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Abstract

We have employed the frame work of the Bethe-Salpeter equation under Covariant Instan-
taneous Ansatz to calculate the leptonic decay constant of pion and have also reviewed
calculation of leptonic decay constants of unequal mass pseudoscalar mesons. In the
Dirac structure of BS wave function, the covariants are incorporated in accordance with a
recently proposed power counting rule. The decay constants are calculated with incorpo-
ration of both Leading-Orders (LO) as well as Next-to-Leading-Order (NLO) covariants.
The main contribution of this thesis is an alternative derivation of pion leptonic decay
constant which hopefully should raise the contribution of LO covariants in comparision

to NLO covariants and hence validating the power counting rue for pion.
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Chapter 1

Introduction

Quantum Chromodynamics QCD is a successful theory of the strong interactions which
has been tested by confronting theory and experiment in many different ways in both
perturbative and nonperturbative regimes [1].Year after year, QCD continues to succeed
in explaining the physics of strong interactions, and no contradictions between this theory
and experiment have been found yet [2]. QCD is unique within the standard model of
particle physics in that it is a theory which must exist and be internally consistent over
all possible energy scales, both in perturbative and nonperturbative domains. Thus QCD
is a theory which deserves a most intense scrutiny in a diverse set of circumstances, and
such a scrutiny will certainly be rewarded by exciting surprises and a deeper and more
satisfying understanding of this profound theory of matter. The growth of the QCD
coupling at long distances suggested that free quarks would have infinite energy and so
could only appear in color singlet combinations with other quarks and gluons. That is,
quarks are confined. It was quickly realized that quark confinement could only emerge
from essentially nonperturbative aspects of QCD. It can be also shown that (QCD) is
the correct theory to describe strong interactions at high energy, however, strong gauge
coupling at low energies destroys the perturbative expansion. As a result, many non-
perturbative approaches have been proposed to deal with the long distance properties of

QCD such as QCD sum rules, Lattice QCD, dynamical equation based approaches such



as Schwinger-Dyson equation (SDE) and Bethe-Salpeter equation (BSE) and potential
models. All the above approaches have both advantages as well as shortcomings. Since the
task of calculating hadron structures from QCD itself is very difficult, (as can be seen from
various Lattice QCD methods), one relies on specific models to gain some understanding of
it at low energies (long distances). The dynamical equation based approach such as BSE is
a conventional approach in dealing with two-body relativistic bound state problems. From
solutions of BSE we can obtain useful information about the inner structure of hadrons.
This equation which is firmly rooted in field theory provides a realistic description for
analyzing mesons as composite objects. However, one drawback while solving BSE can
be traced to the fact that one has to use input kernel which is model dependent. However,
calculations have shown that BSE using phenomenological potentials can give satisfactory
results. In this thesis we study leptonic decays of unequal mass pseudoscalar mesons such
as K, D, DS and B, as well as equal mass meson such as pion which proceed through the
coupling of quark-antiquark loop to the axial vector current. A realistic description of
pseudoscalar mesons at quark level of compositeness would be an important element in our
understanding of hadron dynamics at scales where QCD degrees of freedom are relevant.
These studies have become an interesting topic in recent years as more and more data
are being accumulated. Such studies offer direct probe of hadronic structure. We employ
QCD motivated BSE [3] under Covariant Instantaneous Ansatz (CIA) in this thesis. CIA
is a Lorentz-invariant generalization of Instantaneous Ansatz. For a ¢g system, the CIA
formulation ensures an exact interconnection between 3D and 4D forms of BSE [3]. The
3D form of BSE serves for making contact with the mass spectrum, whereas the 4D form
provides the Hadronquark vertex function for evaluation of various hadronic transition
amplitudes through quark loop diagrams. In these studies the main ingredient is the
BS wave function. Recent studies [4-6] have revealed that various mesons have many

different covariant structures in their wave function whose inclusion is necessary to obtain



quantitatively accurate observables. And it was further noticed that all covariants do
not contribute equally and only some are relevant for calculation of meson observables.
Such a copious Dirac structure of BS wave function was already indicated by Llewllyn
Smith [7] much earlier. However, in this thesis, we calculate leptonic decay constants
fp for both pion and unequal mass pseudoscalar mesons [8] using both LO as well as
NLO Dirac covariants and try to see the relative importance of various covariants in
calculation of fp. We wish to argue that our power counting scheme [3, 8] provides a
practical means of incorporating various Dirac structures from their complete set into the
BS wave function. We have employed equal/unequal mass kinematics in this calculation.
The thesis is organized as follows: In chapter 2, we discuss gauge theories: QED and
QCD. In chapter 3, we discuss the structure and derivation of Bethe-Salpeter integral
equation. In chapter 4, we discuss the quark level calculation of pseudoscalar meson
decays as well as we discuss in detail an alternative calculation for pion fp. And finally I

present conclusion in chapter 5.

Figure 1.1: Quark loop diagram for leptonic decay of P-meson



Chapter 2

Gauge Theories: QED and QCD

2.1 Maxwell equation

Photon is the most common and important spin-one particle [9]. Emission and absorption
of photon by matter is an important phenomenon in many fields of physics. So let’s begin
by considering the basic laws of classical electrodynamics, which can be explained by a

set of four Maxwell equation [10]:

V.E =p, (2.1.1)
. 9B

V.B =0, (2.1.3)
_ . OF

where E is the electric field, B is the magnetic field, p is the charge density and j is the
current density. We have also continuity equation
dp

J 2= 2.1.
Vj+at 0 (2.1.5)

it implies that the rate of decrease of charge in any arbitrary volume 2 is due precisely
and only to the flux of the current out of its surface, that is no net charge can be created

nor destroyed in 2. Since 2 can be made as arbitrary as we please, this means that
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electric charge must be locally conserved: a process in which charge is created at one
point and destroyed at a distant one is not allowed, despite the fact that it conserves
charge globally. In classical electrodynamics, and especially in quantum mechanics it is
convenient to introduce the vector potentials A and scalar potential ¢ in place of E and
B. we take the point of view that E and B are the only quantity of physical significance

and can be extracted from the potentials A and o i.e,

B=VxA, (2.1.6)
- A
E=-V¢—— 2.1.

In the next section we discuss gauge theories.

2.2 Gauge Theory

The notion of local gauge symmetry is turned out to be a cornerstone of modern field
theory since so-called gauge theories describe fundamental interactions very successfully.
Our present understanding is that all fundamental interactions; strong, electromagnetic,
weak and gravitational are described by some form of gauge theory. The origin of gauge
invariance [10-12] in classical electrodynamics lies in the fact that the potentials A and ¢
are not unique for given physical fields E and B. The transformation which A and ¢ may
undergo while preserving E and B ( and hence the Maxwell’s equations) unchanged are
called gauge transformations, and the associated invariance of the Maxwell’s equations is
termed as gauge invariance. It is observed that E and B as well as Maxwell’s equation

are invariant under the following transformation on A and o :

A— A= A4+ Vx(z,t), (2.2.1)
/ OX (4 2.9.2



where x(z,t) is an arbitrary function of x and t. These transformations can be combined

into a single compact equation by introducing the 4-vector potential A, (z) = (ff, i) as,
Au(r) — Al (x) = Ay(z) + Oux(@). (2.2.3)
and we have the field strength tensor:

F.=0,A,—0,A,. (2.2.4)
It is clear to see that F},, is obviously invariant under the gauge transformation.That is,
F, = Fu. (2.2.5)

This automatically implies that Maxwell’s equation
OuF = Ju- (2.2.6)

is invariant under the above transformations eqn( 2.2.3). In the next section we discuss

the gauge theory of quantum electromagnetism (QED).

2.3 Quantum Electrodynamics (QED)

QED, is the theory of photons interacting with the electrons and positrons of the Dirac
field [9, 11-15]. The Lagrangian of free Dirac field ¢ can be defined as:

LW, 0, 04) = (P + m). (2.3.1)

Let’s make global gauge transformations on the Dirac’s field ¥ (x) and the adjoint Dirac’s
field 1 (z)
U(a) = ¢'(2) = eP(a). (2.3.2)

Bla) — ¥(2) = Pla)e ™. (2.3.3)



where « is constant in all space time points in the universe. We can easily verify that the

Lagrangian is invariant under this global gauge transformation. that is.
£=£. (2.3.4)

It’s well known that the best understood particle-field interaction, ’Quantum Electrody-
namics,’ is based on the concept of local invariance [16]. To see that, if fore example a
fermion (denoted by 1 )carries electric charge, it’s electromagnetic interactions can be
derived by demanding that the Lagrangian for this particle be invariant under local sym-
metry; so let’s check whether this Lagrangian is invariant under local gauge transformation

on ¢ (z) and v (z) or not.

U(x) = ¢ (2) = P (x). (23.5)

b(x) = P'(@) = P(x)e . (2.3.6)

where a=a(z) i.e o varies from point to point in space time. Under this transformation,
let

Lairae = Liirae = =0 (@)@ + m)d/ (2), (23.7)

tirae = —0(@)e7 (@, + m)e Dy (), (2.3.8)

irae = —0(@) (@ + m)v () — i (2)Pua(x) (). (2.3.9)

We thus see that Lagrangian for a free Dirac particle is not invariant under local gauge
transformation on 1(x) due to a symmetry breaking term —it)(z)@,a(z )1 (x). So to make
the Lagrangian invariant under local gauge transformation we should add a new term in
addition to £ 4irqc, that is we are forced to introduce a new carrier gauge field A, (x) which

transforms under local gauge transformations as:
Au(r) — Al (x) = Ay(z) + Oux(@). (2.3.10)

so that,

£Dirac = _@E(@M + m)w + Ze&IYMwAMCB) (2311)



This new Lagrangian is now invariant under local gauge transformations with the sub-
stitutions of a(x) = ex(z). Impositions of local gauge invariance on £ 4;q. automatically
leads to the introduction of a new carrier gauge field A, (x), which should couple to matter
fields 7 and v through a term iez}y,ﬂﬂAu in the Lagrangian so that the total £,,04ificd
is invariant under local gauge transformation on both the matter fields and gauge fields.
Invariance of the Lagrangian under gauge transformation leads to conservation of charge,
i.e to conserve total charge of the universe, the electromagnetic field should couple to
matter field in a mathematically self consistent manner. The charge e plays the role of
coupling constant between matter field and gauge field, or charge of electron e can tell
us the strength how matter fields interact with electromagnetic field. The full QED La-
grangian must include free electromagnetic field Lagrangian i.e —}IF w ) corresponding
to kinetic part. The complete Lagrangian £ggp under combined local gauge transfor-
mations on ¢ (x) and A,(x) fields should remains the same. This can be easily checked.

