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Abstract



Nonlinear first order equations are typically hard to solve without some conditions
placed on the PDE. In this project | used to present the Method of Characteristics and
Auxiliary system of equation to solve first order nonlinear Partial Differential Equations
using Lagrange’s and Charpit's method.
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This Thesis contains the following three chapters each which are briefed below
with some definitions, Theorems and examples.

Chapter one_ Deals with Non-linear first order partial differential equation,
introduction, Linear equation, quasi linear, Derivation of characteristic equation
and compatibility condition, solution of the Cauchy problem and first order non-
linear equation in two independent variables.

Chapter two_ Deals with Lagrange method, Lagrange method for partial
differential equation with coefficient variable, Lagrange method for first integral
The Euler-Lagrange equation and Lagrange method of first integral and Euler-
Lagrange equation.

Chapter three_ Char pit’s method to find complete integral, Lagrange- Charpit’s
equation, integrability , integral of Charpit’s equation and Char pit’s equation for
find complete integral of first order non-linear partial differential equation.
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1. Introduction
A partial differential equation (DE) is a relation that involves partialderivatives of
an unknown function. Let the unknown function be 1, and
X, V¥, 2, ..,be independent variables, i.e. u = u(x, y, z, ... ). Often, one of
Variable represents the time, Thus, a partial DE is an equation ofthe form
F(:r, V) Z, U, Uy Uy, Uy, Ugyy Uy oony Uy ) =10

We will always assume that the unknown function u is sufficiently wellbehaved so
that all necessary partial derivatives exist and correspondingmixed partial
derivatives are equal

.. Uyy = Uyy, Ugyy = Uyyy, aNdso 0N

Definitionl: Let X = (x,%5,%3, ..., X,) ER™ andletw: A S R" - R

A first order partial differential equation for u = u(x) is given by F(x,u,D,) =0
where F: R"xIR xf2 — R is given function, D,, is a vector of partial derivatives of u.
Notation: we usually denote the entries of F as follows

F=F(x,z,p).Thuspe R", zeE R, x € N

Remark1: The partial differential equation F(D,,u,x) = 0 is usually
accompanied by a boundary condition of the form u = g on d{l such a problem
is usually called a boundary value problem.

Remark 2: For simplicity, in most of what follows, we restrict n=2, we call the two
variables x, y. Thus we reduce to the case

F(x,y, vy, u,) =0 (1) In this case, the
solution u = u(x, ¥) is surface in R?



1.1 Linear Equation

The first subclass of nonlinear partial differential, we consider are the linear
equations.
Definition 2: A linear 1°° order PDE is a PDE which can be put in the form
alx, y)uy, + b(x, y)uy, + (x, y)u = flx,y) (2)
is a linear combination of the unknown function uand itspartial derivative with
coefficients which are given functions of theindependent variables or constants.
Example: Consider the linear equation

U, = cou + c; (x, ¥)(3) Where ¢y is constant, and
¢y (x, y) is the function of the two variables x and y. since there is no
differentiation with respect toy, the variable may actually be treated as the
parameter, this equation reduces to an ODE. To
solve we need some initial condition, for instance

u(0,y) = y(4) The solution is
now simple
u(x,y) = Ecux(f:f'cﬂ'fﬂl (£, y)d§ +y) (5) From this we see

that given an initial value along the y-axis u(0, yy) we are able to extend to a
solution u(., v,) parallel to x-axis. This is true for any v,

1.2 Quasi-Linear Equation

1.2.1 Derivation of Characteristic Equation and Compatibility Conditionlt is
simple to discuss the theory of a quasi-linear equation

a(x, y, u)u, + b(x, y, wuy, = c(x, y,u) (6)
Using the theory of the linear equation, we assume that a, b, c € C1(D,)

Consider a known solution u(x, v) of (6). Let us substitute the function u(x, y)
for w in coefficient a, b, ¢, then the coefficientsa(x, y, u(x,y)),
b(:x:, v, ulx, y})and r:(:x:, v, ulx, y)) become known functions of x and vy, and u
satisfies a relation in which a and b are functions of x and y only. Thus the
following ODEs are satisfied



dx dy _
E = H(I,}’,u(xa}’)):g — b(x,y,u(x,}’));

= = c(x,y,u(x,y)) (7)

do

Now, this is true for every solution u(x, ¥). Hence it follows that for any
arbitrary solution of (6) there are characteristic curves in (x, y)-plane given by

d d -
ﬁ = a(x, }’,u].ﬁ = b(x, y,u) (8) and along characteristic curves

du

the compatibility condition =

c(x,y,u) (9) must be satisfied.

Remark 3: In the case of linear and Quasi-linear equations, the characteristic
equations are independent u.

1.2.2 Solution of the Cauchy problem

Theorem: Consider the Cauchy problem for PDE (10} with Cauchy data uy(n)
prescribed on a curve Y:x = x45(n), v = yo(n).m €1 wherelis an open interval
say for0 <p <1

Let

i) %o(1), Yo(n), u (1) € C' (1)

i) alx,y,u),b(x,y,wand c(x,y,u) beC! functions on DomainD, ofR?

iii)  The curve I"x = xg(n),y = yvg(n),u = uy(n), for n € (0,1) belongsto
D

iv)  The transversal condition

2 axo (1), Yo (1), o (1))

—E‘E‘;‘I—”)b((xn(n}.yn(n}.un(n}) # 0 (10)

is satisfied on curveY, then there exists a unique solutionu(x,y) of
the Cauchy problem in a neighborhood D ofY.

