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Abstract

In this thesis we first give a Lagrangian formulation of the gauge theories QED
and QCD. We derive the Feynman rules for QCD . AS an application of the rule, we
first present the calculation of cross section for the process q-+q — g-+g as a mathematical
preliminary. We then derive the 2-particle Bethe-Salpeter equation. Then we evaluate the
cross section for the production of double heavy quarkonium production in high energy
electron-positron collisions at the center of mass energy /s ~ 10.6 GeV. The cross section
for the process of eTe™ — J/1) + 1. at the stated energy has been calculated by applying
the two-particle Bethe-Salpeter wave equation. We have used the heavy quark limit
and calculated the cross section for the lowest order diagram. The results are in broad

agreement with the Belle’s data available recently.
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Introduction

The study of elementary particles and their interaction has brought about a better un-
derstanding of our universe from sub-nuclear scales to cosmological scales. There are
four fundamental interactions observed in nature: gravitational, electromagnetic, weak
and strong nuclear forces. The electromagnetic interaction is mediated by the exchange
of virtual photons. The weak nuclear interaction is responsible for beta decay and the
exchanged particles are W+ and Z, . For the strong interaction between quarks, the

exchanged particles are gluons.

The theories that describe electromagnetic, weak nuclear and strong nuclear in-
teractions are Quantum Electrodynamics (QED), the theory of Glashow, Weinberg and
Salam (GWS theory),and Quantum Chromodynamics (QCD), respectively. It can be seen
that fundamental particles have been classified based on their response to these interac-
tions as well as their structure. The two main groups are hadrons and leptons. Hadrons
experience all four the fundamental forces and they are composite particles while leptons
do not experience the strong force. The particles which mediate the different forces are

generally called gauge bosons.

The main focus of this study is the derivation of the cross section of double heavy
quarkonium production in high energy in electron-positron collision by using the two-
particle Bethe-Salpeter wave equation. The word quarkonium refers to the quark anti-

quark bound states. Quarkonium physics is still an interesting research topic while the



first quarkonium state, J/v, has been discovered for about thirty years. Due to its ap-
proximately non-relativistic nature, the description of the heavy quark and anti-quark
system is one of the simplest applications of QCD. The interplay of perturbative and non-
perturbative Quantum Chromodynamics(QCD) happens in the quarkonium production
and decays, which can therefore stand as probes in investigating the non-perturbative

nature of QCD.

It is widely expected that the B factories would provide clearer information about
quarkonium production. The B-factory experiments recently reported their measurements
on the prompt charmonium production at eTe™ colliders at /s = 10.6 GeV [1 2, B]. To
one’s surprise, both their inclusive and exclusive measurements have big discrepancies
with theoretical calculations [4], 5] [7]. Among the puzzling features of the B-factory data,

in particular, the total cross section of the exclusive
et +e — J/Y +n. (0.0.1)

process is found to be about an order larger than theoretical predictions |7, [8, 9.

The remainder part of this paper is organized as follows. In chapter 1, the high light
of quantum electrodynamics is given. Under this chapter both the global and local gauge
invariance of the quantum electrodynamics(QED) Lagrangian(Lggp) is proved based on
U(1) gauge transformation. In chapter 2,a brief explanation of quantum chromodynam-
ics(QCD) including Feynman rules for QCD and invariance of the QCD Lagrangian both
under global as well as under local SU(3),. gauge transformation is given. At the end of
this chapter the cross section for quark antiquark pair annihilation into two gluons i.e, for
the process

q+q— g9 (0.0.2)

is calculated by applying the Feynman rules for QCD merely as a mathematical prelim-
inary. In chapter 3, more attention is given to the derivation of Bethe-Salpeter wave

equation for two bound particles. In this chapter we also derived the hadron-quark vertex



function for quark antiquark bound states which plays a crucial role for the calculation
of the cross section in the next chapter. In chapter 4,we calculated the cross section for
double heavy quarkonium production in high energy in electron-positron collisions by ap-
plying two-particle Bethe-Salpeter wave equation. In the process of the calculation,most
of the terms involved in the calculation are derived by following step by step reasonings
and by using reasonable approximations. Conclusion and interpretation of our results are
given in chapter 5. Finally in the Appendix,relativistic notations,four-vector formalism,

Dirac algebra of gamma matrix and trace theorems,and so on are given.



Chapter 1

Quantum Electrodynamics(QED)

Quantum electrodynamics, or QED, [11] is a quantum theory of the interactions
of charged particles with the electromagnetic field. It describes mathematically not only
all interactions of light with matter but also those of charged particles with one another
trough mediation of carrier gauge field. The development of QED theory was essential in
the verification and development of quantum field theory and it allows physicists to predict
how subatomic particles are created or destroyed. QED is the merger of special relativity
quantum mechanics and theory of electromagnetic field. QED is a gauge-invariant the-
ory because its predictions are not affected by variations in space or time. The practical
value of QED theory is that it allows physicists to make calculations regarding the ab-
sorption and emission of light by atoms,electromagnetic moments, Lamb shift,scattering
cross-section, etc. In addition, QED provides very accurate predictions regarding the
interactions between photons and charged atomic particles such as electrons. Thus it
predictes accurately almost all processes involving charged particles. As quarks, gluons,
and other subatomic particles became known, QED became increasingly important in
explaining the structure, properties and reactions of these particles. QED, also known as
the quantum theory of light, eventually became one of the most precise, accurate, and well
tested theories in science. QED predictions of the magnetic moments of some subatomic

particles, offer results accurate to eleventh place of decimal.
4



1.1. GAUGE THEORY QED 5

1.1 Gauge Theory QED

Gauge theory is a field theory in which the fields and potentials are described by a
symmetry group (the gauge group). A gauge theory arises when a particular symmetry is
imposed on a theory even when the parameter labeling the symmetry is allowed to vary
over space-time.

The earliest physical theory to have a gauge symmetry was classical electrodynamics,
the theory of electricity and magnetism originated by James Clerk Maxwell. It turns out
that electrodynamic theory is invariant under redefinition of the electrostatic potential,
which corresponds eventually to the law of conservation of electric charge. The mathe-
matics of gauge theories was not fully developed, however, until the early 20th century by
the German mathematician Hermann Weyl. In quantum theory, for example, the phase
of the wave functions describing a system can be changed by an arbitrary amount with-
out altering the physical content or structure of the theory, provided that all the wave
functions are changed in the same way everywhere in space. To gauge this symmetry the
phase change is allowed to vary over space-time. In order to maintain this as a symme-
try of the theory, it turns out that the electromagnetic force must be introduced. Thus
quantum electrodynamics (QED) is an example of a gauge theory.

In a gauge theory there is a group of transformations of the field variables (gauge
transformations) that leaves the basic physics of the quantum field unchanged. For ex-
ample the Lagrangian,electric field(E),magnetic field(B),electromagnetic field strength
tensor £, and so on are invariant under gauge transformation, A,(z) — A,(x)+ 0,A(z).
This property, called gauge invariance, gives the theory a certain symmetry, which governs
its equations. The classical theory of the electromagnetic field, proposed by Maxwell in
1864, is the prototype of gauge theories, though the concept of gauge transformation was
not fully developed until the early 20th century by Weyl. In Maxwell’s theory the basic

field variables are the strengths of the electric and magnetic fields, which may be described

AAU, July 4, 2010



1.1. GAUGE THEORY QED 6

in terms of auxiliary variables (e.g. the scalar and vector potentials). The gauge trans-
formations in this theory consist of certain alterations in the values of those potentials
that do not result in a change of the electric and magnetic fields. This gauge invariance
is preserved in the quantum theory of electromagnetism called quantum electrodynamics,
or QED. Modern work on gauge theories began with the attempt of Chen Ning Yang and
Robert L. Mills (1954) to formulate a gauge theory of the strong interaction. The group
of gauge transformations in this theory dealt with the isospin of strongly interacting par-
ticles. In the late 1960s Steven Weinberg,Sheldon Glashow, and Abdus Salam developed
a gauge theory that treats electromagnetic and weak interactions in a unified manner.
This theory, now commonly called the electroweak theory, has had notable success and is
widely accepted. During the mid-1970s much work was done toward developing Quantum
Chromodynamics (QCD), a gauge theory of strong interactions between quarks. For var-
ious theoretical reasons, the concept of gauge invariance seems fundamental, and many
physicists believe that the final unification of the fundamental interactions (i.e., gravi-
tational, electromagnetic, strong, and weak) will be achieved by a gauge theory. The

Standard Model is also built out of a gauge theory.

1.1.1 U(1)Gauge Theory:

We start from the free Dirac Lagrangian,

£p = () (1,0 + m)(x) (1.1.1)

where () is the adjoint fermion field ¥(x) = 9(x)vs .This free Dirac Lagrangian is
invariant under a global U(1) gauge transformation. That is, the Lagrangian does not

change under the transformation
== ) (x) = eDy() (1.1.2)

where § is an arbitrary real constant. This means that 0,(i6)=0. It can be easily checked
AAU, July 4, 2010



1.1. GAUGE THEORY QED 7

that the the Lagrangian is invariant i.e,
Ly =£p. (1.1.3)

Since the transformation is global, the kinetic energy term of the free Dirac Lagrangian
is invariant as well since the derivative 0, doesn’t affect it.

However, the free Dirac Lagrangian is no-longer invariant, if the phase transformation
depends on space-time coordinate,i.e under local gauge U(1) transformation where § =

6(z). Under local U(1) gauge transformation the spinor field transformed as
U(x) = (x) = (). (1.1.4)

We can easily see that under this transformation, the Lagrangian transforms as,

£y = —(2)(i%,0,0())b(x) + £p (1.1.5)
which is not invariant. To make the Lagrangian invariant under local U(1) gauge trans-

formation some additional term which cancels 0,6(x) should be added to the Lagrangian.

£ = — (@) (0,00 + M) — ie A () b(@) (116)
This can be done by introducing a new spin 1 gauge field A, (z) which transforms as
Au(x) T A () = A (2) + iéa,ﬂ(x) (1.1.7)
and also by introducing the covariant derivative
D) = [0, — ieAu(@) (). (118)
Hence, the Lagrangian after transformation is
£ = (@) (D, + m) (z)
= = (2)e ", (8, — ieA,(x) — i0,(x)0(x)) + m)e’ @y ()
= — () (00 (2))(x) — () (1,0, + M) (x)
+iQ,0(x) Y (x) b (x) — ieAu(2) () yu(x)
= — () (0 + m)(x) — ie A, (2)P ()1 (2)

= £ = £, —ieA,(z)(x)y,(x) AAU, July 415610



1.1. GAUGE THEORY QED 8

which is then invariant under local U(1) gauge transformation. In equation (1.1.9)) the

second term that is
Lint = —iet(x)y,Au(2)1(2) (1.1.10)

represents the interaction Lagrangian. This is the Lagrangian for the interaction between
the electromagnetic field and Dirac particles(matter), where e is the coupling constant
that couples matter with electromagnetic field.

It can be checked that to make £p locally invariant we just have to introduce a

covariant derivative

D, =8, —ieA, (1.1.11)

where 0, — D, in £p. This adjustment of the derivative operator is called the minimal

coupling prescription. The term
Oy Di = v, Dy (1.1.12)

is invariant under a local U(1) transformation.

Thus the gauge principle generates the interaction between the Dirac field and the gauge
field A,(z). Note that the corresponding electromagnetic charge ‘e’ is completely arbi-
trary.

If one wants A,(z) to be a true propagating field, one has to add a gauge-invariant
kinetic term

1
£em(kin) = _ZFMVF,U,Z/ (1113)

where F),, = 0,A, — 0, A, is the electromagnetic field strength tensor. Finally,by intro-

ducing the gauge term, the invariant form of the QED Lagrangian becomes

Eap =~ Fou B~ 008) G+ m)() —ie Ay ()6 0(0) ~ L0, A (1110
where
Lin = _iFm/F;w (1115)

AAU, July 4, 2010



1.1. GAUGE THEORY QED 9

is the electromagnetic(kinetic) Lagrangian.

£Dirac = _¢<x>(7,ua,u + m)¢($) (1116)

is the free fermion Dirac Lagrangian and

Ling = —ieA,(2)(2)y, () (1.1.17)

is the interaction Lagrangian and 'e’ signifies the coupling constant between electromag-
netic field and matter. The total Lagrangian in equation and gives rise to the
well-known Maxwell equations. From a simple gauge-symmetry requirement, we have de-
duced the right QED Lagrangian, which leads to a very successful quantum field theory.
The QED predictions have been tested to a very high accuracy, as exemplified by the elec-

tron and muon anomalous magnetic moments a; = (g; -2)/2, where 1 = g;(eh/2my)[12]:

Qe = (115965214.0 & 2.8) x 10~'! (Theory)
= (115965219.3 = 1.0) x 10! (Experiment) (1.1.18)
a, = (1165919.2 £ 1.9) x 10~ (Theory)
= (1165923.0 £ 8.4) x 107 (Experiment) (1.1.19)

Thus we see that imposition of local gauge invariance on free Dirac Lagrangian

leads automatically to introduction of a certain gauge field A,(x) which transforms as
Au(x) — Al (z) = Ay(w) + 0, A(x) which would couple to free Dirac field in a mathemat-
ically self consistent manner where the charge ‘e’ now plays the role of coupling constant
between field and matter.

Thus this provides an example of how fundamental interactions are generated by
imposition of local gauge symmetry on a Lagrangian. We now extend this idea to quark

interactions in the next chapter.