Thus we write the full QED Lagrangian as:

£= 0P+ M)+ ielr A e) — L Fu B (23.12)

which is gauge invariant as shown above. That is the complete Lagrangian have gotten
to be invariant under local gauge transformations. On the other hand it can be checked
that a simple device for making Lagrangian locally gauge invariant is to make use of the
prescription:

Oy — D, —ieA,. (2.3.13)
which is also called the minimal coupling prescription. Hence the locally invariant QED

Lagrangian can written as:

£ ==L, +m)p — iFWFW. (2.3.14)

The local gauge transformations on (x) and ¥ (x) can be written as

P(x) — ' (x) = Uy(z). (2.3.15)



U(z) — P (x) = P(x)UT. (2.3.16)
where, U = @) and Ut = ¢7®@)_ The set of transformations {U = €*®} form a U(1)
group, whose elements commute with one another. Hence QED is an abelian U(1) [9]

gauge theory. In the next section we discuss SU(3) non-abelian gauge theory QCD.

2.4 Quantum Chromodynamics (QCD)

We will begin by arguing that the most natural candidate for a model of the strong
interaction is the non abelian gauge theory with gauge group SU(3), coupled to quarks in
the fundamental representations. This theory is termed as Quantum Chromodynamics.
In 1963 Gell-Mann and Zweig proposed a model that explained the spectrum of strongly
interacting particles in terms of the elementary constituents called quarks. Mesons were
expected to be quark anti-quark bound states. To explain electric charge and other
quantum numbers of hadrons, Gell-Mann and Zweig needed to assume three species of
quarks, namely, up (u), down (d) and strange (s). In addition to the three species of quarks
there is also another three species of quarks, charm(c), bottom(b) top(t). These attributes
u, d, t, s, ¢, b are called quark flavors. The quark model has great success in predicting the
hadronic states and in explaining the strength of weak and electromagnetic-interaction
transitions among different hadrons. In particular the quark model, naturally incorporates
the most important symmetry relations among strongly interacting particles. Despite
the phenomenological success of the original quark model, it had two serious problems.
First free particles, with fractional charge couldn’t be found. Second, the spectrum of
baryons showed that, the wave function of the three quarks be totally symmetric under
the interchange of the quark spin number and flavor quantum numbers contradicting the
expectation that quarks, which must have spin half, should obey Fermi-Dirac statistics.
Quarks have additional 'unobserved’ color quantum number [13]. The quanta of the SU(3)

gauge field are called 'gluons’ and the theory is termed as quantum-chromodynamics
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[9, 13]. The group U(1) of electromagnetism is abelian [9]: group elements commute,
which makes group multiplications equivalent to multiplications of real numbers. Here
we see that u(6)u(fz) = u(fy + 05) i.e linearity of this addition is related directly to the
linearity of the field equation for electromagnetism without matter. On the other hand,
the non-linearity of non-abelian group causes the corresponding particles to interact with
themselves. The Yang-Mills theory is then obtained as a straight forward generalization of
electromagnetism, the only difference being that the gauge transformation, and therefore
the covariant derivatives, now depends on the generators of some non-abelian group. QCD
is based on the extension of the idea in QED, but with the U(1) gauge group replaced
by the SU(3) gauge group of phase transformations on the quark color field [9, 11-16]. In
the color quark model, each flavor of quark comes in three colors - Red, Blue and Green.
Although the various flavors carry different masses, the three colors of a given flavor are
all supposed to have the same mass. To construct the Lagrangian which is invariant under
this new group of transformation, we must define a covariant derivative. Thus the three

Lagrangian for a particular flavor reads.

£Dirac = _1;R<@,u =+ m)wR - IEB(@,LL + m)wB - @G(@u + m)wG (241)

Euler-Lagrange equation gives us:

0L 0.£
o ay(a((wR)) —0. (2.4.2)
0L 0.£
T ay(a(auwB)) —0. (2.4.3)
0.£ O£
o a”(a(auwg)) ~0. (2.4.4)

We can simplify the notation by introducing a three component object, i.e 3 x 1 matrix

as:

(o
o= vp (2.4.5)
(el
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and the adjoint Dirac spinor as:

P = ( Yr Yp e > (2.4.6)

The Dirac Lagrangian can compactly written as:

<>€Dirac = _&(&u + m)w (247)
where
m 0 0
m = 0 m O (2.4.8)
0 0 m

This looks like a single particle Dirac Lagrangian, but ¢ is now a 3 x 1 matrix. This
Lagrangian should be governed by SU(3) symmetry. That is to say, it is invariant under

transformation of the form:

W — ) = Ud. (2.4.9)
where U is any unitary 3 x 3 matrix, ie | U |= 1 and U'U = UU' = 1. Any unitary
matrix can be written in the form:

U=et (2.4.10)

where H is 3 x 3 Hermitian matrix, H' = H. The hermitian 3 x 3 matrix can be expressed

as superposition of 1 and A\, A2, \3, ... ¥ as shown below.
H = a1+ \a’(x) (2.4.11)

where a=1,2...8 and A', A\2...\® are Gell-Man matrices and are the generators of SU(3)

group. Thus the unitary 3 x 3 matrix can be expressed as
U = i@ er"o" (2.4.12)
Let’s first consider an SU(3) global gauge transformation on v (x) and ) (z)

- =Ny, (2.4.13)
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Where o is constant and is the same at all space time points. Thus

£ e = —0e X (@, +m)eN Y = (@, + m)ip. (2.4.14)

which implies that
£/Dz'rac = £Dirac~ (2415)

We can see that £ pi.qc is invariant under global SU(3) group transformation on . Our
next objective is to check invariance of £ p;.q. under SU(3) local gauge transformations

by considering the following local SU(3) transformation.
U(x) = ¢'(x) = X Op(a). (2.4.16)

In this case a®(x), the eight independent phase angles, vary from one space time point to

another.
£ — £'(x) = (@)U (a)(@u + m)U (a)y(x),
which is equal to

~(@)(P + m)v(x) — U () (@,U () (). (2.4.17)

Where U = 2" and eqn (2.4.17) tell us £ is not invariant under such a transformation,
by virtue of a’gauge breaking’term —yUT(@,U)w. Now let us replace the derivative in £

by a ’covariant derivative’
0, — D, =0, —ig\"A"(x). (2.4.18)
where g is a coupling constant, extracted from «, then above equation becomes:
Ly = =0+ M) — igUr 00\ (@), (2.4.19)

The minimal prescription for transformation of D, is

D,y — Dy = U(a)D,p. (2.4.20)
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with this,
(0 — igA\* A UP(x) = U(9, — igA" ALY (), (2.4.21)
(0,U —igh- AU (x) = —igUN - Ay(x). (2.4.22)
N Ax)=UN- AU — é(@uU)U‘l. (2.4.23)

Let A- A=A, where A, is a 3 x 3 matrix
gt _
A(2) =UAu(z)U — 5(8“U)U ! (2.4.24)
This is how the gauge field transforms in SU(3) transformation group. U and U~! in the
first term of equation (2.4.24) can not brought together, because they do not commute
with A, (z). If we add the term igz/?)\“Azw(:r;) to the initial Lagrangian, then the modified

Lagrangian will have the form:

£Dirac = V(@ + MY +ighy A" AL (2.4.25)

£ is now invariant under local SU(3) gauge transformations at the expense of introduction
of A,. In this gauge transformation group F),, the free gluon field tensor, must be

modified as,

Fo= é[pﬂ, D). (2.4.26)
where D, = 0, — igA,(x) this implies that
F,., = E(GM —igA,)(0, —igA,) — (0, —igA,) (0, —igA,) (2.4.27)

Fuv = (040, = 0,0,) ~ i9(A,0, — A,0,) = 1904, = 0,4,) — (4,4, ~ A,A,)
(2.4.28)

which is equal to,

F., =0,A, —0,A, —iglA.(x), A, (x)]. (2.4.29)
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To complete our task it is important to say something about the free gluon Lagrangian
1
£gluon = _ZTT(F/,LVF}M/)' (2430)
Thus we write the full QCD Lagrangian as

N S a Aa 1 a a
"€QCD - _w(@ﬂ + m)¢ + Zg¢7uA A,uw - ZTT<F/U/F;LV)' (2431)

£gcp is invariant under local gauge transformation provided that (—}LF i F5,) is invariant;

in order to verify the invariance of the gluon Lagrangian, let us consider local SU(3)

3 . a la
transformation: F = F L

Fl, = 0,4, — 0,4, —igAl, A, (2.4.32)
Fl, = 0,(UAU" - é(ayU)U‘l) — 0, (UA U - é(@HU)U‘l)
—igl(UA, U — é(@MU)U‘l), (UAU — z—](ayU)U_l)}. (2.4.33)

Using the identity 9,U = U(9,U 1)U in the above equation, we get,
F,=UF,U™". (2.4.34)

1 1
Lypuon = =5 Tr(E,, F) = = (UELUTUELU™) (2.4.35)

gluon purs py

which automatically lead us to conclude that

£l

gluon

1
= _Z(FNVFMV) = fgluon~ (2436)
Thus
n . 1 .

is invariant under local SU(3) gauge transformation. We now derive Feynman rules for

QCD in the next section.
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2.5 The Feynman Rules for Non Abelian SU(3) Gauge
Theory

Let’s begin by considering non-abelian gauge theory without any spinor fields; i.e let’s

concentrate on free gluon field alone.

