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Preface

This seminar report introduces important concepts in classical and modern control theories.
Classical control theory is based on Laplace transforms and one of its objectives is to design-in
terms of the transfer function-a system which satisfies certain assigned specifications; and
modern control theory is not only applicable to linear autonomous systems but also to time-
varying & is useful when dealing with non-linear systems-in contrast to the classical control
theory. The approach is based on the concepts of state.

The seminar paper consists of three chapters .The first chapter provides some basic proposi-
tions of control theory which are very important for the study of stability, controllability and
Observability. The second chapter discusses the concept of stability, the necessary and suffi-
cient conditions for stability, and introduces some criteria of system stability. The third chapter
deals with system controllability and observability, the necessary and sufficient conditions for

controllability and observability of dynamic systems.

Samuel Dea
Addis Ababa University
June, 2010
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Chapter 1
1. SOME BASIC PRELIMINARIES OF CONTROL SYSTEM

In this chapter we will give some basic definitions, notions, properties and examples of control
system which are important for the next chapters of stability, controllability and observability,
that is, the main topic of this seminar paper. In this seminar paper a system refers dynamical sys-
tem.

1.1. Basic Notions
The fundamental notion of control theory in the notion of a system.
A system is a combination of elements intended to act together to accomplish an objective.

Example 1.1:

A car’s engine is a system whose elements are the carburetor, the ignition, the crank shaft etc. On
a higher level, the car itself can be considered as a system with the engine as an element.

Definition 1.1:

A system becomes dynamical when one or more aspects of system change with time. The ef-
fects which originate outside the system and act on it directly and are not changed by changes in
the system are known as input of the system. That is, the input of the system is the driving force
applied to the system. The output is the response to the input to be obtained.

1.2. Review of Laplace Transforms and its Inverse
A very important instrument of control theory in the Laplace Transform.

Definition 1.2:

Given a function f (t) that satisfies the condition
J f (e dt < (1.1)
for some finite real a.then the Laplace transform of f (t) is defined as
F(s) = [, f(t)e " dt (1.2)

or using the linear operator L we have



F(s)= LIf(0)], (1.3)

where s€ C .le.s=a + iw.

1.2.1. Some Important Properties of the Laplace Transform

We have the following rules for Laplace transform:

1. LIkf(®)] =k L[f ()] =k F(s) (1.4)

2. LIfi(t) £ ()] = LIA®)] £ L[f(D)]

= Fy(s) £ Fy(s) - (1.5)
3. £|2O] =5 F(s) - 10) (1.6)
4. L[ELO] = smE(s) - s"F(0) = sm2FD(0) — - (0. (1.7)
5. L fy f@dr | = 22 (18)
6. L3 o2 [ fO)drdtydt, ...ty pdtn | =" . (1.9)
7. LIf(t — @)] = e %F(s) . (1.10)

8. Fy(s)Fy(s) = L[ f(0)fo(t = T)d1]

= L[f, L@ fi(t - )dr]
=LIA®) * HO], (A0

where * denotes complex convolution.



We will use in many cases the unit step, and the unit impulse function given in the following

definitions.

Definition 1.3:
Let u be a function defined by

(0, fort< 0
w(®): =1, fort = 0.
Then u is called a step function, and if k=1, then u is called a unit step function.

Example 1.2:
Find the Laplace transform of the unit step function.

By equation (1.2), we have

o0

Fis)= [7' f(t)e ™t dt= [Tu(t)e~*dt= [ e~tde=.

1
2t
Let r(.);:{c’o stse
0, =g
f can be expressed in terms of the step function (see examplel.2) as
f(t) = % u(t) - -21- u (t - ¢), that is, a step function beginning at t=0 minus a step function begin-
ning at t = c. This leads to the definition of the unit impulse function or the Dirac delta function
denoted by §(¢t).
Definition 1.3:

& is said to be the unit impulse function or Dirac delta function if

u(t)—u(t-c)

8(1): =lim. =

Example 1.3:

Find the Laplace transform of the unit impulse function.

Using the results of (example 1.2) and (equation 1.10), we have



L[5(D)] = 1imﬁusic(1 —e~%9),

Using I"Hospitals rule we get

£[1—6"“]
L [6(8)] = limgag & =1.

d
a—c[sc]

1.2.2. Inverse Laplace Transformation

Inverse Laplace transformation is a mathematical method by which any function F(s) is changed
from complex variable to time variable function f (t). The metod is represented by

L7 [F(s)] =1 (1) (1.12)

where F(s) is the Laplace transform of f(t) and L£~' [F(s)] is the inverse Laplace transform of
F(s). In practice the inverse Laplace transforms are not obtained through mathematical opera-
tions but are directly obtained from the tables of Laplace transforms.

We apply the partial fraction method for the functions in which inverse Laplace transforms can-
not be directly obtained from the standard Laplace transform table.

Partial Fraction Method:

In this method the function for which the inverse Laplace transforms is to be determined is di-
vided in to partial fractions.

Heaveside’s Partial Fraction Method
Let the function F(s) be given by:

ﬂmsm +ﬂm_1sm'1+"'+a15+ﬂo ( I ] 3)
bn3n+bn_15n_1+“'+bis+bo i )

F(S) =

Let D(s):= the denominator of F(s) given in equation(l.1 3).

Then after factorizing D(s),we see that D(s) has different roots.
A) D(s) has real roots.

The function F(s) of this type is

(s+21)(s+22)...(5+2m) . (1.14)
(s+p1)(s+p2).. (s+pi)... (S+pPn)

F(s) =

The partial fractions of this type of function are given by:



it Ay Az Ag An
= e s L W Lo
F(s) (s+p1) (s+p2) L (s+pk) (s+pn)

where A, ,A;,A; , ..., A, are coefficients of partial fractions.

Hence the coefficient of partial fraction for (s+p; ) is obtained by

Ay = [(stpi JF ()]l s=—py -

Example 1.4:
By the inverse Laplace transform of the function

F(b) L 105+60
s 475341452485

we get the function f. We want to find f.

105+60 - ) 10(s+6)
s*4753+145248s  s(s+1) (s42) (s+4)

Now F(s)=

By (1.15) we have

A A Ay Ay
F(s) = —+4 %+ +-%,
() s +s+1 5+2 5+4

And applying (1.16), we get

Ay = D A,="2, A= 10, and Ay = =,

Substitution yields

1 R 2t
F = 2 =B e P BE EA
(S) ) & s+1 T s+2 + S+4

By inverse Laplace transformation we get

£(1) = % — -t £ 10e7% - -:-e“".

B) D(s) has real roots of multiple orderr.

The function F(s) of this type is

(s+21)(s+22)..(5+Zm)
(s4+p1) 1 (s4p2) 2...(s+Pn)™™

F(s)=

(1.15)

(1.16)

(1.17)



Partial fractions of this type are given by

Ap, - Ay, -
F()'_ 4 ry l_ + ry=2 +“.+ Al
(5+P1}r1 (s+p1)"1™!  (s4p,)r2? (s+p1)
7 By, 4. Br,—1 By,-2 o By
(s+p2)72  (s+pz)"27r  (s4py)'2—? (s+p2)
4 Cry i Crp-1 Cry-2 & Cy
(s+pn)™m  (s+pp)™M™1  (stpp)™m2 T (s+pp)

Thus the value of any coefficient Cj, for roots s=—p,, is given by

1 din—
Cyr= [mdsffn-kJ [Cs +pn)™]]

S==Pk

(rn-

)
where W

is the (1, — k)th derivative of (s + p,)™.

Example 1.5;

By the inverse Laplace transform of the function

10
(s+3)%(s+4)3

F(s) =

We get the function f.

SR 10
F(s)= (s+3)%(s+4)% '
By (1.18) we have
ﬂ Bk Sr i B
F(s) = {s+?.}2 (s+4)3 > (s+4)2 ' s+4'

and applying (1.19) we get
A, = -30,4, = 10,B; = 10, B, = 20, B, = 30.
This implies

10 30 10 20 30

(s+3)2 543 (s+4)%  (s+4)?  s+4’

F(s) =

Hence , we have

f(1)=30(e~3t — e™*) + 10t (e ™3 + 2e™%) + 10t%e™* .

(1.18)

(1.19)



C) D(s) possesses complex conjugate roots.

