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ABSTRACT

The global gravity model EGM2008 is evaluated in various regions of the country to assess if it is
good enough for geodetic applications. The evaluation method involves comparison of geoid
heights computed from the model with those computed at irregularly distributed GPS/levelling
stations. For testing the model, a total of seven levelled benchmarks available in Uganda which
belong to the New Khartoum datum are used. The spatial positions of these benchmarks were
determined at mm accuracy, with respect to ITRF2008. The agreement between the EGM2008
geoid and the geoid undulation derived from GPS/levelling over the seven irregularly distributed
benchmark points has a standard deviation of 0.255m, with a mean of -0.859m. The datum offset
may be due the choice of Wo (potential of the geoid) and Uo (potential on the surface of the
ellipsoid); using GRS80 for the gravitational reference system and WGS84 for the geometrical
reference system; some possibly different tidal conventions; but, by using the same method of
analysis for Ethiopia and Uganda, these absolute offset effects are eliminated when comparing the
two so that the computed difference [0.118 m] in datum offset for the two states does tell us
something about the differences in levelling datums. The standard deviation of 26 cm suggests that
sparser, irregularly-distributed and inhomogenous gravity data for Uganda was used in the
development of EGM2008 not ruling out errors in levelling since there is barely any documentation

pertaining the accuracy of results obtained regarding the levelling network in Uganda.

Vii



1.0 INTRODUCTION

Most geodetic applications like determining the topographic heights of points on the globe require
the geoid also referred to as mean sea level surface as the datum/reference surface. In this
satellite era one is capable of obtaining a sufficiently accurate model of the gravity field over the
surface of the earth. This is a great achievement in the fields of geodesy and geophysics since we
can achieve heights with physical meaning without necessarily carrying out the tedious and time-

consuming procedures of obtaining these levelled heights by levelling.

The release of the new Earth Gravitational Model EGM2008 by the US National Geospatial
Intelligence Agency (Pavlis et al., 2008) is a big achievement in determination of the earth’s gravity
field. EGM2008 is a spherical harmonic model complete to degree and order of 2159, with
additional spherical harmonic coefficients extending up to degree of 2190 and order 2159. This
offers a spatial sampling resolution of approximately 9km for the recovery of gravity field functions
over the entire globe (Kotsakis et al., 2008). EGM2008 incorporates 5x5 min gravity anomalies and
altimetry-derived gravity anomalies and has benefited from the latest GRACE based satellite

gravity field model (Pavlis et al., 2008).

For this model to be used for geodetic activities anywhere on the globe, there is need to quantify its
accuracy using several validation data sets such as geoid heights through the combination of GPS
and levelling heights, airborne and local surface gravity measurements, marine geoid heights from
mean oceanographic surface topography models and altimetry observations among others
(Kotsakis et al., 2008; Kilicoglu et al., 2008). For better assessment, however, these external data
sets should be independent of the estimation procedures that were used in the development of the

model.

This study focuses on assessing the accuracy of the EGM2008 model in various regions of the
country using GPS/levelling over a network of 7 points that exhibit long wave length structures in
the levelling heights. If this model best fits the study area, it could further be applied in

determination of the geoid at both regional and national scales.

1.1 PROBLEM STATEMENT

In many surveying and engineering applications, orthometric heights are required. GPS derived
heights refer to an ellipsoid and not to the geoid as orthometric heights. Ellipsoidal heights are less
applicable in practical surveying, engineering, and geophysics as compared to orthometric heights
which are often used. To have ellipsoidal heights converted to orthometric heights for application in
geodetic activities, precise geoid heights are required. Several techniques can be used to

determine these geoid heights. The most commonly used method for the determination of the
1



geoid is the combination of GPS data with levelling. Levelling is in general easy and practicable
though it's a method that is uneconomic to apply and also becomes less accurate as the levelling
distances become longer. With the use of a combination of the EGM2008 global gravity model to
compute the geoid heights and dual frequency Global Positioning System receivers to obtain
ellipsoidal heights with good accuracy, we can obtain orthometric heights which are useful in most
geodetic activities. The orthometric heights obtained using the proposed method can only be
trusted if the EGM2008 model has been assessed in the study area and proved to give high

accuracy geoid heights.

1.2 AIMS AND OBJECTIVES

1.2.1 Major Objective

e To assess the accuracy of EGM2008 global gravity model in Uganda.

1.2.2 Specific Objectives

o To determine geoid heights based on EGM2008 global gravity model
o To determine geoid heights based on on GPS and leveled orthometric heights.
o To determine the residuals between the geoid heights based on EGM2008 global gravity

model and geoid heights based on GPS and leveled orthometric heights.



2.0 LITERATURE REVIEW

2.1 HEIGHTING SYSTEMS

2.1.1 Orthometric heights

Orthometric heights (H) refer to an equipotential reference surface, e.g. the geoid. The
orthometric height of a distinct point on the surface of the earth is the distance from that point to
the geoid, measured along the plumb line normal to the geoid (Heister et al., 1999). Due to the fact
that equipotential surfaces are not parallel, this plumb line is a curved line. Orthometric heights
can be derived using various methods including spirit levelling or trigonometric levelling, global
gravity models constituted from potential coefficients, use of vertical deflection obtained from astro-

geodetic measurement and gravimetric measurement among others.

2.1.2 Ellipsoidal heights

Ellipsoidal heights (h) refer to a reference ellipsoid, e. g. the WGS84 ellipsoid. The height h of a
point is defined as the distance from the ellipsoid measured along a normal to the reference
ellipsoid. Ellipsoidal heights can be derived from geocentric Cartesian coordinates provided by
GPS observations (Heister et al., 1999). The difference between orthometric heights and ellipsoidal

heights is defined as the geoid height (N) see (Figure 1).

Ellipsoid, Geoid and Orthometric Heights

GPS .

Topography

- SO\d
A\ % Ge oig
H = h - N
Sep el

Figure 1: Geoid, ellipsoidal and orthometric heights (www.nrcan.gc.ca)

The basic relationship between geoid, ellipsoidal and orthometric heights is given by the following
equation;



h=H+N (1)

Where N is the geoid height, h is the ellipsoidal height computed from GPS and H is the

orthometric height computed from levelling (Figure 1).
2.2 METHODS OF DETERMINING ORTHOMETRIC HEIGHTS

2.2.1 Geometric levelling

Geometric levelling is the determination of the height differences by using a level and a vertical rod
(Figure 2). Geometric levelling may at first appear as a very simple method and one that yields the
best result. However, practical applications have shown that carrying out this method is very
difficult on rough ground and is sensitive to regular or irregular model errors. Preventative
measures must be taken to eliminate or reduce model errors stemming from instrumental and
ambient conditions. They decrease the speed of survey, thus the cost of surveying rises (Banger,
1981; Niemeier, 1986; Ceylan,1988; Baykal, 1989).

The effects of such errors can be reduced by applying appropriate measurement methods
including taking equal backward and forward observation range, round trip surveying, following
BFFB (backward forward forward backward) or FBBF (forward backward backward forward)
observation order, calibration in the laboratory and surveying additional parameters such as

pressure, temperature and time at the survey moment (Baykal, 1989).

sightline is horizontal

backsight foresight

____________________________________

IIIIIIII-IIIIIIIIIIIIII‘
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Figure 2 The fundamental principal of geometric levelling



Nowadays, motorized levelling has been done by establishing survey hardware on a land vehicle;
and successful results have been obtained. The advantages of the motorized levelling may be
summarized as follows; Improvement of 40-60% in production velocity, decrease in errors
connected to time, observation rays are higher up thereby avoiding rays that graze the surface,
thus decreasing refraction errors and More accuracy. The only disadvantage of this technique is
that the cost of instrument and vehicles is very high and level points must be on the edge of the
road (Niemeier, 1986; Becker, 1986).

2.2.2 Trigonometric levelling

In trigonometric levelling, the height differences are computed by using vertical angle and distance.
According to the land, time and observing vertical angle, trigonometric levelling can be classified as
follows (Rueger and Brunner, 1982; Kuntz and Schimitt, 1986; Aksoy, 1993):

a) Unidirectional trigonometric levelling

b) Leap-Frog (jumped) trigonometric levelling

c) Reciprocal trigonometric levelling
Applications of the motorized trigonometric levelling have been made by placing survey hardware
of the trigonometric levelling on the land vehicle. Motorized trigonometric levelling has equal
accuracy (< 2mm / km) and equal cost with motorized geometric levelling when the motorized
trigonometric levelling is done according to following rules; Vertical angles are measured
simultaneously from both ends of the ray path, ray distances are measured in both directions,
observation ranges are short (~250-300 m), the instruments are calibrated, the survey is carried
out by an experienced person. More than 27% speed of production has been reached with
motorized trigonometric levelling. Therefore, the studies have shown that the motorized levelling
may be alternative method to geometric levelling (Whalen, 1985; Chrzanowski v.d., 1985;
Chrzanowski, 1989).

2.2.3 GPS/Levelling

GPS/Levelling is the most recent and advanced method that can be used in the determination of
heights. Three-dimensional coordinates or coordinate differences can be obtained by GPS in the
geocentric Cartesian coordinate system. The Cartesian coordinates are transformed to geodetic
latitude (¢), geodetic longitude (1), and ellipsoidal heights (h) according to selected reference
ellipsoid, such as WGS84. The ellipsoidal heights obtained by GPS are not directly used for
practical surveying. The ellipsoidal height has to be transformed to orthometric height, which is
distance measured along the plumb line between the geoid and a point on the Earth’s surface and
taken positive upward from the geoid (National Geodetic Survey, 1986). The relationship between
ellipsoidal height and orthometric height is shown in Figure 1. However geoid heights of all points

have to be computed before computing orthometric heights.



Classicaly orthometric heights were computed from a combination of gravity measurements with
height increments. Geometric levelling that sums the height increments, ignoring gravity, will give
an apparent height difference that depends on the path taken and when carried out with very high
precision, levelling around a closed loop will not close. A proper height system must explicitly
determine the difference in potential (geopotential number) by summing the height increments

multiplied by a measured gravity value.

p

P

¢, = Wy=W, =Yg |AH,
0 (2)

Where;

Cp is the geopotential number at a particular point (P)

W, is the potential at the zero datum

W, is the gravitational potential energy and depends only on where point P is, it doesn’t

depend on the route taken by the leveling.

g; is the measured gravity at each respective station

AH is the height increment at each respective station

A geometrical conversion could be found by dividing this geopotential number by a constant gravity

value (g),
C
H, = —
d (3)
Where

gp is the average gravity along the plumb line
Hp is the orthometric height at point P
Cp is the geopotential number at P

The logical difficulty with this approach is that it needs &», an average gravity value inside the

earth. In principle, we cannot know this value but ways of estimating it have been devised.

