INTERACTION OF A TWO LEVEL ATOM WITH A
SQUEEZED LIGHT FROM PARAMETRIC OSCILLATORS

By

Kassahun Daniel

A PROJECT SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE IN PHYSICS (QUANTUM OPTICS)
AT
ADDIS ABABA UNIVERSITY
ADDIS ABABA, ETHIOPIA
AUGUST 2017

(© Copyright by Kassahun Daniel, 2017



ADDIS ABABA UNIVERSITY COLLEGE OF NATURAL AND
COMPUTATIONAL SCIENCE
DEPARTMENT OF
PHYSICS

The undersigned hereby certify that they have read and recommend
to the Faculty of Graduate Programs for acceptance a project work
entitled “INTERACTION OF A TWO LEVEL ATOM WITH A
SQUEEZED LIGHT FROM PARAMETRIC OSCILLATORS ”
by Kassahun Daniel in partial fulfillment of the requirements for the

degree of Master of Science in Physics (Quantum Optics).

Dated: August 2017

Advisor:
Dr. Deribe Hirpo
Examiners:
Dr. Fesseha Kassahun
Dr. Teshome Senbeta
Chairman:

Dr. Belayneh Mesfin

i



ADDIS ABABA UNIVERSITY

Date: August 2017

Author: Kassahun Daniel

Title: INTERACTION OF A TWO LEVEL ATOM
WITH A SQUEEZED LIGHT FROM
PARAMETRIC OSCILLATORS

Department: Physics
Degree: M.Sc. Convocation: August Year: 2017

Permission is herewith granted to Addis Ababa University to circulate
and to have copied for non-commercial purposes, at its discretion, the above
title upon the request of individuals or institutions.

Signature of Author

THE AUTHOR RESERVES OTHER PUBLICATION RIGHTS, AND
NEITHER THE PROJECT NOR EXTENSIVE EXTRACTS FROM IT MAY
BE PRINTED OR OTHERWISE REPRODUCED WITHOUT THE AUTHOR’S
WRITTEN PERMISSION.

THE AUTHOR ATTESTS THAT PERMISSION HAS BEEN OBTAINED
FOR THE USE OF ANY COPYRIGHTED MATERIAL APPEARING IN THIS
PROJECT (OTHER THAN BRIEF EXCERPTS REQUIRING ONLY PROPER
ACKNOWLEDGEMENT IN SCHOLARLY WRITING) AND THAT ALL SUCH USE
IS CLEARLY ACKNOWLEDGED.

il



Table of Contents

Table of Contents

List of Figures

Abstract

Acknowledgements

1

2

Introduction

Cavity Mode Dynamics

2.1 The Master Equation . . . . ... ... ... ..
2.2 Time evolution of atomic expectation values . .
2.3 The quantum Langevin equation . . . ... ..
2.4 Correlation properties of noise operator . . . . .

Photon Statistics

3.1 Mean photon number . . . . . .. ... ... ..
3.2 Variance of the photon number . . . . . .. ..
3.3 Power spectrum . . . . ... ...

3.3.1 Power spectrum of the fluorescent light

3.3.2  Power spectrum of the cavity mode . . .
3.4 Second order correlation function . . . . .. ..

The Quadrature Squeezing

4.1 Quadrature variance for the cavity mode . . . .
4.2 Quadrature variance for the fluorescent light . .

Conclusion

v

iv

vi

vii

viii

o ot w W

10

24
24
30
30
30
34
38

43
43
47

48



List of Figures

2.1
2.2

3.1

3.2

3.3

3.4

4.1

4.2

A single two level atom inside a parametric oscillator . . . . . . . ..

Degenerate parametric oscillator . . . . . . . . ... ... L.

Plot of the power spectrum of the fluorescent light [Eq. (3.3.20)] ver-
sus w/k for 7. = 0.01, for ¢/k = 0.25 (solid curve) and for e/xk =
0.35(dotted curve) . . . ...
Plot of the power spectrum of the cavity mode [Eq. (3.3.49)] versus
w/k for e/k = 0.25 (solid curve) and for ¢/k = 0.35 (dotted curve) . .
Plot of the second order correlation function [Eq. (3.4.7)] versus 7 for
ve/k = 0.01, for ¢/k = 0.25 (solid curve) and for €/k = 0.35 (dotted
CUIVE) o v v v v v o e e e e e e e e e
Plot of [Eq. (3.4.14)] versus 7.t in the presence of parametric amplifier
with €/k = 0.3 (solid curve) and in the absence of the parametric

amplifier, i.e for ¢ = 0 (dotted curve) . . . . .. ... ... ... ...

Plot of the quadrature variance of the cavity mode [Eq. (4.1.19)] versus
e/kforv./k=0.01 . .. ...
Plot of the quadrature variance of the fluorescent light [Eq. (4.2.2)]

versus £/k for v./k =0.01. . . . . ... o



Abstract

In this project, we have studied the quantum properties of a light produced by a de-
generate parametric oscillator that contains a two-level atom. Employing the master
equation we have obtained the quantum Langevin equation and the equation of time
evolution for the expectation values of the cavity mode and atomic operators. With
the aid of the solutions of these equations, we have calculated the correlation proper-
ties of noise operators. Using the obtained correlation properties of noise operators
and the large time approximation scheme, we determined the mean and variance of
photon number, the power spectrum, second order correlation function and quadra-
ture variance.

We have found that the variance of the photon number is greater than the mean
photon number, indicating that the light produced by a two level atom has super-
Poissonian photon statistics. On the other hand, the photons in the fluorescent light
are antibunching. In addition, the power spectrum of the fluorescent light from a
two-level atom driven by a coherent light, turns out to be a single peak. It is found
that the width of the spectrum increases with £/k. Finally, we found that the cavity

mode is in a squeezed state and the squeezing occurs in the minus quadrature.

vi
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Chapter 1

Introduction

Nonlinear optics is the study of the behavior of light in nonlinear medium (i,e the
medium in which the dielectric polarization responds nonlinearly). When light inte-
racts with nonlinear crystal it induces polarization. The amount of polarization of
a material depends linearly or nonlinearly on the applied electric field. Propagation
of electromagnetic field in a nonlinear medium is affected by the dielectric polariza-
tion induced by the field. When electromagnetic radiation is incident on a nonlinear
medium, a response with greater or less than the driving frequency can appear. The
frequencies of the response in such a system are related to the driving frequency by
an integer multiple and these are called harmonic responses [1]. But under certain
conditions, a response with frequency less than the driving frequency can appear.
The response with frequency less than the driving frequency is called sub-harmonics
and the response with frequency greater than the driving frequency is called supper
harmonics. Some examples of nonlinear interactions are; second harmonic generation,
sum frequency generation and sub-harmonic generation. Sub harmonic generation [2-
6] as well as second harmonic generation [2, 4, 5] is a typical process of leading to the

production of squeezing light. In second harmonic generation a photon of frequency



w interacts with nonlinear material and is up converted into photon with twice the
frequency of the initial photon. In sum frequency generation two photons of different
frequencies are combined to provide a photon of frequency equal to the sum of the
two frequencies. In this project work we consider a degenerate parametric oscillator
whose cavity contains a two-level atom. In an optical parametric amplifier, the high
frequency is called the pump, the lower frequency of primary interest is called the
signal, and the remaining frequency is called the idler [1]. The interaction of the
signal light, produced by the parametric amplifier, with the two-level atom leads to
the generation of fluorescent light. Thus the cavity mode in this case consists of the
signal light and the fluorescent light emitted by the two-level atom. A light mode
confined in a cavity, usually formed by two mirrors, is called cavity mode [2]. Also we
analyze the quantum statistical properties of the fluorescent and the signal light ap-
plying the quantum Langevin equations and large time approximation scheme. This
analysis can also be done using the master equation. We also derive the equations
of evolution for the expectation values of atomic and cavity mode operators along
with the obtained quantum Langevin equation. Applying the resulting equations, we
calculate the mean and variance of the photon number, the power spectrum for the
cavity mode and for the fluorescent light. We also determine the second order corre-
lation function for the fluorescent light. Finally we calculate quadrature variance for

the cavity mode and fluorescence light.



