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Abstract

In this thesis we �rst give a Lagrangian formulation of the gauge theories QED

and QCD. We derive the Feynman rules for QCD . AS an application of the rule, we

�rst present the calculation of cross section for the process q+q̄ → g+g as a mathematical

preliminary. We then derive the 2-particle Bethe-Salpeter equation. Then we evaluate the

cross section for the production of double heavy quarkonium production in high energy

electron-positron collisions at the center of mass energy
√
s ≈ 10.6 GeV. The cross section

for the process of e+e− → J/ψ + ηc at the stated energy has been calculated by applying

the two-particle Bethe-Salpeter wave equation. We have used the heavy quark limit

and calculated the cross section for the lowest order diagram. The results are in broad

agreement with the Belle's data available recently.
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Introduction

The study of elementary particles and their interaction has brought about a better un-

derstanding of our universe from sub-nuclear scales to cosmological scales. There are

four fundamental interactions observed in nature: gravitational, electromagnetic, weak

and strong nuclear forces. The electromagnetic interaction is mediated by the exchange

of virtual photons. The weak nuclear interaction is responsible for beta decay and the

exchanged particles are W± and Z0 . For the strong interaction between quarks, the

exchanged particles are gluons.

The theories that describe electromagnetic, weak nuclear and strong nuclear in-

teractions are Quantum Electrodynamics (QED), the theory of Glashow, Weinberg and

Salam (GWS theory),and Quantum Chromodynamics (QCD), respectively. It can be seen

that fundamental particles have been classi�ed based on their response to these interac-

tions as well as their structure. The two main groups are hadrons and leptons. Hadrons

experience all four the fundamental forces and they are composite particles while leptons

do not experience the strong force. The particles which mediate the di�erent forces are

generally called gauge bosons.

The main focus of this study is the derivation of the cross section of double heavy

quarkonium production in high energy in electron-positron collision by using the two-

particle Bethe-Salpeter wave equation. The word quarkonium refers to the quark anti-

quark bound states. Quarkonium physics is still an interesting research topic while the
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�rst quarkonium state, J/ψ, has been discovered for about thirty years. Due to its ap-

proximately non-relativistic nature, the description of the heavy quark and anti-quark

system is one of the simplest applications of QCD. The interplay of perturbative and non-

perturbative Quantum Chromodynamics(QCD) happens in the quarkonium production

and decays, which can therefore stand as probes in investigating the non-perturbative

nature of QCD.

It is widely expected that the B factories would provide clearer information about

quarkonium production. The B-factory experiments recently reported their measurements

on the prompt charmonium production at e+e− colliders at
√
s = 10.6 GeV [1, 2, 3]. To

one's surprise, both their inclusive and exclusive measurements have big discrepancies

with theoretical calculations [4, 5, 7]. Among the puzzling features of the B-factory data,

in particular, the total cross section of the exclusive

e+ + e− → J/ψ + ηc (0.0.1)

process is found to be about an order larger than theoretical predictions [7, 8, 9].

The remainder part of this paper is organized as follows. In chapter 1, the high light

of quantum electrodynamics is given. Under this chapter both the global and local gauge

invariance of the quantum electrodynamics(QED) Lagrangian(LQED) is proved based on

U(1) gauge transformation. In chapter 2,a brief explanation of quantum chromodynam-

ics(QCD) including Feynman rules for QCD and invariance of the QCD Lagrangian both

under global as well as under local SU(3)c gauge transformation is given. At the end of

this chapter the cross section for quark antiquark pair annihilation into two gluons i.e, for

the process

q + q̄ → gg (0.0.2)

is calculated by applying the Feynman rules for QCD merely as a mathematical prelim-

inary. In chapter 3, more attention is given to the derivation of Bethe-Salpeter wave

equation for two bound particles. In this chapter we also derived the hadron-quark vertex
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function for quark antiquark bound states which plays a crucial role for the calculation

of the cross section in the next chapter. In chapter 4,we calculated the cross section for

double heavy quarkonium production in high energy in electron-positron collisions by ap-

plying two-particle Bethe-Salpeter wave equation. In the process of the calculation,most

of the terms involved in the calculation are derived by following step by step reasonings

and by using reasonable approximations. Conclusion and interpretation of our results are

given in chapter 5. Finally in the Appendix,relativistic notations,four-vector formalism,

Dirac algebra of gamma matrix and trace theorems,and so on are given.



Chapter 1

Quantum Electrodynamics(QED)

Quantum electrodynamics, or QED, [11] is a quantum theory of the interactions

of charged particles with the electromagnetic �eld. It describes mathematically not only

all interactions of light with matter but also those of charged particles with one another

trough mediation of carrier gauge �eld. The development of QED theory was essential in

the veri�cation and development of quantum �eld theory and it allows physicists to predict

how subatomic particles are created or destroyed. QED is the merger of special relativity

quantum mechanics and theory of electromagnetic �eld. QED is a gauge-invariant the-

ory because its predictions are not a�ected by variations in space or time. The practical

value of QED theory is that it allows physicists to make calculations regarding the ab-

sorption and emission of light by atoms,electromagnetic moments, Lamb shift,scattering

cross-section, etc. In addition, QED provides very accurate predictions regarding the

interactions between photons and charged atomic particles such as electrons. Thus it

predictes accurately almost all processes involving charged particles. As quarks, gluons,

and other subatomic particles became known, QED became increasingly important in

explaining the structure, properties and reactions of these particles. QED, also known as

the quantum theory of light, eventually became one of the most precise, accurate, and well

tested theories in science. QED predictions of the magnetic moments of some subatomic

particles, o�er results accurate to eleventh place of decimal.
4



1.1. GAUGE THEORY QED 5

1.1 Gauge Theory QED

Gauge theory is a �eld theory in which the �elds and potentials are described by a

symmetry group (the gauge group). A gauge theory arises when a particular symmetry is

imposed on a theory even when the parameter labeling the symmetry is allowed to vary

over space-time.

The earliest physical theory to have a gauge symmetry was classical electrodynamics,

the theory of electricity and magnetism originated by James Clerk Maxwell. It turns out

that electrodynamic theory is invariant under rede�nition of the electrostatic potential,

which corresponds eventually to the law of conservation of electric charge. The mathe-

matics of gauge theories was not fully developed, however, until the early 20th century by

the German mathematician Hermann Weyl. In quantum theory, for example, the phase

of the wave functions describing a system can be changed by an arbitrary amount with-

out altering the physical content or structure of the theory, provided that all the wave

functions are changed in the same way everywhere in space. To gauge this symmetry the

phase change is allowed to vary over space-time. In order to maintain this as a symme-

try of the theory, it turns out that the electromagnetic force must be introduced. Thus

quantum electrodynamics (QED) is an example of a gauge theory.

In a gauge theory there is a group of transformations of the �eld variables (gauge

transformations) that leaves the basic physics of the quantum �eld unchanged. For ex-

ample the Lagrangian,electric �eld( ~E),magnetic �eld( ~B),electromagnetic �eld strength

tensor Fµν and so on are invariant under gauge transformation, Aµ(x)→ Aµ(x) +∂µΛ(x).

This property, called gauge invariance, gives the theory a certain symmetry, which governs

its equations. The classical theory of the electromagnetic �eld, proposed by Maxwell in

1864, is the prototype of gauge theories, though the concept of gauge transformation was

not fully developed until the early 20th century by Weyl. In Maxwell's theory the basic

�eld variables are the strengths of the electric and magnetic �elds, which may be described

AAU, July 4, 2010



1.1. GAUGE THEORY QED 6

in terms of auxiliary variables (e.g. the scalar and vector potentials). The gauge trans-

formations in this theory consist of certain alterations in the values of those potentials

that do not result in a change of the electric and magnetic �elds. This gauge invariance

is preserved in the quantum theory of electromagnetism called quantum electrodynamics,

or QED. Modern work on gauge theories began with the attempt of Chen Ning Yang and

Robert L. Mills (1954) to formulate a gauge theory of the strong interaction. The group

of gauge transformations in this theory dealt with the isospin of strongly interacting par-

ticles. In the late 1960s Steven Weinberg,Sheldon Glashow, and Abdus Salam developed

a gauge theory that treats electromagnetic and weak interactions in a uni�ed manner.

This theory, now commonly called the electroweak theory, has had notable success and is

widely accepted. During the mid-1970s much work was done toward developing Quantum

Chromodynamics (QCD), a gauge theory of strong interactions between quarks. For var-

ious theoretical reasons, the concept of gauge invariance seems fundamental, and many

physicists believe that the �nal uni�cation of the fundamental interactions (i.e., gravi-

tational, electromagnetic, strong, and weak) will be achieved by a gauge theory. The

Standard Model is also built out of a gauge theory.

1.1.1 U(1)Gauge Theory:

We start from the free Dirac Lagrangian,

£D = −ψ̄(x)(γµ∂µ +m)ψ(x) (1.1.1)

where ψ̄(x) is the adjoint fermion �eld ψ̄(x) = ψ†(x)γ4 .This free Dirac Lagrangian is

invariant under a global U(1) gauge transformation. That is, the Lagrangian does not

change under the transformation

ψ(x)
U(1)−−→ ψ′(x) = e(iθ)ψ(x) (1.1.2)

where θ is an arbitrary real constant. This means that ∂µ(iθ)=0. It can be easily checked
AAU, July 4, 2010



1.1. GAUGE THEORY QED 7

that the the Lagrangian is invariant i.e,

£′D = £D. (1.1.3)

Since the transformation is global, the kinetic energy term of the free Dirac Lagrangian

is invariant as well since the derivative ∂µ doesn't a�ect it.

However, the free Dirac Lagrangian is no-longer invariant, if the phase transformation

depends on space-time coordinate,i.e under local gauge U(1) transformation where θ =

θ(x). Under local U(1) gauge transformation the spinor �eld transformed as

ψ(x) ≡ ψ′(x) = eiθ(x)ψ(x). (1.1.4)

We can easily see that under this transformation, the Lagrangian transforms as,

£′D = −ψ̄(x)(iγµ∂µθ(x))ψ(x) + £D (1.1.5)

which is not invariant. To make the Lagrangian invariant under local U(1) gauge trans-

formation some additional term which cancels ∂µθ(x) should be added to the Lagrangian.

£ = −ψ̄(x)(γµ∂µ +m)ψ(x)− ieAµ(x)ψ̄(x)γµψ(x) (1.1.6)

This can be done by introducing a new spin 1 gauge �eld Aµ(x) which transforms as

Aµ(x)
U(1)−−→ A′µ(x) = Aµ(x) + i

1

e
∂µθ(x) (1.1.7)

and also by introducing the covariant derivative

Dµψ(x) ≡ [∂µ − ieAµ(x)]ψ(x). (1.1.8)

Hence, the Lagrangian after transformation is

£′ = −ψ̄′(x)(γµD
′
µ +m)ψ′(x)

= −ψ̄(x)e−iθ(x)[γµ(∂µ − ieAµ(x)− i∂µ(x)θ(x)) +m]eiθ(x)ψ(x)

= −ψ̄(x)(γµ∂µθ(x))ψ(x)− ψ̄(x)(γµ∂µ +m)ψ(x)

+iQ∂µθ(x)ψ̄(x)γµψ(x)− ieAµ(x)ψ̄(x)γµψ(x)

= −ψ̄(x)(γµ∂µ +m)ψ(x)− ieAµ(x)ψ̄(x)γµψ(x)

⇒ £′ = £o − ieAµ(x)ψ̄(x)γµψ(x) (1.1.9)
AAU, July 4, 2010



1.1. GAUGE THEORY QED 8

which is then invariant under local U(1) gauge transformation. In equation (1.1.9) the

second term that is

£int = −ieψ̄(x)γµAµ(x)ψ(x) (1.1.10)

represents the interaction Lagrangian. This is the Lagrangian for the interaction between

the electromagnetic �eld and Dirac particles(matter), where e is the coupling constant

that couples matter with electromagnetic �eld.

It can be checked that to make £D locally invariant we just have to introduce a

covariant derivative

Dµ = ∂µ − ieAµ (1.1.11)

where ∂µ → Dµ in £D. This adjustment of the derivative operator is called the minimal

coupling prescription. The term

ψ̄′γµD
′
µψ
′ = ψ̄γµDµψ (1.1.12)

is invariant under a local U(1) transformation.

Thus the gauge principle generates the interaction between the Dirac �eld and the gauge

�eld Aµ(x). Note that the corresponding electromagnetic charge ′e′ is completely arbi-

trary.

If one wants Aµ(x) to be a true propagating �eld, one has to add a gauge-invariant

kinetic term

£em(kin) = −1

4
FµνFµν (1.1.13)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic �eld strength tensor. Finally,by intro-

ducing the gauge term, the invariant form of the QED Lagrangian becomes

£QED = −1

4
FµνFµν− ψ̄(x)(γµ∂µ+m)ψ(x)− ieAµ(x)ψ̄(x)γµψ(x)− 1

2
(∂µAµ(x))2 (1.1.14)

where

£kin = −1

4
FµνFµν (1.1.15)

AAU, July 4, 2010



1.1. GAUGE THEORY QED 9

is the electromagnetic(kinetic) Lagrangian.

£Dirac = −ψ̄(x)(γµ∂µ +m)ψ(x) (1.1.16)

is the free fermion Dirac Lagrangian and

£int = −ieAµ(x)ψ̄(x)γµψ(x) (1.1.17)

is the interaction Lagrangian and ′e′ signi�es the coupling constant between electromag-

netic �eld and matter. The total Lagrangian in equation (1.1.9) and gives rise to the

well-known Maxwell equations. From a simple gauge-symmetry requirement, we have de-

duced the right QED Lagrangian, which leads to a very successful quantum �eld theory.

The QED predictions have been tested to a very high accuracy, as exempli�ed by the elec-

tron and muon anomalous magnetic moments al ≡ (gl -2)/2, where µl ≡ gl(e~/2ml)[12]:

ae = (115965214.0± 2.8)× 10−11 (Theory)

= (115965219.3± 1.0)× 10−11 (Experiment) (1.1.18)

aµ = (1165919.2± 1.9)× 10−9 (Theory)

= (1165923.0± 8.4)× 10−9 (Experiment) (1.1.19)

Thus we see that imposition of local gauge invariance on free Dirac Lagrangian

leads automatically to introduction of a certain gauge �eld Aµ(x) which transforms as

Aµ(x)→ A′µ(x) = Aµ(x) + ∂µΛ(x) which would couple to free Dirac �eld in a mathemat-

ically self consistent manner where the charge ′e′ now plays the role of coupling constant

between �eld and matter.

Thus this provides an example of how fundamental interactions are generated by

imposition of local gauge symmetry on a Lagrangian. We now extend this idea to quark

interactions in the next chapter.

AAU, July 4, 2010



Chapter 2

Quantum Chromodynamics(QCD)

QCD is a non-Abelian quantum gauge �eld theory for the strong interaction which

governs the structure and interactions of nucleons ,and is a generalization of quantum elec-

trodynamics (QED) to non-abelian gauge group SU(3). In QCD, the carriers of the strong

force are massless, electrically neutral but colored particles called gluons. The strength

of the interaction is de�ned by the strong version of the �ne structure constant,called

the strong coupling constant αs. However, the coupling is not a constant,and runs with

momentum transfer Q2. The analogous quantity to electric charge is the strong charge

or color to strong interactions is what electric charge is to electromagnetic interactions.

