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Abstract

In this thesis, we represent Classical Hall Effect and Quantum Hall Effect
studies at high magnetic field and low temperature in 2DEG and in high
quality and charge carrier bilayer graphene samples for the degenerate
Landau levels, with a particular emphasis on Integer and Fractional
Quantum Hall effects. And also we have studied about the equation of
quantization energy (Landau levels) by using Landau gauge and symmetric
gauge solutions in 2DEG and bilayer graphene samples.

In 2DEG and in bilayer graphene, the thermal energy is less than
quantization energy (kT < h w.) and degeneracy (g) is greater than or
equal to total number of electrons. In this situation Quantum Hall Effect can
be observed with quantized Hall resistances and plateaus for integer and

fractional filing factor.
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Introduction

The Hall Effect was discovered in 1879 by Edwin Hall. While running a
current through a sample of semiconductor with an applied magnetic field,
he measured two voltages, one parallel to the current path and one across
the current path. He found that when the magnetic field was applied
perpendicular to the sample the voltage measured across the sample V,,,
also denoted Vy for Hall voltage [1].

Hall’s observation can be understood as the Lorentz force bending the
electron paths from the longitudinal direction to the transverse direction.
When a perpendicular magnetic field and an in-plane current is applied to a
sample of semiconductor, it causes an accumulation of negative charge
(electrons) on one side of the sample and an equivalent positive charge
(holes) on the opposite side, in the case of negatively charged carriers. This
introduces an electric field in the transverse direction E,,. When the pile up
of electrons on the one side of the sample is big enough for E,, to cancel out
the Lorentz force due to the magnetic field, the electrons will again on
average move in the longitudinal direction [1, 2].

A century after Edwin Hall found Ry to be linearly proportional to the
strength of the magnetic field, Klaus von Klitzing and collaborators in 1980
found that in two dimensions at very low temperatures and high magnetic
fields observed a stepwise dependence of Ry on magnetic field strength
with plateaus [1]. These plateaus were accompanied by a simultaneous
drop of the magneto resistance R,, to zero, at sufficiently low

temperatures. What Von Klitzing and collaborators observed was



the Quantum Hall effect, an effect which is observable in two dimensional
electron systems including two dimensional electron gas (like Si-MOSFET
and a GaAs/AlGaAs samples) and latter in the graphene samples.

The fundamental properties of the QHE are a consequence of the fact that
the energy spectrum of the electronic system used for the experiments is a
discrete energy spectrum. If the energy for the motion in one direction
(usually zdirection) is fixed, and apply a strong magnetic field
perpendicular to the two-dimensional plane will lead to a quantized energy
spectrum or electron distributes in Landau levels and then at low
temperature(kzT << hw,) all electrons fill at lowest state, which is
necessary for the observation of the Quantum Hall effect.

The plot of resistivity versus applied magnetic field strength becomes an

increasing series of plateaus. This implied that in quantum mechanics,
resistance is quantized in units of P(Where h is Planck constant, v is filling

factor and e is electron charge), the plateaus corresponded to the cases
where the resistivity was related to the magnetic field by integer and
fractional values of filling factor. These integer and fractional values led to
the theory of the Integer Quantum Hall Effect and the Fractional Quantum
Hall Effect. Both of these effects have since been observed in 2DEG and in

graphene [3, 4].



Chapter 1

Classical Hall Effect

As we introduced above, Edwin Hall observed that when an electrical
current passes through a semiconductor sample placed in a magnetic field,
a potential proportional to the current and to the magnetic field is
developed across the material in a direction perpendicular to both the

current and to the magnetic field [5]. A particle with charge e moving with a
velocity ¥(t) in a uniform magnetic field B will experience a Lorentz force F,

F=md() = eE®) + <3(t) x B (1.1)

Figure: 1.1 Classical Hall Effect.

When an external magnetic field is applied perpendicularly to a current
carrying conductor, the charges experience the Lorentz force and are

defected to one side of the conductor. Then, equal but opposite charges



accumulate on the opposite side. The result is an asymmetric distribution
of charge carriers on the conductor's surface. This separation of charges
establishes an electric field that opposes further separation of charge. As
long as charges flow, a steady electric potential exists called the Hall voltage
and the resistivity of the conductor depends linearly on the magnetic field
strength. This is known as the Classical Hall Effect.
So the solutions of equations (1.1) can be obtained as follows,
Let the electric field in X, y and zdirection be
Ex(t) = Eppe™*
E,(t) = Eppe @t} (1.2)
E,(t) = Ege™*

and velocity in X, y and zdirection be

Ux(t) = Vpx€ '
vy () = vye 0 (1.3)
vz(t) = voze_iwt

From the cross product (13(t)><§) one obtains X, y and Z components as
(v(t) X B), =B, (1), (v(t) X B),=-Bv,(t) and (v(t) XB), =0
Then by using equation (1.2) and equation (1.1) with matrix results,

electron moving equations can be written as

(1) = € Egxe ™0 + 1, (1))

mvy(t) = e Eye @t — ?vx(t) : (1.4)

mv,(t) = eE,,e @t
First by using X and y components of equation (1.3) and equation (1.4), we
get system equations for unknown v, and v,,, like
ie lw,
Vox = mon + Tvoy. (15)
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Voy = mEoy - jvox (1.6)
B .
where w, = % is cyclotron frequency.