Proof: since a, b, c have continuous partial derivatives with respect to x, y, u
the system of ODEs (12) and (13) have a unique continuously differentiable
solution with respect to ¢ of the form



x =x(o,n)y = y(o,n),u=u(s,n)(11)

Satisfying the initial condition
x(0,m) = x0(),y(0.1n) = yo(m), u(0,n) = ug(n), (12)

forann €1

Consider now a point py on Y corresponding to 1 = ng. As x4(n7), vo(n)
and ue(n) are continuously differentiable functions in solution (11) are
continuously differentiable functions of two variables & and i in a Domain of
(e, n)-plane containing (0,7y). In a view our assumption (10)
the Jacobian

a(x,y) _ ’xcr x,,!
d(a,m) Yo Yy

= ay, — bx, (13) Does not vanish ate=0for0 <n <1
and in particular at the point (0,71,) in (&,1) — plane

Using the inverse function theorem we can uniquely solve for g and 5 from
the first two relations in {11) in terms of x and y.

o =o(x,y).n=n(x,y) (14)

In a neighborhood D, of p, in (x, y)-plane. More over the functions g and 7 in
(14) are Clin Dy, . Substitute (14) in the third relation in (11) to geta
function u(x, y) of x andy in Dy

ulx,y) = u(o(x, v),n(x, ¥))(15)

Further this function is €* on a Domain Dy, in (x, y)-plane. Note that at any

point of the intersection of datum curve Y and the Domain D,,_

u(xg(m),yo(m)) = u(o(xq,¥0), n(x0, ¥o))
=u(0,n)
=up (1)
This shows that the initial condition (14) is satisfied. More over
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au, + bu, = a(u,,cfx +u,?r}x) + b(ug0y, + u,ny Jusing (11)
=g (aﬁx + ba'},} +u,(an, + bn,)
=t (0x X5 + 0y Yy) + Uy (X + 1y Y,)using (8)
=Ug Og4 Unly
=u,
=C (16)
Hence, u satisfies the FDE (10) in D,,_

Let, D= {u, € YD,
we have solved the Cauchy problem in a neighborhood D of Y.

} we define u in D with the help of values of u inDy, . Now,

For uniqueness, note that each step of construction of the function
u(x,y) in (13), namely solution of the ODEs (7), inversion of the functions
leading to a(x, ¥) and n(x, y) and substitution in u(o,n) all lead to unique
results. Hence the procedure leading to the construction of the solution (15)
gives a unique soluticn of the Cauchy problem in a neighborhood D,,, of the
point (x4(175), ¥o(175)) on Y and hence the Domain D containsY. The proof
completed.

1.3 First Order Non-Linear Equations in two independent Variables
1.3.1 Derivation of Charpit’s Equation
The general form of the first order

Flx,y,u,p.q)=0;p = g g = = (1) where we assume that

dy
F € ¢?(D3)with D3as a domain in R®.With a general expression F in the PDE (1),
there is no indication that we canfind a transport equation for a solution u along a
curve in (x, y)- plane. such a curve was made by Lagrange and Charpit in an
attempt to find a complete integral and by Cauchy in a geometric formulation
with the help of Monge Cone .

We proceed differently by taking a known c?solution u(x, y) and
differentiate (1) with respect to x. This gives

11



Fe +w R +pby +q,.F, = 0.
Usingq, = Uyy = Uy, = p,, and rearrange the term we get

Epx + Fpay = —F, —pF,(2)

In which the quantities F,, F;are now known functions of xandy.

The first x-derivative of u, namely p is differentiated in the direction (F,, F;) in
(x, y)-plane. Thus, for the known solution u(x, y), consider a one parameter
family of curves(x, y) — plane given by

Z=F, 2 =F/(3)

do P g
Along these curves, (2) gives

d
70 = —F —PF.(4)
Similarly, differentiating (1) with respect toy, we find that along the same curves

given by (3), we have

d
=B —qF, (5)

The rate of change of u along these curves is
du dx dy
E = U, E +u,, E
= pE, + qF; (6) Thus, we find set of equations, called
Charpit’s eguations consisting of two
Characteristic equations (3) and three compatibility conditions (4)-(6).
Given set of values (ug, pg, o) at any point(x,, o),
so that(xg, Vg, Ug, Po, Go) € D3, we can find a solution of Charpt’s equations.
Since the system is autonomous, the set of solutions of the Charpit’s equations
form a four parameter family of curves in (x, y)-plane.
Remark 4: Every solution (x(a),y(a],u(cr),p(cr), q(cr)) of the Charpit’s
equations satisfies the strip condition

3;3 = p(o) j—i + q (o) j—i (7) on the curve (x(o), v(o),u(a)) in (x, v, u)-
space

Definition 3: A set of five ordered functions
(x(o), y(o),u(e),p(o), q(o)) satisfying the Charpit equations (3) - (6) and
F(x(0),y(0),u(0),p(a),q(0)) =0
is called a Monge strip of the PDE (1).

