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Abstract

In this thesis, we introduce the general eccentric connectivity coindex, ECCI, of connected
graphs. For a connected graph G order n, we define the general eccentric connectivity coin-
dex as

ECCL,(G) = Z eccgn—1—dg(v)]
veV(G)

for a € R, where E(G) is the edge set of graph G , dg(v) is the degree of vertex v and V(G)
is the vertex set of graph G.

We study, the general eccentric connectivity coindex of tree graphs of a given graph
parameters. We determine trees with the maximum and minimum general eccentric connec-

tivity coindex among all trees of a given graph parameters for a > 1.
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Chapter 1

Introduction and Preliminaries

This chapter presents a mathematical model known as topological indices and defines the
standard terminology from graph theory that will be utilized throughout the thesis. Next, we
give an explanation of the reason behind our work and some important background results.

When necessary, terms that are not specified in this chapter will be clarified in later chapters.

1.1 Basic Graph Theory Terminology and properties

This section presents a few definitions and graph properties. [3] [1 1] [31] [5] [35] [37] [7]

Definition of Graph A graph G is a pair (V,E), in which E is a set of 2-element subsets
of V, and V is a set (which is generally always finite). Vertices in V and edges in E are the
respective elements of each element. We designate V as the vertex set and E as the edge set
of G. It is common practice to shorten the edge {x,y} to just xy for ease. But keep in mind
that xy € E and yx € E have the same identical meanings. Two different vertices from V are
x and y. Graph G’s order and size are commonly referred to as the cardinalities of V(G) and

E(G), respectively. In actuality, |G| is frequently used to indicate |V (G)| and ||G]|| to indicate

|E(G)|. A graph G is formally a pair of disjoint sets (V, E) that are ordered, with E CV x V.

Finite graph A graph is finite if its vertex and edge sets are finite sets. Otherwise, it is called

an infinite graph. Most commonly in graph theory, it is implied that the graphs discussed are

finite. If the graphs are infinite, that is usually specifically stated.

Simple graph A graph with no loops or multiple edges is called a simple graph.
Throughout the thesis, the letter G denotes a graph and we look at a simple and finite

graph.



In order for two graphs to be the same, they must have the same set of vertices and the

same set of edges. This is rather limiting, and typically the only thing we want to know is
if they are basically the same, meaning that they are just different labels for the same basic
structure. A formal definition of this idea is given below.
Isomorphic graphs If G and H are two graphs then an isomorphism between G and H is a
bijection ¢ : V(G) — V(H) such that for any v,w € V(G) the number of edges between v and
w in G is the same as the number of edges between ¢ in G, and ¢ in H. If such a bijection
exists we say that G and H are isomorphic and write G = H.

By proving the necessary isomorphism and then confirming that the incidence relation
is preserved, we can prove that the two graphs are isomorphic with ease. In fact, all we
actually need is the capacity to calculate the number of edges between any two vertices in
both graphs, as well as a bijection between the edges of G and H. Given that those counts
coincide between the relevant pairs in the vertex set of H and the pairs of vertices in the
vertex set of G, we know an isomorphism exists. It can be more difficult to demonstrate that
two graphs are not isomorphic. When two graphs differ on some function or statement that is
preserved by isomorphism, we can demonstrate that they are not isomorphic in many situa-
tions by demonstrating that they do not share an isomorphism invariant. One straightforward
illustration of this would be vertex size: we are limited to creating bijections between sets
that have an equal amount of components. In the same way, edge size is an invariant of

isomorphism.

Figure 1.1: Isomoprphic graphs

FIGURE 1.1 Example of an isomorphic graphs.
In graph theory, and especially in this thesis, there are a few exceptional graphs that come
a lot. Some are the following.

Complete graph A complete graph is a graph in which each pair of vertices is joined by an



edge. A complete graph contains all possible edges, and denoted by K, where n is the order
of G.
Neighborhood of a vertex Each edge in £(G) connects two vertices from V(G), called the
ends or endpoints of this edge. For an edge e with endpoints « and v , we say that  and v
are adjacent to each other and that u and v are incident to e. The set of all vertices adjacent
to a specific vertex v is called the (open) neighborhood of v and is denoted by Ng(v) (or
just N(v) for short). The set N[v] = N(v) Uv that also includes v itself is called the closed
neighborhood.
Degree of a vertex The number of edges that a vertex v is incident to in G is called the degree
of v, denoted by degg(v) or simply deg(v). Note that deg(v) = |N(v)|. A vertex of degree
0 is isolated. The number 6(G) := min{deg(v)|v € V(G)} is the minimum degree of G, the
number A(G) := max{deg(v)|v € V(G)} its maximum degree. If all vertices of G have the
same degree k, then G is k-regular or simply regular.

A vertex of degree 1 is called a pendant vertex or a leaf, a vertex of degree at least 2 is
called an internal vertex, and a vertex of degree at least 3 is called a branching vertex. See

Figure 1.2 for an example of these definitions.

N

u 1%

Figure 1.2: Leaf

FIGURE 1.2 An example where v is a leaf, u is a branching vertex of degree 5.

Lemma 1.1. (Handshaking Lemma). The sum of the degrees of a graph’s vertices equals

twice the number of edges. That is ¥ ;deg(v;) =2|E|.

Regular graph A regular graph is a graph in which each vertex has the same number of
neighbors, i.e., every vertex has the same degree. A regular graph with vertices of degree k
is called a k-regular graph or regular graph of degree k.

Walk, trial, path A walk of graph G is an alternating sequence of vertices and edges begin-
ning and ending with vertices, in which each line is incident with two vertices immediately
proceeding and following it. This walk joins vo and v,. It is sometimes called vy — v,, walk.
It is a closed walk if vy = v, and is open otherwise. A walk is called a trial if all the edges in

the walk are distinct and a path if all the vertices are distinct.
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1.1.1 Cycle graph

A simple graph with n vertices (n > 3) and m edges is called a cycle graph that consists of
a single cycle. The cycle graph with n vertices is called C,. The number of vertices in C,
equals the number of edges, and every vertex has degree 2; that is, every vertex has exactly
two edges incident with it.

Bipartite graph A bipartite graph is a simple graph in which the vertex set can be partitioned
into two non-empty and disjoint sets, W and X, so that no two vertices in W share a common
edge and no two vertices in X share a common edge.

Complete bipartite graph A complete bipartite graph is a bipartite graph the vertex set is
the union of two disjoint sets, W and X, so that every vertex in W is adjacent to every vertex
in X but there are no edges within W or X. The complete bipartite graph with n = |W| and
m = |X| vertices is denoted by Kj, .

