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ABSTRACT

The most important in the theory of harmonic functions is that of finding a harmonic
function with given boundary values; it is known as the Dirichlet problem. The
Dirichlet problem consists in determining all regions G such that for any continuous
function f: 0G — R there is a continuous function u: G — R such that

u(z) = f(2) for zin G and u is harmonic on G. To study the Dirichlet problem we
are concerned with two main questions. Does a solution exists, and if so, is it
uniquely determined by the given boundary values? To solve the boundary value
problem the major tool is to develop the Poisson integral formula which is integral
representation of harmonic functions. We are, in fact, able to show the Poisson
integral of harmonic functions on a disk and upper half plane. The theory of harmonic
function on the upper half plane H develop by transforming the theory of harmonic

function of a unit disc on to upper half plane H by conformal mapping.

The purpose of the project is to study the integral representation of harmonic
functions in a disc and upper half plane and then compiled as reading material. It

means that for a harmonic function u on a disc D := {z € C:|z—a| <7} has a
Poisson integral formula Pu(a + re®®) = %f;” p,(6 — @) u(a + Re)dg and for

the upper half plane H, using Mabius transformation which maps D to upper half
plane H. Then we have to develop the integral representation of harmonic functions
on the upper half plane H. For a harmonic function u on the upper half plane

H:= {z € C:Imz > 0} has a Poisson integral formula and  denoted by

Pa(w) = [*_u(t)p, (x — t)dt.

Key words: Harmonic function, Poisson integral, Dirichlet problem
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INTRODUCTION

This project is devoted to the study of integral representation of harmonic functions on a
disc and upper half plane. Harmonic functions are closely connected to analytic functions
since the real and imaginary parts of analytic function are harmonic functions. The study
of harmonic functions is important in physics and engineering, and there are many results
in the theory of harmonic functions that are not connected directly with complex analysis.
However, in this project we consider that part of the theory of integral representation of
harmonic functions that grows out of the Cauchy theory and Mdabius transformation. One
of the most important aspects of harmonic functions is that they arise as functions that
solve a boundary value problem for holomorphic functions (it is known as the Dirichlet
problem). An example is the problem of finding a function continuous in a closed disc D
(upper half plane H) that assumes certain known values on the boundary of the disc
D (H) and is harmonic in the interior of the disc D (H). An important tool to solve the
Dirichlet problem is the Poisson formula of the harmonic functions. This paper is

organized in to three chapters.

In the first chapter we define harmonic functions, some properties of harmonic functions
such that mean value property(MVP) and the maximum principle, the role of conformal
mapping, convolution and the Laplacian of a function. In the second we obtain integral
representations for harmonic functions on a disk and upper half plane using the Cauchy
integral formula and Mébius transformation and also define the properties of Poisson
kernels on a disk and upper half plane. And lastly we have to show the application of

integral representation of harmonic functions on a disc and upper half plane.

Vi



The integral representation of harmonic function on a disc and upper half -plane

Chapter One
1. PRELIMINARIES

In this chapter we consider basic properties of complex function theory with some
topological concept. Several results and techniques of this chapter frequently used in the
next chapter.

1.1 DEFINITIONS AND NOTATIONS

Let C denote the set of complex numbers and R denote the set of real numbers. The
symbol “:=" denotes ‘equals by definition’; it is used to stress that an equation is defining
something and also as convenient short hand. We denote the end of a proof by customary,
m. Then C" denote the Eculidean space of n dimension for n > 1. However in this poject
we use for n = 2, there are many interesting concept on C" for n > 1. Throughout this
project the letter G always will denote plane open set. In this work we consider C?, let

z € C we identify a point (x,y) with z = x + iy. Now consider the following notations:

If a is a point in space C™ and r > 0, then:

The set

i) D(a,v) ={z € C":|z—a| <r} is called an open ball (open discifn = 2)
center at a and radius .

i) Dla,r] ={z € C":|z—a| < r} is called a closed ball (closed discifn = 2)
center at a and radius .

iii) S={ze€C":|z—al =r}is called a sphere (circle if n = 2) center at a and
radius .

iv) The open unit ball in C" isthe set D(a,1) ={z € C": |z —a| < 1}

V) The closed unit ball is given by D[a,1] = {z € C": |z — a| < 1}

Vi) The upper half plane, denoted by H, consists of those complex numbers with

positive imaginary; that is H = {z € C: Im(z) > 0}



The integral representation of harmonic function on a disc and upper half -plane

Definition 1.1: A real valued function u defined on an open subset G of C will be called
harmonic in G if it has first and second order partial derivatives continuous on G and

satisfies the equation

62u+62u_0, c
oz oy = inG.

Example: Let: C - R by u(x + iy) = e*cosy
Solution:

Clearly u is two times continuously differentiable and

Ju o q au_ .
Pl e*cosy an 3y = —e*siny
0%u . 0%u N
Il e*cosy and a_yz = —e*cosy
0°u  0%*u
= 322 + _ay2 = e*cosy —e*cosy =0

So, it satisfies the Laplace equation and u is harmonic.

Note that: - A function is harmonic at a point if it is harmonic in a neighborhood of that

point

- It is clear that u;(z) and u,(z) are harmonic functions so are u; + u,
and ku, where k is arbitrary real numbers.
- The product, however, of two functions which are harmonic need not be

harmonic.
Example: Let u;(z) = x and u,(z) = e*cosy where z = x + iy
Solution:
Since u;and u, are harmonic but u, (z)u,(z) = xe*cosy is not satisfy Laplace equation

LetV(z) = w1 (2)uy(z) = xe*cosy
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ov o + yet q ov B .
ax =e cosy xe cosy an ay = xe smy
aZV _ x + x + X _ 2 X + X d aZV J— X
ax? e*cosy + e*cosy + xe*cosy = 2e*cosy + xe*cosy an 3572 = —xe*cosy
Then
2%V 9%v

) + a_yz = 2e*cosy + xe*cosy — xe*cosy = 2e*cosy # 0

=~ Uy (2)u,(z) is not harmonic.

The differentiability of F(z) = u(z) + iv(z), where z = x + iy with respect to z implies
the differentiability with respect to x and y separately. In particular u,(z) and u, (z)

exists and continuous.

Definition 1.2: suppose f is a complex function defined on G, if z, € G and if
f(@2)—f(zo)

lim,_,, p—

exists for z € G, we denote this limit by f'(z,). If f'(z,) exists for

every z, € G, then we say that f is holomorphic (analytic) in G. The class of all
holomorphic functions in G will be denoted by H(G).

f(z)—f(20)

Z—Z(

If f(2) € H(G), then for every z, € G, f (zo) exists. This implies lim,_,, exist

in any direction of z — z,. In particular consider, z — z, horizontally and vertically
Then we obtain

F(z) = [%] o i

+ —_—
ox  0xl,—,,

where f(z) = u(x,y) + iv(x,y) and

10f 1fou ov

f,(ZO) = 7 @]Z=ZO = 7 @ + l@]2=zo ......... (2)
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Now from equation (1) and (2) we have that

.-

ax Z=Z( @ z=2z

In terms of real and imaginary parts of f(z), the equation becomes
u, +ivy = —i(u, +ivy).
Then we get
uy (9, y0) = Uy (x0,¥0) and Uy (%0, ¥0) = =y (X0, Y0) wov wev oo 3)
Equation (3) is known as the Cauchy Riemann equations.

The real and imaginary parts of analytic function are not independent of each other. Since

they satisfy the Cauchy Riemann equations states above.

Now differentiating the left side of equation (3) with respect to x and the right side with

respect to y and adding them we get

0%u N ’u 0
ox2 9y
From this we conclude that the real (imaginary) part of analytic functions are harmonic.

Definition 1.3: Let u be harmonic in D where u: D — R then v: D —» R is a harmonic

conjugate of w in D if

- v is harmonic and

- u + ivis differentiable in D in the complex sense.

Note: - There is an intimate connection between harmonic functions and analytic

functions as shown by the following theorem.
Theorem 1.1: A necessary and sufficient condition for a function

f(z) = u(x,y) +iv(x,y) to be analytic on a domain G is that, it’s real part u(x,y) and

imaginary part v(x,y) be conjugate harmonic functions on G.
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Proof:
To prove the necessity, Suppose f(z) is analytic on G

This implies f is differentiable at every point of G. Also the functions, u(x,y) and

v(x, y) are differentiable and satisfy the Cauchy Riemann equations

That is,

Differentiating (4) with respect to x and (5) with respect to y, we have

d (0u d (0v 2%u  9%v

_(_)=_<_)@_= ......... (6)

dx \0x/ 9dx\dy 0x?  0xdy

q 0 <6u> 0 (617) o 0%u ~ —0%p o
an 5y \ay) = 5,z 557 = Gyox

Since a differentiable function is continuous and for continuous functions

0 0
520y = ay—ax then from (6) and (7) we have

62u+62u_ 0%v N —-0%v\  0d*v 0w — o
0x2  dy? odxdy \dydox) 0xdy oxdy

Hence, u is harmonic

Similarly, differentiating (4) with respect to y and (5) with respect to x we have

d (0u d (0v 2%u  9%v
_(_) _ _(_) o = (8)
day\ox) ~ ay\dy) ~ dydx  dy?
q 0 (au) 0 (—617) o 0%u 3 —0d%p ©)
an ax\dy)  ax\ ox dxdy  oxz T

Since a differentiable function is continuous and for continuous functions
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9] 0
oxdy m then from (8) and (9) we have

62v+62v_ 0%u N —-0%v\ _ 0*v 9% — 0o
0x2  9y? 0dydox \0xdy) o0xdy 0xdy

Hence, v is harmonic
Conversely, suppose that u and v are harmonic and satisfy Cauchy Riemann equations
Claim f'(z,) exists

For this, u and v are harmonic implies that their partial derivatives through second order

continuous (particularly their first order partial derivatives continuous)
From the derivatives of functions of two variables

ou

3y Ay + gAx + g, Ay

Ju
Au = u(xy + Ax, yo + Ay) — u(xgy, yp) = an +

Where 0du/dx and du/dy are the values of the partial derivatives at the point
(x0, Vo) and &;and &, approach zero as both Ax and Ay approach zero.
That is,

Ax—0 Ay -0
& —0ande, — 0

Similarly,

ov

3y Ay + e3Ax + g,Ay

ov
Av = v(xg + Ax,yy + Ay) — v(xg, yo) = an +

Where 0dv/dx and dv/dy are the values of the partial derivatives at the point

(x0, Vo) and e3and &, approach zero as both Ax and Ay approach zero.