There are three di�erent colors and their corresponding anticolors. The name is inspired

by the fact that, in addition to the color-anticolor combination, the combination of all

three colors also results in a color neutral object. In contrast to QED, where the carriers

of the �eld are electrically neutral, gluons themselves carry color. The theory predicts

that forces between particles are very weak at short distances, a phenomenon known as

asymptotic freedom while increasing roughly linearly with distance at large separations.

As a result, only colorless objects are thought to be observable in isolation. This theory

postulates that quarks carry a color charge which comes in three varieties: red, blue,

and green. The interaction between these color charges is responsible for binding quarks

into colorless states such as hadrons, which are composed of three quarks each having a

10
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distinct color. Such states are baryons. Mesons, which are composed of a quark and an

antiquark,one carrying a certain color while the other carries the appropriate anticolor.

The quanta of the chromodynamic force are called gluons. The QCD interaction is so

strong that it is thought to be impossible to liberate individual quarks from a bound

state. This hypothesis is called con�nement.

Quantum chromodynamics(QCD) is a non-Abelian gauge theory with gauge group SU(3),

where the gauge �eld is coupled to fermions known as quarks.

Quarks are fundamental constituents of hadronic bound state systems. Quarks

are spin-1
2
particles and they are thought to carry a fractional electronic charge of ±2

3

or ±1
3
. In addition to electric charge, quarks are thought to carry color charge. The

interaction of quarks via their color charge is thought to be so strong that quarks are

permanently con�ned in mesons(qq̄) or baryons(qqq) or antibaryons(q̄q̄q̄). Quarks come

in three families or generations. In the �rst generation there are the up(u) quark and

down (d) quark;in the second generation are the charmed(c) and strange quark(s); in

the third generation are the top(t) and bottom(b) quark. Each generation is similar

to the preceding one except for being more massive. It is unknown if there are more

families or generations of quarks beyond those given above. The quarks transform in

the fundamental representation of the gauge group, which is three-dimensional, and the

gauge charge carried by the quarks is called colour. The number of colours is Nc = 3,

and a quark can have any of three colours, usually called red(R),green(G) and blue(B).

Here when we say color it does not have any relation with the ordinary de�nition of

the color that we already know. The gauge sector consists of gluons which are massless

gauge bosons that transform to one of the eight generators λ1...λ8 of the S(U)3 gauge

group. There are therefore N2
c -1=8 gluons each corresponding to the eight generators of

the SU(3) gauge group.

Thus in the theory of Quantum Chromodynamics (QCD), the interactions between

quarks are mediated by eight massless vector bosons called gluons. However, a number

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU3 GAUGE THEORY 12

of complications e�ectively prevent the properties of hadrons to be predicted from QCD.

First of all, the theory is nonlinear due to gluon self-interactions, and it describes systems

that interact strongly enough so that perturbative methods are inapplicable at low ener-

gies. Only at the very highest energy scales, where quarks become asymptotically free and

the coupling between them small, can the predictions of perturbative QCD be compared

with experimental results. At low energies, the quarks interact strongly, are con�ned into

hadronic bound states and acquire e�ective masses. These constituent quark masses are

for the light u, d quarks of the order ∼300 MeV. At present, the only way to analyze QCD

at a fundamental level is the method of �lattice QCD� simulations, where the properties

of hadrons are probed by means of numerical Monte Carlo algorithms. Although much

progress is being made in the development of more e�cient algorithms and the inclusion

of dynamical fermions (unquenched lattice QCD) into the simulations, the applicability

of such methods is still limited by the huge demands on computing power. In such a

situation, it is natural to attempt to understand the properties of hadrons by means of

e�ective theories and phenomenological QCD-motivated models. The physical motivation

of such an approach is that the fundamental degrees of freedom of QCD are quarks and

gluons, whereas low-energy experiments observe hadrons, which at least at long range

interact by Yukawa-type meson exchange. It is, therefore, a reasonable expectation that

the low-energy properties of QCD can be described in terms of an e�ective theory.

2.1 Quantum Chromodynamics:SU3 gauge theory

We denote a quark �eld of color α and �avour f by ψαf [10, 12, 13, 18]. The free Lagrangian

of the quantum chromodynamics can be written as

£o = −
∑
f

ψ̄αf (γµ∂µ +mf )ψ
α
f . (2.1.1)

AAU, July 4, 2010



2.1. QUANTUM CHROMODYNAMICS:SU3 GAUGE THEORY 13

where

ψαf =


ψRf

ψBf

ψGf

 (2.1.2)

the �avour index f = 1,2,...6 corresponds to the up(u), down(d), strange(s), charm(c),

bottom(b) and top(t) quarks in order of increasing mass. And

ψ̄αf = (ψαf )†γ4 (2.1.3)

is the adjoint quark �eld. The quark masses vary quite drastically from the very light

up and down quarks that have masses of the order of a few MeV, to the very heavy top

quark, whose mass is around 175 GeV, i.e., almost 200 times heavier than the proton.

The free Dirac Lagrangian in equation (2.1.1) is invariant under an arbitrary global

SU(3)c transformation of the quark �eld. The transformation of the �eld is

ψαf −→ (ψαf )′ = Uα
β ψ

β
f (2.1.4)

Since, ψαf is a 3× 1 column matrix. U should be a 3× 3 unitary matrix ,that is

U †U = UU † = 1and det(U) = 1 (2.1.5)

Any unitary 3× 3 matrix U can be expressed as

U = eiH (2.1.6)

where H is a 3× 3 Hermitian matrix which can be expressed as a linear superposition of

a unit matrix 1 and eight 3× 3 Gellman-matrices λ1...λ8. Thus we can write it as

H = 1Θ + θaλa (2.1.7)

where Θ and θa are arbitrary parameters.
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Now consider an SU(3) global gauge transformation on ψ(x) i.e

ψαf −→ (ψαf )′ = Uα
β ψ

β
f and

U = exp(−igs
λa

2
θa) (2.1.8)

where λa(a = 1, 2, ..., 8) represents the generators SU(3)c algebra, gs is the strong coupling

constant and θa are arbitrary parameters. The matrices λa are traceless and satisfy the

commutation relation

[λa, λb] = 2ifabcλc (2.1.9)

where fabc is the structure constant of SU(3)c, which are real and totally antisymmetric.

To make the Lagrangian invariant under local SU(3)c gauge transformation the

derivative has to be replaced by the covariant derivative as

Dµψf (x) ≡ [∂µ − igs
λa

2
Aµ(x)a]ψf (x) ≡ [∂µ − igsAµ(x)]ψf (x) (2.1.10)

where

Aµ(x) =
λa

2
Aµ(x)a. (2.1.11)

The covariant derivative is transformed as

Dµψf (x) −→ (Dµψf (x))′ = U(Dµψf (x))

⇒ [∂µ − igsAµ(x)′]Uψf (x) = U [∂µ − igsAµ(x)]ψf (x)

⇒ ∂µU − igsAµ(x)′U = −igsUAµ(x)

⇒ Aµ(x)u′ = UAµ(x)U † − i

gs
(∂µU)U †. (2.1.12)

Here the non-abelianess of the SU(3) matrices makes the gauge transformation of the gluon

�elds more complicated than the U(1) gauge transformation in QED which is abelian. The

corresponding �eld strengths in QCD is given by

Gµν(x) ≡ i

gs
[Dµ, Dν ] = ∂µAν − ∂νAµ − igs[Aµ, Aν ] ≡

λa

2
Ga
µν(x) (2.1.13)
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where

Ga
µν(x) = ∂µAν − ∂νAµ + gsf

abcAbµA
c
ν (2.1.14)

showing the self coupling between the gauge(gluon) �elds in contrast to QED where

gauge �elds do not self interact. Under local gauge transformation the �eld strength is

transformed as

Gµν
SU(3)c−−−−→ (Gµν)

′ = UGµνU
†. (2.1.15)

We can thus show the invariance of free gluon �eld Lagrangian,£G = −1
2
Tr(GµνGµν).

Its proof can be taken as follows

Tr(G′µνG
′
µν) = Tr(G′µνU

†UG′µνU
†)

= Tr(GµνGµνU
†U)

= Tr(GµνGµν) (2.1.16)

Substituting for Gµν from equation (2.1.13) into equation (2.1.16) we obtain

Tr(GµνGµν) =
1

4
Ga
µνG

a
µνTr(λ

aλa). (2.1.17)

But

Tr(λaλa) = 2. (2.1.18)

Then by substituting from equation (2.1.18) into equation ( 2.1.17) we see that the trace

is invariant. That is

Tr(G′µνG
′
µν) = Tr(GµνGµν) =

1

2
Ga
µνG

a
µν . (2.1.19)

Thus the gauge �eld part of the the Lagrangian is invariant under local SU(3) transforma-

tion. By using the covariant derivative, the local invariance of the full QCD Lagrangian
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can be proved easily as follows.

£′QCD = −
∑
f

ψ̄′(γµD
′
µ +m)ψ′ − 1

2
Tr(G′µνG

′
µν)

= −
∑
f

ψ̄U †U(γµDµ +mf )U
†Uψ − 1

2
Tr(GµνGµν)

= −
∑
f

ψ̄(γµDµ +mf )ψ −
1

2
Tr(GµνGµν). (2.1.20)

Decomposing the Lagrangian into its di�erent components it can be written as

£QCD = −
∑
f

ψ̄(γµDµ +mf )ψ −
1

2
Tr(

λa

2
Ga
µν

λa

2
Ga
µν)

= −
∑
f

ψ̄(γµDµ +mf )ψ −
1

8
Ga
µνG

a
µνTr(λ

aλa)

= −
∑
f

ψ̄(γµDµ +mf )ψ −
1

4
Ga
µνG

a
µν . (2.1.21)

But

Ga
µν = (∂µA

a
ν − ∂νAaµ)2 + gsf

abcAbµA
c
ν . (2.1.22)

Then inserting for Ga
µν from equation (2.1.22) into equation (2.1.21) the Lagrangian be-

comes

£QCD = −
∑
f

ψ̄(γµDµ +mf )ψ −
1

4
[(∂µA

a
ν − ∂νAaµ) + gsA

b
µA

c
νf

abc]

×[(∂µA
a
ν − ∂νAaµ) + gsA

d
µA

e
νf

ade]

= −
∑
f

ψ̄(γµDµ +mf )ψ −
1

4
[(∂µA

a
ν − ∂νAaµ)2 + gsA

b
µA

c
νf

abc(∂µA
a
ν − ∂νAaµ)

+gsf
ade(∂µA

a
ν − ∂νAaµ)AdµA

e
ν + g2

sf
abcfadeAaµA

c
νA

d
µA

e
ν ] (2.1.23)

Substituting for Dµ from equation (2.1.10) into equation (2.1.23) we obtain the gauge

invariant Lagrangian of QCD as

£QCD = −
∑
f

ψ̄(γµ∂µ +mf )ψ + igs
∑
f

ψ̄Aaµ
λa

2
ψ − 1

4
(∂µA

a
ν − ∂νAaµ)2

−gs
4
AbµA

c
νf

abc(∂µA
a
ν − ∂νAaµ)− gs

4
fade(∂µA

a
ν − ∂νAaµ)AdµA

e
ν

−g
2
s

4
fabcfadeAaµA

c
νA

d
µA

e
ν . (2.1.24)
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In equation (2.1.24) the �rst term that is

−
∑
f

ψ̄(x)(γµ∂µ +mf )ψ(x) = £D (2.1.25)

represents the Dirac Lagrangian.

The second term

Figure 2.1: Diagram for the interaction Lagrangian

igs
∑
f

ψ̄Aaµ
λa

2
ψ = £int (2.1.26)

represents the interaction Lagrangian.

The third term that is

− 1

4
(∂µA

a
ν − ∂νAaµ)2 (2.1.27)

represents the free propagator.

Figure 2.2: Free propagator for gluon

The fourth and �fth terms

Figure 2.3: Self interaction among three gluons.

− gs
4
AbµA

c
νf

abc(∂µA
a
ν − ∂νAaµ),−gs

4
fade(∂µA

a
ν − ∂νAaµ)AdµA

e
ν . (2.1.28)
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represent the self interaction among three gluons.

Finally the last term that is

Figure 2.4: Diagram for self interaction among four gluons.

− g2
s

4
fabcfadeAaµA

c
νA

d
µA

e
ν (2.1.29)

represents the self interaction among four gluons. The strength of these interactions is

given by the same coupling gs which appears in the fermionic piece of the Lagrangian. The

existence of self interactions among the gauge �elds is a new feature that was not present

in the QED case. It seems then reasonable to expect that these gauge self-interactions

could explain properties like asymptotic freedom and con�nement, which do not appear

in QED. Now we try to derive the Feynman rules for QCD in the next section.

2.2 Feynman Rules for QCD

The mathematics of quantum �eld theory have been distilled into a series of operations

called the Feynman rules. The rules can be thought of as prescriptions to describe all

manner of processes in quantum �eld theory and are embodied in a pictorial form, the

famous Feynman diagrams. The ultimate goal of Feynman diagrams is to compute ob-

servables like decay width,cross section,amplitudes,and etc,for various physical processes .

In quantum theory experimental predictions can be made by calculating the probability

amplitude that a process will occur. This remains true in quantum �eld theory, where we

calculate amplitudes for particle interactions such as decays and scattering events. The
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primary tool used to do such calculations is known as the S matrix. Any given physical

process can be considered as a transition from an initial state |i > =|α(t0) >to a �nal

output state we denote by |f > =|α(t) >. But here the main point is not , how the initial

and �nal states are represented. The main point is on how the Feynman rules are derived.

We �rst present here the derivation of Feynman rules for QCD.[13, 18]

1. External Lines:

(i).For an external quark with momentum p, spin s, and color c

Figure 2.5: Diagram for incoming and outgoing quarks

(ii).For an external anti-quark Where c represents the color of the corresponding quark.

