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Preface 

This seminar report introduces important concepts in classical and modem control theories. 

Classical control theory is based on Laplace transform s and one of its objectives is to design-in 

terms of the transfer funct ion-a system which sati sfies certain assigned specificat ions; and 

modem cont ro l theo ry is not only applicable to linear autonomous systems but also to time­

varying & is useful when dea ling with non-linear systems-in contrast to the classica l control 

theory. The approach is based on the concepts ofstatc. 

The seminar paper cons ists of three chapters .The firs t chapter provides some basic propos i­

tions of control theory which are very important for the study of stability, controllabi lity and 

Observabi lity. The second chapter di scusses the concept of stability, the necessary and suffi ­

cient cond it ions for stabi lity, and introduces some criteria of system stabi lity. The third chapter 

deals with system controllabil ity and obscrvabiJity, the necessary and sufficient conditions for 

contro llability and observabil ity of dynamic systems. 

Addis Abllba University 

June, 2010 

Samuel Dea 
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Chapter 1 

J. SOME BASIC PRELIMINARIES OF CONTROL SYSTEM 

In thi s chapter we will give some basic defi nitions, notions, properties and examples of contro l 

system which arc important for the next chapters of stabil ity, contro llabi lity and observabi lit y. 

that is, the main topic of this seminar paper. In this seminar paper a sys tem re fers dynamical sys­

tem. 

J.J. Basic Notions 

The fundamental notion of control theory in the notion of a system. 

A sys tem is a combi nat ion of elements intended to act together to accompl ish an obj ective. 

Example 1.1: 

A car' s engine is a system whose elements are the carburetor, Ihe ignition, the crank shaft etc. On 

a higher leve l, the car itse lf can be considered as a system with the engine as an element. 

Definition 1.1: 

A system becomes dynamical when one or more aspects of system change with time. The ef­

fects which o ri ginate outside the system and act on it directly and are not changed by changes in 

the systcm arc known as input of the system. ThaI is, the inpul of the system is the driving force 

applied to the system. The output is the response 10 the input to be obtained. 

1.2. Review of Laplace Transforms and its Inverse 

A very important instrument of control theory in the Laplace Transform. 

Definition 1.2: 

Given a function f (t) that satisfies the cond it ion 

( 1.1 ) 

fo r some finite real a,then the Laplace transform of f (t) is defined as 

FI') = fo~ f(t)e -" dt 11.2) 

o r using the linea r operator L we have 
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F(,) ~ L[f(t)] , 

where sE a:: ,i.e. s = a + iw . 

1.2. 1. Some Important Properties of the Laplace Tra nsform 

We have the following rules for Laplace transfonn : 

1. L[k[(t)] ~ k L[f(t)] ~ k F(,) 

2. L[f, (t) ± fz(t)] ~ L[f, (t)] ± L[f,(t )] 

~ F,(s) ± F,(s). 

3. L ["~~')] ~ , F(,) - flO) . 

4. L [":;;')] ~ snF(s) - sn-, flO) - sn-'[('>(O) - oo"f(n- ' )(o) . 

5. L [ I; [(T)dT ] = ';') . 

6. L [I;' I;' ... I;n [(T)dTdt,dt, .. . dtn_,dtn_, ] ~ F;:) . 
7. L[f(t - a)] = e-a'F(s). 

8. F, (s) F, (s) = LU; f,(T)[,(t - T)dT] 

~ LU; fz(T)f,( t - T)dT] 

~ L[f, (t) * fz(t)] , 

where· denotes complex convolution. 
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( 1.5) 

( 1.6) 

(I. 7) 

( 1.8) 

(1.9) 

( 1.1 0) 

( 1.11 ) 
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We will use in many cases the unit step, and the unit impulse function given in the following 

defini tions. 

Definition 1.3: 

Let u be a function defined by 

(OJar t < ° 
1I (I) : ~ Ik Jar t;' 0. 

Then u is cal led a step function , and ifk= l , then u is ca lled a unit step funct ion. 

Exnmple 1.2: 
Find the Laplace transform of the unit step function. 

By equation ( 1.2), we have 

Lct f( I ):= {~,O$t$C 
0, t > c. 

f can be expressed in terms of the step function (see example 1.2) as 

f( l) = .2. u (t) - .2. u (t _ c), that is, a step function beginning at t=O minus a step functi on begin­, , 
ning at t = c. This leads to the definition of the unit im pulse function or the Dirac dell a function 

denoled by oCt). 

Defi nilion 1.3: 

o is sa id to be the unit impulse function or Dirac delta function if 

' (I). ~ I· u (t)-u(t -c) u . Imc .... o . , 

Example 1.3: 

Find the Lap lace transform of the unit impulse function. 

Us ing the results of (example 1.2) and (equation 1.10), we have 
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Using I' Hospitals rule we get 

1.2.2. Inverse Laplace Transformation 

Inverse Laplace transfo rmation is a mathemat ical method by which any function pes) is changed 

from complex variable to time variable functi on f(t ).The metod is represented by 

r- ' IF(s)] = f (t) ( 1.1 2) 

where P(s) is the Laplace transform of f(1) and £ -1 fF(s)] is the inverse Laplace transform of 

F(s). In practice the inverse Laplace transforms are not obtai ned through mathematical opera· 

tions but are direct ly obtained from the tables of Laplace transforms. 

We app ly the panial fraction method for the functions in which inverse Laplace transforms can· 

not be direct ly obtained from the standard Laplace transform table . 

I'artial Fraction Method: 

In this method the function for which the inverse Laplace transfo rms is to be determined is di· 

vidcd in to partial fract ions. 

HCllvcs idc 's Partial Fraction Method 

Le t the function r es) be given by: 

F(s) = amsm+am l Sm-I+"'+als +aO 
bnsn+bn_lSn-l +,,·+bts+bo 

Let D(s):= the denominator of F(s) given in equation(I .13). 

Then after fac tori zing D(s),we see that D(s) has difTerent roots. 

A) D(s) has real roots. 

The function F(s) of this type is 

F(s) = (s+Zt}(s+Z2)···(s+zrn) 
(S+PI)(S+PZ)'" (S+Pk)'" (S +Pn ) 

The panial fractions of this type of function are given by: 

4 
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F(s) = _A_,_ + ~ + +2L +~ 
(S+PI) (S+P2) ... (5+17.1:)·· · (S+Pn) 

(1. 15) 

where Al ,A2 , A3 , ...• An are coeffi cients of part ial frac tions. 

Hence the coefficient of part ia l frac tion for (s+Pk ) is obtained by 

A, = [(s+p, )F(s) l l,:_p,· ( 1.1 6) 

EXli ntplc J .4: 

By the inverse Laplace transform of the functi on 

we get the funct ion f. We want to find f. 

ow 10(5+6) 

S (s+I)(S+2)(S+4 ) . 

By ( 1. 15) we have 

F(s) = ~+~+~ + ~. 
S 5+1 5 +2 5 +4 

And apply ing ( 1. 16), we get 

A = ~ A - ~ A 0 d A -S 
1 2 ' 2 - 3 ' 3 = 1 Jan 4 = "'6° 

Substi tution yields 

15 -50 -5 

F(s) 
- - 10 -

= ....l.. +_'_+_ +--'-. 
S 5+1 s+2 S+4 

By In verse Laplace transformation we gel 

f( t) = 15 50 -t + 10 - 21 5 -4( -- -e e --e . 
2 3 6 

B) D(s) has real roots of mult iple order r. 

The fu nction F(s) of thi s type is 

( 1.1 7) 
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Partial fract ions of this type are given by 

( 1.1 8) 

Thus tbe value of any coefficient Ck for roots S=-Pk is given by 

( 1. 19) 

where 
d (rn- k) 
ds (rn- k) is the (rn - k)th derivati ve of (s + PnY"', 

Example I.S: 

By the in verse Laplace transform of the function 

We get the functi on f. 

By ( 1.1 8) we have 

F(s) = ~+~+ ~+-.!!:L+.!.!... 
(S+3)2 s+3 (S +4)3 (S+ 4)2 s+4 ' 

and applying (1.19) we get 

A, = - 30,A, = 10, 8, = 10,8, = 20,8, = 30. 

This implies 

F(,) = 

I-fence, we have 
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C) D(s) possesses complex conjugate roots. 

The function of thi s type is 

F( _ (S+Z I )(S+z2)"'(s+ZIl'l ) 
s) - (s+al+iWI)(s+a\ iW t ) ... (s+an+/wn)(s+an-fwn) 

( 1.20) 

Hence partial fractions of th is type are given by: 

( 1.2 I) 

Here the Ak and Ak are obtained by 

and 

A, = [[s + (a, - iw,) )F(s) ]I ,=_(a,_Iw,) ( 1.22) 

Example 1.6: 

By the inverse Laplace transform of the functi on 

F(s) _ 5 
- sZ+6s+ 10 

we get the function f. We want to find f. 

