.3.1)

where

J(z,t) = =0, P(z,t) + (f(x) + Fo)P(x,1). (2.3.2)

We know that in steady state the flux is constant throughout the channel. Hence from

Eq. (2.3.2) we obtain
dPs(x)
dz

+(U'(2) — Fo)Py(z) = —J. (2.3.3)

This is a linear ordinary differential equation of first order which is similar to Eq. (2.2.3)

except the additional term Fy and then its solution from Eq. (2.2.10) will be
P,(z)=C" e~ U(@)—zko) _ j ,—(U(x)—zFo) /x eUers @) g0 (2.3.4)
0

where U.gp(x)=U(z)-xFy is the effective potential of the system and C’ is constant of
integration to be obtained by imposing boundary condition. If we apply all the steps

used for in section 2.3 into this section we obtain

1 —1 1 -1
J(Fy, Py, Py) = { / eUeff(x)dx} Py — { / eUeff(w)dx} P, e o, (2.3.5)
0 0

This is the net flux of the glycerol molecule inside the channel due to a potential gradient
(i.e. in the presence of an external constant load Fp ) in addition to concentration gra-
dient. In this case the net flux through the channel depends both on the concentration

gradient and the load.

Let J,. = J(Fy, Po,0) be the inward flux of the glycerol molecule inside the channel
due to an external load (the inward flux is calculated in the absence of cytoplasmic con-

centration). To calculate it let us substitute at x = 0, Py and at x = 1, P, = 0 into Eq.
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(2.3.5) and we obtain

1 -1
J. = { / eUeff(’“")da:} P, (2.3.6)
0

This is the inward flux of the glycerol molecule inside the channel without the cytoplasmic

concentration.

Similarly let J. = —J(F,0, ) be the outward flux of the glycerol molecule inside
the channel which is obtained by inverting the channel and in the absence of periplasmic
concentration. Substituting at xt =0, P, = Fy and at x = 1, Fy = 0 and also Fy by —Fj

into Eq.(2.3.5) we obtain
1 -1
J_ = [/ eUeff(x)d:c] Py ef®. (2.3.7)
0

This is the outward flux of the glycerol molecule inside the channel due to an external

force. Note that Uss(z) = U(x) + xFp.

Why is the vestibule on the periplasm side and not on the cytoplasmic side? To address
this question, we consider a channel with an inverted potential that means we invert the
channel and the attractive well is facing the cytoplasmic side. Based on this the fluxes
of the normal and reversed orientation corresponds to the inward and outward fluxes re-
spectively. To see the difference between the inward and outward fluxes let us take the
same concentration gradient P and then we plot the outward flux, J_ and the inward
flux, J, versus this concentration gradient as shown in Fig. (2.3)

This figure shows that when the value of the concentration gradient is very small the rate
of the outward flux is the same as the inward flux while when the concentration gradi-
ent is large then the flux in the reversed channel is bigger than the flux in the normally
oriented channel. For low enough concentration gradient interaction between the glycerol
molecules can be neglected. If we define the direction of the net flux to be from periplasm

to cytoplasm, then the net flux is given by subtracting an outward flux proportional
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ooooz
0ooois p
- J_

nooot p — J,
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0 0002 0.004 0,005 0008 001
Py

Figure 2.3: Plot of the outward flux, J_=J(Fy,0,F,) green and inward flux,
J=J(Fy, Py, 0) red versus the outer concentration, Py for F(t)=F,=2.

to the cytoplasmic concentration from an inward flux proportional to the periplasmic
concentration. Accordingly, the net flux is proportional to the concentration difference,
(Couter = Cinner) (local concentration difference). Because the flux depends only on the
concentration difference across the channel, then reversing the channel will not change
the flux. Therefore, there seems to be no reason to prefer one direction over the other.
At higher concentrations, however, interactions become important, and conduction is no
longer linear. Since glycerol molecule held in the vestibule prevent others from being
conducted, then the optimal direction can be estimated by putting the vestibule where
it will be most rarely occupied: as close to the cytoplasm as possible. As a result, the
reversed GIpF has an increased conduction rate due to reduced clogging in the vestibule

and this is one explanation for channel orientation.

Thus, using Eq. (2.3.6) and Eq. (2.3.7) ratio of the outward flux J_ to inward flux

Jy is given by
{fol eUeff(w)dx] efo
— = : (2.3.8)

{ fol GUﬁff(w)dl’}
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We plot this ratio versus the force as shown in Fig.(2.4)

According to this figure, the ratio is increased monotonically as the constant load in-

B H 1z

Fy

Figure 2.4: Plot of the ratio of the outward flux, J_ to the inward flux, J, versus a
constant load, Fy .

creased and this shows that the outward flux is larger than the inward flux for the same
concentration and force level. When we compare our result with the numerical result

obtained by Schulten and Kosztin [1] as shown in Fig. (2.5a), we found that the value of

Figure 2.5: (a) Plot of the ratio of the outward flux, J_ to the inward flux, J, versus a
constant load, Fp, (b)Plot of the ratio of the outward flux, J_ to the inward flux in the
absence of the load, Jy(o, Py) (broken line) and the ratio of the inward flux, J; to the
inward flux in the absence of the load, Jy(o, Fy) (solid line), (c) the ratio of the average
flux, J, with equal concentration to the inward flux in the absence of the load, Jy(o, P),
(d) the ratio of the inner concentration, P; to the outer concentration, P; versus load, Fj
((b)-(d) transport due to periodically switching force)[3].
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the ratio jf in our case is less than the numerical result. This difference exists due to that
in our model U(x) is a simple ratchet like potential due to this we consider the channel has
three different regions. While in the numerical consideration U(z) is highly asymmetric
with respect to the channel length and channel is a single region. But the value of the

A . . . . . .
ratio 7= in both cases are monotonically increases with increasing force and in both cases

the outward flux is larger than the inward flux.

2.4 'Transport driven by an external periodic driving
force

Next, we consider an external force F'(t) that switches periodically between +F, where
F} is constant (i.e F(t) is a square-wave force). Although the time average of F(t) is zero,
this force induces a finite flux of the glycerol molecule inside GIpF and the only difference
from the transport due to constant force is that the force periodically switches between
the + state and — state with a constant value Fy(then the force takes +Fj in one time
and —Fj in another time). The FPE is similar to that of the FPE due to a constant force.

Therefore, the steady state flux (net) is given by Eq. (2.3.5) i.e.