Figure 2.6: Diagram for incoming and outgoing antiquarks

(iii).For an external gluon of momentum p, polarization ε, and color a,by including the

the color factor αµ the Feynman rule can be given as

Figure 2.7: Diagram for incoming and outgoing gluons

2.Quark Propagators: The propagator of the the quark and anti quark in momentum

representation can be derived by applying Dirac equation to Green's function of Dirac

operator as,

(γµ∂µ +m)SF (x) = −iδ(4)(x). (2.2.1)
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Figure 2.8: Free propagator of quarks

But the Greens function of Dirac operator can also be found by Fourier transformation

as

SF (x) =

∫
d4q

(2π)4
eiq.xSF (q). (2.2.2)

By operating on both sides by Dirac operator we obtain

(γµ∂µ +m)SF (x) =

∫
d4p

(2π)4
(i/q +m)eiq.xSF (q)

−iδ(4)(x) = (i/q +m)δ(4)(x)SF (q)

⇒ SF (q) =
−i

(i/q +m)
=
−i(−i/q +m)

q2 +m2
. (2.2.3)

Gluon propagators:

Figure 2.9: Diagram for free gluon propagator

The free gluon propagator can be derived from the free gauge Lagrangian in the

QCD Lagrangian in equation (2.1.23) by applying Lagranges equations of motion as

∂£

∂Aaµ
− ∂ν

(
∂£

∂(∂νAaµ)

)
= 0. (2.2.4)

Since in the free Lagrangian there is no Aaµ the partial derivative with respect to Aaµ

vanishes. That is

∂£

∂Aaµ
= 0. (2.2.5)

Therefore,

∂ν

(
∂£

∂(∂νAaµ)

)
= 0. (2.2.6)

Let the free Lagrangian £GF be

£GF = [(∂λA
a
σ)(∂δ)− (∂λA

a
σ)2]. (2.2.7)
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Then equation (2.2.6) can be written as

∂ν

(
∂£

∂(∂νAaµ)

)
= ∂ν [(∂λA

a
σ)

+(∂σA
a
λδνλδµσ)− 2(∂λA

a
σ)δνλδµσ] = 0

⇒ �2 − ∂µ(∂νA
a
ν) = 0. (2.2.8)

However, under Lorentz gauge condition

∂νAν = 0. (2.2.9)

This implies that

�2A2
µ = 0. (2.2.10)

Taking the Fourier integral transform Aµ(x) we obtain

Aµ(x) =

∫
d4q

(2π)4
eiq.xAµ(q). (2.2.11)

Substituting for Aµ(x) from equation (2.2.11) into equation (2.2.10) we will get

− q2δµνAµ(q) = 0. (2.2.12)

Now let

cµν = −q2δµν

(c−1)µν = Bq2δµν (2.2.13)

such that

cµν(c
−1)νλ = δµλ

−q2δµνBδνλ = δµλ

⇒ B =
−1

q4

⇒ (c−1) =
−δµν
q2
≡ (DF (q))µν . (2.2.14)

So this is the free gluon propagator.
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3.Interaction Vertices:

i) The quark-gluon vertex function: The quark-gluon vertex function is the function at

the gluon quark interaction point. That is −igs

2
λαγµ.

Figure 2.10: Quark-gluon vertex

ii) Three gluon vertex function:

Figure 2.11: Diagram for three gluon interaction

The Feynman rule for the three gluon vertex can be obtained from the fourth and �fth

terms in equation (2.1.23) as follows.

gsfa′b′c′A
b′

µA
c′

ν (∂µA
a′

ν ) = gsfabcA
b
µA

c
ν(∂µA

a
ν) + gsfbcaA

c
µA

a
ν(∂µA

b
ν)

+gsfcabA
a
µA

b
ν(∂µA

c
ν) + gsfacbA

c
µA

b
ν(∂µA

a
ν)

+gsfcbaA
b
µA

a
ν(∂µA

c
ν) + gsfbacA

a
µA

c
ν(∂µA

b
ν) (2.2.15)

To complete the above equation lets take those terms corresponding to a have momentum

k1 ,those with b have momentum k2 and those with c have momentum k3. And lets take

Aµ(x) =

∫
d4k

(2π)4
eik.xAµ(k). (2.2.16)
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Then by di�erentiating we can write the above equation as

gsfa′b′c′A
b′

µA
c′

ν (∂µA
a′

ν ) = gsfabcA
b
µA

c
ν(ik1µA

a
ν) + gsfbcaA

c
µA

a
ν(ik2µA

b
ν)

+gsfcabA
a
µA

b
ν(ik3µA

c
ν) + gsfacbA

c
µA

b
ν(ik1µA

a
ν)

+gsfcbaA
b
µA

a
ν(ik3µA

c
ν) + gsfbacA

a
µA

c
ν(ik2µA

b
ν). (2.2.17)

In equation (2.2.17) fabc is completely antisymmetric. That is

fabc = fbca = fcab

facb = fcba = fbac = −fabc. (2.2.18)

So by using this antisymmetric relation and by taking the dot product of the terms with

the same indices it is possible to write equation (2.2.17) as

gsfa′b′c′A
b′

µA
c′

ν (∂µA
a′

ν ) = igsfabc
[
Ab.k1)(Ac.Aa) + (Ac.k2)(Aa.Ab) + (Aa.k3)(Ab.Ac)

]
−igsfabc

[
(Ac.k1)(Ab.Aa) + (Ab.k3)(Aa.Ac) + (Aa.k2)(Ac.Ab)

]
. (2.2.19)

By simplifying the above equation we can write it in the form of

gsfa′b′c′A
b′

µA
c′

ν (∂µA
a′

ν ) = igsfabc
[
Ab.(k1 − k3)(Ac.Aa)

]
+igsfabc

[
Ac.(k2 − k1)(Aa.Ab) + Aa.(k3 − k2)(Ab.Ac)

]
(2.2.20)

Finally by removing the electromagnetic �elds we can write the �nal vertex function for

three interacting gluons as

gsfa′b′c′A
b′

µA
c′

ν (∂µA
a′

ν ) = igsfabc [(k1 − k3)νδµρ]

+igsfabc [(k2 − k1)ρδµν + (k3 − k2)µδνρ)]

= −igsfabc [(k3 − k1)νδµρ + (k1 − k2)ρδµν + (k2 − k3)µδνρ)] . (2.2.21)

As it is shown in the diagram the gluon momenta k1,k2 and k3 are assumed to point into

the vertex. If any of the momentum point outward from the vertex we have to change

the sign of the momentum.
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iii) Four gluon vertx:

To �nd all the terms which contribute to the vertex function for the four gluon

interaction lets take the �fth term in equation (2.1.23) fnabfncd → fna′b′fnc′d′ . All the

Figure 2.12: Diagram for four gluon interaction.

terms which contribute to the vertex function can be found as,

fna′b′fnc′d′A
a′

µA
b′

ν A
c′

µA
d′

ν =
[
fnabfncdA

a
µA

b
νA

c
µA

d
ν

]
+
[
fnabfndcA

a
µA

b
νA

d
µA

c
ν + fnbafncdA

b
µA

a
νA

c
µA

d
ν

]
+
[
fnbafndcA

b
µA

a
νA

d
µA

c
ν + fncbfnadA

c
µA

b
νA

a
µA

d
ν

]
+
[
fnbcfnadA

b
µA

c
νA

a
µA

d
ν + fncbfndaA

c
µA

b
νA

d
µA

a
ν

]
+
[
fnbcfndaA

b
µA

c
νA

d
µA

a
ν + fnacfnbdA

a
µA

c
νA

b
µA

d
ν

]
+
[
fnacfndbA

a
µA

c
νA

d
µA

b
ν + fncafnbdA

c
µA

a
νA

b
µA

d
ν

]
+
[
fncafndbA

c
µA

a
νA

d
µA

b
ν + fnadfnbcA

a
µA

d
νA

b
µA

c
ν

]
+
[
fnadfncbA

a
µA

d
νA

c
µA

b
ν + fndafnbcA

d
µA

a
νA

b
µA

c
ν

]
+
[
fndafncbA

d
µA

a
νA

c
µA

b
ν + fnbdfnacA

b
µA

d
νA

a
µA

c
ν

]
+
[
fndbfnacA

d
µA

b
νA

a
µA

c
ν + fnbdfncaA

b
µA

d
νA

c
µA

a
ν

]
+
[
fndbfncaA

d
µA

b
νA

c
µA

a
ν + fncdfnabA

c
µA

d
νA

a
µA

b
ν

]
+
[
fncdfnbaA

c
µA

d
νA

b
µA

a
ν + fndcfnabA

d
µA

c
νA

a
µA

b
ν

]
+fncfnaA

d
µA

c
νA

b
µA

a
ν . (2.2.22)
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Using the antisymmetric relation that is

fnab = −fnba andfncd = −fndc (2.2.23)

and collecting the same terms together we obtain,

fna′b′fnc′d′A
a′

µA
b′

ν A
c′

µA
d′

ν = 2fnabfncd
(
AaµA

b
νA

c
µA

d
ν − AbµAaνAcµAdν

)
+2fnabfncd

(
AbµA

a
νA

d
µA

c
ν − AaµAbνAdµAcν

)
+2fnbcfnnad

(
AbµA

c
νA

a
µA

d
ν − AcµAbνAaµAdν

)
+2fncbfnda

(
AcµA

b
νA

d
µA

a
ν − AbµAcνAdµAaν

)
+2fnacfnbd

(
AcµA

a
νA

d
µA

b
ν − AcµAaνAbµAdν

)
+2fnacfnbd

(
AaµA

c
νA

b
µA

d
ν − AaµAcνAdµAbν

)
. (2.2.24)

Taking the dot product of terms with the same indices it is possible to modify equation

(2.2.24) as

fna′b′fnc′d′A
a′

µA
b′

ν A
c′

µA
d′

ν = 2fnabfncd
[
(Aa.Ac)(Ab.Ad)− (Ab.Ac)(Aa.Ad)

]
+2fnabfncd

[
(Ab.Ad)(Aa.Ac)− (Aa.Ad)(Ab.Ac)

]
+2fnadfnbc

[
(Ab.Aa)(Ac.Ad)− (Ac.Aa)(Ab.Ad)

]
+2fnadfnbc

[
(Ac.Ad)(Ab.Aa)− (Ab.Ad)(Ac.Aa)

]
+2fnacfnbd

[
(Ac.Ad)(Aa.Ab)− (Ac.Ab)(Aa.Ad)

]
+2fnacfnbd

[
(Aa.Ab)(Ac.Ad)− (Aa.A)(Ab.Ac)

]
.(2.2.25)

By adding the same terms together we will get,

fna′b′fnc′d′A
a′

µA
b′

ν A
c′

µA
d′

ν = 4fnabfncd
[
(Aa.Ac)(Ab.Ad)− (Ab.Ac)(Aa.Ad)

]
+4fnadfnbc

[
(Ab.Aa)(Ac.Ad)− (Ac.Aa)(Ab.Ad)

]
+4fnacfnbd

[
(Aa.Ab)(Ac.Ad)− (Aa.A)(Ab.Ac)

]
.(2.2.26)
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On inserting this result from equation (2.2.25) into equation (2.1.23) and dropping the

gauge �eld terms, we get the contribution of the four gluon vertices i.e

−g2
sfna′b′fnc′d′A

a′

µA
b′

ν A
c′

µA
d′

ν = −g2
s [fnabfncd(δαγδβδ − δαδδβγ)]

−g2
s [fnacfnbd(δαβδγδ − δαδδγβ) + fnadfnbc(δαβδδγ − δδβδαγ)] . (2.2.27)

This is the vertex function for 4-gluon vertex.

4. Conservation of energy and momentum For each vertex ,we have to write a delta

function of the form (2π)4δ4(k1 + k2 + k3) where the k′s are the three four momenta

coming into the vertex (if any arrow leads outward, we have to change the sign of k).

This factor enforces the conservation of energy and momentum at each vertex.

5. Integrate over internal momenta

For each internal momentum q, we have to write a factor

d4q
(2π)2

.

6. Cancel the delta function. The result includes a factor

(2π)4δ4(p1 + p2 + ...− pn)

corresponding to the overall energy -momentum conservation.

7. Antisymmetrization. Include a minus sign between diagrams that di�er only in the

interchange of two incoming (or outgoing quarks) or (antiquarks) or of an incoming quark

with an outgoing antiquarks (or vice-versa)[18].

2.3 Quark-antiquark Pair annihilation into two gluons

(q+q̄ → g+g)

As an illustration of Feynman rules for QCD, we calculate the high energy process

q + q̄ → gg merely as a preliminary exercise in QCD. In QED in pair annihilation of

electron positron into photons there are only two diagrams which contribute to the calcu-

lation of scattering amplitude. This is because in QED there is no self interaction among
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photons. However, in pair annihilation of quark-antiquark into two gluons in QCD, there

are three diagrams which contribute to the calculation of the scattering amplitude in lower

order. This is due to the self interaction of gluons with each other. The diagrams which

contribute to the amplitude can be given as shown in the following �gure[18].

Figure 2.13: Quark-antiquark pair annihilation diagrams.

The covariant matrix element corresponding to the 1st diagram is

M1 = v̄(p2)c†2

(
−igs

λβ
2
γν

)(
ε∗4a
∗
4β

)(−i(−i/q +m)

q2 +m2

)
×
(
−igs

λα
2
γµ

)(
ε∗3µa

∗
3α

)
u(p1)c (2.3.1)

where c represents the color and s represents the spin.

The internal momentum for the internal line(q) is given by

q = p1 − p3. (2.3.2)

The four momentum p is also given by

p = (~p, iE). (2.3.3)

Then

q2 +m2 = (p1 − p3)2 +m2 = p2
1 + p2

3 − 2p1.p3 +m2

= ~p2
1 + ~p2

3 − (E2
1 + E2

3)− 2p1.p3 +m2

= ~p2 +m2 − E2 − 2p1.p3, but ~p
2 +m2 = E2

⇒ q2 +m2 = −2p1.p3. (2.3.4)
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By leaving the symbol (*) on gluon polarization vector and color states and by substituting

for q2 +m2 from equation (2.3.4) and for q from equation (2.3.2) into equation (2.3.1) the

amplitude M1 can be expressed as

M1 =
ig2
s

8p1.p3

v̄(p2)
(
/ε4(−i/p1

+ i/p3
+m)/ε3

)
u(p1)a3αa4β(c†2λβλαc1). (2.3.5)

Similarily by applying Feynman rules of QCD the amplitude for diagram 2 can be ex-

pressed as

M2 = v̄(p2)c†2

(
−igs

λα
2
γµ

)
(ε∗3a

∗
3α)

(−i(−i/q +m)

q2 +m2

)
×
(
−igs

λβ
2
γν

)(
ε∗4νa

∗
4β

)
u(p1)c1 (2.3.6)

But here for diagram 2,

q = p1 − p4. (2.3.7)

By following the same procedure as for diagram 1 and making appropriate substitution

the amplitude for diagram 2 can be written in a simpli�ed form as

M2 =
ig2
s

8p1.p4

v̄(p2)
(
/ε3(−i/p1

+ i/p4
+m)/ε4

)
u(p1)a3αa4β(c†2λαλβc1). (2.3.8)

Finally the amplitude for diagram 3 is given by

M3 = v̄(p2)c†2

(
−igs

λδ
2
γσ

)
u(p1)c1

(
−iδσλδδγ

q2

)
(igsfαβγ)

×{[δµν(−p3 + p4)λ + δνλ(−p4 − q)µ + δλµ(q + p3)ν ](ε3µa3α)(ε4νa4β)} (2.3.9)

For this case q=p3 + p4.Therefore,

q2 = p2
3 + p2

4 + 2p3.p4 = 2p3.p4. (2.3.10)

This result is due to the condition that the gluon is massless.