By ( 1.2 I) we have 

A A' 
F(s) = +:-'::--::-

(s+3+/) (s+3 I) I 

and applying ( 1.22) we gel 

A = -..E.. and AO = ~ 
-2f ' 2f' 

Hence using simpl ificat ion we get 

f( l) = 5e-"sint . 
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D) F(s) possesses imaginary roots. 

The function of this type is 

The partia l fraction coefficients of this class of funct ions arc given by 

~ A A-
1 ·(sl ~-+- · 

s+iPk s-iPk 

J-Icnce Ai( and Aic arc obtained by 

Ak = [(s + iPk1F(sl]I '=_'Pk 

Ak = [ (s - iPk1F(sl]I '=+'Pk . 

Example 1.7: 

By the inverse Laplace transform of the function 

we get the function f. 

• 3 3 A A-/'(s)= -= = _+_ 
S2 +4 (s+2i)(s-2 i) s+2/ s-2i' 

By ( 1.24) we have 

A =~and A" =~. 
- 4! 41 

Thus by simplifying we get 

r(t) ~ 2 sint. 
2 
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1.2.3. Applications of Laplace T ransform to Diffe rential Equations 

By taking the Laplace transform of a difTerential equation it is transformed in 10 an algebraic eq­
uation in the variable s .This equation is rearranged so that all the tenns involving the dependent 
variable arc on one side and the output response is obtained by tak ing the inverse Laplace trans­
foml as illustrated by the fo llowing example. 

EXlImplc J .8: 

We wanl to solve the initial value problem 

D'y - 6Dy + 9y = e-Z! , with ini tial conditions yeO) = I , y'(O) = 2. 

Taking Laplace transform throughout the equation and lIsing equation (1.7), we get 

rs' Y(s) - sy(O) - y'(0» ) - 6[sY(s) - yeO») + 9Y(s) =-' 
H2 

that is , 

[S 2 _ 6s + 9) Y(s) - s + 4 = -' , 
H2 

where Yes) = [ [Y et»). 

Since y (0) = I and y'(0) =2, we have 

Y 
1 s-4 5 2_2s_7 

(s) - + - ;-'-:-::=-:"" (5+2)(5 3)2 (S _ 3)2 (5+2)(5 3)2 
= .!1..+~+2L.. 

s+2 5-3 (S_3)2 

Solving fo r k" k " and k3 (by 1.1 6) we get 

5 2-25-7 
1·lenee yes) = () 2 

5+2 (5 3) 

Thus 

-4 
k3 = - . 

S 

I 24 -4 

....l.L + JL + ---L- . 
5+2 5-3 (S-3)1 

yet) = 2.... e-2[ + 24 e3[ + :! te 3l . 
25 25 5 
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1.3. Transfer Functions 

We can orten describe the dynamic behavior of a system by a linear n th order diITercntial equa­
tion. The nt h order system hav ing a single input and a single output may have an associated dif­
ferent ial equation: 

( 1.25) 

where uCt) is the input and yet) is the output. Once the input and the initial conditions 
yCO) = Q,y 'CO) = 0, ""ynCO) = a arc given, the output response y (I) is fo und by solving equa­
tion (1.25). The Laplace transfonn of equation (1.25) becomes: 

Defini tion 1.4: 

The function 0 given by 

( 1.26) 

is call ed transfer function for the initial value problem (1.25) 

where Yes) is the Laplace transfonn of y, U(s) is the Laplace transfonn of u. 

The equation bos" + b1sn- 1 + ... +bn = 0 is called the characteristic equation. 

The transfer function O(s) can be rewritten as 

Y(s) ~ G(s) U(s). (1.27) 

This shows that O(s) is always a factor of Yes), whatever II (t) is applied. 

Exa mple 1.9: 

Let u = o. Then if the input to the system is u (t) = 8(t ), then Y(s) == 0(5), since in this case 

U(s) ~ L 

Taking the inverse Laplace transform, we obtain y (t) = g (t), where 

g (t) = L -t [G(s)] whieh is called the impulse response or the weighting fu nction for the system. 
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Eumplc 1.10: 

Find the transfer functi on of the system described by the initial value prob lem: 

O' y + SOy + 6y = u, yeO) = 0 , y'(O) = O. 

Applying Laplace transform to both sides, we obtain 

G Y(s) I 
(s) = U(s) = (S+2 )(s+3 ) 

1.4. State Space Analysis of Control Systems 

In the prev ious section we have di scussed the characterizati on ofa system by its transfer func­

tion. The basis of transfe r function has the following properties: 

I . The initia l conditions in system equati on are considered as zero. 

2. Appli cable onl y to single- input- single- output (S ISO) systems. 

3. Applicable onl y to linear time- invnriant system equati ons. 

4.The ann lysis of system output for a spec ified input is obtnined. 

In view of these properti es a more general mathemati cal representation of a control system is re­

qui red which covers limitations of transfer func tion approach. 

The modern approach known as state space analysis is preferred to transfer functi on approac h. 

The state space mathematical model of a control system takes into account the fo llowing points. 

I . The ini tial conditions pertaining to the system are taken in to consideration. 

2. The mathematical model is in the fo rm of first order di fferential equations ofi inear time in­

variant or variant systems. 

3. The analysis is carried out in time domai n. 

4. The mathematical model covers both single- input- s ingle- output (5IS0) and multi ple­

input-multi pie-output (MIMO) systems. 

5. The concept of state space model forms the basis for analysis of advance control systems. 

6. The state space model gives complete description of the system. 

1.4.1. The State Space Approach 

We will use in the fo llowing notations: 
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Slah.' va riable: The variables whi ch detennine the state of a dynamic system. It is not neces­

sary that the state variables be physically measurable and observable quantities. 

Stille: The state of a system is the smallest se t of state variables such thai the knowledge o f va­

riables at t= to (initial conditions) together with the inputs completely detemline the behavio r of 
the system for any lime t > to. 

Shlt c vector: If n state variab les arc necessary to dctenninc the behavior of a given system, the 

variables are considered as n components of a vector. 

S I:tle space: The n dimensional state variables arc elements o f n dimensional space call ed Slate 
spnce. 

Shlte eqUlllions: The system equations written in the form of lirst order differentia l equations 

in time domain are known as state equations. The state model fo r a given differentia l equation is 
determined below: 

The nth order time invariant differential equat ion with constant coefficients is represented by a 

set of n-lirst order differential equations in temlS of state variables x I' X2 • ... xn as fol lows 

Equation ( 1.28) can be written in compact fonn as 

x:; Ax + Bu 

where 

is denoted as state vector and 

is denoted as input vector. Furthermore, 

and 

[

all 
a" A:= , 

a" 

12 
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are constant matrices. 

For a time vary ing system A and B are functions or time. 

Output equa tion: The dynamic state or a system is represented by state variables. The output 

vari ables are denoted as h. Y2 • ... Y" which are combinations or state variables. Therefore, the 

output equation is 

where 

y = Cx 

[

Cll 

C" C = , 

cP' 

is constant. 

Cln ] C2n 

cpn 

In some cases, the output is a runction ofx and u, that is, 

y = Cx+ Du 

where 

IS constant . 

For a single~ input~single~output system the state and output equations are given by 

i =Ax+Bu, 
y = Cx , 

where B is nX 1 matrix, u is a scalar and C is I xn matrix . 

( 1.30) 

(1.3\) 

( 1.32) 

For the case where the output of a single~input~single-output system is a combination of state 

vector as well as input, the state equation and output equations are respectively 

i = Ax + Bu, 
y= Cx+Du 

where the terms D and u are scalars. 

(1.33 .a) 
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The general state model of a multi ple- input-multiplc-output system based on state and output 
equation is given by: 

x=Ax + Bu, 
y = Cx+ Du . 

1.4.2. The Companion and Diagonal State Space Form 

( 1.33. b). 

Let LIS consider a system characteri zed by an n Ih order differential equation. The system equation 
has the fo rm 

(1.34) 

It is assumed that y(O) = 0, y(O) = 0, ... , y (n- l ) (0) = 0 . 

Let XI: = y, X2: = y, .... xn: = y en- I) , then we can write equation (1.34) as a system of n 
simultaneous differential equations, each of order I, i.e., 

X• = x = y (n- l ) "-1 n , 

This can be written as a matrix differential equation as rollows 

(1.35) 

( 1.36). 

From equations (1.35) and (1.36) we have equations (1.32). Here the matrix A is said to be in 

companion form . 



Consider any non-singular matrix P of order nX n. 

Let x = P z. 

Then z is also a state vector and equation (1.32) can be written as: 

Pi :::: APz +Bu , 
Y = Cp z. 
or as 

i = A1 z+81 u , 
Y = C1 z, 

(1.37) 

(1.38) 

The transformation defined by equat ion (1.37) is ca lled a state transfo rmation, and the matrices 
A and At are simi lar. 