That is,

Ax—0 Ay—0
&g—0and gy — 0
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Then

Af = f(zg +Az) — f(zy) = Au+ iAv
A auA+aA-i-A-i-A+(avA+avA+A+A> (10)
f—axx ayy a18x + &8y + i 5-Ax ayy &AX + gAY ) ... ...

From Cauchy Riemann equations, replace dv/dy by du/dx and du/dy by —dv/dx
in equation (10)

0
0

u ov v ou
xAx ——Ay + g Ax + Ay +i ( Ax + — Ay + e3Ax + e4Ay>

A
f= 0x 0x 0x

ou _ ov .
=5 (Ax + iAy) + a(Ax + iAy) + 6,Ax + §,Ay

whereé; - 0,8, > 0ase; +¢, > 0ande; +¢4 = 0
Then

Af Ju dv Ax Ay

Az 0x+10_ 61A SZAZ

Since |Ax| < |Az| and |Ay| < |Az|

Ax Ay o
then |—| < 1and |—| < 1 which is bounded
Az Az

So that
Ax Az-0 Ay Az
61£—>0and625—>051nce61 - 0andd, =0
Then,
A ou 0Ov
f'(zy) = lim —f=—+i—

Az-0 Az  Ox 0x

This shows that f'(z,) exists

As z, is an arbitrary point, ' is analytic. m.
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Theorem 1.2: Let G be either the whole plane C or some open disk. If u:G - R is a

harmonic function, then u has a harmonic conjugate.
Proof:
LetG = B(0,R),0 < R < wand u: G - R be harmonic function

Claim to find a harmonic function v such that u and v satisfy the Cauchy Riemann

equation

So define

y
(x,y) = f 1w (x, Ot + ()
0

And determine ¢ so that v, = —u,,

v (6,y) = [ tex (6, 0)dE + 9'(x)
= foy —uy, (x,0)dt + ¢'(x) (from uy, +u,, =0)
= —u, (%,¥) + u, (x,0) + ¢'(x)
This shows that ¢'(x) = —u, (x,0)
Then ¢(x) = —fox u, (s,0)ds
Therefore v(x,y) = ny u, (x, t)dt —fox u, (s,0)ds m.

Example: Let u(x,y) = e*cosy then find the harmonic conjugate of u and the analytic
function f.

Solution:

Let v be the harmonic conjugate of w. Then, their first order partial derivative satisfies the

Cauchy Riemann equations.
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That is,

From (i) u, = e*cosy = v,
= v, = e*cosy thenv = [ e*cosydy
v =e*siny + ¢(x)
Where ¢ is the constant of the integral with respect to x
From (ii) u, = —v,
—e*siny = — (exsiny + (p'(x))
—e*siny = —e*siny — ¢'(x)
= ¢'(x) = 0 then ¢(x) = c where c is a constant
=~ v(x,y) = e*siny + c and f(z) = e*cosy + ie*siny
Proposition 1.3: Two harmonic conjugates of a harmonic function differ by a constant.
Proof:
Let u be a harmonic function and v; and v, are harmonic conjugates of u. Then

u + iv; and u + iv, are analytic function by theorem 1.1 where, u, v; and v, are real.

But the sum and difference of analytic functions are analytic
This implies,

u+iv)—u+ivy,)) =(u—uw+i(vy—vy)=0+i(vy —vy,) =i(vy —v,) This
is analytic with range along the imaginary axis.

Then, the Cauchy Riemann equation satisfied
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That is,
(vi —v9), =0 = v; — v, = @(x) (¢ is constant with respect to y )
(v —v2)y, =9 (y) 20=0()
p(y)=c > vy—vy;=c
“ V=V +cC m.

Proposition 1.4: Let u(x,y) be harmonic on D which is an interior of a circle for a and
b are constants. Let the translationx' = x +a,y' =y +bmap Dinto D" and let u(x,y)
transformed in to u(x,y"). Then, u(x’,y") is harmonic on D" (Invariant under

translations)

Proof:
Claim To show u, ' +u,,» =0
For this
% = Z—Z;—j + Z—;aa—i] (chain rule)
Ju 0x dy
= ™ since (Ez 1,§=0 )
This implies
U, = Uy and U, = Uy,

Similarly,

dJu Oduodx OJudy OJdu d0x dy

WzaﬁJr@E:@ since (6 . 'a_y'_l)
That is,

u, =uyand u, = uy,

10
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Since u(x,y) is harmonic, we have
Uy T Uy =0 S u o +u,, =0
Hence u(x’,y") is harmonic .

Theorem 1.5: Let f and g have continuous first partial derivatives on an open unit disc
D with centerz =a +ib. Let df(z)/dy = dg(z)/dx for allz € D. Then there is a
function h which has continuous second order partial derivatives on D such that
0h(z)/0y = g(z) and dh(z)/0x = f(z) forall z € D.

Proof:

Foreachz =x+iyonD

Set h(x,y) = f;f(t, b)dt + fbyg(x, s)ds
By fundamental theorem of calculus we have that

0h(2)
dy

a X
=g(x,y)and f(x,b) = af f(t, b)dt ... ... (1)

More over since g has continuous first partial derivatives on an open unit disc D,

differentiation under integral sign is possible and hence

a (7 . Yo
afb g(x,s)dszf ag(x,s)ds:fb Ef(x,s)dszf(x,y)—f(x,b) ......... (2)

b

Now,

oh(x,y) 0 (* a (7
9% —afa f(t,b)dt+aj; g(x,s)ds

From equation (1) and (2) we have that

oh(x,
(a’;y) = f(x,b) + f(x,y) = f(x,b) = f(x,y)

11
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Since

oh(x,y) 3 oh(x,y)

3y g(2) and %

=f(z)VzeD

h has continuous second order partial derivatives on D and h is the required function. m.

Definition 1.4: A simply connected domain D is a domain having the following property.
If y is any simple closed contour lying in D, then the domain interior to y lies wholly
inD.

Note that if f is analytic in a simply connected domain D and y is any closed contour

in D, then fy f(z)dz = 0 (Cauchy theorem). Given f analytic inside and on the simple

closed contour, we know from Cauchy theorem that fy f(z)dz = 0. However, if we

f(z)dz

Z—Z) !

consider the integral fy

where z, is a point in the interior of y, then there is no

reason to expect that this integral is zero, because the integrand has singularity inside the

contour y.

Theorem 1.6 (Cauchy’s integral formula): Let y be a simply closed positively oriented
contour. If f is analytic in a simply connected domain D containing y and z, is any point

inside y, then

L f(z)dz

2ni ), z— 2z

f(z) =

1.2. PROPERTIES OF HARMONIC FUNCTIONS

1.2.1. MEAN VALUE PROPERTY (MVP)

Mean value property is one of the properties of harmonic function which is analogous to
the Cauchy integral formula. It is used to find the value of a harmonic function at the
center of the disc from its value at the boundary as well as on the surface of the disc.

12
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Definition 1.5: Let G be an open subset of C. A continuous function u: G — R has the

mean value property (MVP) if whenever a closed ball with center a radius r, B(a,r) € G

2n

1 .
u(a) = ﬂf u(a +re)do
0

Theorem 1.7 (Mean value theorem): Let u:G — R be a harmonic function and let
B (a,7) be a closed disc contained in G. If y is the circle |z — a| = r then
2m

1 .
u(a) = E,f u(a+re?)do
0

Proof:

We apply a Cauchy integral formula (if f(z) is analytic with in or on a simple closed

1 f(2)dz )

curve y and a is any interior point of y, then f(a) = iy 7—a

Let D be a disc such that B (a,r) € D c G and let f be an analytic function on D such

that f = u + iv (u and v are real)

13
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Then, from Cauchy integral formula

1 f(z)dz
f(a)_ﬁjc -

Where c:|z—a|=r 2 z=a+re anddz = ire??do

1 (2" f(a+re)
2ni )y, a+re?® —a

ire'®de

fla) =

1 (> fla+re?)
= fo ~ 2 ire®do

2n

1 .
f(a) zﬂfo fla+re?)do

2m
u(a) + iv(a) = %j u(a +re?) +iv(a + re®®)dd where f(a) = u(a) + iv(a)
0

2n i

1 . om ,
u(a) +iv(a) = EJ‘ u(a +re)do + EJ‘ v(a+re?)do
0 0

Now comparing the real and imaginary parts of both sides, we get

1 (% .
u(a) = %L u(a+re?)do m.

1.2.2. THE MAXIMUM PRINCIPLE FOR HARMONIC FUNCTION
Definition 1.6: A real valued function f(z) defined in a region G of open complex plane
is said to satisfy the maximum condition in G if it is either reduces to a constant in G or

else does not attain its “upper bound” at any point of G.
Theorem 1.8: A function u(z) harmonic in G satisfies maximum principle in G.
Proof:

Let M be the maximum of u in G, the maximum is at some point of G since G is compact

and u is continuous in G

14
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Let E; and E, be the sets of points defined by

E, ={z€Glu(z) < M}and E, = {z € G|lu(z) = M}
Clearly G = E;UE,and @ = E; NE,
Also since u is continuous, E; is open. Now let’s show that E, is open.
Let a € E, and suppose that D(a,r) € G.Thenu(a) = M
Then we need to show that D(a,r) € E, for somer > 0

Now from the Mean value theorem
1 [ .
u(a) = EJ(‘) u(a +re)do
Then
1" .
Ozﬁfo {u(@ —u(a+re?)}dofor0 <r <R...... (1)

Since the integrand is non-negative and continuous, the integral equation (1) can be zero

only if the integrand is zero.
Thus

u(a) = u(a-i—reie) =MforO<r<pand0<6<2nm
Since u(a + reie) = M forz € D(a;r). Thatis, u(z) = M, E, is open

Now since G is a region (connected) and both E; and E, are open, either E; or E, empty
and the other coincides with all of G. That is, either u(z) < M Vz € G oru(z) = M for

all z € G and this proves the theorem. m.