Now we substitute equation (1.6) in to equation (1.5) to get v,,

iwe wce

Vox = sz anbox 7wz oz Fov. (1.7)

And we substitute equation (1.5) in to equation (1.6) to getv,,,

Voy = —2L __ E, + —2 __E (1.8)

m(w? — w?) m(w? — w?) oY°

Also from z components of equation (1.3) and equation (1.4) we can getv,,

Voz = i_eEoz- (1.9)

wm
To calculate conductivity tensor, first we have to evaluate current density in
X, Y and zdirection from current equation

J()=en.v(t). (1.10)
where n, is density number of particle (carrier density).
So that current density of X, y and Z components can be written

lncwe newce?

o) = S B(6) — S By (D). (1.11)
Iy (1) = % E.(t) + ("”;“’e E, (%) (1.12)
(0 = 22 E, ). (1.13)

Using ohm's low we can write tensor equation as
Ji = oy;E;.
Finally, by using tensor equation and comparing equation (1.11), (1.12)

and (1.13) we can get conductivity tensor,



incwe? newce?

e _Dce® 0
Oxx Oxy Oxz m(w? — w?) m(w? — w?)
2 P 2
o o o Newce incwe
yx Ty Oz | S ol et — el 0 | (1.14)
Ozx  Ozy  Ozz ’ i inge?
0 0 <
wm

From this equation the hall resistance py, = oy, ~'is

2_ 2

oo 1 — _ Mm@ - w)

xy ncwee? ’

_1 _ —mw*+mw?

0. =
xy Newoe?

Let w — O(electric filed is constant and does not depend on w)

_ mwc
ny 1= o2
m Be B
~ nee?mc | ngec (1.15)
And the Hall coefficient (Ry) can be written as,
Ry=—= — (1.16)

oxyB  ncec
According to equation (1.16) the lower the carrier density the greater the
magnitude of Ry will be obtained. This follows from the fact that the lower
the density the fewer electrons have to generate the same current and
hence the faster the electrons will have to move. Electrons with bigger
velocities (magnitude) experience stronger Lorentz forces and hence give
rise to a bigger Hall voltage. Due to its simple form, and easy practical
realization, the Hall resistance has become a standard tool for determining
the carrier density of electrical carriers. In addition the Hall Effect

distinguishes between negatively and positively charged carriers.



B(T)
Figure: 1.2 Graph of classical Hall Effect, it shows Hall resistance oy, ~* has

linear relation with magnetic field B.

Also we consider cross-sectional area of the sample A = ab and the current
I, (t) is the product of current density ],.(t) and cross-sectional area A,
L® =J:OA
=n.e U,(t) A,
From this equation we can write v, (t) as

Ix(t)
neeA’

U (t) =
And electric field in the ydirection is

Ey(t) = 1, (t)B,

= UB (1.17)

neeA’
In an experiment, one can measure the potential difference across the
sample-the Hall voltage Vu and also we can calculate from electric field

across the sample, which is related to the Hall field by equation;

VH = _foa Ey(t)dy'



_ I,(t)Ba

neeab’
1 L(t)B
= - (n_ce)T (118)

In Classical Hall Effect, the Hall voltage depends on both the external
magnetic field and the driving current, linear dependence of Hall voltage on
the current intensity through the sample. Classical Hall Effect determines
the carrier charges concentration in the material (sample), in addition
determine the dependence of drop voltage (or current intensity - these two
measures are linearly correlated) on temperature, at constant driving
current and the dependence Hall voltage (current intensity) on

temperature.

From a practical perspective, the Hall Effect allows the construction of
sensitive devices for measuring the magnetic field induction, namely Hall

probes.



Chapter 2

Two Dimensional Electron Gas (2DEG)

As a harbinger of things to come, in 1966 Shubnikov- de Haas oscillations
were observed in 2DEG in a silicon metal-oxide-semiconductor field-effect
transistor (MOSFET) [6]. The electrons free to move in two dimensions and

the energy without magnetic field is quasicontinuous and can be compared

with the kinetic energy of free electrons with wave vector k but with an
effective mass m*

From the general Schrodinger equation;

EQY) = —=V2y()
And the solution of equation,

l/J(T_‘)) — Anei(kxx+kyy+ kzz)’

—h2
2m*

' 97 | 0% | 9% ilkexthyy+k
E(k el(kxx+kyy+ kzz) _ 2 g g el( xX+kyy+ kz2)
(k) (axz + oy? + azz)

We get the parabolic energy dispersion of 2DEG as

h2Kk2
2m*’

E(k) =

where - k? = kZ 4+ kj + kZ,
-m* = 0.1m, is the effective mass of the free electron for 2DEG

(effective mass is known from band structure calculation),

- m, is the mass of the free electron.



2.1. Landau Levels in 2DEG

In this section we consider the behavior of electron gas in constant
magnetic field with the help of quantum mechanics. In strong magnetic
fields electrons undergo cyclotron orbits, due to the Lorentz force. The
quantization of these cyclotron orbits is called Landau quantization. It
restricts the charged particles to orbits with discrete energy values - the so
called Landau levels [7]. In the case originally considered by Landau, the
external potential is assumed to vanish (V = 0, no electric field and apply
magnetic field along z-direction).

The Hamiltonian of 2DEG doesn't depend on X component, we get a plane
wave solution in the x-direction, and in the y-direction the problem in the
Landau gauge (A =A,, 0, 0) becomes equivalent to one dimensional
harmonic oscillator potential [8].