We are particularly interested in the transfonnation when At is diagonal denoted by A and A is 
in the companion form. It is assumed that the matrix A has distinct eigenvalues At> ..1.2 , •.. , An. 
Corresponding to the eigenvalue Ai there is eigenvector Xi such that 

AXj = AiXi , (Xi * 0). ( 1.39 ) 

Define the matrix VTwhose columns are the eigenvectors x1 . xz .... ,xn• that is, 
V = (XI Xz ... xn]. V is called the modal matrix , and it is non-singular and can be used as the 
transfo rmation matrix P above. We can write the n equations defined by equation (1.39) as 

0 .. . 
where A, .. . 

0 .. . 
~ 1 =diag {AI. A, . .... A, } 
A, 

From equation ( 1.40), we obtain 

The matrix A has the companion fonn. The characteristi c equation is 

By solving this equation we obtain the eigenvalue AI , AZ' ... ,An· 

Consider one of the eigenvalues A and the corresponding eigenvectors 

15 
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Since A is in companion form the equation A x = A x, (x '* 0) corresponds to the system o f 

equations 

X2 = AX I • 

X3 = AX'll 

Setting Xl = \ , we obtain 

x= [l, A, A', .. . ,An-1V 

Hence the modal matrix in this case takes the fo rm 

1 
A, 

Art - t , 
( 1.42) 

In thi s ronn the matri x V is called a Vandcnnonde matrix, and is therefore non-singular, i f 

A, * Aj for i * j. 

Eumplc 1.10 : 

Lei y - 2y + y - 2y = u. 

Setting Xl = y, X2 ;::::)1, and Xz = ji. 

we get the companion forms of state equations of the system as follows 

Xl ;::: Xl 

X2 = X3 

X3 = 2Xl - Xz + 2XJ + u , 

or in matrix fonn 

1 
o 

- 1 
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Now we want to find the diagonal form. 
The eigenvalues of A are { 2, i, -i } 

From equation (1.42) the modal matrix is 

v = [! 
and its inverse is 

I 
i 

-I 
-~] 
-I 

o 
-IOi 
IOi 

-Z: 4i] , 
-Z - 4i 

The transformati on is defined by equation ( 1.37), lhal is 

x = V zorz= V-I X. 

The original choice for x is x = [y,y,yjT. Then 

o 
- IOi 
IOi 

-Z: 4i] [~] . i .. e,. 
-Z - 4i Y 

1 1 " 
ZI = sY+sY 
z, = ~(Z + i)y - ~ijH -"-(-I + Zi)y 

5 2 10 

'( ) 1 .. '(1 Z')" Z3 = - 2-i y +- ty- - - L y. 
5 2 10 

The stale equations are now in the form 

where A 1 = V- 1 AV = diag[Z. i . -i}. 

17 



-

B, = V-'B = "0 [-1 ~ 2i], 
- 1 - 2i 

c, = CV = [1 1 1 J . 

1.4.3. The Transfer Function from the State Equation 

Taking the Laplace transform of equations (1.32) we obtain 

s XCs) = A XCs) +B U(s) 

yes) = c Xes). 

From the first of these equations, we obtain 

XCs) = [s l - Ar'BU(s) , if the inverse of (s l - A) exists 

so that 

G(s) = Y(') = CX(s) = C[sl - Ar'B 
U(s) 

Example 1.11: 

Let 

Then 

x = [ 2 
-1 

y = [2 3] x. 

-3] [-4] 4 x + 3 u , 

[
s - 2 3 ]-' [-4]- H6 

G(s) = [2 3] 1 s _ 4 3 - (,- , )(>-5) 

18 
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-

1.4.4. Matrix function 

Definition 1.5: 

where AO :;;; I for every square matrix A. 

From Linear Algebra we know that if A has distinct eigenvalues, AI' ... ,An ,then there exists a 

non.singular matrix P such that 

0 .. . 
A, .. . 
0 .. . 

~ 1 = diag (A" A" "' , A,) = /I . 
A, 

Then we have 

A = P/IP-' 

so that 

Generall y we get 

A r = PNP-l 

If we consider a matrix polynomial, {(A) ;;;: A2 - 2A + J , we Ciln write it as 

[(A ) = P/I' P-' - 2 PIIP- ' + PIP- ' 

= P[II' -2 II + IJ P-' 

= P[(II)P-1 = Pdiag ([(A,) , [(A, ), ... , [(A,)}P-' 

Hence 

[ (II ) = II' - 2 II + 1 

[
A~ 

= 0 

o 
o 1 [A, o -2 0 

A' 0 , 

0 .. . 

A~ .. . 
0 .. . 

0 .. . 
A, .. . 
0 .. . 
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[
,11 - 2A, + I 

~ 0 
o 

0 ... 
,11 - 2,1, + I ... 

0 ... 

~ diag{ f(A,) , [(A,) • .... [(An)} . 

In general for a polynomial of degree n, tak ing 

[(A) ~ eA<, we oblai n 

Example 1.12: 

To lind e At we have the eigenvalues of A which arc A= -1 and A= -2. 

Using equation (1.44), we obtain 

eM ~ [2 '] [e-' 0 ] [ 1 1 ] 
-1 -1 0 e-2t -1 -2 

2e- t - 2e-U ] 
2e - u - e- t . 

( 1.44) 

The derivative and the integral of a matrix A (1) whose clements arc functions of t arc given in 

the following 

Definition 1.6: 

LeI A (I) ~ [a ;j(t) ]. t E [0.00) . Then 

I. ;, A(t ) ; A(t) ; [;, (aul]. 
2. f A(t)dt ; [f a;j ( t )dt] . 

I r a and {J are constants, and A and B are matrices, then 
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I. ;, (aA + PB) = aA + ph. 

11 . J:(aA + PB)dt = a I: Adt + P f: Bdt . 

111 . ~AB)=Ah + AB. 

iv. If A is a constant matrix, then ~el1t ):::::A eAt . 

1.4.5. Solution of the State- Equation 

Bya solut ion to the stale equat ion (1.29) we mean finding x al any ti me I, given u(t), 'fit, und the 
value ofx at some speci fied time to ,i.e., given x(lo)= xo.Thus we have 

x- Ax = Bu. 

Multiplying both sides by the matrix e-At
, we obtain 

e- At (x - Ax) = e-At (Bu). 

or 

.'C[e- At x] = e-At (Bu) de . 

Integrating both sides we gel 

e-At xU) - x(O) = f: e- ACBu(T)dT, T E [0, t] 

so that 

xU) = eA'x(O) + J: eA(H)Bu(T)dT. ( 1.45) 

The term eAt xeD), dependent only on Xo is called Complementary functi on which is the solu­

lion orthe equation x = Ax (when forcing func tion or input is zero). 

The lenn f~ eA(t-T)Bu(T)dT, dependent onl y on the forcing function u, is called the pa rticula r 

integral. 

In the so lution to the unforced system equation x = eA'x(O). the eigenvalues A1, · .. ,An are 

called poles and eAlt , e A~t , ... , e Ant are called modes o f the system. 
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Example 1.13: 

A system is characteri zed by the state equation 

If the forc ing function U (I) = 1 for t ~ 0 and x (0) = [I , -IF . the stale x of the system at time t 
is obtained as fo llows 

Using the value of eAr (see example 1.12) we have that 

eA<x(O) 

~ e-U [J . 
Here the initia l condition x (0) is such that it eliminates the mode e- t from the unforced system 

solution. 

The second term of equati on (1.45) is 

J: eA(t-T) Bu(r)dT = J: eA(t-f) [~J dT 

_ ft [2e -(H) - 2e- 2(H)] dr 
- 0 2e -2(t-r) _ e-(r - r } 

Therefore, the state of the system at time t is 

_ [ e- u j [1 - 2e - t + e-Uj 
x (t) - -u + - t -u -e e - e 

~ [1 - 2e - t + 2e - U j. 
e-t _ 2e-2t 

The matrix eAt in the so lution equation (1.45) is called the slale transition matrix 

or the fundamental matrix and denoted by 4> (t) so that 

<I> ( t ) : = eA< . 

For the unforced system (when u (t) ::: 0) the solution equat ion (1.45) becomes 
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x (t)= <I>(t) x(O) 

so that cl> (t) transforms the system from its slate x(O) al some initial lime 1=0 to the stale x(1) at 
some subsequent time 1. 

Since 

1·lence <I> - l(t) = e-At = <I>(-t). 

Also <I>(t) <1> (-,) = eAte-At = eA(H) = <I> (t - ,). 