Chapter 2

Cavity Mode Dynamics

2.1 The Master Equation

We consider a single two-level atom inside a degenerate parametric oscillator coupled
to a vacuum reservoir. We represent the upper and lower levels of the atom by |a) and

|b), respectively. We assume the atom to be at resonance with the cavity mode. In a

NLC

v ‘b>

Figure 2.1: A single two level atom inside a parametric oscillator

degenerate parametric oscillator, a pump photon of frequency 2w is down converted
into a pair of highly correlated signal photons each of frequency w [2, 3, 6, 10]. It so

turns out that the signal light is in a squeezed state. With the pump mode treated



2w
— = NLC

Figure 2.2: Degenerate parametric oscillator

classically, the parametric interaction can be described by the Hamiltonian

- 1€
H1:5

(a™ — a?). (2.1.1)
The interaction of the cavity mode with the two-level atom is also describable by the

Hamiltonian

Hy = ig(6,a—alé.). (2.1.2)

where a' and @ are respectively the creation and annihilation operators for cavity
mode, € is a real constant proportional to the amplitude of the pump mode, g is
the atom-cavity mode coupling constant, and 6, =| a)(b |, 6_ =| b){a | are atomic

operators satisfying the commutation relations [2]

[0+,6¢] = £0., (2.1.3)
[0+,0:] = F20+, (2.1.4)
(6.,64] = £264, (2.1.5)

in which

G, = a)a |+ | b)(b]. (2.1.6)



On account of Egs. (2.1.1) and (2.1.2), the Hamiltonian describing the parametric
interaction and the interaction of the cavity mode with the two-level atom has the

form

H=—(a"-a* +ig(6,a—a's). (2.1.7)

Thus the master equation for a two-level atom and parametric oscillator in a cavity
coupled to a vacuum reservoir is obtained by substituting the expression (2.1.7) into

the relation [2]

dp X
d—;’ — [, 5]+ g(zaﬁaf _atap — pata), (2.1.8)
one obtains
dp 3 9

dt 2
+=(2apa’ — atap — pata). (2.1.9)

This represents the master equation for a two level atom inside subharmonic generator

coupled to vacuum reservoir and k is a cavity damping constant.

2.2 Time evolution of atomic expectation values

In this section we seek to obtain the equation of evolution for cavity mode and atomic
operators. The time evolution of the expectation value of an operator A can be written

as [2]
% <A(t)> —Tr (%A) . (2.2.1)



Employing the master equation along with Eq. (2.2.1) we can write

d dp
L6y = mr (Lo
4 (o) T(dta)

€ tgmn o adan g
= §Tr(aT2pa, — pat?e_ — a’po_ + paco.)

A A A

+gTr(6 ap6_ — poa6_ — a'o_po_ + pa'é?)

+gTr(2&ﬁ&T(}, _atape_ — patas). (2.2.2)

Now using the cyclic property of trace operation together with the identities of com-

mutation relation [2, 4]

[AB,C] = A[B,C] + [A, C)B, (2.2.3)
we see that
d,. Emfan 212 ant2 N Y
£<0_> = =Tr(po_a'* —pa'“6_ — po_a~+ pa“c_)

+-Tr (pla’,6_]a + pa'lo_,a)) . (2.2.4)

Employing Eq. (2.1.3) and assuming that the atomic and cavity mode operators

commute

[0, =0, (2.2.5)
[64,4] =0, (2.2.6)

[af,6.] =0, (2.2.7)



[G,6.] =0, (2.2.8)

we readily find that
—(6_) = —g(0.a) . (2.2.9)

Moreover, employing Eqs. (2.2.1) along with (2.1.9), we see that

£
N <&z> = §TT(dT2ﬁ6z - pAdTgAz a* )6 K% 6 )

[A, BC] = BIA,C] + [A, B|C, (2.2.11)
we then see that
d,. € An A2 Asi2a An A2 | AnDa
%(UQ = §T7“(p0za — pa'e, — po.a° + pa o)

A A A

+gTr(po.6. a0 — popac, — po.alo_ + pate_s.)

€ A7 A AAT A AT A
— §TT (pa'le.,a") + plo..alla" — pals.,a) — plo.,ala)
—|—gTT’ (po—+[0_27 &] + ﬁ[a—m &+]a - pa [6—27 &*] la[é—Z? a ]6—*)

—i—gTr (po.lat,a] + pla’, 6.)a — pa'(s.,a] — pla’,ale.) .  (2.2.12)

With the aid of Eq. (2.1.5), and assuming that the atomic and cavity mode operators

commute as

[62,d] =0, (2.2.13)

[6.,4'] =0, (2.2.14)



[a',6.] =0, (2.2.15)
one can easily write Eq. (2.2.14) as
d . L S h s
o (6.) =29 ((64a) + (a'6_)). (2.2.16)

2.3 The quantum Langevin equation

The dynamics of cavity mode coupled to a reservoir can also be described using the
quantum Langevin equation. We now seek to obtain the quantum Langevin equation
for the cavity mode applying the master equation. With the aid of the relation
described by Eq. (2.2.1), the expectation value of the annihilation operator for the

cavity mode evolves in time as
d dp
—(a(t)) =Tr | —alt 2.3.1
ooy =1r (%ao)) 2..1)

Employing the master equation expressed in Eq. (2.1.9), we can write the above

relation as

+=Tr(2apa'a — atapa — pa'a?). (2.3.2)

Applying the cyclic property of trace operation, and taking Eqgs. (2.2.3) and (2.2.11)

into account one can write Eq. (2.3.2) as



With the aid of Egs. (2.2.8) and the fact that

[a,a'] =1, (2.3.4)
and
la,a] =0, (2.3.5)
one readily obtains
S a(t)) = —2a0) + (@' (1) — glo- (1) (23.6)

We now seek to obtain the evolution of expectation values of a?(t), af(t)a(t) and
a(t)a'(t). With the aid of Eq. (2.2.1) along with the master equation, together with

the cyclic property of trace operation one obtains

%(&2(15)) = gTr(ﬁaQaTQ — pa'?a?) + gTr(pa’e a — popa® — pa*a’o_ + palo_a?)
+gTr(ﬁaTa3 — pa%ata). (2.3.7)

Applying the property of commutation relation [3]
[AB,CD] = A[B,CD] + [A,CD]B, (2.3.8)

along with Egs. (2.2.6), (2.2.8), (2.2.11), (2.3.4) and (2.3.5), one can write Eq. (2.3.7)

as
S0 = @) + = (a0l (1) + (@ (ae)
—g ((a(t)o—(t) + (6-(t)a(t))) - (2.3.9)
Moreover, on account of Eq. (2.2.1) along with Eq. (2.1.9), we see that
d% (af(a(t)) = gTT(dTQ,@de — patata — a2pata + palata)
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Employing the cyclic property of trace operation, we have

%(fﬂ(t)d(t)) = —Tr(pataa’® — paa — pata® + pa’ata)

+xTr (pa'lpa’, ala) . (2.3.11)

With the aid of Eq. (2.3.8) along with (2.2.11), (2.2.7), (2.2.8), (2.3.4), (2.3.5) and
using the commutation relation

