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Abstract

The Hille - Yosida Theorem is one of the most useful tools in the study of

existence of a unique solution for evolution problem i.e.,
du

dt
+ Au = 0, on [0,+∞),

u(0) = u0,

where A is a maximal monotone operator.

The aim of this project is to study the existence and uniqueness of solutions

generated by maximal monotone operators in Hilbert spaces by applying

Hille-Yosida Theorem for the evolution problem.
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Notations

|| A || Norm of a bounded linear operator A.

A∗ adjoint operator of A.

D(A) Closure of D(A).

D(A)
⊥

Orthogonal complement of a closure D(A).

C[a, b] Space of continuous functions.

C1[a, b] Space of continuously differentiable functions.

D(A) Domain of an operator A.

⊕ Direct sum.

H Hilbert spaces.

I Identity operator.

Lp[a, b] A function space, 1 ≤ p <∞.

`(H) A space of linear operators from H to H.

lp A sequence space, 1 ≤ p <∞.

R(A) Range of an operator A.

sup Supremum(least upper bound).

(u, v) Inner product of u and v .
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Introduction

When mathematical modelling is used to describe physical, biological or

chemical phenomena, one of the most common results is either a differen-

tial equation or a system of differential equations, together with appropriate

boundary and initial conditions. These differential equations may be ordi-

nary or partial, and finding and interpreting their solutions is at the heart

of applied mathematics. In the study of existence of a unique solution for

the given evolution problem (or initial value problem), Hille - Yosida Theo-

rem is an essential tool. In this report we have two chapters excluding the

preliminary. Of course, in the preliminaries section there are basic defini-

tions and theorems which are used to facilitate the reader in chapter one and

two. In chapter one we introduce the basic definitions on monotone operators

and maximal monotone operators regarding unbounded linear operators. It

is essential to deal with such operators to study the Hille-Yosida Theorem.

The second chapter deals with existence of unique solutions to the evolution

problems i.e., 
du

dt
+ Au = 0, on [0,+∞),

u(0) = u0

In this chapter we will see the Hille-Yosida Theorem which is important to

know the well-posedeness of the above evolution problems. This chapter also

includes an introduction to semigroups of linear operators, which can be used

to solve a large class of problems, commonly known as evolution problems.

In addition to this the chapter also includes self-adjoint cases for the given

an unbounded linear operator.
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Preliminaries

In this section we will review some basic definitions and theorems that are

used in this paper. We are not trying to give a complete development, but

rather introduce the basic ones only, some theorems are without proof.

Definition 1. Let X and Y, be normed linear spaces, and suppose that

A : X −→ Y, we write A(x) or Ax to denote the image of an element x ∈ X.

(a) A is linear if A(αx+ βy) = αA(x) + βA(y) for every x, y ∈ Xand α, β ∈ C

(b) A is injective if A(x) = A(y) implies x = y

(c) The kernel or nullspace of A is Ker(A) = {x ∈ X : A(x) = 0}

(d) The range of A is R(A) = {A(x), x ∈ X}

(e) A is surjective if range (A) or R(A) = Y

(f) A is bijection if it is both injective and surjective.

Definition 2. A linear operator A : D(A) ⊂ H −→ H is closed if its graph

G(A) = [u,Au];u ∈ D(A) ⊂ H ×H is closed.

The closedness of an unbounded linear operator A can be characterized as

follows : If un ∈ D(A) such that

un −→ u and Aun −→ f in H as n −→∞ then u ∈ D(A) and Au = f.
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Definition 3. Let X be a vector space .

A mapping (., .) : X ×X −→ K is said to be an inner product on X

if and only if for all vectors x,y,z and scalar α,

(IP1) (x+ y, z) = (x, z) + (y, z)

(IP2) (αx, y) = α(x, y)

(IP3) (x, y) = (y, x) (bar denotes complex conjugate)

(IP4) (x, x) ≥ 0 and (x.x) = 0⇐⇒ x = 0.

The inner product generates the norm

|| x ||:=
√

(x, x).

Therefore an inner product space is a normed space.

Theorem 1. (Cauchy - Schwartz Inequality)

Let X be an inner product. Then

| (x, y) |≤
√

(x, x).
√

(y, y) ,∀x, y ∈ X.

Proof. For arbitrary scalars λ,

0 ≤ (x− λy, x− λy) = (x, x)− λ(x, y)− λ(x, y) + λλ(y, y).

If y = 0, the inequality is obvious. Assume y 6= and let λ =
(x, y)

(y, y)
.

Then,

0 ≤ (x, x)− |(x,y)|
2

(y,y)
− |(x,y)|

2

(y,y)
+ |(x,y)|2

(y,y)
= (x, x)− |(x,y)|

2

(y,y)

and hence

| (x, y) |2≤ (x, x).(y, y)

Definition 4. A normed linear space X which does have the property that

all Cauchy sequences are convergent is said to be complete.

• A complete normed linear space is called a Banach space.

• A complete inner product space is called a Hilbert space.
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Definition 5. Let E and F be two Banach spaces. An unbounded linear

operator from E into F is a linear map A : D(A) ⊂ E −→ F defined on

a linear subspace D(A) ⊂ E with values in F. The set D(A) is called the

domain of A.

A is bounded (or continuous) if D(A) = E and if there is a constant

γ ≥ 0 such that

|| Au ||≤ γ || u || ∀u ∈ E.

Definition 6. Let H be a Hilbert space. Let A : H −→ H be a bounded linear

map. We define a map A∗ : H −→ H by the relation

(Au, v) = (u,A∗v) for all u, v ∈ H.

The map A∗ is called the adjoint of A.

Theorem 2. (Weierstrass M -Test)

Let un(t) be a sequence of functions defined on a set E. Suppose that for all

n ∈ N there exists Mn ∈ R such that | un(t) |≤ Mn, ∀t ∈ E. Then if∑
Mn converges,

∑
un must converge uniformly.

Definition 7. Let E be a Banach space and let A : E −→ E be a function.

Then, the function A is said to be Lipschiz function in a domain D i.e.,

E, if there exists a positive constant L such that

|| Au− Av ||≤ L || u− v || ,∀u, v ∈ E

Theorem 3. (Cauchy - Peano Theorem)

Let A : E −→ E be a continuous function in the domain E, and given the

initial value problem (IVP)
du

dt
(t) = Au(t) [0,+∞),

u(0) = u0

(1)

then there exists a solution u in [0,+∞;E) which satisfies the given IVP .

3



Theorem 4. ( Picard - Lipschitz Theorem)

Let A : E −→ E be a Lipschitz function in the domain E, and given the

initial value problem(IVP), then for any u0 ∈ E there exists a unique solution

u ∈ C1([0,+∞);E) which satisfies the initial value problem (IVP).

Picard Iteration Method

Many problems with a differential equation are often difficult to find whose

solutions by standard methods. In such problems, it is sufficient to obtain an

approximate solution only.