Wit h this notation equation (1.45) becomes 

x (t)= <I>(t) x(O)+ J; <I> (t - ,) BuC,)d" ' E [0, t ]. CI.47) 

1.4.6. Solution of the State-Equation by Laplace Transforms 

Since the state equati on is in a vector form we must first define the Laplace transfonn of a vector 

Let x(t) = [ Xl' x, . ... , Xn J T. 

Then L [x(t)] = L[x~Ct)] = X,:s) = XCs). 
[

LfXl Ct)]] r' CS)] 

L[xnCt)] nCs) 

From this and by equation (1.6) we can get 

r[X ICt )] ] [ SXICS) - XICO) ] 
L[x(t)] = L[X~Ct)] = sX,CS) ~ x,(O) = sXCS) - xCO). 

[xnCtl] sXnCs) - XnCO) 

Applying the Laplace transform on the state equation (1.29) we obtain 

sXCs) - xCO) = A Xes) + BUCs) , 

where UCs) = L[uCt)] 

Or 

[51 - A] XCs) = xCO) + BU(s). 
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The matrix [51 - A] is non-singular, so that the above equation can be solved giving 

Xes) = [sl- Ar'x(O) + [sl- Ar' BU(s) ( 1.48) 

and the so lution x(t) is found by taking the inverse Laplace lrJ.nsfonn o fcquation( 1.48). 

Definil ion 1.7: 

Let A be as in equation ( 1.29). Then 

[51 - A] - 1 is called the re-solvcnt matrix or the system. 

Comparing equations ( 1.47) and (1.48) we find that 

Example 1. 14: 

Using Laplace transfonn, the state x (I) of the system descri bed in Example 1.13 can be evaluated 

as 

-2] 
s+3' 

so that 

[sl _ Aj - ' ~ , [ s + 3 
s(s+3)+2 -1 [ 

>+3 ' ] ;1 = (S+ 1~~S+2) (S+1);S+2). 

(s+1)(S+2) (s+ 1)(5+2) 

To evaluate the inverse transform , we must express each clement of the matrix as a part in I frac­

ti on, that is, as 

[
' , , '] 

[ I _ Aj -1 = ;:+i - s+2 ;:;t - s+z 
5 -1 1 -1 + ' -+- --s+l s +2 s+1 s+2 

2 - t _ -2t 2e-t - 2e- 2t ] _ 

So that C'([sl - Aj-'} = [:-u _ :-1 2.-u _ .-1 -<I> ( t ). 

Hence the complementary runction is as in Example 1.13.For the particular integral, we note that 

since 

24 



L[u(t)] = ", , 

[51 - A]-I BU(s) _ 11[5+3 
- (S+1)(H2)$ -1 

Taking the inverse Laplace transform , we obtain 

which is the particular integral part orthe so lution obtained in Example 1.13. 

1.5. Linea r Independence and the Rank of a Matrix 

Let Xl. xz. X3 •.. Xn be vectors and Al. AZI Al • ... ,An be scalars. We consider the equation 

(1.49) 

If at least one A
i

"* 0 in the equation( I.49), the vectors Xl. Xz. xJ ".Xn are said to be linearly 

dependent and the equation is said to have a non-trivial so lution. If, on the other hand, the above 

equation is satisfied only whenA t ;:: A.z:;·" = An :;: D, the vectors arc said to be linearly 

independent, and this solution is said to be trivial. 

Let A be a matri x of order mxn, i.e. , 

We can write this matrix as 

A = [a, a2 83 , ... , anl 

where 8, = [ali. Xu, ... , ami ] T, i E {1,2, ... ,n} . 
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The rank of the matrix A can be defined as the number of linearl y independent vectors in the sct 
{al. 82, 8), "', an} ,that is the number of linearly independent columns of the matrix , or the 
common dimension of the row space and column space of a matrix A is called the rank of A and 
is denoted by r(A) or rank(A). 

A square matrix A of order oXn , is non-singular, if and onl y if it is linearly independent and 
the rank of A is n. Also r (A) < n, ifand only if A is singular. 

1.6. Definite and Semi- definite Matrices 

Definition 1.8: 

Let A be an nXn symmetric matrix. 
A is said to be positive definite if xT Ax> 0 for all non-7..ero x and is said to be a pos iti ve semi­

defini te if xT Ax ;::: O. 

Similarly, if x T Ax < 0 for all non-zero x, then A is called negative definite; and if xT 
Ax ~ 0 for 

all x, then A is called negative semi-definite. 

1.7. Q uadratic Form 

Definit ion 1.9: 

A quadratic form is a scalar function v(x) or variables 

[

Pll 
T PZt v(x):; x Px; [XI X, ... Xn 1 ; 

Pnl 

... PIn] [XI ] 
". PZn Xz . . ... : . 
... Pnn Xn 

= PllXr + PtZXtXZ + PllXtX3 + ... + PtnXtXn + 

+ P
21

X
Z

X
t 
+ pz2 xi + P3tX3XI + ... + PznXZXn + 

+ ... + PntXnXt + PnZXnX2 +." + PnnX~ 

= L(=t LJ=t P1jXjXj 

The matrix P is of order nXn and is symmetric, th,1t is 

Pij = Pj i (all ij; i:t j) so that p
T = P 
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Ex.mple 1.1 5: 

Lel 11=2, and vex) = xi +2xi - 4x t xz. 

Then we can write this in a quadrat ic form as 

[ 1 -22] [XX',]. vex) = [x, x' ]_2 

In problems invo lving morc than two or three variables, the determination of whether or not a 
quadratic form is a pos itive·definite can be diffi cu lt to deal with or overcome, for such a case 
there is a procedure known as Sylvester's criterion, which is very helpfu l. 

Sylvester's criterion : states that the necessary and sufficient condition for a quadratic fOfm 

vex) = xT Px to be posit ive-definite is that all the success ive principal minors of the symmetric 
matrix P arc positi ve, that is, 

P" P12 P13 
P" 1'12 PI n 

I
P
" 

PIzl > a P" P" p," 
IP"I > O. P

12 
P12 P" P" > 0, ... , > O. 

Pn ' P13 P" P" P" P" p"" 

Example 1.1 6: 

Let v{x) = 4xi + 3xi + xi + 4xtxZ - 2Xt X3 - 2XZX3' To show thi s is a positive definite we lISC 

sy lvester's criterion. 

[P" 
P12 PlJ] [4 2 -1] 

P=< P12 P" P1.3 = 2 3 - 1 

PlJ P" P33 - 1 -1 1 
4 2 -1 

Since 4>0, I ~ ;1 = 8 > 0 and 2 3 -1 = 5 > O. 
-1 -1 1 

Thus sylvester's criterion assures us that v(x) is a positive definite . 
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CHAPTER 2 

2. STABILITY 

2.1. The concept of stability 

Stability is possibly the most important consideration when des igning a control sys!c.-m. 

The meaning of system stabi lity is that a fin ite duration of di st urbance causes a response (output) 

of finite duration, after which the system resumes a steady state conditions, that is, if any oscilla­
tions setup in a system in consequence to application of an input arc damped out with respect to 

time, the system is said to be stable. 

When a system is said to be unstable, we mean that its response readily diverges from an initia l 

value and the output either changes un directionally or osc ill ates with ever-increasing ampl itude . 

Stabil ity o f a control system is a very important characteristic of the transient perfonlmllcc of a 

system. 

A linear time-invariant system is stable if the following two cond itions are sati sfied: 

( I ) for a bounded input , the output should be bounded I 

(II ) in the absence of system input, the output should be zero whatever may be the initial condi­

tions. 

Here a system is said to be asymptotically stable if its weighting functi on (impulse response) 

decays to zero as t tends to infinity. 

Some methods of testing for system stability usc the transfer function as the starting point; oth­

ers make use of the stale-space equations. It must be remembered that the slale-space equations 

arc themse lves a representation o f the differential equations characterizing the syste m. 

Now let us consider a single-input, single-output (S ISO) system with transfer function given by 

equat ion (1.29). From which, we obtain equation ( 1.30). 

Applying the inverse Laplace transform on (1.30), the output is given by 

y (t) ~ rl[ G(s) U(s)]. 
(2 .1 ) 

assuming thaI the init ial conditions to be zero. Using the rule of complex multiplication ( 1.11 ), 
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we obtain 

(2 .2) 

where. g(A) is the impulse response of the system. From equation (2.2) we have the absolute 

value given by 

(2.3) 

Since the absolute value of an integral is less than the integral o f the abso lute value of the inte­

grand, we have 

I y (t) I :5 Ifo~ g(A) u(t - A)dA I 

:5 f; lg(A)llu(t - A)ldA, t E [0,00). (2.4) 

By bounded input we mean 

lu(t)1 :5 M, < 00 

and the output is bounded implies 

ly(t)1 :5 M, < 00 . 

LeI fo~ lg (A)llu (t - A)ldA =M, > M,. 