AAU, July 4, 2010



Chapter 2

Quantum Chromodynamics(QCD)

QCD is a non-Abelian quantum gauge field theory for the strong interaction which
governs the structure and interactions of nucleons ,and is a generalization of quantum elec-
trodynamics (QED) to non-abelian gauge group SU(3). In QCD, the carriers of the strong
force are massless, electrically neutral but colored particles called gluons. The strength
of the interaction is defined by the strong version of the fine structure constant,called
the strong coupling constant . However, the coupling is not a constant,and runs with
momentum transfer Q2. The analogous quantity to electric charge is the strong charge
or color to strong interactions is what electric charge is to electromagnetic interactions.
There are three different colors and their corresponding anticolors. The name is inspired
by the fact that, in addition to the color-anticolor combination, the combination of all
three colors also results in a color neutral object. In contrast to QED, where the carriers
of the field are electrically neutral, gluons themselves carry color. The theory predicts
that forces between particles are very weak at short distances, a phenomenon known as
asymptotic freedom while increasing roughly linearly with distance at large separations.
As a result, only colorless objects are thought to be observable in isolation. This theory
postulates that quarks carry a color charge which comes in three varieties: red, blue,
and green. The interaction between these color charges is responsible for binding quarks

into colorless states such as hadrons, which are composed of three quarks each having a
10



11

distinct color. Such states are baryons. Mesons, which are composed of a quark and an
antiquark,one carrying a certain color while the other carries the appropriate anticolor.
The quanta of the chromodynamic force are called gluons. The QCD interaction is so
strong that it is thought to be impossible to liberate individual quarks from a bound
state. This hypothesis is called confinement.

Quantum chromodynamics(QCD) is a non-Abelian gauge theory with gauge group SU(3),

where the gauge field is coupled to fermions known as quarks.

Quarks are fundamental constituents of hadronic bound state systems. Quarks
are Spin—%particles and they are thought to carry a fractional electronic charge of :l:%
or i%. In addition to electric charge, quarks are thought to carry color charge. The
interaction of quarks via their color charge is thought to be so strong that quarks are
permanently confined in mesons(qq) or baryons(qqq) or antibaryons(ggq). Quarks come
in three families or generations. In the first generation there are the up(u) quark and
down (d) quark;in the second generation are the charmed(c) and strange quark(s); in
the third generation are the top(t) and bottom(b) quark. FEach generation is similar
to the preceding one except for being more massive. It is unknown if there are more
families or generations of quarks beyond those given above. The quarks transform in
the fundamental representation of the gauge group, which is three-dimensional, and the
gauge charge carried by the quarks is called colour. The number of colours is N¢ = 3,
and a quark can have any of three colours, usually called red(R),green(G) and blue(B).
Here when we say color it does not have any relation with the ordinary definition of
the color that we already know. The gauge sector consists of gluons which are massless
gauge bosons that transform to one of the eight generators A;...Ag of the S(U); gauge
group. There are therefore N2-1=8 gluons each corresponding to the eight generators of
the SU(3) gauge group.

Thus in the theory of Quantum Chromodynamics (QCD), the interactions between

quarks are mediated by eight massless vector bosons called gluons. However, a number
AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU; GAUGE THEORY 12

of complications effectively prevent the properties of hadrons to be predicted from QCD.
First of all, the theory is nonlinear due to gluon self-interactions, and it describes systems
that interact strongly enough so that perturbative methods are inapplicable at low ener-
gies. Only at the very highest energy scales, where quarks become asymptotically free and
the coupling between them small, can the predictions of perturbative QCD be compared
with experimental results. At low energies, the quarks interact strongly, are confined into
hadronic bound states and acquire effective masses. These constituent quark masses are
for the light u, d quarks of the order ~300 MeV. At present, the only way to analyze QCD
at a fundamental level is the method of “lattice QCD” simulations, where the properties
of hadrons are probed by means of numerical Monte Carlo algorithms. Although much
progress is being made in the development of more efficient algorithms and the inclusion
of dynamical fermions (unquenched lattice QCD) into the simulations, the applicability
of such methods is still limited by the huge demands on computing power. In such a
situation, it is natural to attempt to understand the properties of hadrons by means of
effective theories and phenomenological QCD-motivated models. The physical motivation
of such an approach is that the fundamental degrees of freedom of QCD are quarks and
gluons, whereas low-energy experiments observe hadrons, which at least at long range
interact by Yukawa-type meson exchange. It is, therefore, a reasonable expectation that

the low-energy properties of QCD can be described in terms of an effective theory.

2.1 Quantum Chromodynamics:SU; gauge theory

We denote a quark field of color a and flavour f by ¢ [10, 12} 13| [18]. The free Lagrangian

of the quantum chromodynamics can be written as

£o= =3 0510, + ) (2.1.1)
f

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU; GAUGE THEORY 13

where
vf
v = | B (2.1.2)
i
the flavour index f = 1,2,...6 corresponds to the up(u), down(d), strange(s), charm(c),

bottom(b) and top(t) quarks in order of increasing mass. And

OF = (W) (2.1.3)

is the adjoint quark field. The quark masses vary quite drastically from the very light
up and down quarks that have masses of the order of a few MeV, to the very heavy top

quark, whose mass is around 175 GeV, i.e., almost 200 times heavier than the proton.

The free Dirac Lagrangian in equation ([2.1.1)) is invariant under an arbitrary global

SU(3). transformation of the quark field. The transformation of the field is
v — (W§) = Uy (2.1.4)
Since, ¢ is a 3 X 1 column matrix. U should be a 3 x 3 unitary matrix ,that is

U'U = UU' = 1and det(U) = 1 (2.1.5)

Any unitary 3 x 3 matrix U can be expressed as
U=eH (2.1.6)

where H is a 3 x 3 Hermitian matrix which can be expressed as a linear superposition of

a unit matrix 1 and eight 3 x 3 Gellman-matrices A;...\g. Thus we can write it as
H=10+0,\, (2.1.7)

where © and 0, are arbitrary parameters.

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU; GAUGE THEORY 14

Now consider an SU(3) global gauge transformation on ¢ (z) i.e

v — (WF) = Ugyy and

U= exp(—igs%%) (2.1.8)

where \*(a = 1,2, ..., 8) represents the generators SU(3),. algebra, gs is the strong coupling
constant and 6, are arbitrary parameters. The matrices \* are traceless and satisfy the

commutation relation
(A, \0] = 24 fabe e (2.1.9)
where f9%€ is the structure constant of SU(3)., which are real and totally antisymmetric.

To make the Lagrangian invariant under local SU(3). gauge transformation the

derivative has to be replaced by the covariant derivative as

Dyipy(z) = [0, — igsgAu(l’)a]wf(x) = [0 — igs Au(@)]ths (2) (2.1.10)
where
Aa
A, (z) = ?A#(J:)“. (2.1.11)

The covariant derivative is transformed as

Dyipy(z) — (Duipy(x)) = U(Dyuipy ()
= [0, — igsAu(2) U () = U[0,, — igsAu(2)]ts(2)
= 0,U — igsA,(x)U = —ig;UA,(x)

S A2 = UA (@)Ut = L (0,00 (2.1.12)

s

Here the non-abelianess of the SU(3) matrices makes the gauge transformation of the gluon
fields more complicated than the U(1) gauge transformation in QED which is abelian. The

corresponding field strengths in QCD is given by

7 ) A\
Guw(z) = —[D,, D)) = 0,A, —0,A, —igs[Au, A =

" 5 Ghul@) (2.1.13)

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU; GAUGE THEORY 15

where

GZV ($) = auAV - auAu =+ gsfabcAZA,c, (2.1.14)

showing the self coupling between the gauge(gluon) fields in contrast to QED where
gauge fields do not self interact. Under local gauge transformation the field strength is

transformed as

G 229 (@,) = UG, U (2.1.15)
We can thus show the invariance of free gluon field Lagrangian, £ = —%T’I’(G wGw)-

Its proof can be taken as follows

(@G, = TT(G;VUTUG;,,U“

=Tr(G,.G,UU)

= T7 (GG (2.1.16)

Substituting for G, from equation (2.1.13) into equation (2.1.16|) we obtain

1
Tr(GuGuw) = ZGZVGZVTT()\“)\“). (2.1.17)
But
Tr(A*\*) = 2. (2.1.18)

Then by substituting from equation (2.1.18]) into equation ( [2.1.17)) we see that the trace

is invariant. That is

THG. G) = Tr(GuGh) = ~G2 G (2.1.19)

pv " py 9w %

Thus the gauge field part of the the Lagrangian is invariant under local SU(3) transforma-

tion. By using the covariant derivative, the local invariance of the full QCD Lagrangian

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU; GAUGE THEORY 16

can be proved easily as follows.
- 1
bcp = — Z V' (v D}, +m)Y’ — §TT(G2”,G;W)
f
- 1
== UV (D +myp)UTUY — ST (G Gw)
f

. 1
- - Z fw(’yﬂ‘DH + mf)¢ - §TT(GMVG,UV)' (2120)
f

Decomposing the Lagrangian into its different components it can be written as

s 1 A a A a
£QCD = o Z dj(,yNDN + mf)’l?b - §Tr(7GMV7GuV)
f

- 1
= = S GOuDa + mg = SGL G TIN)
f
- 1
== (D +mp — GGl (2.1.21)
f
But
G, = (OuA] — éLAZ)Q + gsf“bCAZAfj. (2.1.22)
Then inserting for G, from equation (2.1.22)) into equation (2.1.21) the Lagrangian be-
comes
£ = — /s D _laAa_aAa AbAc abc
QCD — Z¢(7u M+mf)¢ 4[( Bty v M)_I_gs n Vf ]
f
X [(0,AL — 0, A7) + g AL A f*]
- 1
== Dy +mp)v = J[(0uA] = 0,40 + g ALALf(9, A7 — D, A7)
!
+g5 f (0, A% — 8,,AZ)A$A§ + g?fabcf“deAZAiAzAi] (2.1.23)
Substituting for D, from equation (2.1.10) into equation (2.1.23) we obtain the gauge
invariant Lagrangian of QCD as
7 . 7 a)\a 1 a a\2
Loop ==Y (1udu+mp) +ig, Y VALY = (0.4 — 0. 47)
f f
Js ¢ rabe a a 9s ade a a e
—ZAZAVf be(0, AL — D AL) — Zf 4(0,A% — &,AH)AﬁAV

2
_%fabcfadeAZAiAﬁAi' (2.1.24)
AAU, July 4, 2010
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In equation (2.1.24) the first term that is
- ZQZ(J;)(W/#&;L + mf)¢($) = £D
!

represents the Dirac Lagrangian.

The second term

Figure 2.1: Diagram for the interaction Lagrangian

. —a A
tgs Z ¢Au?¢ = £int
f
represents the interaction Lagrangian.

The third term that is
1 a a
— Z(a“A” — é?VAM)2

represents the free propagator.

Figure 2.2: Free propagator for gluon

The fourth and fifth terms

Figure 2.3: Self interaction among three gluons.

Js ¢ rabc a a Js ade a a e
- ZAZAVJC ’ (aﬂAu - ayA/,L)’ _Zf ¢ (aﬂAy - aVA,u)AZAV

17

(2.1.25)

(2.1.26)

(2.1.27)

(2.1.28)
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represent the self interaction among three gluons.

Finally the last term that is

Figure 2.4: Diagram for self interaction among four gluons.

2
. %fabCfadeAzAIC/AZAi (2129)

represents the self interaction among four gluons. The strength of these interactions is
given by the same coupling g, which appears in the fermionic piece of the Lagrangian. The
existence of self interactions among the gauge fields is a new feature that was not present
in the QED case. It seems then reasonable to expect that these gauge self-interactions
could explain properties like asymptotic freedom and confinement, which do not appear

in QED. Now we try to derive the Feynman rules for QCD in the next section.

2.2 Feynman Rules for QCD

The mathematics of quantum field theory have been distilled into a series of operations
called the Feynman rules. The rules can be thought of as prescriptions to describe all
manner of processes in quantum field theory and are embodied in a pictorial form, the
famous Feynman diagrams. The ultimate goal of Feynman diagrams is to compute ob-
servables like decay width,cross section,amplitudes,and etc,for various physical processes .
In quantum theory experimental predictions can be made by calculating the probability
amplitude that a process will occur. This remains true in quantum field theory, where we

calculate amplitudes for particle interactions such as decays and scattering events. The
AAU, July 4, 2010
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primary tool used to do such calculations is known as the S matrix. Any given physical
process can be considered as a transition from an initial state |i > =|a(ty) >to a final
output state we denote by |f > =|a(t) >. But here the main point is not , how the initial
and final states are represented. The main point is on how the Feynman rules are derived.
We first present here the derivation of Feynman rules for QCD.[13] [18]

1. External Lines:

(i).For an external quark with momentum p, spin s, and color ¢

Figure 2.5: Diagram for incoming and outgoing quarks

(ii).For an external anti-quark Where ¢ represents the color of the corresponding quark.

