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ABSTRACT 

The non- relativistic equntions of motion fo r a chnrged 

par t icle , an electron , in a wave of slowly varying amplitude aro 

examined . The ',/ilv e , whistle r wave , is supposed to be propagating 

at an arbitr a ry but small angle to a uniform background magnetic 

field , in nn infinite collisionless plasma . Approximate solutions 

f or t he equations o f motion of particles in cyclotron resonance 

with the shistler wave are evaluated by method of ave r aging . 

An expr ession for the period of trapped par t icles i n a lIpotential 

well" and an integral of motion in the space of phase difference 

are de r ived . 

, 

--- . 
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It"" int-roduce 1.1>0 q ",t 
~ > .., • -~ e 

~ 

... hicb i. the c;rclot:·o !'r ;U n , , 
lines tn~n eq . (1.1) OCCOJnCB 

+ -, 
d',' ~J! C: • - • + , -. u, m 

CozponeDt~ ot eq. (1 . 2) are 

dV. - I;: V. 
c • dt 

-!'l 
Y 

.. qE + 
'i 

at " 

c..v';,. ~ 

= dt c 

~'oh'ing ~qs . (1 3.) a., 1 'b 

we ohta.in the \."'e) oc:ty CO'I:';;c:~er t 

f (V ,8 
' . .z: +"'" '" W ,. xo" C .... 

< 

v = (V +S n y xo 

"'" 
V • Vzo 

+ 
,,~ 

% 
~ 

.. !!..,.,~ 

par "t t ~ 'l~ ( i field 

, ': .c .... the .- .. r"e 

{.I..3a) 

0, ~b) 

C 1. <0) 

t < , 

• (. , ~a 

• I.. ) 

___ _ .&.~_ow _ • ___ " 



.n· grat. a 0 • q t .. ons y ja t.he ;;aponentg of t (> poaition ot 
e po.rt I" 1 r 

= 1 
1 (, + i +" (08 w t-1)- ~ t) (1.5&) 

, v +- ;: W t x. C yo c • ""l- n 

y = y +~ {(V
xo 

+ QEY)(l_ cos w t) + V S!D W t + !j t}(1.5b) '0 "' ... ,J'O • C "" .. e 

Z :: 7. .,. V t 
o :7.0 

< , -

"'" (1. 50) 
4 _ 

",,'~~re r '" (l':o,y , oj Me. VO :a (V ,V ,'/ ) are "~e inhial pcsition a.o.d 
x.o yo zo 

'"""'o""it:r of 'tbO:' ?"'-rticle respt>r-ti ..... lJ. 

x = v • (e • .. , + \' l't:n "\,t ..c 
" J.Q. I,. We. 

(1.60.) 

., 
V , = + '...:to sin "'e t !,O (co!'! ,.t-l) 0 (1.6b) 

Cc "'e 

z = " J V , 
0 (1.1>,. ) 

!'r"" eo.!:i.. (1. . ) wi (l.ra) it can b • IIhovu thA~ 

--
• y) 

, 
+ (:r - Y • 

y V • x .:Lo 

"'e 
v = • • V 

y 

"e 

------- .-. 
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+ • ·at.t yo 

, r.g • (1.6) and 1.7, ve t'8n co:\c ude that the tr!\,)eetorl or t~ 

'l. t 1" 

t \r.ou". '.he '-lnt (X',-) {b) "r .. _ I, di' d I ) pl·t-••. _. - 0 ,...., .01. ...-.; r rs, U3 r L a~ ,C .... u qlMU. 

" .: I"'l. t.he ... l'!lJectory is !\ circle ot tha ra.Uua r~ and center {X,Y} wbien , " 

i t.he ...-u\ hr.g center. I'D ttl'nenl t.he guid.ing clI!'n~e:- J"..()"'Iell in 'the 

r:r:~ti~ field y'U a N::l<>t:r.,!l.t v'tlocit7 ·,zo' "'~ also not 

Hn ,.. d .' "bf" p~-tic e is .... 'lchs.nged b~&uSe: 1;h~ 'l!!I8ognet.ie field hG.! 