Corollary 1.9: Let G € C be a bounded domain and let u: G — R is harmonic function

on G. Then maxgzu = maxygu

15
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Proof:

Since u is harmonic on G, a compact set, there is a point z € G at which u(z) has
maximum point. If z € G, then by the above theorem (the maximum principle), u is

constant and hence maxzu = maxycu. If z € G, then also maxzu = maxy;u m.

Corollary 1.10: Let G € C be bounded domain. Let u;,u,: G — R be harmonic functions

and u; = u, on G, thenu; = u, on G.
Proof:

LetV = u; —uy on G. Since u;and u, are harmonic functions on G and V = 0 on the
boundary of G(0G), then by above corollary max;V = max,;V = 0 and since the value

of V on a¢ is identically zero, by maximum principle V. = 0 on G then u; = u; on G. m.

1.3. THE ROLE OF CONFORMAL MAPPING

The main object of study in this topic are analytic functions f: U — V, with U and V is
open in C, that are one to one and onto. Such analytic function is called a conformal
mapping. A conformal map f:U — V from one open set to another can be used to
transfer analytic function on U to V and vice versa: that is, h: v — C is analytic if and
only if hof is analytic on U; and g: U — C is analytic if and only if gof~! is analytic
onV. Thus, if there is a conformal mapping from U toV, then U and V are essentially
indistinguishable from the view point of complex function theory. On a practical level,
one can often study analytic function on a rather complicated region open set by first
mapping that open set to some simpler open set, then transforming the analytic function
as indicated. The philosophy behind the conformal map under lies the use of (invertible)
conformal maps in problem involving harmonic functions. Suppose that we have a region
G and a conformal map gofG on to a simpler region, say D(0,1). Significantly,
g and g~! goes beyond pure geometry. Because the maps are conformal, it turns out that
they transfer harmoncity backwards and forwards too. Hence a boundary value problem

for G is converted to an equivalent boundary value problem for D(0,1).

16
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Definition 1.7: A bijective analytic function f: U — V is called a conformal map. Given

such a mapping f, we say that U and V are conform ally equivalent.

Remark: If f:U -V is analytic and injective, then f'(z) #0 for allz€ U. In
particular the inverse of f defined on its range is analytic, and thus the inverse of a

conformal map is also analytic.

A remarkable fact, which at first seems surprising, is that the unbounded upper half plane
H is conformal equivalent to the unit disc D. Indeed, let F(z) = (i —z)/(i + z) and
Gz)=i(1—-w)/(1+w) then the map F:H - D is a conformal map with
inverse G: D — H. An interesting aspect about these functions is their behavior on the
boundary of our open set. Observe that F is analytic on C except atz = —i, and in
particular it is continuous on everywhere on the boundary of H, namely in the real line. If

we take z = x real, then the distance from x to i the same as the distance from x to — i.

Therefore |F(x)| = |%| = 1. Thus F maps R on to the boundary of the unit circle D.

i—x 1—x2 . 2X
We get more information if we write F(x) = — = [ and parametrizin
g ( ) i+x 14x2 T 14x2 P g
the real line by x = tant with t € (_2—”%)
. . __ 2tant _ 1—tan’t
Since sin2t = = and cos2t = 5, We have
1+tan“t 1+tan“t
F) 1—x2+ o 2x 1—tan2t+ ~ 2tant (—n n)
X) = l = i =
1+ x2 1+x2 1+ tan?t 1 + tan?t 272

= cos2t + isin2t = e'?t

Hence the image of the real line is the arc containing of the circle omitting the point—1.
More over as x travels from —oo to oo, F(x) travels along that arc of the circle starting at
—1 and first going through the part of the circle that lies on the lower half plane. The

point -1 on the circle correspondence to the point of infinity of the upper half plane.
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The integral representation of harmonic function on a disc and upper half -plane

Definition 1.8: A Mdbius (Moebius) transformation (same times known as a fractional

linear transformation or bilinear transformation) is any function of the form

+b . I :
w=f(z)= (Z+d with the restriction that ad # bc (so that w is not a constant
function)
. : ' d—b . . . .
Notice that since f (z) = (iZer)Cz does not vanish, the Mgbius transformation f(z) is

conformal at every point except at its pole z = —

Analytic mapping of one disc to another:

Here we consider the special map of unit disc D(0,1) in to itself. The following lemma

supplies us the important class of examples.

zZ—

Lemma 1.11: Fora € C, |a| < 1 we define ¢, (2) = 1_;. Then each ¢, is a conformal

self map of the unit disc.

Proof:

Since ¢, is fractional linear transformation, ¢, is conformal mapping. ¢, is one to one

. . . . . Z+a . .
continuous map and its inverse is ¢_,. That is¢_, = s Also ¢, is analytic

C\ {%} Thus ¢, is analytic on D(0,1).

Now to see ¢p, map|z| = 1 to itself, we compute, for |z| = 1,

zZ—a
z(1 —az)

zZ—a zZ—a
1—az Z—a

Thus by maximum principle ¢, maps, D(0,1) in to D(0,1)

Since ¢ ' = ¢_g, P_a(po(2)) = zand |a| < 1iff |—al < 1, it follows that ¢, maps

D onto D and map dD onto dD m.

18



The integral representation of harmonic function on a disc and upper half -plane

In general fora € C,|a| < 1. Then the analytic function ¢,(z) = % has the

following properties

i) ¢, is analytic and invertible on a neighborhood of D(0,1)
i) ¢,:D(0,1) - D(0,1) is one to one and onto

Theorem 1.12: A harmonic function is transformed in to a harmonic function under a
transformation w = f(z) which is analytic. That is,

9% 62¢

6x2

52
= |f (2)|? ( ¢ av(f>,wherew = f(2) is analyticand f (z) # 0.

Proof:

Let ¢p(x,y) be harmonic function in G and suppose that G is mapped into G~ of the w —

plane. By the conformal mapping w = f(z) so that x = x(u, v),y = y(u, v).

Then the function ¢(x, y) transformed in to a function ¢[x(u, v),y(u, v)] by the

conformal map. By differentiation we have

6(]) 6¢0u+6¢6v 0(]5 a¢>au+a¢au
dx odudx 0vox an 0y dudy 0vady

u

0%¢ _0¢ 62u+6u 0 (6¢) 6(1) 0%v +6v 0 (6(1))
0x2  Audx? 9dxox v 9x2 ' 0x 0x \ov

_0d¢ 9%u [ (a¢) ou L9 (a¢) v N d¢p 9°%v
T ou (’)x2 ou dx ov\ou/ox] Ovdx?

* el (30 3¢ * 35 3) 5

_0¢ 0%u +6u az¢>au+ 0%¢ ov a¢>azv+av 9%¢ 6u+02¢6v
T Ouox? ' ox|ou?ox ' ovouox| ovox?  ox|oudvox  ov? ox

19



The integral representation of harmonic function on a disc and upper half -plane

Similarly

0% _9p0™u ou[o’pou 0% dv| 0¢d%v
dy?  odudy? Ody|ou?dy ovoudy| odvay?
+(’)v 9%¢ 6u+62q,’>6v

dy |0udvdy  dv?ady

Adding equation (1) and (2)
0%¢p 0%¢ 9¢ (0 u 02 ap (0%v 02 0% [ou\®  [ou\?
0,09 _ 00w 0w\ 0907 Ow) 0P (—u) +(—u)
9x2 " 9y?  ou\9x? = 9y? ov \ox? ady?) ou?|\ox dy
0%¢p [oudv odudvy 02 S N
¢ [—u—”+—u—v]+ ¢ ( ) +(—U) ......... 3)
oudv lox dx  adyayl ov?|\ox dy

Since u and v are harmonic,

62u+62 — 0 d62v+az — 0
axz " ayz MGz T g2 T

Also by Cauchy Riemann equation,

Ou v dav —du
ox ay d0x ay

Then

w2 w2 o\> v\ w2 v\ (')u E)v
G+ =G + G =) +(5p) =leil
0x dy 0x dy d0x dy ax ay

—If @I? and 6u6v auav
=@ and S Y ey T
Hence equation (3) becomes
62¢ 62¢ , 2¢ aZ¢
axz " =1f @l <6u2 6172)

From this harmonic function ¢ (x, y) remains harmonic under this map,
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The integral representation of harmonic function on a disc and upper half -plane

Since

, 92¢  9%¢
0 and f (z) # 0 then W-I_W

¢ 0%¢p

ﬁ Wz =0 m.

Proposition 1.13: (Conformal invariance) Let f: D — R be an analytic function and u is

harmonic onf (D), then uof is harmonic on D.
Proof:

Let u is locally the real part of analytic function g. Since the composition of analytic
function is analytic, gof is analytic. Since wuof is the real part of analytic function

gof,uof isharmonicon D. m.

1.4. CONVOLUTION

Definition of the Laplace transforms

Definition 1.9: Let f(t) be a function on [0,). The Laplace transform of f is the
function F defined by the integral

F(s) = j et F(E) db ... (1)
0

The domain of F(s) is all the values of s for which the integral in (1) exists. The
Laplace transform of f is denoted by both F and L{f}.

Example: Determine the Laplace transform of the constant function f(t) = 1,t > 0.
Solution:

Using the definition of the transform, we compute

(00} [oe]

e St x 1dt = f e Stdt
0

F(s) = J:oe‘“f(t) dt = j;)

N __,—st t=N
= lim e Stdt = lim [ l
N-oo N-oo S

0 t=0
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The integral representation of harmonic function on a disc and upper half -plane

1 e—sN
F(s) = lim l—— l
N-w |s S

Since eN — 0 when s > 0 is fixed and N — oo, we get
1
F(s) =3 fors >0
When s < o the integral fooo e Stdt diverges

Hence F(s) = %, with the domain of F(s) beings > 0.

Definition 1.10: A function f(t) on [a,b] is said to have a jump discontinuity at
to € (a,b) if f(t) is discontinuous att,, but the one-sided limits

lim,_; f(¢t) and lim, f(t) exists as finite numbers.

If the discontinuity occurs at an end point, t, = a (or b), a jump discontinuity occurs if

the one-sided limit of f(t) ast —» a* (t » b™) exists as a finite number.

