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Abstract.

Let f be a continuous function on R™, and suppose f is a smooth nonlinear function. Such
functions arise in many applications, and very often minimizers are points at which f is not
differentiable. Of particular interest is the case where the gradient and the Hessian cannot be
computed for any X. | present a practical, robust algorithm to locally minimize such functions,
based on model sampling or search. No derivatives information is required by the algorithm.
The algorithms generate a sequence with an initial point. Furthermore, | show that if f has a

unique solution, then the set of all cluster points generated by the algorithm converges

globally. Numerical results are presented demonstrating the robustness of the algorithm.
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1. Introduction
It is well known that extensive useful information is contained in the derivatives of any
function one wishes to optimize. However, for a variety of reasons there have always been

many instances where (at least some) derivatives are unavailable or numerically unreliable.

Derivative free optimization (DFO) methods are designed for solving nonlinear

optimization problems where the derivatives of the involved function are not available.

Increasing complexity in mathematical modeling, higher sophistication of scientific
computing, and an abundance of legacy codes are some of the reasons why derivative-free
optimization is currently an area of great demand. There is a high demand from practitioners

for such algorithms because this kind of problems occur relatively frequently in the industry.

Optimization problems, in which the derivatives cannot be computed, arise in modern
physical, chemical and econometric measurements and in engineering applications, where
computer simulation is employed for the evaluation of the objective functions.

In applications either the evaluation of the objective function is very difficult or expensive,

or the derivatives of such functions are not available.

Currently DFO work when the dimensions are relatively at small scale (less than 100
variables), their objective function is relatively expensive to compute and derivatives of such

functions are not available and cannot be estimated efficiently.

There may also be some noise in the function evaluation procedures. Such optimization
problems arise, for example, in engineering design, where the objective function evaluation is a

simulation package treated as a black box.

This project is mostly devoted to the study of derivative-free algorithms for unconstrained

optimization problems, which we will write in the form
min
x€ER" f(x)

Where f is a smooth nonlinear objective function from R™ into R and is bounded below. We

assume that the gradient and the Hessian cannot be computed for any Xx.



The methods we will consider do not rely on derivative information of the objective
function or constraints, nor are the methods designed explicitly to approximate these
derivatives. Rather, they build models of the functions based on sample function values or they

directly exploit a sample set of function values without building an explicit model.

We are interested in algorithms that are globally convergent to stationary points (of
first- or second-order type), in other words, algorithms that regardless of the starting point are

able to generate sequences of iterates asymptotically approaching stationary points.

There are mainly four classes of derivative-free optimization methods. The first class of
DFO algorithms are the direct search or pattern search methods which are based on the
exploration of the variable space by using sample points from a predefined class geometric
pattern and use either the Nelder—-Mead simplex algorithm or parallel direct search algorithm.
They do not exploit the inherent smoothness of the objective function and require, therefore, a
very large number of function evaluations. They can be useful for non-smooth problems. In this
project we use Nelder-mead simplex algorithm rather than pattern search method for
investigation. The second class of DFQ’s is a line search method which consists of a sequence of
n + 1 dimensional searches. These methods are the oldest and most widely used methods in
unconstrained optimization and use golden section search method or other methods. The
combination of finite difference techniques coupled with quasi-Newton method constitutes the
third class of the algorithms. The last class of the methods is based on modeling the objective
function by multivariate interpolation in combination with the trust-region techniques. The
main idea of these methods is building a polynomial model, interpolating the objective function
at all points at which its value is known. The model is then minimized over the trust region and
a new point, is computed. The objective function evaluated at this new point thus possibly
enlarges the interpolation set. This newly computed point is checked as to whether the
objective function is improved and the whole process repeated until convergence is achieved.

The main criterion for assessment and comparison of DFO algorithms is the number of
function evaluations they require for minimization.

After the introduction, we begin the first part of the project Nelder-mead simplex method
and its algorithm. The next part is golden section search method and its algorithm. The last one
is trust-region method and its algorithm. After we discus all these three methods, then we

compare the performance of each of them on some selected test problems.



1.1. Background

In derivative-free optimization, the goal is to optimize a function defined on a subset of
R™ for which derivative information is neither symbolically available nor numerically
computable. Since the beginning of the field in 1961 with the algorithm by Hooke & Jeeves [9],
numerous algorithms and software implementations have been proposed. Recently the interest
in derivative-free optimization grew rapidly, motivated by practical applications in physics,
chemistry, biology, engineering design, medical science, finance, and operations research.

Many approaches and algorithms exist already, and the field undergoes rapid growth.
Currently, there are various approaches to derivative-free optimization coming from three
different research communities that in the past interacted only loosely. These approaches have
led to three main classes of algorithms:
Direct methods are deterministic but make no model assumptions. They include the simplex
method by Nelder & Mead [3], pattern search (e.g., Torczon [11]), and generating set search
(e.g., Kolda et al. [13]).
Indirect or model-based methods are also deterministic, and include methods using quadratic
model fits (e.g., SNOBFIT by Huyer & Neumaier [14]), trust-region methods based on model
updates (e.g., NEWUOA by Powell [15]), other response surface methods (e.g. DACE by Sacks et
al. [16]) and surrogate function methods (e.g., EGO by Jones et al. [18]), implicit filtering (e.g.,
Gilmore & Kelley [10]) and multilevel coordinate search (MCS) by Huyer & Neumaier [17].
Stochastic methods use random choices in their strategy and include, e.g., simulated annealing
(Van Laarhoven & Aarts et al. [21]), genetic algorithms (e.g., real-coded CHC by Eshelman &
Schaffer [24]) and their modern evolutionary improvements (e.g., DE by Storn & Price [22] and
G CMA-ES by Auger & Hansen [23, 25]), stochastic clustering algorithms (e.g., GLOBAL by
Csendes et al. [27]), particle swarm methods (e.g., Eberhart & Kennedy [29]), ant colony
optimization (e.g., Dorigo & St utzle [28]) and tabu search (e.g., Glover [31]). There are also
various hybrid methods, e.g. between direct search and particle swarms (Fan & Zahara[30]).
Stochastic approaches can be useful for dealing with rough functions or functions that contain
multiple local optima.

Although gradient-free methodologies have been in existence for many years, they
have become widely used in only the last 20 years or so [30]. This relatively recent uptake can
be attributed to several factors, including the wide availability of large numbers of cores

(combined with algorithms that parallelize easily), the significant theoretical results achieved in



this period, and the successful application of derivative-free techniques in a number of areas.
Examples can be found in molecular geometry [10], aircraft design [31], hydrodynamics [32, 33]
and medicine [34, 35].

1.2. History of Derivative Free Optimization Methods

Although it is not exactly known when the idea of derivative free methods for
minimization was first introduced, we see that the approach of using the direct search methods
arose in 1950’s [16]. A detailed review on the historical developments of derivative free
optimization methods can be found in [16].

The idea of employing available objective function values f(x) for building the
guadratic model by interpolation was firstly introduced by Winfield in 1960’s [12]. This model is
assumed to be valid in a neighborhood of the current iterate, which is described as a trust-
region, whose radius is iteratively adjusted. The model is then minimized within the trust-
region, hopefully yielding a point with a lower function value. As the algorithm proceeds and
more objective functional values become available, the set of points defining the interpolation
model is updated in such a way that it always contains the points closest to the current iterate.