M3 = v̄(p2)c†2

(
−ig2

s

4p3.p4

λδγσδσλδδγ

)
×{[δµν(−p3 + p4)λ + δνλ(−2p4 − p3)µ + δλµ(2p3 + p4)ν ](ε

µ
3a

α
3 )u(p1)c1fαβγε4νa4βλγ)}

= v̄(p2)

(
−ig2

sγλ
4p3.p4

)
{ε3.ε4(−p3 + p4)λ + (−2p4.ε3 − p3.ε3)ε4λ + (2p3ε4 + p4.ε4)ε3λ])}

× (a3αu(p1)c1fαβγλγa4β) . (2.3.11)
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Thus by using the orthonormality condition ε3.p3 = ε4.p4 = 0 , we can drop two terms

from equation (2.3.11) and then the amplitude for diagram 3 can be written in a simpli�ed

form as

M3 = v̄(p2)

(
−ig2

sγλ
4p3.p4

)
{[ε3.ε4(−p3 + p4)λ + (−2p4.ε3)ε4λ + (2p3ε4)ε3λ])}

× (a3αu(p1)c1fαβγλγa4β)

= v̄(p2)

(
−ig2

s

4p3.p4

){
ε3.ε4(−/p3

+ /p4
) + (−2p4.ε3)/ε4 + (2p3.ε4)/ε3)

}
×
(
u(p1)a3αa4βfαβγc

†
2λγc1

)
. (2.3.12)

So, this is the general term and it is a little bit more complicated to evaluate. To

make things more managable let's assume the case in which the initial(incoming particles)

are at rest [18]. In other words this means the space components of their momentum is

zero. That is

p1 = p2 = (0, iE) and p3 = (~P , iE) , p4 = (−~P , iE). (2.3.13)

Then

p1.p3 = p1.p4 = −E2 = −m2 and p3.p4 = −~P 2 − E2 = −2E2 = −2m
2

(2.3.14)

here m is the relativistic mass. Meanwhile in the Coulomb gauge,

p3.ε4 = −p4.ε4 = 0, and likewise p4.ε3 = 0. (2.3.15)

(N.B In the Coulomb gauge the time component of ε is zero.) Thus by using these

assumptions we can write equation (2.3.12) as

M3 =

(
ig2
s

8m2

)
v̄(p2)

{
ε3.ε4(−/p3

+ /p4
)
}(

u(p1)a3αa4βfαβγc
†
2λγc1

)
. (2.3.16)

AAU, July 4, 2010



2.3. QUARK-ANTIQUARK PAIR ANNIHILATION INTO TWO GLUONS (Q+Q̄→
G+G) 30

By using the assumption that we made for the center of mass frame case we can

write the amplitude M1 given in equation (2.3.5) in a modi�ed form as

M1 =
g2
s

8m2
v̄(p2)

(
/ε4/p3

/ε3

)
u(p1)a3αa4β(c†2λβλαc1). (2.3.17)

And in the same way we can write M2 as

M2 =
g2
s

8m2
v̄(p2)

(
/ε3/p4

/ε4

)
u(p1)a3αa4β(c†2λαλβc1). (2.3.18)

Thus we can �nd the total amplitude by linear superposition of M1,M2 and M3 as

Mtotal = M1 +M2 +M3 =
g2
s

8m2
v̄(p2)

(
/ε4/p3

/ε3

)
u(p1)a3αa4β(c†2λβλαc1)

+
g2
s

8m2
v̄(p2)

(
/ε3/p4

/ε4

)
u(p1)a3αa4β(c†2λαλβc1)

+

(
ig2
s

8m2

)
v̄(p2)

{
ε3.ε4(−/p3

+ /p4
)
}(

u(p1)a3αa4βfαβγc
†
2λγc1

)
=

g2
s

8m2
a3αa4β v̄(p2)c†2

[
/ε4/p3

/ε3λβλα + /ε3/p4
/ε4λαλβ

]
c1u(p1)

+i
g2
s

8m2
a3αa4β v̄(p2)c†2

[
ε3.ε4(−/p3

+ /p4
)fαβγλγ

]
c1u(p1). (2.3.19)

By considering that the orientation of our coordinates in such a way that the z-axis

lies along the ~P direction we get the relation

/p3
= m(γ4 + γ3), /p4

= m(γ4 − γ3)

and /p4
− /p3

= −2mγ3 (2.3.20)

where γ3 is the component along the z-axis. By using the anticommutation relation for γ

matrices we can write

/ε4/p3
/ε3 = /ε4(2ε3.p3 − /ε3/p3

)

= − /ε4/ε3/p3
(2.3.21)

and

/ε3/p4
/ε3 = /ε3(2ε4.p4 − /ε4/p4

)

= − /ε3/ε4/p4
. (2.3.22)
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On substituting these results into equation (2.3.19) we obtain, Mtotal=M1 + M2 + M3

which can be written as,

Mtotal =
g2
s

8m2
a3αa4β v̄(p2)c†2

[
−/ε4/ε3m(γ4 + γ3)λβλα − /ε3/ε4m(γ4 − γ3)λαλβ

]
c1u(p1)

+i
g2
s

8m2
a3αa4β v̄(p2)c†2 [ε3.ε4(−2mγ3)fαβγλγ] c1u(p1). (2.3.23)

By using the relation

2ifαβγλγ = [λα, λβ]

/ε3/ε4 = ε3.ε4 + i(ε3 × ε4).Σ

/ε4/ε3 = ε3.ε4 − i(ε3 × ε4).Σ (2.3.24)

and simplifying equation (2.3.23) can be written as

Mtotal =
−g2

s

8m
a3αa4β v̄(p2)c†2 (ε3.ε4 {λα, λβ} γ4 + i(ε3 × ε4).Σ[λα, λβ]γ4) c1u(p1)

−g2
s

8m
a3αa4β v̄(p2)c†2 (−ε3.ε4[λα, λβ]γ3 − i(ε3 × ε4).Σ {λα, λβ} γ3) c1u(p1)

−g2
s

8m
a3αa4β v̄(p2)c†2 (+ε3.ε4[λα, λβ]γ3) c1u(p1). (2.3.25)

Simplifying the above equation we will get

Mtotal =
−g2

s

8m
a3αa4β v̄(p2)c†2 (ε3.ε4 {λα, λβ} γ4) c1u(p1)

−g2
s

8m
a3αa4β v̄(p2)c†2i(ε3 × ε4).Σ ([λα, λβ]γ4 − {λα, λβ} γ3) c1u(p1). (2.3.26)

Where

Σ =

σ o

0 σ

 (2.3.27)

and the curly brackets denote the anticommutator {A,B}=AB + BA.

Since the triplet states cannot go to two gluons, we can put the quarks in spin-0

(singlet). Then the amplitude becomes

M =
(M↑↓ −M↓↑)√

2
. (2.3.28)
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For M↑↓ ,

v̄(p2)γ4u(p1) = 0

v̄(p2)Σγ3u(p1) = 2miẑ. (2.3.29)

Since

M↓↑ = −M↑↓ (2.3.30)

we can write the amplitude obtained in equation (2.3.28) as

M =
2M↑↓√

2
. (2.3.31)

Substituting these results into equation (2.3.26) we obtain

M =
−g2

s

2
√

2
a3αa4βc

†
2(ε3 × ε4) {λα, λβ} c1

=
−
√

2g2
s

4
a3αa4β(ε3 × ε4)zc

†
2 {λα, λβ} c1. (2.3.32)

But

ε3 × ε4 = ik̂. (2.3.33)

Substituting this result into equation (2.3.32) we obtain

M =
−
√

2g2
s

4
a3αa4β(ik̂)c†2 {λα, λβ} c1. (2.3.34)

The color factor can be obtained as

f =
1

8
a3αa4βc

†
2 {λα, λβ} c1. (2.3.35)

In particular, if the quarks occupy the color singlet state , 1√
3
(rr̄+ bb̄+ gḡ), then the color
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factor given in equation (2.3.34) becomes

f =
1

8
a3αa4β(

1√
3

(1 0 0) {λα, λβ}


1

0

0



+
1

8
a3αa4β

1√
3

(0 1 0) {λα, λβ}


0

1

0



+
1

8
a3αa4β

1√
3

(0 0 1) {λα, λβ}


0

0

1

)

=
1

8
√

3
a3αa4βTr {λα, λβ} . (2.3.36)

But

Tr {λα, λβ} = 4δαβ. (2.3.37)

Substituting this result into equation (2.3.36) we obtain

f =
1

2
√

3
a3αa4α. (2.3.38)

Now the singlet state for two gluons is given by

|singlet〉 =
1√
8
|n〉1|n〉2

a3αa4α =
1√
8

(8) = 2
√

2. (2.3.39)

Inserting this result from equation (2.3.39) into equation (2.3.38) we obtain

f =

√
2

3
. (2.3.40)

For the q + q̄ → g + g in the color singlet state con�guration,with the quarks at

rest the amplitude is

M =
−4ig2

s√
3
. (2.3.41)
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Finally the square of the amplitude becomes

|M |2 =
16g4

s

3
. (2.3.42)

Finally the di�erential cross section is calculated as∫
dσ

dΩ


cm

=
1

(4π)2

1

E2
tot

|pfin|
|pinit|

1

4
|M |2. (2.3.43)

But

Etot = E1 + E2 = 2m

|Pinit| = |Pfin| = 2m. (2.3.44)

Then the di�erential cross section will be∫
dσ

dΩ


cm

=
1

(4π)2

1

(2m)2

1

4
|M |2. (2.3.45)

By substituting for |M |2 from equation (2.3.42) into equation (2.3.45) we obtain,∫
dσ

dΩ


cm

=
1

(4π)2

1

(2m)2

4g4
s

3

=
4

3(2m)2

(
g2
s

4π

)2

. (2.3.46)

But the �ne structure constant for strong interaction (QCD) is g2s
4π

= αs. Hence the

di�erential cross section becomes∫
dσ

dΩ


cm

=
4

3

( αs
2m

)2

. (2.3.47)

Finally the total cross section can be evaluated as∫
dσ =

4

3

( αs
2m

)2
∫ 4π

0

dΩ

⇒ σ =
16π

3

( αs
2m

)2

. (2.3.48)

So this is the total cross section for the pair annihilation of quark-antiquark into two

gluons.

After this we proceed to the next chapter and derive the Bethe-Salpeter equation

for two-particle interactions which we would use to calculate the cross section for double

heavy quarkonium production in chapter 4.
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Chapter 3

Bethe Salpeter Equation

The Bethe-Salpeter equation [11, 14] describes the bound states of a two-body (particles)

quantum mechanical system in a relativistically covariant formalism. Examples of two-

particle systems described by the Bethe-Salpeter equation are positronium, bound state of

an electron-positron pair. The Bethe-Salpeter formalism is generally accepted to represent

the appropriate framework for the description of bound states within relativistic quantum

�eld theory. Within this formalism, a bound state is described by its Bethe-Salpeter

amplitude, which is de�ned as the time-ordered product of the �eld operators of the

bound-state constituents between the vacuum and the bound state.

In principle, this bound-state amplitude should be found as a solution of the homo-

geneous Bethe-Salpeter equation. However, apart from a very few special cases such as

the famous Wick-Cutkosky model which describes the interaction of two scalar particles

by exchange of a massless scalar particle the Bethe-Salpeter equation turns out to be

practically not tractable. One of the main reasons for this fact is the appearance of time-

like variables in the equation of motion. Consequently people usually consider some three

dimensional reduction of the Bethe-Salpeter equation. The most popular among these

three-dimensional reductions is based on the assumption that the interaction between

the bound-state constituents is instantaneous in the center-of momentum frame of the

bound state. The result of this is called the �Salpeter equation� or �instantaneous Bethe-
35
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Salpeter equation�. This equation may be formulated as eigenvalue problem for the mass

M of the bound state. Its dynamical quantity is the �Salpeter amplitude,� obtained from

the Bethe-Salpeter amplitude by equating the time variables of the involved bound-state

constituents.

To derive the Bethe-Salpeter equation �rst it is necessary to start from the one particle

Dirac propagator then generalize to the two bound state.

3.1 Two Particle propagator

We know from propagator theory that one particle propagator in an external �eld can be

expressed as an interaction series

K(x1, x2) = K0(x1, x2)− e
∫
d4x3K0(x1, x3) /A(X3)(K0(x3, x2)

+(−e)2

∫
d4x3K0(x1, x3) /A(X3)K0(x3, x2) /A(X4)K(x4, x2) + ... (3.1.1)

This is the propagator series eqn. for a one particle in an external �eld Aµ(x).

We now generalize the expression for the propagator obtained for one particle in an

external �eld to two-particles in mutual interaction consider two particles a and b. First

let's take the condition in which the two propagating particles are freely propagating

simultaneously from space-time points x3 and x4 to space-time points x1 and x2. In

this case their propagation can be sketched graphically as shown in the following �gure.

Where p1 and p2 are the initial momenta at space-time points x3 and x4 respectively and

Figure 3.1: Ladder approximation diagram for two interacting particles[11].

p′1 and p
′
2 are the �nal momenta at space-time points x1 and x2 respectively. Here in this

interaction there is an exchange of one quanta.
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The free 2-particle propagator given in the �gure can be written as the product of

two single particle propagator as,

k0ab(x1, x2;x3, x4) = k0a(x1, x3)k0b(x2, x4). (3.1.2)

To �nd the form of the propagator for these two-interacting particles, let us consider

the simplest case(Moller interaction, e− + e− −→ e− + e−).

Now let us consider the interaction between them be Coulomb interaction and the Coulomb

potential is

V =
e2

rab
(3.1.3)

where rab = ra − rb is the separation between them.

In eqn.(3.1.3) the Coulomb interaction potential is not in covariant form. To write

it in a covariant form �rst 1
rab

has to be transformed in to momentum space by Fourier

transform. The Fourier transform of 1
rab

is as follows

1

|r|
−→ 1

|p|2
. (3.1.4)

Therefore, the Fourier transform of 1
rab

can be written as

1

|rab|
−→ 1

(p1 − p′1)2
. (3.1.5)

Still in eqn.(3.1.5) the potential is not in its covariant form. Finally by using the property

of the Dirac γ matrices it is possible to write this potential covariantly as

V =
e2γaµγ

b
µ

(p1 − p′1)2

V = −γaµe2(
−1

q2
)γbµ (3.1.6)

where q=(p1 − p′1). We then generate the interaction potential eγµAµ obtained for the

one-particle Dirac propagator to two Dirac particles as eγµAµ −→ −γaµe2DF (x5 − x6)γbµ

where

DF (x5 − x6) =
−1

(2π)4

∫
d4q

eiq.(x5−x6)

q2
(3.1.7)
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is the photon propagator. To remove the singularity in the propagator when q2 = 0, it

has to be modi�ed as

DF (x5 − x6) =
−1

(2π)4

∫
d4q

eiq.(x5−x6)

q2 + iε
(3.1.8)

where ε is an in�nitesimal real constant. By using this photon propagator the

propagator for the two interacting particles propagating simultaneously can be written as

K(x1, x2;x3, x4) = K0a(x1, x3)K0b(x3, x4)

−
∫
d4x5d

4x6K0(x1, x2;x5, x6)γaµe
2DF (x5 − x6)γbµK(x5, x6;x3, x4). (3.1.9)

If we let −γaµe2DF (x5 − x6)γbµ = I(x5, x6) then eqn.(3.1.9) becomes

K(x1, x2;x3, x4) = K0(x1, x2;x3, x4)

+

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)K(x5, x6;x3, x4). (3.1.10)

Introducing another intermediate space-time point x7 and x8 between points x5 ,x3 and

x6 ,x4 the propagator for the simultaneous propagation from x5 to x3 and x6 to x4 that

is K(x5, x6;x3, x4) can be written as

K(x5, x6;x3, x4) = K0(x5, x6;x3, x4)

+

∫
d4x7d

4x8K0(x5, x6;x7, x8)I(x7, x8)K(x7, x8;x3, x4). (3.1.11)

Substituting for K(x5, x6;x3, x4) in eqn.(3.1.10) from eqn.(3.1.11) we will obtain

K(x1, x2;x3, x4) = K0(x1, x2;x3, x4)∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)[K0(x5, x6;x3, x4)

+

∫
d4x7d

4x8K0(x5, x6;x7, x8)I(x7, x8)K(x7, x8;x3, x4)] (3.1.12)
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Thus we can write

⇒ K(x1, x2;x3, x4) = K0(x1, x2;x3, x4)

+

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)[K0(x5, x6;x3, x4)K0(x5, x6;x3, x4)

+

∫
d4x5d

4x6d
4x7d

4x8K0(x1, x2;x5, x6)I(x5, x6)

×[K0(x5, x6;x7, x8)I(x7, x8)K(x7, x8;x3, x4)] + .... (3.1.13)

This implies that if we continue introducing other intermediate space-time points and solve

for the propagators iteratively we will get the above series expansion for the propagator.