1 1 1 -1
J(Fy, Py, P) = { / eU‘iff(x)dx} Py — { / eUﬁff(x)dx] P et (2.4.1)
0 0

The ratio of the inward flux J, to the inward flux in the absence of an external load with

no cytoplasmic concentration Jy(FPp,0) is given by

Ty fy e¥@da
JO(P0,0) N fOl eUeff(x)daj‘

The ratio of the outward flux J_ to the inward flux in the absence of an external load

(2.4.2)

with no cytoplasmic concentration Jy(Pp,0) is given by

J_ el [} eV @dg
Jo(Po,0) [ eUers@dy

(2.4.3)
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Note: we know that U(x) has different values in each region so that the integrals in the

above equations can be expressed as

1 L1 Lo L3
/ eUeff(x)dx _ / 6(U1(x)—xFo)dl. + / e(Uz(x)—xFo)d:B + / e(U?’(I)_IFO)dZL‘ (244)
0 0 L

1 Lo
where Ly = 0.2, Ly = 0.4 and L3 = 1.0. Similar procedure applies for fol eVerr(®@ g,

Then we plot the above two equation versus the force as shown in Fig. (2.6)

According to this figure the values of both ratios % (Jgo 5 and 4 é;o 5y are greater than one

SFT

40

30

0

10

Figure 2.6: Plot of the ratio of the inward flux and the outward flux to the inward flux
in the absence of the load green and red respectively versus the load.

and increases monotonically with the force. But if we compare these two figures one can

see that the value of m is greater than the value of ﬁ) which implies that the

outward flux is larger than the inward flux for the same force level and concentration gra-

dient. If we compare this plot with numerical plot obtained in [1] as shown in Fig. (2.5b),

Jy
(PO’O)

we obtained that the values of both ratios and 7 in our case are greater than

J_
Jo(Po,0)

the numerical values. This is due to the fact that in our model U(z) is linear with respect

to the channel length and U’(x) is constant but different values in the three regions while
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in the numerical case these are not true. In these two plots we can see that in both cases

.both ratios ] and increases with increasing the force,

Ji
(PO J(P ,0)

.the values of both ratios are greater than one which implies that the inward flux and
outward flux are greater than the flux in the absence of the force and
is less than ———

.the ratio this shows that the outward flux is lager than inward

J(PO) J(PO

flux for the same force level and concentration gradient.

Assuming that one neglects the transient in the instantaneous flux after switching F'(t),

then the mean flux J through the channel can be expressed as

J(Fy, Py, Py) + J(—Fo, Py, Pr)

j - j(Fo,Po,Pl) — (245)

2

For P, = Py in Eq. (2.4.1) we obtain

1 -1 1 -1
J(Fo, P, Po) = {/ eUeff(x)dx] By — {/ eUeff(“?)dx] Py e o, (2.4.6)

0 0
and
1 -1 1 -1

J(—=Fy, Py, Py) = { / eUeff(m)dx} Py — { / eUeff(x)d:v} Py ef®. (2.4.7)

0 0

Substituting Eqs. (2.4.6) and (2.4.7) into Eq. (2.4.5) and rearranging the resulting
equation becomes

- [h = DR

J="— (2.4.8)

1 -1
where I} = [fol eUeff(‘”)dx] + {fol eUeff(x)d:v] and
1

I, = 710 {fol eUeff(:”)dx] h + ef? {fol eUeff(‘”)da:]
Thus the ratio of the the mean flux due to periodically switching external load, .J to the
inward flux in the absence of external load without cytoplasmic concentration, Jy(Fp,0)
is given by

J o [1—e) [ eVers@da 4 (1 — o) [ eVers@ ] [F V@ dy (2.4.9)
JO(PO, 0) - 2 fOl eUeff(x)dgj f()l egeff(x)dx o
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If we plot the above(Eq. (2.3.9)) ratio versus the load we obtain what is shown below in
Fig. (2.7)

According to this figure, the ratio of the mean flux, J due to periodically switching

Figure 2.7: Plot of the ratio of the the mean flux, .J to flux in the absence of the external
load, J, versus a load, Fy.

external load to the inward flux, Jy(Fp, 0) in the absence of external load decreases mono-
tonically as the load increased and this shows that the outward flux is greater than the
inward flux for the same concentration and force level and also both the outward and
inward fluxes are larger than the flux without the external force. Let us compare our
result with the numerical result obtained in [1] as shown in Fig. (4.5¢). In this case the
magnitude of our result is smaller than the numerical result. This is due to that the value
of both the inward flux and outward flux in our case are grater than the numerical one.
In these two figures one can see that both in our and numerical cases the value of the
ratio ﬁ_oﬂ) decreases monotonically as the force increases.
Further more, the ratio of the inner concentration, P; to the outer concentration, F,
when the net flux through the channel vanishes is obtained by setting J(Fy, Py, P) = 0
into Eq. (2.4.1)

0= J(Fo, Py, P) + J(—Fy, Py, P1) (2.4.10)
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Substituting Eqs. (2.4.6) and (2.4.7) into Eq. (2.4.10) for Py#P; and rearranging the

resulting equation we obtain

P e fy (2.4.11)
PO - e_FO fol eUeff(x)dx+ eFO fOl @Ueff(x)dl‘ o

To compare our result with the numerical result we plot the above ratio versus the force

as shown in Fig. (2.8).

Figure 2.8: Plot of the ratio of the inner concentration, F to the outer concentration, P,
versus the load, Fy.

According to this figure, the ratio, % decreases as the load, Fy increases. If we compare

this figure with the numerical obtained in [1] as shown in Fig.(4.5d) we find that in both

cases the ratio % decreases when the force increased and the value of % is less than
one which is expected and consistent(in both cases) with the fact that under the same
force level and concentration gradient the inward flux is smaller than the outward flux.
While the value of the ratio % in our case is greater than the numerical value, since the

flux(both inward and outward) in our case larger than in the numerical case.

In next chapter, I will present the case of random telegraph force which is our new

contribution to this work.



Chapter 3

Transport driven by non equilibrium
Auctuation

Again in this chapter we take the glycerol uptake facilitator channel (GIpF) with a po-
tential mean force (PMF) inside it as modeled by Schulten and Kosztin [1], for numerical
simulation. In our case we modeled the PMF by a simple ratchet like potential (as shown
in Fig. (2.2)) and consider a non equilibrium fluctuation of the cell membrane to find the

analytical expressions for the steady state flux of the glycerol molecule inside the channel.