The function of this type is

(s+21)(s+23)..(s+2)
(s+ay+iw,)(s+ay—iwq)..(S+aptiwy)(s+an—iwy)

F(s) =

Hence partial fractions of this type are given by:

Ay + A3 An AR

F(s) =
Here the A; and A}, are obtained by

A = [[s + (ax + i) IF ()]l s=—(ay+iwy)
and

Ag = [[s + (ax — i )1F ()]l s=-(ay-iwy) -

Example 1.6:

By the inverse Laplace transform of the function

F(s) =

s24+6s5+10

we get the function f. We want to find f.

By (1.21) we have

_ A A
F(s) = (5+3+0) + (s+3-0) '

and applying (1.22) we get
A= -i_,andA‘ =2,
-2 21
Hence using simplification we get

f (1) =Se 3tsint.

Mases i
(stay+iwy) (s+ay—iw,) (s+ap+iw,) (s+ap—iwy)

(1.20)

(1.21)

(1.22)



D) F(s) possesses imaginary roots.
The function of this type is

(s+2,)(s+23)..(5+Zm)
s24p?)(s2+pd)..(s2+pf) |

l'-‘(s)=(

The partial fraction coefficients of this class of functions are given by

A A®
s+ipy  s—ipr

F(s) =

Hence Ay and Aj, are obtained by

Ax = [(s + D) F()ls=-ip,
Ay = [(s = ip)F(8)]ls=+ip, -

Example 1.7:

By the inverse Laplace transform of the function

F(s) = ——

s%+4
we get the function f.

3 _ 3 A + A
244 (s+2i)(s-2i)  s+20  s-2i°

F(s) =-

By (1.24) we have

3
=-—and 4" =-3-,.
—4i 4i

Thus by simplifying we get

f(t) = -zfsinr.

(1.23)

(1.24)



1.2.3. Applications of Laplace Transform to Differential Equations

By taking the Laplace transform of a differential equation it is transformed in to an algebraic eq-
uation in the variable s .This equation is rearranged so that all the terms involving the dependent
variable are on one side and the output response is obtained by taking the inverse Laplace trans-
form as illustrated by the following example.

Example 1.8:
We want to solve the initial value problem
D?y — 6Dy + 9y = e~%* | with initial conditions y(0) = 1, y'(0) = 2.

Taking Laplace transform throughout the equation and using equation (1.7), we get
[s2Y (s) — sy(0) — y'(0)] — 6[sY(s) — y(0)] + 9¥(s) = — .

that is ,

[s2—65s+9]Y(s) —s+4=—,

s+2
where Y(s) = L[y(t)].
Since y (0) =1 and ¥'(0) =2, we have

1 s—4 _ s§%-25-7 Ky k; ks

(s+2)(s=3)%2  (s=3)% (s+2)(s-3)? s+2 @ s-3 @ (s-3)°

Y(s) =

Solving for kq, k,, and ks (by 1.16) we get

1 24 =4
. = §2-25-7 = 25 _z_j_ __L
Hence Y(s) (5+2)(s-3)2  s+2 + s-3 * (s-3)2 °

Thus

_ ik coor n 2N ot T8 3t
¥ty ==+ =P $te*,



1.3. Transfer Functions

We can often describe the dynamic behavior of a system by a linear n** order differential equa-
tion. The n'" order system having a single input and a single output may have an associated dif-
ferential equation:

boD™y + byD™ 'y + - +b,y = agD™u + a; D™ u + - +anu (1.25)

where u(t) is the input and y(t) is the output. Once the input and the initial conditions
y(0) = 0,y°(0) = 0,...,y™(0) = 0 are given, the output response y (t) is found by solving equa-
tion (1.25). The Laplace transform of equation (1.25) becomes:

[bos™ 4 bys™ Y + - +b, 1Y (s) = [ags™ + ;8™ + -+ @, JU(S) .

Definition 1.4;

The function G given by

m m=1,..,
G(s):z.YEl:aos +a,s +4 A .(IT!<I'I) (|.26)

u(s) bos™+ by s 144 by

is called transfer function for the initial value problem (1.25)
where Y(s) is the Laplace transform of y, U(s) is the Laplace transform of u.
The equation bys™ 4 bys™ ! + «+« +b, = 0 is called the characteristic equation.
The transfer function G(s) can be rewritten as
Y(s) = G(s) U(s). (1.27)

This shows that G(s) is always a factor of Y(s), whatever u (1) is applied.

Example 1.9:

Let u = §. Then if the input to the system is u (1) = §(t), then Y(s) = G(s), since in this case
U(s)=1.

Taking the inverse Laplace transform, we obtain y (1) = g (), where

g (1) = L7[G(s)] which is called the impulse response or the weighting function for the system.

10



Example 1.10:

Find the transfer function of the system described by the initial value problem:
D*y + 5Dy + 6y = u, y(0)=0,y'(0) = 0.

Applying Laplace transform to both sides, we obtain

H e :@=_.._l
G(s) U(s) (s+2)(s+3)°

1.4. State Space Analysis of Control Systems

In the previous section we have discussed the characterization of a system by its transfer func-
tion. The basis of transfer function has the following properties:

1. The initial conditions in system equation are considered as zero.

2. Applicable only to single- input- single- output (SISO) systems.

3. Applicable only to linear time- invariant system equations.

4. The analysis of system output for a specified input is obtained.

In view of these properties a more general mathematical representation of a control system is re-
quired which covers limitations of transfer function approach.

The modern approach known as state space analysis is preferred to transfer function approach.
The state space mathematical model of a control system takes into account the following points.

1. The initial conditions pertaining to the system are taken in to consideration.

2. The mathematical model is in the form of first order differential equations of linear time in-
variant or variant systems.

3. The analysis is carried out in time domain.

4. The mathematical model covers both single- input- single- output (SISO) and multiple-
input-multiple-output (MIMO) systems.

5. The concept of state space model forms the basis for analysis of advance control systems.

6. The state space model gives complete description of the system.

1.4.1. The State Space Approach

We will use in the following notations:

i |



State variable: The variables which determine the state of a dynamic system. It is not neces-
sary that the state variables be physically measurable and observable quantities.

State: The state of a system is the smallest set of state variables such that the knowledge of va-
riables at =1, (initial conditions) together with the inputs completely determine the behavior of
the system for any time t > t

State vector: If n state variables are necessary to determine the behavior of a given system, the
variables are considered as n components of a vector.

State space: The n dimensional state variables are elements of n dimensional space called state
space.

State equations: The system equations written in the form of first order differential equations
in time domain are known as state equations. The state model for a given differential equation is
determined below:

The nth order time invariant differential equation with constant coefficients is represented by a
set of n-first order differential equations in terms of state variables x,, X5, ... x,, as follows

Xy = Qu1Xy + Q1% + 0 QX + byqUy + bypuy + 2 by,

Xy = A%y + Xy + o AgpXp + byyuy + byyuy + -+ byt

Xp = Qp1X1 + QpaXy + ** QunXn + bpity + bpoUs + - by, - (1.28)
Equation (1.28) can be written in compact form as
X = Ax + Bu (1.29)
where g %, ] 7
is denoted as state vector and
wr= ikt itim ] T

is denoted as input vector. Furthermore,

a1 A1n

azy QAzn
A= '

any Qnn

and

12



are constant matrices.
For a time varying system A and B are functions of time.

Output equation: The dynamic state of a system is represented by state variables. The output
variables are denoted as y;,Y;, ...y, which are combinations of state variables. Therefore, the
output equation is
y = Cx (1.30)

1 " Cn

c as OB
where € = |73 2:]Pl
Cpl i Cpn

Is constant.

In some cases, the output is a function of x and u, that is,

y=Cx+Du (1.31)
diy - dim
where D = dfl d:‘:m
dpy Com

is constant .

For a single-input-single-output system the state and output equations are given by
x = Ax + Bu,
y=~Cx, (1.32)

where B is nx1 matrix, u is a scalar and C is | Xn matrix.
For the case where the output of a single-input-single-output system is a combination of state
vector as well as input, the state equation and output equations are respectively

x = Ax + Bu,
y=Cx+Du , (133 .a)

where the terms D and u are scalars .

13



The general state model of a multiple-input-multiple-output system based on state and output
equation is given by:

X = Ax + Bu,
y=Cx+Du. (1.33.b).

1.4.2. The Companion and Diagonal State Space Form

Let us consider a system characterized by an n" order differential equation. The system equation
has the form

y™ +a;y0 4 a,y™D vty + any = 1 (1.34)
It is assumed that y(0)= 0, y(0)=0, ..., y™® D (0)=0.

