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Chapter One 

Introduction 

Sequential quadratic programming (SQP) method have proved high ly effecti ve for solving constrained 

optimi7..ation problems with non linear functions both in lhe objecti ve and constraint funclions. It was 

first introduced by Wilson [1963J and Fletcher [1970] proposed to solve constrained minim iz.'1tion 

problems. 

We cons ider general problems wit h genera l equality and inequali ty constrained functions which arc 

twice differentiable. 

(P) Minimize [(x ) 

Subjecltol 9,(X) S 0, [or i = 1, ... m. 

h,(x) = 0 ,for i= l, 2, .. . , 1 

f and gl are twice differentiable at and each hi for i= ), 2 ... I arc continuously twice 

di rrerentiable. 

Sequential quadratic programming method were mai nly deve loped havi ng in mind to ensure rapid 

convergence which close to the so lution. Its basic idea is to use NC\\10n's method to fi nd a stationary 

point of the Lagrange func tion. 

Its implementation is based on the fol lowing three main stages: 

I. Solving Quadratic programming sub problem. 

2. Updating the Hessian matrix 

3. Line search and merit functions. (We consider only the L I merit penalty function). 

The paper starts by mention ing some of the basic defi nitions, necessary and sufficient optimality 

conditions, and important theorems that arc essential fo r the developmen t of sequential quadratic 

programming algorithms, and continues by desc ribing the basic features ofSQP method both in 

eq uality and inequality constrai ned non linear problems, followed by BFGS posi tive definite 

approx imation of the Hessian the Lagrangc fu nction and Ll merit penal ty funct ion. 
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1.1 Preliminaries 

1.1 . 1 Basic Definiti ons 

Ocfinitionl . l . l : Let S be a noncmpty subset in £n 'S is said 10 be convex if 

Ax, + ( I - A)x, E 5, \Ix"x, E 5,A E 10,1]' 

Definition 1.1.2 : Letf: S -+ £1.5 !';;; En ' A function f is said to be convex on S if 

[(Ax, + (1- A)x,)" A[(x,) + (I - A)[(x,) \lx"x, E 5,A E [0,1]. f is sad to be strictl y 

convex on S i f the above inequa lity is true as strict inequa lity rcreach disti nct xI.xz . 

Definition 1.1.3: Consider the problem of mini mi ze f(x) overE" , Let i E 5 then, i is called 

I . globa l minimum if[(i) " [(x), \Ix E E,. 

2. Loca l minimum point i f there exists £ > a,i is a minimum point of f on Nr(i) n 

E,L e [(X) " [(x), \Ix E N, (i) n E, . 

3. Strict local minimum if [(i) < [(x), Itx E N, (i) n E, . 

Definition 1.1.4: Let S be a non empty subset of £11' and let f: 5 -+ £1 then, r is said to be 

different iable at i if there exist a vector V{ex) , call ed the gradient vector, and a functi on 

a: E, ~ E, such that [(x) = [(i) + V[(x)'(x - x) + IIx - xII a(x, x - x) Itx 

wherelirnx ..... x a(x, x - x) -+ O. 

I>cfinitionl.l.S: Consider the prob lem to min imize f(x) subjcctto x E S,whe re f : £f1 ..... 

E1• and S is a non empty set in Efl' a nonzero vector d is called a feas ible direction at 

xES if there exists a 8 > 0 such that x + Ad E S and A E (0.8). furthermore; d is called 

an improvi ng feasible direction at XES if there exists a 8 > 0 such that 

[(x + Ad) < [(x) and x + Ad E 5 [or all A E (0.6). 

Definition 1.1.6: A symmctric matrix 1-1 is said to be positivc semi definite eve rywhere if 

Xl H (i)x ~ O. x E Efl • i E S .if stric t incquality holds thcn it is said to be posi tive definite. 

2 
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Theorem I. 1.7: LeI S be a noncmpty open convex sct in En' and lei f: £11 ..... £1 

and S is a non empty se t in En. then f is convex if and onl y if the Hessian matrix is positive 

semi definite at each point in S. 

Definition; A point i is ca lled regular for problem (p) given in the following problem if the sct 

of vectors (Vh ,(x) i ~ 1, ... , 1) U (Vg ,ex) i ~ 1, ... ,m) is linearly independent. 

1.1.2. Necessary and Suffic ie nt Optima lity Conditions 

In this sub section we will describe some of the optimality condit ions for general constrained 

opt imizat ion problems 

Theorem 1.1.2 :(Karush Kuhn Tucker Necessary Condition) 

Let X be a non empty open set in En . and let 

f: En ..... El ,9j: En -+ E1./or i ::; 1, ... m. hi: En -+ £1 i= I ,2 •... . 1 

Consider the problem 

(P) Minimize f(x) 

Subject tot g,(x)'; 0, for i ~ 1, ... m. 

h,(x) ~ ° ,for i~ l , 2, ... , I 

Suppose f and 9i are differentiable at i and each hi for i=I, 2 ... I arc continuously 

dirre renti able at x. Further, suppose that Vg, for i E (1, ... , m)andVh, f or i E ( 1, ... , /) 

are linearly independent . If i solves (P) locall y, then there exists unique scalars U j , Vi such that 

ii) U j ~ 0 • i = 1, ... , m. 

iii) u,g,(x) ~ 0, i ~ 1, ... , m. 

iv) g,ex) ,; 0, i ~ 1, 2, ... , m 

v) h,(i) ~ 0, i ~ 1, "' , I. 

