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Abstract

In this PhD thesis, we study two closely related mathematical subjects: Integral
equations and integral inequalities with refinements. The first part of the thesis
deals with various generalizations and refinements of some classical inequalities.
We prove and discuss some new Hardy-type inequalities in Banach function space
settings. In particular, such a result is proved and applied for a new general Hardy
operator, which generalizes the usual Hardy kernel operator. Next, we prove some
new refined Hardy-type inequalities again in Banach function space settings. We
apply superquadraticity technique to find some refinements of the Jensen, Minkowski
and Beckenbach-Dresher inequalities. These results both generalize and unify several
results of this type. For the case 0 < p < ¢ < 00, some new Cochran-Lee inequalities
in higher dimensions are proved and good two-sided estimates of the sharp constants
are obtained. Using these results a new multidimensional weighted Cochran-Lee
inequality with sharp constant is also proved. Further, these results are extended
to Polya-Knopp type inequalities on homogeneous groups using a direct method.

In the second part of the thesis, the Dirichlet and Neumann boundary value prob-
lems (BVPs) for the linear second-order scalar elliptic differential equation with
variable coefficients in a bounded two-dimensional domain are considered. The
right-hand side the PDE belongs to H1(Q) or H~ (), when neither classical nor
canonical conormal derivatives of solutions are well defined. The two-operator ap-
proach and appropriate parametrix (Levi function) are used to reduce each of the
problem to two different systems of two-operator boundary-domain integral equa-
tions (BDIEs). Although the theory of BDIEs in 3D is well developed, the BDIEs
in 2D need a special consideration due to their different equivalence properties. As
a result, we need to set conditions on the associated Sobolev spaces or choose ap-
propriate scaling parameter in the parametrix form, to insure the invertibility of the
corresponding parametrix-based integral layer potentials and hence the unique solv-
ability of BDIEs. The equivalence of the two-operator BDIE systems to the original
problems, BDIE system solvability, solution uniqueness/nonuniqueness and invert-
ibility BDIE system are analyzed in the appropriate Sobolev spaces. It is shown
that the BDIE operators for the Neumann BVP are not invertible, and appropri-
ate finite-dimensional perturbations are constructed leading to invertibility of the
perturbed operators.

This PhD thesis is written as a monograph. Some of the results, with the can-
didate as author or coauthor, are already published in international journals (see
[15], [19], [94], [132], [133] and the new book [91]). Finally, we give motivation and
examples of our future plans to study the application of Hardy type inequalities to
solve some interesting problems concerning differential and integral equations.
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List of Notations and Conventions
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Notation
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Conventions

e We consider the measurable spaces (X, ), (X, \) and (Y, v). Moreover, du, dA
and dv are notations for du(x),dA(z) and dr(y), respectively.

e u,v, etc. denote weights, i.e. nonnegative locally integrable functions on R’

e The functions are assumed to be measurable.
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Chapter 1

Introduction

Inequalities have been very important for the development of different branches of
mathematics as functional analysis, interpolation theory, theory of differential and
integral equations, probability, harmonic analysis, function theory, fixed point the-
ory, etc. Nowadays the theory of inequalities may be regarded as an independent
area of mathematics.

Inequalities involving integrals of a function and its derivatives appear frequently
in various branches of mathematics e.g. in the theory and practice of differential
equations, in the theory of approximation etc.

Hardy’s inequalities are one of the most used integral inequalities in many branches
of mathematical analysis and mathematical physics. They have been studied in-
tensively and extensively in the literature due to their important roles since their
discovery. The interested reader is referred to the books [65], [71], [73], [I13] and the
Lecture Notes [103] in P. L. Lions seminar. Other important sources of inspiration
have been the PhD thesis [I7] and the recent review paper [104].

In this introduction we describe some parts of special interest for this thesis in the
more than 100 years of developments of this fascinating area, which today is called
Hardy-type inequalities. First we give a short description of the dramatic prehis-
tory. After that we present a fairly new convexity approach to handle Hardy-type
inequalities. This convexity approach has partly influenced the research in this the-
sis. Next, we discuss some results published between 1925-2017, which are of special
interest for our new findings. Furthermore, we illustrate the ongoing interest in
this area by presenting some of the newest results obtained after 2017 and in this
connection especially present the main new contributions in this thesis.

We continue by giving an introduction on integral equation methods to solve bound-
ary value problems (BVPs). The reduction of a BVP given in a domain to integral
equations (IEs) on the boundary of the domain is a powerful method that has re-
cently attracted new ideas and developments. Many applications in science and
engineering can be modelled by BVPs for Partial Differential Equations (PDEs)
with variable coefficients. For instance, a Dirichlet and a Neumann problem on
the half line for the time-dependent Schrodinger equation with a space-dependent
potential and also Poincaré problem on the quarter plane for a variable coefficient



generalization of the Laplace equation can be modelled by variable coefficient BV Ps.
Reduction of the BVPs with arbitrarily variable coefficients to explicit boundary in-
tegral equations is usually not possible, since the fundamental solution needed for
such reduction is generally not available in an analytical form (except for some spe-
cial dependence of the coefficients on coordinates). Nevertheless, for a rather wide
class of variable coefficient PDEs it is possible to use instead an explicit parametrix
(Levi function) taken as a fundamental solution of corresponding frozen-coefficient
PDEs, and reduce BVPs for such PDEs to explicit systems of BDIEs for their fur-
ther analysis, see e.g. [13, 28, 29] and Chapter [5| of this PhD thesis.

Parts of the mathematical content in this PhD thesis can also be found in the pub-
lications [15], [19], [94], [130], [131], [132], and [I33] with M. Yimer as the author or
coauthor. We also pronounce that this PhD thesis also contains new contributions
by M. Yimer which can not be found in these papers (see e.g. Section

1.1 Integral Inequalities

1.1.1 The prehistory of the Hardy inequality

The development of the famous Hardy inequality in both discrete and continuous
forms during the period 1906 to 1928 has its own history or as we have called it,
prehistory. The story started more than 100 years ago namely around 1915 when
G. H. Hardy needed an estimate for the arithmetic means of the form

o0 n 2 o0
3 (% z) <3 L)
n=1 =1 n=1

where {a,} is a sequence of nonnegative real numbers, it was later on proved that
the sharp constant in is Cy = 4. The first motivation for G. H. Hardy to begin
this dramatic history was to find a new and more elementary proof of the Hilbert
inequality for double series from 1906:

oo 00 00 1/2 0o 1/2
mbn
S ;Jr < (E_l a,i) (E_l bi) : (1.2)

n=1m=1

where 7 is the sharp constant. The sharp constant m was found by I. Schur. In
Hilbert’s version of (1.2) from early 19'" the constant was 27 instead of 7.
The inequality (1.1)) was then extended to

) n p )
3 (i54) < () S v 19
n=1 =1 n=1

with the continuous (integral) counterpart

/Ooo (é/:f(t)dtydxg(%)p/owfp(x)dx’ p> 1 (1.4)



where f is a nonnegative p-integrable function on (0, o0). This result was stated and
proved by G. H. Hardy in his 1925 paper [49]. The inequality is usually called
the classical Hardy inequality in the literature and it has been extensively studied
and used as a model for the investigation of more general integral inequalities. Later
in 1928, G. H. Hardy himself proved the following weighted version of :

TG rwa) eas () [T poean a9

with p > 1 and o < p — 1 for all measurable nonnegative functions f on (0, c0),
p

f is sharp, see [48]. The constants in ([1.3|)-(1.5]) are
p—1—«
all sharp and the discrete inequalities follows from the continuous ones. After this,
a lot of generalizations and complementary results have been published. These are
called today Hardy-type inequalities. See e.g. the monographs [50], [70], [71], [73],
[102], [113] and the references therein.

where the constant (

During the subsequent decades, approximately until the 1980-ies, inequality (|1.5])
was extended to the general Hardy inequality of the form:

</ab (/j ft) dt)qU(aJ) da:) " <c,, (/ab P@)oa) dx) 1/p

with parameters a, b, p,q such that —co < a<b<o00,0<g< 00,1 <p <00, and
with u(z),v(x) given weight functions.

The main research question in connection with the Hardy inequality is to de-
termine conditions on the parameters p, ¢ and on the weights v and v under which
the inequality holds for some classes of functions and good estimates of the sharp
constant exists.

In this PhD thesis we derive and discuss various generalizations and refinements
of the Hardy and related Pdélya-Knopp inequalities. Moreover, we also prove some
new generalizations also of some other classical inequalities namely those by Jensen,
Minkowski and Beckenbach-Dresher.

Remark 1.1. Concerning the dramatic prehistory before G. H. Hardy discovered
his inequalities (L.3)-(L.5) we refer to [70] and [71]. Some contributions of other
mathematicians than G. H. Hardy, such as E. Landau, G. Pdlya, E. Schur and M.
Riesz are also important here.

1.1.2 Pdélya-Knopp’s inequality
The well known Pélya-Knopp’s inequality

/OOO exp (é /: f(®) dt) dz < e/ooo flz)dz. (1.6)

where e is the sharp constant can be considered as a limiting case of the classical
Hardy inequality (T.4). Indeed, by replacing f(z) with (f(z))"? in (T.4)), we obtain

/OOO (i /Oxfi(t) dt)pdx < (%)p/ooo f(x) da. (1.7)



Now, if we assume that f is positive a.e., then

1 z p 1 x
plggo (5/0 fr(t) dt) = exp (E/o log f(%) dt),

(cf. [T21], page 344; 5c and also the power mean argument presented below) and

i (55) -
im (—— | =e.
p=oo \p—1

Thus, it follows from Fatou’s lemma and the inequality ([1.7)) that the inequality
(1.6) holds. Moreover, by making a similar limiting procedure in (1.5)) we obtain
the following weighted version of (|1.6)):

) l T N (140) oo .
/o exp (x/o f(t)dt)x dr < et /0 f(x)z*dz, (1.8)

for o > —1. Moreover, the constant e+ is sharp.

Remark 1.2. Sometimes the inequality is referred to as the Knopp inequality
with reference to the paper [63] from 1928. But, it is clear that it was known before,
e.g. in his 1925 paper [49] G. H. Hardy informed that G. Pélya had pointed out this
inequality to him, via the limit argument above. This is the main reason why the
inequality has got the name Pdlya-Knopp inequality.

Remark 1.3. The Hardy operator

N =1 [ 1

is an arithmetic mean operator while

G+ (Gf)(x) = exp (é / I f(y) dy)

is the corresponding geometric mean operator.

In this PhD thesis we have proved some new mapping properties (Hardy-type
inequalities) of multidimensional geometric mean operators even in a much more
general setting than discussed so far. It is also worth to mention that the operators
H and G are special cases of a more general scale of Hardy-type averaging operators
called power means P, (f, ), —00 < a < oo, of a function f on a finite measure
space (€2, u). They are defined as follows (see e.g. [103]):

1 1/a
= o g | .

Fo(f, 1) = (M(Q) {Q /] u) a #
exp <mfﬂlog|f|du),a —0

Note that H = P, and G = Fy, when Q = [0, z] and du = dz. The operator H_; is
the harmonic mean operator.



1.1.3 A newer convexity proof and its consequences

Today there exist more than 20 different proofs of Hardy’s original inequality (in
addition to Hardy’s original proof where he essentially used partial integration).
Here we will only present a fairly new convexity proof, which already has got some
surprising consequences and even could have changed the further history if G. H.
Hardy had discovered it himself. See [I06] and the references therein. But first, we
present the following remark, which can be proved by elementary calculations.

Remark 1.4. The “fundamental” Hardy inequality

[ Lo e [aot oo

is equivalent to both (1.4) and (1.5, see e.g. the new book [73] and the refer-
ences therein. This equivalence follows by just doing the substitutions f(x) =

g (xpp;l) 277 and flz) =9 (xm;kl) T respectively. These facts imply espe-
cially the following:
(a) Hardy’s inequalities ([1.4) and (1.5)) hold also for p < 0 (because the function

o(u) = uP is convex also for p < 0) and hold in the reverse direction for
P P
0 < p < 1 with sharp constants P} ana (—P , o > p—1,
1—p a+1l-p
respectively.

(b) The inequalities (1.4)) and (1.5)) are equivalent for p > 1, since both are equiv-
alent to the inequality (|1.9)).

Remark 1.5. Note that the proof of consists of only an application of Jensen’s
inequality and Fubini’s theorem. The power weighted inequalities are more or less
equivalent with the basic inequality. See Theorem (see also [106] and [73, The-
orem 7.10]).

Hardy-Knopp’s inequality

The simple proof of ((1.9) which we pointed out in Remark can be repeated for
any convex function ®. Precisely, if ® is positive and convex function on the range

of f, then
/OOO‘D (1 / ) dt) T / RIS (1.10)

Sometimes, this inequality is called the Hardy-Knopp type inequality since it directly
implies
(a) the inequality (1.9)), and, thus, of (L.4) and (1.5)), see Remark[l.4] when applied
to ®(u) =uP, p > 1.
(b) the inequality ([1.6) when applied to ®(u) = exp (u) and replacing f(x) by
Inzf(z).
(c) the inequality (|1.8) when applied to ®(u) = exp (u) and replacing f(z) by
In (z2* f(x)).
Remark 1.6. The above results show that the inequality (1.10)) implies all of the
inequalities ((1.4) — (1.6) and (1.8]) — (1.9)).



Some consequences of this convexity approach

It is known that the Hardy inequalities and still hold with the same sharp
constants if the interval (0, 00) is replaced by a finite interval (0, /), 0 < ¢ < oco. But
here the inequality can be essentially improved by considering another function space
on the right hand side with strictly smaller norm. More generally, the following re-
markable equivalence theorem was recently proved in [106] (see also [73, Theorem
7.10]) using essentially this convexity idea.

One crucial point in the proof of Theorem is the following Lemma of in-
dependent interest. It is sometimes called “fundamental form of classical Hardy
inequalities”.

Lemma 1.1. Let g be a nonnegative and measurable function on (0, ¢),0 < ¢ < co.

a) If p<0orp>1, then

/og (1 /fgm dt>p d— =t /Ofg%) (1-7) d— (1-11)

(In the case p < 0 we assume that g(x) > 0).
b) If 0 < p <1, then (1.11)) holds in the reversed direction.

¢) The constant C' =1 is sharp in both a) and b).

By using this lemma and straightforward calculations we can prove the following
theorem:

Theorem 1.1. Let 0 < £ < o0, let p € R\ {0} and let f be a nonnegative and
measurable function. Then

a) the inequality

/OE( t)dt a;"‘dx
T

holds for all f, 0 < ¢ < 0o and « in the following cases:

(1.12)

(@) p>la<p-—1,
(as) p<0,aa>p—1.

b) For the case 0 < p < 1, < p — 1, the inequality ((1.12)) holds in the reversed
direction.

¢) The inequality

/ GLoa) e
() [ (= () Yo



holds for all f, 0 < ¢ < oo and «q in the following cases:

(Cl) le,Oéo>p—1,
(ca) p<0,ap<p-—1.

d) For the case 0 < p < 1, inequality ((1.13)) holds in the reversed direction.
e) All inequalities above are sharp.

f) Let p > 1 or p < 0. Then, the statements in a) and c¢) are equivalent for
all permitted o and « because they are in all cases equivalent to (|1.11]) via
substitutions.

g) Let 0 < p < 1. Then, the statements in b) and d) are equivalent for all
permitted a and «y.

Remark 1.7. Note that in the theory of (weighted) Hardy-type inequalities we
usually have good estimates of the sharp constant (the operator norm). However, in
some cases we can even find the sharp constant and this is especially interesting and
maybe regarded as an art of its own. For example the constants in all inequalities in
Theorem are sharp. Here, we also refer to the new paper [107], where even some
of the inequalities in Theorem are proved in the reversed direction on the cone
of monotone functions and also here with both sharp constant and optimal “target

T p—a—1
function” e.g. <1 — (—) ! )
e

Remark 1.8. Note that inequality (or (L.12)) has no meaning when o = p—1.
However, by restricting to finite intervals and involving some suitable logarithms,
C. Bennett first prove such a result when he developed well-known theory for real
interpolation between the (fairly close) spaces L and Llog™ L (see [21]).

The next result is for the exceptional case a = p—1, where the authors succeeded
to (see [20]), by using another convexity argument, prove the following essential
improvement of the mentioned Bennett’s Hardy-type inequality in [21]

Theorem 1.2. Let a,p > 0 and f be a non-negative and measurable function on

[0, 1].
(a) If p > 1, then

o (/ /(@) dx)p +a? / og e/ ( / W dy)p B

< / 2 [log (/)] fr(a) L

T

(1.14)

Both constants a?~! and o” in ((1.14]) are sharp. Equality is never attained
unless f is identically zero.

(b) If 0 < p < 1, then (|1.14) holds in the reverse direction and the constant is
sharp. Equality is never attained unless f is identically zero.

(c¢) If p = 1, then we have equality in ([1.14)) for any measurable function f and
any a > 0.



Remark 1.9. In Bennett’s original paper [21] only the case (a) was considered and
the first term on the left hand side did not appear. Moreover, the sharpness was
even not discussed and the proof was not connected to convexity at all. Hence, also
this result is remarkable from many points of view and especially because it is one
of the few inequalities involving two constants and both of them are sharp.

1.2 Integral Equations

The reduction of boundary value problems (BVPs) given in a domain to integral
equations (IEs) on the boundary of the domain is a powerful method that has
recently attracted new ideas and developments.

1.2.1 Boundary Integral Equations

The boundary integral equation (BIE) method has been intensively developed in the
recent decades both concerning theory and engineering applications. Its popularity is
due to the possibility of reducing a boundary value problem for a partial differential
equation in a domain to an integral equation on the boundary of the domain. This
approach reduces the problem dimensionality by one, which is very important for the
construction of various numerical algorithms using small computer resources. The
main ingredient necessary for efficient reduction of a BVP to a BIE is a fundamental
solution to the original partial differential equation, available in analytical form
and/or cheaply calculated.

1.2.2 Boundary-Domain Integral Equations

Many applications in science and engineering can be modelled by BVPs for PDEs
with variable coefficients. Reduction of the BVPs with arbitrarily variable coeffi-
cients to explicit BIEs is usually not possible, since the fundamental solution needed
for such reduction is generally not available in an analytical form (except for some
special dependence of the coefficients on coordinates). Nevertheless, for a rather
wide class of variable coefficient PDEs it is possible to use instead an explicit
parametrix (Levi function) taken as a fundamental solution of the corresponding
frozen-coefficient PDEs, and reduce BVPs for such PDEs to explicit systems of
boundary-domain Integral equations (BDIEs) for their further analysis.

As in the Lame system of anisotropic elasticity, the one-operator approach used
in [27-29] 83, 85, [86] does not work when the fundamental solution of the frozen-
coefficient PDE is not known explicitly. To overcome this difficulty, one can apply the
so-called two-operator approach, formulated in [84] for a certain non-linear problem,
that employs a parametrix of another (second) PDE, not related with the PDE in
question, for reducing the BVP to a BDIE system and further analysis of the latter.
Since the second PDE is rather arbitrary, one can always choose it in such a way, that
its parametrix is known explicitly. The simplest choice for the second PDE is the one
with an explicit fundamental solution. The BDIE analysis is useful for discretization
and numerical solution of the BDIEs and thus of the associated BVPs. For a more
complete description of these fundamental ideas and fact we refer to Chapter [5



1.3 The main objectives of this PhD thesis

The main objectives are to generalize and derive refinements of some classical in-
equalities and to investigate and complement the theory of some important integral
equations. More exactly, the following main objectives are addressed in this thesis:

(1)

(2)

(3)

To prove and discuss some new Hardy-type inequalities in a Banach function
space setting.

To derive and prove some new refinements of some classical inequalities such
as Jensen’s, Minkowski’s, Beckenbach-Dresher’s type and Hardy’s.

To derive and investigate the necessary and sufficient condition for multidi-
mensional Cochran-Lee type inequalities with general weight functions with
parameters 0 < p < g < o0.

To state and prove a sharp multidimensional Cochran-Lee type inequalities
with particular power weight functions. Even the case with homogeneous
groups involving sharp constants shall be considered.

To derive and investigate two-operator boundary domain integral equations
(BDIEs) for variable-coefficient boundary value problems (BVPs) with general
right-hand side on a two dimensional bounded domain.

1.4 Methodology Used

To achieve the desired objectives we use several classical new methodologies:

(1)

(2)

We use the concept of superquadratic function rather than convex function to
prove the refinement of some classical inequalities (see e.g. Section [3.1)).

We apply a direct method rather than limiting procedure to prove the higher
dimensional Cochran-Lee inequalities (see Chapter . We also develop the
theory of Hardy-type inequalities on groups so we can prove our results in this
more general context.

The two-operator approach and appropriate parametrix (Levi function) are
used to reduce each of the BVPs to two different systems of two-operator
boundary-domain integral equations (BDIEs). We set conditions on the associ-
ated Sobolev spaces or choose appropriate scaling parameter in the parametrix
form, to insure the invertibility of the corresponding parametrix-based integral
layer potentials and hence the unique solvability of BDIEs. The equivalence of
the two-operator BDIE systems to the original problems, BDIE system solv-
ability, solution uniqueness/nonuniqueness and invertibility BDIE system are
analyzed in the appropriate Sobolev spaces.
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1.5 Organization of the thesis

The remaining part of this PhD thesis is organized as follows:

Chapter 2] contains preliminaries and a literature review, here we give some basic
concepts, definitions and theorems that play important roles in the discussions of
the main results.

In Chapter [3| we to address objectives (1) and (2). Some new Hardy-type in-
equalities in Banach function space involving the classical Hardy operator are stated
and proved in Section (see Theorems , and . In particular, such a re-
sult is proved and applied for a new general Hardy operator which generalizes the
usual Hardy kernel operator. These results generalize and unify several classical
Hardy-type inequalities. In Section , to address objective (2), we state, prove
and apply some new refinements of the Minkowski inequality and new Beckenbach-
Dresher type inequalities (see Theorems and . Moreover, we derive some
corresponding refinements of Hardy’s inequality even in a Banach function space
setting (see Theorem . These results both generalize and unify several results
of this type.

In Chapter {4]is devoted address objectives (3) and (4). Here we state and prove
a multidimensional Cochran-Lee type inequality in more general case with good
two-sided estimates of the sharp constants (see Theorems and [4.4). Moreover,
we state and prove Pdlya-Knopp type inequalities on homogeneous groups G (see
Theorems and .

In Chapter |5| we address objective (5). Using the two-operator approach and
an appropriate parametrix (Levi function) we reduce each of the BVPs into two
different systems of two-operator BDIEs. We also set conditions on the associated
Sobolev spaces or choose appropriate scaling parameter in the parametrix form to
insure the invertibility of corresponding parametrix-based integral layer potentials
and hence the unique solvability of BDIEs. The equivalence of the two-operator
BDIE systems to the original problems, BDIE system solvability, solution unique-
ness/nonuniqueness and invertibility BDIE system are analyzed in the appropriate
Sobolev spaces (see, Theorems [5.8] 5.9} [5.11] [5.16] and [5.17).

Finally, in Chapter [6] we conclude the thesis with a summary of the obtained
results and future plan. We also include a number of open questions related to this
PhD thesis, which are of interest for a broad audience. These questions also give
some hints for directions of continued collaboration between the research group in
Ethiopia, Sweden and Belgium, which in one or other way have been involved in the
research presented in this PhD thesis.




Chapter 2

Preliminaries and Literature
Review

2.1 Preliminaries

2.1.1 Convex and concave functions

Convexity is one of the natural and fundamental concepts which plays the most
important role in many areas of mathematics. Convex functions were introduced
by Jensen in 1905 and have received a remarkable attention in the literature due
to their applications in different scientific fields such as Mathematical analysis and
Mathematical physics. As our main reference we mention the very cited recent
book [90] and the references therein. We begin this section by giving the definition
of convex function.

Definition 2.1. A function ¢ : X — R is said to be convex if

oAz + (1= N)y) < dp(x) + (1= Np(y) (2.1)

for all z,y € X and A € (0,1). Moreover, a function ¢ is concave if the inequality
(2.1) holds in the reversed direction.

Example 2.1. The following are examples of convex (concave) function:
(a) p(x) =2aP on [0,00) forallp>1orp <0 (forall 0 <p <1)
(b) ¢(x) = exp(z) on [0,00) (¢(z) = Inz on (0,00))

Sometimes it is not so easy to check the convexity of a function, but we do have
some useful conditions to check the convexity of a function. We present here one of
the simplest condition:

Theorem 2.1 (J.L.LW.V. Jensen, [58]). Let ¢ : I — R be a continuous function.
Then ¢ is convex if and only if ¢ is midpoint convex, that is,

; (x;ry) < w(x)—gso(y)

, forall z,y € I.

11
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2.1.2 Jensen’s inequality

Jensen’s inequality involving convex function is the most significant classical inequal-
ities in mathematical analysis. In fact, Jensen’s inequality is more or less equivalent
to the concept of convexity (c.f. Corollary below) and implies most of the other
classical inequalities (e.g. those by Hélder, Minkowski, Beckenbach-Drecher, etc.)
Here we give the following version:

Theorem 2.2 (Jensen’s inequality). Let (£2, ) be a measure space, where p(€2) = 1
(i.e. w is a probability measure). If ¢ : [0,00) — R is a convex function, then

w(/ﬂfdu)é/gswfdu (2.2)

for all nonnegative, u-integrable functions f. Moreover, if ¢ is concave function, then
the inequality (2.2)) holds in the reversed direction. In particular, the inequality (2.2))
reduces to equality when p(z) = .

Corollary 2.1 (The discrete case of Jensen’s inequality). A real valued function ¢
defined on an interval [ is convex if and only if for all zq,...,x, in I and all scalars

ALy ey A in [0, 1] with >0 A; = 1 we have
=1

® (Z )\imi) < Z Aigp(;). (2.3)

Remark 2.1. If (2.2) holds for all probability measures (but ¢ not necessarily
convex), then obviously (2.3) holds. Indeed, just apply (2.2) with the measure

n

dp = > Nd;, where §; are the Dirac functions at i = 1,2,...,n so (2.3) holds with
i=1

f(i) = x;. This means that ¢ is convex. On the other hand we know by Theorem 2.2)

that if ¢ is convex then (12.2) holds. We conclude that Jensen’s inequality correctly

formulated is more or less equivalent.

2.1.3 Minkowski’s integral inequalities

Minkowski’s inequality is the other important inequality in the study of mathemat-
ical analysis. For instance, Minkowski’s inequality plays a basic role in the proof of
L? spaces are normed vector spaces.

Theorem 2.3 (Minkowski’s integral inequality). Let f be a nonnegative measurable
function on X x Y with respect to the measure u X v, and let p > 1. Then

(L) o) <f(fraffo e

For the case 0 < p < 1, (2.4) holds in the reversed direction.

Remark 2.2. Theorem [2.3|is maybe the first example of so called continuous form
of classical inequalities. A theory of this fascinating area is presented in the new
book [91]. When restricting to a special case we obtain the following standard form
of Minkowski’s inequality.
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Example 2.2. Let Y =[0,2],dv =dz, f = f; on [0,1) and f = f5 on [1,2]. Then

(2.4) reads:
1/p 1/p 1/p
P P p
(s mrw)” < (fom) " (J )"

i.e. the standard form of the Minkowski inequality.

Remark 2.3. Tt is known that (2.4]) follows very easily from Jensen’s inequality
(2.2). See e.g. the Lecture Notes [103].

The following special case of (2.4)) is very useful for several applications.

Corollary 2.2 (Minkowski integral inequality of Fubini type). Let the positive
kernel K (x,y) be measurable. If p > 1, then

(/ab (/: K(z, y)\IJ(y)dy)p ‘I)(:E)dxy
- /ab (/yb D(x) K7 (, y)d:p) : )y,

Remark 2.4. If K(z,y) =1 in Corollary 2.2 then the inequality ([2.5) becomes

(/ab (/m ‘I’(y)dy)p CD(JU)dx) % < /ab (/yb <I>(x)dx) % U(y)dy.

In order to prove some of the main results in this PhD thesis, we also need the
following forms of Minkowski’s integral inequality in n-dimension:

(2.5)

Proposition 2.1. Let n € Z,, let r > 1,—c0 < a; < b; < oo foralli=1,...n If
® and ¥ are positive measurable functions on [ay, b] X -+ X [ay, b,], then

(/ab P (x) (/:\IJ(Y) dY)T dx>i < /ab\If(y) (/ybcb(x) cbg)i dy. (2.6)

For a proof see e.g. [127, Remark 5.2].