Free electron with effective mass m*and charge € moving in the Xy-plane
under the influence of a magnetic field B, is described by the Hamiltonian

[9].

A=—@-SA82 (2.1.1)

T 2m*

Landau quantization energy of 2DEG can be obtained from Schrédinger

equation with Hamiltonian equation (2.1.1),

@ — 2 B Pxy) =EPxy). (2.1.2)

We can get equation of Landau levels from equation (2.1.2) by using

1
2m*

Landau gauge in rectangular coordinate, where there is one component of

vector potential, taking A= (A,, 0, 0). In this case the vector potential can

10



be expressed as A, =—yB,, A, = A, = 0 and magnetic field from

B = V X A with Landau gauge vector potentials we have only B, = B,,.
Schrodinger equations with Landau gauge vector potential we can written

as

— —[(px + yBo)?+ D3l (%, y) = B (x, y). (2.1.3)
The solution of equation (2.1.3) is
YY) = Are™ (y).

Equation (2.1.3) with solution can be written as,

1 . . . .
—[(x + Z¥Bo)?+ PilAne™ o (y))=E A, e™ g (y). (2.1.4)

TR . _hd .
Now by substituting px= hk and p,, =77y On€ obtains

ik + SyB,) - 2 ep(y)) = Ee g (y)

2m*
[+ 2 e -T2y - (EED2)pm) =0,
[— + IE -T2y —y))]e) = (2.1.5)

eB
where, w, = m—*‘;, cyclotron frequency

eBo ’

Vo = , center position,

Let us introduce dimensionless coordinate asy = aé, where a has

dimenssion of length and ¢ is dimensionless coordinate.

So equation (2.1.5) can be presented as

2 2m* w?
[ + 2 2B - P (6~ £)2]p(§) = 0. (2.1.6)
* 2 4
By settlng =1,wegeta = ’ %, and rewrite equation (2.1.6) as

11



[ + 2 a?E- (= £)210(6) = 0,

[d2 2m*E  h
dé? K2 m*w,

d2

[+ o — € —&)%le(®) =
[dfz +1-(€ —&)%le) =0, (2.1.7)
where A= hj

From finite solution of free electrons harmonic oscillation we have

A =2n+ 1 and by comparing with 1 = 2B -, We can get

hwc =2n+1,
En = ho(n +3) (2.1.8)
withn=0,1, 2...

Therefore quantization energy dispersion of 2DEG is the equation of
harmonic oscillator. The kinetic energy of a charged particle in the xy-plane
is quantized in the external magnetic field and the separation between the
nearest quantum levels is Aw,. Equation (2.1.8) is known as the Landau
formula which describes equidistant quantum spectrum of a charged
particle in an external magnetic field. This energy spectrum is called

Landau levels.

12



""""""" Fermi level

—

. >— Landau levels
1 ‘ hw,

Bo = 0’ "Bo # 0
Figure: 2.1.1 Landau levels in two dimensional electron gases with

magnetic field.

And eigenfunction of 2DEG can be written with Rodriguez formula and

Hermit polynomial as,

on () = Nnexp(— 25 (y — y5)? ) Hy [ﬂ v - yo)]-

. 1 N
Here we introduce N,, = ————= normalization constant.

V2 nigl/2

So that eigenfunction of corresponding energy dispersion becomes

Pk (6 Y)=—— exp(ikx)exp(~ "5 (v ~ yo)?) Ha N@ - yo)].
(2.1.9)

Here H,, is Hermite polynomial.

From equation (2.1.8 and 2.1.9) we see that the energy depends on n only

but wave function depends on n and k,,, which means for the energy level n

we get degenerate states with different k, or the number of possible states

13



in a Landau level, i.e. the degree of degeneracy is given by the possible
values of k,,. When periodic boundaries are assumed, the quantization of

the k,, quantum number is given by,

2T
k.= —n

y where n
Ly

. ,=0,1,2...

Number of possible wave functions n,, is

L
_Ly
ny =-" Ky

hk :
We have y, =- eBC , and when we put y, = L, we get maximum value of k,,

o

like,

_eBoLx
ky " he

And also for maximum k,, we have degeneracy of Landau levels g = n,,

_ _ L_y _ LxLyeBo _ AB, _ i
E=My= 2r Y 2mhc  hcle ¢,
g= %. (2.1.11)

where A - Surface area of sample,

h - Planck's constant,

¢ - Total applied flux (magnetic flux through the surface),

¢, - Quantum of magnetic flux (elementary flux). The magnetic flux

is quantized in units of h?c

This equation (2.1.11) shows that the degeneracy is directly proportional to
the magnetic field strength. At high magnetic field, the separation and
degeneracy of the Landau levels are higher. It is important to note that the
position of the Fermi energy must be determined from the charge carrier
density. The density of states at Fermi levels changes as a function of

14



magnetic field, as the magnetic field is raised from zero; the separation
between the Landau levels grows and so does the number of states that
each level holds or the levels became distinct when (kT < hw,) [9], this
means the effects of Landau quantization are only observed when the
thermal energy is smaller than the separation energy of the Landau levels.
If kyT < hw,, all electrons lie on the lowest Landau level provided that the
degeneracy (g) is greater than or equals to the total number of electrons. In

this case we can observe Quantum Hall Effect.

hw heB
T << —=—= where w, =
kp kpm*

eB,

*

Numerical value of magnetic length a for higher magnetic field B, = 10T is

Qo = ho 1.05x10734Js — 8nm
H —leB, ~— A 1.6x10-19Cx10T
Bo

And temperature T << Ze— for B, =1T s
B

m*’

heB 1.85x1072?]
T<<—2 = ——— ~ 10K
kgm* 1.38x10723jK—1

This means, QHE can be observed in 2DEG when the temperature of the

sample is much less than 10K.