Definition 1.11: A function f(t) is said to be piecewise continuous on a finite interval
[a, b] if f(t) is continuous at every point in [a, b], except possibly for a finite number

of points at which f(t) has a jump discontinuity.

A function f(t) is said to be piecewise continuous on [0,) if f(t) is piecewise

continuous on [a, N] forall N > 0.

Definition 1.12: A function f(t) is said to be of exponential order « if there exists
positive constant T and M such that |f(t)| < Me®,Vt > T ......... (D)

Example: f(t) = e°tsin2t is of exponential order a = 5 since |e>tsin2t | < e°t and

hence it holds with M = 1 and T any positive constant.

Theorem 1.14: (Conditions for existence of the transform) If f(t) is piecewise

continuous on [0, o) and of exponential order a. Then L{f}(s) exists for s > a.
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Proof:

We need to show that the integral f0°° e Stf(t) dt converges for s > a. we begin by

breaking up this integral in to two separate integrals.

T oo
je‘“f(t)dt+f e StF()dt .o .. (2)
0

T

Where T is chosen so that inequality (1) holds. The first integral in (2) exists because
f(t) and hence e~St f(t) are piecewise continuous on the interval [0, T] for any fixed s.
To see that the second integral in (2) converges, we use the comparison test for

improper integrals.
Since f(t) is of exponential order a, we have fort > T, |f(t)| < Me®*, and hence

le StF(t)] = e St|f(t)| < Me~ G~ forallt > T.Now fors > a

Me—(s—a)T

f Me~G—tgs = Mf et =—— < »

since e St f(t)dt| < Me G~ fort > T and

The improper integral of the larger function converges for s> a, then, by the

comparison test, the integral fT°° e St f(t)dt converges for s > a.

Finally, because the two integrals in (2) exist, the Laplace transform L{f}(s) exists for

S>a. .

Theorem 1.15: (Translation) If the Laplace transforms L{f}(s) = F(s) exists for s > a.
then L{e* f(t)}(s) = F(s — a) fors > a + a.

Proof:

We simply compute

[ee] [ee]

e Ste® f(t) dt = f e~ G-t f(t)dt = F(s —a) m.
0

L (D)) (s) = f

0
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The integral representation of harmonic function on a disc and upper half -plane

Definition 1.13: The unit step function u(t) is defined by

0, t<0
“(t)‘{L 0<t

By shifting the argument of u(t), the jJump can be moved to a different location. That is,

0, t—a<0 (0, t<a
“(t_a)‘{L O<t—a_{1,a<t

has its jJump at t = a.

Theorem 1.16: (Translation) Let L{f}(s) = F(s) exists for s > a = 0. If a is a positive

constant, then
LI (t — a)u(t — a)}(s) = e ¥F(s)
Proof:

By the definition of the Laplace transform, we have

o]

L{f(t — a)u(t — a)}(s) = j e St —a)u(t —a)dt = jme_“f(t —a)dt...(1)
0 a

Where, in the last equation, we used the fact that u(t — a) is zero for t < a and equals 1
fora < t.

Now let v =t — a. Then we have dv = dt and equation (1) becomes

[oe] [0e]

L{f(t — a)u(t — a)}(s) = f e e SVf(v)dv =e™% f e 'f(v)dv =e ¥ F(s) m.
0 0

Definition 1.14: (Convolution) Let f(t) and g(t) be piecewise continuous on [0, ).
The convolution of f(t) and g(t), denoted f * g, is defined by

(f*)(®) = j F(t - )gW)dv
0
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Example: Find the convolution of t and t?
Solution:

Let f(t) = tand g(t) = t?
(f * 9O = f F(t —v)gw)dv
0

tp3 v4>t R A

t t
t*t2=f(t—v)vzdv=ftv2—v3dv=<——— =
0 0 3 4,

Note that: convolution is certainly different from ordinary multiplication. For example,
1*1 =t +# 1andingenerall = f # f. However, convolution does satisfy some of the

same properties as multiplication.

Theorem 1.17: (Properties of convolution) Let f(t),g(t) and h(t) be piecewise

continuous on [0, ). Then,

) fxg=9x*f
i)  fx@+th=(*g+(*h)
i)  (fxg)xh=f=x(g*h)

)] To prove equation i) we begin with the definition

(f*)(®) = j f(t - )gW)dv
0

Now using the change of variables w = t — v, we have

0 t
(f @) = f £t —w)(—dw) = f gt —w)fWydw = (g * )©)
t 0

i) Now from the definition we know that

(F (g + M)© = [ f(e=v)((g+Ryw)dv
0
= j;) ft— v)(g(v) + h(v))dv
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The integral representation of harmonic function on a disc and upper half -plane

(F* (@ +M)@®) = fo F(t = )g@) + F(t — vIR@)dv

— ftf(t—v)g(v)dv+ftf(t—v)h(l7)dv
0 0
= xg)@)+(f=n)()

iii) Simply follows the same as i) and ii) m.

Theorem 1.18: (Convolution theorem) Let f(t) and g(t) be piecewise continuous on

[0, o) and of exponential order a and set
L{f}(s) = F(s) and L{g}(s) = G(s).Then L{f * g}(s) = F(s)G(S) ... ... ... (1D
Proof:

Starting with the left-hand side of (1), we use the definition of convolution to write for

s>a

L{f * g3(s) =j e U f(t—v)g(v)dvl dt
0 0

To simplify the evaluation of this iterated integral, we introduce the unit step function

u(t — v) and write

Lf * g)(s) = f et [ f u(t — v)f(t - v)g(v)dv] dt
0 0

Where we have used the fact that u(t —v) =0if v >t, reversing the order of

integration gives

L{f * g}(s) = f g) l-fo eStu(t —v)f(t— v)dtl dv ... .. (2)

0

Now recall from the translation property that the integral in brackets in equation (2)

equals e SV F(s)

Hence L{f * g}(s) = [;” g()e™" F(s)dv = F(s) [, e *"g(v)dv = F(s)G(s) m.
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Chapter Two

2. INTEGRAL REPRESENTATION OF HARMONIC

FUNCTIONS
2.1 THE POISSON’S INTEGRAL ON A DISC

In this section we introduce the Poisson kernel function and we develop the Poisson
integral formula which is integral representation of harmonic function on the unit disc.
Then we extend the result for arbitrary disc. The Poisson integral formula will show,
among other things, that every real harmonic functions is locally the real part of analytic
function and it will yield information about the boundary behavior of certain classes of

analytic functions in an open disc.
Definition 2.1: Poisson kernel is the function defined by
p.(0) =p(r,0) =¥ _rMlem® where0 <r < 1,0 isreal

The mean value property for harmonic function shows that the value of the function at
the center of the circle is the average of the values on the boundary of the circle. That is,

2n

u(0) = %f u(e®)ds.
0

This formula says that under the assumption that u(z) is harmonic in D and continuous
on D, the value of the function at the center of the circle D(0,1) is the average of its
value on the circle. However the Poisson integral formula gives the average value for any

arbitrary points inside the circle.
Here now we use Mabius transformation;

Suppose a is an arbitrary point in D; from section 1.2.3, we have

¢, (2) =w:i=Tz = % where T is Mobius transformation
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Then Mobius transformation T maps the unit disc conform ally on to itself and the

boundary on to boundary, mapping point ‘a’ to the origin (center). Therefore

(woT™H)(w) = u(T~t(w)) = u(z) is harmonic on D(0,1) and continuous on D. So we

apply the Mean value property. Then we obtain
(woT™1(0) = u(a) = %fozn(uoT‘l)(e"‘p)dgo =%f02nu(T‘1e"‘P)d<p ......... (1)

Since T is bijection of the boundary circle to it’s self (and u(T‘le“P) is 2m- periodic

with respect to ¢), we may change the variable of integration by setting

i 1 . i ; el —q
el = T~1ei¥ Thatis, e =Te = g e (2)

Differentiating both sides of equation (2)

d [ . e —q
—| e =—
do 1 —aet?

do ie?(1—ae?)+iae’(e” —a)

jel® =
T (1—ae®)?
i 49 _ (1 —aa)e'
dd (1 —aei?)?
el —a (1 — aa)e®
———dp=———7-db
1—ae® (1 —aei?)?
(1 —aa)e® 1 — |al? 1 — |al?
dg = 49 = . —df =
(1 —ae®)(e?® —a) (1 —ae®)(1 —ae ) |1 — ae~ |2

Now taking a = re't for 0 <r < 1,then

dp=— """ 4o Lo do
¢= [1—re=i0-0D27" 1472 —2rcos(6 —t)
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Hence from equation (1), (2) and (3), we get that

2m 1— 1‘2
- —1,ip
u(a) an; u(T € ) 1+ 72— 2rcos(0 —t) do

1 2m 1— TZ
=— 6 do
2m ), u(e ) 1+ 72— 2rcos(0 —t)

If we make change of variable & — 6 — t and use the 2 —periodicity of p,(6), we

obtain an alternative form of equation (4),

O P 1—r?
_ i(0—t
u(a) 27Tf0 u(e ) 1+ 12— 2rcos(0) do

Since

1—1r?
p,-(6) = T —y is a Possion kernel, we have

1 (%™
u(a) = %f u(et@=)p, (6)d6 ... .. .. (5)
0

The integral given in equation (5) is called Poisson integral formula and denoted by Pu.

Lemma2.1:If 0 <r <1and® € R then

[oe]

T U R\ N
prid) = B 1—re® )  1—2rcos(0) +r?

n=—oo

1 —1r?

- 1 —rcos(0) ? + r2sin?6
( )

Proof:

We use the fact that z + Z = 2Re(z) and the formula for the sum of a geometric series,

then we rationalize the denominator and finally complete the square in the denominator.

[ee]

pr(g) = z rinlgingd — 1+Zrn(ein9 _l_e—inQ)
n=1

n=—oo
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p,(8) =1+ 2Re (Z " ein6>

n=1

i0

1 —rei?
2ret 1+ re'
=Re{1+ 1w ) = Re\T 7o
R 1+7re?? 1—re i@
= — X ’
¢ 1—rel® 1—rei

14+ rel? —re 0 — 2
= Re : :
1—re® —re=0 412

=1+ 2Re < > since it is a gometric series

_p 1+ 2irsin(0) — r?
—re\1C 2rcos(0) + r?

