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Abstract
In this dissertation, the boundary value problems (BVPs) for the second order
elliptic partial differential equation with variable coefficient in two-dimensional
bounded domain is considered. Using an appropriate parametrix (Levi func-
tion) and applying the two-operator approach (where the one operator ap-
proach fails ), the problems are reduced to some systems of boundary-domain
integral equations (BDIEs). The two-operator BDIEs in 2D need a special con-
sideration due to their different equivalence properties as compared to higher
dimensional case due to the logarithmic term in the parametrix for the asso-
ciated partial differential equation. Consequently, we need to set conditions
on the domain or function spaces to insure the invertibility of the correspond-
ing layer potentials, and hence the unique solvability of BDIEs. Equivalence of
the two-operator BDIE systems to the original BVPs, BDIEs solvability, unique-
ness/non uniqueness of the solution, as well as Fredholm property and invert-
ibility of the BDIEs are analysed. Moreover, the two-operator boundary domain
integral operators for the Neumann BVP are not invertible, and appropriate
finite-dimensional perturbations are constructed leading to invertibility of the
perturbed operators.
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Chapter 1
Introduction and Background

Any phenomena in physical science and engineering can be modeled using
mathematics. In some situations, this modeling leads to linear or non-linear
differential, or integral equation or even integro-differential equations. These
equations play a considerable role in understanding problems related to first
Fluid mechanics that enables us to understand how a circulatory system works,
how rockets and planes fly and even to some extent how the weather behaves.
Secondly, heat and mass transfer used to understand how drug delivery devices
work, how kidney dialysis works, and the process of controlling heat for tem-
perature sensetive things. The other point related with elctromagnetism that is
used for all electricity out there and everything that involves light at all form
X-rays to pulse Oximetry and laser pointers.

Particularly, Partial Differential Equations (PDEs) with variable coefficients
often arise in mathematical modeling of inhomogeneous media in solid me-
chanics, electro-magnetics, thermo conductivity, fluid flow through porous me-
dia, and other areas of physics and engineering. Through centuries, different
methods of solving such problems have been developed. In any method, it is
crucial to investigate the existence and uniqueness of solution, and the well-
posedness of the problem or whether the solution depends continuously on
the given data. In most engineering and science problems, it is impossible to
find the analytical solution for a BVP. In a narrow scope, one can find the an-
alytical solution for a given boundary value problem (BVP). In this case, one
has to implement a suitable numerical method to obtain the approximate solu-
tion. Basically, there are different kinds of transformations that are efficient in
analyzing and obtaining solution. One of a classical method to investigate the
existence of solution of various BVPs comprises of reducing the solution of this
problem to an integral equation or systems of integral equations. This method
of solving a BVP by transforming to an integral equation or systems of integral
equations is known as Boundary Integral Equation (BIE) method. Furthermore,

1



2 1 Introduction and Background

the importance of integral equation methods in the solution, both theoretical
and practical, of certain types of BVPs is universally recognized. The essential
feature and the main advantage of such methods is that these methods often
allow the problem to be reduced from one involving the whole of the domain
of interest to one involving only its boundary so that the dimension of the prob-
lem is reduced by one.

The central idea of eliminating the field equations in the domain is to re-
duce BVPs to equivalent equations only on the boundary which requires the
knowledge of corresponding fundamental solutions. This idea has a long his-
tory dating back to the work of Green and Gauss. Recently, the theory and the
application of BIE is well studied, ( see e.g., [Con00], [Ste07], [Cos88]). The main
ingridient necessary for the reduction of the BVP to a BIE is a fundamental so-
lution to the original PDE. Employing the fundamental solution in the corre-
sponding Green formula one can reduce the problem to a BIE. This method, i.e.,
boundary integral equation method, is among the most powerful and elegant
techniques developed by analysts for solving elliptic BVPs. Applied to a wide
variety of situations in physical science and engineering, these procedures have
great advantages in delivering the solution in closed form which is very helpful
for numerical computation. The well known numerical methods for the approx-
imation of BIE is the Boundary Element Method (BEM). This method requires
discritizing only the boundary of the domain that enables one to consider un-
bounded or exterior problems.

