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Abstract

Employing the master equation for a three-level laser driven by coherent light and
coupled to a squeezed vacuum reservoir, we obtain stochastic differential equations
associated with the normal ordering. Using the solutions of the stochastic differential
equations, we calculate the quadrature variance, the squeezing spectrum, the mean
photon number, and the variance of the photon number. It turns out that the degree
of squeezing increases with the linear gain coefficient or the squeeze parameter. If is

also found that the driving coherent light decreases the mean photon number.
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1. INTRODUCTION

In quantum optics, the annihilation and creation operator describing a single-mode ra-
diation can be decomposed into two component operators, referred to as quadrature
operators. For a single-mode radiation in any state, the product of the fluctuations
in the two quadratures satisfies the uncertainity relation [1]. In a squeezed state the
quantum noise in one quadrature is below the vacuum level at the expense of enhanced
fluctuations in the conjugate quadrature, with the product of the variance in the two
quadratures satisfying the uncertainty relation. Squeezing like photon antibunching or
sub-Poissonian photon statistics is a nonclassical feature of light [2]. Parametric oscil-
lation and second harmonic generation are typical processes leading to the production
of squeezed light modes (2, 3, 4]. It is also worth mentioning that squeezed light has
potential applica;tions in the detection of weak signals, noiseless communication, and
precision measurement (2, 4, 5, 6].

The squeezing and statistical properties of the light produced by a degenerate three-
level laser coupled to a vacuum reservoir have been investigated by several authors when
either the atoms are initially prepared in a coherent superposition of the top and bottom
levels {7, 8, 9], or when these levels are coupled by a strong coherent light [10, 11, 12].
Moreover, the squeezing and statistical properties of the light produced by a degenerate
three-level laser coupled to a squeezed vacuum reservoir and in which the atoms injected
into the cavity are initially prepared in a coherent superposition of the top and the
bottom levels have been investigated recently [14]. It is found that a three-level laser

generates under certain condition squeezed light [2, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].




The main objective of this thesis is to analyze the squeezing and statistical properfties
of the light produced by a three-level laser coupled to a squeezed vacuum reservoir via
a single-port mirror and in which the top and bottom levels of the three-level atoms
injected into the cavity are coupled by a strong coherent light. We carry out the analysis
of this quantum optical system using the pertinent stochastic differential equations for
the cavity mode variables, associated with the normal ordering. The solution of the
resulting equations are then used to calculate the quadrature variance, the squeezing

spectrum, the mean photon number, and the variance of the photon number.




2. STOCHASTIC DIFFERENTTAL EQUATIONS

A three-level laser consists of a cavity into which three-level atoms in a cascade config-
uration are injected at a constant rate r, and removed from the cavity after a certain
time 7. We represent the top, middle, and bottom levels by |a), |b), and |¢), re-
spectively. In addition, we assume the cavity mode to be at resonance with the two
transitions |a) — |b) and |[b) — |¢), with direct transition between levels |a) and |c) to
be dipole forbidden [2]. We consider the case in which the atoms are initially pre-
pared in a superposition of the top and bottom levels and in which these levels are
coupled by a strong coherent light. The Hamiltonian describing the coupling between

levels |a) and |c) by the coherent light can be expressed at resonance as
H' = ig'(b]c){al — bla){cl), (2.1)

where ¢ is the coupling constant and b is the annihilation operator for the coherent
light. Assuming the coherent light to be strong, we replace b by 3, which is taken to

be real, positive, and constant. In view of this, we can write the Hamiltonian as
= 516} ol ~ o) el (2.20)
where
0 =2¢'8 (2.2b)
is called the Rabi frequency. On the other hand, the Hamiltonian describing the
interaction between a three-level atom and the cavity mode can be written at resonance

H" = iglat([e)al + [c}{b]) — a(la) (el + 10} {e])], (2:3)
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where & is the annihilation operator for the cavity mode. On account of Eqgs. (2.2a)
and (2.3), the Hamiltonian describing the interaction of a three-level atom with the

coherent light and the cavity mode is

11 = B (1e)al ~ lapel) +éla! el + o)) — )bl + BYeD).  (24)