The expression obtained in eqn.(3.1.12) can be represented graphically by adding a one

quantum exchange term graph to the initial graph as follows.

Figure 3.2: Graphical representation of the interaction kernel of two-particle bound system

3.2 Bethe-salpeter two-particle wave function

In non-relativistic quantum mechanics for a particle propagating from a space-time

point (~r′, t′) to a space-time (~r, t), if the wave function[11, 15] at (~r′, t′) is known, then

the wave function at (~r, t) is given by

ψ(~r, t) =

∫
d3~r′K(~r, t;~r′, t′)ψ(~r′, t′). (3.2.1)

The above condition can be applied for the two bound particles propagating simultane-

ously from space-time x3, x4 to space-time point x1, x2. That is if the wave funcion of the
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bound system at x3, x4 is known, then the wave function at x1, x2 can be given as

ψ(x1, x2) =

∫
d3x3d

3x4K(x1, x2;x3, x4)ψ(x3, x4). (3.2.2)

By substituting for K(x1, x2;x3, x4) from eqn.(3.1.10) into eqn.(3.2.2) we obtain

ψ(x1, x2) =

∫
d3x3d

3x4[K0(x1, x2;x3, x4)

+

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)K(x5, x6;x3, x4)]ψ(x3, x4)

⇒ ψ(x1, x2) = ψ0(x1, x2) +

∫
d3x3d

3x4d
4x5d

4x6K0(x1, x2;x5, x6)

×I(x5, x6)K(x5, x6;x3, x4)ψ(x3, x4). (3.2.3)

But ∫
d3x3d

3x4K(x5, x6;x3, x4)ψ(x3,x4) = ψ(x5,x6). (3.2.4)

On substituting from eqn.(3.2.4) into eqn.(3.2.3) we obtain

ψ(x1, x2) = ψ0(x1,x2) +

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)ψ(x5, x6). (3.2.5)

For two particles forming a bound state after propagation ψ0(x1, x2)=0. Therefore,

under this condition eqn.(3.2.5) will be reduced to

ψ(x1, x2) =

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)ψ(x5, x6). (3.2.6)

Multiplying eqn. (3.2.6) from left by free Dirac operators on both sides we can write

Bethe-Salpeter equation(BSE) in coordinate representation as,

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) =

(γµ∂1µ +m1)(γµ∂2µ +m2)

∫
d4x5d

4x6K0(x1, x2;x5, x6)

I(x5, x6)ψ(x5, x6). (3.2.7)

Making use of

(γµ∂1µ +m1)K0(x1, x5) = −iδ(4)(x1 − x5)

(γµ∂2µ −m2)K0(x2, x6) = −iδ(4)(x2 − x6). (3.2.8)
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and substituting from eqn. (3.2.8) into eqn. (3.2.7) we obtain

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) =∫
d4x5d

4x6(−iδ(4)(x1 − x5))(−iδ(4)(x2 − x6))I(x5, x6)ψ(x5, x6). (3.2.9)

Thus eqn.3.2.9 becomes

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) = −I(x1, x2)ψ(x1, x2). (3.2.10)

Let −I(x1, x2) = K(x1, x2). Where k(x1, x2) is an interaction kernel. Then the BSE can

be written as

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) = K(x1, x2)ψ(x1, x2). (3.2.11)

This is also another form of BSE in coordinate representation. Here this K(x5, x6) is not

the same as the propagator.

Now let us consider the hadron moves with 4-momentum Pµ. In the center-of-mass

frame, the center of mass coordinate is given by

X̄ =
m1x1 +m2x2

m1 +m2

. (3.2.12)

If we consider the condition m1 = m2 = m then the center-of-mass coordinate becomes

X̄ =
x1 + x2

2
(3.2.13)

and the relative separation between the two particles is also given by

x = x1 − x2. (3.2.14)

From the above relation we can get

∂1µ =
∂

∂x1

=
∂X̄

∂x1

∂

∂X̄
+

∂x

∂x1

∂

∂x
=

1

2
∂x̄ + ∂xµ

∂2µ =
∂

∂x2

=
∂X̄µ

∂x2

∂

∂X̄
+

∂x

∂x2

∂

∂x
=

1

2
∂x̄µ − ∂xµ. (3.2.15)
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Now by using X̄ and x we can write ψ(x1, x2) as follows. That is

ψ(x1, x2) = ψ(X̄)ψ(x). (3.2.16)

Where

ψ(X̄) =
1√
V
eiP.X̄ . (3.2.17)

Substituting for ψ(x1,x2) from equation (3.2.17) into equation (3.2.11) we will obtain

(
1

2
∂x̄ + ∂xµ +m)(

1

2
∂x̄µ − ∂xµ +m)eiP.X̄ψ(x) = k(x)eiP.X̄ψ(x). (3.2.18)

Di�erentiating with respect to ∂x̄ equation (3.2.18) will reduce to

(i
1

2
/P + ∂xµ +m)(i

1

2
/P − ∂xµ +m)ψ(x) = k(x)ψ(x). (3.2.19)

where /P=γµPµ. Here in the above equation equation (3.2.19) K(x) is taken as a function

of x only. This is by assuming that the interaction between the particles depends on the

relative separation between the two particles. Now by taking the Fourier transform of

ψ(x) and K(x0) as

ψ(x) =
1

(2π)4

∫
d4qeiq.xψ(q)

K(x) =
1

(2π)4

∫
d4keik.xK(k). (3.2.20)

Then by substituting from equation (3.2.20) into equation (3.2.19) we obtain

(i
1

2
/P + ∂xµ +m)(i

1

2
/P − ∂xµ +m)

1

(2π)4

∫
d4qeiq.xψ(q)

=
1

(2π)4

∫
d4q′eiq

′.xψ(q′)
1

(2π)4

∫
d4k′eik

′.xk(k′)

⇒ (i
1

2
/P + i/q +m)(i

1

2
/P − i/q +m)eiq.xψ(q) =

1

(2π)4

∫
d4q′d4k′ei(q

′+k′).xψ(q′).

(3.2.21)

Let K ′+q′=q for a given value of q′. Then d4k = d4q. Therefore, (3.2.21) becomes

(i/p1
+m)(i/p2

+m)

∫
d4qeiq.xψ(q) =

1

(2π)4

∫
d4qd4q′eiq.xk(q − q′)ψ(q′)

⇒ (i/p1
+m)(i/p2

+m)ψ(q) =
1

(2π)4

∫
d4q′k(q − q′)ψ(q′) (3.2.22)
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where, p1=
1
2
P+q and p2=

1
2
P -q.

Finally by using the fermion propagator eqn. (3.2.22) can be writen as

S−1
F (p1)S

−1
F (p2)ψ(q) =

∫
d4q′

(2π)4
k(q − q′)ψ(q′)

⇒ ψ(q) =
−i

(i/p1
+m)

−i
(i/p2

+m)

∫
d4q′

(2π)4
d4q′k(q, q′)ψ(q′)

⇒ ψ(q) =

(−i(−i/p1
+m)

(p2
1 +m2)

)(−i(−i/p2
+m)

(p2
2 +m2)

)
×
∫

d4q′

(2π)4
k(q, q′)ψ(q′) (3.2.23)

where S−1
F (p1) is the Dirac �eld inverse propagator. This can also be written as

ψ(q) =
i(−i/p1

+m)

M1

i(−i/p2
+m)

M2

∫
d4q′

(2π)4
k(q, q′)ψ(q′) (3.2.24)

where M1=(p2
1 +m2) andM2 =(p2

2 +m2)are the inverse propagators for two fermion �elds.

The four-momentum of the quark and anti-quark,p1 and p2 are related to the internal

momentum qµ of the hadron and the four-momentum Pµ of the hadron by the relation[20,

22]:

p1,2µ = m̂1,2Pµ ± qµ (3.2.25)

where m̂1,2 = [1± (m2
1−m2

2)

M2 ]/2 is the Weightman-Garding(WG) de�nition of masses of the

conistituent quarks of the hadron.

For spinless quarks the Bethe-Salpeter equation is given by

i(2π)4 M1M2 φ(p, q) =

∫
d4q′K(q, q′)φ(p, q′). (3.2.26)

Using the ansatz on bound state kernel which is assumed to depend on 3D variables q̂µ

i.e

K(q, q′) = K(q̂, q̂′) (3.2.27)

where the internal momentum qµ is split into its transverse and longitudinal components

as

qµ = (q̂µ, iMσ) (3.2.28)
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where

q̂µ = qµ −
q.P

P 2
Pµ (3.2.29)

is the transverse component and

Mσ = M
q.P

P 2
(3.2.30)

is the longitudinal component of the internal momentum qµ. When we say the transverse

and longitudinal it is with respect to the total momentum of the hadron. As it can easily

be veri�ed from equation (3.2.29) the transverse component q̂µ is orthogonal to the total

momentum of hadron Pµ.That means

q̂µ.Pµ = qµ.Pµ −
q.P

P 2
Pµ.Pµ = q.P − q.P = 0. (3.2.31)

By using the above relations, the 4-dimensional volume element in momentum space

can be expressed as

d4q = d3q̂Mdσ. (3.2.32)

Substituting for d4q = d3q̂Mdσ from eqn. (3.2.32) into eqn. (3.2.26) we will get

i(2π)4 M1M2 φ(p, q) =

∫
d3q′K(q, q′)Mdσφ(p, q′). (3.2.33)

By introducing a 3-D wave function

φ(q̂) =

∫ ∞
−∞

Mdσφ(p, q) (3.2.34)

eqn. (3.2.33) can be written as

i(2π)4 M1M2 φ(p, q) =

∫
d3q̂′K(q, q′)φ(q̂′). (3.2.35)

Integrating both sides of the eqn. (3.2.35) by
∫∞
−∞ d

3q̂Mdσφ(p, q) it can be reduced to∫ ∞
−∞

Mdσφ(p, q) =
1

(2π)4i

∫ ∞
−∞

Mdσ

M1M2

∫
d3q̂′K(q, q′)φq̂′

⇒ φ(q) =
1

D(q̂)(2π)3

∫
d3q̂′K(q, q′)φ(q̂′)

⇒ D(q̂)(2π)3φ(q) =

∫
d3q̂′K(q, q′)φ(q̂′). (3.2.36)
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By comparing eqn. 3.2.35 and eqn. 3.2.36 it is possible to obtain the BS vertex function

as

M1M2 φ(p, q) =
D(q̂)φ(q̂)

2πi
≡ Γ(q̂) (3.2.37)

where Γ(q̂) is the BS vertex function [21] under CIA and

1

D(q̂)
=

1

2πi

∫ ∞
−∞

Mdσ

M1M2

. (3.2.38)

The value of 1
D(q̂)

= 1
2πi

∫∞
−∞

Mdσ
M1M2

can be evaluated by contour integration in the

complex σ-plane.It can be carried out as follows.

1

D(q̂)
=

1

2πi

∫ ∞
−∞

Mdσ

M1M2

⇒=
1

2πi

∫ ∞
−∞

Mdσ

(m2
1 + p2

1)(m2
2 + p2

1)
. (3.2.39)

But interms of σ ,M1 and M2 can be expressed as [21] M1= ω2
1 −M2(σ + 1

2
)2 and M2=

ω2
2 −M2(1

2
− σ)2. Then

1

D(q̂)
=

1

2πi

∫ ∞
−∞

Mdσ

(ω2
1 −M2(σ + 1

2
)2)(ω2

2 −M2(1
2
− σ)2)

⇒=
1

2πiM3

∫ ∞
−∞

dσ

(
ω2

1

M2
− (σ + 1

2
)2)(

ω2
2

M2 − (1
2
− σ)2)

. (3.2.40)

Let

I =

∫ ∞
−∞

dσ

(
ω2

1

M2
− (σ + 1

2
)2)(

ω2
2

M2 − (1
2
− σ)2)

= 2πi
∑

(residues enclosed in the upper half-plane). (3.2.41)

The poles of the integration are at σ = −1
2
± ω1

M
and at σ = 1

2
± ω2

M
. Since the position of

the poles lie on the real axis, we have to shift the positions of the poles by introducing an

in�nitesimal real constant ε. Therefore,the position of the poles will be at σ = −1
2
± ω1

M
∓iε

and at σ = 1
2
± ω2

M
∓ iε. So the positions of the poles in the upper half plane are at

σ = −1
2
− ω1

M
+ iε and σ = 1

2
− ω2

M
+ iε. Then the residue at σ = −1

2
− ω1

M
+ iε is
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Figure 3.3: Figure for contour integration over complex σ plane.

a−1 = lim
σ→−1

2
−ω1

M
−iε

(σ + 1
2

+ ω1

M
− iε)

(σ + 1
2

+ ω1

M
− iε)(σ + 1

2
− ω1

M
+ iε)((σ − 1

2
+ ω2

M
+ iε)(σ − 1

2
− ω2

M
+ iε)

⇒ a−1 =
−M3

2ω1(M + ω1 − ω2)(M + ω1 + ω2)
. (3.2.42)

The other residue is at σ = 1
2
− ω2

M
+ iε. That is

a−1 = lim
σ→ 1

2
−ω2

M
+iε

(σ − 1
2

+ ω2

M
− iε)

(σ + 1
2

+ ω1

M
− iε)(σ + 1

2
− ω1

M
+ iε)((σ − 1

2
+ ω2

M
+ iε)(σ − 1

2
− ω2

M
+ iε)

⇒ a−1 =
M3

2ω1(M + ω1 − ω2)(−M + ω1 + ω2)
. (3.2.43)

Therefore, the sum of the residues becomes∑
(residues) =

M3

(M + ω1 − ω2)

(
−1

2ω1(M + ω1 + ω2)
+

−1

2ω2(−M + ω1 + ω2)

)
⇒= M3

(
ω1

2ω1ω2[−M2 + (ω1 + ω2)2]
+

ω1

2ω1ω2[−M2 + (ω1 + ω2)2]

)
⇒=

−M3

(−M2 + (ω1 + ω2)2)

(
1

2ω1

+
1

2ω1

)
. (3.2.44)

Finally the contour integration over the complex σ plane becomes

I =
2πiM3

(−M2 + (ω1 + ω2)2)

(
1

2ω1

+
1

2ω1

)
(3.2.45)

and

1

D(q̂)
=

1

2πiM3

2πiM3

(−M2 + (ω1 + ω2)2)

(
1

2ω1

+
1

2ω1

)
⇒ D(q̂) =

(ω1 + ω2)2 −M2

1
2ω1

+ 1
2ω1

⇒ D(q̂) =
D0(q̂)

1
2ω1

+ 1
2ω1

(3.2.46)
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where D0(q̂) = (ω1 +ω2)2−M2. But for the case m1 = m2 = m, ω1 = ω2 = ω eqn. 3.2.46

becomes

D(q̂) = ω
(
4ω2 −M2

)
. (3.2.47)

Substituting this result into equation (3.2.37) we obtain the �nal expression for the

hadron-quark vertex function for case scalar quarks constituting the hadron as,

Γ(q̂) =
D(q̂)

2πi
φ(q̂). (3.2.48)

We generalize this to fermionic quarks now. For the case of P-meson, the hadron-

quark vertex function is taken as

ΓP (q̂) = γ5
D(q̂)

2πi
φ(q̂) (3.2.49)

while for vector mesons the hadron-quark vertex function is taken as

Γv(q̂) = i(γ.ε)
D(q̂)

2πi
φ(q̂). (3.2.50)

Hence in the next chapter applying this result and the two particle Bethe-Salpeter

wave function we can �nd the cross section for the production of double heavy quarkonium

production in high energy electron-positron collisions.
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Chapter 4

Cross-section for double heavy

quarkonium production in high energy

e−e+ collisions

Before we proceed to the the calculation of the cross-section, it is better to have

an idea of what cross section refers to. Cross-section is a quantity that provides the

information regarding the interaction in the scattering process. That is, based on the

available initial and �nal states of colliding particles, it tells the probability for a particular

physical process to take place. Note that this does not refer to the geometry of the target

particle, rather it refers to the e�ective area over which two or more particles interact

such that they make a transition from an initial state to a �nal state.