Finally, we consider the effect of non equilibrium fluctuation of the cell membrane on the
glycerol transport through GlpF. Let us model such fluctuations by a random telegraph
force (RTF) i.e RTF is a homogeneous dichotomous force F'(t), which randomly switches
between two states £Fp [6] (where Fp is a constant), with switching time that obey a
Poisson distribution. The RTF holds such that < F(t) >= 0 and < F(¢t)F(0) >= Fge%,

where T} is the mean switching time.
The differential equation satisfying the probability density of finding the glycerol molecule

inside the channel is associated with the Fokker-Plank equation for the continuous vari-

able x and the master equation describing the discrete states (+)state and (—)state. Thus

19
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the associated FPE is a result of two coupled equations given by

P+<I,t) + P*(x7t)
Th Ty

OP,(2,8) = 2P, (2,1) — O, [(f(x) + Fo) Py (2, 1)] — (3.0.1)

and

0P (2,1) = 2P (2,1) — D, [(f(x) — F)P_(2,8)] + = +¥ H _F —gﬁ B (302

where Py (z,t) is the conditional probability density that the RTF is in the £Fj state
respectively.

In steady state the above coupled equations reduced to

! 5;2(33) + %[(U'(l’) — Fo)Py(z)] — TLO(P+($) —P_(2))=0 (3.0.3)
d’P_(z) d ., 1
—az U@+ F)P-(2)] + (P (2) = P-(x)) = 0 (3.0.4)

We know that in steady state the net flux through the channel is constant and this flux
from Eq. (3.0.3) and Eq. (3.0.4) is given by

J=—P'(x) —U'(z)P(x) + FoAP(z) (3.0.5)

where P(z)=P,(z) + P_(x) is the total probability density and AP(x)=P,(z) - P_(x)
But we know that in our case U(x) has three different values and U’(x) is constant in
each of the three regions. Due to this reason we can rewrite Eq. (3.0.3) and Eq. (3.0.4)

respectively as

d*P; (z) / dP,(z) 1 B

Gz @) = Fo)— = = (Py(a) = P()) = 0 (3.0.6)
&P_(x) | dP_(z) 1 B

- T U@+ R) =5 = 4 7 (Pu(@) = P-(2)) = 0 (3.0.7)

From Eq. (3.0.6) we can solve for P_(z) in terms of P, (x) as

d*Py ()
dx?

AP, (z)
dx

P(z) = ~Ty ~T(U'(z) - Fy) + Py(2) (3.0.8)
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Substituting Eq. (3.0.8) into Eq. (3.0.7) we obtain

d' Py (v)
dx?

@P(x) 2

d?P,(z) 2U'(z)dP,(x)
dax3 (TO B

dx? T dx

+2U' () + F - U'(2)%) =0 (3.0.9)

If we integrate this equation over the variable z we obtain

d’P. ()
da?

PP.(x) 2

dP.(x) 2U'(x)
dx? (T() B

F2 ! 2
+ Ul2)")— T

+2U' (x)———=

P(z) =k (3.0.10)

where £ is a constant.
Similarly, we can solve for P, (z) from Eq. (3.0.7) in terms of P_(z) and substituting the
resulting equation into Eq. (3.0.6) we obtain

BP_(z)
dx?

&P (x) 2

dP_(z) 2U'(x)
dx? (To B

dx To

+2U'(2) + FZ - U'(2)%) P (z)=k (3.0.11)

To solve these two differential equations we take the three regions separately, since U’(x)
has constant but different values in each of the respective region.

Region one

In this region, according to Eq. (2.1.4) the potential is U (x) = —38x, thus U] (z) = —38,

then substituting all these values into Eq. (3.0.10) and Eq. (3.0.11) we obtain

d°Pi(zr) _ d*Pi(x) 2 ( ) |, 76 pn
— - 767 (To +F— 1444) TOP L (z) = ky (3.0.12)
BPY(zx) _ PP (z) 2, ( ), T6p

T 10— (T0 + - 1444) - TOP (z) = ky (3.0.13)

where Pl is the steady state probability density of the RTF in the 4+Fj respectively in
region one .

Egs. (3.0.12) and (3.0.13) are linear third order differential equation of non homogeneous
with constant coefficients. Generally the solutions of these equations are given by the
sum of the complementary function P}, (z) which satisfies the homogeneous differential
equation and the particular function Pipar(x) is the solution of the nonhomogeneous

differential equations and these functions respectively are

PL(x) = Py oo () + Py () (3.0.14)
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Pl(z) =P, (x)+ P. () (3.0.15)

—com

First let us take the homogeneous differential equations from Eq. (3.0.12) and Eq. (3.0.13)

as
4Pl (z) d? P! (z) 2 dPl(x) 76
— 76—+ F? —1444)—= —Plz)=0 3.0.16
3 a2 gt )= T ) (3.0.16)
d®*Pl(z) d* P! (z) 2 Pl(z)
- — (= 4+ F? — 1444 —P1 0.1
dx3 dx? <T0+ 0 ) dx TO (z) =0 (3.0.17)

In standard form the solutions for these two homogeneous differential equations are re-

spectively given by

P oom(®) = CfeM” (3.0.18)
P! (z)=C;eM” (3.0.19)

where C5F are unknown constant coefficients to be determined by imposing the necessary
boundary conditions and A; is unknown eigen value which is similar for the two differential
equations, since Eq. (3.0.16) and Eq. (3.0.17) have the same constant coefficients in which
the eigne values are determined by them.

Note:since Eq. (3.0.16) and Eq. (3.0.17) are third order differential equations, then the
constants Cf and \; can be more than one and Eq. (3.0.18) and Eq. (3.0.19) are a result
of a superposition of such equations.

Substituting Eq. (3.0.18) into Eq. (3.0.16) or Eq. (3.0.19) into Eq. (3.0.17) we obtain

2 76
A} —T6A2 — (= + Fp — 144\ + — =0 (3.0.20)
Ty Ty

This is a cubic equation (a polynomial of degree three), which has three possible real roots

which are given by

b 76
Ay = __H./ é+(_§1_¢ Dl)%+§ (3.0.21)
L V3., b 1 b 1, 76
Aig = —51 7[(151 +/D1)s + (—151 +/D1)3] + 3 (3.0.22)
l 3.b b 76
A3 = _51 _ ‘/7_[(231 ++/Dy)5 + (_2'51 +/Dy)3] + 5 (3.0.23)
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where [;=(—% + iv/Dy)3 + (% — iv/D1)3

_ 109744 76 7613
b= 27 +3T0 3

2085136 F2 2888F % 1444 4F2 14440F2 2F
D= — ARy

FS 8
0o 4 fo 0 4 o
- 27 o T T 37§ + 2712 + 9T 27To + 9T

i=yv—T

In terms of these three roots Eq. (3.0.18) and Eq. (3.0.19) can be rewritten as

Py (7) = CHeM” 4 Ol 4 Cliets? (3.0.24)
Pl (x) = CLeM?® + Cppet® 4 Oyt (3.0.25)

Similarly, let us suppose that the solutions of the non homogeneous differential equations

(the particular functions) be

Pl (z)=A (3.0.26)
P! ..(z)=B (3.0.27)

where A and B are constants which are determined by substituting Eqgs. (3.0.26) and
(3.0.27) into Eq. (3.0.12) and Eq. (3.0.13) respectively and we obtain

Toks
A= 3.0.28
76 ( )

T(]kl
B = 3.0.29
6 ( )

Substituting Eq. (3.0.28) and Eq. (3.0.29) into Eq. (3.0.26) and Eq. (3.0.27) respectively

we obtain
Tok
1 oh1
P+pm(x) = =6 (3.0.30)
Tok
1 _ +0oh1
P_par(a:) =~ (3.0.31)

Substituting Eqgs. (3.0.24), (3.0.30) and Egs. (3.0.25), (3.0.31) into Eq. (3.0.14) and Eq.