[at,a'] = o, (2.3.12)
Eq. (2.3.11) can be expressed in the form

%(dT(t)d(tD = —sla'(t)a(t)) +e((@™(1) + (@)

—g((a'(t)a-(t)) + (G4 (t)a(t))). (2.3.13)

Llanal(t) = —ma®al(®) +r +e(a(0) + @)

dt
—g((a(t)o. (1)) + (o-(t)a'(¢)))- (2.3.14)
2.4 Correlation properties of noise operator

On the basis of Eq. (2.3.6) one can write

%@(t) = —2a(t) +cal () — g5-(1) + F (1) (2.4.1)
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This expression is called quantum Langevin equation of the atomic operator a. Where
F (t) is a noise operator associated with the vacuum reservoir and whose correlation
properties remain to be determined. We note that Eq. (2.3.6) and the expectation

value of the expression (2.4.1) will have the same form if
(F(t)) = 0. (2.4.2)

Using Eq. (2.4.1) and its complex conjugate along with the relation [2]

(1)) = <d€gt(t>a(t>> + <eﬁ(t)%@(t)> , (2.4.3)

&|
~
P
Q>
—
—~
~
N—
Q>

we find

+(FT(at)) + (@ () F(t)). (2.4.4)

Comparison of Egs. (2.3.13) and (2.4.4) indicates that

A

(Fi(t)a(t)) + @' (t)F(t)) = 0. (2.4.5)

A formal solution of Eq. (2.4.1) can be written as

~

t
a(t) = a(0)e™/? 4 / e M2 eqf (1) — go_ () + F(t))dt. (2.4.6)
0
Multiplying this by F(¢) from the left side and taking the expectation value, we get

(Fita(t) = (F(t)a(0)e ™+ /0 e " ORE(F (1)al (¢))

—g(FY)a_(¢)) + (FT(t)F(¢)]dt . (2.4.7)
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Since a noise operator at a certain time should not affect a cavity mode and atomic

operators at an earlier time, one can write

(FY(t)a(0)) = (E(1))(a(0)) =0 (2.4.8)
(Fl(t)al(t")) = (Fi(t))(al(t")) = 0. (2.4.9)

and
(El (e (1) = (F1(1)(6_() = 0. (2.4.10)

In view of Eqs. (2.4.8), (2.4.9) and (2.4.10), we see that Eq. (2.4.7) reduces to
t

(FH($)a() = / =20 B () F () dt (2.4.11)
0

Taking the complex conjugate of Eq. (2.4.6) and multiplying it by F (t) from the
right and taking the expectation value of the resulting expression together with the
assertion that a noise force at a certain time should not affect a cavity mode and

atomic operators at an earlier time, one can get
A t / ~
() E() = / e =20 Bt () (1))t (2.4.12)
0
Thus taking into account Eq. (2.4.5) along with (2.4.11) and (2.4.12), we see that
t ) R . t , . .
/ e FEEORPT ) F(E))dE + / e RPN E(t))dt = 0. (2.4.13)
0 0

and assuming that

(EVOE (W) = (FH()E (), (2.4.14)

we have

t
/ e—n(t—t’)/2<ﬁf(t)ﬁ(t/))dt' =0. (2.4.15)
0
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On the basis of the relation [2]

t
/ =2 P g(#)dt = D, (2.4.16)
0
we assert that
(F(t)g(t")) = 2Dé(t —t'). (2.4.17)
where a is constant and D is constant or some function of time t. We then see that

~

(FY(YF(t)) = (FTt)F(t") = 0. (2.4.18)
Moreover, employing Eq. (2.4.1) and its complex conjugate along with the relation
d . .. da(t) . . da'(t)
- T — ( Gt —_— 24.1
7 (a0 0) = (a0 ) + (a0, (2.4.19)

one can easily establish that

+(F(t)al (1)) + (a(t)Fr(t)). (2.4.20)

Comparison of Eqgs. (2.3.14) and (2.4.20) indicates that

~

(F(t)al (1)) + (at)FH(t)) = k. (2.4.21)

Multiplying the complex conjugate of Eq. (2.4.6) from the left by F(t) and taking
the expectation value of the resulting expression together with the assertion that a
noise operator at a certain time should not affect the system variables at earlier time,

one obtains

(F(t)at(t)) = /0 t e 2R FT ()t (2.4.22)



similarly one easily gets

(a(t)FH(t)) = /O t e 2P ET ()t

14

(2.4.23)

On account of Egs. (2.4.22) and (2.4.23), we then see that Eq. (2.4.21) can be written

as

t t
/ =P B () + / e OB Fi (1) dt = r
0 0

assuming that,

(FOF(E) = (F(¢)EY (1)),

we have

t
/ OB () P ()t = T
0

On the basis of Egs. (2.4.16) and (2.4.17), we then see that
(E(OFN)) = (F()F (1) = wé(t —t').
Furthermore, employing the relation

i () = (a0 )+ (),

along with Eq. (2.4.1), we obtain

Ly = —w(@(®) +=(a®al 1) + @ ©a)

dt
+g((a(t)o- (1)) + (6-(t)a(t)))

+H(E(t)alt) + a(t)F(t)).
Comparison of Egs. (2.3.9) and (2.4.29) shows that

(F(t)a(t)) + (a()F(t)) = 0.

(2.4.24)

(2.4.25)

(2.4.26)

(2.4.27)

(2.4.28)

(2.4.29)

(2.4.30)
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In view of Eq. (2.4.6) and together with the assertion that the noise forces at a certain

time should not affect the system variables at earlier time, we have

Q>

(F(t)a(t)) = /0 t e 2P F (1))t . (2.4.31)

and

(a()F(t)) = /O t e "2 (P F(t))dt . (2.4.32)

Upon combining Eqgs. (2.4.30), (2.4.31) and (2.4.32), we have
¢ o ¢ R
/ =2 P () B dE + / e =2 B (Y P () dt = 0. (2.4.33)
0 0

assuming that

(FOF(t)) = (F(t')F(t)). (2.4.34)

we see that

2 /0 t e H (P F())dE = 0. (2.4.35)
Now on the basis of this result, we assert that
(E@)F()) = (F(t)E(t)) = 0. (2.4.36)
Following a similar procedure, one can verify that
(FY O FT(t)) = (FT()F(t)) = 0. (2.4.37)

We would like to point out that the Eqgs. (2.4.2), (2.4.18), (2.4.27), (2.4.36) and
(2.4.37) describe the correlation properties of the noise operators F(t) and F7(t).
Since Egs. (2.2.9), (2.2.16) and (2.3.6) are nonlinear and coupled differential equa-
tions, it is not possible to obtain their exact solutions. We then seek to obtain the

solutions of these equations applying the large-time approximation scheme. In the
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large time approximation scheme, the cavity damping constant is much greater than
the cavity atomic decay rate. In this approximation scheme, the cavity mode vari-
ables decay faster than the atomic variables. We can then set the time derivatives
of the cavity mode variables equal to zero while keeping the zero-order atomic and

cavity mode variables at time t [2,3]. In view of this, from Eq. (2.4.1) we see that

alt) = % (=0 (1) — 9o (1) + F(1)) (2.4.38)
and
it (1) = % (ca(t) — 9o (6) + F1(1)) (2.4.39)

Substituting Eq. (2.4.39) into (2.4.38), we have

1) = o(eh—go,+ FU1) + 2 (P(1) ~ g5)
= g~ B0 + () - g0)
- e~ PO + (P - g)
= Gt e[S F () HeEN D). (2440)

Introducing Eq. (2.4.38) into (2.4.39) one can easily obtain

—2Krg .