Figure 2.6: Diagram for incoming and outgoing antiquarks

(iii).For an external gluon of momentum p, polarization €, and color a,by including the

the color factor ap the Feynman rule can be given as

Figure 2.7: Diagram for incoming and outgoing gluons

2.Quark Propagators: The propagator of the the quark and anti quark in momentum
representation can be derived by applying Dirac equation to Green’s function of Dirac
operator as,

(740, +m)Sp(x) = —id™W (x). (2.2.1)
AAU, July 4, 2010
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Quark-antiquark ( *— 75— )

Figure 2.8: Free propagator of quarks

But the Greens function of Dirac operator can also be found by Fourier transformation

Si(x) = / %eiq-wsF<q>. (2.2.2)

By operating on both sides by Dirac operator we obtain

(10,4 m)Se(a) = [ G+ m)erSp(o)

—i8® (x) = (ig + m)6® (z)Sp(q)

", —i(—ig +m)
Gluon propagators:
(“* G BV) o

Figure 2.9: Diagram for free gluon propagator

The free gluon propagator can be derived from the free gauge Lagrangian in the

QCD Lagrangian in equation (2.1.23|) by applying Lagranges equations of motion as

0L 0.
9, (—) = 0. (2.2.4)
0Aa a(9,Az)

Since in the free Lagrangian there is no Af, the partial derivative with respect to Aj

vanishes. That is

oL
DA = 0. (2.2.5)
Therefore,
oL
ay (m) — 0. (2.2.6)

Let the free Lagrangian £z be

Lap = [(OxA%)(05) — (OxA%)?]. 2.2.7
or = [(0045)(%5) = (9345)’] AAU, July 4(, 2013
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Then equation (2.2.6) can be written as

£
L A¢
O (a(auAfL)) 0.1(0:45)
+(05 A3 0 o) — 2(03A2)0un0,0] = 0

= [0 - 9,(0,A42%) = 0. (2.2.8)
However, under Lorentz gauge condition
d,A, =0. (2.2.9)

This implies that
202 _
242 =0, (2.2.10)
Taking the Fourier integral transform A,(x) we obtain

Au(z) = / (;iTq)ZleWAu(q). (2.2.11)

Substituting for A, (z) from equation (2.2.11)) into equation ({2.2.10|) we will get

— "0 Au(q) = 0. (2.2.12)
Now let
Cr = — "0y
(€ = B0 (2.2.13)
such that

= (Dr(q)) - (2.2.14)

So this is the free gluon propagator.
& propas AAU, July 4, 2010
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3.Interaction Vertices:

i) The quark-gluon vertex function: The quark-gluon vertex function is the function at

the gluon quark interaction point. That is _égs AaVu-

Figure 2.10: Quark-gluon vertex

ii) Three gluon vertex function:

Figure 2.11: Diagram for three gluon interaction

The Feynman rule for the three gluon vertex can be obtained from the fourth and fifth

terms in equation (2.1.23)) as follows.
oS AUAS(D,AY) = g, fupe ALAC(D,A2) + g, froa ASAL(D,AY)
+gsfcabAzAg(auAi) + gsfachzAl;(auAg)
+ 95 feba AL AL(OLAS) + Gs frac AL AL (0, AL) - (2.2.15)

To complete the above equation lets take those terms corresponding to a have momentum

k1 ,those with b have momentum ks and those with ¢ have momentum k3. And lets take

d4k ik.x
A, (z) = (271_)46 A, (k). (2.2.16)
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Then by differentiating we can write the above equation as

gsfa’b’c’AZAf/l(auAg/) = gSfabcAZA:i(ikluAg) + gSfbcaA;Ag(ikQMAl;)
+gsfcabAZAg(ik3uAi) + gsfachZAg@kluAg)

—i—gsfcbaAZAl‘f(ikgMAf,) + gsfbacAZAf,(ikgﬂAfj). (2.2.17)
In equation (2.2.17) fup is completely antisymmetric. That is

fabc = fbca - fcab

facb = fcba = fbac = _fabc- (2218)

So by using this antisymmetric relation and by taking the dot product of the terms with

the same indices it is possible to write equation (2.2.17) as

G Farer AU A (0, A%) = g fune [Ahr ) (A% A®) + (A% y) (A" AP) 4 (A% kg) (A.A%)]

—igs fabe [(A%J1) (A" A%) + (APk3) (A% A%) + (A% ko) (A°.AY)] . (2.2.19)
By simplifying the above equation we can write it in the form of

s e AU AS (0, AL ) = igs fure [AP. (k1 — k) (A°.A7)]

+igs fabe [AC. (ko — k1) (A% A%) + A (ks — ko) (A" A%)] (2.2.20)

Finally by removing the electromagnetic fields we can write the final vertex function for

three interacting gluons as

gsfa/b’c’AZ,Ail(auAg/) - Z.gsfabc [(kl - k3)V5up]
+igsfabc [(k2 - kl)péwj + (k?) - k2)u51/p)]

= _igsfabc [(k’g — k’l),j(gup + (k?l — krg)p(SW —|— (k‘g — k‘g)u(sl,p)] . (2221)

As it is shown in the diagram the gluon momenta k;,ks and k3 are assumed to point into
the vertex. If any of the momentum point outward from the vertex we have to change

the sign of the momentum.
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iii) Four gluon vertx:

2

4

To find all the terms which contribute to the vertex function for the four gluon

interaction lets take the fifth term in equation (2.1.23) fraofnecd — fnav fnear. All the

Figure 2.12: Diagram for four gluon interaction.

terms which contribute to the vertex function can be found as,

Fraw Froa AL AYAC AL = [ frab freaAl AL A AL

Ve Zatd Vil U

fnabfnchaAb AdAC

1l Zay Vs

fnba fnchb AaAd Aj

pl v tut

+ fnbafnchb ATAS Ad

e ey Vel

+ fncbfnadAC Ab Al Ad

[Vl ey Vel

fnbcfnadAb AC Aa Ad

pt vt tpt

fnbcfndaAb A Ad Al + fnacfnbdAa A¢ Ab Ad

[V Zatel Vil % [l Zalel Ve 7

+ fncbfndaAc Ab Ad Aa

ptvttptty

fnacfndbAa Aj Ad Ab

pl vt tut

+ fncafnbdAc AaAb Ad

Ve el Vel U

pt vt tpt e el Vel

fnadfncha AdAC Ab

Vil Vel Tl

+ fndafnbcAd AaAb A

[Vl Zaiel Vil 7

fndafnchd ALAS Ab

Vil Zatl Vil U

+ fnbdfnacAb AdAa A

Ve il Vil U

fndbfnacAdAb AT A

1l Zal VsV

+ fnbdfncaAb AdAc A

e ey Vel

fndbfncaAd Ab Al A7

[Vl Zatel Vil %

+ fncdfnabAC AdAa Ab

[l Zalal Vil 7

+ ]
+1 ]
+ ]
+1 ]
+1 ]
+ [frcafuanASALALAL + fraa fape AL ALAL AT
+1 ]
+1 ]
+ ]
+1 ]
+ ]

fncdfnbaAc Ad Ab Aa

Ve Zall Vil 7

+ fndcfnabAd Ac Aa Ab

ptvttptty

+ e fra ALAS A} A

(Ve Zaly Vil 7

2.
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Using the antisymmetric relation that is

fnab = _fnba andfncd = _fndc (2223)
and collecting the same terms together we obtain,
Fraw fooa AL AU ASAY = 2 fnap frca (ALALAC AL — AD AZAC AY)
b pa Ad Ac a Ab Ad Ac
+2 frab frcd (AuAVAuAV A#AVA#AV)
+2fnbcfnnad (AZAIC/AZAg AZAgAZAg)
+2fncbfrda (AL AL ALAL — AL AL ALAT)
+2fnacfnbd (AZAZAZAZ; AZAZAZA%)
+2 fracfba (AZAZC,AZAff AZAZAZA’;) . (2.2.24)

Taking the dot product of terms with the same indices it is possible to modify equation

(12.2.24)) as

Fraw fooa AL AV ASAY = 2 fnap frea [(A%.A9) (AP AT) — (AP.A%)(A".A%)]

+2fnabfncd Ab Ad Aa AC)

+2fnadfnbc Ab Aa AC Ad)

It

It

42 fradfrbe [(A° A% (AP AY) —

42 frae fuba [(AC.AT)(A2.A) —
[(

+2fnacfnbd Aa Ab AC Ad)

By adding the same terms together we will get,

a’ Ab pc pd
fna/b’fnc’d’Au AVAMAV =

4fnabfncd [(AG.AC)(Ab.Ad) —
+4 fraafave [(A7.A%) (A% AY) —

+4fnacfnbd [(Aa-Ab) (ACAd) —

(A% A%)(AP.A%)]
(A% A7) (AP A%
(AP A%)(A°.A%)]
(A°.AP) (A% A%)]

(A®.A)(A".A%)] (2.2.25)

(AP A%) (A" A%)]

(A° A%) (AP A%)]

(A% A)(A".A%)] (2.2.26)

AAU, July 4, 2010
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On inserting this result from equation (2.2.25)) into equation ([2.1.23)) and dropping the

gauge field terms, we get the contribution of the four gluon vertices i.e

_ggfna’b’fnc’d’AZ,AglA;,Ag, = —93 [fnabfncd(csa'yéﬁé - 5@6567)]

_g? [fnacfnbd((saﬁ(s'yrs - 5a55’vﬁ> + fnadfnbc((saﬁ(szs'y - 56ﬁ5a'y)] . (2227)

This is the vertex function for 4-gluon vertex.

4. Conservation of energy and momentum For each vertex ,we have to write a delta
function of the form (27)**(k; + ko + k3) where the k’'s are the three four momenta
coming into the vertex (if any arrow leads outward, we have to change the sign of k).
This factor enforces the conservation of energy and momentum at each vertex.

5. Integrate over internal momenta

For each internal momentum ¢, we have to write a factor

d*q

(2m)?”

6. Cancel the delta function. The result includes a factor

(27)*6*(pr + P2 + - — )

corresponding to the overall energy -momentum conservation.

7. Antisymmetrization. Include a minus sign between diagrams that differ only in the
interchange of two incoming (or outgoing quarks) or (antiquarks) or of an incoming quark

with an outgoing antiquarks (or vice-versa)[I§].

2.3 Quark-antiquark Pair annihilation into two gluons

(q+q — g+8)

As an illustration of Feynman rules for QCD, we calculate the high energy process
¢+ ¢ — gg merely as a preliminary exercise in QCD. In QED in pair annihilation of
electron positron into photons there are only two diagrams which contribute to the calcu-

lation of scattering amplitude. This is because in QED there is no self interaction among
AAU, July 4, 2010
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photons. However, in pair annihilation of quark-antiquark into two gluons in QCD, there
are three diagrams which contribute to the calculation of the scattering amplitude in lower
order. This is due to the self interaction of gluons with each other. The diagrams which

contribute to the amplitude can be given as shown in the following figure[I§].

Figure 2.13: Quark-antiquark pair annihilation diagrams.

The covariant matrix element corresponding to the 15 diagram is

M= 9(ps)ch (—igs%%> (€1ais) (w)

q®> +m?

. )\Ot * *
X <—2987%) (e5,05,) u(pr)c (2.3.1)

where ¢ represents the color and s represents the spin.

The internal momentum for the internal line(q) is given by

q=PpP1—Ps (2.3.2)
The four momentum p is also given by

p = (p,iE). (2.3.3)
Then

¢ +m?= (pl—p3)2+m2:pf+p§—2p1.p3+m2

(E2+E2) — 2py p3+m

P
I

+
+m E2—2p1p3, butp +m _E2
_|_

2 _op ps. 2.3.4
prps AAU, July 4(, 551
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By leaving the symbol (*) on gluon polarization vector and color states and by substituting

for ¢ +m? from equation (2.3.4)) and for q from equation (2.3.2) into equation ({2.3.1)) the

amplitude M; can be expressed as

igy o
= S0, P2 (a(=ip, + i, + m)fy ) u(pr)asatss(cBAsracr). (2.3.5)

My

Similarily by applying Feynman rules of QCD the amplitude for diagram 2 can be ex-

pressed as
_ . )\a I _Z(_Z + m)
My = 9(ps)ch <—29577u) (€3a3,) (q2+—gmg)
Mg -
X —zg57% (e4ya45) u(pr)e (2.3.6)
But here for diagram 2,
q = P1 — P4- (2-3-7)

By following the same procedure as for diagram 1 and making appropriate substitution
the amplitude for diagram 2 can be written in a simplified form as

;2
t9s -

M, = 8p1.p4v(p2) (¢3(—ip1 +ip, + m)¢4> u(p1)a3aa45(c£)\a)\gcl). (2.3.8)

Finally the amplitude for diagram 3 is given by

DY — 10500, .
M; = 17(102)0; (_ngf%) u(pr)c (%) (ngfaﬁw)

X {04 (=3 + Pa)x + Sua(—Ps — @) + Oxu(q + p3)o)(€3,030) (€araap)}  (2.3.9)
For this case q=p3 + ps.Therefore,
¢* = p3 + pi + 2p3.pa = 2ps.ps. (2.3.10)

This result is due to the condition that the gluon is massless.