Winfield recognizes the difficulty that interpolation points must have certain geometric
properties, although he does not seem to consider what happens if these properties are not
obtained.

Twenty five years later, Powell proposed a method for constrained optimization, whose
idea is close to that of Winfield. In his proposal, the objective function and constraints are
approximated by linear multivariate interpolation. He explored Winfield’s idea further by
describing an algorithm for unconstrained optimization using a quadratic multivariate
interpolation model of the objective function in a trust-region framework.

The crucial difference between Powell’s and Winfield’s proposals is that in the first one,
the set of interpolation points is updated in a way that geometric properties of these points are
preserved [16]. This means that the differences between points of this set are guaranteed to
remain “sufficiently” linearly independent. Adding this condition to the interpolation set was

good for avoiding the difficulties associated with earlier proposals.

The first convergence theorems for methods of this type were presented by Conn,
Scheinberg and Toint in [14]. They also described some alternative techniques to strengthen

the geometric properties of the set of the interpolation points. In [19], we find the discussion



on the studies of a derivative free optimization method via support vector machines (see [36]
for details) to improve the convergence properties of the method with the approach of low
tolerance to noise, good initial reduction in the objective function exploiting the geometry of
the interpolation points.
The appearance of min-type, max-type or other non differentiable functions has given
rise to non-smooth analysis and optimization [13].
1.3. Features of DFO

There are three features present in all globally convergent derivative-free algorithms:

1. They incorporate some mechanism to impose descent away from stationary. The same is
done by derivative-based algorithms to enforce global convergence, so this imposition is
not really new. It is the way in which this is imposed that makes the difference. Direct-
search methods of directional type, for instance, achieve this goal by using positive bases
or spanning sets and moving in the direction of the points of the pattern with the best
function value. Simplex-based methods ensure descent from simplex operations like
reflections, by moving in the direction away from the point with the worst function value.
Methods like the implicit-filtering method aim to get descent along negative simplex
gradients, which are intimately related to polynomial models. Trust-region methods, in
turn, minimize trust-region sub problems defined by fully linear or fully quadratic models,
typically built from polynomial interpolation or regression. In every case, descent is
guaranteed away from stationary by combining such mechanisms with a possible reduction
of the corresponding step size parameter. Such a parameter could be a mesh size
parameter (directional direct search), a simplex diameter (simplicial direct search), a line-
search parameter, or a trust-region radius.

2. They must guarantee some form of control of the geometry of the sample sets where the
function is evaluated. Essentially, such operations ensure that any indication of stationarity
(like model stationarity) is indeed a true one. Not enforcing good geometry explains the
lack of convergence of the original Nelder—Mead method. Examples of measures of
geometry are (i) the cosine measure for positive spanning sets; (ii) the normalized volume
of simplices (both to be kept away from zero); (iii) the poisedness constant, to be
maintained moderately small and bounded from above when building interpolation

models and simplex derivatives.



They must drive the step size parameter to zero. We know that most optimization codes
stop execution when the step size parameter passes below a given small thresh-old. In
derivative-based optimization such terminations may be premature and an indication of
failure, perhaps because the derivatives are either not accurate enough or wrongly coded.
The best stopping criteria when derivatives are available are based on some form of
stationarity indicated by the first-order necessary conditions. In derivative-free
optimization the step size serves a double purpose: besides bounding the size of the
minimization step it also controls the size of the local area where the function is sampled
around the current iterate. For example, in direct-search methods the step size and the
mesh size (defining the pattern) are the same or constant multiples of each other. In a
model-based derivative-free method, the size of the trust region or line-search step is
typically intimately connected with the radius of the sample set. Clearly, the radius of the
sample set or mesh size has to converge to zero in order to ensure the accuracy of the
objective function representation. It is possible to decouple the step size from the size of
the sample set; however, so far most derivative-free methods (with the exception of the
original Nelder-Mead method) connect the two quantities. In fact, the convergence theory
of derivative-free methods that we will see that the sequence (or a subsequence) of the
step size parameters do converge to zero. It is an implicit consequence of the mechanisms
of effective algorithms and should not (or does not have to) be enforced explicitly. Thus, a

stopping criterion based on the size of the step is a natural one.

There are three important characterizing problems of derivative free optimization. Firstly,

evaluating the objective function at a given vector X is computationally very expensive. This

kind of expensive evaluations causes extensive linear algebra calculations in an algorithm when

the optimal value of these evaluations is being looked for. The second feature is about the

computation of derivatives. In this type of nonlinear optimization problems, the natures of the

objective function prevent us from the computation of any associated derivatives (gradient or

Hessian). Finally, the objective function value is usually computed with some noise which puts

additional requirements on the minimization’s robustness.

2. Methods for Derivative free optimization

This section introduces the different algorithms that will be compared in this project.

Consider an optimization problem



ern ()

Several strategies can be considered when we are faced with the problems which do not
allow utilization of direct derivatives of gradients [2]. The first is to apply existing direct search
optimization methods, like the well-known and widely used simplex reflection algorithm of [3]
or its modern variants, or the parallel direct search algorithm of [11] and [19]. This first
approach has the advantage of requiring little effort from the user; however, it may require
substantial computing resources like a great number of function evaluations. This is because it
does not take into account the advantage of the objective function’s smoothness well enough.
The second approach is using automatic differentiation tools. Automatic differentiation is
utilized to define computer programs which calculate the derivatives of a function by some

procedures. These computer programs calculate the Jacobean of vector-valued functions which
are from n-dimensional to m-dimensional Euclidean space, i.e., from R™ to R™. On the other

hand, if the function is scalar-valued, i.e., from R™ to R, then the computer program should
calculate the gradient (and Hessian) of the function [26]. However, such tools are not preferred
in solving problems which we consider. This is mainly because in the automatic differentiation
tools approach, the function to be differentiated is required to be the result of a callable
program which cannot be treated as a black box.

A third possibility is to make use of finite difference approximation of the derivatives (gradients
and possibly Hessian matrices). In general, given the cost of evaluating the objective function,
evaluating its Hessian by finite differences is much too expensive. One can utilize quasi-Newton
Hessian approximation techniques instead. Incorporating finite differences for computing
gradients in conjunction with the quasi-Newton Hessian approximation techniques has proved
to be helpful and sometimes surprisingly efficient.

Indeed, the additional function evaluations required in the calculation of the derivatives may be
very costly and, most importantly, finite differencing can be unreliable in the presence of noise
if the differentiation step is not adapted according to the noise level.

The objective functions in the problems we consider are obtained from some simulation
procedures; therefore, automatic differentiation tools are not applicable as mentioned above.
This forces one to consider algorithms without preceding the approximation of the derivatives

of the objective function at a given value.



We will look at discrete gradients from non-smooth optimization, where the approach can be
interpreted as an approximation or mimicking of derivatives.

There are two important components of derivative free methods. Sampling better points in the
iteration procedure is the first one of these components. The other one is searching
appropriate subspaces where the chance of finding a minimum is relatively high.

In order to be able to use the extensive convergence theory for derivative based methods,
these derivative free methods need to satisfy some properties. For instance, to guarantee the
convergence of a derivative free method, we need to ensure that the error in the gradient
converges to zero when the trust-region or line-search steps are reduced. Hence, a descent
step will be found if the gradient of the true function is not zero at the current iterate (for
details see [18]). To show this, one needs to prove that the linear or quadratic approximation
models satisfy Taylor-like error bounds on the function value and the gradient.