1
£gluon = _ZTT(FuuFuu)a (251)
where
F.,=0,A,-0A, — ig[Au, A (2.5.2)
and
A=A (2.5.3)
substitution reveals that
B = (@ ADX — (0,ADX — ig AL ASINY, X, (2.5.4)
FIW = (OMAZ))‘a - (aVAZ)/\a + gfabcAaAZAlc,- (255)

where f. are structure constants of SU(3) defined as, fu. = 1 for even permutation of

‘abc’ and fu. = —1 for odd permutation of ’abc’. thus we get,
1 a a a a 1 C a a
£ gluon = —ZTT[((‘?”AV — &,A”)(@Ay — 8,,Au)] — ZTr[gfabcAZAy(aﬂAl, — &,Aﬂ)]

1
—ZTr[g Jade ASAS(0, AL — 0,A%) + G fabefade AL AL ALAS) (2.5.6)

pAv A Ay
From this we can see that, with out matter fields, the gauge has none trivial interactions
and is not a free theory like QED. In the equation (2.5.6) the first term is for free A4,
field propagation, the second and third terms are three gluon vertex (’g’ is linear in this
gluon-gluon interaction), and the last term is for a four-gluon vertex. The Dirac fields
constitute eight color currents J#** = ig?ﬁ%)\“ which act as sources for the color fields(A,,)

in the same way that electric currents act as source for the electromagnetic field. Next, we
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see interaction among three gauge fields in the second term of eqn (2.5.6), the Lagrangian

for the interaction of 3-gauge fields is given by:
£yg = 50l AL A0, AL — LAY, (2.5.7)
Using all possibilities of a, b, ¢ we can rewrite £3_, as
£3-g = =g ane(OuAL) AL AT — g facn(0uAL) A AL — g frea( D, AY) A AL
~9frac(0uA)) ALAT — g fear (00 A ALAT — g fean (0, A7) ALAT, (2.5.8)

Using the fourier transform of A%, A%, A¢ from eqn (2.5.6) we again write £3_, as

£3 g = —igfapel(ks — k1) ALATAS + (ky — ko) ASAZAL + (kg — k3)AZALA°]  (2.5.9)

v v v 14 14 v v v v

The 3-gluon vertex function in covariant form is then given by:
=g fave[(ky = ka)gday + (ko — kg)y0ap + (kg — Ky )adp,]. (2.5.10)
Similarly we see the interaction among 4-gluon fields from the fourth term of eqn (2.5.6)
La g = 0% Farefate AL ACALAC, (2.5.11)
we can rewrite £4_, by taking all possible permutation indices b, ¢, d and e as,

L0y = =0 FraFuea (A A°) (APAT) — (A" A)(A°4))

fnacfnbd((AaAb> (AcAd) — (AaAd)(AbAC)) + fnadfnbc((AaAb)(AdAc) _ (AdAb)(AaAc>]

(2.5.12)
Finally the 4-gluon vertex function in covariant form is:
1
_192 [fnabfncd(éupdua - 5uo5up) + fnacfnbd(é/u/dpa - 5#05,01/) + fnadfnbc(duuépa - 51/0'6pu)]-
(2.5.13)

We can have the graph for 3 — gluon and 4 — gluon interaction vertex as shown below.
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Figure 2.1: 3-gluon interaction vertex and 4-gluon interaction vertex

Let’s also trace out the gluon propagator from free gluon Lagrangian and making use

of Euler-Lagrange equation of motion, that is given by

OLrgr  OLygs
oA 0(0,A%)

— 0. (2.5.14)
where the Lagrangian is defined as,
£ precguonsiea = — 3 (0L — 0, A)(0, 4% — D, A%, (2.5.15)
So the free gluon propagator, after substituting eqn(2.5.15) in eqn(2.5.14) will be,
0% A%6,, — 0,0, A% = 0. (2.5.16)
Imposing Lorentz gauge condition (0,A% = 0) we have
0% A%6,,, = 0. (2.5.17)

Now we take the fourier transform of A%:

A%(r) = (271T>4 / d*ke'™™ A% (k). (2.5.18)
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Using eqn(2.5.18), eqn (2.5.17) becomes
—k*A%6,, = 0. (2.5.19)

Now taking the inverse of the above equation, leaving the field terms, the form of the

propagator for free gluon field will be:

Dy, = —. (2.5.20)



Chapter 3

Derivation of Bethe-Salpeter
Equation

3.1 One Particle Propagator in an External Field

We recall the Schrodinger’s equation as:

(i% — H)(z) = 0. (3.1.1)

The form of the full propagator for forward propagation in time(i.e t > t’) satisfies the
equation,
0

(i = H)K (3, t; 2, t) = 6% (T — a)o(t — ). (3.1.2)

The above equation can be termed as propagator equation for Schrodinger particles which
moves only forward in time. If replacement is conducted between the Schrodinger hamil-
tonian and the Dirac hamiltonian, then eqn(3.1.1) will be free Dirac’s equation i.e, it will

have a form of Dirac equation in the absence of electromagnetic field:
(i— — ad.p— pm)yY(x) = 0. (3.1.3)

where o and (3 are the Dirac 4 x 4 matrices.

And in the presence of electromagnetic field, A,(x), with the well known substitution

puﬂpu - EA/M

19
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V — V —ieA, (3.1.4)
and
0 o .
a — a + 1e¢.
we get,
(zﬁ — e+ a.V —eA.da— pm)(z) = 0. (3.1.5)

ot

Let us consider the simpler unit source problem,

(i% —ed +ia.V — eA.a — fm)y(x) = i6*(x — o). (3.1.6)

To make it covariant let me multiply by—/ from the left on both sides of the above

equation. A relativistic Dirac particle of charge e and mass m which is placed in an

external electromagnetic field A,, will have the form of the equation,
(@, —ied, + m)K(z,2') = —id*(z — 2'). (3.1.7)

where K(x,x’), is the full Dirac propagator.

The above equation is termed as full propagator equation, where as
(@, +m)Ko(z,2') = —id*(z — 2) (3.1.8)

is termed as propagator for free Dirac particle.

Eqn (3.1.7) can be rewritten as
(@, +m)K (z,2') = —i6*(x — o) +ied, () K (z,2). (3.1.9)
which equals to

(@ +m)K(z,2') = —i/d4$'/54($—x”)54(:ﬁ” —a') +z'e/d4x"4u(fl¢")K(a§”,x’)54(x” — ).
(3.1.10)
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But we have also (@, + m)Ko(z,2") = —id*(x — 2)

Hence, the above equation can be written as:
(@, + m)K (z,2) = / (@, + m) Ko(z, 2")64a" — o)

e / A2 A (VK (2", 2 )@+ m) Ko, 2) (3.1.11)

In more compact form we can write,

K(z,2") = Ko(z,2") — e/d4x”K0(x,x”)Au(m”)K(x”,x’). (3.1.12)

3.2 Two Particle Bound State Propagators

First let me define the two particle free propagator for simultaneous propagation of two
free particles. We now generalize to two-particle Dirac propagator with particles in mu-
tual interaction. The free propagator for simultaneous propagation of two particles from
(3,4) — (1,2) is

Koa(1,3)Kop(2,4) = Ko(12;34). (3.2.1)

Lets consider the two particles a and b interact through the exchange of a single photon;

let the interaction for simplicity be Coulomb interaction.

— 3.2.2
— (3.2.2)

However this Coulomb interaction is non-covariant. To write the mutual interaction
between these two particles in a covariant form let’s take the fourier transform of this

equation in momentum space,

e? e?

— s ~aab 3.2.3
Tab (p1 —p2)2%ﬂ4 ( )

we can write this equation in covariant form [17] as:

62 2 a —1 b
T‘_ab = —€ ’YM[?]’YM (324)
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where ¢ = p; — pg is the momentum transfer between the two electrons.

2

e
- = —*y0(Dp(x — ')y}, = 1(5,6). (3.2.5)

where the RHS in the above equation is interaction potential and Dp(x —2') is the photon

propagator in momentum space and is expressed as:

1 -1, . /
Dp(x —a') = oY /d4q[?]e“}(xx ), (3.2.6)

To generalize a single particle propagator to two particles propagator, consider simulta-
neous propagation of two particles for two charged particles propagating from space-time
points (1,2) to (3,4) and interacting through a photon exchange connecting them at

space-time vertices 5 and 6 , we can write the first order correction to the propagator
K1(12;34) = /d45/d46K0(12; 56)1(5,6)Ko(56;34). (3.2.7)

This is first order correction to two particle propagator due to simultaneous interaction

of both Dirac particles through exchange of a single photon. Similarly we can write

K5(12;34) = /d45/d46/d47/d48K0(12;56)](5,6)K0(56; 78)I(7,8)Ko(78;34).
(3.2.8)
which is second order correction to two particle propagator. If we iterate one quantum
exchange between two particles , we can write the two particle propagator as an infinite

series ;
K(12;34) = Ko(12; 34)+/d45/d46K0(12; 56)1(5,6)Ko(56;34)+

/d45/d46/d47/d48K0(12;56)[(5,6)[(0(56;78)[(7, 8)Ko(78;34) + ... (3.2.9)

which can in turn be written as

K(12;34) = K(12;34) +/d45/d46K0(12; 56)1(5,6) K (56;34). (3.2.10)
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where K(56,34) is the full two-particle propagator for simultaneous propagation of two-
particles from (3,4) to (5, 6), thus we arrive exactly to an integral equation written sym-
bolically as

K =Ky+ KyIK. (3.2.11)

which is complete Green‘s function for two particles as a sequential action of Mgller

interaction in ladder approximation. In next section we discuss two particle wave function.

Figure 3.1: Interaction of two particles through exchange of (a) single photon (b) two
photons.
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3.3 Two Particle Wave Function

To begin with, let’s start from the wave function for a single particle case:
W(F,1) = / BIK (T, (1), (3.3.1)
In more compact form the above single particle wave function can be expressed as:
(1) = /dSQK(l, 2)740s. (3.3.2)

where 7, is introduced to make the equation covariant. Now let’s generalize the above

single particle wave function to two particle wave function

¥(1,2) = /d43/d44K(12;34)ﬁ“6bw(3,4). (3.3.3)

with the above substitution one can have:

¥(1,2) = /d43/d44[K0(12;34) +/d45/d46k0(12;56)](56)K(56; 34)]5°3% (3, 4).
(3.3.4)

This implies that

¥(1,2) = (1, 2) +/d43/d44/d45/d466“ﬂbk0(12;56)[(56)K(56;34)w(3,4).