We take the initial state of a three-level atom to be

[¥(0)) = Ca(0)]a) + Ce(V)]<) (2.5)

and hence the initial density operator for a single atom has the form

pa = pQa){al + pld1a) (el + P2 lc)al + P} (cl, (2.6a)
where
@ =Gl (2.6b)
O = C.Cy, (2.6¢)
P9 = C.0, (2.6d)
and
P =|CJ". (2.6¢)

With the assumption that p@ = p{®| the equation of evolution of the density operator

for the cavity mode, commonly known as the master equation, is expressible as [10]

d .
dt

—p = p(2a1pa — paal — aalp)
+ q(2apat — alap — pals)
+ u(atpat — pat®) +o(atpal — ai?p)

+ u*(apa — a2p) + v*(apa — pat), (2.7)




where

_ 4 0 302 3Q kB
(0) (0) (0) TN
A 302 0?2 an kB
R IS () I Bt () (0 ~=
1=35 [paa (472) + Pec (1 + P ) + Pac (27) + (N+1)} (2.8b)

A 0 02 0 02
AN o8N 3 Q) A
h 25’[ “ (27) (1 272) T Pec (7) (HW)

—p© (1 - —2%—) - ’“‘f M} (2.8¢)
o= gl (5) (i) + 2 (33) (-55)
- (1 = %25) ﬁfﬂf] (2.8d)
in which \
A= Q?Y 7o (2.8¢)

is called the linear gain coeflicient,
N =sinh®r, (2.81)

and

M == coshrsinhy (2.8g)

are reservoir parameters . 1t is very important to note that the presence of the quadratic
terms &* and 4f? in the master equation is a signature that the system under consider-
ation may generate squeezed light.

The expectation value of an operator A evolves in time in the Schrodinger picture

according to
d, - ap 4




With the aid of (2.7) and (2.9), and employing the cyclic property of the trace

operation along with the relations

o (8021 = 0210,

[, (@,ah)] = — o (@),

it can easily be verifted that

) = (o )(@) + (u— (@),

a2y = 90— ) + (u— )(e'e) — o)

% (ata) = 2(p  ){ata) + (u—)[(@") + (@) + 2.

(2.10a)

(2.100)

(2.11)

(2.12)

(2.13)

It proves to be convenient to work with c-number variables than with operators. In view

of this, we wish to convert the operator equations into c-number equation associated

with the normal ordering. We note Egs. (2.12), (2.13), are already in the normal order.

Hence one can write

where

and

4
&
d

{2 (1) = 2[-ClaA(®) + Dle* {)a(t)) — o],

& (o (Da(t) = ~20(a* @a(o) + Dle()) + (X)) + 25,

(a(t)) = =Claft)) + D{a*(2)),

C=q-p,

D=u—w.

(2.14)
(2.15)

(2.16)

(2.17a)

(2.17b)

Here o and o* are the c-number variables corresponding to the operators & and !, re-

spectively.




On the basis of (2.14), one can write the stochastic differential equation

% a(t) = ~Ca(t) + Da*(1) + /(t), (2.18)

where f(1) is a noise force whose properties remain to be determined. We notice that
9 a(t)) = ~Cla) + D) + (SO, 219
On comparing Egs. (2.14) and (2.19), we see that
(7)) = 0. (2.20)
We note that
(a0 = Ao (). (2.21)
On combining (2.21) with (2.18), there follows
%(az(f)) =2[=C(a*(t)) + D{e" (t)a(t)) + () f (D). (2.22)
Comparison of Egs. (2.15) and (2.22) shows that

((t) (1) = —v. (2.23)

We also note that
%(a*(t)a(t)) = (@ (t)a(t)) + (a(t)a" (1)) (2.24)

Employing Eq. (2.18) and its complex conjugate, we arrive at
d % # *
2 (@ (Oa(t) = —2C (e (©a(t)) + Dl(@* (@) + (@”*(@))]

Halt)f* () + (" (@) F(2))- (2.25)

Comparison of this with Eq. (2.16) indicates that

(&) F*(6)) + (" (D) (1)) = 2p. (2.26)




Furthermore, a formal solution of {2.18) can be written as
o) = a(0)e + [ b et [Dat(t) + fE)]dE. (2.27)
Multiplying (2.27) by f(¢) and taking the expectation value of both sides, we get
(@) = @O+ [ & <D D))+ TN (228)