Di�erent processes of the production and decay of heavy mesons consisting of heavy

b (bottom) and c(charm) quarks provide the means for revealing the role of the color and

spin dependent quark forces. The aim of many present experiments consists in the increase

of experimental accuracy that is important for the detailed comparison of di�erent existing

theoretical approaches to the heavy quark problem. The exclusive production of a pair

of doubly heavy mesons with c-quarks in e+e− annihilation has attracted considerable

attention in the last years. This is due to the fact that the cross section of the process
48



49

e+ +e− → J/ψ+ηC which was measured in the experiments on Babar and Belle detectors

at the energy
√
s = 10.6 GeV has great dicrepancy with the theoretical predictions.

To reduce the discrepancy many e�orts have been made. For example, as dis-

cussed in [8], corrections from pure electromagnetic interactions are introduced into the

non-relativistic QCD (NRQCD) factorization formalism. The next-to-leading order con-

tributions of strong interaction are taken into account in [24, 25]. In [7],the authors take

into account corrections to the J/ψ leptonic decay width and the scale dependence of the

leading-order prediction; etc.

Discussions given in [24, 25] suggest that to reduce the large discrepancy between

the experimental results and the theoretical predictions based on NRQCD for the process

e−e+ → J/ψ + ηc with the �nal state which is composed of two charmonia, large next-

to-leading-order (NLO) corrections may appear (the 'NLO' contribution is about 1.8 to

2.1 times of the leading-order one). Including this large NLO contributions, their results

are close to the lower bound set by the Babar and Belle collaborations for the double-

charmonia production. The authors also indicate that including the relativistic corrections

can further enhance the estimated value.

In this work, by properly including relativistic e�ects, we try to calculate the cross

section for the process of double heavy quarkonium production e−e+ → J/ψ + ηc by

applying the two-particle Bethe-Salpeter (BS) wave equation which we derived in the

previous (chapter 3). The BS equation is in principle established in the frame work

of relativistic quantum �eld theory. Therefore, it is supposed to include all relativistic

e�ects. Moreover, inorder to solve this problem in practice, one needs to take some

approximations such as the instantaneous approximation where part of the relativistic

e�ects are lost. However,in many cases, such loss is not that much signi�cant. Inorder to

simplify the calculation we will use the heavy quark limit and the ultrarelativistic limit

throughout the process of the calculation.
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To calculate the cross section we will start by evaluating the scattering amplitude

and then �nally we calculate the total cross section for the process as follows.

4.1 Amplitude for double heavy quarkonium produc-

tion

To �nd the cross-section for the above process, �rst we have to �nd the scattering

amplitude by applying Feynman rules to the following diagrams[26].

Figure 4.1: Diagram for vector and pseudoscalar meson production from e+e− pair anni-
hilation.

M1 =
cf [v̄(p2)(−ieγµ)u(p1)]

s

∫
d4qa
(2π)4

d4qb
(2π)4

×Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)] (4.1.1)

where cf = N2−1
2N

= 9−1
6

= 4
3
is the color factor and

√
s is the total energy.

Let

C =
4

3

[v̄(p2)(−ieγµ)u(p1)]

s
. (4.1.2)

Then equation (4.1.1) can be written as

M1 = C

∫
d4qa
(2π)4

d4qb
(2π)4

×Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)]. (4.1.3)

The hadron-quark vertex function for p-meson (ηc) is given by

Γp(q̂b) =
γ5NpDp(q̂b)φp(q̂b)

2πi
(4.1.4)
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and the hadron-quark vertex function for vector(J/ψ) vertex is given by

Γv(q̂a) =
iγ.εNvDv(q̂a)φp(q̂a)

2πi
(4.1.5)

where Np and Nv are the normalization constants for the respective mesons.

The propagators for the three quarks are

SF (−q1) = −i
(
i/q1

+m1

q2
1 +m2

1

)
SF (q2) = −i

(−i/q2
+m2

q2
2 +m2

2

)
SF (−q3) = −i

(
i/q3

+m3

q2
3 +m2

3

)
. (4.1.6)

In equation (4.1.1) Np(q̂b), Nv(q̂a), Dp(q̂b), Dv(q̂a), φp(q̂b), φv(q̂a) can be taken out of the

trace. By substituting the above results in equation (4.1.1) the trace term can be calcu-

lated as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)] =
ieQNpDp(q̂b)φp(q̂b)NvDv(q̂a)φp(q̂a)

(2π)2

×Tr
{
γµ

(
i/q3

+m3

q2
3 +m2

3

)
γ5

(−i/q2
+m2

q2
2 +m2

2

)
(γ.ε)

(
i/q1

+m1

q2
1 +m2

1

)}
(4.1.7)

For the sake of mathematical simplicity we let

−eQNpDp(q̂b)φp(q̂b)NvDv(q̂a)φp(q̂a)

(2π)2
= C ′ (4.1.8)

and thus equation (4.1.7) can be written as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)] =

C ′Tr

{
iγµ

(
i/q3

+m3

q2
3 +m2

3

)
γ5

(−i/q2
+m2

q2
2 +m2

2

)
(γ.ε)

(
i/q1

+m1

q2
1 +m2

1

)}
=

C ′

M1M2M3

Tr
{
iγµ(i/q3

+m3)γ5(−i/q2
+m2)(γ.ε)(i/q1

+m1)
}

=
C ′

M1M2M3

[−Tr(γµ/q3
γ5/q2

/ε/q1
) + im1Tr(γµ/q3

γ5/q2
/ε)− im2Tr(γµ/q3

γ5/ε/q1
)

−m1m2Tr(γµ/q3
γ5/ε) + im3Tr(γµγ5/q2

/ε/q1
) +m1m3Tr(γµγ5/q2

/ε)

−m3m2Tr(γµγ5/ε/q1
) + im1m2m3Tr(γµγ5/ε)] (4.1.9)
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where,

M1= q2
1 +m2

1

M2= q2
2 +m2

2

M3= q2
3 +m2

3. (4.1.10)

Since γ5=γ1γ2γ3γ4, in equation (4.1.9) only the trace over even numbered product of γ

matrices survive. That means the trace over odd numbered product of γ matrices vanish.

So, in equation (4.1.9) only the trace over three terms survive. Therefore,

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)] =

(
C ′

M1M2M3

)
×
{
im1Tr(γµ/q3

γ5/q2
/ε)− im2Tr(γµ/q3

γ5/ε/q1
) + im3Tr(γµγ5/q2

/ε/q1
)
}
. (4.1.11)

Since only the c quark is present in both the mesons m1 = m2 = m3=m. Then equation

(4.1.11) can be written in a simpli�ed form as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)]

=
imC ′

M1M2M3

{
Tr(γµ/q3

γ5/q2
/ε − Tr(γµ/q3

γ5/ε/q1
) + Tr(γµγ5/q2

/ε/q1
)
}
. (4.1.12)

But

γ5 = γ1γ2γ3γ4. (4.1.13)

Then by using the commutation relation γ5γµ=−γµγ5 equation (4.1.12) can be written in

the modi�ed form as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)]

=
imC ′

M1M2M3

{
Tr(γ5γµ/q3/q2

/ε − Tr(γ5γµ/q3
/ε/q1

)− Tr(γ5γµ/q2
/ε/q1

)
}
. (4.1.14)

Now let aµ=(0, 1, 0, 0) where 1 represents the µ component of a. Then the above equation

can be written in terms of /a as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)]

=
imC ′

M1M2M3

{
Tr(γ5/a/q3/q2

/ε − Tr(γ5/a/q3
/ε/q1

)− Tr(γ5/a/q2
/ε/q1

)
}
. (4.1.15)
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But

Tr(γ5/a/b/c/d) = 4εαβγδaαbβcγdδ. (4.1.16)

where εαβγδ is a completely antisymmetric tensor. That is

= +1 if α, β, γ, δ are even permutation of (1,2,3,4)

εαβγδ = −1 if α, β, γ, δ are odd permutation of (1,2,3,4) and

= 0 if any two indices are equal.

So by using the above relation the equation for the trace can be simpli�ed and written as

Tr[(−ieQγµ)SF (−q3)Γp(q̂b)SF (q2)Γv(q̂a)SF (−q1)]

=
4imC ′ελ
M1M2M3

{εµγβλq3γq2β − εµγλαq3γq1α − εµβλαq2βq1α} . (4.1.17)

Inserting the values obtained for the trace part and by substituting for C ′ from equation

(4.1.8) the amplitude can be written as

M1 =
−4imeQCελ

(2π)2

∫
d3q̂a
(2π)4

Madσa
d3q̂b

(2π)4
MbdσbNpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

×
(

εµγβλq3γq2β − εµγλαq3γq1α − εµβλαq2βq1α)

[ω2
b −M2

b (1
2
− σb)2][ω2

a −M2
a (1

2
− σa)2][ω2

a −M2
a (1

2
+ σa)2]

)
. (4.1.18)

To integrate over the complex σ plane let the other terms which are independent of σ be

C ′′. That is

C ′′ =
−4imeQCελ

(2π)2
(

1

(2π)8
)(εµγβλq3γq2β − εµγλαq3γq1α − εµβλαq2βq1α)

×(NpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)). (4.1.19)

Therefore, eqn.(4.1.18) can be written as

M1 = C ′′
∫
Madσa

∫
Mbdσb

(
1

[ω2
b −M2

b (1
2
− σb)2][ω2

a −M2
a (1

2
− σa)2][ω2

a −M2
a (1

2
+ σa)2]

)
.

(4.1.20)

As it can easily be seen from equation (4.1.20) the poles of the integration are at σa=
1
2
± ωa

Ma

, σa=
−1
2
± ωa

Ma
and σb=

1
2
± ωb

Mb
. By taking those terms which are independent of σb as
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constant, the integration over σb can be evaluated as∫ ∞
−∞

Mbdσb
ω2
b −M2

b (1
2
− σb)2

=

∫ ∞
−∞

dσb

Mb(
ω2

b

M2
b
− (1

2
− σb)2)

. (4.1.21)

Since the poles of the integration lie on the real axis of σb,it is possible to shift the

position of the pole by introducing an in�nitesimal imaginary increment iε to the poles.

Therefore,equation (4.1.21) can be written as∫ ∞
−∞

Mbdσb
ω2
b −M2

b (1
2
− σb)2

=

∫ ∞
−∞

dσb
Mb(σb + 1

2
+ ωb

Mb
− iε)(σb + 1

2
− ωb

Mb
+ iε)

= Ib = 2πi
∑

( residues in the upper half plane). (4.1.22)

The residue at this pole is

Figure 4.2: Digram for pole integration over σa complex plane

a−1 = lim
σb→( 1

2
− ωb

Mb
+iε)

(σb − 1
2

+ σb

Mb
− iε)

Mb(σb − 1
2
− ωb

Mb
+ iε)(σb + 1

2
− ωb

Mb
− iε)

= − 1

2ωb
. (4.1.23)

By substituting for the residue in equation (4.1.22) from equation (4.1.23) the pole inte-

gration over the complex σb becomes

Ib = − iπ
ωb
. (4.1.24)
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Similarily the pole integration over σa can be evaluated as

Ia =

∫ ∞
−∞

Madσa

M4
a [(σa − 1

2
)2 − ω2

a

M2
a
][(σa + 1

2
)2 − ω2

a

M2
a
]

=
1

M3
a

∫ ∞
−∞

dσa

[(σa − 1
2
)2 − ω2

a

M2
a
][(σa + 1

2
)2 − ω2

a

M2
a
]

= 2πi
∑

( residues in the upper half plane). (4.1.25)

For this pole integration the poles of the integration are at σa = 1
2
± ωa

Ma
and at σa =

−1
2
± ωa

Ma
. The residue at σa = 1

2
− ωa

Ma
is

a−1 = lim
σa→ 1

2
− ωa

Ma
+iε

(σa − 1
2

+ ωa

Ma
− iε)

(σa − 1
2

+ ωa

Ma
− iε)(σa − 1

2
− ωa

Ma
+ iε)(σa + 1

2
− ωa

Ma
+ iε)(σa + 1

2
+ ωa

Ma
− iε)

=
1

(−2ωa

Ma
)(1− 2ωa

Ma
)

=
M2

a

2ωa(2ωa −Ma)
. (4.1.26)

Similarily the residue at σa = −1
2
− ωa

Ma
is

a−1 = lim
σa→− 1

2
− ωa

Ma
+iε

(σa + 1
2

+ ωa

Ma
− iε)

(σa − 1
2

+ ωa

Ma
− iε)(σa − 1

2
− ωa

Ma
+ iε)(σa + 1

2
− ωa

Ma
+ iε)(σa + 1

2
+ ωa

Ma
− iε)

=
1

(−2ωa

Ma
)(1 + 2ωa

Ma
)

=
−M2

a

2ωa(2ωa +Ma)
. (4.1.27)

Finally the sum of the residues will be

∑
(residues) =

M2
a

2ωa

(
1

−Ma + 2ωa + −1
Ma+2ωa

)

=
M3

a

ωa

(
1

4ω2
a −M2

a

)
. (4.1.28)

By substituting for the sum of the residues from equation (4.1.28) into equation (4.1.25)

the pole integration over σa will be

Ia =
2πi

ωa

(
1

4ω2
a −M2

a

)
. (4.1.29)
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Hence the pole integration over σa and σb plane will be∫ ∞
−∞

MbdσbMa

M1M2M3

=

(
−πi
ωb

)(
2πi

ωa

)(
1

4ω2
a −M2

a

)
=

2π2

ωaωb

(
1

4ω2
a −M2

a

)
. (4.1.30)