Finally, for our approach to derivative free optimization given by non-smooth optimization, we

shall use so-called discrete gradients [7, 8].

2.1. The Nelder—Mead method

The Nelder—Mead algorithm is a direct-search method in the sense that it evaluates the
objective function at a finite number of points per iteration and decides which action to take

next solely based on those function values and without any explicit or implicit derivative
approximation or model building. Every iteration in R™ is based on a simplexin R orn + 1
linearly independent vertices y = {yo, Vi e ,yn} ordered by increasing values of f.The most
common Nelder—Mead iterations perform a reflection, an expansion, or a contraction (the
latter can be inside or outside the simplex). In such iterations the worst vertex Y, is replaced by

a point in the line that connects y,, and y,,

Y=Y+, —y,),6 ER

Where Y, = ?:_01 % is the center of the best 11 vertices. The value of & indicates the type

of iteration. For instance, when & = 1 we have a (genuine or isometric) reflection § = 5r,
when § = 2 an expansion § = §°, when § = 1/2 outside contraction § = §°¢, and when

8 = —1/2 aninside contraction § = §. In Figure 2.1, we plot these four situations.



Nelder—Mead iteration can also perform a simplex shrink, which rarely occurs in practice. When
a shrink is performed all the vertices in y are thrown away except the best one y,. Then 1 new

vertices are computed by shrinking the simplex at Y, i.e., by computing, for instance,

Yo+ v¥(yi—¥0), i =1,..,n y° € (0,1) See Figure 2.2.

We note that the “shape” of the resulting simplexes can change by being stretched or

contracted, unless a shrink occurs.

Figure 2.1. Reflection, expansion, outside contraction, and inside contraction of a simplex, used

by the Nelder-Mead method.
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Figure 2.2. Shrink of a simplex, used by the Nelder—-Mead method.

Note that, except for shrinks, the emphasis is on replacing the worst vertex rather than
improving the best. It is also worth mentioning that the Nelder-Mead method does not

parallelize well since the sampling procedure is necessarily sequential (except at a shrink).

2.1.1. Algorithm for Nelder—-Mead method

Initialization: Choose an initial simplex of vertices ¥y = {¥0, ¥3, &, ..., V&}.
Evaluate f at the points in Y. Choose constants:
0<y’<1l, —-1<6“<0<6°“<d < 6°

The Nelder—Mead method Algorithm standard choices for the coefficients used are
yrms st=_1, se=l s —1and 5 =2
2’ 2’ 2’
Fork = 0,1,2, ..., perform the following steps

Set y =Y.

1. Order: Order the n + 1 verticesof y = {yo,yl, e, Y} so that

fOo=fON<fr=foH<<fr=fom



2. Reflect: Reflect the worst vertex y™ over the centroid

L
yC = ;1=—01 y; of the remaining n vertices by evaluating

yr=y e+ 8Ty =y
Evaluate f7 = f(y"). If fO < f" < f*1, then replacey™ by the reflected
point ¥" and update the vertices:
Yerr = (Y095 oy hyT )
3. Expand: If f7 < fO, then calculate the expansion point y¢ = y© + §¢(y¢ — y™)
and  evaluate f7 = f(y").
Iff¢ < f7 ,replace y™ by the expansion point y¢ and update the vertices:
Viesr = 1Y%, ¥L, .,y L, ¢ } Otherwise, replace y™ by the reflected point
y" and update the vertices: Y, 41 = { ¥°,yL, .., y" L, y" }
4. Contract: If f7 = f"~1, then a contraction is performed between the best of
y"and y".
a. Outside contraction: If f7 < f, perform an outside contraction
yo¢ = y° + 8% (y¢ —y™) and evaluatef ¢ = f(y°). If fo° < f7,
then replace y" by the outside contraction point yoc and update the vertices:
Viesr = {¥0, ¥y, ...,y L, y%¢ } Otherwise, perform a shrink.
b. Inside contraction: If f > f™, perform an inside contraction
Yy = y¢ + §€(y° —y™) and evaluatef* = f(yic). If £ < f™, then
replace yn by the inside contraction point yic and update the vertices:
Vsl = {yo oyl Lyt oyl } Otherwise, perform a shrink.
5. Shrink: Evaluate f at the n point
yO + )/S( yt— yo), i=1,..,n, and replace yl, ..,V by these points, update
the vertices: V11 = {y° + ]/S(yi — yo), i=1,..,n}

A stopping criterion could consist of terminating the run when the diameter of the simplex

becomes smaller than a chosen tolerance Atol > 0 (for instance, Atol = 107> ).



The Nelder—Mead algorithm performs the following number of function evaluations per

iteration:
1 If the iteration is a reflection,
2 If the iteration is an expansion or contraction,

n + 2 if the iteration is a shrink.
The most general property of the Nelder—Mead algorithm is stated in the next theorem.

Theorem Consider the application of the Nelder—-Mead method to a function f which is

bounded from below on R™.

1. The sequence {fz} is convergent.

2. If only a finite number of shrinks occur, then all the n + 1 sequences {f;c}l =
1,2, ...,m converge and their limits satisfy .0 < f.l < f2 < -« < f
Moreover, if there is an integer j € {0,2,...,n — 1} for which f;j < f*j+1(a
property called broken convergence), then for sufficiently large k the change index

is such that k™ > j
3. If only a finite number of non shrinks occur, then all the simplex vertices converge
to a single point.
Proof The proof of the first and second assertions is essentially based on the fact that

monotonically decreasing sequences bounded from below are convergent.

2.2. The Golden Section method

Definition: Interval of uncertainty



Consider f(1), a < A < b since the exact location of minf (1), over [a, b] is not known,
this interval is called interval of uncertainty, i.e. [a, b] is called interval of uncertainty of a

minimum A in [a, b] though its exact value is not known

Theorem: let f: R — R be strictly quasi convex over [a, b], A, i € [a, b] suchthat A < p,

if f(A) > f(u) thenf(2) = f(W) Vz € [a,2)
(f f(AD) < f(w) then f(2) = f(A) Vz € (ub])

Proof: Suppose f(A) > f (i) and let z € [a, 1) suppose f(z) < f(u) since A can be a

convex combination of Z and U and by the strict quasi convexity off we have

fQ) <max{f(2),f(w)}=f(w) = f(A) < f(u) which is a contradiction to the
assumption f (1) > f(u)

Hence f(z) = f(u) Vz € [a, 1) thus the interval of uncertainty will be reduced to [4, b]

similarly for the next part o

For a strictly quasi convex function f let, at iteration point k, the interval of uncertainty

is [ay, by |. By the above theorem the new interval of uncertainty [@j .1, by41] is given by
[k, biclif f(A) > f(uge) and [ag, pe ] if £ (A < f (i)

1. The length of the new interval of uncertainty b1 — 4,41 doesn’t depend on the
outcome of k" iteration i.e. whether f(A;) > f(ui) or f(A;) < f(uy,). Therefore,
we must have b, — A, = W, — ay, hence if A, is of the form

A =a, + (1 —a)(b, —ay) wherea € (0,1) then pj, must be of the form,

te = ap + a(by—ay) sothat by 1 — ap 1 = a(by — ai).

2. As Ay 41 and Uy 4q are selected for the purpose of a new iteration, either A, coincides
with W, or Uy 41 coincides with Aj. If this is so during iteration k + 1 only one extra
observation is required.