Remark 2.5. For » = 1 the inequality in ({2.6) is reduced to equality according to
the Fubini theorem.

2.1.4 Superquadratic and subquadratic functions

The concept of superquadratic function was formally introduced in 2004 by S.
Abramovich, G. Jameson and G. Sinnamon, but the idea seems to be known before
in 2001. (See [2] and [I17]). The idea of a superquadratic function is a modification
of the idea of a convex function.

First, we present the definition of superquadratic function and then conditions
which are useful to determine the superquadraticity of a function.
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Definition 2.2. (See [2, Definition 2.1].) A function ¢ : [0,00) — R is su-
perquadratic provided that for all x > 0 there exists a constant C, € R such
that

w(y) —(r) —e(ly — zf) = Caly — ) (2.7)
for all y > 0. We say that f is subquadratic if —f is superquadratic.

Remark 2.6. Inequality (2.7) holds for all p(x) = 2P,z > 0,p > 2 and it holds in
reverse direction for all p(x) = 2,2 > 0,1 < p < 2. Moreover, the inequality ([2.7)
reduces to equality when ¢(z) = 2? with C, = 2z.

Remark 2.7. If p(x) is a superquadratic function, then ¢(0) < 0 and if p(0) =
¢'(0) = 0, then C, = ¢'(z) whenever ¢ is differentiable at z > 0.

Likewise convexity, sometimes it is not so easy to check the superquadraticity of
a function, but we do have some useful criteria to check with. We present here some
of the conditions which help us to check the superquadraticity of a function.

Definition 2.3. A function f : [0,00) — R is superadditive provided f(z +y) >
f(z) + f(y) for all z,y > 0. If the reverse inequality holds, then f is said to be
subadditive.

Lemma 2.1. Suppose ¢ : [0,00) — R is continuously differentiable and ¢(0) < 0.
/

x
If ¢’ is superadditive or L is nondecreasing, then ¢ is superquadratic.

X

A proof can be found in |2, Lemma 3.1].

Lemma 2.2. Suppose ¢ is differentiable and ¢(0) = ¢'(0) = 0. If ¢ is su-
()

2

perquadratic, then is nondecreasing on (0, o).

For a proof see e.g. [2, Lemma 3.2].

Lemma 2.3. A non-positive, non-increasing, superadditive function is a superquadratic
function.

A proof can be found in [2, Lemma 4.1].
Example 2.3. (See [2, Example 4.2]) Let
() = = (1+2/7)".
Then ¢, is superquadratic for p > 0 and 1 + ¢, is superquadratic for p > 1/2.
The next result was stated and proved in [2, Theorem 4.3].

Theorem 2.4. Suppose that (€2, ) is a measure space, and that f and g are non-
negative functions such that f? and g¢ are v-integrable. Set

fQ gP dv
fﬂ frdv

1/p

h=|g"— f?
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If0<p<1, then

()" (fro) "< (frsr)”
(/Q(erg)Pdu—/Q(erh)Pdu)l/pg (/ﬂf?’du)l/er (/Qg”du>l/p.

If p>1/2, then

([uora[iremmns )< (fira) " (o) "

2.1.5 Basics on homogeneous Lie groups

and

In this subsection, we recall the basics of homogeneous groups, which is a necessary
preparation for our Section For more details on homogeneous groups as well as
several inequalities on homogeneous groups, we refer to the monographs [39], [40],
[T13] and the references therein.

Definition 2.4. A Lie group G (identified with (RY,0)) is called a homogeneous
group if it is equipped with a dilation mapping

Dy, :RY 5 RY X >0,
defined as
Dy(z) = (A" x1, A2x9, ..., \"NaN), U1, Ve, ..., Uy >0
which is an automorphism of the group G for each A > 0.

Here and in the sequel, we will denote the image of z € G under D, by A(x) or,
simply Az. The homogeneous dimension () of a homogeneous Lie group G is defined
by

Q=uvi+va+- - +on.

Remark 2.8. It is well known that a homogeneous group is necessarily nilpotent
and unimodular.

The Haar measure dz on G is nothing but the Lebesgue measure on R,

Theorem 2.5. Let w be a measurable subset of G. Then, for A > 0
Dy (w)] = A%fw| and / FOw)de = )\Q/ fla)da,
G G

where |w]| is the volume of w.
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Proof. Let w C G. Then
[ Dx(w)] —/XDX (Y )dy:A”1+”2+"'+”N/xw(w)deAQIWI-

G
On the other hand

Aﬂmwxzéﬂw%rmzxﬂéﬂmm

This complete the proof. O

Definition 2.5. A quasi-norm on G is any continuous function |- | : G — [0, 00)
satisfying the following conditions:

(i) |z| = |z forall z € G
(ii) [Az| = Alz|for all z € G and A > 0
(ili) |z| =0<= 2z =0.
Proposition 2.2 (Polar decomposition). Let
S={zreG:|z|=1}

be the unit sphere with respect to the quasi-norm |-|. Then there is a unique Radon
measure o on & such that for all f € L(G),

/f dx—/ /fry )r9 Yo (y)dr. (2.8)

For the proof we refer to [113, Proposition 1.2.10].

Here and in the sequel, we use the following notations. The letters u and v are
weights on the homogeneous group G. A quasi-ball in the homogeneous group G
with radius |z|, z € G, and centred at the origin will be denoted by B(0, |z|). We

denote the surface measure of the unit sphere & in G by |&|. The Haar measure of
the unit quasi-ball B(0, |z|), denoted by |B(0, |x])|, can be calculated by using (2.8))

as
el o [s]
1 B(0, |])] /B(M)dy /6</0 r dr) do(?) 0 Edhe

where & = {z € G : |x| = 1} is the unit sphere with respect to the quasi-norm | - |.

Theorem 2.6 (Trace theorem). Let Q@ C R"” be a bounded domain with smooth
boundary 0€). The trace operator,

v HY(Q) = H2(09)
is continuous for s > 1.
This useful theorem is proved in [78].
Theorem 2.7. ([78, Theorem 3.29]) If Q is a C° domain, then
(i) D(Q) is dense in W*(Q) for s > 0,
(ii) D(Q) is dense in H*(Q) for s € R.
Definition 2.6. The subspace H"°(Q; A) of H'(Q) is defined as
HY(Q;A) = {g e H'(Q) : Ag € L*(Q)},
with the norm (191300 == 1912 ) + 149130, (see 3] and [52).
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2.2 Literature Review

2.2.1 A superquadraticity technique to prove refined ver-
sions of inequalities
In the recent book [90] a number of variations of convexity are discussed and applied
for proving classical inequalities in continuous forms and their refinements. For this
PhD thesis especially the concept of superquadraticity is of interest.
In particular, the function f(u) = w? is superquadratic if p > 2 but subquadratic
for 1 < p < 2. By using, essentially the convexity (concavity) replaced by su-

perquadraticity (subquadraticity) the authors of [96] proved the following example
of a refined classical inequality, namely the Hardy inequality:

Theorem 2.8. Let p > 1,k > 1,0 < b < oo and let the function f be a positive
locally integrable on (0,b) such that fob PR fP(z) do < oo.

/Obx—"f (/:f(t)dt)pdx+ k; .
. (3) fo - [ rsas
< (%)p/ob {1 - (%)] 2 () da

(i) If 1 < p < 2, then the inequality (2.9)) holds in the reversed direction.

(i) If p > 2, then

k-1

p k—1
PR det e e (2.9)
k

I

In Chapter of this thesis we use this technique to prove a related result,
now with both a general superquadratic function involved (and not only a power
function) and in a much more general Banach function space setting. For example,
the following was proved:

Theorem 2.9. Let 0 < b < o0,a < ¢, let ¢ be a positive and superquadratic
function on (a,c) and E be a Banach function space on [0,b). If E has the Fatou

property and a < f(x) < ¢, then
1 xT
|+ (2 [ soa)

< [t (1 -l - (S>d3'>> L@

E

dt,
E

provided that both sides have sense.

Remark 2.9. To show the power of this technique also new refinements of other
classical inequalities (e.g. those by Jensen and Minkowski) are proved and applied

in Chapter [3.2] A description of these results is given in Section -B.2.5
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2.2.2 Examples of the developments during 1925 — 2017

One important early question was the following: For which weights v and v does it

hold that
(/ob (/ox f(t) dt>qu(x) dx) v <C </Ob FP()o(a) dx) 1/p7

where 0 < b < o0, for some finite constant C'?

During the last 80 years it has been a lot of activities to answer this and more
general questions concerning Hardy type inequalities and a lot of interesting results
have been proved.

Just as one example we mention the following well known result:

Theorem 2.10. Let 1 < p < ¢ < oo and v and v be weight functions on R;. Then
each of the following conditions are necessary and sufficient for the inequality

(/Ob (/Ow f(#) dt)qU(x) dx)}] <C (/Ob fP () (x) dx); (2.10)

to hold for all possible and measurable functions on R :

a) The Muckenhoupt-Bradley-type condition,

L

AMB::igi(Abu@yh>;([ﬁvkﬂg)m>p/<cm (2.11)

with C' € [Ayp, AMp], for the best constant C' in (2.10]), where
A = min{p!/1(p") 7, ¢ (¢ )7}

b) The Persson-Stepanov condition

Amy:supV_Hx)QAmu@ﬂm@ﬁﬁ)q<cmjdxyziléfﬂﬁﬂdu(21%

x>0

with C' € [Apg, p'Aps|, for the best constant in ([2.10)).

Remark 2.10. A simple proof of the condition was given by B. Muckenhoupt
in 1972 for p = ¢ (see [89]) and by J. S. Bradley in 1978 for p < ¢ (see [25]).
In 2002, L. E. Persson and V. D. Stepanov presented an elementary proof of the
alternative condition (see [108]). In this connection it should be mentioned
even the earlier papers by G. Talenti (see [122]) and G. Tomaselli (see [123]) (the
case p=q), respectively G. Sinnamon and V. D. Stepanov (see [I18]). Just note that
the newer characterization indeed gives the sharp constant (p/(p — 1))? in the
original form of Hardy’s inequality while the estimates in the Muckenhoupt-Bradley
description can never give that.

Remark 2.11. The motivation for the authors of [I08] to derive the alternative
PS condition was to find a characterization of the limit Pélya-Knopp inequality, see
more details in Section 2.2.5

Remark 2.12. It has recently been discovered that also these two conditions to
characterize are not unique and can even be replaced by infinite many equiv-
alent conditions, in fact even by so called scales of conditions (for details see [73]
Section 7.3.3] and our Subsection [2.2.9).
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2.2.3 On the sharp constant for the power weighted case
when 1 <p<g< o0

By applying the general results (see Theorem and the corresponding dual result)
for the power weighted case we get the following:

Example 2.4. The inequality

(/OOO </0If(t)dt)q:z:acu)é SC(/Omfp(x)xﬁdx); (21

holds for some constant C' > 0, for all positive and measurable functions f(¢) on
(0,00) and 1 < p < g < oo if and only if

1 1
6<p—1anda+ :6+ —
q p

1. (2.14)

For the case p = ¢ > 1 the sharp constant C' in was pointed out in Theorem
a),e) (the case ¢ = c0). However, for the case 1 < p < ¢ < oo this sharpness
question is much more delicate.

The next result was proved in 2015 by L. E. Persson and S. Samko, see [105].
Indeed, this result gave a final answer to an old open question, where G. A. Bliss

in 1930 found the best constant C' for the case § =0 and a = — (1% + 1), l<p<
q < oo, in ([2.13)), see [24].

Theorem 2.11. Let 1 < p < ¢ < oo and the parameters o and [ satisfy (2.14)).
Then the sharp constant in (2.13) is C' = C , where

pg’

: S ey
Cpq:(pfl—ﬁ) (%) r(L)r

bS]

AT

where ¢ and d are positive constants. Moreover,

_r
p—1-p

Note that (2.15]) shows that we have the expected continuity in the sharpness
results in Theorem [1.1]a),e) (the case ¢ = co0) and Theorem [2.11]

Chy — as ¢ — p. (2.15)

2.2.4 On the multidimensional case

Next we want to pronounce that there is a much less developed theory for the
multidimensional case than in the one-dimensional case. We also remark that many
such results up to 2017 can be found in the book [73, Chapter 7.7]. Here we will only
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mention a possibility with relation to this thesis namely the case of “rectangular”

Hardy operators e.g.
Ty
Hos (1af) (eg) = [ [ fs.0)dst
o Jo

The basic (at that time surprising and first not so well understood) result by E.
Sawyer from 1985 reads (see [116]):

Theorem 2.12. Let 1 < p < ¢ < oo and w and v be weights on R%. Then, the

inequality
oo e 1 o q %
(/ / (/ / f(tl, tg) dtldtg) u(xl, 132) dl’ldl‘g)
0 0 0 0
o0 [o.¢] %
<C (/ / fp(xl,:c2)v(x1,:c2)d:c1dx2>
0 0

holds for all nonnegative and measurable functions on R? , if and only if the following
three conditions are satisfied:

(2.16)

/v o
sup // u(ry, x2) drida, //v(ml,@)l‘p’ dzidxs < oo, (2.17)
(y1,y2)€R?.
0 O
Y1 Y2 [/ x1 T2 , q q
(ff (ffv(tl,tg)lp dtldtg) U(Zﬁhl'g)dfbldl'g)
sup 00 200 T < o0, (2.18)
(v32) €5 (71?2 v(z1, z2) p'd$1d$2>p
, 1
50 00 P P’
ff ff tl,tg dtldtz v(ml,xg)lfp/ dxdzs
Y1y2 \T1 22
sup : < oo. (2.19)
(y1,42)€ERT 7
ff 5(11,1'2 d(lfleEQ
Y1 Y2

Remark 2.13. Note that (2.17) corresponds to the Muckenhoupt-Bradley condi-

tion ([2.11)), (2.18]) corresponds to the Persson-Stepanov condition (2.12) and ([2.19)

corresponds to the dual condition of (2.12)).

Remark 2.14. In the PhD theses by A. Wedestig (see [128]) and E. Ushakova (see
[124]) (and in related papers) it was proved that if the weight to the left or to the
right in is of product type, then the inequality can be characterized by
using only one condition. Moreover, in this case the results could be extended to
the general n-dimensional setting.

Remark 2.15. E. Sawyer proved also that none of the conditions (2.17)), (2.18)) or
(2.19) could be removed in general.

Concerning Sawyer’s Theorem [2.12| we want to pronounce some recent remark-
able complements. In fact, in the paper [120] it was proved that for the case
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1 < p < q < oo the inequality can be characterized by using only one
condition, namely the first Muckenhoupt-Bradley type condition. And in fact, they
even proved this result in a general n-dimensional setting, see also the newer comple-
mentary paper [120]. Moreover, Hardy-type inequalities have also been developed
in the time-scale setting even for multidimensional cases, see [38] and the references
therein. The results in paper [I32] can be regarded as limit cases of a scale of
Hardy-type inequalities (even if they are not proved so) and therefore it can be an
interesting research question to investigate if also these inequalities can be proved
in the time-scale setting.

2.2.5 On a limit case involving the geometric mean operator

We remind some facts we already indicated in Section Indeed, by replacing
f(z) with (f(x))l/p and letting p — oo in (1.5]), we obtain the following weighted
Pélya-Knopp’s inequality

oo 1 T oo
/ exp (—/ log f(t) dt) 2% dz < el / f(z)x dz,
0 T Jo 0

for « > —1 and f is a positive and measurable function on (0, 00). Moreover, the
constant e(!7® is sharp. Of course, it is tempting to use this simple idea to obtain
the limit inequality also in the general weighted case as described in our Theorem
2.10. But it is maybe surprising that this is not possible by using the standard
Muckenhoupt-Bradley condition . This was the reason why the authors of
[108] derived the alternative characterization (2.12)), see [I08, Theorem 1]. Also the
paper [IT10] was important in this investigation (the authors of [108] even called it
the Pick and Opic scheme). Indeed by using this new characterization it was proved
that we obtain the following limit (Pélya-Knopp type) inequality (see [108, Theorem

2]):

Theorem 2.13. Let 0 < p < ¢ < oo and let v(x) and u(x) be weight functions.
Then, the inequality

(/OOO [exp (i /0 log f(t) dt)]qu(m) dx)l/q <cC </0°° 7()0(z) dx) v (2.20)

holds for all positive and measurable functions f on (0, 00) if and only if

t 1/q
D :=supt~l/r </ w(x) dx) < 00,
0

t>0

where

w(z) = {exp (i /0 log v~ (£) dt)]zu(x).

Moreover, the sharp constant C' in (2.20]) satisfies

D < C <eVrp.
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Open Question 2.1. Is it possible to do a similar limit procedure to derive the
characterizations of limit (Pdlya-Knopp type) inequalities in weighted multidimen-
sional cases by using known characterizations of Hardy-type inequalities for such
cases (cf. Remark [124], [128] and later results in [120])7 If so we get an
alternative to prove some results obtained later on in this PhD thesis (see Theorem

19).

However, multidimensional Pdélya-Knopp type inequalities are proved by using
direct methods. For example the following result was proved in [127, Theorem 4.1]
(see also [128]):

Theorem 2.14. Let 0 < p < ¢ < 00, and let u, v and f be positive and measurable
functions on Ri. If 0 < by, by < 00, then the inequality

b1 ba 1 1 2 q
(/ / {exp ( / / In f(y1,y2) dyldy2>} u(wy, x2) dl’ldl'g)
0 0 T1T2 Jo 0

Q=

2.21
by bo % < )
<C (/ fp(xhivg)v(xhxz) dxldxg)
o Jo
holds if and only if
s1—=1 sp—1 b1 b 814 _ s24q %
DW(817527P7 Q) = sup Yy, P Yy P </ / T, P 7, P w<x1’x2)dx1dx2> < o0,
y1€(0,01) y1 Jy2
y2€(0,b2)

where s, 59 > 1 and

1 x1 T2 %
w(wy, xa) = {exp <!B11'2 / / lnv_l(tl,tg)dtldtg)} u(zy, z2),
o Jo

and the best possible constant C' in (2.21]) can be estimated in the following way:

es1(sy — 1) )P ( e52(sy — 1) )
su D 51,82, D,
51,521;1 (681 (81 - 1) + 1 682(52 - 1) + 1 W( b P Q) (222)
51+s9—2
S C S inf e ; p2 DW (517527p7 q) .
S1,52>1

Remark 2.16. Another characterization of for the case by = by = oo and
p = ¢ = 1, but without explicit estimates of the best constant like in , was
earlier proved in [52]. In [132, Theorem 3], it was proved that Theorem indeed
holds in a general n-dimensional setting (n = 2,3, ...).

Remark 2.17. The first paper where the sharp constant in a multidimensional
Pélya-Knopp inequality was discussed seems to be [54]. In particular, in [54, Theo-
rem 2.2], the authors stated that the inequality

[o¢] o0 1 1 x2
/ / exp ( / / In f(y1,y2) dylyg) rixy drydr,y
0 0 122 Jo 0

§e2(1+“)/ / f (1, xo)xxs dryda,
o Jo
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holds and that the constant e2(+® is sharp. Here a € (0,00) and f is a positive and
measurable function. This result is correct but the proof in [54] contains a gap, a
gap which is corrected in [132, Theorem 2] (see also the proof of the more general
case in [132, Theorem 4]).

Remark 2.18. In paper [I32] both the general descriptions and the question con-
cerning sharp constants are essentially improved and unified for multidimensional
Pélya-Knopp type inequalities.

2.2.6 Cochran-Lee type inequalities

H. P. Heinig stated and proved in his 1975 paper [51] the following Cochran-Lee
type inequalities:

/ 2 exp [px_p/ t*!log ]a:_sf(t)|dt} dz < el/pA/ S f()de, (2.23)
0 0

0

where A =p/(p+ s — \) with p, s and A real numbers satisfying p+ s > A, p > 0;

/ 2 exp [pza:_p/ t*!log |:1:_Sf(t)|dt} dr < eB/ AP F(E) P, (2.24)
0 0 0
where B = p/(2p+sp—A—1) with p, s and A real numbers satisfying 2p+sp > A+1,
p > 0. In both inequalities, the right hand sides are assumed to be finite. He also
showed that these results have application in the estimates of the Laplace transform.
But, no one of these inequalities are sharp.

In [31], by taking an appropriate limit in a classical result of Hardy, J. A. Cochran
and C.-S. Lee proved that for p > 0 and ~ real the inequality

/o 27 exp [pa:p/o t*~!log |f(t)|dt} dz < exp (VTTl) /0 f@)|de.  (2.25)

holds for any measurable function f. Moreover, the constant exp (%) is sharp.

This result improve the Heinig inequalities (2.23) and (2.24]), since both of the in-
equalities (2.23) and (2.24) are variants of the same inequality.

In Chapter {4| of this PhD thesis we use the direct method to prove the higher
dimensional version of Cochran-Lee inequality (2.25)). Moreover, we derive also some
new Pdélya-Knopp type inequalities on homogeneous groups in Section

2.2.7 On the case with more general Hardy operators

Hardy type inequalities with kernel operators

In [73, Chapter 2], in particular, characterizations of the following more general
Hardy-type inequality

1T fllgu < ClLSf I, (2.26)
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or, more precisely,

([ o) s ([ e ar) )

are considered, where 7' is an operator of the form

Tf(x) = / k(e y)f(y) da,

with k(z,y) a given positive kernel, u, v weight functions was discussed. If k(z,y) =
%, then T' coincides with the usual Hardy operator H defined by

Hiw = [ fwan

Some facts:
(i) Without restrictions on the kernel k(x,y) the problem is open, in general.

(#4) The solution of this problem is known for a number of special cases and pa-
rameters.

The following result was recently proved for the general kernel operator case (see
[74] and Theorem 7.44 in [73]):

Theorem 2.15. Let 1 < p < ¢ < 00,0 <b <00, uand v are weights. Let k(x,y)
be a nonnegative kernel.

(a) Then (2.26]) holds if

1

A, = sup ( /y ' K () V" () dx>qu/p(y) coo (227)

0<y<b
for any s < p— 1.

(b) The condition (2.27) can not be improved in general for s > 0 because for
product kernels of type k(x,y) = A(x)B(y), it is even necessary and sufficient

for (2.26)) to hold.
(c) For the best constant C' in (2.26]) we have the following estimate

1/p’
C < inf (L) A,
P

s<p—1 —s—1

Here we use the following notations

Ux) := / w(y)dy, V(z):= /Ox v (y) dy. (2.28)

Remark 2.19. This result opens a possibility that the condition (2.27)) can be a
candidate to solve the open question we have pointed out in (i) above.
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We consider the following general Hardy-type kernel operator Ay defined by

Af(x) = ﬁ / k(e y) () dy, (2.20)

where k(z,y) is nonnegative measurable function and

K(z) = /Or k(z,y)dy. (2.30)

With some restrictions on the kernels (e.g. so called Oinarov kernels, homogeneous
kernels, product kernels) it is fairly much knowledge about Hardy-type inequalities
even in this case, see [73, Chapter 2 and Section 7.5] and the references therein.
However, without such restrictions there remain many open questions, see [73], Sec-
tion 7.5]. But also in this general case there exist some results e.g. the following (cf.
[59, Theorem 4.4]):

Theorem 2.16. Let 1 <p<g<o0,0<b<o0,s€(l,p),let & be a positive and
convex function on (a,c¢), and let Ay be the operator defined by (2.29)). Then, the
inequality

R u(m)df)l/q <o(['wuw) v(x)d—x)l/p 231

X

holds for all functions f(x), a < f(x) < ¢, € [0,b], and some constant C' > 0 if

Als) = sup ( /t b (";((ztf)qu(x)V(x)Wi_x) % V)T < oo

1—p’ t
where u(z) and v(x) are general weight functions and V(z) = [ U—()dt. More-

0 tl—p’
over, if C'is the sharp constant in (2.31)), then
1
1\
C < inf (p )p A(s).
I<s<p \p— S

Remark 2.20. In Chapter[3|of this thesis we consider mapping properties of a more
general Hardy type operator T' defined as follows:
1
Tf) = g5 [ S0
02(5) Js

where f is defined on S with values in (a,b),—0c0 < a < b < o0, and 0,(5) =
Jgdog(t). For detail description of the obtained results see Section m

2.2.8 On the case with more general function spaces

Concerning generalization of Hardy type inequalities in more general function spaces
up to 2017, see the book [73, Chapter 7.6]. Such results are known for the following
cases: Orlicz, Lorentz, rearrangement invariant, Morrey-type, Holder-type and vari-
able LP(-) spaces. However, very little is known for general function spaces, metric
spaces or more general cases.

Remark 2.21. In Chapter 3| of this PhD thesis we investigate the mapping proper-
ties in function spaces not considered before e.g. Banach function spaces and even
with more general Hardy type operators of type ([2.29)) involved.
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2.2.9 On some scales of conditions to characterize the mod-
ern form of Hardy’s inequality

The following new result was already mentioned for the general kernel operator case.

The first results of this type were discovered in connection to the work in the PhD

thesis [128]. After that also this theory was developed very much, see [73, Section
7.3]. As an example connected to Theorem we mention the following result:

Theorem 2.17. Let 1 < p < ¢ < 00,0 < s < 00, and define, for the weight
functions u, v, the functions U and V' by (2.28). Then (2.10) can be characterized
by any of the conditions A;(s) < 00,7 = 1,2, 3,4, where

b

1/q
Aq(s) == Os<101£b u(t >( )dt) Ve(x);

(f
As(s) = sup (/0 o (Ur ) () dt) " U*(x);
(/0 u(t )(t) dt) v V= (z);

Au(s) = sup ( / Y (ur ) ) dt)w U ().

0<z<bd

Aals) = oiugb

Remark 2.22. Note that A,z and Apg conditions are just two different points on

these scales, namely
1 1
AMB = Al <—,) and Aps = A3 <—> .
p p

Also all other known alternative previous conditions can be expressed in terms
of these fundamental scales of conditions.

Remark 2.23. The scales on conditions in Theorem can even (equivalently)
be complemented with 10 more scales of condition. Very surprising. Also all other
known alternative conditions are just points on these 14 scales of conditions.

In view of Subsections - above and the ideas in this thesis, it is natural
to ask the following:

Open Question 2.2. Is it possible to develop a similar theory concerning scales of
conditions for the following cases:

a) multidimensional Hardy type inequalities,

b) limit Pélya-Knopp type inequalities both in the one-dimensional and multidi-
mensional cases?

Concerning question b) we even have a first result in this PhD thesis see Theorem
4.5l

We aim to return to this question in a forthcoming paper.
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2.3 Examples of the latest development 2018 and
later

As mentioned before some of the most important results up to 2017 have been
presented in some books, see e.g. [65], [71], [73], [I13] and the references given
there. But the interest in this area has continued to be great and even increasing
also after 2017 and several interesting results have been obtained. In this section
we give a brief descriptions of some of these newest developments and applications
after 2017, which are or can be of interest in relation to the results obtained in this
PhD thesis (see e.g. the raised open questions). In Chapter [3[ - [5| we describe in
detail the new results obtained in this PhD thesis.

Hardy-type inequalities in more general function spaces and
more general Hardy operators

Remark 2.24. In Chapter [3| both some new Hardy-type inequalities in Banach
function spaces are proved and with a general Hardy-type operator involved. See
also [19].

Remark 2.25. Inspired by the information in Remark it is of interest to inves-
tigate if also other parts of the theory of Hardy-type inequalities can be generalized
in some or both of these directions.

Refinements of Hardy-type inequalities

For results up to 2017 see our Section [2.2.1] Our new main results in this PhD
thesis are presented in detail in Chapter[3.2] Other recent refinements are proved and
discussed in [95]. Also in the limit case described in Theorem [I.2)further refinements
can be done, see [97] (cf. also [99]). We remark that in these papers and this thesis we
have mainly used the following variants of concept of convexity: superquadraticity
and strong convexity. However, there are also many other possibilities to derive
refinements of inequalities e.g. to use y-convexity (see e.g. [4]) and other direct
methods (see e.g. [02]). It is an interesting research question to try to further
generalize and complement some of the results in this PhD thesis by using also
these and other related methods.

Further developments of the multidimensional case

For the results up to 2017 we refer to our Subsection 2.2.4] Concerning the simple
idea to use polar coordinates we just mention the new results in [55] (cf. also [43] and
[61]), where this simple idea is developed also for bilinear and iterated Hardy-type
inequalities and even with the new idea of “scales of conditions” involved.