—iq?
Ms = 17(]02)05 (4 Js )\5%50,\55»y>

P3-P4
X {[5/”(—]?3 + p4)>\ + 51//\(_2]74 - p3)u + 5/\u(2p3 + p4)u](Egag)u(pl)leaﬁve4Va4ﬁ>‘v)}

—i g
= 0(pa2) ( 4]?3 ;:) {es.€4(—p3 + pa)r + (—2ps.€3 — ps.€3)ear + (2pses + pa.€s)esn])}

X ((ISau(pl)clfaﬁ'V)\’Ya4ﬁ> . AAU, July (42%&113
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Thus by using the orthonormality condition €3.p3 = €4.p4 = 0 , we can drop two terms
from equation (2.3.11)) and then the amplitude for diagram 3 can be written in a simplified

form as

Mo = olpe) (T2 ) (s 00+ (2prcs)en + @meden))

X (a3au(p1)cl foaﬂv/\vaélﬁ)

= 5(ps) ( ~ig, ) {63.64(—p3 +p,) + (—2ps€s)f, + (2193-64)753)}

4p3.p4
X (u<p1)a3aa4ﬁfaﬁ'ycg)\'ycl> . (2312)

So, this is the general term and it is a little bit more complicated to evaluate. To

make things more managable let’s assume the case in which the initial (incoming particles)
are at rest [I8]. In other words this means the space components of their momentum is

zero. That is
pL=po=(0,iE) and ps = (P,iE) , py = (—P,iE). (2.3.13)
Then
pips =prpa = —FE* = —m?and pyps = —P> — B> = 2> = —2m’ (2.3.14)
here m is the relativistic mass. Meanwhile in the Coulomb gauge,

p3.€4 = —py.€4 = 0, and likewise py.e5 = 0. (2.3.15)

(N.B In the Coulomb gauge the time component of € is zero.) Thus by using these

assumptions we can write equation (2.3.12)) as

My = (giﬂ;) (ps) {63.64(—,@3 n p4)} (u(pl)agaaw famc£>\701> . (2.3.16)
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By using the assumption that we made for the center of mass frame case we can

write the amplitude M; given in equation (2.3.5) in a modified form as

M, = gs U (¢4ZZ’3¢3> Upy) agaa4ﬁ(02>\ﬁ)\ ). (2.3.17)

8m2

And in the same way we can write M, as
2

M= %6@2) (#sputa) ulpr)asaass(radsen). (2.3.18)

Thus we can find the total amplitude by linear superposition of M;, M, and M; as

2

Mtotal = M, + My + Ms = 89—17(192) (¢4¢3¢3> u(p1)a3aa4ﬁ<cg/\ﬁ/\a01)

8_ v(p2) <¢3¢4¢4) w(p1)azaaas(chaser)
( ) 63 ea(—p, +17?4)} <U(P1)a3aa4ﬁfaﬁvcg>\wcl)

= %amawv(pa)% (Lapfdiha + fgpyfdads] crulp)

g )
i a3aas50(p2)ch [ eea(—p, + P fas by | crulp). (2.3.19)

+

By considering that the orientation of our coordinates in such a way that the z-axis

lies along the P direction we get the relation

Py =m(a+73), P, = m(ys —73)

and p, — p, = —2m; (2.3.20)

where 73 is the component along the z-axis. By using the anticommutation relation for

matrices we can write

73[4}/}37!3 = ¢4(2€3'p3 - ¢dp3)
= —6%1%3}7)3 (2.3.21)

and

¢3}’j4¢3 = %3(254'174 - %4?4)

_ . 2.3.22
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On substituting these results into equation (2.3.19) we obtain, M;,u=M; + My + Mj

which can be written as,

2

Is _
Miotar = wagaawv(m)cg [_¢4¢3m(74 + 73))\gAa — ¢3¢4m(74 — ’73))\a)\,@} Clu(p1)
2
+Z_8?;2 a3aa466(p2)cg [63'64(_2m’)/3)f04,3’yA’y] Clu(pl)‘ (2323)

By using the relation

2ifapy Ay = [Aas Mgl
faf, = €364 +i(e3 X €4). %

fufs = €s.€a—i(e3 X €4).3 (2.3.24)

and simplifying equation (2.3.23]) can be written as

2

Miorar = g—gjagaaw@(m)cg (€3.€4{Aas g} 74 + (€3 X €4).X[Aa, Aglya) cru(pr)
2
8—;;;(13&@4517(192)0; (—€3-€4[ Ay Aglys — (€3 X €4).2 { Ao, Ag} 73) cru(pr)
2
8—:;5@3&@4517(192)0; (+€3.€4[ Ay Ag]y3) cru(pr). (2.3.25)

Simplifying the above equation we will get

2
Miotar = ﬁagaaw@(pz)c; (€3-€4 {Aa, Mg} a) cru(pr)

&m
2
8—$a3aa4ﬁ@(p2)c;z(63 % €0)- (Mas Asvs — Dy A} 3) crulpy). (2.3.26)
Where
g O
Y= (2.3.27)
0 o

and the curly brackets denote the anticommutator {A, B}=AB + BA.

Since the triplet states cannot go to two gluons, we can put the quarks in spin-0

(singlet). Then the amplitude becomes

My — M)

M= (2.3.28)
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G+G)
FOI' MTL s
v(pa)yau(p1) = 0
0(p2)Xysu(pr) = 2miz.
Since

My = =My,
we can write the amplitude obtained in equation ([2.3.28) as

2My,
R

Substituting these results into equation (2.3.26)) we obtain

M =

M = (63 X 64) {/\a, /\ﬁ} Cq

(30,043C
2\/—3 46C2
4

But

€3 X €4 = ik.
Substituting this result into equation ([2.3.32)) we obtain

—/2¢?

M = 1 > U045 (ik)ch { e, Ag} c1.

The color factor can be obtained as

1
f= gagaawc; {Aas Mg} .

g Clgaa43<63 X 64)ZC§ {Aa, Agter.

32

(2.3.29)

(2.3.30)

(2.3.31)

(2.3.32)

(2.3.33)

(2.3.34)

(2.3.35)

In particular, if the quarks occupy the color singlet state ,\/Lg(erL bb+ gg), then the color
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factor given in equation ([2.3.34) becomes

1
1 1
= gasaaw(—g(l 0 0){AasAs} |0
0
0
+1 ! {Aas As}
53045 —= s
G 45\/§(O 1 0) g1 |1
0
0
—l—l ! {Aas As} )
53048 —= a
g 4[3\/3(0 0 1) sr |0
1
! Tr (s As} (2.3.36)
= ——a3aa4517r { s, . 3.
8\/§ 3atl4p B
But
Tr {)\a, )\ﬁ} = 45&5- (2337)
Substituting this result into equation ([2.3.36]) we obtain
f 1 (2.3.38)
= (30040, - 3.
2\/§ 3altt4
Now the singlet state for two gluons is given by
i 1
|singlet) = %Wﬂ’%
1
(8) = 2v2. (2.3.39)

A3a040, = ﬁ

Inserting this result from equation (2.3.39) into equation ([2.3.38) we obtain

2
f= \/; (2.3.40)

For the ¢ + ¢ — g + g in the color singlet state configuration,with the quarks at

rest the amplitude is
— 4502
Y — (2.3.41)
V3 AAU, July 4, 2010
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Finally the square of the amplitude becomes

164?
M = s (2.3.42)
Finally the differential cross section is calculated as
do L1 ppinll, . 9
— = —|M|*. 2.3.43
/ dQ |, (47)% E5; |pinitl 4| | ( )
But
Eiot = Ey+ Ey =2m
| Pinit| = |Pyin| = 2m. (2.3.44)
Then the differential cross section will be
do 1 1 1
— | =M 2.3.45
/dQ om  (47)2 (2m)? 4| | ( )
By substituting for |[M|? from equation ({2.3.42)) into equation ([2.3.45)) we obtain,
/ do B 1 1 4g!
o |, (4m)2 (2m)? 3
4 g> 2
=— =] . 2.3.46
3(2m)? (47?) ( )
But the fine structure constant for strong interaction (QCD) is % = 5. Hence the
differential cross section becomes
do 4 7 og\2
— == ) 2.3.47
/ al.. 3 <2m> ( )
Finally the total cross section can be evaluated as
4 2 47
/daz—(%) / dQ
3 \2m 0
167 / ag \2
’ 3 <2m> ( )

So this is the total cross section for the pair annihilation of quark-antiquark into two

gluons.

After this we proceed to the next chapter and derive the Bethe-Salpeter equation
for two-particle interactions which we would use to calculate the cross section for double

heavy quarkonium production in chapter 4.
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Chapter 3

Bethe Salpeter Equation

The Bethe-Salpeter equation [I1], 14] describes the bound states of a two-body (particles)
quantum mechanical system in a relativistically covariant formalism. Examples of two-
particle systems described by the Bethe-Salpeter equation are positronium, bound state of
an electron-positron pair. The Bethe-Salpeter formalism is generally accepted to represent
the appropriate framework for the description of bound states within relativistic quantum
field theory. Within this formalism, a bound state is described by its Bethe-Salpeter
amplitude, which is defined as the time-ordered product of the field operators of the

bound-state constituents between the vacuum and the bound state.

In principle, this bound-state amplitude should be found as a solution of the homo-
geneous Bethe-Salpeter equation. However, apart from a very few special cases such as
the famous Wick-Cutkosky model which describes the interaction of two scalar particles
by exchange of a massless scalar particle the Bethe-Salpeter equation turns out to be
practically not tractable. One of the main reasons for this fact is the appearance of time-
like variables in the equation of motion. Consequently people usually consider some three
dimensional reduction of the Bethe-Salpeter equation. The most popular among these
three-dimensional reductions is based on the assumption that the interaction between
the bound-state constituents is instantaneous in the center-of momentum frame of the

bound state. The result of this is called the “Salpeter equation” or “instantaneous Bethe-
35
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Salpeter equation”. This equation may be formulated as eigenvalue problem for the mass
M of the bound state. Its dynamical quantity is the “Salpeter amplitude,” obtained from
the Bethe-Salpeter amplitude by equating the time variables of the involved bound-state

constituents.

To derive the Bethe-Salpeter equation first it is necessary to start from the one particle

Dirac propagator then generalize to the two bound state.

3.1 Two Particle propagator

We know from propagator theory that one particle propagator in an external field can be

expressed as an interaction series

K(x1,15) = Ko(21, 72) — 6/d4$3K0($1,$3)A(X3)(K0($37$2)
+(—6)2/d4$3KQ(I1,[E3)A(X3)K0(I3, $2)A(X4)K(l'4, ZL‘Q) + ... (311)

This is the propagator series eqn. for a one particle in an external field A, (x).

We now generalize the expression for the propagator obtained for one particle in an
external field to two-particles in mutual interaction consider two particles a and b. First
let’s take the condition in which the two propagating particles are freely propagating
simultaneously from space-time points x3 and x4 to space-time points z; and z5. In
this case their propagation can be sketched graphically as shown in the following figure.

Where p; and p, are the initial momenta at space-time points z3 and x4 respectively and

Figure 3.1: Ladder approximation diagram for two interacting particles[T].

P} and pj are the final momenta at space-time points z; and x5 respectively. Here in this

interaction there is an exchange of one quanta.
AAU, July 4, 2010
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The free 2-particle propagator given in the figure can be written as the product of

two single particle propagator as,
Koav (1, To; T3, 4) = koa (21, 73)kop (22, 74). (3.1.2)

To find the form of the propagator for these two-interacting particles, let us consider
the simplest case(Moller interaction, e~ +e~ — e~ 4+ €7).
Now let us consider the interaction between them be Coulomb interaction and the Coulomb

potential is

V=— (3.1.3)

where r,, = r, — 13 is the separation between them.

In eqn.(3.1.3) the Coulomb interaction potential is not in covariant form. To write
it in a covariant form first ﬁ has to be transformed in to momentum space by Fourier

transform. The Fourier transform of % is as follows
a

1 1

— . (3.1.4)
7| Ip|?
Therefore, the Fourier transform of ﬁ can be written as
1 1
(3.1.5)

—) —,2‘
[7a) (p1 — 1)
Still in eqn.(3.1.5)) the potential is not in its covariant form. Finally by using the property

of the Dirac v matrices it is possible to write this potential covariantly as

v C
(Pl - P’1)2
—1
V= —7362(?)’}/2 (3.1.6)

where q=(p; — p}). We then generate the interaction potential ey, A, obtained for the
one-particle Dirac propagator to two Dirac particles as ey, A, — —'yfjesz(xg, — $6>’YZ

where

-1 . ei4-(x5—6)
(27) 1 AAU, July 4, 2010
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is the photon propagator. To remove the singularity in the propagator when ¢* = 0, it

has to be modified as

D Y P 3.1.8
rlos =) = o [ ate (3.18)
where € is an infinitesimal real constant. By using this photon propagator the

propagator for the two interacting particles propagating simultaneously can be written as

K (1, x9; 3, 24) = Koa(x1, x3) Kop(3, 4)

—/d4x5d4x6K0(x1,$2;:1:5,:1:6)7262DF($5 —,CEG)’VZK(I'5,ZL'6;$3,$4). (3.1.9)
If we let —v4e?Dp (x5 — )7, = I(x5, 26) then eqn.(3.1.9) becomes

K(I1,$2;$37I4) = Ko($1,132;1’37$4)

+ / d4$5d4$6K0(ZE1, T2, Ty, IL’G)I(ZL'5, ZEG)K(JZ5, T, I3, l‘4). (3110)

Introducing another intermediate space-time point z7; and xg between points x5 ,r3 and
xg ,x4 the propagator for the simultaneous propagation from x5 to x3 and zg to x4 that

is K (x5, x6; 3, T4) can be written as

K(l’5,$6;$3,3§4) = Ko(l’5,$6;$3,$4)

+ / d*rrd* w3 Ko(xs, 26; 27, 28) (27, 18) K (17, 18 23, 74). (3.1.11)
Substituting for K (x5, z6; 3, x4) in eqn.(3.1.10) from eqn.(3.1.11)) we will obtain

K (1,295 23, 24) = Ko(21, 22; 23, T4)
/d4$5d4$6K0(5617372;375,$6)I($5,506)[K0(9U57136;$3,SC4)

+/d4:L‘7d4ng0(x5,x6;x7,x8)1(x7,x8)K(x7,x8;x37x4)] (3.1.12)

AAU, July 4, 2010
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Thus we can write

= K(x1,29; w3, 1) = Ko(21, 22; T3, 24)
+/d41’5d4$6K0(1’173725$571’6)[@5,1’6)[[(0(9557%6;%,1’4)K0($5,3U6§1’3>$4)
/d4x5d4x6d4x7d4x8[(0(x1,132;x5,x6)l(x5,x6)

+

X [Ko(xs, x6; w7, x8) I (27, 28) K (27, T8; 3, T4)] + ... (3.1.13)

This implies that if we continue introducing other intermediate space-time points and solve
for the propagators iteratively we will get the above series expansion for the propagator.