(3.3.5)
But ¥(5,6) = [d*3 [ d'48°K(56;34)3%)(3,4)
with this substitution we will get
¥(1,2) :¢0(1,2)+/d45/d46k:0(12;56)](56)¢(5,6). (3.3.6)

3.4 Derivation of Bethe-Salpeter Equation

BSE is a relativistic equation for bound-state problems. The Bethe-Salpeter equation

is a direct application of the Feynman rules, and a resummation of the infinite set of
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diagrams by using integral equation. If both the irreducible kernel, and the n-point
Green functions are understood as the full expressions, then the Bethe-Salpeter result for
any n-point Green function is the exact result of field theory, as far as the full expression
for a given Green function is considered, and as far as the existence of a fixed value of the

mass of bound system is taken into account. To obtain BSE we use
¥(1,2) = 1(1,2) + /d45/d46K0(12; 56)1(5,6)(5,6). (3.4.1)
Let’s operate this equation both side by Dirac operator
(@5, + ma) (), + my)
Thus,we obtain
(75 + ma) (@), + 1)1 (1,2) = (], + ma) (@), + m)tho(1, 2)

(7% + ma) (75, +my) / d*5 / d*6K(12;56)1(5,6)1(5,6) (3.4.2)

If two particles after interaction form a bound state, then the free particle wave function,
bo(1,2) =0 (3.4.3)
Equation(3.4.2) is then reduced to

(@ + ma)(@, + mp)(L,2) = (7% + ma) (@, + m) / a's / d*61K,(12; 56)1 (5, 6)14(5, 6).
(3.4.4)

which gives

(@ + ma) (@, + ma)ip(1,2) = /d45/d46(—z'54(1,5))(—2‘54(2,6))1(5,6)1/1(5,6). (3.4.5)

Thus we get two particle mutual interaction equation written down in covariant form as:

(@% 4+ ma) (@ + me)p(1,2) = —1(1,2)(1,2). (3.4.6)
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where I(1,2) is interaction potential. Let’s consider, to make life simple, cases where

one can consider their center of mass coordinates and the relative coordinates of the two

particles as,

1+
X = 12 2 and T =x1 — X9

respectively
Using equation (3.4.7) we can write 0,1 and 0, in the following way

1
Oxpy + 0y and o —0x — Oy

. 1
- b=

nT 2
After substituting eqn(3.4.8) into eqn(3.4.6) we obtain

(%aX,u + am,u + ma)(%ﬁXu - ax,u + mb)w(X7 ZC) = _I(m)w(X7 .CL’)

where (X, x) = 11(X)2(2)

Now we take the fourier transform of ¥(X), I(x) and ¥ (z) as follows :

1 4 iPX
V(X) = o [ atPerue)

1 4 iqx
Y(z) = 2y /d qe' " 1P(q),

I(r) = # / dke™ I (k).

Inserting eqn(3.4.10) into eqn (3.4.9) we can get:
[ i+ ig+ m Qi — ig + )Py (@)™ =

_ﬁ / d'q / ke I(k)p(P) (@)

Now to simplify the above equation let’s take ¢ = k + ¢’ and ¢’ = constant

so we see in the right hand side of the above equation d*k = d'q.

Then eqn (3.4.11) becomes

(%ZEH + i + ma)(%zyu /s mb)¢(P)¢(Q)eiqm

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)



27

=~ [ AP (3412

For a meson which is the bound state of quark and anti-quark [18], the total momentum
of the hadron is P = p; 4+ ps and the relative momentum of ¢g is given by ¢ = %(pl —pa),
we can take the momenta of the constituents as; p; = %P +q and py = %P —q.

And ¢(P)v(q) also written as (P, q).

Then we rewrite eqn (3.4.12) as:

(1 + i) (s — i) (P g) = — (2;)4 [ dd K@, (3.4.13)
where m, = my, my = msy. Lets define
V(P,q) = (my +ipr1)(ma — ipa) ®(P, q). (3.4.14)

where ®(P, q) is the 4D wave function.

Substituting eqn (3.4.14) into eqn (3.4.13) we obtain after simplification

(m? +p})(m3 + p3)®(P, q) = /d“q'f((q, ¢)®(P,q) (3.4.15)

i
(2m)t
where K (q,q) = K(q,¢)(mi+ip1 ) (my—ips) is the qq scattering kernel. Now we also define

the inverse propagators for two constituent quarks A; = (m? + p?) and Ay = (m3 + p3) .

The full Bethe-Salpeter Equation for spinless quarks is given by

Ay DyB(P,q) = / d'q K (q,4)0(P, q). (3.4.16)

1
(2m)*
In the next section we see generalized Hadron-quark vertex function for both equal and

unequal mass pseudoscalar mesons.

3.5 Structure of BS wave function and Hadron-quark
vertex function

We first outline the BSE framework under Covariant Instantaneous Ansatz (CIA) that

we have employed for the case of scalar quarks for simplicity. For a ¢g system with an
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effective kernel K and 4D wave function ®(P, ), the 4D BSE takes the form [1, 8, 19, 20].
i@ﬂﬂ&AﬂXH@:i/#dK@ﬂ%MRd) (3.5.1)

where A, 5 are the inverse propagators of two scalar quarks,
Az =mi,y + i, (3.5.2)

Here m; 5 are (effective) constituent masses of quarks. The 4-momenta of the quark and
antiquark, p;, are related to the internal 4-momentum ¢, and total momentumpP, of
hadron of mass M as

Prop =112, £q, (3.5.3)

where My = w are the Wightman-Garding (WG) definitions of masses of

individual quarks. Now it is convenient to express the internal momentum of the hadron
q as the sum of two parts, ¢, and 0P, where g, is orthogonal to total hadron momentum
P, where as 0 P, (where the longitudinal component,o = ¢.P/P?) is parallel to P. We now
use an Ansatz on the BS kernel K in Eqn (3.5.1) which is assumed to depend on the 3D

variables (ju,é’u [19, 21] i.e

K(q.q") = K(¢.9) (3.5.4)
where

R q-P

qu = qu — E‘PH (355)

is observed to be orthogonal to the total 4-momentum P (i.e., ¢.P = 0), irrespective of
whether the individual quarks are on-shell or off-shell (a similar form of the BS kernel

was also suggested earlier in [22]. Hence, the longitudinal component of g,,,

P
MU:M%E. (3.5.6)

does not appear in the form K(q,q’) of the kernel. For reducing Eqn (3.5.1) to the 3D

form, we define a 3D wave function ¢(§) as

M@:/MMMRQ (3.5.7)
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Substituting Eqn(3.5.7) in Eqn (3.5.1), with definition of kernel in Eqn (3.5.4), we get a

covariant version of Salpeter equation,

(20 D(@)b(d) = / PIE G ). (3.5.8)

whereD(q)is the 3D denominator function defined by

1 1 Mdo

D(Cj) - 21 AlAQ.

(3.5.9)

whose value can easily be worked out by contour integration by noting positions of poles

in the complex o—plane [23] as,

(3.5.10)

Where

2 _ 9 2
Wio =Mig+(q .

We can see that RHS of Eqn (3.5.8) is identical to RHS of Eqn (3.5.1) by virtue of
Equations (3.5.4) and (3.5.7). We thus have an exact interconnection between 3D wave

function ¢(q) and 4D wave function ®(P, q)

A1 A 0(P,q) =

—D(g)¢(ﬁ) =T1'(q). (3.5.11)

i
We thus also get the Hqq vertex functionI'(¢) under CIA for case of scalar quarks. Further
in the process, an exact interconnection between 3D and 4D BSE [21] is thus brought out
where the 3D form serves for making contact with the mass spectrum of hadrons, whereas
the 4D form provides the vertex H¢qqg function I'(§) which satisfies a 4D BSE with a natural
off-shell extension over the entire 4D space (due to the positive definiteness of the quantity
G = q¢*— @1'3# throughout the entire 4D space) and thus provides a fully Lorentz-invariant

basis for evaluation of various transition amplitudes through various quark loop diagrams.

Due to these properties the framework [1] can be profitably employed not only for mass
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spectral predictions but also for transition amplitudes all the way from low energies to
high energies [21]. To obtain the form of Hadron-quark vertex function for the case of
fermionic quarks constituting a particular meson, we first replace the scalar propagators
A;' in Eq. (3.5.2) by the proper fermionic propagators Sr . Then for incorporation
of relevant Dirac structures in vertex function I'(§) we make use of the power counting
rule developed in [3, 8] for incorporating various Dirac covariants in the structure of Hqq
vertex function for a particular pseudoscalar meson, order-by-order in powers of inverse
of meson mass [3, 8]. As far as a pseudoscalar meson is concerned, its hadron-quark
vertex function which has a certain dimensionality of mass can be expressed as a linear
combination of four Dirac covariants [7], each multiplying a Lorentz scalar amplitude. For
writing the structure of Hqq vertex function I'(§) for a particular meson, we re-express
this function by making these scalar amplitudes dimensionless by weighing each covariant
by an appropriate power M, the meson mass. Thus each term in the expansion of I'(§) is

associated with a certain power of M and hence in detail we can express the hadron-quark

vertex,['(¢) as a polynomial in various powers of 1/M [8]:

Cp(d) = 2p(d) 5 Np D(DO(0) (35.12)

with

QU = 5B — 1ot — i o2 — [~ 471 (351
where B;(i = 0,...3) are four dimensionless and constant coefficients (which are taken to be
constant on lines of [3] [8]) to be determined. Now since we use constituent quark masses,
where quark mass m is approximately half of the hadron mass M, we can use the ansatz
q << P ~ M in the rest frame of the hadron Then each of the four terms in Eqn (3.5.13)
would again receive suppression by different powers of 1/M [8]. Thus we can arrange these
terms as an expansion in powers of O(1/M). We can then see in the expansion of Qp |

that the structures associated with the coefficients By, B; have magnitudes O(1/M?) and
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are of leading order, while those with By, By are O(1/M") and are next-to-leading-order.
This naive power counting rule [1, 3, 8] suggests that the maximum contribution to the
calculation of any pseudoscalar meson observable should come from the Dirac structures -
and iv5(y.p) /M associated with the constant coefficients By and By respectively, followed
by the other two NLO covariants associated with coefficients By and Bj3. Nevertheless
we have to see the results of employing the full vertex function in Eqn (3.5.12) which
incorporates both LO as well as NLO covariants, and in the process see the relative
importance of various covariants. We give this detailed calculation in chapter 4. Before
presenting this calculation, we first give the description of the BSE kernel. As far as the

interaction Kernel is concerned, it has the form as in [23-24] and has the general form

- 1 1
Kla.d) = GGV~ a). (3:5.14)

where (A1), (3A®)) is the color part of the one gluon exchange interaction between two
quarks, 'y,(tl)%(?) is the spin dependent part of the interaction, while V(q-q’)is the spatial
part of the interaction. For details on the Kernel see [24]. The ground state wave function
¢(q) satisfies the 3D BSE on the surface P.q=0, which is appropriate for making contact

with mass spectrum [24, 25]. The ground state wave function ¢(§) has a gaussian structure

[8, 22, 24] and is expressed as

-2

P(q) ~ e (3.5.15)

In the structure of ¢(§) in the above eqn (3.5.15), the parameter (3 is the inverse range
parameter which incorporates the content of BS dynamics and is dependent on the in-
put kernel K(g, q'). We present the derivation of decay constant fp for unequal mass

pseudoscalar meson (including an alternative calculation for pion) in the next chapter).