We shall mention here the Picards iteration method for giving an approxi-

mation solution of the initial value problem of the form

du

dt
(t) = Au(t), u(0) = u0 (2)

By an iteration method we mean a method which consists of a repeated appli-

cation of exactly the same type of steps where in each step we use the result

of preceding step (steps). We now explain the Picard’s iteration method. By

integrating, we write (2) in the form

u(t) = u0 +

∫ t

0

A(u(s))ds. (3)

In order to obtain a solution u(t) of (3), we proceed stepwise as follows:

put u = u0 = constant, on the right. This gives

u1(t) = u0 +
∫ t
0
A(u0(s))ds.

We now substitute u1(t) in the same manner and we get

u2(t) = u0 +
∫ t
0
A(u1(s))ds

Continuing in this way, at the nth step of iteration process, we shall get

un(t) = u0 +

∫ t

0

A(un−1(s))ds. (4)

Thus we obtain a sequence of approximate solutions

u1(t), u2(t), u3(t) , ..., un(t).

4



Chapter 1

Maximal Monotone Operators

In this chapter we will see that the basic definitions of monotone linear

operator, maximal monotone operator and its elementary properties. In

addition to this we will define the resolvent and Yosida approximation and

its properties for the given maximal monotone operator.

1.1 Properties of Maximal Monotone

Operators

Definition 8. Let H be a Hilbert Space. Then, an unbounded linear operator

A : D (A) ⊂ H −→ H is said to be monotone if it satisfies

(Av, v) ≥ 0, ∀v ∈ D (A) .

It is called maximal monotone if, in addition,

R (I + A) = H,

i.e., ∀f ∈ H,∃u ∈ D (A) such that

u+ Au = f.

Example 1. Let H be the Hilbert space L2(0, 1) and let A be the differential

operator defined by

D(A) ∈ C1(0, 1) and Au = u
′ ∀u ∈ C1(0, 1).
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and consider the sequence of functions defined by

un(t) = tn n = 1, 2, 3, ....

Then A is unbounded maximal monotone linear operator.

Since ,

||Aun||
||un|| = n(

√
2n+1
2n−1) −→∞

as n −→∞, that is A is unbounded linear operator.

To show A is monotone : for all u ∈ D(A) we have

(Au, u) =

∫ 1

0

ntn−1tndt =
n

2n
=

1

2
> 0 n ∈ N.

Hence, A is monotone, and also A is maximal monotone.

Since,

There exists u in C1(0, 1) such that

u+ Au = tn + ntn−1

=⇒ R(I + A) = L2(1, 0).

So A is maximal monotone.

Remark : || u ||≤|| f ||

Proposition 1. Let A be a maximal monotone operator. Then

(a) D(A) is dense in H,

(b) A is a closed operator,

(c) For every λ > 0, (I + λA) is bijective from D(A) onto H,

(d) (I + λA)−1: H −→ H is a bounded linear operator and

|| (I + λA)−1 ||`(H)
≤ 1.

Proof. (a) Let f ∈ D(A)
⊥

then (f, v) = 0,∀v ∈ D(A).

Claim: D(A) = H , by showing f = 0.

Since A is maximal monotone operator, there exists v0 ∈ D(A) such that

v0 + Av0 = f .

We have:

6



0 = (f, v0) = (v0 + Av0, v0) =|| v0 ||2 +(Av0, v0)

since,

(Av0, v0) ≥ 0, v0 = 0 and so f = 0 then D(A)
⊥

= 0.

Therefore,

H = D(A)
⊥
⊕D(A) = D(A) .

This implies that D(A) is dense in H.

(b) First let us observe that for all f in H, there exists a unique u ∈ D(A)

such that

u+ Au = f

Justification:

since, if v is another solution i.e., if,

v ∈ D(A) and v + Av = f then u− v + Au− Av = 0.

We need to show that

u = v

0 = (u−v+Au−Av, u−v) = (u−v+A(u−v), u−v) =|| u−v ||2 +(A(u−v), u−v)

Since,

(A(u− v), u− v) ≥ 0,

Thus,

|| u− v ||2= 0.

This implies that

u = v

Now let us turn to show A is closed. Let (un) be a sequence in D(A) such

that

un −→ u and Aun −→ f.
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Claim: u ∈ D(A) and Au = f .

Since,

un + Aun −→ u+ f =⇒ un(I + A) −→ u+ f

un = (I + A)−1(un + Aun) −→ (I + A)−1(u+ f)

=⇒ u = (I + A)−1(u+ f) =⇒ u ∈ D(A) and (I + A)u = u+ f

=⇒ Au = f.

Therefore, A is closed.

(c) Given, (I + λA) : D(A) ⊂ H −→ H

We need to show that (I + λA) is bijective i.e.,( injective and surjective )

(i) Injective: Assume u, v ∈ D(A).

Claim: if (I + λA)u = (I + λA)v , then u = v.

Assume that,

(I + λA)u = (I + λA)v.

This implies

(I + λA)u− (I + λA)v = 0 =⇒ u− v + λA(u− v) = 0

0 = (u− v + λA(u− v), u− v) =|| u− v ||2 +(λA(u− v), u− v)

Since λA is a maximal monotone, ∀λ > 0 and then

(λA(u− v), u− v) ≥ 0.

So we have,

|| u− v ||2= 0 =⇒ u = v

Hence, (I + λA) is injective .

(ii) surjective :

Now, A is maximal monotone operator, so we have

(I + A)u = f

Similarly for any λ > 0, λA is a maximal monotone operator. Therefore

for all f in H, there exists u in D(A) such that

(I + λA)u = f

8



Hence, I + λA is surjective. So from (i) and (ii), I + λA is bijective.

(d) Since, || u ||≤|| f || so we can say that,

|| u ||≤|| f ||=⇒|| (I + λA)−1f ||≤|| f ||
=⇒|| (I + λA)−1f ||≤|| (I + λA)−1 |||| f ||≤|| f ||
=⇒|| (I + λA)−1 |||| f ||≤|| f ||

Thus,

|| (I + λA)−1 ||≤ 1.

i.e.,

(I + λA)−1 is a bounded linear operator.

Proposition 2. If A and B are maximal monotone operators, then A + B,

defined on D(A) ∩D(B), need not be maximal monotone.

Proof. By assumption A and B are maximal monotone, so we have,

(Au, u) ≥ 0 , ∀u ∈ D(A) and (Bu, u) ≥ 0 , ∀u ∈ D(B).

Thus,

((A+B)u, u) = (Au+Bu, u)

= (Au, u) + (Bu, u) ≥ 0

i.e.,

((A+B)u, u) ≥ 0.

Thus, A+B is monotone .

But A+B is not surjective because D(A) ∩D(B) may be zero .

Since for a non zero f in H, 0 = f, which is wrong.

Therefore A + B is not maximal monotone.

Definition 9. Let A be a maximal monotone operator. For every λ > 0, set

Jλ = (I + λA)−1 and Aλ = 1
λ
(I − Jλ) ;

Jλ is called the resolvent of A, and Aλ is theYosida approximation( or

regularization) of A.

9



Proposition 3. Let A be a maximal monotone operator . Then:

(a1) Aλv = A(Jλv), ∀v ∈ H and λ > 0,

(a2) Aλv = Jλ(Av), ∀v ∈ D(A) and λ > 0,

(b) | Aλv | ≤ | Av | ∀v ∈ D(A) and λ > 0,

(c) lim
λ−→0

Jλv = v, ∀v ∈ H,

(d) lim
λ−→0

Aλv = Av, ∀v ∈ D(A),

(e) (Aλv, v) ≥ 0, ∀ v ∈ H and λ > 0,

(f) | Aλv | ≤
1

λ
| v |, ∀v ∈ H and λ > 0.