3 
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Remark 1.1.2. 1: Consider the following problem 

P: minimize{f(x): xE S },Where S= (x : g,(x) :5 O,[or i = 1, ... m. h,(x) = 0 fo r i= I ,2, ... I}eaeh 

functions are twice differentiable, and X is nonempty subset o f £1'1 ' 

The Lagrange func tion is gi ven by: 

L(x, u, v) = f Ix ) + L:'!, u ,g ,(x ) + Li=, v,h,(x) 

Now, let i be a KKT point for the gi ven Problem P wi th the associated mult ipliers u and v 
corresponding to the equality and inequality constrains respecti vely. 

Define the restricted Lagrange 

</>(x) = L(x, fl , v ) = fIx ) + LiEl il ,g,(x) + Li=, v,h,(x) , 

where 1= (i E (l , ... ,m):g,(.1') = OJ 

Observe that the dua l feasibility condition 

in the KKT system is equivalent to the statement 'iJ¢(i ) vanishes. Moreover we have ¢(x) :5 

fI x), \Ix E S while </>(.1') = f(i) . 

If X' turns out to be a local min imize for¢ , then it will also be a local minimizer fo r problem P. 

LcmmaI.1.2.2: consider the problem (P) 

Suppose that i is a KKT point fo r problem P wi th Lagrange multipl iers u and v 
correspond ing to the equality and inequa lity constra ins respectively. 

Define the restricted Lagrange as above and denote it s hess ian by 'iJ2¢ 

a) If 'ij2¢ (i) is PSD, for all xE S, then i is a global minimum for problem P, on the other 

hand if'ij 2L is PSD fo r all xE S n Ne(i) for some E neighborhood Ne(X' ) about X' , then i 

is a loca l min imize point for P. 

b) If /'i12¢ (i) is PO, for all xE 5 n Ne(x), then x is a stri ct local minimum for problem P . 

• 
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Theorem 1.1.2.3: (KKT Second Order Suffici(' nt Condi tion) 

Consider the following problem P: minimize {ttx): xE S Where S""{x : 9/(X) :s 0, 

fori = 1 • ... m.h,(x) = 0 {or i=1. 2 ... I} 

Each func tion is twice difTerent iable, and X is noncmpty subset of En . 

Suppose x is a KKT point for problem P, wi lh Lagrnngc multipliers u, v associated with the ineq uali ty 

and equality constraims, respectively. Lei 1 ::; (i : gl (£) = 0), and denote / + ::; {i E I : u, > OJ. 

, 0::; {i E j: U;::; O} 

Define the restricted Lagran ge function ¢(x) ::; [(x) + L iEf Ui9 j(x) + 1::::
1 

Vj hj(x) and its 

Hessian at x by V' ¢(x) = V'{(x) + L'eI a,V'y,(x) + Ll=! v,V'h,(x). 

D fi (
d '" 0: Vy,(x) 'd = O. i E / +. Vy,(x)'d ,;; O. i E /0) c me c::; 

Vh,(x)'d = O. i = 1 ..... 1 

Then, i f d t 'iJ 2¢(i)d > D.for all deC we have that i is a siri ciloca l minimum for P. 

Proof: 

Suppose that i is not a stri ct local mmunum. Then, there ex ists a sequence (Xk) in S 

converging to x sueh that x, '" x and f(x,) ,;; {(x ) for all k. define d, = (x, - x)/lIx, - xII 

and Ak :;;: lJXk - xII for all k, we have Xk :: X + Akdk> where IIdkll :;;: 1 for all k,and we ha ve 

Uk) -+ 0 as k -+ 00 since IIdkli:::; 1 for all k, a convergent subsequence ex ists. Assume 

without loss of general ity, that the give n sequence itself represent thi s subsequence. Hence 

. {dk } -+ d , where lldll :;;: 1. moreover, we have 
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Where ar. agi fo r iE I and alii i= I, ... ,1 approach zero as k -, co. 

Divid ing each expression in (a), (b) and (e) by A." and taking the limit as k ~ «I, we oblnin 

V[(x)td ,,0, Vg,(x)td" O. iE' , Vh ,(x)td ; 0/ ; 1 ....• 1.. .... (e) 

Now, since i is a KKT point, we ha ve 

Taking the inner product with d and using equation (e), we conclude that 

V[(x) td; O. Vg,(x)td; 0./ E '+. Vg,(x)td" 0./ E ,0 and Vh,(x)td ; 0 /; 1 •.... 1 

Hence, in parti culard E C. Furthcnnorc, multiplying each af(b) by Ui for i E I , and each or (e) 

by Vi for i=1 '" .,1 and adding, we get, using 

Dividing by AI( 2 > 0 and taking the limit k ...... !Xl we obtain 

dtV' L(X)d " O. tvo ere IIdll ; 1 and dEC . 

Which is a contradic ti on to the fac t that d tV2 L(i)d is pos iti ve definite for all dEC . 

Therefore, i must be a stri ct local minimum point for problem I), 

• 
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Chapter Two 

Sequential Quadratic Programming Problem 

In this seminar report we focus on a particular solution method o f non linear constrained 

programming problems; Sequent ial quadratic programming method. 

We consider the following non linear optimization prob lems: 

minimize [(x) 

s. t g, (x) ,; 0, i ~ 1,2, ... , m. 

hi(x) ~ 0, i ~ 1,2, ... , 1 ....... ....... .. .. (1) 

where f: En --+ E1• gi: En --+ E1• i = 1 "" m, hi: En --+ E1 i = 1, ... 1 are assumed to be twice 

continuously differentiable functions. 