1 — 1?2 1 — 1?2

1 —2rcos(0) + r? (1 — rcog(@))z + r2sin?0

(for unit disc) m.

Definition 2.2:- Let wuw be a continuous function on the circle

|z — zy] = Rthenforany0 <r <R,

: 1 (2m .
u(ret?) = Efo p, (0 — @) u(Re™?)dg is defined in D(0, R)

is called Poisson integral of wu.
Now we extend the result for arbitrary disc.

Theorem 2.2: Let f(z) is analytic in D(a; R) and f(z) is continuous on D(a; R), then

the Poisson integral formula is given by,

2 2 _ .2
Pf(a+re®?) =if f(a+ Rei%) RE-r do (1
2m ), RZ+712—2Rrcos(@—¢) 7 T
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Proof:

First we consider the center at the origin, and then we translate the center to arbitrary

point a. Now equation (1) for center at the origin becomes,

2m 2 _ .2
Pr(re®) =5 [ f(Re®) p— dy
2m J, R% + 12 — 2Rrcos(0 — @)

Let w be any point on the domain D(0;R) andleta = re'®,0 < r < R be the interior
point of D(0; R). Then from Cauchy integral formula we have that;

fo=m|[ I

21l )y =g W — @

dw ... .. ... (2)

Let a* be the a point outside of the domain D(0; R) which is the inverse of a with

respect to the circle, then the inverse of a is the point lying outside of the circle on the

same ray as a and satisfying the condition |a||a*| = R?,a* = %2
Applying Cauchy integral formula for a*, we get that
1 1
0=—— f(W)* dw = — f(W) dw ... .. .. (3)
27-[’. |W|=RW—a 277.-1 |W|=RW—RT
Subtracting equation (2) from (3), we have that
1 fw)  f(w)
fla) = 2mi wi=r \W — @ B R? dw
w——
(@) = — ) rona
ra)=on wi=r \ W — @ gz |/ (wdw
w——=
a
1 1 a
T 2mi w|=R (W —a wa-R? )f(w)dw
B 1[ wa — R?> —wa + aa (w)d
" 2mi ), p (W — @) (wa— R?) fw)dw
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sincea =71e?,0 <r <R,aa =r*andw = Re!?,dw = iRe?dg

TZ _ RZ p
(Re'» —re®)(Rre~1(0—¢) — R2) ¢

1 (% . .
f(la) = %f f(Re™)iRe'
0

1 2n ) ] RZ — rz
= — Re'? ) iRe'® - - . d
an 0 f( e )l e (Relq) _ rele)(Rz — Rre_l(g_(p)) QD
1 2m . ) R2 — T'Z
- i ip
2m J, f(Re'?) Re Re!? (R —rel@—¢))(R — re~i(0-¢)) do
1 (% , R* —r?
= i
an f(Re )(R _rei(e—(p))(R _re—i(G—(p)) d"o
1 (%" . R%Z — 12
= — Lp
2 0 f(Re ) |R _rei(Q—(p)IZ d(p
1 2T (R i(p) RZ _ TZ d
Y 0 f(Re R%Z + 12 —2Rrcos(6 — @) ¢
. 1 R* —r?
~ P 0 = —j Re'? de .. .. .. 4
f(re ) 2m ), f( ¢ )R2+r2—2chos(9—(p) ¢ )

Now for arbitrary disc centered at a, equation (4) becomes,

1 2 RZ _ TZ
P 0) = — f Re' dg ... .. 5
f(a+re ) 2m ), f(a+ ¢ )R2+r2—2chos(0—<p) ¢ ®)
If we take the real part of equation (5), we have that,
RZ _ 7,.2

P 0y= 2" (a + Re'? d
u(a+re )_ﬂ 0 ula+ Re )R2+r2—2chos(9—<p) ¢

Note that

R? —r?
R2 + 12 — 2Rrcos(0 — @)

is a Possion kernel for arbitrary disc. m.
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Proposition 2.3: The Poisson kernel satisfies the following properties
) [ p(e)do=1
i) For each fixed p < 1,the series p,(8) = Y5 _, r!kle®*® where 0 <r < 1,
0 is real converges uniformly forr < pand—n <6 <nm
i)  p(0)>0,—nT<O<m
iv) p-(0) = p,(—0),—m < 8 < mwand p,(0) is periodic in 6 with 2r
V) pr(0) is increasingon — 7 < 6 < 0 and decreasingon0 <6 <
vi) For each 6 > 0,lim,_;p,(0) = 0uniformlyiné for6 <6 <m and

maXs<jg|<{Pr(6)} > 0 asr -1
Proof:

i) For a fixed value of 7,0 <r <1, the series Y5 _., r'*lei® converges

uniformly in 6 by ii) so,

1 (" NIRRT 1 (= 1
— 9d0=z —f gy =10 — [ do=—x2m=1
5= »© R o [0 =52
i) p,(0) is givenby Y7, rikleik?,
Since  [rle?| = rtlandr <p, M <plland TP, p¥ s

uniformly convergent, by Weierestrass M Test p,(8) = X5, r*lei? js
uniformly convergent
iii) We have that

) = 1—1r?
P = " 2rcos(0) + 12
sincel+1r%—2rcos(8) =>1+r*—-2r=(1-r)?>0as0<r <1,
1—1r? >0
1 — 2rcos(0) + r?
© Pr (9) >0
iv) p,(6) is given by
1—1r?
p-(6) = 1—2rcos(0) +r?
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Vi)

Since cos@ is even,
1 —1r? B 1—1r?2
—2rcos(—0) + 12 1 —2rcos(0) + r2

pr(_e) = 1 = pr(e)

And since cos@ is periodic in 8 with 2m, p,.(6) is periodic in 8 with 2.
For 8,,6, € [—m, 0] such that 8, < 6,;
we have cos(6,) < cos(6,) on [— T, O] and hence

1+71r?—2rcos(6;) =1+1r%—2rcos(6,)

from this we get that p,.(8;) < p,(6,)

Hence p, (0) is increasingon — 7 < 6 < 0
The other case is similar to this.
From v) we have that p,.(8) is decreasing on [o,]. Sofor0 < § < 0 < m we
have p,(8) < p,.(6)

1—1r?
. <l _ _
0< ll—{rll P (0) < ll_r)r} p-(8) ll—r>r11 <1 — 2rcos(8) + r2> 0

=~ lim, 1 p,(8) = 0 Uniformly in8 for6 <0 <n

From this we get directly maxsg|<{p,(6)} > 0 asr > 1 m.

Note that the Poisson integral also yields information about sequence of harmonic

functions

Theorem 2.4: Let {u,} be a sequence of harmonic functions in a region G.If u, - u

uniformly on a compact subset of G, then u is harmonic in G.

Proof:

Assume that C(z, R) € G and replace u by u,, in the equation of

1 (& .
u(a) = ﬁf u(a + Re') df (Mean value property)
0

2
N Re®?) do
u, (2) o u,(z + Re®?)
0

Since {u,} converges to u on every compact subset of G, taking the limit as

n - oo in D(a, R) we have
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The integral representation of harmonic function on a disc and upper half -plane

2n

1 |
u(z):r}ggo% : u,(z +re)dd

1 (2" .
u(z) = ﬁ,];) 7}1_{?0 u,(z +re?)do

1 2n

_ 0
=27 ), u(z+re?)do

Thus u has the Mean value property. Since u is continuous at every point, u is harmonic

by the converse of Mean value property. m.
2.2 THE POISSON INTEGRAL FOR THE UPPER HALF-PLANE

In this section we study harmonic functions defined on the upper half plane.

H = {z € C:Im(z) > 0}. The theory of harmonic function on the upper half plane H
develops by transforming the theory of harmonic function of a unit disc on to upper half-

plane H by conformal mapping.
Method 1:

We seek a function Poisson kernel on upper half-plane H analogous to the Poisson
kernel for the disc. Thus, for each fixed t € R, we would like Poisson kernel to be a
positive harmonic function on H having the appropriate approximation identity

properties.

To develop the Poisson kernel for upper half- plane H, we use Mdobies transformation

which maps D to upper half-plane H. Now consider the linear fractional transformation
Z = :—: carrying the upper half-plane Im(w) > 0 on to the disc |z| < 1 and the circle

|z| = 1 is mapped to the real axis Im(w) = 0. Under this transformation, for each real 6,

then there is a unique t (areal nember or o) such that

35



The integral representation of harmonic function on a disc and upper half -plane

If 6 is restricted to (0, 2mx], then @ is uniquely determined by w. To “lift” the Poisson
integral formula from the disc to the half-plane we simply substitute

t—i : —i . . .
t—+; for '® and Z—Jri for z in the Poisson kernel of the disc.

Ifz=re (r <1)andw = x + iy, then we have

e +z t+i " w+i
pr(¢—9)—Relei9_Zl—Re t—i w—i
t+i w+H+i

e[ DA D+ D= D)
- (t—i)(w+i)—(t+i)(w—i)l

2wt + 1)

p-(¢ —6) = Re lm

Substitute w = x + iy, we have that

(P + 1)y
e =0 ="hr,2

Thinking 6 as a function of t and differentiating both side of equation (1)

d[w_t—i]
acl® Tt

Lodo_ 2

dt  (t +1i)?

,(t—i)dﬁ_ 20
evi)de ~ @ri)e

do 2 2
at  (t+D(t—-i) t2+1

Now from equation (2) and (3) we have that
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The integral representation of harmonic function on a disc and upper half -plane

1 do 1 [ (t*+1y ( 2 ) 1 y
t  2m|(x —t)2 + y?

abr@ -0 i1 r=02T 2

The right side of this equation is the Poisson kernel for the upper half-plane. The notation

we use for the Poisson kernel for upper half-plane is p, (t) or p, (x — t).