Case-1:if f(A;) > f(uy), thenay, 1 = Ay and b1 = by, tosatisfy A1 = Uy

apply Ay, = a; + (1 — a) (b, — a;) with k replaced by k + 1 we get



e = Agsr = Qpypr + (1 — @) (bygy — Ay1) = A + (1 — a) (b — Ap).

Substituting /1k =aq; + (1 - Cl)(bk - Clk), U = ap + a(bk—ak) in this

equation we get
a’+a—-1=0
Case-2:if f(A;) < f(uy)thenay 1 = ay and b1 = WUy to satisfy 41 = Ay

apply U, = a; + a(by,—ay) with k replaced by k + 1 we get
Ak = theyr = Qg1 + a(bpyr — apq) = @ + a( . — a)- Substituting

A =a,+A—a)by —ay), p, = a, + a(b,—ay) in this equation we get
again a’+a—-1=0

Which has a positive root @ = 0.618 ; hence the interval of uncertainty will be reduced

by a factor of @ = 0.618 (the golden number/ratio)

3. At the first iteration two observation are required but latter on only one is required i.e.

either Ag 41 = Hy or i1 = A

A

If initial interval of uncertainty is [a, b] then the second interval of uncertainty become [a, (]

if f(A) < f(u)or [4,b]if f(D) > f().

The algorithm works for R™ that means if x € R™ i.e. x = (X1, ..., X,;) we define interval of

uncertainty for each x; where I = 1, ...,n

For example if n = 2 interval of uncertainty is rectangle. Initially for each x; i = 1,2 interval

of uncertainty become x; = [a,b] x, = [c,d] and calculate u = (U, ) and A =



(A1,A;) then, the second interval of uncertainty can be x; = [a, uq] X2 = [c, 3]

if f(A) < f(u) orxy = [, b] xz = [Ag,d] if f(D) > f(w).

This shows by the next figure.

A

dl

Uz

v

rectangle abcd is initial interval of uncertainty and the shaded part is the second interval of

uncertainty for f (1) < f(u).

2.2.1. Algorithm for golden section method

Step O: initialization Choose allowable length [ > 0 let [aq, b;] be the initial interval of

uncertainty,let 44 =a; + (1 —a)(by —a;) and
Uy = a; + a(b;—ay), witha = 0.618.
Evaluate f (A1) and f(441)
Letk =1
Step 1: if b, — a; < [ stop; the optimal solution lies in [ay, by | otherwise, if
f) > f(ui) gotostep2andif f(4;) < f(uy) gotostep3

Step 2:let ;1 = Ay and by 11 = by furthermore

let A1 = My and Uyy1 = Qpyq + A(bg41 — Ag41) and evaluate f(fg41) and

gotostep4

Step 3:let a; 41 = ay and b1 = Wy furthermore



let Upy1 =Ar and Apyq =agy + (1 —a)(bryg —axyq1) and  evaluate

f(Ax41) and go to step 4

Step 4: replacek by k + 1 andgotostep 1

2.3. The Trust Region method

The concept of the trust-region first appears in a paper of Levenberg (1944) and Marquardt
(1963) for solving nonlinear least squares problems. Trust-region methods are iterative

numerical procedures like the line-search methods in which an approximation of the objective
function f(x) by a model my(x;, +S) is computed in a neighborhood of the current
iterate X}, which we refer to as the trust-region. The model m; (x); + S) should be
constructed so that it is easier to handle than f(x) itself. Let us assume for this that our
function f is of class c?.

We solve the following sub problem to obtain the next iteration at each step k of a trust-region

method,

min m(x, +5) = f)+< g(xg),s > +% <s,H(x)s > (1)

subject to B, = {x;, +s:s € R" and ||s|| < A},

where A, > 0 is the trust-region radius and || .|| is defined to be the Euclidean norm. These
sub problems are constrained optimization problems in which the objective function and the

constraint are both quadratic. The constraint is a quadratic inequality constraint and can be
written as —s’s + A;%Z 0. In fact, usually, the model m; (x}, + ) is a quadratic function

which is truncated from a Taylor series for f around the point xy:

1
my(x, +5) = fx)+< glxp), s > +§ <s,H(xy)s > k € N,

We note that one can choose any other norm in the formulations. In this project we will

consider the Euclidean norm || . || = || . ||2 since it makes some computations easier. For using

other kinds of norms we refer to [26].
Hence, our trust-region for the model m; (x; + S) is bounded neighborhoods of the current
iterate Xj:

B, ={x; +s:s € R" and ||s|| < A}



After constructing the model m;, (xk + s) and its trust-region, then, one seeks a trial step s
to the next iteration X; 11 = X} + S which will result in a reduction for the model while the
size of the step is bounded by Bj,.

Then, the objective function is evaluated at X}, + S to compare its value to the one predicted
by the model at this point. If the sufficient reduction predicted by the model is accomplished by
the objective function, X}, + S is accepted as the next iterate and the trust-region is possibly
expanded to include this new point (i.e., A}, increases). If the reduction in the model is a poor

predictor of the actual reduction of the objective function, then the trial point is rejected.

We conclude that the trust-region is too large and the size of the trust-region is reduced (i.e.,
A} decreases), with the hope that the model provides a better prediction in the smaller region.

The illustration of the trust-region steps can be seen in Figure 6.3 (cf. [36]).

Figure 6.3.1: Six iterations of a trust-region algorithm [36].

Outline and Properties of the Trust-Region Algorithm
In a trust-region algorithm, a strategy for determining the trust-region radius A at each

iteration is needed to be developed. The trust-region radius can be determined by looking at
the agreement between the model function m; and the objective function f at previous

iterations. Given a step Sy, we define the ratio



fxr) — fxg + si) actual reduction

Pr = (2)

—omy () — my (xp, + Sp) N predicted reduction

There are various definitions for pj, in the mathematics literature, but we shall prefer (2) in
particular here. We note that the denominator of p;,, namely, the predicted reduction, is
always nonnegative since the step S}, is computed from the sub problem (1) over a region that
includes the step s = 0.

In fact, p;, can be called a measure of how good the model m;, (s) predicts the reduction in
the f value. If pj, is closer to zero or negative, then the actual prediction is much smaller than
the predicted one. This indicates that the model cannot be trusted in this region with

radius Aj. Thus, Sj, will be rejected and A, will be reduced. On the other hand, if pj, is close to
1, an adequate prediction is obtained. We safely expand the trust-region since the model can
be trusted over a wider region, i.e., Aj, should be increased. If pj, is positive but not close to 1,

then the trust-region radius is not changed.

Let us state the following result

Theorem For our minimization problem, let X be a given initial point and {xk}keN be defined
by the trust-region algorithm as stated above. We assume:
(a) The lower level set Lf(xo) :={x € R|f(x) < f(x0)} is bounded (hence, by (b),
compact).
(b) f € C? ie., f, Vf and V2f are continuous in LT (x;).
Then, it is fulfilled:

Jim Vf(x) = 0y

Proof See the book of Nash and Sofer [38].

This theorem implies convergence of the gradients to zero; however, it does not say that
{xk}keN tends to a local minimize. To obtain a stronger theorem which states convergence
towards a local solution X*, additional assumptions must be imposed on the problem.

Here, a brief review will be helpful to follow the integration of trust-region methods into DFO
algorithm.