Substituting for the result obtained for pole integration over σa and σb from eqn. 4.1.27

into eqn. 4.1.18 we get,

M1 =
−4imeQCελ

(2π)2

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)∫
d3q̂a
(2π)4

d3q̂b
(2π)4

NpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

× (εµγβλq3γq2β − εµγλαq3γq1α − εµβλαq2βq1α) . (4.1.31)

Since the indices of the q′s in the above equation are independent the antisymmetric

tensor ε can be taken out as a common factor by using the following rearrangement. That

is by renaming α→ β in the second term and α→ γ in the third term. Therefore,

M1 =
−4imeQCελ

(2π)2

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)∫
d3q̂a
(2π)4

d3q̂b
(2π)4

NpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

× (εµγβλq3γq2β − εµγλβq3γq1β − εµβλγq2βq1γ) . (4.1.32)

Then by using the relation

εµγλβ = −εµγβλ

εµβλγq2β = εµγβλq2β (4.1.33)

and �nally by taking the common factor equation (4.1.32) can be written as

M1 =
−4imeQCελ

(2π)2

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)
NpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

×εµγβλ (q3γq2β + q3γq1β − q2βq1γ) . (4.1.34)

The Bethe-Salpeter normalizers Np and Nv for ηc and J/ψ mesons respectively can

be taken out of the integral operators and equation (4.1.34) can be written as,

M1 =
−4imeQCελ

(2π)2
NpNv

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)
Dp(q̂b)φp(q̂b)Dv(q̂a)φv(q̂a)

×εµγβλ (q3γq2β + q3γq1β − q2βq1γ) . (4.1.35)
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Since an integration is needed to obtain the amplitude and since the propagators of

the quark depend on the relative momenta qa and qb one can expect that the calculation

is very complicated. To simplify the calculation, we assume that the propagators of the

quark and the gluon are independent of relative momenta qa and qb. This simpli�cation

is appropriate since the masses of heavy quarks are large compared with the relative

momenta,which are of order αsmQ . Then the momenta q′is (i=1,2,3)are large compared

with the relative momenta qa and qb . One may expect that, in the heavy quark limit,

the calculation without taking into account the relative momenta should be exact. So for

the heavy quark approximation, that is for the condition the mass of the quarks is much

larger than the internal relative momenta, we can take the relation

q1µ =
1

2
Paµ + qaµ '

1

2
Paµ

q2µ =
1

2
Paµ − qaµ '

1

2
Paµ

q3µ =
1

2
Pbµ + qbµ '

1

2
Pbµ. (4.1.36)

Substituting from equation (4.1.36) into equation (4.1.35) we obtain

M1 =
−4imeQCελ

(2π)2
NpNvεµγβλ

(
1

4
PbγPaβ +

1

4
PbγPaβ −

1

4
PaβPbγ

)
×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)
Dp(q̂b)φp(q̂b)Dv(q̂a)φv(q̂a)

⇒Mfi =
−4imeQC

(2π)2
NpNvελεµγβλ(

1

4
PbγPaβ)

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)
×Dp(q̂b)φp(q̂b)Dv(q̂a)φv(q̂a). (4.1.37)

Substituting for Dp(q̂b) and Dv(q̂a) from equation (3.2.47) into equation (4.1.37) we will

get

M1 =
−4imeQCελ

(2π)2
NpNvεµγβλ(

1

4
PbγPaβ)

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2

ωaωb

)(
1

4ω2
a −M2

a

)
×ωb

(
4ω2

b −M2
b

)
φp(q̂b)ωa

(
4ω2

a −M2
a

)
φv(q̂a)

⇒M1 =
−4imeQC

(2π)2
NpNvελεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4ω2
b −M2

b

)
φp(q̂b)φv(q̂a). (4.1.38)
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Furthermore, due to the heavy quarks in the mesons, we will make use of approximation

Ma 'Mb 'M ' 2m (4.1.39)

in the calculation of the cross section in this paper. Then the amplitude will be

M1 =
−4imeQCελ

(2π)2
NpNvεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4ω2
b −M2

)
φp(q̂b)φv(q̂a). (4.1.40)

The ground state wave function[20] φ(q̂) has a gausian structure and is expressed

as:

φ(q̂) ' e−q̂
2/2β2

. (4.1.41)

The structure of β is given by

β2 =

(
1

2
Mω2

qq̄/γ
2

)1/2

γ2 = 1 +
2ω2

qq̄C0

Mω2
0

. (4.1.42)

Where

ω2
qq̄ = 2Mω2

0αs(M
2). (4.1.43)

Inserting for φp(q̂b) and φv(q̂a) into equation (4.1.40) we will get

M1 =
−4imeQCελ

(2π)2
NpNvεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4ω2
b −M2

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

=
−4imeQC

(2π)2
NpNvελεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4(q̂2
b +m2)− 4m2

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

⇒=
−4imeQC

(2π)2
NpNvελεµγβλ(PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

. (4.1.44)
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Finally by substituting for C from equation 4.1.2 then the equation for the amplitude

can be given by

M1 =
−4imeQ

(2π)2

4

3

[v̄(p2)(−ieγµ)u(p1)]

s
NpNvελεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4(q̂2
b +m2)− 4m2

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

⇒=
−16meeQ

3(2π)2

[v̄(p2)(γµ)u(p1)]

s
NpNvελεµγβλ(PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

. (4.1.45)

So the result obtained in equation (4.1.45) is the amplitude for diagram 1.

We now evaluate the amplitude for diagram 2 which can be evaluated in the same

way as for diagram 1. To obtain the amplitude for diagram 2 it is enough to evaluate

the trace part only. All the other terms take the same values they possess in diagram 1.

Therefore the amplitude for diagram 2 is given by

M2 =
cf [v̄(p2)(−ieγµ)u(p1)]

s

∫
d4qa
(2π)4

d4qb
(2π)4

×Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]. (4.1.46)

Where the trace part can be expressed as,

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=

(
−ieQNpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

(2π)2 M1M2M3

)
×Tr

{
γµ(−i/q3

+m)Γ5(/q2
+m)/ε(−i/q1

+m)
}
. (4.1.47)

Putting

C ′ =
−eQNpDp(q̂b)φp(q̂b)NvDv(q̂a)φv(q̂a)

(2π)2
. (4.1.48)

we get

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
iC ′

M1M2M3

Tr
{
γµ(−i/q3

+m)Γ5(/q2
+m)/ε(−i/q1

+m)
}
. (4.1.49)
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Expanding the terms in equation (4.1.49) we obtain

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
iC ′

M1M2M3

Tr[−iγµ/q3
Γ5/q2

/ε/q1
+mγµ/q3

Γ5/q2
/ε −mγµ/q3

Γ5/ε/q1
− im2γµ/q3

Γ5/ε

+mγµΓ5/q2
/ε/q1

+ im2γµΓ5/q2
/ε − im2γµΓ5/q2

/ε/q1
+m3γµΓ5/ε]. (4.1.50)

From the above trace terms only the trace of three terms will survive. Thus, we get

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
iC ′

M1M2M3

m
(
Tr(γµ/q3

Γ5/q2
/ε)− Tr(γµ/q3

Γ5/ε/q1
) + Tr(γµΓ5/q2

/ε/q1
)
)
. (4.1.51)

By applying the relation

γµΓ5 = −Γ5γµ. (4.1.52)

we can write equation (4.1.51) as

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
iC ′

M1M2M3

m
(
Tr(Γ5γµ/q3/q2

/ε)− Tr(Γ5γµ/q3
/ε/q1

)− Tr(Γ5γµ/q2
/ε/q1

)
)
. (4.1.53)

To write all terms in slashed notation,let

γµaµ = /a,where aµ = (0, 1, 0, 0) , and 1 is the µ component.

γαq1α = /q1

γβq2β = /q2

γγq3α = /q3

γλελ = /ε. (4.1.54)

By using the relation given in equation (4.1.16) we can write equation (4.1.53) as

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
iC ′

M1M2M3

m (4εµγβλq3γq2βελ − 4εµγλαq3γελq1α − 4εµβλαq2βελq1α) . (4.1.55)
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Using the antisymmetric relation for ε given in equation (4.1.33) equation (4.1.55) can

simpli�ed as

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
4iC ′m

M1M2M3

εµγβλελ (q3γq2β + q3γq1β − q2βq1γ) . (4.1.56)

Inserting for q1, q2 and q3 the approximate values given in equation (4.1.36) we obtain

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
4iC ′m

M1M2M3

εµγβλελ

(
1

4
PbγPaβ +

1

4
PbγPaβ −

1

4
PaβPbγ

)
. (4.1.57)

It is possible to write equation (4.1.57) in a simpli�ed form as

Tr[(−ieQγµ)SF (q3)Γp(q̂b)SF (−q2)Γv(q̂a)SF (q1)]

=
4iC ′m

M1M2M3

εµγβλελ

(
1

4
PbγPaβ

)
. (4.1.58)

We get the result obtained in equation (4.1.58) which shows that the trace part for the

amplitude of diagram 2 is the same as the trace part of the amplitude for diagram 1.

Since all the other remaining terms in the equation of the amplitude for diagram 2

are identical with their corresponding terms in the equation of the amplitude for diagram

1, we can easily conclude that the amplitude for both diagrams are equal. That is

M2 = M1 =
−4imeQ

(2π)2

4

3

[v̄(p2)(−ieγµ)u(p1)]

s
NpNvελεµγβλ(

1

4
PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (

4(q̂2
b +m2)− 4m2

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

⇒=
−16meeQ

3(2π)2

[v̄(p2)(γµ)u(p1)]

s
NpNvελεµγβλ(PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

(4.1.59)
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The total amplitude for the process e+e− → J/ψ +ηc can be obtained by a linear

superposition of amplitudes M1 and M2 of the diagrams given in �gure (4.1)as

M = M1 +M2 = 2M1

⇒M =
−32meeQ

3(2π)2

[v̄(p2)(γµ)u(p1)]

s
NpNvελεµγβλ(PbγPaβ)

×
∫

d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

. (4.1.60)

4.2 The total cross section

The unpolarized total cross section is obtained by summing over various J/ψ spin

states and averaging over those of the initial states of e+e− as [26],

σ =
1

32π

√
s− 16m2

s3/2

∫
1

4

∑
spins

|Mtotal|2d(cosθ). (4.2.1)

where the masses of the electron and positron are ignored in the calculation. This is

because of the masses of the electron and positron are much smaller than the masses of

the quarks. The explicit expression for the total amplitude can be obtained as follows.∑
s1,s2,s′1,s

′
2

|Mtotal|2=
∑

s1,s2,s′1,s
′
2

(
−32meeQ

3(2π)2

)2(
v̄(p2)(γµ)u(p1)

s

)2

(ελεµγβλPbγPaβ)2

×
(
NpNv

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

)2

(4.2.2)

where s1, s2, s
′
1, s
′
2 are the spin states.

To �nd the square of the amplitude we �rst obtain the square of each term one by

one. For instance, the square of∑
s1,s2,s′1,s

′
2

(v̄(p2)(γµ)u(p1))2 =
∑

s1,s2,s′1,s
′
2

[v̄(p2)α(γµ)αβu(p1)β]† [v̄′(p2)γ(γν)γδu
′(p1)δ]

=
∑

s1,s2,s′1,s
′
2

[ū(p1)α(γ̄µ)αβv(p2)β] [v̄′(p2)γ(γν)γδu
′(p1)δ] . (4.2.3)

But ∑
s2,s′2

v(p2)v̄′(p2) =
−i/p2

−me

2me

δs2s′2 , where me is the mass of the positron. (4.2.4)
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Substituting this result from equation (4.2.4) into equation (4.2.3) we obtain

∑
s1,s2,s′1,s

′
2

(v̄(p2)(γµ)u(p1))2 =
∑
s1,s′1

[
ū(p1)α(γ̄µ)αβ

(−i/p2
−me

2me

)
αγ

(γν)γδu
′(p1)δ

]

=
∑
s1,s′1

Tr

[
ū(p1)(γ̄µ)

(−i/p2
−me

2me

)
(γν)u

′(p1)

]

=
∑
s1,s′1

Tr

[
(γ̄µ)

(−i/p2
−me

2me

)
(γν)u

′(p1)ū(p1)

]
. (4.2.5)

But

∑
s1,s′1

u′(p1)ū(p1) =

(−i/p1
+me

2me

)
δs1s′1 , wheremeis the mass of the electron. (4.2.6)

Then by substituting this result into equation (4.2.5) we get

(v̄(p2)(γµ)u(p1))2 = Tr

[
γ̄µ

(−i/p2
−me

2me

)
γν

(−i/p1
+me

2me

)]
but γ̄µ = −γµ

Tr

[
−γµ

(−i/p2
−me

2me

)
γν

(−i/p1
+me

2me

)]
=

1

4m2
e

[
Tr(γµ/p2

γν/p1
) + iT r(γµ/p2

γν)− imeTr(γµγν/p1
) +m2

eTr(γµγν)
]
. (4.2.7)

Since the trace for odd numbered γ matrices is zero,from the above expression only two

terms servive. Therefore equation (4.2.7) can be written as

(v̄(p2)(γµ)u(p1))2 =
1

4m2
e

[
Tr(γµ/p2

γν/p1
) +m2

eTr(γµγν)
]
. (4.2.8)

To evaluate the trace of the γ matrices letaµ = (0, 1, 0, 0) where 1 is the µ component

and bν = (0, 0, 1, 0) where 1 is the ν component of b. Thus we can write equation (4.2.8)

as,

(v̄(p2)(γµ)u(p1))2 =
1

4m2
e

[
Tr(/a/p2

/b/p1
) +m2

eTr(γµγν)
]

(4.2.9)
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where /a = γµaµ and /b = γνbν . But

Tr(/a/p2
/b/p1

) = 4 [(aµp2µ)(bνp1ν)− (p1ṗ2)δµν + (aµpµ)(bνp1υ)]

= 4 [p2µp1ν)− (p1.p2)δµν + (p1µp2ν)]

and Tr(γµγν) = 4δµν . (4.2.10)

Substituting this result into equation (4.2.9) we obtain

(v̄(p2)(γµ)u(p1))2 =
1

m2
e

[
p2µp1ν)− (p1.p2)δµν + (p1µp2ν) +m2

eδµν
]

=
1

m2
e

[
p2µp1ν) + (p1µp2ν)− (p1.p2 −m2

e)δµν
]
. (4.2.11)

Since p1 and p2 are the 4-momenta of the incoming leptons,lets introduce a leptonic

tensor Lµν , where

Lµν =
1

m2
e

[
p2µp1ν) + (p1µp2ν)− (p1.p2 −m2

e)δµν
]
. (4.2.12)

The second term which should be evaluated explicitly is

(εµγβλελPaβPbγ)
2 = εµγβλενσρτ ε

∗
λετPaβPbγPaρPbσ. (4.2.13)

But ∑
λ,τ

ε∗λετ = δλτ . (4.2.14)

This shows that ε∗λετ 6= 0 only if λ = τ . Then by using this relation equation (4.2.13) can

be written as

(εµγβλελPaβPbγ)
2 = εµγβλενσρτPaβPbγPaρPbσ. (4.2.15)

But the product of two antisymmetric tensors in four dimensions with one index in

common is given by

ελµγβελνσρ = −δµρδγσδβν + δµσδγρδβν − δµνδγρδβσ

−δµσδγνδβσ + δµνδγσδβρ. (4.2.16)
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By plugging this result into equation (4.2.13) we obtain

εµγβλενσρτPaβPbγPaρPbσ = [−δµρδγσδβν + δµσδγρδβν − δµνδγρδβσ − δµσδγνδβσ]PaβPbγPaρPbσ

+[δµνδγσδβρ]PaβPbγPaρPbσ

= [−PaµPaνP 2
b + PaνPbµ(Pa.Pb)Paµ + Pbν(Pa.Pb)− δµν(Pa.Pb)2

+δµνP
2
aP

2
b − PbµPbνP 2

a ]. (4.2.17)

Since Pa1 and Pb2 are the hadronic 4-momenta of the outgoing mesons,lets derive

hadronic tensor Hµν as,

Hµν = [−PaµPaνP 2
b + PaνPbµ(Pa.Pb)Paµ + Pbν(Pa.Pb)− δµν(Pa.Pb)2

+δµνP
2
aP

2
b − PbµPbνP 2

a ]. (4.2.18)

By taking the dot product of Hadronic tensor in equation (4.2.18) with the leptonic tensor

in equation (4.2.12) and simplifying we get

LµνHµν =
1

m2
e

{
−2(p1.Pa)(p2.Pa)P

2
b + 2[(p1.Pa)(p2.Pb) + (p1.Pb)(p2.Pa)](Pa.Pb)

}
+

1

m2
e

{
−2(p1.Pb)(p2.Pb)P

2
a − 2m2

e[(Pa.Pb)
2 − P 2

aP
2
b ]
}

(4.2.19)

where me is the mass of the electron.