Chapter 4

Leptonic decays of pseudoscalar
mesons

4.1 Determination of decay constant fp

Decay constant fp can be evaluated through the loop diagram which gives the coupling

of the two-quark loop to the axial vector current and can be evaluated as [1]:

frP =< 01Qin5QIP(P) > . (4.1.1)

which can, in turn, be expressed as a loop integral [1] [8],
frPu =3 [ daTr{Un(Pq)ins) (4.12)

A Bethe-Salpeter wave function W(P, q) for a P-meson [8] is expressed as,

U(P,q) = Sp(p1)I'(§)Sr(—p2). (4.1.3)

with
Sr(p1) = —i%~ (4.1.4)
Sr(—p2) = 4%' (4.1.5)

which is expressed as the quark and anti-quark propagators flanking the Hadron-quark

vertex ['(¢) function. Let’s first evaluate the trace over the gamma matrices, by using

32
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U(P,q) from Eqn(4.1.3) and incorporating Hqq vertex function I'(¢) from Eqn (3.5.12)

Tr{¥(P. q)inns} = TTH_Z‘MH%BO - i75ﬁBl - Z'”Y5£Bz =54 — W?)%]

Ay M M
(mg +ip2) .
Sl PN (4.1.6)
2
This can in turn be expressed as
. —1 . . .
Tr{V(P,q)iv s} = g Lrilm — ip1][vs BoM? — iys PB1M — 5By M|

M2A; A,
(= Bs (B4 — 417)][m2 + iolinvs}- (4.1.7)

After expanding the above expression, the individual terms are:
TT{—m1B0M2*V5ﬁ2’7H’}/5} = —mlBoM2TT{ﬁ2’}/M} = —4m1B0M2p2H,

Tr{mimoM B1vsPv,vs} = mimoM B\ Tr{p,} = 4mimsM B, P,,
Tr{mimoM Boysfry,vs} = mimaM ByTr{gry,} = 4mimaoM Baq,,
Tr{myM?*Bop1vsv, Vs } = maM>BoTr{p1v,} = —4maM?>Byp,,
Tr{—maBsp1ys .75} = 4meBs{(p1-P)qu — (p1-9) Py + (P.q)p1u},
Tr{—maBsprBy,} = —4m2Bs{(p1.9) Pr — (p1-P)qu + (¢-P)p1y.},
Tr{mi B3vs Pqp2v, 75} = 4mi Bs{(P.q)pay — (Pp2)qu + (q-p2) P},
Tr{—miBsysf B pouyuyst = —4miBs{(q-P)pay — (4-p2) Pu + (P.p2)qy.},
Tr{BiMprysPpavuys}t = ABtM{(=p1-p)pay + (p1.p2) Pu — (P.p2)pas},
Tr{BaMp1vspa,vs} = 4BaMA{(—p1.q)pay + (P1-02)qu — (¢-P2)P1,}- (4.1.8)

Collecting the above results systematically with respect to LO and NLO Dirac covariants

we have,

_1 _1 )
MQ—A1A2 TT(LO> = —M2A1A2 {4M Bo[—m2p1# — m1p2u]+
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AM Bi[mima By — [(p1-P)pay — (pr-p2) B + (Pp2)p1]l} (4.1.9)
and
! Tr(NLO) = ! 5 VAM Bo[mimag, — [(p1-)pay — (p1-p2) @ + (4.-p2)p1,]]
M2A1A2 M2A1 A,
+8B3[ma(p1-P)q, — ma(p1-q) Py + mi(q.p2) Py — mi(P.p2)q,]}- (4.1.10)

We have seen in chapter 3, that the four dimensional volume element will have the form,
d*q = d*§Mdo. (4.1.11)
We can express the leptonic decay constant fp as:

Jo = VBNp / Eao(@)] = 1 + 19 + fO + 1O, (4.1.12)

where f 1(30)7 f 1(31)7 1(:2), f 1(33), are the contributions to fp from the four Dirac covariants asso-

ciated with coefficients B;(1 = 0, 1,2, 3), and are expressed as:

*©  Mdo m3 mim
(0) 3 ATV AN AL A 2
— V3BNpB, [ D 90 oy 12T g, o2
fP \/_ P20 / 1 (q>¢(q) /_oo 2w\, [ m M?2 2 M?2

3

2mj\14”;2 + 2M2 + 4(my — ma)o], (4.1.13)
1 [ Mdo m? myms m2m2  mi
Ry B e e e
/\2 4
4M + M( 2 —m?2)o — 4Mc?, (4.1.14)
. Mdo 4 - m4 Mom
_ \/§Np32/d3qD(Q)¢(Q)/ M[W@ﬁ —m3)g? + (M — W +4 ]2\4 .
mfmZ m2 7 4 m2 2\ 2 3
B ]\/[3) +4MU—|— M( —mj)o” —4Mo?], (4.1.15)
o Mdo my + mag -+
W= \/§Nsz/d3qD(Q)¢(q)/ 27TiA1A2(_8 IMQ 2¢%).

(4.1.16)
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in deriving the above expressions, we make use of the scalar products of various momenta
expressed as,

pi.P = —MZ(ml +0),
po.P = —M2(7’ﬁ,2 —0),
1
Pqg=—M?%+ §(mg — m%),

P2 = —M*(my + 0)* + ¢,

[y

Py = —M?*(my — 0)* + ¢,
p1.p2 = —MQ(Tfh +o)(my—o0) — @27

1
p1.q = 5{262 — o[m} —mj + M*(1 + 20)]},

1
P2.q = 5{—2@2+a[m§ —m2 + M*(—1+20)]}. (4.1.17)
and multiply both sides of Eqn(4.1.2) by (fa—ﬂ*/}Q). We carry out integration over do by

method of contour integration by noting the poles positions in the complex ¢ plane
w
A1:O:af:iﬂl—m1$i5;w%:m%+q2 (4.1.18)

Ag:0:>0§F::F%+m2j:ie;w§:mg+cjz (4.1.19)

where Ay = w? — M?(my +0)? and Ay = w2 — M?(my — 0)? Having this all in mind let’s
integrate by considering semi-circular contour of large radius R with center at the origin.

The various integrals are calculated as follows:

R *® Modo ) R Modo r Modo
= — = lim - 4+ lim [ ——
YT 2miAIAy T Reeo ) g 2miA A, RS0 S 2miA A,

R
Maodo
R, = i 9% v
DT RN | 2mingA, T !

where > a_; is the sum of the residues of the complex function at it’s poles in the region

of integration. In our problems the poles lie on the real o axis. So, we should shift the
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Figure 4.1: pole position for integration in complex o — plane

poles infinitesimally away from the real axis. The poles lying within the contour are:

o1 = % —my and 0 = 57 + mo. Now at the poles o1 = 57 — my — ie the residue will

(taking lim. o) be:

o— <+ my
a_;1= lim = = ~ g
! W“—N}—ml{ Wi — M2(my + 0)?][w5 — M?(niy — 0)?] Hol

and at the pole o = 42 + my the residue will be:

c—2—-m
a_q1 = lim M 2
02— 2 iy (W — M?(miy 4 0)?][w3 — M?(my — 0)?]

Ho}

After simplifying and substituting the above results we can find immediately:

R * Modo M?*(wy — wy) + (M3 — m3)(wy + w2)
L= _

B - 4.1.20
oo 2MiAL A AMPwrws (M2 — (w1 + wn)?) (4.1.20)

With the same procedure we will have:

R — * Mo%do  [AMPwiw; — M* — m3,0m?)[wy + wo] + 2M?*myzdmlw, — wi]
2T emin A, S MAwywo[M? — (wy + ws)?] ‘

(4.1.21)



R * Moddo . R Moddo i Mo3do
= ———— = lim —— +lim [ ————— =
3 PN 27TiA1A2 R—oo | _p QWiAlAQ R—0 Jp 27TiA1A2
=X a_q
the residue at the pole o = 5 — m; will be:
—Mlo — <L + mq]?
a_1 = lim 2 [U o M Aml] = O,
a—»%—mﬁl M [O' + MI + ml][Ag]
and the residue at the pole o = %2 + my will be:
—Mlo — %2 — 1,12
a_; = lim lo — 5 2 =0,

The above two residue results leads us to conclude that

R3:O.
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. B Moddo
lim

R—oo | _p QWiAlAQ

(4.1.22)

With the above substitutions the decay constant of pseudoscalar meson can equally be

expressed as:

3 2 2 3
(0) _ BATY AN AL A my myms _mams omy. 1
fp —\/§NpBo/d D(Q)P(d)[(—2mi+25 5 —2my =2 5= —2— 5 +2W)D(cj)+
4(my — mg) Ry, (4.1.23)
4 2,2 4
(1) 3 AT AN LA mi 1Mo mim; My 1
=V3NpB d°qD M——44 2 - —= —
¢ 1 4 5 o
MD((?) + M(mz —mj)Ry — 4M Ry, (4.1.24)
(2 _ 8~y ar i 2 oy L mil mainy
fr = \/§NP32/d CID(Q)¢(Q)[(W(ml—mz)qu(q)+(M—m+4 YA
m2m2  mi ~2 4
(3) 3 A A ~ my + ma ~ 1
=+v3NpB d’qD -8 2
§ = VaNeBy [ D@0l (3"

(4.1.26)
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2

where ¢(q) = e is the ground state 3D BS wave function [20, 21] obtained by solving

the 3D spectral equation. and
- Do(q)
D(q) = EvEa)

w1 w1

(4.1.27)
where Dy(q) = (w1 + ws)? — M?; We have thus evaluated the general expressions for fp.