Star graph The star graph S, of order n, sometimes simply known as an n-star is a tree on n
vertices with one vertex having vertex degree n — 1 and the other n — 1 having vertex degree
1. The star graph S, is therefore isomorphic to the complete bipartite graph K ,,_1).
Complement graph The complement of a graph G denoted by G, is a simple graph on the
same set of vertices V(G) in which two vertices u and v are adjacent, i.e., connected by an
edge uv, if and only if they are not adjacent in G.

Connected graph A graph G is connected if each pair of vertices in G belongs to a path,

otherwise, G is disconnected. The maximal connected subgraphs are called components.

(n—1)(n—2)

Corollary 1.1. Any simple graph with n vertices and more than ~——>— edges is con-

nected.

Acyclic graph An acyclic graph is a graph having no graph cycles. Acyclic graphs are
bipartite.
Trees A tree is a connected acyclic graph. A graph that is only acyclic, but not necessarily

connected, is also called a forest (it can be seen as a union of trees).

The well-known fact that the number of edges in a tree T is the number of edges is one
less than the number of vertices. |E(T)| = |V(T)| — 1. This may be easily shown using
induction. It will often be important that every tree with at least two vertices has at least two

leaves. It is also worth mentioning that all trees are bipartite.



Two trees of order n will occur particularly frequently: the path P, is the only tree with
only two leaves, and the star S, is the only tree with n — 1 leaves (Figure 1.3). Intuitively, the
path is the most “stretched out” among all trees of the same order, and the star is the most
“compact” among all trees of the same order. In fact, the path and the star turn out to be the

extremal structures in the studies of many topics in chemical graph theory.

Figure 1.3: Star and path graph

FIGURE 1.3 A path (on the right) and a star (on the left).
Theorem 1.1. The following assertions are equivalent to a tree:
1. Any two vertices of T are linked by a unique path in T,

2. T is minimally connected, i.e.T is connected but T — e is disconnected for every edge

ofecT,;

3. T is maximally acyclic, i.e. T contains no cycles but T + xy does, for any two non-

adjacent vertices x,y € T

Corollary 1.2. The vertices of a tree can always be enumerated, say as vi,...,v,, so that

every v; with i > 2 has a unique neighbor in {vy,...,vi_1}.
Corollary 1.3. A connected graph with n vertices is a tree if and only if it has n — 1 edges.

Unicyclic graph A unicyclic graph is a connected graph containing exactly one cycle. The

number of edges and vertices of a unicyclic graph are equal.

AR

Figure 1.4: Unicyclic graph

FIGURE 1.4 An example of a unicyclic graph.
Distance in graph The distance dg(u,v) between two vertices u,v € V(G) is the minimum
number of edges on a path in G between u and v. If # and v are in different components of

G, then dg(u,v) = oo.



Eccentricity of a vertex The eccentricity of a vertex v in a graph G is the maximum distance
from v to any vertex in G.
If u is a vertex such that dg(u,v) = eccg(v), then u is called an eccentric vertex of v in

G. If there is only one such vertex u, then u is called the unique eccentric point v.
Lemma 1.2. Let T be a tree with at least three vertices.

1. Ifvis aleaf of T and w is its neighbor, then ecc(w) = ecc(v) — 1

2. Ifuis a central vertex of T, then deg(u) > 2.

Lemma 1.3. Let v and w be two vertices in a tree T such that w is of maximum distance from

v (i.e., ecc(v) =d(v,w)). Then w is a leaf.

Lemma 1.4. Let T be a tree with at least three vertices, and let T* be the subtree of T

obtained by deleting from T all its leaves. If v is a vertex of T*, then
eccr(v) = eccr+(v) + 1.

Diameter of a graph The diameter of G is the maximum distance between any two vertices
in G. Defined as d(G) = maxy, yycv(c)dc(u,v).

Diameteral Path A diametral path of a graph is the shortest path whose length is equal to
the diameter of the graph.

Center of a Graph The center of a graph is the set of all vertices of minimum eccentricity,
that is, the set of all vertices u where the greatest distance d(u,v) to other vertices v is
minimal. Equivalently, it is the set of vertices with eccentricity equal to the graph’s radius.
Thus vertices in the center (central points) minimize the maximal distance from other points
in the graph.

Graph operation A graph operations are those that takes initial graphs and create new ones
from them. They consist of binary (two inputs) as well as unary (one input) operations.

Binary operation includes sum, disjunction, symmetric difference, corona product and etc.

Corollary 1.4. Let T be an n-vertex tree. Then the center Z(G) is either a single vertex or a

single edge.

Connectivity of a graph The connectivity number k(G) is defined as the minimum number
of vertices whose removal from G results in a disconnected graph or in the trivial graph

(a single vertex). A graph G is said to be k—connected if x¥(G) > k. The connectivity



number A(G) is defined as the minimum number of edges whose removal from G results
in a disconnected graph or in the trivial graph (a single vertex). A graph G is said to be
k-edge-connected if A(G) > k.

Matching in a graph A matching in a simple graph G is a set of edges without common
vertices. A maximum matching is a matching that contains the largest possible number of
edges. The matching number of G, denoted by 3(G), is the size of a maximum matching of
G.

Independent set An independent set in a simple graph G is a subset of V(G) in which no
two vertices are adjacent to each other. The independence number of G, usually denoted by

o(G), is the size of a maximum independent set of G.

Theorem 1.2. A set S CV is an independent set of G if and only if V is a covering of G.

This paper considers only finite, simple, connected graphs. Let G be a connected graph
with the edge set E(G) and vertex set V (G), respectively. The numbers of vertices and edges
are |V(G)| = n,|E(G)| = m. The complement of a graph G is denoted by G. The number
of vertices joining v is the degree of a vertex v € V(G). It is represented by deg(v), also
known as dg(v) and dg(u,v) denote the distance (i.e., the number of edges on the shortest
path) The distance between v and any vertex in G that is furthest from v is the eccentricity of
v, ecc(v). eccgG = maxdg(u,v). The diameter (radius, resp.) of G is the maximum (lowest,

resp.) eccentricity over all vertices of G.

1.2 Topological Indices

Topological indices which are invariant to structure are numerical characteristics of a molec-
ular graph that describe the bonding topology of a molecule. The primary goal of topological
index research is to determine, by theoretical means how to extract and translate the infor-
mation contained in a molecular structure into one or more numbers known as topological
indices, which is then utilized to quantify the relationships between molecular structures
and other experimental properties, biological activities and other properties. Quantitative
structure-activity relationships (QSARs), in which a wide range of molecular properties,
from physicochemical and thermodynamic properties to chemical activity and biological ac-
tivity, are correlated with their chemical structure are developed using topological indices.