Remark 2.26. An important development of polar coordinate idea to be able to
even handle some metric spaces has recently been presented and applied by M.
Ruzhansky and collaborators. The basic idea is as follows:

Consider a metric spaces X with a Borel measure dz, allowing for the following
polar decomposition at a € X: we assume that there is a locally integrable function
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A € L} such that for all f € L}(X) we have

loc

Lj@szﬁmE/vwmmmew,

for the 3, = {z € X : d(z,a) = r} C X with a measure on it denoted by dw = dw,,
and w — a as 7 — 0. See for example the recent paper [115], and especially the new
impressive book [IT3] on Hardy inequalities on homogeneous groups.

Remark 2.27. Another important development of polar coordinate idea on homo-
geneous group G has been applied on some Hardy type inequalities by M. Ruzhansky
and others. The basic idea is as follows:

Let G be a homogeneous group. If & = {z € G : |z| = 1} C G is the unit sphere
with respect to the quasi-norm, then there is a unique Radon measure ¢ on & such
that for all f € L'(G), we have the following polar decomposition

Lﬂ@mzlwéﬂﬁmww@w,

where () is the homogeneous dimension of a homogeneous group G. (See [113]).

New applications

One reason why Hardy-type inequalities have survived as an important area of re-
search in more than 100 years is heavily depending on its importance for applications.
First, we mention the fact that the development concerning idea of “the scales of
conditions” was recently applied and developed in Fourier analysis to prove a result
where some Fourier inequalities could be characterized by using any of infinitely
many different (but equivalent) conditions, even scales of conditions, where only
one of such condition was known before. See [72].

The second application we want to mention is also related to Fourier analysis.
Indeed, Hardy-type inequalities are applied, and partly complemented, in several
situations in the new book [109] on the most modern form of Fourier analysis.

The third application to the theory of differential equations can be found in the
papers [60] and [100], see also our Section [6.2]

An interesting research question can be to investigate the possibility to find some
more general applications in all three cases above by applying and modifying the
results in this PhD thesis.

New proofs

As mentioned before to find new methods of proofs can be even more important
for the development than to obtained new results. One important such example we
want to mention is the new proof presented in [44]. This proof is very surprising
due to the following reasons:

(a) Only Fubini’s theorem, Holder’s inequality, Minkowski’s integral inequality
and Hardy’s lemma are used.

(b) It unifies the proofs of all cases including the convex case 1 < p < ¢ and the
non-convex case p > q.
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Here we also want to mention some new proof techniques (usually called discretiza-
tion/antidiscretization) developed and applied by A Gogatishvili and collaborators.
For a very new paper using this technique we mention [45].

It seems of interest to investigate if this new "universal” proof and discretiza-
tion/antidiscretization techniques can be generalized to some of the more general
cases studied in this thesis.

Sharp constants

In the classical theory of Hardy-type inequalities we have good estimates for the
sharp constants. This fact is very important for applications since the sharp con-
stant is equal to the operator norm of the corresponding mapping. And therefore,
especially, to derive the sharp constant is of special interest. In the paper [107]
most of the known results for the one-dimensional case can be found and also new
results are derived especially for cones of monotone functions where even two-sided
estimates are obtained and both involved constants are sharp. In particular, these
results imply some two-sided sharp inequalities for different (quasi)norms in Lorentz
spaces.

Inspired by these results and some results in [132] it is of interest to describe and
further develop the corresponding situation for the multidimensional case.

Discrete Hardy-type inequalities

As motivated in Section [I.I.1] in the simplest classical cases the continuous Hardy
inequality implies the corresponding discrete inequality . However, this is
not as obvious in the general weighted Hardy-type inequalities. But there are many
such results in the literature where discrete Hardy-type inequalities are proved by
using the corresponding continuous result. As a very recent result of this type we
refer to [45]. As just another such recent example of new result for the discrete case
we mention the paper [I01]. Since many results in this PhD thesis are formulated
and proved for a general measure they can also be applied to obtain some new
discrete Hardy-type inequalities.

2.4 Review of BDIEs for variable-coefficient BVPs

Partial Differential Equations (PDEs) with variable coefficients often arise in math-
ematical modelling of inhomogeneous media (e.g. functionally graded materials or
materials with damage induced inhomogeneity) in solid mechanics, electromagnetics,
thermo-conductivity, fluid flows through porous media, and other areas of physics
and engineering.

Generally, explicit fundamental solutions are not available if the PDE coefficients
are not constant, preventing reduction of boundary value problems (BVPs) for such
PDEs to explicit boundary integral equations (BIEs), which could be effectively
solved numerically. Nevertheless, for a rather wide class of variable-coefficient PDEs
it is possible to use instead an explicit parametrix (Levi function) associated with
the fundamental solution of the corresponding frozen-coefficient PDEs, and reduce
BVPs for such PDEs to systems of boundary-domain integral equations (BDIEs) for
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further numerical solution of the latter, see e.g. [27, 29, [83] [85, 86] and references
therein. However this (one-operator) approach does not work when the fundamental
solution of the frozen-coefficient PDE is not known explicitly (as e.g. in the Lamé
system of anisotropic elasticity). To overcome this difficulty, one can apply the so-
called two-operator approach, formulated in [84] for a certain non-linear problem,
that employs a parametrix of another (second) PDE, not related with the PDE
in question, for reducing the BVP to a BDIE system. Since the second PDE is
rather arbitrary, one can always chose it in such a way, that its parametrix is known
explicitly. The simplest choice for the second PDE is the one with an explicit
fundamental solution.

In [13] 14], one of the linear versions of the two-operator approach is applied
to the mixed (Dirichlet-Neumann) BVP for a linear second-order scalar elliptic
variable-coefficient PDE with square integrable right-hand side. Using appropriate
parametrix the problem is reduced to four different two-operator BDIE systems. The
BDIE systems are nonstandard systems of equations containing integral operators
defined on the domain under consideration and potential type and pseudo-differential
operators defined on open sub-manifolds of the boundary. Using results in [29], a
rigorous analysis of the two-operator BDIEs is given in appropriate Sobolev spaces.

As described in [79, 80] for a function from the Sobolev space H'(f2), a classical
conormal derivative in the sense of traces may not exist. However, when this function
satisfies a second order PDE with a right-hand side from H (), the generalized
conormal derivative can be defined in the weak sense, associated with the first Green
identity and an extension of the PDE right-hand side to H'(Q) (see, e.g., [T8,
Lemma 4.3], [82, Definition 3.1]). Since the extension is non-unique, the conormal
derivative appears to be a non-unique operator, which is also non-linear in u unless
a linear relation between u and the PDE right-hand side extension is enforced. This
creates some difficulties in formulating the BDIEs. These difficulties are addressed
in [79, B0] presenting formulation and analysis of direct segregated BDIE systems
equivalent to the Dirichlet and Neumann problems for the divergent-type PDE with
a variable scalar coefficient and a general right-hand side from the space H~'(Q)
extended when necessary to the space H ~1(Q). In particular, this required to derive
a non-trivial generalization of the third Green identity and its conormal derivative
for such functions, which extends the approach implemented in [27-29] 811 83] for
the PDE right-hand from Lo (€2).

In [7], using the two-operator approach in settings different from the one in
[13, [14], a generalization of the two-operator third Green identity and its conormal
derivative is derived and the two-operator BDIE systems for variable-coefficient
mixed BVPs are investigated.

Nowadays, the theory of BDIEs in 3D is well developed, cf. [27-29, R4, 86],
the BDIEs in 2D need a special consideration due to their different equivalence
properties. As a result, we need to set conditions on the associated Sobolev spaces
or choose appropriate scaling parameter in parametrix form to insure the invertibility
of the corresponding parametrix-based integral layer potentials and hence the unique
solvability of BDIEs.

In [6], extending the results of [§], the mixed BVP for the linear second-order
scalar elliptic differential equation with variable coefficients in a bounded two-
dimensional domain with general data is considered and a condition is set only on
the domain to ensure the invertibility of the layer potentials. The PDE right-hand



31

side belongs to H~1(Q) or H~(Q) when neither classical nor canonical conormal
derivatives of the solutions are well defined. The two-operator approach and appro-
priate parametrix (Levi function) are used to reduce the problem to four different
systems of BDIEs. Using similar approach as in [7, [8, [I1] rigorous analysis of the
newly obtained BDIEs is given.

We devote the second part of this PhD thesis to the analysis of two-operator
BDIEs for variable-coefficient Dirichlet and Neumann problems in two-dimensional
bounded domain with general right-hand side and extends the results in [6]. Finally,
in Chapter [6] we shorty describe the close relations between these two parts.



Chapter 3

Some Hardy-type inequalities in
Banach function spaces and
Refinements of some classical
inequalities

3.1 Hardy-type inequalities

3.1.1 Introduction

In this Chapter, we prove some new Hardy-type inequalities in a Banach function
space setting, which, in particular, generalize and unify several classical Hardy-type
inequalities.

For the presentations of these results we need some notations and definitions.

Let (Q,%, ) be a complete o—finite measure space and L°(u) = L°(Q, %, i)
denote the space of (equivalence classes) of p—measurable real-valued functions
endowed with the topology of convergence in measure relative to each set of finite
measure.

Definition 3.1. A Banach space £ C L°(u) is called a Banach function space on
(Q, %, p) if there exists a u € E such that v > 0 a.e. and E satisfies the following
ideal property:

v e L(n),y € E x| <|ylp—ae =z cFEand |zlp < |yle

Remark 3.1. A Banach function space F is said to have the Fatou property if
whenever (f,,) is a norm-bounded sequence in E such that

0< futfeLO), then f € Eand || ful — [ fIl.

The non-increasing rearrangement f*(t),0 < t < 0o, of a u—measurable function
f on € is defined by

fr(t) :==1inf{A > 0: pup(N) <t}
where () is the distribution function defined by

pyA) = p({t € Q- [f{)] > A}).

32
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Definition 3.2. The Lorentz spaces LP?,0 < p < oo and 0 < g < oo are defined by
the quasi-norm || f||r.« defined by

1fllzr.a = (/OOO (t;f*(t))q%)é |

with the usual modification when ¢ = co.

If we replace tv by a more general weight function w(t) we arrive at the more
general weighted Lorentz spaces AY(w). For the case p = ¢, the Lorentz space LP4
coincides with the usual Lebesgue space LP with the norm

1l = ( / !flpdu)p-

For the proofs of some main results we need the following Lemma (see [93]):

Lemma 3.1. Assume that the Banach function space E has the Fatou property.
Let f(z,t) > 0on Q x T and let for almost every t € T, f(z,t) € E. If the function

1
| f"(z,t)||; is integrable on T, then, for r > 1,

()

A proof can also be found in [66, Chapter 2.

1
T 1

< [ 15 Golia
E T

3.1.2 The classical Hardy operator

In this section we state and prove the main results in Banach function setting in-
volving the classical Hardy operator (see Theorems and . In particular,
we then cover, unify and generalize all results mentioned above in Sections -
1.3l

Our first main result reads:

Theorem 3.1. Let 0 < b < 00,—00 < a < ¢ < 00, let ¢ be a positive and convex
function on (a,c) and E be a Banach function space on [0,b). If E has the Fatou
property and a < f(z) < ¢, then

(G f o)

provided both sides have sense.

< [[e o) breato| o 1)

E

E

Proof. Let D ={(z,t): 0 <2 <b,0<t<x}. Then

X (%, ) = X2 (t) = Xp5)(2)- (3.2)
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By using Jensen’s inequality, the lattice property of E, Lemma |3.1 with » = 1 and

(3.2) we find that

o[ [ o]

X

s

- H / LU

:‘ /waD(fc,t)dt S/b %@))XD(%ﬂ dt
b b
- [P 2| at= [ @00 |sxme) o
The proof is complete. -

Next we state the following Pélya-Knopp type inequality for Lorentz spaces:

Corollary 3.1. Let 0 < b < o0,—x0 <a<c<o0o,l <p<ooand 0 < q < oo.
Moreover, let ® be a positive and convex function on (a,c¢) and a < f(z) < ¢. Then

Uob Kq’ (i /0 xf(t)dt))*rledlxl :
< /Obq>(f(t)) [/Ob‘t (l"xjt>qd?$] .

Proof. Tt is well-known that the Banach function spaces E' = L7 satisfy the Fatou
property (see e.g. [22]). Denote k(x) = 1x4(x). Then k*(z) = — for z € [0,b—1t)
and k*(z) =0 for b —t < x < b. Therefore

(3.3)

1
1 b \edo ‘ ot ar \ dz )
—Xpeb(@)|| = (Wk (ZE)> — ) = — |,
x B 0 T 0 r+t x
so ([3.3)) coincides with (3.1). The proof is complete. O

Remark 3.2. In some cases the last integral on the right hand side of (3.3)) can be
calculated exactly so (3.3) can be written in a more explicit form. For example, if
p=qg>1lie E=1° ((O,b), i—”), then we have

b : 1
1 P 1\» 1
([ o) = () et
o ¢ P p

1

Xt (z)

so that
b

IE4E / far) s(%) / o[- (5] Lpz1 G

0

For some more such examples see our Remark

Remark 3.3. For p = 1, (3.4) was proved in [30] (see also [59]). Moreover, by
modifying the proof we see that (3.4 holds in the reversed direction if ® instead is
a positive and concave function.
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Example 3.1. By using the fact that ®(u) = v is convex for the cases p < 0 and
p > 1 and concave for 0 < p < 1 and making the same substitutions as in Remark|[I.4]
we obtain the following fairly recent sharp generalization of and yielding
also for finite intervals (see [73, Theorem 7.10] and the references therein):

[ Lrom) e () [ o ()7 o oo

for0 <b<oo,p>l,a<p—1orp<0,a>p—1 Moreover, (3.5) holds in the
reversed direction if 0 < p < 1, @ < p — 1. In all cases the inequalities are sharp.
Hence, we have a new proof of the inequalities in Theorem a) and b).

Remark 3.4. By replacing f(x) by (f(x))% in (3.5) and performing the standard
limiting procedure as p — oo we obtain the following weighted sharp version of

[3):

/Obexp<£/ologf()dt) zodr < e't /f 1—E>dxa> —1,

yielding also for finite intervals.
Next we state the following complement of Theorem for b = oo

Theorem 3.2. Let —oo < a < ¢ < o0, let ® be a positive and convex function on
(a,c) and E = FE[0,00) be a Banach function space with Fatou property. Then, for

p>1
e (2) [ eseuo)

1 X
qo
T Jo
Proof. For the proof we use the Jensen inequality, Holder’s inequality and Lemma
for the function g(z,t) = xp(x,t) and we apply (3.2)) for b = co. Indeed, we

have that
o ¢ s0w)] = ooy

1
2_1 X[t,OO) ('CL.)
x~ p

dt. (3.6)

E

r p—1 T (1*71?)?/ 5
—p » P dt - e
<l [ (f(t))t(/ot t> E
( p1> T 0a (D TP (f(1)) dt
E
_ (P o Ly
a (p 1> Xo(z, )t @ (f(1)) dt )
p—1 pco
p R 1
< (p 1) /0 (1)) :E27%XD<I7t) Edt
_ (P QI 1
B (p 1> /0 (t)) xZ_%x[t,oo)(a:) Edt.

The proof is complete. O
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Remark 3.5. It is a continuity between Theorems and [3.1] Indeed, since
p—1
( z ) — 1 when p — 17 we have that (3.6) tends to (3.1]) with b = oc.

p—1
Remark 3.6. By applying Theorem for the case E = L% we can state another
variant of Hardy-type inequality than that in Corollary [3.1]

Remark 3.7. It is obvious that all results in this section can be obtained in the
“dual” situation when [;" f(t)d¢ is replaced by [° f(t)dt, 0 < b < 2 < oo. It turns
out that it is convenient to just consider the Hardy type operator H* : H* f(z) =
x fxoo %dt. As an example we formulate the following “dual” version of Theorem

B.1F

Theorem 3.3. Let —00 < a < ¢ < oo, let ® be a positive and convex function on
(a,c) and E be a Banach function space on [b,00), b > 0, with the Fatou property.
Then, whenever a < f(z) < ¢,

O R e

Proof. Let D = {(z,t) : x > b,x <t < oc}. Then

XD(Z,1) = Xz,00) (1) = Xp,t)(2)- (3.7)

By using (3.7) and the same arguments as in the proof of Theorem we obtain
that

o (o [“52a)| < | [ movena| = ["Zecomna]
-| [ Feve o]
< ["|Fev@wen)| a
= [ Fe 0w )| a
= [ H o o) .
The proof is complete. 0

Remark 3.8. It is possible to write a similar Corollary for Lorentz spaces as that in
Corollary . In particular, by applying Theorem with £ = [, ((b, 00), df) ,b>
0, and the function ®(u) = u”,p < 0 or p > 1 we obtain the following “dual” version
of the well-known sharp inequality (see [73])

[ G o) T [ (-7 .

when 0 < b < oco,p < 0 or p > 1 (For the case b = oo this is just ((1.9) and for
0 <p<1(3.8) holds in the reversed direction).
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Corollary 3.2. Let 0 < b < oco. Then

i (x Y )_<1/ e <1——)i—x (39)

whenever p < 0 or p > 1. Moreover, (3.9) holds in the reversed direction when
0 < p <1 (for the case p < 0 we as usual assume that f(x) > 0). The inequality

(3.9) is sharp.

Proof. Let p < 0 or p > 1. Apply Theorem with £ = L; ((b,00), %) and
®(u) = uP. Note that

t
X (@) = / do—t—b
b

/b‘x’ fzgt)HxX[b,t)(x)HE dt = /:o £8) (1 . l;)) %

Moreover, in this case
o D t
<I>:U/ f—()dt :/ x f<)dt —
T t2 E b T z
and (3.9)) follows from Theorem . The case 0 < p < 1 can be proved by using
reversed Jensen inequality for this special case in the proof of Theorem [3.3] The
sharpness of the inequality (3.9) is more or less obvious but can be done in detail
by repeating the arguments of the proof of the sharpness of (3.8) (see [73], proof of
Lemma 7.8]). O

Hence,

As an application of Corollary [3.2] by making substitutions similar to those in
Remark [1.4] we obtain the following (see [73, Theorem 7.10]).

Example 3.2. Let f be a positive function on [b,00), b > 0. Then the sharp
inequality

FCLo)ros(is)
/boo o [1 ) (g) a+p‘P] . .

holds whenever p > 1, >p—1or p < 0, < p— 1. Moreover, (3.10) holds in the
reversed direction if 0 < p < 1, @ > p — 1. Thus, in particular, we have presented a
new proof of the inequalities in Theorem |1.1]¢) and d).

3.1.3 The generalized Hardy operators

In this section we introduce a new generalized Hardy operator covering the case
with kernel operators described above. We state and prove some new Hardy-type
inequalities involving these operators (see Theorems and . In particular,
Theorem [2.16| appears as a special case. In order to be able to cover also situations
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involving more general Hardy-type operators like that in Theorem [2.16| we consider
the following more general situation: Let o be a positive measure on the measure
space S and let o, denote a o—finite positive measure on S such that 0,(S) < oo.
Moreover, we suppose that o, is absolutely continuous with respect to o. We define
the general Hardy type operator T' as follows:

Tf(z) = %S) / F(H)do (),

where f is defined on S with values in (a,b),—0c0 < a < b < o0, and 0,(S) =

fs do,(t).

Our first main result in this section reads:

Theorem 3.4. Let —oo < a < b < oo and let ® be a positive and convex function
on (a,b), where ®(f) is measurable on S. Moreover, let £ be a Banach function
space on S with Fatou property. Then

1 do.(y)
0.(S5) do(y)

1T f())]| < / 3 (f())

S

do(y) (3.11)

for any f defined on S with values in (a,b) such that the right hand side is finite.

Proof. First we use Jensen’s inequality and the lattice property of the norm and get
that

st = o (g [ fwni)

<| [ g v ino)

E

(3.12)

Oz

E

Since o0, is absolutely continuous with respect to o, for any x, we have, by the
Radon-Nikodym theorem, that

1 1 do,
[ gt o= [ gt e

Hence, by using this equality and Lemma |3.1| with » = 1, we find that

1
o (f)dor| < [@n
‘ /S a x(S ) E S
The proof of (3.11]) follows by just combining the last inequality with (3.12)). O

1 do,
0.(5) do

E

Next, we point out the following illustrative application (cf. Theorem 4.1 in
[59)):

Corollary 3.3. Let u be a weight function on (0,5),0 < b < oo and let k(x,y) >0
be a measurable function on (0,b) x (0,b). Assume that k(z,y) is locally integrable
on (0,b) for every fixed y € (0,b) and define v by

)=y [ "}((( @;)umdf < s,y € (0,b).
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If ® is a positive and convex function on (a,c), —c0 < a < ¢ < 00, then

b dx b dy
[es@ T < [(erw) i
0 z 0 Y
for all f with a < f(z) < ¢,0 <z <b. (Ax(:) and K(z) are defined by (2.29)) and
(2.30)), respectively).
Proof. Just apply Theorem with £ = L! ((O,b);u(x)df) ,S = (0,b),do = dy
and do,(y) = X[0,](¥)k(x,y)dy and make some standard calculations. O

Example 3.3. By applying Corollary with ®(u) = €* and replacing f(x) by
log fP(x), p > 0, we obtain the following kernel Pélya-Knopp inequality

/Ob {exp (ﬁ /O k() 1ogf<y>dy)ru<x>df < /O bfp<x>”<f>d?x’ (319)

for p > 0, where k(z,y), K(z), u(z) and v(z) are defined as in Corollary [3.3]

Remark 3.9. In particular, by applying (3.13]) with p = 1, u(x) = 1, k(z,y) = 1, so
that K (x) = z and making some obvious calculations we rediscover (|1.6)).

Our next aim is to derive a generalization of Theorem to a partly Banach
function setting (we keep the same notations k(z,y), K(z) and Ay as in Theorem
9.10).

Theorem 3.5. Let 1 <p < ¢ <o00,0<b<ocandsé€(l,p). Let F be a Banach
function space on [0, b), which has Fatou property and let ® be a positive and convex
function on (a,c), —0o < a < ¢ < co. Then

o0 (f @)l <€ ([ @G @)oo ) (3.14)

holds for all functions f(x),a < f(z) < ¢, and some constant C' > 0 if

s—1

— k(l’, t) 1 a(p—s)
A(s) := sup w(x)V(z) 7 xpp(e)]] V()7 <oo, (3.15)
0<t<b K(z) E
. . t Ul_p/ (33‘) .
where u(z) and v(z) are weight functions and V' (t) = —dx. Moreover, if C

—Jo 1-p
x
is the best possible constant in the above inequality, then

1<s<p p—S

C< it (p - 1) ’ A(s). (3.16)

Proof. For simplicity we introduce the notation do, = do,(t) = xpo.2)(t)k(z,t)dt.
First we use Jensen’s inequality and the lattice property of the norm and get that

for s Dl = | (2 (e [ 1000.0)) ) ate)

< || (3 [owon) we|

q

E

.= B. (3.17)
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Let ®(f(t))%2 = ®(g(t)). Then B can be written as

1
q

- (/ BV T Vi T e Tan) S )

E

Next we apply the Holder inequality with power p > 1 and obtain that

q

B< H (/0 kp(x,t)d>(g(t))V(t)s‘1dt) "%
( V(t)‘ O 1dt> ulz)

_(pm1Y
==
Smce 1> 1, also the Space E* has the Fatou property and we can apply Lemma

Wlth r= and use ) to find that

— i b q q s—1)g a(p—s
B< [p 1} (/ [k(x,t)] o2 (g ; (s—1) v (p—s)
p—s 0 K(x)

)’
< (2210 [ stm]

E
» a(p—s) U(CL’)

( I kp(x,t><1><g<t>>v<t>“dt) v

[}

E

(/O kP (2, )@ (g(1))V (1) V ()P WX(O,x)(t)dt>

U@)X(t,b) (z)

1 1
—1\7?» — b t P
- (p ) A(s) U @p(f(t))wdt] | (3.19)
p—5s 0 t
By just comblmng with - - we conclude that ( and also the
estimate ) hold. The proof is complete. O

Remark 3.10. Theorem [2.16] is just the special case of Theorem when E =
L ((0,b); 92).

Remark 3.11. Since the results in this section can be applied for kernel operators
the results in this section may be seen as complements and further generalizations
of some results in [59], [68](cf. also [67]) and [98]). We just give one such example

of application of Theorem (see [59, Theorem 2.1] and cf. also [98, Proposition
2.1]):

Example 3.4. Let 0 < b; < o00,i=1,2,...,n(n € N),—oco <a < c<ooandif ¢ is
a positive and convex function on (a, ¢), then

/bl /bn (:gl / /ftl,..., ) dty - d)%—:i?
_/0 /0 d)(f(tl,...,tn))(1_2%)...(1_%)%.
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3.1.4 Concluding examples and remarks

Our first concluding remark reads:

Remark 3.12. (cf. Remark [3.2). Some more cases when the last integral on the
right hand side of (3.3]) can be calculated exactly:

(a) p=¢q=2. Then

[ o] - () - fme
——= AT = —_— —= as Q.
o (@roe b Vi

(b) p=2,q=1. Then

/bt ! d 2acta b_t—>7rasb—>oo
— dz = —arctan{/ —— — )
o (z+t)T Vi V¢ NG

(c) p=*,qg=. Then

6

/“ 1 " T (6(b—t)s(6b+5t) "
o as(ztt)e 55(2bs
— 3\ b—
55t2 as Q.

In each of these cases the inequality (3.3)) can be stated more explicitly like

Sle

Example 3.5. Let ® be a positive and convex function. Consider the following
integrals

o dx <1 v dx
A:/ & (f(2)) 2L, B:/ —(/cl)ft dt)—
) ([ evan ) S
C = /OO L<I> (1 /xf(t)dt> dz and D = /OQL (CD (1 /xf(t)dt))*dw
0o VT T Jo 0o VT T Jo '
By using (b) of Remark we get that
D < 7A.
By using the Hardy-Littlewood inequality and Jensen’s inequality, we find that

C <D and C < B,

respectively. Moreover, by using (1.5) with p = 1, = —% and f replaced by ®(f)
we obtain the sharp inequality

B <2A.
Hence, we have the following inequalities

C<D<rmAand C < B<2A. (3.20)
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Remark 3.13. By assuming that f(z) is non-increasing and ¢ is non-decreasing
(or f(z) is non-decreasing and ® is non-increasing) we have A < C' and then from
(3.20) we get the following chain of inequalities:

A<C<B<2A<20<2D<27A,
so, indeed, the integrals A, B,C and D are equivalent in this case.

Example 3.6. Another example of a Banach function space with Fatou property
is the space F = L1(0,00) + Loo(0,00), which is an important space in particular in
real interpolation theory (see e.g. [22] or [66]), with the usual norm

1
Mhz/f@%
0

Then

1

1 t+1
;X[t,oo)(l’)

1
~ [ Az —log it
. /O(x+t) rEle T

Therefore, from (3.1]), we have the following new inequality in this condition:

/01 (cb (i /O‘”f(t)dt))*dx < /OOO B (f(1)) log (?) ar,

yielding for any positive and convex function ® and where f(z) is in the definition
set of ®.

Remark 3.14. All main results in this paper have been developed for Banach

function spaces over a set with general measure du. However, all applications have

been given in the continuous case with Lebesgue measure. But similar applications
o0

can be given in the discrete case with counting measure dé = > §,, implying the

n=0
corresponding discrete inequalities.

In particular, by applying Theoremwith E = LP(dd) = [P we get the following
discrete inequality:

Corollary 3.4. Let 1 < k < oo and for p > 1. Then

(Zr(ixe)) sxow(ss)

n=t

whenever {a;}} is a non-negative sequence and ® is a positive and convex function
on this sequence.

Remark 3.15. (Concerning sharpness) As seen all our results in this section gives
the sharp constants in the special cases we have pointed out. Hence, we can claim
that our main results in this section are in this sense sharp. Also Theorem is

sharp in the same sense (see Example and Remark [3.9). However, Theorem [3.5
depends on a not necessarily sharp constant C'.
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3.2 Refinements of some classical inequalities via
superquadraticity

3.2.1 Introduction

(Classical inequalities are of great importance for the development of several areas
both within the mathematical sciences and beyond. Hence, it is not surprising
that the area ”Inequalities” has been developed to an independent area of increas-
ing interest. Several wonderful generalizations, sharpening and applications have
been presented. In particular, fairly lately even refinements of these inequalities are
derived. See e.g. [1I, [16], [62], [69], [01], [102] and the references given there.

In this section we derive new such refinements of some classical inequalities
(e.g. the Jensen, Minkowski, Beckenbach-Dresher and Hardy inequalities) using the
concept of superquadratic and subquadratic functions introduced by Abramovich,
Jameson and Sinnamon in [2] (see also [3]). We cite the following result, which is
very useful in the proofs of the main results in this Chapter ( see [2], [3] and [117]
for further details).