Proof. (a1) To show Aλv = A(Jλv), ∀ v ∈ H , λ > 0,

we have,

Jλv = (I + λA)−1v

=⇒ (I + λA)Jλv = v

=⇒ Jλv + λAJλv = v

=⇒ (I − Jλ)v = λA(Jλv)

=⇒ 1

λ
(I − Jλ)v = A(Jλv)

i.e.,

Aλv = A(Jλv)

(a2) Aλv =
1

λ
(I − Jλ)v =

1

λ
[(I + λA)−1(I + λA)v − (I + λA)−1v]

=
1

λ
(I + λA)−1(v + λAv − v)

=
1

λ
Jλ(λAv) = Jλ(Av)

Hence ,

Aλv = Jλ(Av)

10



(b) To show | Aλv | ≤ | Av |, ∀v ∈ D(A), λ > 0

| Aλv | =| Jλ(Av) | by (a2) above.

≤ || Jλ ||| Av | ≤ | Av | .

Therefore,

| Aλv |≤| Av |
(c) Assume first that v ∈ D(A) . Then

| v − Jλv | = λ | Aλv |

≤ λ | Av | by (b) above .

This implies that

lim
λ−→0

Jλv = v.

Suppose now that v is a general element in H. Given any ε > 0,

there exists some v1 ∈ D(A) such that

| v − v1 |< ε (since D(A) is dense in H by proposition 1).

We have,

| Jλv − v | =| v − v1 + v1 − Jλv1 + Jλv1 − Jλv |

≤| v − v1 | + | v1 − Jλv1 | + | Jλv1 − Jλv |

< ε+ ε+ | v1 − Jλv1 |

= 2ε+ | v1 − Jλv1 | .

Thus,

lim sup
λ−→0

| Jλv − v | ≤ 2ε , ∀ε > 0,

i.e.,

lim
λ−→0

| Jλv − v |= 0 =⇒ lim
λ−→0

Jλv = v, ∀v ∈ H.

11



(d) To show that,

lim
λ−→0

Aλv = Av,∀v ∈ D(A), λ > 0.

Since,

lim
λ−→0

Aλv = lim
λ−→0

Jλ(Av)

= Av by a2 and c above.

(e) To show (Av, v) ≥ 0 ∀v ∈ H and ∀λ > 0 :

(Aλv, v) = (Aλv, v − Jλv + Jλv)

= (Aλv, v − Jλv) + (Aλv, Jλv)

= (Aλv, λAλv) + (A(Jλv), Jλv)

= λ(Aλv, Aλv) + (A(Jλv), Jλv)

= λ || Aλv ||2 +(A(Jλv), Jλv)

≥ λ || Aλv ||2≥ 0

So we have ,

(Aλv, v) ≥ 0

(f) To show | Aλv |≤ 1
λ
| v |,∀v ∈ H,λ > 0 :

From the proof of (e) we have,

(Aλv, v) ≥ λ | Aλv |2=⇒ | Aλv |2≤ 1
λ
(Aλv, v) ≤ 1

λ
| Aλv || v |

Hence , | Aλv |≤ 1
λ
| v | .
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Chapter 2

The Hille - Yosida Theorem

In this chapter we will see the conditions that guarantee the existence of

unique solutions for the given evolution problem using the Hille - Yosida

theorem. In addition to this we will discuss the concept of C0 semigroups,

symmetric and self-adjoint for the operator A and then we will deduce the

existence and uniqueness of solutions.

2.1 Existence and Uniqueness of Solution

of Evolution Problem

Theorem 5. ( Cauchy - Lipschitz - Picard )

Let E be a Banach space and let A : E −→ E be a Lipschitz map. Then

given any u0 ∈ E there exists a unique solution u ∈ C1([0,+∞);E) of the

problem,

(1)


du

dt
(t) = Au(t) on [0,+∞),

u(0) = u0

where u0 is the initial data .

Given k > 0, set

X = {u ∈ C([0,+∞);E) : sup
t≥0

e−kt || u(t) ||<∞}.

13



Let us first justify the following claims, before proving the existence and

uniqueness of the theorem.

Claim 1 : X is a Banach space with norm

|| u ||X= sup
t≥0

e−kt || u(t) || .

Justification:

Let (un) be a Cauchy sequence in X and let ε > 0 .

Then there exists N > 0 such that

|| un − um ||X< ε , ∀n,m ≥ N .

Thus,

|| un − um ||X= sup
t≥0

e−kt || un(t)− um(t) ||< ε,∀n,m ≥ N

|| un(t)−um(t) ||< ε (2)

For every given t, {un(t)} is Cauchy in E, which converges to u(t) in E.

Let,

lim
m−→∞

um(t) =: u

We need to show that un converges to u.

Choose ε > 0. By replacing ε with ε
2

in eqn.(2) above, we can fined an N > 0

such that

|| un − um ||≤ ε
2
∀n,m ≥ N .

Taking the limit as m −→∞, we obtain

|| un − u ||≤ ε
2
, ∀n ≥ N .

In other words, we obtain

|| un − u ||≤ ε
2
< ε, ∀n > N .

14



This implies that un converges to u.

∴ X is a Banach space.

Claim (2): For every u ∈ X, the function Φu defined by

(Φu)(t) = u0 +

∫ t

0

A(u(s))ds

also belongs to X.

Justification:

Since, Φu ∈ C([0,∞);E)

|| (Φu)(t) || =|| u0 +

∫ t

0

A(u(s)) || ds

≤|| u0 || +
∫ t

0

|| A(u(s)) || ds

=|| u0 || +
∫ t

0

|| A(u(s))− A(u0) + A(u0) || ds

≤|| u0 || +
∫ t

0

|| A(u(s))− A(u0) || ds+

∫ t

0

|| A(u0) || ds

≤|| u0 || +L
∫ t

0

|| u(s)− u0 || ds+ || A(u0) || t

≤|| u0 || +L
∫ t

0

|| u(s) || ds+ L

∫ t

o

|| u0 || ds+ || A(u0) || t

=|| u0 || + || u0 || Lt+ || A(u0) || t+ L

∫ t

0

e−ks || u(s) || eksds

≤|| u0 || + || u0 || Lt+ || A(u0) || t+ L || u ||X
∫ t

0

eksds

=|| u0 || + || u0 || Lt+ || A(u0) || t+ L || u ||X
1

k
(ekt − 1)

=|| u0 || + || u0 || Lt+ || A(u0) || t+
L

k
|| u ||X (ekt − 1)

15



=⇒ e−kt || (Φu)(t) || ≤ [|| u0 || +(|| u0 || L+ || A(u0) ||)t]e−kt

+
L

k
|| u ||X (1− e−kt)

≤ [|| u0 || +(|| u0 || L+ || A(u0) ||)t]e−kt +
L

k
|| u ||X

=⇒ sup e−kt || (Φu)(t) ||<∞.