With the assumption that the noise force at a time t and a cavity mode variable at an

carlier time ¢’ are not correlated, we can set
(@(t)1(2)) = () (/). (229)
Thus on account of (2.20), we have
(@ (! () = 0. (230)
Hence in view of (2.23) and (2.30), Fq.(2.28) reduces to
[ e O0@) @ =~ (2.31)
On the basis of this result, one can write
(F(E) () = —2vd(t —¥)). (2.32)
Moreover, one easily obtains
(@(t)* (1)) + (0" (/1)) = (O B + (" (O) e~
+ [ e (D) + O
+ [ e D) @) + (@) S, (2:33)

Applying (2.30) and (2.26), we get

[0 (O @) + (@O =2 (2.34)
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On the basis of this result, one can write

(SO () = 2po(t - ), (2.35)

1t is worth mentioning that Eqs. (2.20), (2.32) and (2.35) describe the correlation
properties of the noise force [f{t) associated with the normal ordering.

Now introducing a new variable defined by

ax(t) = a(t) & a(t), (2.36)
we easily obtain
Lost) = ~Aaslt) + () £ ), (2.370)
where
Aty =CF D. (2.37b)

The solution of Eq. (2.37a) can be expressed as

s (1) = s (0)e MO + | Fe O ) £ £ (2.38)
It then follows that
a(t) = A(t)a(0) + B(t)a*(0) + F(2), (2.39)
where
At) = % (et + 7, (2.40a)
B(t) = % (et — ey, (2.400)
and
F(t) = Fo (1) + F(D), (2.40¢)
with
Fy(t) = % fo t e P £ 2 (1)]dt . (2.40d)




3. QUADRATURE FLUCTUATIONS

In this section we wish to calculate the quadrature variance and squeezing spectrum

for the cavity mode under consideration.
3.1 Quadrature Variance
Here we seek to calculate the variance of the quadrature operators
by = al +a, (3.1a)

and
a_ =i(al - a). (3.1b)

With the aid of (3.1a) and (3.1b), one can express the quadrature variance in the normal
order as

Ad =1+ (61 + a2 + 2a1a)) + ((af £ 4))* (3.2)
and the c-number expression corresponding to (3.2) is
Adf = 1£ (o (1) F (ex(®)), (3.3)

where a4(t) is defined by Eq. (2.36). We consider here the case for which the cavity

mode is initially in a vacuum state. Hence on account of (2.20) and (2.38), we see that
{as(t)) = 0. (3.4)

In view of this result, Fq.(3.3) reduces to
Adk =14 (o4 (1)). (3.5)
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Moreover, employing Eq. (2.37a), one easily gets

d

{0 (8) = 2= (@G (0)) + (@ ()7 (1)) £ (e () @)]. (3.6)

Multiplying Eq. (2.36) by f(f) and taking into account Eq. (2.23) and Eq. (2.26), we
have
() f(£)) =P F v, (3.7a)
similarly, one readily finds
{ax(t)f*(t)) = —v £ p. (3.7)
Therefore, in view of this result, Eq. (3.6) can be rewritten as

%(ai(t)) = 2\ (ol (8)) — 20+ 2p). (38)

With the cavity mode initially in a vacuum state, the solution of this equation has the

form
—2ud2p _
@) = (BEZ) o -, (39)
Now combination of Egs. (3.5) and (3.9) yields
v £
Ad? =1+ (—2%:33) (1— e 2 (3.10)

and at steady state this equation reduces to

Ax+2pF 20

Ad® = -

(3.11)

Upon substituting Eq. (2.37b) along with Egs. (2.17a) and (2.17b) into Eq. (3.11),

one arrives at the result
+ (pF v)
= (Fu)— (0 F ) (312
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where

A kB 30?2 0 02
|2 + O (2 ¢ 221 —
(¢ F u) QB[A (1+ N £ M)+ p (472:|:27 (1 272))

2\ 0 Q2 30 O
(0) LA LT Al (o) (2% L
+p8 ((1+ 472) 3 (1 + 472)) + & (27 + (1 272))],
A (kB 2\ | Q 02
= |2 © 22 = =
(pTv) ZB[ o (V= M) o+ oG ((1+472) - (1+472))