Our next objective lies on the determination of Bethe-Salpeter normalizer, Np

4.1.1 Determination of Bethe-Salpeter normalizer Np

To calculate BS normalizer Np for a pseudoscalar meson in the expression for fp we use

the current conservation condition [8],

2iP, = (27r)4/d4qTT[\I/(P q><8i’ SH P (P, q)Spt (—pa)] + (1 « 2). (4.1.28)

where

U(P,q) = 1P (P,q)v. (4.1.29)

Substituting the value of ¥(P,q) , ¥(P,q) and

Sp'(pr) = i(ma + ify) (4.1.30)
Sp'(=p2) = i(my — ipy) (4.1.31)

we have:
2iP, = (2m)* / d*qTR; (4.1.32)

TR = Tr[(m2+zp2)(75Bo+zl775B -I—Z;/f% +ﬂ}7% Eﬂhs )}

B
. ) . By . B Bs 3
[(ma = ip1)yu(ma — ipy)][vs Bo — ins P57 — Z%ﬁfﬁ — iy st gl (41.33)
After expanding this expression, it’s difficult if not impossible to put all the trace results
here, but we can take few examples, where traces over four gamma matrices are involved

such as:

Tr(vup1 4) = 4lp1u(P.q) — Pu(p1-q) + qu(p1-P)],
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Tr(pof?y,) = 4(p2-q9) Py — 4(p2-P)q + 4(q.P)pay,
Tr(papdye) = 4(p2-P)ap — 4(p2.q) Py + 4(q.P)pay,

There are 7 terms with traces over products of two gamma matrices, 52 terms with traces
over products of four gamma matrices, 32 terms with traces over products of six gamma
matrices and four terms with traces over products of eight gamma matrices. Hence the
expression for full BS normalizer is extremely complicated. Evaluating trace over the
matrices we can again express the expression for TR in terms of the products of constituent

quark momenta, the internal momentum and the bound state momentum as:

BB
TR = B[4m3 (p2.P) ~8(p1.p2)pr-P) + 8mims (pL.P) +4p3 (pa.P))+ = 5 (16m. (pr. P) (p2- P)
BQ
+M14[—4m%P2(P2-P)+8m1mzp2(1?1-P)+4P2(P2-P)P§+32(p2-P)(Pl-P)2—16(p1-P2)(p1-P)P2]
ByBs

—16p%P2] + W

[—8mima(q.P) + 16my (p2.q)(p1-P) + 16(q.p1) (p1.P) — 8ma(q.P)p7]

BB,

+M4

[—8m3(p2.q) P* +8m3 (q.P)(p2.P) — 8mi(q.P)(p2. P) — 16myma(q.P) (p1.P)16(p2.q)
+(p1.P)2+16(p2.P) (p1-9)(p1.P)—16(p1.p2)(q.P) (pl.P)—S(pQ.q)p%PZ]—i—]\i—% [—Sm% (p2-9)(q.P)
+4miq® (p2.P) — 8mamag® (p1.P) + 16(p1.q) (p2.q) (p1.P) — 81 (p2-q) (q.P) — 8¢* (p1.p2) (p1.P)

ByBs
M4

+4q°p}(p2.P)]+ [16m3 (p2-P)(q.P) — 16m3} P*(p2.q) +32(p2-q) (p1.P)* — 32(p2.P) (p1.q)

BB
(p1.P)—16(ps.q)p> P>+ ]\1453[32m1(p2.P)(q.P)(p1.P)—32m1(pg.q)(pl.P)P2—32m2(p1.P)2

By B3
M>®

(q.P) + 32ma(p1.q) (p1. P) P?] + 16(P.q)(p2. P)p] + [—16m3my(q.P)? + 16mimyq® P

—32m1(p2.q)(q.P) (p1.P) + 32my (p2.P) (p1.P)q” + 32ma(q.P) (p1.q) (p1.P) — 32mag”(p1.P)?

BQ
—16m2(q.P)2p% + 16m2p%P2q2] + Vi)[—lef(pQ.P)qQP? + 16m%(q.P)2(p2.P)

—32myma(q.P)*(p1.P) + 32myma(p1. P)g> P* + 64(p2.q) (p1.q) (p1-P) P* — 64(ps.q)(P.q)

(p1.P)* + 16(p1.p2) (p1.P)(q.P)* — 32(p1.p2) (p1.P)q° P* + 64(p2.P) (p1.P)* ¢
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—64(p2-P)(q-P)(q-p1) (p1-P) + 16(p2. P)(q.P)*p} — 16(pa. P)piq” P?]. (4.1.34)

After substitutions of the values of the dot products of various momenta we can express
the trace as a function of kinematical variables and the four dimensionless and constant

coefficients alone, and therefore the normalizer can be expressed as:

> Md
Nyt = @efi [ B0 @0H0) [ R+ o) T+ Tt Ty T + (12 2)
2
(4.1.35)
where
B . M* 5M*m} 5mi m$ 9 3 *m3 R

3mim;  mj§
oM?2  2M?

—2M?mj — 6mim; + 3my — AM?¢*o + 2M* + 6M*m} — 6M*m3]o* + 4M*0°},

4

2 5 2 dmymi+ 12 —6M*G*—2m3G°+2m3G* +[6 M*m3 — M*+3mim3—8 M>*mymy

B B
Ty = it {4M4m1 4m1 +8m1m2 4m1m2 [16M2m1m2 - 16M2m1] - 16M4m102}’
BoBz mimy Smim i
T3:W{M2m%mg+6milm2+ JVE 2 - M’m 5 — 8mims — ]\}QQ—I—ng—{- ]\}22

7
]\TZQ—HLMZmlq — M®msq® — 4m3imag® + 4m3q* + [2M*my + 2M*mim2 + 6mims

—M?*m3—12m3m23+6m2°) 0 —8 M*maG? o +[8 M *ma+12M>*mim3—12M*m3] o +-8 M*myo?},

BOB3

Ty = —5{—12M*@=24M*m3 @ +4m G +8 M > m3¢° —8mim3¢°+4m5¢> — 16 Mg

+[16M2m342—16M4q2—16M2m§q2]a+ 16 M*¢*0?},

BBy
M? {

—3mims — 4M>*mymi + M?*mj + 3mims — m2° + 4M*G* + 12M*m2§* — 12M*m3§

Ts = m$ — M® —3M*m? + 3M?*mf + 4M*mimy + 4AM*m3my + M*m3 — AM*m2mS

+[8M*m2 — 2M°® + 6 M>*m7 + 8M*mymy — 4AM*m3 — 12M*m3m3 + 6M>*mj + 24M*§%)o

+[AM® + 12M*m3 — 12M*m3]o* + 8M°a3},

BBy mb  M*m? 5 M?*mi ms

5 + 2mimy + 2M2 — 4M*m3m2 — 4m-m,
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M4 2 24 4,,2
+%+2M2m1m§+M2m§mg—4m?mg—%—2m?m%M2+4M2mlmg+8m?mg
M2 4 3 2,4 6 8M2
— 2m2+2m1m§—|— m1m2+3m‘11m§]\/[2—4m1m§—%—2m%m§M2+—m22 +2MA ¢

— 10M?*m2¢? + 2M*m3¢® — M?¢* + [3M?m] — M® — 4M*m,y — 2M*m? + 8M*m?

+4mS —8M* *mymy — 16 M*m3my+2M*m3 —8M?*mym3 —6M>*mim; —12mim2* + 16 M>
8 6
mymis + 3M*mj + 12m3imyo — %]U —4M* o + [8M*my — 2M° +6M*m? +12M*m]
—16 M*mymy—6M*m3—24M*m3m3+12M*m5) o +[4MO+16 M*m3i—16 M*m3] o},

B B;
Tr=—=5

{16 M*m1G* + 16 M*m3q* + 16 M*myg?® + 16 M*mimyg® — 16 M*mym3ag?

—16M°m3¢*+[32M*m 1 ¢*+32M*mag*)o}

By By
b=
2m$m32  5mim3

M? 8M?

5,6 026

3m3m m ms3m
1°7°2 2 1°7°2

{—1M2m4 _ 5mf n 5m . m1° 5 mimy  M*m3m3  1lmim3
g7 8 8M? 8M! M? 4 8
o 3+3m?m§ M?*m3  Tmimi  9mimiM?  5mim3
mim - -
R VE 8 8 4 AM?
_ S5mimS§ mimi  m§  5M*mIm3 _ ma?
M? 8 M? 4M4 M2 8M? 8 8MH4
M4d2 3M2m%q@ 6@2 M2m§cj2

A m A A
3miq* — —]\22 + 4M>*mimaeg? + d4mimayg® — 5

2 2
3mim3q”
M2

3m2m4q2 m6q2
32 4 A2 11792 2
—4dmimyq” —myq” — +

M? M?

+2M?¢* 4-2m3 g

1 11 M*m?

—2m2¢* + [4m$ — §M4m% - IMQmLI1 + YSYE 2m2

TM?m?m? 5mbm? 3M?m3 15mims

— 2 _9mimi— ]\22 2 L AMPmymi+12m3m3 — 1 2 +6m3ms+ W
5m2mS§  5mb

—6m1mg—mg——]\22 2 4M22

8 2.3 5
my — 4M mimg — 6mims +

Jo+[M*G*—8M*m3G* —6m iG> +8M>*mymaG® +4M>*mi¢*+

1 7
12m2m3q¢* — 6msq°)o + 4M?*G¢*o + [9M*m] — §M6 - 5M‘*mf + 5mb — 4AM*mim,

3M4 2
C12M2mlmgy 2 T2

—12M2m2m3—15mima+12M*mymi+3M*m;+15m3ms—5mS)o?
+ [AM*YG? — 12M*m2¢® + 12M*m3%) 0% + [~ M® 4+ 8M*m3 + 10M*m] — 8M*mym;

—4AM*m32 —20M*m2m3+10M?*m3)o® —8M*¢*0® 4 [2M° + 10 M*m? —10M*m3]o*},
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By Bs
M3

Ty = {8mSmy—16mim3+8mims+8M*m,G* +8M*m3¢> —AM*moG?® — 16 M*m3m,g?
+4mimaG?—8M>*mim3¢*> —8mimiG> +4m5q* —16 M*mag* +[32M*mima—32M>*mim3)o

+ [16M*m1¢* + 16 M*m3mag® — 16M>*m3¢%)o + 32M*mimao?® + 16 M*mag®o’},

BsBs . M*m?t  M?mS mf mli° 3M2mim?
Ty = ]\3443{— 5 L 5 1+71+2]\/1[2+M4m%m§+—21 2—2m?m§
B 5mim3 B M*ms3 B 3M*m3m; 3 4 5mSms N M>?*mS 926
2M? 2 2 172 M2 2 11742

6 8 8 10

S5mimS  ms  hm2mb§  m . . - 5
B ]\/1[2 - 72 2]\1422 h 2]\22 —2M°G* — 10M*m3¢* +8M*m1¢* + 16 M *mymyq?

