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Abstract

The Hille - Yosida Theorem is one of the most useful tools in the study of

existence of a unique solution for evolution problem i.e.,

2—1; + Au =0, on [0, 400),
u(0) = uyp,

where A is a maximal monotone operator.
The aim of this project is to study the existence and uniqueness of solutions
generated by maximal monotone operators in Hilbert spaces by applying

Hille-Yosida Theorem for the evolution problem.
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Notations

Norm of a bounded linear operator A.
adjoint operator of A.

Closure of D(A).

Orthogonal complement of a closure D(A).
Space of continuous functions.

Space of continuously differentiable functions.
Domain of an operator A.

Direct sum.

Hilbert spaces.

Identity operator.

A function space, 1 < p < o0.

A space of linear operators from H to H.
A sequence space, 1 < p < 0.

Range of an operator A.

Supremum(least upper bound).

Inner product of u and v .
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Introduction

When mathematical modelling is used to describe physical, biological or
chemical phenomena, one of the most common results is either a differen-
tial equation or a system of differential equations, together with appropriate
boundary and initial conditions. These differential equations may be ordi-
nary or partial, and finding and interpreting their solutions is at the heart
of applied mathematics. In the study of existence of a unique solution for
the given evolution problem (or initial value problem), Hille - Yosida Theo-
rem is an essential tool. In this report we have two chapters excluding the
preliminary. Of course, in the preliminaries section there are basic defini-
tions and theorems which are used to facilitate the reader in chapter one and
two. In chapter one we introduce the basic definitions on monotone operators
and maximal monotone operators regarding unbounded linear operators. It
is essential to deal with such operators to study the Hille-Yosida Theorem.
The second chapter deals with existence of unique solutions to the evolution

problems i.e.,

d
d—? + Au =0, on [0, +00),
u(0) = ug

In this chapter we will see the Hille-Yosida Theorem which is important to
know the well-posedeness of the above evolution problems. This chapter also
includes an introduction to semigroups of linear operators, which can be used
to solve a large class of problems, commonly known as evolution problems.
In addition to this the chapter also includes self-adjoint cases for the given

an unbounded linear operator.
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Preliminaries

In this section we will review some basic definitions and theorems that are
used in this paper. We are not trying to give a complete development, but

rather introduce the basic ones only, some theorems are without proof.

Definition 1. Let X and Y, be normed linear spaces, and suppose that
A: X — Y, wewrite A(z) or Az to denote the image of an element z € X.

(a) A is linear if Alax + By) = aA(z) + BA(y) for every z,y € Xand o, € C
(b) A is injective if A(x) = A(y) implies x =1y

(¢) The kernel or nullspace of A is Ker(A) ={x € X : A(z) =0}

(d) The range of A is R(A) = {A(x),z € X}

(e) A is surjective if range (A) or R(A) =Y

(

e

f) A is bijection if it is both injective and surjective.

Definition 2. A linear operator A : D(A) C H — H s closed if its graph
G(A) = [u, Au|;u € D(A) C H x H is closed.
The closedness of an unbounded linear operator A can be characterized as

follows : If u,, € D(A) such that

Uy, — u and Au, — f in H as n — oo then u € D(A) and Au = f.



Definition 3. Let X be a vector space .
A mapping (.,.): X x X — K s said to be an inner product on X

if and only if for all vectors x,y,z and scalar «,

(IP) (x+y,2) = (2,2)+ (y,2)

(IP)  (ox,y) = oz, y)

(IP3) (z,y) = (y,x) (bar denotes complex conjugate)
(IPy) (z,2)>0 and (rv.x)=0<= x=0.

The inner product generates the norm
|2 [[:= /(2 2).
Therefore an inner product space is a normed space.

Theorem 1. (Cauchy - Schwartz Inequality)
Let X be an inner product. Then

| (z,9) IS V(z,2)/(y,y) Vo,y€X.

Proof. For arbitrary scalars A,

0<(z=Xyz—Xxy) = (z,2) = Az, 9) = Mz,y) + Ay, y).
If y = 0, the inequality is obvious. Assume y # andlet \ = Ex,y;.
Y,y
Then,
B ()] S [C27) | S (€2 7) | _ lzy)?
0<(=2) =0 ~ Gw T Go = &)~ Gy
and hence
| (z,y) P< (2,2).(y,9)
[

Definition 4. A normed linear space X which does have the property that
all Cauchy sequences are convergent is said to be complete.
e A complete normed linear space is called a Banach space.

e A complete inner product space is called a Hilbert space.



Definition 5. Let E and F be two Banach spaces. An unbounded linear
operator from E into F is a linear map A: D(A) C E — F defined on
a linear subspace D(A) C E  with values in F. The set D(A) is called the
domain of A.

A is bounded (or continuous) if D(A) = E and if there is a constant
v >0 such that

| Auvll<Ayllull  VueE.

Definition 6. Let H be a Hilbert space. Let A: H — H be a bounded linear
map. We define a map A* : H — H by the relation

(Au,v) = (u, A*v) for all u,v € H.
The map A* is called the adjoint of A.

Theorem 2. (Weierstrass M -Test)
Let u,(t) be a sequence of functions defined on a set E. Suppose that for all
n € N there exists M,, € R such that | u,(t) |< M, YVt € E. Then if

> M, converges, > u, must converge uniformly.

Definition 7. Let E be a Banach space and let A : E — E be a function.
Then, the function A is said to be Lipschiz function in a domain D i.e.,

E, if there exists a positive constant L such that
| Au—Av ||<KL||u—v]|l ,Vu,v€E

Theorem 3. (Cauchy - Peano Theorem)
Let A: E — E be a continuous function in the domain E, and given the
initial value problem (IVP)
du
—(t) = Au(t 0, +00),
) = Au(t) [0,+0) "
u(0) = ug

then there ezists a solution u in [0, 4+00; E) which satisfies the given IVP .