Hence, Φu ∈ X
Claim(3): || Φu− Φv ||X≤ L

k
|| u− v ||X , ∀u, v ∈ X.

Justification:

For every u, v ∈ X, let us define the function Φu and

Φv by

(Φu)(t) = u0 +

∫ t

0

A(u(s))ds and (Φv)(t) = u0 +

∫ t

0

A(v(s))ds.

Then,

Φu(t)− Φv(t) =

∫ t

0

(A(u(s))− A(v(s)))ds

e−kt || Φu(t)− Φv(t) ||≤ e−kt
∫ t

0

|| A(u(s))− A(v(s)) || ds

≤ Le−kt
∫ t

0

|| (u(s)− v(s)) || ds = Le−kt
∫ t

0

e−ks || (u(s)− v(s)) || eksds

≤ L

k
e−kt || u− v ||X (ekt − 1) =

L

k
|| u− v ||X (1− e−kt) ≤ L

k
|| u− v ||X

Hence,

|| Φu− Φv ||X≤
L

k
|| u− v ||X

We are now back to prove the theorem.

Proof. (i) Existence, (Using Picard’s method:)

Let us consider the iterative sequence

un(t) = u0+

∫ t

0

A(un−1(s))ds, n ∈ N (3)
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Since A is continuous, so we have,

|| Au ||≤ c || u ||= M, for some c > 0. (4)

Assume M = sup || Au ||, and A is satisfies the Lipschitz condition so we

have,

|| Au−Av ||≤ L || u−v ||,∀u, v ∈ E (5)

In order that the initial value problem (IVP) may have a solution, it is nec-

essary that the sequence un(t) of functions converges to a limiting function

u(t) which is a solution of the IVP or of the equivalent integral equation

u(t) = u0+

∫ t

0

A(u(s))ds (6)

Now to ensure the existence of the limiting function

u(t) = lim
n−→∞

un(t)

we use un as a sum of successive differences:

un = u0 +
n−1∑
i=0

(ui+1 − ui)

i.e., un(t) = [un(t)−un−1(t)]+[un−1(t)−un−2(t)]+....+[u1(t)−u0(t)]+u0(t)
using (3) we have

un(t) = u0 +

∫ t

0

A(un−1(s))ds and un+1(t) = u0 +

∫ t

0

A(un(s))ds

Therefore,

|| un+1(t)−un(t) ||=||
∫ t

0

A(un(s))ds−
∫ t

0

A(un−1(s))ds || (7)

Also from (3)

u1(t) = u0 +

∫ t

0

A(u0)ds
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|| u1(t)− u0 || =||
∫ t

0

A(u0)ds ||

≤
∫ t

0

|| A(u0) || ds

≤
∫ t

0

Mds

= Mt by (4) above

Again using Lipschitz condition (5), we get from (6)

|| u2(t)− u1(t) || ≤
∫ t

0

|| A(u1(s))ds− A(u0(s))ds ||

≤
∫ t

0

L || (u1(s))− (u0(s)) || ds

≤
∫ t

0

LMsds = LM
t2

2!

Similarly

|| u3(t)− u2(t) ||≤ L2M
t3

3!
.

In general we shall have,

|| un(t)− un−1(t) ||≤
Ln−1Mtn

n!

Now let us prove the following by induction on n:

|| un+1(t)− un(t) ||≤ LnMtn+1

(n+ 1)!

When n is 0,

|| u1(t)− u0(t) || ≤
∫ t

0

|| A(u0) || ds

≤
∫ t

0

Mds = Mt
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Assuming the claim is true for n− 1,

|| un+1(t)− un(t) || ≤
∫ t

0

|| A(un(s))− A(un−1(s)) || ds

≤
∫ t

0

L || un(s)− un−1(s) || ds

≤ L

∫ t

0

Ln−1Msn

n!
ds

=
MLntn+1

(n+ 1)!
.

Hence, it is valid for all n.

Now
∞∑
n=0

MLntn+1

(n+ 1)!
converges.

Therefore by Weierstrass M-Test

∞∑
n=0

|| un+1(t)− un(t) || also converges.

Hence,

lim
n−→∞

un(t) = u0 +
∞∑
n=0

(un+1(t)− un(t)) converges to a function u(t).

The convergence is uniform in t because,

|| un+1(t)− un(t) || ≤ MLn+1tn+1

L(n+ 1)!

=⇒ || u(t)− uN(t) || ≤
N−1∑
n=0

|| un+1(t)− un(t) ||

≤ M

L

∞∑
n=N

Ln+1tn+1

(n+ 1)!

≤ MLN+1tN+1

L(N + 1)!
eLt
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i.e., it is uniformly convergence.

u(t) is a solution , pick un which is close to u.

This is possible since un converges uniformly to u.

∀ε, ∃N, ∀t ∈ [0,+∞), n > N =⇒ || un(t)− u(t) ||< ε.

Therefore,

||
∫ t

0

A(un(s))ds−
∫ t

0

A(u(s))ds || ≤
∫ t

0

|| A(un(s))− A(u(s)) || ds

≤
∫ t

0

L || un(s)− u(s) || ds

≤ Lεt

which is as mall as required. So taking the limit for n −→∞ for

un(t) = u0 +

∫ t

0

A(un−1(s))ds

gives that u is a solution of the initial value problems. Hence

u(t) = u0 +

∫ t

0

A(u(s))ds

Therefore , the solution exists.

Now it remains to prove uniqueness.

(ii) Uniqueness: Let u and v be solution of the problem. Then we have

u(t) = u0 −
∫ t

0

A(u(s))ds

and v(t) = u0 −
∫ t

0

A(v(s))ds.

Now

|| u(t)− v(t) || =||
∫ t

0

(A(u(s))− A(v(s))) || ds

≤
∫ t

0

|| (A(u(s))− A(v(s))) || ds,
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Since A is bounded and satisfies Lipschitz map, so we have

|| A(u(t)) ||≤M and

|| A(u(t))−A(v(t)) ||≤ k || u− v || (8)

where, M = sup || A(u(t)) || .
Now,

|| u(t)− v(t) || ≤
∫ t

0

|| A(u(s))− A(v(s)) || ds

≤
∫ t

0

(|| A(u(s)) || + || A(v(s)) ||)ds

≤
∫ t

0

(M +M)ds = 2Mt

This implies that

|| u(t)− v(t) ||≤ 2Mt (9)

again using the Lipschitz map

|| u(t)− v(t) ||≤
∫ t

0

k || u(s)− v(s) || ds (10)

Combining (9) and (10) we obtain

|| u(t)− v(t) ||≤
∫ t

0

2kmsds =
2mkt2

2!
(11)

Employing inequality (11) on the right hand side of (10) we have

|| u(t)− v(t) ||≤
∫ t

o

2k2ms2

2!
ds =

2mk2t3

3!

Continuing in this way, we shall obtain

|| u(t)− v(t) ||≤ 2mkn−1tn

n!
, n ∈ N (12)
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Now the right hand side of (12) tends to zero as n −→∞.

Thus,

|| u(t)− v(t) ||= 0 i.e ., u(t) = v(t)

Hence, the solution is unique.