The expression obtained in eqn.(3.1.12)) can be represented graphically by adding a one

quantum exchange term graph to the initial graph as follows.

Figure 3.2: Graphical representation of the interaction kernel of two-particle bound system

3.2 Bethe-salpeter two-particle wave function

In non-relativistic quantum mechanics for a particle propagating from a space-time
point (7,t') to a space-time (7,t), if the wave function|[IT], 15] at (#,¢') is known, then

the wave function at (7,¢) is given by
V(7 t) = /d3FK(F,t;W,t’)¢(f’,t’). (3.2.1)

The above condition can be applied for the two bound particles propagating simultane-

ously from space-time x3, x4 to space-time point xq, x5. That is if the wave funcion of the
AAU, July 4, 2010
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bound system at x3, x4 is known, then the wave function at x1, x5 can be given as
P(xy, x0) = /d3x3d3x4K(x1,:cg;acg,m)w(xg,m). (3.2.2)
By substituting for K (z1, x2; 3, 24) from eqn.(3.1.10) into eqn.(3.2.2) we obtain
P(a1, 0) = /d3x3d3x4[Ko(x1,xz;563,964)
+/d4x5d4x6Ko(x1,x2;x5,xﬁ)[(m5,xG)K(x5,x6;xg,x4)]1/z(m3,x4)

= @/J(%, 902) = @/JO(Il, $2) + /d3$3d3$4d4$5d4$6K0($1, T2; 5E5,$6)

x (x5, x6) K (x5, x6; T3, T4) (23, T4). (3.2.3)

But
/d3x3d3x4K(x5,a:6;x3,x4)1/)($37x4) = V(zs,26)- (3.2.4)

On substituting from eqn.(3.2.4) into eqn.(3.2.3)) we obtain
77Z)([)31, 1}2) = ¢0(x1,i132) + /d4]35d41136K0(l'1, T9;,XIs, I6>1($5, I6>¢(l’5, ZEG). (325)

For two particles forming a bound state after propagation ¥y(x1, z9)=0. Therefore,

under this condition eqn.(3.2.5) will be reduced to
w(xl, 332) = / d4x5d4x6K0(3:1, T2, X5, $6)[($5, I’G)w(l'g,, 1'6). (326)

Multiplying eqn. (3.2.6)) from left by free Dirac operators on both sides we can write

Bethe-Salpeter equation(BSE) in coordinate representation as,
('Vualu + ml)('Yua?u +ma) (21, T2) =

(YuO01 + ma ) (7,02 + Mi2) /d4x5d4az6K0(:)31, T} Ts, Tg)

(x5, x6)V (s, ). (3.2.7)
Making use of

(’}/Malu + ml)Ko(l’l, IE5) = —2(5(4)(1’1 — l'g,)

Doy — M) Ko(2, 16) = —i0™ (29 — xg). 3.2.8
(1 = ma) Kol o) (22 = 0] AAU, July 4(, 514
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and substituting from eqn. (3.2.8)) into eqn. ([3.2.7) we obtain

(701 + M) (7,02 + ma) (21, 22) =

/d4l’5d4$6(—i5(4)(l’1 — x5))(—z5(4) (%2 — x6))1($5, Z'G)w(l'g), 1’6). (329)
Thus eqn[3.2.9 becomes
(VO + M) (V02 + M) (@1, 22) = —1 (21, T2)Y (21, T2). (3.2.10)

Let —I(z1,22) = K(x1,x5). Where k(xq,x2) is an interaction kernel. Then the BSE can

be written as

(YuO1p + M) (702 + M) (w1, 2) = K (21, 22)0 (21, T2). (3.2.11)

This is also another form of BSE in coordinate representation. Here this K (x5, z) is not
the same as the propagator.

Now let us consider the hadron moves with 4-momentum F,. In the center-of-mass
frame, the center of mass coordinate is given by

X = M (3.2.12)
mi + Mo

If we consider the condition m; = my = m then the center-of-mass coordinate becomes

X =1 _2”2 (3.2.13)
and the relative separation between the two particles is also given by
T =x] — Ty (3.2.14)
From the above relation we can get
Doy = 8%2 = %)(Tfai)‘( + 6‘%% = %8@ — Oup- (3.2.15)

AAU, July 4, 2010
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Now by using X and x we can write 1(z1, 2) as follows. That is

V(w1 20) = (X)W (x). (3.2.16)
Where
v 1 iP.X
(X)) = W@ ) (3.2.17)

Substituting for 1 (s, 4,) from equation ((3.2.17) into equation (3.2.11)) we will obtain

1 1 . .
(535 + Oy + m)(§3@ — Opp + m)e" X () = k(z)eT (). (3.2.18)
Differentiating with respect to 0z equation (3.2.18)) will reduce to
1 1
(25}’5 + Oy + m)(z§j}b — Oy + M) () = k(x)Y(x). (3.2.19)

where =7, P,. Here in the above equation equation (3.2.19) K () is taken as a function
of x only. This is by assuming that the interaction between the particles depends on the

relative separation between the two particles. Now by taking the Fourier transform of

¥(z) and K(z) as

_ 1 4 iq.x
w(l‘) - (27T)4 /d qe w(‘])
K(x) = ﬁ / d*ke™* K (k). (3.2.20)

Then by substituting from equation (3.2.20f) into equation (3.2.19)) we obtain

1 1 1 i
(Z§F + Oy + m)(z§P — Oy +m) @r) /d4qe e
1 iq'.x 1 ik .x
g | 4 g [
]_ - / !
y /d4qld4k/ez(q +k ):pw<q/)

= (i%}b + g + m)(i%}b — i + m)e' T g = (27)

(3.2.21)

Let K'+q¢ —q for a given value of ¢. Then d*k = d*q. Therefore, (3.2.21)) becomes

. 1 )
(ip, +m)(ip, +m) / d*qe’ ) = e / dqd' ¢ € k(g — ¢ )y

) , 1 / /
= (ip, +m)(ip, + m)vg) = 5 /d4q k(g — ¢ (3.2.22)
(2m) AAU, July 4, 2010
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where, py=3P+q and p,=3P-q.

Finally by using the fermion propagator eqn. (3.2.22)) can be writen as

-1 1 d4q’ L /
SF(p1)SF(pz)¢(q) = (¢g—q )@Z}(q')

(2m)*
B —1 —1 d4q/ 4 4 ’
= g = G+ ) i, ) / (27T>4d q'k(q, 4 )¢ )
(—i(=ip, +m)\ ([ —i(=ip,+m)
= g = ( (p? + m2) ) ( (p3 +m?) )
x / (Zﬂq) 7k(a, 4 )Y (3:2.23)

where S;(lpl) is the Dirac field inverse propagator. This can also be written as

i(—ip, +m)i(—ip, +m) [ di¢ /
Vi) = 3111 '7;22 /(27(1)4k(q’qw(q’) (3.2.24)

where A;=(p? +m?) andAs =(p2 + m?)are the inverse propagators for two fermion fields.

The four-momentum of the quark and anti-quark,p; and p, are related to the internal
momentum g, of the hadron and the four-momentum P, of the hadron by the relation[20,
22):

Prop =1m12B, £q, (3.2.25)
where 1m0 = [1 £ (m?M;;n%)]/Q is the Weightman-Garding(WG) definition of masses of the
conistituent quarks of the hadron.

For spinless quarks the Bethe-Salpeter equation is given by

i2m)* 12 00v0) = [ @ Kl0,0)0(0.0) (3220

Using the ansatz on bound state kernel which is assumed to depend on 3D variables ¢,
le

K(q,4) = K(4,) (3.2.27)

where the internal momentum g, is split into its transverse and longitudinal components

as

= (G,,iMo 3.2.28
% = 0, ) AAU, July(4, 2013
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where
e = q]-j_ljpu (3.2.29)
is the transverse component and
Mo — ‘]]'3—"; (3.2.30)

is the longitudinal component of the internal momentum g,. When we say the transverse
and longitudinal it is with respect to the total momentum of the hadron. As it can easily
be verified from equation (3.2.29) the transverse component g, is orthogonal to the total

momentum of hadron P,. That means

q.P

— EPM‘PM =q.P—qP=0. (3.2.31)

Qu-Ppu = qu-Byu

By using the above relations, the 4-dimensional volume element in momentum space

can be expressed as

d*q = d*¢Mdo. (3.2.32)
Substituting for d*q = d3¢Mdo from eqn. into eqn. (3.2.26) we will get
i2m)* o182 00v0) = [ & Kla.)Mdoolp. o) (323
By introducing a 3-D wave function
o(q) = /_Z Mdod(p,q) (3.2.34)
eq. can be written as
i)t 8182 8(pq) = [ PTK(0. o) (32.3)

Integrating both sides of the eqn. (3.2.35)) by ffooo d*¢Mdo¢(p, q) it can be reduced to

00 1 * Mdo ~ ~
/OO Mdog(p,q) = @ | oo, /d3q’K(q, ¢ )oq'
1

= 6(g) = i / P (q,4)H()

D(g)(2r)

= D(q)(27)°d(q) = /dgé’K(q,q’)iggg. . (3.2.36)
, July 4, 2010
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By comparing eqn. [3.2.35| and eqn. [3.2.36| it is possible to obtain the BS vertex function

as

where I'(§) is the BS vertex function [21] under CIA and

1 1 > Mdo
—_— = : 3.2.38
D(cj) 21 —00 A1A2 ( )

L [ Mdo

Tri J—o ayn, CAN be evaluated by contour integration in the

1 _
The value ofm =

complex o-plane.It can be carried out as follows.

1 1 > Mdo
D(q) a 21t J_ oo D1Do
1 o0 Md
;s:f/ S A (3.2.39)
2mi J oo (M7 + p7)(m3 + pi)

But interms of o ,A; and Ay can be expressed as [21] A;= w? — M?(o + %)2 and A=

w3 — M?(3 — 0)% Then

I 1 [ Mdo
D(q)  2mi) o (W — M2(0+ 5)?)(w) — M?(5 — 0)?)
1 e d
. / i id . (3.240)
2miM3 J_ o wi 1ygy/ w2 L )
(W—(UJFg) )5 — (3 —0)%)
Let
o d
I= / . ?
—c0 ;W7 1\2\/ @3 1 2
(W—(UJFg) )37 — (3= 0)?)
= 2mi Z(residues enclosed in the upper half-plane). (3.2.41)
The poles of the integration are at o = —% + % and at 0 = % + %2 Since the position of

the poles lie on the real axis, we have to shift the positions of the poles by introducing an

infinitesimal real constant e. Therefore,the position of the poles will be at o = —% +5Fie
and at 0 = % + %2 Fie. So the positions of the poles in the upper half plane are at
o= —%—%jtie and 02%—%4—@'6. Then the residue at o = —%—w—]\}+ie is

AAU, July 4, 2010
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Figure 3.3: Figure for contour integration over complex o plane.

1= lim
- U—>_—1—W—1—ze (O' + + wl )(O' + % - MI

—M3
2w1 (M + wy — wo) (M + wy + wy)’

+ +
@ N
_|_
iIH

€)((o — %—i—ﬁ#—ie)(a—%—w—]\j—kie)

= a_y = (3.2.42)

The other residue is at 0 = % — w—]\j + ¢e. That is

a_1 = hm ( %+WH_Z)
ool w24 (J%—%—F%—ie)(d—i—%—‘”ﬁ i€)((o — %+°"M+ ) )(a—%—“’—]\j—i-ie)
M3

20&)1(M +wp — WQ)(—M + wq + wQ)

Therefore, the sum of the residues becomes

M3 -1 -1
esidues) = +
Z(l’ i ) (M+W1 —WQ) <2u)1(M+UJ1 +WQ) QWQ(—M—FUA +C¢J2))
w1 w1
== M? -
(lewg[—MZ + (wl + w2)2] 20.)10.)2[—M2 + ((4)1 + WQ)2]>
— M3 1 1
== + . 3.2.44
(—]\42 + (wl + (.Ug)2) <2w1 2&)1) ( )

Finally the contour integration over the complex o plane becomes

omi M? 11
I= i ( + ) (3.2.45)

(—M2 + (w1 + w2)2) 2w1 2(4)1
and
1 B 1 2mi M3 1 L 1
D(q)  2miMB3(=M2+ (w; +wy)?) \2w; 2w
. w1 +wy)? — M?
:>D(Q) = ( IL Q)L
2w1 2w1
Dalé
= D(q) = L (3.2.46)

I
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where Dy(q) = (w1 +ws2)? — M?. But for the case m; = my = m, w; = wy = w eqn. (3.2.46
becomes

D(§) = w (4w® — M?). (3.2.47)

Substituting this result into equation (3.2.37)) we obtain the final expression for the

hadron-quark vertex function for case scalar quarks constituting the hadron as,

I'(q) = Mqﬁ(é)- (3.2.48)

271

We generalize this to fermionic quarks now. For the case of P-meson, the hadron-

quark vertex function is taken as

I'p(q) = v——9(d) (3.2.49)

while for vector mesons the hadron-quark vertex function is taken as

L@ = i) 2D () (3.2.50)

Hence in the next chapter applying this result and the two particle Bethe-Salpeter
wave function we can find the cross section for the production of double heavy quarkonium

production in high energy electron-positron collisions.