A better approach of determining orthometric height in the satellite era is the use of global
geopetential models. Using GPS, an absolute height above a properly geocentric ellipsoid can be
obtained and geopotential heights (from which orthometric height above sea level could be
derived) can be obtained by inserting the coordinates given by the satellite positioning (h, ¢, 1) into

a global model of the Earth’s potential.

2.3 GLOBAL GEOPOTENTIAL MODELS

There are essentially three classes of Global Geopotential Models (GGMs) according to Rapp

(1997), Balmino et al. (1999), Featherstone (2002) and Rummel et al. (2002).
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Satellite-only GGMs

These GGMs are derived solely from analysis of orbits of artificial Earth satellites and

examples include;

GGMO03S (Tapley et al., 2007)

This is a GRACE-only gravity model and is complete to degree and order 180.

GOCO001S (Pail, R., et al., 2010)

The satellite-only gravity field model GOCOO01S is a combination solution based on 61 days
of GOCE gravity gradient data, and 7 years of GRACE GPS and K-band range rate data,
resolved up to degree/order 224 of a harmonic series expansion. The combination was

performed consistently by addition of full normal equations and stochastic modeling

of GOCE and GRACE observations. The low to medium degrees of GOCOO01S are primarily
determined by GRACE, whereas the GOCE gradiometry measurements start to
significantly contribute at degree 100. Beyond degree 150, the combined model is

dominated by GOCE. The model has been validated against external global gravity models

and regional GPS/leveling observations. This gravity model is beneficial for many

applications in geophysics, oceanography, and geodesy.
GOCO002S (Pail, R., 2011)

GOCOO02S is based on 8 months of GOCE data and it shows an improved performance
mainly in the high degrees. As additional observation types also GPS satellite-to-satellite
tracking (SST) data of GOCE and CHAMP, and satellite laser ranging (SLR) observations
to 5 satellites are included.

GOCO03S (Mayer-Gurr T. et al., 2012):

GOCOO03S contains more than 12 months of GOCE data and the same CHAMP, GOCE-
orbit and SLR data as contained in GOCOO02S.

Combined GGMs

Combined GGMs are derived from a combination of satellite, altimetry, land, shiptrack and

airborne gravity observation data. The additional information allows an increase of the

maximum spherical harmonic degree of the GGMs. These gravity models include;

EGM96 (Lemione et al., 1998)

This is a combined pre CHAMP gravity field model complete to degree and order 360. it
was composed from various SLR and other satellite data and terrestrial gravity data from
gravimetry and altimetry. EGM96 is the well known for runner of EGM2008.

GGMO02C (Tapley et al., 2005)

This model is a combination of the coefficients of the GRACE-only model GGM02S with

EGM96 and is complete to degree and order 200.
7



e EIGEN-GLOA4C (Forste et al., 2008a)
This combined gravity field model released in 2006 is complete to degree and order 360.
The satellite part of EIGEN-GLOA4C is based on GRACE and LAGEOS data.

o EIGEN-5C and -5S (Forste et al., 2008b)
The combined gravity field model EIGEN-5C is an upgrade of EIGEN-GL04C and has a
maximum degree/order of 360. The model is again a combination of GRACE and LAGEOS
mission data of a maximum degree/order 150 (=EIGEN-5S) plus 0.5 x 0.5 degrees
gravimetry and altimetry surface data.

e EGM2008 (Pavlis et al., 2008)
This is a combined model complete to degree and order 2160 with some additional
coefficients up to degree and order 2190. This model represents a milestone in the
development of global gravity field models and will be evaluated to identify its performance.

ii. Tailored GGMs

Tailored GGMs adjust (and often extended to higher degrees) a satellite-only or combined

GGM using gravity data that may not necessarily have been used before (Wenzel, 1998a,

1998b). An example of a tailored GGM is GPM98C.

2.3.2 The Earth Gravity Model 2008

2.3.2.1 Design Rationale and Execution (Pavlis et al., 2012)
An additional consideration, pertinent to the design of the EGM2008 solution, involved the
poor overall quality of the available marine (non-altimetric) gravity anomalies. Pavlis (1998a)
compared the 1" area-mean gravity anomalies used in the development of EGM96, to the
satellite-only solution EGM96S, and demonstrated that over the ocean areas, these non
altimetric values were contaminated by significant long wavelength systematic errors. The
main reason for using such marine data in EGM96 was to aid the satellite-only solution
EGM96S in achieving the separation between the geoid and Dynamic Ocean Topography
(DOT) signals contained within the altimeter range measurements. Nowadays, though, given
the very high accuracy of the long wavelength part of the available GRACE-only models, it is
guestionable whether these marine gravity anomalies could have any such positive impact, in
an ocean-wide sense. However, accurate marine gravity data are still quite useful, especially
over areas where the altimetry-derived gravity anomalies are either unavailable or inaccurate.
Therefore, in EGM2008, their use was restricted to certain coastal areas, and to areas where
significant ocean surface variability makes altimetry-derived gravity anomalies less reliable,

while marine data of verifiable quality exist, such as the Kuroshio and Gulf Stream areas.

With the above considerations in mind, it became clear that a very high degree (2159)

combination solution could now be developed, not as a composite solution anymore, but

8



rather using a single least squares adjustment estimation technique, according to the following
iterative procedure:

Step 1: A Mean Sea Surface (MSS) and a GRACE-only gravitational model are used to derive
a low degree and order spherical harmonic expansion of the DOT.

Step 2: Satellite altimeter data, along with the estimated DOT model, are used to estimate an
ocean-wide set of free-air gravity anomalies.

Step 3: The altimetry-derived free-air gravity anomalies are merged with corresponding values
over land, and are supplemented with some “fill-in” values over areas void of any gravity
observations, to form a complete global 5 arc-minute equiangular grid of surface free-air
gravity anomalies.

Step 4: The 5 arc-minute surface free-air gravity anomalies are continued analytically to the
surface of an ellipsoid of revolution.

Step 5: The 5 arc-minute free-air gravity anomalies on the ellipsoid and their associated error
estimates are input to a Block-Diagonal (BD) least squares estimator, which produces a
“terrestrial” estimate of the gravitational potential coefficients, accompanied by a set of BD
normal equations. The fact that a spherical harmonic expansion of the gravitational potential
complete to degree and order 2159 involves approximately 4.7 million coefficients is what
necessitates here the BD approximation of the normal equations.

Step 6: The GRACE-only normal equations’ matrix is approximated so that it adheres to the
same BD pattern that was used in the “terrestrial” gravity normal equations, by simply equating
to zero the elements of the matrix that reside outside the diagonal blocks of interest. The two
sets of BD normal equations are then combined and inverted to yield the potential coefficients
of the combination solution and their associated error estimates.

Step 7: The MSS from Step 1 and the combination solution from Step 6 are used to estimate a
new model of the DOT. Using this new DOT model, one returns to Step 2 and re-iterates the
process.

Even though iterative, the procedure outlined above is quite straightforward and very
economic with respect to its computational resource requirements. A shortcoming of the above
procedure is that it does not permit the simultaneous estimation of the DOT model along with
the gravitational potential coefficients. This shortcoming is offset by the fact that the procedure
yields a combined gravitational model as the output of a single least squares adjustment, with
an estimated error spectrum free of any discontinuities, and without the need to resort to
composite gravitational solutions.

The development of EGM2008 involved essentially two iterations of the procedure outlined
above. The timing of the preparation and availability of certain data sets required appropriate
modifications to be made to the above procedure, so that the EGM2008 development project

could progress without significant delays. During the course of the project, three sets of
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Preliminary Gravitational Models were developed: PGM2004 (Paviis et al., 2005), which
served as a demonstration of the capability to perform such combination solutions to degree
2160 and indicated the quality of the results to be expected, PGM2006 (Paviis et al., 2006a),
and PGM2007 (Pavlis et al., 2007a). Unlike PGM2004 and PGM2006, which remain internal to
the project, one of the PGM2007 solutions was also released for evaluation to an independent
IAG/IGFS Special Working Group.

2.3.2.2 Basic Relations (Pavlis et al., 2012)

Below is a brief discussion of the main concepts associated with Molodensky’s theory
approach which aims to determine the external gravity field of the Earth without any
assumptions concerning the density of the masses above the geoid (Heiskanen and Moritz,
1967). The physical topographic surface of the Earth and the telluroid are central to
Molodensky’s formulation. The former is the surface where gravity field measurements are
made or to which they are reduced if they were made above that surface; the latter is a
surface whose normal potential U at every point Q is equal to the actual gravity potential W
at the corresponding surface point P, with the points P and Q being situated on the same
line that is normal to the ellipsoidal (Heiskanen and Moritz, 1967).

The Earth’s external gravitational potential, V, at a point P defined by its geocentric
distance (r), geocentric colatitudes (8) (defined as 90’-latitude), and longitude (1) is given
by:

V(T, 9"7) = g [1 + Z?lo=2 (%)n Z%z—n C_rim Ynm (9:;')] (4—)

where GM is the geocentric gravitational constant and a is a scaling factor associated with
the fully normalized, unitless, spherical harmonic coefficients CS,,. The superscript “s”
identifies the coefficients as being spherical. a is usually numerically equal to the equatorial
radius of an adopted reference ellipsoid. Equation (4) refers to the permanent part of the
gravity field, either ignoring or having corrected first for the variable part due to tides,
changes in Earth rotation, etc. The fully normalized surface spherical harmonic functions
are defined as (Heiskanen and Moritz, 1967):

cosma)ifm=0
}ifm<0 ©)

Yum(6,2) = Ppjm(cos G)I{Sinlmlz
ﬁn|m|(cos 0) is the fully normalized associated Legendre function of the first kind, of degree
n and order |m|. Geocentricity of the coordinate system used, forces the absence of first-
degree terms in equation (4). We define the disturbing potential T as the difference
between the actual gravity potential of the Earth and the “normal” gravity potential
associated with a rotating equipotential ellipsoid of revolution. If the rotational speed of the

reference ellipsoid is the same as the actual rotational speed of the Earth, so that actual
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and normal centrifugal potentials cancel out, the spherical harmonic expansion of T is given
by:

7(r,6,2) = 252 5 (8)" £hemn ComFum (0.2) ©)
The zero degree term in equation (6) has been set to zero, forcing the equality of the actual
mass of the Earth and the mass of the chosen reference ellipsoid. Furthermore, the even-
degree zonal harmonic coefficients in equation (6) represent now the difference between
the harmonic coefficients of the actual minus the normal gravitational potentials.