4ge . n 4 [/{ A R
o o_ —
K2 — 4g2 T K2 4e2 K2 —4e2"2

F'(t) +eF(t)]. (2.4.41)

a¥(t) =
Upon substituting Eq.(2.4.40) into (2.2.9), and the fact that

6,64 = +64, (2.4.42)
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one readily obtains

d 2Kkg? 4q*
o = ey A

_Mi—ié(g(ﬁz(t)ﬁ(t)) + (6. () F (1))
29% /K dg%e/r?
T 14?2 (6-) 1 —4e?/k? @)

pe fg%z (F(E-(OF () + (o F(1)): (2.4.43)

Introducing Eqgs. (2.4.40) and (2.4.41) into (2.2.16) along with the fact that

6% =62 =0, (2.4.44)
we obtain
Doy = — 0 i)+ B WEWD) + <l (OF ()
R ) S - 0) + (P 0)-()
o)+ L ISP 06 (0) + () F (1)
Fe((E ()5 (1)) + {6 (E ()] (2445

one can easily write Eqs. (2.4.43) and (2.4.45) as

Coy =D+ Eio) — 2 (5o 0F ) + (0. (0F (1)) . (2440
and
D6 = —moao) + o (B 05 (1)
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where
49% /K
— J I 2.4.48
T=1 4 /K2 ( )
We next proceed to find the expectation value of the products involving a noise
operator and atomic operator that appear in Eq. (2.4.46) and (2.4.47). Thus a

formal solution of Eq. (2.4.46) can be written as

9
K

G_(B) = (G-(0)e ™+ / 020 (6 ()
4q K

——— =GO F) +ea() (). (24.49)

We note that Eq. (2.4.46) is a well behaved solution provided that n > 0 is positive.
Thus will be the case if, ¢/k < 1/2 [3]. The quantum regression theorem states that
it is possible under certain conditions to evaluate a two time correlation function
employing the explicit form of a one time correlation function, obtained with the aid

of some equation of evolution such as the master equation [2]. In this theorem if
(A(t 4 7)) = G(1)(A(t)) (2.4.50)
holds, then the relation
(At +7)B(t)) = G(7)(A(t) B(t)) (2.4.51)

follows [2]. Then using this theorem to Eq. (2.4.49), we obtain

(Ft)o_(t) = (F(t)o_(0)e ™ + /0 e‘”“‘t’)/Q[n(§)<F(t>6—+<t/)>
X (P ()
+e(E )6 (¢ EFHE)))]dt. (2.4.52)

It is not possible to evaluate the integral that appears in Eq. (2.4.52) as the explicit

form of 7, (') is unknown yet. In order to proceed further, we need to adopt a certain
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approximation scheme [2, 3]. To this end, ignoring the non-commutativity of the

atomic and noise operators, we see that
(E)o.(t"F(t)) = (6.()VE@)F(t)). (2.4.53)

and

~

(B () F() = (6= (t) E(6) F (). (2.4.54)

Moreover, up on neglecting the correlation between 6.(t'), F(t)F (') and F(t)Fi(t)

assumed to be considerably small, we can write the approximately valid relation

—
Q>
w
—
~
3
N—
My,
—
~
N—
=y
—
s
SN—
=
Il

(@()(EOFL)), (2.4.55)
and

(G- (E)VF (1) = (o) (F O F (). (2.4.56)
The approximation described by Eqs. (2.4.55) and (2.4.56) are referred to as the
operator decoupling approximation [2, 3]. Taking Egs. (2.4.55) and (2.4.56) into
account and the fact that a noise operator F(t) at a certain time t does not affect
the atomic variables at earlier time,

(B0 (0)) = (F(B)(5(0)) = 0. (2.4.57)

Then Eq. (2.4.52) can be put in the form

K2 — 4e2 2

+e (6, (L)W EF@)FT(t))dt'. (2.4.58)

EWo_(t) = ——T / e MO (5 () (B()E ()

Therefore, with the aid of Eqs. (2.4.27) and (2.4.36) we see that,

dger

(B)e (1) = ——295R /O (6. (F)) e~ =25 — )

K2 — 4e2

—2ge/k .
m(az(t». (2.4.59)
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Applying the quantum regression theorem to the complex conjugate of Eq. (2.4.49),

one obtain
(G MF(E) = (61 (0)FT(1))e ™2 + /0 6‘”(t‘t')/2[77(%)(6—(t')1ﬁ(t)>
L Gl () 1)
+el6, (Y E)EF ()]t (2.4.60)

On account of operator decoupling approximation, we can write
(@) E () FI(2)) = (a.(t) (FH () F () (2.4.61)

and

A

(G () E()EN (1) = (@ () (F(t)ET (1)) (2.4.62)

Upon substituting Eq. (2.4.61) and (2.4.62) into Eq. (2.4.60), and the noise operator

at a certain time should not affect the atomic variables at earlier time, we see that

ER OVl R— /OeWt’)/?[f<a—z<t’>><F*<t’>FT<t>>

K2 — 4e2 2

+e (o, (E)WE ) ET())]dt. (2.4.63)

Hence in view of Eqs. (2.4.27) and (2.4.37) and performing the integration we imme-

diately notice that
- —2¢e/k

G4 OF W) = T (o) (2.4.64)
one can also be readily established that
(G ()F(t) = (F1(H)a-(¢)) = 0, (2.4.65)

and

(G_()F(t)) = (F1(t)o.(t)) = 0. (2.4.66)
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Again using the quantum regression theorem to Eq. (2.4.49), and the assertion that
the noise forces at a certain time should not affect a light mode variable at an earlier

time and taking the operator decoupling approximation, we have

G- OF W) = o / e e (B F (1)
te(o () (FH () FH () de (2.4.67)

On account of Eqs. (2.4.27) and (2.4.37), we see that

GOFW) = o))
g
= v (5.(1)). (2.4.68)
We also notice that
(F(1)5..(t) = ﬁg/#@a». (2.4.69)
The formal solution of Eq. (2.4.47) can be written as
(0.(t)) = (64+(0)5-(0))e " + % /0 6‘2’7<t‘t’)[g(<ﬁf(t’)6- () + (6 () E(1)))
+e((F()o_ () + (64 () ETE)))dt, (2.4.70)

so that applying the quantum regression theorem to the above equation and taking

into account the decoupling approximation, we obtain

(O)F(1))e "
o / O (5 () ()
o OMFORO) + e ONFDE0)

+<&+(t')><FT(t’)F(t)>)]dt'. (2.4.71)

(G-(0E(t) = (o (
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Since the noise operator at a certain time does not affect the atomic variables at an

earlier time, then Eq. (2.4.71) can be written as

GOFW) = 2 [ PO OGP OF®) + () FO)
HE NP ED) + () ()], (24.72)

With the aid of Eq.(2.4.18) and (2.4.36), we obtain
(G6.(t)F(t)) = 0. (2.4.73)

Again applying the quantum regression theorem to Eq. (2.4.70) and in view of the
assertion that the noise operator at a certain time does not affect the atomic variables

at an earlier time, we see that

- 8¢ .