Currently, the resulting of BIEs still serve as a major tool for the analysis and
construction of solutions to BVPs. Eventhough the BIE method has many ad-
vantages in finding the solution of linear PDE, it also has limitations. The re-
duction of the BVP with an arbitrary variable coefficient to BIE is not usually
possible since the fundamental solution necessary for such reduction is gen-
erally not available in analytical form except for some special dependence of
the coefficients on coordinates. However, using a parametrix (Levi function)
as a substitute of the fundamental solution in the Green’s formula is possi-
ble to reduce such a BVP to Boundary-Domain Integral Equation (BDIE) or
Boundary Domain Integro- Differential Equation (BDIDE), see e.g., [Mik02],
[CMN09a],[DM15] and the references therein for the corresponding two and
three-dimensional BVPs.

Recently, the theory of BDIE system in three-dimensions is well studied.
For instance, in [Mik02],[Mik05b] localized parametrixes were implemented
to reduce a BVP with variable coefficient to a localized BDIE or BDIDE. In
[Mik06] analysis of united boundary-domain integral and integro-differential
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equations for a mixed BVPs are analyzed. In [CMN09a], the parametrix-based
direct boundary-domain integral equations for mixed BVPs with variable coeffi-
cients and many more have been investigated. Besides, one-operator approach
does not work when the fundamental solution of the frozen-coefficient PDE
is not known explicitly (as e.g., in the Lamé system of anisotropic elasticity).
To overcome this difficulty, one can apply the two-operator approach which
is formulated in [AM10], [AM11] and also in [Mik05b] two-operator direct
integro-differential formulated for a certain non-linear problem that employs
a parametrix of another (second) PDE, not related with the PDE in question to
reduce the BVP to a BDIE system. Since the second PDE is rather arbitrary, one
can always chose it in such a way that its parametrix is known explicitly. The
simplest choice for the second PDE is the one with an explicit fundamental so-
lution.

Furthermore, in the works of [DM15], [ADM17] BDIEs for variable cofficient
BVP in two dimensional domain is researched. In these works, the equivalence
of the BDIEs to the respective original BVP has been proved and the invertibility
of the corresponding operators has been shown in appropriate Sobolev spaces.

In connection with the above research findings, one may ask like the prob-
lem raised in [AM10], [AM11] which are studied for three dimensional case
where the one operator approach fails to solve and the two-operator approach
is efficient in handling them. As the authors in [DM15] breifly indicated and in
[Con00, preface] remarked, the importance of studying the construction of the
BIE for 2D is independent of the higher dimensions. In the two dimensional
case, the fundamental solution for the formulation of BIE or the parametrix
(Levi function) in the formulation of the BDIEs contains Logarithmic function.
As a result of this, the corresponding potentials have singularities in the do-
main as well as in the far field. Therefore, the two dimensional specially for
the cases where the fundamental solution of the frozen-coefficient PDE is not
known explicitly and where the one operator approach fails to work, the prob-
lem should be considered independently. Generally, real materials are never
perfectly isotropic. There are many materials which can be well modelled using
the linear elastic model, that may not be nearly isotropic like wood, compos-
ite materials and many biological and other physical materials. The mechanical
properties of these materials differ in different directions. Materials with this
direction dependence are called Anisotropic. Due to this facts, non-linear PDEs
arise naturally in mathematical modeling of non-linear physical processes, e.g.,
non-linear heat transfer in material with the thermo-conductivity coefficient de-
pending on the point temperature and coordinate, materials with damaged in-
duced inhomogeneneity, elasto-plastic matarials, non-linear equation of station-
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ary potential compressible flow, non-linear flow through porous media, non-
linear electromagnetics and other areas of physics and engineering.