15



Chapter 3

Quantum Hall Effect in 2DEG

The Quantum Hall Effect is a quantum mechanical version of the Hall effect,

observed in 2DEG subjected to low temperature and strong magnetic field,

h

in which the Hall resistivity takes on the quantized values R, = —

The Quantum Hall effect is referred to as the Integer or Fractional Quantum

Hall Effect depending on whether (v =hnc) is an integer or fraction

eB
respectively. QHE explained in terms of electron orbital's in a magnetic
field, i.e. from Landau levels at high magnetic field and low temperature we

can observe plateaus with quantized value of Hall resistivity.

3.1. Integer Quantum Hall Effect in 2DEG

Klaus von Klitzing, Michael Pepper, and Gerhardt Dordda firstly observed
IQHE, truly remarkable at low temperatures (~4K) and high magnetic

fields (10T) [10], the Hall resistance of a two dimensional electron system
is found to have plateaus at the exact values of R,, = %, filing factor is an

integer.
At the same time, in the applied magnetic field range where the Hall

resistance shows the plateaus, the longitudinal resistance vanishes.

16
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Figure: 3.1.1 Graph of Integer Quantum Hall Effect in 2DEG

Which is determined purely by the fundamental Planck's constant h and

h

charge of electron € for v =1 one obtains the value Ry, = ==

25.8128 ... kQ [10, 11].

This means, it can be measured so precisely that the QHE has become the
resistance standard and the Hall Effect is the standard way of measuring

the concentration of carriers in semiconductor.

The fine structure constant is one of the key fundamental constants and it

plays a very important role in quantum electrodynamics. In CGS unit, the

poce? 1 .
—— = — and it can be deduced from the
2h 137

fine structure constant is a =

QHE [11].

17



If a =0, the electrons that do not interact with each other (a free electron

system). If «a is very large, the electrons have very strong interactions with

each other. In reality, (x~Fl7, which is small but nonzero. It means the

electron interacts, but the coupling is very weak.

3.2. Fractional Quantum Hall Effect in 2DEG

Two years later, the even more intriguing FQHE was discovered by Horst L.
Stormer, Daniel C. Tsui, and Arthur C. Gossard. When 2DEG was cooled
down below (~2K) [12, 13], FQHE seen only at low temperature in sample
and strong magnetic field (10T) with very high mobility, and all electrons

are in the lowest landau levels whenv < 1.

The Hall resistance of the 2DEG shows plateaus at the values of %, instead

of stopping at v =1, plateaus continue to fractional values ofv = Z where

. . 1 1 2 4
g is an odd integer, Such as 37 33 and so on.

The first observed fractional state,v = i, was explained by Laughlin’s

approximate many-body ground state, which describes the correlated

motion of the interacting electron system [14].

18



Figure: 3.2.1 Graph of Fractional Quantum Hall Effect in 2DEG.
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In the above graph, we have two types of filling factors, the first one is

3 5 .
between 1 and 2 (g, 5 and 5), the second one is less than one (

335 7 2 7

2 3 4 1 3

and g). All these fractional filing factors can form plateaus with Hall

resistivity.
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Chapter 4

Graphene
4.1. Monolayer graphene

The energy spectrum of electrons in 2D hexagonal lattice had already been
studied theoretically in 1947 by P.R. Wallace [15], He predicted that the
electron spectrum of 2D hexagonal lattice has the linear dependence of the
wave vector k The wave equation for excitations was written down by J.W.
McClure [16]. Already in 1956, and the similarity to the Dirac equation was
discussed by G.W. Semenoff and also DiVincenzo and E.J.Mele in 1984 [17,
18].

Andre Geim, Konstantin Novoselov and their collaborators, presented their
results on graphene structures in October of 2004 [19]. i.e. they isolated
graphene is a monolayer of graphite and graphene is packed into a
hexagonal lattice, with a carbon-carbon distance of 0.142 nm that can be
viewed as either an individual atomic plane extracted from graphite or

unrolled single-wall carbon nanotubes or as a giant flat fullerene molecule.

20



Figure: 4.1.1 Monolayer graphene structures

Undoped monolayer graphene has a Fermi energy coinciding with the
energy at the conical points, with a completely filled valence band, an
empty conduction band and no band gap in between. This means that,
monolayer graphene is an example of a gapless semiconductor, in which
low-energy quasiparticles within each valley can formally be described by
the Dirac-like Hamiltonian[20].

~ 0 by — 1D

H= e ((ﬁx+ ip,) o 0 py)) (4.1.1)
Here vy = 10%m/s is the Fermi velocity.

The eigenfunction of monolayer graphene is given by

_1¢E
- ikT /e /2\
e (k) =" . (4.1.2)

where ¢, is the polar angle of vector k and eh represents electron and hole.

21



For monolayer graphene, the massless Dirac fermions are described by a

linear dispersion relations E, , = + hvgk.

—Z

Figure: 4.1.2 Linear energy dispersions of monolayer graphene for zero
magnetic fields.
The density of states D(E) vanishes at E = 0, and which gives the number of
available electronic states per energy and space, in single layer graphene is

unusual for a 2D system with an energy dependence [21].