Theorem 4. ( Picard - Lipschitz Theorem)

Let A . E — FE be a Lipschitz function in the domain E, and given the
initial value problem(IVP), then for any uy € E there exists a unique solution
u € CY([0,4+00); E) which satisfies the initial value problem (IVP).

Picard Iteration Method

Many problems with a differential equation are often difficult to find whose
solutions by standard methods. In such problems, it is sufficient to obtain an
approximate solution only.

We shall mention here the Picards iteration method for giving an approzi-

mation solution of the initial value problem of the form

du
E(t) = Au(t), u(0)=ug (2)

By an iteration method we mean a method which consists of a repeated appli-
cation of exactly the same type of steps where in each step we use the result
of preceding step (steps). We now explain the Picard’s iteration method. By

integrating, we write (2) in the form

u(t) = ug —I—/O A(u(s))ds. (3)

In order to obtain a solution u(t) of (3), we proceed stepwise as follows:

put u = ug = constant, on the right. This gives
ui(t) = ug + [ Alug(s))ds.
We now substitute u,(t) in the same manner and we get
us(t) = up + fy Aua(s))ds

Continuing in this way, at the nth step of iteration process, we shall get

%@:W+AAWM@M& (@)

Thus we obtain a sequence of approzimate solutions

Ul(t), Ug(t), Ug(t) g eeny Un(t)



Chapter 1
Maximal Monotone Operators

In this chapter we will see that the basic definitions of monotone linear
operator, maximal monotone operator and its elementary properties. In
addition to this we will define the resolvent and Yosida approximation and

its properties for the given maximal monotone operator.

1.1 Properties of Maximal Monotone

Operators

Definition 8. Let H be a Hilbert Space. Then, an unbounded linear operator
A:D(A)CH— H is said to be monotone if it satisfies

(Av,v) >0, Vv € D(A).
It is called maximal monotone if, in addition,
R(I+A)=H,
i.e., Vfe H Jue D(A) such that
u+ Au = f.

Example 1. Let H be the Hilbert space L*(0,1) and let A be the differential
operator defined by

D(A) € C*0,1) and Au=1u Vu € C1(0,1).



and consider the sequence of functions defined by
up(t) = t" n=123,...
Then A is unbounded maximal monotone linear operator.

Since

[[Aun||
[lunl|

2n+1
2n—1

=n( ) — o0

as n —> 00, thatis A is unbounded linear operator.

To show A is monotone : for all w € D(A) we have
1
1
(Au,u) = / At = - = = > 0 n € N.
0 2n 2

Hence, A is monotone, and also A is mazximal monotone.
Since,
There exists u in C*(0,1) such that

u+ Au =t + nt" !
— R(I+ A) = I2(1,0).

So A is mazximal monotone.
Remark : || uw[[<|[ f ]|

Proposition 1. Let A be a mazimal monotone operator. Then
(a) D(A) is dense in H,
(b) A is a closed operator,
(¢c) For every A >0, (I + NA) is bijective from D(A) onto H,
(d) (I + M A)"': H— H is a bounded linear operator and
| (T 4+2A) " g, < 1.

Proof. (a) Let f € D(A) then (f,v) =0,Yv € D(A).

Claim: D(A) = H , by showing f =0.

Since A is maximal monotone operator, there exists vy € D(A) such that
Vo + A'UO = f
We have:



0= (f,v0) = (vo + Avg, v9) =|| vo ||* +(Avg, vo)

since,
—1

(Avg,v9) >0, vo =0 andso f=0 then D(A) =0.

Therefore,

H=D(A) @ D(A) = D(A) .

This implies that D(A) is dense in H.
(b)  First let us observe that for all f in H, there exists a unique v € D(A)
such that

u+ Au=f

Justification:

since, if v is another solution i.e., if,
veD(A) and v+ Av=f then u—v+ Au— Av=0.

We need to show that

0 = (u—v+Au—Av,u—v) = (u—v+A(u—v),u—v) =[] u—v ||* +(A(u—v), u—v)

Since,
(A(u —v),u—wv) =0,
Thus,
| u—wvl[’=0.
This implies that
u=v

Now let us turn to show A is closed. Let (u,) be a sequence in D(A) such
that

u, — u and Au, — f.



Claim: w € D(A) and Au= f.

Since,

up + Auy, — u+ f=u,(I+A) —u+f
tn = (1 4+ A) " up + Aup) — (I +A)"Hu+ f)
—u=I+A) " (u+tf)=ueDA) and (I+Au=u+f

— Au = f.

Therefore, A is closed.
(c)  Given, (I+MA):D(A)CH—H
We need to show that (I + AA) is bijective i.e.,( injective and surjective )
(i)  Injective: Assume u,v € D(A).
Claim:  if (I + MA)u = (I + AA)v , then u = v.
Assume that,

(I +XA)u=(I+ IA)v.
This implies

(I+X)u— I+ )v=0=u—v+A(u—v)=0
O0=(u—v+MMu—v),u—v)=|u—2ov|?+ANA(u—v),u—v)

Since AA is a maximal monotone, VA > 0 and then

(M(u —v),u —v) > 0.
So we have,

|u—v]|P=0=u=v
Hence, (I + AA) is injective .
(ii)  surjective :
Now, A is maximal monotone operator, so we have

(I+Au=f

Similarly for any A\ > 0, AA is a maximal monotone operator. Therefore
for all f in H, there exists u in D(A) such that

(I+M\A)u=f



Hence, I + A\A is surjective. So from (¢) and (ii), I + AA is bijective.
(d) Since, || u]||<]| f || so we can say that,

L [ISILf =1 T+ AT ]
= L+ XA ST+ AA)T I
= (LA LI
Thus,

| (I+XA)7|I<1.

i.e.,
(I+XA)! is a bounded linear operator.
[

Proposition 2. If A and B are maximal monotone operators, then A+ B,
defined on D(A) N D(B), need not be mazimal monotone.

Proof. By assumption A and B are maximal monotone, so we have,
(Au,u) >0, Vu € D(A) and (Bu,u) >0, Yu € D(B).