Main steps of a typical trust-region method

1. Given a current iterate, build a good local approximation model.



2. Choose a neighborhood around the current iterate where the model is ‘trusted‘to be
accurate. Minimize the model in this neighborhood.

3. Determine if the step is successful by evaluating the true objective function at the new
point comparing the true reduction in value of the objective with the reduction predicted
by the model.

4. If the step is successful, accept the new point as the next iterate. Increase the size of the
trust-region, if the success is really significant. Otherwise, reject the new point and reduce
the size of the trust-region.

5. Repeat until convergence.

Quadratic Interpolation

Consider the problem of interpolating a given or suitably chosen function f(x) from R™ into R

by a quadratic polynomial Q(x) at a chosen set of points y = {yl""’yp} C R". The

quadratic polynomial Q (x) is an interpolation of the function f (x) with respect to the set y if

Q(yj) = f(y]) j=12,..,p

such that f is known at all the finitely many elements of y . Here, we note that Q is our model

which we defined as ™My, in above within the context of trust-region methods; i.e., M, (x) =

Q(x).

Suppose that the space of quadratic polynomials is spanned by a set of basis

functions {; (. )}f)zl. Then, any quadratic polynomial can be written in terms of these basis

functions, i.e., Q(x) = ?=1 a; cl)i(x), where the coefficient vector a;,i = 1, ..., p is to be
determined. We need
nn—-1) 1

points to find all of the interpolation parameters. If we have %(n + 1)(n + 2)points, we can

ensure that the quadratic model is entirely determined by the following system of equations.

When this is the case, the system of linear equations

p

z a; d;(vi) = f(i) Vy, €y

i=1
can be solved to derive interpolation parameters.

The parameter or coefficient matrix of this system is looks as follows:



<1>1(.)’1) <1>1(.yp)
cl)p(.yl) cl)p(.yp)

For a given set of points and a set of function values, an interpolation polynomial exists and is

m =

unique if and only if the above matrix is nonsingular. Theoretically, this means that the system
can be solved, but in practice the solvability of this system depends on whether the matrix is ill-
conditioned or not.

From the above arguments, we conclude that if we manage to determine the quadratic

polynomial uniquely, then we have
1
p =§(n+ D(n+2)

1
However, we need to be aware of the fact that not any 2 (n+ 1)(n + 2) points in R™ can

be interpolated by a quadratic polynomial. Obviously, although 3 distinct points can be
interpolated by a quadratic function in univariate interpolation, this is not the case in
multivariate interpolation. In fact, 3 points will not be enough to obtain a quadratic
interpolation polynomial whenever the dimension of the interpolation space is greater than
one. By inspection, one can see that 6 points are necessary to obtain a unique quadratic
interpolation of a function in two dimensions. However, an interpolation set y of six points
lying on one line cannot be interpolated by a quadratic function. Therefore, the points of y
must satisfy a geometric condition to ensure the existence and uniqueness of the quadratic
model. This geometric condition is known as the poisedness of the point set.

Definition A set of points Y is called poised, with respect to a given subspace of polynomials, if
the considered function f(x) can be interpolated at the points of y by the polynomials from
this subspace, i.e., if there always exists a suitable interpolating polynomial in that subspace.
Remark In DFO, poisedness is a necessary geometric condition on the interpolation set y that
ensures the existence and uniqueness of the quadratic model Q (x) wanted and used in DFO
algorithm.

We illustrate the implied geometric character of poisedness by the following examples.
Example supposes n = 2 and Y is a set of six points on a unit circle. Then, y C R? cannot be
interpolated by a polynomial of the form

aop + aixq + a,X, + a1,1x12 + al,lexz + az’zxzz



Hence, Y is not poised with respect to the space of quadratic polynomials. On the other hand,
Yy can be interpolated by a polynomial of the form

Qo + a1x1 + ayxy + a1 X7 + ag %1%, + ag %3
Therefore, y is poised in an appropriate subspace of the space of cubic polynomials.

We present one more example for the non-poised case to have a well understanding of the

notion of poisedness from [12]:
Example Consider the two quadrics q1(x,y) = 2x + x% — y? and q2(x,y) = x? + y?,
whose intersection curve I projects in the (x, y)-plane to the conics C(x,y) =10
with C(x,y) = x — y%. Namely,
2x + x2 —y? = x? +y?,
& 2x =2y?

& x=y?

If one tries to interpolate a height function using points on I, uniqueness of the interpolant is
not achieved since any quadric in the pencil of g1 and g2 goes through I.

Definition A set of points Y is called well-poised, if it remains poised under small
perturbations.

For example, if n = 2, six points almost on a line may define a poised set. However, since some
small perturbation of the points might make them aligned, it is not a well-poised set.

As we mentioned before, a set of points is poised if M is nonsingular with respect to the space
of quadratic polynomials. If we look for an understanding of this by the fact that an

interpolation polynomial exists and is unique if and only if m is nonsingular, then we

conclude: y is poised if the determinant of m is nonvanishing, i.e., if

8(y) = detifm) # 0
The measure of poisedness in a DFO algorithm can be explained by a methodology based on
Newton fundamental polynomials [33]. In DFO, the approach of handling the poisedness in
combination with the Newton fundamental polynomials is a distinctive issue. This is so, because
it allows us not only to choose a good interpolation set from a given set of sample points but
also to find a new sample point which improves the poisedness of the interpolation set. If we

had no such a useful tool, then, removing a point from the set would have caused the



conditioning of the coefficient matrix to get worse in the updating step for the interpolation set
of DFO. There is also a detailed work on DFO in which the quadratic approximation model is
determined by Lagrange interpolation polynomials in [9] instead of the Newton fundamental

polynomials.
Let us focus on the Newton fundamental points [33]: The points ¥ in our interpolation

set y = {3’1’ ...,yp} C R" are organized into d + 1 blocks, where yl (1=012,..,d)is

. l4+n—-1 .
the [th block, containing | yl | = ( rll )pomts.
Definition A single Newton fundamental polynomial of degree [ corresponds to each point
(y;)! € y! satisfying the following conditions:
N{ ()™ = 8,6y forall (¥;)™ € y'withm € {0,1,2, ..., 1}

Here, we refer to Kronecker’s symbol for i,j = 0,1,2, ..., [:
5”:={1, ifi=j
b 0, else
Consider the set of interpolation points being partitioned into three disjoint blocks yo, yl, yz,
which correspond to the constant term, the linear terms and the quadratic terms of a quadratic
polynomial, respectively

0 ) 1 2 n(n+1) _
Hence, ¥~ has a single element, ¥y~ has n elements and y“ has — elements. The basis

{N;(.)} of NFP is also partitioned into three blocks {N?(.)}, {Nl1 ()} and {le (.)} with the
appropriate number of elements in each block.

The unique element of {N?(.)} is a polynomial of degree zero, each of the n elements of

n(n+1)

{Nil(.)} is a polynomial of degree one and, finally, each of the — elements of {NL-Z(.)}

is a polynomial of degree two.

The basis elements and the interpolation points are set in one-to-one correspondence, so that

the points from block yl correspond to polynomials from bIock{Nﬁ(.)}. A Newton

fundamental polynomial {Ni (.)} and a point y; are in correspondence with each other if and

only if the value of that polynomial at that point is one and its value at any other point in the



same block or in any previous block is zero. In other words, if y; corresponds to N;, then,
N;(y;) = 1and N, (y]) = 0 for all other indices j .