Theorem 6. (Hille-Yosida)

Let A be a maximal monotone operator. Then, given any u0 ∈ D(A) there

exists a unique solution

u ∈ C1([0,+∞);H) ∩ C([0,+∞);D(A)),

of the problem,

(13)


du

dt
+ Au = 0 on [0,∞),

u(0) = u0

Moreover,

|| u(t) ||≤|| u0 || and || du(t)

dt
||=|| Au(t) ||≤|| Au0 ||, ∀t ≥ 0.

Proof. First let us prove the next lemma

Lemma 1. Let w ∈ C1([0,+∞);H) be a function satisfying

dw

dt
+ Aλw = 0 ,on [0,+∞).

Then the function t 7−→|| w(t) || and t 7−→|| dw(t)

dt
||=|| Aλw(t) || are

nonincreasing on[0,+∞).

Proof. Since,

(
dw

dt
+ Aλw,w) = 0,

so we have,

(
dw

dt
, w) + (Aλw,w) = 0

By proposition 3 (e) we know that

(Aλw,w) ≥ 0.

This implies that
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(
dw

dt
, w) = −(Aλw,w) ≤ 0

i.e., (
dw

dt
, w) ≤ 0.

But,

(
dw

dt
, w) =

1

2

d

dt
|| w(t) ||2

=⇒ 1

2

d

dt
|| w(t) ||2≤ 0

=⇒|| w(t) ||≤ 0.

Hence, || w(t) || is nonincreasing.

To show || dw(t)

dt
|| is nonincreasing on [0,∞).

SinceAλ is a linear bounded operator, so w ∈ C2([0,+∞);H) and also that

d

dt
(
dw

dt
) + Aλ(

dw

dt
) = 0

so we have,

(
d

dt
(
dw

dt
),
dw

dt
) + (Aλ(

dw

dt
),
dw

dt
) = 0.

Since,

(Aλ(
dw
dt

),
dw

dt
) ≥ 0.

This implies that,

(
d

dt
(dw
dt

),
dw

dt
) ≤ 0.

But,

(
d

dt
(dw
dt

),
dw

dt
) = 1

2

d

dt
|| dw
dt
||2≤ 0

i.e.,

|| dw
dt
||≤ 0.

Hence,
dw(t)

dt
is nonincreasing.
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Now let us prove the theorem by breaking it into steps.

Step 1 : Uniqueness:

Let u and v be two solution of the problem . Then we have

du

dt
+ Au = 0, u(0) = u0 and

dv

dt
+ Av = 0, v(0) = v0 on [0,∞).

Then ,
du

dt
+ Au =

dv

dt
+ Av

=⇒ du

dt
− dv

dt
+ Au− Av = 0 =⇒ d

dt
(u− v) + A(u− v) = 0.

From this we have,

(
d

dt
(u− v), u− v) + (A(u− v), u− v) = 0

=⇒ (
d

dt
(u− v), u− v) = −(A(u− v), u− v) ≤ 0.

Now let us integrate

(
d

dt
(u− v), u− v) ≤ 0,

by part both sides to obtain,∫ t

0

(
d

ds
(u− v), u− v)ds =

∫ t

0

(
d

ds
(u(s)− v(s))(u(s)− v(s))ds

=|| u(t)− v(t) ||2 − || u(0)− v(0) ||2 −
∫ t

0

(u(s)− v(s))(
d

ds
(u(s)− v(s)).

This implies that

|| u(t)− v(t) ||2 − || u(0)− v(0) ||2 = 2

∫ t

0

(u(s)− v(s))
d

ds
(u(s)− v(s))

= −2

∫ t

0

(A(u(s)− v(s)), u(s)− v(s))ds ≤ 0.

i.e.,

|| u(t)− v(t) ||2 − || u(0)− v(0) ||2≤ 0.

24



Since the function t 7−→|| u(t) − v(t) || is nonincreasing on [0,+∞), so we

have,

|| u(t)− v(t) ||2= 0

Thus,

u(t) = v(t)

Hence, the solution is unique.

Step 2 :

Claim : || du(t)

dt
||=|| Au(t) ||≤|| Au0 || , ∀t ≥ 0,∀λ > 0 .

Let uλ be the solution of the problem

(14)


duλ
dt

+ Aλuλ = 0, on [0,∞)

uλ(0) = u0 ∈ D(A)

uλ is uniquely determined by Cauchy Lipschitz Picard Theorem. By lemma

1 above t 7−→|| duλ
dt
|| is decreasing on [0,∞), and also by proposition 3 (b)

|| Aλv ||≤|| Av || , ∀v ∈ D(A) ∀λ > 0.

So we have,

|| duλ
dt

(t) || =|| Aλuλ(t) ||

≤|| Aλuλ(0) ||=|| Aλu0 ||

≤|| Au0 || .

Step 3 :

Claim : ∀t ≥ 0 , uλ(t) converges as λ −→ 0, to some limit, denoted by

u(t). Moreover, the convergence is uniform on every bounded interval [0,T].

For every λ, µ ≥ 0 we have

duλ
dt
− duµ

dt
+ Aλuλ − Aµuµ = 0

=⇒ (
du

dt
(uλ − uµ), (uλ − uµ)) + (Aλuλ − Aµuµ, uλ − uµ) = 0
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=⇒ (
du

dt
(uλ − uµ), uλ − uµ) = −(Aλuλ − Aµuµ, uλ − uµ)

Since,

(
du

dt
(uλ − uµ), uλ − uµ) = 1

2

d

dt
|| uλ(t)− uµ(t) ||2 .

So we have,

1
2

d

dt
|| uλ(t)− uµ(t) ||2= −(Aλuλ(t)− Aµuµ(t), uλ(t)− uµ(t))

= −(Aλuλ − Aµuµ, uλ − Jλuλ + Jλuλ − Jµuµ + Jµuµ − uµ)

= −(Aλuλ−Aµuµ, λAλuλ−µAµuµ)−(A(Jλuλ−Jµuµ), Jλuλ−Jµuµ)

≤ −(Aλuλ − Aµuµ, λAλuλ − µAµuµ)

= λ || Aλuλ ||2 +µ || AλuλAµuµ || +λ || AλuµAµuµ || µ || Aµuµ ||2

≤ λ || Au0 ||2 +µ || Au0Au0 || +λ || Au0Au0 || +µ || Au0 ||2

= (λ+ µ) || Au0 ||2 +µ || Au0 ||2 +λ || Au0 ||2

= 2(λ+ µ) || Au0 ||2 .
Hence,

1
2

d

dt
|| uλ(t)− uµ(t) ||2≤ 2(λ+ µ) || Au0 ||2.

Integrating the inequality, we obtain

|| uλ(t)− uµ(t) ||2≤ 4(λ+ µ)t || Au0 ||2 .

i.e.,

|| uλ(t)−uµ(t) ||≤ 2
√
λ+ µt || Au0 || (15)

It follows that for every fixed t ≥ 0, uλ(t) is a cauchy sequence as λ −→ 0

and thus it converges to a limit, denoted by u(t). Passing to the limit in (15)

as µ −→ 0, we have

|| uλ(t)− uµ(t) ||≤ 2
√
λt || Au0 || .