302 Q 0?2 30 °
(oy [ Ome __ %6 L. R4 (| _=2° ) [ ] 136
+Peo (472 o (1 272)) + Pog ( % + ( 272)) (3.13b)

It proves to be more convenient to introduce a new parameter defined by

—

3.13a)

and

Pl = 1—;’ (3.14a)
so that in view of the fact that

P+ =1, (3.14b)
we have

P9 = %ﬂ (3.14¢)
Using the relations

© = 1p1e”, (3.150)

= 1p21e™, (3.15b)

and the assumption that p@ = o one easily obtains

[ = p20%. (3.164)
Now on account of Egs. (2.6h), (2.6¢), (2.6d) and (2.6e), we arrive at

pQp = i, (3.16b)
so that in view of Eq. (3.16a) and (3.16b), we have

1oD1* = pQplD. (3.17a)
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Hence with the aid of Eq. (3.14a) and (3.14c) Eq. (3.17a} takes the form

0 _ %(1 BN (3.17b)

Qc

Now on combining Eqs. (3.13a), (3.13b},(3.14a), (3.14¢), and (3.17b), there follows

_ [k ABEBF M F (10?382~ 2)+2)
(gFw)+(pFv) = [5(1+2Nﬂ:2M)+ L ) ] (3.180)
and
- 5 A2 =B F AL+ 6 + 3801 — 17)%)
(aF u) (p?v)—[2+ 0+ )+ 5 ] (3.18b)
where
o2 o2
B = (1 + ?)(1 + 4—72) (319(1)
and
Q
= 3.195
p= (3.19)
In view of (3.18), the variance of the quadrature operators takes the form
Add = 26(1 + 31 + %E)eiz" +A [ﬁ(?ﬁ F3n) F (- n2)%(ﬁ2 —2) + 2] )

201+ A2)(1+ &) + Aln(2 — B2 F B(L+ B%) -+ 38(1 — n?)3]
in which we have made use of Eqs. (2.8f) and (2.8g).

We next seek to consider some special cases of interest. We then note that
for 8 = 0, expression (3.20) reduces to

Ad? — ke + A[l+ (1 — ?72)%]
+ (nA + k) ’

(3.21)

and .
ke + At — (1 — %3]
(nA + k)

This represents the quadrature variance in the absence of the driving light.

Ad? =

(3.22)

13




Fig. 3.1 Plots of the quadrature variance Aa® versus 77 for r =0, k¥ =0.8, 8 =0, and for different

values of the linear gain coefficient .

Fig. (3.1) or (3.2) shows that the cavity mode is in a squeezed state for all values
of 7 between zero and one and the degree of squeezing increases with the linear gain

coeflicient A or the squeeze parameter r.

14
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Fig. 3.2 Plots of the quadrature variance Aa? versus i for A =25, x = 0.8, §= 0 and for different

values of the squeeze parameter .

Moreover, we want to consider the case when all atoms are initially in the upper
level and when the upper and lower levels are coupled by a strong coherent light. 'Thus

upon setting 7 = —1 in Eq. (3.20), we have

s 26(1+ DA+ ) + AB2B+3) + 2]

a4 = 261+ 47)(1 + &) + A[(82 - 2) — B(L + 52)] (3.23a)
and
2 _ 26(L+ Y1+ ) + A[p(26 —3) + 2] 339

T a1+ AL+ E) + A2 - 2) + (1 + 7))
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Fig. 3.3 Plots of the quadrature variance Aa® versus 8 for r =0, & = 0.8, 7 = —1, and for different
g

values of the linear gain coefficient .

From Fig. (3.3) we note that a relatively better squeezing can be achieved for large
values of the linear gain coefficient A. And Fig. (3.4) indicates that the degree of

squeezing increases with the squeeze parameter 7.
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1B:§os.’oalos'g£ov'oéagbmo
Fig. 3.4 Plots of the quadrature variance Aa? versus 8 for A = 25, k = 0.8, = —1, and for

different values of the squeeze parameter .

Furthermore, we want to consider the case when half of the atoms are initially in
the upper level while the remaining half are in the lower level and when the upper and
the lower levels are coupled by a strong coherent light. Thus upon setting n = 0 in Eq.