2. 1 Concept ofSQP 

Sequenti al quadratic programming is an efficient and powerfu l algorithm to solve nonlinear 

programming problems wh ich makes a quadrat ic model of the objective function and linear 

mode l of the constrain ts and solves them at cach iterates. SQP is also call ed sequent ial or 

recurs ive quadratic programming which emp loy Newton's method for so lving the KKT 

conditi on for the original problem. 

Thc problem formulated in thi s way is called quadrat ic programming. 

SQP is deve loped based on : 

I . To directl y so lve the first order necessary cond ition (FOC) for the second order 

approx imation of the Lagrange function. 

2. Finding the so lution of FOC using Newton' s method. 

7 
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The process can be seen as finding search direction towards sequentially through minimizing 

the quadratic approximation of the Lagrange functi on with the linear approximation of the 

constraints . 

2.2 Equality Constrained Problems 

For the derivation of sequent ial quadratic programming we shal l use the equali ty constrained 

problem. An understanding of this problem is essent ial in the design of SQP methods for 

genera l non linear programming problems. 

Problem of statement 

ECP (p): f(x) ... minimize 

S.t h;(x) = O. i = 1 ..... 1 

Where x E En and all functions are assumed to be continuously twice differentiable. 

The Lagrange function associated with problem P is given by L(x, v) = {(x) + h(x)tv. 

The KKT optimali ty condition for problem P requires in addition to primal solution x, a dual 

Lagrange multip lier vector V such that the following holds true: 

i) 'If(x) + L:=l v,Vh;(x) = 0 

ii) h;(x) = O. i = 1, ... t ...... ................. (2). 

If we use the Lagrange function we can write the KKT condition (2) as fo llows: 

Now we can write (2) compactly as 

W(x,v) = 0 

We now use the Newton's method to minimize a funct ion for which (2) represents the first 

order condition that equates the gradient to zero. 

Remark 2. 1: 

Newlon's method is a method for solving non linear equations by linearizing the equations al 

each iterates. 

8 
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Suppose that we wish to so lve the equation system: 

h,ex) =0. 

h2eX) = O. 

hnex) = O. 

Or hex) = 0 

Then from Taylor's theorem we have: 

hex + ~x) ~ h(x + ~x) = hex) + H (x)~x. 

Where H(x) is the Jacobian matrix ofh(x) 

The fu nction hei + LlX) is the linear approx imation of h(x) around the point x::; i 

Hence given an iterate (xk. Vk) 

We solve the fi rst order approx imation: 

[
X - X'] w (x" v , ) +Vw (x" v d v _ v, =0." "" ........ """,, ...... (3). 

To detcnnine the next iterate (Xk+l. Vk+l) or to concl ude it is the solution o f the origi nal 

problem. Where VW is the jacobian of \V and 

V2 L(x, ) = V' [ (x, ) + V' h (x d 'V 

is the hess ian of Lagrange at Xk with Lagrangian mult iplier vectorvk. 

Vh denote the jacobians of h comprises of rows transpose of Vhj(Xk) i ::; I , ... 1 

we have: 

VW (x"v,) = [V'L(X,) Vh(OX.J' j .""" .. """ .. " .. (4) 
Vh(xd 

Now using (2) and (4) we can write (3) as follows 

V' L(x,)[x - x.l + Vh(x,)'[v - v,J = - Vf(x , ) - Vh (x,) 'v, 

Vh(x, Ji x - x.J = - hex,). 

9 
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Letting d= X·Xk we have the following 

V'L(x,)d + Vht(x,)V = - Vf(x,) . 

h(x,)d = -h(x,)..... .............. ........ .. .. (5) 

Equivalent ly we can write as [V
2
L(Xk) Vh (Xk )lj (d) = (-Vf(Xk») 

Vh(x,) 0 v - h(Xk) 

Which is system of linear equations wi th respect to d and v. We can solve for (d , v) using thi s 

system. 

If a solut ion dk exists, and dk '* 0 put Xk-t-l :; Xk + dk and repeal the process until d=O solves 

equation (5). When this occurs, at all we have found a KKT so lution for Ihe problem P. 

In the absence of convexity, a KKT point can be a global minimum, a local minimum, 

"Saddle point", even a local or global maximum point. 

Equat ion (5) is sometimes called Ihe Newton - Lagrange method (L S) which is well defined 

[
V' L(X ) 

when Ihe matrix Vh(Xk
k
) 

Assurnption2.2: 

Vh(X.)' j ' . I o IS non smgu ar. 

a). The constraint Jacobian Vh(Xk) has fu ll row rank at a point Xk ' 

b). The matrix V2 L(Xk) is positive definite on the null space of the Jacobian of constraints . 

i.c. Zt V2 L(Xk)Z > 0 were Z is a bais for a null space of Vh (xk).which holds true 

whenever (x, v) is close to the optimum(x*, v* ) and the second order suffi cient condition is 

satis fied at the solut ion. 

U d h . h KK'!' . [V'L(X.} n er t ese assumptIOns t e matrix Vh(Xk) 

Proof: 

Suppose there exists vectors d1 and d2 such that 

Vh (X.)' j . . I a IS nonsmgu ar. 

[~h\~:; Vh ~k)tj r~; 1 = 0 ................ (1) 

This gives the following 

V'L(x,)d t + Vh (x, )td, = O. 

Vh(x,)d t = O. 

0= r~:r [~h\~'Y Vh~,)t j r~:1 = d , tV'L(x,)cI, 

10 
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Since d 1 lies in the null space ofVh, we have dl=Zu for some vettor u E R"- m. 