Let Xy:= Y, X2:= P, oo, Xp: = y™ D | then we can write equation (1.34) as a system of n
simultaneous differential equations, each of order 1, i.e.,

J'C1=I2=):’,

J'C2=X3=j;,

5 - £ n-1
Xn-1 = Xpn = ,'V( )1
5Cn = y(n) = —QApXq — Ap-1Xz2 — "~ A1 Xq +u.

This can be written as a matrix differential equation as follows

' x
4] 1p s ST [
Xy 3 o 0 2 0
%3 | = 0 0 : o o [*e1+19] u. (1.35)
-: L—Gn —0n- —Qp-z - —@4] ‘n 1
él'x- =A ot =
X1
X2
y=[1 0 0..0]|%3] . (1.36).
= :
Xn

From equations (1.35) and (1.36) we have equations (1.32). Here the matrix A is said to be in

companion form.

14



Consider any non-singular matrix P of order nxn.
Let x=rez. (137)
Then z is also a state vector and equation (1.32) can be written as:

Pz = APz+Bu,
y=CPz.
or as

2:A1 Z+Blu,
iy (138)

where A; = P7'AP, B; = P~'B and C, = CP.

The transformation defined by equation (1.37) is called a state transformation, and the matrices
A and A, are similar.

We are particularly interested in the transformation when 4, is diagonal denoted by A and A is
in the companion form. It is assumed that the matrix A has distinct eigenvalues 1,, 45, ..., 4,,.
Corresponding to the eigenvalue A; there is eigenvector x; such that

Ax;= Aix; , (x; # 0). (1.39)

Define the matrix V7 whose columns are the eigenvectors x;,X,..,X, that is,
V=[x, X3 ... x,]. V is called the modal matrix, and it is non-singular and can be used as the

transformation matrix P above. We can write the n equations defined by equation (1.39) as

AV=V A (1.40)
A O N0
where A = [O Az v D J =diag {1y, 43, ... An } .
0 0l s

From equation (1.40), we obtain
A=VAV. (1.41)
The matrix A has the companion form. The characteristic equation is
A=Al = 2" + @y A1+ -+ ay A+ ag=0.
By solving this equation we obtain the eigenvalue 4;, 43, ..., 4.

Consider one of the eigenvalues A and the corresponding eigenvectors

15



x: =[xy, %z, s X 1T

Since A is in companion form the equation A x = A x, (x # 0) corresponds to the system of
equations

X = Axq,
X3 =A%y,
Xpn = AXp—q.

Setting x;=1, we obtain
2 =18, A% s > J

Hence the modal matrix in this case takes the form

1 S
v= | A EEEE (142)
A !11.- 1 AE:.— L A:- 1

In this form the matrix V is called a Vandermonde matrix, and is therefore non-singular, if
Rl' ¢A’, fm‘l#j

Example 1.10 :

Let ¥ -2 +y—2y=u.

Setting x, =y, x, =y, and %, =y ,

we get the companion forms of state equations of the system as follows

Xy = X3
X; = X3
X3 =2x%, — X3 +2x3+Uu,

or in matrix form

-k 5k

0
0
1

+ u,

16



X1
=[1 0 0] [xz].

X3

Now we want to find the diagonal form.
The eigenvalues of Aare { 2, i, -i }

From equation (1.42) the modal matrix is

I 4 1
2 £ =1

4 -1 -1

V=

and its inverse is

4 0 4
Vi=—|8+4i —10i —2+4if
g—4i 100 -2-4i

The transformation is defined by equation (1.37), that is
x=Vzorz=V"1x
The original choice for x is x = [y, ¥, ¥]". Then

H

8+4z —10: ——2+41
8 4i 100 -2-4i

— _1y.|.ly

=-(2+£)y—-tJ/+ (1+2t)y
Zi= ;(2—-1)y+21y~5(1-2¢)}'—

The state equations are now in the form
z=A,z+ Bu,
}: — Cl z’

where 4, = V1AV = diag{2,i,—i},

17



2
B; =V B= [1+2£
1-2i

?

C,=CV=[111].

1.4.3. The Transfer Function from the State Equation
Taking the Laplace transform of equations (1.32) we obtain
s X(s)= A X(s) +B U(s)
Y(s) = C X(s).
From the first of these equations, we obtain
X(s) = [sI — A]"*BU(s) , if the inverse of ( s/ — A) exists
so that

G(s) = ;E‘i CX(s) = C[s] — A]'B .

Example 1.11:
Let &= [_21 ‘43] X+ [_34] u,

y=[2 3])x-
Then

sw=p APTE ) o] e

18
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1.4.4. Matrix function

Definition 1.5:

Since e = ZS"ﬁz" ,Z2€C.

we define e? = ZE"%A" =A°4 A4 +%A2 +%A3 s
=I+A+ 4 Fo A 4o

where A" = [ for every square matrix A.

From Linear Algebra we know that if A has distinct eigenvalues, A,,...,4, .then there exists a
non-singular matrix P such that

Az B U
p‘lApzl{] /12... OJ:diag{ﬂq. 412:---: ’ln] =A.
0 0.. A
Then we have
A = PAP?

so that
A% = (PAP~Y)(PAP?) = PA(PT'P)AP™! = PA*P™!
Generally we get
AT = PATPY
If we consider a matrix polynomial, f(A) = A*=2A + I, we can write it as
f(A) = PA*P~t =2 PAP™* +PIP™"
= P[A2 —2A+1] P!
= Pf(A)P~* = Pdiag { f(41), f(42), . fA)}P .

Hence
f(A)= A2 =2A+1
Bl o e 9. 0 00
=({0 2%.. 0 —2[0 Ay O]40 1 0
0 0. 22 Lo 0. 2110 0 1

19



A%-ZA]_'*‘! 0... 0
0 B=22+1.. 0
0 Oicss =2, +1

=diag{ f(41), f(42), ..., f(An)}.

In general for a polynomial of degree n, taking

f(A) = e?*, we obtain

et = P diag {eMt et ., et} p-1 (1.44)

Example 1.12:
10 2
ea= [ 5
To find e“* we have the eigenvalues of A which are A= -1 and A= -2.
_I 2 1 g ST 1
= I—l —1] and e [—1 —2]‘
Using equation (1.44), we obtain
At — 2 1 e_t 0 1 1
# [—1 —1][ 0 e-Zf] [—1 —2]
_[2e7t—e™% 2et- Ze“Z‘]

=2t _p=t 2g=2t_g-t]

The derivative and the integral of a matrix A (1) whose elements are functions of t are given in

the following

Definition 1.6:

Let A (1) = [a;;(£)], t € [0,%0) . Then

L L40) = 4@ = [£(ay),
2. [A(t)dt = [[ a;; (t)dt].

If @ and B are constants, and A and B are matrices, then
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i,  +-(aA+PB)=ah+pB.
ii. [, (aA+pB)dt =a [ Adt+p [° Bd.

iii.  -{AB)=AB + 4B.

iv. If A is a constant matrix, then %(eﬂt) =A eAt

1.4.5. Solution of the State- Equation

By a solution to the state equation (1.29) we mean finding x at any time t, given u(t), V¢, and the
value of x at some specified time ty ,i.e., given X(1y )= xo. Thus we have

X — Ax = Bu.
Multiplying both sides by the matrix e~4", we obtain
e At (x — Ax) = e~ 4*(Bu),

or

2 [e~Atx] = e~4(Bu).

Integrating both sides we get

e Atx(t) —x(0) = J’ot e A"Bu(r)dr,t € [0, ]

so that

x(t) = eAtx(0) + [; eA¢""Bu(r)dr . (1.45)

The term  e4tx(0), dependent only on Xo is called Complementary function which is the solu-

tion of the equation & = Ax (when forcing function or input is zero).

The term J“ eAt-7)By(7)dt , dependent only on the forcing function u, is called the particular
0

integral.

s i1 At 3 ¥ =
In the solution to the unforced system equation X = €7X (0), the eigenvalues 4, ...,4, are

t r
called poles and e?tt,e™", ..., e*nt are called modes of the system.
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Example 1.13:

A system is characterized by the state equation

] =[5 Sl B[l

If the forcing function u (t) =1 fort >0 and x (0) =[1,—-1]", the state x of the system at time t
is obtained as follows

Using the value of e#*(see examplel.12) we have that

emx(o) — [Zee__zi—-ee:z: 2zee_j2:~fee:ir] [-]i]

=22
=g 2t [_11] .