TO nt, In +h ~~ .. ~{;ti~n of ~('l~tcn or the particle and. hence does riO 

• ~ I"_C! .:.G.c ?i!!.-\..Lar!!l~2.. the :~gnetic P!~d .. 
r ('!, ::1 t\,..-ed J1o.rticl, in JII. CUlQI) neticn of' elect· de ar.d fllSgn(!-tic 

• :1 tl: z .0 .. t't t l.Or •• 

• \ • ' ~,,;rW 0 tn.;.. 

v 
(Jl t l' + V, • 'n x • , , ~ ('0' "'et 

) 
(l\S.> 

e 

\' V {cos t.-l' ! = • ; 1.0~ cin w .. t ~ xo • 0- 0 
c "'c 

V t + .. c..Et, ,2 1. = + 
0 .. 

~- ~ _ .. _,-_._---------- . . _. 
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o.~iaon ot eqs. (1. q) nth the correapco!'l.d ug eqs a (1.6) shon that the 

pe.rticle :aotion in the X-'l plane are identical. The ouly effect of the 

imposed electric .I.. eld ia to produce aecelerat '.or. in the z-directtoo. vbic~ 

depead.& on t~ !'1,;n an 1U8'I'lit'.)je ot the charge on t~ partic.le. Thue ? tbt 

tra.ject.o1'7 at tne particle will be either & gradU&ll,- erUnding or poaduaJJ 

'ontrnctiog bel~x (deren'ling on the relative directions ot the electr ic 

field and the 1titi&! longitudinal velocity component). 

1.1.3 Electric Field Pe!]?endict.:.l.a,r to t e :~r;r.etic J'ield 

Consider the ~ion ot III caarged p&rticle in a. e bination ot JIlAgrlet-

and el.ectric t'ields llhich ar ... perpendicul.a.r to ellCh other. /.aSW1S the 

elec~rl~ fiel~ to be in the y-direction and the ~goetie f i eld in tbe z-db 

ti~n. Let tho!! initial veloc:it:r and position 'be Vo z (Vxo ,Vyo ' O) and ~o ;c 

(xo'Yo,O) respectively. For this ca.se .qJI...{l.~) and (L5) bec~ 

V • (V 
x xO 

V • (V
xo y 

v ·0 • 
< • 

• • 0 

, 
+ v) coo w t 
~ c 
""'c 

+ qEy ) sin w t c 

"'" c 

- V 
)'Q 

+'/ 
)'Q 

qEz sin w t -c 
(1.94) 

""'0 
Co. w t c 

(v + qiy) 
xo -­, .... sin", t - q~ t) (1.10..) 

c 
c 

(V + q\ ) (coa ~ct-l)} 
xo 

... < 

(1. lOb ) 

(1.100 ) 
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These equations show that the motion is entirely in the z-y Plane and con-

elfits Qf circular motion at cycl otron f requency upon vbich i s super imposed a co-

nstant drift per pendicular t o both t he el ectric and magoetic field. as 

shown in fi g . (1.1) . The drift vel ocit y f or this case is : 

-s 

= 

-
~ 

-qE 
.:J. = 

""'0 

-\I" 

"'g. 1. 1 , The ii x il dr i 1't 

"1- >0 

1- ,,-0 

In general i t is possible and conv 'n~ent to separat e t he electri c 

f ield and velocity of part i cle into two parts as follovs 

£" + El. and V = V" + Vl. = (1.11) , 
where the subscripts ' " • and I 1.. I denote the components of a quantity 

parallel and perpendicular to the direct ion of the magnetic f ield respective-

ly . As it \,las sho-wn in sub-secti on (1.1. 2) the cO!::!ponent Ell produces a 

uniform acceleration along the magnetic lines of force . For the perpendicular 

motion ve have 

= .'1 
m 

(1.12 ) 



• 

-\0-

~ 

Let a constant velocity V
E 

be a particular solution of the above 

equation . Then ve obtain . 

(1.13 ) 

~ . 
and on cross-multiplying this equation by B, ve will get a general express ion 

for the electrical drift velocity 

(1.14 ) 

we can no\.1 conclude that a charged particle , in t'!Utus.lly perpendicular 

el ectr ic and magnet ic fields , undergoes both helical cotion under the action 
~ 

of B and an electrical dr i ft at right angles to t he magnetic lines of force . 