: : : kdk
Density of state at conical point, D, = —
EdE
D(E) = nhzv]%
Where k = —
a h2v?

Since there are two Dirac pointes
2

2..2
Th vs

D(E) =

|E].

22



4.2. Bilayer graphene

Consider now the case of bilayer graphene (Novoselov et al., 2006; McCann
and Falko, 2006; McCann, Abergel and Falko, 2006).

Bilayer graphene consists of two honeycombs of carbon atoms with lattice
structure of AA stacking and AB stacking (Bernal stacking), for Bernal
stacking the bottom layer A, atom sits right under the top layer B;.

T

oA, 0B, eA, eB,
Figure: 4.2.1 Bilayer graphene lattice in Bernal stacking, with the hopping
parameters y, (A — B), 1 (A1 — B2), 3 (By —Az) and y, (A — Ay, By — By).

In the bilayer graphene with AB stacking, most important inter-layer
interaction is given by the nearest-neighbor hoppingy;. Within this
approximation, the effective Hamiltonian is written as [20],
A A N2
A= $<(ﬁx +Oiﬁy)2 (P () ) (4.2.1)
This is a new type of quantum mechanical Hamiltonian that is different
both from non-relativistic (Schrédinger) and from relativistic (Dirac) cases.
Also eigenfunctions of bilayer graphene is given by

23



N _eiﬁ.? e—i(ﬁ;
Wen(k) =7 ( iei(p%)- (4.2.2)
When the potential difference between the layers is zero, the dispersion
21,2
relation becomes parabolic with energy dispersion E., = + Zr:

--».__l I

Figure: 4.2.2 Parabolic energy dispersions of bilayer graphene for zero
magnetic fields.

The density of states, is constant in bilayer graphene [21]

*

2m
= constant
mh2

D(E) =

4.3. Landau Levels in bilayer graphene

We have a two dimensional Hamiltonian to describe the energy electronic
excitations of a bilayer graphene, which correspond to quasiparticles with a
parabolic energy dispersion. Its high magnetic field Landau level spectrum
consists of almost equidistant groups of fourfold degenerate state at finite

energy and eight degenerate states at zero energy [22]. This can be
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translated into the Hall conductivity dependence on carrier density, which

2
exhibits plateaus at oy, = % with integer and fractional values of filing

factor v.

4.3.1. Solution in Landau gauge (Rectangular coordinate)

To obtain the Landau level in bilayer graphene by using Landau gauge
solutions in rectangular coordinate system, we choose potential A = (A,, 0,
0) to represent magnetic field [9], this means the vector potentials, A, =

—yBo, Ay =A, =0and B=B,.

The Hamiltonian of bilayer graphene with Landau gauge vector potential is,

o 0 (P — iby + -¥Bo)?
H=—{ . e ¢ . (4.3.1.1)
am (px + lpy + ;yBo)Z 0
Schrodinger equation with Hamiltonian can be written as
A . A e
L 0 (px B lpy + zyBO)Z (lpl(x' y)>=
2\ (By + ipy + ~¥Bo)? 0 P2(x, y)
P (x, Y))
E( ) 43.1.2
¥2(x,7) (*#31.2)
And also it can be written as a form of
1, . .
— (Px = Dy + YBo)* 1, (x,y) = B (x,)
1 (4.3.1.3)

(Bx + By + ~¥Bo)* Y1 (x,y) = Ey(x,¥)

2m*
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From equation (4.3.1.3), one obtains ,(x,y) and ¥, (x,y) as

1
2m*E
1
2m*E

Yo(x,y) =
Yi(x,y) =

(B + 1By + S¥B)?| w1 (x,9)

¢ . (4.3.1.4)
(B — 1By + 2¥Bo)?| W, ()

And by substituting ¥, (x, y) from equation (4.3.1.4) in to equation (4.3.1.3)

first part we can get,

1
2m*

A . A 1 A . A
(Px = by + ~¥Bo)? —— (B + iy + ~¥Bo)*Y1(x,¥) = Ehy (x, ).
(4.3.1.5)

By substituting p,, = hk and p,= 22 in equation (4.3.1.5), we can obtains

Tiay

ih d h d *
(hk — 175+ EYBO)Z( hk + %EJF EyBo)%l(y) = 4E*m2 @, (y),
d d 4-E2 *2
(k= % 3eYB’(k + 0 TyBo)01(0) = == @i (9),
d . eB, /khc 2, d | eBy [khc 2 _ AE*m™
C ot Gt (Gt Gt ) e = ==,
a1 a 1 4EZm™
(T O =Y (G + 2 0 =¥ 00 = == 01 (),

hc . .
where, a? = -5 Gu is magnetic length.
(o]

Now we can introduce dimensionless coordinatey = a&, (where a has
dimenssion of length and ¢ is dimensionless coordinate), and we can

obtains,
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1d

YTl z(f §0))? (adg z(s‘ ) 2p(§) ==

L)

hc
Here we can use, {, = —k /eB = —kay
o

Then multiplying both side by @ and by equating a = ay, we can get

4E2m*2q*

(——+ (£)? ( AR AE P1(5). (4.3.1.6)

From this equation we can introduce new dimensionless operators like
a* = H(—2+),
Q=7 Gto),
So equation (4.3.1.6) with new dimensionless operator can be written as,
@@=

hZ

*2 2’
m* 2w,

~ ~ E2m
@"H*(@)? =—;