The condition F(x(o),v(o), u(e), p(e), g()) = 0 imposes a relation
between the four parameters of the set of all solutions of the Charpit’s equations.

12



Therefore the Monge strips form a three parameter family of strips in (x, y, u)-
space.

Definition 4: Given a Monge strip (x(o), y(o), u(o), p(a), g(o)), the base curve in
(x, y)-plane given by (x(a), y(o)) is called a characteristic curveof the PDE (1).
Remark 5: Characteristic curves of a linear first order PDE form a one parameter
family of curves in (x, y)-plane. Those for a quasi-linear equation form a two
parameter family of curves. Finally those of a nonlinear equation (1) form a three
parameter family of curves.

1.3.2 Solution of Cauchy problem

For the nonlinear PDE (1), we need to solve the Charpit’s equations (3)-(6) and for
this we need initial values py(17) andgqgy(n7) on a curve Y in addition to

xo (1), Yo(n) and uy ()

Firstly we note that these initial values must satisfy the PDE

i.e.

Fxo () yo (), wo(m), o (1), G0 (1)) = 0 (8)

Further, differentiating (8) with respect to n we get one more relstion
Po(mx o) + gy, (1) = wo(n) (9) We take two functions py (17) and qo (1)
satisfying (8) and (9) and complete the initial data for (3)-(6) at o = O
as

x(0,m) = xo(m), ¥(0,7) = yo(Mu(0,n) =up(n).p(0,n) =po(m), q(0,m) =
qo(n)(10)

Now we solve the Charpit’s equations (3)-(6) with initial data (10) and obtain
x=X(o,n),y=Y(a,n),u="U(o,n),

p=~FP(o,n),q=0Q(a,n) (11)

From the first two relations in (11), we solve o and n as functions of x and y and
substitute in the third relation to get the solution u(x, ¥) of the Cauchy problem.
Example:Consider a wave frant moving into a uniform two-dimensional medium
with a constant normal velocity c. Let the successive positions of the wave front

be denoted by an equation u(x, v) = ct , where tis the time. Since the velocity
by

(@2 +2, )2 !

c = ct — u(x, y) = 0 the function u(x, y} satisfies an eikonal equation

of propagation c is given by ¢ = where

P’ +q° =1;p=1uyq=uy(12)
Let the initial position of the wave front be given by

13



ax + By = 0,a, B = constants,a® + % = (13)
We can formulate the problem of finding successive positions of the wave front
for t > 0 as a Cauchy problem.

Solve the PDE (12) subject to the Cauchy data at

g=0,x5=F01nvy =—anu; =0 (14)
Solution:

First we find out the values of pyand g,from (8) and (9)

i.2.

P’y +a*, = 1.Bpo —aq, =0,
which give two sets of valuesat o = 0

Po = ta,qy = 1p(15)
The Charpit’s equations of (12) are

dx d_yz

% = EPJ =7 2(? l:lﬁ:l
i -

- = 2" +q) (17)

@ —0, 2 =0(18)

e da
Solution of (16)-(18) with initial data (14) and (15) at o = 0 gives
x =12a0 + Bn, v=312F0 — an (19)
u=20 p=ztaq=+5(20)
Solving oin terms of xand yfrom (19), we get
o= i—;—(ax + By).

From (20) we have u = 2gand hence the solutions of the Cauchy problem (12)
and (14) are
u = +(ax + fy(21)
There are two solutions of this Cauchy problem. Note that this does not violate
the unigueness theorem for a solution of the Cauchy problem for a first order
nonlinear PDE. The two solutions correspond to the two sets of determinations of
Ppand ggin (14) leading actually to two Cauchy problems.

The two solutions have an important physical interpretation in terms of
front propagation. The wave fronts (one forward propagating and another
backward propagating) starting from the position (13) occupy the positions
u = ct,

i.e.

ax + fy = tct (22)

Which are at a (normal) distance +ct from (14).The equation (12) governs
boththe forward and backward moving wave

14



CHAPTERTWO

LagrangeMethod
2.1 Lagrange method for Partial Differential Equation of first order with
variable coefficient The general form of first order

linear partial differential equations with variable coefficient is
P(x,y, )uy + Q(x, y)u, + f(x,y)u = R(x, y) (1)

We can eliminate the term in u from (1) by substituting u = ve ~*™*%), where
¢ (x, y) satisfies the equation

P(x,y)ix(x,y) + Q(x,¥){, (x,y) = f(x,¥)
Hence, equation (1) is reduced to
P(x, y)ux + Q(x, y)uy, = R(x,¥)(2)

Where P, Q, R in (2) are not the same as in (1). The following theorem provides
a method for solving (2) often called Lagrange’s method

Theorem 2.1: The general salution of linear partial differential of first order

Pp+ Qg =R (3)] Wherep= z—z.q = g—-;, P, @ and R are functions ofx and y,

F(p.p) =0(4) Where F is arbitrary function and ¢(x, y,u) = ¢,
Y(x,y,u) = ¢, form a solution of the auxiliary system of equations

dx dy adu

TR

Proof: Let @(x,y, u) = ¢; and P(x,y,u) = c, satisfy (5), then equations

@xdx + @, dy + ¢, du = 0 and -?— =% = % , must be compatible, that is,

we have
Pg, +Qg, + Ry, =0,

Similarly, we have,

P(p_r-i-Q(p},‘f'R(pu:O . .
Py, + QY + Ry, =0 {anx +Q¢, +Rpy, =0 solving these equations for