Thus,
((A+ B)u,u) = (Au + Bu,u)
= (Au,u) + (Bu,u) >0

((A+ B)u,u) > 0.

Thus, A+ B is monotone .
But A+ B is not surjective because D(A) N D(B) may be zero .
Since for a non zero f in H, 0 = f, which is wrong.

Therefore A 4+ B is not maximal monotone.
Il

Definition 9. Let A be a maximal monotone operator. For every A > 0, set

J)\:(I—F)\A)_l and Ay = ([—J)\) ;

1
A
Jy is called the resolvent of A, and A, is the Yosida approximation( or

reqularization) of A.



Proposition 3. Let A be a maximal monotone operator . Then:

a;) Aw=A(Jyw), YveH and X>0,
as) Ayv = J\(Av), Yve D(A) and X>0,

b) |Aw| < |Av| Vv € D(A) and X > 0,
) lim Jyv =, Yv € H,
A—0
d) lim Ayv = Av, Yv € D(A),
A—0
e) (Ayw,v) > 0, VvV veH and X>0,

1
) [Awv] < X|U|, Yoe H and \>0.

Proof. (a1) Toshow Ayv=A(Jyv), V veH ,A>0,
we have,

Jw = I+ A)" v

= ([+XA)Jw=v
= Jw+AALw=v

— ([ — J)\>’U = )\A(J)\U)
1

— X([ — v = A(Jyv)
A/\U = A(J,\U)
(1) Ay = %(1 )= §[<I M) 4+ A — (T +AA) ]
= %([ + AA) v + NAv —v)
= ;J)\<)\Av) = J)\(AU)

Hence ,

A)ﬂ) = J)\(AU)

10



(b) Toshow |Ayw| < JAv|, Yve D(A), A>0

| Ayv | =| Jx(Av) | by (a2) above.
< IAlAv] < 4]

Therefore,
‘ A)\'U ‘§| Av ‘
(c) Assume first that v € D(A) . Then

lv—Jyw|=X|Aw |
<\ | Av | by (b) above .

This implies that
lim Jyv = .
A—0

Suppose now that v is a general element in H. Given any € > 0,
there exists some v, € D(A) such that
| v — vy |< e (since D(A) is dense in H by proposition 1).

We have,
| oo —v|=|v—v+v — Sy + hoy — Jyv |
§|'U—U1|—|-|1)1—J,\U1|—|-|J)\U1—J)\'U|
<€+ et | v — Sy |
:2€+‘01—J,\1)1’ .
Thus,
limsup | Jyv —ov | <2 Ve >0,
A—0
ie.,

lim | J\)v—v|=0 = lim J,v=v, YveH.
A—0 A—0

11



(d)  To show that,
lim Ayv = Av,Yv € D(A), A > 0.
A—0
Since,
)\lino Ay = ,\lino Jr(Av)
= Av by as and c¢ above.

(e) To show (Av,v) >0 Vv € H and VA >0:

(Axv,v) = (Ayv,v — v + Jyov)
= (Ayv,v — Jyv) + (A, Jyv)
= (A\v, \A\v) + (A(Jyv), Jyv)
A Axv, Ayv) + (A(Jyw), Jyv)
Ml A [P +(A(Tv), Jw)
M Ay ][*> 0

Vv

So we have |
(Ayv,v) >0
(f) Toshow | Ayv|< f|v|,Yve HA>0:

From the proof of (e) we have,
(Ayv,v) 2 A | Ay P= | Aw P< (A, 0) < 1 | Ay || v]

Hence , |[Aw|<5|v].

12



Chapter 2

The Hille - Yosida Theorem

In this chapter we will see the conditions that guarantee the existence of
unique solutions for the given evolution problem using the Hille - Yosida
theorem. In addition to this we will discuss the concept of Cy semigroups,
symmetric and self-adjoint for the operator A and then we will deduce the

existence and uniqueness of solutions.

2.1 Existence and Uniqueness of Solution

of Evolution Problem

Theorem 5. ( Cauchy - Lipschitz - Picard )
Let E be a Banach space and let A : E — FE be a Lipschitz map. Then
giwen any ug € E there exists a unique solution u € C'([0,+00); E) of the

problem, p
M d—?(t) = Au(t) on [0,+00),
u(0) = wug

where ug s the initial data .

Given k > 0, set

X ={uel(0,+0); E) : stlig)e_kt || u(t) ||< oo}

13



Let us first justify the following claims, before proving the existence and

uniqueness of the theorem.

Claim 1 : X is a Banach space with norm
| ullx=supe ™ [[u(t) ||
>0

Justification:
Let (u,) be a Cauchy sequence in X and let € > 0 .
Then there exists N > 0 such that

|| wp — U [|x<€e, Vn,m>N.

Thus,

| Up — Uy || x=sup e ™ || u,(t) — um(t) ||< €, ¥Yn,m > N
>0

| un(t) —um(t) [[< € (2)

For every given t, {u,(t)} is Cauchy in E, which converges to u(t) in E.
Let,

lm  w,(t) = u
m—-r0o0

We need to show that u,, converges to u.
Choose € > 0. By replacing € with § in eqn.(2) above, we can fined an N > 0
such that

| Uy —um |5 Yn,m>N.
Taking the limit as m — oo, we obtain
|y —u|[< 5, V>N .

In other words, we obtain

[ up —u||[< 5 <€ Vn>N.