Then from equation (2.4) we have for bounded input, the bounded output condition becomes 

ly(t)l:5 fo~ lg(A)llu(t - A)ldA =M, . 

2.2. Stability Analysis of Control System 
Cha racte ri stic Equation Root Location in Relation to Sillb ility 

(2.5) 

The transfer funct ion of a dynamic system is given by equat ion (I .29) .The characte ri stic equa­

tion of the system and the output time response is obtained by the s-plane location of the roots o f 

the characteri st ic equation. 
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Example 2.1: 

For a unit step input , the output time . r h . response 0 I c followmg examples J' uSlify the above 
statement. < 

A) Let 
Yes) 2 
-= 
Ues) 52+2s+2 . 

Then 
Yes) 
Ues) 

2 = 2 
(s (-1+0)(5-(-1-1)) 

by part ial fract ion we get 
= Kl + Kz 

5-(-1-1) s-(- 1+i) 
.Solving for K1 and K2 we have 

KJ :;; i, Kz ;;; - i .Using the table of Laplace transform we obtain 

_ - , ,00 an simp 111callon Yields yet) - ie-( I+O, ie -(1-0' t E [0 ) d ' I" . . 

yet) = 2e- t sint. t E [O,oo).This is the output time response for a unit step input. 

Using Mathematica, see [4], (take for example t:; [0.15.0064]) the corresponding output lime 

response for a unit step input is shown in Fig 2.1 . 

Fig 2. 1.The system is asymptotically stable. 

From this graph we observe that for the output time response of a system to decay with lime and 
sellie to a steady- state value, it is necessary that rea l part of all the roots of the characteristic eq­

uation be of negative sign and the system is said to be asymptotically stable. 

B) Let yes) = 2 .In the same procedure we obtain 
U(s) s2-2s+2 

y(t) = _ie(1+i)t + ie(l-i)' , t E (O,oo) and simplification yields 

yet) = 2e'sint,t E [0,00). 
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Hence, using Mathematica, (take t:::; [0,15.433] ) the corresponding output time response for a 
unit step input is shown in Fig 2.2. 

Fig 2.2.The system is unstable. 

From Fig 2.2.we observe that for the output time response 10 increase exponentiall y with rcspect 
10 lime, al least one of the roots of characteristic equation is having positi ve real part . This grow­
ing output time response leads the system to instabi lity. i.e., it makes the feed back control systcm 

unstable. 

C) Let 

y es) _ / .Using the same way, we have 
U(s) s +1 

yet) = r' [-'- ] = sint ,t E [0, 00). 
s 2+1 

For t :;::: [0,35], the corresponding output time response for a unit step input is shown in Fig 2.3 . 

Fig 2.3.The system is marginally stable. 

I
" F' b h ' when the real part of complex conj ugate root is nil , the out-
' rom ' Ig 2 3 we 0 serve t at 111 case . . ' II bl r . . . h . d ' llations and the system is smd to be margma y sta e. I 
put tIme response s ows sustame OSCI , d .. 
h h 

. . .' rho h rder then it is not convemcnl to clermmc Its rools. 
lee aractenstlc equation IS a Ig er a , 
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In general, the impulse response get) =£ -1 [G (s)J has a nature dependent on location of thc roots 
of the characteri stic equation. The roots of the characteristic equation may be both rea l and com­
plex and may have multiplicity of different order. Some of the response tenns contributed by 
various types of roots arc shown below. 

Now let us consider a dynamic system desc ribed by some of the tnmsfer functions O(s). Here 
G(s), yes) and U(s) are expressed as in section(I.3),K is constant. 

I. G(s) = ~~:~ = ~ . The system has only one root at s=O. Notice that the impulse response for 

U(s)=I.Then the output response of the system is given by 

y(t) = r l [K H = K, t = [0,00) whieh is margina ll y stable. 

By using mathematica, (take t = [0,6], K = 1) the response graph is shown in Fig 2.4. 

Fig 2.4. The system is marginally stable. 

2. G(s) = Yes) = ~ .The system has roots of multiplicity r at the origin . Using partial fraction 
U(s) sr . . 

and inverse Laplace transform, see section (1.2.2), the output response of the system IS given 
by yet) = Kl + K2t + K3t 2 + ". + Krt r- 1

, t = [0,(0) which is unstable. 
. ( [0 6J K - 05 K = 4 K, = 0.1, K. = 1) the response graph By using mathematlca, t = , , 1 - ., 2 ' 

is shown in Fig 2.5. 
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Fig 2.5. The system is unstable. 

_ yes) K • 
3a) G(s) - U(s) s-u ,(a < 0). 1 he system has only one root at s=a, i.e., real nnd negati ve root. 

By similar procedure we obtain the output response of the system: 

y et) = Ke ut , t = [0,00) which is asymptotica ll y stable. 
By t = = 2, a = " the response graph is shown in Fig 2.6. 

Fig 2.6.The system is asymptotically stable. 

3b) G(s) = yes) =~ , (a> 0). The system has only one root at s=a, i.e., real and positive rool. 
U(s) s-a 

By similar procedure we obtain the output response of the system, thaI is 

yet) = K eat. t = [0.00) which is asymptotically stable . By mathematica. ( take t = [0,6], 

K = 2, a = 0.7), the response graph is shown in Fig 2.7. 
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Fig 2.7.The system is unstable. 

4a) G(s) = ~~:; = (S-: v , (a> 0) .The system has roots ormultipl ic ilY r at s:.::a . In u similar way 

wc have the response function given by 

yet) = [ Kl + Kzt + K3tZ + ... + Krtr-11eat. t ;; [0, 00) which is unstable. The responsc graph 

fo r ( t = [0,6] , (l = 0.049, K, = 0.5, K, = 4, K, O.l , K, = 1) isshown in Fig 2.8. 

Fig 2.8. The system is unstable. 

4b) G(s) = yes) = ~ (a < 0) .The system has roots or multipl ic ity r al s=a .ln a similar way 
U(s) (s_ a)r ' 

we have the response function given by: 

yet) ;; [K
1 
+ Kzt + K3 t 2 + ... + Krtr-l1eaf . t ;; [0,00) which is asymptotically stable. The 

response graph for (t = [0,6], K, = 0.5, K, = 4, 

K3 ;; 0.1, K4 = 1,a ::;; -2) is sho\\fJl in Fig 2.9. 
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Fig 2.9. The system is asymptoticall y stable. 

5a) G(s) = :~:~ = (S-a+iw~~s-a-IW)' (a < 0). The system has a single complex cOI~ugate root 

pair s = a ± iW,with negative real part. Applyi ng the above procedure, the out put response is 

given by 

y(t) =- K eat (sinw t + (3), t = [0,(0) which is asymptotically stable, where K- : . The response 

graph for ( t = [0,35], K = 1, a = -0.049, W = 1.005, /1 = 2n) is assho\\" in Fig 2.1 O. 

-0.25 

- 0.75 

Fig 2. 10. The system is asymptotically stable . 
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y (s) _--,:.,...:;K~, _---,-, 
5b) G(s) = U(s) = (s a+iw )(s a iw) • (a > O).Thc system has a single complex conjugale rOOI 

pair 5 = a ± iW,with positive real pan. Applying the above procedure, the output response is 
given by 

yet) = K ea' (sinwt + P), t = [0, "') which is unstable, where K-~ . 

The response graph for ( t = [O,4S],K = l ,a = 0.049,w = 1.00S,p = 2rr) is as shown 111 

Fig 2.11. 

20 

10 

-10 

- 20 

Fig 2. ll .The system is unstable. 

yes) K (0) _ K . The system has complex conjugate 
6.G(s) = - = . . .,.' a> - ( 5_«)2+",2J r . 

V(s) (5-a-lw)(s a+lw)] . . h .. c real part . In a similar way we can oblam 
root pairs of multiplicity r at 5;:: a ± tW, wit poSiU V 

the output response, i.e., 

. P ) + ... + K t , - I sin(wt + (J,)]e al 
yet) = [K, sin(wt + PI) + K,tSln(wt + , ' 

t :;:: [0,(0) which is unstable. 
= 0.2,K = I ,K, = 0.4,PI . 2rr,{J, = 4rr,{J, = 3rr, 

The response graph for (t = [0,20], KI , 

a = 0.049, w = 2) is asshown in Fig 2.12. 
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Fig 2. l 2.The system is unstable. 

7.0(s) = Y(s) K, K, Th h' I I ' . I 
U(s) (s+iw)(s-iw) = S2+l&J2' e system as a smg c camp ex conjugate root pour on t Ie 

imaginary axis at s = ±iw. Hence by similar way we get the output response ns 
yet ) = Ksin(wt + fJ), t = [0,00) which is marginally stable. 

The response graph for ( t = [0,37],K = 0.145, w = 1.005, fJ = 2n) isasshown in Fig 2.13. 