Thus, we have d t
l
V2 L(Xk)d1 = ut Zt V2 L(x,.Jlu = 0 which gives u=O.therforc d1=O 

And V' L(x,)d , + Vh(x,)'d, = 0 gives us d,=O as Vh(x.) is linearly independenl. 

thuS the equation (I) is satisfied only if d1 =0 and dl''''O . 

. [V'L(X,) Vh(x )' ] 
Hence we have the matnx Vh(Xk) 0 k is non singular. 

2.3 Quadratic Programming Sub Problem 

Problem ECr is modeled by a quadratic programming sub problem (QPs for short), whose 

opt imality condit ion are the same as in the Newton Lagrange system (LNS) .The algorithm is 

the same as Newton Lagrange method, but instead of solving the system LNS (equation 5) we 

have to solve the following QPs, whose optimality condition might tend to dri ve the process 

towards beneficial KKT solution. 

ECP (p): f(x) .... minimize 

s.t h,(x) = 0, i = 1 •...• 1 

QPS(Xk, Vk) = mi nimize f(Xk) + Vf(Xk)'d + id'V'L(Xk)d 

s. t 

h,(Xk) + Vh,(Xk)'d = O. i = 1,2 ... 1. ... ... .. • ... ... ... ... .... (6) 

If LlCQ are sat isfied and V2 L(Xk) is positive definite on the null space of Jacobian of the 

constraints the problem (6) would have a unique solution which sat isfies: 

[
V' L(Xk) Vh(Xk)'] (~k) = (W(Xk)) 
Vh(Xk) 0 vk -h(Xk) 

• The KKT condit ion for problem (6) requires in addition to primal d, a Lagrange 

multip lier v such that the fo llowing holds true: 

Vf(Xk) + V' L(Xk, v, )d + 1::=, v,V h,(Xk) 

h, (Xk) + Vh,(Xk)'d = 0, i = 1,2 ... 1. 

This is equivalent to the following: 

V' L(Xk, v,)d + Vh(Xk)'v = - Vf(Xk) 

Vh(Xk)d = -h (Xk), i = 1,2 ... 1. 

11 
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Hence by the non singularity or the coefficient matrix we have d - d ;; - .. 
/( - 11:+1 , v II: - VI!:U 

Here, the Newton iterate can be defined either a solution of thc quadratic problem or as Ihc 

iterate generated by the Newton's method applied to thc optimal ity condi tion orthe problem. 

2.3.1 An Alternative Formulation of SQP Method 

Let the Lagrange function be given by 

L(x, v) ; f(x) + vh(x)' 

lJL(Xk, vk)d ; lJf(xk)d + vk'lJh(x,)d 

= lJf(xk)d - V,'h(Xk)d 

It follows the two quadrates 

~ d'lJ2 L(x" v,)d + lJL(Xk, vk)d + L(x" Vk) and 

~ d'lJ2 L(Xk, vk)d + Vf(x" vk)d + f(xk' v,) 

Differs only by constants, and therefore the quadratic sub problems 

Minimize ~d'lJ'L(x" vk)d + lJL(x" v,)d + L(x" Vk) 

s. t hex,) + Vh(x,)d; 0 (2.3.1) 

and 

Minimize !d'V'L(Xk, vk)d + W(x" v,)d + f(x" v,) , 
s. t hex,) + Vh(x,)d ; 0 (2.3.2) 

Have lhe same so lutions dk . however thc Lagrange multipliers for the two QPs di ffer 

since lhe gradients of the objective function arc different 

Optimality condition for (2.3.2) 

Which is equi valent to 

V'L(Xk, v,)d + Vf(xk) + Vh (x.l'w, ; 0 

hex,) + Vh(x,)d ; 0 

lJ' L(x" v,)d + Vh(Xk)'Wk ; -W(x,) 

hex,) + Vh(Xk)d ; 0 

lJ'L(x" v,)d + Vh (Xk) 'w, - Vh(x,)I,,; -W(x,) - Vh(Xk)l" 

12 
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hex, ) + IIh (xk)d ~ 0 

=> V' L(xk. vk)d + IIh(Xk)(Wk - 'k) ~ - IIL(xk. 'k) 

hex,) + Vh(xk)d ~ 0 

Wk - Ak= Wk+l 

wk""W k+l +Ak=Ak+l (2 .3.3) 

Since we assume tbat the two quadratic sub problems have the same solution dk 

Comparing the optimality conditions we get (2.3.3) for equality constrained NLPs; th is is the 

onl y signifi cant difference using the two quadratic sub problems. 

There are several comments regarding the linearl y constrained Quadratic sub problem (QP) 

I. An optimum to QP, if it ex ists is a KKT point for QP and satisfies equation (5), 

however, the minimization process of QP derives towards a desirable KKT point 

sat isfying equation (5). 

2. The objecti ve function QP represents not just a quadrati c approximation for rex) , but 

also an additional term ~ L!=l Vki dtV2h(Xk) d to represent the curvature of the 

constraints. 

3. QP may unbounded or infeasible, where as P is not and this difficulty can be handle by 

bound ing the variation in d. 

2.3.2 The SQP algorithm 

1. In iti alization: Select an in itial (feas ible) starting primal dual solution ( Xk . Uk)' 

If termination criteria satisfied stop with (Xk. Uk) a KKT point. else go \0 2 

2. Main step: Solve the corresponding quadratic sub problem to obtain a solution d k 

with a set Lagrange multiplier Uk+l. If dk=O then 

( XkYk+l); satisfies the KKT condition f OT the original problem. stop 

otherwise put Xk+l ;::: Xk + dk and repeat the main step . 