1 .1 . 4 Eff ects of Constant External Forces 

\o,'h en an external force field. is appl ied t o a plasma in a magnetic 
. ~ 

fleld B, t here appears a drift motion of char ged particl es in the direction 
~ ~ 

per pendicular to both F and B. The equat i on of motion for the particle is 

; 

~dV = F 
dt 

~ ~ 
+ qV :x B (1.15 ) 

~ 

For the components parallel to B eq. (1 .15) describes a motion of constant 

accelerat ion . For the perpendicular component ve have 

~ 

IlIdVl. ~ ~ ~ 

= F ;. + qV
L x E 

dt 
(1.16) 

~ f;. x B Defining V
F = 

B2 
(1.11 

\Ie substitute V! = V
F 

+ V
L (1.18 ) 



into (1 .16); it then r educes to 

~ 

mdVL 
dt 

= 

- \\ -

(1.19) 

an e quation of motion for a simple cyclotron motion ~ Eq .. (1.16) desc ribes 

a superposition of a uniform drift V
F 

a nd si mple cycl otron mot i on 

• When the force in particular ar ises from the elect r ic f ield E, ve 
~ ~ 

sUbstitute F = qE:ln eQ. (1.17) to obtain 

• V = 
E (1.14) 

and ~h en the gravitational acceleration g is consider ed ~e have the fravita-

tione.1 drift . 

..... m""'"", 
V = -- gx B 
g qB2 (1.20) 

Since the di r ection of the drift Vp de pends on the s ign of t he charge 

of the par ticle it produces a net current even in a neutr al plas,~ . 

1 .2 Static Inhomoseneous Ma~netic Field 
) 

We no ... · d i scuss the effect of small spatial gradients of the me,gnetic 

field on orbits of a charged particle . ~ 

We choose B to be in the z-direction 

at the origin . ~ 

The gradie.t of B for~s a tensor of nine paramet ers ~h i ch may 

convin~ently be grouped into four catagorie s [ 5 ] 

a) Diver gence t erms : 

_ ..... 



- I l.-

b) Gradi e n t t.eTn1S : 3B 3B • • ax 3y 

0) Curvature t erms : 3B 3B x ---L 
3. 3. 

d} Shear terms : 3B 3B x ---L 
3Y 3x 

It is assumed that changes in the components of the magnetic field 

~n a distance of the order of Larmer radius are very s~all in comparison 

'With B. Because the resultant effec t is the sum of the separate effects 

due to t he constituent groups of terms we treat the effect of each group 

of t erms separately . . 

1. 2 . 1 ~ . Effects of Angular Divergence..££ B hnes 

For simplicity, it is assumed that the magnetic flux lines are cylinc~ri-

cally symetric about the z-axis . Then using cylinderical coordinates ve hhve , 

from Maxwell ' s equation , 

~ 

V.B 

; 

= 1 
r 

3 
3r = 0 (1. 21 ) 

Taking 3B • 3;" 
as constant fOT the range 0 < r < T

L
, integration~f 

eq. (1 . 21 ) over on~ orbit of Larmor radius yields ~ 

B = r 
3B • a;:- = (1.22) 

The magnetic field is essentially in the axial direction ~ith th~ r esult 

that the orbital velocity V ~s in the e-direction . Therefore .ith the help 
L 

of eq . (1 . 22) it can be shown that the lonsitud inal component of ~orce is given 

.. __ . 



- ---- .--. 

F it = - Vol 

B 

- \ 

= - UaB 
h (1. 23 ) 

V = L -i!:lvi is the kinetic energy of the peTticle associated \o'ith it.s 

tram'verse motion and lJ = \.,11. is the magnitude of t e magnetic moroent . 
B 

So long as the magnetic field does not chanec E:.ppr eciably in space over 

several Larmor radii &nd in time over several Larmer periods, one supposes 

that the magnetic mC)Jaent of a charged f'6J"iicle is a constant o f motion [G 

Because of the constancy of lJ, the force F" given by eq . (L 23 ) , can be 

derived from a potential U 

F" 
-dU = ~ aDdU: lJB 

Fro~ this it Cf~ be seen that if a particle runs into a reglon in vhich B 

l.ecoJII';'s large enough so that lJB C)(ccecs the total €'nergy of Ule parti.cle , it 

.... i 11 be rE'I 1 ected . The phenomena o f ref] t"ct . on a'" chargeod partie] es from a 

region of sufficient l y strongly converging magnetic flux lines is called the 

"n:agnetic mirror" effec t . 