P, Q and R by cross multiplication we have

15



P - rg - R
pa)/dva)  Ap)fdxcu)  Blpa)/a(xy)

&) _
diy.u)

(6)

Where

= @yt — @y, # 0denotes Jacobean

Let F(¢,) = 0, then by differentiating this equation with respect to x and y
respectively,we obtain the equations
aF fde  dg EJ‘_F ﬂa_ @ g
dip (ﬂr + Ep) +ﬂu'.l (ax + du p) =0
aF ¢d d dF (o d
( @ Odp ) P ( Y dY ) ~0

Jo\oy au) ap\ay T Bu

: A aF aF .
And if we now eliminate % and P for these equations, we have

dgp o A difp  dip

TP o

dp | 39 oy oy | = 0 And simplified as
ay du q dy i

dig) Blpap)  dlpap)

dlyu) q alxu)  Axy) (7)

Substituting from equation (6) into equation (7) we see that F(g,) = 0 is
general solution of (3). The solution can also be written as

@ = gQp) ory = h(yp)
Example: Find the general solution of the partial differential equation
y?up + x*ug = y°x
Solution: the auxiliary system of equation

dx B dy dut

yiu x%u xy?

From the first two equations we have,
x*dx = yidy

By integrating

16



x3—y% = ¢
Similarly, from the first and the third, we have

xdx = udu By integration x© —

WY =ty

Hence, the general solution is given by
Flcp,co) =F(x®—y3 x*—u®) =0
2.2 Lagrange Method of First Integral

In a linear case, we can construct a general solution, depending on an arbitrary
function from the knowledge of a first integral for reduced characteristic system.
The method can be extended to the equations of the form

ﬂ{xa}":ujux + b(xfyruji‘{}f = C(I'yf u‘} {1}

We can say that two first integrals ¢ = ¢@(x,y,u) and ¥ =(x, y,u) are
independent if Vg and Vi are nowhere collinear.

Theorem 2.2: Let ¢ = ¢@(x,y,u) and i = (x, v, u)be two independent first
integrals of characteristic system and F = F(h, k) be a ¢' — function.

If Fr, + Fipy, = 0, the equation

Flop(x,v,u), ¥(x,y,u)) = 0 defined the general solution of (1)in implicit form.
Proof: It is based on two observations.

First, the function
w= F(op(,yu), ¢(xyu)2) is first integral. In fact

So that,

Vw.(a,b,c) = FyVe@(a,b,c) + F,.V{(a,b,c) = 0,sincep and Y are first integrals.
Moreover, by hypothesis

Wy = Fpy + Fpy #0

Second, if w is first integral, and w,, # 0, then the equation

17



wix, y,u) = 0(3) defines implicitly an integral
surface u(x, ¥) of (1). In fact, since w is first integral it satisfies the equation

alx, y,ulw, + b(x, v, u)wy +c(x, ¥, u)w, =0 (4)
Moreover, from the implicit function theorem, we have,

Ty = - 22 u, = ~2 and from (4) we get easily

Wy Wy

2.3 The Euler-Lagrange Equation
The basic minimization problem is to determine a suitable function

y = u(x) € ¢! [a, b] that minimizes the objective functional

Ju] = f: L(x,u,u")dx (1)The integrand is known as the Lagrange for variation

problem.

In order to uniquely specify a minimizing function, we must impose suitable
boundary conditions, Either Dirichlet (fixed) or Neumann (free) or mixed or
periodic boundary. In this case we shall concentrate on Dirichlet boundary
condition.

u(a) =a, u(b)=pgI(2] The gradient
VJ[u] of the functional (1) will then be defined by the same basic directional
derivative formula

<VJ[u];v= = d—d;j{u + &v] (3)

Here v(x) is the function that prescribes direction of the derivative is
computed. The inner product used in (3) is usually taken to be standard L? inner
product

<fig>= f:f{x)g(x)dx (4) On function space.

Now starting with (1) for each fixed u andv, we must compute the derivative of
the function

18



h(e) =Ju+ev] = _j:" L(x,u+ gv,u" + v") (5) Assuming sufficient smoothness
of L(x,u+ ev,u’ + ev") allows us to bring the derivative inside the integral and

by chain rule h'(e) = d%_f[u +ev] =

f;—%L(x,u +ev,u’ + ev)dx

b
= fﬂ [v%(x, u+ev,u’ +ev') + u’(g—i- (x,u + ev,u’ + ev'] dx Therefore,
setting & = 0 in order to evaluate (3), we find < VHul;v >=

f:[v(%:f (x,u,u") +v' z—; (x,u,u'] dx(s)

The resulting integral often, referred to as the first variation of the function
J[u].To obtain an explicit formula for V/[u], the right hand side of (6) needs to be
written as

b b
< V][u];v >= I V/(w)vdx = f hvdx

If we set Y(x) = z—; (x. w(x),u’ [x)), we can rewrite the offending term as

f; Y (x)v' (x)dx = [Y(b)v(b) — Y(a)v(a)] — fﬂb Y (x)v(x)dx (7) Where again

by chain rule

d dL
Y () = g G Gou)