Properties from physicochemical and thermodynamic properties to chemical activity and



biological activity are correlated with their chemical structure and are developed using topo-
logical indices.

The study of topological indices started in 1947 when Harold Wiener [36] introduced
the Wiener index to establish the relationships between the physical-chemistry properties of
alkenes and the structures of their molecular graphs.

The Wiener index’s definition in terms of the distances between vertices of a graph was

first defined as

W(G) = Z dg(u,v).
u,veV(G)

There were also many distance-based topological indexes: The hyper-Wiener index, as a
generalization of the Wiener index, is traditionally denoted by WW (G). The hyper-Wiener
index of acyclic graphs was introduced by Milan Randi “c [28] in 1993 and extended to all
connected graphs by Klein et al[8] . The hyper-Wiener index of a connected graph G is
defined as

1
:5 ZV d(u,v) +d*(u,v)).

For the purpose of characterizing molecular graphs, Plavsi‘c et al.[6] and Ivanciuc et
al.[19] in 1993 introduced the Harary index of a molecular graph G, indicated by H(G), in

this Journal. The Harary index is defined as follows:

1
H=H(G)= .
( ) u,vEZV(G) dG(u’V)

The graph invariants that are now known as Zagreb indices were historically the first
degree-based structural descriptors [13]. In the present day, M| is referred to as the "first
Zagreb index" and M, as the "second Zagreb index". The term "Zagreb group index" was

soon shortened to "Zagreb index". The first and second Zagreb indices are defined as:

=) dG = Y [do(u)+dc(u)], My(G)= Y dg(u)ds(v)

veV(G quE(G) uveE(G)

The other degree-based topological index is: The Randi¢ index was invented in 1975 by

Milan Randi¢ [28]. His index was defined as



|
RO = uveZE(G) deg(u)deg(v)

With summation going over all pairs of adjacent vertices of the molecular graph G.
Randi¢ called it the "branching index," but it was shortly renamed to the "connectivity in-
dex". The popularity of the Randi¢ index led to several modifications and generalizations,
including the sum-connectivity index and the universal sum-connectivity index. The har-

monic index H(G) is also another variant of the Randi¢ index, which is defined as

2
deg(u)+deg(v)

H(G)= 1},

uveE(G)

The distance and adjacency topological descriptor known as the eccentric connectivity
index was first introduced by Sharma, Goswami, and Madan [2] in 1997. The eccentric

connectivity index is defined as

The eccentric connectivity index is a graph invariant with a great deal of potential in
structure-activity (property) interactions. It can be used to predict biological and physical
properties. It has been applied to the development of several mathematical models for pre-
dicting biological processes with different characteristics. The mathematical properties of

this index have been discussed by several authors.

The total eccentricity of graph G, denoted by & (G), is defined as the sum of eccentricities

of all vertices of graph G [29], 1.e.,

Since then numerous studies have been conducted on the mathematical characteristics
of eccentricity-based topological indices. Hua and Miao [17] consider the total eccentricity

sum of all non-adjacent vertex pairs, they call this new eccentricity-based graph invariant the



eccentric connectivity coindex defined as

ECCI(G)= ) (eccc(u)+eccg(v))
uv¢E(G)

They studied the extremal problems of ECCI for connected graphs of a given order, con-
nected graphs of given order and size, and the trees, unicyclic graphs, bipartite-containing
cycles, and triangle-free graphs of a given order, respectively additionally, they established

various lower bound for ECCI in terms of several other graph parameters.

1.3 Literature Review

A topological graph index, also called a molecular descriptor, is a mathematical formula
that can be applied to any graph that models some molecular structure. From this index,
it is possible to analyze mathematical values and further investigate some physicochemical
properties of a molecule. Therefore, it is an efficient method for avoiding expensive and
time-consuming laboratory experiments. Topological indices of molecular graphs are one
of the oldest and most widely used descriptors for quantitative structure activity relationship
(QSAR) and quantitativity structure property relationship (QSPR) studies. Before many
years the first topological index called the Wiener index was introduced in 1947 by chemist
Harold Wiener [36] as the sum of the distance between all vertices of a graph G. Many
topological indices were introduced by many mathematicians and they were classified based
on degree (Randic index, first and second Zagreb index, Harmonic index, etc), eccentricity
(eccentric connectivity index, total eccentricity index, etc ), distance (Wiener index, hyper-
Wiener index, Harary index, etc ) and others.

Degree-based topological indices have been widely explored due to their simplicity and
effectiveness in capturing molecular structure information, with the first and second Zagreb
indices being one of the pioneering indices in this field. Gutman [12] established the first
and second Zagreb indices about thirty years ago. Gutman [!4] introduced the Gutman
index, which is also referred to as the Schultz index of the second kind. The Randi¢ index,
known for its effectiveness in structure-property and structure-activity relationship studies,
has been significant attention as a molecular descriptor. Its mathematical properties have
been extensively explored in graph theory, to explore more see [28]. Then, Ashrafi [ 1] looked

at the total contribution of every pair of a non-adjacent vertex in a graph and came up with
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two new indices of the Zagreb type: the first and second Zagreb coindices. Li [2 ] presented
the idea of the first general Zagreb index of G. After more than 40 years, Furtula [9] restarted
and established a few of its fundamental characteristics known as the F-index or forgotten
topological index, it is represented by the symbol F(G). Melaku.B.B [22] proposed a more
generalized coindex known as the first general Zagreb coindex, which was inspired by the
first Zagreb coindex and the F-coindex.