Theorem 3.6. (See [2, Theorem 2.3].) Let (€2, 1) be a probability measure space.
The inequality

o ([ 10me) < [etrenas - [ o (|16~ [ reaus]) e

(3.21)

holds for all probability measures p and all nonnegative y—integrable functions f if
and only if ¢ is superquadratic. Moreover, (3.21)) holds in the reversed direction if
and only if ¢ is subquadratic.

The proof is available in [2, Theorem 2.3].

Remark 3.16. If ¢ is a nonnegative superquadratic function, then ¢ is convex (see
[2, Lemma 2.2]) and inequality (3.21)) is a refinement of the Jensen inequality for a
convex function which states

w(Lﬂ@M@)éLwU@MMﬁ

3.2.2 Further refinements of Jensen’s inequality

In this section we derive some new refinements of Jensen’s inequality (see Theorems
and . We need the following useful special case of the refinement presented
in Theorem [3.6l

Lemma 3.2. Let ¢ be a superquadratic function and let ¢(s) be a nonnegative
measurable function such that T = fQ s)ds. The inequality

() <7 1N ds—7 [ e (f)=Tas, (322

holds for all nonnegative functions f, where f = — fQ s)f(s)ds. Moreover,

holds in the reversed direction if ¢ is subquadratlc
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t
Proof. Set du(s) = %ds. Then (3.22)) follows from (3.21]). The proof is complete.
O

Example 3.7. Let ¢ be a superquadratic function, let z;, x5 be two nonnegative
real numbers and A € [0,1]. Then

e(Axy + (1 = N)xo)
< A1) + (1= Ap(x2) — Ap((1 = N)|zg — z2]) — (1 = N)o(May — 22]).

Moreover, (3.23) holds in the reversed direction if ¢ is subquadratic.

(3.23)

In fact, by taking Q = [0, 1], t(s) = 1 and
r1:s€(0,A
(5) = { el
T . s

we see that (3.23)) follows from (3.22)).

Consider the nonnegative measurable functions a(s) and 5(s) satisfying

a(s)+ B(s) =1, for all s € Q.

T - /Q H(s)ds, Q= /Q a(s)t(s)ds, R — /Q B(s)t(s)ds

Our first main result in this section reads as follows:

Denote

Theorem 3.7. Let ¢ : [0,00) — R be a superquadratic function and let f be a
nonnegative and measurable function. Then the following refined variant of Jensen
type inequality

- R R- = R -
¢ (1) < Fo () + 70 () — e ( £~ Tal ) - 0 ( HTo ~ 7l o
~ o (o) + 70(T) -
holds, where

7= | #6115 = 5 [ alot(e)1(6)ds and T = [ Bs)t(s)1 (51

Moreover, (3.24) holds in the reversed direction if ¢ is subquadratic.

Proof. Set xy = TQ, Ty = fpand A = % It is clear that

1—/\:§and)\x1+(1—)\)x2:7.

Then, from Example 3.7 it follows that

o (1) < 3o (Fo) + v () — oo (10~ Tl ) = o (Sl =Tl )
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Moreover, using the fact that

J A — - Q- = e

?|fQ_fR‘ = ’fQ_f’ and T‘fQ_fR| =|fr—fl,
we obtain inequality (3.24)). The proof is complete, since the proof of the reversed
inequality is similar to the proof above and we can omit the details. O

By making a further restriction of ¢ we can also state the following version of
Theorem B.7:

Theorem 3.8. Let ¢ : [0,00) — R be a nondecreasing and superquadratic function
such that

p(a+b) < c(p(a) + (b)), for some ¢ > 0. (3.25)
Then the following refined variant of Jensen type inequality
— 1
so(f)SIsT/U( ds——/ = Jl)ds

holds for all measurable functions f, where

1= 26 (To) + 20 () — o (Fq — 1) 2o(lFe— 7).

Proof. We proved the first inequality ¢ (7) < I in Theorem so we only need to
prove the second inequality.
By applying Lemma [3.2] in the first two terms of I, we get that

I< %/Qt(s)go(f(s))ds — Ay — By,

where

and

Br= 1 [ 6156 = Tol)ds + 3 [ B6e(156) ~ Tabas

To finish the proof, it is enough to prove that

Now, by using the trlangle 1nequa11ty, nondecreasing property of ¢ and (3.25)), we

obtain that
7 [ aloree(1s) = F)as

< (3 [ a0e(176) - Folas + Lol - 71) ).

and

%[ﬁ@mgmu@—ﬂms

< (3 [ 156~ Falds + 2o((Fy~T1) )

Hence (3.26|) follows as a sum of the above two inequalities. The proof is complete.
m
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3.2.3 Refinements of Minkowski’s inequality

In this section we state, prove and apply some new refinements of the Minkowski’s
inequality (see Theorem [3.10). First, we remind about the following interesting
refinement of the Holder inequality by G. Sinnamon [I17, Theorem 1.1].

1 1
Lemma 3.3. Let p > 2 and — 4+ — = 1. Then
p g

[ o= ([ dy)i (o dy)é 5.2)

holds for any two nonnegative vr—measurable functions f and g, where

TR I fgdv|
fQ gidy "

Moreover, (3.27)) holds in the reversed direction if 1 < p < 2.

h=|f-

The continuous Minkowski inequality reads as follows (see [76, p. 41]).

Theorem 3.9. Let f be a nonnegative measurable function on X x Y with respect
to the measure p x v, and let p > 1. Then

1

([ (Lra) w) < [ ([ rram) o

Our first main result in this section is the following refinement of the continuous
Minkowski inequality:

Theorem 3.10. Let f be a nonnegative measurable function on X x Y with respect
to the measure p x v and let p > 2. Then

</x (/y fd”>pd“>; = /Y (/X (f7 = h7) du);dw (3.28)

H [, fHP 'du
Jx Hrdp
If 1 < p <2, then (3.28)) holds in the reversed direction.

where

h=|r-

. H(w) = / F (o, y)dv.

1 1

Proof. Let H(x) = [, f(x,y)dv. Let p > 2 and — 4+ - = 1. By applying Lemma
b q

, by replacing f(z) and g(z) with f(x,y) and HP~!(z), respectively, we get that

/Xprldu < </X(fp _ hp)dﬂ); (/X de/i);, (3.29)

H [, fHdy
Jx Hrdp

where

h(z,y) = ’f—
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We integrate inequality (3.29)) over Y, apply Fubini’s theorem on the left side of the
inequality to find that

(/Xde”) < (/prd’“‘);/y </X(fp—hp)du)’l’dy.

1 1
Since H(x) = [, f(z,y)dr and 1 — — = —, we deduce that
q P

L) o) < f ()

The proof of the case 1 < p < 2 is similar so we omit the details and the proof is
complete. O

Next, we point out the following useful special case of Theorem [3.10

Corollary 3.5. Let p > 2 and let fi, f, ..., f» be nonnegative y—measurable func-

tions. Then
) gl oy o
where
h = | fi — Hfj( f;jﬁz:du Vi=1,..,n, and H(x) = zn:fz(x)
X

=1

If 1 < p <2, then (3.30) holds in the reversed direction.

Proof. Let Y = |J Y;, where Y; = [i — 1,4), for all i € J, and let dv = dy be the
i=1
Lebesgue measure.

Define f(x,y) = éfl(x)XY’ (y). Then

= /Yf(x,y)dy = Zfz(x)

and
|- L - Lt
v Jx Hrdp N e Jx Hrdp
= xv(W)hi(z)
i=1
where
H SHP~d
= | - LA
Jx Hrdp

Therefore, by applying Theorem [3.10, one can complete the proof. O
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3.2.4 Beckenbach-Dresher’s inequality

In this section we state and prove a new Beckenbach-Dresher type inequality (see
Theorem [3.12)). The continuous form of the Beckenbach-Dresher inequality was first
derived in [47, Theorem 3.1] (see also [125]). It has the following form.

Theorem 3.11. Let f and u be nonnegative measurable functions on X x Y with
respect to the measures X v and A X v, respectively, and let

(i) s>1,<1<p,(g#0)or

(ii) s<0,p<1<gq,(p#0).
Then

S lw

(fX (fyfdy)p d,u)s;l < / (fo;du)de, (3.31)
(Jx (fYUdV)p da) Y ([xurdA)

provided all occurring integrals exist.
If0<s<1l,p<1,and ¢ < 1(p,q # 0), then inequality (3.31] is reversed.

Our new result to the continuous Beckenbach-Dresher type inequality reads as
follows.

Theorem 3.12. Let f and u be nonnegative measurable functions on X x Y with
respect to the measures p X v and A X v, respectively, and let 1 < ¢ <2 <p, s > 1.
Then

N0 Ly NV L
(S (frudp)?ar) = Y (fy (us —ra)dn) 7

where

H [, fH 'dp
h=lr - = @ = [

H [, uH"'d .
r= ‘u - Jx “ a , H(x)= / u(z,y)dv.
Jx Hedp Y

Proof. Let 1 < ¢ <2 < p. Then, in view of Theorem forp>2and 1 <q<2
we have that

'ﬁ\»—‘

Uy Uy sar) )i (B (=04 av)
(i () ax) T (f, ([ (= 1) dw )"

S 1—
= (/ aidl/> (/ bi- sdy>
Y Y
§/abdy,
Y

1 1
where as = ([, (f* — h?)du)” and b = ([ (u? —r9)dX) 2. In the last inequality
we used the reverse Holder inequality for two functions a and b when one exponent
(1 — s) is negative and the other exponent s is positive. The proof is complete. [
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By using Theorem [3.12| and similar arguments as those in the proof of Corollary
3.5 we can also derive the following version:

Corollary 3.6. Let 1 < ¢ <2<p,s > 1, fi,u; : X — [0,00), fP,u? € L, for all
t=1,...,n. Then

<fx <Z§:1 fi>pdu)f’ ) i (s (F7 = 1) du)’

s—1 — s—1

(fx (éw)qu) = (W =rhar)

where
H f fin_ld,u i
hi = |fi — - , H(x)= i
H inild N -
ri = |u; — quA M’, H(x):Zul(ac)
Jx Hodp i=1
Proof. The proof is similar to that of Corollary so we omit the details. O]

As an application of Corollary , by making the substitution s = L, P # q,
p

we obtain the following Beckenbach-Dresher type inequality.

Example 3.8. Let 1 < ¢ <2 < p,q #p, fi,u; : X — [0,00), fF,ul € L', for all
1 =1,...,n. Then

Jx (Zf)d“ - (fX< f—hf)du>"lq

where h; and r; are as in Corollary [3.6]

3.2.5 Refinements of Hardy’s inequality

In this section we derive some corresponding refinements of Hardy’s inequality even
in a Banach function space setting. The results maybe seen as complements and
further generalizations of some results in [69] and [96]. [In Section[3.1.2} the following
Hardy-type inequality was given (see Theorem |3.1))]

To prove our main results in this section we need to apply Lemma [3.1] Our first
main result in this section reads as follows:

Theorem 3.13. Let 0 < b < 00,—0 < a < ¢ < 00, let ¢ be a positive and
superquadratic function on (a,c) and E be a Banach function space on [0,b). If E

has the Fatou property and a < f(x) < ¢, then
1 x
— t)dt
I+ (2 o)

< [otsin) (1 - eliO -2kt (3”3')) L@

E

dt,
E

provided that both sides have sense.
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Proof. Let D = {(z,t) : 0 <2 <b,0<t<x}. Then

Xp(2, 1) = X[o,0)(t) = Xt (). (3.32)

By using Theorem , the lattice property of E, Lemma with r = 1 and (3.32)
we find that

o (2 [ )| <] [ 24200 K rtos) o
H / i) Jo SO0
:’/ p (F1) = (IF(t) — 3 Jy S( dsI)XD@t)dt
S/b P (I0) — v (1 i)_lfo dSDXD(:c,t) dt
_ / ‘s@(f(t))— () =2l rdsl) T,
b _ 1 s
- [etn] (1—“” 0= h D) Sxo)| .
The proof is complete. 0

Here we just give one example of application of Theorem (cf. [96, Proposi-
tion 2.1] and [69, Theorem 2.3]):

Corollary 3.7. Let 0 < b < oo,u : (0,b) — R be a nonnegative weight function

such that the function z — “(z is locally integrable on (0, b), and define the weight
function v by

12

v(t):t/tbu( Jdw,t € (0,b).

If the real-valued function ¢ is positive and superquadratic on (a,c),0 < a < ¢ < o0,
then the inequality
b x
1 dx
[ e (5 [ st >dt) :

[wecr - [ [ e (ro-1 [ sas]) lasa

holds for all f with a < f(x) <¢,0 <z <.

(3.33)

Proof. 1t is known that E = L! ((O, b), %dm) satisfy the Fatou property (see e.g.
[22]). Moreover,
v (1f) s)ds|
H(l— 2Jo Fe)dsl) ) 1 X[tb}( x)
p (f )

:/tbu;)d””‘swfl(t))ﬂ('“ R ) e

- i oo [l
= — ol [f(t)—— f(s)ds dx. 3.34
v w02, 109]) % .
Therefore, (3.33)) follows from (3.34]) and Theorem The proof is complete. [

E
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Next we state a “dual” version of Theorem . Note that the natural dual
operator of the Hardy operator H : H(f = —fo t)dt is H H(f)( ) =

[ fi )dt but here we use its alternative H* : H*(f)(x) =z [ ° f( )dt

Theorem 3.14. Let —oco < a < ¢ < 00, let ¢ be a positive and superquadratic

function on (a,c) and E be a Banach function space on [b, 00), b > 0, with the Fatou
property. Then, whenever a < fx) < ¢,

’(p(x/:o %dt) <
[ ot (1- 2Ol IO o 0|

Proof. Let D = {(x,t): b <z, x <t < oo}. Then
XD(2, 1) = Xiz,00) (1) = X0 (2)- (3.35)
By using ([3.35)) and the same arguments as in the proof of Theorem we obtain

that
\@(”E/x%f)@“) : ( o= (fro - [~ r05])) 5]
(e (oo [T 10%]) ) ram o]
[ (etrn o ([r0-2 [ 165]) ) x|
OOH (o () @(ft)—x/mf(S)d—f ) wxoten|
[ (ewen=s (o= [~ 195]) ) oreato] =
:/b o) | (“M Ciom %)>””X[b’“(x> k2

The proof is complete. O
We give the following example of application of Theorem (cf. [96], Proposi-
tion 2.2]).

Corollary 3.8. Let 0 < b < oo, u : (b,00) — R be a nonnegative locally integrable

function on (b, 00), and define the function v by
1 t
v(t) = Z/ u(z)dz,t € (b, 00).
b

If the real-valued function ¢ is positive and superquadratic on (a,c),0 < a < ¢ < o0,

then the inequality
> > dt\ dz
H— | =
[ utre (s« [0 ) <
¢ (3.36)

[owetan - | [e(p0= [ ] o

t2
b




52

holds for all f with a < f(x) < c,x > .
Proof. Tt is known that £ = L! ([b, 00), %dx) satisfy the Fatou property (see e.g.

[22]). Moreover,
o (1f#) —x [~ f(5) 1)
H (1_ P (F(t) )‘m’“(m) -

- /btu(x)da: - m/jgp <'f(t) —:c/:o f(s)g ) u(z)dz

1 /b (‘ /°° ds )
=tv(t)— ———= | ¢! |ft)—x f(s)—=| | u(z)dx. 3.37
(t) S0 ), (t) ’ (s)— | | ulx) (3.37)
Therefore, (3.36) follows from (3.37)) and Theorem 3.14] so the proof is complete. [

3.2.6 Concluding remarks and results

In this section we give some concluding remarks and results, which in particular put
our results to a more general context.

Remark 3.17. The natural “turning point” in Minkowski and Beckenbach-Dresher
type inequalities is 1 but in our refined versions of these inequalities we have proved
the first inequalities of this type with turning point 2 (see Theorems and [3.12)).

Our first new result of this type in this section is the following improved version
of the inequality in [134, Theorem 1.2].

Proposition 3.1. Let p, s and t be different real numbers such that s > 2,¢t > 2
and (s —t)/(p —t) > 1. Then, for any positive u—measurable functions fi, ..., fn,

1\ s(p—1)
(5 (et = myan)*)

(/X (i fi)pdu>8‘t§ ( e )1>t(p_s) (3.38)

||M:

where
H [, fi =
hi=|fi— X = fi
fX Hsdv ;
and
o f HfX fth_ld/,L
T, = [ fX th'u

Moreover, if p # 0,1 <t < 2,1 <s<2and (s—1t)/(p—1t) <1, then (3.38) holds

in the reversed direction.

—t
Proof. Let s > 2,t > 2 such that i ; > 1. Then, by Holder’s inequality,
p _

/X(Zf> d“:/x[(flJr"-ﬂLfn)s]“ (it e+ £2)] 7 du

p—t

< (/X(f1+-~-+fn>sdu>3_t (/)(<f1+~-~+fn>tdu)u-
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In view of Corollary the above inequality becomes

p—t 5P

(o)

where
H [y fi -
hi= |- = =;fi
and
e lp H [, ;H 'dp
o Jx Hidp
The proof of the other case is similar so we omit the details and the proof is complete.

[]

Remark 3.18. In [I34, Theorem 1.2] only the case n = 2 was considered so Propo-
sition is both a generalization and refinement of this result.

Proposition 3.2. Suppose that v is a measure, and f; and f; are nonnegative
measurable functions such that f7 are v—integrable, for i = 1, 2.

(a) If p >0, then

» 2 p 2
1
JUEL 0 ST TS wITER A

1
(b) If p> Y then

2

2 p
1
(Z ||fi||m<y>> 520 (I hilltoy = 15l )
=1

i=1

LP(v)

where

P
o ugzuw

h; = g; —
1 £ills

gi=(fi+ f2) — fi

fori=1,2.

Proof. In view of [2, Theorem 4.3], we have

—<1+</qu);>p§—/(1+}7’;>pdu
+/(1+)F—/qu

(3.39)

1\ P
) du
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for p > 0 and
1\ P
P 1\ P
—(1+(/Fd,u) ) +1§—/<1+Fp> du
1\ P
+/(1+‘F—/qu‘p) d

(3.40)

for p > %
f3 bt
By substituting F' = f—i and dy = T f’l’d dv in both of the inequalities ([3.39))
1 14V
and ((3.40)), we obtain that
1fr + Follty < (LAllzrwy + I fellire))” + Lfr + Bl (3.41)
for p > 0 and
11+ fallfoey < (Z HszLp(m) + LA+ hallzew) = 11l (3.42)
for p > %, where
sl [F
b= |ff = S
11170

By interchanging the role of f; and f, in the above discussion, we have that

11+ Follfow) < (Mallzew) + 1fellzrw)” + I1fo + hallf, ) (3.43)
for p > 0 and
2 p
1f1 + f2HLP(u) (Z 1f:] ‘L”(V)> + 12+ hz”iﬂ(u) B ||f2||1£1’(1/)’ (3.44)
for p > > =, where
s Bl [P
ho=\h — 7w
1l

Consequently, by taking the sum of inequalities (3.41)) and (3.43]), we get the result
in (a). The inequality in (b) follows similarly from (3.42)) and (3.44) so the proof is
complete. O

Remark 3.19. The concept of superquadratic function was formally introduced in
[2, 3] but this idea seems to be known even before (see e.g. [117] and the references
therein)

Remark 3.20. The first important book in the area of inequalities is (the bible) [50]
but after that more than 30 books or monographs in this area have been published.
The really last one concerning continuous inequalities is [91] where even some results
in this PhD thesis are mentioned.
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Remark 3.21. Concerning Hardy type inequalities in Section the first result
was proved in 1925 (see [49]). The dramatic history and prehistory up to 2007 is
described in the book [65] (see also [102]). The corresponding history up to 2017 is
given in detail in the book [73]. Our results in Section is just one example of the
fact that the development of the theory of this fascinating inequality still continues.
For the development of classical inequalities in continuous and/or Banach function
space setting we refer to [03] and the references given there, see also [18], [19], [23]
and the book [91].



Chapter 4

Cochran-Lee and Hardy type
inequalities

4.1 Multidimensional Cochran-Lee and Hardy type
inequalities

4.1.1 Introduction

For the purpose of this section we just mention the following generalization of ([1.8))
by J. A. Cochran and C. S. Lee (see [31]):

/ 2% exp {Bw‘ﬁ/ "~ log f(t) dt] dx < e(““)/ﬁ/ zf(x)dx,
0 0 0

where 5 > 0,a € R and the constant e(®*1)/# is sharp. This means that the geometric
mean operator GG, defined by

1 x
@@= (1 [Togsoar)
0
is replaced by the more general weighted geometric mean operator G, defined by
(Ga) )= exp (87 [0 og o) at)
0

for any g > 0. Later on a number of results are proved concerning more general
weighted versions of (1.8]):

</OOO [exp (% /Ox s dtﬂ qu(x) dx>‘1} =C (/OOO JP(x)v(x) dx);

for various parameters p and ¢, weights u(z),v(x) and some constant C' > 0. See
e.g. [30], [56], [57], [59], [75] and the references therein.

Moreover, some results for the corresponding two-dimensional cases are also
known, see e.g. [52], [54], [127], [128] and the references therein. In particular,
the result in [I127] (see also [12§]) is of special interest for this chapter since also
good estimates are given of the sharp constant C' in the inequality.

First we state the following result (see [127, Theorem 4.1] and also [128]):

o6
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Theorem 4.1. Let 0 < p < ¢ < 00, and let u,v and f be positive and measurable
functions on R3. If 0 < by, by < 00, then

by ba 1 T1 T2 q
([ [ ol [ [ s}

b1 b2 P
<C (/ fP(x1, wo)v(xy, 29) dx1d$2)
0

0

Q=

if and only if

1
b1 b2 s1q  saq q
/ / ry P xy T w(ry,me)drdry | < oo,

s1—1 s9-—1
DW(517827p7 q) ‘= Sup ¥y g Ya g (
Y1 Y2

yle(orbl)
y2€(0,b2)

where s, 59 > 1 and

1 Tl xTo %
’U)(fl, ZCQ) = |:eXp <1}1x2 / / In ’U71<t1, tg) dtldt2)1 U(%l, .fCQ),
0 0

and the best possible constant C' in (4.1)) can be estimated in the following way:

est (81 _ 1) P 682(82 o 1) 1
o D S1, 52, P,
sl,sglzl (651<31—1)+1> <682(32_1)+1 W( 1,52,P Q)
s1+s9—2
S C S inf e 1 p2 1)1/]/'(5’173271)7 q)
51,82>1

Concerning the general n-dimensional case (n € Z, ) the only known results so
far seems to be those in the recent paper by M. F. Yimer (see [132]), but here we
state and prove an even more general result (see Theorem Remark and c.f.
also [133]).

By using this result for the power weighted case (and p = ¢) we prove in Section
a general new n-dimensional Cochran-Lee inequality with sharp constant (see
Theorem {.4]). This result generalizes several results in the literature including one
in [132).

Finally, in Section 4.1.4] we give some concluding remarks and applications, in-
cluding both well-known and new Hardy-type inequalities. In particular, we point
out that Theorem and its proof can be used to formulate the first example where
a multidimensional Hardy-type inequality can be characterized not only by one con-
dition but by infinite many (equivalent) conditions, even by a scale of condition (see
Theorem {4.5)). For the one-dimensional case this fairly new idea in the theory of
Hardy-type inequalities is described and applied in [73], Section 7.3].

4.1.2 New multidimensional Cochran-Lee type inequality

In this section we prove a generalization of Theorem (see Theorem [4.2)) gen-
eral n-dimensional case (n € Z,) but we do it in a more general frame where the
standard n-dimensional geometric operator is replaced by a more general geometric
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mean operator G (see (4.2))) so we can cover also the Cochran-Lee situation.

First we introduce the following multidimensional geometric mean operator Gg:

(Gaf) (x) :=exp (H@ / / Htﬁz In f(t dt) (4.2)

for any nonnegative and measurable function f(¢) on R” := (0,00)", where ; > 0,
1€ Jn, n € Z+.

We investigate the multidimensional weighted generalized geometric mean in-
equality

([ [t <x>1qu<x>dx)2gc( [ fp(x)v(x)dx){ s

where u and v are weight functions, 0 < p < g < 00, 0 < b; < 00, §; >0 (i € Jy),
and C' is a positive constant independent of f.
Our main theorem in this section reads as follows:

Theorem 4.2. et ne€ Z,,0<p<qg<oo, §; >0,1 € J,, and let u,v and f be
positive and measurable functions on R”. Then, the inequality (4.3)) holds for some
finite constant C' if and only if for any a; > 0,7 =1,...,n,

where

w(x) = u(x) [Glgv_l(x)} v (4.5)
Moreover, if C' is the best possible constant in (4.3)), then

n (Bi +a; — 1) exp <1+%) !
sup

05035 \ 1+ (B + s — Dexp (1+ %)

Ap(a)
(4.6)
< C < inf (ﬁl exp %) ’ Ag(a).

a; >0
i€, =1

Proof. Sufficiency. Let g(x) = fP(x)v(x). Then the inequality (4.3)) is equivalent
to the inequality

(/Ob [(Gpg) (x)]7 w(x) dx)}z <C </Obg(x) dx>; , (4.7)

where w(z) is defined by (4.5]).
Let t; = x;y;, i € J,. Then the inequality (4.7) becomes

q

/0 [eXp (Hﬁ/ Hy “ng( XY)dy>rw(X)dX E

gO(/jg(x)dX);-

(4.8)



59

For a; > 0,7 =1,...,n, we trivially have that

n . n 1 n n
exp (Z %) exp (]1 Bi/o ]13;/‘1 logqy;“' dy) =1. (4.9)
=1 1= 1= =

By applying the identity (4.9 and then using Jensen’s inequality, we find that the
left hand side of (4.8) can be written and estimated as follows:

n ) b n 1n B n N % %
exp (; Zfé@) /0 [exp (gﬁi/o Eyl 1logg(xy)gyi’dy>] w(x) dx

g a

n | % % b o P
S(Hﬂzexpﬁi> /O (/ Hy g(xy dy) w(x) dx

n

n ) % b X % n )l
- <H Bi exp %) / (/ g(t)Htfﬁai—l dt> H —(Bitai) (x) dx -
i=1 ‘ 0 0 i=1

i=1

Therefore, by using Minkowski’s integral inequality when p < ¢ or Fubini’s theorem
when p = ¢ (cf. [127, Remark 5.2]), we have that

I< <1§[@-exp %);Aﬁm) (f o(t) dt)’l’, (411)

where Ag(«) is defined by (4.4)-(4.5).

By combining (4.10))-(4.11]) we find that (4.8]) and, thus, (4.7) holds. Moreover,
since (4.3) is equivalent to (4.7]), we conclude that (4.3) holds and that the best

constant C' in (4.3)) satisfies

|=

C < o}?f H (ﬁzexp ﬁl) Ag(a).

i€y =1 !

Necessity. Assume that (4.3), or equivalently (4.8)), holds. In order to prove that
(4.8) implies (4.4)-(4.5]), we define the test function g by

n tiﬁﬂrai*l 5@ +
H X[Ot] ;) + WGXP - 3; X(thbi)(wi) )

=1
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for fixed t;,0 < t; <b; (i=1,...,n). Then
b b n Bito;—1
_ tz 57, + a;
s [T (o + e (52
0 0 i x; Bi
n t; ) ) b;
= H (/ t;l dz; + exp <_ﬂ1 ;— al)tfﬂrail/ xi—(ﬂrl-ai) dl’2>
— 0 % t;

_ - 1 Bi + o A
‘U(”mexp(‘ 2 )(1‘(67) >>
(1 (B — D exp (%52

(Bi + i —1)exp <ﬁz+al)

This implies that

1+ (B +a; —1)exp (5’+O‘Z>

(/Ob dx) 7 lj (B + a; — 1) exp <BI+O‘Z> = (4.12)

Trivially, for 0 < t < b, we have that

(/tb (Gpg) (x)]7 w(x) dx>é < (/Ob [(Gag) (%)]7 w(x) dx)

Moreover, for t < x < b, we find that

q

(4.13)

x N .
/ [y ngly)dy
0
n ﬁi'ﬁ‘ai—l
ti Bi + o
_Z/ Hy/ 1“( Xoed(¥) ey P <— 7 )Xor e )) dy
0 ! )
n gl e Bita;—1
i LB - t Bi + a;
— H ﬁi/o y;-Bz n (ti 1)([0,&](%’) + —y(ﬂi‘f’ai) exp (— 5 )X(ti,bi)<yi)> dy;
j { )

n n ZL'.. l"BZ ita;—1 —(Bitay) " ai—1 _—(Bi+o)
= HL —Zln<tfl+’ x, ’) H Zln(tﬂﬁl x; ’>,

=1

1
q

(/tbKGﬁg)(Xﬂg ) ﬁtm? (/tbﬁxi(ﬁim)zw(x)dx) C(4.14)

i=1
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It follows from (4.8) and (4.12))-(4.14)) that

Thus, since C' < oo, we conclude that indeed (4.4))-(4.5) holds and that the left hand
side inequality of (4.6) holds. Thus, also the necessity part is proved. The proof is
complete including the fact that (4.6) holds. The proof is complete. O

Remark 4.1. Note that for the case n = 2,6; = 1, = s; — 1, (i = 1,2), we obtain
Theorem so in particular, we can conclude that Theorem holds also in a
general n-dimensional setting (n € Z. ).