(G=()F(1)) = /0 e 21 o (1) S (EN () FH (1) + e{F () E1 (1))

K2 — 4e2

+(04.(1))(

NN

A

(FEYFI (1)) + e(FT)FF ()], (2.4.74)

Do | =

On account of Egs. (2.4.27) and (2.4.37) and performing the integration one can

write Eq. (2.4.74) as

(B = — 298 (5<&+> + e<&,>) . (2.4.75)

T 1—4e2/k2 \2

Now upon substituting Eqgs. (2.4.73) and (2.4.75) into (2.4.43), we obtain

d . B —2¢%/k . 4g%c/K? . 4q dge/k K. R
0 T T O T gy ) T X T gy (0 TE0)

—2¢%/Kk — 8g*e? /K3  Ag’e/K* — 16g°%3 /K1

(1 — 4e2/K2)2 (o) (1 — 4e2/K2)2 (0+)
_ 1 (492/5)(1—1—452//@2)} ) — € {4g2//~i(1+452//€2)] .)
2 (1 —4e?/K?)? kK (1 —4e?/K?)? *
r el

= —5{0-) — (). (2.4.76)
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where
(49°/k)(1 + 4% /K?)
(1 —4e?2/k2)2

is the cavity atomic decay rate. Introducing Eqs. (2.4.59), (2.4.64) and (2.4.65) into

=

(2.4.77)

(2.4.45) along with the relation [2, 3]

50 11
ooy = >2+ , (2.4.78)
We obtains
d,. —8¢%/k  [{6.) +1 8g/K? —4ge% /K .
{02 = 7 t e | T g, 0
dt 1 —4e?/k 2 1—4e?/k? |1 —4e?/k

—4g°%/k — 16e%¢? /K* , | > 49° /K
(1—4e2/r2)z 7 T 1 —4e2/R?
(—4¢°/r)(1 + 4% /5?) 4g°/k

= G,) — ————. 2.4.
(Y= Ay vy (2.4.79)
With the aid of Eqgs. (2.4.48) and (2.4.77), one can write Eq. (2.4.79) as
d . R
E(az) =-I{6.) —n. (2.4.80)

In view of the fact that (6_(¢))* = (6.(t)) and (6.(¢))*=(5.(t)), one can write Eq.

(2.4.76) as
d . e € /a
Fi{04) = —-{04) = —T{6-), (2.4.81)
where
4 2
e = L. (2.4.82)
K

The parametric defined by Eq. (2.4.82) is called the stimulated emission decay con-
stant. Thus, we can write the atomic decay rate expressed in Eq. (2.4.77) as

oo et =)

(1-4)

(2.4.83)

It can be easily seen that the presence of the parametric amplifier enhance the cavity

atomic decay rate.



Chapter 3

Photon Statistics

The photon statistics of a light generated by a two-level atom is described by the mean
and variance of the photon number. It would be crucial to classify the photon statistics
of a light modes based on the relation between the mean and variance of the photon
number. Thus the photon statistics of a light mode for which (An)? = 7 is referred to
as Poissonian and the photon statistics of a light mode for which (An)? > 7 is called
Supper-Poissonian. Otherwise the photon statistics is said to be Sub-Poissonian [2].
To this end, we calculate the mean and variance of the photon number, the power

spectrum and the second order correlation function.

3.1 Mean photon number

In this section employing Eq. (2.3.13), we proceed to calculate the mean photon
number for a cavity mode and fluorescent light. First we find the second order cavity

mode variables in Eq. (2.3.13). Now multiplying Eq. (2.4.40) from the right by ¢_ (%)

24



25

and taking the expectation value, we get

o 1) = —=L (5 (06 (1) — L

HQ . 462 - RQ . 462 <6—+(t)&*<t>>
K

: (5F®a-@) +e(FTa-1)) . (3.11)

K2 —4e2 \2
On account of Eqgs. (2.4.44), (2.4.59) and (2.4.65) then Eq. (3.1.1) can be written as

(@000 = [ 00 0) 4 1 (5 )0

—4ge/K? . . Age /K
= T Ty (G4(t)o_(t)) — m<0z(t».

(3.1.2)

Again multiplying Eq. (2.4.40) from the left by 6_(¢) and taking the expectation

value together, we obtain

6 00) = il (16 (1) — — o (64 (0)

L GeFe) vl 0F) . (513

Employing Eqs. (2.4.44), (2.4./:36) aiii (2.24.68) one can write Eq. (3.1.3) as
(6030} = 9 o 00 0) - ) (L)
Following a similar procedure one obtain
(G 03(0) = T o (000 — ), (319
and
(@05 (0) = T 606 (0) ~ L) (319

Upon substituting Eqgs. (3.1.2) and (3.1.4) into (2.3.9), there follows

d , -2 A
Z(@0) = —w(@(0) + 2@ (B)a(r) + e

+14g4i/2jﬁ2<<6+<t>5_<t>> + (G- (1)54(1))

8g2%e/K? .
A= ey 7O S0
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Employing the relation

(64()5-(t)) = Paa; (3.1.8)
(6-(t)6+(1)) = pob, (3.1.9)

and
Paa + poo = 1. (3.1.10)

One can easily write Eq. (3.1.7) as

%(AQ(t» = —li<a2<t)> + 25<aT<t)€L(t)> +e+ 149458/2,;H2
8g%c/K? R
T a2z ) (3.1.11)

On account of Eq. (2.4.82) we see that the expression (3.1.11) can be written as

d . ~2 Y Ve[
GUEO) = —r(@(0) + 226 a0 + = + 2
2y.e/K .
— . 112
+(1 _ 482/52)2 <O_Z(t)> (3 )
At a steady state this can be written as
. 2 . € VeE /K2 2v.e/Kk3 .
2tss:_ Tt t))ss - (1)) ss 1.1
@ (O)w = @ (Ol + =+ T2+ Tz 0 (3113)
one can also easily obtain that
. 2, . . € VeE /K 2v.e/K%
2(t)) s = —(a'(t)a(t — t 1.14
(@™ (t))ss /{(a()a( )>ss+/€+1_4€2/52 1—462/,%2(02( ))ss (3 )

where ’ss’ is steady state and it can be defined as a solution after all transients have
died out [6]. But the steady state expectation value of 6, can be obtained from Eq.

(2.4.80). Taking the formal solution of this expression and up on performing the



integration we see that

(62(8) = (B:(0))e Tt — e T / et

It can also be shown that

we see that

In which from Eq. (2.4.48) and (2.4.77) follows that

n _1—4e*/k?

I 14 4e2/k2’
and
L—n  4¢%/k?
2I' 14 4e2/k?’
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(3.1.15)

(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)

Now substituting Eqgs. (3.1.15) along with (3.1.20) into Eq. (3.1.13), we see that

Ve /K2 27,6/ K>

@2(1))e0 = =

H@WW@M+Z+

1—4e2/k? (1 +422/k2)(1 — 422 /k2)

(3.1.22)
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In the same manner we have

12 2 5 Ve[ K2 27,6/ K>
(a1?(1)ss = —ela! (Dat))ss + — + 12 Py R SOy ey (3.1.23)

Furthermore, substituting Eqs. (3.1.5), (3.1.6) and (2.4.82) into Eq. (2.3.13) we

obtain

St ®am) = —rlal(B)a(t)) + (@ (1) + (a*(1))
+%<a—+(z&)&_(t)> + %(&z(t». (3.1.24)

At a steady state one can write Eq. (3.1.24) as
@0 = (@20 + @0)) + %ww&_ ())ss

4.2 K3

(1 - a2/ e o

With aid of Egs. (3.1.16) along with (3.1.20), and (3.1.19) along with (3.1.21) into

Eq. (3.1.25) we see that

(@ (D)o = (a0} + (@(1)as) + 1 _”jxéf/,ﬂzg L 7o)
4.2 /K3 1 — 4e?/K?
(- 452/n2)2(1 + 452/%;2)
. g, . 9 ~92 4'}/652/’%3
= L@@+ @) + T a2
R
(1 —4e?/k?) LH4e