Remark:

i) Forz=x+iy€Handt €R,p,(t) = %|th|2

.. 1 1
||) pz(t) =;Im (;)
iii) Note that the Poisson integral formula for D over to H, we see that
Pu(z) = fpz(t)u(t)dt = fpy(x —t)u(t)dt
Whenever the function Pu(z) is continuous on H U {e} and harmonic in H. We use

these to write the Poisson integral of a piecewise continuous function u on the unit circle

as on integral over the real line. The function i defined on Im(w) = 0 by

4t = u (E)

t+i

is piecewise continuous on Im(w) =0 and for w =x +iyandz = Z—: |z| <1, from

equation (3) and (4) we have that,
1 (=
Pu(z) = —f u(e®) p, (¢ — 6)do
21 ),
1 —iy[ (t?2+1y 2
%), (5 ()
2 )_, \t+i/|(x—t)*+y?|\t?2+1

1 (o) oo
Pii(w) = gﬁmﬁ(t)mdt - f_wﬁ(t) p, (x — t)dt

= (py *u)(t) from the definition of convolution

Where we have let the final integral Pii(w) is the Poisson integral for upper half-plane
and denoted by Pii. m.
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The integral representation of harmonic function on a disc and upper half -plane

Method 2:

Now we use the Cauchy integral formula to get the Poisson integral formula for the upper

half-plane. Suppose a function f(w) is holo

upper half plane.

let f(w) = ¢p(u,v) + i(u,

morphic and bounded in modulus in the

v) is analytic forv > 0

The closed Vv 4
contour C Arc
L
Base
= ——
~R +R
Now we know that from Cauchy integral formula
1 fw)
f(Z)_z_T[i CW—ZdW ......... (1)
And we know that Z is not in the semicircle then
1
P (ACO 2
2ni Jow—2Z
Now subtracting (2) from (1)
_ 1 fw) 1 [ fw)
f2) = 2mi CW—ZdW_ZT[i Cw—z_dW
1 f (f(W) f(W)>d
= - _— - w
2niJ,\wW—z w-—2Z
@) =5 [ fn) (5 - =)

J(z - 2mi wa w—z w—2)"
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The integral representation of harmonic function on a disc and upper half -plane

w-2)—(w-2)
F@) =3 | 1w )( s )dw

zZ—Z

- %L fw) ((W —z2)(w— Z_)> dw

Now letw =u+ivandz=x+iythenz—zZ= (x +iy)-(x —iy) = 2iy

_ 2iy
= _ff( (=)™

Y fw)
- Efc <(w — 2w —z)) dw

v fw) T
‘%f_R(w—z)(w—z‘)dWJ’EL(w—z)(w—z‘)dW

Now we have to show that

y f(w) _
%L(w—z)(w—z-)dw =0

Since f is analytic and bounded |f(z)| < M, i.e, M is an upper bound of |f(z)| on C.

yf(w) yf(w)
—z2)(w—2) W| = —-z)(w—2) aw
lyllf (w)l
<| w—zllw—2] ™"

f ly|M .
lw —z||lw — Z|

but we know that |w — z| > |w| — |z| and |w — Z| = |w| — |Z]

yf(w) ly|M 3 ly|M
d ‘ <f (wl

AW =2 w| < dw

“Tn@wl =120 T w1z

yMn

yM fndt— ince [w| = Rand |z| <R,y > 0
_(R ®—12D? = ®R=12D% since |[w| = R and |z Y
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yf(w)

—z)(w - 2)

dw ‘ 0,b I yMm
= ecause IIm ——mm— =
R- (R — |z])?

when R — oo, hm

LY f(w) 3
f(w—z)w—z)dw‘o

Then,

yfR f(w)

f(Z)=g _R(W—z)(w—z‘)dw

but f(z) = ¢(x,y) + ip(x,y) and f(w) = ¢(u,v) + i (u, v)

y R o (u,v)
Now ¢(x,y) _nf_R (=2 +i(v=y)(w=-x +l(v+y))

Now taking R — oo we have to get

° ¢ (u,0)
roo (=) + i) ((w —x) + l(y))

d(x,y) =

_ Xf ¢(u,0)
TJ)_o ((u —x) — ly)((u —-x)+ Ly)

] ¢(u,0)
(u—x)?%+y?
This is the Poisson integral formula for the upper half plane. Note that the Poisson

integral formula gives the value of the harmonic function ¢(x,y) every where in the

upper half-plane. Provided we know the values ¢ (u, 0) over the entire real axis. m.

Proposition 2.5: Poisson kernel for the upper half-plane satisfies the following
properties:

a) p,(x—t)=0,[p,®)dt =1
b) p, iseven, p,(—t) =p,(t)
C) p, isdecreasingint >0
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The integral representation of harmonic function on a disc and upper half -plane

d p(x—1t)< ifor any 6 > 0;

€) Ssupj>spy(t) > 0(y — 0)

) fssPy(©dt >0 —>0)andifacdH [, p,()dt >0(z - a)
Proof:
The proof of the first three properties follows from the definition of Poisson kernel.

d) Fromp, (x — t) = %(x—til—2+y2' we have that

1
Py(X—t)=E (x_tT

1 1
since |———| <1, x—t) <—
| om0 =3

e) Since p, is decreasing in t > 0,so for 0 < § < t,we havep, (t) < p, (5)

. : (1
0< }1}11)1(1) py(t) < };13(1) py(a) = 31113(1) (Em) =0

S SuppssPy (1) 2 0 (y > 0)
f). since p, 20,0 < f|t|>5 py (t) dt and from e) we have that,

Sup|t|>6py(t) - 0(y—0)

NowOSf

|t|>6

py () dt < f supje>sy (£ dt < 0 (y = 0).

|t]>6

Hence f py(t)dt - 0(y - 0)
t|>6
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The integral representation of harmonic function on a disc and upper half -plane

In general from this directly we have for every ae dH and for any § > 0;
j p,(t)dt - 0(z - a).m.
|t—a|>8

An important tool for studying integrals like [ p,(t) f(¢t)dt is the Minkowski inequality

for integrals which is stated as follows.

Theorem 2.6: (Minkowski’s integral inequality) If uandv ared —finite measures,

1 <p < wandF(x,t)isv X u measurable then,

||f F(x, )dv(x)

sﬁwmﬂmwﬂW@

LP (u)

1 1

p P 7
dv(x)> S] <f IF(x,t)Ipdv(x)) du(t) ... ... (D

]

Proof:

fF@mwmo

Since we know that

f F(x,t)du(t)

sfwmwmmu

The case p = 1 of the theorem follows by integrating on x with respect to v and applying

the Fubini-Tonelli theorem

i.e,f
X

||fF(x, Ddv(x)

f F(x, )du(t)

sﬁﬁwmommo

sfwﬁmﬂmmﬂﬂﬂ

L*(u)

Also, since

waxwmo

sfwmwmmmx
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The integral representation of harmonic function on a disc and upper half -plane

The case corresponding to p = oo is obvious.

Suppose that 1 < p < oo, we assume that F(x,t) >0 and that F(x,t) is a simple
function, so that both integrals converge. Set

p-1 1 1 p
G(t =<fF x,t dvx) but we know that — 4+ — = 1theng =
® (x, D)dv(x) e 1= 0o

p—1

16100 = ||| Fer v

LP ()
And now using Fubini’s theorem and Haolder’s inequality

= f (fF(x, t)dv(x))p du(t)

p

|| f F(x, £)dv(x)

LP (u)

_ f ( j Flx, t)dv(x))p_l ( f F(x,t)dv(x)) du(t)

= f G(t)jF(x, t)dv(x) du(t)
= f f G(t) F(x,t)du(t)dv(x) by Fubinis theorem
< f”G“Lq(,u) |F (x, )l ydv(x) by Holder’s inequality

=Hﬂmme&ﬁmwMW@

Now cancelling ||G]|,4(,) from each side which gives the Minkowski inequality.

H f F(x, £)dv(x)

sfwwﬁmwﬂW@--

LP (1)
Using Minkowski’s inequality we obtain

1

(jlu(x,y)lpdx)z_) <lfll,1<p<oo...... (1)

if u(y) = py * f ) = [ py e =0 (Ot f € 12, and
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The integral representation of harmonic function on a disc and upper half -plane

[l ldx < [1dul oo @ if G y) = py it = [ 2, - O duco),
Where u is a finite measure on R. for p = oo the analog of (1), Sup, |u(x, V)| < |If e,
is trivial from property (i) of p, (¢).

Theorem 2.7:
a) Ifl1<p<oandiff(x) € LP,then ||py *f—f||p - 0(y—-0)

b) When f(x) € L*, p, * f weak-star to f(x)

(e forall g € L1, f g(x) (py * f)@)dx > [ gGOf()dx (v - 0).)

c) When f(x) is bounded and uniformly continuous on R,p, * f(x) converges

uniformly to f(x).
Proof:

a) let f € LP,1 < p < oo we note that

by * ) = £ = [ 1y O (Fx = 0 = )

Then by Minkowski’s inequality for integrals we obtain

oy « 7 =71, < [ 2@ £ G = FGON e

where f,(x) = f(t — x), let § > 0 by suitably chosen, we then write

Iy e r=sl, <] @ laet | @1l

t|>6

Since fpy (t) dt = 1, and translation are continuous in L?, it follows that
f: = fll, > 0,t >0
So that for small § the first integral can be made less than 6/2. As for the second

integral, we note that for fixed &

fl PO~ flpde <211, [ p@d-00-0

|t]>6

according to property (f)
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Ay < f = £, >0 - 0).

b) Assume that g € L!, we then have
| 960 (@, * Neax - [ geor@and
~|[ 960 [ py @G~ vdtax ~ [ 9@ @) [ v, @]

= Ufg(x)Py(t)f(x — t)dtdx — ffg(x)f(x)py(t)dtdx|

by Fubini’s theorem

B ‘ f f (9GP, OF x = 1)) = (9GIf CIpy (1)) dtdx

~|[ [ 2 (r - 0 - r0)gGrraeas|

< [|[ oG- - r@)de lg@iax

But we know [ p, ()(f(x — ©) — f(x))dt = ||p, * f —f”1 - 0 (y = 0) by a) then,
= py * f Converges weak-star to f (x).

c) Suppose that f is bounded and uniformly continuous on R. As in part a)

oy <7 = £ll, < [ 2O = fllode

Again we may write the integral on the right as the sum of two integrals on
{It] < é}and {|t] > 6}.

(i-e, oy = f = £l < flmpy(t) If = fllodt + j|t|>5py(t) IIf; —flloodt>

By the uniform continuity of f, the first integral can be made small for small §.