As in the classical situation, by doing suitable substitutions, we can also derive
a dual version of Theorem [£.2| (where integrals [ are replaced by [°).

Theorem 4.3. Let 0 <p < g < o0, 5; >0 (i € J,), and let u,v and f be positive
and measurable functions on R’}. Then, for n =2,3,...,

(/R [exp (ﬁ Bl /OO ﬁt;wiﬂ) In f(t) dt)] u(x) dx>

< C’( . fP(x)v(x) dx)

Q=

n
+

(4.15)

3=

holds for some finite C' if and only if for any a; >0 (i = 1,...,n),

B ) - Lﬁ;i_l > —(Bitai)l
s(a) := sup Hti x; W(x)dx | < oo, (4.16)
‘ t =1

where
W(x) = U(x) [GgV ' (x)]7, (4.17)

and

U(x) = u(1/x) [[ 2% and V(x) = v(1/x) [ ] 27> (4.18)

=1 =1

Moreover, if C' is the best possible constant in (4.15]), then

1
" (ﬁi+ai—1)exp<1—|—%) ;

sup Bg(av)
?é?r? i=1 1 + (/81 + Q; — 1) exXp <]- + %) (419)
n 1
<C< 1nf0 <ﬁi exp %) Bg(a)
;> i



62

Proof. First we note that by using the substitutions first y; = 1/¢;, and then
= 1/z; (i € J,) and g(t) = f(1/t), elementary calculations show that (4.15)
is equivalent to the inequality

(/Rn lexp (E[ Bz " /Ozlf[tfi_llng(t) dt)
<C (/n 9 (2)V (z) dz) ,

+

4 q

U(z) dz)
(4.20)

=

where U(z) and V (x) are defined by (4.18).
In view of Theorem [4.2] the inequality (4.20) holds for some finite C'if and only
if for any o; >0 (i =1,...,n),

q

S P anll B el & RO
Bg(a) = Suthi sz W(x)dx | < oo,
. t

where

B

W(x) =Ux)[(GaV ") (x)]7,

with U(z) and V (z) are defined by (4.18).
Since the inequality (4.3)) is equivalent to (4.15) with U(z) and V' (z) are defined

by (4.18]), we can, by Theorem conclude that (4.15)) holds if and only if (4.16])-
(4.18) holds. Moreover, for the sharp constant in (4.15]) we have the estimates (4.19)).

The proof is complete. 0

4.1.3 Multidimensional Cochran-Lee inequalities with sharp
constants

First we note that Theorem implies the following inequality for power weights:

Proposition 4.1. Let 0 < p < ¢ < oo, and let §; > 0,7;,v; > —1 (i € J,). Then,
the inequality

(/Ob (Gaf) (x medx> <(J</ fP(x Hx%dx> (4.21)

holds if and only if

1+7]i:1+%‘ (422>

q p

for all 2 € J,.
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Proof. By applying Theorem with these power weights we easily obtain the proof
since in this case Ag(a) (see (4.4) is of the form

X t; (aityitBi) L —(1+m) @
(i)

- i oy A L
Ag(a) = ex su t,? P
o(e) p<zpﬁz>t€0%)ﬂ (@i +7 + Bi)f — (L+m)

=1

I4n; 149y

n ’Y n tq D
SeXp<2p5) sup H ;

te(}b [(ai+7i+/3i>%_(1+ni)}‘lz

provided that §; > £(1+m;) — (i + ) (@ € J,). We omit the details. O

Remark 4.2. For the case p < ¢ we judge that it is a difficult and open question
to find the sharp constant C' in . See Remark However, in our next main
theorem we will derive the sharp constant for the case p = ¢ and thus obtain a
genuine generalization of the Cochran-Lee inequality to a multidimensional setting.
Moreover, since (Ggf?) (x) = [(Gsf) (z)]” it is sufficient to prove this fact for the
case p = q = 1. See also Remark [4.4]

Theorem 4.4. Let 5; > 0,n; > —1 (i € J,,), and let f be a positive and measurable
function defined on R}, n € Z,. Then the inequality

/ (G ) [ [ dx <exp (Zlgf") | Fe[]=r dx (4.23)

=1 =1

holds and the constant exp (Z ;77 ) is sharp.
=1 DPi

Proof. In view of Proposition the inequality (4.23]) holds with exp <Z ; L )
=1 Di

replaced by some finite C' > 0. Now, we prove that the best constant C' =

exp (Z —gn ) From (4.6) in Theorem , it follows that the best constant
=1 DPi

C satisfies

1 - P <§_)

C < " | inf T
xp Z 0}}1>0 H (ﬁﬁ-ai—l)

i=1 i \=1 \ " 5

The infimum in the above inequality is attained at o; =1 (i = 1, ...,n). Hence, we
find that

C < exp (i ! ;") (4.24)

=1

It only remains to prove that the inequality (4.24)) holds also in the reversed direction.
Consider the test function
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where v; > 1+ n; (1 € J,). Next we note that then the integral part on the right
hand side of (4.23]) becomes

f(x zl dx = / x?( 1 (z)+x; X 1 :Ui>d:r;i
RN T/, ot (o7 o)

n 147, 1 exp ——:)
= Hexp < i ) + ! . (4.25)
. Bi L+m  v—(1+m)

It follows from (4.23]) with best constant C, (4.25)) and (4.26) that

H 1+ 1+BZ <C
=1 ( Vi - (1 Vi )exp <,31>>

By letting v; — (1 + ;)" (i € J,,), we find that

exp (Zl+m> H exp .

<C. (4.27)

=1

Therefore, the sharpness of the constant in (4.23)) is proved by just combining (4.24)
and (4.27). The proof is complete. ]

Next we consider the special case 5; = a and v; = ¢ (i € J,,). First we point out
the following immediate consequence of Theorem [4.4}

Corollary 4.1. Let n € Z,, let a > 0, ¢ > —1, and let f be positive and measurable
function defined on R’}. Then, the inequality

/ exp (a”ﬁxi—“ /xﬁt?_l In f(t)dt) ﬁxf dx
+ i=1 0 =1 i=1

1 n
< exp (n +C) f(x)fodx
R i=1

1+c¢

holds and the constant exp (n ) is sharp.

But Theorem also implies the following less obvious weighted multidimen-
sional generalization of the Cochran-Lee inequality:
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Corollary 4.2. Let n € Z,,let a > 0,c € R and k € N such that ck > —1, and let
f be a positive and measurable function defined on R’}. Then, the inequality

RS 1 € G [ o
<ow (“55) [, 709 (Z )

n—+ ck

(4.28)

holds and the constant exp ( ) is sharp.

Proof. In view of Theorem and by applying the multinomial theorem twice, we

have that
Joo (e [T o) () o
- (ml,‘limn)/nexp<anlf[xia/ Htallnf )H 2™ dx

mi+--+mp==k
m;€Ng

< ¥l () [T
+

mi+tet+mp= 1=1
m; ENp

oo (M) [

where

Koo\ K
mi,...,My, _m1|mnl

is a multinomial coefficient. Since the constant in Theorem is sharp, then the

k
sharpness of the constant exp (ﬂ) in (4.28)) is guaranteed so the proof is
a

complete. O

We conclude this section by pointing out that the fact that Theorem also

implies the following multidimensional Cochran-Lee type inequality, which, in par-
ticular, generalizes a result in [59] (see Example [£.1] and Remark [4.7)):

Corollary 4.3. Let n € Z,, let 5; > 0 (i € J,), let f be positive and measurable
functions on R’} and let the weights u(z) and v(z) be related by u(x) = (Ggv) (x).
Then, the inequality

/n [(Ggf) (x)]u(x)dx < exp (Z %) . f(x)v(x)dx (4.29)

n

1
holds and the constant exp (Z —) is sharp.

i=1 M1
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Proof. Let g(x) = f(x)v(x). Then, the inequality (4.29) is equivalent to

/n [(Gpyg) (x)] dx < exp (Z %) /R" g(x) dx. (4.30)

In view of Theorem [4.4| with 7; = 0 (

—1,.

1

- ) holds and the constant exp <Z ) is sharp Therefore, from the equivalence
=1 Mi

no1
of (4.29) and (4.30]), we can conclude that (4.29) holds and the constant exp <Z )

i=1 Mi

, we have that indeed the inequality

is sharp. The proof is complete.

4.1.4 Concluding Remarks and Results

Remark 4.3. Some authors referred early to the inequality with o = 0 as
Knopp’s inequality with reference to [63] but it was later on discovered that G. H.
Hardy in his famous paper 1925 paper [49] mentioned that his friend G. Pélya had
pointed out to him that this inequality is just a limit case of his original inequality.
By applying our results in Sections4.1.2land |4.1.3|with 5; = 1,7 = 1, ..., n, we obtain
as special cases most of us known multidimensional Pélya-Knopp’s inequalities, and
especially all concerning sharp constants, see especially the recent paper [132], and
the references therein.

Remark 4.4. Let 0 < p < g < oo. If the condition (4.22)) in Proposition holds,
then the best possible constant C' in (4.21]) satisfies

no n\ g ,i-t 14+
C<exp|——— B “ex ( ) 4.31
P (q ) E P pBi ( )

p

In particular, if p =¢, 0 < p < 00, and b; = oo (i = 1,...,n), then by replacing
f(z) by fP(z) in Theorem , we obtain that the inequality

(/n (Gaf) (x Hmm dx> <C ( . fP(x) HiL’? dx> p : (4.32)

+ i
PBi

holds with the sharp constant C' = H exp (
generalization of (4.23 - ) which is the case p = 1.

). Hence, (4.32) is a formal

Open Question 4.1. Find the sharp constant in the inequality (4.21)) for the case
0<p<g<oo.

Remark 4.5. We believe that this open question is not so easy to solve. Our
motivation for that is that the corresponding question in the theory of Hardy-type
inequalities (with our geometric mean operator Gz replaced by the corresponding
Hardy arithmetic mean operator H) was an especially long lasting question even in
the one dimensional case. It was finally solved only in 2015 in the paper [105] by L.
E. Persson and S. Samko.
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Remark 4.6. For § = 1 an one dimensional analogue of the estimate (4.21]) in
Proposition was stated in [I08, Example on page 744]. However, the inequality
(4.31) gives a better estimate of the sharp constant than that in [106].

The next result follows from Theorem and, in particular, it generalizes the
result in [75, Theorem CJ:

Corollary 4.4. Let 5; > 0,7, < —1(i =1 € J,,), and let f be a positive measurable
function defined on R”}. Then, the inequality

/ exp (H 513:;3/ Ht;(’g"ﬂ) In f(t) dt) Hx? dx
RY i=1 X =1 i=1

. (4.33)
X) H x) dx
i=1
: _ =1 +m) Y .
holds for some finite C' > 0 and the constant C' = exp | > T is sharp.
i=1 i

Proof. By using the substitutions first y; = 1/t;, and then z;, = 1/z; (i € J,)
and g(t) = f(1/t), elementary calculations show that (4.33)) is equivalent to the
inequality

/exp(Hﬂl /Hyfz Ing(y dy)ﬁ "1 g

=1 (4.34)

SC/ g(z)Hi 2 dz.
R% i=

In view of Theorem [.4] the inequality holds with sharp constant
Cmexp (S )
i=1 pi
Therefore, from the equivalence of (| and (4.34]), we can conclude that (4.33))

L+
holds and the constant C' = exp Z %
=1 7

In order to relate our results to another result in the literature (see Remark
we present the following consequence of Corollary [4.3}

is sharp. The proof is complete. [

Example 4.1. Let n € Z,, let §; > 0, and let 7; and ~; be real numbers such that
Bi+ i >0 (i € J,). Then, the inequality

i i
/1 [(Ggf) (x)]exp ( @‘F%‘xZ) dx

< exp (2; E) - f(x)exp (Z 7h$7> dx
1= + =1

n

1
holds and the constant exp (Z —) is sharp.

=1 Mi
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Remark 4.7. The one-dimensional analogue of Example was discussed in [59]
Corollary 1.6] for the case 5; = v =1 (1 = 1,...,n) but without the estimate of
the sharp constant.

Next we note that it is possible to derive also reversed Cochran-Lee type inequal-
ities on the cone of non-increasing functions. This fact follows from the following
elementary fact:

If a function f, defined on R, is nonnegative and nonincreasing in all the vari-
ables, then

ﬁﬁi%ﬁi /Ox f[tf“f(t) dt > f(x), (4.35)

where 3; >0 (i =1,...,n).

Remark 4.8. Several of the results in this paper can be given also in the reversed
direction on the cone of nondecreasing functions but in this case it is not always
clear that the constant 1 is sharp. Next, we present such a reversed Cochran-Lee
inequality where indeed the constant is sharp.

Proposition 4.2. Let n € Z,, let §; > 0 and n; > —1 (i = 1,...,n). Then, the
inequality

/ exp (Hﬁixf ’ / Ht?i‘llnﬂt)dt) [ ax
Ri =1 0 i=1 i=1

- (4.36)
>1- f(x)Hm;”dx
RY i=1

holds for all nonnegative and non-increasing functions f defined on R’} and the
constant 1 is sharp.

Proof. Clearly, (4.35]) implies (4.36)). The sharpness follows by considering the test
function fs, defined as

i g
(X[O,I] (zi) + e Pix; 51X(1,oo)(3fi>> ;

=

fa(x) =

=1

where 6; > 1 and letting 6; — oo (¢ =1,...,n). We omit the details. O

Remark 4.9. The one and two-dimensional analogues of inequality (4.36)) with
pBi=1(i=1,...,n) are given in [56, Example 5.1] and [54], respectively.

Next, we prove that inequalities (4.3]) and inequality (10) in [132] are equivalent.
This equivalence in one and two dimensions were proved in [56] and [54], respectively.

Proposition 4.3. Let 0 < p < ¢ < 00,0 < b < 00,6 >0 (i =1,...,n), and let
u,v and f be positive functions on R”}. Then, the inequality

( /Ob [exp (]f[ Bia; /O xljtfi—lln f(t) dt)] qu(x) dx)
<C (/Ob FP(x)0(x) dx) ’

Q=

(4.37)

=
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is equivalent to the inequality

(4.38)

oo x};fz o x};fz
UB(X)Zu(xﬁ)HZB—,, Uﬁ(X)ZU(XE)H ZB, :

and

Bi

i

Proof. By making the substitution z; = x

(4.37) is equivalent to

(t=1,...,n), we find that the inequality

Q=

1 q 1-5;
bB n zB n n Bi
/ exp Hﬁizi_l/ Htfi_l In f(t)dt u(z%) H YL g
0 i=1 0 =1 i P
- . (4.39)
b7 1 Ty 5
<C fr(zP)v(zP ———dz
[ e [T
Moreover, by making the variable transformation t; = yil/ﬂi, (t=1,...,n) in (4.39)
we can conclude that (4.37) is equivalent to (4.38). The proof is complete. O]

Our final remark is related to a fairly new development in the theory of Hardy-
type inequalities, namely the following: In the classical situation a Hardy-type in-
equality was usually characterized by using one condition (e.g. the famous Mucken-
houpt condition for the case 1 < p < g < o0). However, it was discovered that this
condition is not unique and can be replaced by infinite many equivalent conditions,
even by scales of conditions. See [73], Section 7.3]. However, for multidimensional
Hardy-type inequalities no such scales of characterizing conditions are known. But
correctly interpreted our proof of Theorem shows that we indeed have such scale
of conditions to characterize the multidimensional limit Hardy-type inequality .
Indeed, Theorem can be reformulated as follows:

Theorem 4.5. Let n € Z, let 0 < p< g <00, >0 (i =1,...,n) and let u,v and
f be positive and measurable functions. Then the inequality (4.3]) holds if and only
if any condition on the scale of conditions (0 < a; < 00) (i = 1,...,n)

noaitBi—l b (ait+8)e i
Ag(a) == sup Hti P / H% CTPw(x)dx | < oo,
ti?(gybi) i=1 t =1
1€

n
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holds. Moreover, the sharp constant in (4.3) can be estimated as follows:

n (Bi + a; — 1) exp <1+%) !
sup

?é?,? i=1 \ 1+ (B +a; —1)exp (1 + %>

Ap(a)

a;>0 -
ied, =1

< C < inf (ﬁl exp %) ’ Ag(a).

4.2 Péblya-Knopp type inequalities on homogeneous
groups

4.2.1 Introduction

For the purpose of this section we need to mention the following characterization of
the general weight functions v and v on a homogeneous group for a maximal integral
weighted Hardy inequality to hold (see [113| Theorem 5.4.1] and [114, Theorem 5.1}):

Theorem 4.6 (Maximal integral weighted Hardy inequality). Let G be a homo-
geneous group with the homogeneous dimension () equipped with a homogeneous
quasi-norm | - |. Let uw and v be positive functions defined on G. Then there exists
a constant C' > 0 such that

1

exp | —=——— In f(y) dy) u(z)de < C/ f(z)v(z)de,
/(G (|B(0, D] JB(0,)al) G

holds for all f > 0 if and only if

u(x) 1 1
A :=sup RQ/ ——=exp (—/ In (—) dy) dr < oo.
R>0 >R |[7|%9 1B, [2)] S5,z v(y)

Remark 4.10. Inequalities of the type as those in Theorem when G is replaced
by

I, =1[0,b) x ---[0,b,) CR",

with 0 < b; < 00, 7 = 1,...,n and the means are considered over a hyperrectangle,
were studied in [132] for the multidimensional case with 0 < p < ¢ < co. Moreover,
estimates of the sharp constant were also discussed (see also [54], [128] and the
references therein).

The main purpose of this section is to study the generalized Pélya-Knopp type
inequality (or Maximal weighted integral Hardy inequality) on homogeneous group
G for the case 0 < p < g < o0.

4.2.2 General Polya-Knopp type inequalities on homoge-
neous groups

Our main theorem in this section reads as follows.
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Theorem 4.7. Let G be a homogeneous group with the homogeneous dimension )
equipped with a quasi-norm |- | and let 0 < p < ¢ < oo. Suppose that u and v are
positive functions on G. Then

[ o ) 5w
<c (/G £2(2)o(z) dx)p

holds for some finite C' and for all positive functions f if and only if for some o > 0

(4.40)

A(a) := sup |¢|> </ ||~ (@ w(z) dx)q < 00, (4.41)
1€1>0 G\B(0,[¢])
where
— 1 -1 v
w(z) = u(x) {exp <|B(O, = /B(o,x|) Inv="(y) dy)} : (4.42)

Moreover, the best constant C' in (4.40]) satisfies

1 1/p —(1+3) —1/p
O — A 1
(o) e 1+ g

1 1/17 ) o
<0< () Ao ()

Furthermore, if A(a) < oo for some a > 0, then A(a) < oo for all a > 0.

(4.43)

Proof. Sufficiency. Let g(x) = fP(x)v(x). Then the inequality (4.40) is equivalent
to
[l o )] )
xp [ ———— ng(y)dy w(z)dx
G 1B(0, [z))| /50,0

where w(z) is defined by (4.42)). Clearly,

exp (m / R dy) ~exp (Wlm / RED dg), (4.45)

and for any « > 0, we trivially have that

exp (%) exp (Wlwl el dg) ~1 (4.46)
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We apply (4.45) and the identity (4.46)) in the left hand side of (4.44]), and then, by
Jensen’s inequality, the left hand side of (4.44]) becomes

o () ( e (a1 . IRAGER) )] ' i) dx)

o)) q
< T:(Tff” ( [ ([ GRICE )’ dx>

1/p
% (/G ol @) ([ et ic)’ dx) B

Therefore, by using Minkowski’s integral inequality when p < ¢ and Fubini’s theorem
when p = ¢, the later expression is less than or equal to

Q=

Qe

Q

1/p
% </@ e </«s\B<o,s|) ol uta) dx)z d£> | (4.47)
< () = (o ([or)

so that (4.44) follows from (4.41) and (4.47). Since (4.40) is equivalent to (4.44)), we
conclude that (4.40) holds and the best constant C' satisfies

1 1/p Q
_— inf Ala)exp | — |.
< (o)A@ ()

Necessity. To prove that (4.40)), or equivalently (4.44)), implies (4.41]), we define
the test function g on G by

— - M [0 — (07
9(x) = €17 xosen (12]) + e T €17 2] 7@y ooy ([2]),

for fixed |£] > 0. Then, the right hand side of (4.44)) becomes

(/Gg(x) da:) " 1B(0,1)["/7 (1 + e(gg))l“" (4.48)

On the other hand, for || > 0, we have that

</G\B<o,|s|> {exp (m /Bw,xn mg(y)dy)] | v dx) |
< (/G [exp (W /Bm,xn Ing(y) dyﬂpw(fc) dx)

(4.49)
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Moreover, for 0 < |£] < |z|,

|| - - _Qta ‘5|a
/ In g(y)dy = IGI/ r¢'In (Ifl “XpoJe)(r) +e”@ )r@m)xua,oo)(r))dr
B(0,]x) 0
=|B(0, |z])| In (J¢|*|x|~@*). (4.50)
It follows from (4.44)) and (4.48) — (4.50) that

ok ( / |x|—<Q+“>5w<x>dx)
G\B(0,[¢])

- </G\B(o,s|> {exp (m B(OJz)lng(y)dy)] ” w<x>dx>

_(1+%) 1/p
1/p €
<C|BO, )77 1+ 5 .
Q

Q=

Q=

Therefore,

A =sw I ([l @)
€1>0 G\B(0,¢])

~(1+8) 1/p
(&
< C|BO,D)|V? |1+ < o0.

a

Q

We conclude that (4.41)) holds and that the sharp constant C satisfies (4.43)). The
proof is complete. O

Theorem 4.7 implies the following inequality for power weights:

Example 4.2. Let G be a homogeneous group with the homogeneous dimension
() equipped with a quasi-norm |-|. Let 0 < p < ¢ < oo and a,b € R. Then the
inequality

([ | (o /. i) dy)] B0, rx|>|adx);

. (4.51)
<o [ rwiBodr)
G
holds for all positive functions f if and only if
I+a 140 (4.52)
q p '

Moreover, the best constant C' in (4.51]) satisfies

IN
Q
IN

45\ TP
(B) xp (_) sup @

q ) oo ( >1/q exp (1 N 9). (4.53)

Qe
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This fact is obvious since in this case (4.41)) is of the form

exp (&) sup [¢[@(5* 5

D 1/a l+a_b |€]>0
Ale) = (;) BOO G v o/ — (a2

1+a 1+0
q p

provided that a > Qp ( ) Furthermore, if condition (4.52]) is satisfied,

then we have

o

Afer) = @/ |B<071>l””m. (4.54)

(&)

Consequently, from (4.43) and (4.54)), we have

(4.55)
1 (q a) 1/q
q exp (12
<C< (—) exp (9) inf re
p a>0 <g>
Q
Moreover,

inf — 29 _ 4, (4.56)

Therefore, (4.53)) follows from (4.55) and (4.56]).

4.2.3 Podlya-Knopp type inequalities on homogeneous groups
with sharp constant

We state and prove the following particular result of Theorem (4.7)):

Theorem 4.8. Let G be a homogeneous group with the homogeneous dimension ()
equipped with a quasi-norm | - |, and let a € R. Then the inequality

1 a l.
[ (—!B(O, i/ L) dy)|B<o, 2]l d -
< el / F(@)IBO, || do

holds for all positive functions f on G, and the constant eV in ([£.57) is sharp.
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Proof. In view of Example [£.2] the inequality (4.57)) holds. Now, we prove that the
sharp constant C' = e(**). From Theorem , in particular from inequality (4.43),
it follows that the sharp constant C satisfies

exp (a/Q)

C <einf ———————=.

>0 (/Q)

The infimum in the above inequality is attained at o = (). Hence,
C < eltta), (4.58)

It only remains to prove that the inequality (4.58) also holds in the reverse direction.
Consider the test function

f(@) = xpevay () + |21 X o1/ 00 (|2]),
where 5 > Q(a+1). Then, the integral part of the right hand side of (4.57)) becomes

[ s@iBlabras= [© [0 elsl dowar

|6|GJrl ~ Qa+1)—-1 -B
ZF r (X[07e1/Q](T)+T X(el/Q,OO)(T)) dr
0
1 o—B/Q
= |B(0, 1) <a+1>( + > 4.59
BO I gt g @) 4

and the left hand side of (4.57)) becomes

[ e (ﬁ In f(y) dy) B, o))" da

0, [2))| 50,10

9] » 1 )
:0/6/7~Q e | G / In () dy | 1B(0, r)[*do (y)dr

B(0,r)
— |6|a+1 [ Q(a+1)—1 Q [ 0-1 1
=0 r exp | -5 [ s In <X[0,65]($) + s_ﬁx(eé,oo)(SDdS dr
0 0
= |B(0 1)|a+16(a+1) ( 1 + 1 ) . (4.60)
’ at+1  B/Q—(a+1)
It follows from (4.57)), (4.59) and (4.60) that
8/Q
‘ <,
Ya+1)+ (1= 9(a+1))er
By letting g — (a4 1)*, we find that
et < ¢ (4.61)

Therefore, the sharpness of the constant in (4.57)) follows by combining (4.58) and
(4.61). The proof is complete. O
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4.2.4 Dual version

Theorem 4.9. Let G be a homogeneous group with the homogeneous dimension )
equipped with a quasi-norm |- |, and let 0 < p < ¢ < oo. Suppose that u and v are
positive functions on G. Then

</ [eXp ('B@’ Dl Bl f@)dy)rum dm);

<c ( /G fp(:c)v(x)d:c);

holds for some finite C' and for all positive functions f if and only if for some o > 0

(4.62)

A(a) := sup |¢|» ( / |x|_(Q+a)Zﬁ)(a¢)dx) < 00, (4.63)
1€1>0 G\B(0,I¢])
where
w(z) = u(x) {exp <; In ;dy)} ’ : (4.64)
B0, |z))| Jeo,) ?(y)
and

i) = ol (1) and o) = ol (1) (4.65)

for r > 0. Moreover, the best constant C' satisfies

( 1 1/p ( e(an)>1/p B
sup | 1+ A(a)
o) (it
150, 1)1 . Q (4.66)

1 1/p a N
< < | — ] —_— .
sCs (\B(O,m) inf P (p >A(“)

Proof. By making variable transformations we have that

[ [ (imtent [ 5.0 s )| atoja

_ /G [exp <m /B . lng(y)dy)rﬂ(x)dx

/Gfp(:v)v(:v)dx:/(}gp(:c)ﬁ(:c)dx, (4.68)

where g(ry) = f (Ly) for r > 0 with @(z) and o(x) are defined by (4.65). It follows
from (4.67)) and (4.68) that, the inequality (4.62)) is equivalent to the inequality

(Lot o, ) )
<C (/G gp(x)f}(x)d:c) "

(4.67)

and

(4.69)
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where g(ry) = f(+y) with a(z) and o(z) are defined by (4.65)).

In view of Theorem [4.7] the inequality (4.69) holds for some finite C'if and only
if for any o > 0,

A(a) := sup |¢|» (/ |:)3|(Q+°‘)Zzb(x)das) ' < 00,
G\B(0,I¢])

l€1>0
where

() = () [eXp <m B<o,|m|>1 5(y)dy)} g

with @(x) and o(z) are defined by (4.65)). Since the inequality is equivalent to
[.69) with @(x) and o(x) are defined by (4.65), we can, by Theorem conclude
that holds if and only if — holds. Moreover, the sharp constant C
in (4.62) satisfies the estimates (4.66|). The proof is complete. n

Theorem 4.10. Let G be a homogeneous group with the homogeneous dimension
() equipped with a quasi-norm |- |, and let a € R. Suppose that v and v are positive
functions on G. Then

Lo (180401 [ 15O 7 ) B0, o) s
G G\B(0, ) (4.70)

<@ [ ()| B, ol ds
G
holds for all positive functions f, and the constant e~V in ([.70) is sharp.