14



This implies that wu,, converges to u.
X is a Banach space.
Claim (2): For every u € X, the function ®u defined by

(Pu)(t) = uo —|—/0 A(u(s))ds

also belongs to X.
Justification:
Since, Pu € C([0,00); E)

| (@u)(?) |

o+ [ A I s
<ol + [ 1l At I s
o 1+ [ 1 A1)~ Alu) + A || s
<lluoll+ [ 1 A = Atw [1d5-+ [ 1] Atuo) I s
Sl )+ [ 1ats) = wo | dst | A 11

t t
<o 1+ [ Wats) s+ [ Lol ds 1] AGwn) |1
w1+ Il 1 0 1 AGuo) 1+ 2 [ L) | s
<l 1+ Il 1 4+ 1| Aluo) 1+ £ 11w x| e

1
=l o [| + [[uo || L+ || Auo) [ ¢+ L || w[[x (e = 1)

L
=l o [| + [ wo || L+ || Auo) 1 ¢+ = [T |lx (¢ = 1)

15



= e[ (@u)(t) || < [l uo Il +(I[ wo || L+ || Auo) [[)tJe™

>t~ =

+ o lullx (1—e™)
—kt L
< [l o ]+l uo I Lt [ Aluo) [Dtle™ + - Il w [l

= supe M || (du)(t) ||< oo.

Hence, due X
Claim(3): || Pu—®v ||[x< £ ]|u—v|lx, Vu,veX.
Justification:

For every w,v € X, let us define the function ®u and
dv by

(Pu)(t) = uo —i—/o A(u(s))ds and (Pv)(t) = u0+/0 A(v(s))ds.

Then, t
Du(t) — du(t) = /0 (A(u(s)) — A(v(s)))ds

e || Pu(t) — Du(t) [|< e /Ot || Au(s)) = A(v(s)) || ds

< Le / I (u(s) — v(s)) || ds = Le™ / ek || (u(s) — v(s)) || e¥ds

L L L
<M lu—vllx (-1 = llu—vllx (=) < lu=vllx
Hence,
L
| Pu—2vlx< o+ fJu—vllx
We are now back to prove the theorem.
Proof. (i) Existence, (Using Picard’s method:)
Let us consider the iterative sequence
t
u,(t) = u0+/ A(un-1(5))ds, neN (3)
0

16



Since A is continuous, so we have,
|| Au ||< ¢ || u||= M, for somec > 0.

Assume M = sup || Au ||, and A is satisfies the Lipschitz condition so we
have,

|| Au—Av ||< L || u—v ||, Vu,v € E
In order that the initial value problem (IVP) may have a solution, it is nec-
essary that the sequence u,(t) of functions converges to a limiting function

u(t) which is a solution of the IVP or of the equivalent integral equation

u(t) = uo—i-/o A(u(s))ds

Now to ensure the existence of the limiting function
uw(t) = lim w,(t)

n—-oo

we use u, as a sum of successive differences:
n—1
Uy = Ug + E (’LLi_H — u,)
i=0

Le, up(t) = [un(t) —wp—1(t)]+[tn—1(t) —tn_o(t)]+....4+[u1 (t) —uo(t)] +uo(t)

using (3) we have

un(t) = uo—i-/o A(up—1(8))ds and up41(t) = uo—i-/o A(uy(s))ds

Therefore,

1t ()0 (8) [|=] / At (s))ds— / Alttna(s))ds |

Also from (3)
t
uy () = ug +/ A(ug)ds
0

17



||u1(t)—u0||=||/o Aug)ds |
s/o I Auo) || ds

t
§/Mds
0

= Mt by (4) above

Again using Lipschitz condition (5), we get from (6)

[ ualt) — wn(8) || < / 1| Afuus(s))ds — Aluo(s))ds |
< / L] (ua(s)) — (un(s)) || ds

t t2
< LMsds = LM—
0 2!

Similarly
t3
|| us(t) — ua(t) ||< LQMy.

In general we shall have,

L' Mitn
1 an(®) = o (8) 1< =—7—

Now let us prove the following by induction on n:

LM+

H un+1(t) - un(t) HS m

When n is 0,

[ ua(t) = uo(t) | S/O || Auo) || ds

t
§/Mds:Mt
0

18



Assuming the claim is true for n — 1,

t

1t (£) — wnt) || < / | Afun(s)) — Aluns(s)) || ds
s/o L] tn(5) — tns(s) | ds

thfan
gL/ =P8 s
0

n!
MLt
Co(n+ 1)
Hence, it is valid for all n.
o M [rn+1
N _— .
ow go 1)l converges
Therefore by Weierstrass M-Test
Z || i1 (t) — un(t) || also converges.
n=0

Hence,

n——aoo

The convergence is uniform in t because,

MLn—th—H
nt1(t) —un(t) || £ ———

= [u(t) —un(@) || < 2 [t (8) = un(t) |]

M e Ln+ltn+l
S - -
L — (n+1)
MLN+1tN+1 e

= LN+ 1) €

19

lim w,(t) = uy + Z(un+1(t) — up(t)) converges to a function u(t).
n=0



i.e., it is uniformly convergence.

u(t) is a solution , pick w, which is close to u.

This is possible since u,, converges uniformly to u.

Ve, 3N, Vtel0,+oc0), n>N = | u,(t) —u(t) ||< e

Therefore,

| / Aun(s))ds — / Alu(s))ds || < / | Afun(s)) — Afu(s)) || ds
s/ L || un(s) — u(s) || ds

0
< Let

which is as mall as required. So taking the limit for n — oo for

un(t) = ug +/0 A(u,_1(8))ds

gives that u is a solution of the initial value problems. Hence

u(t) = ug +/0 A(u(s))ds

Therefore , the solution exists.
Now it remains to prove uniqueness.

(i) Uniqueness: Let u and v be solution of the problem. Then we have
u(t) = g — /0 " Afu(s))ds
and  v(t) = up — /OtA(v(s))ds.
Now
) = o0 | =11 [ (AGuls) = A | s
< [t - Ao Il as,

20



Since A is bounded and satisfies Lipschitz map, so we have
| A(u(?)) [|< M and
1 A(u(®)) = A(v() [[< K[| u—wv ]
where, M =sup || A(u(t)) || .