- Z<<&T2(t)>ss + <d2(t)>58) (3126>
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Finally, inserting Eqgs. (3.1.22) and (3.1.23) into Eq. (3.1.26), the mean photon

number of cavity mode is found at a steady state to be

4e? 222 9y,e2 ) 4y 2 1
(aTa)es =0 = i<de>ss+i+ Vee? [k B YeE? /K
K2 K2 1— 482/,‘£2 (1 _ 452/K2)2(1 + 4&?2/%2)
2 4ry.e? /K3
T T4k (1—4e2/R2)2(1 + 422 /R2)
. 2 4 2 2
De/2000e /) (3.1.27)

(1 —4e2/Kk2)2 °
From Eq.(3.1.27), we see that the first term represents the mean photon number of the
signal light in the absence of the two-level atom (7. = 0), the second term corresponds
to the mean number of absorbed signal photons and the last term represents the mean

number of photons emitted by the two-level atom. Upon adding the last two terms

in Eq. (3.1.27) we see that

~ 22 /K2 2782 /K + 8v.e* /KD
1—4e?/k? (1 —4e?/K2)%(1 + 4e2/K?)
2e% [ K? 27,2 /K3

B 1-— 462//{2 N (1 — 452/ﬁ2)(1 I 462/1{2). (3128)

Since the sum of the last two terms in Eq. (3.1.27) is negative, we conclude that the
mean number of photons absorbed by the two-level atom is greater than the mean
number of photons emitted by the atom. From Eq. (3.1.27) we note that the mean

photon number of the light emitted by the two-level atom, also called fluorescent

light, is
27,2 /K3

i = T g (3.1.29)
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3.2 Variance of the photon number

The variance of the photon number for the cavity light can be expressed as

(An)* = (0?) — (A)*

= n(l+n)+ (@"?){a?). (3.2.1)

From Eq. (3.1.22) and (3.1.23) we note that
(a'?) = (a?). (3.2.2)

Therefore, Eq. (3.2.1) can also be written as
(An)* = n(1 +n) + (a®)>. (3.2.3)

From (3.2.3) we observe that the variance of the photon number is greater than the
mean photon number and hence the cavity light exhibits supper-Poissonian photon

statistics.

3.3 Power spectrum

3.3.1 Power spectrum of the fluorescent light

The power spectrum of the fluorescent light can be expressed as [2, 3]

S'(w) = %Re /0 6 (06t + 7)) dr (3.3.1)
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Now we seek to obtain the steady state expectation value (6, (t)o_(t + 7)) expressed

in Eq. (3.3.1). Introducing new variables defined by

ze = (0-(1)) + {04(1)), (3.3.2)

from Eq. (2.4.76) and (2.4.81) one obtains

d ) r . el . T, S
SN+ G40 = 5o (0) - = 64(0) — 5160) — (- (0)

= (O + (G0 — (6 (0) + {64 0)

= T+ D) (0) + {6 (1) (333)

In view of Eq. (3.3.2), we see that the expression of Eq. (3.3.3) can be written as

d 1 e
— = 2 =4+ =
2z z4 (2+K)

dt
= —A+Z+, (334)

In the same procedure one can easily write

d
priai —A_z_. (3.3.5)

Combining Eqgs. (3.3.4) and (3.3.5) we see that

d
where
1 e
=I(=4 ). 3.
A =T(5 %) (33.7)

The formal solution of Eq. (3.3.6) can be written as

zi(t +7) = za(t)e =T, (3.3.8)
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From this expression we see that
2 () F 2 (t 7)) = 2o ()e™T + 2 (e T (3.3.9)

In view of Eq. (3.3.2) one can write Eq. (3.3.9) as

G-+ = S0 O+ G O)e™ + (6 (0) + (e
= L) ) 4 L ) ). (3310

Applying the quantum regression theorem to Eq. (3.3.10) and taking into account

Eq. (2.4.44), one obtains
1
(04(D)0-(t +7)) = (o4 ()5 () (e + 7). (3.3.11)
Now substituting Eq. (3.1.19) into (3.3.11), we obtain
N ~ I'— Ui —A4T —A_T
(G4 (t)o_(t+7))ss = T(e +e 7). (3.3.12)

On account of Eq. (3.3.12) the power spectrum specified by Eq. (3.3.1) takes the

form

r — 00 ‘ .
S’(w) = ( 1 F”) Re/ (e*(’\“w)T +€7(/\_7M)T)d7'
™ 0

= L= Re/ e~ A+l 4 Re/ e~ A== g7
47 0 0

F—n )\_ )\+
= . 3.1
4nT ()\_2+w2+/\+2+w2) (8:3.13)

The normalized power spectrum can be written as

S(w) = NS (w). (3.3.14)
where N is normalization constant, which can be determined from the relation

/00 NS (w)dw = 1. (3.3.15)



33

With the aid of Eq. (3.3.13) one can write Eq. (3.3.15) as

N F -1 o° )\_ *° )\+
— | ——= —d ——dw| =1 3.3.16
7r( AT >U0 w2+>\2w+/0 w? 4+ A2 w] ’ ( )
Carrying out the integration using the relation [2]
> dw s
=— 3.3.17
/0 (W—we)2+ A2 X ( )
we find that
N (T —n 7r)\_+7r)\+ _1
m 4F )\_ A_|_
2I
N=—-. (3.3.18)
['—n

Therefore, with the aid of Eqgs. (3.3.13) and (3.3.18), the normalized power spectrum

of Eq. (3.3.14) is expressible as

B 2T —n Ar A
St) = <F—n> < AnT ) (A+2+w2 " A_2+w2>

1 Ay A
= — + : 3.3.19
2m (Aﬁ +w? A P4 w2> ( )
Now in view of Eq. (3.3.7), we see that
L(i+2<)/2 r(i-=)/2
S(Cd) _ (2 n) / T (2 H) / T (3320)

TR e -y
We observe that the expression of Eq. (3.3.20) indicates that the power spectrum
of the fluorescent light is the sum of two Lorentzians centered at zero frequency and
having half width of " (% + %) and I’ (% — i) Thus Fig. 3.1, shows that the power
spectrum of the fluorescent light is a single peak centered at w = 0. We have found
that the half width at half maximum of the power spectrum increases from 0.00165

to 0.0187 as €/k increases from 0.25 to 0.35 for the solid line. The power spectrum

in this case turns out to be a single peak.
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Figure 3.1: Plot of the power spectrum of the fluorescent light [Eq. (3.3.20)] versus
w/k for 7. = 0.01, for e/k = 0.25 (solid curve) and for £/x = 0.35(dotted curve)

3.3.2 Power spectrum of the cavity mode

The power spectrum of the cavity mode can be expressed as [3, 7]

S'(w) = L Re /OOO<aT(t)a(t + 7)) ss€7dT. (3.3.21)

T

Now we seek to find the steady state expectations value (af(t)a(t+7)) in Eq. (3.3.21).