2
where a* = m%wg’
(@H)?%(a)? = (4.3.1.7)

From commutation relation of dimensionless operators we have
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nda*t-atn=at,
a‘ta at=ata‘ta+ar,

Usingd*a =ada* — landdaa*=a*a+ 1 relations we obtains
(@"H%(@)?* = n® —n. (4.3.1.8)
Finally from equation (4.3.1.7) and equation (4.3.1.8) we can get

2
E 2

Moz T

So quantization energy of bilayer graphene is

En = tho/n(n—1), forn > 2'} (4.3.1.9)

E, =0, forn = 0and 1,

This means, in bilayer graphene there is two different energy levels, the
first one is zero energy level for nis 0 and 1land the second one is infinite

energy levels forn > 2.

Landau levels - quantized energy spectrum of bilayer graphene with
perpendicular applied magnetic field and the potential difference between

the two layers is zero is shown in figure (4.3.1).
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Figure: 4.3.1 Landau levels in bilayer graphene with magnetic field for
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The Landau level spectrum of the Hamiltonian consists of a series of

electron and hole levels with energies and wave functions [22] given by

; Pn.k
— k ’
Yo (r,9) = N, el (i%_z’k), forn > 2 (4.3.1.10)
Y (x,¥) =N, ek (‘pg"‘), forn=0and 1 (4.3.1.11)

The energy is not depend on the quantum number k, but eigenfunction
depends on k,, this means Landau levels have large degeneracy because of
different wave functions with different ky values, in this case we can solve

degeneracy using boundary conditions, so the solutions with boundary of

Ly can be written as

Y12(x,y) =P1(x,y + Ly),

29



. 2T
And quantum number is, ky =_n

)
y y

kyLy

2T

where n,is0,1,2 ..

And maximum value of n,, is determined by the condition of the center of

. . BoL
the orbit, 0 < x, <L,, so for maximum ky = % and degeneracy g = ny;

g= ¢£ - degeneracy of bilayer graphene for n > 2, it is four fold degeneracy.
g = <21>_¢ - degeneracy of bilayer graphene for n is 0 and 1, this shows the

degeneracy is double because Landau level degenerate for 0 or 1, it is eight

fold degeneracy.

Landau quantization in bilayer graphene can be observed also at low
temperature (~2K) and large magnetic field (10T); this means quantization
only observed when the thermal energy is smaller than the separation
energy of the Landau levels and degeneracy is greater than or equal to total

number of electrons.

4.3.2. Solution in symmetric gauge (Cylindrical coordinate)

Hamiltonian of bilayer graphene in cylindrical coordinates of R = (r0) is

given by [23],
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. _jg, 4 i d
e 0 (—ie (= -:)?

2m* ig 2
(—ie ( +Td0)) 0

H= 43.2.1)

For the solution of symmetric gauge in cylindrical coordinate (7, 8, z), we
have potential A= % B X fto represent magnetic field [6]. The line of A now
form circles about the origin and cylindrical polar coordinate (r; 8) with
Ag= % B,y and A, = A, = 0, so by using Schrodinger equation with
symmetric gauge, we can solve the equation of quantization energy of

bilayer graphene as follows,

Hy(r,0) =Ey(r, 0).

2 0 (e G = 7o~ ) (wl(r, 9))
2m* (_ieie(__i_ ;E_ QZBTOZ))Z 0 1/)2(7", 9)
0
(i;g 93) (43.2.2)
And equation (4.3.2.2) can be written as a form of
, _ijg,4d id eBor
—ie (- Y™ e 0)?| W, (r,6) = Ey (. 0) | 323
—ie® (4 2= T |9 (r,0) = Egpa(r, 0)
From equation (4.3.2.3) we have
o(r,0) = o [(—ie® (% + 1L — Sty (1, ), (4.3.2.4)
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And by substituting equation (4.3.2.4) in to equation (4.3.2.3), we obtains

. —ig,4a L d By Bo
(—ie™ (o= tag— S (CleP G+ L+ TN (r,0) =

4-E2 *2
h’j‘ U, (r,0). (4.3.2.5)
Due to the cylindrical symmetry of the problem

P1(1,0) = @1(r)e™®
where [ is integer angular quantum number.

Substitute Y, (1, 8) in equation (4.3.2.5), we can get

_d2_Z_Ii_'_i___l_lma)c_l_m*a)c_m*zwzrz m'wcr d d2_2_li
dr2 rdr 12 2h 4h2 2h dr||dr? r dr
l 2 Imte,  mo. , mZwr?  mtecr a
-+ = + + + p.(r) = gol(r) (4.3.2.6)

rz  r2 h 2h 4h2 2h  dr

Let us introduce dimensionless coordinate for radial part, r = aé and

substitute it in equation (4.3.2.6)

i@ A LB imee mee mUwi?  moafd][td?
a?dé?2  aédé¢  aZé aZé2 h 2h 4h2 2ha d&| |a? dé&?
2l d l 12 Imow, mw, mPwiE me af d]
watmtast 7 T T T 1) =
4E2 *2
©,(8) (4.3.2.7)