In 1997, Sharma [33] presented the eccentric-connectivity index, an important eccentricity-
based topological index. A graph invariant with a significant deal of potential in structure
activity (property) interactions is the eccentric connectivity index. Predicting biological and
physical attributes is possible with it. Morgan discovered an exact lower limit, an asymp-
totically sharp upper bound, and a sharp lower bound for graphs of prescribed order and
diameter for the eccentric connectivity index on [23][27]. Among the connected graphs with
a given number of vertices and edges, the graphs with the highest eccentric connectivity
index were determined by Zhang [42]. The least eccentric connectivity index, for all con-
nected graphs with a specific order and a given order with a pendant vertex were described
in detail by Devillez [10]. The minimum degree and order of a connected graph determine
the sharp lower bound of the eccentric connectivity index established by Wu and Chen [41].
Lower bounds on vertex connected bipartite graphs with a given diameter in terms of the
number of edges were obtained by Zhang.[25]. Zhang developed a sharp upper bound on the
eccentric connectivity index of graphs of diameter 2 with a specified minimum degree and a
sharp lower bound on the eccentric connectivity index of cacti with a given radius. [24]. The
eccentric connectivity index of generalizations of thorn graphs was computed by Balachan-
dran, Venkatakrishnan, and Kannan [38]. the topological indices of the three fence graphs
the ladder, circular ladder, and Mobius ladders as well as the corresponding line graphs were
given by Farooq and Malik [26]. Bounds, either upper or lower, on the connective eccentric-
ity index in terms of some graph invariants and the maximal connective eccentricity index
of the cactus on n-vertices with k cycles were studied by Yu [39]. Wang [34] demonstrated
a lower bound for graphs of given order and clique number. For any tree with a given order
and matching number, some lower and upper boundaries on the connective eccentricity index
were given by Xu [20]. The eccentricity connective index for each path-thorn graph family
was given in [|8]. The greatest eccentric distance sum of the extremal trees and graphs and
explicit formulae for the values of eccentric distance sum for the Cartesian product charac-
terized by Ili“c [40]. The sharp upper bound on the eccentric connectivity index of graphs

with matching numbers that belong to the class of provided vertex connected bipartite graphs
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determined by Li. Javaid [16].

Motivated by Ashrafi et.al’s [ 1] definition for Zagreb coindices, Hua and Miao [ 7] con-
sider the total eccentricity sum of all non-adjacent vertex pairs, similar to Ashrafi [] defini-
tion for Zagreb coindices, they call this new eccentricity based graph invariant the eccentric

connectivity coindex defined as

ECCI(G)= ) (eccc(u)+eccg(v))
uv¢E(G)

They studied the extremal problems of ECCI for connected graphs of given order. Ad-
ditionally, they explored ECCI in trees, unicyclic graphs, bipartite graphs with cycles, and
triangle-free graphs of a given order. Moreover, they established various lower bounds for
ECCI in terms of several other graph parameters. The eccentric connectivity coindex under
graph operations was presented by Mahedieh [4], for the eccentric connectivity coindex of a
number of graph operations, including sum, disjunction, symmetric difference, lexicographic
product, generalized hierachial product, cartesion product, rooted product, corona product,
and strong product, he provided precise formulae or sharp lower bounds. Again the eccen-
tric connectivity coindex in graph presented by Hogzhuan Wang,Xianhao Shi and Ber-Linyu
[15] they presented the sharp lower bound on ECCI for general connected graph and they
identified the cacti with the smallest eccentric connectivity coindex for a given order and
several cycles. They also aimed to characterize the graph with the minimum and maximum
eccentric connectivity coindex among all trees with a specified order and diameter. Addi-
tionally, they determined the smallest eccentric connectivity coindex for unicyclic graphs
with a given order and diameter, and described the corresponding extremal graph. Bipartite
graphs’ eccentric connectivity coindex was presented by Tomas Vetric, Mesfin Masre, and
Selvaraj Balachandran [30]. They introduced extremal graphs and provided lower bounds on
the eccentric connectivity and connectivity coindex for bipartite graphs of given order and
vertex connectivity, order matching number, and odd diameter.

The structure of this thesis is as follows. In Chapter 2, we collect relevant results con-
cerning graph theoretical terms and eccentric-based topological indices. In Chapter 3, we
explore the eccentric connectivity coindex of graphs in terms of different parameters. In
Chapter 4, we explore the general eccentric connectivity coindex of trees of a given graph

parameters. In Chapter 5, we give conclusions and future works.
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Chapter 2

Eccentric Connectivity Coindex of

Trees and Unicyclic Graph

In this chapter, we will discuss the extremal value of the eccentric connectivity coindex of
a tree and unicyclic graph by using different graph parameters and different operations and

visualize the extremal graphs.

2.1 Trees of a given order

Corollary 2.1. [/7] Let T be a tree of order n. Then

ECCI(T) > 2n* —6n+4
with equality if and only if T = S,,.

Theorem 2.1. [/5] Let T be a tree on n vertices. Then

2n* —6n+4 < ECCI(T) < fo(n,n—1)

Ford =n—1, where

NI

~1 . 2_ 2 nd?42n—2— o
(d—i)(2n—6)+ & 3nd+2nd22nd +2n-2-7d if n is even,

y:
L

=i
LA

fa(n,d) =

RS

(d=i)2n—6)+3d*> —2nd +n*d —nd* +n—1-2d ifnis odd,

The left equality holds if and only if T = S, and the right equality holds if and only if T = P,.
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2.2 Trees of given order and diameter

In this section, we shall determine the tree of diameter d with the minimum and maximum
ECCI respectively.

The graph generated by joining a vertex in S to the central vertex of P, 1, given a path
Pyy1 and a set S of n—d — 1 vertices, is called the volcano graph V,, 4. It follows that P4
has a single center if d is even (see Figure 2.1). P; 1 has two central vertices if d is odd (see

Figure 2.2). [15]

Figure 2.1: V,, 4

d is even

Figure 2.2: 'V, 4

d is odd
Let
d_
3 11 (d—i)(2n—6)+ nzdfndzfnd+2n2276n74d+3d2+4 if n is even,

2 (d—i)(2n—6)+ n2d—nd2+3nd—28n+3d2—4d+1 if nis odd,

Theorem 2.2. [/5] Let T be a tree on n > 5 vertices with diameter d > 2.Then
ECCI(T) > fi(n,d)

The equality holds if and only if T =V, 4.
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By attaching the two star centers, K; ;, and K| 4, to the ends of path P;_», where p+q =
n—d — 1, we can obtain a double star-like tree, which we indicate by H(p,n,q). The broom
graph B, 4 is made up of a path P;_; and n — d pendent vertices that are all adjacent to the
same pendent vertex of P;_;. Itis clear that B, ; = H(0,n,n —d — 1); for further information,

see Figures 2.3 and 2.4. According to [15]

n—d-—1
90 ¢+ * .—.—. M
Uup ui up % ud 2 Ug—1 Ug

Figure 2.3: B,, 4

p

o

S

up up U g Ug—2 Ug—1 Uq

Figure 2.4: H(p,n,q)

For any tree T € H(p,n,q), we have ECCI(T) = ECCI(B,, 4) = f>(n,d). Let

d_1
1
fa(n,d) = o

Y.2 (d—i)(2n—6)+3d*> —2nd +n*d —nd*+n—1-2d ifnis odd,

. 2_ 20 52 5 A e .
(d —i)(2n— 6) 4 6d*=3nd+2n d22nd +2n—2-7d if n is even,

Theorem 2.3. [/5] If T is a tree of order n and diameter d,then
ECCI(T) < f2(n,d)

The equality holds if and only if T = H(p,n,q).
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2.3 Unicyclic graph of a given order and diameter

In this section, we consider the minimum ECCI of unicyclic graphs with given diameter. The
unicyclic graph with order # and diameter d is denoted by G¢. In order to create an, 4 for an
even d, we first need to construct the graph P, | = uouy...uy. This graph is then constructed
by connecting n —d — 1 pendant edges to Ug and adding an edge between Ud | and one of
the pendant vertices attached to . The graph Vn% 4 18 formed from Py = upuy ...uy by
attaching n —d — 1 pendant edges to g and adding an edge between two of the pendant
vertices connected to u d (see Figure ).