(3.0.15) respectively we obtain
Toky
76

Tokl
76

Pl(z) = CfieM™ + Che*™ + Cfhes” + (3.0.32)

Pl(z) = C ™M™ 4+ Cpe™2® + Cpe™s® + (3.0.33)
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Using these two equations, the total probability density, P;(x) and the difference in the

probability density, AP;(x) are respectively given by

Tok,

Pi(z) = (Cf; + C)eM ™ + (Cfy + Crp)e?™ + (Cfy + Cpy)eM™ + o

(3.0.34)

AP (z) = Pi(z) = (Cf, — C)eM™ + (Cf, — Cp)eM2® + (Cf — Cp)ets®  (3.0.35)

To find the relationship between C’;r] and C;; (where i,j = 1,2,3), let us calculate the

constant flux in region one
J = —P/(z) — Uj(z) P (z) + FoAP(x) (3.0.36)
Substituting Eqgs. (3.0.34) and (3.0.35) and the value of U{((x) into Eq. (3.0.36) we obtain
J = 1 eMT oy eM2T Ly M L T (3.0.37)

where y1=[(—A11 + 38 + F)Cf; + (=11 + 38 — Fy)Cy]

Yo=[(—A2 + 38 4+ Fy)Ciy + (=12 + 38 — Fy)Cp)]

Y3=[(—A13 + 38 4+ Fy)Cifs + (=13 + 38 — Fy) O]

In the above equation one can see that on the right-hand side the only constant term is
Tok, and all the other three terms are dependent on the variable x, then equating the left

and right side we obtain

J = Toky (3.0.38)

while

1€A111+ 26/\12I+ 36)\1335:() 3.0.39
v o v

Since, on the left side of Eq.(3.0.37) there is no term dependent on z.
But we know that Aj;, A2 and A3 are different, then Eq. (3.0.39) holds true if and only

if each of the coefficients of the exponentials vanish independently i.e.
(=11 + 38+ Fy)Cfy + (=11 +38 — Fy)C =0 (3.0.40)

(=2 + 384+ Fy)Cfy + (—Ai2 + 38 — F)C, =0 (3.0.41)
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(=13 + 38+ Fy)Cfs + (=13 + 38 — F)C3 =0 (3.0.42)
Hence
J
== 0.4
Ky T (3.0.43)

_ A -8-F
—A\1 +38—F, !
_ A2 —38—-F
Cr = CH 3.0.45
12 A2 +38— F 12 ( )
)\13 - 38 - FO +

Ch = C 3.0.46
137 T\ +38—F, 13 ( )

Substituting Eqgs. (3.0.43), (3.0.44), (3.0.45) and (3.0.46) into Eq.(3.0.34) and Eq. (3.0.35)

(3.0.44)

we obtain
Pi(e) = — 2000 0O e 20O e 2RO e S (3.0.47)
)\11 —38+F0 )\12—38+F0 )\13—38+F0 38
2(38 — M\1)C 2(38 — M\2)C 2(38 — \i3)C1
APl(l’) _ ( 11) 11 A1z + ( 12) 12 Aoz + ( 13) 136)\1333 (3048)

T 38+ F ¢ Mo — 38+ Fy s — 38+ By
Region two

We know that, region two is in the interval L; < x < Ly with the corresponding potential
Us(x) = Tdx — 22.4, thus Uj(z) = 74 then substituting this value into Egs. (3.0.10) and
(3.0.11) we obtain

d*P?(x) d*P?(z) 2 dP?(z) 148
148—"2 — (= 4+ F2 —5476)——2 — —P%(2) =k 3.0.49
da? * dx? (To 1o ) dx Ty ' (2) = ke ( )
d®P? d?P? 2 dP? 148
dxg(:c) + 148 de(x) _ (To + F — 5476) dm@) _ Topg(x) = ky (3.0.50)

where P?(x) is the steady state probability density of the RTF in the +F, respectively
in region two.

Eq. (3.0.49) and Eq. (3.0.50) are similar form as that of Eq. (3.0.12) and Eq. (3.0.13)
respectively in region one respectively except with different constant coefficients. Thus if

we apply all the steps used for region one into region two we obtain

2FOC;_1 A1z QFOCS_Q A2z 2FOC;‘:5 23T _ i (3051)

P. ... S— T Tes e s B
»(7) Mot + 74+ F, Nz + 74+ F, N3 + 74 + Fy 74



26

2(74 + A1) Co Ao 2(74 + Ag2)Cs Arac 2(74 + Ag3)Cos Ao
Ao1 + 74 + F Moo + 74 + F Aog + 74 + F

where )\21_(—— -|—z\/_)3 + (__ _ \/_) _ 148

APy (z) = (3.0.52)

Aop=—% + ((i% + VD)5 + (—i% + v Dy)3] - 1
Nag=—% = B[(i% + VDo)b + (=i + v/ Dy)5] -

b=(~% +ivDp)} + (% — iy Dp)}

bo—_ 810448 _ 148 , 148F7 148F2
T T av 3T)

__29269806873872 5704946084F2 310763F; | F§ 1308764 | 3F3 | 10690214344 , 1374476FF | 3Fy
Dy= 19682 + 2187 “+ 243 + +T3+ 24373 + + 2184Tp + 343Tp +2T0

e
Region three
Finally, in the third region the potential is given by Us(z) = —12x+12, then Uj(z) = —12,
then substituting this value into Eq.(3.0.10) and Eq.(3.0.11) we obtain

PP)

EP3(z) 2 dP2(z) 24

_ 2 4% 53 _

o 24 7 (T0 + Fy — 144) e + TOP 3 (x) = ks (3.0.53)
d®P3(x) d*P3(x) 2 dP3(x) 24

— 94— = F? — 144 ZP3x) =k 3.0.54

dz? da? (To + ) dx * T ~(@) 3 ( )

where P3(x) is the steady state probability density of the RTF in the +Fj state in region

three respectively.