@i
o dxdp

I ! ﬂzl‘ r iy azi' i
(x,u,u') +u e (x,u,u") + u éﬁ{x.u,u ) (8)

With boundary condition u(a) = @, u(b) = 8. Therefore, we must make sure
that the varied v, function fi(x) = u(x) + ev(x) and so

fifa) =ul(a) + ev(a) = a

ii(b) = u(b) + ev(b) = f3, the variation v(x) must satisfy the corresponding
homogeneous boundary condition
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v(a) = 0and v(b) =0 (9)We can write (6) as

<Vj[u];v> = j‘: V/(w)vdx = J‘f u[g—; (x,u,u") — i(g—:} (x,u,u")]dx

Since, this holds for all variations v(x) we conclude that

, ; aL ; . -
VIu] = % (x,u,u") — % (5 (x,u,u") (10)This is our explicit formula for the
functional gradient or variation derivative of the function (1) with Lagrange

L(x,u,p) wherep = u’

The critical functions u(x) are those for which the functionzl gradient

shessati JALe oy o By
vanishessatisfyV/[u] = — (x; 1, u") = - (ﬂp (x,u,u’)=0 (11)
In view of (8) the critical equation (11) is the second order Ordinary differential
equation

2

dxdp

d
E{lx,nu" 4"} = 24 (x,u,u') — Cx, 1"} —

dx
; 9L i yr D°L i
u'—x,u,u)—u a—p;{x,u,u) =0(12)

dudp

is known as Euler-Lagrange equation
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CHAPTER THREE
Charpit’s Method to Find the Complete Integral
3.1 Lagrange _ Charpit’s Equation
Consider a first order partial differential equation with two independent variables

F(x,y,u,p.q) =0(1)

] a .
Where p= ﬂ—t and g = ﬁ and we assume that 7 +F; # 0.The equationfor the
characteristic strips for this equation are
dx _pdy_podp
de Plde %' do
By eliminating parameter o from these equations one often writes as

=—F —pF,, = =-F,—qF, and °*=pF, +qF,

dx  dy du dp g

= = (2)

—Fx—pbky  —Fy—qFy

F'ij Fq p .-’-'!J +i Fq

These equations are called Lagrange =Charpit’s equation. In interpretation these
equations, it is convenient to allow zero denominators. For example, if £, =0,
these equations require that dx = 0, that is the denominator is zero just means
that the numerator is also zero. Assume that from eq(1) and eq(2) we can derive

a new eguation

¢(x,y,wp.q) =a (3)

F F
_ aFd) _ |'p a| _ _ .
J = detoem = |9, c1>p| foq = &pfy # 014 this

assumption implies that 2quation (1) and equation (3) can be solved locally for
p and q. Let this solution be

p = p(x,y,u,a)andg = q(x,y,u,a)s)

To simplify the notation, consider a fixed value of a and we write p(x, y,u,a) =
p(x,yv,uw)and g(x,y,u,a) = g(x,y,u) for now, then to get
u = u(x,y), we need to solve the system

u, =plx,y,u), u, = qx,y,u)(6) of partial differential
equations.
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By differentiating the first eguation of (6) with respectto y we have

Uxy = By + Buly = Py + pudg

Similarly, by differentiating the second equation of (6) with respect tox, we have

Upy = Gx + Quly = Gy + qup
The equality of these mixed derivatives lead to the requirement

Py + Puq = qx + qup (7)

Therefore, to make the above approach viable, we need to do two things: we
need to show that condition (7) is satisfied and then to show that this condition is
sufficient to solve the system of equation given in (6). Solving the above system is
described as integrating the system and condition (7) is called integrality
condition, and a system satisfying this condition is an integral system. The system
of equations given in (&) can also be written as

du = p(x,y,u)dx + q(x, v, u)dy (8) Here,du denotes the total differential of
u=ul(xy)

Assuming that condition (7) is satisfied and a function u = u(x, y) satisfy (6)
exists (locally, that means on an open set containing the point(xg, y5) ), given the
value of u at a point (x;, ¥y) such a u can be determined as follows: Let

x = x(t),y = y(t) be differentiable functions such that x(0) = x; and

y(0) = vy, and write u(t) = u(x{t},y[t]) , then it follows from (6) (or
equivalently, from (8)), with aid of chain rule that

u'(£) = p(x(6), y(©),u(®))x'(®) + q(x(£), y(£), u())y'(t) (9)

Solving this differential equation for u with initial condition U(0) = u(xy, ¥p)
we can, determine u(x(t],y(t)) = u(t)
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Example: Find the solution of

p*u+q*—4=0/(10)

Solution: the Lagrange _ Charpit equation (2) for the above equation can be
written as

dx dy du dp dq
T2 3T p7q

2pu 2q  2p2u +2q? - —p
The last (4™) equation can be written as

dp d
a2 _{]'E = In|p| = In|q| + In|c|

p

Thatis ¢ = ap with a = +e™°, substituting this into equation (10) we obtain

puta’p®—4=0

S p=t——
P= ITia

For the sake of simplicity, we will consider the + sign in the % here with this
equation together with the equation g = ap obtained just before equation (8)
can be written as

2 2a
dx + d
vu + a? vu + a? 4

Taking x = o and y = Ao with A an arbitrary constant, equation (9) becomes

du =

2 2ad
du = do +

vu + a? vu + a?