Multiplying by a? both side and by equating a = ay, we get
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a2 21d 2l d
S tatemert-SriatillE -t oarer s -
d 4E?
gd_E__] @1(§) = m e ®1($),
> &2 2l d 12 l d> & 1 2l d 12
[(—d—gz—ﬁz)—€d—s‘§‘s—z+l][—(—d—gz—:+5)—?d—g+g—z—g—z+
l] 018) =123 <p1(€ )- (4.3.2.8)

Equation (4.3.2.8) with angular solution can be written as follows

o044 0) (0 0) -4 BB e -

é] (4.3.2.9)

Now we can introduce new dimensionless operators for radial coordinate

as

(——+f)

S
Il

d
NACTREP

And we can write equation (4.3.2.9) as follows

E? = w2 | bh— 1+ o[ b+ 11— (4.3.2.10)

~, ~

Then equation (4.3.2.10) with radial quantum number n,, = b*b, can be

written as

E2 = h%w,2(n, — 1+ ﬂ—-)( + ﬂ—i
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: : o1 .
Finally using new quantum numbern =n, + g — 5 we obtains the energy

spectrum or 2D harmonic oscillator equation

Epn = tho/n(n—1), forn = 2,| (4.3.2.11)
E. = 0, forn = 0and1,

In this case we have n =n, forl > 0 and n =n, + |l| forl <0, so in the

case of [ < 0 we have degeneracy for different n and [ values.

Now we can write the wave functions with symmetric gauge eigenenergies
by using associated Laguerre polynomial and Rodriguez formula (without

normalization) for holes and electrons like
9 r?mawey (L) 72 moc
Yni(r,0) = eexp(- =)Ly (=) (4.3.2.11)

where Lg”) is associated Laguerre polynomial.

4.4. A unified description of monlayer and
bilayer grapphene

Consider now the case of magnetic fields large enough that, |E|=>|t,],

2|e|hBv? | ) )
(wheret, =T / . L it describes the coupling between layers), at these

energies a parabolic dispersion transforms to a conical one [20].
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The 4%x4 Hamiltonian is

/ 0 Vs, t, O \
~ Vel 0 0 O
a=|" . (4.4.1)
tJ_ 0 0 Ufﬂ'_
~ hBv?
Using dimensionless units 7, = 7, + ift, = b, ZleclhB and E = Zlechvf,
one can represent the Schrodinger equation with the Hamiltonian,
b, (%,y) + T3 (x,y) = ep1(x,y) )
b*,(xy) = ,
¢1(§+y) eP2(%,y) _ (4.4.2)
TP (xy) + b7 ha(xy) = es(xy) |
bs(x,y) = e, (xy)
On excluding ¥, (x,y) and ¥, (X, y), one obtains
1 ~n
-bb* Y (x,y) + T3 (x,y) = €1 (x,y)
(4.4.3)

TP1(xy) + s BYs(xy) = eds(xy) |

On replacing h*b by n and bb*by n+1, we find the eigenenergies for both

of monolayer and bilayer graphene.

2
g = = & \/(sz’l*l)z — n(n+1). (4.4.4)

For' = 0, we can get Landau level as

g2 =n+-+ (4.4.5)

N |-
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And for large I' also we have

nn+1)

£l = T, (4.4.6)

Equation (4.4.6) gives the Landau levels for low-lying bands in the

parabolic approximation.
e, =T2+2n + 1 (4.4.7)

And equation (4.4.7) is the Landau levels for two-gapped bands in the

parabolic approximation.
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Chapter 5

Quantum Hall Effect in bilayer graphene

5.1. Anomalous Quantum Hall Effects in bilayer

graphene

The QHE in bilayer graphene assumes that all the states between Landau
levels are localized due to disorder; this means that, if the Fermi energy lies
between the Landau levels, then only the states belonging to the occupied
Landau levels contribute to the transport.

The Landau quantization of charge carrier Dirac fermions with finite mass
results in plateaus in Hall conductivity at standard integer positions but the
last (zero-level) plateau is missing. The zero-level anomaly is accompanied
by metallic conductivity in the limit of low concentrations and high
magnetic fields, in stark contrast to the conventional, insulating behavior in
this regime. The zero energy levels (n = 0 and 1) are responsible for

unconventional quantization of Integer Quantum Hall Effect, with Hall

2 2
conductivity of gy, = gsgvn% = 4n %,

Where g, and g, are spin degeneracy and valley degeneracy respectively,
and g, = g, = 2, witaccount of this we have Hall conductivity;

2 82

Opy =40 =%,
Herev =4n = +4,+8, +12...
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5.2. Fractional Quantum Hall Effect in bilayer

graphene

Theoretical scientists expect that electrons in graphene are strongly
interacting and hence exhibit FQHE. The FQHE depends upon the combined
effect of the magnetic field and coulomb interaction between electrons. The
FQHE occurs when the magnetic field is so strong, that the plateaus
occurred at fractional values of the filling factor, because fractional values
of the filling factor refers to partially filled Landau states. In this case, for
non interacting electrons the ground state is macroscopically degenerate. It
is the Coulomb interaction between the electrons that lifts the degeneracy
and opens a gap [24]. Therefore the origin of the FQHE cannot be
understood based on the behavior of individual electrons in a magnetic
field; it is the behavior of all the electrons [25].
For interacting bilayer graphene, an important characteristic is that it is a
semiconductor with a tunable band gap between the valence and
conduction bands [26]. This property modifies the Landau level spectrum
and influences the role of long-range Coulomb interactions [27].
The excitation gaps of the FQHE states depend on the magnetic field, the
bias voltage, and the Landau level index. Therefore, the electron-electron
interaction properties of a bilayer graphene can be controlled by the
external parameters. By varying these parameters the excitation gap of the
FQHE states can therefore be controlled, this means excitation gap and the
FQHE states of bilayer graphene have dependence on the value of magnetic
field, applied base voltage and Landau level index n [28, 29].
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At the zero bias voltage, the Landau levels become two-fold valley and two-
fold spin degenerate and are given by the expression, Since the FQHE is
expected only in the Landau levels with low values of the index, we
consider below the sets of Landau levels of bilayer graphene with n = 0 and
1 only. The stable FQHE states in a bilayer graphene are expected for the n
= 0 and n = 1 Landau level sets. In these Landau levels the FQHE gap does
not depend on the bias voltage. For all other levels the FQHE gap depends
on the bias voltage, which clearly illustrates the sensitivity of the
interaction properties on the external parameters. The interaction strength