Again Eq. (3.0.53) and Eq. (3.0.54) are the same expression with those equations in
region one except with different constant coefficients, Then following the same step as to

region one into region three we obtain

Py() = — 2081 e | 27082 haer y  DT0VS3 hgsw 3.0.55
1C A W Ty v vy o vy o R TR )
APy(x) = 2(12 — X31)C5) Aan 2(12 — \32)C5 s 2(12 — A33)C 5T (3.0.56)

g1 — 12 + F 3o — 12 + F 33 — 12 + F
where Ay1=(—% +iy/D3)5 + (=% —iy/Dy)5 +8

VD3)s + (=i +v/Da)s] +
i% +vDa)s + (~i% + VDy)3) +

W=

=
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h=(=Y +iVDy)k + (=% — iV Dy)}

3456 2452
bs= + 3T0 3

4
Dy=T68F2 — 32F0 +F0 +27T3 n 1T62 +4F0 " 160F2 L2

3Th 9Th
i=v/—1

3.1 Boundary conditions

Next, we tried to impose the boundary conditions to calculate the analytical expression

for the net constant flux through the channel.

1. At x = 0, we know that there is a left reservoir of glycerol molecule with a glyc-
erol concentration P(0) = F. But according to our model potential region one is in
contact with this reservoir, so that P;(0) = Fy. Substituting 2 = 0 into Eq. (3.0.47) we

obtain
Ch R ohn B Ch _
Ms—38+Fy, 2Fy, M1 —38+F, M2—38+F, T6F,

(3.1.1)

2. At x = 1 similarly we have a reservoir of glycerol molecule having a glycerol concen-
tration P(1) = Py, then using our model potential region three is in contact with right

reservoir, hence we can have P3(1) = P;. Substituting x = 1 into Eq. (3.0.55) we obtain

C'?'g P1€_>‘33 0;_16()‘31_)‘33) 0;‘260\32—)\33) JeAs3
Mz — 12+ Fy,  2Fy  Ap—124Fy Ap—12+F,  24F,

(3.1.2)

If we see our model potential there are two points of discontinuity throughout the whole
channel since U’(z) has three different values in the three regions and these points are
x = 0.2 and x = 0.4. Even if there is a discontinuity point inside the channel, the net
flux through the channel is constant and single valued at each point (i.e. J = —P'(z) —
U'(xz)P(x) + FyAP(z)=constant) and single valued. Based on this reason let us treat

each of the three terms ( P'(z), U'(x)P(x) and AP(z) ) at the point of discontinuity
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independently. That means, the diffusion of the glycerol molecule inside the channel is in
a single medium which implies that diffusion is continuous (i.e. P’(z) is continuous). The
continuity of the diffusion implies that the drift of the particles inside the same channel is
continuous (U'(z)P(x)), this is due to the fact that the force resulted from the diffusion
is balanced by the force due to the drift. The last term AP(z) is continuous due to the
continuity of the net flux, the diffusion term and the drift term.
3. Atz =02

P'(0.27) = P'(0.2") (3.1.3)

where 0.27 is the limit from the left of z = 0.2 and 0.2% is the limit from the right of
x = 0.2. Since, region one and two are to the left and right of x = 0.2 respectively.

Substituting Eqgs. (3.0.47) and (3.0.51) into Eq. (3.1.3) we obtain

A2gioz = A11aq1 + Aj2tvie + Aigans — Ag1aar — Agatrao (3.1.4)
where all:)\cﬁeggxn Oig Ce0 212 oy Cfe0 213 - Oy €02 21
11—38+Fp’ A12—38+Fp’ A13—38+Fp’ A21+74+Fy
Q=i and aw= R
4. Atz =0.2
U'(0.27)P(0.27) = U'(0.27)P(0.2") (3.1.5)

Similarly using Eqgs. (3.0.47) and (3.0.51) and the value of U’(0.2) (in region one and two)

into Eq. (3.1.5) we obtain
370&23 = —190611 — 190(12 — 19&13 — 37&21 — 370&22 (316)

where a1, (o, a3, i1, Qo and amng are given above.
5. At z=0.2
AP(0.27) = AP(0.27) (3.1.7)

Again substituting Egs. (3.0.48) and (3.0.52) into Eq. (3.1.7) we obtain

(523 = (38 — /\11)0&11 -+ (38 — )\12)0(12 + (38 — )\13)0&13 — (74 + )\21)&21 — (74 -+ )\22)0[22 (318)
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(/\23+74) 0.2X93
A23+T4+Fp

where d93= 2 and «aq1, aqg, a3, (g1 and aipg are given above.
6. At z= 04

P'(0.47) = P'(0.4%) (3.1.9)

where 0.4% is the limit from the right and left of z = 0.4 respectively.
Using our model potential region two and three are located at the left and right respec-

tively at the point x = 0.4. Substituting Eqs.(3.0.51) and (3.0.55) into Eq.(3.1.9) we

obtain
A32032 = Ao1021 + A2 22 + Aagfag — Ag1031 — Aszss (3.1.10)
where (5= % Poz= gé%f::i?o Paz= ,\Q%f::?o B31= %
Br=3i gy and Bu=3
7. At 2= 04
U'(0.47)P(0.47) = U'(0.4%)P(0.4") (3.1.11)

Substituting Eqs. (3.0.51) and (3.0.55) and the value of U’(0.4) (in region two and three)

into Eq. (3.1.11) we obtain
68332 = —37P21 — 37B22 — 3723 — 6331 — 60353 (3.1.12)

where (a1, B2, (23, 831, 332 and (33 are given above.

8 Atz=04
AP(0.47) = AP(0.4") (3.1.13)

In a similar fashion, substituting Eqgs.(3.0.52) and (3.0.56) into Eq.(3.1.13) we obtain

39 — ()\21 + 74)621 + ()\22 + 74)&22 + (/\23 + 74)623 - (12 - )\31)531 - (12 — )\33)633 (3114)

h (12-X52)Cipe® 32 o d i b
where ase="—3""7917 and (31, Ba2, B2, P31 and (33 are given above.

Thus, we have eight different equations, hence by combining these equations in a few steps

the net constant flux of the glycerol molecule inside the channel is given by

(ms — mg)(mg + mag) Po — 2(ms + my)(myy + maz) Py

S = 2(ms + ma)(mz + ms) + (M2 — ma)(mg + mao)

(3.1.15)
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where my, mso, . . . and mys are all constants which are give in the appendix.