We define next the quantity Ag® ( Rapp and Pavlis, 1990) as:
Ag¢=———"T, (7)

So that, from equation (6) we have:

8g°(r,0,2) = 2525~ 1) (&) Theon CimTum (0,2) ®)
The quantity Ag¢ is not directly observable. However, it can be estimated, based on the
Molodensky surface free-air gravity anomaly Ag (Heiskanen and Moritz, 1967). Ag is
defined to be the difference of the magnitude of the actual gravity acceleration, which is
directly observable using scalar gravimetric techniques, at the surface point P, minus the
magnitude of the normal gravity acceleration that can be computed at the corresponding
telluroid point Q (Heiskanen and Moritz, 1967) i.e.,

Ag = 1gp| = Yol &)
Point values of Ag, at arbitrarily scattered locations, are the primary data obtained from
terrestrial gravimetric surveys. One can use these data, together with detailed digital
elevation information, to estimate area-mean values of gravity anomalies (denoted by Ag),
over cells equiangular in latitude and longitude.

Colombo (1981) put forward very efficient numerical techniques that may be used to
estimate a set of spherical harmonic coefficients, given a complete global set of data
values, defined on an equiangular grid, over a surface of revolution e.g., an ellipsoid of
revolution. It is therefore desirable, starting from the original Ag data, which may originate
not only from fterrestrial gravity surveys, but also from airborne, marine and satellite
altimetry-derived estimates, to form a complete global set of area-mean values of the
quantities Ag¢ (denoted by Ag® ). If then these Ag® values could be continued analytically,
from their surface of reference (the earth’s topography), to the surface of an ellipsoid of
revolution, then they could be used as input to the potential coefficient estimator, exploiting
the efficiencies of Colombo’s (1981) techniques. This procedure could yield a “terrestrial”
estimate of the potential coefficients. This estimate, accompanied by its error covariance
information, could then be combined in a least squares sense with a corresponding
“satellite” estimate (obtained in the present study from GRACE data), to determine the

potential coefficients of the combined solution.
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The general procedure outlined above involves the application of several systematic
corrections to the original data, as Rapp and Pavlis (1990) discuss in detail. Of these, the
atmospheric correction, and the correction accounting for the second-order vertical gradient
of normal gravity, are applied most conveniently during the pre-processing of the point
gravity anomaly data Ag. Ellipsoidal corrections on the other hand, can be applied
conveniently to the area-mean values Ag, using some preliminary estimate of the potential
coefficients Pavlis (1988).

Finally, one may use some technique of analytical downward continuation (Moritz, 1980) to
compute from Ag€, a corresponding fictitious quantity Ag®, defined to reside on the surface
of the reference ellipsoid. Ag® is defined such that, when analytically continued in the
opposite (upward) direction, it should reproduce Ag® . Apart from this requirement, Ag®
possesses no physical meaning and certainly does not represent the gravity anomaly inside
the topographic masses.

Let r? be the geocentric distance to the center of a cell residing on the i-th (i = 0, ... N-1)
latitude belt (“row”) and j-th (j = O, ... 2N-1) meridional sector (“column”), within a global
equiangular grid composed of N rows by 2N columns of ES area-mean values, on the
surface of the reference ellipsoid. For the small (5 arc-minute) equiangular cell size used in
this study, the small and regular latitudinal variation of r¢ within the cell can be safely
ignored (Rapp and Pavlis, 1990) so that we may approximate:

(rag)§; = ¥ (89)5; (10)
The product rf.(A—g)iej , defined over the surface of the reference ellipsoid, can be

expanded in surface ellipsoidal harmonic functions (Heiskanen and Moritz, 1967), as:

TnY 1 GM @oo = =ij
8. (89)5 = -7 Zama(n = D) Ehey G [V, (1D

Ao a
With 6 denoting the reduced co-latitude (Heiskanen and Moritz, 1967), the terms in

equation (11) are defined as:

Ao; = A2 faa_"“ sin §d§ = Aa. (cos &; — cos 6;41) (12)
vy = fa"“ P..im (cos 8) sin 6d5 fjj“ cosmit ifm =0 (13)
nm = Jo Tmiml 3 sin|m|a ifm<o0

The quantity r°Ag® represents a harmonic function, and, under the approximation of
equation (10), so does the quantity rﬁ.@fj. This allows one to relate the ellipsoidal
harmonic coefficients Cg,, of equation (11), to the corresponding spherical harmonic
coefficients C3,,, appearing in equations (6) and (8), using the exact transformations derived
by Jekeli (1988) and implemented and verified by Gleason (1988).

Note that our Cj, and (g, coefficients are related to the corresponding gy ,and

gr mcoefficients of Gleason (1988) by:
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{g—fl’m} = M- 1), {C_’Slm} (14

Gnm) @ Cim
The transformation from spherical to ellipsoidal harmonic coefficients is given in (Gleason,
1988, equation 2.8):

= = b ! _
grel,m = Sn|m| (E)-Z}Sczo']n,m,k-gi—Zk,m (15)
and the transformation from ellipsoidal to spherical harmonic coefficients is given in

(Gleason, 1988, equation 2.10):

_ ' 1 _
gfl,m = Yk=0" b -Ln,m,k-grel—zk,m (16)
Sn—zk.lml(i)

b is the semi-minor axis and E the linear eccentricity of the adopted reference ellipsoid
(Heiskanen and Moritz, 1967) and the definition of the other terms appearing in equations
(15) and (16) can be found in the work of Gleason (1988). It is important to note that both
transformations are linear, and they both relate coefficients of the same type, order, and
parity of n-m. Importantly, equations (15) and (16) imply that both transformations preserve
the maximum order but not the maximum degree of a set of coefficients. As Jekeli (1988)
has pointed out, a finite number of spherical harmonic coefficients generate an infinite
number of ellipsoidal harmonic coefficients and vice versa. The additional coefficients, of
degree higher than the highest degree within the series being transformed, are linear
combinations of lower degree terms. These “extra” terms may be negligible for expansions
up to degree 360 or so, but become important for expansions up to degree 2159, as
Holmes and Pavlis (2007) have demonstrated.

Considering equation (14), the transformation (15) can be written in vector-matrix form as:
[Ch] = Te. [Ci] (17)
Where T;¢ is the transformation matrix applicable to order m, whose elements are
computed based on equation (15). Let T5¢ be the combined transformation matrix,
composed of the T3¢ sub-matrices, for all orders within a set of spherical harmonic
coefficients C°, whose error covariance matrix is}ss. Then the computation of the
corresponding ellipsoidal harmonic coefficients, using the transformation of equation (15),

can be written in the form:

[Ce] =T*e.[C"] (18)
Error propagation implies that the error covariance matrix of C¢ is given by:
Yge =T%. Yes. (T°0)T (19)

Where the superscript “T” denotes the transpose of a matrix. Similarly, the transformation

from ellipsoidal to spherical harmonic coefficients can be written in the form:

[C5] =T®s.[Ce] (20)
and the corresponding error covariance propagation formula is:
Yes =T Yee. (T°)T (21)
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Where the elements of matrix T¢ are computed from equations (14) and (16).

The formulation presented so far allows one to estimate a set of ellipsoidal harmonic
coefficients C¢ from a global set of area-mean free-air gravity anomalies Ag® that have
been analytically continued to the surface of the reference ellipsoid. The estimation of C¢ is
based on the (linear) mathematical model of equation (11), expressed as a finite series,
truncated to some maximum degree N,., that is commensurate with the size of the
equiangular cells forming the global grid (e.g., Nmax = 2159 for 5 arc-minute equiangular

cells), i.e.,

. B9) = o2 T (= 1) Zhe i Cim 1T (22)
Based on equation (22), one forms a system of observation equations that can be written
as:

v=A%— L (23)
Where L, is the vector of observations Ee, v is the vector of corresponding residuals, A is
the design matrix whose elements are formed based on equation (22), and X represents
the vector of estimated coefficients C¢. To be specific, £ represents estimated incremental
changes to the coefficients. The actual coefficient values are obtained after the adjustment,
by adding X to the reference coefficient values that were used within the adjustment. The

least squares solution, %, which satisfies the condition:

vT Pv = minimum (24)
is given by (Uctila, 1986):
£=N"1Uu (a)
N = ATPA (b) (25)
U=ATPL, (c)

Where P is the weight matrix associated with the observations Ag®. In this study, P was
assumed to be diagonal, with each diagonal element equal to the reciprocal of the error
variance of the corresponding gravity anomaly observation, i.e.:
10
po (i 1) (26)
0 ok
Where K is the total number of observations, and ag is the a priori variance of unit weight,
taken equal to 1. For the complete global equiangular grid of 5 arc-minute area-mean
gravity anomalies used here, K = 2160 x 4320 = 9331200. The assumption that the gravity
anomaly errors are uncorrelated is made out of necessity, rather than desire. It is extremely
difficult to estimate error correlations between the gravity anomalies with any degree of
accuracy. It is also practically impossible to handle numerically an arbitrary fully occupied
(symmetric) weight matrix of dimension 9331200. Even the estimation of realistic error

variances for the gravity anomalies is a very challenging task.
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With N,..x = 2159, the expansion given in equation (22) involves exactly 4665596 unknown
ellipsoidal harmonic coefficients. A weight matrix P, with elements of arbitrary value on the
diagonal, would result, in general, in a fully occupied, symmetric, normal matrix N of
dimension 4665596 x 4665596. The creation, storage, and inversion of such a matrix are
impractical, if not altogether impossible, given the presently available computational
capabilities. Therefore, the normal matrix N is approximated with its “Type 1” Block-
Diagonal form (BD1), whereby nonzero off-diagonal elements occur only between
coefficients of the same type, order, and parity of n-m, as it is discussed in detail by Pavlis
(1998c). This approximation requires also the careful “calibration” of the values of the
weights used in P, so that excessive weight ratios are avoided (see also Pavlis, 1998d).

The residuals obtained from equation (23) represent merely a measure of “goodness of fit”
of the truncated model (22) to the input data Ag®, i.e., they show how well the truncated
series of ellipsoidal harmonics of equation (22) manages to reproduce the input data, but

do not provide any information regarding the accuracy itself of the input data.

Two additional aspects of the above formulation are noteworthy:
(@) In equations (11) and (22) the summation starts from harmonic degree 2. However,
there is no guarantee that real data will not possess any zero- and first-degree terms.
These terms, meaningless as they may be, if left in the data and are not solved-for, could
alias other low degree coefficients of the same order. Therefore, in this study, any zero-
and first-degree terms present in the data were estimated and removed from them, before
using the data to estimate the C¢ coefficients.
(b) The properties of the transformations (15) and (16) discussed previously are such that
both transformations preserve the BD1 block-diagonal pattern in normal and error
covariance matrices of coefficient sets. This has important implications in the combination
2.3.23 Data Used in the Analysis (Pavlis et al., 2012)
The essential “ingredients” necessary for the estimation of the present high resolution
global gravitational model are a solution based on GRACE data, accompanied by its
complete error covariance matrix, and a complete global set of 5 arc-minute area-mean

free-air gravity anomalies, see Figure 3.
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Figure 3: Geographic display of some of the characteristics of the 5 arc-minute area-mean gravity
anomalies in the merged file used to develop the EGM2008 model: (a) Data availability. (b) Data
source identification (Pavlis et al., 2012).