Example Consider the quadratic interpolation on a plane. We require six interpolation points
using three blocks:

¥’ ={0,0}, y' ={(1,0),(0,1)}, and y* ={(2,0),(1,1),(0,2)}

corresponding to the initial basis functions 1, x1, x>, x12, X1Xy and x22, respectively.

Applying the procedure from [53], we find the basis of NFP:

2 2

X7 — X
0 _ 1 _ 1 _ 2 -1 1 2 _ 2 _
N1 —1, N1 = X1, N2 = Xy, Nl = > , NZ = X1X7, N3 =

Now, we are ready to present an outline of the DFO algorithm

2.3.1. Algorithm for trust-region method

Step 1: Initialization

For a given X, and f () choose an initial interpolation set Y. Determine Xy € Y such

that
fxo) = 778 ).

Choose an initial trust region radius A, > 0. Set k = 0.
Choose parameters 0 < g < 1 <1 and 0<y, <y <1<y,
Step 2: Model building
Using the poised interpolation set y and basis of NFP, build the model m;, (x), + s):
Minimize the model within the trust-region
B, ={x; +s:s € R" and ||s|| < A;},
Compute the point x,:' such that

my (o) = ", my (x)

Compute f(x;) and the ratio



L f) — f D)

B my, (xy) — mk(x;)

Pk

Step 3: Update the interpolation set
-Successful step:
If P = WUp,include x,:’ in Y by dropping one of the existing interpolation points.
-Unsuccessful step:
If pr, < Up,and Y isinadequate in X € B), improve the geometry.
Step 4: Update the trust-region radius

-Successful step:
If pr = Uy, thenset Ay 1€ [Ar, V24x]
-Unsuccessful step:
If pr < WU, and Y isadequate in By, then set Ay 11 € [Volk, V24k]
Otherwise, set Ay 1= Ay,
Step 5: Update the current iterate

Determine X}, such that

my (%) = yiEyT)f?ixk my (yl)
Then, if

f &) — f(X)

my (x) — my, (x;?

Pr = = Ho,

set X, 41 = X}, otherwise X, ;.1 = XJ,. Increment Kk by one and go to Step 1.

3. Test functions and experimental setup




We choose two simple problems to illustrate some of the differences between the above
three methods for derivative free optimization. The above three algorithms are
implemented on matlab environment and the matlab codes are written in appendices.
3.1. Examplel

min f(x,y) =x*—4x+y> —y—xy

3.1.1. Solve Examplel by using Nelder-Mead method

Start with three vertices y; = (8) Y2 = (162) Y3 = (O(.)S)

n Y1 Y2 Y3 f f2 f3

T G | @ [ o]

1 (:11%23) (1(.)2) (o(.)s) —5.8800 | —3.3600 | —0.1600
TGD | Q| (| e e e
IR |G| (| e e v
4 (i:g) (g:i) (1%23) —6.2400 | —6.2400 | —5.8800
5 @2) (ig) (24,2.4) | —=6.7200 | —6.2400 | —6.2400
)| G| Gy e e e
7 (2?2) (igg) (2:2) —6.9600 | —6.7725 | —6.7200
8 (2?2) (igg) (igg) —6.9600 | —6.9525 | —6.7725
9 (2?2) (iég;g) (igg) —6.9600 | —6.9564 | —6.9525




10 (igiéz) (2:.32) (51);2;2) —6.9945 | —6.9600 | —6.9564

After 33 iterations, 64 function evaluations and 0.5771 times and by using 10~° chosen

tolerance we get the solution, f = =7 at x =3 andy = 2

3.1.2. Solve Examplel by using golden section method

Start with this interval

x € (2.5,3.5) y € (1.5,2.5)
n n by I Hn fn) | fun)
TE @ || e e

(2.7361) (2.882) -6.9303 | —6.9861

-6.9861 | —6.9992

-6.9992 | —6.9992

-6.9992 | —6.9961

~7.0000 | —7.0000
2.0278

(3.0278) ~7.0000 | —6.9998

2.0278

~7.0000 | —7.0000

(o721)

(20278)

(L9721) (20623)
(o721) Gozre) [0 |57

* |Gora1) | Gozre) (Zo0es)

(9034) (20147)

(9934) (Zo0es)

Go147)




9 (2.9934) (3.0065) (2.9984 3.0015 ~7.0000 | —7.0000
1.9934 2.0065 1.9984 2.0015

10 (2.9984) (3.0065) (3.0015 3.0034 -7.0000 | —7.0000
1.9984 2.0065 2.0015 2.0034

After 16 iterations, 17 function evaluations and 0.3633 times and by using 1073 chosen

tolerance we get the solution, f = =7 at x =3 and y =2

3.1.3. Solve Examplel by using Trust Region method

o = (259
n Y fn
ARG R
1 (21?7755) ~69531
2 (12.(.9837755) —6.9882
3 (22.6909995) ~6.9999
TG
Cam e
6 (Zi?999999) ~
A I




After 9 iteration and 9 function evaluations we get the solution which is a minimum,
f=-7 at x=3 and y =2

3.2, Example2
min f(x,y,z) =3 —4x + 2x% — 4y + 2xy + 2y% + 4z — 2xz — 2yz + 2z°

3.2.1. Solve Example2 by using Nelder-Mead method

Start with fore vertices

o< ) () -

n Y1 Y2 Y3 V4 fi f2 f3 fa

0 1 0 0 1 1 1.08 3 7.480
0 1.2 0 0
0 0 0 0.8

1 0.6667 1 0 0 0.7956 1 1.08 3
0.8 0 1.2 0
—-0.8 0 0 0

2 0.2778 0.6667 1 0 0.7825 | 0.7956 1 1.08
0.3333 0.8 0 1.2
—0.1333 —-0.8 0 0

3 0.3241 0.2778 0.6667 1 0.2866 | 0.7825 | 0.7956 1
0.7889 0.3333 0.8 0

—0.1556 —0.1333 -0.8 0




4 0.7114 0.3241 0.2778 0.6667 0.2606 | 0.2866 | 0.7825| 0.7956
0.3204 0.7889 0.3333 0.8
—0.1815 —0.1556 —0.1333 -0.8

5 0.5522 0.7114 0.3241 0.2778 \| 0.0522 | 0.2606| 0.2866| 0.7825
0.6404 0.3204 0.7889 0.3333
—0.4784 —0.1815 —0.1556 —0.1333

6 0.5522 0.6550 0.7114 0.3241 0.0522 | 0.1343| 0.2606 | 0.2866
0.6404 0.7082 0.3204 0.7889
—0.4784 —0.3410 —0.1815 —0.1556

7 0.5522 0.4818 0.6550 0.7114 | 0.0522 | 0.1056 | 0.1343 | 0.2606
0.6404 0.6726 0.7082 0.3204
—0.4784 —0.2446 —0.3410 —0.1815

8 0.5522 0.6372 0.4818 0.6550 \| 0.0522 | 0.0822| 0.1056| 0.1343
0.6404 0.4971 0.6726 0.7082
—0.4784 —0.2681 —0.2446 —0.3410

9 0.5522 0.6372 0.4592 0.4818 \| 0.0522 | 0.0822| 0.0837| 0.1056
0.6404 0.4971 0.4986 0.6726
—0.4784 —0.2681 —0.3197 —0.2446