1
= (u+a)zdu = 2(1 + ad)do

da

Integrating both sides, we obtain
2 3 ;
g(u +a®)z=2(1+at)o+c

=20+ 2alo+c' =2x+2ay+c
where ¢’ is arbitrary constant, = g, y = Ag, Solving this for u we obtain
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u=(3x+43ay+ b}g — a®, Where a and b are arbitrary constant (b = %c'}

3.2 Integrability

Condition (7) ensures that equation (6) or equivalently (8) are solvable.
This is expressed by the following theorem

Theorem3.1: Let (xg, Vg, Ug) € R? be a point, and assume that the functions
p and g have continuous partial derivatives in a neighborhood
of(xg, ¥, uy),assume that

Py + Puq = qx + q,p(11) in this neighborhood of (xg, ¥y, up), then there is

unique function u in a neighborhood of (x,, ¥g) in R? such that u(xg, yo) = ug
and

du = p(x, y,u)dx + q(x,y,u)dy (12) Ina
neighborhood of (xg, ¥g)

Proof: Consider the differential equation w,(x, yg) =
p(x, yo, u(x, yp), uy(x,y) = q(x,y,ulx,y)),

Uy (X0, ¥0) = up(13)

It is clear that any function u satisfying eq(12) must also satisfy these
equations. These later equations can be thought of ordinary differential
equation. The first equation together with the initial condition given by the
third equation is to describe u(x, x;) and the second equation for a fixed value
of x given by the value of u(x, y;) determined by the first and the third
equations as initial condition is to determine u(x, y) for arbitrary (x, v).It
follows from theory of ordinary differential equations that these equations
uniquely determine u(x, y) in a neighborhood of(x, yg).

We need to show that the function so determined satisfies the requirements of
the theorem The Picard-Lindel6f theorem states that the following:

Let (xg, V) be a point and let f be a continuous function on a set

S ={(x,y¥) € R? |x — xy| < a,|y — ¥y| < b} Where a and b are positive real
numbers. Assume that there is a real number L such that|f (x, y;) —
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f(x,y2)| < L|y; — ¥1|(Such condition is called Lipschitz condition) for all
points (x, y;) and (x,y,) in S.

Let M = max{|f(x, ¥)|: (x,¥) € R?}, then the differential equation

dg(x)

- f(x,g{x)) , with initial condition g(x;) = ¥y has a unique solution for

g in the interval (xy — k, x5 + k) where k = min (a, %}

This theorem ensures the uniqueness and the existence of a function u(x, v)
satisfying eq(13) in a neighborhood of a point (xg, vy)

To complete the proof of the theorem we need to show that the function
u(x, y) so defined satisfies the first equation in (6); the second equation there
is satisfied, since this equation is required in (13) used to define u(x, y).
Integrating equation (13) , we obtain

x ¥
O . s $ f P(E Yo, u(E, x0))dE + f a( ()
X0 Yo

Differentiating this with respect to x, we obtain, by Fundamental theorem of
calculus and interchangeability of differentiation and integration that

¥
(., ) = pl(x, yo, ulx, ¥0)) +f (qx (21, uCx, 1)) + wy Ce gy (e, w(x,m))dn
¥

¥
= pluyouCayn) + | (@l uGum)
Yo

¥
+ p(x,mulx,n))gqulx,nulx,n))dn + f (e (x, )
Mg

— plx,mu(x, n))qu(x.m ulx, 7))dn

= p(xyo.ulxy0)) + [} oy (e, wlx,m)) + qCem,wCr,m))pa (xm,ulx,m)dn
¥
+ f (e (x, 1) = p Qe (X, m))qu (3,1, 0 (x, 1) )dn

Where the last equation was obtained by (11) using the second equation in
(13), we can write
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¥
ue(x,3) = plx, 0 ulxy,)) +f (By (.1, u(x, ) + wy (2, ) pu(x, m, wlx,m))dn
Mo

¥
+J (ux(x, m) — pCem, wlx, 1)) gy (x, 1, ulx, m))dn
Yo

= p(xo.¥0, u(x, ¥5)) + p(x, ¥, ulx ¥)) — plx, you(x, ¥5)) +
[5, Py Geam, e ) + 1, () P61 140 )l

= plxyulxy)) +Jj;(ux£x. n) — pCe,n,uwCe,m))ay, (e,n,wlx,n))dn

Where, the second equation used the Newton-Leibniz formula to evaluate
the definite integral. Therefore, we have|u.(x, ) —p(x,y,ulx,»))| <

f;;|ux(x. n) — p(x.n,ulx,m) g, (x, n,ulx,n)| dn.(14)Let u be a neighborhood of
(xg, Vo) in which the function u(x, y) described in (13) is defined and in which

the functions u,.(x, y), p(;r, v, ulx, y)), and p, (x, v, u(x, }rj) are bounded. Let
M= 0 be such that