Therefore the convergence is uniform in t on every bounded interval [0,T]

and so u ∈ C([0,+∞);H).

Step 4 :

claim :
duλ
dt

(t) converges, as λ −→ 0, to some limit and that converges is

uniform on every bounded interval [0, T]. Assume that u0 ∈ D(A2).

Set

vλ =
duλ
dt

,

so that
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dvλ
dt

+ Aλvλ = 0.

Now, following the same argument as in step 3, we have :

1

2

d

dt
|| vλ − vµ ||2 ≤ (|| Aλvλ(t) || + || Aµvµ(t) ||)(λ || Aλvλ(t) || +µ || Aµvµ(t) ||)

≤ (|| Aλvλ(0) || + || Aµvµ(0) ||)(λ || Aλvλ(0) || +µ || Aµvµ(0) ||)

= (|| AλAλu0 || + || AµAµu0 ||)(λ || AλAλu0 || +µ || AµAµu0 ||)

= (|| J2
λA

2u0 || + || J2
µA

2u0 ||)(λ || J2
λA

2u0 || +µ || J2
µA

2u0 ||)

≤ (|| A2u0 || + || A2u0 ||)(λ || A2u0 || +µ || A2u0 ||)

= λ || A2u0 ||2 +µ || A2u0 ||2 +λ || A2u0 ||2 +µ || A2u0 ||2

= 2λ || A2u0 ||2 +2µ || A2u0 ||2

= 2(λ+ µ) || A2u0 ||2

Since,

1
2

d

dt
|| vλ − vµ ||2 ≤ 2(λ+ µ) || A2u0 ||2 .

Integrating the inequality, we obtain

|| vλ−vµ || ≤ 2
√

(λ+ µ)t || A2u0 || (16)

It follows that for every fixed t ≥ 0, vλ(t) is a cauchy sequence as

λ −→ 0 and thus it converges to a limit denoted by v(t). Passing to

the limit in (16) as µ −→ 0 we have,

|| vλ − vµ || ≤ 2
√

(λ)t || A2u0 ||.

Hence, vλ(t) =
duλ
dt

(t) converges as λ −→ 0, to some limit and that the

converges is uniform on every bounded interval [0,T].

Step 5 : Assume that u0 ∈ D(A2)

Claim : u is a solution of problem (13) (Theorem 6)

Now by step 3 and 4 , we have uλ(t) −→ u(t) as λ −→ 0 uniformly

on [0,T], and
duλ
dt

(t) converges as λ −→ 0 uniformly on [0,T] for all

T <∞.

So it follows that u ∈ C1([0,+∞);H) and that

duλ
dt

(t) −→ du

dt
(t)
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as λ −→ 0 uniformly on [0,T].

When rewrite (13) as

duλ
dt

(t) + A(Jλuλ(t)) = 0.

Since A has a closed graph, so u ∈ D(A),∀t ≥ 0 and that

du

dt
(t) + Au(t) = 0.

Hence, u ∈ C1([0,+∞);H), the function t 7−→ Au(t) is continuous from

[0,+∞) onto H and thus u ∈ C([0 +∞);D(A))

Note : Jλuλ(t) −→ u(t) as λ −→ 0.

Since ,

|| Jλuλ(t)− u(t) || ≤|| Jλuλ(t)− Jλu(t) || + || Jλu(t)− u(t) ||

=|| uλ(t)− u(t) || + || Jλu(t)− u(t) ||−→ 0

Step 6 : To conclude the proof of the theorem, we shall use the following

lemma

Lemma 2. Let u0 ∈ D(A). Then, ∀ε > 0,∃u0 ∈ D(A2) such that

|| u0 − u0 ||< ε and || Au0 − Au0 ||< ε .

Let us proof first the lemma :

Proof. Set, u0 for some approximate λ > 0 to be fixed later.

Since A is maximal monotone, so we have u0 ∈ D(A) and u0+λAu0 = u0

Thus Au0 ∈ D(A) i.e., u0 ∈ D(A2).

On the other hand by proposition 3, we have

lim
λ−→0

|| Jλu0 − u0 ||= 0 , lim
λ−→0

|| JλAu0 − Au0 ||= 0

and JλAu0 = AJλu0.

Therefore, for every ε > 0,

|| Jλu0 − u0 ||< ε and || JλAu0 − Au0 ||< ε
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Now let us turn to the proof of Theorem 6 .

Given,

u0 ∈ D(A).

We construct (using lemma 2), a sequence u0n in D(A2) such that u0n −→
u0 and Au0n −→ Au0. By step 5, we know that there is a solution un of

the problem

(17)


dun
dt

+ Aun = 0 , on [0,+∞),

un(0) = u0n .

We have, for all t ≥ 0,

|| un(t)− um(t) || ≤ || u0n − u0m ||−→ 0, as m,n→∞

|| dun
dt

(t)− dum
dt

(t) ||≤|| Au0n − Au0m || , m,n→∞

Therefore , un(t) −→ u(t) uniformly on, [0,+∞),
dun
dt

(t) −→ du

dt
uni-

formly on, [0,+∞), with u ∈ C1([0,+∞);H). Passing to the limit in

(17), since A is a closed operator we have, u(t) ∈ D(A) u satisfies equa-

tion (13) (Theorem 6) .

From equation (13) (Theorem 6) we deduce that

u ∈ C([0,+∞);D(A)).

Definition 10. A Co semigroup( strongly continuous semigroup ) is

a family SA(t), ∀t ∈ <+ of bounded linear operators from H to H satisfying:

(i) SA(t1 + t2) = SA(t1)oSA(t2) ∀t1, t2 ≥ 0,

(ii) SA(0) = I,

(iii) lim
t−→0+

|| SA(t)u0 − u0 ||= 0, ∀u0 ∈ H.
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A family of bounded operators SA(t), 0 ≤ t ≤ ∞ on Hilbert space H is

called a contraction semigroup if it is a strongly continuous semigroup

and ,

|| SA(t) ||≤ 1 , ∀t ∈ [0,∞).

Semigroups can be use to solve a large class of problems commonly known as

an evolution problems. These types of problems appear in many disciplines

including, physics , chemistry, biology, engineering, and economics .

Definition 11. Let SA(t) be a strongly continuous one parameter semigroup.

The (infinitesimal) generator of SA(t), denoted by A is given by the equation:

Au0 = lim
t−→0+

SA(t)u0 − u0
t

where the limit is evaluated in terms of the norm on H and u0 is in the

domain of A if and only if this limit exists.

Remark:

Given a continuous semigroup of contractions S(t) on H there exists a unique

maximal monotone operator A such that S(t) = SA(t) ,∀t ≥ 0.

Justification:

we have,

SA(t) = etA

S
′
A(t) = AetA = ASA(t), and S

′
A(0) = A.

Hence we can obtain A by

A =
d

dt
SA(t) |t=0,

i.e., (by definition of generator), the generator A is obtained by differentiating

the semigroup SA(t).

Remark:

Let A be a maximal monotone operator and let λ ∈ R. Then the problem
du

dt
+ Au+ λu = 0 on [0,+∞),

u(0) = u0
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reduces to problem (13) i.e., Theorem 6 by setting v(t) = eλtu(t).