Here the initial condition x (0) is such that it eliminates the mode e~ from the unforced system
solution.

The second term of equation (1.45) is
t A(t-T) = [t pA(t-1) [0
Jy e*VBulojde= [ e [1] dt

K 2e~(t-1) — 2e"2“‘7)]
0] 2¢-2(t-1) — e~ (t-1)

_ [1—2e™t+ e‘z‘]
o=t — o2t

Therefore, the state of the system at time t is

=2t ]+ 1-2e7t+ e'z‘]
et —e2t

x(t)=[e

_e-zr
_[1—2et+ 2e'2‘]
et—2e2 F

The matrix et in the solution equation (1.45) is called the state transition matrix

or the fundamental matrix and denoted by ®(t) so that

®(t) :=e4t. (1.46)

For the unforced system (when u (1) = 0) the solution equation (1.45) becomes
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x (U= @(t) x(0)

so that ®(t) transforms the system from its state x(0) at some initial time t=0 to the state x(1) at
some subsequent time t.

Since

eAte=(0 = | it follows that [e4t]™! = e~At
Hence ®71(t) = e~ = @ (-t).
Also @(t) O(—1) = eAle 4" = eAt-1) = (¢t — 7).
With this notation equation (1.45) becomes

x ()= P(t) x(0)+ f; &(t — 1) Bu(r)dr, 7 € [0,t]. (1.47)

1.4.6. Solution of the State-Equation by Laplace Transforms
Since the state equation is in a vector form we must first define the Laplace transform of a vector
Let ()= [z, %5 0]

L[x,(8)] X1(s)
Then L[x(t)] = L[xzz(t)] = XZ:(S) =X(s):
L[xn(t)] n(s)

From this and by equation (1.6) we can get

L[x,(0)] sX1(s) = x1(0)
L[fcgcr)]] L |5’Xz(3) Sl - crpy e

Lx(8)]

Applying the Laplace transform on the state equation (1.29) we obtain

LLx()] = _
$Xn(5) = % (0)

sX(s) — x(0) = A X(s) + BU(s) .
where U(s) = L[u(t)]
or

[s] — A] X(s) = x(0) + BU(s)-
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The matrix [s/ — A] is non-singular, so that the above equation can be solved giving
X(s) = [sI — A]"*x(0) + [sI — A]"* BU(s) (1.48)

and the solution x(t) is found by taking the inverse Laplace transform of equation(1.48).

Definition 1.7:

Let A be as in equation (1.29). Then

[sI — A]™ ' is called the re-solvent matrix of the system.

Comparing equations (1.47) and (1.48) we find that
d(t) = L7 [s] — A]7'}.

Example 1.14:

Using Laplace transform, the state x (t) of the system described in Examplel.13 can be evaluated
as

st -a1=[; 5)

so that

= -1 -
[s1 - 4] s(s+3}+2 =1 §
(s+1)(542) (s+1)(5+2)

5§43 2
ol e s+3 2] [(s+1)(s+z) (5+1)(5+2)

To evaluate the inverse transform, we must express each element of the matrix as a partial frac-

tion, that is, as

2 2
= ;I s+2 S+1 s+2
[s1 = A1 -1 2

.——.__—.——-——

s+1 s+2 s+1  s+2

-t _ o2t 2¢7t-—2e7?
So that L~{[sI — A]"'}= [Ze_u __6; £ 9g=2t gt ] ®(0).

Hence the complementary function is as in Examplel.13.For the particular integral, we note that

since
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LIu(®)] = -

[s1 — A7 BU(s) = mf [ S_JEB fl [{1)]

M s(s+1)(s+2)‘ [
(s+1)(s+2) T 542
Taking the inverse Laplace transform, we obtain

[ e

which is the particular integral part of the solution obtained in Examplel.13.

1.5. Linear Independence and the Rank of a Matrix

Let x;, X5, X3 ... X, be vectors and 4;, 4;, A3, ..., An be scalars. We consider the equation

Alxl+22XZ+"‘+Aﬂxﬂ=0 (149,

If at least one A; # 0 in the equation(] 49), the vectors Xy, Xz, X3 ... X are said to be linearly
dependent and the equation is said to have non-trivial solution. If, on the other hand, the above
equation is satisfied only whend; = Ay == Ay =0, the vectors are said to be linearly

independent, and this solution is said to be trivial.

Let A be a matrix of order mXn, i.e.,

i ain

Az Qzn
A= :

Am1 Amn

We can write this matrix as
A=[ay a 23, s @n]

where a; = [ ay;, Xai, -+ Gmi |7ie {12,
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The rank of the matrix A can be defined as the number of linearly independent vectors in the set
{a). @ a3, **, an} ,that is the number of linearly independent columns of the matrix , or the

common dimension of the row space and column space of a matrix A is called the rank of A and
is denoted by r(A) or rank(A).

A square matrix A of order nxn , is non-singular, if and only if it is linearly independent and
the rank of A is n. Also r (A) <n, if and only if A is singular.

1.6. Definite and Semi- definite Matrices
Definition 1.8:

Let A be an nXn symmetric matrix.
A is said to be positive definite if x”Ax > 0 for all non-zero x and is said to be a positive semi-
definite if xTAx = 0.

Similarly, if x” Ax < 0 for all non-zero x, then A is called negative definite; and if x” Ax < 0 for
all x, then A is called negative semi-definite.

1.7. Quadratic Form
Definition 1.9:

A quadratic form is a scalar function v(x) of variables

P11 Piz s Plﬂ X1
Py Pag Vv iban] | %2

Pnl Pnl Prm

[X1,Xz ,X3,...,Xn]" defined by
v(x):= xTPx =[x, X3 Xn]

= Py % + Pppxaxy + PaxaXa ot PiaXiXn +
+ PyyxpXy + Popx§ + PuXsXa PynXaXn +
4 oo PpyXnXy + PraXnXz + o0 PunX2
= Y&, Xj=1 Pijxi%;
The matrix P is of order nxn and is symmetric, that is

Pij = Py (all ij; i# j) so that PT =P
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Example 1.15:
Letn=2, and v(x) = x} +2x2 — 4x,x, .

Then we can write this in a quadratic form as

v(x) =[x xp] [_E _22] [2]

In problems involving more than two or three variables, the determination of whether or not a
quadratic form is a positive-definite can be difficult to deal with or overcome, for such a case

there is a procedure known as Sylvester’s criterion, which is very helpful.

Sylvester’s criterion: states that the necessary and sufficient condition for a quadratic form
v(x) = x"Px to be positive-definite is that all the successive principal minors of the symmetric

matrix P are positive, that is,

Py P
P Pz Pll PIZ P13 P‘ll PllZ
Pul>0.|p° p*|>0.Pz P Pa|>0,... g
s % P13 P23 P33 P, P,

nl nl

Example 1.16:

Pin

Pf“ > 0.

Pﬂﬂ

Let v(x) = 4x2 + 3x2% + x3 + 4x,X; — 2X;X3 — 2XX3. T0 show this is a positive definite we use

sylvester’s criterion.

Pyy Pz Py3 4 2 -1
P= PlZ PZZ Pzg] - 2 3 -1
.P33 —'1 -"1 1

P13 P23
g I
Since 450, |4 2|=8>0 andl2 3 -1]=5>0.
2 3 gy

Thus sylvester’s criterion assures us that v(x) is a positive definite.
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CHAPTER 2
2. STABILITY
2.1. The concept of stability

Stability is possibly the most important consideration when designing a control system.

The meaning of system stability is that a finite duration of disturbance causes a response (output)
of finite duration, after which the system resumes a steady state conditions, that is, if any oscilla-
tions setup in a system in consequence to application of an input are damped out with respect to
time, the system is said to be stable.

When a system is said to be unstable, we mean that its response readily diverges from an initial
value and the output cither changes un directionally or oscillates with ever-increasing amplitude.

Stability of a control system is a very important characteristic of the transient performance of a
system.

A linear time-invariant system is stable if the following two conditions are satisfied:

(1) for a bounded input , the output should be bounded ,

(I ) in the absence of system input, the output should be zero whatever may be the initial condi-
tions.

Here a system is said to be asymptotically stable if its weighting function (impulse response)
decays to zero as t tends to infinity.