Proof. Using similar approach as we did in Theorem , we can show that (4.70)) is

equivalent to
1 / s
o (o [ Moty )IBO | do
/G <|B(07 1z J Bo,je))

(4.71)
<@ [ o) B0, la| - da.
G
In view of Theorem. 4.8| the inequality - 4.71)) holds with sharp constant C' = e~(@+1),

Therefore, from the equivalence of | and (| - we can conclude that -
holds for some finite C' > 0 and the constant C = e~ (@D ig sharp.



Chapter 5

Analysis of two-operator
boundary-domain integral
equations for variable-coeflicient
Dirichlet and Neumann problems
in 2D with general right-hand side

5.1 Introduction

Partial differential equations (PDEs) with variable coefficients often arise in math-
ematical modelling of inhomogeneous media (e.g. functionally graded materials
or materials with damage induced inhomogeneity) in solid mechanics, electromag-
netics, thermal conductivity, fluid flows through porous media, and other areas of
physics and engineering. Generally, explicit fundamental solutions are not available
if the PDE coefficients are not constant, preventing reduction of boundary value
problems (BVPs) for such PDEs to explicit boundary integral equations (BIEs),
which could be effectively solved numerically. Nevertheless, for a rather wide class
of variable-coefficient PDEs it is possible to use instead an explicit parametrix (Levi
function) associated with the fundamental solution of the corresponding frozen-
coefficient PDEs, and reduce BVPs for such PDEs to systems of boundary-domain
integral equations (BDIEs) for further numerical solution of the latter, see for ex-
ample [27], [29], [83], [85], [86]. Still this (one-operator) approach does not work
when the fundamental solution of the frozen-coefficient PDE is not known explicitly
(as e.g. in the Lamé system of anisotropic elasticity). To overcome this difficulty,
one can apply the so-called two-operator approach, formulated in [84] for a certain
nonlinear problem, that employs a parametrix of another (second) PDE, not related
with the PDE in question, for reducing the BVP to a BDIE system. Since the
second PDE is rather arbitrary, one can always choose it in such a way, that its
parametrix is known explicitly. The simplest choice for the second PDE is the one
with an explicit fundamental solution.

For a function from the Sobolev space H!(f2), a classical conormal derivative in
the sense of traces may not exist [80, Appendix A]. However, when this function
satisfies a second order PDE with a right-hand side from H (), the generalized
conormal derivative can be defined in the weak sense, associated with the first Green

78
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identity and an extension of the PDE right-hand side to H ! (), see [78, Lemma 4.3]
and [82, Definition 3.1]. Since the extension is not unique, the conormal derivative
appears to be an operator that is not unique, which is also nonlinear in u unless a
linear relation between u and the PDE right-hand side extension is enforced. This
creates some difficulties in formulating the BDIEs. These difficulties are addressed
in [79], [80] presenting formulation and analysis of direct segregated BDIE systems
equivalent to the Dirichlet and Neumann problems for the divergent-type PDE with
a variable scalar coefficient and a general right-hand side. This needed a non-
trivial generalization of the third Green identity and its conormal derivative for
such functions, which extends the approach implemented in [27], [28], [29], [81],
[83] for the PDE right-hand from Lo (£2). In [7], using the two-operator approach in
settings different from those in [13], [14], a generalization of the two-operator third
Green identity and its conormal derivative is derived and the two-operator BDIEs
for variable-coefficient Dirichlet, Neumann and mixed BVPs are analyzed in 3D.

Nowadays, the theory of BDIEs in 3D is well developed [27], [28], [29], [84], [86],
but the BDIEs in 2D need a special consideration due to their different equivalence
properties. As a result, we need to set conditions on the associated Sobolev spaces
or choose appropriate scaling parameter in the parametrix form, to insure the in-
vertibility of the corresponding parametrix-based integral layer potentials and hence
the unique solvability of BDIEs [6], [8], [10], [T1], [12], [37].

In this chapter, we extend the results in [6], [15], and consider the Dirichlet and
Neumann BVPs for the linear second-order scalar elliptic differential equation with
variable coefficient in a two-dimensional bounded domain. The PDE right-hand
side belongs to H~1(Q) or H1(2) when neither classical nor canonical conormal
derivatives of solutions are well defined. The two-operator approach and appropri-
ate parametrix (Levi function) are used to reduce each problem into two different
systems of BDIEs. The properties of the corresponding potential operators are
investigated. The equivalence of the two-operator BDIE systems to the original
problems, BDIE system solvability, solution uniqueness/nonuniqeuness and invert-
ibility BDIE system are analyzed in the appropriate Sobolev spaces. It is shown
that the BDIE operators for the Neumann BVP are not invertible, and appropri-
ate finite-dimensional perturbations are constructed leading to invertibility of the
perturbed operators.

5.2 Preliminaries

5.2.1 Conormal derivatives

Let © be a domain in R? bounded by a smooth curve 9. Consider the scalar
elliptic differential equation, which for sufficiently smooth function v and x € Q2 has
the following strong form,

2

Au(x) == Az, 0p)u(z) = Y a% (a(x)ag—$>> = f(x), (5.1)

=1

where u is unknown function and f is a given function in . We assume that a €
C>(R?) and

0 < @min < a(2) < Gpax < 00, YV € R%
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In what follows D(Q2) = C5°(Q2), H*(Q) = H3(Q2), H*(0) = H;(0N) are the Bessel
potential spaces, where s € R is an arbitrary real number [77], [78]. We recall that
H? coincides with the Sobolev-Slobodetski spaces W3 for any nonnegative s. We
denote by H*() the subspace of H*(R?),

H(Q):={g:g € H*(R®), supp(g) C O}
while H*(Q2) denotes the space of restriction on §2 of distributions from H*(R?),
H*(Q) = {rog: g € H*(R*)}

where 7, denotes the restriction operator on 2. We will also use the notation g|, :=
r,g. We denote by Hj, the following subspace of H*(R?) (and H*(Q2)),

Hjq :={g:g€ H*(R?), supp(g) C 0Q}. (5.2)

From the trace theorem [36], [77], [78] for u € H(R), it follows that ytu € Hz(99),
where vt = 7, is the trace operator on 90 from Q. Let also y~! : H %(89) —
H'(2) denote a (non-unique) continuous right inverse to the trace operator v+, i.e.,
Yo Vsow = vty lw = w for any w € Hz(09Q), and (y1)* : H4(Q) — H2(09)
is continuous operator dual to 771, i. e., ((v"1)*f, w)aq := (f,7 'w)q for any f €
HY(Q) and w € H2(dQ).

For u € H%()), we denote by T, the corresponding canonical (strong) conormal
derivative operator on 0f2 in the sense of traces,

Tru:= " a(z)ni(x)y* a;;f) = a(x)y" gzgg ,

=1

where n(z) is the outward to Q unit normal vector at the point = € 9€2. However,
the classical conormal derivative operator is generally, not well defined if u € H*(§2),
see [80, Appendix A]. For u € H'(Q2), the PDE Au in is understood in the
sense of distributions,

(Au,v)g == —&,(u,v), Vv € D(9), (5.3)

where

Ea(u,v) = /Qa(:v)Vu(:v) -Vou(z)dx

is a symmetric bilinear form and the duality brackets (g,-), denote the value of
a linear functional (distribution) g, extending the usual Ly inner product. Since

the set D(Q) is dense in ﬁ 1(Q), the above formula defines a continuous operator
A HY Q) = H7HQ) = [HH(Q)],

(Au, v)g = =&, (u,v),Yu € H'(Q), Yo € H'(Q).

Let us consider also the operator

A H\(Q) - HQ) = [H(Q)]
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such that
(Au,v)q == —&,(u,v) = — /Q a(x)Vu(z) - Vou(z)dr = —/ ElaVu)(z) - VV (z)dx

RQ

= (V- E[aVu], V)p2(V - E[aVu],v)q,Yu € HY(Q), Yo e HY(Q),
which is evidently continuous and can be written as:
Au= V- ElaVu]. (5.4)

Here V € H'(R?) is such that 7qV = v and E denotes the operator of extension
of the functions, defined in €2, by zero outside © in R?. For any u € HY(Q),
the functional Au belongs to H ~1(Q) and is the extension of the functional Au €
H=(9), which domain is thus extended from H'(€) to the domain H(Q) for Au.

Inspired by the first Green identity for smooth functions, we can define the

generalized conormal derivative as in [64, Lemma 2.2], [78, Lemma 4.3] and [82,
Definition 3.1].

Definition 5.1. Let v € H'(Q) and Au = rof in Q for some f € H-1(Q). Then
the generalized conormal derivative 75 (f,u) € H™2(99) is defined as
that is

T (fu) = (77 (f = Auw). (55)
Due to [78, Lemma 4.3] and [82, Theorem 3.2], we have the estimate
T (Fo)l 3 ey < Cillullnen + Call Fl-scoy (5.6

and for u € H'(Q) such that Au = rqf in Q for some f € H~'(Q) the first Green
identity holds in the following form:
(TH(fou), v 0),, = (f,v)a + Elu,v) = (f — Au,v)g, Yo € HY(Q). (5.7)

As follows from Definition the generalised conormal derivative is nonlinear with
respect to u for a fixed f, but linear with respect to the couple (f,u), i.e.,

ar T (fryun) + 2T (fay ua) = T (an fr, cawn) + T, (02 fo, zup)
=T, (anfi + aafo, arus + agug) (5.8)

for any real numbers o, as.
Let us also define some subspaces of H*(Q), cf. [33], [46], [81], [82].

Definition 5.2. Let s € R and A, : H°(Q2) — D*(Q2) be a linear operator. For
t> —% we introduce the space

H>'(; A,) = {g € H*(Q) : there exists
f, € H'(Q) such that A.g|, = f,|,}

endowed with the norm

1
2

gl = (lole@ + 1 FolEe)

and the inner product

(9, W) msea.) = (9, h)ms @) + (fg’fh)flt(fl)'



82

The distribution f, € H/(Q), t > —1, in the above definition is an extension of
the distribution A,g|lo € H'(S2), and the extension is unique (if it does exist) since
any distribution from the space H!(R?) with support in 02 is identically zero if
t > —1, see [78, Lemma 3.39] and [82, Theorem 2.10]. We denote this extension as
an operator A,, ie., A,g = fg. The uniqueness implies that the norm ||g|
is well defined.

We will mostly use the operators A, B or A as A, in the above definition. Note
that since Au — aAu = Va-Vu € Ly(Q), for u € H(Q), we have H(Q; A) =
HY(Q; A).

Hst(AL)

Definition 5.3. For u € H 1’*%(9; A), we define the canonical conormal derivative
THu e H 2(09) as

(THu,w),, = (Au, v 'w)q + Ea(u, v 'w) = (Au — Au, v 'w)q, Yw € H2 (),
i. €., THu = (v 1)*(Au — Au).

The canonical conormal derivative T, u is independent of (non-unique) choice of
the operator v, the operator T : HY2(Q; A) — H~2(9) is continuous, and the
first Green identity holds in the following form,

(TFu, v ), = (Au,v)q + E,(u,v) , Yo € H(Q).

The operator T : HY {(Q; A) — H~2(99) in Definition is continuous for

t > —%. The canonical conormal derivative is defined by the function u and the

operator A and does not depend separately on the right-hand side f (i.e. its behavior
on the boundary), unlike the generalised conormal derivative defined in , and
the operator T, is linear. Note that the canonical conormal derivative coincides
with classical conormal derivative T, u = a% if the latter does exist in the trace
sense, see [82, Corollary 3.14 and Theorem 3.16].

Let u € H"2(Q; A). Then Definitions and imply that the generalised
conormal derivative for arbitrary extension f € H~(Q) of the distribution Au can
be expressed as

(Tj(f,u),w}m = (THu,w)sq + (f— Au,’y‘lw)g, Yw € H%((’)Q).

Let us consider the auxiliary linear elliptic partial differential operator B defined by

2

Bu(z) := Bz, d,)u(z) = 0 (b(x)ag—g)), (5.9)

— Jx;
=1

where b € C*®(Q) and b(z) > 0 for x € Q. Since for u € H*(Q,A), Au— Bu =
(a—b)Au+V(a—b)-Vu € Ly(Q), we have, H'O(Q; A) = H'O(Q; B). Let u € H'(Q)
and v € H'(Q; B). Then we write the first Green identity for operator B in the
form

E(u,v) + /Qu(x)Bv(a:)da: = (T;tv, v u)oq, (5.10)

where

Ep(u,v) = /Qb(x)Vu(x) -Vou(z)d.



83

If, in addition, Au = fin Q, where f € H ~1(Q), then according to the definition of
T (f,u), in (5.5), the two-operator second Green identity can be written as

(f,v)q — /Qu(x)Bv(x)d:E + /Q[a(x) — b(z)|Vu(z) - Vo(x)dx
= <Ta+(fa u), 7 v)aq — (T, v, 7 u)aq. (5.11)

Moreover, for u,v € HY(Q; A) = H°(Q; B) (5.11]) becomes

/[U(Q:)Au(x) — u(z)Bvu(z)|dx + / [a(x) — b(z)]Vu(x) - Vu(z)dx
Q

Q
= (T u,v v)sn — (TbJrv, v u) g

5.2.2 Parametrix, remainder and potential type operators

Definition 5.4. We will say, a function P,(z,y) of two variables z,y €  is a
parametrix (Levi function) for the operator B(z,d,) in R?* [53], [86], [88], [111],
[12] if

B(x,0x) Py, y) = 6(z — y) + Ro(2,y),

where ¢ is the Dirac-delta distribution, while R,(z,y) is a remainder possessing at
most a weak singularity at x = y.

For some positive constant ry and z,y € R?, the parametrix and hence the
corresponding remainder in 2D can be chosen as in [80],

Py(z,y) = %;(y) In (‘xr_o y‘) , (5.12)

2

B r;—y;  0b(x)
Rl 9) = 2 3ty a7 o,

(5.13)

The parametrix P, (z,y) in (5.12)) is the fundamental solution to the operator B(y, d,) :
b(y)A, with “frozen” coefficient b(z) = b(y), and

B(y, 0z)Py(,y) = 0(x — y).

Let b € C*(R?) and b(z) > 0 a.e. in R% For some scalar function g the
parametrix-based Newtonian and the remainder volume potential operators, cor-

responding to the parametrix (5.12)) and the remainder (5.13)) are given by

Pyg(y) := /R2 Py(z,y)g(x)dz,y € R?, (5.14)
Pualy) = | Puaylgta)de, v, (5.15)
Rog(y) == /QRb(x,y)g(w)d% y € Q. (5.16)

For g € H*(R?), s € R, (.14) is understood as Pyg = %PAg, where the Newtonian
potential operator P for Laplacian A is well defined in terms of the Fourier trans-
form (i.e., as pseudodifferential operator), on any space H*(R?). For g € H*(Q),
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and any s € R, definitions in (5.15) and (5.16)) can be understood as

1 a
Prg = ETQPAQ; Prg = ETQPCLQ,
1 (5.17)
Ryg = —ETQV -Pa(gVb),

while for ¢ € H*(Q2), —
H5(Q) — H*(Q), —1 < s < 1, is the unique extension operator related with the
operator E of extension by zero, cf. [82] Theorem 16].

For y ¢ 09, the single layer and the double layer surface potential operators,

corresponding to the parametrix (5.12)) are defined as

% < s < % as (5.17) with g replaced by Eg, where E :

929
1

Vig(y) == — /3 Fife.)o(a)d. (5.18)

ng(y) = /({)Q[Tb(xan(x)a ax)Pb('r’ y)]g(x)de, (519)

where ¢ is some scalar density function. The integrals are understood in the distri-
butional sense if g is not integrable, while VA and W are the single layer and double
layer potentials corresponding to the Laplacian A. The corresponding boundary in-
tegral (pseudodifferential) operators of direct surface values to the single and the
double layer potentials,}, and W, when y € 0f), are

Vigy) = — /a Pla.)gla)ds. (5.20)

Wig(y) = — /a Tyfa.n(2). 0Pl p)g(a)dS.. (5.21)

where VA and WAa are respectively the direct values of the single and double layer
potentials corresponding to the Laplacian A.

We can also calculate at y € 0€) the conormal derivatives, associated with the
operator A, of the single layer potential and of the double layer potential:

a(y)

T, Vag(y) = @Tbi%g(y), (5.22)
L9(y) = Ty Wig(y) = %wabg(y)- (5.23)
The direct value operators associated with are
Warg(y) = —/ [Taly, n(y), 0y) Po(z, y)|g(x)dSs, (5.24)
o0
Wig(w) i= = [ [Bi(00(0).0,) P, 1)lg(2)dS.. (5.25)
0

From equations (5.14)-(5.25)) we deduce representations of the parametrix-based

surface potential boundary operators in terms of their counterparts for b = 1, that is,

associated with the fundamental solution Py = 17r In (%) of the Laplace operator

prs
A.

1 1 1 1
P,g = EPAga Pyg = EPAQ;PaQ = EPAQ; Pyg = EPAg' (5.26)
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%Vag = Vg = %VAgu%Wa<%> = Wy = %WA(bg)- (5.27)
% g =Vyg = %vAg, %W(%g) = Wy = %WA(bg). (5.28)
Woag = ZWhg = %{W’Ag + [b% (%)]mg}, (5.29)
L9 = %C?g = %{EA(bg) + [b%@)]viWA(bg)}, (5.30)
Lyg = TiWa(bg) = TxWa(bg) = La(bg) on Q. (5.31)

It is taken into account that b and its derivatives are continuous in R? and
L(bg) = LX(bg) = Lx(bg)
by the Liapunov-Tauber theorem. Hence,
A(bVig) =0, A(bWyg) =0 in Q, Vg€ H*(09), VseR, (5.32)

A(bPyg) =g inQ,Vge H(Q), VseR. (5.33)

The mapping properties of the operators (5.14))-(5.25) follow from relations (5.26))-
(5.31) and are described in detail in [I3, Appendix A]. Particularly, we have the

following jump relations:

Theorem 5.1. For g; € H™2(99), and g, € H2(99). Then there hold the following
relations on 02,

T Vg1 = Vog, (5.34)
1

Y Whgs = T592 + W g2, (5.35)
1

Ty Vg = i§%91 + W angr- (5.36)

5.3 The two-operator third Green identity and in-
tegral relations

Applying some limiting procedures [53], Section 3.8], [88], and we obtain the parametrix
based third Green identities.

Theorem 5.2. (i) If u € H'(Q), then the following third Green identity holds,
u+ Zyu+ Ryu + Wyytu = P Au in Q, (5.37)

where the operator A is defined in (5.4)), and for u € C'(Q),

PoAu(y) = (Au, By(.,y))o = —Ea(u, B(.,y))
= —/Qa(x)Vu(x) -V Py(x,y)dx (5.38)
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and

A&u:—1LMQﬁ—b@ﬂVﬂﬁayyvm@Mx

1 .
_ o jzlajPA [(a—b)0;u] in Q. (5.39)

(i) If Au = rqf in Q, where f € H~1(2), then recalling the definition of TH(f,u),
in (5.5)), we arrive at the generalised two-operator third Green identity in the
following form,

U+ Zyu+ Ryu — VT (f,u) + Wyytu=Pof in Q, (5.40)

where it was taken into account that

<T;_(f7 ’LL), Pb(x7y)>39 = _%T;—(f7 u) and <fa Pb(xa y)>Q = ,Pb.];

Proof. (i) Let first u € D(Q). Let y € Q, Bc(y) C Q be a ball centred at y
with sufficiently small radius €, and Q. := Q \ B.(y). For the fixed y, evidently,
Py(.,y) € D) C HY(A;Q.) and has the coinciding classical and cannonical
conormal derivatives on 9€).. Then from and the first Green identity
employed for ). with v = P,(.,y) we obtain

N /BBe(y) T, Po(,y)y u(x)ds, — /asz T Py(, y)y " u(r)ds, + /Q u(z)Ry(z,y)dx
N _/ b(x)Vu(z) - Vo By(, y)de,

€

which we rewrite as
—/ Tt Py(z,y)y u(x)ds, — / T, Py(x,y)y u(x)ds,
0Bc(y) o0

~ [ fate) 4] Vo) - Vo)t + [ ate)Rute, )i

Qe

:i/wﬂwmymﬂ@mm.QM)

Taking the limit as € — 0, reduces to the third Green identity f
for any u € D(Q). Taking into account the density of D(Q2) in H'(Q), and the
mapping properties of the integral potentials, see [13, Appendix A], we obtain that
(65-37)(5-38)) hold true also for any u € H'(Q2).

(i) Let {fi} € D(Q) be a sequence of converging to f in H(2) as k — co. Then,
according to [80, Theorem B.1] there exists a sequence {u;} € D(Q) converging to
win H'(Q) such that Auy, = rof, and T (ug) = T (fr, ug) converge to T2 (f,u) in
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H*%((?Q). For such uy by (5.38) and (5.5)), we have

PyAuy(y) = @Vy/ﬂ a(xz)Pa(x,y)Vug(z)dx = —@ lglé a(x)Vug(z)Pa(x,y)dz

€

= —lim fuPo(z,y)dx + lim Py(z, y) T, ug(2)dS(z)
€E— Q.

=0 JoB.(y)

+ li_I}é Py(x,y) T ug(x)dS () = Pofr + ViT ui(y). (5.42)
€ a0

Taking the limits as k — oo in (5.42), we obtain PyAu(y) = Ppf + VAT (f,u), and
substitution to ((5.37)) gives (5.40]). The proof is complete. O

Below we shall state and prove Corollary 3 from [§] for completeness.

Corollary 5.1. Using the Gauss divergence theorem, we can rewrite Z,u(y) in the
form that does not involve derivatives of w,

am@w:[%%~<@u@y+zm@» (5.43)
Zuly) = “Diwruly) - Worruly) + D Rul) - Rouy),  (5.49)

b(y) b(y)

which allows to call Z;, integral operator in spite of its integro-differential represen-
tation (5.39)).

Proof. As in the proof of Theorem item (i), let first w € D(Q). Let y €
Q, B(y) C Q be a ball centred at y with sufficiently small radius €, and Q. :=
Q\ B.(y). For the fixed y, evidently, P(.,y) € D(Q.) C H'°(A;,) and has the co-
inciding classical and canonical conormal derivatives on 0. = 0QUAIB(y). Further,
let us denote

%sz—éhw—MMVﬂmw%WMM%

which can be rewritten as
Ziu(y) = /Q [V (a(z) = b(z)) - Vo Py(z,y)] u(z)dz

—/ V(a(z) = b(x))u(z)] - Vo Py(z, y)du.

€

Observe that

L(y, e):/Q [V(a(m)—b(:v))-vpr(z,y)]u(:v)dx:/ [Va(z)-V,Py(z,y)]u(z)dz

€

= M a\xr) - i u\xr)axr
—/E [Vb(z) - Vo Py, y)]u(z)da = o) / [Va(x) - V Pz, y)u(z)d

_/ [Vb(z) - Vo Py(x,y) | u(x)dz

€
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and

Ly, e) = — /Q V[(a(e)—b(x))u(2)] -V, Py(x, y)dz = / la(@)—b(@)|u(2) Ay Py(z, y)da

£

Tu(x z,y)n(x :—M a(x z,y)n(z)y ulz
- [ o) -ba)}y )9 ey nios, = =52 [ @) VRt g ey u(a)as,

“n(z)yTu(x _ay) a(x x,y) - n(x)u(x
v [ VR nwyru@as, ~ G [ a9 s,
+ /aBe(y) b(x)V . Py(z,y) - n(x)u(x)dS, = %Wafu(y) — WiyyTu(y)
L tu(x
5 o @)V 0) (e u(w)as,
L tu(x
+ @/BBE@) b(x)VPa(z,y) - n(z)y u(z)dS,.
Taking the limit as ¢ — 0 we obtain
Zyu(y) = lim Zju(y) = lim [11(y, €) + I2(y, €)]
_ a(y) a(y) -+ a(y)
= Gy Relv) = Roulw) + 5 Waruly) = Wiy uly) + [ = 1 uly)
which is as in and . The proof is complete. O

Note that the operator Zj does not vanish unless operators A and B are equal.
For some functions f, ¥, & let us consider a more general “indirect” integral rela-

tion, associated with ([5.40)).
u+ Zyu+ Ryu — VW + W, =P,f in Q. (5.45)

Lemma 5.1. Let u € HX(Q), ¥ € H2(99Q),® € H2(09) and f € H () satisfy
(5.45). Then

Au=rqof in Q, (5.46)
roVo(U — T (f,u) —rqWy(® —~7tu) =0 in Q, (5.47)
1 .
yru 4+ Zpu + T Ryu — VU — §CI> +Wy® =4"Pyf on 09, (5.48)

T (Fow) + T Zyu + T Ry — 20 = Wil + L5, ®
= TH(f+ERYf,Pof) on 09, (5.49)

where
2

RUF(y) == 0;[(9b) Py f]

J=1

(5.50)
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Proof. Subtracting ((5.45) from identity ([5.37]), we obtain
Vol(y) — Wy (@ — 71 u)(y) = PolAuly) — fl(y), y e (5.51)

Multiplying equality (5.51) by b(y), applying the Laplace operator A and taking

into account equations (5.32) and (5.33)), we get rof = rq(Au) = Au in Q. This
means that f is an extension of the distribution Au € H~1(Q2) to H~(Q), and u

satisfies ((5.46)). Then (5.5)) implies that

PolAu — fl(y) = (Au — f, Bo(.,y))a = — (T, (f,u), Py(y))on
=VTH(f,u), yeQ. (5.52)

Substituting (5.52)) into (5.51)) leads to ((5.47). Equation (5.48) follows from (5.45])

and jump relations in ((5.34) and ([5.35)). To prove ([5.49)), let us first remark that for
u € HY(Q), we have H'(Q; A) = HY(Q; A) = H'(Q; B) and

BP,f=f+R\f inQ, (5.53)

due to (5.46]), which implies that B(?bf— u) = RYf in Q, with RY f given by (5.50),
and thus RYf € Ly(Q). Then B(P,f — u) can be canonically extended (by zero) to

B(Pyf —u) = ER'f € H(Q) c H'(Q).

Thus there exists a canonical conormal derivative T} (P, f —u) written as (see, e.g.,
[79, Eq. (4.23)], [0, Eq. (4.14)].)

TN (Pof —u) = TN (f + ERLf, Pof) = T (fw), (5.54)
and hence

a

T, (Pof —u) = %TJ(PMZ— u) = b [T (f + ERYF, Pof) — Ty (f. )]
=T, (f + ERLf. Pof) — T, (f,w).
From it follows that
Pof —u=Zyu+Royu— VU +W,® in Q.

Substituting this on the left-hand side of ([5.54)) and taking into account ((5.30)) and
the jump relation (5.36)), we arrive at ((5.49)). The proof is complete. ]

Remark 5.1. If f € H2(Q) ¢ H Y(Q), then f + ER:f € H~2(Q) as well, which
implies that o
f+ERYf = APyf

and S o 3

TH(f + ERU Pof) = T, (BPof, Pof) = T, Ppf. (5.55)
Furthermore, if the hypotheses of Lemma are satisfied, then (5.46]) implies u €
HY2(Q; A) and T (f,u) = ToF (Au,u) = T u. Henceforth (5.49), takes the familiar
form, cf. [I3] equation (3.23)],
a

Tju—i—Tiju—i—Tiju—%

U - WL+ LD =TFIP,f on Q.
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Remark 5.2. Let f e HY(Q) and a sequence {¢;} € H™'(Q) converge to f in
H~'(Q). By the continuity of operators (see [80, C.1 and C.2]) estimate (5.6) and
relation ([5.55)) for ¢;, we obtain that

THF+ERYF, Pof) = lim T (¢4 ER ¢y, Pydi) = lim T Pogy, in H 2(09),
71— 00 71— 00
see [80, Theorem B.1].

Lemma and the third Green identity ((5.40]) imply the following assertion.
Corollary 5.2. If u € H'(Q) and f € H}(Q) are such that Au = rof in Q, then

1 ~ N
§7+u + 9t Zpu + T Ryu — VT (f,u) + WyyTu = yTPyf, on 99, (5.56)

(1 — g) TH(f,u) + T Zyu + T Ryu — W o T (f,u) + Ly u

20
= TH(f+ ERf,Pyf) on 09 (5.57)

Note that if P, is not only the parametrix but also the fundamental solution of
the operator B, then the remainder operator Ry, vanishes in (5.40]) and (5.56))-(5.57)
(and everywhere in this Chapter), while the operator 2, stays unless A = B. The
following statement is proved in [80, Lemma 4.6]:

Theorem 5.3. Let f € H=Y(€). A function u € H(Q) is a solution of PDE
Au = rqf in Q if and only if it is a solution of ([5.40)).