The fact that the second integral approaches zero follows from the estimate

fl PO~ fllode <211 f p,(®)dt - 0,(y > 0)

|t]|>6

according to property (e)
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The integral representation of harmonic function on a disc and upper half -plane

= py * f Converges uniformly to f(x). m.

Corollary 2.8: Assume f(x) is bounded and uniformly continuous, and let

|, ), y>0,
M””_{Kb, y=0.

Then u(x, y) is harmonic on H and continuous on H.
Proof: This corollary follows from (c).

Lemma 2.9: Assume f(x) € LP,1 < p < oo, and assume f is continuous at x,. Let

uGoy) = py * F0O = [ (0 fx = OdeThen  lim - uCxy) = £Gx),
Proof:
We are going to show that given € > 0 there exists § > 0 such that
lx — x| <6 = |ulx,y) — f(x0)| <€,
Indeed since f is continuous at x,, there exists § > 0 such that
x —x0]l <6 = |f(x) — f(xp)| <€,if x —t € (xg — ,xy + &) then
|(x —t) — x| < 6 implies that |f(x —t) — f(xg)| < €, but

u(x,y) - £Gxo)l
=£Kfﬂwvu—o—fmmw+ﬁ P, (©) If Cx — £) — £ (xp)ldt

t|>6

Hence for the fixed & according to property (e)
| »@Ife-0-raold>0asy -0
|t]|>6
And hence with § small and |x — x,| small,

f py (®) |f (x —t) — f(xo)|dt is small
|t]<6
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The integral representation of harmonic function on a disc and upper half -plane

~u(x,y) = fxo)l <€

( li)m u(x,y) = f(xo).(The limit converges to f (x;)) m.
X,y )Xo

It is important that the Poisson integrals of LP functions and measures are characterized
by the norm inequalities like (1) and (2). The proof of this in the upper half-plane

requires the following lemma.

Lemma 2.10: If u(z) is harmonic on H and bounded and continuous on H then

u(z) = fpy (x — t)u(t)dt.

Proof:

If w is continuous at oo, then it is a consequence of the definition but u mayn’t be

continuous at oo.

Let U(z) = u(z) — f py (x — t)u(t)dt

Claim U(z) =0

Clearly U(z) is harmonic on H and continuous and bounded in H, and by the above
lemma, U(z) = 0 on R. Set

U(z), y=o,

-U(2), y<o. Z=xtly

V(z) = {

Then V is a bounded harmonic function on the complex plane, because V has the Mean
value property over small discs. Then by Liouville’s theorem which says abounded

analytic on the complex plane is constant, V(z) = V(0) = 0.

Hence V(z) = 0 for all z in C. This implies that

u(z) = fpy(x —t)u(t)dt m.
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Theorem 2.11: Let u(z) be a harmonic function on the upper half-plane H. Then

a) If1 <p < oo,u is the Poisson integral of a function in L? if and only if

Supy 1w, V1w @x) < o

b) u(z) is the Poisson integral of a finite measure on R if and only if

Supyju(x,y)dx < o

c) u(z) is positive if and only if

du(t)

u(z) =cy + fpy(x —t)du(t),wherec > 0,u > 0,and fm

Proof:-

a) (=) let u be the Poisson integral of a function f in L?

Leu@ = [ (-0 f@de = py * )

Then by Minikoski inequality for integrals we have
1

([meenrax) <l 1<p<e
This implies that,
luGe, W le @y < I
Now taking the suprumum on both sides we get the requires result
i.e, Supy lux, Ylor axy < Supylifll, < oo
o Supy luCe, Yl Lp axy <
(=) Conversely

Assume Sup,, [[u(x, y)ll1» @) < %, we need to show that

u(z) = p, * fx) = f p, (x — ) f(O)dt

To prove this let’s prove this inequality,
1

2\p
u@)| < () Supgsallule ey > 0
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Letw = a + if consider B(z,y)
Then by the Mean value property (MVP)

u(z) = %f u(z +re'?) do.

Now integrating from 0 to y

y 1 (Y (" . 1
i. e,f u(z) rdr = —f f u(z+re?)rdrdd = — ff u(w) dadp
0 2rt )y Jo 2 )

B(zy

From this we get

u(z) = n—;z ff u(w) dadp and |u(z)| = niyz ff u(w) dadp
B(z)y) B(zy)

Now applying Halder’s inequality

T

1
@l = | — ff Iu(W)I”dadﬁ>

B(z,y)
1

o 1
< <7r_;12f0 yf_oolu(a + iﬁ)lpdad[)’)p

1

< (niyzf Supgo (flu(a + iﬁ)lpda)p <

u(z) is bounded in y >y, > 0. For y > 0 we can form a such that y >y, >0

| =

by the above Lemma 2.10.

u(z +iy,) = fpy(x —tu(t+iy,)dt,1<p <o

Let f,(t) = u(t +iy,), f,(t) is bounded in LP then by then by the Banach
Alague theorem which says the closed unit ball of the dual of a Banach space is
compact in the weak star topology, {f,} has a weak star accumulation point

f € LP. Since Poisson kernels are in L7, g = -

p—1
We have

u(z) = lirrln u(z +iy,) = lirllnjpy(x —t) f,(t)dt
- jpy(x—t) limf, (£)dt
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M@=fm&—0ﬂwu

But f € LP. Therefore u is the Poisson integral of f.

(=) u is the Poisson integral of a finite measure u on R.
u@) = [ py G = O d®) = py
Then by Minikoski integral inequality we have
flu(x +iy)|dx < fldul , 1 is a finite measure

Now taking both sides the suprumum we get

Sup, flu(x + iy)| dx < Sup, fldul <

. Sup, flu(x +iy)|dx < o

(<) The proof of the converse is the same as the converse of a) except the
measures u(t + iy,)dt which have the bounded norms, converges weak star to
finite measure on R. i.e,let du,, (t) = u(t + iy, )dt, u, has a finite measure and a

bounded norms and converges to a finite measure du(t) in the weak star

topology.

Hence u(z) = limu(t +iy,) = fpy (x —t) limu(t + iy,)
n n

= [ - 0

The easiest proof involves mapping H back to D, using the analoge of b) for
harmonic functions on the disc and then returning to H. A harmonic function
u(z) on D is the Poisson integral of a finite measure vinadD if and only if
Sup,|u(re®®)|dd < . The measure v is then the limit of the measures

u(re“’)/Zn in the weak-star topology on measures on dD. If u(z) = 0, then the

measures u(re’ )d6 are positive and bounded
1 :
i _— le =
since —— f u(re®®) do = u(0),

And so the limit v exists and v is a positive measure. That proves the disc version

of ¢). Now map DtoH by w- z(w) =i(1—-w)/(1+ w). The harmonic
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function w on H is positive if and only if the harmonic function u(z(w)), which
IS positive, is the Poisson integral of a positive measure v on dD. Consider first
the case when v is supported on the point w = —1, which corresponds to z = co.
Then
1—|w|?
u(zw)) = v({=1)p, (-1 = v({-1}) TrwlE ™ v({-1PIm z = v({-1}y.
Now assume v({—1}) = 0. The map z(w) movesv on to a finite positive
measure v on R, and for t = z(e%)
pw(8) = (1 + t*)p, (¢).
In this case we have

u(z) = fpy (x — t)du(t) where p = n(1 + t?)v. m.
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Chapter Three

3. THE DIRICHLET PROBLEM ON A DISC AND
UPPER HALF PLANE

In this section we construct harmonic functions on D that behave in a prescribed manner
near dD. The Poisson integral formula shows that if u(z) is harmonic in a disc (upper
half plane) and continuous on the closed disc, then its value at any interior point is
completely determined by its value on the boundary circle. On the other hand, the
Poisson integral is meaning full for every (bounded piecewise) continuous function
u(ei") on the circle. Here we consider the Dirichlet problem for simple but important
case where the domain is disc D = {|z — zy| < p}. These facts suggests the following

two questions.

i) Given a real valued bounded piecewise continuous function u(e®) on the unit

circle, do we obtain a harmonic function 7% (z) through the Poisson integral
1 (2™ .
ii(z) = ﬁj u(e®)p, (6 — @) db, (z =re¥)?
0

ii)  If so, do the boundary values of @(z) agree withu(e®)? The answer is

affirmative and the unique solution is given by

. ( PfifzeD(01)
i) = {u(z) if z€aD(0,1)

The above two questions leads to the problem of finding a function that is harmonic in a

region and pre assigned values on the boundary which is known as the Dirichlet problem.
3.1 DIRICHLET PROBLEM ON DISC AND ITS SOLUTION

The Poisson integral formula both reproduces and creates harmonic functions which are
analogous to Cauchy integral formula. Cauchy integral formula not only reproduces

analytic functions but it is also creates them: If u is any continuous function on D (0,1),
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Then

U(z) dw

2mi w—2z

1 jZ” u(w)
0

is analytic for z € D(0,1). But of course, there is in general no direct connection
between u and U; one can’t recover u as the “bounded limit” of the function U. For

instance, if

uw) =w =% on dD(0,1),thenU = 00on D(0,1). For harmonic functions the

situation is different. But, in contrast to analytic case, there is a simple connection
between the continuous function u on dD and the created harmonic function @ on D. The

following theorem states this connection precisely.
Theorem 3.1: (Solution of the Dirichlet problem for the disc)
Let D := {z:|z| < 1} and suppose u: dD — R is a continuous function. Define
(z) = { Puif z€ D(0,1)
() if z€e oD (0,1)
Then #%(z): D — R is continuous function on D(0,1) and harmonic on D(0,1). Moreover
i is unique.
Proof: (Part I)

The proof of the continuity involves a good deal of complicated estimation. Here we

use property of Poisson kernel

From 1/, _ f02” p.(®) de = 1, we have that

2n

ii(e?) = u(e?) = 1/27Tj u(e®) p,(p)de for0<r <1
0
And from Poisson integral formula
2m 2m
1(re) = Y [ (e, 0~ g = Yy [ (e ) p, (0)tg
0 0

And fromp,.(¢) > O0forallpand0 <r < 1,

a(re®) ()] = 1 |

21

(X0 — u(e®)] p, (9)dg |
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2n
li(re?) —a(e??)| < 1/27Tf lu(e!®=2)) —u(e)| p, (@)de
0

From the hypothesis we have that u is uniformly continuous dD, we may select for
any given &>0,36 >0 such that |u(e® %)) —u(e)| <€/, provided that

lpl <6
Now we break the integral in to two pieces and make the obvious estimate on each

piece.