13 
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2.4 Equality and Inequality Constrained Probl ems. 

Problem of statement: P = min {(x) 

s. t g,(x) ,,0. 
h,(x) = 0 

The corresponding Lagrange function is given by 

i = 1, ...• m 

i = 1 .... J. 

L(x. u. v) = f(x) + g(x)'u + h(x)'v. 

(8) 

The KKT condition for this problem is there exists(x, U;. l1;) for which the fo llowing 

conditions hold. 

i) Vf(x) + Li'.!, u,Vg,(x) + L:=l .,Vh,(x) = 0 

ii ) Uj:::::O , i = 1, ... ,m. vj unrestrictcd i=l , ... ,1 

u,g, x = .i=I ..... m. iii ) - (-) 0 

Iv) g,(x)" o. i = 1, 2 ..... m 

v) h;(x) = O. i = 1.2 •...• 1 

For any feas ib le solution Xk' Let G ( Xk) denote the Jacobian of the function corresponding to 

acti ve constraints (i. e. rowS of G(Xk) are Vhi(x) t and acive constraints 9 j(x,J. we wi ll 

denote by x. any particular local solution. We assume the fo Jlowing holds for any slich 

solution. 
• The first order necessary condition is sati sfied. i.e. there exists an optimal multipliers 

vector (u. , v.) together which sati sfies first order KKT condit ion. 

• G(x*) has full row rank. 

• Strict complementary holds at x*( i.e. if 9i(X *) =: 0, then Ui ' > 0). 

• VZL(x *) is positive definite on the null space ofG(x*) Isecond order sufficient condition 

for strict local minimum.] 
At the current iterate Xi( we need to locally approximate the problem (P) by a quadratic sub 

problem. i.e. an optimization problem with a quadratic objecti ve func tion and linear constraints. 

Thus, we will construct the sub problem by li neari zing the constraints of (P) around Xk . 
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The general form of the quadratic sub problem has th 'II . e 10 owmg form: 

QP (x,.lik.Vk) = ( \1f(Xk)'d + ~ d'\1'L(Xk. Uk. vk)d) ... minimiza tion 

Subject to 

g; (Xk) + \1g; (xk)'d $ O. i = 1.2 . ... . m 

h;(Xk) + \1h,(Xk)'d = O. i = 1 2... 1 .... . . ............ . ..... .. ....... (9) 

The KKT condition for this problem requires the primal feasibility Xk and Lagrange 

multipliers u and v such that the fo llowing conditions are sati sfied : 

ii) u;[g;(Xk) + \1g;(xk)'d] = O. i = 1 . .. .. m. 

iii) u ;:::: 0, and v is unrestricted 

iv) g;(Xk) + \1g;(xk)'d $ O. i = 1.2 ... .. m 

v) h;(Xk) + \1h;(Xk)'d = O. i = 1.< .. . 1 ......... ... ....... .. ... (10) 

Solving problem (10). If dk solves QP with the Lagrange multipliers (Uk+ l ' v k+l) and 

d
k 

= 0, then xI<. along with (Uk+l. v /(+1) yields a KKT solution to the original problem (p). 

Otherwise, set Xk+l = XI<. + d/(. and repeat the process. 

It is not in general true that SQP is a feasible point method.ie it' s iterate need not be feasible. 

In other words the sub problem QP need not to be feasible where as a result of G(x· ) has full 

row rank will be the case at points x" which are close to x· , but it will not necessarily true at 

"non local points". 

The algorithm has to be designed in such a way that its iterate converges to a desire point. 

If th is happens to occur, we need to recall methods that will solve thi s difficulty. In the 

fo llowing sections we will di scuss method focus on thi s difficulties and problems that caused 

15 
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1\ 
, 

. I · '.1 
by the nature of the function. i.e. f may not be always convex ( that the hessian matrix is not 

· 
positive definite) or the hessian matrix may be PO at the first iterate but it may not be positive 

definite in the later iterations . 
• 

Remark 2.4 

I. Locally convergent: concerns the behavior of the iterates, if the algorithm is staned ( or has 

found a point) near the optimum x*,and typically rates of convergence. • 

2. Global convergence: attempts to descri be when the iterat ion orthe algorithm will converge I · 

to an optimum solution starting from any point. Usually in the line search and trust region 

methods. 

• 
fl Definition2.4. 1. suppose (Xk) is a sequence in nin that converges to x· 

I· I. {Xk) is said to be converge linearl y if there exists c E (0,1) such that Ilx' - x(k+l )ll :5 

C Ilx' - xCk) ll ·for all k suffic iently large. 

. " . . IIx"-x(hI111 
2. (Xk} is said to be converge supper Imearly If Ilx"-x(lr111 -+ 0, as k -+ 00 .. 

· 
, (Xk} is said to be convergequadratically if there exists c E (0,00) such that >. 

J 
Ilx' - x Ck+1) 11 ,; c Il x' - xCk) II ' .for all k suffic iently large 

-I' 

. 

I· 
1:1 

. 

II 
• 

· . 
, 
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2.5 Quasi Newton Positive Definite Approximation 

The SQP method described above has several negative sides. among these: 

• It requires evaluation of second order derivative at each iteration which can be 

computationally expensive, and even the morc difficult; the derivatives may not be easy 10 

compute. 

• The Hessian v2 Lex/<) might not be positive definite and as resuh, thc corresponding Qi> 

will be hard to solve. These complexit ies can be overcome by using a positive definite 

approximat ion BI( of the Hessian matrixV2L(x/() which is easy to compute and update. 