M = |py(x,y,ulx,y))| For(x,y)cU

; 1
LetawithD<a< o such that

{(x,v):|x—x| <a,|ly—yo| <a}c U LetB =
sup{|uy(x,y) — p(x y.ulx,y))|:

|x = x| < @, |y = yol < a} (15)
Using (14), for (x, v) with |x — x| < @« and |y — yy| < @ we obtain
|l (x,y) — p(x, v, ulx, y))| < BM]y — yo| < BM& < B/2
This implies that
sup{lux(x,y) — p(x,y,ulx, y))|: |x — xo| < @, |y — yo| < @} < B/2

Contradicting (15) unless B=0. This shows the first equation in (6) is satisfied
in a neighborhood of(x, ¥5), the proof completed Type equation here.
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3.3 Integrability of Charpit’'s Equations

In order to show that the integrability condition (7) to solve equation (6) (or
equivalently (8)) is satisfied we need the following lemma.

Lemma: The function ¢ given in equation (3) satisfies the equation
Fybx + Faby + (pFy + qFy )by — (Fe + PRI, —

(B + aF)dq =0 (16)

The above equation can also be written as

(Fdx = oF) + (Fydy = boFy) +P(Frdu — dpF) +
q(qu)u = q)un):ﬁ (17)

So it clear that this equation is satisfied if F and ¢ are the same function.
On the other hand equation(4)ensures that F and ¢ are not the same.

Proof: This equation means that the gradient vector (d,, y, &y, dg) is
orthogonal to the tangent vector(F,.F,;, pF, + qF,, —F. — pF,, —F, — qF,) of the
characteristic curves described by equation (2). As equation (3) is the
consequence of equations (2) and (1), it must be compatible with
characteristic curves. The gradient of the surface ¢ (x, y, u, p,q) = a must be
orthogonal to the characteristic curves contained in it.

Now consider equations (1) and (3) with pand g as in (5). That is,
suppressing the parameter a, we have

F(x,y,u,p(x, y,u),q(x, y,'u,)) = 0,¢(x, ¥, u, p(x, y,u), q(x, y,u]) =0
Differentiating these with respect to x, we obfain
F, +Fppx +Fq‘?x =0, ¢, + (I)ppx + ¢:‘qu =0

Using the notation J = F,¢, — F; ¢, equation (4)multiplying the first
equation by, the second by ¢, and subtracting the equation, we obtain

F.;cd)p = ‘l)pr - JG’I = 0(18)
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Similarly, differentiating the above equations with respect. ta y, we obtain
F, + B,P, + Fyq, = 0,0y + &P + dgqy, =0
Multiply, the first equation by ¢, and the second by F,, we obtain

Fdg —o,F +JIpy, =0(19)

Next, differentiating the above equations with respect tou, we obtain

E, + Epy + Foqy = 0.9y, + bppu + yq, =0 Multiply, the first equation by
¢, and the second equation byF,, we obtain

Fucbp - [l)qu - Jqu = 0[26)

Similarly, multiply the firstequation by ¢, and the second one byF;, , we
obtain

Fig — dufy +Ipy = 0(21)

Adding equation (18), (19), p times(20) and q times(21) to equation (17),
we obtain

(=4x + 1y~ Pqu +Gpu)T =0
Noting that J# 0 according to (4), equation (7) follows.

3.4 Charpit’s Equation for Finding Complete Integral of the First
Order Non-Linear Partial Differential Equation

Definition: A solution of anon-linear partial differential equation of the form

fleyupq) =0(1)

du

Au. : . .
Where p = 2 A= a—imvnlwng two arbitrary constants is called a complete

integral, and it is the form

F(x,v,u,a,b) =0(2) A general method of finding such a complete
integral involves a solution of Charpit’s equation
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dx _ dy v T -dp =g

— L = = 3
fe fa phtafy  ftpoh H+akh { }
A solution of the form
g(x,v,p,q,a) =0(4) Involving only one arbitrary constant a can

be combined with the given non-linear partial differential equation (1) to obtain
p and g in the form

p=plx,y,ua), q=qlxyua).
Using these and the relation

du = pdx + gdy leads to obtain a complete integral of the form
F(x,y,u,a, b) = 0.this technique can be easily used in obtaining the complete
integral for a non-linear partial differential equation of (1)

u=px+qy+f(pq)
Consider a non-linear partial differential equation of the form
u = px + gy + f(p,q) (5) Charpit's equation gives us
dx _ dy _ du . fI_p — ﬁ
X+fp  ¥+fg  px+qy+pfptafy 0 0

Clearly, p = constant = a is a solution part, this combined with (5) gives us
q=g(u—ax,y,a),du = adx + g(u — ax,y,a)dy (6)

Now consider the function
u=ax+by+ f(a,b)(7)

Solving for b, we get

b=g(u—axya)(8) Hence, from (7) and (8), we
have du = adx + bdy = adx + g(u — ax,y,a)dy this shows that (7) is the
solution of (5). Further g = a is also an integral of (5). By eliminating p and g we
obtain u = ax + by + f(a, b) which is the complete integral of the given non-
linear partial differential equation. To get the complete integral of the given non-
linear partial differential equation we should try to obtain a second solution, say
h(x, v,z p,q,a, b)of the Charpit’s equations, then the elimination
of p and q will give us the complete integral.