• 1 . 2 . 2 Effect of Curvature of B Li~s 

The terns aBx and 
az 

aB 
--y.. have similar effects . 

az 
as 

If -.!.. f or example 
az 

1S positive , the B lines are curved as sho\ffl in fig . (1.2 ) ; 
","I'-

• 
Fig. 1 . 2 . Curvature of B lines corresponding to curvature t e res 



• 

...-.-.-~-- -
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The gui ding cente r of the particle moves along t.he lines of force througJ! 

the oriEin and experi ences the centrifugal force [:r- J 

(1.25 ) 

.... ilere it is the radius of curvature of B l ines at some point \/'hich is c 

given by 

= (
-t • -+-j: 

- n . In . a"d n = l! (1.26) 
B 

• Tne force given by (1.25 ) is perpendicular t o B and can be thought as an 

extranf'OUS f orce as discussed in sub-section (1.1.4). By eg. (1.17) \/'e expect 

it 

The 

to produce the cur.ature drift , . ] oei ty of glJiding center . 
• • • F y. B ~,. " • • 

(1.27) 
V = c = R y. B c --- - c 

qB
2 

OB?R2 
- c 

drift can prodUce all electric current In neut l"Ql plasma . 

1.2 . 3 • Effect of Gradient of B 'in a Dir~ction Peroendicula.r to 3 -- -------- - - - --- +--
if the terms d3z and 

ax do not vanith ~ the magnitude of B varies , 
in the direct i on perpendicular to B

z 
i. eJB

z = B (. ,y). , o and 

= 0 the orbit of the particle vill be as shovn in fit . (1 . 3) 
v a 

'--------------~,x 
Pig . 1 . 3 Gyration of particle corresponding to the £ardient --- ..... 

a3 fo r z> O. ax 

aB 
term z 

Tx 
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The Larmor radius being scaller on the left than on the right a 

pObitive particle drifts up~ard while a negative cherGe drifts dOJDvard . 

In the x-dir ection the orbit has periodic var":'ation but no net drlf".. . The 

X-COI'..Jponent o f the force acting on the particle 15 

F "qV B (x) = qV (B (0) + x x y z y z 

R~d integrating the equation of motion 

rodV 
x = 

dt 
F 

x 

aB 
z + . .. ) 

ax 
(1.?8) 

bet ... ·een the points 1 and 2 (fi t 1. 3) .... here the :~ticle has the ~ame motior. 

\"'e obtain 

or 

; 
Since the fi eld 

= 0 

. 1 . a3 ._ 
15 slo\ol y vary long _~ ::: ...a.a... 

ax ax 

(1 . 29) 

6nd recains r ctically con~~~t 

Over one l.arrJor orbit , .... e Illay write eq . {1.30) as 

t2 

f j Vit 1 aB xv dt 1 ~ J x ~ = = 
B ax y E ax 

t1 \ 

• 
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'f (:\1 ,r.at "-,he drift IIIOtio •. is in tl;.e fC'rm. of an eliips(' .... ith its !IWljor 

'i.J. ~nr. tn..: x-::uri~ a.nn the :uinor axil!: along the y-axis. The ratio of the 

fh l~tiO[l of motion (1 16), together ..,itl. (1.14) 'Uld (1.181, rtay 'b4;> 

'0 

. f !. 

, , 

~r 

~ ~ 

m:iV. m<l V + ~ "- + E • q'{ x 3 
dt dt L (1.:'6) 

, • 
~ 

+ + V. • V + V 
L ? c (1.~7.) 

+ 
V + dV -+ • ~ n x F • " dE .. 

qa
2 0 B2 ·jt .. 

'" 

. .r l. 1.'e>r.ucc .n 

+ + 
-:dV OldV + + c + ........P = qV. x B 
Cit dt 

"' ;:...1~ V « V e.,(l..bi\) beCOlL~!! c L C 
+ 

.:::d~r • + 
c • q V , B - 0 " c. 
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2. 2 ~L isotr~py of Magneti zed P1am:::~!. 

',rnen plastr:a is i~raej in. 8. unifo!'tD rnagnetostatic tidd slong the 

.. -direction the electromaglletic fields satisty the tiI!l.e ha.rmor:lie l'!L(Yell18 

equ~ti~n 

(2 .U) 

!his equation sbo~s tbat a magnetized pla~e behaves like & di~~~tric 

"!il'lT9.cterized by the permittivity 'bensor € ... 