There is a lot of theoretical work that goes in to designing an update scheme for thc matrices 

BI( we would like these matrices to be positive definite at least in the null space ofG(x· ). 

Now we can solve the above problem by replacing Bk for V2 L(Xk) and update the matrix 

Bk using the BFGS method and update the matrices.as follows: 

Let Pk = xk+l - Xk and 

Remark 2.2: the matrixB
k 

remains positive definite so long as ptq > O.we can also add a 

constant multiple of identity matrix to Bk to make it remains positive definite in the case of the 

QPs is infeasible. 

17 



ALGORITHM 

i) Ini tiali zation: Select an initial start'ing primal dual sol " ( ) ulion X/c. Uk. V/I: .and a 

positive definite approximationBk for V' L(x ) "1ft .. .. . r. d k· cnnmatlQn cntena sallSIlC 

stop with ( Xk. U k. V ic) a KKT point. else go to ( ii) 

ii) Main step: Formulate the corresponding quadrat ic sub problem and Solve, with 

'iJ2 L(X k) replaced by Bk to obtain a solution dk with Lagran ge muhiplic r 

original problem. Stop. Otherwise put Xk+l = xI( + dk and repeal (ii) 

2.6 Penalty Merit Function 

A principal disadvantage of SQP method described thus far is that convergence guaranteed 

onl y when the algorism is initial ized sufficiently close to a desirable solution. 

To ensure that SQP method converges from remote start ing po int it is common to usc a merit 

function ¢ to control the size of the steps ( in line search method), or to determine whether a 

step is acceptable and the trust region radius needs to be modified (trust region mcthods).thcse 

are util ized onl y for the primal variables, not for the dual ones. Merit function is a combination 

of the objective and constraint functions which simultaneously mini mized with the objective 

funct ion at the solution of the problem. Another attribute of the merit function is that it guides 

the iterates of the algorithm and provide a measure of progress by means of exhibiti ng a 

descent. Questions may arise how should be the parameter ~ selected so that a coherent merit 

funct ion results. Choose an iteration ~ > max( lIukll. II vkll) yields die is a descent ~ is not to 

change any more once the iterations apparently start 10 converge 

Let us consider the II merit function 

18 
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Lemma2.6.! : 

Given an iterate ;<\;. Consider the quadratic sub problem (9), where V2L(Xk) is replaced by a 

positive definite approximation Bk·lct dXk solves this problem with Lagrange multipl iers u and 

v. If d
Xk 

*- a and \..I;::: max {u l , •••• um.lvtl, "' J lvd) then, dXk is a descent direction at X" XI. 

for FE (X) ~ f(x) + ~[L[',! ,g, + (X) + L::llh,(x)l]. 

Proof: Using the primal feasibility, the dual feas ibil ity and the complementary slackness 

conditions [9],[ 1 0] for the quadratic sub problem we have: 

m , 

'fIf(x,)'d ~ -d'Bkd - L u,Vg ,(xk)'d - L v,Vh,(x,)'d 
j::l i::: 1 

m I 

~ -d'Bkd + L U,g'(Xk) + L V, h,(Xk) 
j:l j::l 

m I 

:; -d'Bkd + L u,max [O,g,(Xk)) + L 1v, h,(Xk)1 
i=l i= l 

Now from equation 12, for a step length A ?: 0 

FE(Xk) - FE(Xk + Ad) 

~ [f(xk) - f(xk + Ad)] 

+ ~ {t,[max (O,g,(Xk)} - max (O,g,(Xk + Ad)}} 

+ I [l h,(Xk)I-lh,(Xk + Ad)llj 
i= l 

. h h zero as A -+ ° for i ~ 1, ... . m + I 
Letting OiC ) an appropriate function t at approac . 

We have for A > a and sufficiently small 
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f(xk + Ad) ~ f(xk) + AVf(X k)td + AO;(A) 

g;(Xk + Ad) ~ g; (Xk) + AVg;( xk ltd + AD; (A) 

$ g;( Xk) - Ag;(xk) + AO;(A) 

Hence max [0, 9;( x, + Ad)} $ (1- A) max (0, 9, (x,) } + AO;(A) 

Simi larly 

h,(x, + Ad) ~ h; (x,) + AVh,( x, ltd + AOm+,(A) 

~ (1 - A) h; (xk) + AOm+;(A) 

And hence Ih,(x, + Ad) I $ (1- A) Ih,(x,)1 + AIOm+,(A) 1 

Thus, we obtain for A ~ 0 and sufficiently small 

FE(Xk) - FE(xk + Ad) 

2! A [-Vf(Xk)t + ~ {t,maX(O, g'(Xk)+ t 1h;(Xk)I}+0(A)] 

Where 0 (1.) .... 0, as A .... ° 
This gives F,(x,) - F,(x, + Ad) 2! A [d' Bkd + O(A)] > 0, VA E (0,8) for some 8 > 0. 

From the posi tive definiteness of Bk we have d is a descent direction at x :;:; Xk for the penalty 

merit function Fe_ 

Theorem2.6.2: Assume that the sequence of points (Xk) generated by the algorithm SQP is 

contained in a compact subset ofR n , and that for any point x in X, and P > 0 the 

corresponding QP has a unique solution and unique KKT multipliers (u, v) satisfi es 

Jl ~ max {u
1
, ... , Urn, Iv11, "OJ IvEl} .furthermore assume that all the matrices Bk arc unifonnly 

bounded and uni fonnly positive definite. i.e.3 Pt > O,p, > ° such that IIB, II :;; Pt ,d' B, d 2! 

P,lIdll, Vk then every limit point of (x,) is a KKT point of(P). 