Some methods of testing for system stability use the transfer function as the starting point; oth-
ers make use of the state-space equations. It must be remembered that the state-space equations

are themselves a representation of the differential equations characterizing the system.

Now let us consider a single-input, single-output (SISO) system with transfer function given by

equation (1.29). From which, we obtain equation (1.30).

Applying the inverse Laplace transform on (1.30), the output is given by

y ()= L7 G(s) U(s)], (2.1

assuming that the initial conditions to be zero. Using the rule of complex multiplication (1.11),
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we obtain
y(®=J, g@ u(t—2da, te0,c). 2.2)

where g(4) is the impulse response of the system. From equation (2.2) we have the absolute
value given by

ly @ 1=1f;" g@) ut—2)da| , te0,m). (2.3)

Since the absolute value of an integral is less than the integral of the absolute value of the inte-
grand, we have

ly 1</, g ult - A)dA|

< Jy 19 lu(t = A)lda, t € [0, ). (2.4)

By bounded input we mean
lu(t)| < M; <=
and the output is bounded implies
ly(t)| < My <.
Let [, 1g()] lu(t —)|dA=M;, > M, .
Then from equation (2.4) we have for bounded input, the bounded output condition becomes

ly(©) < [, 1gA)] lu(t = 2)|dA =M, . (2.5)

2.2. Stability Analysis of Control System
Characteristic Equation Root Location in Relation to Stability

The transfer function of a dynamic system is given by equation (1.29).The characteristic equa-
tion of the system and the output time response is obtained by the s-plane location of the roots of

the characteristic equation.

29



Example 2.1:

For a unit step input, the output time response of the following examples justify the above
statement.

A) Let
Y(s) _ 2
U(s)  s2+2s+2 "
Then
Vs e _ 2
U(s)  sPtes+2 (s=(=140))(s=(=1-1)) ’
by partial fraction we get
ik K :
= (—21+i) Solving for K, and K, we have
K, =i, K, = —i .Using the table of Laplace transform we obtain

y(t) = ie~ 1+t — je=(1=Dt ¢ € [0, 00) and simplification yields
y(t) = 2e~tsint , t € [0,0).This is the output time response for a unit step input.

Using Mathematica, see [4], (take for example t = [0,15.0064]) the corresponding output time
response for a unit step input is shown in Fig 2.1.

Fig 2.1.The system is asymptotically stable.

e output time response of a system 1o decay with time and
ssary that real part of all the roots of the characteristic eq-
id to be asymptotically stable.

From this graph we observe that for th
settle to a steady- state value, it is nece
uation be of negative sign and the system is sai

B) Let Y$) — 2 __ 1nthe same procedure We obtain
U(s) 52-25+2

y(t) = —ie@+dt 4 je(-0t ¢ €[0,%) and simplification yields

y(t) = 2etsint, t € [0,).
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Hence, usﬁng I\/-lathernati.ca, (take t = [0,15.433] ) the corresponding output time response for a
unit step input is shown in Fig 2.2.

Fig 2.2.The system is unstable.

From Fig 2.2.we observe that for the output time response to increase exponentially with respect
to time, at least one of the roots of characteristic equation is having positive real part. This grow-

ing output time response leads the system to instability. i.c., it makes the feedback control system
unstable.

C) Let
Y(s) _ 1 :
Ve P .Using the same way, we have
- 1 ;
y(©) = L7 [5=] =sint ,t € [0,0).

For t = [0,35], the corresponding output time response for a unit step input is shown in Fig 2.3.

Fig 2.3.The system is marginally stable.

From Fig 2.3.we observe that in case when the real part of complcx f:onjugalc root is nil, the out-
put time response shows sustained oscillations and the system is said to be ma_rgu?a‘ll_v S‘ifblc- If
the characteristic equation is of higher order, then it is not convenient 10 determine its roots.
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In general, the }m-PUISG response g(t) =L7*[G (s)] has a nature dependent on location of the roots
of the characteristic equation. The roots of the characteristic equation may be both real and com-

plex and may have multiplicity of different order. Some of the response terms contributed by
various types of roots are shown below.

Now let us consider a dynamic system described by some of the transfer functions G(s). Here
G(s),Y(s) and U(s) are expressed as in section(] .3).K is constant.

_Y(s) _K . .
1. G(s)= T The system has only one root at s=0. Notice that the impulse response for
U(s)=1.Then the output response of the system is given by
y(8) = L7 [K 3| = K, t = [0,0) which is marginally stable.

By using mathematica, (take t = [0,6], K = 1) the response graph is shown in Fig 2.4.

Fig 2.4. The system is marginally stable.

2. G(s) =Y _X The system has roots of multiplicity r at the origin. Using partial fraction
u(s) s7

and inverse Laplace transform, see section (1.2.2), the output response of the system is given
by y(t) = K, + Kot + Kst? + -+ K,t™1, t = [0,00) which is unstable.
By using mathematica, ( t = [0,6] .K; = 0.5, K; = 4,K3 = 0.1, K4 = 1) the response graph

is shown in Fig 2.5.
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Fig 2.5. The system is unstable.

3a) G(s) = %—s—fﬂ ,

By similar procedure we obtain the output response of the system:

(a < 0). The system has only one root at s=a, i.¢., real and negative root.

y(t) = Ke® , t = [0, ) which is asymptotically stable.
By mathematica,(take t = [0,6],K = 2,a = —0.7), the response graph is shown in Fig 2.6.

Fig 2.6.The system is asymptotically stable.

3b) G(s)= Yo X (a > 0). The system has only one root at s=a, i.e., real and positive root.
U(s) -a’ .

By similar procedure we obtain the output response of the system, that is

y(t) = Ke® , ¢ = [0, ) which is asymptotically stable. By mathematica, ( take t = [0,6],

K =2, = 0.7), the response graph is shown in Fig 2.7.
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Fig 2.7.The system is unstable.

4a) G(s) = ;—-((Z% = # , (@ > 0) .The system has roots of multiplicity r at s=a . In a similar way

we have the response function given by

y(t) = [ Ky + Kyt + K3t? + -+ K.t7"*]e®, t = [0,0) which is unstable. The response graph
for (t = [0,6] , @ = 0.049,K; = 0.5,K; = 4,K;0.1, K, = 1) is shown in Fig 2.8.

Fig 2.8. The system is unstable.

: X f multiplicity r at s=a.In a similar way
4b) G(s) = % = (a < 0) .The system has roots 0 plicity

we have the response function given by:

y(t) = [Ky + Kot + Kst2 + -+ K 1], t = [0, o) which is asymptotically stable. The
L 2 3 2 %
response graph for (¢ = [0,6], K; = 0.5, K2 = 4,

Ky =01, K,=1,a=—2)isshowninFig2.9
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Fig 2.9. The system is asymptotically stable.

=28 L
Sa) G(S) = u(s) (s—a+iw)(s—a-iw)

pair s = a + iw,with negative real part. Applying the above procedure, the output response is

, (@ < 0). The system has a single complex conjugate root

given by
y(t) = Ke®(sinwt + B),t = [0, ) which is asymptotically stable, where K:% . The response

graph for ( t = [0,35],K = 1,a = —0.049,w = 1.005, f = 2n) is as shown in Fig 2.10.

0.75

0.5

is asymptotically stable.

Fig 2.10. The system
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Y(s) K
b) Gls) = == L
5b) G(S) = G5) = Gmariw)—a—im) * (@ > 0).The system has a single complex conjugate root

o iy i '
pair s = @ & iw,with positive real part. Applying the above procedure, the output response is

given by
y(t) = Ke% (sinwt + B),t = [0, ) which is unstable, where K="2.
(1]

ghezresponse graph for ( t = [0,45],K = 1,a@ = 0.049,w = 1.005,8 = 21) is as shown in
ig2.11. ;

Fig 2.11.The system is unstable.

_Y(@s) K - & s sy s C upate
6.G(s) = T (a>0)= Gt The system has complex conjugate
with positive real part. In a similar way we can obtain

root pairs of multiplicity r at s = @ % iw,
the output response, i.e.,

y(t) = [K, sin(wt + ;) + Kptsin(wt + B,) + -+ K t" sin(wt + B,)]e™

t = [0, ) which is unstable.
The response graph for (¢t = [0,20], K1 = 0.2,K; = 1,K3 = 04, p1-2m, B2 = 4m, B3 = 3m,

@ =0.049, w = 2) is as shown in Fig 2.12.
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Fig 2.12.The system is unstable.