(3.20), we have

2 2}%(]_ +ﬁ2)(1 1+ %2)62;* + Aﬁ2
and 2
2 _ _2(1+ (A4 e + 3457 (3.245)

T 21+ (1 + 8+ A+ BY)]
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Fig. 3.5 Plots of the quadrature variance Aa? versus 3 for r = 0, x=0.8, =0, and for different

values of the linear gain coefficient .

Fig. (3.5) or (3.6) indicates that the degree of squeezing increases with the linear
gain coefficient A or the squeeze parameter . We also note that a relatively better

squeezing can be achieved for very small values of .

18




Fig. 3.6 Plots of the quadrature variance Aa® versus 3 for A =25, x = 0.8, 7 = 0, and for different

values of the squeeze parameter .
3.2 Squeezing Spectrum
The squeezing spectrum of the output radiation is defined by {2].
S3U(w) = 2Re [ (3(8), 42 (¢ 7))es €7, (3.25)
where ss stands for steady state and
a5 (t) = alu(t) + dou(t), (3.26a)

a2t(t) = i(&iut(t) = Gout(t)). (3.260)

Making use of Eqgs. (3.26a) and (3.26b) along with

(A, B) = (AB) — (A)(B), (3.27)

19




one finds
(@58(t), G5t + 1)) = (@b (£)aoue(t + 7)) + (Bonr(B)ab(t + 7))
i(‘igut(t)&l.ut(t + T)) + (&out(t)&out(t -+ 'T))

F(8]0(8) & Gous (£)) (et -+ 7) & Boualt + 7). (3.28)

With the ald of
[a@),alt + 1)) = 8(r), (3.29)

one can put Eq. (3.28) in the normal order as
(@4(8), a5 (8 + 7)) = 8(7) + (Blue(t)ouelt + 7)) + (8ot + 7)0u (D))
:I:(a’iut (t)a’ttut(t + T)) + (&Oﬂt(t)a’ouf'(t + T))
F (ALt (£) & Gona (8)) (@hue (t + 7) £ Goua(t + 7). (3.30)
The c-number equation corresponding to Eq. (3.30) is

(@2 (1), a3 (¢ + 7)) = 6(7) £ {afut) e (t + 7)) + (eGus (B aoult + 7))

s (t + T)out(t)) £ {Cout () ou{t + 7))
Flague(t) £ Cout (£)) {0 (t + 7) £ oue(t + 7)) (3.31)

With the aid of (3.27) this can be rewritten as
(@3 (t), & (¢ + 7)) = 8(7) * (g “(t), a3 (¢ + 7)), (3-32)

where
ad(t) = cGu(t) £ coult). (3.33)

20




Substitution of (3.32) into Eq. (3.25) yields
Sg(w) = 2Re [ 8(r) 7dr £ 2Re [ (a3 (), o (L + 7)) €. (3.34)
It proves to be more convenient to rewrite the first integral in (3.34) as
236/ 8(1) e“"dr =/ d(r) e¥7dr —]—/ §(r) e ™7dr. (3.35)
0 0 0

Upon replacing = by —7 in the second integral, one readily finds

2Re /oo 8(r) e“dr = foo 5(t) e“7dr = 1. (3.36)
0

—0o0
On account of this result, Eq. (3.34) takes the form
o0 .
S9%(w) = 1+ 2Re / (a%t(2), a2H(t + T))es €7 drT. (3.37)
0
For a cavity mode coupled to a squeezed vacuurn reservoir, the output and intracavity

variables are related by

a3 (t) = VEas(t) — aims(t), (3.38)
where
aZ(t) = af () & aou(t), (3.39a)
and
i (0) = Z=([3(0) + Fa(0), (3.390)

with fr(¢) being the noise force associated with the reservoir. Therefore on aceount of

Eqgs. (3.38) and (3.4) the squeezing spectrum can be put in the form

S w) =14 ZNRG]Gm(ai(t)ai(t - 7))ss E47dr
F2v/kRe ]Om (o (8) it (E 4 T) Vs €7dT
:FZ\/ERe /000 (a’in:i: (t)a’i (t + T))ss T dr