AAU, July 4, 2010



Chapter 4

Cross-section for double heavy
quarkonium production in high energy

e~ el collisions

Before we proceed to the the calculation of the cross-section, it is better to have
an idea of what cross section refers to. Cross-section is a quantity that provides the
information regarding the interaction in the scattering process. That is, based on the
available initial and final states of colliding particles, it tells the probability for a particular
physical process to take place. Note that this does not refer to the geometry of the target
particle, rather it refers to the effective area over which two or more particles interact

such that they make a transition from an initial state to a final state.

Different processes of the production and decay of heavy mesons consisting of heavy
b (bottom) and c¢(charm) quarks provide the means for revealing the role of the color and
spin dependent quark forces. The aim of many present experiments consists in the increase
of experimental accuracy that is important for the detailed comparison of different existing
theoretical approaches to the heavy quark problem. The exclusive production of a pair
of doubly heavy mesons with c-quarks in e"e™ annihilation has attracted considerable

attention in the last years. This is due to the fact that the cross section of the process
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et +e~ — J/1+ne which was measured in the experiments on Babar and Belle detectors

at the energy /s = 10.6 GeV has great dicrepancy with the theoretical predictions.

To reduce the discrepancy many efforts have been made. For example, as dis-
cussed in [§], corrections from pure electromagnetic interactions are introduced into the
non-relativistic QCD (NRQCD) factorization formalism. The next-to-leading order con-
tributions of strong interaction are taken into account in |24 25]. In [7],the authors take
into account corrections to the J/1 leptonic decay width and the scale dependence of the

leading-order prediction; etc.

Discussions given in [24] 25] suggest that to reduce the large discrepancy between
the experimental results and the theoretical predictions based on NRQCD for the process
e“et — J/1 + n. with the final state which is composed of two charmonia, large next-
to-leading-order (NLO) corrections may appear (the 'NLO’ contribution is about 1.8 to
2.1 times of the leading-order one). Including this large NLO contributions, their results
are close to the lower bound set by the Babar and Belle collaborations for the double-
charmonia production. The authors also indicate that including the relativistic corrections

can further enhance the estimated value.

In this work, by properly including relativistic effects, we try to calculate the cross
section for the process of double heavy quarkonium production e“et — J/¢ + n. by
applying the two-particle Bethe-Salpeter (BS) wave equation which we derived in the
previous (chapter 3). The BS equation is in principle established in the frame work
of relativistic quantum field theory. Therefore, it is supposed to include all relativistic
effects. Moreover, inorder to solve this problem in practice, one needs to take some
approximations such as the instantaneous approximation where part of the relativistic
effects are lost. However,in many cases, such loss is not that much significant. Inorder to
simplify the calculation we will use the heavy quark limit and the ultrarelativistic limit

throughout the process of the calculation.
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To calculate the cross section we will start by evaluating the scattering amplitude

and then finally we calculate the total cross section for the process as follows.

4.1 Amplitude for double heavy quarkonium produc-
tion

To find the cross-section for the above process, first we have to find the scattering

amplitude by applying Feynman rules to the following diagrams|26].

Figure 4.1: Diagram for vector and pseudoscalar meson production from e*e™ pair anni-
hilation.

M, — crlv(p2) (—iev,)u(p1)] / d'qa d'qy
! s (2m)% (2m)4
XTr[(—ieQvu)SF(—q3),(G)Sr(g2) 1 (da) Sr(—aq1)] (4.1.1)
where ¢y = N;];l = 9%1 = % is the color factor and +/s is the total energy.

Let

C = %[@<p2)(_iefyﬂ)u(pl>]' (4.1.2)

Then equation (4.1.1) can be written as

_ d4(]a d4(]b
M= ¢ / (2m)* (27)3
xTr[(—ieqyu)Sr(—=as) [p(Gs)Sr(g2) I(da) Sr(—aq1)]- (4.1.3)

The hadron-quark vertex function for p-meson (7.) is given by

_ 25Np Dy () () (4.1.4)
2 AAU, July 4, 2010
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and the hadron-quark vertex function for vector(.J/vy) vertex is given by

N i’V-ngDv(da)(bp(qAa)
Fv a) — - 4.1.5
(d) . (415)
where N, and N, are the normalization constants for the respective mesons.
The propagators for the three quarks are
1f. +my
o) = i (B )
qi +mj
—1q. + My
Sr(g2) = < 4, )
@ +m3
g, +ms3
Sr(—q3) = (%—) . (4.1.6)
3 +mj3

In equation (4.1.1) N,(Gb), Nu(da), Dp(Gs), Duv(da), ®p(Gb), ¢u(da) can be taken out of the
trace. By substituting the above results in equation (4.1.1) the trace term can be calcu-

lated as

Trl(~ieqy)Se( ) [0S (@) 00) ()] = 2o e s (000 (0

1 + ms —1 + Mo 1. + mq
xT'r {7/1 (%) 5 (%) (’}/.8) (%)} (4.1.7)
q3; +m3 q5 +ms5 qi + my

For the sake of mathematical simplicity we let

(4.1.8)

and thus equation (4.1.7) can be written as

TT[(_Z‘QQVM)*'S(F(_Q3)Fp(qAb)SF(.q2)Fv(qAa)SF<_q1)]. =
et (o) » (i) 09 (i )

- AIE;AS o {w”(i% + m3)75<_ig2 +ma)(7.€) (Zﬁl + m1)}

/

= A [=Tr(Vudyvodo2d,) + imaTr (Y, Vst f) — imaTr (Vg V574,

—mamoTr(Vud, v5¢) + imsTr(vuysd,id,) + mamsTr(v,754,¢)

—mamoTr (v, ys¢d,) + imimamsTr(v,75¢)] AAU, July 4(4210%
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where,
A= qf + m%
D= g5 +m
2 2
Since y5=71727374, in equation (4.1.9) only the trace over even numbered product of

matrices survive. That means the trace over odd numbered product of v matrices vanish.

So, in equation (4.1.9) only the trace over three terms survive. Therefore,

Tr{(—ieQyu)Se(=a3) (@) Sr(g2) () Sr(—q1)] = (Alf;AiS)

X {z’mlTr(%gS’yg)gQ;f) — imaTr(vud V58 d,) + imgTT(’}/H’}/5¢2¢gl>} . (4.1.11)

Since only the ¢ quark is present in both the mesons m; = ms = mz=m. Then equation

(4.1.11)) can be written in a simplified form as

Tr((—ieqyu)Sr(=a3)1p(4)Sr(42) o (Ga) Sp(—a1)]

— Aiﬂ;fA/S {Tr(wgg%gﬁ = Tr(vud,vs5¢d,) + Tr(%%%ml)} . (4.1.12)

But
V5 = V1727374 (4.1.13)

Then by using the commutation relation v57v,=—"7,75 equation (4.1.12) can be written in

the modified form as

Tr((—iequ)Sr(=as) () Sr(42)1o(da) Sk(—q1)]

— AZ:ZSZ?, {TT(%%%%? = Tr(vsVud #d,) — T?"(%%gzml)} . (4.1.14)

Now let a,,=(0, 1,0,0) where 1 represents the ;1 component of a. Then the above equation

can be written in terms of ¢ as

Tr{(—ieqyu)Sr(—a3)1p(d)SF(g2) 1 (da) Sr(—aq1)]
_imC {TT(%giggg?g—Tr(wgg%)—Tr(75¢g2¢gl)l}J. (4.1.15)

A1h2ds AAU, July 4, 2010
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But

TT(75¢%¢¢2) = 4€aﬂ'yéaabﬁc’yd5' (4116)
where €,4.5 is a completely antisymmetric tensor. That is

= +1if a, 3,7,0 are even permutation of (1,2,3,4)
€apre = —1 if @, 3,7, are odd permutation of (1,2,3,4) and

= 0 if any two indices are equal.

So by using the above relation the equation for the trace can be simplified and written as

Tr((—iequ)Sr(=as) () Sp(42)1(da) Sp(—a1)]

4im0/€>\
SV {61070837425 — €prralsyia = €uprad2pdia} (4.1.17)
108203

Inserting the values obtained for the trace part and by substituting for C’ from equation

(4.1.8) the amplitude can be written as

—4imeoCey [ d34, d3q, . . . .
M= (27:;2 / (27r)4M“dJ“ (27)4 Mydoy,Np Dy () ¢p(G6) No-Do(Ga) Do (da)
v ( €8BI D3v4928 — €pyrald3vdla — eyﬂ)\aq25q1a> ) . (4118)
[wiy = Mi (5 — o)2][w? — M2(3 — 02)?][wz — M2(5 + 04)?]

To integrate over the complex o plane let the other terms which are independent of o be

C"”. That is

—4imeQC'€,\ 1
(271')2 ((27T)8)<€uﬂ/6)\Q3’yq2ﬁ — €uyrad3yqia — EuﬁkaQQﬁqla)

X (NpDyp(G) $p(36) No Do (Ga) B0 (da))- (4.1.19)

C// —

Therefore, eqn.(4.1.18|) can be written as

1
M, =C" | Mydo, | Myd .
! / 7 / ’ "b<[w§—M5<§—o—b>2nw3—M3<§—o—a>2Mw3—M3<%+aa>2])
(4.1.20)

As it can easily be seen from equation (4.1.20)) the poles of the integration are at aa:%iﬁ

—1 w 1 w, . . .
, 0,——= £ £ and o0,=5 £ 2. By taking those terms which are independent of o, as
2 Ma 2T M AAU, July 4, 2010
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constant, the integration over o, can be evaluated as

>0 Myd >0 d
(/ v 2:/ L . (4.1.21)
oo Wy — My (5 — 00) 0o My( Sy — (L — a3)?)
b

Since the poles of the integration lie on the real axis of oy,it is possible to shift the

position of the pole by introducing an infinitesimal imaginary increment ie to the poles.

Therefore,equation (4.1.21)) can be written as

/Oo Mdeb d
_ — M2(5 — 0p)? oo My(op + 3 —l———ze)(ob%—%—;{—i—i—ie)
= I, =2mi Z ( residues in the upper half plane). (4.1.22)

The residue at this pole is

Figure 4.2: Digram for pole integration over o, complex plane

(O‘b—%—Fﬁb—ié)

a1 = lim ;
G i Mooy — 3 = 5 +i6) o+ 3 — 5 — )

1
_ 4.1.23
2o ( )

By substituting for the residue in equation (4.1.22)) from equation (4.1.23) the pole inte-

gration over the complex o, becomes

L= ——. (4.1.24)
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Similarily the pole integration over o, can be evaluated as

7 - /°° M,do,
—oo Mi[(00 — 5)? = 355)l(0a + 3)* — 3551

1 /°° do,
M3 [(0a — 3)% — 15][(0a + 3) — 3]

—00 B

= 27 Z( residues in the upper half plane). (4.1.25)

For this pole integration the poles of the integration are at o, = % + 47 and at o,

— Ya qg

_ 14 wa i -1
5 T e The residue at o, = 5 A

(O‘a—%—f—;\}—‘z—k)

a_y = lim : : - .
' ca—i—atic (0g — 3 + T —t€e)(oa — 1- T +i€)(oq + I- T tie)(oa + T+ T — e
B 1
(=5 (1 = 352)
M2
_ a _ 4.1.26
2w, (2w, — M,) ( )
. . . . _ 1 Wa
Similarily the residue at o, = —5 — i Is
_ (00 + 3 + 22 —ic)
a-1 = lim 1 w, . 1 w . - 1 w, : 1 w,
va——i-gatic (0o — 5+ £ —i€)(0a — 5 — 3 +1€)(0a + 5 — 3 Hi€)(0a + 5 + 37 — i€)
B 1
(—3)(1+32)
—M?
a (4.1.27)

- 2w, (2w, + M)

Finally the sum of the residues will be

. M? 1
Z(re&udues) = —
2wa —Ma + Qwa + Mot2wq

M 1
Cow, \dw2—M2)°

By substituting for the sum of the residues from equation (4.1.28) into equation (4.1.25)

(4.1.28)

the pole integration over o, will be

271 1
Ia - w (m) . (4129)
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Hence the pole integration over o, and o}, plane will be

> MydoyM, -7 271 1
—00 A1A2A3 N Wy Wq 4&)3 —Mg
27?2 1
= ) 4.1.30
WaWp (4w§ - Mf) ( )

Substituting for the result obtained for pole integration over o, and o, from eqn. [4.1.27]
into eqn. we get,

—4imegCey [ 27° 1 / d3q, d3qb ) .

M — v a v a
1 (27)2 (Wawb dw? — M2 (27) <2ﬂ_>4 NpDy(Gb)Pp(Gs) No Dy (Ga) P (Ga)
X (64787037028 — €pyraliv@ia — €uBrad2sdia) - (4.1.31)

Since the indices of the ¢'s in the above equation are independent the antisymmetric
tensor € can be taken out as a common factor by using the following rearrangement. That

is by renaming o — [ in the second term and o — + in the third term. Therefore,

—4imegCey [ 2m? 1 d3q, 3G, . .