= Y(S) e Kl ey Kl . - ol -
7.G(s) =5 S GG Pk The system has a single complex conjugate root pair on the
imaginary axis at s = tiw.Hence by similar way we get the output response as

y(t) = Ksin(wt + B),t = [0,) which is marginally stable.

The response graph for ( t = [0,37],K = 0.145, w = 1.005, § = 2m) is as shown in Fig 2.13.

Fig 2.13.The system is marginally stable.

8.G(s) =X = K —_K __ The system has complex conjugate root pairs of

. us)  [iw)sHo)]" [P+l 4 e . the output response of the
multiplicity r on the imaginary axis at § = +iw. As discussed above , the output response
System is given by: o

y(t) = [K, sin(wt + 1) + Kzt sin(wt + By) + -+ Kt sin(@t + B )] 8
t = [0, o0) which is unstable. ke 9 TP,

The response graph for (t = [0,10], K1 = 0.2,K, = 1,K3 = 0.4, f1-2m. B2 Ps .
@ = 3.8) is as shown in Fig 2.14.

37



Fig 2.14.The system is unstable

From the above response discussion we have the following conclusions:

If all the roots of the given characteristic equation have negative real parts then the system is sta-
ble.

If any of the roots of the given characteristic equation has a repeated root on the imaginary axis
or a root having positive real part of this system, then the system is unstable.

2.3. Necessary Conditions for Stability

btained from the coefficients of its characteristic equation.

The stability of a system can be o
f a control system can be written in the form of

From equation(1.29) the characteristic equation 0
a polynomial in s as given below :

bos™ + bys™t 4+ +by = 0. (2.6)

stic equation (2.6) should be positive and no term
should be missing in the characteristic equation, then these conditions are necessary for a sys-
tem to be stable. However, if characteristic equation contains only odd or even powers of s, then
this indicates that the rooté have no real parts and have only imaginary parts and output S
shows sustained oscillations. This makes the system marginally stable. If some of the coeffi-
cients are zero or negative it can be concluded that the system is not stable.

If all the coefficients of the characteri
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Example 2.2:

A) The system described by the characteristic equation 2s*+s*+3s+2 = 0 is unstable.

B ) The system described by the characteristic equation 3s*-25*+5s%s+16 = 0 is unstable.
C) The system described by the characteristic equation s? + 2 = 0 is marginally stable.

If all the coefficients of the characteristic equation are positive or negative there is a possibility
of stability of the system to exist and let us now proceed to examine the sufficient conditions of
stability.

2.4. Routh Stability Criterion

The criterion does not depend on finding the roots of the characteristic equation and also does
not distinguish between real and complex roots but on inspecting the coefficients of the characte-
ristic equation and determining under what conditions it is possible for a root to be in the right-
half of the s-plane and hence for the system to be unstable.

Let the characteristic polynomial (the denominator of the transfer function after cancellation of
common factor with numerator) be given by equation (2.6).

Then the Routh’s criterion requires the construction of the following array s of coefficients and
values dependent on the coefficients.

st ayg a; a; Gg..
s"' a; a3 as Gy
SH—Z bl bg bs b-; Ve

sP=8'| ¢, €y C5 Cpu

an )

cients of the characteristic equation (2.6).

where the first two rows are obtained from the coeffi ' :
rows are easily constructed using the rule

Having written down the first two rows the subsequent
defined by the relations:
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_ a,a;—0p0a3

b, =
h & a
a,a,—aga
b - 1%4 05
3 a, ’
_ bjaz-a;bs
cl == b; |
_ bias—a,bs
3= b, s
s
up to ay.

Remark: The proof of Routh’s criterion is based on Sturm'’s theorem which is concerned with
sequence of real polynomials, is complicated and of great algebraic interest, so that we shall here
state and illustrate without proof.

While preparing the Routh array for a given polynomial some of the clements may not exist. In
calculating the entries in the line that follows these elements are considered to be zero.

The procedure is illustrated in the example that follow.

Example 2.3:

Consider the system described by

Y(s) s+3
U(s)  s3+5s2+8s+4

The characteristic equation of the system is
s3 + 552+ 8s +4=0.

Applying the Routh stability criterion, We have

s3] 1 8
s¢2| 5 4
1 | 36
s - 0
s°| 4
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Since each entry of the first column of Routh array are positive, the system is stable

Generalization of Criterion of Routh

(a).The roots of the characteristic equations or its modified equation all have negative real parts
if and only if the elements of the first column of the Routh array are positive.

(b). The number of roots with positive real parts is equal to the number of changes in sign of the
elements of the first column. From this the necessary and sufficient conditions for stability fol-
lows.

2.5. Necessary and Sufficient Conditions for Stability

For a system to be stable, it is necessary and sufficient that cach entry of the first column of
Routh array of its characteristic equation (ifap > 0) or its modified equation be positive.
If this condition is not satisfied, the system is unstable and the number of sign changes of the
terms of the first column of the Routh array corresponds to the number of roots of the characte-
ristic equation in the right half of the s-plane.

Routh’s Test-Difficulties and Remedies

There are certain difficulties encountered while applying the Routh stability criterion. The diffi-
culties encountered are generally of the following type.

Difficulty 1:

When the first term in any row of the Routh array is zero while rest of the row has at least one
non-zero term. Due to this zero term, the terms in the next row become infinite and Routh’s test

breaks down. The remedies used to overcome this difficulty are as follows:

Remedy 1:

Put s = = in the original characteristic equation and apply the Routh’s test on the modified equa-
F 4

_roots with positive real pa ‘
thod works in most but not all cases. [he following ex-

ioni rts are the same as the number of s
tion in terms of z. The number ofz

~roots with positive real parts. This me
ample illustrates this method:
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Example 2.4
Let us consider the characteristic equation

§5 4 s*+2s3 + 252 4+ 35 + 5 = 0. Then the Routh array is:

£ i1 2z 3
st it &2 5
s¥ |6 —2
s2 |

Putting s = i in the characteristic equation, we obtain
O+ @) +2 2 O w30 vs
This implies

575 +3z% + 223+ 222 +2z+1=0.

The Routh array for this equation is:

72 | S 1
2t 3 2 1
z? :31 —_33 0
22| & 1
2
z2| 2 0O
2’ 1

umn of the Routh array, and so there are two z-roots

There are two changes of sign in the first col .
er of s-roots in the right half s-plane is also two.

in the right half z-plane. Therefore, the numb

Difficulty 2:
ro. When such a condition hap-

one row of the Routh array are z¢
plane. The polynomial whose

ally located roots in the s-
of zeros in the Routh array is called Auxiliary poly-

When all the elements in any
pens, it indicates that there are symmetric
coefficients are the elements of the row
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nomial, denoted by A(s). This polynomial gives the number and location of root pairs of the cha-

racteristic equation which are symmetrically located in the s-plane. The order of the auxiliary
polynomial is always even. }

Remedy 2:

Due to a zero array, the Routh’s test breaks down. This situation is overcome by replacing the
row of zeros in the Routh array by a row of coefficients of the polynomial generated by taking
the first derivative of the auxiliary polynomial A(s). The following example illustrates the proce-
dure.

Example 2.5:
Let now consider the characteristic equation
6 + 255 + Bs*+1253 4 20s% + 165 + 16 = 0. The Routh array is:
s6| 1 8 20 16
i 2 12 16 0
o5 | TG 8 0

sl oz 42 16 0

| e 8 e Auxiliary polynomial, A(s)

3 0 0 « Row of zeros.

The Routh’s breaks down, since the terms in the s*-row are all zero. The auxiliary pol_vnomi:‘:]
A(s) is given by: A(s) = st + 652 + 8. The derivative of the polynomial A(s) with respect to s is

becomes:
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s? 3

(i 2 0
3

s 8

There is no change of sign in the first column of the new array. By solving s* +65% + 8 = O,we
have s = +iV2 and s = +2i . These two pairs of roots are also the roots of the original cha-
racteristic equation.

As there is no change in sign in the new array, there are no roots having positive real part. Hence
the system considered here is stable.