Consider Vri 4 as the unicyclic graphs for odd d, characterized by s and ¢ pendant vertices
(where s +t = n —d — 2) adjacent to Ua and Uag1 oD the diametral path, respectively.
Similarly, let V: 4 denote the unicyclic graphs with p and ¢ pendant vertices (where p+¢q =

n—d — 3) attached to u dt and u ag1 ON the diametral path, respectively (see Figure ).
n—d—1

uop ui uz Uaq u% I/tdzi] Ug—1 Uy

Figure 2.6: Vn2 4 (When d is even)

By direct calculation, for even d,

1

ECCI(V))) = ECCI(V2,) = Y (d—i)(2n—6)+2d(n—2) + d(dz_ 2)  d+2)((n- g)(”‘ —d)—n)
1

NI
\

1

Foroddd , any G € Vn3 4 We have,

16



Figure 2.8: V,i 4 (When d is odd)

d—1
71

ECCI(G) = (d_,-)(zn_6)+2d(n_2)+(d+1)(2n+d—9)+(n—z)(d+3)(n—d—z)_

= 2 2

If Gy € V2, and G, € V. By direct calculation, ECCI(G,) < ECCI(G5). Let

i%:—l 1 (d—i)(2n—6)+ 3d2—6d+n2d—nzd2+2n2—6n—nd
f3(n7d): dﬁl—l

d—1 . 2 e 29 1212,2 . .
i:21 (d—l)(zn—6)+3d nd—6d IOn;nd nd“+3n°+43 if nis odd,

if n is even,

Theorem 2.4. [ /5] Let G be a unicyclic graph on n > 7 vertices with diameter d > 2. Then
ECCI(G) > f3(n,d)

The equality holds if and only if G = an, g 0rG= Vn% gJorevend and G = V,i g Jor odd.

Corollary 2.2. [/7] Let G be a unicyclic graph of order n. Then,
ECCI(G) > 2n* —6n

with equality if and only if G = S;’l, where S,31 is the graph obtained by introducing an edge

17



between two pendent vertices of the star S,,.
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Chapter 3

Eccentric Connectivity Coindex of

General Graphs

In this chapter, we characterize extremal graphs among all connected graphs with the max-
imum and minimum eccentric connectivity coindex of general graphs of a given graph pa-

rameters.

3.1 Connected Graphs with Given Parameters

In [17], the authors identified the extremal graphs having the maximum and minimum ec-

centric connectivity coindex among all connected graphs of order n.

Theorem 3.1. [/7] Among all connected graphs of order n, the graphs with the minimum

and maximum ECCI are K, and P,, respectively.

Theorem 3.2. [/7/] Let G be a connected graph of order n, size m and diameter d. Then
ECCI(G) >2n(n—1) —4m

with equality if and only if d < 2.
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Corollary 3.1. [/7] Let G be a cycle-containing bipartite graph of order n. Then,

n*—2n+1 if nis odd,
ECCI(G) >

n*—2n  ifniseven.

Each of above equalities holds if and only if G = Kz 1.

Theorem 3.3. [/7] Let G be a connected graph of order n with p pendent vertices. Then,
ECCI(G) > 4np —6p —2p*

with equality if and only if G = K}

Theorem 3.4. [/7/] Let G be a connected graph of order n with independence number Q.
Then,
ECCI(G) <2a* —2a

with equality if and only if G = aK| V K,_q

Lemma 3.1. [/7] Suppose that G is a graph of order n with matching number 3. Then,
n—2B =max{o(G—-S)—|s| :CV(G)},

where o(G) denotes the number of odd components in G.

Theorem 3.5. [/7] Let G be a connected graph of order n with matching number B < 1.

1 IfB =[5], then
ECCI(G) >0

with equality if and only if G = K,,.

2. If1 < B <[5], then

ECCI(G) > 2n* —4nB + 2B —2n+ 2P
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with equality if and only if G = Kg V (n— B)K,

Theorem 3.6. [/5] Let G(# K,) be a connected graph of order n with minimum degree Y.
Then
ECCI(G)>4(n—1—17)

with equality if and only if G = K, (y<n—1). Where K is a connected graph of order n

obtained by joining a vertex to the 7y vertices in K, 1.

Theorem 3.7. [30] Let G be any connected bipartite graph with n vertices and matching

number q, where 2 < q < [5. Then
ECCI(G) > 2[g(g—1)+(n—q)(n—gq—1)]

with equality if only if G is K g

3.2 Eccentric connectivity coindex under graph operations

In this section, we will examine the behavior of the eccentric connectivity coindex across
various graph operations [4].

The complement of G, denoted by G. For two graphs, G| and G, the numbers n; and
m; represent the vertices and edges of G;, respectively, and m; denotes the number of edges
in G;, where i = 1,2. 7(G) represents the overall eccentricity of G, which is the sum of the

eccentricities of all of its vertices.

Theorem 3.8. (Sum) The eccentric connectivity coindex of G| + G is given by
ECCI(G+ Gy) = 4(m1 +m3).
Theorem 3.9. (Disjunction) The eccentric connectivity coindex of GV Gy is given by
ECCI(GV Gy) = 4(nymy + npmy + 2myn).
Theorem 3.10. (Symmetric difference) The eccentric connectivity coindex of G1 ® G, is
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given by
ECC[(Gl @ Gz) = 4(n1m_2+ nomy + 2mymy + 2m1m2).