The estimation of these gravity anomalies, as well as other aspects of the solution, also
require a very high resolution global Digital Topographic Model (DTM). The estimated
gravity anomalies need to be analytically downward continued to the surface of the
reference ellipsoid. l|deally, these gravity anomalies should have uniform and high
accuracy, and should only contain spectral information associated with the solved-for
harmonic coefficients. Since the 5 arc-minute equiangular grid of the gravity anomalies on
the reference ellipsoid permits the unbiased estimation of a set of ellipsoidal harmonic
coefficients, complete to degree and order 2159 (Colombo, 1981), in order to minimize
aliasing effects it is desirable to filter out of the 5 arc-minute data any spectral contributions
beyond ellipsoidal harmonic degree and order 2159 (Pavlis, 1988; Jekeli, 1996). In the
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following sections we describe the data that were used to compile the essential

“‘ingredients” necessary to develop the combination solution.

A. THE ITG-GRACE03S MODEL

The ITG-GRACEOQO3S (Mayer-Girr, 2007) satellite-only model that was used in the
development of EGM2008 was computed at the Institute of Theoretical Geodesy of the
University of Bonn in Germany. ITG-GRACEOQ3S is based on GRACE Satellite-to-Satellite
Tracking (SST) data acquired during the 57-month period from September 2002 to April
2007. No other data were used in its development, which followed the short-arc analysis
approach described by Mayer-Glirr et al. (2007). ITG-GRACEOQ3S is complete to spherical
harmonic degree and order 180, and was made available accompanied by its fully occupied
error covariance matrix. The model was developed without application of any a priori
information or any other regularization constraint. Therefore, the model (x) itself and its
complete error covariance matrix (3,.) are sufficient to recreate exactly the normal equation
system that produced it, recalling that the error covariance matrix is the inverse of the

normal equation matrix, i.e., from:

bv o) @)

B. THE DIGITAL TOPOGRAPHIC MODEL DTM2006.0

The pre-processing and analysis of the detailed surface gravity data necessary to support
the development of an EGM to degree 2160, depends critically on the availability of
accurate topographic data, at a resolution sufficiently higher than the 5 arc-minute
resolution of the area-mean gravity anomalies that will be used eventually to develop the
EGM. Factor (1998) discusses some of the uses of such topographic data within the
context of a high resolution EGM development. These include the computation of Residual
Terrain Model (RTM) effects (Forsberg, 1984), the computation of analytical continuation
terms, the computation of Topographic/lsostatic gravitational models that may be used to
“fill-in” areas void of other data, and the computation of models necessary to convert height
anomalies to geoid undulations (Rapp, 1997). For these computations to be made
consistently, it is necessary to first compile a high-resolution global DTM, whose data will
support the computation of all these terrain-related quantities.

For EGM96 (Lemoine et al., 1998), which was complete to degree and order 360, a global
digital topographic database (JGP95E) at 5 arc-minute resolution was considered sufficient.
JGP95E was formed specifically to support the development of EGM96, by merging data
from 29 individual sources, and, as acknowledged by its developers, left a lot to be desired
in terms of accuracy and global consistency. Since that time, and thanks primarily to the

Shuttle Radar Topography Mission (SRTM) (Werner, 2001), significant progress has been
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made on the topographic mapping of the Earth from space. During approximately 11 days
in 2000 (February 11-22), the SRTM collected data within latitudes 60°'N and 56°S, thus
covering approximately 80 percent of the total land area of the Earth with elevation data of
high, and fairly uniform, accuracy. Rodriguez et al. (2005) discuss in detail the accuracy
characteristics of the SRTM elevations. Comparisons with ground control points whose
elevations were determined independently using kinematic GPS positioning, indicate that
the 90 percent absolute error of the SRTM elevations ranges from +6 to +10 m, depending

on the geographic area (Rodriguez et al., 2005).

In preparation for the development of the EGM2008 model, DTM2006.0 was compiled by
overlying the SRTM data over the data of DTM2002 (Saleh and Pavlis, 2003). In addition to
the SRTM data, DTM2006.0 contains ice elevations derived from ICESat laser altimeter
data over Greenland (S. Ekholm, personal communication, 2005) and over Antarctica (J. P.
DiMarzio, personal communication, 2005). Over Antarctica, data from the “BEDMAP”
project (http://www.antarctica.ac.uk/aedc/bedmap/) were also used to define ice and water
column thickness. Over the ocean, DTM2006.0 contains essentially the same information
as DTM2002, which originates in the estimates of bathymetry (Smith and Sandwell, 1997)
from altimetry data and ship depth soundings. DTM2006.0 was compiled in 30 arc-second
resolution, providing height and depth information only, and in 2, 5, 30 and 60 arc-minute
resolutions, where lake depth and ice thickness data are also included. DTM2006.0 is
identical to DTM2002 in terms of database structure and information content. DTM2006.0
data was used to compute the following quantities:

(a) Fully normalized spherical harmonic coefficients of the elevations(H,,,). These are

consistent with the model:

Ay =1 (602)) = 7 Zkco Zoen Hom: [T (28)
where HL-]- represents the area-mean value of an elevation-related quantity, such as heights
above and depths below Mean Sea Level (MSL), over a cell located on the i-th “row” and j-

th “column” of the global equiangular grid. The terms Ag; and 117,3” are defined exactly as in
equations (12) and (13), but evaluated here using the geocentric co-latitude 6, instead of
the reduced co-latitude 6. The 2 arc-minute version of DTM2006.0 was used to evaluate a
set of coefficients H,,,,, complete to degree and order K = 2700. These coefficients, up to
degree and order 2160, were used to form the terms necessary to convert height anomalies
to geoid undulations, as described by Rapp (1997). The same coefficients, to degree and
order 360, we used to form the reference surface, with respect to which the RTM-implied
gravity anomalies were computed.

(b) The 30 arc-second version of DTM2006.0 was used to evaluate the g; analytical

continuation terms, over all land areas, on the same 30 arc-second grid. We then formed
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global equiangular grids of the area-mean values of these terms in both 2 and 5 arc-minute
resolutions, and analyzed harmonically the 2 arc-minute grid to create a set of ellipsoidal
harmonic coefficients of these g; terms, complete to degree and order 2700.

(c) The 30 arc-second version of DTM2006.0 was used and computed on the same 30 arc-
second grid extending over all of the Earth’s land areas, including a 10 km margin
protruding into the ocean, gravity anomalies implied by a Residual Terrain Model (RTM).
This RTM was referenced to a topographic surface, created from the elevation harmonic
coefficients described under (a) above, to degree and order 360. RTM-implied gravity
anomalies Agrry Were computed as described in detail by Forsberg (1984). The 2 arc-
minute area-mean values of these anomalies were then formed and supplemented the land
data set with zero values for the cells that are located over ocean areas, excluding the
margin mentioned above. This 2 arc-minute Aggry 9rid was analysed harmonically to
compute a set of ellipsoidal harmonic coefficients complete to degree and order 2700. The
computation of the RTM-implied gravity anomalies globally and on a regular grid enables
their spectral decomposition, and so is of critical importance both to the estimation of a
band-limited set of 5 arc-minute mean anomalies from terrestrial gravity data, and to the
computation of “fill-in” anomalies in areas covered with proprietary data.

(d) The formulation described by Pavlis and Rapp (1990) was used to determine spherical
harmonic coefficients of the Topographic/lsostatic (T/I) potential implied by the
Airy/Heiskanen isostatic hypothesis, with a constant 30 km depth of compensation. These
coefficients were evaluated up to degree and order 2160, employing the DTM2006.0
database, in two ways:

(i) Using 5 arc-minute data, and,

(i) Using 2 arc-minute data.

These coefficients were originally intended to be used in combination with the satellite-only
model, to compute “fill-in” gravity anomalies. This was not done however, as opted instead
for the use of “fill-in” gravity anomalies, free of any isostatic hypothesis.

Pavlis et al. (2007b) provide additional details about the DTM2006.0 database and its use

towards the development and implementation of the EGM2008 model.

It should be emphasised here that a single DTM should be used consistently in all the
processes related to the development and the subsequent use of an EGM. This DTM is in
fact inextricably connected to the resulting EGM. For example, elevation errors will
propagate into errors in the downward continuation of gravity anomalies from the
topography to the ellipsoid. However, one expects these propagated errors to cancel out to
a large extent, when the resulting EGM is used to compute quantities such as height
anomalies or gravity anomalies back on the topography, as long as the same DTM is used

consistently in both operations. Otherwise, the use of different elevation information in
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these operations could create inconsistencies that may degrade the results. Therefore, the
availability of a global DTM of the highest possible accuracy and resolution is an important

prerequisite of any high resolution EGM development effort and use.

C. THE GRAVITY ANOMALIES DERIVED FROM SATELLITE ALTIMETRY

The altimetry-derived gravity anomalies cover approximately 70 percent of the globe, and
so are crucial to the formation of a complete, global 5 arc-minute gravity anomaly grid that
can support the determination of a marine geoid with long wavelength integrity and very
high resolution. The global 5 arc-minute merged gravity anomaly files, which supported the
development of several Preliminary Gravitational Models (PGM) during the course of the
project, employed altimetry-derived gravity anomalies from a variety of sources, one of
them computed at the Danish National Space Center (DNSC) — DNSCO07, the other at
Scripps Institution of Oceanography, in collaboration with the National Oceanic and
Atmospheric Administration (SIO/NOAA) — SSv18.1.

The main difference between the estimation algorithms employed by DNSC and SIO/NOAA
is the form in which the altimeter data enter the estimation of gravity anomalies. DNSC
uses (residual) Sea Surface Heights (SSH), while SIO/NOAA use (residual) slopes of the
SSH, determined from the numerical differentiation of neighbouring altimeter data. There
are advantages and disadvantages associated with either of the two estimation techniques,
as these were actually implemented by DNSC and SIO/NOAA respectively. In particular, for
a given reference gravitational model whose resolution is always finite, the use of residual
SSH is affected less by the lack of data on the side of land in near-coastal areas, as
compared to the use of residual SSH slopes. The use of residual SSH slopes on the other
hand, tends to produce gravity anomalies that are noticeably “richer” in high frequency
content, as compared to the use of residual SSH. The difference between the results from
the two estimation techniques are of course reduced as the common reference models

used in both become more accurate and of higher resolution.