Taking Eq. (2.3.5) along with its complex conjugate one can write

SUay+ @) =~ (@) + (@) + <@ + (") — g((5) +(6.))
=l — S)(@) + (@) — g((6) +(52)) (3:3.22)

In view of Eq. (3.3.2) we see that

(@) +4ah) = (5 ~ (@) + ah) gz (33.23)
In a similar manner one can also obtain

i(<d> — (") = —ff(1 +2)((@) - @) - 9= (3.3.24)

dt 2 K



We can also put (3.3.23) and (3.3.24) as

d

%04 = TH-Oy — G2y,
and

d

—_ = — [l 0_ — §z_
in which

€
He = l{(_ + E)7

and

From Eq. (3.3.25) and (3.3.26), we have

d

— Qg = —UrO4 — G2
dti HxOt — g2+,

A formal solution of Eq. (3.3.29) can be written as
ar(t+7) = ay(t)e 77 — ge 7T /T e 2y (t+ T)dr.
0
In view of Eq. (3.3.8), we see that
ar(t+7) = ag(t)e "FT —ge H7T /T T 2y (e T dr!
0
= ay(t)e T — gz (t)e 5T /T e~ Oe=re)™ gr!
0

Upon performing the integration, we obtain

gze(t)e HsT
Ar — Hx

t
= a4 L (onar ey
Ar — Hg

ar(t+7) = ax(t)e ™7+ [e_()‘i_“*‘)T —1]

i
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(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)
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On account of Egs. (3.3.2) and (3.3.28), the above expression can be written as

g({o_(1)) £ (64(1))) (7 _ gt
2(M\s — p=)

(a(t+71)) = %(<d(t)>:t<dT(t>>)€_#1T+

)) - <0+(t)>) (6—>\77 — T, (3.3.33)

(@talt +71))e = %[(aT(t)a(t)>ss+(aTZ(t)>SS} e_#T+%[<aT(t)a(t)>ss (a(t))s] €747
g [ ()o-(t))ss + (@' )+ ())ss] + nir s
’ 2(A = p) {6 ‘ }
g [(a'()o-(t)ss = @ 5+ O)ss] 1 x v s
+ 20 1) el
aT 0_ SS &T (3'+ Ss _
A L G e
at(t)o_ —(a'(t)o,(t)ss)]
3 (@00} - @2(0),, - LD = EOT ) |
+g [<&T<t)6*(t)>ss + <&T(t)&+<t>> 5] e—)\+7'
2(A+ — p-)
+9 [<af<t)&— (t)>ss T <dT<t)&+(t)>SS] e—A_T
2(A- — )
= Nie 7 + Npe ™7 4 Nye ™7 + Ny -7, (3.3.34)
where,
(ZJr o_ dT é——i- SS
M= 5 (@ a0+ @), - WOt EOROR) 5555
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and
g [(a'(t)o-(1))ss — (@1 (£)54 (1)) ss]
N, = ) 3.3.38
! 2(A- — p4) ( )
In view of Eq. (3.1.6) along with (3.1.16) and (3.1.19) at a steady state as
s —29/k  T—n 8ge*/K*
t(t t £
(@1 (t)o—(1))ss 1-—4£2/n2( o) (1-—4f2/m%2(r>
—2g/k ( 4e% [ K? ) 8ge? /K3 (1—462//12)
1 —4e2/k2° 1 +4e2 /K27 (1 —4e2/K?)2 "1 + 4e? /K2
" (3.3.39)
Similarly one can verify that
(a'(t)_(t))ss = 0. (3.3.40)

Therefore, employing Eqs. (3.3.39) and (3.3.40), we can rewrite Eqgs. (3.3.35)-(3.3.38)

as follows
M:%@+@ng, (3.3.41)
M:%W—QWMQ, (3.3.42)
and
Ny = N, = 0. (3.3.43)

Now using Eq. (3.3.41) - (3.3.43) into (3.3.34), we obtain
1 1
(@' t)alt +7))ss = 5[7@ + (a2 (t))ss)e ™7 + §[ﬁ — (a2 (t))gs)e 7. (3.3.44)

Inserting Eq. (3.3.44) into Eq. (3.3.21) and performing the integration, we see that

WWZLW+WWMﬁ§fp+%W—W%Mﬁ§%p (3.3.45)

Upon using this result into Eq. (3.3.15) and performing the integration along with

Eq. (3.3.17), the normalized constant N can be put in the form

N=-. (3.3.46)

S| =
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On account of Egs. (3.3.45) and (3.3.46) into (3.3.14), the normalized power spectrum

can be written as

1[n, p m (@P(t))ss, o fir
S =—|=— — 3.3.47
() n 27r(u2_+w2+u3—|—w2)+ 27 (,uz_—i—uﬂ ,ui—l—aﬂ) | )

In view of Eq. (3.1.26), we have

S(w) = M’é_‘f; u?f; é?:ézz?»( ;é‘fzg - M’?f;), (3.3.48)
Finally, inserting Eq. (3.3.27) into (3.3.48), we then see that
S(w) 2/1(1% +§)/27T /{(1% —;)/27r
A DT T P
N Kl —D/4m k(g +1)/4n (3.3.49)

23— )2 +w?  R(E4+E)2+w?
is the power spectrum of the cavity mode. Since the expression for the spectrum
does not contain 7., the presence of the two-level atom does not affect the width of
this spectrum. In fig 3.2, we plot the power spectrum of the cavity mode versus w/k
for different values of €/k. These plots show that the width of the power spectrum
increases with £/k increases. When the value of €/k increases from 0.25 to 0.35, the

half width increases from 0.0072 to 0.0108.

3.4 Second order correlation function

The second order correlation function for the light emitted by a two level atom in a

cavity in terms of the atomic operators is expressible by [2]

()54t +7)5(t +7)5(t))

(2) —
g \T) = = - 3.4.1
" G- (7 -
Now, we seek to obtain the expression (7, (t + 7)o_(t + 7)). We note that
5. (t 1
Gt + ) (4 7)) = SO+ D) (3.4.2)

2 Y
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Figure 3.2: Plot of the power spectrum of the cavity mode [Eq. (3.3.49)] versus w/x
for e/k = 0.25 (solid curve) and for €/k = 0.35 (dotted curve)

Upon substituting Eq. (3.1.15) into Eq. (3.4.2), one obtain

(o-(t))e™" " —

Zl—eT)+1

(Go(t+7)o_(t+7)) =

2
- %@(t»e_ﬁ 2?7F + 277F T %
L o
— S+ DT 1T = e )
= S((6.(0)) + e+ FQP% —e ), (3.4.3)
In view of Eq. (2.4.78), one can write the above expression as
(Golt+7)6 (t+ 7)) = (6o (B (B)eTT 4 (1 — eTry. (3.4.4)

2

Applying the quantum regression theorem to Eq. (3.4.4), one can write as

(04()o 4t +7)o-(t+7)5-(1))

GOF e + o 6 (51— e )

F'—n,. A —T'r
T(JJr(zf)a_(t))(l —e 7). (3.4.5)
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Combination of Eq. (3.4.1) and (3.4.5), yields
(1) = Fz__rq<6+(t)6f(t)>(1 — e 1I7)
(64 (t)o—(t))?
u(]_ _ €FT)

- oo (3.4.6)

Thus in view of Eq. (3.1.19), the steady state second order correlation function takes

the form
gy =1-—¢T". (3.4.7)
We observe that
g?0)=0 (3.4.8)
For 7 > 0,
g@(r) > 0. (3.4.9)
Therefore, for 7 > 0,
g (1) > ¢?(0). (3.4.10)

This shows that the Fluorescent light thus exhibits the phenomenon of photon an-
tibunching. This is due to the fact that a two-level atom cannot emit two or more
photons simultaneously. After each emission the atom returns to the lower level and
it must absorb a photon before another emission can take place. That is the photons
have a tendency to arrive at a detector separately rather than in pair. Fig. 3.3, indi-
cates that for relatively small values of 7 the second-order correlation function is less
than unity which reflects the nonclassical feature of antibunching. We also observe
that as €/k increases g (t) approaches unity at a faster rate. It is also interesting to
consider the dynamics of the two level atom. Thus upon replacing 7 by t and t by 0

in Eq. (3.4.4), we see that

(64 ()5_(1)) = (54(0)6_(0))e™™ + %(1 — e, (3.4.11)
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Figure 3.3: Plot of the second order correlation function [Eq. (3.4.7)] versus 7 for
ve/k = 0.01, for e/k = 0.25 (solid curve) and for /x = 0.35 (dotted curve)