Example 2.6:
Let now consider the dynamical system given by

dy'3) dy®

dt3 dt?

dy I
+5:t?+ 2y = 2U.

o see whether this system is stable, first we trans-

Assuming all the initial conditions are zero. T
d in section (1.3).Hence we have

form the system to transfer equation as discusse

Y(s) _ 2 - v 2
U(s)  s3+4s2+5s+2 s+2 st (s+1)*

Now the Routh array is

¢ £ 5 0
s2| 4 2 0
il 20 0
212 0
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By lhe ROU[h Cl’iterion lhe S)‘ stem is asym i ab
L] Y plotlcall st e i {
i i y I . B}' lhc mnverse Laplacc transform the

y (1) =272 — 2e~* +2te™", t € [0, ).

The response graph (for t € [0,3])is shown in Fig 2.14.

Fig 2.14. Asymptotically stable.

2.7. Liapunov Criterion for Stability

Introduction

we know for system stability analysis .In the pre-

Liapunov’s method is the most general method
r function whereas in this section we are examin-

vious section we considered the system transfe

ing the state equation. For this we use the so called Liapunov’s function

v(x): = (x;,x,) which has the following properties:

¢ : _ v . .
1) v(x) and its partial derivatives, 7= 1 =],2,+, N are continuous.
i

2) v(x) > 0, for x# 0 (in the nbd. i.c., neighborhood of X = 0),and v(0) =0 .
nthe nbd of X = 0),and #(0) = 0.

3) v(x) < 0,for x #0(
amics of the system, that is, on the unforced

The stability of a system depends on the dyn

state equation X = Ax.
nding system defined by equation x = Ax

stable, if the correspo
tric matrix P so that

The matrix A is said to be
able we seck a symme

is stable. To determine whether A is st
Tpy is a positive definite function and
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the Routh criteri i .
By criterion, the system is asymptotically stable. By the inverse Laplace transform the

output response of this system is

y (1) =2e"% — 2e~" +2te™",t € [0, 00).

The response graph (for t € [0,3])is shown in Fig 2.14.

Fig 2.14. Asymptotically stable.

2.7. Liapunov Criterion for Stability

Introduction

Liapunov’s method is the most general method we know for system stability analysis .In the pre-
fer function whereas in this section we are examin-

vious section we considered the system trans
ing the state equation. For this we use the so called Liapunov’s function

v(x): = (x,,X,) which has the following properties:
1) v(x) and its partial derivatives , g-x; i=1,2,+, n are continuous.
2) v(x) > 0, for x# 0 (in the nbd. i.e., neighborhood of x = 0),and v(0)=0.

3) v(x) < 0, for x # 0 (in the nbd of x = 0),and v(0) = 0.

m depends on the dynamics of the system, that is. on the unforced

The stability of a syste

state equation X = Ax.
able, if the corresponding system defined by equation ¥ = Ax

a symmetric matrix P so that

The matrix A is said to be st
is stable. To determine whether A is stable we seek

Tpy is a positive definite function and

v(x)=x
45



v(x) = x"Px + x" Px,
= (Ax)TPx + x" PAx,
= xT[ATP + PA]x, 2.7
which is negative-definite.
We have [ATP + PA]" = [PTA+ ATP"] = [PA + AT P] (since P is symmetric).
Hence v(x) is a quadratic form(see section 1.8)
Let-Q = ATP + PA. (2.8)

For ©(x) to be negative-definite, x" Qx must be Positive-definite.

Given a positive-definite matrix Q, the matrix A is stable if the solution to the (matrix) equation
(2.8) results in a positive-definite matrix P. The solution to equation (2.8) can be very tedious,
To make the calculations as simple as possible we choose Q to be simple, thatis, @ =/

Example 2.7:

For the system described by
Xy =X
x-z = _le—ZXZ,
we can use Liapunvo’s direct method to test whether the systems is asymptotically stable.

A= [_?5 _12] ( in companion), and by equation (2.8) we gel

-1 0

0 =5][Pu P12] [Pn P12] G

[1 —2][P12 P, tlp, Py [—5 —] lo —1]

which implies

b= fui P12]__-1_[17 1] which, by Sylvester’s criterion, is a positive-definite. Hence the
Py Pp) w0l1 37V

system is stable.
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Example 2.9:
Let now consider the system described by the equation
y+4y +5y + 2y = 0 To find the state equation:

Define X;:=Y, X1=X =Y, X:=X3=J, X3 =y = —4x3 — 5x, — 2x,.

0 : 0
A=]0 0 1|, (in companion) .
B TR

Now by equation (2.8) we obtain P as follows

0 0 =21[P11 Pz Pi3 Pa P P[0 1 0 =1 0" 0
1 0 =5||Piz Paz Pas|+|Piz Pz Pu [0 0 1'=[0 -1 0}
0 1 —4llP;3 Pz Pyl |P3 Pz Pydl-2 =5 -4 0o 0 -1

Simplification yields

73 52 9
P= -31—6{52 87 14] . which is a positive definite by Sylvester's criterion, and hence the
g 14 8

system is stable.
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CHAPTER 3

3. CONTROLLABILITY and OBSERVABILITY

3.1. Introduction

The concepts of controllability and observability are central to modern control theory. Controlla-
bility and observability are concerned with the following fundamental questions:

(1) Can a control function u (t) be found which will transform the initial state x, of a system 0
some desired final state X in finite time? If the answer to this question is yes, the system is

controllable.

(2) Can the state of the system be determined by measuring the system output over a finite time
interval? If the answer is yes, then the system is observable.

3.2. CONTROLLABILITY

We consider a system described by the state equations (1.32)

where Aisnxn, BisnxmandCisrxn matrix with the transformation (1 32).

We can transform equation (1.35) in to the form of equation (1.38), where Ay = P-HAP,

B, = P-B and C, = CP.

Assuming that A has distinct eigenvalues Ay Az A3, i An We can choose P so that 4, is a

diagonal matrix, i.e., A,= diag {41, 42, Agywsdn }

Let n=m = r = 2, the first of the equations (1.38) has the form

[21]_ Ay 074 by blZ][ul
) T L0 Az lZ2 b,y b2z

which is written as
4 =4 b{
1= A2z 01U
5 T
Zy; = A2, + bau
where b and b} are the row vectors of the matrix By.
The output equation is
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J’I] - [Cu C12

Z ) .
Y2 €21 sz] [22] , which can be written as

Y1 = €11Z1 T €122

y; = €123 + Cp2Z; OF

=[]+ o]z

sothat y = €127 + €32, (3.2)

where ¢, and ¢, are the column vectors of C; .So, in general, equation (3.1) can be written in the
form

Z = Azi+blu  (=1,2, ~4n)
y = Liz1Ci Zi (3.3)
It is seen from equation (3.3) that if b{ . the i*" row of By, has all zero components, then

Z[ = A['Zl' +0 (i=1, 2, RikS n)

and the input u (t) has no influence on the it" mode of the system. The mode is said 1o be
uncontrollable, and a system having one or more such modes is uncontrollable. Otherwise,
where all the modes are controllable the system is said to be completely state controllable or
just controllable.

The system equation (3.3) is controllable if and only if a control function u (t) can be found to

transform the initial state

25 = [Z1 s 2oz i Zon). 108 specified state

zy = (211,212 + -1 Z1n ]T

It follows that for complete state controllability each of the components of z must be transformed

by an appropriate choice of u (t) from

Zoy 10 zyy (¥ =12,..,1)

: Ereasd B s jth ¢ tof z. It follows
If the i*" mode is uncontrollable, this can not be achieved for the (" component of :

that the system is uncontrollable.

Example 3.1:

The system having the state-space representation
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i=[T5 el
y =[1 =—2]x has the characteristic equation
|Al —A| =22 =31+ 2 =0.Fromthiswehave A= 1and A = 2.
The corresponding eigenvectors are

x;=[1 1]7and x, =[2 3] so that the modal matrix is

3 —2]

P=H g and P‘1=[_1 !

Using the transformation x=P z equation(1.38), the state equation becomes

Z= [3 g z+[g]u
y=[-1 -4]z

This equation shows that the first mode is uncontrollable, that is, the system is not influenced by
the input u, and so the system is uncontrollable.

Example 3.2:

The system having the state-space representation
. 2 =3 -4
x“[—l 4]“’[3]“
y=[2 3]x has the characteristic equation

|Al — Al =/12-62+5=0.Fr0mthiswehaveA=1andi=5.

In similar way we obtain the corresponding eigenvectors s that the modal matrix 1s

p= [; _11] and P72 =

S PO
PTG

Using the transformation x=P z, the stal¢ equation now becomes

e300 ler sl

y=[11 -1]z
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Since each of the modals is different from zero the system is controllable.