In the above equation it is possible to obtain the expressions of the inward flux(J;,),
outward flux(J,,), the concentration ratio(%) and the net flux(Jp,—p,) by setting the
cytoplasmic concentration P, = 0, outer concentration Fy = 0, the net flux J=0 and

equal concentration gradient(P;=F;) respectively. All these expressions are respectively

given by
Jin = 2(ms3 + m4)((ﬂ7:1i :LT:%Z))(mg( , ij)P;)(WQ» + mio) (3.1.16)
Jout = 2(ms3 + m42)((::;; :LL :’L;))(ml(;nt T—n?%)f)%()mg +myo) 3L17)
% = ((m3 . m}ﬁiiméii) (3.1.18)
Trop, — [2(m3 + may)(may + maz) — (ms — mg) (Mg + mao)] Fo (3.1.19)

2(m3 + m4)(m7 + mg) (mg )(mg —+ mlo)

Based on all these expressions we compare our results with the numerical results. To do
this, from the numerical consideration we fix the value of the mean switching time be
(10',10% and 10?). For each value of Ty we vary the value of the random telegraph force
Fy between 0 and 8 (all are dimensionless). Then we find five different discrete values for
each of T for the ratio of the inward flux, outward and net flux(with equal concentration
gradient) to the inward flux in the absence of the RTF. For example we take Tp=10% and

then we plot the flux versus the load as shown in Fig. (3.1).

According to this figure the inward flux is smaller than both the outward flux and net
flux(with equal concentration) for the same force level and concentration gradient. In the
absence of a concentration gradient the flux is outward since the value of the net flux(with
equal concentration) is greater than the inward flux. If we compare these results with the
numerical results obtained by Skulten and Kosztin in [1] as shown in Fig. (3.2) we found
in magnitude our results are smaller than the numerical results and as the force increases

all the fluxes are decreased while in the numerical results both fluxes are increased when
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Log (Te) =3 +  outward J
+ = inward J
08 cqual concentration J

0.6 — —

0.4 — —

Figure 3.1: Plot of the outward flux (+), net flux with equal concentration (*) and inward
flux (x) versus the load, Fj.

Figure 3.2: (color online)Contour density plots of the numerically evaluated relative
(a)inward %2,130,0)7 (b) outward _J(FO’J—?’O’PO), and (c)equal concentration %{W
glycerol flux in GlpF as a function of the amplitude F{ and mean switching time T of
the RTF;.Jy = J(0, Ty, Py, 0)[3)].

the force increased.

Finally, we plot the concentration ratio %’(Which is the inverse of the ratio%) Versus

the force as shown in Fig. (3.3)

From this figure one can see that the value the ratio %’ is greater than one( or the inverse

ratio % is less than one). When we compare this result to the numerical result as shown

in Fig. (3.4) we found the value of the ratio % in our case is less than in the numerical
Py

case. But in both cases the value of the ratio o is less than one and decreases as the



32

30 ‘ ‘ ‘ I

T
_ek ¢ for Loy (To) = 3|

Figure 3.3: Plot of the concentration ratio %) versus the load, Fj.

Figure 3.4: (contourline)Contour density plot of the concentration ratio & at which

current reversal (J=0)takes place in GIpF subjected to RTF versus the load, Fo [3].

value of the force increases which is consistent and expected to the fact that for the same

force level and concentration gradient the out ward flux is larger than the inward flux.



Chapter 4

Summary and conclusion

We presented a model potential which is a simple ratchet like potential for the PMF inside
the channel. We study the conduction of the glycerol molecule through the channel and
we found the analytical expression for the steady state flux in the presence of a concen-
tration gradient, constant force(or potential gradient), periodically switching force and
a random telegraph force. In the absence of an external force the net flux is dependent
only on the concentration gradient established at the ends of the channel but not on the
asymmetry of the model potential and it vanishes if there is no concentration gradient.
This implies that inorder to obtain a non zero net flux of the glycerol molecule through the
channel even in the absence of a concentration gradient one needs to drive the system out
of equilibrium by applying either an external force(constant and periodically switching)

or a random telegraph force.

In the presence of periodically switching force the flux is dependent both on the force
and the concentration gradient. In this case we found that both the net, outward and in-
ward fluxes are greater than the flux due to a concentration gradient only. All these results
are in good agreement with the numerical results obtained by Skulten and Kosztin in [1]
even if there exists a magnitude difference between our results and the numerical results.
These results imply that our model potential has important effect on the glycerol molecule

transport through the channel which protects the cell against excess concentration of the

33
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glycerol molecule. Finally, we subject the system to a nonequilibrium fluctuation of the
cell membrane. We model such fluctuation by a random telegraph force(RTF). In this
case we found both the outward and net fluxes are larger than the inward flux. The value
of the concentration ratio % is less than one which is expected and consistent to our
results that in the presence of RTF the inward flux is smaller than the outward flux. In
the presence of RTF our results are consistent to the numerical results in such away that

in both cases both the outward and net fluxes are grater than the inward flux for the same

P

B s less than one.
0

force level and concentration gradient. And also the concentration ratio
In conclusion, in our analytical calculation we have demonstrated that non equilibrium
force fluctuations acting on the glycerol molecule in GIpF can have an important effect
on the glycerol uptake by the cell. On one hand, fluctuations enhance the concentration
gradient driven glycerol uptake, which may be vital for the cell under poor nutrient con-
ditions. On the other hand, when glycerol is abundant, fluctuations provide an effective
protection mechanism to the cell by stopping glycerol uptake well before the cytoplasmic

concentration reaches the periplasmic one.



Appendix

In chapter three we found the analytical expression of the net constant flux interms of

the constants my, mo, ... and mqy. These constants are given by other constants ay, as,
. and aq4 and by, bo, ... and byg which are dependent on the roots A\i1, A9, ... and Ass3.

All these constants are

a1 =((19Xg3 + 37A13)e"2213 — (19 \g3 + 3TN 12)e%2112) (1993 + 2812 — 37\ 13)e% 213 — (1993 +

2812 — 37\ el )

as=((2812 — 37A12 + 19093)e%2212 — (2812 — 3713 + 19X93)e%2213) (37 A1 + 19)93)el 211 —

(37A13 + 19)93)e02M13)

az=(A11 A3 + T4X11 — 3893 — 2812)e02M1 — (X303 + T4 13 — 3893 — 2812)e02Ms

as=((19023 — A12daz — 37A12)e%2M2 — (19093 — Ai3daz — 37A13)e®2M3) (1903 + 2812 —

37A13)e0 23 — (19093 + 2812 — 37\ )ed2M1)

as=(A1; — 38)el M1 — ()3 — 38)el- Pz

ag=(A11 A3 + 74X 11 — 38Ag3 — 2812)e02M1 — (X393 + T4 13 — 3893 — 2812)e02M13

a7=(2812 — 3713 + 19X93)((37A11 + 19X93)e%2Mt — (3713 + 19X93)e%2M3) + (19X93 +

37A13) (19093 + 2812 — 37A13)el 213 — (19Xg3 + 2812 — 37\ 1 )ed2M11)

ag=(2812—37A13+19M23) (A 11 Ao+ 37 11 — 19X03) e 2M1 — (X153 A03+ 37N 13— 190p3)e2413) —