Theorem 3.11. (Lexicographic product) The eccentric connectivity coindex of G1|Ga] is
given by
ECCI(Gl [Gz]) = anCCI(Gl) + 2m_2(nn1 1 (Gl) + T(Gl))

Corollary 3.2. (Cartesian product) The eccentric connectivity coindex of G1[JG, is given

by
ECCI(G10G,) = mECCI(G1) +nm ECCI(Gy) +2(n1 () —m2)t(G1) +2(na (5) —m1) T(Ga).

Corollary 3.3. (Rooted product) Let G, be a nontrivial rooted graph and let w denote its

root vertex. The eccentric connectivity coindex of G1{G,} is given by

ECCI(G1{G,}) = ECCI(G,)+ [(ny — 1)(mina +n1 — 1) = 2mo]t(Gy) + 2n2 (3 ) Dg, (w)

+2eccq, (w)[n3 (") + nimz —my] +n ECCI(w).

Corollary 3.4. (Corona product) The eccentric connectivity coindex of Gy o Gy is given by

ECCI(G0Gy) =ECCI(G) + (mn3+2n1ny — 3ny — 2m2) T(Gy) +2[(na + 1) (200 + 1) (4) + 2175 — my ).

22



Chapter 4

General Eccentric Connectivity

Coindex of Trees

In this chapter, we study the main results of this thesis. We define the general eccentric

connectivity coindex of a connected graph G as

ECCI(G)a= Y. ecc[|[V(G)|—1—ds(v)]
veV(G)

for a € R, where E(G) is the edge set of graph G, dg(v) is the degree of vertex v and V(G)
is the vertex set of graph G.

We study, the general eccentric connectivity coindex of tree graphs of a given graph
parameters. We determine trees with the maximum and minimum general eccentric connec-

tivity coindex among all trees with given parameters.

4.1 Trees of a given order

This section determines the tree graph of order n with the minimum general ECCI among all

trees of n order, given a > 1.

The following Lemma is applied in the proofs of our main results.

Lemmad4.1. [77] Let 1 <x<yandc>0. Fora>1ora <0, we have

(x+e) =2 < (y+¢)* ="
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If0<a<1,then
(x+c)* x> (y+c)* =y~

Theorem 4.1. Let T be a tree of order n. Then for a > 1
ECCI,(S,) < ECCI,(T)

the equality holds if and only if T is S,

Proof. Let T’ be a tree with the smallest ECCI, among trees with n vertices. We prove that
T’ is star (S,). On the contrary, suppose that 7’ is not a star. Let uou; ...uy be diametral
path in 7’. Clearly d > 3. Let dy/(u;) = p and dy/(ug_1) = g. It is possible to assume that
p < g without loss of generality. Let us assume that E(T") = {uoug_1 } UE(T") \ {uou; }
and that V(T") = V(T'). Then dpn(uy) =p—1,dri(ug_1) =q+1, eccrr(u)) =d—1,
eccyr(uy) =d—1, eccrr(ug)=d—1,d—-2<eccrn(ug_1) <d—1, eccyi(up) =4d ,
eccrn(ug) = eccpn(ug_1)+1>d—1,dp(ug) =1 =drn(ug). Forall y € V(T")\{u1,uq_1}
. dp/(y) = drn(y) and eccyi(y) > eccn(y). Thus

ECCI,(T") — ECCI,(T") > ecc/(u1)(n— 1 —dp/(u1)) — eccln(ur)(n— 1 — dyn(uy))
+ecchi(ug—1)(n—1—dp(ug—1)) —eccn(ug—1)(n—1—drn(ug_1))
> (d=1)"(n—1-p)—(d—1)*(n—p)+(d—1)"(n—1—q) — (d — 1)*(n—q—2)
+d'n—1—-1)—(d—-1)%n—-1-1)
>d—-1)n—1-p—n+p+n—1—q—n+q+2—n+2]+d*(n—2)
>d-1)2-n)+d(n-2)
> (n—2)[d* — (d - 1)°]

So ECCIL,(T") > ECCL,(T"), which is a contradiction. Therefore, S, is the tree with the
smallest ECCI,. [

4.2 Trees of given order and diameter

This section presents bounds on the general eccentric connectivity coindex for trees with n

vertices and diameter d.
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Let T, 4 be set of trees of order n and diameter d obtaining from the path voviv,...v, by
attaching all the other n —d — 1 vertices at vy or v;_1. We can easily show that all the trees

in T, 4 have the same general eccentric connectivity coindex. Let B, 4 be a tree in T, 4.

Theorem 4.2. Let T be a tree of order n > 5 with diameter d. Then for a > 1, we have
ECCI,(T) < ECCly(Bya),

the equality holds if and only if T is in T, 4.

Proof. Let T be a tree with the largest ECCI, among trees with a given order and diameter
we want to show that T is B, 4. Let P = ugu; ...uy be a diametral path in 7. Assume T is
not the graph B, 4, then there exists a pendant vertex v of T, v # ug, uy in which the vertex
u, where u # u,_1 and u # uy, is adjacent to v. Let v, v;,. .., v represent the set of pendant
vertices adjacent to u, where v; # ug,ug fori=1,2,... k.

Suppose T/ =T — {uvy,uvy,...,uvi} + {ug_1vi,uqg_1va,...,ug_1vi}. Clearly, T and T’
have an equal number of vertices and the same diameter.

Let dr(ug—1) =r > 2. Then dy/(uy—1) = r+k and dy/(x) = dr(x), for all x € V(T) \
{u,ug_1}. We have eccy/(vi) > eccr(v;), eccp(u) = eccr(u) < eccpr(ug—1) = eccr(ug—1).
Let us consider two cases.

Case 1: u lies on the path P. In this case, dr(u) = k+2 > 3 and dy/(u) = 2. Thus

k k
ECCI,(T") — ECCI,(T) = gecc‘}, (vi)(n—1—dp/(vi)) — ;ecc‘%(vi)(n —1—dr(v))

+ece (u) (n— 1 —dps (1)) — ecc(u) (n — 1 — dr ()

+ece® (ug_1)(n—1—dpr(ug_1) — ecc(ug1)(n—1—dy, )

= k(n— 2)[ecc® (v;) — ecc(v;)] + ecc(u) (n — 3) — ecc (u) (n — k —3)
+ece (ug_1)(n—1—r—k) — ecc(ug_1)(n—1—r)

= k(n— 2)[ecc® (v;) — ecc (v;)] + ecc(u)[n — 3 —n+k +3]

+ece (ug_1)n—1—r—k—n+1+7]

> k(n — 2)[ecc (vi) — ecct (vi)] — klecc® (g1 ) — ecc(u)]

=k(n—2)[(1 +eccr(ug—1))" — (1 +eccr(u))®] — kleccq (ua—1) — ecc(u)]
> k[(1 4 ecepr(ug_1))* — (1 +ecer ()] — klecc (g1 ) — ecct(u)]

= k[(1+ ecopr(ug_1))* — ecc(ug_y ) +ecc(u) — (1 + ecer (u))“]

>0,

25



by Lemma 4.1. We have ECCI,(T") > ECCI,(T), which is a contradiction.