Proof. If u € H'(Q) solves the PDE Au = rof in Q, then it satisfies ((5.40). On the
other hand, if u solves (5.40)), then using Lemma for U =TH(f,u), ® =~tu
completes the proof. O

5.4 Invertibility of single layer potential operator

The boundary integral operator, Va : H™2(8) — Hz (%) is a Fredholm operator
of index zero, see, e.g.,[78, Theorem 7.6]. Thus the first relation in leads to
the same result for the single layer potential V,. For the case of 3D, [13, Lemma
3.2(1)] asserts that for U* € H~2(9Q), if V,¥* = 0 in ©, then ¥* = 0 in Q. This fact
implies the invertibility of single layer potential operator V, mapping from H —2 (0Q)
to H%(ﬁQ). But this is not the case for 2D. It is well-known, see e.g. [32, Remark
1.42(ii)] and [I19, Theorem 6.22] that for some 2D domains the kernel of the operator
Va is nontrivial, thus due to the first relation in , the kernel of operator V),
is nontrivial as well for the same domains. To ensure the invertibility of the single
layer potential operator in 2D, for s € R, let us define the subspace of H*(0f), cf.
e.g., [119, p. 147],

The following result is proved in [37, Theorem 4], see also [9, Theorem 1].

Theorem 5.4. If ¢ € H*_*%@Q) satisfies V1 = 0 on 02, then ¢ = 0.
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Following [78 Theorem 8.15], there exists a unique real-valued distribution 1., €
H2(9Q) called equilibrium density for 99 such that Vathe, is constant on 9,
and (1,%e,)90 = 1. For n = 2 the constant Va1, is not always positive and one
introduces the logarithmic capacity, Capyq using the relation

1 To
V eq — —1 s
Aw e 2 . (Capag)

for some positive constant ry as in equation (5.12). In particular Vate, = 0 if and
only if 7o = Capyq.
The following statement is proved in [78, Theorem 8.16].

Theorem 5.5. Let rq be some positive constant.

(i) The operator Va : H=2(9Q) — H2(09Q), is H2(9)- elliptic, i.e., (Vath, )oq >
C|WHH*%(39) for all ¢ € H’%(aQ), if and only if ry > Cap,,,.

(ii) The operator Va : H™2(8Q) — Hz(52), has a bounded inverse if and only if
ro # Cap,,, -

The following theorem ensures the invertibility of the single layer potential op-
erator V, in 2D.

Theorem 5.6. Let Q C R? with ry > diam(2). Then the single layer potential
V, : H™2(9Q) — H2(09) is invertible.

Proof. Since Cap,, < diam(2), see, [129, p.553, properties 1 and 3], then ro >
diam(€2) implies ro > Cap, . For the case a = b the assertion is proved in [37,
Theorem 5]. Due to the first relation in (5.28) and Theorem [5.5(ii) follows the

invertibility of the single layer potential operator V), for the case a # b as well, see
also [9, Theorem 2]. O

As in [§], we shall restrict ourselves to Theorem while discussing about the
invertibility of single layer potential V}, in 2D. Because, choosing an appropriate
parameter rp, one can get the zero kernel for V not only on the subspace H.Y 2(8(2)
but also on the entire space H~'/2(99). The proof to the following result is due to
[9, Lemma 1] and [7, Lemma 2].

Lemma 5.2. (i) Let ro > diam(Q). If U* € H~2(99Q) and 7oV, ¥* = 0 in €2, then
U* = 0.

(i) If ®* € H2(99Q) and rqoW,®* = 0 in Q, then &* = 0.

5.5 Two-operator BDIE systems for Dirichlet prob-
lem

Let ©Q be a domain in R? bounded by a smooth curve 9f2. We shall derive and

investigate the two-operator BDIE systems for the following Dirichlet problem: for
o € H2(09Q) and f € HY(Q), find a function u € H(Q) satisfying

Au=f in (5.58)

yru = g on Of. (5.59)
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Here equation (|5.58)) is understood in the distributional sense ([5.3)) and the Dirichlet
boundary condition (5.59) is understood in the trace sense. The following assertion
is well-known and can be proved e.g. using variational settings and the Lax-Milgram
lemma:

Theorem 5.7. The Dirichlet problem (5.58)-(5.59) is uniquely solvable in H'(2).
The solution is u = (A”)71(f, o) ", where the inverse operator, (AP)~! : H=1(Q) x
H2(0Q) — H'(Q), to the left-hand side operator, AP : H'(Q) — H-1(Q)x Hz (9Q),
of the Dirichlet problem —, is continuous.

5.5.1 BDIE system formulation to the Dirichlet problem

Following similar procedure as in [80], let us reduce the Dirichlet problem ({5.58)-
with f € H YQ), for u € H'(Q), to two different systems of segregated
two-operator BDIEs.

Let f € H-1(Q) be an extension of f € H'(Q) (i.e., f = rof), which always
exists, see, [80, Lemma 2.15 and Theorem 2.16]. We represent in , and
the generalized conormal derivative and the trace of the function u as

T (f,u) =4, vtu=¢

respectively, and will regard the new unknown function ¢ € H _%(GQ) as formally
segregated of u. Thus we will look for the couple (u, ) € H(Q) x H™2(9Q).

BDIE system (D1). To reduce BVP ((5.58))-(5.59) to one of BDIE systems we
will use equation (5.40) in 2 and equation (5.56) on 0f2. Then we arrive at the
system of BDIEs (D1),

u+ Zyu+ Ry — Vp = FP1 in Q, (5.60)

Y 2o+ TRy — Vo = FPY on 09, (5.61)
where Fp = be — Wy and

f’Dl

D1
Fa

Fy
. (5.62)
YT Fo — o

For ¢, € H2(99), we have the inclusions FP* = Fy € HY(Q) if f € H'(Q) and
due to the mapping properties of operators involved in (5.62), we have the inclusion
FPLe HY(Q) x H2(9).

Remark 5.3. Let f € H~1(Q) and ¢y € H7(9Q). Then FP' = 0 if and only if
(fa ()00) =0.

Proof. The later equality implies the former. Conversely, let FP' = 0, that is,
= be— Wiypo = 0in Q and vt Fy — @9 = 0 on 0N. Then ¢y = 0 on 9 and
Pyf = 0 in Q. Multiplying the later by b, we get Paf = 0 in Q and applying Laplace
operator gives f = 0 in R2. O
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BDIE system (D2). To obtain a BDIE system of the second kind, we will use
equation (5.40) in 2 and equation on 0f). Then we arrive at the system of
BDIEs (D2), )

u + Zbu + Rbu - VL¢ = be - WbQOO in Q, (563)

(1 — %) 77/} + T;—Zbu + T;—Rbu — (/1b¢ — T;_(f+ ERif’ be) - ;C;_bgoo
on 09, (5.64)

where ~
Pof — Whpo
TH(f + ERLS, Pof) — Lo
Due to the mapping properties of operators involved in (5.65]), we have the inclusion

FP2 e HYQ) x H_%((?Q). In similar way as in Remark we can prove the
following remark.

(5.65)

fD2

D2
Fa

Remark 5.4. Let f e HQ) and gy € H2(0Q). Then FP2 = 0 if and only if
(fa 900) = 0.

Proof. The later equality implies the former. Conversely, let FP? = 0, that is,
Fy = Pof — Wypo = 0 in Q and Tj(f + EORZ]F, Pof) — L5 0o on 9. Multiplying
the first relation by b, we get Paf — Wa(bpo) = 0 in 2. Taking into account that
bWy (o) = Wa(bpg) is harmonic and applying Laplace operator gives f=0inR?
and hence Wypo = 0 in Q. Then by Lemma [5.2{ii), ¢o =0 on 9. O

5.5.2 BDIE systems equivalence to the Dirichlet problem

Theorem 5.8. Let ¢y € H2(09),f € H(Q) and f € H Q) is such that
rof = f. Then

(i) If u € H(Q) solves the BVP (5.58)-(5.59)), then the couple (u,v) € H'(Q) x
H~2(Q), where .
b =TF(fu),  onoQ, (5.66)

solves the BDIE systems (D1) and (D2).

(i) If a couple (u,¢)) € H'(Q) x H 2(99Q) solves BDIE system (D1) and ry >
diam(€2), then this solution is unique and solves BDIEs (D2), while u solves

the Dirichlet problem (5.58))-(5.59)), and 1 satisfies ([5.66]).

(iii) If a couple (u,v)) € HY(Q) x H~2(8Q) solves BDIE system (D2), then this
solution is unique and solves BDIEs (D1), while u solves the Dirichlet problem

(5:58)-(5:59), and v satisfies (5.66)-

Proof. (i) Let u € H*(2) be a solution to BVP (5.58)—(5.59). Due to Theorem
it is unique. Setting v by evidently implies, ©» € H _%(89). From Theorem
and relations (5.56)—(5.57) follows that the couple (u,v) satisfies the BDIE
systems (D1) and (D2), with the right-hand sides and respectively,
which completes the proof of item (i).
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Let now the couple (u,) € H'() x H~2(dQ) solve BDIE system (D1) or (D2).
Due to Theorem [5.3, the hypothesis of Lemma [5.1] are satisfied implying that u
solves PDE (j5.58)) in 2, while relations in and also hold.

(i) Let the couple (u,) € H*(Q2) x H~2(9R) solve BDIE system (D1). Taking
trace of on 0f) and subtracting from it we obtain

Yru=¢y  on 09, (5.67)

that is, u satisfies the Dirichlet condition (5.59). and Lemma [5.1] with ¥ =
Y, ® = ¢g imply that V,U* — W,®* = 0, in Q, where U* = ¢ — T.7(f,u) and
®* = g — yTu. Due to (5.67)), * = 0. Then Lemma (1) implies U* = 0, which
proves condition (5.66). Thus w obtained from the solution of BDIE system (D1)
solves the Dirichlet problem and hence, by item (i) of the theorem, (u, 1)) solve also
BDIE system (D2).

(iii) Let now the couple (u,1) € H (Q) x H2(09) solve BDIE system (D2).
Taking generalized conormal derivative of and subtracting from it, we
get ¥ = T (f,u) on Q. Then substituting this in gives Wy(po — 7y u) =0
in Q and Lemma [5.2{ii) then implies ¢y = v u on 9. Due to (5.62), the BDIE
system — with zero right-hand side can be considered as obtained for
f =0, po=0, where f € fI(Q) is an extension of f € H~1(Q), that is, f = rof,
implying that its solution is given by a solution of the homogeneous problem (5.58])-
, which is zero by Theorem . This implies uniqueness of the solution of the
inhomogeneous BDIE system (D1). Similar arguments work for the BDIE system
(D2). The proof is complete. O

5.5.3 BDIE system operators invertibility for the Dirichlet
problem

The BDIE systems (D1) and (D2) can be written as

U = FP' and DUP = F,
respectively. Here UP := (u,¢)T € H'(Q) x H™2(d9),
I+Z,+Ry -V,
T2+ 7Ry —Vy

Db =

)

D2 . I+ 2+ Ry i)
TS TRy (-4 I-W., |7

while FP! and FP? are given by (5.62) and (5.65]) respectively. Due to the mapping
properties of the operators involved in the definitions of the operators D' and D2
as well as the right-hand sides FP! and FP? (see, e.g., [13, Appendix A}, we have
FDPl e HY(Q) x H2(09), FP? e H'(Q) x H 2(99Q), while the operators

D' HY(Q) x H 2(09Q) — H'(Q) x Hz(09) (5.68)
D2 HY(Q) x H2(09) — H'(Q) x H 2(d) (5.69)
are continuous. Due to Theorem [5.§[ii)-(iii), operators (5.68) and (5.69) are injec-

tive.
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Lemma 5.3. For any couple (F1,F2) € HY(Q) x H*%(ﬁﬁ), there exists a unique
couple (fu, ®,) € H(Q) x Hz(0S) such that

Fi = Pofus — Wy, (5.70)

Fo = TF(for + ERY fou, Pof) — L1, 0, (5.71)

Moreover, (fu, @) = Cp(F1, F2) with Cyy : HY(Q) x H-2(0Q) — H~1(Q) x Hz(09)

a linear continuous operator given by

foo = ADF) + v (Fo + (vF F1)0,b) (5.72)

o, = —( — -1+ WA)17+{ — bF1 + Pa [A(bfl)
t7(Cmrorran)]) 6m)

where A(bF)) = V - EV(bF)).

Proof. Let us first assume that there exist (f,., ®,) € H1(Q) x Hz(dQ) satisfying
equations (5.70)-(5.71)) and find their expression in terms of F; and F;. Let us

rewrite (5.70) as

Fi = Pofur = =W, @, in Q. (5.74)
Multiplying (5.74) by b and applying Laplacian to it, we obtain,
ADF, — Pafus) = ADF) — fro = —A(Wa(bD,)) =0 in Q, (5.75)

which means that

A(bF)) =rqfix in Q, (5.76)

and bF, —Pa fo. € HO(2, A) and hence Fy — Py fo. € HYO(Q, B) = H(Q, A). The
latter imply that the canonical conormal derivatives T," (F; — P, f**) and T, (F; —
Py f**) are well defined and can be also written in terms of their generalized conormal
derivatives

b ) ) ) ] .
TS (Fi = Pofes) = Ty (Fr = Pofu) = T (B(F1 = Pofor), Fi = Pofec)

=T, (EV - (b0V(F = Pofu))s Fi = Pofur) = T, (EA(DF, — Pafes)
— EV - ((FL = Pofun)Vb), Fi = Pofur) = T} (—EV - (FLVb) — ER. for, Fi — Pofus)
and therefore,
TH(Fi = Pofu) = = TH=EV - (FiVh) = ER  fou, Fi = Pofe) (577

where ([5.53)) and ([5.76|) were taken into account. Applying the conormal derivative
operator T, to both sides of equation (5.74)), substituting their ((5.77)), taking into
account (|5.8), we obtain,

TH(for — EV - (FIV), Fi) = To (for + ERC fru, Pofus) = —L,®,, on 9Q. (5.78)

a
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Subtracting ((5.78)) from (5.71)), we get,

Fo =TS (fo — EV - (FIVD),F))  on Q. (5.79)
Due to (5.76)), we can represent
foo = AF) + fi, = V- EV(bF) —7*0,, (5.80)

where f1, € H 50 1s defined by (5.2]) and hence, due to e.g. [82 Theorem 2. 10] can
be in turn represented as fl* = —7 \IJ**, with some W,, € H"(@Q) Then is
satisfied and

= w-l) [fox = EV - (F1V) = BR] = (y7)"[fee = EV - (F\Vb) = V - E(GVF)]
= (v Y[V - EVObF) -V -EObVF) -7V, — EV - (F,Vb)]
= (v Y[V - B(F,Vb) — v, — EV - (F,Vb)] = —U,, — (vt F)0,b

for which

T (o = BA- (FVD), 1) = § [~V = (77 F1)0,0) (5.81)

because

(v HV- E(}—lvb) —4*0,, — EV - (F1VD)], w)aq
= ([V - E(F,Vb) — 'V, — EV - (F,Vb)], v 'w)q
= ([V - E(F\Vb),y " w)ge — 7"V, — (EV - (F1VD)], 7 w)q
= —([E(FVD), V(v 'w))p2 =" Vst ((F1VD), V(v 'w)) o—— (v H (F1VD), vy w)a
= — (7" (F1)Vb), w)oq — V...

Hence (5.79) reduces to

b
Voo = ——Fo = (V" F)0b = —T) Fi — (7" F1)db, (5-82)

and (5.80) to (5.72).

Now (5.74)) can be written in the form

Wa(b®,) = Fa in Q, (5.83)

where
N . b
Fa = =bFi + Pafus = —bF + Pa|AGF) + 7*(55 + (v F)ob) | (5.84)
is harmonic function in €2 due to (5.75)). The trace of equation ([5.84) gives

—§b<I> + Wa(b®,) =yt Fa on 9. (5.85)
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It is well known that the operator [—%I + WA} is an isomorphism, see [119, Lemmas
6.10 and 6.11], this implies that

o, = %( — %I—FWA)_I’YJF}—A
- %( — %1 + WA)_17+{ — bFy + Pa [A(bﬂ) + v*(%fz + (v*fl)anb)] }

which is equation (5.73)). Relatlons - can be written as ( for, D, ) =

Cos(F1, Fo), where C,, : H(Q) X (GQ) L(2) x Hz(99) is a linear contin-
uous operator, as required. We stlll have to check that the functions f w and P,
given by and , satisfy equations and . Indeed, ®, given by
satisfies equation and thus vy*Wa(a®,) = yTFa. Since both Wa(a®d,)

and Fa are harmonic functions, this implies (5.83))-(5.84) and by ((5.72) also ([5.70)).
Finally, (5.72) implies by (5.81)) that (5.79) is satisfied, and adding (5.78) to it

leads to (5.71)). Let us prove that the operator C,, is unique. Indeed, let a couple
(fur, ®,) € H1(Q) ><H2 (092) be a solution of linear system - - p.71) with 77 =0
and F5 = 0. Then 6)) implies that mf** = 0in €, that is f,, € HaQ C H- 1(Q).
Hence (5.79) reduces to

0="T7(fus,0) on 0f).
By the first Green identity (5.7)), this gives,
0= <T;—(f**7 0)77+U>8Q - <];**,U>Q7\V/U € HI(Q)7 (586)

which implies that f,, = 0 in R2. Finally, (5.73) gives ®, = 0. Hence any solution of
non-homogeneous linear system ([5.70]) — ((5.71]) has only one solution, which implies
that the uniqueness of the operator C,.. The proof is complete. n

The following assertion is [85, Lemma 19] generalized to a wider space in 2D.

Lemma 5.4. For any couple (F1, Fo) € HY(Q) x Hz(9Q), there exists a unique
couple (fu, ®,) € H1(Q) x Hz(09) such that

Fi = Pofor — Wy, (5.87)
Moreover, (fu, @) = Cp(F1, F2) with Cy, : HY(Q) x Hz(8Q) — H(Q) x H2(09)

a linear continuous operator is given by

(= 214 Wa) (= bFs A PAIAGE) -1 (Tf Fo + F)dub)])  (5.90)

o, =
2

SN

where A(bF)) = V - EV(bF).
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Proof. Let us first assume that there exist (f.., ®,) € ﬁ_l(Q) X H%(QQ) satisfying
equations ([5.87))-(5.88)) and find their expression in terms of F; and F;. Let us re

write as
Fi = Pyfee = —Wp®. in Q. (5.91)
Multiplying by b and applying Laplacian to it, we obtain,
ADF; — Pafu) = ADFL) — for = —A(Wa(bD,)) =0 in Q, (5.92)
which means that
A(bF)) = rofu in Q, (5.93)

and bF, — Pafu. € HO(Q,A), while Fy — Pyfo. € HYO(Q, B) = H(Q, A). The
latter imply that the canonical conormal derivatives T;"(F; — Pyfus) and TiH(Fy —
Py fur) ave well defined and T (Fi — Pofur) = 2T, (Fi = Pofus).

Due to and using fi, = —7*¥,, with some ¥,, € H’%@Q) as in ([5.82)),

we can represent
fuoo = ADF) + fr. = V- EV(bF) —7*0,, (5.94)
where fi. € H 20- Then (5.93) is satisfied. Replacing F» by T, (Fi,u) in Lemma
, relation ([5.82)) yields,
b . . . .
\I/** = —aijl — (’}/Jrfl)anb = —TbJrfl — fQ@nb

and reduces to ([5.89). Now can be written in the form
Wa(b®,) = Qa in Q, (5.95)
where
QO = —bFi + Pafun = —bF1 + PAIAGE) + 7 (TF Fy + (7P R0 (5.96)
is harmonic function in §2 due to . The trace of equation gives

1
—5b%. +Wa(b®.) =77Qs on 99 (5.97)

By similar argument as in Lemma , the operator —31 + Wa : H %(89) —
H *%(89) is an isomorphism this implies

11 -1,
1/, 1 -1 . 7 - ;
_ 5( - ST+ WA) VH=bF, + Pa[ABF) + 7 (T} Fi + (v F)oub)]}

which is equation (5.90)). Relations ([5.89)), 1) can be written as ( for, @) =
Cor(F1, Fa), where Cyy : HH(Q) x H-2(0Q) — H™Y(Q) x H2(99) is a linear contin-
uous operator, as required. We still have to check that the functions f,, and ®,,

given by (5.89) and ([5.90)), satisfy equations (5.87) and (5.88)). Indeed, ®, given by
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(5.90)) satisfies equation (5 and thus v Wa (a®, ) +QA Since both Wx (aq) )

and Qa are harmonic functlons, this implies 5.95))- (| and by - ) also
while (5.88) follows from Egs.(5.89)) and (5.95). Let us prove that the operator C**

is unique. Indeed, let a couple ( fon, @ «) € HH(Q) x Hz2(99) be a solution of linear

system ((5.87] - - ) with F; = 0 and F, = 0. Then (5.93) implies that 7o f,, = 0 in
Q, that is fu. € Hyg C H(Q). Hence (5.79) reduces to

0 =T (fu,0) on 0f).

By the first Green identity (5.7), this gives relation (5.86]), which implies that fee=0
in R2. Finally, (5.90) gives ®, = 0. Hence any solution of nonhomogeneous linear
system — (5.88]) has only one solution, which implies the uniqueness of the
operator C,.. The proof is complete. O

Theorem 5.9. Let 79 > diam(Q2). The operators (5.68) and (5.69)) are continuous

and continuously invertible.

Proof. The continuity of operators and is proved above. To prove the
invertibility of operator (5.68)), let us consider the BDIE system (D1) with arbitrary
right-hand side

FPY = (FBY FEYWT € HY(Q) x H2(Q).

Take .7-"1 FB and @, = vt FLT — FB in Lemma , to obtain the representation
of FP1 a . .

fgl = fl ./—';gl = ’}/+.F1 —
where the couple

(f., ®.) = Co(F1, Fo) € HH(Q) x H2(09Q) (5.98)

is unique and the operator

Co: HY(Q) x H2(0Q) — H™'(Q) x H2(9Q) (5.99)

is linear and continuous. If ry > diam(£2), then taking into account [80, Remark 5.3
and applying Theorem [5.7| with f = rof = rof., @, = = (g, we obtain that BDIE
system (D1) is uniquely solvable and its solution is: Uy = (AP)  (rof,00)T, Uy =
Uy — @y, where the inverse operator, (AP)™! : H=1(Q) x Hz(8Q) — H(), to the
left-hand side operator, AP : HY(Q) — H~1(Q) x H2(d9), of the Dirichlet problem
5.58)—(5.59)), is continuous. Representation and continuity of the operator
5.99) imply invertibility of . To prove the invertibility of operator , let
us consider the BDIE system (D2) with arbitrary right-hand side

FP2 = (FB, FO))T € H'(Q) x H™3(09).
Take Fy = F5? and Fp = T,/ (Fy,u) = F5? in Lemma 5.3 to represent FP? as
fgz :fl f£2 :Tj(fl,u) :fQ

and the couple B ~ _ .
(f**;q)*) - C**(FhJ:Q) € H_l(Q) X H§(8Q)
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is unique and the operator
Coo: HY(Q) x H™2(0Q) — HY(Q) x HZ(09) (5.100)

is linear and continuous. Taking into account [80, Remark 5.3] and applying The-
orem with f = fo., @, = ©o, we obtain that BDIE system (D2) is uniquely
solvable and its solution is: Uy = (AP) Y(rof,¢0)T, Uy = T (rof,Uy), where
the inverse operator, (AP)™1 : H-1(Q) x Hz(0Q) — H(), to the left-hand side
operator, AP : H'() — H~'(Q) x H2(dQ), of the Dirichlet problem (5.58)-(5.59),
is continuous. Representation ((5.98) and continuity of the operator @D imply
invertibility of (5.69). The proof is complete. O

Let us finish this section by giving the reason why we need to study the two-
operator approach. One-operator approach does not work when the fundamental
solution of the frozen-coefficient PDE is not known explicitly. To overcome this diffi-
cultly, one can apply the so-called two-operator approach that employs a parametrix
of another (second) PDE not related with the given PDE. Since the second PDE in
is rather arbitrary, one can always choose it in such a way that its parametrix
is known explicitly. The simplest choice for the second PDE is the one with an
explicit fundamental solution. We consider the following particular example:

Example 5.1. Let B = A in (5.9). Then BDIE system (D1) is written as:
U+ Zau—Vayp = FRL in Q,
Yt Zau —Va = FRy on 09,

where
Zau=(a—1)u+Wa ((a—1)7"u) + aRqu,
and
FR! Fap _
FRl = [ o1 | = , Fao:i=Paf —Waypo.
F a3 7+FAO — %o

Similarly, BDIE system (D2) is written as:
u+ Zau—Vap =FRF in Q,
(1 — g) Y+ T Zau — aWip = FRy on 09,

]-_D2 o [ FEIQ ] _
A T p2 |
F x5

where

Paf — Wawo
TH(f, Paf) — alago

5.6 Two-operator BDIE systems for Neumann prob-
lem
Let  be a domain in R? bounded by a smooth curve 9Q. We shall derive and

investigate the two-operator BDIE systems for the following Neumann problem: for
Yo € H 2(0Q) and f € HY(Q), find a function u € H*(Q) satisfying

Au=rqf in Q, (5.101)
T, (fiu)y=vo  on Q. (5.102)
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Here equation (5.101)) is understood in the distributional sense (5.3)) and the Neu-
mann boundary condition (5.102]) in the weak sense (5.7]). The following assertion is
well-known and can be proved e.g. using variational settings and the Lax-Milgram
lemma.

Theorem 5.10. (i) The homogeneous Neumann problem ((5.101))-(5.102]) admits

only linearly independent solution u® =1 in H'(Q).

(ii) The nonhomogeneous Neumann problem ([5.101))-([5.102)) is solvable if and only
if the following solvability condition is satisfied.

(f,u")a — (o, 7 u)oq = 0 (5.103)

5.6.1 BDIE system formulation for the Neumann problem

We explore different possibilities of reducing the Neumann problem (5.101)—(5.102)
with f € H™(Q), for u € HY(), to two different segregated boundary-domain
integral equations (BDIE) systems. Corresponding formulations for the Neumann
problem for u € H%(Q, A) with f € Ly() in 2D were introduced and analysed in
[12]. Let us represent in ([5.40)), and the generalised conormal derivative

and the trace of the function u as
T (f,u) =vo, 7Tu=o0,

and will regard the new unknown function ¢ € H 2 (092) as formally segregated of w.
Thus we will look for the couple (u, ) € H'(Q) x Hz ().

BDIE system (N1). To reduce BVP (5.101)-(5.102) to a BDIE system in this
section we will use equation in 2 and equation @D on 0f). Then we arrive
at the following system, (N1), of two boundary-domain integral equations for the
couple of unknowns, (u, ¢),

u+ Zyu+ Rou + Wyp = FN in Q,

T Zw+ T Ryu+ Lho = Fa',  on 09, (5.104)
where
N1 Fi Pof + Vitbo
Fr= L (5.105)
F T, (f+ ERLF, Pof) — o + g5th0 + Wigtho

Due to the mapping properties of operators involved in (5.105) we have FN! €
HY(Q) x H 2(09Q) and FY := Pof + Viho € H'().

Remark 5.5. Let fe HYQ), o € H2(09) and ry > diam(Q). Then FN' =0
if and only if (f, ) = 0.

Proof. The later equality implies the former. Conversely, let F¥' = 0, that is,
Pof + Vithg = 0 in Q and T,7 (f + EREf, Pyf) — to + 1o + Wiytho = 0 on 9Q.
Multiplying the first relation by b gives Pa f + Vaty = 0 in Q. Further, taking
into account that bV,1y = Va1 is harmonic and applying Laplace operator we get
f =0 in R? and hence V;thp = 0 in . Then due to Lemma @(i), we get g =0
on 0f). O]
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BDIE system (N2). To obtain a segregated BDIE system of the second kind,
we will use equation ([5.40)) in 2 and equation ([5.56) on 9€2. Then we arrive at the
following system, (D2), of boundary-domain integral equation systems,

u+ Zyu+ Ryu+ Wyp = Pof + Vibo, in Q, (5.1006)
1 ~
2% + 7" Zpu + v Ryu + Wyp = v Pof + Vithy, on 09, (5.107)
where
FN? Pof + Vitho
FN? = [ ' ] - ) . (5.108)
F'? Y Pof + Voibo

Due to the mapping properties of operators involved in ([5.108]), we have the inclusion

FN? = Pof + Vigho € H(Q) and FN? € H'(Q) x H3(99).