D. THE GRAVITY ANOMALIES ESTIMATED FROM TERRESTRIAL DATA
The estimation of the 5 arc-minute area-mean free-air surface gravity anomalies Efj from

the corresponding point values was performed using a LSC prediction algorithm (Moritz,
1980), in a “remove-compute-restore” fashion. LSC is a mathematical technique for
determining the Earth’s figure and gravitational field by a combination of heterogeneous
data of different kinds. Its formulation may be interpreted in very different ways: as the
solution of a geophysical inverse problem, as a statistical estimation method combining
least squares adjustment and least squares prediction, and as an analytical approximation

to the Earth’s potential by means of harmonic functions (Moritz, 1978). LSC is a form of
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linear regression — estimating stochastic quantities from other stochastic quantities by using
their statistical correlations — that is formally identical to objective mapping. The
implementation of LSC used the remove-compute-restore computational methodology that
is well known to geodesists. Thereby, long wavelength trends are removed from the
observations using some a priori known reference model(s), the LSC prediction is applied
to the residuals after the removal of the values of the reference model(s) from the
observations, and finally the effects of the reference model(s) are restored back to the
estimated quantities. Moritz (1980) provides a comprehensive treatise of LSC and the
remove-compute-restore computational methodology. The main elements of this

formulation are:

-1
Aat. — -
Agl; = CAgitj,Agi.(cAgilAgﬁv) L+ 29)
Where Cgje gt IS the signal cross-covariance matrix between the area-mean value to be
ij”

AgLAgL is the auto-covariance

predicted and the point values of the observations Agt, and C
matrix of the observations involved in the prediction. V is the noise covariance matrix of
these observations, which was taken in this study to be diagonal, and L is the vector of
observations. From the observations, quantities that can be modelled have been removed,

so that an element [, of the vector L is given by:

le =%k =W (30)
where:
xx = Agf. — Agj,(SH) — Agj,(RTM) (31)

and y, is the mean value of x, over the area involved in the prediction, so that the residual
observations involved in the prediction are centered. Agk(SH)) andAgl(RTM)) are point
values of the free-air gravity anomalies implied by the reference spherical harmonic model
used and by the RTM computation. In our notation, “SH” abbreviates “Spherical Harmonics”
and refers to the computational method used to evaluate these gravity anomalies. It does
not represent a variable, to which these gravity anomalies depend, but rather a
computational method. The same applies to our “RTM” notation. Finally, in equation (29), r;
is given by:

rj = Ag{;(SH) + Ag{;(RTM) + y, (32)
and represents the sum of the area-mean values of the reference terms that have to be
“restored” to the predicted quantity E{j . In equations (31) and (32), proper care should be
exercised, so that the reference gravitational model and the RTM effects neither overlap
nor leave any “gaps” in terms of spectral content. This LSC prediction algorithm was used
to estimate the terrestrial gravity anomalies that supported the PGM2004A,
PGM2006A/B/C, and PGM2007A/B preliminary models. For the final EGM2008 model

however, a modification to this algorithm was implemented, which results in predicted
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gravity anomalies Efj that are band-limited to a high degree of approximation. Consider
the frequency content of the various terms appearing in equations (31) and (32). The point
value of the surface free-air gravity anomaly Agf contains the full spectrum of the gravity
field. The reference value Agip(SH) and E@(SH) contain only the bandwidth of the
reference model used in the estimation. Due to the use of a reference topographic surface
created from an expansion to degree 360 of the topography , the point values AgL(RTM),
contain spectral power from degree ~360, up to a degree commensurate with the grid size
of the DTM used in their computation, which, in this case, was 30 arc-seconds. The
corresponding 5 arc-minute area-mean values Efj(RTM), which are the result of
averaging, are certainly not band-limited, and contain spectral power beyond degree 2159.
A simple modification of the quantities used in the LSC algorithm discussed before, can
provide much better control on the frequency content of the predicted mean anomalies.

Specifically, we modify equations (31) and (32) as:

x, = Agk — [Agh(SH,n = 2159) — AgL(RTM,n = 2159) | — AgL(RTM) (33)
and
r;j = Agfj(SH,n = 2159) +y, (34)

where we have assumed here that the reference gravitational model extends to degree
2159, in ellipsoidal harmonics. Use of equations (33) and (34), instead of (31) and (32),

results in predicted gravity anomalies Efj that are band-limited to a high degree of

approximation. The key element that enables the implementation of this new approach is
the availability of the RTM-implied Ag, globally and in the form of a regular grid. Without
such a file, there can be no spectral decomposition of the RTM-implied Ag, which produces
the coefficients necessary to synthesize the terms Agi(RTM,n = 2159) with the required
spectral content. In the implementation, the quantity within the brackets in equation (33),
referring to the Earth’s topography, was evaluated as point values on a global 30 arc-
second grid. This grid was then used to interpolate the values to the locations of the point
gravity data. The gravity anomaly degree variances c,, is computed according to equation
(35).

2 _
Co =55 (0= D] T n(Cim)? (35)
The LSC prediction algorithm implemented here also provides estimates of the error

variances of the predicted Ef] These are given by:

=C
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Agfj
These error variances do not necessarily account for systematic errors in the gravity data,
and have to be modified carefully, in order to provide realistic measures of the errors

associated with these data.
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For the final iteration of the estimation of the 5 arc-minute gravity anomalies, which
supported the development of EGM2008, the PGM2007B solution was used as reference
gravitational model (to spherical harmonic degree 2190), consistent with the estimation of

the altimetry-derived values.

E. Fill-in GRAVITY ANOMALIES USING RTM FORWARD MODELING

In terms of their availability, the gravity anomaly data that were necessary for the project
divide the Earth into three distinct sub-divisions, as shown in Figure 3a.

(a) Areas where gravity anomaly data exist, and were made available for the computation
of the 5 arc-minute area-mean values necessary for the project, without any restrictions.
The majority of ocean areas fall in areas where the altimetry-derived gravity anomalies
existed. These areas are colored green in Figure 3a.

(b) Areas where gravity anomaly data are either unavailable, or too sparse, or too
inaccurate, to support the estimation of 5 arc-minute area-mean values of meaningful
quality. These areas are colored red in Figure 3a.

(c) Areas where the gravity anomaly data available to this project were of proprietary
nature. In agreement with the co-owners of these data, within this project, their use was
only permitted at a resolution corresponding to 15 arc-minute area-mean values. The
domain of these data covers approximately 42.9 per cent of the Earth’s total land area, and
is coloured grey in Figure 3a.

In order to compile a global gravity anomaly data set with as uniform spectral content as
possible, capable of supporting the estimation of potential coefficients to degree 2159, the
spectral content of the gravity anomalies in category (c) above, beyond degree 720 that
corresponds to the 15 arc-minute resolution, and up to degree 2159, was supplemented
with the gravitational information obtained from the global set of RTM-implied gravity
anomalies. The specific details of the implementation of this approach are given by Pavlis
et al. (2007b). This approach was tested and verified locally, over extended areas where
high quality gravity anomaly data are available (USA, Australia), as Pavlis et al. (2007b)
discuss in detail. In addition, the gravity anomaly degree variances obtained from the
analysis of a global 5 arc-minute data set that included the proprietary data were compared
with the degree variances obtained from the use of the RTM-implied gravity information.
Pavlis et al. (2007b, Figure 5) demonstrate that the two spectra are in excellent agreement.
Only after degree ~1650 the use of the RTM-implied gravity information provides a
somewhat underpowered gravity anomaly spectrum. With this approach, the proprietary
data issues were circumvented without degrading the gravitational solution significantly, at
least in terms of the recovered power spectrum. An obvious shortcoming of our RTM based

forward modelling approach is that it can only improve the modelling of short wavelength
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gravitational signals (beyond degree 720), to the extent that these signals are generated by
topographic masses.

Finally, there was need to provide an estimate for each of the 5 arc-minute area-mean
gravity anomalies under (b) above. These cover approximately 12.0 percent of the Earth’s
land area, and are located in Africa, South America, and Antarctica. Over Africa and South
America, the 5 arc-minute values were originally synthesised using the GGMO02S
coefficients (Tapley at al., 2005) for degrees 2 to 60, augmented with the EGM96
coefficients (Lemoine et al., 1998) for degrees 61 to 360, and further augmented with the
coefficients from the analysis of the RTM-implied anomalies for degrees 361 to 2159. Over
Antarctica, the 5 arc-minute values were synthesised using only the ITG-GRACEO03S

(Mayer-Gurr, 2007) model coefficients, up to degree and order 180.

F. THE 5 Arc-Minute GLOBAL MERGED GRAVITY ANOMALY FILE

The estimation of the C¢ ellipsoidal harmonic coefficients implied by the “terrestrial’ data up
to degree and order 2159 requires a global, complete file of 5 arc-minute area-mean gravity
anomalies Efj Since this estimator does not allow for any gaps or overlapping duplicate
data input, one has to select for each 5 arc-minute cell on the ellipsoid, the most accurate
anomaly estimate out of multiple data that may be available for that cell (e.g., marine and
altimetry-derived values). Rapp and Pavlis (1990) discuss such kind of data selection and
merging algorithm. In the development of EGM2008, a similar algorithm was used. This
process resulted in a complete global grid (9331200 values) of 5 arc-minute Ef] which
were used in the model’s estimation. Table 1 summarizes the overall statistics of this

merged file.

Table 1: Statistics of the 5 Arc-Minute Area-Mean Gravity Anomalies After Editing and Downward
Continuation of the Merged File Used to Develop EGM2008 ModeF (Paviis et al., 2012).

Percent
Data Source Area Minimum Maximum RMS RMS o
ArcGP 3.0 -192.0 281.8 30.2 3.0
Altimetry 63.2 -361.8 351.1 28.4 3.0
Terrestrial 17.6 -351.9 868.4 41.2 2.8
Fill-in 16.2 -333.0 593.5 46.8 7.6
Non Fill-in 83.8 -361.8 868.4 31.6 2.9
All ($,2) 100.0 -361.8 868.4 34.5 4.1
19.4°,293.5 10.8°,286.3"

4Unit is mGal. The latitudes and longitudes listed identify the location of the extreme values in the
merged file.
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It is interesting to note that the areas covered with the poorest quality gravity data, the “fill-
in” values, are also characterized by the “roughest” gravity anomalies, with a +46.8 mGal
RMS gravity anomaly value, compared to +34.5 mGal, which is the global RMS value of
our present data. This should come as no surprise, since the areas occupied with “fill-in”
data cover some of the most mountainous areas of the Earth, like the Himalaya and the
Andes. The RMS values of the error standard deviations of the data given in Table 1
represent the error estimates obtained from the LSC estimator of equation (36), before
applying any error “calibration.” These noise-only error estimates many times are rather
optimistic. Figure 3b displays geographically the source identification of the 5 arc-minute
area-mean gravity anomalies in the merged file used to develop the EGM2008 model.
Some noteworthy aspects of this merged file include the extensive use of 5 arc-minute
area-mean gravity anomalies from the Arctic Gravity Project (ArcGP) (Kenyon and
Forsberg, 2008), and the avoidance of use of any Topographic/lsostatic mean anomalies
(Pavlis and Rapp, 1990). Over Antarctica, the 5 arc-minute area-mean gravity anomalies
were synthesized purely on the basis of the ITGGRACEO03S (Mayer-Gurr, 2007) model.
This makes the EGM2008 model completely free of any isostatic hypothesis, at the cost of
producing a smoother field over Antarctica, since ITG-GRACEQ3S is complete only up to
degree and order 180. Over parts of Siberia, as well as over France, Poland, and
Colombia, the 5 arc-minute values used in the merged file were contributed to NGA by
external organizations or individuals. The “splicing” of the SS v18.1 altimetry- derived
anomalies from SIO/NOAA with the DNSCOQ7 values is also shown in Figure 3b. Over the
Gulf Stream and Kuroshio areas, where the increased sea surface variability makes the
altimetry-derived anomalies less reliable, we made some use of marine gravity anomalies,
after their quality was verified through comparisons with other independent marine gravity
data.
23.23 Solution Development and Evaluation (Pavlis et al., 2012)
During the course of the development of EGM2008, several Preliminary Gravity Models (PGM)
were developed in order to test various aspects of the solution and evaluate alternative modelling
and estimation approaches. The progression of the PGM developments also paralleled the
availability of improved satellite-only solutions from the GRACE mission, as well as improved
versions of the terrestrial and the altimetry-derived gravity anomaly data. Three of these PGM
development efforts constituted significant milestones for the project and the details of these PGM

are given in next section.