+2Re '[0 (Qina: () Cins.(t + 7)}ss €7 dr. (3.40)
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Furthermore, the solution of Eq. (2.37a) can be written as
@it +7) = ag(t) e 4 e ]0 T4 1) £ f(E+)dr. (3.41)
Multiplying Eq. (3.41) by «a.{f) and taking the expectation value of both sides, we get
(@ (Bas(t +7)) = (0 (t)) €7
e [T (an (O 4+ 7)) £ (s O+ 7PN (342)

On account of the fact that the reservoir noise force at time t and a cavity mode variable

at an earlier time are uncorrelated, one can write
(s + 7)) = (s L+ ) =0, (3.430)
(a ()t + ) = (e ) S(E+7)) =0, (3.43b)
where we have made use of (3.4). In view of Egs. (3.43), Eq. (3.42) takes the form
(ox(Das(t +7)) = (L(2)) e, (3.44a)
With the aid of Eq. (3.9), Eq. (3.44a) becomes
(g (Doa(t + 7)}ss = (“211\—2:210) e T (3.44b)
Furthermore, multiplying Eq.(3.39b) by «4(t) and taking the expectation value of

both sides, we have

(ox(Bains(t+7)) = %( (e (O)fR(E + 7)) ok (e () fr(t + 7)), (3.45)

in view of the fact that the reservoir force at a time t and cavity mode at an earlier

time are uncorrelated, one can write
(@) St + 7)) = (o (N{FRE+ 7)), (3.460)

(o () fr(t + 7)) = (o (D)) (FR(E+ 7)), (3.460)
so that with the aid of Egs. (3.4), (3.46), Eq. (3.45) becomes

(Ct':{: (t)ami (t + 'T)) = 0, (347)
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Moreover, multiplying Eq. (3.41) by a;,+(¢) and taking the expectation value of
both sides, we find

(@int (st + 7)) = (Qune (s (t)) e+

+e AT /; A (s (O (E+ 7)) £ (Qme O F L+ ' Ndr,  (3.48)

so that with the help of (2.38) and (3.39b), we have

*A:‘:T e#r\;‘r

(Qint (o (t + 7)) = e—ﬁ(f;‘t(t)ai(o))e*ht 1 . (Fr(t)as (0))
—AFT gt ,
: 7 | e [(fé(t)f*(t’)) + {(f3(t) f(t’))]dt’
6*)\;7

+

VR /UT [<f}'é(t)f*(t + 7)) & (fr®F(E+ )

H{IHOSE+ ) + U+ 7] ar (3.49)
Assuming the noise force at time t does not affect the cavity mode variable at an earlier

times and taking into account the fact that

{(fr(£)) =0, (3.50)
we see that
{02 (0) fr(®)) = (ax(0)){fr(®)) = 0. (3.51)
On account of this result, Eq. (3.49) reduces to
—AxT ot ,
(@umses(t+) = S [ O ROF W) = GOSN
e T o7 '
o [T (Va7 £ ) e+ )

EHOS+7) + ([rOf + )] dr' (352
The noise force is a sum of the system and reservoir noise forces:
f(&) = frlt) + fs(t), (3.53)
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where fr(t) and fg(t) are the reservoir and system noise forces. With the aid of this,
(3.52) can be rewritten as

B—A:FT

VT fot O (O FR ) + () f5(0))

(s (Dag (t + 7)) =

L{HOIaE)) £ (a0 st
[T IR R+ 7)) + RO +77)
LR+ £ a(F3(E+7)
(RO I+ 7)) (O fs(E+ 1)
H{fa@)Falt 4+ 7)) + (Fr(E) st + ')dr' (3.54)

With the aid of (3.53), Eq. (2.32) can be rewritten as

e—A:FT

VR

(Fr(@)fr(®)) + (FrR@Ofs(E) + (s fr(t) + (fs(€)fs(t)) = ~206(t — 1), (3.55a)

A Q 02 0 02
_ A @ 3 DY AY SR
Y 23[ Pad (7) (1+ 472) T fee (27) (1 272)

Q?
—p® (1 - 7) ] By, (3.5500).

in which

Since the reservoir and the system noise forces are uncorrelated, we see that
) fs(t)) = (fr){fs(t)) =0, (3.56a)
(Fs@)fr(t)) = (Fs(O){Fr{t)) = 0. (3.560)