Now,

[ u(t) = v(t) || S/O | Au(s)) = A(v(s)) || ds

S/O(HA(U(S)) ||+ {1 Av(s)) [[)ds

t
< / (M + M)ds = 2Mt
0

This implies that
| u(t) —o(t) ||< 2Mt

again using the Lipschitz map

[ u(t) =o(t) [|< /O k|l u(s) —v(s) || ds
Combining (9) and (10) we obtain

2mkt?
21

|| u(t) —o(t) ||< /0 2kmsds =

Employing inequality (11) on the right hand side of (10) we have

' 2k2ms? _ 2mk3t3

lute) = ote) 1< | Z5rds = 25

Continuing in this way, we shall obtain

o2mkn—1tn
n!

[ u(t) — o) [I<

, neN

21
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Now the right hand side of (12) tends to zero as n — oc.
Thus,
Lu(t) —o(t) ||= 0 ie . ult) = v(t)

Hence, the solution is unique. O

Theorem 6. (Hille-Yosida)
Let A be a mazimal monotone operator. Then, given any uy € D(A) there

erists a unique solution
u € CY([0,+00); H) N C([0, +00); D(A)),

of the problem,

du
— 4+ Au=0 on |0,00),
(13) dt 9, 0)
u(0) = ug
Moreover,
du(t
I ) 1<) o | ama || 242 j= (e 1<) Auo |, v > 0.

Proof. First let us prove the next lemma

Lemma 1. Let w € C'([0,+00); H) be a function satisfying

d
—w—l-AAw:O,on 0, +00).
dt
Then the function t —|| w(t) || and t — dl:l—it) =[] Axw(t) || are

nonincreasing on[0, +00).

Proof. Since,
dw

(E + A,\w,w) = O,

so we have,

dw
(E,w) + (Ayw,w) =0

By proposition 3 (e) we know that

(Ayw,w) >0

This implies that
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(E’w) = —(Aw,w) <0
. dw
1.e., (%,w) ~ 0
But,
dw 1d 9
(rw) = 5ol w) |
1d 9
il <
— S lw) <0

== |l w(t) ||<0.

Hence, || w(t) || is nonincreasing,.

dw(t
To show || dw(t)
Since A, is a linear bounded operator, so  w € C?([0, +o0); H)

d  dw dw
E(E) + A<E) =0

|| is nonincreasing on [0, 00).

so we have,
d dw, dw dw, dw
(E(E>’%)+< A(E),E) = 0.
Since,
wy AW
(Ar(&2), ) 2 0
This implies that,
d | gwy dw
Z(dwy TN <
(), %) <0
But,
d | g dw L dodw
Z(dwy TN 17 2 12«
ie.,
dw
— |I< 0.
15 11
Hence, dz;_}(f) is nonincreasing.
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Now let us prove the theorem by breaking it into steps.
Step 1: Uniqueness:

Let u and v be two solution of the problem . Then we have

d—u—i-Au:O, u(0) =up and d—v—l—AU:O, v(0) =vy on [0,00).
dt dt
Then |,

du dv

— 4+ Au=—+A

dt+ u dt+ v

— (%(u—v),u—v) =—(A(u —v),u—v) <0.

Now let us integrate

(&= v)u—0) <0,

by part both sides to obtain,
[ = vu= s = [ Ctuts) = vls))uts) — ()
1 alt) = o6 I = 11 000) = o0) 1 = [ (u(5) = o)) ) — w5
This implies that
) = o0 7 = 1) = (0) I =2 [ (uls) = 0(5)) 5 uls) — ()
= 2 [ (Aluls) = v(5).uls) — o(s))ds <0

[l u(t) —v(@) [ =[] u(0) = v(0) [[P< 0.
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Since the function ¢ —|| u(t) — v(t) || is nonincreasing on [0, 4+00), so we

have,
|| u(t) —o(t) [[P=0
Thus,

Hence, the solution is unique.
Step 2:
du(t)

Let uy be the solution of the problem

dU)\
N L Ay =
(14) 7 + Ayuy = 0,0n [0, 00)

U)\(O) = Ug € D(A)

uy is uniquely determined by Cauchy Lipschitz Picard Theorem. By lemma
du/\
dt

|| Ayv ||<]| Av ||, Yv e D(A) VA>0.

1 above t —|| || is decreasing on [0, 00), and also by proposition 3 (b)

So we have,
du
1S20) 11 =l Axun(1) 1
<[| Axux(0) [|=|] Axuo ||
<[| Aug || -
Step 3:

Claim : V¢t > 0, wu,(t) converges as A — 0, to some limit, denoted by
u(t). Moreover, the convergence is uniform on every bounded interval [0,T].

For every A\, >0 we have

duy du
_dt — _dtu -+ A)\U)\ Allu# =0
du
= (%(UA — ), (ux —uy)) + (Ayun — Apuy, uy —uy,) =0
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= (E(u/\ Uy ), uxn — wy,) = —(Ayuy — Ay, uy — uy,)
Since,
du d
(B =)0 — ) = 5 1 ua0) = ) |2
So we have,
d
%E [ un(t) — uu(t) [1P= —(Anua(t) — Apu(t), un(t) — up(t))
= —(Aun — A uy, uy — Jhux + Jhuy — Ju, + Ju, —uy,)
= —(Axur—Ayuy, Myuy—pAu,) — (A(huy—Ju,), s —J,u,)
< —(Ayuy — Ayuy, Myuy — pAyuy,)
M Avin 1P | At Autt || Axet Ay | 1] Ay |2
< M| Aug (]2 +p || AugAug || +A || AugAug [ +p || Aug |2
= (A +p) || Aug |]> +p || Aug 12 +X || Aug [|?
=2\ +p) || Aug [|* .
Hence,
d
%a [ ua(t) = uu (@) [12< 200 + p) [] Aug |

Integrating the inequality, we obtain
[l ux(t) = () [P< A+ p)t || Aug ||
ie.,
[l ua(t) = uu(t) [[< 2VA + pt || Aug || (15)
It follows that for every fixed ¢t > 0, wu,(t) is a cauchy sequence as A — 0
and thus it converges to a limit, denoted by u(t). Passing to the limit in (15)
as u — 0, we have

[l ua(t) = uu(t) [1< 2V || Auo ]

Therefore the convergence is uniform in t on every bounded interval [0,T]
and so u € C([0,+00); H).