Justification:

Let us define v(t) = eλtu(t). Now rearrange v(t) as

u(t) = v(t)
eλt

and then differentiating u with respect to t.

We obtain,
du

dt
=
dv

dt
e−λt − λv(t)e−λt.

From this
du

dt
+ Au+ λu = 0

becomes,

dv

dt
e−λt − λv(t)e−λt + Av(t)e−λtλv(t)e−λt = 0

=⇒ dv

dt
− λv(t) + λv(t) + Av(t) = 0

i.e.,
dv

dt
+ Av(t) = 0

Hence, v satisfies 
dv

dt
+ Av = 0 on [0,+∞),

v(0) = u0.
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2.2 The Self - Adjoint

Definition 12. Let A: D(A)⊂ H −→ H be unbounded linear operator with

D(A) = H and let A∗ : D(A∗) ⊂ H −→ H be unbounded linear operator

which is called adjoint of A. Then

(i) A is symmetric if (Au, v) = (u,Av) ∀u, v ∈ D(A)

(ii) A is self-adjoint if D(A∗) = D(A) and A∗ = A

Remark : For bounded operator the notation of symmetric and self-adjoint

operators coincide. However if A is unbounded there is a subtle difference

between symmetric and self-adjoint.

Example 2. Let H = L2(0, 1) (with functions taking real values ).

Let A denote differentiation with domain D(A) = {u ∈ H : u ∈ C1[0, 1]}.
such that

Au = u
′
.

Let v be a C1[0, 1] function (so v ∈ L2(0, 1) with v(0) = v(1) = 0;let us use

V to denote the subspace of L2(0, 1)(it is also dense) Then :

(Au, v) =

∫ 1

0

u
′
(t)v(t)dt

Integrating by parts to find that

(Au, v) = u(t)v(t)|10 −
∫ 1

0

u(t)v
′
(t)dt = −

∫ 1

0

u(t)v
′
(t)dt

If we take A∗u = −u′
, then we have

(Au, v) = (u,A∗v) ,for all u ∈ C1[0, 1] and v ∈ V .

Hence , (Au, v) = (u,A∗v) i.e., we have defined an adjoint for A on a

dense subspace of H.

Example 3. Let H = L2(0, 1) (where the functions may take values in C ).

Let A be the operator Au = iu
′

with the domain

D(A) = {u ∈ H : u ∈ C1[0, 1], u(0) = u(1)}.
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The adjoint of A is defined much as in Example 2 .

Let v be a C1[0, 1] function (so v ∈ L2(0, 1)) with v(0) = v(1)(same conditions

as u).Then

(Au, v) =

∫ 1

0

iu
′
(t)v(t)dt

Integrate by parts to find that

(Au, v) =

∫ 1

0

iu(t)v′(t)dt = (u,Av)

In other words, A is self-adjoint.

Lemma 3. An operator A is symmetric if and only if A ⊂ A∗.

Proof. The defining relation of A∗( adjoint of A) is

(Au, v) = (u,A∗v) (18)

for all u ∈ D(A) and all v ∈ D(A∗)

(⇐=) Assume that A ⊂ A∗.

Then,

A∗v = Av, ∀u ∈ D(A) ,

so that equation (18) becomes

(Au, v) = (u,Av) ∀u, v ∈ D(A).

Hence , A is Symmetric.

(=⇒) Suppose that A is symmetric i.e.,

(Au, v) = (u,Av) ∀u, v ∈ D(A).

Then comparison with equation (18) i.e.,

(Au, v) = (u,A∗v), ∀u ∈ D(A) and ∀v ∈ D(A∗).

This shows that

D(A) ⊂ D(A∗ and A = A∗ |D(A).

By definition of extension this means that A∗ is an extension of A i.e.,

A ⊂ A∗.

Proposition 4. Let A be a maximal monotone symmetric operator. Then

A is self-adjoint.
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Proof. Let us first prove that J1 = (I + A)−1 is self- adjoint.

Claim: (J1u, v) = (u, J1v) u, v ∈ H.
Set,

u1 = J1u and v1 = J1v

so that

u1 + Au1 = u,

v1 + Av1 = v

Since A is symmetric so we have,

(u1, Av1) = (Au1, v1)

It follows that

(u1, v) = (u, v1) i.e., (J1u, v) = (u, J1v) and D(J∗1 ) = D(J1)

because our operators i.e., J1 : H −→ H and J∗1 : H −→ H have the

same domain H. Therefore J1 is self-adjoint.

Now to show A is self adjoint

(i) Since A is maximal monotone operator so ∀f ∈ H,∃u ∈ D(A) such

that

u+ Au = f

and also A is symmetric i.e., A = A∗, so we have,

∀f ∈ H,∃u ∈ D(A∗) such that u+ A∗u = f ,

=⇒ u+ Au = u+ A∗u.

Hence,

A = A∗

(ii) To show D(A∗) = D(A)

Let u ∈ D(A)∗ and set

f = u+ A∗u.

Then we have

(f, J1w) = (J1f, w) = (u,w) ∀w ∈ H
=⇒ u = J1f and thus u ∈ D(A).

This proves that D(A∗) = D(A), and hence A is self-adjoint.
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Theorem 7. Let A be a self - adjoint maximal monotone operator. Then

for every u0 ∈ H , there exists a unique solution

u ∈ C([0,+∞);H) ∩ C1((0,∞);H) ∩ C((0,+∞);D(A))

such that

(19)


du

dt
+ Au = 0, on(0,+∞)

u(0) = u0

Moreover, we have

|| u(t) ||≤|| u0 || and || du
dt

(t) ||=|| Au(t) ||≤ 1
t
|| u0 ||, ∀t > 0

u ∈ Ck((0,∞);D(Al)) ∀k, l integers.

Proof. (i) Uniqueness

Let u and v be two solutions of the given problem. Then we have
du

dt
+ Au = 0, on(0,+∞)

u(0) = u0

and 
dv

dt
+ Av = 0, on(0,+∞)

v(0) = v0

From this

du

dt
+ Au =

dv

dt
+ Av

=⇒ d

dt
(u− v) + A(u− v) = 0

=⇒ (
d

dt
(u− v), (u− v)) + (A(u− v), u− v) = 0

=⇒ (
d

dt
(u− v), u− v) = −(A(u− v), u− v) ≤ 0

i.e.,

(
d

dt
(u− v), u− v) ≤ 0 (20)

Integrate equation (20) by parts, we obtain

|| u(t)− v(t) ||2 − || u(0)− v(0) ||2= −2
∫ t
0
(A(u(s)− v(s), u(s)− v(s))ds ≤ 0.
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On the other hand || u(t)− v(t) ||2 is nonincreasing on [0,∞) and

|| u(0)− v(0) ||2= 0.

This implies that

|| u(t)− v(t) ||2≤ 0 .

Therefore,

u(t) = v(t)

(ii) Existence.The proof is divided is divided into two steps:

Step 1 : Assume first that u0 ∈ D(A2) and let u be the solution of (13),

given by Theorem 6

Claim : || du
dt

(t) ||≤ 1

t
|| u0 || ∀t > 0.

As in the proof of proposition 4 we have,

J∗λ = Jλ and A∗λ = Aλ, ∀λ > 0.