2.3.2.3.1  Preliminary Solutions
a) PGM2004A

PGM2004A (Pavlis et al., 2005) was the first gravitational model ever developed that extended to

degree 2160. PGM2004A used the GGM02S GRACE-only model (Tapley et al.,, 2005), which
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extends to degree and order 160, and whose spherical harmonic coefficients were accompanied
by their error estimates. A very preliminary version of the 5 arc-minute merged gravity anomaly file
supported the development of PGM2004A. Among other shortcomings, PGM2004A was
developed based on gravity anomalies that had not been downward continued. Nevertheless, as
discussed by Pavlis et al. (2005), comparisons with TOPEX altimeter data, astrogeodetic
deflections of the vertical, geoid undulations and/or height anomalies obtained from GPS
positioning and spirit leveling, demonstrated clearly that PGM2004A performed quite well.

b) PGM2006A,B and C
After the successful development of PGM2004A, the effort focused on the compilation and
verification of several data including; the compilation of the DTMZ2006.0 global topographic
database, the computation of RTM implied gravity anomalies, globally and on a regular grid, and
the computation of the g; analytical continuation terms. In parallel, the candidate Mean Sea
Surface (MSS) data sets produced at DNSC were continuously evaluated. An updated global 5
arc-minute merged gravity anomaly file was compiled, where fill-in anomalies computed were
incorprated. The estimation of the gravity anomalies within this file employed a refined LSC
prediction approach near the coastlines, where the available land, marine, and altimetry-derived
gravity data were combined. Using this global 5 arc-minute gravity anomaly file and the available
g+ analytical continuation terms, two combination solutions were created (Pavlis et al., 2006a):
PGM2006A, where the gravity anomalies were not downward continued, and, PGM2006B, where
the gravity anomalies were downward continued.
The solutions PGM2006A and B were evaluated, using various independent data (Pavlis et al.,
2006a), as was also done with PGM2004A. It was reassuring to see that both 2006 solutions were
performing considerably better than the 2004 solution, and furthermore that PGM2006B was
outperforming PGM2006A.
With the help of the fifth version of the MSS model provided by DNSC, designated DNSCO6E (O.
B. Andersen, personal communication, 2006) and building upon the experience with PGM2006A,
and B, the PGM2006C solution was developed paying special attention to the DOT that it implied.
Over land areas, the differences between PGM2006B and PGM2006C are marginal.

c¢) PGM2007A and B
The development of PGM2007A and B constitutes the first of the two iterations of the general
estimation approach discussed in section 2.3.2.1. The computation of these two solutions
incorporated all the essential elements of the estimation approach.
In May 2007, the DNSC provided the eighth version of their MSS, which was designated
DNSCO07C (O. B. Andersen, personal communication, 2007). This version of the DNSC MSS had
addressed several problems associated with the previous versions. The DNSC07C MSS was

evaluated and found that it could be used to develop a preliminary DOT model. This DOT model,
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along with the PGM, would form the reference models necessary for the re-iteration of the
estimation of the altimetry-derived gravity anomalies.

In preparation for the PGM2007A and B solutions, an updated set of 5 arc-minute area-mean
gravity anomalies was formed. This set used the PGM2006B solution as the reference model in the
LSC estimation algorithm, in place of the EGM96 solution (Lemoine et al., 1998) that had been
used in all previous gravity anomaly estimations. Over the areas occupied by proprietary data, the
spectral content of the 5 arc-minute area-mean gravity anomalies from ellipsoidal harmonic degree
721 and up to degree 2159 was supplemented by the spectral information extracted from the RTM-

implied gravity anomalies, as discussed in section 2.3.2.3 (E).

Evaluation of PGM2007A

By the end of October 2007, several members of the IAG/IGFS SWG, availed 19 reports from the
evaluation of PGM2007A. The majority of these reports involved comparisons with locally available
gravity anomaly data and with geoid undulations or height anomalies from GPS positioning and
levelling data, as well as comparisons with local and regional high resolution geoid models.
Minkang Cheng (Univ. of Texas, Center for Space Research — UT/CSR) reported orbit fit
comparison results, using satellites tracked by Satellite Laser Ranging (SLR). These comparisons
are particularly sensitive to long wavelength errors in the gravitational model. However, after the
inclusion in combination solutions of the highly accurate long wavelength gravitational information
from GRACE, acceptable results from these comparisons constitute a necessary but not sufficient

condition for the long wavelength accuracy of the model.

After a careful study of the reports provided by the Special Working Group (SWG) including the
results from the evaluation of PGM2007A an effort was made to address any comments indicating
that the performance of the model could be improved, at least over those areas where data
necessary to address such comments was readily available. Two specific cases where the
information received from the SWG proved beneficial to the development of the final model involve
the report received from Jonas Agren (Swedish mapping, cadastre and registry authority) for the
evaluation of PGM2007A over Sweden, and the report from Heiner Denker (Institut fir
Erdmessung, Hannover, Germany) who evaluated PGM2007A over Eurasia. The former indicated
that some of the gravity anomaly data from the Arctic Gravity Project over Scandinavia, north of the
64'N parallel, could be improved; the latter revealed some problems over Eurasia, the most severe
of which involved the data over Turkey. The data was carefully re-examined over these
problematic areas and corrected these problems in the next, and final, re-iteration of the LSC

estimation of gravity anomalies, which produced the data used in the final EGM2008 model.
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2.3.2.3.2 Final EGM2008 Solution

In late October 2007, the ITGGRACEQ3S GRACE-only model was acquired (Mayer-Gurr, 2007),
complete to degree and order 180, along with its complete error covariance matrix. By early
February 2008, all the “ingredients” necessary for the development of the final model EGM2008
were available, including the latest 5 arc-minute area-mean terrestrial gravity anomalies obtained
from the last re-iteration of our LSC estimation algorithm and the two sets of altimetry-derived
gravity anomalies, DNSCO07 and SS v18.1, which are combined as we discussed in section 2.3.2.3.
(C). This data was combined to come up with a merged 5 arc-minute area-mean global gravity
anomaly file by combining the terrestrial and altimetry-derived data files. The data within this
merged file was carefully examined, paying special attention to smooth out any existing
discontinuities over the boundaries between data from different sources. Ellipsoidal corrections
were applied to the 5 arc-minute area-mean gravity anomalies of this merged file (Pavlis, 1988;
Rapp and Pavlis, 1990) and the correction associated with the use of orthometric instead of normal
heights in the numerical evaluation of the Molodensky freeair gravity anomalies (Pavlis, 1998a).
PGM2007B solution was used as reference to evaluate these corrections. Finally, the 5 arc-minute
gravity anomalies were analytically continued downward, from the Earth’s topography where they
refer, to the reference ellipsoid, using method that was used in the development of the PGM2007A

and B solutions.

2.3.2.3.3  Evaluation of EGM2008 Using Independent Data

The residual gravity anomalies and the error spectra associated with a combination solution
represent internal consistency indicators of the quality of a solution. Comparisons with data
independent from the solution offer a verification and validation capability, necessary to assess the
actual performance of a model. A single, global set of independent data with the spectral sensitivity
and accuracy necessary to test the entire spectral bandwidth of the model and its complete global
coverage does not exist. Even if it did, it would probably have been used for the estimation of a
solution in the first place, thus eliminating its independence from the model being tested.
Therefore, one is forced to use independent data of different spectral sensitivities and/or
geographic extent, in an effort to evaluate a solution based on tests of complimentary spectral
and/or geographic character (Pavlis et al., 1999).
A. Orbit Fit Tests

Table 2 shows the average RMS residual from 3-day orbit fits, spanning the year 2003, for six
SLR-tracked spacecraft. The fits were performed without, as well as with, the adjustment of one
cycle-per-revolution (1-cpr) empirical accelerations (Colombo, 1986, 1989), and are reported for
EGM96 (Lemoine et al., 1998), GGMO02C (Tapley et al., 2005), and the EGM2008 solution. The
models that include GRACE information, GGM02C and EGM2008, show practically the same
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performance in these tests, and an improvement over the pre-GRACE EGM96 solution. Additional

details about these orbit fit tests are given by Cheng et al. (2009).

Table 2: Average Laser Ranging Residual RMS From One Year (2003) of 3-Day Orbit Fits Without and
With One Cycle-Per-Revolution (1-cpr) Empirical Accelerations Being Adjusted® (Pavlis et al., 2012).

EGM96 GGMo02C EGM2008
Satellite No 1-cpr 1-cpr No 1-cpr 1-cpr No 1-cpr 1-cpr
LAGEOS-1 1.5 1.05 1.5 0.96 1.5 0.97
LAGEOS-2 1.3 0.96 1.3 0.84 1.4 0.85
Ajisai 5.9 5.6 5.2 4.8 5.3 4.4
Starlette 5.1 3.7 3.5 1.8 4.8 1.8
Stella 9.0 6.5 3.1 22 3.0 1.6
BE-C 11.1 9.1 9.1 7.6 9.4 7.6

@Unit is cm.

Satisfactory results from the orbit fit tests shown in Table 2 represent a necessary but not sufficient
condition for the quality of any GRACE-based model. The results from these tests are very similar
for any GRACE-based model, due to the limited spectral sensitivity of these tests, in conjunction
with the very high accuracy of the long wavelength gravitational information provided by the
GRACE data (Cheng et al., 2009).