within a single Landau level can be controlled by the bias voltage.
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Chapter 6

Possible application of graphene and QHE

The physical properties of bilayer graphene are excellent electrical
conductivity with room temperature mobility up to 40,000cm?V~1s~1 in
air and high thermal conductivity with room temperature termal
conductivity of about 2,800 m~1K~?! [30, 31, 32], the possibility to tune
electrical properties by changing the carrier density through gating or
doping [33], mechanical stiffness, strength and flexibility(Young's modulus
is estimated to be about 0.8TPa) [34, 35], transparency with transmittance
of white light of about 95% [36] and impermeability to gases [37].

Since graphene is a transparent conductor it can be used in applications
such as touch screens, light panels and solar cells, where it can replace the
rather fragile and expensive Indium-Tin-Oxide, flexible electrodes for touch
screen displays [38], high-frequency transistors [39], thermoelectric
devices [40], photonic and plasmonic devices [41] and photo detectors [42],
energy applications including batteries [43, 44], and new types of
composite materials based on graphene with great strength and low weight
could also become interesting for use in satellites and aircraft [45, 46].
There are many applications of QHE, for example, a measurement of the
fine structure constant and successful application in metrology for the
development of a primary alternate current (ac) resistance standard. It will
simplify the link between resistance and capacitance and improve the

measurement capabilities in the field of impedance measurements [47].
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Conclusion

Classical Hall Effect, when an external magnetic field is applied
perpendicularly to a current carrying conductor, the charges experienced
the Lorentz force and equal but opposite charges accumulate on the
opposite side of conductor. The result is an asymmetric distribution of
charge carriers on the conductor's surface. This separation of charges
establishes an electric field that opposes further separation of charge and
the resistivity of the conductor has linear depends on the magnetic field
strength.

The 2DEG in a magnetic field, in order to satisfy the minimum energy
principle, the electrons will fill the Landau levels starting from the lowest
energy level. In most of the cases, a number of Landau levels will be
completely filled, and the highest Landau level will be partially occupied.
The Fermi energy is the energy of the last Landau level in which electrons
reside.

The energy of a 2DEG is not continuous under a perpendicular magnetic
field, but the number of total quantum states should be the same as that
without magnetic field, which means the Landau level is degenerate.

At very low temperatures and high magnetic fields (up to 10T), the thermal
excitations between Landau levels are negligible. If the magnetic field is
increased, the capacity of each Landau level will increase, and electrons
from higher levels will drop to lower Landau levels until they are filled

again. If one continues to increase the magnetic field, the highest Landau
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level will be depleted, while all the levels below are exactly filled. The Fermi
energy of the system will drop suddenly and QHE observes.
The basic QHE experimental observation is the nearly vanishing

longitudinal resistance R,, — 0 and the quantization of the Hall resistance

_ h
Xy T e

R of a two dimensional electron gas subjected to a strong magnetic

field, the filing factor v could take on integer value for IQHE and fractional
values FQHE. Fractional Quantum Hall Effect is the result of involving
strong Coulomb interactions and correlations among the electrons.

Bilayer graphene QHE behavior reveals the existence of Dirac fermions
with finite mass, which are distinct from other known quasiparticles. The
unconventional QHE in bilayer graphene originates from peculiar
properties of its charge carriers that are Dirac fermions with finite mass.
The existence of a double degenerate Landau level explains the
unconventional QHE found in bilayer graphene. This Landau level lies at the
border between electron and hole gases and, taking into account the
quadruple degeneracy, the existence of such Landau level implies that there
must be a QHE step across the neutrality point.

Due to the double degeneracy, it takes twice the amount of carriers to fill it
(as compared to all other Landau levels), so that the transition between the

corresponding QHE plateaus must be twice wider. Also, the step between
2 2
the plateaus must be twice higher, that is 8% as compared to 4% for the

other steps at higher carrier densities.

42



In bilayer graphene, the FQHE depends upon the combined effect of the
magnetic field and electron-electrons. The FQHE occurs when the magnetic
field is so strong, that the plateaus occurred at fractional values of the filling
factor, because fractional values of the filling factor refers to partially filled
Landau states, and non interacting electrons the ground state is
macroscopically degenerate.

It is the Coulomb interaction between the electrons that lifts the
degeneracy and opens a gap. For Landau levels in bilayer graphene the
excitation gaps of the FQHE states depend on the magnetic field, the bias
voltage, and the Landau level index, therefore by varying these parameters

the excitation gap of the FQHE states can be controlled.
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