M, = 7o N4 v\4a)Pv\Ya
1 (27r)2 (wawb 4wg —_ Ma2 /(27T) (27r)4 Ny p( )Cbp( ) (q )¢ (q )
X (€uyprI3v28 — €uABU37 018 — €pBryT281) - (4.1.32)

Then by using the relation

EuyAB = T E€uypBA

€upry 28 = €unpad2s (4.1.33)

and finally by taking the common factor equation (4.1.32)) can be written as

—4im6QC€)\ dgga dg(jb 272 1 R N R R

M - ND NUD’U a v a
1 (27)2 /(QW)AL 2m)* \ wawy A2 — M2 pDp () () (Ga)?0(qa)
X €~y BA (%ﬂzﬁ + a3vq1p — QQﬁqm) . (4.1.34)

The Bethe-Salpeter normalizers N, and N, for . and J/1¢ mesons respectively can

be taken out of the integral operators and equation (4.1.34) can be written as,
M= Tlmeoloyy, [ 44 Pl d3 2 ) Do(@)nl@) D))
1 — ( 4 wawb 4(,()2 o Mg P Qb P Qb v qa v Qa

X €y (CJquw + Q315 — qmqm) : AAU. July 4 (% 011%5)
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Since an integration is needed to obtain the amplitude and since the propagators of
the quark depend on the relative momenta ¢, and ¢, one can expect that the calculation
is very complicated. To simplify the calculation, we assume that the propagators of the
quark and the gluon are independent of relative momenta g, and ¢,. This simplification
is appropriate since the masses of heavy quarks are large compared with the relative
momenta,which are of order aymg . Then the momenta ¢}s (i=1,2,3)are large compared
with the relative momenta ¢, and ¢, . One may expect that, in the heavy quark limit,
the calculation without taking into account the relative momenta should be exact. So for
the heavy quark approximation, that is for the condition the mass of the quarks is much

larger than the internal relative momenta, we can take the relation

1
qip 5 ap + Qap = 5 ap
1 1
Qop = §Pau ~ Gap = §Pau
1 1
43y = 5 b 1 Qb = §Pbu- (4136)

Substituting from equation (4.1.36]) into equation (4.1.35)) we obtain

—4im6QC€)\
M, = WNPNUEH’YBA (

d3 Qa d3 (jb 277'2 1 . R . A
X/mwﬂﬁv&w)(%34@)%@WMWMM%@>

—4dimeqC 1 &g g (27 L

XDP((jb)¢p((jb)Dv(qAa)¢v<(ja)' (4137)

1
4

1 1
Py, Py + ZPMP“B — —PangW)

4

Substituting for D,(g,) and D,(q,) from equation (3.2.47)) into equation (4.1.37)) we will

get
—4imeQC€)\ 1 d3 Aa d3(jb 27T2 1
M, = — < __2N_N, -P. P
! 2m2z ' ? w6 (g P Fas) / 2m)* (2m)* \wawy ) \ 402 — A2
xwy (4wp — M7) dp(Go)wa (4w — M7) 6u(da)
—4imepC 1
= Ml = T)QQNPNU‘C:)\EH%B)\(ZPZWPM?)
Pga d*q X R
X / (2r) (27r514 (27T2) (4‘*}5 - sz) Gp(Gb) Do (Ga)- (4.1.38)
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Furthermore, due to the heavy quarks in the mesons, we will make use of approximation
M, ~ M, ~ M ~ 2m (4.1.39)

in the calculation of the cross section in this paper. Then the amplitude will be

—4imegCey 1
M = WNPNUGMWBA(Z vy Pag)
d3ga dSqAb 2 2 9 . R
- / (2m)* (2m)* (27°) (4o = M) 6(@)$0(da). (4.1.40)

The ground state wave function|20] ¢(¢) has a gausian structure and is expressed

as:

d(g) ~ =T/, (4.1.41)

The structure of § is given by

2 1 2 2 2
5 = (§quq/ﬁy )

2u)27C'0
214 4.1.42
Where
woy = 2Muwias(M?). (4.1.43)

Inserting for ¢,(gy) and ¢,(d,) into equation (4.1.40) we will get

—4imeQC'5,\ 1
M, = WNPNWEMB/\(Z

d3 Aa d3(§b 2 2 2 _A2/2B2 —A2/262
< [ )iy (27) (e = M) B
)t (2
_ “HimegC
(2m)?
d*q, d* A A
8 / (2m)4 (2 q)b4 (27°) (4(q +m?) — 4m?) o~ 5/26° o3 /257
m)* (2m
_ —dimegC
- (2n)?

d3 Aa d3qAb 2 I) _q2/2ﬁ2 _62/2:82
X 2n)i (20)7 (27%) (G5) e /27 e~ 9al2P" (4.1.44)

vapaﬁ)

1
NpNveAewW(ZLPbWPaﬁ)

NpNuereuyon (Lo Pas)
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Finally by substituting for C from equation then the equation for the amplitude

can be given by

M, = —(422';7;‘2362 % [ﬁ(m)(—f%)u(mﬂ Npst)\Gu’yﬁ)\(in'YPaﬂ)
8 / %% (27T2) (4@2 +m?) — 4m2) e~ 05/26% g=42 /25"
_ —;(6;:(;26@ [ﬁ(p2>(1u)u<pl)] N, Nyexeyin(Po Pag)
y / (dngq;l (d;’Tc}; (212) (§2) e /2 /20", (4.1.45)

So the result obtained in equation (4.1.45)) is the amplitude for diagram 1.

We now evaluate the amplitude for diagram 2 which can be evaluated in the same
way as for diagram 1. To obtain the amplitude for diagram 2 it is enough to evaluate
the trace part only. All the other terms take the same values they possess in diagram 1.

Therefore the amplitude for diagram 2 is given by

M, = cr[v(p2)(—iey)u(pl)] / dq, d*qy
J (2m)* (2m)*

XTr[(—ieqyu)Sr(as) (@) Sr(—a2)1o(Ga)Sr(q))- (4.1.46)

Where the trace part can be expressed as,

Tr[(—ieqYu)Sr(a3) Ip(Gy) Sr(—q2) I'v(Ga) Sr(q1)]

— <_i6QNpDP<Qb) p(gb)Nva(qAa)st(ga))
(2m)% D120

xTr {%(—igg +m)Us(g, +m)¢(—id, + m)} . (4.1.47)
Putting

O — _eQNPDp((jb)¢}EéqAb))2]Vva(qAa)¢v((ja) . (4148)
we get

Tr((—ieqyu)Sr(as)p(d)Sr(—a2)I(Ga) Sp(a)]

i
- Tr {7, (—id, +m)Ds(d, +m)¢(—ig, +m)}. (4.1.49)
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Expanding the terms in equation (4.1.49)) we obtain

Tr((—iegy,)Sr(as) Tp(Gs) Se(—q2) To(Ga) Sr(q1)]
B AlAgAgTT[_w“%F‘”’%Ml + 1 Doy f — mud Usdd, — im® ., Usf

+my, s, ¢d, + im2qu5g2¢ - im27uf5g2¢g1 + m3y,Lsé]. (4.1.50)

From the above trace terms only the trace of three terms will survive. Thus, we get

Tr[(—ieqYu)Sr(a3) p(Gy) Sr(—q2) I'y(Ga) Sr(qr)]

- Anggm (Tr(vugyTad,f) = Tr(vud,Dsfd,) + Tr(3uTad,fd,)) - (4.1.51)

By applying the relation
Yuls = =I5, (4.1.52)

we can write equation (4.1.51)) as

Tr{(—ieqyu)Sr(a3) L p(ds)Sr(—q2) [,(qa)Sr(q1)]

B Alzilagm (TT(FW%%@ — Tr(Tsvudyfe,) — TT(F57M912¢¢1)> . (4.1.53)

To write all terms in slashed notation,let

Yua, = ¢, where a, = (0,1,0,0) ,and 1 is the ; component.

Yalia = ¢,
Vp428 = 4,
Va3a = 4y
TN = §. (4.1.54)

By using the relation given in equation (4.1.16) we can write equation (4.1.53)) as

Tr(—ieqyu)Sr(gs) I p(Gs) Sr(—a2) To(da) Sr(qr)]
1C’
T Aibang

(46u7,3>\q3"/q26€)\ - 46,u,w)\aq376>\q1a - 4€uﬂkaq2,@6Aq1a) . (4155)
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Using the antisymmetric relation for e given in equation (4.1.33) equation (4.1.55) can

simplified as

Tr{(—ieqyu)Sr(a3) L p(ds) Sr(—q2) 1(Ga) Sr(q)]
4iC'm

= Aragn, O (23 + 431015 — D501y (4.1.56)

Inserting for ¢1, ¢ and g3 the approximate values given in equation (4.1.36) we obtain

Tr[(—iequ)Se(gs)[p(ds)Sk(—=a2)1s(da) Sk(qr)]

= —AlA?Ageu’Y/ﬁ/\E)\ (Z b’YPaﬁ + Z b’YPaﬂ — ZPaﬂPb’Y) . (4157)

It is possible to write equation (4.1.57)) in a simplified form as

Tr{(—teqgyu)Sr(as)p(Gs) Sk(—a2) 1 (Ga) Sr(qr)]
4iC'm 1

- -P,.P,s]. 4.1.58
ALhgng HINE <4 by ﬂ) ( )

We get the result obtained in equation (4.1.58) which shows that the trace part for the

amplitude of diagram 2 is the same as the trace part of the amplitude for diagram 1.

Since all the other remaining terms in the equation of the amplitude for diagram 2
are identical with their corresponding terms in the equation of the amplitude for diagram

1, we can easily conclude that the amplitude for both diagrams are equal. That is

—4imeQ 4_1 [@(pz)(_ie'y,u)u(plﬂ
(2m)2 3 s

></ @G _dg, (27r2) (4(@2 +m?) — 4m2) e~ 05/20% g—da /26"
(2m)* (2m) ’

M2:M1:

1
NpNvé)\EH,Yg,\(ZbeyPaﬁ)

== 32 (p2)<l#)u(p1)]NPNUE)\EMWQA(PbWPaﬁ)

(277) (G7) e~ /2% 212" (4.1.59)
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The total amplitude for the process ete™ — J/¢ +n. can be obtained by a linear

superposition of amplitudes M; and M, of the diagrams given in figure (4.1))as

M = M + My = 2M,;
—32meeq [0(p2) (V) u(p1)]
3(2m)? s

P4 d*q 2\ i 4
X/ (2m)? (27r)b4 (2n%) (G7) e~ /2% 7 0a/2", (4.1.60)

=M=

NpNoex€umpr (P Pag)

4.2 The total cross section

The unpolarized total cross section is obtained by summing over various J/1 spin

states and averaging over those of the initial states of eTe™ as [20],

1 —1
o= — VS 6m/ S [ Maggaad(cos0). (4.2.1)

327 53/2

spins

where the masses of the electron and positron are ignored in the calculation. This is
because of the masses of the electron and positron are much smaller than the masses of
the quarks. The explicit expression for the total amplitude can be obtained as follows.

S M= Y (—5(2277;;6@)2 (Mm)(v:)U(pl))Q xcrm P P

51,582,857 ,5% s1,82,87,5%
d3q, &g, 20 22\
x [ N,N, a 2712 (G2) e~ %/27" ¢~ a/2P 4.2.2
( 29 )t @y ) (@) e 422

where s, s9, 5], 5 are the spin states.

To find the square of the amplitude we first obtain the square of each term one by

one. For instance, the square of

Y @e)ue)* = Y [0(p2)a(y)asuler)s] [0'(p2)y(3)55u (p1)s]

51,852,587 ,55 51,582,587 ,5)
= > [aP)a(T)agv(p2)s] [0/ (02) ()0t (p1)s] (4.2.3)
51,82,8],8,

But

—iP. — M,
Z v(p2)?' (p2) = %Tdmé, where m, is the mass of the positron. (4.2.4)
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Substituting this result from equation (4.2.4]) into equation (4.2.3) we obtain

> @) (yulp)® =) IU(pl)a(w)a,@ (_%—_m) (7u)76ul(p1)5]

51,52,8),8% o1, 2me,
= 1 a2 ) )
51,8, e
=1 | (F ) o). (125)
But
Z o (pr)a(pr) = (—_szlnj me) 0s,s,, Wherem.is the mass of the electron.  (4.2.6)
51,8, e

Then by substituting this result into equation (4.2.5) we get

e 2me

but 7, = —,

e[ () ()

- 4%”2 [Tr(wg%pl) +iTr(up ) — imeTr(vwp,) + m?TT(%%)} L (4.2.7)

Since the trace for odd numbered v matrices is zero,from the above expression only two

terms servive. Therefore equation (4.2.7) can be written as

(@) )u(pr))? = 7 [TrOupyy) + miTr(n)]. (128)

e

To evaluate the trace of the v matrices leta,, = (0, 1,0,0) where 1 is the y component
and b, = (0,0, 1,0) where 1 is the v component of b. Thus we can write equation (4.2.8))

as,

(0p2) () = g

(Tr(dp,bp,) +m2Tr(3,0) (4:29)
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where ¢ = ~y,a, and b =~,b, . But

TT(W)Q%%) = 4 [(app2u) (buprv) — (P1P2)0pw + (aupp) (bup1v)]
=4 [pQ/Aplu) —(m ~p2)5/w + (plup2u)]

and Tr(y,v,) = 46, (4.2.10)

Substituting this result into equation (4.2.9) we obtain

1

(O(p2) () ulpr))? = — [D2up1v) — (P1-02)0 + (Prupav) + ME6,)
= % [P2up1v) + (Prupaw) = (Pr-p2 = M) (4.2.11)

Since p; and p, are the 4-momenta of the incoming leptons,lets introduce a leptonic

tensor L,,, where

iz

1
Lul/ = ﬁ [p?upll/) + (plupZu) - (pl-p? - mg)épu} . (4212)

e

The second term which should be evaluated explicitly is
(Eufyg)\e,\Pangfy)Q == E,wg,\e,,alm-G;eTPaﬁpb,yPappba. (4.2.13)

But
Z €xEr = Or- (4.2.14)

AT
This shows that eie, # 0 only if A = 7. Then by using this relation equation (4.2.13) can

be written as
(Eu,yg)\E)\Pang,y)Z = eu’yﬁ)\EUUpTPa,BPb’yPaprO" (4.2.15)

But the product of two antisymmetric tensors in four dimensions with one index in

common is given by

ExuyBEIVop = —04p0y00p0 + 04504080 — 0055050
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By plugging this result into equation (4.2.13) we obtain

€urr€vopr PapPoy PopPoc = [=01p0r0080 + 0004908y — 01049080 — 0o 0y0p0] Pap Poy Pap Lo
+[5W6w055p]Pa6Pb7PaprU
= [~ Pop P P? + PuyPo(Po.Py) Py + Py (Pa.Py) — 6, (P Py)?