By choosing the center of mass frame we use the following kinematics of collision

process:

Figure 4.3: Two-body scattering in the center of mass frame.

p1 = (~p1, iE1) = (~p, iE), p1 = (~p2, iE1) = (−~p, iE)

Pa = (~Pa, iEa) = (~P ′, iE ′), Pb = (~Pb, iEb) = (− ~P ′, iE ′) (4.2.20)
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and we can also take the following relation by considering the angle between p1 and Pa

be θ.

p1.p2 = −(~p2 + E2), but ~p2 = E2 −m2
0. (4.2.21)

For ultrarelativistic collision,that is for E2 >> m2
0 we can approximate ~p2 ' E2. Then

using this relation equation (4.2.21) can be written as

p1.p2 = −(~p2 + E2) ' −2E2. (4.2.22)

Similarily,the results for dot products of various momenta can be expressed as,

p1.Pa = −EE ′ + E| ~P ′|cosθ p1.Pb = −EE ′ − E| ~P ′|cosθ

p2.Pa = −EE ′ − E| ~P ′|cosθ, p2.Pb = −EE ′ + E| ~P ′|cosθ

Pa.Pb = −2E ′2 +M2, P 2
a = −M2, P 2

b = −M2. (4.2.23)

Inserting these results into equation (4.2.19) and simplifying we obtain

LµνHµν =
1

m2
e

{
8M2E2E ′2(1 + cos2θ)− 8E ′4E2(1 + cos2θ) + 8M2E ′2m2

e − 8E ′4m2
e

}
.

(4.2.24)

Finally, since E2 >> m2
e, we can write equation (4.2.24) as,

LµνHµν =
1

m2
e

{
8M2E2E ′2(1 + cos2θ)− 8E2E ′4(1 + cos2θ)

}
. (4.2.25)

Inserting forLµνHµν from equation (4.2.25) into equation (4.2.2) we obtain

∑
s1,s2,s′1,s

′
2

|Mtotal|2=
1

m2
e

(
−32meeQ
3(2π)2s

)2 {
8M2E2E ′2(1 + cos2θ)− 8E2E ′4(1 + cos2θ)

}
×
(
NpNv

∫
d3q̂a
(2π)4

d3q̂b
(2π)4

(
2π2
) (
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

)2

=
1

m2
e

(
210m2e2e2

Q

32(2π)4s2

){
2M2E2E ′2(1 + cos2θ)− 2E2E ′4(1 + cos2θ)

}
×
(
NpNv

∫
d3q̂a
(2π)3

d3q̂b
(2π)3

(
q̂2
b

)
e−q̂

2
b/2β

2

e−q̂
2
a/2β

2

)2

. (4.2.26)
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Now let

ψa = Nv

∫
d3q̂a
(2π)3

e−q̂
2
a/2β

2

ψb = Np

∫
d3q̂b

(2π)3
q̂2
be
−q̂2b/2β

2

. (4.2.27)

On substituting from equation (4.2.27) into equation (4.2.26)we obtain∑
s1,s2,s′1,s

′
2

|Mtotal|2=
E2

m2
e

(
210m2e2e2

Q

32(2π)4s2

){
2M2E ′2(1 + cos2θ)− 2E ′4(1 + cos2θ)

}
ψ2
aψ

2
b .

(4.2.28)

Plugging for
∑

s1,s2,s′1,s
′
2
|Mtotal|2 from equation (4.2.28) into equation (4.2.1) the total cross

section can be written as

σ =
E2

m2
e

1

32π

√
s− 16m2

s3/2

∫ −1

1

1

4

(
210m2e2e2

Q

32(2π)4s2

)
×
{

2M2E ′2(1 + cos2θ)− 2E ′4(1 + cos2θ)
}
ψ2
aψ

2
bd(cosθ)

=
E2

m2
e

1

64π

√
s− 16m2

s7/2

∫ −1

1

(
210m2e2e2

Q

32(2π)4

)
{
M2E ′2(1 + cos2θ)− E ′4(1 + cos2θ)

}
ψ2
aψ

2
bd(cosθ). (4.2.29)

To integrate over cosθ, let y=cosθ. For θ from 0 to π, the corresponding limit for

y will be from 1 to -1. Then

σ =
1

64π

√
s− 16m2

s7/2

∫ −1

1

(
210m2e2e2

Q

32(2π)4

)
[
E2

m2
e

(
M2E ′2(1 + y2)− E ′4(1 + y2)

)]
ψ2
aψ

2
bdy

=
1

64π

√
s− 16m2

s7/2

(
210m2e2e2

Q

32(2π)4

)
[
E2

m2
e

(
M2E ′2(y

∣∣−1

1
+
y3

3

∣∣−1

1
)− E ′4(y

∣∣−1

1
+
y3

3

∣∣−1

1
)

)]
ψ2
aψ

2
b

=
1

64π

√
s− 16m2

s7/2

(
210m2e2e2

Q

32(2π)4

)
[
E2

m2
e

(
M2E ′2(−2 +

−2

3
)− E ′4(−2 +

−2

3
)

)]
ψ2
aψ

2
b . (4.2.30)

So the �nal result for the total cross section will be

σ =
1

32π

√
s− 16m2

s7/2

(
214m2e2e2

Q

33(2π)4

)[
E2

m2
e

(
E ′2(E ′2 −M2)

)]
.ψ2
aψ

2
b (4.2.31)
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Since we are dealing with charm quarks with charge eq = +2
3
e, thus by substituting

this value into equation (4.2.31) we obtain

σ =
1

32π

√
s− 16m2

s7/2

(
214m2e2(4

9
)

33(2π)4

)[
E2

m2
e

(
E ′2(E ′2 −M2)

)]
ψ2
aψ

2
b . (4.2.32)

By using the �ne structure constant in natural units (~=c=1),

αem =
e2

4π
(4.2.33)

we can also write the result obtained in equation (4.2.32) in a more compact form as

σ =
1

32π

√
s− 16m2

s7/2

(
214m2α2

em

35π2

)[
E2

m2
e

(
E ′2(E ′2 −M2)

)]
ψ2
aψ

2
b . (4.2.34)

Substituting for M =2m into equation (4.2.34) we get the total cross section

σ =
1

32π

√
s− 16m2

s7/2

(
216m2α2

em

35π2

)[
E2

m2
e

(
E ′4 − 4m2E ′2

)]
ψ2
aψ

2
b . (4.2.35)

This is the analytical expression for total cross section for the double heavy quarkonium

production in high energy electron-positron collisions. Where m=mass of the quarks, me=

mass of the electron, E=energy of one of the incoming(initial state) particles (electron or

positron), E ′ =energy of one of the outgoing(�nal state) particles(J/ψ or ηc) and
√
s =

total energy of either the incoming or outgoing particles in the center of mass frame. In

equation (4.2.35) ψa and ψb can be calculated numerically by inserting appropriate values

of the input parameters in the expressions of ψa and ψb.

We take the appropriate values of the input parameters calibrated earlier to mass

spectra of qq̄ mesons in the calculation, m=1.5GeV, s=10.6GeV, Np=0.0168, Nv=0.0121

,βJ/ψ=0.501 ,βηc=0.4388 ,we get the numerical value of the total cross section for the

process e+e− → J/ψ+ηc =36.22fb.Our result is in broad agreement with the Belle's data

for the same process σ[e+e− → J/ψ+ηc] ≥ 25.6±2.8±3.4fb which has only recently been

available. This numerical result is obtained without incorporating the gluonic exhange in

the diagram.
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Chapter 5

CONCLUSION AND SUMMARY

In this thesis we �rst give a Lagrangian formulation of the gauge theories QED and QCD.

We derive the Feynman rules for QCD . AS an application of the rule, we �rst present the

calculation of cross section for the process q+q̄ → g+g as a mathematical preliminary.

We then derive the 2-particle Bethe-Salpeter equation. Then we study the cross section

for the double heavy quarkonium production in high energy electron-positron collisions

through the process of e+e− → J/ψ + ηc at the center of mass energy
√
s=10.6GeV in

the framework of the Bethe-Salpeter wave equation. The amplitude and the cross section

for the above process has been worked out rigorousily and the formula for them have

been explicitly obtained. Then by taking the appropriate values of the input parameters

calibrated earlier to mass spectra of qq̄ mesons in the calculation and by making use

of the heavy quark limit, we �nd the numerical value of the total cross section for the

process e+e− → J/ψ + ηc =36.22fb. We compare this value with Belle's data for cross

section for the same process σ[e+e− → J/ψ + ηc] ≥ 25.6 ± 2.8 ± 3.4fb. Our result is in

broad agreement with the Belle's data which has only recently been available. The small

di�erence in the numerical results may be due to the fact that we have considered the

lowest order process. The incorporation of gluonic exchange in the diagram would make

the results more closer to the data.
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For considering relativistic bound states, the Bethe-Salpeter equation which is �rmly

rooted in �eld theory is a powerful tool to evaluate the scattering amplitude to get the

total cross section for the double heavy quarkonium production in high energy electron-

positron collisions. Since the equation is based on the relativistic quantum �eld theory,and

incorporates the results of summation over in�nite ladders of one quantum exchanges

between the interacting particles, it is expected that almost all relativistic e�ects are

incorporated in the calculation. Furthermore, the covariant instantaneous approximation

ensures that the vertex functions Γp(q̂) and Γv(q̂) used have a wide range of applicabiliy

for a vast number of physical processes.
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Appendix A

A

A.1 Appendix A

A.1.1 The Units and relativistic notations

We used the units which are mostly used in most particle physics and quantum �eld

theory books.

c = ~ = 1 (A.1.1)

In this system,

[Length] = [time] = [energy]−1 = [mass]−1. (A.1.2)

xµ = (~x, x4)where x4=it,~x=~xi,i=1,2,3. (A.1.3)

Here the indices i=1,2,3 represent the three spatial coordinates.

The covariant derivative ∂µ is given by

∂µ =
∂

∂xµ
= (~∇, ∂

i∂t
). (A.1.4)

In this representation the four momentum is given by

p = (~p, iE). (A.1.5)

For a massive particle in the representation for µ=1 to 4 we have the relation

p2 = pµpµ = −E2 + ~p2 = −m2 (A.1.6)
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In this representation

pµ = pµ. (A.1.7)

A.1.2 The Dirac gamma matrices

γ4 =

I 0

0 −I

 , γi =

 0 −iσi

iσi 0

 (A.1.8)

where σi represent the Pauli matrices and I represents a 2×2 identity matrix.

γ2
i = γ2

4 = I (A.1.9)

The anticommutation relation for gamma matrices is

{γµ, γν} = γµγν + γνγµ (A.1.10)

and

γµγν = 2δµν . (A.1.11)

The �fth Dirac gamma matrix which is derived from the other gamma matrices is given

by

Γ5 = γ1γ2γ3γ4. (A.1.12)

Γ2
5 = I (A.1.13)

A.1.3 Trace theorems

Theorem 1. Trace of odd product of γ matrices is zero.

Proof: By using the anti commutation relation of the γ matrices and the property of the

trace that is Tr(AB)=Tr(BA), for odd n the trace can be obtained as'

Tr(/a1/a2.../an) = Tr(/a1/a2.../anΓ5Γ5)

= (−1)nTr(Γ5/a1/a2.../an)Γ5)

= (−1)nTr(Γ5Γ5/a1/a2.../an) (A.1.14)
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But Γ5Γ5 = 1. Then for odd n it becomes.

Tr(/a1/a2.../an) = −Tr(/a1/a2.../an)

⇒ Tr(/a1/a2.../an) = 0 (A.1.15)

Theorem 2. For any arbitrary four-vectors a and b,

Tr(/a/b)=4a.b.

Proof:

Tr(/a/b) =
1

2
(/a/b + /b/a)

=
1

2
(γµγν + γνγµ)aµbν

= aµbνδµνTr(I) = 4a.b. (A.1.16)

Theorem 3. Tr(Γ5/a/b)=0

Proof: To prove it we have to show that Tr(Γ5γµγν)=0.

Tr(Γ5γµγν) = Tr(Γ5γµγνγ
−1
β γβ)

= Tr(γβΓ5γµγνγ
−1
β )

= (−1)3Tr(Γ5γµγνγβγ
−1
β )

= −Tr(Γ5γµγν)

⇒ Tr(Γ5γµγν) = 0 (A.1.17)

Theorem 4. For any arbitrary four-vectors a1, a2, a3 and a4,

Tr(/a1/a2/a3/a4)=4[(a1.a2)(a3.a4)-(a1.a4)(a2.a3) +(a1.a3)(a2.a4)]

Proof: This proof can be done by using the cyclic permutation of the trace and by using

the relation, /a1/a2=-/a2/a1 +2a1.a2 and the relation given in theorem (2). Therefore,by

applying the relations we will reach at a more simpli�ed form,

Tr(/a1/a2/a3/a4) = (a1.a2)Tr(/a3/a4)

−(a1.a3)Tr(/a2/a4) + (a1.a4)Tr(/a2/a3)

= 4[(a1.a2)(a3.a4)− (a1.a4)(a2.a3) + (a1.a3)(a2.a4)] (A.1.18)
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B

B.1 Appendix B

B.1.1 The SU(3) algebra

The eight generators of the algebra are usually written down in terms of the following

matrices, known as the Gell-Mann matrices,

λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 , λ3 =


1 0 0

0 −1 0

0 0 0

 , λ4 =


0 0 1

0 0 0

1 0 0



λ5 =


0 0 −i

0 0 0

i 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0

 , λ7 =


0 0 0

0 0 −i

0 i 0

 ,

λ8 =
1√
3


1 0 0

0 1 0

0 0 −2

 (B.1.1)
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