(19093 — A13Aa3 — 37A13) ((19A93 + 2812 — 37X 3)e%2M3 — (19)g3 + 2812 — 37\ )el2Mu1)

a9g=(2812—19X13+19X03) (211 Aoz + 7411 —38\a3) €021 — (2 X135 A3+ T4N 13— 38 Ng3 ) 0213 ) +

(A13A23 — 19093 + 37A13) (19093 + 2812 — 37A13)e% 23 — (19)g3 + 2812 — 37N 1 )e2M11)

a10=(2128 — 1913 + 19X93)((37A11 + 19X93)e%2M1 — (37A13 + 19A23)e%213) + (383 +
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37A15) (19205 + 2812 — 37A13)e02M15 — (10Ag + 2812 — 37A1; )e02A1)

a11=((19A23— M2 Aoz —37A12) €12 — (19 hg3 — A1z Aoz — 37 A13)e” 2418 ) (3T A1 +19Ag3) €% 2M11 —

(37A1s + 19gg)e02Ni9)

a19=((19A23+37A13) €418 — (19Ag3+37 A 12)€”2112) (A1 Aga +37 A1 — 19A23) " 411 —(A13 Ao+

3715 — 199g)e02215)

a15=((2812 — 37A1z + 19X55)e®2M2 — (2812 — 37Ay3 + 192g3)e%28) (A3 Ags + 3TAp; —
19X93)e%2M1 — (A\13h93 + 3713 — 19)g3)el2M13)

a14=(19003 + 37A13) (A11A23 + 37TA11 — 19X23)e% M1 — (A13)a3 + 3713 — 19M93)e02M13) —

(A3Aaz — 19203 + 37A13) ((37A11 + 19093)e0 M1t — (37A13 + 19)g3)e02413)

bi=((6 X0+ 888 — 37 \g5)eN=—05N1 — (65 + 888 — 37 Ag0) %4002 (g — Ag)eDhur+haz =06 |

(Agp — Mgt )eP40810X52) _ (\oo — dgp)edsn H0.4352-0.63s5)

by =((37 Az + 6252052 — (37Xgy+ 6Agg) 5206053 ) (24 — gy — Agg) o1 H0-hs2—0.6%s _ (94 —

gz — g1 ) 04081 0A2) (24— D\g)e oA 12205 | (24 Ny — Agp )0 Na HA2 0653
b3=((3TA32+6A23) €0 4232 — (37 \33+6g3) 232706233 ) (A5 — \3p ) e04a1+252) — (35— N3 )el4A31=0-6205
(Agp — Agg) a1 H0-MNa2—0.6xa9)

ba=((2A23 A 30+ T4 g2 —12X93) €% 4292 — (2 Ag3 A33+ T4 N33 — 12A3) €927 00853 ) (Ng) — \gg) A1 FAs270.0A3 4
Mgz — Agp )e04081HA2) (N Ay ) a1 04352 -0.62ss)

bs=((2Xa s+ TANg2—12002) 052 — (20p Ay + T gy — 129 5206059 ) (g — gy )P o1 A2 0.6 |
(Mg — Mg )eP4001H252) (o \gp)ehor +0-4ha2—0.63s)
bo—((37Aga+6Aa1) €052 — (37 Agg 6 a1 )€ 520535 ) ((Agy— Mgy ) 04001 4052) _ (Ao \g) )el4ho1 —0.63ss _
(Agp — Agg)es1H0-4Ns—0.6X35)

br=((37 A3z +6X23)€0 %92 — (3T Ag5 4 6 p3) o2~ 0-0N3) (24 — Agy — Agg)e 1 10-4Ae206%35 (94

gz — Mg )P40 H052) (24 — 2\ ) tAnm12A5s | (24— \gy — Agy )e0 01 HAs2—06Na0)

b =((6 a5+ 888 — 3T Ag)eX2~00N3 _ (615 1888 — 3T Aga)ed2) ((Ag) — Agg) el Hhaa—0.6%aa 4

(A2 — )\31)60.4(A31+/\32) — (N3 — )\32)e>\31+0.4)\32—0.6>\33)

bo=((2A21 A2+ T4 32— 12291 ) €043 — (2X91 Agg+T4A33— 1251 )32 700433 ) (Agy — N33 ) 0431 FAs2=0-6Ass

()\32 _ )\31) 0.4(A31+A32) _ ()\33 _ )\32)€>\31+0.4)\32—0.6)\33)
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b1o=((6A21+888—37Ag3) e3> 06355 — (6 A1 +-888—3TA32) 04492 ) ((Agy — Agg ) et T3 = 0635

(A2 — )\31)60.4(>\31+/\32) — (N33 — )\32)e>\31+0.4)\32—0.6>\33)

bi=((37Ag2 + 6a1)e®192 — (3TAg5 + 6g1 )52 00%53)((24 — gy — Agg)eto1 +0-4Ns2-0.6%3

(24 — Ngg — )\31)60.4()\31—&-)\32) — (24— 2)\33)6,\31+>\32—1.2,\33 + (24 — A3 — )\31)60.4>\31+)\32—0.6)\33)
b12:((12 — g9 + )\33)6,\3270.&33 _ (12 — Aa3 + )\32)60.4,\32)(0\31 _ )\33)60.4)\31+)\3270.6)\33 +
(A3 — )\31)60.4(>\31+/\32) — (N33 — )\32)6/\31+0.4)\3270.6)\33)

b13:(()\32 _ 2)\33)60'4)‘32 + )\336)‘3270'6)‘33)((24 _ /\32 _ )\33)6A31+0.4)\3270.6)\33 _ (24 _ )\32 _
/\31)60.4(/\31+)\32) — (24— 2)\33)6,\31%\3271.2,\33 + (24 — Ag3 — )\31)60‘4/\31+)\3270.6)\33)

b14:(/\33—)\32) ((/\31_)\33)60.4)\31+1.4)\3270.6)\33+()\32_/\31)60.4(A31+2>\32)_(/\33_)\32)6/\31+0.8)\3270.6)\33)
b15=(()\32 _ 2/\33)60'4)‘32 + /\336>‘32_0’6’\33)((/\32 /\31) 0.4(A31+A32) _ ()\33 _ )\31)61’4/\31_0'6)‘33 _