B. Comparisons With GPS/Levelling Data

A global database of GPS/Levelling (GPS/L) data has been maintained over years, generously
contributed by various colleagues. These data remain independent from any of the existing
gravitational models. Currently, the “thinned” version of the database contains a total of 12387
points, distributed over 52 countries or territories. The thinning of the points, which is applied after
careful inspection of the geographic distribution of the original GPS/L data within each of the data
sources, aims to avoid clusters of points located extremely close to each other. The thinning
algorithm considers only the geographic location of the data, and does not discard any points
based on comparisons with any gravitational model. The global distribution of the GPS/L stations is
uneven, with the majority of the data located over North America, Europe and Australia, and
considerably fewer points over South America, Asia and Africa. 4201 of our thinned data were
located over Conterminous U.S. area (CONUS). These data originated from an update of the file
documented by Milbert (1998) and were made available by the National Geodetic Survey in 1999.
Within the database, some of the GPS/L data sources provide geoid undulations (N), while others
provide height anomalies (). This is accounted for in the comparisons, using Rapp’s (1997)
formulation and the spherical harmonic coefficients from the analysis of the DTM2006.0 database
in order to compute the height anomaly to geoid undulation conversion terms, to a spherical

harmonic degree commensurate to the maximum degree of the model being tested.
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Table 3 presents the results from GPS/Levelling data comparisons, using the entire compliment of
the globally distributed sets of points. It includes the statistics of the differences between the
GPS/L undulations and those from EGM96 (Lemoine et al., 1998) to degree 360, GGMO02C (Tapley
et al., 2005) up to degree 200 augmented with EGM96 from degree 201 to 360, EIGEN-GL04C
(Forste et al.,2008) to degree 360, as well as EGM2008 to degree 360 and EGM2008 to degree
2190. The truncated to degree 360 version of EGM2008 outperforms its contemporary solutions
GGMO02C and EIGEN-GL04C. Using EGM2008 to its maximum degree 2190, results in £13.0 cm
weighted standard deviation after removing a bias per data set, and +10.3 cm after removing a
linear trend per data set. These results indicate that EGM2008 may have reached or even
surpassed the +15 cm global RMS geoid undulation commission error goal set by NGA at the
beginning of the project. Of course, we should note here that the distribution of GPS/Leveling data
is confined to land areas only, and over these areas is certainly not uniform. In most cases, high

quality GPS/Leveling data exist over the same areas covered with high quality gravity data.

The increased accuracy and resolution of EGM2008 as compared to other models, mandates
special attention to the fact that the geoid undulations or height anomalies obtained from the

GPS/Levelling data are not error free.

Table 3: GPS/Levelling Comparisons Globally (Pavlis et al., 2012).

Bias Removed Linear Trend Removed

Weighted Weighted

Standard Standard

Deviation Deviation
Model (Nmax) (cm) (cm)
EGM96 (360) 30.3 27.0
GGMO02C_EGM96 (360) 25.6 23.2
EIGEN-GLOA4C (360) 26.2 23.5
EGM2008 (360) 23.0 20.9
EGM2008 (2190) 13.0 10.3

C. Comparisons With Astrogeodetic Deflections of the Vertical
Astrogeodetic deflections of the vertical are particularly useful for the evaluation of the high degree
part of a gravitational model. Two sets of such independent data were available for evaluation. One
consists of 3561 pairs of meridional and prime-vertical deflections (¢, n) distributed over CONUS.
This set is also discussed by Jekeli (1999). The other set consists of 1080 (¢, n) pairs, scattered
over Australia (W. E. Featherstone, personal communication, 2006). Using the specific procedures

discussed in detail by Jekeli (1999), the independent astrogeodetic (€, n) data in these two sets
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were compared to the corresponding gravimetric values computed by various models. The RMS

differences (Ag, An) are shown in Table 4

Table 4: RMS Differences Between Astrogeodetic and Gravimetric Deflections of the Vertical Over CONUS
and Australia® (Pavlis et al., 2012).

CONUS Australia
3561 Stations 1080 Stations
Model (Nmax) A% An A§ An
EGM96 (360) 2.80 3.22 1.91 2.23
GGMO02C_EGM96 (360) 2.80 3.22 1.89 2.22
EIGEN-GLOA4C (360) 2.81 3.20 1.92 2.23
EGM2008 (2190) 1.12 1.16 1.19 1.29
DEFLEC99 (1’ —0800) 0.91 0.92 - -
AUSGeoid (22 ——»5400) - - 1.31 1.37

@Unit is arc-second.
The results are practically equivalent for all models extending to degree 360. A significant
reduction of the RMS differences by approximately a factor of three occurs when EGM2008 is
extended to degree 2190. Up to that degree, the performance of EGM2008 is marginally inferior to
that of the detailed DEFLEC99 model that has a 1 arc-minute resolution, and marginally superior to
the performance of the 2 arc-minute resolution AUSGeoid98 model.

D. Comparisons With TOPEX Altimeter Data
Over a set of reference locations on the 10-day repeat ground track of the TOPEX/Poseidon
altimeter satellite, temporally averaged values of the Sea Surface Heights (SSH) were formed,
sampled at the rate of one-per-second, by “stacking” altimeter data over the 6-year period from
1993 to 1998. This mean track contains 517835 1 Hz SSH values. Over these locations the
residual SSH was computed as:
rSSH = SSH — NMod - {Mod (37)
Where N4 is the geoid undulation implied by a gravitational model and (4 is the Dynamic Ocean
Topography implied by a DOT model. The DOT2007A model complete to degree and order 50,
was used in all the comparisons whose results are summarized in Table 5. Also 494350 along-
track residual SSH slope values were formed, by differencing consecutive residual SSH values and
dividing these differences by the distance of the sub-satellite points. To avoid data gaps, no slopes
were formed if the consecutive sub-satellite points were further than 8 km apart from each other. A
200m depth threshold was also applied, in order to avoid shallow water areas where tidal
corrections may be less accurate. Inland and enclosed seas, such as the Caspian, Mediterranean,

Black and Red Seas, and the Hudson Bay were excluded from this comparison.
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Table 5: Comparisons With TOPEX Altimeter Data From a Six-Year Mean Track Containing 517835 1 Hz
SSH and 494350 Along-Track SSH Slopes (Pavlis et al., 2012).

Residual Along-Track Slope
Residual SSH (cm) (arc-second)
Model (Nmax) Max Max
Absolute Standard Absolute Standard
Value Deviation Value Deviation
EGM96 (360) 334 20.0 30.0 1.96
GGMO02C_EGM96 (360) 300 18.2 29.3 1.96
EIGEN-GLOA4C (360) 288 19.2 29.7 1.98
EGM2008 (360) 307 16.0 28.5 1.90
EGM2008 (2190) 121 5.2 7.6 0.30

Table 5 shows the maximum absolute residual SSH and residual SSH slope, as well as the
standard deviation of these quantities, for the same global models as those compared in the
GPS/L tests. Up to degree 360, the EGM2008 solution clearly outperforms its contemporary
models GGM02C and EIGEN-GL04C, both in terms of the residual SSH and the residual SSH
slope comparisons. Expanding the EGM2008 solution to its maximum degree yields an
improvement by a factor of approximately three in the standard deviation of rSSH, and a factor of
6.3 in the standard deviation of rSSH slopes, compared to its truncated to degree 360 version.
E. Dynamic Ocean Topography Comparisons

The DNSCO08B MSS provided in 1, 2, and 5 arc-minute versions by DNSC was used to compare
the DOT implied by EGM2008 and by its contemporary GRACE-based gravitational models
GGMO02C (Tapley et al., 2005) and EIGENGL04C (Férste et al., 2008). For this test, three sets of
residual SSH were created by subtracting area-mean values of height anomalies computed from
the three gravitational models over 2 arc-minute cells, from the 2 arc-minute version of the
DNSCO08B MSS. As before, GGM02C was augmented with the EGM96 coefficients from degree
201 to 360, and EIGEN-GL04C was used to degree 360. The height anomalies from all three
models in the “Mean Tide” system were computed, to be consistent with the permanent tide
system in which the DNSC08B MSS is expressed. The 2 arc-minute residual SSH values over 6
arc-minute and over 1° equiangular cells were averaged, without applying any other smoothing or
filtering. These residual SSH represent also “direct” estimates of the DOT. Apart from the DOT
signal, they are composed of errors present in the MSS, as well as errors of commission and of
omission associated with each gravitational model used to define the geoid. The accuracy and
resolution of the GRACE-based geoid information is the primary factor affecting the accuracy and
resolution of the DOT that can be extracted from these residual SSH. The three DOT estimates

obtained in this fashion are shown in Figure 4.
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Figure 4: Dynamic Ocean Topography (DOT) estimates averaged over 6 arc-minute equiangular cells,
obtained by subtracting model-implied height anomalies from the DNSC08B Mean Sea Surface (MSS)
model. (a) Using GGMO02C to degree 200, augmented with EGM96 from degree 201 to 360. (b) Using
EIGEN-GL04C to degree 360. (c) Using EGM2008 to degree 2190.

Unit is cm (Pavlis et al., 2012).
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The omission error associated with the two models that extend to degree 360 is visible in Figure 4,
especially over trenches and sea mount chains, where these models fail to capture the large
variations of the geoid, which are also present in the 6 arc-minute averages of the MSS. The DOT
estimate based on GGM02C shows significant stripe artifacts. These are less pronounced in the
estimate that is based on EIGEN-GL04C, which produces though some “ringing” artefacts that are
most evident around the coast of New Zealand. The EGM2008 estimate of the DOT is largely free
of the artefacts and shortcomings of the estimates based on the other two models. Over the
4247328 6 arc-minute cells displayed in Figure 4, the standard deviation of the residual SSH is
+66.60 cm based on GGMO02C, +66.58 cm based on EIGEN-GL04C, and +63.97 cm based on
EGM2008.

The evaluation of EGM2008 performed by its developers as well as by the IAG/IGFS SWG both
indicate that the model’'s performance in orbit fits is comparable to any other GRACE-based
solution. Over areas covered with high quality gravity data (e.g., USA, Europe, Australia), the
discrepancies between geoid undulations computed from EGM2008 and those computed from
independent GPS/ Leveling data are on the order of +5 to £10 cm. These results are comparable
to, and in several cases better than, corresponding results obtained using regional detailed geoid
models. Deflections of the vertical, derived from EGM2008 over USA and Australia are within +1.1
to +£1.3 arc-seconds from corresponding values obtained from independent astronomical and
geodetic observations. Compared to its predecessor, EGM96, the EGM2008 solution represents
an improvement in resolution by a factor of six, and yields improvements in gravity modeling
accuracy ranging from a factor of three to a factor of six, depending on the gravitational functional

and the geographic area in question.

The EGM2008 solution is accompanied by a set of global 5 arc-minute grids that provide
geographically specific estimates of its commission error, over the entire bandwidth of the model,
in commonly used gravimetric quantities, such as gravity anomalies, height anomalies, and
deflections of the vertical, being mindful, especially in the case of the deflections, of the significant
but unaccounted omission error. This allows the model user to assign appropriate error estimates
to the model's quantities, without the need to propagate error covariance matrices of prohibitively
large dimension. This represents a significant improvement over EGM96, whose geographically

specific error estimates could be computed only up to degree and order 70.