20 



• 

To obtain local convergence we had to aSSume that Ihe step ·· f l · d . size 0 IS usc near thc opllmum. 

the merit function, therefore, must allow step length of I ncar 'he 0 , . h h . P Imum " en I c matnx 

Bk arc chosen appropriately .A significant disadvantage of thc merit function FE(x) is that it 

may not allow the step length A = 1 near the solution, this phenomena kno\\ll as the MoralOS 

effect, precludes us from obtaining quadratic or supper linear convergence. 

Ways to deal with this phenomenon, one may require the merit function to exhibit a decrease 

over a sequence of several iterations, but not necessarily al every iteration. 

One of thc ways of implementing this problem is to accepl lhc step length ),= \ , even if it leads 

to an increase in FE(x). 

If taking such step size does not lead to decrease in FE(x) after a small number of iterations, 

then restore the original iterates and perform a line search. 

Implementation of a line search algorithm is a critical issue when implementing a non linear 

programming algorithm, and has significant effect on the overall efficiency of the resulling 

code. We need a line search to stabili:tc the algorithm. 

• 

Algorithm for LI merit function 

Ini tiali zation: Put the iteration counter k=i and select a sui table starting solution with 

respect to some Lagrange multipliers Uk ~ 0 and ti'k associated with the inequal ity and 

equality constraints respectively. 

• Main step: Solve the quadratic programming Sub problem QP of the original problem with 

'V 2 L (Xk) replaced by a positive definite approximation Bk and obtaining dk along with the 

L . I . I· ( v) If d = 0 stop with Xk as a KKT solution for the agranglan mu lip leTS U k +l' k+l ' k 

problem P. Otherwise find XU1 = Xk + Akd. Where 
1 ... ( 'd ) 1 ER A. > 0 update Bk to a positive definite matrix 
I\k mmtmtzes FE Xk + Il k over 1\ ,-

Bk +1(ifnecessary) and repeat the main step . 

21 

• 



• 

Example I : solve the following equality constrained m' . ', ' b inlmization pro lem: 

minimize (xz - 2)2 - xt
2 

S.t4x1
2 + xz2 -1::: 0 

L(X, ).) = (x, - 2)' - x,' + ).( 4X1 ' + x,' - 1) 

( 
-2X, ) 

W(x) = 2(x, - 2) Vh(x) = (BX1 ) 
2x, 

_ ( -2X, -BX1).), [-2 + B)' 
VL(X,).) - 2(x, _ 2) + 2M,' V L(x, ).) = 0 

The corresponding quadratic sub problem is 

minimize - 2x, d, + 2(x, - 2)d, + ~ ((-2 + B)')d, ' + (2 + 21-)d, ') 

s. t SXt d 1 + 2xzdz + 4Xt2 + Xz 2. - 1 = 0 

Let the initial point be (xo. l.,,) = (2.4.0.5) . 

Step 0: The quadratic sub problem at (xo. 1.°) = (2.4.0.5) is given by 

1 
minimize - 4d, + 4d, + Z(2d, ' + 3d,') 

s. t 16d , + Bd, + 31 = 0 

The corresponding KKT system is give by: 

2d, + 16),' = 4 

3d, + 8),' = -4 
16d, + 8d, = - 31 

Solving the KKT system gives the solution 

d, (0) = -0.804 

d,(O) = -2.267 

). (') = 0.35 

Th 
. . .' (1) (0) + d (0) - 2000 - 0 804 = 1.196 

e next Iteration pomt IS XI ::;: XI I - . . 

x,(1) = x,(O) + d, (0) = 4.000 - 2.267 = 1.732. 
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Step I: Ihe quadralic sub problem corresponding 10 (X(I),A(I») ~ (1.196,1.732,0.350) 

minimize - 2.932d , - 0.536d, + ~(0.8OdI ' + 2.7Od,') 

s. I 9.568d, + 3.464d, + 31 = 0 

The KKT system is given by: 

0.8d , + 9.568).(2) = 2.392 

2.7d, + 3.464),(') = 0.536 
9.568d , + 3.464d, = -7.721 

Solving the KKT system gives the solution 

d, (I ) = -0.734 

d,(1) = -0.201 

1.(') = 0.3 12. 

The next iteration point is Xl(2) ;; XI { I) + dl(l) ;::; 1.196 - 0.734:::: 0.462 

x,(2) = X,(I) + d,<') = 1.732 - 0.201 = 1.531. 

).(') = 0.312. 

Step 2: Ihe quadralic sub pcob1em corresponding 10 (X(2) ,1.(2») = (0.462, 1.531 ,0.312) 

minimize - 0.924d, :'" 0.938d, +~(0.496dl ' + 2.624d,') 

s. I 3.696d , + 3.062d, + 2.198 = 0 

The KKT system is given by: 

0.496d , + 3.696A(l) = 0.924 

2.624d, + 3.0621. (l) = 0.938 
3.696d , + 3.062d, = - 2.198 

Solving the KKT system gives the solution: 

d, (') = -0.575 

d, (2) = -0.024 
A(l) = 0.327 . 
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The next iteration point is x\ (3) = X\ (2) + d1 (2) = 0.462 - 0.575 = -0.113 

, ,(3) = X,(l) + d, (l) = 1.531 - 0.024 = 1.507. 