Thus Eq. (3.55a) reduces to

(TR frRE)) + {fs(t) fs(t)) = —208(t — 1), (3.57a)

from which follows

{(FfrR@)fr()) = eM&(t —t'), (3.57b)
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w12 (8) o+ (2) - 5)

-2 (1- 35 Jote -0 (3579

Moreover employing (3.53), Eq. (2.35) can be rewritten as

(R f®) + (frE)F5E) + (Fs(@)fR0) + (Fs()f3(0) = 208(t — 1), (3.584)

A Q2 30 30 K
_ (0) © (0) K
P=3 [p (1+ 1 2) + fre (47 ) Pac (27)] + 21\. (3.58b)

Using the fact that

in which

{(Fr(t)5()) = (Fs() fR(#) =0, (3.59)

we observe that
(frR(E) fR(8)) = 6Ot — t), (3.590)
Us@30) = 1 2 (14 05 ) 02 () =2 (55 ) -0 (o590

On account of Bgs. (3.56), (3.57b), (3.59a), and (3.59b), Eq. (3.54) takes the form
(i (st + 7)) = 2V/E(M £ N)e 5. (3.60)
Furthermore, on account of (3.39b), one can write

(Qtins () ina (t47)) = ,%[(fﬁ(t)f?%(HT))i(fE(t)fR(H'f NErO SR+ H R fr(t+T))],
(3.61)
so that using Figs. (3.57b) and (3.59b), one gets

(Qins (Dt (t + 7)) = 2(M = N)3(7). (3.62)
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Now with the aid of (3.44b), (3.47), (3.60), and (3.62), the squeezing spectrum can
be put in the form

oo f—2y42 ;
SPwy=1+ Qr;Re/(; (———i p) e AT gy
,_.F

9./kRe f T oVR(M £ N) ety
0
+2Re fo " oM £ NYS(r) 7 dr. (3.63)

Upon performing the integration and taking into account Eqgs. (3.14a), (3.14c) and
(3.17b}, we get

ST w)=1+4k(pFv) F —Ejf—% + 2N +2M, (3.64)
T AL
where
0Fo) = 5+ N) + 51+ D) 1 Cip 79 -1
A"4B [—E(Siﬁ)il] (3.650)
e+, (3.650)
and

de = 5+ lne— 6% 60+ 8+ 1= 8] (3.650)

Setting # = 0 and taking into account Eqgs. (2.8f) and (2.8g), we have

and 2
gout _. gar , 46(P+7) :2 TE\{{ A (3.66)
where 0
_ g(ezr 4 A(gsjﬁfz)(; iﬁ%‘”, (3.670)
prv="Ser oy - AL ) (3.670)

4 L+8e+5)
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,\_=f(1+2ﬁ(’4ﬁ(2"ﬁ2) )), (3.67¢)

2 1+ + &
_K 2A03
Ay = 2(1+ it +ﬁ2)). (3.67d)

Fig. 3.7 Plots of squeezing spectrum versus § for r =0, s = 0.8, 7 =0, w = 0 and for different

values of the linear gain coefficient .
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Fig. 3.8 Plots of squeezing spectrum versus 8 for A = 50, k = 0.8, w = 0, 1 = 0 and for different

values of the squeeze parameter .

From Fig. (3.7) or (3.8) we note that the degree of squeezing of the output mode
increases with linear gain coefficient A or the squeeze parameter r. In addition, both

figures show that there is almost perfect squeezing for small value of 3.
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4, PHOTON STATISTICS

In this section we wish to calculate the mean and the variance of the photon number

for the cavity mode under consideration.

4.1  The Mean Photon Number

The mean photon number can be expressed in terms of c-number variable associated

with the normal ordering as
(f) = (" (t)a(t)). 41
Making use of Eq. (2.39) along with its complex conjugate, we obtain
(o (t)e(t)) = A*(t){e" (0)(0)) + B*(){a(0)x(0)7)
+A)B()[{e*(0)) + (a™(0)))
+AG (e (0)F (1)) + (F*(H)e(0))
+B@)[(a(0)F (1)) + (F* (t)a*(0))
HEHOF (), (4.2)
where A(t), B(t), and F(t) are given by Eq. (2.40). Employing Eq. (2.30) together

with the fact that the cavity mode is initially in a vacuum state, one obtains

{a*(®)alt))y = (F*(O)F (). (43)
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On account of Eqs. (2.40c) and (2.40d}, we can write
(FHOFE) = ge f MEFO () () + (S ()
HFEVFE) A+ SV ) de”
pge O e [L I ) ) — (1S (O)
) — FENFE)]dlat”
+%6_(A““+” fot IR )+ (S ENSE)
—(F@ )W) - (S W)Ndrde”
%CH”” fo e [(fE)FE) = (F )
—(FE) @) + FENE)NdEdr”. (4.4)
Applying Eqs. (2.32) and (2.35), Eq. (4.4) can be put in the form