10 0.6173 0.5522 0.6372 0.4592 0.0216 | 0.0522| 0.0822| 0.0837
0.4181 0.6404 0.4971 0.4986
—0.4662 —0.4784 —0.2681 —0.3197

After 51 iterations, 94 function evaluations and 1.0012 times and by using 10~7 chosen

tolerance we get the solution, f = 0 at x = 0.5

3.2.2. Solve Example2 by using golden section method

Start with this interval

x € (0,1)

ye(-1,1) ze(-1,0)

y=05 and z=-05

Hn

f(4n)

f ()




[E=N

O

1.1112

0.1672

[u=N

O =

0.1672

0.1409

=

O

0.1409

0.3374

0.8541

0.7082
—0.1459

0.1007

0.1409

0.7639

0.5278
—0.2361

0.1069

0.1007

0.7639

0.5278
—0.2361

0.1007

0.1087

0.7295

0.4589
—0.2705

0.1002

0.1007

0.7082

0.4164
—0.2918

0.1017

0.1002

0.7082

0.4164
—0.2918

0.1002

0.1000

e N e e N e N e N

0.7082

0.4164
—0.2918

0.1000

0.1001




10

0.6950

0.3901
—0.3050

0.7032

0.4063
—0.2968

0.6981

0.3963
—0.3019

0.7001

0.4001
—0.2999

0.1000

0.1000

After 21 iterations, 22 function evaluations and 0.4696 times and by using 10~% we get the

solution,
f=01atx=07 y=04 and z=-03

3.2.3. Solve Example2 by using Trust Region method

Start with yg = (1,0.5,0)

n Vn fn
0 1 05
0.5
0
1 0.75 0.375
0.5
0
2 0.75 0.3437
0.625
0
3 0.75 0.148
0.625
—0.3124
a 0.531 0.053
0.625
—0.3124
5 0.531 0.048
0.578
—0.3124
6 0.531 0.013
0.578
—0.445




0.009

0.005

0.0015

10 0.00147

After 15 iteration and 15 function evaluations we get the solution

f=0at x=0.5

3.3. Example3

min f(x,y) = (x-2)*+((x-2y)*+ (¥ +1)°

3.3.1. Solve Example3 by using Nelder-Mead method

Start with three vertices

vi=(g) 2= (4g) 2=(5)

y=05 and z=-05

n V1 Y2 Y3 fi f2 f3
0 (8) (_(1).8) —01) 17 29.6 82
S T O G e I B
TG0




3 < 2 ) ( 1 ) ( 2 ) 0.01 1.82 2.89
-0.9 -0.9 2.7

4 ( 2 ) (1.75) ( 1 ) 0.01 0.8464 | 1.82
-0.9 —-1.8 -0.9

5 ( 2 ) (1.4375) <1.75> 0.01 0.5162 | 0.8464
-0.9 —1.125 -1.8

6 ( 2 ) <1.7031) <1.4375> 0.01 0.1869 | 0.5162
-0.9 —0.6188 —-1.125

7 < 2 ) (2.0586) (1.7031> 0.01 0.1805 | 0.1869
-0.9 —0.5766 —0.6188

8 ( 2 ) (2.3555) (2.0586) 0.01 0.1292 | 0.1805
-0.9 —0.8578 —0.5766

9 ( 2 ) <2.2373) (2.3555> 0.01 0.0638 | 0.1292
-0.9 —-1.0301 —0.8578

10 ( 2 ) (1.8818) (2.2373> 0.01 0.0215 | 0.0638
-0.9 —1.0723 —1.0301

After 33 iterations, 64 function evaluations and 0.5074 seconds and by using 10~7 chosen

tolerance we get the solution, f =0 at x =2 and y=-1

3.3.2. Solve Example3 by using golden section method

Start with this interval

x € (1,3) y € (=2,0)
an by, An fn f () f (k)
(L) | O | o) | Comeno) | ™10
Ciseo) | () | Gorero) | Cowman) | "0 ™4™




2 ( 1.7640 ) 2.5278 2.0558 ( 2.2360 > 0.0059 0.0913
—1.2360 (—0.4722) (—0.9442) —0.7640

3 ( 1.7640 ) ( 2.2360 ) ( 1.9443 ) 2.0558 0.0066 0.0059
—1.2360 —0.7640 —1.0557 (—0.9442)

4 ( 1.9443 ) ( 2.2360 ) ( 2.0558 ) ( 2.1246 ) 0.0059 0.0277
—1.0557 —0.7640 —0.9442 —0.8754

5 ( 1.9443 ) < 2.1246 ) ( 2.0132 ) 2.0558 0.0003 0.0059
—1.0557 —0.8754 —0.9868 (—O.9442>

6 ( 1.9443 ) 2.0558 ( 1.9869 ) ( 2.0132 ) 0.0003 0.0003
—1.0557 (—0.9442) —1.0131 —0.9868

7 ( 1.9869 ) < 2.0558 ) ( 2.0132 ) ( 2.0295 ) 0.0003 0.0017
—1.0131 —0.9442 —0.9868 —0.9705

8 ( 1.9869 ) 2.0295 ( 2.0032 ) ( 2.0132 ) 0 0.0003
—1.0131 <—O.9705) —0.9968 —0.9868

9 ( 1.9869 ) < 2.0132 ) ( 1.9969 ) ( 2.0032 > 0 0
—1.0131 —0.9868 —1.0031 —0.9968

10 ( 1.9869 ) < 2.0032 ) ( 1.9931 ) ( 1.9969 > 0 0
—1.0131 —0.9968 —1.0069 —1.0031

After 22 iterations, 23 function evaluations and 0.5616 seconds and by using 10~* we get the

solution,

f=0atx=2 and y=-1

3.3.3. Solve Example3 by using Trust Region method

Start with yg = (1.5, —2)

n Vn fn

1 (_3.5) 0.25




After 1 iteration and 1 function evaluations we get the solution

f=025at x=2 and y=-05



4. Conclusion

Let us briefly summarize the approaches which the line-search, the trust region methods
and Nelder-Mead method use for finding the solution of the problem.

The line-search algorithms choose a search direction pj, at the current iteration X}, and,
then, take a step for the new iteration with a lower function value along this direction. This
step has the length of &. Herewith, line-search finds an approximate value of & by generating
a limited number of the trial step lengths.

Trust-region algorithms construct a model function m,, to be used instead of the actual
objective function f. This model which is easier to handle than the objective function itself is
constructed by means of the gradient and Hessian information of f and by some f-values
which are already in our hands. The search directions p which will minimize the model my, is
being looked for in some region around the current iterate Xj;. The size of this region is
adjusted according to the sufficiency of the decrease in f at every iteration step.

We conclude that the line-search, the trust-region and Nelder-Mead method approaches
differ in choosing the direction and the distance of the move to the next iterate. In line-search
algorithms, the search direction pj, is being fixed firstly and, then, an appropriate distance

a, is identified. In trust-region algorithms, however, a region around the current iterate is
chosen with a maximum radius Ay, then a direction is being looked for to obtain the sufficient
decreasein f.

Among those three methods thrust region method is fast to get the solution and the
number of functional evaluation is also smaller but it is difficult to build the model. Nelder-
mead method is simple to get the solution but it evaluates function many time therefore it
take many time. Golden section method is also simple but it is not efficiency when the number

of variable greater than two.