Using the relation
a.(t)+1

412
A& (3:4.12)

(04-(£)0-(t)) = paa(t) =
together with Eq. (3.1.21) the probability for the two level atom in the upper level

is found to be
4%/ K?

m(l — €_Ft). (3413)

Paa<t) = paa(o)e_rt +

If the atom is initially in the upper level, then p,,(0) = 1. Hence Eq. (3.4.13) takes

for this case the form

4e? [ K2

aat — —I't 1— —I't

pult) = M (=
efI‘t 462/I€2

= . 3.4.14
1+4€2//<52+1+4€2//12 ( )
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At a steady state solution one can write Eq. (3.4.14) as

4%/ K?
L 3415
P 1+ 4e? /K2 ( )

We see from Fig.3.4, that the probability for the atom to be in the upper level decays

0of- _
0.8H - .
07k - .

o6F \ - 1

Pyt

05F 1
04 ]

0.3F A

02f i

01t 1

7t

Figure 3.4: Plot of [Eq. (3.4.14)] versus 4.t in the presence of parametric amplifier
with €/k = 0.3 (solid curve) and in the absence of the parametric amplifier, i.e for
e =0 (dotted curve)

exponentially in the absence of the parametric amplifier and approaches to zero at
steady state. However, in the presence of the parametric amplifier the steady state
probability for the atom to be in the upper level is different from zero. This is because

there are photons in the cavity that can be absorbed by the atom.



Chapter 4

The Quadrature Squeezing

In this section we seek to study the squeezing properties of light produced by degene-

rate sub-harmonic generation. To this end, we evaluate the quadrature variance for

the cavity mode and for the fluorescent light.

4.1 Quadrature variance for the cavity mode

The squeezing properties of a single mode light are described by two quadrature

operators defined by [2,7]

and

The operators are Hermitian and satisfy the commutation relation

[d_;’_, d_] - 2Z

On the basis of Eq. (4.1.3) the uncertainty relation for Aay and Aa_ is

Lo o
AayAa- 2 Sf(lay,a-])|

> 1.
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(4.1.1)

(4.1.2)

(4.1.3)

(4.1.4)
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The operators a, and a_ represents physical quantities called the plus and minus
quadrature respectively. A single mode light is said to be in a squeezed state if either
Aay < 1or Aa_ < 1. Such that Aa;Aa_ > 1. The plus quadrature variance for a

light beam in terms of the plus quadrature operator can be expressed as

(Aay)? = (a2) — (@))% (4.1.5)
Hence on account of Eq. (4.1.1) one can verify Eq. (4.1.5) as
(Aay)* = (@' +a)@" +a)) - (@ +a))*
= (a") + (a'a) + (aa') + (a%)

— ((ah? + (a'y(a) + (a)(a') + (a)?), (4.1.6)

In view of Eq. (3.3.10), we can write

(G-(0) = G- O™ + e+ S O™+, (@1)
we then see that
(_(0)) = 0. (4.1.8)
Similarly one obtain
(6,.(0)) = 0. (4.1.9)
It then follows that
(G- (1)) = (64.(£)) = 0. (4.1.10)

(@(t)) =0, (4.1.11)

and

(a'(t)) = 0. (4.1.12)
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Thus one can write Eq. (4.1.6) as
(Aay)? = (a'?) + (a'a) + (aa') + (a?). (4.1.13)

We can write the expectation value of operator A = aa' in the normal order as afa+1.

So that Eq. (4.1.13) can be written as
(Aay)? =1+2(ata) + ((@™) + (a?)). (4.1.14)

One can also establish in a similar manner that the variance of the minus quadrature

operator is expressible as
(Aa_)* =1+2(a'a) — ((a™) + (a?)). (4.1.15)

On the basis of Egs. (4.1.14) and (4.1.15), the plus and minus quadrature variances

can be expressed as
(Aay)? =1+ 2(ata) + (@) + (@2). (4.1.16)

Taking Eq. (3.1.26) into account the plus and minus quadrature variance of the cavity
mode can be written as

(Aas)? = 1+ 2(ata) + Z(afa)
g

2¢e
K

- 11?(& Wa'a). (4.1.17)

Therefore, on substituting Eq. (3.1.28) into Eq. (4.1.17) leads to

s K 2e 22 /K2 2v.e2 /K3
(Aa)™ = 1+ 20+ g2/ ~ A= 42/w2)(1 1 4c2)?).
K 2e . 2e? /K31 + 4e%/K?) — 27,82 /K3 ]

= U O O T e a1+ 422 2)

e R
N 2¢ /K + 83 /K3 — 27./K?

=1

2¢/k(1 — 7e/K) + 8% /K3

= M)

(4.1.18)



46

In a similar manner one can also obtain the minus quadrature variance for the cavity

mode as
2e/k(1 — 7./K) + 83 /K>
(14 2e/k)(1 + 4e2/K2?)

From Egs. (4.1.18) and (4.1.19) we see that (Aay)? > 1 and (Aa?) < 1. Therefore

(Aa_)?=1- (4.1.19)

we immediately notice that the cavity mode is in a squeezed state and the squeezing
occurs in the minus quadrature. In Fig.4.1, we plot Eq.(4.1.19) versus €/x. This plot
also shows that the cavity mode is in a squeezed state and the degree of squeezing

increases as €/ decreases.

=
Aa
o
=~
o

0.1 02 0.3 04 05
N

Figure 4.1: Plot of the quadrature variance of the cavity mode [Eq. (4.1.19)] versus
e/k for v./k = 0.01
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4.2 Quadrature variance for the fluorescent light

Employing Eq. (3.1.29) in (4.1.17) the plus quadrature variance of the fluorescent

light can be expressed as

27.6/K%(1 + 2¢/K)
(14 2¢/k)(1 —2¢e/K)(1 — 4e2/K?)
27.€/K?

(Aay)} = 1+

=1 : 4.2.1
T A 2e/m)(1 - 4e2/m2) (4.2.1)
similarly the minus quadrature variance of the fluorescent light is
27,6/ K>
(Aa_);=1- (4.2.2)

(1+2¢/k)(1 —4e%/Kk?)
From the expression (4.2.1) and (4.2.2) we note that the fluorescent light is in a

squeezed state and the squeezing occurs in the minus quadrature. Fig.4.2, indicates

0.9995 b

0.999 b

2

0.9985 b

0.998 b

0.9975 ; ; : ;
0 0.1 0.2 0.3 04 0.5

£/K

Figure 4.2: Plot of the quadrature variance of the fluorescent light [Eq. (4.2.2)] versus
e/k for 4./k = 0.01.

that the degree of squeezing of the fluorescent light is very small.



Chapter 5

Conclusion

In this project, we have considered degenerate parametric oscillator whose contains a
two-level atom. Employing the master equation for the system under consideration,
we have obtained the quantum Langevin equation, the equation of evolution for the
expectation values of the cavity mode and atomic operators. Applying the large-
time approximation scheme and the correlation properties of noise operators, we
have determined the mean and variance of photon number. We have found that the
photon statistics of the cavity light is supper-Poissonian. Moreover, we have obtained
the normalized power spectrum for the fluorescent light and for the cavity mode. We
have obtained the power spectrum in this case turns out to be a single peak at w = 0.
It is found that the width of the spectrum increases with €/x. In addition, we have
determined the second-order correlation function for the fluorescent light emitted
by a two level atom and we have found that the photons in the fluorescent light
are antibunching. Finally, we have evaluated the quadrature variance for the cavity
mode and fluorescent light produced by two-level atom inside a parametric oscillator
coupled to a vacuum reservoir. We observed that the cavity mode is in a squeezed

state and the squeezing occurs in the minus quadrature.
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