Fig 2.13.The system is marginally stable. 

g.G(s) = yes) = K = K .The system has complex conjugate rOOI pairs of 

m It
' I' . U(s) Ih(S- ~w)(S~iWW ~s"a+tWs21: +iw As discussed above . the output response of the 

U Ip ICily r on t e Imagmary axl - ' 

system is given by: K r- I . ( t + n )J 
yet) = [K, sin(wt + fJ,) + K, t sin(wt + P,) + ... + ,t Sin w ", . 

t = [0,00) which is unstable. K _ 1 K - 04 fJ 2n fJ = 4n fJ = 3n 
The response graph for (t = [0,10], K, = 0.2, , - , , - . , ,- " , J ' 

W = 3.8) is asshown in Fig 2.14. 
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. 
From the above response discussion we have the following conclusions: 

If all the roots of the given characteristic equation have negati ve real parts then the system is sta­

ble. 

If any of the roots of the given characteristic equation has a repeated root on Ihe imaginary axis 
or a root having positive real part of this system, then the system is unstable. 

2.3. Necessary Conditions for Stability 

The stability of a system can be obtained from the coefficients of its characteri sti c equation. 

From equalion( l .29) the characteri stic equation of a control system can be written in the fOfm of 

a polynomia l in 5 as given below : 

(2.6) 

If all the coefficients of the characteristic equalion (2.6) should be positive and no term 

should be missing in the characteristic equation, then thesc conditions arc ncccss.'lry fo r a sys· 

tern to be stable . However, if characteri stic cquation contains only odd or even powers o f s. thcn 

th is indicates that the roots have no real parts and havc only imaginary parts and output response 

shows sustained oscillations. This makes the systcm marginally stable. If some of the cacm· 

cicnts are zero or negative it can be concl uded that the system is not stable. 
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Example 2.2: 

A) The system described by the characteristic equation 254+S2+ 3s+2 ::: 0 is unstable. 

B) The system described by the characteristic equation 354-2sJ+552+s+16 :: 0 is unstable. 

C) The system described by the characteristic equation 52 + 2 ::::; 0 is marginally stable. 

If all the coefficients of the characteristic equation arc positive or negative there is a possibi lity 
of stability of the system to exist and let us now proceed to examine the sumeicnl conditions of 
stability. 

2.4. Routh Stabili ty Criterion 

The cri terion does not depend on finding the rools of the characterist ic equation and also docs 
nol distinguish between real and complex rools but on inspecting the coefficients of the characte­
ristic equation and determining under what condit ions it is possible for a root to be in the ri ght­

half of the s-plane and hence for the system to be unstable. 

Let the characteristic polynomial (the denominator of the transfer function after cancellmion of 

common factor with numerator) be given by equation (2.6). 

Then the Routh' s criterion requires the construction of the fo llowing array .5 of coefficients lind 

values dependent on the coefficients. 

s" ao a, a. a6 ... 

sn-1 a, a3 as a7 ... 

sn-2 b, b3 bs b7 ··• 

sn-3 C, C3 Cs '7 ... 

SO an 

wh h b 
. d' the coefficients of the characteristic equation (2.6). 

ere t e first two rows are 0 tame Irom . 
H 

. b t rows arc easily constructed usmg the rule 
avmg written down the first two rowS the su sequen 

defined by the re lations: 
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Remark: The proof of Routh's criterion is based on Stuml 's theorem which is concerned wi th 

sequence of real polynomials, is complicated and of great algebraic intcrest, so Ihat we shall here 

state and illustrate without proof. 

While preparing the Routh array for a given polynomial some of the clements may not exist. In 
calculating the entries in the line that follows these clements are considered to be zero. 

The procedure is ill ustrated in the example that fo llow. 

Example 2.3: 

Consider the system described by 

y es) s+3 

U(s) = s 3+5s2+8S+4' 

The characteristic equation of the system is 

S3 + 5s' + 8s + 4 ~O. 

Applying the Routh stability criterion, we have 

s' 5 

3' 
5 

SO 4 

4 

o 
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Since each entry of the first column of Routh array arc pos,'t',ve th ' hi , c system IS sta c. 

Generalization of C riterion of Routh 

(a).The roots of the characteristic equations or its modified equation all have negative real parts 
if and only i f the elements of the fi rst column of the Routh array arc positive. 

(b) . The number of roots with positi ve real parts is equal to the number of changes in sign of the 
clements of the first column. From this the necessary and sufficient cond itions fo r stabili ty fo l-

lows. 

2.5. Necessa ry and Sufficient Conditions for Stability 

For a system to be stable, it is necessary and sufficient that each entry of the first column of 
Routh array of its characteristic equation (if ao > 0) or its modified cqu,ltioli be I>ositivc . 
If this condition is not satis fied, the system is unstable and the number of sign changes of the 
tcrms of the first column of the Routh array corresponds to the number of roots of the charactc­

ristic equation in the right half of the s-plane. 

Routh ' s Test-Difficulties and Remedies 

There are certain difficulties encountered while applying the Routh stability criterion. TIle diffi ­

cult ies encountered are generally of the fo llowing type. 

Difficulty I: 

When the fi rst term in any row of the Routh array is zero while rest of the row has al least one 
non-zero term. Due to thi s zero term, the temlS in the next row becomc infin itc and ROllth's test 

breaks down. The remedies used to overcome this difficulty afe as follows: 

Remedy t : 

Put s = ~ in the original characteri stic equation and apply the Routh"s test on the modi fied cqun-

t
' " Th b foots wi th posit ive real parts arc the same as the number of s 
IOn m terms ofz. e num er 0 z - r . 

Th
',s methOd works in most but not all cases. The followmg ex· 

- roots with positive real parts. 
ample illustrates this method: 
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Example 2.4: 

Lei us consider the characteristic equation 

55 + 5 4+ 253 + 25 2 + 3s + 5 - 0 - . Then the Routh array is: 

55 1 2 3 

54 1 2 5 

5' o -2 

5' '" 
p . 1 . uttlng S =; In the characteri stic equation, we obtain 

This implies 

Szs + 3z4 + 2z 3 + 2Z2 + Z + 1 = O. 

The Routh array for this equation is: 

Z5 

Z4 

Z, 

Z, 

ZI 

ZO 

5 2 

3 2 

- 4 -2 , , 
1 

2 

2 

1 

o 

1 

1 

o 

There are two changes of sign in the first column or lhc Routh array. and so there arc tWO z·roolS 
in the right half z-plane. Therefore, the number of s-roals in the ri ght hal f s-planc is also two. 

Difficulty 2: 
When all the elements in any onc row of the Routh array urc zero. When such a condit ion hap­
pens, it indicates that there are symmetricall y located roots in the s-planc. The polynomial whose 
coefficients arc the elements of the row of zeros in the Routh array is called Au;\:ili:lry poly-
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nomial , denoted by A(s). This polynomial gives the number and location of root pairs or the cha­
racteristic equation which are symmetrically located in the s-planc. The order of the au.'(iliary 
polynomial is always even. 

Remedy 2: 

Due to a zero array, the Routh's test breaks down. This situation is overcome by replacing the 
roW of zeros in the Routh array by a row of coeffic ients of the polynomial generated by taking 
the first deri vative of the auxiliary polynomial A(s). The following example illustrates Ihe proce-

dure. 

Example 2.S: 

Let now consider the characteristic equation 

56 + 2s5 + 854+1253 + 2052 + 165 + 16 = O. The Routh array is: 

5' 1 8 20 16 

55 2 12 16 0 

55 1 6 8 0 

5' 2 12 16 0 

5' 1 6 8 o +- Auxiliary polynomial , A(s) 

53 0 o +- Row of zeroS. 

. h . the sJ·TOW arc all zero. The auxiliary polynomial 
The ROllth 's breaks down, smce t e teons In . ... 

A( ) 
. . b A() • + 65' + 8 The derivati ve of the polynomial A(s) with respect to S IS 

S IS given y: s;: 5 . 
, . lh Sl.row arc replaced by 4& 12. Thus the Routh array 
ds [A(5)] = 453 + 125. Then the zeroS In C 

becomes: 
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s· 1 8 20 16 

s' 1 6 8 0 

s' 1 6 8 0 

s' 3 0 

s' 3 8 

s' 
, 

0 , 
SO 8 

There is no change of sign in the firs t column of the new array. By solving S4 +65
2 + 8 :;:::: O,we 

have s ;;; ±i..fi and 5 :;:::: ±2i . These two pairs of roots arc also the roa lS of the origin,,\ cha­

racteristic equat ion. 

As there is no change in sign in the new array, there arc no roots ha ving positive real part . lienee 

the system considered here is stable. 