Set Iy = 1/pp [y <5 u(e'O79) —u(e™)| p, (@)dep
And I, =1/, |¢|>5|u(et(e =) —u(e'®)| p, (@)de

Then Il < 8/2 /27'[ fO pr((p) d(p
s h<f/

A1 = Y oy (00 1 () o0t

From property of Poisson kernel (vi) for each § > 0,lim,_,; p-(8) = 0 uniformly in 6

for § < [6| < mand maxs<g|<{p,(6)} - 0 as r —» 1 and letting
M = max{u(e): 6 < 6| < m},we have that 0 < p,(6) < €/,

Now I, < 1/2,Tf lu(e'®=))| p, (p)do + 1/27Tf| | 6|u(ei"’)|pr(<p)dco

lp|=6 o=
1
= /27'[ 2M5<|6|< pr((p) f de
6<|0|<n
1 o £
< /2y -2M max pr(9) | - do =2M max p(g) = ZMW ==

I < E for r sufficiently close to 1.

Thus, we have shown that |d(re)—a(e®)| <L +1, <%/ +¢/,=¢ for r

sufficiently close to 1. Thus, @i(re'?) — ti(e'?) as z —» ™.

Therefore: i is continuous on D. m.
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(Part 1)

To show @ is harmonic in D(0,1), it is sufficient to show  is the real part of analytic

function.
From definition of @i(re®) = 1/2n foznu(ei"’) p, (60 —@)dp (z=re®,0<7 < 1)

We have that,
. m el 4 ret
i(re?) = 1/27Tf0 u(e) Re <w> de,

el + rei9>

fOTPr(9 —(P) = Re <w

w + 2\ dw . 0
>—, ,Wherew =e*? andz=re",0<r<1

1
ti(z) = ERe {fIW|:1u(w) (w —) i

r-nfihf w9

_ 1 w+z\ dw . _a b
Letg(z) = — f|w|=1 u(w) (W_Z) — and consider ) w + —
. w+z -1 2
From this we get a = —1,and b = 2; hence = —
ww—2z) w w—z
Now g(z) can be written as g(z) = if u(w) [_—1 + 2 ] dw
2mi Jlw|=1 w o w—z
-1 u(w 1 2u(w
9(@) =5= ilm+—; (Gw ......... (1)
2l Jyy =g W 2Tl Jjyy =g W — 2
Sincez=re??,0<r<landw = ei‘/’,% = rel(@—¢)
z 1 1 RPN
=>OS|—|=r<1,hencewehave = — :—Z(—)
w w—2z (1 _ _) w w
w k=0
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Now substitute to equation (1) we get that;

u(w) ku(W)
9(z )_ﬂ e 1—dw ijm 1 kzo

-1 u(w S 1 u(w
= f ( )dW+ZZZk—,f (k—_l_de
2mi Jyy1=g W — 270 )1 W

-1 u(w 2 u(w u(w
) 4 ( )dw+22 )
~ 2mi wi=1 W Zm lw|=1 2mi wi=1W
1 u(w c 1 u(w
T
2mi )=y W 210 )y =g W
k=1
S 1 u(w)
=a0+22akz ,where a;, = — —g aw
U=t W
k=1

The term wise integration is justified by the uniform convergence of the series
w € D(0,1) (with z € D fixed). Because

l0u] = 1 j u(w)d
Ul = |2mi wi=1 W1 v
1 u(w)
<— ——7| ldw| = 5= lu(w)||dw]
21 Jyp =1 [WHH 21 J,p1=1

Let M = max{Jlu(w)|:w € D(0,1)} and since f ldwl| is the length of |w|is 27,

then we have |g, | < — flwl Jdw| = Z(Zn) =M

The radius of convergence of the power series Y'5°_, a; (z — zo)¥ is

1 1
7 = Jim Sup|ay |

Now

1 1 1
i ]}im [2a; |k < Ilim |2M|k = 1(assuming M # 0)

= R=>1
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Thus g(z) has a power series expansion with radius of convergence not smaller than one
and, therefore, g(z) is analytic function inD(0,1). Since i(z) is the real part of analytic

function, 7i(z) is harmonic in the unit disc.

(Uniqueness) Suppose that v is a continuous function on D which is harmonic in D and
ti(z) = v(z) for z € dD. Then @i — v is harmonic in D and & — v = 0 on dD. Hence by
corollary 1.9 maxpii — v = max,p @t — v = 0. Since the value of i —v on aD is

identically zero, by Poisson integral & —v = 0in D.
Hence &i — v = 0 in D. This proves the uniqueness. m.

The preceding result shows that the Dirichlet problem for unit disc D and can easily be
adapted to solve Dirichlet problem for an arbitrary disc by translating and rescaling. The

following corollary will generalize Dirichlet problem for an arbitrary disc.

Corollary 3.2: Let z, € C and p > 0 and suppose u is a continuous real valued function
on D := {z: |z — zy| = p}. Then there is a unique continuous function %i(z): D —» R such

that @ harmonic on D and u(z, + pe®) = 1i(z, + pe®®) for all 6 on D.
Proof:

Take u'(e) = u(zy + pe' );thenu’ is continuous on D. Then by above theorems,

there exist a continuous function @ (z):D — R such that @ harmonic on D and

i'(e?)=u'(e) =u(z +pe?®). Then we set @(z) = (Z;ZO) is the required
function on D(z,, p). This proves Dirichlet problem for arbitrary disc. m.

In general our result shows that, for any disc, the Poisson integral formula provides the
explicit solution of the Dirichlet problem and the uniqueness of the solution is given by

maximum principle. Transfer to other region is accomplished using conformal mapping.
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3.2 DIRICHLET PROBLEM FOR UPPER HALF PLANE

The Dirichlet problem for the upper half plane H is to find a function #@(x,y) that is
harmonic in the upper half plane and has the boundary values 7i(x,0) = u(x), where
u(x), is a real-valued function of the real variable x. An important method for solving

this problem is our Poisson integral formula for upper half plane.

Theorem 3.3 (Solution of Dirichlet problem for upper half plane): Let u be a real-
valued function that is piecewise continuous and bounded for all real t € dH. Define

.« _(PuifImz>0
u(z)_{uifzeaH

upper half plane H.

then #(z) on H is continuous function and harmonic in the

Proof:

We see in chapter (1) the role of conformal mapping: the composition of analytic

function with harmonic function is harmonic. Since the equality %i(t) = u (Zi) holds and

the function of t given by the formula z = % is analytic, we know that i is harmonic on

half plane H.

Now to show that 7i(z) continuous on dH. Let a € 0H and 6 > 0. Then using the

property [ p,(t)dt =1, we have that, u(a) = [

. u(a) p,(t)dt = ii(a) and from the

Poisson integral for upper half plane ii(z) = faH () p,(t)dt

i(2) — u(a)| =

f [u(®) — u(@]p, (D) dt
o0H

< | [u(®) —u(a)]p, ()| dt
OH

Since p,(t) = 0,

[i(2) — u(a)| < ) [fu®) —u(a)]| p,(O)dt
H

Sf I[u(t)—u(a)]lpz(t)dt+f [[u(®) —u(a)]l p,(t)dt
|t—a|<6

|[t—a|>8
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<[ I -u@lip@de+2 max w@l [ pode
|[t—a|<6 al>

|[t—a|>8

For all ze€ H. If § is very small, the integral over {|t —a| < &} will be small by
continuity of u at a and [ p,(t) dt = 1 and the integral over {|t — a| > 8} approaches

0(zero) as z — a by property [

lt—a|>6 p,(t)dt — 0(z — a). Hence ii(z) is continuous

onJH. m.
Example:

The complex temperature is an analytic function that has as its real part the ordinary
physical temperature and as its imaginary part the heat flux associated with the
temperature distribution. Complex temperature is an artificial constructs that makes
temperature and heat transfer problem in two dimensions amenable to our theory. This
works because both temperature and heat flux are harmonic functions and curves of
constant temperature and curves of constant heat flux are mutually orthogonal families.
We can write Q(z) =T(x,y) + iH(x,y), where T(x,y) gives the temperature at the
point z = x + iy, and H(x, y) gives the magnitude of the heat flux.

Suppose the left half of the real axis is maintained at temperature T; and the right half at
T,. We would like to know the temperature at any point in the upper half-plane. We know

the boundary temperatures and we know temperature is harmonic

. T;, x<0
(L.e,T(x,O) = {Tzl >0 )

Solution:
We use the Poisson integral formula for upper half-plane

t (© T(x,0)
T<S't)=;f_wm *

_tfo T, p +tj°° T, p
) t2 4 (x —5)? X o t24+(x—ys)? x
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Letw = (xt_s), then dx = tdw

And now we have to find

j tdx f dx j tdw f dw tan-
2 a2 — 2 = 2 = z — tan -~ w
t?+ (x—5) t[(xts) +1] t[(xtS) +1] 1+w

Then,

t 0 Tl Tl 1 X —S 0 _T1 1 S T Tl 1 t
;f_w—tzﬂx_s)zd"—[;ta“ ( L )] ‘T[ta“ (z)‘z = wn (;)

—00

Likewise for

| et = e (), =2l () #5] = e ()

So finally

R IO R AT

Example:

Solve the following boundary value problem

92¢  92¢
—+——=0,y>0
3z T ¥ y
To, x < -1
lim ¢(x,y) = G(x) =T, -1<x<1
y=0 T,, x>1
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Solution:
We use the Poisson integral formula for upper half-plane

* G(m)

=Y
d)(xry) _T[fooyz +(X—TI)2 d77

y (% Ty J’fl T

=2 —2 __dn+Z| —d
ﬂf_wy2+(x—n)2 TRy ee—mE Y
y (% T,

+2 | ——2 4

ﬂfl Y2+ G—mz !

T, -x\1 T —x\! T. — x\®
= Ytan? <77 > +Ltan? <77 > +2tan~! <77 >
y y T

—00 1
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