Case 2: u is not on the path P. In this case d7(u#) = k+ 1 and dy/(u) = 1. Thus

k k
ECCI,(T") — ECCI,(T) = ziecc%, (vi)(n—1—dp/(vi)) — Z{eccaT(vi)(n —1—dr(vi))

+ecc (u)(n—1—dyr(u)) — e (u) (n— 1 — dp (u))
+eccri(ug—1)(n—1—dp/(ug—1) —eccy(ug—1)(n—1—dy, )

— (= 2)[ecct (vs) — eccé ()] + et (u) (n — 2) — ecc (u) (n—k —2)
Fecc (ug1)(n— 1 — r—k) — ecct (ug1)(n—1—r)

> k(n— 2)[ecc (vi) — ecc(vi)] + ecc (u)n—2 — n+ k+2]
e (g )n—1—r—k—n+1+1]

— k(n—2)[ecc (vi) — ecct(v)] + Kleect (u) — ecct (g 1]

S k(1 +ecep (ug1))* — (1 +ecer ()] +Klecet (u) — ecc (g1 )]
— K[(1 +ecepi(ug 1)) — ecc (ug_1) +ecc () — (1+ ecer ()]

>0,

by Lemma 4.1. We have ECCI,(T') > ECCI,(T), which is also a contradiction. Thus the

extremal tree is in T, 4. ]

Let L, 4 be set of trees of order n and diameter d obtaining from the path voviv;...v4 by

attaching all the other n —d — 1 vertices at V4| OF V7. LetV, ,be atreein L, ;. We can
2 2 ’ ’

easily show that all the trees in IL,, ; have the same general eccentric connectivity coindex. If

d is even, then V,, 4 is the only tree in IL,, 4.

Theorem 4.3. Let T be any tree of order n and diameter d, for 3 < d < n—2. Then for
a>1, we have

ECCI,(T) > ECCI,(Vy4),
the equality holds if and only if T is in IL,, 4.

Proof. Let T' be a tree having the smallest general eccentric connectivity coindex among
trees with n vertices and diameter d, we will prove by contradiction that T is the tree V}, 4.

Consider a tree Tn” 4 With order n and diameter d and assume that for certain values of n
and d, the condition ECCI4(T, ;) < ECCly(Vyq) holds , where T, ;isnot V,, 4. Let T, , be a
tree with the smallest possible order n* such that ECCI4(T,. ;) < ECCly(Vy a)-
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Let uguy ...uy be a diametral path in Tr:*’ ;- Then T, d contain a pendant vertex, say v
such that v ¢ {ug, uq}. We refer to the vertex connected to vin 7, ; as z.

Let V(T,. | ) = V(T o)\{v} and E(T,. , ;) = E(T,. y)\{vz}. Then T, , , is a tree
order n* — 1 and diameter d. Let dTn/*.d (z)=p.,2<p<n*—d+1. We have drr, (z) =
p—1.dp, (v)=1and dTn'*,d (x) = d’l;nl*—l,d (x) for all x € V(. ;)\{v.z} we also know that
eccTr:*7d(v) > [4] + Lecers (z) = ecerr, (z) > [4] and ecerr (x)= ecerr, (x) forx €
V(T o)\ {v. 2}

Thus

ECCI,(T)- ) ECCI,(T)._ 1d) >eccq (v)(n"—1—dp,_ (v))+eccr (2)(n"—1—dp, (2))

n*.d n*.d n*.d n*.d
—eccr (2)((n —1)—1—dT/

n*—1,d l,d(z))

> ([4]+1) -2+ [5] w-1-p- 4] (@ -n-1-p+1
) o

a
+1 [—-‘ (n"—1—p—n"+1+p)

) (" —2).

Since 7. , is a tree with the smallest possible order n* such that ECCI,(T,,. ;) < ECCly (V> a)
, we obtain ECCI,(T!. | ;) > ECCI,(V,+_ 4) which implies that

WV
N
ST wm{ S

v
A/~

ECCI(T,y g) — ECCL (T« 4) < ECCly(Vr a) — ECCLy(Vir—1.4)-

Let’s calculate the value of, ECCI,(V,+ 4) — ECCI,(Vyy—1 4)-

ECCI,(Vyr g) — ECClL (Vi1 4) = E-‘a(n*—l—(n*—d—i—l))—F—Z—‘a((n*—l)—l—(n“rd))

(e
R RN
- (g

Since ECCI,(T,). ;) — ECCIy(T;. _, ;) < ECCly(Vye q) — ECCIy (Vs _1 4), we have ([$] +1)" (n* —
2) < ( (%W + l)a (n* —2), which is contradiction. Hence the proof is done. Thus the extremal
tree is in IL,, 4.

]
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4.3 'Trees of given order and number of pendant vertices

In section, we examine the limits on the general eccentric connectivity index for trees with n
vertices and p pendant vertices. Obviously,2 < p <n—1.

Let K, , be set of trees of order n and p pendant vertices obtaining from the path
uouiuy . ..u,—pi1 by attaching all the other p —2 pendant vertices at u,_, or u;. We can
easily show that all the trees in K, , have the same general eccentric connectivity coindex.

Let X, , be atree in K, .

Theorem 4.4. Let T be any tree having order n > 4 and p pendant vertices. Then for a > 1,
ECCI,(T) < ECCL,(Xnp),

the equality holds if and only if T is in K, p,.