Remark 5.6. Let f € H=YQ), v € H™2(89Q) and ro > diam(Q). Then FN2 = 0
if and only if (f, ) = 0.

Proof. The later equality implies the former. Conversely, let F¥2 = 0, that is,
Py f + Vipg = 0 in Q and y+P, f + Vg = 0 on 0€2. Multiplying the first relation
by b gives Paf + Vatbo = 0 in Q. Further, taking into account that bVt = Vatlg is
harmonic and applying Laplace operator we get f = 0 in R? and hence Vyi)g = 0 in
Q. Then due to Lemma [5.2(i), we get 1o = 0 on 9. O

5.6.2 BDIE systems equivalence to the Neumann problem

Theorem 5.11. Let 1o € H~2(9Q) and f € H(Q).
(i) If a function u € H'(£2) solves the BVP (5.101)-([5.102)), then the couple (u, ©),

where
p=7u (5.109)

+
solves the BDIE systems (N1) and (N2).

(i) If a couple (u, p) € H' () x Hz () solves the BDIE system (N1), then the u

solves BDIE system (N2) and u solves the Neumann problem ([5.101))-(/5.102))
and ¢ satisfies (5.109)).

(iii) If a couple (u,p) € HY(Q) x Hz(dQ) solves the BDIE system (N2) and ro >
diam(€2), then the u solves BDIE system (N1) and Neumann problem ((5.101)-
(5.102)) and ¢ satisfies ((5.109)).

(iv) The homogeneous BDIE systems (N1) and (N2) have unique linearly inde-
pendent solution spanned by Uy = (u°,¢%)T = (1,1)7 in H(Q) x Hz(9).
Condition is necessary and sufficient for solvability of the nonhomoge-
neous BDIE systems (N1) and, if ry > diam(2), also of the system (N2), in
HY(Q) x Hz(59).
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Proof. (i) Let u € H'(Q2) be a solution to the Neumann BVP (5.101)(5.102). Tt

immediately follows from Theorem and relations ((5.56))—(5.57) that the couple
(u, @) with ¢ = y*u satisfies the BDIE systems (N1) and (N2), which proves item

(i)-

(i) Let now a couple (u,p) € HY(Q) x H2(9Q) solve BDIE system (N1) or
(N2). Due to the first equations in the BDIE systems, the hypotheses of Lemma
are satisfied implying that v is a solution of equation (5.101)) in €2, and equations

(5.46)-(5.49) hold for ¥ = 1)y and ¢ = ¢.
If a couple (u,p) € H'(Q) x Hz(0Q) solve the system (N1) then subtracting

(5.49) from (5.104) gives T, (f,u) = 1o on 0. Thus Neumann ([5.102) is satisfied.
Further, from (5.47) we derive Wy(vTu — ¢) = 0 in Q, where ytu = ¢ on 9Q by

Lemma completing the proof of item (ii).
(iii) Let now couple (u, @) € H(Q) x Hz (99) solve BDIE system (N2). Further,

taking the trace of ((5.106]) on 92 and comparing the results with ([5.107)), we easily
derive that v"u = ¢ on 9. Lemma for equation (5.106) implies that u is a

solution of equation (5.101)), while equations ([5.46)-(5.49) hold for ¥ = 1)y and
® = . Further, from ([5.47)) we derive

Vi(@o = To(f,u) =0 in O,
whence T, (f,u) = 1y on 99 due to Lemma (i) and u solves Neumann problem

(5.101))-(5.102)) which completes the proof of item (iii).
(iv) Theorem along with items (i) and (ii) imply the claims of item (iii) for
BDIE system (N2) and (N1). The proof is complete. O

5.6.3 Properties of BDIE system operators for the Neu-
mann problem

BDIE systems (N1) and (N2) can be written respectively, as
Ry =FN, RN = 72 (5.110)

where UN = (u, 0)T € HY(Q) x Hz(dQp), while FN' and F¥? are given by Egs.
(5.105) and (5.108) respectively. Due to the mapping properties of potentials in
(5.105) and (5.108), FN' € HY(Q) x H~2(89Q) and FN? € H(Q) x H2(09).
9‘{1 - [ + Zb + Rb Wb
T, 2, +T Ry LS |
%2 - I + Zb + Rb Wb
T ZB TRy AW, |

Due to the mapping properties of potentials in (5.105) and (5.108]), the right hand
sides of BDIE systems (N1)and (N2) are such that FN' € HY(Q) x H~2(99Q) and

FN2 e HY(Q) x Hz(59).

Theorem 5.12. The operators
R HY(Q) x H2(9Q) — HY(Q) x H™2(09), (5.111)
R HY(Q) x H2(9Q) — HY(Q) x Hz (%), (5.112)

are continuous. They have one-dimensional null spaces, ker R! = ker R?, in H!(Q) x
H2(99), spanned over the element (u°, ©°) = (1,1).
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Proof. The mapping properties of the potentials imply continuity of the operators
(5.111)) and (5.112). The claims that ker 53! and ker $32 are one-dimensional and the
couple (u°, ") = (1,1) belong to ker R! = ker R? directly follows from Theorem

. 11iii). O

To describe in more details the range of operators (5.111]) and (5.112)), i.e., to

give more information about the co-kernels of these operators, we will need several
3
auxiliary assertions. First of all, let us remark that for any v € H*72(99Q), s < %,

the single layer potential can be defined as follows:

%U(y) = _<7Pb(7y)7 U)(?Q = _<Pb<'7y)7/y*v>R3 = —PW*U(?J): y € R2 \ o09Q.
(5.113)
where v* : Hs_%(ﬁQ) — Hj?, s < %, is the operator adjoined to the trace operator

v : HZ5(R3) — H2%(%), and the space Hj, is defined by (5.2]).
Lemma 5.5. Let f € H*"2(Q), s > L and ry > diam(Q). If
roPyf =0 in Q, (5.114)

then f =0 in R2.

Proof. Multiplying by b, taking into account the first relation in (}5.26)) and
applying the Laplace operator, we obtain rq f = 0, which means that f € Hggz. If
5 > %, then f = 0 by [82, Theorem 2.10]. If % <5< %, then by the same theorem
there exists v € HS_%@Q) such that f = v*v. This gives P,f = Pyy*v = —V,v in
R2. Then (5.114) reduces to Vyv = 0 in §, which by Lemmal[5.2)i) (for s = 1, which
can be generalized to % <s< %) implies v = 0 on dQ and thus f = 0 in R2. O

Theorem 5.13. Let § < s < 3 and ry > diam(Q). The operator
P, : H72(Q) — H*(Q) (5.115)
and its inverse _
(Py)~ ' H5(Q) — H* ()
are continuous and

(Py)"'g = [AB(I = roVaVa'yh) =y Vil |(by)  in RE Vg e H(Q).
(5.116)
Proof. The continuity of equation follows from [29, Theorem 3.8]. By Lemma
m operator is injective. Let us prove its surjectivity. To this end, for
arbitrary g € H®(Q2) let us consider the following equation with respect to f €
H*2(Q),
Prf=g in Q. (5.117)

Let g1 € H*(Q2) be the (unique) solution of the following Dirichlet problem:
Agi=0inQ, g =7"g,

which by [0, Theorem 2] the single layer potential V1! exists and due to [33] or [82
Lemma 2.6] can be particularly presented as g; = VaVx'v"g. Let go := g —gi. Then
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go € H*(Q2) and vTgo = 0 and thus gy can be uniquely extended to Eg, € ﬁS(Q),
where E is the operator of extension by zero outside 2 . Thus, by (5.113)), the

equation ([5.117) takes the form
raPalf + 7" Vil = g0 in Q. (5.118)

Any solution f € H 572(Q) of the corresponding equation on R?

PAlf +7 Vil gl = Ego in R?, (5.119)
solves (5.118)). If f solves (5.119)), then acting with the Laplace operator on ([5.119)

we obtain

f=Qg:=AEg —yVi'r'yg
= ABE(g—rqVaVi'vtg) — v Vilytg in R2 (5.120)

On the other hand, substituting f given by (5.120) to (5.119) and taking into account
that PAAh = h for any h € H*(Q)), s € R, we obtain that ()¢ is indeed a solution

of equation (5.119) and thus (5.118). By Lemma the solution of ([5.119) is

unique, which means that the operator () is inverse to the operator (5.115)), i.e.,
Q = (rqP,)"L. Since A is a continuous operator from H*(2) to H*~2(£2), equation
implies that the operator (rqP),' = Q : H*(Q) — H*2(Q) is continuous.
The relations P, = %P A and b(x) > ¢ > 0 then imply the invertibility of the operator

(5.115)) and anstatz (5.116)). The proof is complete. m
Theorem 5.14. The co-kernel of the operator ([5.111)) is spanned over the functional

gt = ((v")0ab, 1) " (5.121)
in H=1(Q) x Hz(09), that is, g*'(Fy, F2) = ((vF FL)Opb+ Fa, 7T u0) o, where u® = 1.

Proof. The proof follows from the proof of [80, Theorem 6.7] and Lemma . Indeed,
let us consider the first equation in (5.110]), i.e. the equation R'U = (Fi, )",
representing the BDIE system (N1)

u+ Zpu+Ryu+ Wy =F in (5.122)
Tiju + TijU + E;erO = fz on 89, (5123)

with arbitrary right hand side (Fy, )T € H(Q) x H=2(09), for (u, ) € H'(Q) x
H2(09). By Lemmathe right-hand side of the system has the form ({5.70])-(5.71)),
that is, system ([5.122))-(5.123) reduces to

u+ Zyu+ Ryu+ Wy(p + ®,) = Ppfe, in Q (5.124)

T Zpu+ T Ryu+ L (o + D,) = T (for + ER  for, Pofi) on 9, (5.125)

where the couple (fu., ®,) € H1(Q) x Hz(dQ) is given by (5.70)-(5.71). Up to the
notations ([5.124))-(5.125)) is the same as in (5.105)) with ¥y = 0. Then, Theorems
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5.11|(iii) and [5.13 imply that the BDIE system (5.124)-(5.125]) and hence (5.122)-
(5.123) is solvable if and only if

V(b]:i) + 7*(f2(7+f1)6nb), UO>R2
V(bF1, Vul)ge + ((Fa + (F F1)0ub), v u)oq
Fo+ (v F1)0,b), v u’)oq = 0,

where we took into account that Vu® = 0 in R2 Thus the functional g*! defined
by (5.121)) generates the necessary and sufficient solvability condition for the first
equation in ((5.110]). Hence ¢g*! is basis of the co-kernel of 53'. The proof is complete.

]

Theorem 5.15. Let rg > diam(Q2). Then the co-kernel of operator (5.112)) is

spanned over
—by (5 + W)V Tl
*2 N Y 2 AVA Y
9 ( b5 — WaVsly e (5.126)

in H~1(Q) x H~2(09), that is,

GHFL o) = <—W*<%+W’A) V&lfﬁuo,f1>0+<—b(%—W’A)V;1fy+u0,]—"2>m,
where ¥ = 1.

Proof. The proof follows from the proof of [80, Theorem 6.8], [9, Theorem 2] and
Lemma . Indeed, let us consider the first equation in (5.110)), i.e. the equation
RU = (F1,F,) ", representing the BDIE system (N1)

u+ Zpu+ Ryu + Wy =F; in € (5.127)

1
3P+ Y2+ Yy Ry + Wy = Fo on 09, (5.128)

with arbitrary (Fy, F2)7 € HY(Q) x H~2(09), for (u, ) € HY(Q) x Hz2(09Q).
Introducing the new variable , ¢’ = ¢o—(Fo—~"F1), BDIE system ([5.127))-(/5.128))

takes the form
u+ Zyu+ Ryu+ Wy =F, in Q, (5.129)

1
3¢+ B+ R+ Weg' = F on 09, (5.130)

where

.F{ = fl — Wb(fg — ’}/Jrfl) & Hl(Q)

Let us recall that P, = rqP, : H*2(Q) — H*(Q) and then by Theorem m, the
operator P, " = (P,)~! : H*(Q) — H*?(Q) is continuous for 3 < s < 2, while V'
exists [9, Theorem 2]. Hence we always represent F; = P, f,, with

fo = [AEI — rqVaVi'yh) — v Vi (0F) € HH(Q).
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For F| = Py fe, the right hand side of BDIE system ([5.129)-([5.130)) is the same
as in (5.108) with f = f, and 1y = 0. Then Theorems [5.11(iii) implies that the

BDIE system (5.129))-(5.130) and hence ((5.127))-(5.128]) is solvable if and only if

(foru®)a = ([AB(I = rqVaV3'y ") = 7" V3" (0 F), )
— (B(-raVa V3l ) OFD, A (7 V) ), s — (0 (6F), V3 e

= —<%[7+(b,7:1) + (bFs)] — Walb(Fz — +]:1)]VA1 + 0>dQ

1 / — / _
= (=by™ (5 + WA ) Vay e, Fida + <—b(5 + WA VR U, Faaa = 0.

Thus the functional ¢g*? defined by (5.126]) generates the necessary and sufficient
solvability condition of the equation R2U = (F, F2)". Hence g*? is basis of the
cokernel of JR2. The proof is complete. O

5.6.4 Perturbed segregated BDIE systems for Neumann prob-
lem

Theorem implies, that even when the solvability condition is satisfied,
the solutions of both BDIE systems, (N1) and (N2), are not unique. By Theorem
5.12] in turn, the BDIE left hand side operators, &' and 932, have non-zero kernels
and thus are not invertible. To find a solution (u, ) from uniquely solvable BDIE
system with continuously invertible left hand side operators, let us consider, follow-
ing [87], some BDIE systems obtained form (N1) and (N2) by finite-dimensional
operator perturbations (cf. [7] for the three-dimensional case). Below we use the
notations U = (u, )" and 0] := [ dS.
o0

Perturbation of BDIE system (IN1)

Let us introduce the perturbed counterparts of the BDIE system (N1),

RUN = FN (5.131)
where
Bl .l o 317N 07N\l 1 b~ (y)
R =R + R and RU (y) =9 U)G (y) = == o(x)dS )
109 Jyaq 0
that is,

P"UY) = @ | pl)ds, Gl(y) = ( b_lo(y) ) '

For the functional g*! given by (5.121)) in Theorem [5.14] ¢**(G') = |09 , while
g°(U°) = 1. Hence [0, Theorem D.1 in Appendix] and [12] imply the following
assertion.

Theorem 5.16. Let ry > diam(€2), then

(i) The operator R : HY(Q) x Hz(09Q) — H (Q) x H~2(dQ) is continuous and

continuously invertable.
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(ii) If condition g*'(FN') = 0 or condition (5.103) for F™! in form (5.111) is
satisfied, then the unique solution of perturbed BDIDE system ([5.131]) gives

a solution of original BDIE system (N1) such that

1 1
uvN tudS = —— ds = 0.
SUD = ) a7 = o ¥

Perturbation of BDIE system (IN2)
Let us introduce the perturbed counterparts of the BDIE system (N2)

RN = FN?2, (5.132)
where

1

A~ o v _1
R? = R+R> and RUY(y) := " UY)G(y) = 109 09| Aoy ( V{ib_ly(i) ) 7

that is,

N 1 20, . (b~'u’)(y)
P = g [ etwaseon = (G0,

169
For the functional ¢*? given by (5.126)) in Theorem since the operator V'
H2(0) — H~2(9Q) is positive definite (with additional condition 7o > diam(£2))
and u°(z) = 1, there exists a positive constant C' such that

1 1
5@ = (7 (WA VS 0 b (bW 7 (571))
= (5 + WAV + 45

2 — WOV’ v ) o
Vil vt >aﬂ < CH’YWOH2

—Cllyr |2, = —Clo9 <0,

aQ) 500
(5.133)

Due to (5.133) and ¢°(U°) = 1, [12, Theorem 7] and [80, Theorem D.1] imply
the following assertion.

Theorem 5.17. Let ry > diam(€2), then

(i) The operator R2 : HY(Q) x Hz(8Q) — HY(Q) x H2(d9) is continuous and
continuously invertible.

(ii) If condition ¢g*2(F?) = 0 or condition (5.103)) for F¥? in form (5.112)) is sat-
isfied, then the unique solution of perturbed BDIDE system (5.132)) gives a
solution of original BDIE system (N2) such that

1
uvN dS = —— dS = 0.
U = o9 397 u ©

1
09 Jao



Chapter 6

Conclusion and future plans

6.1 Conclusion

In this PhD thesis, we study two closely related mathematical subjects: Integral
equations and integral inequalities with refiements. The first part of the thesis deals
with integral inequalities with refinements. First, we consider some of the most
important inequalities: the Hardy, Poélya-Knopp, Cochran-Lee, Jensen, Minkowski
and Beckenbach-Dresher inequalities. Then various generalizations and refinements
of these classical inequalities in different function spaces are obtained with the main
focus on the Hardy inequality and its limiting case Pélya-Knopp inequality, and even
more general Cochran-Lee inequality. In Banach space settings, some new Hardy-
type inequalities are proved and applied in the case when the classical Hardy kernel
operator is generalized to a new general Hardy operator. The superquadraticity
technique is also used to obtain some new generalized and refined forms of the
Jensen, Minkowski and Beckenbach-Dresher inequalities. For the case 0 < p <
q < oo, some new Cochran-Lee inequalities in higher dimensions are proved and
good two-sided estimates of the sharp constants are obtained. Using these results a
new multidimensional weighted Cochran-Lee inequality with sharp constant is also
proved. Further, these results are extended to Pélya-Knopp type inequalities on
homogeneous groups using a direct method.

In the second part of the thesis, the Dirichlet and Neumann BVPs for the lin-
ear second-order scalar elliptic PDE with variable coefficients in a bounded two-
dimensional domain are considered. The right-hand side of the PDE belongs to
H7Y(Q) or H71(Q), when neither classical nor canonical conormal derivatives of
solutions are well defined. The two-operator approach and appropriate parametrix
(Levi function) are used to reduce each of the problems to two different systems of
two-operator BDIEs. Although the theory of BDIEs in 3D is well developed, the
BDIEs in 2D need a special consideration due to their different equivalence prop-
erties. As a consequence of this fact, we need to set conditions on the associated
Sobolev spaces or choose appropriate scaling parameter in the parametrix form, to
insure the invertibility of corresponding parametrix-based integral layer potentials
and, hence, the unique solvability of BDIEs. The equivalence of the two-operator
BDIE systems to the original problems, BDIE system solvability, solution unique-
ness/nonuniqueness and invertibility BDIE system are analyzed in the appropriate
Sobolev spaces. It is shown that the BDIE operators for the Neumann BVP are not
invertible, and appropriate finite-dimensional perturbations are constructed leading
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to invertibility of the perturbed operators.
Finally, we give examples on the role of the Hardy inequality in the study of
BVPs for linear and nonlinear PDEs and set direction for future activities (see also

our Section [6.3)).

6.2 Examples and motivation

Let us begin by recalling the various Hardy inequalities and their roles in the study
of BVPs for linear and nonlinear PDEs (see [34]). Let 2 be a bounded domain in
R™ containing the origin and where n > 3. Then Hardy’s inequality is given by (see

[02)):
Vul2de > (=2 2 “—de, (6.1)
Q 2 Q |7l

for all w € HJ(Q) (and Vu is the gradient of u). Moreover the constant (”7_2)2
is optimal and not attained. An analogous result asserts that for any bounded
convex domain 2 C R™ with smooth boundary and d(z) : dist(z, 92) (the Euclidean

distance from z to 0f2), there holds (see [20]):

1 [ u?
Az >~ [ — 2
/Q]Vu| dz > 4/Qd2dx, (6.2)

for all w € H}(Q). Moreover the constant % is optimal and not attained. We will
refer to this inequality as Hardy’s boundary inequality. Note that in the simplest
case when Q = (0,00) and u(z) = [ f(t) dt, then (6.2) coincides with the standard

Hardy inequality
o /9 x 2 oo
/ (—/ f(t)dt) dx§4/ () dt,
0 T Jo 0

with the sharp constant 4.

In the last few years improved versions of the above inequalities have been ob-
tained, in the sense that nonnegative terms are added to the right hand sides of the
inequalities (see [26] and the references therein). One common type of improvement
for the above Hardy inequalities are the so called potentials; we call 0 < V(x),
defined in ), a potential for provided

2 n—2\* [ u? 2 1
|Vu|*dx — — de > [ V(z)udz, u € Hy(2). (6.3)
Q Q Q

Most of the results in this direction are explicit examples of potentials V', where,
in the best results, V' is an infinite series involving complicated inductively defined
functions. Very recently Ghoussoub and Moradifam [42] gave the following necessary
and sufficient conditions for a radial function V(z) = v(|z|) to be a potential in the
case of Hardy’s inequality on a radial domain €2:

V is a potential if and only if there exists a positive function y(r) which solves

xe)
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In another direction people have considered Hardy inequalities for operators
more general Laplacian. One case of this is the results obtained by Adimurthi and
A. Sekar [5]:

Suppose that €2 is a smooth domain in R"™ which contains the origin, A(x) =
((a*(x))) denotes a symmetric, uniformly positive definite matrix with suitably
smooth coefficients and for § € R" we define [{]} = [§[%,, = A(x){ - . Now

suppose that E is a solution of £4,(E) := —div (|[VE|, >AVE) = & in Q with
E =0 on dQ and where 0, is the Dirac mass at 0. Then, for all u € W,?(Q), we

have that
E
‘/|Vuﬂdx——< )l/|v Apupds > 0. (6.4)
Q

Example 6.1. (Fundamental solutions and Hardy’s inequality) Let A as usual
denote the Laplace operator.

1. Hardy’s inequality in 2D: Now suppose € is a domain in R? which contains
the origin. Put F(z) := log (R™!|z|) where R := sup|z|. Then AE = cdy

Q
where ¢ > 0 and dj is the Dirac mass at 0. Putting F into (6.4)) with p = 2 we
find that

1 E|?
/Q |Vul*dr — 1 /Q %zﬂdx >0, u€ Hy) (6.5)

so that

2

u
Vul*d dz, ue C>(Q).
/‘“‘”” /|x|2log<—1\x|>w ueCr)

2. Hardy’s inequality in 3D and higher dimensions: Let () denote a domain
in R"(n > 3) which contains the origin and set F(z) := —|z[*™". Then

VE|? —2

AE = coy where ¢ > 0. Also |4E2| = nT W

(6.5) gives the Hardy’s inequality (6.1)) i.e. that

2 2
/|Vu]2d:c2 n_2 /u—daz
Q |z

Example 6.2. Let 2 C R” be a smooth bounded domain where n > 3 and 0 € Q.
Let us consider the heat equation with zero Dirichlet boundary condition (cf. [41]):

and putting E into

(See [34]).

—Au= A in Qx(0,7)

|=[?
u(z,t) =0 on 02 x (0,7) - (6.6)
u(x,0) = ug(x) >0, in Q
In [126], the authors study the well-posedness and describe the asymptotic behav-

ior of solutions of the heat equation with inverse-square potentials for the Cauchy-
Dirichlet problem in a bounded domain and also for the Cauchy problem in R™.
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In the case of bounded domain the authors used an improved form of the so-called
Hardy-Poincare inequality and proved exponential stabilization towards a solution
in separated variables. In R"™ the authors first establish a new weighted version of
the Hardy-Poincaré inequality, and then show the stabilization towards a radially
symmetric solution in self-similar variables with a polynomial decay.

The result is as follows: Problem has a global solution if A < A\, = ("772)2
and no solution, even locally in time, if A > \,. The solution when A > )\, tends
to infinity for all (z,t) € Q x (0,00) (so-called complete instantaneous blow up).
Moreover, the authors pointed that there is more discussion if the sign restriction
on ug or u is dropped. While the standard variational analysis applies to the case
A < A, so that for every uy € L*(Q) there exists a solution u € C ([0, 00); L*(2)) N
L* (0, 00; H}(£2)), which is global in time, which is not true for the limit case A = A,.

Example 6.3. In [35], the author proved some Hardy-type inequalities related to
quasilinear second-order degenerate elliptic differential operators

Lp’LL = _V*L (]VLu|p_2VLu) .

If ¢ is a positive weight such that —L,¢ > 0, then the Hardy-type inequality

A'ZL v, ¢|pd€</|VLu|pd§ (u € Ca())

holds.

Example 6.4. In the recent paper [I00] the authors proved a new Hardy-type in-
equality in order to be able to exactly describe the oscillatory and spectral properties
of a class of fourth-order differential operator.

Finally, we pronounce that in the very well-cited book [73] several motivations
for the importance of Hardy-type inequalities are given. The authors even initiate
the book with the following example:

Example 6.5. The non-linear ordinary differential equation

dey

; da:> + Xu(@)ly(@)*y(z) = 0 on (a,0) oD

together with the homogeneous boundary conditions

y(a) == lim y(x) =0,y(b) := lim y(z) = 0. (6.8)

z—at T—b—

Here, —oo <a<b<oo,p>1,¢g>1,u=u(r),v=ruv(xr)are weight functions, i.e.,
functions which are measurable and positive a.e. in (a, b).
A function y = y(z) is a weak solution of (6.7)-(6.8), if the identity

[ W@r @ e = [ or @ 69

holds for every function z = z(z) € C§°(a,b). [Notice that can be obtained,
multiplying (6.7]) by z(x) and integrating by parts.|
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Putting in z =y, we obtain that

/ 1 (2)Po(z)dz = A / y(2)[Pu(z)d. (6.10)

If we introduce the weighted Lebesgue space L"(w) = L"(w;a,b) with r > 1 and the
weight w = w(z) as

T'

D) = =) € @), Iolew = ([ @rumar) <o)
then we can rewrite (6.10]) as

191150 = Myl (6.11)

Suppose that we have an inequality of the form

b 1/q
([ 1r@lutie) <6 dr@rin” (6.12)
or shortly

1 llgu < Cpgll f llp: (6.13)

which should hold for all functions f on (a,b) such that || f||,. < oo and satisfying
some additional conditions (like, e.g., f(a) =0 or f(b) = 0).

Inequality is called the Hardy inequality or Hardy’s inequality in differen-
tial form (since the function f is estimated by its derivative f’).

Comparing — with f = y we obtain after normalization (i.e., taking
[/[[p = 1) that

—_

gae
Consequently, the Hardy inequality [more precisely, the (optimal) constant
Cp,q in this inequality] provides us with an estimate from below of the possible
eigenvalues of the problem —. Moreover, the Hardy inequality can give
more information about the spectrum of differential operators like that in , and
also about more-dimensional operators like the weighted p—Laplacean

div(v(x)|Vy(z) P2 Vy(z)),r € Q C R".
This is just one of the classical motivations on why to investigate the Hardy inequal-
ity.
6.3 Future plans and open questions

The research in this PhD thesis has implied some new possibilities and open ques-
tions in these interesting areas, we mention the following:
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1. A new characterization of vis-a-vis the standard one by Muckenhoupt-Bradley
of the Hardy inequality for 1 < p < ¢ < oo was derived in [108, Theorem 2] (see
also Theorem . By using the standard limit procedure the authors derived
a characterization of the limit Pélya-Knopp inequality. In this connection, we
pose the following open problem: Is it possible to do a similar limit procedure
to derive the characterizations of the limit (Pélya-Knopp type) inequality
in weighted multidimensional cases by using the known characterizations of
Hardy-type inequalities? See Open Question [2.1]

2. In view of Subsections —[2.2.5] in this PhD thesis, it is natural to ask
the following: Is it possible to develop a similar theory concerning scales of
conditions for the following cases?

(a) multidimensional Hardy type inequalities,

(b) limit Pélya-Knopp type inequalities both in the one-dimensional and mul-
tidimensional cases? See Open Question [2.2]

3. In Theorem we obtained the sharp constant C' of the inequality for
the case 0 < p = ¢ < oo. Further, even if this is a much more challenging
question, we hope to be able to derive the sharp constant C of the multidi-
mensional Cochran-Lee type inequality with general or particular weight
functions for the case 0 < p < ¢ < o0o. Also the question of estimating the
sharp constants C' of the multidimensional Cochran-Lee type inequality
in the cases when p = 1 and p = oo are of great interest. See Open Question

T

4. In Section 6.2, some of the known results concerning the important role of the
Hardy inequality when characterising the behaviour of solutions to BVPs are
given. We plan to identify further such applications of Hardy-type inequalities
(including the newly obtained ones) when investigating BDIEs for variable-
coefficient BVPs and their role in BDIE-based numerical analysis.

5. This successful PhD education has been done in collaboration between re-
search groups in Ethiopia, Sweden, Belgium. The positive experience of this
collaboration implies that we plan to further develop it with more researches
and PhD students involved.
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