(F*R)F (L)) = (p — v)e 2t fo " e IS (" — ¢Ydt dt”

t 1 1
+(p — v)e A+ f IS )dt L. (4.5)
[

On performing the integration using the property of Dirac delta function

/ f II t” dt-’l f( ) (46)

one readily finds

" _|p—v g2t PHU o o
woro) = B a-em o [ a-enn. an
With the aid of Egs. (4.3), (2.37b) ,(2.17a) and (2.17b), the mean photon number of

the cavity mode at steady state turns out to be

_pla-p) —v(u—v)
o = = (u— v (18)
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4.2 The Variance of the Photon Number
The variance of the photon number for the cavity mode is given in the normal order by
An*(t) = (@%()a* (1)) + (@l (B)a()) — (@' (Dae)*. (4.9)
The c-number equation corresponding to (4.9) is
An?(t) = (o (Ha() + (@ (t)a*(t)) — (@' B)alt)). (4.10)

Since the stochastic differential equation for «(t) has the form given by Eq. (2.18) and
noise operator f(t) has the correlation properties described by Eqgs. (2.20}, (2.32) and

(2.35), « is a Gaussian variable. Therefore one can write (2]
(@ (t)a?(2)) = (@™ ()} (1)) + 2 (t)a(t)), (4.11)
s0 that Eq. (4.10) can be expressed as
An?(t) = ("N (@)) + (& (Ba(t)* + (" (t)a (D). (4.12)

With the aid of Eqgs. (2.39) and (2.40), one readily obtains

(P(t)) = [ngm”] (1 —e 2 — [%'—;ﬂ (1 —e 2, (4.13)

And at steady state

2000 — (o). P =v) —v(a—p)
<Of (t))ss = ( (t))ss = (q _ p)2 — (u _ 1))2 . (414)

Hence on account of Eqs. (4.12) together with (4.8) and (4.14), the variance of the

photon number for the cavity mode, at steady state, can be expressed as

+ ) (4.15)

A 2 =n? Mgs ftgs = .
Tas = Moo Moo 4 s = O — (ot 0)
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Fig. 3.9 Plots of mean photon number and variance of the photon number versus g for A =75, & =
0.8,

r=10

Fig. (3.9) shows that the mean photon number decreases as [ increases. We
also note that the photon statistics of the cavity mode under consideration is super-

Poisssonian.
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5. CONCLUSION

We have considered a three-level laser coupled to a squeezed vacuum reservoir and in
which the top and bottom levels are coupled by a strong coherent light. Employing the
master equation, for the cavity mode under consideration, we have obtained stochastic
differential equations. Applying the solutions of these equations, we have calculated the
quadrature variance and squeezing spectrum. From the plots of the quadrature variance
versus 77, we have seen that the cavity mode under consideration is in a squeezed state
for all values of 7 between zero and one and the degree of squeezing increases with the
linear gain coefficient or the the squeeze parameter. We have also seen from the plots
of the quadrature variance versus 4, when all the atoms are initially in the upper level
or when half of the atoms are initially in the upper level with the remaining half being
in the lower level and when these levels are coupled by a strong coherent light, that
the cavity mode is in a squeezed state for small values of 8 and the degree of squeezing
increases with the linear gain coefficient or the squeeze parameter.

Moreover, the plots of the squeezing spectrum versus # for n = 0 show that there
is almost perfect squeezing for large values of the linear gain coefficient or the squeeze

parameter.

33



In addition, applying the solutions of the stochastic differential equations, we have
calculated the mean photon number and the variance of the photon number for the
cavity mode. We see that the photon statistics of the cavity mode is super-Poisssonian.

Fig. (3.9) shows that the mean photon number decreases as J increases.
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