S,ep 3: ' he quadralic sub problem corresponding '0 (X (3),,(3») = (-0.113,1.507,0.327) 

minimize 0.226d, - 0.986d, + ~(0.6 1 6d" + 2.654d,') 

5.' - 0.904d, + 3.014d, + 1.322 = 0 

The KKT system is given by: 

0.661d, - 0.904,(' ) = -0.226 

2.654d, + 3.0 14)5' ) = 0.986 

-0.904d, + 3.014d, = -1.322 

Solving the KKT system gives the so lution: 

The next iteration point is: 

d, (J) = 0.490 

d, (J) = - 0.292 

),(') = 0.584 . 

x, (' ) = ,, (J) + d, (J) = -0.1 13 + 0.490 = 0.377 

, ,(4) = x,(J) + d,<J) = 1.507 - 0.292 = 1.21 5. 

Step 4: the quadratic sub problem corresponding to (X(4»),(4») = (0.377,1 .215,0.584) 
I 

minimize - O. 754d, - 1.57d, + 2: (2.672d, ' + 3. 168d,') 

s. 13.016d , + 2.43d, + 1.045 = 0 

The KKT system is given by: 

2.672d, + 3.016,(1) = 0.754 

3.168d, + 2.43)5' ) = 1.570 

3.016d, + 2.43d, = -1.045 

Solving the KKT system gives the solution: 

d , (.) = -0.382 

d,<4) = 0.044 

A (I) = 0.i88 . 
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The next iteration point is: 

x,(') ; X,(4) + d,(4) ; 0.377 - 0.382; - 0.00; 

x,(,) ; X,(4) + d,<4) ; 1.215 + 0.044; 1.259. 

Step5: the quadratic sub problem at the point (X (5), A(5)) ; (-0.005, 1.259, 0.588)i5 : 

minimize O.Old, - 1.482d, + ~(2.704d" + 3. 1 76d,') 

s. t - 0.04d, + 2.518d, + 0.585; 0 

The KKT system is given by: 

2.704d, - 0.041.(6) ; -0.01 

3. I 76d, + 2.5 181.(6) ; 1.482 

-0.04d, + 2.5 18d,; -0.585 

Solving the KKT system gives the solution: 

The next iteration point is: 

d, (,) ; 0.009 

d'<') ; -0.232 

1.(6) ; 0.881 . 

x, (6) ; X, (5) + d, (') ; -0.00; + 0.009 ; 0.004 

x,(6) ; x,(') + d, (S) ; 1.259 - 0.232 ; 1.027. 

Step 6: the quadratic sub problem at the po int (x (6), ),(6)) ; (0.004, 1.027 ,0.881)is: 
I 

minimize -0.008d, - 1.946d, + 2 (5.048d, ' + 3.762 d,') 

s. t 0.032d, + 2.054d, + 0.0;5 ; 0 

The KKT system is given by: 

5.048d, + 0.032).<') ; 0.008 

3.762d, + 2.0541.76
) ; 1.946 

0.032d, + 2.054d, ; -0.055 

Solving the KKT system gives the solution: 

d, (6) ; -0.005 

d, (6); -0.027 

1.(7) ; 0.996 . 
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The next iteration point is: 

,, (7) = , ,(6) + d, (6) = 0.004 - 0.005 = -0.001 

, ,(6) = ,,(6) + d, (6) = 1.027 - 0.027 = 1.000. 

Step 7: The quadratic sub problem at the point (x(7), lYl) = (- 0.001, 1.00,0.996)is ' 

minimize 0.002d, - 2d, + ~(5.968d" + 3.992d, ' ) 

s. t - 0.008d, + 2d, = 0 

The KKT system is given by: 

5.968d, + -0.0081.(') = -0.002 

3.992d, + 21.(' ) = 2.00 

0.008d, + 2d, = 0 

Solving the KKT system gives the solution: 

d, (7) = 0.001 

d,<7) = 0.000 

1.(') = 1.000 . 

The next iteration point is: 

,, (') = ,, (7) + d, (7) = -0.001 + 0.001 = 0.000 

x,(8) = x,(7) + d, (7) = 1.000. 

Step 8: The quadratic sub problem althe point (x(' l,1.('») = (0.000,1.00, 1.000) is , 
I 

minimize - 2d2 + 2 (6d 1
2 + 4d2

2
) 

s. t 2d, =0 

This immediately gives 
d, (') = 0.000 

d, (') = 0.000 

Thus the algori thm tenn inates, with opti mal solution (x 1·, xz ·, )... ) :;:: (0.0,1.0,1.0). 

26 

• 



• 

References 

I. Bazaraa, S.M. and et.al.( 1993). Non Linear programming, theorY and application. 2-

edition John Wiley and Sons, Inc. Canada. 

2. Boggs, T.P and Tolle, W.J. (2007). Sequential quadratic programmmg. Acec sed on 

(15/01/2010 from (http://www.pcrsonal.umich.cdul- mcpc!manltcaching/ .. .1511 nOles07-

12pdO· 

3. Mark, S.G. Introduction to Sequential Quadratic Programming. Accessed on 25/04120 10 from 

(hl lp:/lwww.math,mtu,eduJ ' mspockcit/mas5630spring2003/ .. .151 1 no\c507-12 

4. Nocedal, J. and. Wright, l S. (1999). Numerical Opt imi7.1tlion . 

5. Robert .M.F. (2004). Issues in on convex Optimization. (Accessed on 28/101 2010 from 

(http://www.springerlink.com/indexlF850221 16228k8450.pdf 

6. Simmons, M.D. Non linear programming for operation research, 

7. _____ ' (2007). SOP and PDIO algorithm for non linear programming, Accessed on 

20/04/20 I 0 from ( http://www.doc.ic .ac .ukl-hrlbcrclCODsqpipnotes.pdf) 