The EGMZ2008 solution is accompanied by a Dynamic Ocean Topography model designated
DOT2008A. This was developed based on the DNSC08B Mean Sea Surface and the EGM2008
geoid. DOT2008A is available in the form of spherical harmonic coefficients complete to degree

and order 180, as well as in grid form.
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Although the development of EGM2008 was the catalyst for the systematic re-evaluation of the
gravity anomaly data involved in its development, significant margin for improvement remains in
this area. This involves data that may be misidentified, e.g., with respect to terrain corrections, as
we found the case to be in Turkey. Also, considerable effort is still required toward the acquisition
of accurate gravity information over several areas of the Earth. Of these, Antarctica’s landmass
and surrounding coastal areas remain the least surveyed, and therefore most poorly modelled

areas of the Earth’s gravity field.

2.4 GLOBAL NAVIGATION SATELLITE SYSTEM

GNSS implies several existing satellite based positioning systems like GPS, GLONASS, Galileo

and Compas.

2.4.1 Global Positioning System (Hofmann-Wellenhof et al., 2008)

The NAVSTAR Global Positioning System (GPS) is an all-weather, space-based navigation
system developed by the U.S. Department of Defense (DoD) to satisfy the requirements for the
military forces to accurately determine their position, velocity, and time in a common reference
system, anywhere on or near the earth on a continuous basis (Wooden , 1985). Since the DoD is
the initiator of GPS, the primary goals were military ones. But the US Congress, with guidance
from the President, directed the DoD to promote its civil use. This was greatly accelerated by the
production of a “portable” codeless GPS receiver for geodetic surveying that could measure short
baselines to millimeter accuracy and long baselines to one part per million (ppm). GPS was
conceived as a ranging system from known positions of satellites in space to unknown positions on
land, at sea, in air and space. Effectively, the satellite signal is continually marked with its (own)
transmission time so that when received the signal transit period can be measured with a
synchronized receiver. The original objectives of GPS were the instantaneous determination of

position and velocity (i.e., navigation), and the precise coordination of time (i.e., time transfer).

2411 Coordinate system

The GPS terrestrial reference system is the World Geodetic System 1984 (WGS-84). This
geocentric system was originally realized by the coordinates of about 1500 terrestrial sites which
have been derived from Transit observations. Associated to this frame is a geocentric ellipsoid of
revolution, originally defined by the four parameters: semi-major axis a, normalized second-degree
zonal gravitational coefficient C,,, truncated angular velocity of the earth w,, and earth’s
gravitational constant y. This frame has been used for GPS since 1987. The gravitational
coefficient C,, can be expressed by the flattening parameter f, which is defined by the semi-axes

of the ellipsoid: f = (a - b)/a.
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The comparison of the original WGS-84 and the international terrestrial reference frame (ITRF)

revealed remarkable differences (Malys and Slater 1994):

1. The WGS-84 was established through Doppler observations from the Transit satellite system,
while ITRF is based on SLR and VLBI observations. The accuracy of the Transit reference stations
was estimated to be in the range of 1 to 2 meters, while the accuracy of the ITRF reference

stations is at the centimeter level.

2. The numerical values for the original defining parameters differ from those in the ITRF. The only
significant difference, however, was in the earth’s gravitational constant du = uyWGS - ulITRF =

0.582 *10% m® s2, which resulted in measurable differences in the satellite orbits.

Based on this information, the former Defense Mapping Agency (DMA) has proposed to replace
the p-value in the WGS-84 by the standard International Earth Rotation Service (IERS) value and
to refine the coordinates of the GPS tracking stations. The revised WGS-84, valid since 1994, was
given the designation WGS-84 (G730), where the number 730 denotes the GPS week number
when DMA implemented the refined system (Bock 1996).

In 1996, the National Imagery and Mapping Agency (NIMA), the successor of DMA, implemented a
revised version of the frame denoted as WGS-84 (G873). The frame is realized by monitor stations
with refined coordinates. The associated ellipsoid is now defined by the four parameters which are
slightly different from the respective ITRF values. The refined WGS-84 (G1150) frame was
introduced in 2002. With respect to ITRF2005, the current WGS-84 frame shows unsignificant
systematic differences in the order of 1 cm. Hence, both frames are virtually identical. Parameters
of the WGS-84 ellipsoid are as follows: a = 6 378 137.0 m, f = 1/298.257 223 563, w,, =7 292
115*10"" rad s'and p =3 986 004.418*10° m® s (Merrigan et al., 2002).

241.2 Time System

The system time of GPS is related to the atomic time system and is referenced to coordinated
universal time (UTC) as maintained by the US Naval Observatory (USNO). Nominally the GPS
time has a constant offset of 19 seconds with TAIl, the international atomic time, and was
coincident with UTC at the GPS standard epoch January 6.d 0, 1980. TAl = GPS time + 19.000s
TAIl and UTC differ by an integer number n of seconds. In January 2007, the integer value was n =
33 and, thus, GPS time is exactly 14 seconds ahead of UTC.

Starting at the GPS standard epoch, the system time of GPS is counted in terms of GPS weeks

and seconds within the current week. GPS can be calculated using the relation;
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WEEK = INT [(JD - 2 444 244.5)/7], where JD indicates the Julian Date and INT is an integer

operator.

2413 GPS signal structure

Each GPS satellite transmits a microwave radio signal composed of two carrier frequencies (or
sine waves) modulated by two digital codes and a navigation message. The two carrier
frequencies are generated at 1,575.42 MHz (referred to as the L1 carrier) and 1,227.60 MHz
(referred to as the L2 carrier). The corresponding carrier wavelengths are approximately 19 cm and
24.4 cm, respectively, which result from the relation between the carrier frequency and the speed
of light in space. All of the GPS satellites transmit the same L1 and L2 carrier frequencies. The
code modulation, however, is different for each satellite, which significantly minimizes the signal
interference. The two GPS codes are called coarse acquisition (or C/A-code) and precision (or P-
code). Each code consists of a stream of binary digits, zeros and ones, known as bits or chips. The
codes are commonly known as PRN codes because they look like random signals (i.e., they are
noise-like signals). But in reality, the codes are generated using a mathematical algorithm.
Presently, the C/A-code is modulated onto the L1 carrier only, while the P-code is modulated onto
both the L1 and the L2 carriers. The chipping rate of the C/A-code is 1.023 Mbps and 10.23 Mbps

for P-code.

The GPS navigation message is a data stream added to both the L1 and the L2 carriers as binary
bi-phase modulation at a low rate of 50 kbps. It consists of 25 frames of 1,500 bits each, or 37,500
bits in total. This means that the transmission of the complete navigation message takes 750
seconds, or 12.5 minutes. The navigation message contains, along with other information, the
coordinates of the GPS satellites as a function of time, the satellite health status, the satellite clock
correction, the satellite almanac, and atmospheric data. Each satellite transmits its own navigation
message with information on the other satellites, such as the approximate locationand health

status.

2414 Positioning Using GPS

If the distances from a point on the Earth (a GPS receiver) to three GPS satellites are known along
with the satellite locations, then the location of the point (or receiver) can be determined by simply
applying the well-known concept of resection. Each GPS satellite continuously transmits a
microwave radio signal composed of two carriers, two codes, and a navigation message. When a
GPS receiver is switched on, it will pick up the GPS signal through the receiver antenna. Once the
receiver acquires the GPS signal, it will process it using its built-in software. The partial outcome of
the signal processing consists of the distances to the GPS satellites through the digital codes

(known as the pseudoranges) and the satellite coordinates through the navigation message.

37



Theoretically, only three distances to three simultaneously tracked satellites are needed. In this
case, the receiver would be located at the intersection of three spheres; each has a radius of one
receiver-satellite distance and is centered on that particular satellite. From the practical point of

view, however, a fourth satellite is needed to account for the receiver clock offset.

2415 Global Positioning System Services

For point positioning and timing, GPS provides two levels of service: the standard positioning
service (SPS) with access for civilian users and the precise positioning service (PPS) with access
for authorized users. The SPS is controlled by the JPO by applying selective availability and anti-
spoofing to deny the full system accuracy to non-military users. GPS information services provide
GPS status information, orbital and other data to the civilian users and the user may benefit from

these different GPS information services.

2.4.1.6 Global Positioning System Errors and Biases

GPS pseudorange and carrier-phase measurements are both affected by several types of random
errors and biases (systematic errors). These errors may be classified as those originating at the
satellites, those originating at the receiver, and those that are due to signal propagation

(atmospheric refraction).

The errors originating at the satellites include ephemeris, or orbital errors, satellite clock errors, and
the effect of selective availability. The latter was intentionally implemented by the U.S. DoD to
degrade the autonomous GPS accuracy for security reasons. It was, however, terminated at
midnight (eastern daylight time) on May 1, 2000. The errors originating at the receiver include
receiver clock errors, multipath error, receiver noise, and antenna phase center variations. The
signal propagation errors include the delays of the GPS signal as it passes through the ionospheric
and tropospheric layers of the atmosphere. In fact, it is only in a vacuum (free space) that the GPS
signal travels, or propagates, at the speed of light. In addition to the effect of these errors, the
accuracy of the computed GPS position is also affected by the geometric locations of the GPS

satellites as seen by the receiver.

Some of these errors and biases can be eliminated or reduced through appropriate combinations
of the GPS observables. For example, combining L1 and L2 observables removes, to a high
degree of accuracy, the effect of the ionosphere. Mathematical modelling of these errors and
biases is also possible. In this section we discuss the main GPS error sources and the ways of

treating.
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a) GPS ephemeris errors

Satellite positions as a function of time, which are included in the broadcast satellite navigation
message, are predicted from previous GPS observations at the ground control stations. Typically,
overlapping 4-hour GPS data spans are used by the operational control system to predict fresh
satellite orbital elements for each 1-hour period. As might be expected, modelling the forces acting
on the GPS satellites will not in general be perfect, which causes some errors in the estimated
satellite positions, known as ephemeris errors. Nominally, an ephemeris error is usually in the
order of 2m to 5m, and can reach up to 50m under selective availability. The range error due to the
combined effect of the ephemeris and the satellite clock errors is of the order of 2.3 m. An
ephemeris error for a particular satellite is identical to all GPS users worldwide. However, as
different users see the same satellite at different view angles, the effect of the ephemeris error on
the range measurement, and consequently on the computed position, is different. This means that
combining (differencing) the measurements of two receivers simultaneously tracking a particular
satellite cannot totally remove the ephemeris error. Users of short separations, however, will have
an almost identical range error due to the ephemeris error, which can essentially be removed
through differencing the observations.
b) Selective availability
GPS was originally designed so that real-time autonomous positioning and navigation with the
civilian C/A code receivers would be less precise than military 