+ 16 M*m3mag® + 2M*m3¢* — 8M*m3m3¢* — 16 M*mimig* — 24M*G* — SM*m?§*

+8M*maq* +[—2MOm? —3M*mi+4M>*mS +5mS +2MOm2 +6 M*m3m32 — 12M*m im?2?
— 20m$m3 — 3M*my + 12M>*mim; + 30mim? — AM*m§ — 20m1*m2° + 5mj)o
+[—4MOG +16 M*m3G* +32M*mymoq®|o — 16 MG o+ [—2M® — 6 MOmI +12M*m]
+20M*m8+6 MOm2—24M*m2m22 —60M*mimi+12M*my-+12M>*m3m;—6mimiM?
+16MOm3 + 40M*mT — 16 M°m3 — 80M*m3m3 + 40M*mj3]o°}.

In the above expression many terms would give divergent contributions due to the presence
of the factor (m; + o) in the integrand. To overcome this problem, one can consider,
following [20, 26] the charge to be concentrated on one of the quark lines (say p;). This
may amount to taking the derivative with respect to p; (instead of P ) [20, 26] in the

expression for NV },72). Thus we can express the above normalizer with out (m; + o)

N2 = (27r)2¢/d3QD2((j)¢2((j)(T1 +T24 T3+ ...+ Tip) + (1 < 2) (4.1.36)
where
B? M* 5M?*m? 5mt MS M?m?2 3mim2 ms
Ty :MO? [_T_ 5 L 21+2]\412—4M2m1m2—4m§m2+ 2 _3mimi— 2]\1422%—72
3m%m§ mg 242 212 242 2 9 4 2 9 2
+4mymi+ —6M=G"—2miG +2m35q°| [, +[6 M “mi— M *+3mim;—8M>mymy
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— 2M*m3 — 6m3m32 + 3my — 4M?G?| Iy + [2M* 4+ 6 M*m? — 6 M*m32] 15 +4M* 1.},

B,B

Ty = ]\0431 {[AM*my—4m3+8m3m3—4mymy] [ +[16 M*mym3— 16 M*m3) I,— 16 M *m, I3},
ByB, mSme 3Imims3 3m?m3  m?

Ty = e {[M>*m3my+6mimsy+ ]\142 —M2m§—8m§m§—#+2mg+ A/}ZQ—MQQ

+AMP*my G — MPmag® —4mEmag® +4mia°| I+ [2M *ma+-2M*m3m2+6mimy — M*mS3

—12mim23+6m2°| I, —8 M*moG? I+ [ M *my+12M>*mims —12M>*mi| [3+8 M*mo 14},

ByB
T, = SO [~ 10M — 2AMPiiP + AmdP + 8MPig? — Smmdi? + Amdg? — 16M3q] 1,
+H[16M*m2G2—16 M* > —16 M*m3q°| I,+16 M*¢* 15},

BB, 6 4 2 4 4 2 2
Ts = W{[ml—M — 3M*m?2 4+ 3M*m7 +4M*mymg + AM*mimg + M*m3 — AM*m3m;

— 3mims — 4AM?*mymi + M*mj5 + 3m3imy — m2° + AM*¢* + 12M>*mi¢* — 12M*m3¢°| 1
+[B8M*mT — 2M° + 6M?my + 8M*mymy — 4AM*m3 — 12M>*mim3 + 6M>mj + 24M*¢%|1,

+[AMS +12M*m? — 12M*m3] I3 + 8MOI,},

BBy M*m? ]\Fm4 m8
Ty = W{[7 - L _oM*m? — 5 +2mimy + — S 4MP*mim2 — 4mimy
M4 2 24 4,,2
+—2m2 +2M2m1m§+M2m%m§—4m:{’m§——W;Im2 —2mSma M*+4M*mymi+-8mims
M>?*ms 3mim; s m$ m3

M?
+2mymiy+ +3mimyM?* — 4m1m2—7—2m1 mSM? + —2— ; +2M* ¢

—10M>m3¢* + 2M*m3¢* — M?¢*| I + [3M?m} — M® — 4M*my — 2M*m73 + 8M>m?
+4m8 — 8M*mymy — 16M>*mimy + 2M*m3 — 8M?*mym3 — 6M>*mim3 — 12mim2?
+16M2m1m§+3M2m§+12m%m§—8ng]]2—4M4(j212—|—[8M4m1—2M6+6M4mf+12M2
mi—16M*mymy—6M*m3—24M>*m3m3-+12M>*my) [3+[AMO4+16 M*m?2 —16 M*m3] 1},
B, Bs

17 = M3 {[16M*m1§* + 16M*m3¢* + 16M*mag® + 16M*mimag® — 16M*mym3q°

—16M*m3q?| 1 + [32M*my¢* + 32M*myg?] 1o}

10

BzBQ{[_lM2m4 5m$  5mY  mi P mimy  M?*mim3  11lmim3

Is=7p -3 1T T Tas ™ M2 A 8
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B o + 3mimy  MPmy  Tmim; N ImimiM?  5mbmj
AV 8 8 4 AM?

Cmd — 3mim3 L m_g _ m3m§ _ 5mim$ . mymy  m§ N SM*A*m2m$ _ ma?
Ve 8§ M2 4M4 M2 T 8M? 8 8M*

M2 3M2m2a? 7 M2m2i?2
q 19 mig? M2 —|—4M mimaG® + 4mimyg® — — 24

R 3m4m2cj2 . A 3m2m4q2 m6 62
+4m2mi¢* + —]1\422 — dmimig: — m3g® — ]1\/[22 ]\3[2
—2m2GH I 6—1 4 2_2 2 5 2 5
547111 + [Am] 2M mj 1 M"m —|— 4M2 —4M mlmg 6mims +
5mSm?2

—Qm%mg — ]\}2 2

6

5m? 5
—6myms—mS— nj@zr@ 4]\7222

+ 2M2G* + 2m3g*

M*4m2
2
15mims

2M?

2, .4

TM?*m?m?2 3M
M mymy S AMZmym 4 12m3md — 4m2 F6mZmit

2

[ Lo+ [M*G2—8M*m2§* —6miG* +8 M*mymag* +4M>*m3?

1 7
+ 12mim3q® — 6my@?|lo + AM?G* I, + [9M*m] — §M6 - 5M‘*m§+

3MAms3

5mb — AM*mymy — 12M>*m3m, + — 12M?*m2m? — 15mim?3

+ 12M%*mym3 + 3M*mj + 15m2m3 — 5mS| 15 + [—4M*¢* — 12M>*m3¢* + 12M*m3¢°) I

+[= MO8 M*m2+10M*m —8M* mymy—4M*m32—20 M*m2m2+10M>*miy) [,—8M*§*1,},

By Bs

e {[8mSmy—16mim3+8m2m5+8 M m1G> +8M>*m3¢* —AM*moG® — 16 M*m3mag?

Ty =

+4mimag®—8M>*mim3q* —8mimiq +4m5q° — 16 Mmoo [ +[32M*mimy—32M>*mim3| I

+ [16M*m1¢* + 16 M*m3mag® — 16 M*m3¢%) Is + 32M*mimyls + 16 M*myg? I3},

BsB M*mi  M?mS m§  mi° 3M2mim?
Ty = ]\?’443{[— 5 L. 5 e 21+2M2+M4m1m§+—21 2 2mSm?
_bmim3  M'my  3MPmim; 3t 4 5mimy  M*m§ e
2M?2 2 2 M2 T 2 -

5 4, 6 8 5 2,8 10
”;}TQ % ?]\14”;2—;7\; — MO — 10M*m2¢? + SM?m?§* + 16 M mimag?

+ 16 M2*m3mag® + 2M*m3q* — SM*mim3q* — 16 M*mym3g® — 24M*¢* — SM*m?2q*

+F8MPm3GY [ +[—2MOm3 —3 M *mi+4AM*mS+-5mS+2 M m3+6 M *mim3—12M*mim2?

—20m$m3—3M*my+12M>*mimy+30mim; —4M>m§—20m1*m2°+5m3| L,+[—4M°§°
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+16M*m3G? +32M*mymag®| I, — 16 M*G* I, +[—2M® — 6 MOm3 4+ 12M*m7 +20M*m?
+ 6MOm3 — 24M*m?m2% — 60M*mim3 + 12M*mj + 12M*m2mj — 6mim3M>
+ 16 M°%m?2 + 40M*m{] — 16 MOm3 — 8OM*m2m3 + 40M*m3]1,}.

where [, ...14 are analytic results of pole integration over the off-shell variable o in the

complex ¢ plane and are evaluated as:

Mdo
——— = 2miXa_
AN, !
The residue at the pole o = 5+ —my will be:
d [M(o — %5+ + my)?]

a1 = lim — — — =
L W Do T % DS + i + o) — M — o)

}

And at the pole 0 = 52 + my

lim o — 4 — ma]M

o2y W2 — M2(1y + 0)22M2[22 — iy + 0][22 + my — 0]

}

which is equal to
-1
2wo(w? — w3 — M? — 2Mw,)

hence substitution automatically reveals that:

> Mdo
L= 227 _ (on)?
LT AA, (2m)7

2w3 — M%wy + bwiws + dwiwi + wg]
4w§w2(M2 — (wl + WQ)2)2 ’

(4.1.37)

with the same procedure we can have:

I * Mdo

= O

’ —0o0 A%A2

_ (27T)3 —M4w2 + (m% - m%)(wl + w2)2(2w1 + WQ)MQ [6(«0? + 9wfw2 —+ 4(,4)1(,()% + w2(_m% + m% + w%)]

8M2wiwz[M? — (w1 + w2)?]?
(4.1.38)
* Md
Iy = e
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1
16 M*wiws (—M? + (w1 + w2)?)

= (27)? 2{—M6w2 + (mF — m3)* (w1 + wy)? (2w + wy)}
+M*2w8 — 2miws + 2mawy + wiwsy + dwiwi + w3

— M?[miws + miws + 4w?wy (w1 + we)? + 2ma(—2w?d + Wiy + dwiw2 + W3)]

—2m3(—2w} + miwy + wiws + dwiwi + wi)]} (4.1.39)
> Mdo M? —m? +m?2 + 2Mw,)?
la= A0 = (2m)H (6 R 2 212
—o0 ATA, 8MObwy(M? — wi + 2Mwy + w3)

(M? +m? —m3 — 2mw, )2 [M* + M?*(m? — m3 — w? — w3) + (m? — m3)(3w? — w3)]
16MSwi(M? — 2Mw; + w? — w3)?
(M? 4+ m? —m2 — 2Mw; )?[—4Mw(m? — m3 + w3)]
16MSw3 (M2 — 2Mwy + w? — w3)?