Step 4 :

claim : ﬂ(15) converges, as A — 0, to some limit and that converges is
uniform on every bounded interval [0, T]. Assume that ug € D(A?).

Set

so that



dUA

E + A)\’U)\ = 0.

Now, following the same argument as in step 3, we have :

1d 9

57z Tox = v [I7 < (T (@) {1+ 1] Ao (@) DT Axoa(@) 1|+ [ Ayva(2) 1)
< (IF Axoa(0) | + {1 Apv(0) [N T Axoa(0) [ +p [| Ay, (0) 1)
= (Il AxAsuo || + [] ApAuuo [N [ AxAxuo || || ApAuuo |])
= (|| J{A%uo || + I| TiA%uo () || JRA?uo || 440 || T3 A%uo )
< (I A%uq [| + || A%uo [N || A%ug [ 4+ || A%uq |])
= M| Aug [|* +p || Ao [1* +X || A%uo [ +p ]| A%uo [
= 2X || A%uo |* +2p || A%uo [®
=20\ + p) || Ao |?

Since,

d
o v v P < 200+ ) || Ao |17

Integrating the inequality, we obtain
o= |l < 20/ (A+p)t || Auo || (16)
It follows that for every fixed ¢ > 0, w,(f) is a cauchy sequence as
A — 0 and thus it converges to a limit denoted by v(t). Passing to
the limit in (16) as 4 —> 0 we have,

lox—vull < 20/ (V]| A%uo |

Hence, w,(t) = %(t) converges as A —» 0, to some limit and that the
converges is uniform on every bounded interval [0,T].

Step 5 :  Assume that ug € D(A?)

Claim :  u is a solution of problem (13) (Theorem 6)

Now by step 3 and 4 , we have wu,(t) — u(t) as A — 0 uniformly

d
n [0,T], and %(t) converges as A — 0 uniformly on [0,T] for all
T < 0.
So it follows that u € C*([0,400); H) and that

duA du
E(t) — E(t)
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as A — 0 uniformly on [0,T].
When rewrite (13) as

du
d_;(t) + A(Jyua(t)) = 0.
Since A has a closed graph, so u € D(A),Vt >0 and that
du
— A =0.
o (t) + Au(t) =0

Hence, u € C*([0, +00); H), the function ¢t — Au(t) is continuous from
[0,+00) onto H and thus u € C([0+ o0); D(A))
Note: Jyuy(t) — u(t) as A — 0.

Since ,

[ Ivua(t) = u(t) [| <I[ Inux(t) = Ixu(d) || + || Jau(t) —u(t) ||
=[l ua(t) = () [| + || Jau(t) —u(t) [|—0

Step 6: To conclude the proof of the theorem, we shall use the following

lemma

Lemma 2. Let ug € D(A). Then, Ve > 0,Juy € D(A?)  such that
HUO—EQH<E and HAUO—AﬂoH<€

Let us proof first the lemma :

Proof. Set, 7w, for some approximate A >0 to be fixed later.

Since A is maximal monotone, so we have Uy € D(A) and Ug+AAug = ug
Thus Atug € D(A) i.e., Ty € D(A?).

On the other hand by proposition 3, we have

lim || Jxug —up [|[=0 , lim || JxAug — Aug ||=0
A—0 A—0

and  JyAug = AJyuyg.
Therefore, for every € > 0,
|| Jaug —up ||<e and || JyAug — Aug ||< € O
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Now let us turn to the proof of Theorem 6 .

Given,
Uy € D(A) .

We construct (using lemma 2), a sequence wug, in D(A?) such that wuy, —
ug and Aug, —> Aug. By step 5, we know that there is a solution w, of
the problem

du,

an v + Au, =0 ,on [0,400),

u,(0) = uo,, .

We have, for all ¢ >0,

| un(t) = um@) || < [ uo, — o, |[—0, as m,n—o0

du du
) - <|| Auy — A
I 1) — L4 1<) Aug, — Au,, 1] mon > oo
. du,, du _
Therefore , u,) — u(t) uniformly on, [0,400), —=(t) — il

formly on, [0,+0c0), with u € C'([0,+00); H). Passing to the limit in
(17), since A is a closed operator we have, u(t) € D(A) u satisfies equa-
tion (13) (Theorem 6) .
From equation (13) (Theorem 6) we deduce that

u € C([0, +00); D(A)).

]

Definition 10. A C, semigroup( strongly continuous semigroup ) is

a family Sa(t), YVt € R of bounded linear operators from H to H satisfying:

(Z) SA(tl + t2) = SA(t1>OSA(t2) th,tg 2 O,

(i)  Sa(0) =1,

(i) lim || Sat)uo — o ||= 0, Vuo € H.
t—0t
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A family of bounded operators Sa(t), 0 < t < oo on Hilbert space H is
called a contraction semigroup if it is a strongly continuous semigroup

and ,
1Sa(t) |1, Vte[0,00).

Semigroups can be use to solve a large class of problems commonly known as
an evolution problems. These types of problems appear in many disciplines

including, physics , chemistry, biology, engineering, and economics .

Definition 11. Let Sa(t) be a strongly continuous one parameter semigroup.

The (infinitesimal) generator of S4(t), denoted by A is given by the equation:

Aug = lim w
t—07F t

where the limit is evaluated in terms of the norm on H and ug s in the
domain of A if and only if this limit exists.
Remark:
Given a continuous semigroup of contractions S(t) on H there exists a unique
mazimal monotone operator A such that S(t) = Sa(t) ,Vt>0.
Justification:

we have,

SA(t) = €tA
Sy (t) = Aett = ASu(t), and  S,(0) = A.