+5;U/Pazpb2 - Pb,uPbVPaQ}- (4217)

Since P,; and Py are the hadronic 4-momenta of the outgoing mesons,lets derive

hadronic tensor H,, as,

Hy = [=PuuPu P} + PuPou(Pa.Py) Py + Py (Po.By) — 8,0, (Pu.By)?

+6,, P2 P} — Py, Py, P?]. (4.2.18)

By taking the dot product of Hadronic tensor in equation (4.2.18)) with the leptonic tensor

in equation (4.2.12) and simplifying we get

L,.,H

= % {=2(p1.P.)(p2-Pa) B + 2[(p1-Pa) (p2-Py) + (p1.Py) (p2. Pu)|(Pa-Po) }

nv

1
+—5 {201 B) (p2- P) By = 2m¢[(Pa. B)” — P B} (4.2.19)

where m, is the mass of the electron.

By choosing the center of mass frame we use the following kinematics of collision

process:

Figure 4.3: Two-body scattering in the center of mass frame.

p1 = (P, i) = (B,4E), p1 = (P2, iEh) = (=P, iE)

P, = (P,,iE,) = (P',iE"), P,= (P,,iE,) = (—P',iE' 4.2.20
( )= b Bo=(FhiB) = ( AXU, July(4, 500
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and we can also take the following relation by considering the angle between p; and P,
be 6.

p1.p2 = —(P° + E?), but p* = E* —m]. (4.2.21)

For ultrarelativistic collision,that is for £? >> m?2 we can approximate p? ~ E?. Then

using this relation equation (4.2.21)) can be written as
pr.p2 = —(p* + E?) ~ —2E% (4.2.22)
Similarily,the results for dot products of various momenta can be expressed as,

p1.Po = —EE' + E|P'|cost) p.P, = —EE' — E|P'|cosf
p2.Po = —EE' — E|P'|cos0, py.P, = —EE' + E|P'|cosf)

P,.Py=—2E*+ M? P?=-M?* P}=—M>. (4.2.23)

Inserting these results into equation (4.2.19) and simplifying we obtain

1
LuwH,, = — {8M?E*E™(1 + cos*0) — 8E" E*(1 + cos*0) + 8M*E"”m? — 8E"*m} .
m@
(4.2.24)
Finally, since E? >> m? we can write equation (4.2.24)) as,
1
L,H, = e {8M?E*E"™(1 + cos’0) — 8E°E"(1 + cos*0) } . (4.2.25)

Inserting forL,, H,, from equation (4.2.25)) into equation (4.2.2) we obtain

1 (32 2
> Moal= = (#) [SMPE?E”(1 + cos*0) — 8E*E" (1 + cos*0)}

’oot
$1,52,51,89

x | NN, / ol (27%) (43) e~ 45/2P° g=da /26 2
piVoy 9 )4 (271')4 b

T
1 210m262€2Q . ) - ,
= m2 (32(27r)432 ) {2M?E?E"(1 + cos’0) — 2E°E"(1 + cos°0) }
d3A ddqb " ) H ) 2
NNU a 42 *qb/Zﬁ 7qa/2ﬁ . 4226
" < ’ / (2 (amp (W)€ e (4.2.26)
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Now let
d qa _62/9232
e = N, / e 4a/28
@m)3"
d3 R
Wy = N Qb o2o=i2/20 42.97
P ) o(2r)? b

On substituting from equation (4.2.27)) into equation (4.2.26))we obtain

E 210m2e e%
_ R 2M2El2 1 _2El4 2 2 2'
( 22152 > { (1 + cos®0) (14 cos®0) } v2uy;
(4.2.28)

Plugging for >, o , | Mot |? from equation 1) into equation (4 the total cross

section can be written as
E? 1 /s—16m? [} 1 219%m>2e?ef,
m232r  $32 / 32(27)ts? :
x {2M°E"(1 + cos*0) — 2E"™(1 + cos°0) } 25 d(cost)
_ B 1 Vs—1em? [T (20mPeteg
m264r  s7/2 1 32(2m)*
{MPE"™(1+ cos®0) — E" (1 + cos®0) } 27 d(cosh). (4.2.29)

g =

To integrate over cosf), let y=cosf. For 6 from 0 to m, the corresponding limit for
y will be from 1 to -1. Then

1 \/5—16m2/ (210mee )

64 57/2 32(2m)4
E2
{m (MPE®(1+y*) — E"(1+ yz))} bydy

_ 1 Vs 1om? 2'%m2e%ed,
64r  s7/2 32(2m)4

E2 B 3 B 3
2 (el + S -l + 51 e

g =

m?2 3
_ 1 Vs —16m? 2'%m>2e%ef,
64r  s7/2 32(2m)4
E? 2 112 —2 14
— | M°E (—2+?)—E (— 2+—) Y2y (4.2.30)

e

So the final result for the total cross section will be

LR () 5 a0

327 s7/2 33(2m)4 m2 (EIZ(E/Q .wiwf (4.2.31)
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_+2

Since we are dealing with charm quarks with charge e, = e, thus by substituting

this value into equation (4.2.31]) we obtain

1 Vs —16m? [2'%m?e (%)
32r  §7/2 33(2m)4

o= ) [E—2 (E*(E” — M?))| ;. (4.2.32)

me
By using the fine structure constant in natural units (h=c=1),

Qe = — (4.2.33)

we can also write the result obtained in equation (4.2.32]) in a more compact form as

1 Vs —16m? <2l4m ) {EQ

7= 327 s7/2 3572 m?

(E*(E” - MQ))] V27, (4.2.34)

Substituting for M =2m into equation (4.2.34]) we get the total cross section

1 s —16m? (216m2a§m) {EQ
3572

327 57/2 m?2

g =

(E"* - 2E’Q)} V22 (4.2.35)

This is the analytical expression for total cross section for the double heavy quarkonium
production in high energy electron-positron collisions. Where m—mass of the quarks, m.—
mass of the electron, E=energy of one of the incoming(initial state) particles (electron or
positron), E’' =energy of one of the outgoing(final state) particles(.JJ/¢ or n.) and /s =
total energy of either the incoming or outgoing particles in the center of mass frame. In
equation (4.2.35)) ¥, and 1), can be calculated numerically by inserting appropriate values

of the input parameters in the expressions of 1, and .

We take the appropriate values of the input parameters calibrated earlier to mass
spectra of qg mesons in the calculation, m=1.5GeV, s=10.6GeV, N,=0.0168, N,=0.0121
Brp=0.501 ,3, —0.4388 ,we get the numerical value of the total cross section for the
process ete” — J/1) +n. =36.22fb.Our result is in broad agreement with the Belle’s data
for the same process oleTe™ — J/1+n.] > 25.6+2.84+3.4fb which has only recently been
available. This numerical result is obtained without incorporating the gluonic exhange in

the diagram.
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Chapter 5

CONCLUSION AND SUMMARY

In this thesis we first give a Lagrangian formulation of the gauge theories QED and QCD.
We derive the Feynman rules for QCD . AS an application of the rule, we first present the
calculation of cross section for the process q+¢ — g+g as a mathematical preliminary.
We then derive the 2-particle Bethe-Salpeter equation. Then we study the cross section
for the double heavy quarkonium production in high energy electron-positron collisions
through the process of ete™ — J/¢ 4 1. at the center of mass energy /s=10.6GeV in
the framework of the Bethe-Salpeter wave equation. The amplitude and the cross section
for the above process has been worked out rigorousily and the formula for them have
been explicitly obtained. Then by taking the appropriate values of the input parameters
calibrated earlier to mass spectra of q¢ mesons in the calculation and by making use
of the heavy quark limit, we find the numerical value of the total cross section for the
process ete” — J/1h + n. =36.22fb. We compare this value with Belle’s data for cross
section for the same process olete™ — J/i + 1] > 25.6 £ 2.8 £ 3.4fb. Our result is in
broad agreement with the Belle’s data which has only recently been available. The small
difference in the numerical results may be due to the fact that we have considered the
lowest order process. The incorporation of gluonic exchange in the diagram would make

the results more closer to the data.

69



70

For considering relativistic bound states, the Bethe-Salpeter equation which is firmly
rooted in field theory is a powerful tool to evaluate the scattering amplitude to get the
total cross section for the double heavy quarkonium production in high energy electron-
positron collisions. Since the equation is based on the relativistic quantum field theory,and
incorporates the results of summation over infinite ladders of one quantum exchanges
between the interacting particles, it is expected that almost all relativistic effects are
incorporated in the calculation. Furthermore, the covariant instantaneous approximation
ensures that the vertex functions I',(¢) and I',(¢) used have a wide range of applicabiliy

for a vast number of physical processes.
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Appendix A

A

A.1 Appendix A

A.1.1 The Units and relativistic notations

We used the units which are mostly used in most particle physics and quantum field

theory books.

c=h=1 (A.1.1)

In this system,
[Length)] = [time] = [energy]™' = [mass] ™" (A.1.2)
x, = (&, z4)where x,=it,7=7;,1=1,2,3. (A.1.3)

Here the indices i=1,2,3 represent the three spatial coordinates.

The covariant derivative 0, is given by

0 =~ 0
0y=—= —). Al4
In this representation the four momentum is given by
p=(p,iFE). (A.1.5)

For a massive particle in the representation for =1 to 4 we have the relation

P’ = buPp = _7%72 +p° =-m’ (A.1.6)
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In this representation

pu=p". (A.1.7)

A.1.2 The Dirac gamma matrices

I 0 0 —io;
0 —I o; 0

where o; represent the Pauli matrices and I represents a 2x2 identity matrix.
v=ni=1 (A.1.9)

The anticommutation relation for gamma matrices is

{’7}!7 ’YI/} = YuVv + YoV (A]_]_O)
and
VY = 20 (A.1.11)
The fifth Dirac gamma matrix which is derived from the other gamma matrices is given
by
I's = y1727374- (A.1.12)

=1 (A.1.13)

A.1.3 Trace theorems
Theorem 1. Trace of odd product of v matrices is zero.

Proof: By using the anti commutation relation of the v matrices and the property of the

trace that is Tr(AB)=Tr(BA), for odd n the trace can be obtained as’

Tr(dg dy...d ) = Tr(d dy...dt TsI's)
= (=1)"Tr(Lsg,dty...ct, )T'5)

(=1)"Tr(TsTsdt, dy.. o) AAU, July(47 501
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But I'sI's = 1. Then for odd n it becomes.

Tr (g oyt ) = —Tr (g o)
= Tr(dydy..d ) =0 (A.1.15)

Theorem 2. For any arbitrary four-vectors a and b,
Tr(gh)=4a.b.

Proof:

Tr(gh) = 5(4h + )

1
= 5 (0w + 1) b
= a,b,0,,Tr(I) = 4a.b. (A.1.16)

Theorem 3. TT(F5¢E) =0

Proof: To prove it we have to show that Tr(I'sy,7,)=0.

Tr(Tsuw) = Tr(Csvumvs vs)

= Tr(v057%.7%75 )

= (=1)’Tr(Cs7un575 )

= —TT(FWWJ

= Tr(lsv,7) =0 (A.1.17)
Theorem 4. For any arbitrary four-vectors aq, as, az and aq,
Tr(d dododty) =4[(ar.a2)(as.as)-(a1.a4)(az.a3) +(ai.a3)(az.aq)]
Proof: This proof can be done by using the cyclic permutation of the trace and by using

the relation, ¢,d,—-d,¢, +2a;.a2 and the relation given in theorem . Therefore,by

applying the relations we will reach at a more simplified form,

TT(¢1¢2¢3¢4) = (a1 'GQ)TT(¢3¢4)
—(a1.a3)Tr(dyty) + (a1.a2)Tr(ghydts)

= 4[(ay.a2)(as.ay) — (a1.a4)(as.a3) + (ai.a3)(az.a4)] (A.1.18)
AAU, July 4, 2010
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B

B.1 Appendix B

B.1.1 The SU(3) algebra

The eight generators of the algebra are usually written down in terms of the following

matrices, known as the Gell-Mann matrices,

010 0 —i 0 1 0 0 00 1
AM=1100|2=|i 0 0, s=[0 -1 0| X=]0 0 0
000 0 0 0 0 0 0 100
0 0 —i 000 00 0
A=100 0], %=]00 1|, =[]0 0 —il,
i 00 010 04 0
10 0
)\8:% 01 0 (B.1.1)
00 —2
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