()\32 _ )\33)6/\31+0.4)\32—0.6>\33)

bio=(12 — Agp) e s1T0Mhs2=0.6xs53 4 (19 Ny )e0Mhs1Ths2—06053 _ (19 — )\, )e0-4a1+As2) _ (19 —
)\33)e>\31+)\32—1.2>\33

b17:()\31 _ )\33)60.4>\31+)\32—0.6>\33 (2>\32 _ 2)\31> 0.4(A31+A32) (2)\32 _ 2)\33)e>\31+0.4)\32—0.6>\33 +

()\33 _ )\31)61.4>\31—0.6>\33

b1s=((6A22 + 888 — 3TX33)e*s>700A33 — (6 + 888 — 3T Ag5)e’4452) (( A3y — Agp )e4HAs1¥A52)

(Agg — Agp)e! 170083 — (Ngy — Agg)ean+0-4%u=06%as)

b1o=((Ao2 3237 A32—6X22) €% 432 — (Agp Ago+37 \ga — B2 ) X327 00383) (24— g — \gg ) X1 +0-4Ns2—0.60s
(24 )\32)\31) 0.4(A31+A32) _ (24 _ 2)\33)6,\31%\3271.2,\33 + (24 — A3z — /\31)60.4)\31+)\3270.6)\33)
ba0=((A23 A32+37Aga—6A3)e" 4492 — (Ag3 Ago+37 Aga— B gz ) te2 00033 ) (24— \gp— gy ) tar F0-4A32=062ss
(24 — Agg — )\31)60.4(/\31+>\32) — (24— 2/\33)6)\31+)\3271.2)\33 + (24 — X33 — /\31)60.4)\31+)\3270.6)\33)
ba1=((6A23 + 888 — 37 Ag3) €52 06358 — (695 4 888 — 37X32)e? 4452 ) ((Agp — Agp )04 HAs2) —
()\33 _ )\31)61.4/\31—0.6)\33 _ ()\32 _ )\33)€>\31+0.4/\32—0.6/\33)

baa=((6A21 + 888 — 37 Ag3) €52 06358 — (691 4 888 — 37X32)e? 442 ) ((Agp — Agp )04 arHAs2) —
(A3 — )\31)61.4,\31—0.&33 — A3z — )\33)€A31+0.4A32—0.6A33)

bas=((A21 X323 Ag2—6X21) €423 — (A Aga+3TA32— 61 )92 70633 ) (24— N3y — gz ) @31 704432706355

(24 — A3 — )\31)60-4()\31+>\32) _ (24 _ 2)\33)e>\31+)\32—1~2>\33 4 (24 — 33 — )\31)60'4>‘31+)‘32_0‘6>‘33)
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baa=((12 — 2X32 + A33)e?32706333 — (12 — Ag3 4 Agp)e04232) (Ngg — Agy )e0-4ha1+2s2) — (Ngy —
Agp el Ao —06A3s _ (\y) — )\yu)eAnt0-4Na2—0.6Aas)

Dos=((6A33 — A32)e4252)((24 — Agy — Agy) e n1H0-4s2=06xas _ (94 — Ny — Ny, )e041+As2) _
(24 — 2\g3)e o HAs2 =123 (24 — Ny — \gp)el-Aha1HAaz—0.6Maa)

Dog=(24 — gy — gz )31 +0:0A2=0.6%a3 | (91 — 94)0-4Ca1252) _ (24 — 2 )y5)e 1 HAsz—1 203
(24 — gy — Mgy )eOPartAa=06%as _ (o0 — Ao )elAAa1=063a _ (N — \g0)e 1 +0:42s2—06A

=(2a10(2as — as) — 2ag(ar — a2))(4Aazas(as — ar3) + 4ag(ar; — aya))el2M1stAz)

my=(

my=(8ag(a1, — aiz) + 4ays(as — ar3)((as — Tdasas) — 2ag(a; — ay))el2Ps+ra2)
ms=(2as(a; — as) — (ag — Tdasas))(4azas(ay — a13) + 4ag(ar; — aga))
my=(8Aaszas(arn — aia) + 4as(as — a13))((as — Tdasas) — 2ag(a; — az))
ms=(4ag(a1, — aiz) + 4ays(as — ar3))((ay — Tdasas) — 2ag(a; — ay))e2Pastiz2)

me=(a7(2a4 — ag) — 2ag(a; — az))(4Xazas(as — ay3) + dag(a;; — arp))e2Ms+izz)
mr=37(b16(2b30 — bar) — bag(by — bs))(12(by — bg) — (bro — b11))(br — bs)(Aaz — Aag)(Aga —
Ag3)e0-Ara2—0.6as

ms=37(2b17(br — bs) — 24big(bs — ba))((b1o — br1)(bao — ba1) — (baz — bas) (b — bs))(A22 —
Aa3)(Azg — Ag3)el-4As2=0.62s3

mo=48((b1 — b2)(b3 — ba) — (b5 — be) (b7 — bs))((b1o — b11)(b2o — ba1) — (b2 — ba3) (b7 — bs))
mag=A((br = b2)(b2o — bor) = (brs = bro) (b7 = b)) (12(by — bo) = (bao = bua)) by = bs)
mM11=37(3(b1a +b1g) (bao — bar ) — (6bag +baa) (br — bs) ) (12(bg — bs) — (bro — bi )) (by — b) (Agz —
Agz)e 063

M1a=37(36(2b15 + bis)(bs — by) + 12(2b1y — bys)(by — bs))((bro — b11)(bag — bay) — (bay —
bas)(br — bg))(Aag — Agg)e 00N



Bibliography

[1] I.Kosztin and K.Schulten, Phys.Rev.Lett 93, 238102(2004).
[2] D. Lu, P.Grayson and K.Schulten, Biophysical journal, vol. 85,2977-2987(2003).

[3] M.Kustur and J.Luczka, Phys. Rev. Lett. Vol. 27,663-675(1996)
[4] R.P.Feynman, R.B Leighton, M.Sands, The Feynman Lectures on Physics, Addison-

Vesley, Reading 1966 vol. I, Chapter 46.
[5] D.Alemayehu, Msc thesis in Addis Ababa University (unpublished) 2005.

[6] Magnasco, Phys. Rev. Lett. 71, 1477(1998).
[7] C.W.Gardiner, Stochastic methods: A Handbook for the Natural and Social Sciences

4t Ed.(Springer Verlag, Berlin Heirdelberg)2009.
[8] A.Ajdari, J.Prost, C.R.Acad. Sci. Paris 315, 1635(1992)

39



40

Declaration

This thesis is my original work, has not been presented for a degree in any other University

and that all the sources of material used for the thesis have been dully acknowledged.

Name: Yibekal Kassa

Signature:

Place and time of submission: Addis Ababa University, September. 2010

This thesis has been submitted for examination with my approval as University advi-
SOT.

Name: Dr.MULUGETA BEKELE

Signature:



