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Interpolation by Spline functions 

1. Introduction 

Many scienti fic and engineering phenomena being measured undergo a translation 

from one physica l domain to another. Data obtained from these measurements are better 

represented by a set of piecewise continues curves rather than by a s ingle curve. One of 

the difficulties with polynomial interpolation is that in some cases the osci llatory natu re 

of high-degree polynomials can induce large fluctuation s over the entire range when 

approximating a set of data points. One way of solving this problem is to divide the 

interval into a set of subintervals and construct a lower-degree approximating polynomial 

on each sub-interval. This type of approximation is ca lled piecewise interpolation. 

Piecewise polynomial functions, especia lly spline function s, have become 

increasingly popular. Most of the interest has centered on cubic spl ine functions because 

of the case of the ir applications to a variety of fields such as the solution of boundary 

value problems for differential equations and the method of finite clement for the 

Numerical solution of partial differentia l equations. Now it becomes interesting to discuss 

on severa l types of piecewise polynomials for interpolating a given set of data points. The 

simplest of these is piecewise linear interpolation and the most popular one is cubic 

spline interpolation. 

In interpolation by spline functions, the term "spline" is used to refer to a wide class 

of functions that are used in applications requiring data interpolation and/or smoothing. 

Splines may be used for interpolation and smoothing of either one-dimensional or multi­

dimensional data. 

On the surface you might wonder that approximating the given function by dcgree­

three polynomial functions is better than that of degree seven-polynomial func tions. 

Spline interpolation of degree three g ives us a good approximation. Thus spline 

interpolation of degree three is common ly used for approximat ing a given curve or data 

points. 

2 
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Interpolation by Spline functions 

2. Polynomial Inte rpola tion Theory 

Given the data Xo < XI < X2 < ... < XII and [ (x, ) = y, for all i=O, I ,2, .. . ,n. 

Where x, arc assumed to be distinct, we want to identi fy the problem of finding a 

polynomial P(x) = 0 0 + (l I X + 0 2X 2 + ... + a~ x " that interpolates the given data. Apply ing the 

condi tion that P(x,) = f(x , ) to the g iven tabu lated points x , gives the system. 

, " 
Go +°1-"0 +02XO + ... +O" Xo = Yo , " 

(10 + 01X1 + 0 2XI +"'+O"X1 = YI 

. .. (I) 

This is a system of (n+ l ) linear equations in (0+ 1) unknownsoO, Gp Q 2, ... ,a" , In matrix 

Conn, the system is 

Xa =Y where X=[x/ j . i, j = 0, 1,2, ... • n ... (2) 

a= (ao, al ' 02'. ·· .0,, )T and Y=(Y o,y I'Y 2 t" ·,Y ,, )T 

The matrix X is known as the Vandermonde matrix. Thus, solving the system (1) is 

equi va lent to solving the polynomial interpolation problem. 

Theorem: Given n+ I dis tinct points Xo < Xl < X 2 < ... < Xn and n+ I real values 

Yo' Y,' Y," ., Y. there is a unique polynomial P of degree S n that interpolates the tab le I 

I ' 
Table I : 

Proof: It can be shown that the determinant of the matrix in (2) is 

Det(X) = n (x, - x , ) and is non-zero, to show the polynomial obtained is 
0.;/0(,511 

unIque, we assume that there IS another polynomia l p' (x) which also sati sfies 

p' (x, ) = I (x, ) , i= 0, 1,2, ... ,n 

3 
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Interpolation by Spline functions 

Consider the polynomial Q(x)=P(x)-P - (x). Since P(x) and p' (x) are both polynomial of 

degree less than or equal to n, Q(x) is also a polynomial of degree less than or equal to n 

sati sfying the conditions Q(x ,)=P(x , )-1" (x , )=0, i=O, I ,2, .. . ,n 

There fore Q(x) is a polynomial of degree s " which has n+ I distinct roots 

Xo' X" X, ,""X" . This implies that Q(x) : O , because a polynomial Q(x) of degree n has 

exactly n roots, rea l or complex. There fore, P(x)=P' (x) 

Thus there is a unique solution for the a I 's, that is, there is a unIque interpolating 

polynomial of degree n. 

Spline Interpolation 

The word "Spline" actually refers to a thin strip of wood or metal. At one time curves 

were designed for ships and planes by mount ing actual strips of wood or metal so that 

they wenl through the desired data points but were otherwise free to move. For reasons of 

physics, such curves are approximately piecewise cubic with cont inuous second 

derivatives, if they are suitably parameterized. 

In interpolation by spline functions, the tenn "spline" is used to refer to a wide class 

of fu nctions that are used in appl ications requiring data interpolation and smoothing. 

Let f be a real ~va lued function on some interva l [a,b] and let the set of data points in 

lable below be given. 

For simplicity, assume that a= Xo < X I < Xl < ... < X" =b 

Table 2 

1 : - nx) 
1 :~x , 

1 : : I" .. . 1 : :=b 

4 
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DeJill;tioll : 

A function S is ca lled spline of degree k if it sat is fi es the following conditions . 

I, S is defined in the interval [a,b] 

2, SeTI is continuous on (a, b) forO S r S k- l 

3, S is a po lynomial of degree .s: k on each subinterva l [x" Xi • l ] , i= I, 2, 3 ... n-1 

4,S(x, ) = J(x,) where f is a function defined on la, b] and to be approx imated by Sex). 

Observe thai in contrast to polynomial interpolation, the degree of the splines docs 11 0 1 

increase with the number of points. Hcre the degree is fi xed and onc uses morc 

polynomial instead . 

3.1. Linear Spline Interpolating Function 

A simple and a familiar example of a piecewise polynomial interpolation is piecewise 

li near interpolation, which consists of connecting a set of data po ints in table (2 ) by a 

series of straight lines as shown in figure I. 

• 
X, x, x, 

Figure I : Piecewise linear interpolation . 

This procedure can be described as fo llows: 

Let f(x) be a rea l-valued function defined on some interva l [a,b]. We wish to construct a 

piecewise linea r polynom ial function S(x), which interpolates f(x) at the data points given 

by a= Xo < Xl < Xl < ... < XII =b. 

5 
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Using the formula o f the equation o f the li ne, it is easy to sec that the funct ion S(x) is 

defined by 

S,(x) = [ (." ) + [ (x .. ,) - [(x, ) (x _ x, )J = 1,2,3, ".," - I ... (3) 
-'" .. I - x, 

= [(x,) + [[x,."x, ]<x -x, ) on each subinterval [x" x .. , ] .... (4) 

Outside the interval [a,bl. S(x) is usuall y defined by 

{ 
S,(x) , ijx<a 

S(x) = 
S"_, (x),if x > b 

". (5) 

The pointsxl, xJI ""Xn_" where S(x) changes from one polynomial to another, arc ca lled 

the break points or knots. Because S(x) is continuous on [a.b]. 

it is ca lled a spline of degree one. 

Example / : Find a first degree interpolating polynomial function [or the data points 

J.5 2 

3 7 

And use the resu lting spl ine to approximate 1'(2.2). 

Solulio1l: From the equation (3), we have 

2.5 

10 

S, (x) = [(x,) - [(xo) (x _ x
o

) + [(x
o

) [(1.5) - [(I) (x - I) + [(l) =4x-3 
xl-Xo 1.5-1.0 

3 

15 

S, (x) = [(x, ) - [(x,) (., _ x,) + [(x,) = [(2.0) - [(1.5) (x - 1.5) + [(1.5) =8x-9 
x2 - XI 2.0 - 1.5 

[(x) - [(x) 10-7 
S, (x) = ' , (x - x, )+[(x, )=--(x-2.0)+7 =6x - 5 

X l - X 2 0.5 

S,(x) = [(x, )- [ (x, ) (x-x, )+ [(x, ) = [(3 .0) - [ (2.5)(x_2.5)+ [(2.5) = lOx-IS 
X4 - Xl 3.0 - 2.5 

4x - 3,ijX E [I, 1.5] 

Hence S(x) = 
8x - 9,ifx E [1.5,2 ] 

6x - 5,if x E [2,2.5] 

lOx - 15,if x E [2.5,3] 

and the va lue x=2.2 lies in [2, 2.5] and so 1(2.2) 

"S, (2.2) = 6(2.2) - 5 = 8.2 

6 
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A Question that onc may ask is about the goodness of fit when we interpolate a function 

by a first-degree spline. The answer is found in the fo llowing theorem. 

Theorem (First degree spline accuracy) 

Suppose r is twice differentiable and continuous on the intervaI[a,bJ. If P(x) is a first· 

degree spl ine interpolating f through the knots (l = X l < X 2 < ... < X .. = b, then. 

I 
I/(x) - 1'(·,)1 s 8Mh' .a S x $ 6 , where II = max(x .. 1 -x,) and M denotes the maximum of , 

1/" (x)l on(a , b). 

Proof: From error of Lagrange interpolation we have that 

I • 
I(x) - P(x) = ,/"' (4)0 (x- x,) , where n is (he number of nodes. 

II . ,.1 

On the inlcrvai(a ,b], we have 0=2 so I (x) - I'(x) = ~ I " (4)(x - a)(x - b) , 
2 

for some ; on 

(a,b). Since IJ" (~)I"' M on (a , b), and max lx- allx- bl= (6 - a)' since Ihe 
.<'la.hJ 4 

maximum 

value occurs a( Ihe midpoin!. II fo llows Ihal I/(x) - p(x)1 '" ~ M (b - a)' = ~ Mh' 
2 4 8 

From this theorem one can understood that if the only thing we know is that the second 

derivative of our function is bounded, then we are guaranteed that the maximum 

interpo lation error we make decreases to zero as h -t O. 

With polynomial interpolation, however, using for 10 data points, we had an error 

estima te in terms of the IO'h derivative. 

Example 2: Assuming that we know M, find the smallest va lue of n to force the error 

bound for a first·degree spline to be less than a given tolerance c for 11 equally spaced 

knots. 

7 
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Solutioll : we have thatl/l/ (x>l:s: M ,so iMh1:s: c. now solving for h to gel h s ~. since 

,, = (b - (I) , it fo llows that (b-(l) 1M s n- I now solving for n to get n = I +[(b-a) 1M], 
11 - 1 '1St; vS;; 

where [x] is the so ca lled ceiling function . i.e. [x]= the smallest integer ~ x 

{

2X - I, 

Question I : Determine whether the function f(x) = - x + 2, 

5x, 

ifxe [- I,i) 

ifxe [I ,2] 

ifx e [2,3 ] 

is first degree 

spline function or not. 

3.2 Higher·Oegree Spline Interpolatio n 

Higher-degree spline interpolations are those spline interpolations whose degrees 

arc two and more. These arc used whenever smoothness and exactly good shape is 

needed in approx imating the function. 

If we want the approximating spline to have a continuous m''' -derivative, a spline of 

degree at least (m+ I) is selected. Consider a s ituation in which knots XI < X2 < '" < XII 

have been prescribed. Suppose that a piecewise polynomial of degree m is to be defined, 

wi th it species joined at the knots in such a way that the resulting spline S has m· 

continuous derivat ives. At a typical interior knots ,,,'e have the fo llowi ng circumstances, 

To the left of t, S(x)~p(x) and to the right of t, S(x)~ q(x), where p and q are 

degree polynom ials. 

,. 
m -

The continuity of the m ,h ·derivatives S hill implies the continuity of the lower order 

d · . S'" S··, S · ·) S' S Cflvat lves , , , .. ". 

So for any k limS'*' (x) = limS"' (x) (O ,; k';m) ... (1) 
..... , ..... ,' 

From wh ich we conclude that limpCt)(x) = lim q(k )(x) ( 0 '; k ,; m) ... (2) 

Here: · lim x -+ (~ means that the limit is taken over x·values that converges to t from 

above to l. i.c . (X-I) is posi ti ve for a ll x· values. 

8 
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Sim ilarl y lim x --t' - means that the li mit is taken over x-values that converge to t from 

below t. i.e. (x-t) is negative for all x va lues. Since p and q are polynomials their 

de ri vatives of all orders are continuous. So equation (2) is the same as pet )(/) = q (t ) (I) 

(0 ~ k ~ III). 

This condition forces p and q to be the same polynomials. Since by Taylor theorem 

II' I II' I 
p(x) = L: - p"' (I)(X - I)' = L: -:-:</ ''' (I)(x - I)' = q(x) 

1. 0 k! hO k! 

This argument can be applied at each of the knots X2 < X) < ... < Xn_1 and we see that S is 

s imply one polynomials th rough out the entire interva l from XI to xn ' Thus we need a 

piecewise polynomial of degree m+ I wi th In continuous derivatives in order to have a 

spline function i.e. just a s ingle polynomial through out the ent ire interval. [Recall that 

we already know that ordinary polynomials do not serve we ll in curve fitting.] 

In general higher-degree splines are used whenever smoothness and shape is needed in 

the approx imati ng the funct ion. 

3.2.1 Quadratic sp line interpolation 

The first-degree splines are although usefu l in certain applications, they suffer one 

obvious imperfection. The first-degree splines are not smooth i.e. at each knot the slope 

of the spline can change abruptly from one va lue to another. Technically, the failure of 

smoothness is in the pronounced discontinuity of the first-deri vative. But these quadratic 

splines have continuous fi rst-derivatives at the knots. Although Quadratic splines do not 

ensure equal second derivati ves at the knots, they serve nicely to demonstrate the general 

procedure for developing higher order splines. The object ives in Quadratic sp lines are to 

derive a second degree polynomial for each interval between the data points. The 

polynomial for each interval can be represented generally as:-

J; (x) = a,x 2 + b,x + c, ( 1 ) 

In general. a quadrat ic spline sati s fies the following properties: 

I, Sex,) = J(x, ) j= 0, 1,2, ... ,n 

9 
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II. On each subinterva l [X,_1' x,] I l S i S " . S(x) is a second-degree polynomial . except in 

the first or the last interva l. 

III . S(x) and S' (x) are continuous on (a. b) 

We denote Sl! (x,) = M" if the second derivative exists. On each subinterval [x,_,. x, J. we 

approximate f(x) by a second degree polynomial as Sex} = S,(x} = a,x 2 +h,X +C, ' 

i= 1,2,3, . .. ,n 

There are 3n unknowns to be determined whi ch are a" h,. c; , j= 1. 2. 3, ... , n. Since S(x) 

is cont inuous at the interna l nodes x1' x2. x) . ... ,.\",,_, we obta in the equations 

On [x._,. x. J: S,(x,) ~ [(x,) ~ a,x' +b,x+c, ... (2) 

i~ 1, 2,3 , ...• n- I ... (3) 

From this set we have 2n-2 equat ions. Since SI(X) is also continuous at the internal 

nodes, we obtain the equations from contin ui ty atx" 

S,' (X, )= S .. / (x,} or 2a,x,+b,= 2a",x,+ b", j= 1,2,3 •. .. • n-1 ... (4) 

From this set we have 11 - 1 equations. At the end points xo' x" inrerpolators conditions give 

the equations 

... (5) 

Now, we have a total of (211-2) + (n-1 )+2=3n- I equations to determine the 3n unknowns. 

We need one more equation to determine the polynomials uniquely. This extra condition 

can be provided in a number of ways. We may prescribe Mo = / " (xo) = si' (xo) 

Th is gives j " (xo) = 2a, = p or (I , = P usua ll y the value p=O is chosen. In this case we get 
2 

a, =0. Hence in the fi rst subinterval [xo. x, J we are us ing a linear approximation, which is 

the first two points are joined by a straight line. Now the system of (3n) x (3n) linear 

algebra ic equations are solved for a,.b" e, i= 1. 2,3, ... , n 

However by rearranging the equations in a proper order, it is possible to solve 3 x 3 

equations for each set of unknowns a" b,.e" i= 1, 2,3, ... , n 

10 
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Lei us illustrate this procedure through an example 

Example: Suppose that we have three subintervals [XO, X1]. [.\"P-'(2]' [Xl, Xl ] . Then, from 

equat ion (2),(3).(4) and (5) we have the equat ions 

Let us choose Mil = / " (xo) = Oas the exira condition. This givcsa, = O. 

Using the equations above we write them in the following order. 

{ 

Cl2X: + b2.\"1 + C2 = / (x1) 

(l2X; +b2.'(2 +cz = /(x2 ) 

20l X1 + hi = 2 (1 2X l + b2 

{

llJX : +bJxz + cl = / (x2 ) 

And 2a2x2+ bz= 2alxl + bJ 

alx~ + bJxJ + C) = I(x) 

... (6) 

... (7) 

.. . (8) 

The system of equation (6) are solved for bl ,cl , Using these solutions, the systems of 

equations in (7) are solved. Fina ll y the systems of equations in (8) arc solved in the 

forward direction. 

If M3 = / I/ (x) = O is prescribed, then we rearrange the equations so that the solution is 

obtained in the backward dircction, that is, wc solve ror b},c} first, then ror G2.b2.c2 ctc. 

Examp/e: Given the data 

x o 2 3 

I"(x) 2 33 244 

Fi t Quadrat ic splines wi th M(O) = [ " (0) = O. Hence find an estimate 1"(2.5) 

SO/lIlion: we write the quadratic spline approx imation as 

II 
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{ 

SI(X) = a lx
2 +blx+ cp 

S(x)= S 2(X) = 0 2X 2 +b1x + C2• 

SJ(X) = {fJX} + bJx + Cll 

OS x S I 
I $ x $ 2 

2 $ x $ 3 

Si nce M(O) = 1 "(0) = 0 , we get a, = O. Substitut ing 

Xo = O,x, = I,x, = 2,x, = 3,J(xo) = 1,J(x,) = 2,J(x, ) = 33,J(x, ) = 244 in equation (6), (7) and 

(8) we obtain 
b,(O)+c, = I} 
bl+cl = 2 

a, +b, +c, = 2 } 
4°1 +2b2 +c2 = 33 

2°1 +b2 = 2a l +bl 

4a) +2b} +C) = 33} 
9aJ + 3b) + c) = 244 

4a) +hJ = 4a2 +b2 

Solving the first system, wc gct, c1 = I , bl = I.The second systcm become 

0 2 + b2 + c2 = 2 } 
4 0 2 +2b2 + c2 = 33 

2a2 +b2 = I 

The solution of this system becomes 0 2 = 30 , b2 = -59 , c2 = 31 

4aJ +2b) +cJ =33} 
And the third system becomes 9aJ + 3bJ +C) = 244 and the so lut ion or this system arc 

4 0 ) +bJ = 61 

a)= 150 ,h)= - 539 ,c}= 511. Thererore the quadratic splines In the corresponding 

interva ls can be written as 

S,(x) = x+ 1 

S, (x) =30x'- 59x+3 1 

S, (x) = 150x' - 539x + 51 1 

I-Ienee an estimate at 2.5 is 1"(2.5)=101 

OS x S I 
l $ x $ 2 

2 S x :S: 3 

12 
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Drawback of Quadratic Spline functions 

Quadratic spline interpolations have a lot of appl ication in mathematics. Even though it 

has drawbacks such as 

I, A straight line connect the first two or the last two points. 

II , The spline for the last interval or the first interval may swing high in the above cases. 

13 
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3.2.2 CUBIC SPLINE INTERPOLATION 

THEORY OF CUBIC SPLINE INTERPOLA TION 

Real world numerical data is usually dimcult 10 analys is. Any function which 

would effectively correlate the da ta would be difficult to obtain and highly unwieldy 

(bulky, unmanageable). 

To this end, the idea of the cubic spline was developed. Us ing this process, a series of 

unique cubic-polynomials are fitted between each of the data points, with the stipu lation 

thallhe curve obtained be conti nuous and appear smooth. These cubic splines arc then be 

used to determine rates of change and cumulative change over an interva l. The 

fundamenta l idea behi nd cubic spline interpola tion is based on the engineer's tool used to 

draw smooth curves through a number of points. These splines consist of weights 

attached to a fl at surface at the points to be connected. A nexible strip is then bent across 

each of these weights, resulting in a pleasingly smooth curvc. Thc Mathematical spline is 

similar in principle. The points in this casc, are numerical data. The weights are n'h _ 

coefficients on the cubic polynom ials used to interpolate the data. These coeffi cients 

bend thc line so that it passes through each of the data points without any erratic behavior 

or breaks in continuity. 

The graph of cubic spline functions are shown on fi gure 2 below . 

14 
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I(x) 

y, 

y,' 

y, 

S,(Xo} =Yo 

s,(x ,) = y , 

, 

'(x) = s; (x ) 

I s;\xo) = 0 I 

y. 

I 
S~ {K) 

I 
S~. i(K) 

End conditions: Na tural cubic spline 

s,(x) = a,xl + b,x1 +c,x+ d , for (x" x,) 
S l (X) = (I 2X ) +b2x2 +C1X + d1 for ("" x,) 

Yo s, (x) = a,x' + bJx1 + c,x + ell for (x" x,) 

I Passage through the given points I 

S. (X k_1} = Yk - l 

s, (x, ) = y, 

s; (x ,) = s; . ,(x.) 

s;'(X'_I ) = S;'_I(Xk_l ) 

Smoothness 

S,,(X,,_I) = Y,,- l 

s,,(x,.) = Y .. 
s"(x _ ) = s'~ (x _ 

s"(x ) = 0 " .. 

Figure 2: Cubic splines on rxo. xJ 

3,2.2. J Mellt"d J 

In ter po la tio n by a cubic spline function: . using system of eq uations 

Process: - The essential idea is to tit a piecewise fUllction of the form:-

s,(x).ij xe [xW l"2 ) 

51(X), if x e [x2.xJ J 

Sj(x), if x E [X1.X4] 

Sex) = for each i= 1,2, ... ,n·1 ... ( 1) 

15 
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Where 5, is a third degree polynomial orlile form 

.... , (x) = a,(x _ x,)3 +b, (X - X, )2 +c,(x - x, ) +d, ... (2) 

The first and the second derivati ve of these (n- I) equations are fundamental to this 

process, and they are 

.... : (x) = 3(1, (x - .\", ) 2 + 2b,(x - x, ) +c, 

s l/ (x) = 6a (x - \' )+2b 
I 1'1' 

A cubic spline function S(x) satisfies the following propcrtics:-

i, S(x , ) ~ f(x , ) i ~ O, 1 , 2, ... ,n 

... (3) 

... (4) 

ii , On each subinterval [x'_I"'",]. i = 1.2, ...• n, Sex) is a third degree polynom ial. 

iii ,Sex) , s ' (x) and S" (x) are continuous on (a , b). 

We denote S' (x, ) = "', and S " (x , ) = M, 

On each subinterval [X,_I' x,] , we approximate the function f(x) by a cubic polynomial 

function as S(x) = a,xJ +b,x 2 +c,x+d, where i = 1,2,3 •... ," ... (5) 

We have 4n unknowns i.e a" b,te, 3ndd" j= 1, 2, 3 •... • 11 to be determ ined to determine 

the cubic interpolati ng polynomial function . Si nce Sex), S I (x) and S /I (x) are continuous 

functions we have the following results. 

I, From the continuity of Sex) 

On [x,_px/ ] : S ,(X.) = I(x,) = o,x: +b ,X,2 +C,X, +d, 

On [x" XHI } : S" I (x,) = I(x,) = ai. lx: +b" IX,l +CHIX' + d" " for i= 1,2,3, ... ,n-I 

II , From the continuity of S' (x) at x , . We have S' (x, ) = p" (x , ) = P, ~I (x, ) which implies 

that 30,X,2 + 2b,x, +C, = 30"I X,2 + 2b,ol x, + C/O I , for i= 1,2,3, ... ,n-I 

III , From the cOnlinuity of S II (x) at x, ,we have that S l! (x, ) = S," (x,) = S,'; l~') 

which implies thaI 6a,x, + 2b, = 6a,olx, + 2b"1 J for i= 1,2,3, ... ,n-I 

I V, At the end points Xo and XIf we have the interpolator condit ions. 

S (xo) = 51 (xo) = I (xo) = O I X~ + blx: + c lXO + d l 
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Interpolat ion by plinc functions 

Sex,,) = S,, (x,, ) = I (x,, ) = a"x~ +b"x; +C"x" + lilt 

Now here we have 2(n-l) equal ions (conditions) rrom (I) and 2(n-l ) equations rrom (II ) 

and (II I). Finally we have two more equations from ( I V) that is a total of 40-2 equations. 

Since we have 411 unknowns, to so lve this system of equat ion (to determine the cubic 

spline fun ction uniquely), we need two morc equations. 

In most cases, we prescribe S" (x) at the two end points, that IS 

and S" (x.) = M . = q. 

The end conditions, M (J= 0, M" = 0, lead to a natural spline. 

Ilowevcr, we can usc the conditions as p *"O orland q '* O. Irthe above two conditi ons arc 

imposed, then we have 411 equations in 411 unknowns. These equations can be written in 

matrix form and so lution can be obtained. 

Example I: Obtain the cubic spline approximation for the fu nction defined by the data. 

I--;Xo;-. .,---11-,.0 __ +1 ::-21_-t2;;-;;---1f-;;3C;-;---l1 With M(O)=O and M(3)=0 
r(x) 1 . 33 244 . 

I-icilce lind an esti mate of f(2.5) 

SOllllioll : We write the polynomial approximations as the following 

{ 

51(x) = a1x
3 +b1x2 +c1x +d1 

S(x) = S2(x) = alxJ+b2X2+ C1X+d2 

5 3 (x) = (lJ".3 +bJx
1 + "lX+ d3 

,O $ x $ 1 

, 1 ~ .< ~ 2 

2 ~ x ~ 3 

From the continuity of S(x) wc have thc following equations 

S{x1) = l (x1) = al x~ + blxl
2 + C1 XI +dJ = OJ + 61 +cl +dl 

S 2{XI ) = l {x l ) = 02X~ +b2x1
2 + c l x l + d1 = O2 + 61 +c1 +li2 

S1(X1) = l(x2} = 02X: + 62x: +C2X2 +li2 = 802 + 4bz + 2c1 +li2 

S 3{Xl ) = I (xl ) = aJx: +blx: + c Jx 1 +li1 = gal + 4bJ + 2cJ +lil 

And froJ11 the continuity OfS I(X) we have the following equations 

S; ( XI )= J(VI' + 2blxI + ci = S~ (X I } = 3a2;(1' + 2b2;(1 + C2 

17 



Interpolation by Spline functions 

, , 
SZ (X2 ) = 302xi + 2b1X1 +C2 = SJ (-\1: ) = 30)x; + 2bJxZ + cJ 

=> 1202 +4b2 +c2 = 120) + 4b) +C) 

Conti nui ty ofS"(x)gives the fo llowing equations. 

8·I(xl ) = 6alx) + 2bl = S2" (XI) = 60zxI + 2b2 

~ 
6a l + 2b = 6a2 +2b2 

S 2" (x2 ) = 6a2xZ + 2bz = 5l " (x) = 6al xZ + 2bJ 

=> 602 + 2b2 = 60) + 2b1 

At the end points, we have the interpolator condi tions 

S(xo} = [(xo) = o)x~ +blx; +C) Xo + ell = ell 

S)(xJ } = [(xJ ) = oJx: +h]x; + clxJ + ell = 27al + 9b) + 3cJ + ell 

Form Ihe given condilions, M (0) ~ 0, M(3) ~ 0 we gel b, = 0 and 9a) +b)= O. 

Substitu ting the values bl = Oand b1= - 901 and el l = I, we obtain the system of equations 

{I I +c1 = 1 

(l z +bz+cz +d l = 2 

8a l +4b2 +2c2 +2cz + d1 = 33 

-28{1j +2c) + dJ = 33 

3a l +c, -3az -2bz -cz = 0 

120z +4b1 +cz + 24a) - c) = 0 

3a l -3a1 - b2 = 0 

6(12+b2+3(13 = 0 

- 54a) +3c) +d) = 244 

The solution of th is system is 3 1= - 4 , b l= 0, c ,= 5, d 1= I, a 2 = 50, b 2 = -1 62, c 2 = 167, 

d , ~ -53, a )~ -46, b )~ 414, e)= -985, d )~ 7 15 

Hence, the interpolat ing cubic spline function is 

{

S,(X) =-4x'+5x+ 1 ,0';x,; 1 

S(x) = S, (x) =50x)- 162x'+ 167x - 53 , 1'; x ,;2 

S3(X) = -46x3+4 14x2- 985x+715 ,2 $ x$3 

18 



Interpolati on by pl inc functions 

An estimate or f(x) at x=2.5 is 
f(2.5) ~ SJ(2.5) = -46(2.5)' + 4 14(2.5)' - 985(2 .5) + 715 = 12 1.25 

,. 

• 
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Interpolation by Spline functions 

3.2.2.2 Method 2: 

Inte rpolation by Cubic·Spline functions directly without using systems 
of Equations 

We construct the cubic spline function as the following ways. 

Si nce Sex) is to be a piecewise cubic polynomial , S" (x) is a linear functi on of x in the 

interval '\ _1 $ x S x/ and hence can be written as 

S '/ (X) = (x, - x) S// (X,_I)+ (X - X,_I) S // (x, ) 
(x, - X,_I) (x, - .\",_1) 

" . (6) 

By using the Lagrange interpolating polynomi al on [X,_I'X/] for i= 1,2.3 .... ,n 

Now integrating (6) two times with respect to x, we get 

S.() (x, - x) ' M (x - .T,.,)' / x = . _1 + N , +C1X+C 2 611, 611, 
". (7) 

where M,=S // (x,) and c i and c 2 arc arbitrary constants to be determined by using the 

cond itions S(x,. ,) ~ I(.T, . ,) and S(x, ) ~ I(x,), 

.. . ( 8) 

And 

... (9) 

Subt racting equation (8) from (9) we get 
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Interpolation by Sp line functions 

Substituting the expression for C I and c 2 in (7), we obta in 

S() (x, -x)' M (X-Xii )' X r 
x; 6h, H+ 611,- M' +-,;(f(x,J-/(x,_,)) - ~(M,-M,_ , )/\+ 

, , 

I I 
l\ (x,l(X,-, ) - x,_,/(x,» - "6(x,M,_, - x,_,M,)", 

S(x); 6:' [(x, - x)kx, - x)' - fI,' )jM,_, + -6/
1 

[(x - x,_, )(x - x,_,)' - ",' )Jwt, + 
, " 

,,' ( 10) 

Sett ing, i= i+ I. we get 

S ' (X);_ (x",- X) ' M +(x-x,)' M - .!.(M - M)I I(x",)-I(x,) ( II ) 
2h ' 2h ,, ' 6 ,·1 , I,., + 1 .. , 

,. I ,. , 1,. I 

where x, $ x S X,.t 

Now, we require that the derivatives Sf (x) be continues at x=x , ± c ase ---+ 0 . 

Lett ing S ' (x, - c) = s' (x, + c) as& --) 0 , we get 

This may be written as 

'l M,_, + fI, + " " , M , + " ", M", ; _ I_ (f(x",) - I(x,» - -'- (f( ,' ,) - I(x ,_,» .. , ( 12) 
6 3 6 h,., h, 

i=J. 2, 3, .... n-I 

this gives a system ofn-I linear equat ions in n+ 1 unknowns i.e. M o,M pM 2 , ... ,M" 

The two additional conditions may be taken in one of the fo llowing forms. 

i, M, ; M " ; 0 (natural spline) 

ii, M, ; M", M , ; M"",/(x, ); I (x" )'/(x,); I (x",, ),h, ; "",, 

(A spline satisfying this condition is ca ll ed a period ic spline). 
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Interpolation by Spli ne functi ons 

iii , For a non-periodic spline, we use the conditions S' (a) = / ' (a ) = / ' (xo) and 

S' (b) = I ' (b) = I ' (x") ,Using (I I), we get 

2M + M = ~(/(x,)-/(x' )_I'(» d o' h h xo an , , 

... ( 13) 

For equ ispaced knots h, = h for all i, equation (10) and ( 12) reduce to 

1 r J 1 I I 11 2 
S(x) = 6h [(x, - x) M ,., +(x - x,.,) M, + -,;(x, -x)(f(x"' )-6M,. ,)+ 

I h' 
- (x- x,. ,)(f(x, )-~M,) and 
h 6 

.. ( 14) 

6 
M ,., + 4M, +M,. , =11(f(x,. ,)-2/(x,)+ I(x,.,» ... ( 15) 

This method gives the va lues of M, =/II (X, ) i= 1,2,3, ... ,n- 1. The solution obtained for 

M" i= 1,2,3, ... ,n· 1 are substituted in ( 10) or ( 14) to fi nd the cubic spl ine interpolation. It 

may be noted that in this method also, we need to solve only an (n·l )x(n· l) trid iagonal 

system of equations for find ing M I 

Example: Obtain the cubic spline approximation for the fun ction defined on example I. 

Solut;oll : Since the points are equispaced with h=l , we obtain from ( 15) 

M ,., + 4M, +M,., = 6(f(x,.,)-2/(x, ) + I(x,. ,)) i= I,2 

Therefore M , +4M, + M , =6(/(x, ) -2/(x,)+ I(x, » 

M, + 4M, + M, = 6(f(x, )-2/(x, )+ I(x,)) using M ,=0 and M, =0 and the 

given functional values, we get 4M, + M2 = 6(33 - 4 + I) = 180 

M, + 4M, = 6(244 -66+2) = 1080 

Which gives M, =-24 and M, = 276 . Thus us ing (14) the cubic spline 111 the 

corresponding intervals are obtained as follows: 

I I I I I On [O,IJ : S(x) = '6 [(1- x) ' M, + (x - 0) ' M , +(1- x)(f(x, ) -6'M, )+ (x - O)(f(x ,) - '6 M ,) 
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Interpolation by Spline functions 

= ~[x'(-24) J + (1- x) + X[ 2 - ~(-24)] = - 4x' + 5x + I 

On [I,2]: S(x) = -6
1 

[(2 -x)' M, + (x - I)' M , J+ (2 - x)(/(x,)- !....M,) +(x - I)(/(x, ) - ~M ,) 
6 6 

= ~ [<2 - x)' ( -24) + (x - I) ' (276) J+ (2 - x)(2 -!.... (-24» +(x - 1)(33 - ~(276» 
6 6 6 

= SOx' - 162x ' + 167x - 53 

On [2,3] : S(x) = ~ [0 - x)' M , + (x - 2) ' M, J+ (3 - x)([(x, )-!....M, )+(x - 2)(/(x, ) -~M, ) 
6 6 6 

= ~ [<27 - 27 x + 9x ' - x')(276) J+ (3 - x)(33 - !....(276)) + (x - 2)(244) 
6 6 

= - 46x 3 + 41 4x2 - 985x + 715 

I-Ience, the interpolating cubic spline function is 

{

SI(X) =-4xl+5x+ l ,0,:5;x5 1 

S(x) = S , (x) = SOx' - 162x' + 167x - 53 ,15 x 5 2 which is the same as 

Sl (X) =-46x 3 + 4 14x 2 - 985x+7 15 ,2sxS3 

the spline function we get on example 1 

I' 
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Interpolation by Spline runctions 

3.2.2.3 Method 3: 

Cubic Spline Interpolation using Hermite Interpolation 

In this method, we use piecewise cubic Hermite interpolat ion and determine / ' (x, ) for i= 

1.2,3 .... ,n- l or / ' (x, ) for j= 0,1 ,2 .... ,n. 

Consider the piecewise cubic Hermite interpolat ion polynomial given by 

.. 
i', (x) = L., N,(x)/(x, )+ L.,H,(x)!,(x,) .. . ( 16) 

,. 0 

In order to satisfy the condition of continuity of the second derivati ve of'S(x) at x=x , 

, we differentiate the equation (16) twice at x, ±c,c>O, 

s" (x, + c) = N:' (x, + c)/(x, ) + H:' (x, +e)/' (x ,) + 

N,':. (x, + c)/(x,o.) + H,/~ . (X I + c)/' (X,+-I) 

S" (x , -I:) = N:~ I (x , - c)/(X,_I) + H:~ I (x, - c)/' (x,_. )+ 

N" ,(x, -c)/(x,) + H:' (x, -c)/' (x,) 

Denote h, = x, - X,_I and ho+l = X,o l - x, 

From 

0, 

N,(x) = 

(x- x,.,)' [1+ 2(X-X,)] 
( ) ' x -x X, -X,_I ,-I , 

(x-x,., )' [1+ 2(X -X,)] 
(X,., _X, )2 x,. . - x, 

o 

0, 

(x-x,., )' ( ) 

And H,(x) = 
2 x -x, 

(x, - x,., ) 

(x-x,,, )' ( ) 
2 x - x, 

(Xlo1 - X, ) 

o 

,x, ~ X ~ X,.1 

,x ~ X, . I 

. X, $ x ~ X,.1 

, x~x ... 

i= 1,2,3 .... , 11 and we get 

... ( 17) 

... ( 18) 

... (19) 

... (20) 

24 



Interpolat ion by Spline functi ons 

We get 

N:' (x, +C) = -~-[2 + 8(x, +c - x" ,)+ 4(x, +c -X' )] =~[2 + 12c - 811",] 
h,.1 h,.1 hHI h,.1 

d " I [ I An fI , (x, +c)=-,- 4(x +c-x ,)+2(x +c-x )]=-[6c-411 ] h ' .. , ' ,2 , .1 
,.1 ~'I 

Setting i= i+ I in (19) and (20) we get N:: (x, +c) = -~-[2 + 8(x, +& -x,) + 4(x, + & - X" ')] = 
11"1 - h"l 

~[2_ 12E:411",] 
h,.1 1+1 

Taking the limit aSE -> 0 , we get from (17) 

lim S"C ) = , · .0 X j +& 

I . [{ 12E } { ) ' {- 12&} { ) ' ] -,- lim --6 I(x,) 6E- 411", I (x, )+ --+6 I(x" ,)+ 6& - 211" , I (x,,,) 
h"1 c .....(l "HI hi • , 

6 (/( 4 I ' 2 , =" x", )- I(x' » -h (x, )- -, -I (x", ) 
1"1 H I ' .. 1 

... (2 1) 

. . I [ 8(x -&-X )+4(x -E-X)] Sumlarly we have N"(X -c)=-, 2+ ' , · 1 • , 
" h- - It , ' 

I [6 "E_-_4'..!-', ] =- 2+-
hl

2 h, 

fI:' (x , -E) = f, [4 (X, -&-x,.,)+2(x, -E-X,)] 
, 

Sett ing i= i·1 in ( 19) and (20) we get 

= .!, [-6&+ 411, ] 
11, 

N " . t [ 8(x, -E-x, )+4(x, -c-x,., )]=_1 [2_ 12&- 411, ] 
,. , (.\ ,- c)=-11, 2+ , h2 II 

, I, " 

N" (x -E)=_I [4 (x -c-x )+2(x - c-x .,)] = ...!..., [- 6& +2 11, ] .·1. I 2 I ' I , " 

" ' 

Taking a limit ase -to, we get from (18) 
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Intcrpolalion by Spline runctions 

... (22) 

Equating the right hand sides of (21 ) and (22), we obtain 

~ [ ' (x,_,) + (~ + ~)[' (x,)+ _ I_[, (x", ) = _3([(x,-, ) ~ [(x,» +3([(x",) - [(x, » 
h, , hHI h,.1 h /7 2 

, .. I 

i= 1.2,3, .... n-1 ... (23) 

There are n- I equations in n+ 1 unknowns f' (x , ), f' (x , ), ... , f ' (x . ). 

Iff" (x , ) and f" (x . ) arc prescribed, then from (2 1) and (22) for i=O and i=n respecti vely, 

we obtai n ,2 [ ' (x, ) + -ht [ ' (x,) = 3([(x, ) -/(X, \ - .!. [ " (x, ) 
I, I hi 2 

... (24) 

... (25) 

The derivatives f ' (x , ), i= 1,2,3, ... ,n are determined by solving the equat ions (23),(24) 

and (25). I 1' 1" (x , ) and f ' (x . ) are speci fled, then we determine C' (x,), C' (x , ), ... , 1" (x ._, ) 

from the equation (23). 

For equispaced points, equation (23) to (25) become, respectively, 

[ ' (x,_, ) + 4 [ ' (x, ) + [ ' (x", ) = 3([(x",) ~ [ (x ,_, \ i= 1,2,3, ... ,n- I 

2[ ' (x, )+ [ ' (x,) = 3([(x,)- [(x, » _'c [ " (x, ) 
h 2 

[ ' (x._,) + 2[' (x. ) = 3( [(x.) -/(x._, » + ~ [ " (x. ) , where x , -x ,_, =h 

The above procedure gives the va lues of f' (x , ) i= 0, I ,2, ... ,n. 

... (26) 

... (27) 

... (28) 

Substi tuting ttx ,) and [' (x I )' i=O. lt2, ... tn in the piecewise cubic Hermite polynomial 

.. . (29) 

We obtain the required cubic spline interpolation. It may be noted that we need to solve 

on ly an (n-I )x(n-I lor an (n+ I )x(n+ I) trid iagonal system of equat ions 

forthe solution of f' (x , ). 

Exalllple: Obtain the cubic spline approximation for the function defined on example I; 
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Solution: Since M(O)~O and M(3)~0 are prescri bed, we use equation (26), (27) and (28). 

Denote / ' (x, ) =m, then we have the following equations 

2m, + III, ~ 3(f(x,) - /(x, » ~ 3(2 - I) = 3 

III, + 4111, + m, ~ 3(f(x, ) - /(x, » = 3(33 - I) = 96 

III, +4111, +m, ~ 3(/(x, ) - /(x,» = 3(244 -2) = 726 

m, +2m, ~ 3(f(x, )- /(x, » = 3(244 -33)= 633 

In matrix form, we write 

2 1 0 0 III, 3 

I 4 0 m, 
= 

96 

0 I 4 I m, 726 

0 0 2 m, 633 

The soluti on of the system is m/) = S,ml = - 7,m} = I 19, 111) = 257 

Let us now write the piecewise cubic Hermite interpolation polynomial 

on [0,1]. we have from equation (29) 

P, (x) = A, (x)/ (x, ) + A, (x)/(x ,) + B, (x) / ' (x, ) + B, (x) / ' (x,) 

,[ 2(-X)] , , [ 2(X - I)] , A, (x) = (x- I) 1+---=-1 = (1+2x)(x - I) , A (x) =x 1+ _ I = (3- 2.<)x 

8, (x) = (x - I)' x and 8 ,(x)=(x - l)x ', therefore 

I', (x ) ~ (I + 2x)(x' - 2x + I) + (3 - 2x)x' (2) + x(x - I)' (5) +(x _ 1)x ' (_7) 

= 4x ' +5x+ 1 

Which the same polynomial is as obtained in example 1 or 2. 

Since the approximating polynomials are unique, we get the same polynomials as 

obtained earlier in the intervals [1,2Jand [2.3] 

Hence f(2.5 F I21.25 
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4. Four Types of Splines 

4.1. Clamped Spline 
There exist a unique cubic spline with the derivative boundary S' (.l"o) = mo and 

S' (x.)= m. conditions. Where m, = /(x,)- /(x, ) and m. _ /(x. ) - /(x._,) 
X1-Xo X,,- X,,_I 

The clamped spline involves slope at the ends. This spline can be visualized as the curve 

obtained when "a flexible elastic rod" is forced to pass through the points and the rod is 

clamped at each end with a fi xed slope. This spline would be useful to a draftsman ror 

drawing a "smooth" curve through several points. 

4.2. Natural Spline 
This first spline includes the stipulation that the second deri vative be equal to zero at the 

end points. 

M =M = 0 , " 
. .. (29) 

This results in the spline extending as a line outside the end points. This matrix for 

determining the Ml through Mil values can be adapted accordingly. 

1 0 0 0 0 0 0 0 0 YI- 2Y2+ Y3 

0 4 0 0 0 0 M, YI - 2YJ+ Y' 

0 0 4 0 0 0 0 M, y )- 2y.+ys 

6 ... (30) --h' 

0 0 0 0 4 0 0 M .. _ 2 Y •. • - 2Y .. _J + Y .. _ l 

0 0 0 0 4 1 0 M"_I Y .. _J - 2Y .. _1 + Y.-I 

0 0 0 0 0 0 0 0 Y .. _1·- 2Y._1 + Y .. 

F f ' the first and last columns of this matrix can be eliminated, as 
'or reasons 0 convenience, 

they correspond to the M, and M~ va lues, which are both O. 
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0 I 4 0 0 0 0 M, )'1 - 2Yl+ Y1 

0 0 4 0 0 0 0 M, 
Y2- 2YJ+ Y~ 

y )- 2y.+ys 

= 6 ... (3 1) 
h' 

0 0 0 0 4 0 0 M .. _2 Y. -4 - 2y. _) + Y. 1 

0 0 0 0 4 0 M ~_ I Y. -l - 2Y __ 2 + Y .. I 

Y. -1 - 2Y. _1 + Y. 

a nx, W Ie WI etermmc the remaining solutions for This results in an (n-2) by (n-2) m t . h' h '11 d ' .. 

M 2 through M ,,-1 . The spline is now unique. 

" 
, 
, 

., 

. " 

." 

." • , • , , , , , , , • • , , , , 

Figure 3: Natural interpolating curve 

4. 3. Pa ra bolic Run out Spline 
The parabolic spline imposes the condition that the second deri va tive at the end points, 

M, and Mn. be equal to M2 and M,,_, respectively. 

M , =M2 and M,,_, = M .. 
." (32) 

The result of this condition is the curve becomes a parabolic curve al the end point This 

type of cubic spline is useful for periodic and exponential data. 

The matrix equation for this type of spline is 
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),,- 2 Y2+)') 
5 0 0 0 0 M , Yl- 2YJ+Y . 
I 4 0 0 0 M , ),)- 2 y.+)" 

0 4 0 0 0 = 6 
h' 

... (33) 

0 0 0 4 0 M ~ - 2 y ~ _ . - 2Y ~_ J + Y~ - l 

0 0 0 I 4 I M . _ 1 Y. -J - 2Y. ' 2 + Y,, ' I 

0 0 0 0 5 Y~ - 2 - 2)' .. _ 1 + Y .. 

We can now determine the values for M2 throughM,,_l' with the values for M, and M 
" 

already determined. 

" 
, 

. " 

." 

." 

." 

." 

." 0 
, , • • • 

Figure 4: Parabolic Run out curve 

4.4. Cubic Run out Spline 
This last type of spline has the most extreme cnd-point behavior. It assigns 

M, = 2M2 _ M l and M" = 2M /I - I - M /1-2 ' This causes the curve 10 degrade to a single 

cubic curve over the last t\vo intervals, rather than two separate functions. 

The matrix equation for this type is 
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y.-2Y2 + Yl 
6 0 0 0 0 0 M, Yl -2Yl + Y. 
I 4 I 0 0 0 M, Y3 -2y. + y , 
0 I 4 0 0 0 

= 6 .. - ... (34) 
h' 

0 0 0 . 4 I 0 M".2 YII • • -2Y,,_J + YII- l 

0 0 0 . . I 4 I M II __ 
YII _} -lY,,_l + YII_I 

0 0 0 0 0 6 YII-l - 2y". , + Y .. 

The graph of cubic run out spline is shown as 

." 
·00 

· 100 

., 2 0 

_1 4 0 

- ,&OO;----~,----~,----~,----~·----~,---~· 

Figure 5: Cubic Run out curve 

5. 8-splines 

This section is devoted to a system of spline functions from which all other spline 

functions can be obtained by forming linear combinations. These splines provide basis 

f'or certain knots are known, the B-splines arc easily generated by recurrence relations. 

The B-splines arc distinguished by thei r elegant theory and their model behavior in 

numerical calculations. 

J I 

~ 

. 
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Interpolation by Spline functions 

We begin with a system of knots, on the real line. For practical purposes, only a finite 

sct of knots is ever needed, but for the theoretical development it is much easier to 

suppose that the knots from an infinite set extending to +00 on the right and to -co on the 

left. .,. < X_l < X. I < Xo < Xl <2 < ... This knot sequence is assumed to be fi xed throughout 

this section, and all of our splines will be based on it. 

5.1. B·splines of Degree 0 
The B-splincs of degree 0 are denoted by B,o and have the appearance shown in figure I. 

>. , ' . 

Figure 6: The B-SpJin<: 

The index i range over all the integers. The heavy dOls on the graph indicate that we 

deline 8' (x) = I and B' (x ) = O. The forma l dennition is 
I , ' ,+1 

o , orhenVise 
B,O (X) ={ 1 ,if XI~ X<~I.l 

I B,' : i E I). (Here I denote the sct of all 
These B-splines form an infinite sequence 1 

integers. Positive, negative, or 0) 

We observe some of their salient properties. 

I, the support of B,o , defined as the set of x where B,O (x):t 0, is the interval [X,.X'ol )· 

2, B,' (x) ~ 0 for all i and all x. 

3 ' " h . ht the entire real line. , B, IS continuous from t e ng on 
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• 
4, L B," (x ) = I for all x . 

The last equation is veri fied by selecting any X E R and then determ ining the knot interval 

• 
in which x lies, say X l :5: x :5 X

I
• I ; then L B,"(x) = 8; (.r) = 1. 

A fin al remark about the splines B,o is that they do form a bas is for all splines of 

degree 0 based on the given knot sequencc, provided that we standardize such splines 10 

be continuous from the right. To veri fy this assertion, suppose that S is sllch a spline 

function. Then it is piecewise constant and is defincd by a set of rules of the Ibml 

S(x) = c, if x, :5: x:5: X,. I , (i e I) . 

• 
It is apparent that Sex) = L c,B10 (x) . (Thus, we have a basis. Each vector in the space has 

• 
a unique representation as an infin ite series L c,B,o(x». 

The function B ~ is the starting point for a recursive defi nition of all the higher 

degree B-splines. 

The bas ic recurrence relation is B,t (x ) = ( x - x, )n,I-I(x) + ( X' . '. , - X }B,~~I (X) ,k ~ I ... ( I) 
x,., - X, X,. I., - X, .I 

All the properties of the higher-order B-splines will fo llow from this recursive defin ition. 

By int roducing some special linear functions. V;I (x) = X - x, 
x,, , - x, 

. .. (2) 

We can write the recurrence re lation in the following more elegant form: 

. .. (3) 

Since B,o is a piecewise polynomial of degree 0, and since V;' is li ncar, n,l is a piecewise 

polynom ial of degrees 1. The same reasoning shows that, in general. B,I wil l be a 

piecewise polynomial of degree $: k . 

5.2. B-splines of Degree 1 
With the aid of Equation ( I), we can give an explicit formula for 8,1 (x) as follows: 
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B'(x)-( x -x, )B' x-x ,- , (x)+( ,,' )8' () 
x,•1 

-x, X -x ,·1 X 
,.2 H I 

0 ,X> X orx>x , -,.2 

~ 
x-x, 

X'.I -X, 
,x, :5 x:5 Xiol 

X,.2- X 
, X,.L :5 X < X,, ! 

X, .. ! - X,•1 

The graph of B.'(x) is shown on figure 7: 

............................... f-------,r----~ x, X

itl 

,\",:; ••..• _-_ ..••.••••• - •••••••• 

Figure 7: The B-spline B.' 

Again. some observations can be made about the funct ion 8,1 : 

I, The supporlof B.' is (x" x", ) 

2, B.'" 0 for all i all x 

3, B,I is continuous and differentiab le at every point except X" X,. I and X,.2 · 

• 
4, L B:(x) ~ I for all x 

To verify the last equation, take anyx e R. Since XI converges to +co when i increases, 

and it converges to -co when i decreases, we call find an index j such that xJ :5 x S XI'I 

.Then B,I (x) = 0 for all i with the possible exception ofi=j or i=j-l. Hence for this x, 
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Properties of B-splines 

Now, in a sequence of Lammas, we shall develop the important propert ies of the fam ily 

0,' (iE I ,k E NUO). 

Lemma 1: Lemma on support of B-splines 

If k;, I andx~(x" x''''I ), then O,' (x) = O. 

Proof: We have already observed that this is true for k= l , but not for k=O. If it is true for 

a certain index k-l , then it is true for k by the following reasoning: If xe(x x ) then . 1 , .,., 

x e (x, ,X,.i ) and x e (x,+p XHi +1). By the induction hypothesis. fJ,J-I(X) = 0 and 1J,1./ (x) = O. 

From Equation (3), it foliows that 0,' (x) = O. 

Lemma 2: Lemma on positively of B-splines 

Letk ~ O , ifx E(X,. X;+.i+' ) then B;.i(x» O 

Proof: we observed earlier that the assertion of lemma 2 is true when k=O or k= 1. (It is 

true for k= ) by the explicit formulas given previollsly for B,l .) Now assume that the 

assertion is true for an index k-I , with k(!2. This assertion and lemma I imply that 

8,* -'(:.:);:: a for all x and for all i. Letx, < x < X, ... ,. Then the linear factors on the right side 

of Equation (1) are positive. By the induction hypothesis, 8/-'(x»0 in(x" x,;~ ), and 

8*-'«»0 in (x x ) Sincek >2 these two intervals overlap, and by Eqll at ion ( I)we 
", . HI' H •• I . - , 

sec that n: (x) > 0 

Since we expect to use the B-splines B: as a basis for all splines of degree k, we 

• 
shall be interested in linear combinations of the fonn L C,B,I (x) . . -
Lemma 3: Lemma on Recurrence Relation of B-splines 

For ali k;, O,wchave f. c, B:=f.[C, ~·+c,_ ,( I -~·)JB,' - ' 
,-- ,--
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Proof: We use Equalion (3) and elemenlary ser,'es man,'pulal 'ons as r II I • 100\\'S: 

f' c B,= f' [cV' B' -'+C ( I-V')B'-'] ~ I I L... ••• .-1 , .. I ... - , .. -

The graph of B-Splines of Degree 0, 1 and 2 

y 
B' 

, 
s' 

t, x 

Figure 8: B-splines of degree 0, I and 2 

5.3. Cub ic B- spline (B-spline of degree 3) 

The B-splines can be of any olher applieal ions, B-splines of degree 2 or 3 arc genera lly 

found to be sufficient. The cubic B-spline resembles the ordinary cubic sp line (a separate 

cubic is derived for each interval). A cubic B-spline ( or B-spline of order four),denotcd 

by lJ,l (X) , is a cubic spline with knots x
l
_4,x,_Wt",_l ,X,_1 and x, which is zero everywhere 

except in the range X,-I < x < x, .In such a case, 8/ (x) is sa id to have a support [x'-4' X, J. II 

may be noted that a B-sp line need not necessarily pass through any or all of the data 

points. 
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Let the set of data points be (x,./(x,)) i~ 1,2,3, .. . , 01 and a S x S b. Let Sex) be the 

cubic spline with knots X .. X2. X3.···.xp where a < XI < Xl < X
J 

< '" < X" < b Thcn the cubic 

spli ne B,3(x) with knotsx
"

X2,x3,x4 and x, must satisfy the following propcnies. 

I, On eaeh in terval, the B-spline must be a polynomial of degree 3 or less 

2, The B-spline and its first-two derivatives must be cont inuous over the enti re curve. 

3, B,3 (x» 0 inside [x"x, ]. i.e. , the B-spl ine is non-zero on ly over four successive interva ls, 

4, B,3 (x) is identically zerooutside[xpx, J . 

• 
5, I B,' (x) = I ,.-
Figure 9: shows the graph of a B-spline of degree 3 with knots -2,-1,0, I ,2 

Sex) 

-2 -I ° 

Figure 9: a B-spline of degree 3. 

In fi gure 3, Sex) has the follow ing properties 

I, S(-2)~S(2)~0 and S(O)~ I 

II , S ' (-2)~S ' (2)~0 and 

2 

... (4) 

x 
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Ill, S" (- 2) = S" (2)=0 

Suppose now we have p knots i e T " , . " x.,x2. XW ,· ,xp ' 0 compute the cubic a-spl mes at Ai 

and x,., we require eight additional knots. To obtain the fu ll set of B-splines, we then 

introduce eight additional knots, j,e. , x x x x x x x and x These arc cl,osen 
-3 ' -2' - I> O. , .... 1'.1' 1" ) p'~' 

such that 

X. 1 < X. 2 <X· I <xO =a } 

b =xl'" < X,,+2 <XI'+3 < XI'+-4 

Where [a ,b] is the given range such that a <x1 andxp< b. 

... (5) 

We have now p+4 cubic B-splines in the range a5x '5. b and then the cubic spline $(x) 

can be represented as a linear combination of the (p+4) cubic B-splines in the un ique 

, .. 
fo rm S(x)= L: a,B,'(x). The B-splines arc also ca lled the fundamental splines. 

,-, 

5.4. Representation of B-splines 

To define the cubic B-spline at x=x " we first consider the fi ve knots x, .... . X' . 3' X,. 2'X,_1 and 

x, where a < X,_4 and x, < b. We also define the function 

, {P) when,P~O 
p = 

+ 0 when,P 5 0 
... (6) 

Then a unique representation ofthc cubic B-spline with knotsx, _~,x'_J 'x,_ z 'x,_px, is given 

by (Gorevi lle [1 968]) 

S(x) = B,' (x) = ± a/ + i: P. (x-x.)! ... (7) 
j ..(J .. -J-~ 

. f h b' pl'" ,e "5 given b)' (7) is computationally 
Unfortunately, the representat ion 0 t e cu IC s 
. f~' b fl f curacy through cancellation, Another representation of the 
me IIClent ecause 0 oss 0 ac 

B I
· d' . I . through divided differences. The divided difference of 

-sp me, a tra ItlOna one, IS 

fourth order of the function (xp-x)~ with respect to the knoLS x ,-" x ,_). X,_l ,X,.1 and x, as 

. [ r j We then have arguments IS denoted by X,_4,X,_1' X,_2' X,_II" • 
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8' (x)- [ x x x J , - ,_<I' ,_3' ,.2. X,.I' X, 

(X,_4 X,_l )(X,.4 X,_, )(X'_4 -Xi• 1)(X,.4 - X,) + 

(X,_3 -x)! 

+ 

(x, - x)~ 

(x, - x,_, lex, - x,_, )(x, - x,_, )(x, - x,_,) 

Sett ing n .)x) = (x - x,_. )(x - x,_, )(x - x,_, )(x - .Y,_,)(x - x,) 

Equation (8) can be expressed in the more compact form 

B,' (x) = :t (x7 -x)~ 
, ... ,-4 n4)(x .. ) 

More genera lly, a B-spline of order n (degree n-I ) is delined by 

... (8) 

... (9) 

... ( 10) 

~ . 1 ' (x - X),, ·l 
8, (x) = [x,_", x,_", ,,. .. ,x,] = L: ., . ... ( I I) 

"' .'.11 n~J(x. ) 

Where n ~., (x) =(x-x,_~ )(x-X'_~'I )""' (x -x,) ... (12) 

Recalling that [ x x x x xl IX,."X,. ,.·l"'.I ,X, I- (x'.4' X,." X,_" X,., ) ( 13) 
,. 4' ,·3' ,·2' ,· 1' , . . . 

X, - x, .• 

We obtain the relation 8,'(x) = B,' (x) - B,~,(.Y) ... (14) 
x, -.\", . 4 

Which is a recurrence relation. Simi larly, for B-splines B: (x) of order n+ I (degree n). 

r'() 8"-' () 
we obta in the re lation B,~(x) = ' x - ,·1 X 

X, - X,.". I 

For a recurs ive computat ion of the B-splines B,"{x) 

... ( IS) 

Exa mple: Using the relation (7), determine the cubic B-spl ine Sex) wi th suppon [0. 4J on 

the knots 0, 1,2,3,4. Show further that such a representati on will be unique if S(I) is 

speci lied. 
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Solution: Since Sex) is a cubic B-spline over [0,4] ,we have 

S(O) = S ' (0) = s" (0) = S(4) = S' (4) = S"(4) = 0 

Also S' (2) = 0 , 

S(I) = S(3) by symmetry 

On [0, I] , Let Sex) be given by S(x)=ao +a,x+a,x' +a,x' 

. .. I 

... 11 

... iii 

... IV 

Since S(O)~O, we obtain ao = 0 also S' (O) = S"(O) = 0 ,gives a , = a, = 0 

Accordingly, (iv) becomes Sex) = a,x' ... (v) 

Which is cubic B-spline on [0, I] satisfying the condit ions S' (0) = 0 = S" (0) 

For de finileness, Let S(I)=S(3)= Po 

Then (v) gives Po = S(J) =a" so that a, =Po 

And (v) is written as Sex) = Pox' 

... (vi) 

... (v ii) 

... (viii) 

Let the cubic B-spline on [0, 2] be written asS(x) = Pox' +p,(x- I)~ ... (ix ) 

Where P, is to be determined. Using the condilionS' (2) = 0, we obtain 0 = 12Po+3/J, so 

that P, = -4P. 

I-Jence (ix) becomes Sex) = Pox' - 4Po (x - I ) ~ 

Which represents the cubic B-spline va lid in the intcrval lO,2]. 

On the interval [0,3] Let the cubic B-spline be written as 

Sex) = Pox' - 4Po(x - I )~ + p, (x - 2): 

Since S(3)~ Po ,we obtain Po = Po(27) - 4P(S) + /J, so that P, = 6Po 

Then (x iii ) becomes S(x)= Po[x' - 4(x - I): +6(x - 2): I 

... (x) 

.. .. (x i) 

.. . (x ii ) 

... (x iii) 

Fina ll y, on the interval [0,4] , Let the cubic B-spline be representcd by 

Sex) = Po[x' - 4(x - I )~ + (x - 2)~ J + P,(x - 3)~ .. . (xiv) 

Since S(4)~0, we obtain 0= S(4)= Po[64 - IOS + 4S I+ P, so that p, =-4P. 

Hence, the cubic B-spline wi th support 1"0,4] may be written as 

S(.,) = Polx' - 4(x - I ) ~ + 6(x - 2)~ - 4(x - 3)~ I ... (xv) 

- . ----- -
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Iflhe va lue /3, = S(I) is spec"fi d h h o I Ie , t en t e representation givcn by (xv) is unique. Funhcr 

il is easily verified Ihat s'(4)=S"(4)=O 

6" Co mparison ofPo(ynom" I " t I" " la 11\ erpo atlOn and Spltne interpolation 

Using Lagrange and cubic spline interpolation to interpolate the given data points we gct 

Ihe fo llowing results shown by Ihe graphs" 

figure I 0: General interpola ting polynomial of the data points 

_-f 
Figure ll : Spline interpolat ion or the same data points 

The spline curves were constructed by using a difTerent cubic polynomial curve between 

each two data point. In other words, it is a piecewise cubic curve. made of pieces of 

different cubic curves glued together. Thus S(x) is so 11100th that it has a second 

derivative everywhere and th is derivat ive is continuous. 
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Exa mple: Comparison on Spline and General Interpolation by using the Runge,s 

function y(x) = I , by using 15 nodes in the intervall - I, II 
I +2Sx 

lr-------,------,~----_,r_----_, 

0 .' 

I( x) 0 .6 

s(x) 

QbO.' • 

0.1 

0_
1 -O J 0 0.$ 

x,x,vxt 

Figure 12: Interpolat ion by Cubic Spline 

8 , , 
\ , I , , 

, ~ 
6 11- , , , 

I , P(x ) , I 
, I , -

4 11-- , , 
I , ----- , , , -

2 '- I , 
I -= ~ p , 

<y 0 ~ 

\1 

, , 
- 2 0 0 .5 1 

-1 - 0 .5 

Figurel3 : Polynomial Interpolation 

42 



Interpolation by pline fun tions 

Derivatives of cubic spline: - the following graphs shows S'(.) and S"(.) respectively 

' ~----'-----'-----r----, 

"r----r-, ---,----,----, 

L.--------"'~ ~~ 

" 

• • 

o " 
.,L,------~ .. ----~.~----~ .. ~----~ 

" . ',' 
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7. Conclusion 

Spline interpolation:-
Is a powerful data analysis tool. 
It is relat ively smooth curve. 
Interpolated va lues can be calcu lated directly without solving a 
system of equations. 
It avoids osci llation problems in the curve fit. 
In general. Cubic-Splines prov ide a good curve fi t for arbitrary 
data points. 
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8. Er ror in the cubi c spline and it's Derivatives 

An estimat ion of error in the cubic spline and it's deriva tivcs wi ll be use rul in 
prac tical applications. 

The natural cubic spline yields a good approximation of a smooth function together 
with several derivat ives. which is testificd by the following Theorem: 

Theorem: If y E c
2
[a ,b] a = Xo < XI < ... < X~ = b, and if s(x) is Ihe natural cubic spline for 

which s(x,) = Y. i = 0.1,2 ..... n then max ly(x) -s(x)l~ Mh
J 

II'hereh = x,.,- x, i = O,1.2 .... ,lIund 
Xo~dJ. 2 

M = max 1/' (x)l, Xil ~ X ~ Xn 

II is clear that as the interval length h becomes smaller the better approxi mat ion the splinc 
gives. This is in contrast to the known peculiarit ies of Lagrange interpolat ion. The error 
in thc spl ine derivat ives can be obtained by using the operator notation. 
To find the error III the fi rst deri va tives, we start with the relation 

3 
t1I,_1 +4111, +"'", =};(YI+I - Y,_I) (from Hermite Cubic Spline) 

That is s' (X,_I) + 4s' (x,) + s' (X,.I) = ~(YI'I - Y,_I) . 

Using the operator notation, the above equation can be wri llen as 

(C' + 4 + £)s' (x.) =%(£ -£-')Y. ( I) 

Since E = elrD
, where 0 = %, then equation (1) becomes 

Irl) hD ' 3 ( hI) _Ill) ) (e- +4 +e )s (x')='h e - e y. 

h2 D2 hl 0 1 
Now ehIJ = 1 +hO+--+--+.·· 

, 2! 3! 

(2) 

h2D2 h4D~ 116D6 ." ,- Ir/l_? ID it' D) +" ' D' + ) 
Hence e-Irl) +eM)= 2(J + __ + _ _ +_+ ... )and e -e - -( , + 6 120 ·" 

2! 24 720 

Using the above expansions in (2), we obtain 
' 0 ' 1' 0 ' 1' 0 ' h'04 h6

D 6 3 II , ) = 
[ 2(1 ' --+ )+4) s' (x) =- 2(110+-+-+ .. · Y. +--+--+ ... • I 6 120 

2! 24 720 ' 

h2D3 h4Ds 
6(0 +- -+--+ ... )y. 

6 120 
The above equat ion simplifies to 

, ' (x) = (0 __ 1_ 1,'0' + ... )Y. Hence 
180 

S' (") = u -"'!'- II'Y' +0(11' ) 
"/ .F! 180 ' 
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In similar manner we can drive the relations 

y" (x.l = s" (x, ) + 1 ~ h' y '" (x, ) + O(h') 

1 
y''' (x, ) = "2 [s'" (x, +) + s'" (x, -)1 + O(h' ) 

y " (x,) = ~[s''' (x, +) - s'" (x, -)] +O(h') 

Interpolation by Spline functions 

• 
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