'!'he components of the 1"'1 ectric fiu..,,: dltll.8ity Dr;} taa:v be vritt("o in 

l ::' r ;"t ·)f the co!!ponents of the electric field if;) M 

, ~) 
":tEx(;) - i~ E (1) D u· : ( 2.~2aJ x "27 

D f ;) : i<,E Ce) + ~\B (1:) ( 2.12b) y' c x y 

1) (t, : of m (2 .120) z z 

~~e~~ relations show that in the presence of external eagnetic field, thp 

1 p .... t::-ic field end the elect!'ic flux der:.sit:.- tu"e r..ot in tne same ciutK!t.icn. 

'I:",~ g tell s us tb .. t tl;e mediu:n is anisotropic. In the ab3enC'e o~ eX":e.-nal 

",agn~ti::: f'ield "::2 ve.ni.~hes and the iielec~dc pe:rmitivity vill be & sc".lu 

e' : .. HU to ( 3' Tn 5'..l=D a. case E and 3 a.rt! para.llel and Cte pl..eL8:l!l ie i.lO ropi~. 

'tie th'lZ co~ch:.de thet. it i s the external 'l!'l8gnet:ic field ~dcb ma.kas ~. II' Jt..I.au:a 

!l11~sctro'Pic . Waves pro~ting in c'!ifferent diree-tioos with !"etJ~ .. t to tb~ 

exter~al magr.etic ri~ld bave different characteristic!, 
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It: e'1u!),tioll tLa't; relates the prop8i)1ltioa "'OOSt8r..~ to tl'lf" .... &7~ rl'~t;: : 

i e. ~ ~ 0";' " '11 spersbn rf'J.ation. 

-:,r2 t:.~ .("-;.;.. 91s .. e io.Jr::bp, e..n angl!.' e '.nth the Z-axlS . "1i"n :t 

Ot =- \ ,1... = f. 3 i::! 0 , 
k = 0 

y 

.= k" Z; it ccs G 

• l2~ " en :;:) T ~IO~ = 0 '. , . " _. 
at? 

'J..'ll &", ·~1.uc.t:_c:n has a WBve salntion of' th(> form 

~ 
= -:'.0 ~xp {i(i.; -wt)} 

s~~h a 301ution bll,c\: into th" ... ..,,. equlltir>:1 #t~ • 

T.x(~xE)+ 
c· 
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" "Ie particle ,-"'1'., relo.tin· to ..... ~ nagnE; a atit:' r'l! d. 

Differentiatir~ eq/3.11) with res~~t to tim~ ~ obt~~n 

= [cos e v,I.. -v .. sin OO]:x. [eln a vJ. + Y.l cos J;y + v., ;z (.121 

.... b~h the notation; . is U!led instead of -ii ~OT My qu.f!.n+ t ... ,. 

l:n,t':'tuting for ;, ; , E and ! in al'cordlUlce with eo.J.5. ('.11). ('t.12) and 

r 
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The ratio 

"'0 
appearing 10 tbe J'~ ~.&tlUC t~~ 

of t·.e particle is the L&r:DOr '!""diu& of ey'"lot.ron rote.t.1OD t the Jo(l~ cote 

"''''cquency of the 'wIave, 1bE: o .. cill.&t1i.ng tenu, ot the 1. ar.8verae r"etlPOne t 

vdocity and that of t~e pha." or cy'!lotroll motion. ~l'e i ~ndt:'1.!. ¢::: .. _.1 

• f'rell1eucy a i' the wve and on the q,uasi-af:at ... onary eledr:1'" r:t'.ld '0 ' t~."'e 

~t.e -...'8. .... e is prvpagati::g ~t smell ~e X, t!le tralSV "-Iff' ~ nt 0: h. ... -. 

·re.:tor i s small ('omp8.red vith the 1 '<gitu1ind component. ~.~ •• 

k = k sin X « k CO!l X • k!. 

l"1'.H;, in eq. (3 .. 33) the se·:'Qc.d tfl!r"l is 1Iu.'.!t leu th n t e tnt t nI. . 