Example 2.6: 

Let now consider the dynamical system given by 

dy( ] ) d (2) dy _+ 4 - y-+ 5- +2y = 2u. 
dr ' dC 2 de 

Assuming all the initial conditions arc zero. To sec whether thi s system is stable, first we trans­

form the system to transfer equation as discussed in section (1 J).J-I cncc we have 

yes) , , , , 
-= - ---+-. 
U(s) 53 +452+55+2 - 5+2 5+1 (5+1)2 

Now the Routh array is 

s' 1 5 0 

s' 4 2 0 

s' 
, 

0 0 -, 
SO 2 0 
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By the Routh criterion, the system is asymploticalJ stable . 
output response of this system is y. By the Inverse Laplace transfonn the 

Y (I) = 2e-zt - 2e-' +2Ie-' , t E [0,00). 

The response graph (for t E [O,3])is shown in Fig 2.14. 

Fig 2. 14. Asymplolically stable. 

2.7. Liapunov Criterion for Stability 

Introd uction 

Liapunov's method is the most general method we know for system stability anal ysis .In the pre­

vious section we considered the system transfer func tion whereas in thi s section we IIrc cx run in­

ing the state equat ion. For this we use the so called Liapunov's function 

veX): = (Xl' xz) which has the following properties: 

I) vex) and its partial derivati ves, ~v ,i =1, 2, .. ·• n are continuous . 
• X/ 

2) v(x) > 0, for x* 0 (in Ihe nbd. i.e., neighbnrhood ofx = O),and v(O) = O. 

3) .(x) < 0, for x * 0 (in Ihe nbd of x = O),and .(0) ; O. 

The stability of a system depends on the dynamics of the system, that is, on the unforced 

state equation X = Ax. 

The matrix A is said to be stable, if the corresponding system delined by equation x = Ax 

is stable. To detennine whether A is stable we seek a symmetric matrix P so that 

veX) = xT Px is a positi ve defin ite func tion and 
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By the Routh criterion. the system is asymptoticall stable . 
output response of this system is y. By the Inverse Laplace trnnSfoml thc 

y (t) = 2.-2< - 2.-' +2t.-', t E [0,00). 

The response graph (for t E [O,3])is shown in Fig 2. 14. 

Fig 2.14. Asymptotically stable. 

2.7 . Liapunov Criterion for Stability 

Introduction 

Liapunov's method is the most general method we know for system stability analysis .In thc pre­
vious section we considered the system transfer function whereas in thi s section we are examin­

ing the state equation. For this we use the so called Liapunov's function 

v(x):;:; (Xl' xz) which has the following properties: 

I) vex) and its partial derivatives , ~ ,i == 1,2 ... ·, n arc continuous. ax, 

2) vex) > 0, for '* 0 (in the nbd. i.e., neighborhood ofx = O),and v(O) = O. 

3) vex) < 0, for x "' 0 (in the nbd ofx = O),and v(O) = O. 

The stability of a system depends on the dynamics of the system. thai is, on the unforced 

state equation x ;:; Ax. 

The matrix A is said to be stable, if the corresponding s),stem defined by equation x = Ax 

is stab le. To detennine whether A is slable we seek a symmetric matrix I) so that 

vex) = xT Px is a posit ive definite function and 
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vex) = iT Px + xT Pi, 

= (Ax),Px + xTpAx, 

= xT[ATp + PAJx, 

which is negative-definite. 

We have [AT P + PAr = [pTA + AT pTJ = [PA + AT I'J (since P issymmctric). 

Hence vex) is a quadratic form(see section 1.8) 

Let - Q = AT P + PA. 

For vex) to be negative-definite, XTQX must be Posi ti ve-defini te. 

(2 .7) 

(2 .8) 

Given a positive-definite matrix Q, the matrix A is stable ir the so lution to the (mat ri x) equation 
(2.8) results in a positive-definite matrix P. The solution to equation (2.8) can be very tedious. 
To make the calculations as simple as possible we choose Q to be simple, that is, Q ;;: I 

Example 2.7 : 

For the system described by 

Xl :;; X2 

X2 ;;: -5 Xl - 2 X2 • 

we can usc Liapunvo's direct method to test whether the systems is asymptotically stable. 

A = l 0 
-5 

_;] (in companion), and by equat ion (2.8) we get 

[ ~ -5] [Pll 

-2 PH 

which implies 

P= [Plt P12];;:2....[17 
P 12 P22 10 1 

1] h· h b Sylvester's criterion, is a posi tivc.del'initc. I-Icnce the 
3 • W IC. Y 

system is stable. 
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Example 2.9: 

Let now consider the system described by the equation 

y + 4ji + 5y + 2y = 0 To find the state equation: 

A = [ ~ 
- 2 

~ ~ ] . (in companion) . 
-5 - 4 

Now by equation (2 .8) we obtain P as fo llows 

[0 0 -2] [Pll 
1 0 - 5 P12 

o 1 -4 P13 

Simplification yields 

p ;::; ~ [~~ ~~ 1894] , which is a positive definite by Sylvester's criterion, and hence the 
36 9 14 

system is stable. 
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CHAPTER 3 

3. CONT RO LLABILITY and OBSERVA BI LITY 

3.1. Introduction 

The concepts of controllabi li ty and observabil ity are central to modem control theory. Contralla· 
bilily and observabi lity are concerned with the following fundamental questions: 

(1) Can a control function u (t) be found whi ch will lransfann the ini tial stale Xo of a system to 
some des ired fi nal state xf in finite time? If the answer to thi s question is yes, the system is 

controllable. 

(2) Can the slate of the system be determi ned by measuring the system output over a fini te time 

interval? If the answer is yes, then the system is obscn'ablc. 

3.2. CONTROLLABILITY 

We consider a system described by the slate equations (1.32) 

where A is n x n, 8 is n x m and C is r x n matrix with the transformat ion (1.32) . 

We can transfo rm equation ( \.35) in to the fonn or equation (1.38), where At ::: p - I AP. 

8 , = p- 1a and C, = CP o 

Assuming that A has distinct eigenvalues AI. A2• A3 • •..• An we can choose P so that AI 

diagonal matrix, i.e., At = diag {AI ' ..12• A3' .. .. An }. 

Let n = m = r = 2 the first of the equations (1.38) has the form , 

[!:] = [~ 0] [Z' ] [bll 
..12 Zz + b2 t 

b,,] [U'l 
bZ2 U2 

whieh is written as 

is a 

(3 .1) 

Zz ::: A ZZZ + bf U 

where bi and bf are the roW vectors of the matrix Bt · 

The output equation is 
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[Y' ] = [Cll 
Yz '21 

C12 ] [Z' ] . e22 Zz , whIch can be written as 

[Y' ] [Cll] [C12 ] 
Y2 ::::; '21 Zl + '22 Zz 

(l .2) 

where C1 and C2 are the column vectors of C1 .So, in general , equation (3. 1) can be written in the 

fonn 

(i=! 2 ... n) " , 

(l.3) 

It is seen from equation (3.3) that if bT • the ill! row of 810 has all zero components, then 

i · = kz· + 0 (i= ! 2 ... n) I I I , . . 

and the input u (1) has no influence on the ill! mode of the system. The mode is said to be 
uncontrollable, and a system having onc or more such modes is uncontroll able. Othc ........ isc. 
where all the modes are controllable the system is said to be completely state controllable or 

just controllable. 

The system equation {3.3) is controllable if and onl y if a control function u (1) can be found to 

transform the initial state 

Zo = [ZOl,Z02 , .. . ,ZonY toaspccifiedstatc 

It follows that for complete state controllability each of the components of z must be transformed 

by an appropriate choice of u (t) from 

ZOy to Zly (y :;:: 1,2, .. ,n) 

If the it" mode is uncontrollable, thi s can not be achieved for the it" component ofz. It follows 

that the system is uncontrollable. 

Example 3.1: 

The system having the state·space representation 
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. [-1 2] [4] x = -3 4 x + 6 u 

y == [1 - 2]x has the characteristic equation 

IAI - AI =,(' - 3,( + 2 = o. From this we haveA = 1 and A = 2. 

The corresponding eigenvectors are 

Xl = [1 IF and xz;;: [2 3]T so that the modal matrix is 

p = [i 2] and p-l = [ 3 -2] 
3 -1 1 · 

Using the transformati on x=P z equation(l .38), the slate equation becomes 

y= [-1 -4]z. 

This equation shows that the first mode is uncontrollable, that is, the system is not influenced by 

the input U 1 and so the system is uncontrollable . 

Example 3.2 : 

The system having the state-space representation 

. [ 2 x= -1 
-3] [-4] 4 x + 3 u 

y = [2 3]x has the characteri stic equation 

IAI _ AI = ,(' _ 6'< + 5 = O. From this we havd = 1 and A = 5. 