Hence we can obtain A by

A= 254(0) o,
i.e., (by definition of generator), the generator A is obtained by differentiating
the semigroup Sa(t).
Remark:

Let A be a mazimal monotone operator and let A € R. Then the problem

d
d_ltL+Au+)\u:O on [0,4+00),
u(0) = g
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reduces to problem (13) i.e., Theorem 6 by setting v(t) = e*u(t).

Justification:

Let us define v(t) = eMu(t). Now rearrange v(t) as

u(t) = 242
and then differentiating u with respect to t.
We obtain,
du dv _,, Y
il — dv(t)e .
From this y
d_;t +Au+ =0
becomes,
dv —Xt —Xt “X
s M(t)e ™ 4+ Av(t)e M u(t)e ™ =0
d
— d—: —Av(t) + Ao(t) + Av(t) =0
ie.,
dv
7 + Av(t) =0
Hence, v satisfies
d
d—: +Av=0 on [0,+00),
v(0) = up.

31



2.2 The Self - Adjoint

Definition 12. Let A: D(A)C H — H be unbounded linear operator with
D(A) = H and let A* : D(A*) ¢ H — H be unbounded linear operator
which is called adjoint of A. Then

(i) A is symmetric if (Au,v) = (u, Av) Vu,v € D(A)

(ii) A is self-adjoint if D(A*) = D(A) and A*=A

Remark :  For bounded operator the notation of symmetric and self-adjoint
operators coincide. However if A is unbounded there is a subtle difference

between symmetric and self-adjoint.

Example 2.  Let H = L*(0,1) (with functions taking real values ).
Let A denote differentiation with domain D(A) = {u € H : u € C'0,1]}.
such that

/

Au=u .

Let v be a C'[0,1] function (so v € L*(0,1) with v(0) = v(1) = 0;let us use
V to denote the subspace of L*(0,1) (it is also dense) Then :

(Au,v):/O u (t)o(t)dt

Integrating by parts to find that

(Au, v) = u(t)o(t)]} /0 () (£)dt = — /0 w(t) ()t

If we take A*u = —u' , then we have
(Au,v) = (u, A*v) ,for allu € C*[0,1] and v € V.
Hence , (Au,v) = (u, A*v) i.e., we have defined an adjoint for A on a

dense subspace of H.

Example 3. Let H = L?(0,1) (where the functions may take values in C ).
Let A be the operator Au = iu' with the domain
D(A)={ue H:ueC'0,1], u(0)=u(l)}.
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The adjoint of A is defined much as in FExample 2 .
Let v be a C*(0, 1] function (sov € L*(0,1)) with v(0) = v(1) (same conditions
as u). Then

(Au, v) = /0 i (o)t

Integrate by parts to find that

(Au, v) = /0 iu(t) 0 @B)dt = (u, Av)

In other words, A is self-adjoint.

Lemma 3. An operator A is symmetric if and only if A C A*.

Proof. The defining relation of A*( adjoint of A) is
(Au,v) = (u, A*v) (18)

for all w e D(A) and all v € D(A*)
(<) Assume that A C A*
Then,

A*v = Av, Vue D(A)
so that equation (18) becomes

(Au,v) = (u, Av) Yu,v € D(A).
Hence , A is Symmetric.

(=) Suppose that A is symmetric i.e.,

(Au,v) = (u, Av) Vu,v € D(A).
Then comparison with equation (18) i.e.,

(Au,v) = (u, A*v), Yu € D(A) and Vv € D(A*).

This shows that

D(A) - D(A* and A = A* |D(A)‘
By definition of extension this means that A* is an extension of A i.e.,
AC A*. O

Proposition 4. Let A be a maximal monotone symmetric operator. Then
A is self-adjoint.
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Proof. Let us first prove that J; = (I + A)™! is self- adjoint.
Claim:  (Jyu,v) = (u, Jyv) u,v € H.

Set,
up =Jiuw and vy = Jyv
so that
ur + Aug = u,
v, + Avy = v

Since A is symmetric so we have,
(Ul, AUI) = (Aul, Ul)

It follows that

(ur,v) = (u,v) ie., (Jru,v) = (u,hv) and D(JF) = D(Jy)
because our operators i.e., J;: H — H and J{ : H — H  have the
same domain H. Therefore J; is self-adjoint.
Now to show A is self adjoint
(i) Since A is maximal monotone operator so Vf € H,Ju € D(A) such
that

u+ Au = f
and also A is symmetric i.e., A= A*, so we have,

Vfe H,Jue D(A*) such that u+ A*u = f,
= u+ Au=u+ A*u.
Hence,
A= A"
(ii) Toshow D(A*)= D(A)
Let ue D(A)* and set
f=u+ A*u.

Then we have

(f, Jiw) = (J1f,w) = (u,w) Yw e H

= u=J;f andthus ue€ D(A).
This proves that D(A*) = D(A), and hence A is self-adjoint. O
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Theorem 7. Let A be a self - adjoint maximal monotone operator. Then

for every wug € H , there exists a unique solution

u € C([0,+00); H) NC((0,00); H) N C((0,4+00); D(A))

such that
du
— + Au =0, on(0, 400
19) p ( )
u(0) = wug

Moreover, we have
du
@) [I<lluo || and || () [I=[] Au(®) [|< § [ uo [, VE>0
u € C*((0,00); D(A!)) Vk,l  integers.

Proof. (1) Uniqueness

Let u and v be two solutions of the given problem. Then we have

du
T + Au =0, on(0, +00)
u(0) = o
and p
v
P + Av =0, n(0, +00)
v(0) = vy
From this
du dv
— 4+ Au=—+A
i + Au o + Av
= i(u—v)—f—A(u—v) =
dyél B
= (%(u—v),(u—v)) + (A(u —v),u—v) =0
— (%(u v),u—v)=—(Au—v),u—v) <0
ie.,
d
(E(u—v),u—v) <0 (20)
Integrate equation (20) by parts, we obtain
([ u() = o) [[F = || u(0) =v(0) |*= =2 [y(A(u(s) = v(s), uls) = v(s))ds < 0.
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On the other hand || u(t) — v(¢) |[|*> is nonincreasing on [0, 00) and
[ u(0) = v(0) [[*= 0.
This implies that
[l u(t) —v(@) [P<0.
Therefore,
u(t) = v(t)
(ii) Existence.The proof is divided is divided into two steps:

Step 1: Assume first that wuy € D(A?) and let u be the solution of (13),
given by Theorem 6

du 1
m — < - .
Claim : || dt(t) 1< ; || uo || VE>0

As in the proof of proposition 4 we have,
J;:J)\ and A;:AA, VA > 0.