} (4.1.40)

After this numerical integration over the 3-D variable d3¢ in is performed to evaluate
Np. We have thus evaluated the general expressions for fp and Np in the framework of
BSE under CIA, with Dirac structure in the Hgqg vertex function with the leading order
structure as well next to leading order structure according to our power counting rule.
We see that so far the results are independent of any model . However, for calculating
the numerical values of these decay constants one needs to know the constant coefficients
By, B1, By and Bz which are associated with the Dirac structures. The relative value,B;
By, By, Bzare a free parameter without any further knowledge of the meson structure in the
framework discussed above. The numerical results on various pseudoscalar mesons calcu-
lated were[l]; fr = 0.130Gev(Ezp = 0.130Gev), fx = 0.164Gev(Exp = 0.159Gev), fp =
0.194Gev(Exp = 0.220Gev), f B = 0.228Gev(Ezp = 0.240Gev).

However in case of pion though the numerical results coincide with the experimental data,
the contribution from LO is lesser than the contribution from NLO which is not in ac-
cordance with the power counting rule. To overcome this problems we propose in the
next section an alternative way of calculating pion fp which hopefully would raise the
contribution of LLO terms in comparison to NLO terms in the Hadron quark vertex. In

the next section we discuss about the results.
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4.2 Decay constant of pion

Decay constants describe the simplest electroweak transitions, where a meson couples
directly to the photon or W boson. They are often used in more complicated calcula-
tions. Decay constants for some mesons could be determined from experimental data.
What we do is to calculate the decay constants theoretically with specific QCD motivated
models and after their theoretical values compare them with experimental data to see
the predictive powers of our model. Thus comparison to the experimental data makes it
possible to test the meson wave function in different models and help us understand our
models better. In this section we present an alternative calculation of the decay constant
of the lightest meson pion. As we have seen earlier decay constants fp can be evaluated
through the loop diagram which gives the coupling of the two-quark loop to the axial

vector current and can be evaluated as [1]:
frPu =< 01Qin, QI P(P) > (4.2.1)
which can, in turn, be expressed as a loop integral,[1]
frbu =3 [ dqrr{Un(P. g (122)

A Bethe-Salpeter wave function W(P, ¢) for a m-meson is expressed as,

U(P,q) = Sp(p1)I'(q)Sr(—p2), (4.2.3)

with
Sr(p1) = —im;—:}bl) (4.2.4)
Sr(=p2) = —i(mZ—;IﬁQ) (4.2.5)

which is expressed as the quark and anti-quark propagators flanking the Hadron-quark

vertex I'(¢) function. Let’s first evaluate the trace over the gamma matrices, by using
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U(P,q) from Eqn(4.1.3) and incorporating Hqq vertex function I'(¢) from Eqn (3.5.12)

T (8P, @)y} = T Py —in L, —in i, — i - ) )
[_i%i%ﬁd} (4.2.6)

This can in turn be expressed as

. —1 . . .
Tri{¥(P,q)iv.vs} = mﬂ"{(m — ip1)[ysBoM? — ivs PByM — iys Bo M|

—5 (B¢ — 417) Bs](m + ipa)iv, s}

(4.2.7)
After expanding the above expression, we can have the trace results:
A B B P
it e ey (P (e e
4By P — ](\géi)zp; H 9P g 4P~ ﬁsﬁié + (Pp2)gy
4B 4P ﬁ;gi‘; e (4.2.8)

To simplify the above results let’s make use of the dot products of different momenta,
pi-p1 =41 — m?
p2.p2 = Qg — m?
.1
1 2
pl.P: §(A1 — AQ - M )
1 2
pQ.P: §(A2 — Al — M )
.1 2 2
p1g = Z(3A1+A2+M ) —m

1
Po.G =m? — Z(AI + 3A, + M?)
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p1-pa = m* — %(A1 + Ag 4+ M?) (4.2.9)
The four dimensional volume element will have the form:
dq = d*qMdo (4.2.10)
We can express the leptonic decay constant fp as:
fr=VaNe [ 0@ =19+ 10+ 1+ 10 (42.11)

where f 1(30), f 1(31); 1(32), f ](33), are the contributions to fp from the four Dirac covariants asso-
ciated with coefficients B;(1 = 0, 1,2, 3), and are expressed as:

* Mdo 4Bym

71 = oy [ @ipwow [ 5T (42.12)
. [®Mdo 2B, 2B, 2BM
1 =Ny [ @ip@ota) [ STl o (12.13)
*® Mdo 2Bsoc 2Bsoc 2B;Mo
@ _ 3N, | BeDii)ola 2 2 2 4.2.14
P =3 P/ 1D(9)4(q) oo 2mi [MAl * MA, * ASPAY | ( :
* Mdo. 8Bsm 8Bsm 4Bsm 16Bsm?
® _ /3N BaD(a A/ _obgm  sbym 253 3
= vane [ @ipwe [ SN - R At ]
(4.2.15)

Our next task lies on the evaluation of the analytical values of the contour integral:

/°° Mdo 1
oo 2mIAI Ay D(G)

* Mdo 1
—00 27TiA1 N 2&)1
< Mdo 1

= — 4.2.16
0o 27TiA2 2&)2 ( )

* Mdo (&2 —1)
o=

—0 27TiA1 2W1M

* Mdo (22 + 1)
o =

—0 QWiAQ QWQM

/°° Mdo (wy —w1)
—c0 27TiA1A20 N 4(.()1(,()2[M2 - (Wl + CUQ)2]

[\
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with the above substitution we can immediately have the contribution of the decay con-

stant
fr=f0 4 04 f® 4 f® (4.2.17)
where

B(]m

oL (4.2.18)

7 = 4V3Ne [ #aD@)ot)

By By 2B M

1 = VaNe [ D @o@ + 5 + i (4.2.19)

w1 1 w9 1
@ _ an. [ dapavea2B G —3) | 2B (G +3) | 2BeM, o
b=V P/ Gy oy v v o v o T R A S
3
(3): N 3AD ~ ~ _8B3m 1 _883777, 1 _4Bgm 16Bgm 1991
19 = VaNy [ aD@e)- s e~ e~ B+ am) (4220

We have calculated the decay constant of pseudoscalar meson using covariant instanta-
neous ansatz by making use of power counting rule order by order in powers of the recip-
rocal mass of the pion. We have shown in the previous sections that in case of the pion the
major contribution for the decay constant is resulted from the NLO rather than the LO
Dirac covariants in contrast to other heavy mesons. That is why we tried to modify the
dot products of the constituent momenta in the manner shownin eqn(4.2.9). This modi-
fication i.e expressing the dot products(only in terms of A) of the constituent momenta
is expected to make LO contribution higher than NLO contribution to fp for pion. That
means major of the contribution for fp should come from the Leading-Order-Covariants
rather than Next-to-Leading-Covariants. It was earlier seen that decay constants of pseu-
doscalar mesons including pion from our theoretic point successfully coincided with the
experimental values for the psudoscalar mesons [1]. However for pion, in the earlier calcu-
lation, the Lo contribution was lower than NLO contribution for fp. With the treatment
for pion we now expect the LO contribution to dominate the NLO contribution for pion
in line with other mesons calculated earlier. Concerning to the numerical results we have

to parametrize the calculation for pion.



Chapter 5
Conclusion

In this thesis we have studied the decay constants fp [1,8] of unequal mass pseudoscalar
mesons in BSE under Covariant Instantaneous Ansatz (CIA) using Hadron-quark ver-
tex function which incorporates various Dirac covariants order-by-order in powers of in-
verse of meson mass within its structure in accordance with a power counting rule from
their complete set. This power counting rule[1,3,8] suggests that the maximum con-
tribution to any meson observable should come from Dirac structures associated with
Leading Order (LO) terms alone, followed by Dirac structures associated with Next-to-
Leading Order (NLO) terms in the vertex function. Incorporation of all these covariants
is found to bring calculated fp values much closer to results of experimental data [27]
and some recent calculations [4-6, 28]. The fp predicted are within the error bars of
experimental data for each one of these five mesons [1]. They were worked out ear-
lier as [1]: fr = 0.130Gev(Exp = 0.130Gev), fx = 0.164Gev(Exp = 0.159Gev), fp =
0.194Gev(Exp = 0.220Gev), fp = 0.228Gev(Ezxp = 0.240Gev).

It was seen in the earlier calculation[1] that the contribution to fp from Lo covariants
was much higher than the NLO contribution for unequal mass pseudoscalar mesons. This
is in conformity with the power counting rule according to which the leading order co-

variants, should contribute maximum to decay constants followed by the next-to-leading
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7

order covariants, 75 and i7;7; (associated with coefficients By and B) should contribute

maximum to decay constants followed by the next-to-leading order covariants, —ifyg,%
and —75% (associated with coefficients By and Bs) in the BS wave function. The
numerical results for fp obtained in this framework with use of leading order covariants
along with the next to leading order covariants demonstrates the validity of the power
counting rule, which also provides a practical means of incorporating various Dirac co-
variants in the BS wave function of a hadron. By this rule, we also get to understand the
relative importance of various covariants to calculation of meson observables. This would
in turn help in obtaining a better understanding of the hadron structure. However, the
situation is different for the lightest meson 7 which enjoys a unique status due to the fact
that mass of a pion, M is unusually small (¢ << Agep), and the large difference between
the sum of two constituent quark masses and the pion mass shows that the quarks are far
off shell and the internal momentum ¢ should be of the same order as the pion mass and
the approximation ¢ << P ~ M breaks down for pion. Hence the contribution of NLO
covariants in pion case is larger than the contribution of LO covariants owning to the fact
that pion is Goldstone boson. To overcome this problem in this thesis we have given an
alternative way to calculate the pion fp where there are no divergences in the integrals
to be regularized. Due to this fact we strongly expect the LO contribution to dominate

the NLO contribution for pion to make it in line with the power counting rule proposed

earlier. This would in turn lead to a better understanding of the Hadron structure.
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