Now using approximate problem introduced in the proof of Theorem 6:
duλ
dt

+Aλuλ = 0 on (0,+∞), uλ(0) = u0 (21)

Taking the scalar product of (21) with uλ and integrating on [0,T] we obtain∫ T

0

(
duλ
dt

, uλ)dt+

∫ T

0

(Aλuλ, uλ)dt = 0

But,

(
duλ
dt

, uλ) = 1
2

d

dt
|| uλ(t) ||2

so ∫ t

0

1

2

d

dt
|| uλ(t) ||2 dt+

∫ T

0

(Aλuλ, uλ)dt = 0

=⇒ 1

2
[|| uλ(t) ||2]T0 +

∫ T

0

(Aλuλ, uλ)dt = 0,

=⇒ 1

2
|| uλ(t) ||2 −

1

2
|| uλ(0) ||2 +

∫ T

0

(Aλuλ, uλ)dt = 0

36



i.e.,

1

2
|| uλ(t) ||2 +

∫ T

0

(Aλuλ, uλ)dt =
1

2
|| uλ(0) ||2 (22)

Taking the scalar product of (21) with t
duλ
dt

and integrating over [0,T],

we obtain ∫ T

0

(
duλ
dt

,
duλ
dt

)tdt+

∫ T

0

(Aλuλ,
duλ
dt

)tdt = 0

This implies that,∫ T

0

|| duλ
dt

(t) ||2 tdt+

∫ T

0

(Aλuλ,
duλ
dt

)tdt = 0 (23)

But,

d

dt
(Aλuλ, uλ) = (Aλ

d

dt
uλ, uλ) + (Aλuλ,

d

dt
uλ) = 2(Aλuλ,

d

dt
uλ)

Hence equation (23) becomes,∫ T

0

|| duλ
dt

(t) ||2 tdt+
1

2

∫ T

0

d

dt
(Aλuλ, uλ)tdt = 0 (24)

Now integrating the second integral in equation(24) by parts

i.e.,

1

2

∫ T

0

d

dt
(Aλuλ, uλ)tdt =

1

2
[t(Aλuλ, uλ)]

T
0 −

1

2

∫ T

0

(Aλuλ, uλ)dt

=
1

2
(Aλuλ(T ), uλ(T ))T − 1

2

∫ T

0

(Aλuλ, uλ)dt

This implies that,∫ T

0

(Aλuλ,
duλ
dt

)tdt =
1

2

∫ T

0

d

dt
(Aλuλ, uλ)tdt

=
1

2
(Aλuλ, uλ(T ))T − 1

2

∫ T

0

(Aλuλ, uλ)dt
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i.e., ∫ T

0

(Aλuλ, uλ)dt = (Aλuλ(T ), uλ(T ))T − 2

∫ T

0

(Aλuλ,
duλ
dt

)tdt

But by equation (23) we have,∫ T

0

(Aλuλ,
duλ
dt

)tdt = −
∫ T

0

|| duλ
dt

(t) ||2 tdt

Hence, ∫ T

0

(Aλuλ, uλ)dt = (Aλuλ(T ), uλ(T ))T + 2

∫ T

0

|| duλ
dt

(t) ||2 tdt

The above equation(22) becomes

1

2
|| uλ(T ) ||2 +(Aλuλ(T ), uλ(T ))T + 2

∫ T

0

|| duλ
dt

(t) ||2 tdt =
1

2
|| u0 ||2 (25)

Since the function || t 7→ duλ
dt

(t) || is non increasing by lemma 2, we have

∫ T

0

|| duλ
dt

(t) ||2 tdt ≥ || duλ
dt

(T ) ||2 T
2

2

Hence,

1
2
|| uλ(T ) ||2 +T (Aλuλ(T ), uλ(T )) + T 2 || duλ

dt
(T ) ||2 ≤ 1

2
|| u0 ||2

It follows in particular that

T 2 || duλ
dt

(T ) ||2 ≤ 1
2
|| u0 ||2

i.e.,

|| duλ
dt

(T ) ||2 ≤ 1
T
|| u0 || ,∀T > 0 (26)

Finally we pass to the limit in equation(26) as λ −→ 0.

Since

duλ
dt
−→ du

dt

Therefore,
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|| du
dt

(t) || ≤ 1
t
|| u0 || ∀t > 0

Step 2 : Assume now u0 ∈ H. Let u0n be a sequence in D(A2) such

that u0n −→ u0 recall that D(A2) is dense in D(A) and that D(A)is

dense in H; thus D(A2) is dense in H). Let un be the solution of
dun
dt

+ Aun = 0, [0,+∞)

un(0) = u0n .

Using Theorem 5. we have

|| un(t) − um(t) || ≤ || uno − um0 || ∀m,n, ∀t ≥ 0, by step 1

(above).

|| dun
dt

(t)− dum
dt

(t) || ≤ 1
t
|| u0n − u0m || ∀m,n, ∀t > 0

It follows that un converges uniformly on [0,+∞) to some limit u(t)

and that
dun
dt

(t) converges
du

dt
(t) uniformly on every interval [δ,+∞), δ >

0. The limiting function u satisfies

u ∈ C([0,+∞);H) ∩ C1((0,+∞);H),

u(t) ∈ D(A) ∀t > 0 and
du

dt
(t) + Au(t) = 0 ∀ > 0,

(this uses the fact that A is closed)

Now to show u ∈ Ck((0,+∞);D(Al)) ∀k, l, integers. Using in-

duction on k ≥ 2 that

u ∈ Ck−j((0,+∞);D(Aj)) ∀j = 0, 1, 2, ..., k. (27)

Assume that (27) holds up to order k-1. In particular we have

u ∈ C((0,+∞);D(Ak−1)) (28)

To prove (27) let us check that

u ∈ C((0,+∞);D(Ak)) (29).

Let us define the Hilbert space H̃ = D(Ak−1) and the operator Ã :

D(Ã) ⊂ H̃ −→ H̃ by D(Ã) = D(Ak),

Ã = A.

Since, Ã is maximal monotone and symmetric in H̃; thus it is self ad-
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joint . Using the first assertion of Theorem 7 in the space H̃ to the oper-

ator Ã, we obtain a unique solution v of the problem
dv

dt
+ Av = 0 on (0,+∞),

v(0) = v0,

given any v0 ∈ H̃. That is,

v ∈ C([0,+∞); H̃) ∩ C1((0,+∞); H̃) ∩ C((0,+∞);D(Ã)).

Choose v0 = u(ε), ε > 0 by (28) we have v0 ∈ H̃.

Hence,

u ∈ C((ε,+∞;D(Ak)).

Therefore,

u ∈ C((0,+∞;D(Ak)).
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Conclusion

Finding a unique solution in differential equation with any given evolution

problem is essential. So to determine the existence of unique solution i.e.,

whether the problem has a unique solution or not, for the evolution problem
du

dt
+ Au = 0, on [0,+∞),

u(0) = u0

is guarantee:

i. If A is a Lipschitz map.

ii. if A is maximal monotone linear operator ( even if A is unbounded

linear operator), there is a unique solution by applying Hille - Yosida Theo-

rem.
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