In simi lar way we obtain the corresponding eigenvectors so that the modal matrix is 

p = [~ 
1 -1 4 4 [

1 1] 
-1] and P :;:; _; ' 

Using the transformation x=P z, the slate equation now becomes 

y = [11 -1]z. 
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Since each of the modals is diffe rent from zero the system is controllable. 

On the basis of the above result, we now state and prove an extremely useful criteri on for de­
termining whether a system is controllable. 

The Controllability criterion 

The dynamical system x = Ax + 8u 

is said to be controllable ifand only if the 
(where A, B, and C are as dcfined in equations (1.32» 

rank [B, AB, A'B, ... , An- IB] = n. (3.4) 

Proof: To simplify the notat ion and the mathematica l manipulation, we consider a SISO systcm, 
so that in equations (1.32) B is a one column matri x, n column vector b , and C is a row matri x, a 
row vector c[ The result holds for the more general case when the system is rnulti variable. 

Equat ions ( 1.32) and ( 1.3 8) arc then written as 

x = Ax + bu 

y = CTx (3.5) 

and 

(3.6) 

Hence the necessary condition for the system defined by equa tion (3.5) to be controll able is that 
the components of the vector 

bl =: [PI pz ... PnY in equation (3.6) arc all non-zero. 

In equation (3.6) the matrix 

Al= diag {AI' ..1.2, ..1.3, ... ,An }, where the eigenvalues AI' ..1.2, ..1.3, ... , An are distinct and 
not equal to zero. Hence we have for the well-known Vandermonde matrix 

[f 
AI A?-I j 
A, A~-I 

An ... A~- I 
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has linearl y independent columns, so that it is non·singular. 

It fo llows that the necessary condition for the system to be controllable is the (panition matrix 

[

PI A,P, 
Q, = [b, , A, b, ' ... 'A~-'b, ] =~, A'f' 

Pn AnPn 

is non-singular. Thjs is also a sufficient condition for controllabili ty. 

Since Al = P-1AP and bl = P- Ib , we have 

Q, = P- I[b , Ab, ... , An-I b] = p-1Q. 

where Q ~ [b ,Ab , ... ,An- 1 b] or PQ, = Q. 

(3.7) 

(3.8) 

Since QI (for a controllable system) and p.1 are both non-singular, Q is non-singular. As Q is 
non-singular, its n columns are linearly independent. So that the rank of the matrix Q written as 
r(Q) is n. The matrix Q of equation (3.8) is called the system contro llabili ty matrix. 

It fo llows that if the rank of the matrix Q in equation (3 .8) is n (Q is non-singular) the system is 
controllable. If the rank is less than n (Q is singular), the system is uncontrollable. 
For a multi variable system Q = [B : AB : ... : Am- 1 B]. 

Example 3.3: 

a) Using the controll abi lity criterion verify that the system examined in example (3. 1) IS 

uncontrollable. 

For the system in example(3. !) we have 

so that 

Since the rank of Q is less than 2, the system is uncontroll able. 
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Example 3.3: 

b) Using the controllability criterion 'f h h ven y t at t e system examined in example (3.2) is 
con tro ll able. 

For the system in example(3.2) we have 

so that 

Since the rank of Q is equal to 2, the system is controllable. 

Example 3.4: 

Determine whether the system, governed by the equation 

is controllable. 

r (Q) = r [B,AB] = r [_; 61-6 -12] 
-2 2 4' 

It is obvious thallhe rank of this matrix is I. The system is therefore uncont ro ll able. 

3.3.0BSERVABILITY 

Using the transrann x ~ P z, as in the previous section, we end up wi th the system Siale equations 

in the fo rm of equation (1.38), i.e. , 

If a column of the matrix C
1 

is zero, the corresponding mode of the system wi ll not appear in the 
output y. In this case the system is unobservable, since we can nol determine the slate variable 
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corresponding to the row of zeros' C f . . . In 1 rom y. Othcnvisc. where all the modes arc observable 
the system IS saId to be observable. • 

Example 3.5: 

Delennine whether the system having the slate equations 

y = [3 - 2] [~:] is observable. 

The characteristic equation for this system is 

IAI - AI =.12 -1 ;:: O. This implies A = - 1 and A = 1. The corresponding eigenvectors arc 

[1 11' and [2 31' and the modal matrix is 

2] so that p-l = [ 3 -2] 
3 -1 1 · 

The transformation x=P z, transfanns the state-equations in to 

y = [1 0] [~:l 
This result shows that the system is unobservable since the output y is not influenced by the state 

variable Z2-

The above example illustrates the importance orlhc observability concept. In thi s case we have a 

non-stab le system, whose instability is nol observed in the output measurement. 

Example 3.6: 

Detemline whether the system having the state equations 

y = [-2 7] G~] is observable. 
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The characteristic equation for this system is 

IAI- AI = ,,' + A -12 = O. This implies" = 3 and A = -4. The corresponding eigenvectors 
are [1 - l V and [8 -lV and the modal matri x is 

p = [_~ -~l so that p-l = -H -~ -~l 

The transfonnation x=P z, transforms the state-equations in to 

y = [-9 -23J [;;1· 
This result shows that the system is observable since the output y is innucnccd by the Slate va­
riables Zt and Zz. 

We now state and prove a cri terion for observabi lity in a similar manner to that of the conI rollo­
bi lity criterion. 

Th e Observabili ty Cri terion 

The dynamical system x = Ax + Bu 

y = Cx 
is said to be observable if and onl y if 

(where A, B, and C are as defined in equation (1.32» 

the rank [ CC:A 1 = n. 

cT An- t 

(3 .9) 

Proof: Again for simplicity we consider a SISO system, but the result holds for the ~orc gc.ncr­
aJ mult ivariable system. Hence the necessary conditions fo r systems defined by equation (3 .» to 

be observable is that the components of the vector 

cf:::; [Yl Y2 . .. YnJ in equation (3.5) are all non-zero. 

In equation (3.5) the matrix 

A = d',ag {1 1 1 A} where the eigenvalues AI' A2. A3' ' ..• An are distinct and 
1 11.). A21 11.3.'''' n • 

not eqllal to zero. Considering the vandrmonde matrix we have that 
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y, 
y,A, ... Y 1 .. . y"~" 

YnA~-l 

(3. 10) 

It fo llows that the necessary condition for the system to be observable is the matrix given in equ­
ation (3. 10) is non-singular. This is also a sufficient condition for observability. 

Since At ;:: p-l AP and ci = CT p. we have 

ci AI = CT AP, ci A ~ = CT A2p, ... ,crA~-l ;:: CT An- Ip , so that 

(3.1 1 ). 

Since Rl (for an observable system) and P are non-singu lar, R must also be non-singular. 
As R is non-singular, its n columns are linearly independent, so that the rank of the matrix R 
written as rank (R) or r (R) is n. The matrix R of equation (3 .11) is called the system obscrvabili­

ty matrix. 

It fo llows that i f the rank. of the matri x R in equation (3. 11) is n (R is non-singular), the system is 
observable. I f the rank is less than n (R is singular), the system is unobservable. For a mu lt ivari · 
able system, the matrix R becomes the (partitioned) matri x in which the vector cT 

is replaced by 

the matrix C de fi ned in equation (1.32). 

Example 3.7: 

a) Us ing the observability criterion, verify that the system examined in example (3.5) is unob­

servable. For this system 

CT ::; [3 _ 2], A = [=~ ~] . Hence R ;: [ c~~ ] ;: L~ -~] , since the columns of R arc 

li nearly dependent r (R) < 2, that is, r (R) = 1. It fo ll ows thaI the system is unobservable. 
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Example 3.7: 

b) Using the observabil ity criterion, verify that the system examined in example (3.6) is observa­
ble. For this system 

cT
; [-2 7]. A; [-i -~l · Hence R; [c;.'Al ; [_~~ _5~1,sincethe columnsor 

R arc linearly independent r (R). It follows that the system is observable. 
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Table of Laplace Transform 

No. f(t) F(s) lif(t)] 
1 t n n! 

~n+l 

2 W W 

, 
3 t 1 

,2 

4 ewt 1 
;-- ,where Re s> Rew 

5 sin wt w 
,2 2 ,where Re 5 > Im w 

6 cos wt S 

,2 _ 11,2 ,where Re s > - 1m w 

7 sinh wt w 
,2 2 

8 cosh wt s 
2 2 

9 t n f(t) (_l )nF(n)(s) 

10 t sin wt 2ws 

(S2 + W 2)2 

11 t cos wt S2 _ w2 

(S2 + W 2)2 

12 t e wt r; ';;;; where w > 0 
s+w ~ 

13 t"e wt n' 
(S+~~n+1 where w > 0 

14 ewt f(t) Frs w) 

15 e wt sin{3t p 
( S+W)1+ z 

where w > 0 

16 e -wtsinhfj t P where w > 0 
(s +w 2 

, 
17 e Wlcospt HW where w > 0 

(s+w 2+02 
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