Now using approximate problem introduced in the proof of Theorem 6:

d

%#—A,\UA =0 on (0,400), ux(0)=wuy (21)
Taking the scalar product of (21) with ~ u, and integrating on [0,T] we obtain

T dU)\ T
(%7 uy)dt + (Azuy,up)dt =0
0 0

But,

du,\ d
(S2u) =32 llua®) |

SO

“14d ) T
—— Jux(®) [P dt+ | (Ayun,un)dt =0
0 0
1 21T T
— 5[” ux(t) [|°lo + (Auy, uy)dt =0,
0

1 1 T
— 5 laadt) P =5 1) |+ [ (A )t =0
0
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ie.,

1 T 1
3 1@ 1P+ [ (e =3 [ us(0) |
0

d
Taking the scalar product of (21) with t% and integrating over [0,T],

we obtain

dU)\ dUA T dUJ)\
tdt A tdt =
R RIS

This implies that,
d T d
L1 s [ s, W= o
0 0 dt

But,

d d d d
o —(Ayuy,uy) = (A)\d ux, uy) + (Ayuy, —un) = 2(Aauy, —uy)

dt dt
Hence equation (23) becomes,

d 1 (T d
/ I uA()IFtdm—/ — (Axux, up)tdt = 0
0 2 0 dt

Now integrating the second integral in equation(24) by parts

ie.,
1 (T4 1 1 [T
5/ dt(A)\U)\,U)\)tdt 5[ (AAU)\,U)\)]g—é/ (A)\U)\7U)\)dt
0 0
1 1 [T
Z(AxUN , U - = AU, U
= 5(Aa(T), un(TNT = 5 | (Ayus, )
This implies that,
T duy 1 [T d
A tdt = A tdt
/0 (Axuy, i —=) 2/0 dt( AUN, Uy)
1 1 [T
= Z(Axuy, uy -z AUN, U
2(A ()T 2/0 (A )dt
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ie.,

T T dU)\
/ (Antin, un)dt = (Ayun(T), un(T))T — 2 / (Avus, T2 )r
0 0
But by equation (23) we have,
T dU,)\ T d’LL)\
A tdt = — —2(t) ||? tat
| v S == [ 1152
Hence,
T d
U 2
/ (Aytis, 1)t = (Ayus(T), us(T)T + 2 / [RXONE
0
The above equation(22) becomes
1 r 2 2
5 Fua(@) 17 +(Avua(T) (T))T+2/ I == @) 1P tdt = 5 [[ uo ||

duy

Since the function || t — —= p

dU)\ dU)\ T2
[ rteapa > i eme

Hence,

1l (T) 12 4T (Axus(T), us(T)) + 72 || S

It follows in particular that

ol O N Y AT
ie.,
dU)\
| ()||2 < Fllwll VT >0
Finally we pass to the hmlt in equation(26) as A — 0.
Since
du,\ N du
dt dt
Therefore,
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du
IIE(t)II < Hluo | vt >0

Step 2: Assumenow wug € H. Let wg, beasequencein D(A?%) such
that wg, — up recall that D(A?) is dense in D(A) and that D(A)is
dense in H; thus D(A?) is dense in H). Let wu, be the solution of

duy,

% +Au, =0, [0, +00)

un(0) = ug

n

Using Theorem 5. we have

[ un(t) —um@) || < | Uy — U, || Vm,n, Vt >0, by step 1
(above).
du,, di,, )
HE(Q_W(QH < ?Hu[)n_UOmH VYm,n, Vt>0

It follows that w, converges uniformly on [0,+00) to some limit u(t)
du, d
and that % (t) converges d_?ﬁb(t) uniformly on every interval [, +00),

0. The limiting function u satisfies
u € C([0,4+00); H) N CY((0, +00); H),

u(t) € D(A) Vt>0 and %(t) +Au(t)=0 V>0,
(this uses the fact that A is closed)
Now to show u € C*((0,+00); D(AY) Vk,l, integers. Using in-
duction on k£ > 2 that
u e C*((0,400); D(AT))  Vj=0,1,2,... k.
Assume that (27) holds up to order k-1. In particular we have
u € C((0,+00); D(AF1))
To prove (27) let us check that
u € C((0,+00); D(A*))
Let us define the Hilbert space H = D(A*!) and the operator A :
D(A)C Hl—s I by
D(A) = D(A"),
A=A

Since, A is maximal monotone and symmetric in H; thus it is self ad-
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joint . Using the first assertion of Theorem 7 in the space H to the oper-

ator fl, we obtain a unique solution v of the problem

d
d—: +Av=0 on (0,+00),

v(0) = v,

given any vy € H. That is,

v € C([0,+00); H) N C((0, +00); H) N C((0, +00); D(A)).

Choose vy = u(e), € > 0 by (28) we have v, € H.
Hence,
u € C((e, +00; D(AF)).
Therefore,
u € C((0, +oo; D(AF)). O
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Conclusion

Finding a unique solution in differential equation with any given evolution

problem is essential. So to determine the existence of unique solution i.e.,

whether the problem has a unique solution or not, for the evolution problem
du

pr + Au =0, on [0, 400),

u(0) = g

is guarantee:

i. If A is a Lipschitz map.

ii. if A is maximal monotone linear operator ( even if A is unbounded
linear operator), there is a unique solution by applying Hille - Yosida Theo-

rem.
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