Proof. We are aware that P, is the only tree with 2 pendant vertices, and S, is the only tree
with n — 1 pendant vertices. Consequently, 3 < p < n—2 can be assumed.
Let T be a tree with the largest ECCI, among trees with a given order n and p pendant
vertices we want to show that 7" is X, ,,. Let P = ugu, ... uy be a diametral path in 7. Assume
that T is not the graph X,, ,,, then there exist a vertex w € {ua,u3,...,u,—p—1} of T such that
d(w) > 3. Let {wy,wa,...,wi} be the set of vertices not on P which are adjacent to w.
LetV(T)=V(T)and E(T") = {ug_1w1, ug_1wa,...,ug_1wi} UE(T)\{wwi,wwo, ..., ww}.
The number of pendant vertices is the same in both T and 7’. We have dy(uy_1) =1 > 2,
dr(w)=r=k+2, for k > 1. Then dy/(ug—1) =t+k , dp/(w) =2 and dp/(y) = dr(y)
forally € V(T)\{ug_1,w} ., dr(w;) =dp(wi) =1, (i=1,2,...,k), eccr(w;) > eccr(w;),

eccri(w) = ecer(w) < eccpr(ug—1) = ecer(ug_1). It is obvious that eccy/(y) > eccr(y) for
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ally e V(T)\{ug—1,w}. Thus

k k
ECCI,(T") — ECCI,(T) = ;ecc‘}, (wi)(n—1—dp(w;)) — ;ecc‘}(wi)(n —1—dr(wi))

+eccl (w)(n— 1 —dps(w)) — ecc(w) (n— 1 — dr(w)
+ecchi(ug—1)(n—1—dp(ug—1)) — eccq(ug—1)(n—1—dr(ug—1))

= k(n—2) (eccu (wi) — ecch (wi)) +eccu (w) (n—1-2)
—eccr(w)(n—1—(k+2))+ecch(ug—1)(n—1—(t+k))
—ecct(ug—1)(n—1—1)

=k(n—2)(ecch (wi) —ecct(wi)) +eccr(w)(n—3 —n+3+k)
+ecci(ug—1)(n—1—t—k—n+1+1)

> k(eccq:(wi) —eccq(wi)) — k(ecei(ug—1) — eccr(w))

= k((ecerr(ug—1) +1)* = (ecer(w) + 1) —k(ecci(ug—1) — eccr(w))
= kl(eccr(ug—1) +1)* — (eccr (w) + 1)* — ecct (ug—1) + ecc(w)].

= k[(eccr(ug—1) + 1) —eccq(ug—1) + eccp(w) — (ecer (w) + 1)4].

Since ecc§ (ug—1) > ecc§(w) by Lemma 4.1, we have (eccr(ug—1)+ 1)* — ecc§(ug—1) +
ecc§(w) — (ecer(w) +1)* > 0. This implies that, ECCI,(T") > ECCl,(T), which is a con-
tradiction. Therefore, the graphs in K,, , are trees with the largest general ECCI among trees

of a given order n and p pendant vertices. 0

Let R, , be the set of trees of order n and p pendant vertices obtaining from the path

uouiuy ... u,—pi1 by attaching all the other p — 2 pendant vertices at U nptt | OF Upnopily. If
2 2

n—p+1is even, then R, , has only one element. We can easily show that all the trees in

R, have the same general eccentric connectivity coindex. Let ¥, ,, be a tree in Ry, .

Theorem 4.5. Let T be any tree having order n > 4 and p pendant vertices. Then for a > 1,
we have

ECCI,(T) > ECCI,(Yy ),
equality holds if and only if T is in R, p,.

Proof. P, is the only tree having 2 pendant vertices, while S, is the only tree having n — 1
pendant vertices. Thus, 3 < p < n—2 can be assumed.
Let T be a tree with the smallest ECCI, among trees with a given order n and p pendant

vertices we want to show that T is ¥, ,. Let P = ugu; ...uy be diametral path in 7. Assume
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that 7 is not the graph Y, ,, then there exist a vertex z € {uy,up,...,ug_1} — {ML%J’M[%W}
such that d(z) > 3. Let {z;,22,...,2} be the set of neighbors of z that are not on P.

Let V(T') =V(T) and E(T') = {Zlu(%] 22U[d] - .,zku[%w}UE(T)\{zzl,zzZ, Ce 322k}
It is evident that 7 and T’ have the same number of vertices and the same number of pendant

vertices. Let dT(u(%w) =s>2and dr(z) =k+2 > 3. Then dT/(u[%w) =s+k, dr(z) =2
and dr(x) = dp/(x) for x € V(T)\{u[% ,2}. eccri(zi) < ecer(zi) , eccri(z) = ecer(z) >
eccT/(u(%w ) = eccr (u[%w ). It is obvious that eccy/(x) < eccr(x) for all x € V(T)\{u(%w 2}
Thus

k k

ECCI,(T") — ECCI,(T) = ;ecc‘}/ (zi))(n—1—dp(z)) — ;ecc‘%(zi)(n —1—dr(z))

+eccqi(2)(n—1—dp/(z)) —eccy(z)(n—1—dr(z))
+ecc(upg))(n—1—dr(upgq)) —ecc(urgy) (n—1=dr(urg)))

= k(n—1—dr(21))(ecc (z;) — ecct(z1)) +ecc (2) (n — 3) — ecch(2) (n — 1 — (k +2)
+ecch(urg)(n—1—(s4k)) = ecci(upg)) (n—1-s)

< k(n—2)(ecc (z) — ecct (1)) +k(n —2) (ecch(2) — ece (7))

= k(n—2)[ecc, (i) — ecct(zi) +ecch (2) —eccfulupg )

= k(n—2)[(ecep(upgy)) +1)" = (ecer(z) +1)" +eccf(z) — ecch (ura)]

=k(n—2) [(eccT(u[%ﬂ )+ 1) —ecct(u r4] )+ ecct(z) — (ecer(z) + 1)4].

Since eccr(z) > eccT(u(%ﬂ), by Lemma 4.1 we have (eccT(u[%w +1)4— ecc‘}(u[%w) +
ecc§(z) — (ecc§(z) +1)* < 0. This implies that, ECCI,(T") < ECCI,(T), which is a contra-
diction. Therefore, the graphs in R,, ,, are trees with the smallest general ECCI among trees

of a given order n and p pendant vertices. ]
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we introduced the general eccentric connectivity coindex, ECCI, of connected
graphs. We studied the general eccentric connectivity coindex of tree graphs of given graph
parameters. We obtained a lower bound of the general eccentric connectivity coindex of
trees of a given order. We obtained also upper and lower bounds of the general eccentric
connectivity coindex of trees of a given order and diameter, order and number of pendant

vertices for a > 1. We determined the extremal graphs which attained the extremal values.
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5.2 Future Work

We present many difficult unresolved problems concerning the general eccentric connectivity

coindex for general graphs and trees.

1. Find upper bound on ECCI,(T) for trees T of given order, where a > 1.
2. Find lower and upper bounds on ECCI,(T) for trees T of given order, where a < 1.

3. Find lower and upper bounds on ECCI,(T) for trees T of given order and diameter,

where a < 1.

4. Find lower and upper bounds on ECCI,(G) for general connected graphs G of given

order and other parameters like diameter, number of pendant vertices for a € R.
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