5. Appendices
5.1. Matlab code for Nelder—-Mead method

function[x_opt,n_feval]=nelder_mead(x, function_handle,tol)
rho = 1;

delta = 2;
gama = 0.5;
sigma = 0.5;

250;

max_Tfeval
[ temp, n_dim ] = size ( x );

k=0;

index = 1 : n_dim + 1;

[ f1 = evaluate ( x, function_handle );
n_feval = n_dim + 1;

[ f, index ] = sort ( f);

x = x(index,:);

converged 0;

diverged 0;

while ( ~converged && ~diverged )

display(x);

display(f);

k=k+1;

x_bar = sum ( x(1:n_dim,z) ) / n_dim;

xr =1+ rho) * x bar - rho * x(n_dim+1,:);
f r = feval(function_handle,x_r);



n_feval = n_feval + 1;
if ( fQD) <= fr & T r <= f(n_dim) )

x(n_dim+1,:)

Il
X
-

f(n_dim+l )

I
I-h
-

elseif ( fr < f(1) )
x_e=(1+rho*delta)*x_bar-rho*delta* x(n_dim+1,:);
T _e = feval(function_handle,x_e);
n_feval = n_feval+1l;
if (fe<fr)
x(n_dim+1l,:) = x_e;
f(n_dim+l ) = T _e;
else

x(n_dim+1, :

v/
1

X

:1

f(n_dim+1)

Il
l-h
-

end
elseift ( f(n_dim) <= f r && T r < f(n_dim+l) )
X_c = (1+rho*gam)*x_bar - rho*gam*x(n_dim+1,:);
f _c = feval(function_handle,x_c);
n_feval = n_feval+1;
if (fc<=Tr)

x(n_dim+1,:)

1
|><
(9]

f(n_dim+1l )

Il
l-h
(@]

else



[x,F] = shrink(x,function_handle,sig);
n_feval = n_feval+n_dim;
end

else

X_C (1 -gam ) * x_bar + gam * x(n_dim+1,:);

fc

feval (function_handle,x _c);

n_feval = n_feval+l;

if (f_c < f(n_dim+1))
x(n_dim+1l,:) = x_c;

f(n_dim+l )

I
I-h
(9}

else
[x,f] = shrink(x,function_handle,sig);
n_feval = n_feval+n_dim;
end
end
[ f, index ] = sort ( T);
x = x(index,:);
converged = (f(n_dim+1)-f(1) < tolerance);
diverged = ( max_feval < n_feval );
end
x_opt = x(1,:);
for(i=1:n_dim)

y(1)=sum(x(:,1))/temp;



end
display(y):
display(n_feval);
display(k);
display(f(n_dim+1));
return
end
function T = evaluate ( x, function_handle )
[ temp, n_dim ] = size ( X );
f = zeros (1, n_dim+l );
for 1 =1 : ndim+ 1
(i) = feval(function_handle,x(i,:));
end
return
end
function [ x, ¥ ] = shrink ( x, function_handle, sig )
[temp,n_dim] = size(X);
x1 = x(1,:);
(1) = feval(function_handle,x1);
for 1=2:n_dim+1
x(1,:) = sig*x(1,:) + (1-sig)*x(1,:);
(1) = feval(function_handle,x(1,:));

end



return

end

5.2. Matlab code for golden section method

function [xminEstimate,fminEstimate,f calculations] =...

goldenSectionSearch(functionToMinimise, X, tol)
gamma =0.6180 ;
k = 1;
n=length(x(:,1));
a=x;
p=zeros(n,l);
g=zeros(n,1);
m=zeros(n,1);
if(n == 1)
J=1;
else
1=2;
end
for 1=1:n
ifg==1)
p(i) = a(i.j) - gamma*(a(i,j)-a(i,1));

q(i) = a(i,1) + gamma*(a(i,j)-a(i,1));
m(i)=a(i,j)-a(i,1);

else

p(i1) = a(i,j) - gamma*(a(i,j)-a(i,.j-1));
q(i) = a(i,j-1) + gamma*(a(i,j)-a(i,j-1));
m(i)=a(i,j)-a(i,j-1);

end

end

fp = feval (functionToMinimise,p);



fq = feval (functionToMinimise,q);
f_calculations = 2;
while ( m >= tol )
display(a);
x=[p.al;
display(x);
y=[fp,fa];
display(y);
if (fp <= fq)
for i=1:n
a(i,j)=q(i);
end
q = p;
fq = fp;
for i=1:n
if(j==1)
p(i) = a(i,j) - gamma*(a(i,j)-a(i,1));
m(i)=a(i,j)-a(i,1);
else
p(i) = a(i,j) - gamma*(a(i,j)-a(i,j-1));
m(i)=a(i,j)-a(i,j-1);
end

end



fp = feval (functionToMinimise,p);
else
for 1=1:n

a(i,j-1)= p(i);

for 1=1:n
q(i) = a(i,j-1) + gamma*(a(i,j)-a(i,j-1));
m(i)=a(i,j)-a(i,j-1);
end
fgq =feval (functionToMinimise,q);
end
k = k + 1;
T _calculations = f _calculations + 1;

end

xminEstimate=zeros(n,1);

for i=1:n
if(==1)
xminEstimate(i) = a(i,j);
else
xminEstimate(i) = (a(i,j)+a(i,j-1))/2;

end



end
fminEstimate = feval(functionToMinimise,xminEstimate);

sprintf(" The golden section search algorithm used %d

iterations. \n",k)
sprintf("fminEstimate %f",fminEstimate)

sprintf("f _calculations %f",f_calculations)



5.3.

Matlab code for thrust region method by using powell method

%powell
clc;
clear;
e=le-5;
n=2;
d=eye(n);
p=zeros(n,1);
x(1, :)=p;
m=0;
k=1;
ap=0;
T(1)=powellfun(x(1,:));
r=f(1);
for p=1:n
for g=1:n
for 1=-5:0.001:5
x((k+1), )=x(k, )+i*d(k, :);
b=powe l 1 fun(x((k+1),:));
it b<r
T(k+1)=b;
r=b;
a(k)=i;
end
end
X((k+1), 2)=x(k, )+a(k)*d(k, :);
if k==n
it abs(x(k+1,:)-x(1,:))<=e
lastx=x(k+1,:);
lastf=powel Ifun(lastx);
hold
else
for 1=1:k
b()=F(1)-F(i+1);



end
MIN=b(1);
MAX=b(1);
for 1=2:k
it MIN>b(@)
MIN=b(i);
end
it MAX<b(i1)
MAX=b(1);
end
end
for 1=1:k
it MAX==b(i)
m=i1-1;
end
end
fl=powel lIfun((2*x(k+1, :)-x(1,:)));
it (FI>=F(1))
F(1)=F(k+1);
x(1,:)=x(k,:);
k=1;
else
for 1=1:m
d(i,)=d(i,:);
end
for 1I=(m+1):n-1
d(i, :)=d((i+1),:);
end
d(k, :)=(x(k+1,:)-x(1,:));
fp=F(k+1l);
for 1=-5:0.001:5
xp=x(k+1, :)+i*d(k, :);
s=powel Ifun(xp);
it s<fp



fp=s;
s=fp;
ap=i;
end
end
x(1, D)=x(k+1, D+ap*d(k,:);
(1) =powel Ifun(x(1,:));
k=1;
end
end
display(x((k+1),:));
display(f(1));
else
k=k+1;
end
end
end
lastx=x(1,:)
lastf=f(1)
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