Theorem 3.2: Let
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flx,v,u,p,q) =0(9) Be a first order partial differential equation, then
there exist two solutions g(x,y,u,p.q,a) =0(10)

h(x,v,u,p,q,b) =0(11) of Charpit’s equations, such that
the elimination

F(x,v,z,a,b) = 0(12) ofp and q from equations (9), (10) and
(11) is the complete integral of equation(12).

Proof: Let g(x, y,p, q,a) = 0 be an arbitrary solution of Charpit’s equation, then
from equation (9) and (10), we get

p=p(x,v,u,a),q =qy(x,v,u,a)and du = p;dx + q,dy is integrable with
integral

Fy(x,y,u,a) =0 (13)

Solving equation (13) for a, we get

Folx, v, u,b) = a(14) then
ar, ar aF;
df, = ——dx + = dy —f——é;du =0 or du=p,(x,y,u,b)dx + q.(x,y,u,b)dy,
: aF, ,aF, ar, , dF
with s =52/, 4, = 2/

The equation f(x, v, u, ps,q>) = 0 must be satisfied

The equation (14) is a complete integral of equation (9). Thus for arbitrary
function ¢,

d(p—ps.9—g:) =0 =h(x,y,p,q,b)15) isanequation of the required form
(12). This follows from the fact that

p=pi(x,yua) =p:(x,y,ub)g=q(x,y,ua) = q(x,y,ub)

Satisfy this equation and also (9) and (10). This completes the proof.

Example: Solve the equation
2py* —q*u=0(16)

Solution: Charpit’s equations for (16) are
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dx dy  du —dp —dg

5o fa Phhtafy, ftpf. F +af.

:>dx_ dy flu _ =dp __ —dg
2y?  -2qu  2py*-2q°u  -pq® apy-¢* '’

from which we obtain

du _du dp
2py? —2q%u  —q*u  pq?

2p = constant = éaz (17) solving for g we get

q= -?, and so, udu = %azdx + aydy.

thus the complete integral is
u? =a’x+ay?+b(18) by solving the equation for a, we get

=yt aut e —axh) /2
= 2x '

a

Differentiating partially with respect to y, we get
_ vy +aux—axb)li2-y3

q
2xu
Eliminating p and g from equations (16), (17) and (18) we get

u® = a’x + ay® + bas a complete integral of (16)

Summary

31



A partial differential equation (DE) is a relation that involves partial derivative of
an unknown function. Let an unknown function be u and independent variable-s
x and y , thus, a partial DE is an equatian of the form

du du
F(x,yyu,p.q) =0,p=—,q :5

dx
Where, we assume that F € ¢?(D3)with D;as adomain inR®, With a general
expression F in the PDE above, we canfind a solution u along a curve in
(x, v)plane. such a curve was made by Lagrange and Charpit in an attempt to find
a complete integral and by Cauchy in a geometric formulation with the help of
Monge Cone.

Characteristic curves of a linear first order PDE form a one parameter family
of curves in (x, y)-plane. Those for a quasi-linear equation form a two parameter
family of curves. Finally those of a nonlinear form a three parameter family of
curves.

. . . dx d
For the nonlinear PDE, we need to solve the Charpit’s equations— = By, ﬁ =
i d s
—F, — pﬁ“ﬁ ==y — un,I: = pk, + gF,; and for these we need initial values

po(n) andqy(n) on a curve Y in addition to x,(17), ¥o (1) and uy(1n)
Every solution (x(n‘), y(a),ula), p(a), q(r}‘}) of the Charpit's equations satisfies

the strip conditiong = p(o) j—j + q(o) j—i on the curve (x(a), v(a),u(e)) in

(x, v, u)-space.
Theorem 2.1: The general solution of linear partial differential of first order

Pp+Qq=R,Wherep=g—:.q:§—:

F(@, ) = 0, Where Fis arbitrary furction and @(x,y,u) = ¢4, P(x,y,u) = c,
form a solution of the auxiliary system of equations
dx dy _ du
F A

For a first order partial differential equation with two independent variables
F(x,v,u,p q) =0, the characteristic strips for this equation are

, P,Q and R are functions ofx and y,
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dx dy dp dy du
E:FP’E:FQ' E=—Fx—pF‘u, bt o —F, —qkF, and EZPFP+QF‘T

By eliminating parameter o from these equations one often writes as

dx dy  du dp dq

E,  F, pF,+qF, -F.—pF, -FE,—qF,

These equations are called Lagrange ~Charpit’s equation.

Theorem 3.1: Let (xg, Vo, ug) € R* be a point, and assume that the functions
p and g have continuous partial derivatives in a neighborhood of (xg, ¥, up),
assume that

Py + Puq = qy + q,p.In this neighborhood of(xg, ¥, 1), then there is unique
function u in a neighborhood of (x,y,) in R? such that u(x,, vy) = ug
anddu = p(x,y,u)dx + q(x, y,u)dy, in a neighborhood of (xy, vy)

A solution of anon-linear partial differential equation of the form
f(x,y,u,p.q) =0, Where p = z—z g = z—:invulving two arbitrary constants is

called a complete integral, and it is the form F(x,y,u,a,b) =0
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