In ehe "baerlce of ::l&V.etic tit!l4 t.he IIOt 'In of t.t:e p-vt c • i t~ 

_s.ve's field lIQuld bt' e~cnar'" '\ft~n pl. ~.d .. tty 

1 ... r th£ "''' .. rtl. ~ « .. lccg t.bf' 41 ec"lon 0 t e t.he "~ponent or the. ore 0/,,11.'/" Y" 

+ 
• k. 

(3.3'< 

-



This type of r esonance is called cherenkov resOnance . Under his condit.ion 

the part ic.ie emi ts cherenkov r adiation (vaves ) (for 
those!:!. = v ph '" v cos e 

k 
E> ' t ' -+ -+ 

-... here - 1 S ne angl e bet .... een k and v ) . However , each ("cission proc:ess can 

• be reversed and) hence , f or the same condi tion of OJ and k the ...... 'iVe must 

cause the inverse e f fect , chel"enkov abso rpt ion , conne.cted 'With the t.ran fer 

of approperiat e energy ~ d moment um fr OOl "" ave to the particle [ I ll 

In t h e presenC e o f magnetic f ield .... e have another t.yPe of resonance 

}:no;..'11 as cyclotron ~esonance . Such resonance Oc.curs when the frrquency of 

'thc''';2.ve is eq'Jal to the rotational sp~ed of the particle around the mag: tic 

field . It is to be noted that cyclotron r esonance also ta.1!.es place ... hen the 

frequ.:>ncy o f the wave field i s an integral nru1:t.:iple of the cyclotron frC'qu nc.-y. 

T:"1us) the Te~onance condi.tion f or a part i cle goving across the !'legnetic field 

1S given by 

W = nW 
c n = 1 , 2 , 3 , ... 0 .35) 

in the If on ti,e other hand a particl e has a constant velocity component Vu 

direction of the magneti c f i eld , t he f requency "felt ll ,by the p!\rticle is the 

, ') 1 For such a case the cyclotron Doppler shifte d f r .equency e qual to w\.k - "v" . 

resona nce condi t i o n is 

= n W 
c n = O. 1 , 2, •. ,' 

For n = 0 this c ondition reduce s to the cherenkov re50nance . 

eq{3 . 36 ) becomes 

n Iw I + c k"v" 

- ---- - --

For n = 1,2, 3 •. .. 

( . 37 



great~r t.han t.lle velocit;r of the =-rtiete v" &n.1 Of. be. e 

effect. In t his C!\S~ the part i cle a.bs'\T"S & 1"81 fro t. 

-\a.'1lping of vaves under normal Dopp.~ er et'e('ti. 

""he:'), n := -1, - 2 , -3, • . • conditi('J~ l.l . 6' Lecome. 

rl 

or 

~ ) 

':"hillS, fot' n 0(" 0 the phas" veloeit'o; of tb.e wave !UfiTl€; tile JIIIlg.n tie find 

H! less than the particle's ve:lodtt v.,. rn ttls cue toe va..~ & 101"08 

The nVI"'ra,p'ed eq~tions of mot on c" ct.~a~J. partle1es. ~ ...... 

(3.~e) ere d~~ived under th! eyrlotron rt~ner.=e condition l; •• we! b 

v" 
( ~' ·lJ it' -<.oJ = . c ----x" .­\It:tistler vay€.' w{k \ is 

., 
R 

'1.,,<' ""!;(me.~\f! veJ·xity v
R 

.n~ li.n !"Il'lve 0 "'1I~te 8 ~,. 

)"~3"'lnant. particle!! JQOV" oPlXllI;t. .. e to 'the "W' ler YS"f'r. 

7D.c lnveetiSd.tion of ~he "",110ft ot cb ~t":i pc II"! u vi:tb.· 

• 

.1 

of ~,.:':l. (J.25'-(3.?8) i.s a v~ e 'lli(ate4 
t.l ~. Ai et!'!. ed fLr 11'-" .. c· 

.... :-,~ ' .. biatler -.:arc. b&- o:PaCAt S ir. 'u k13' 1 :ti • 

n~ber k i3 cbftnsin~ And ~a~ be 

\ 3. r. . 



'i fferelltiati\.io of ''t .... ) ... 1 ~ 1 rtllpe,:,1> eq \ _ • .::d '0 t'c.; 7., 
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