On the basis of the above result, we now state and prove an extremely useful criterion for de-
termining whether a system is controllable.

The Controllability criterion

The dynamical system x = Ax + Bu

y=Cx (where A, B, and C are as defined in equations (1.32))
is said to be controllable if and only if the

rank [B, AB, A?B, ..., A" 'B] = n. (3.4)

Proof: To simplify the notation and the mathematical mani pulation, we consider a SISO system,
so that in equations (1.32) B is a one column matrix, a column vector b , and C is a row matrix. a
row vector ¢ .The result holds for the more general case when the system is multivariable.

Equations (1.32) and (1.38) are then written as

X =Ax + bu
¥ = Chx (3.5)
and
zZ=Az+ byu
Y=z (3.6)

Hence the necessary condition for the system defined by equation (3.5) to be controllable is that
the components of the vector

by=1[B B .. PBal]" inequation (3.6) are all non-zero.

In equation (3.6) the matrix

A,=diag {4, A3, A3, ..., A, }, where the eigenvalues 4,, A,, A3, .., 4, are distinct and
not equal to zero. Hence we have for the well-known Vandermonde matrix

1 A o AT
3 Ay o G5
1 A e A
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has linearly independent columns, so that it is non-singular.

It follows that the necessary condition for the system to be controllable is the (partition matrix

B MBy - ATTUB
Qy = [by : Ayby i+ i A% 1p,] = Bz flzﬁz )»'21_:152 G.7)

b M - BB,
is non-singular. This is also a sufficient condition for controllability.
Since A; = P"*AP and by = P~'h, we have
Aib, =P~1Ab, A%b, = P7*A%b, ... ,AT"1b, = P~1A™1p, so that

Q=P [biAb:--: AV 1p] = P71Q, (3.8)
where Q=[b i Ab i - : A" 1b] orPQ, = Q.

Since Q; (for a controllable system) and P”' are both non-singular, Q is non-singular. As Q is
non-singular, its n columns are linearly independent. So that the rank of the matrix Q written as

r(Q) is n. The matrix Q of equation (3.8) is called the system controllability matrix.

It follows that if the rank of the matrix Q in equation (3.8) is n (Q is non-singular) the system is
controllable. If the rank is less than n (Q is singular), the system is uncontrollable.

For a multivariable system Q= [B i AB i -+ : A™7'B].

Example 3.3:

a) Using the controllability criterion verify that the system examined in example (3.1) is

uncontrollable.

For the system in example(3.1) we have

=[g]. av= 23 Ml =L)

Since the rank of Q is less than 2, the system is uncontrollable.
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Example 3.3:

b) Using the controllability criterion verify that the system examined in example (3.2) is
controllable.

For the system in example(3.2) we have
b=[3h 4= TG1=156]
so that

H(Q) = r[b,Ab] = r[[“‘s‘ "llg [=2

Since the rank of Q is equal to 2, the system is controllable.

Example 3.4:

Determine whether the system, governed by the equation
X _1 0 6] [*1 3 6]
[;‘cZ]_ [_1 - ][xz]+[_1 - ”uz]

is controllable.

r@=rBaB=c[ 2 |75 ]

It is obvious that the rank of this matrix is 1. The system is therefore uncontrollable.

3.3. OBSERVABILITY

Using the transform x = P z, as in the previous section. we end up with the system state equations

in the form of equation (1.38), i.e.,
z=A,z+B;u

y=Ciz
nding mode of the system will not appear in the

If a col § atrix C; is zero, the correspo ; :
mtohges g t determine the state variable

output y. In this case the system is unobservable, since we can no
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corresponding to the row of zeros in C; from y. Otherwise, where all the modes are observable,
the system is said to be observable.

Example 3.5:

Determine whether the system having the state equations

[ =55 sllal+ Gl
=[3 -2] [i;] is observable.

The characteristic equation for this system is

|Al = A| = A2 =1 = 0.This implies A = =1 and A = 1. The corresponding cigenvectors are
[1 1]" and [2 3]" and the modal matrix is

| B

. 3] sothat P! = [_? _f]

P=

The transformation x=P z, transforms the state-equations in to
Z_[-1 1A -1
[?lz]_[o 1][22]+[ 1]"

Z4
=i 0lf)
This result shows that the system is unobservable since the output y is not influenced by the state

variable z,.

he importance of the observability concept. In this case we have a

The above example illustrates t
ement.

non-stable system, whose instability is not observed in the output measur

Example 3.6:

Determine whether the system having the state equations
L)_[ 4 8 115
=15 Slkl+]

y=[-2 7] [;;] is observable.
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The characteristic equation for this system is

|Al — A| = 2> + A — 12 = 0.This implies A = 3 and A = —4. The corresponding eigenvectors
are [1 —1]" and [8 —1]" and the modal matrix is

7

P= [_1 _8] sothat P71 = —1[ _% _?]

The transformation x=P z, transforms the state-equations in to
2.1 =, 4 0 zl _1
[z'z]_[{] —3][22]+[ 0]"
z
y=[-9 -23,]

This result shows that the system is observable since the output y is influenced by the state va-
riables z, and z,.

We now state and prove a criterion for observability in a similar manner to that of the controlla-
bility criterion.

The Observability Criterion

The dynamical system x = Ax + Bu

y=Cx (where A, B, and C are as defined in equation (1.32))
is said to be observable if and only if
CT
terank | €A |=n. (3.9)
CT;n—l

Proof: Again for simplicity we consider a SISO system, but the result holds for the more gener-
al multivariable system. Hence the necessary conditions for systems defined by equation (3.5) to

be observable is that the components of the vector

¢f:=[r1 ¥2 *= ¥a] inequation (3.5)are all non-zero.

In equation (3.5) the matrix

Ay=diag {4y, Ay, Agy s Ay }. where the eigenvalues Ay, Az, Az, ., Ay are distinet and

not equal to zero. Considering the vandrmonde matrix we have that
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Yn
- Y].A]. ZAZ i Ynan
An 1

}’1/1n— Vz*l“ ¥ ARt

It follows that the necessary condition for the system to be observable is the matrix given in equ-
ation (3.10) is non-singular. This is also a sufficient condition for observability.

Since A; = P"*AP and c] = CTP, we have

cTA, = CTAP, ¢l A =.CTA%P,....,c] AL = CTA™*P, 50 that

CT CT
R, = CTA P = RP whereR = CTA (3.11).
CT/_in—l CT'A-n—l

Since R, (for an observable system) and P are non-singular, R must also be non-singular.
As R is non-singular, its n columns are linearly independent, so that the rank of the matrix R
written as rank (R) or r (R) is n. The matrix R of equation (3.11) is called the system observabili-

ty matrix.

It follows that if the rank of the matrix R in equation (3.11) is n (R is non-singular), the system is
observable. If the rank is less than n (R is singular), the system is unobservable. For a multivari-
able system, the matrix R becomes the (partitioned) matrix in which the vector ¢” is replaced by

the matrix C defined in equation (1.32).

Example 3.7:

a) Using the observability criterion, verify that the system examined in example (3.5) is unob-

servable. For this system

=[3 =2], A= [6 4] Hence R = [CTA] [__ -2].sincelhecolumnsoI'Rarc

lmearly dependent r (R) <2, thatis, r (R) = 1. It follows that the system is unobservable.
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Example 3.7:

b) Using the observability criterio i
n, verif £
ble. For this system ify that the system examined in example (3.6) is observa-

=[-2 7 4= ° F
[_1 _5]. Hence R = [;‘a] = [_125 _571]. since the columns of

R are linearly independent r (R). It follows that the system is observable
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Table of Laplace Transform

No. Ji0) F(s) = L[f(t)]
I tﬂ n!
Sﬂ“'l
2 © g
S
3 t 1
s?
wt
4 e S_m,where Res > Re w
5 sin wt T ,whereRes > —-Imw
6 cos wt it ,whereRes > -Imw
7 sinh wt
s2 — ot
8 cosh wt .
§2 = )2
9 t"f(t) (-1)"F™(s)
10 tsinwt _2_(&__
(s + w?)?
11 t cos wt _fz___“i
(s? + w?)?
12 T (H‘w) where @ >0
13 pRgror (s+:;““ where @ > 0
14 e“f (1) g
15 e~“Csinft B wherew>0
(s+w)2+p*
16 e~ “tsinhft (_:—fz-—ﬁ-z- where w > 0
ST )t=
17 e~“tcospt g a2
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