Among variety of the above physical problems that can be solved using the
method of integral equation, the elasticity problem is typical. By using reason-
able assumptions, we can bring down the complexity in the problem in 2D.
From the 2D theory of elasticity, the field variables, here is φ = φ(x,y, t). Usually,
the mathematical model of elasticity can be divided into two parts. One is the
basic equations for linear anisotropic elasticity that are the strain-displacement
equation, the stress-strain equation and the equation of equilibrium, which can
be expressed in a fixed rectangular system xi, i = 1,2. The other is the bound-
ary condition which can be distinguished into traction-boundary (Neumann
boundary), displacement-boundary (Dirichlet boundary) and mixed-boondary
value problems. Once a problem is formulated based upon the basic equation,
its solvability is usually dependent on the boundary condition. Where the field
equations can be catagorized as:

i. The strain-displacement equation

εi j =
1
2

(
∂ui

∂x j
+

∂u j

∂xi

)
=

1
2
(
ui, j +u j,i

)
(1.1)

ii. Compatibility equations

εi j,kl + εkl,i j− εik, jl− ε jl,ik = 0 (1.2)

The constitutive law is εi j =
1+ν

E σi j− ν

E σi jδi j we derive an equivalent ex-
pression for the compatibility equation (1.2) by eliminating the two dis-
placement in the three strain-displacement relation to obtain

∂ 2εxx

∂y2 +
∂ 2εyy

∂x2 =
∂ 2γxy

∂x∂y

by using the constitutive law, i.e.,

εxx =
σxx

E
− ν

E
(σyy +σzz) εyy =

σyy

E
− ν

E
(σxx +σzz) εzz = 0 =

σzz

E
− ν

E
(σxx +σyy)

Thus, σzz = ν(σxx +σyy) which implies

γxy =
2(1+ν)

E
τxy

where E > 0 is the Young Modulus and ν ∈ (0, 1
2) describes the Poisson

ratio.
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iii. Equilibrium equations
σi j, j +Bi = 0 (1.3)

From the constitutive law

σi j = λεkkδi j +2µεi j

differentiating it with respect to x j

σi j, j = λεkk, jδi j +2µεi j, j

putting this in equation (1.3)

σi j, j +Bi = λεkk, jδi j +2µεi j, j +Bi = 0 (1.4)

express all strain components in (1.4) in terms of displacements and write
the equivalent form of (1.3) as

(λ +µ)u j, j j +µui, j j +Bi = 0

where λ ,µ are Lamé’s coefficients (or λ -volume viscosity and µ-shear vis-
cosity coefficients).

where ui,σi j and εi j are respectively the displacement, stress and strain; the re-
peated indices imply summation, a comma stands for differentiation. In 3D do-
main, there are 15 equations , i.e., three equilibrium (1.3), six strain displacement
(1.1) and six constitutive laws (1.2), where there are 3 displacement, 6 strain
components and 6 stress components are unknown, where as in 2D elasticity
problem there are 8 equations and 8 unknowns. Here, mathematically there are
two convinient ways to reformulate the elasticity problems; the displacement
based or the stress based formulation. In the displacement based formulation,
we express the field equation in terms of displacement, ui which is the Navier
equation. In this formulation the primary variable is displacement and the so-
lution is obtained for displacement; stress and strain are secondary / derived
variables, thus we can solve for strain by derivation of displacement and for
stress by using the constitutive law. In the stress based formulation, we express
the field equation in terms of stress, σi j. In this formulation the primary variable
is stress and the solution is obtained for stress; strain and displacement are sec-
ondary / derived variables, thus we can solve for strain using the compatibility
equation and the governing eqution is expressed in displacement. We can cast
the BVP as

τ

ui,εi j,σi j︸ ︷︷ ︸
unknowns

, λ ,µ︸︷︷︸
Lame′s constants

, Bi︸︷︷︸
Body load

= 0
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According to [Sol13], the stress tensor

σ =

(
σ1 σ3
σ3 σ2

)
of plane elasticity medium is connected with a displacement vector u =

(u1,u2)
t by Hooke’s law(

σ1
σ3

)
= a11

∂u
∂x

+a12
∂u
∂y

(
σ3
σ2

)
= a21

∂u
∂x

+a22
∂u
∂y

(1.5)

The coefficient ai j ∈ R2×2 are defined by

a11 =

(
α1 α6
α6 α3

)
a12 =

(
α6 α4
α3 α5

)
a21 =

(
α6 α3
α4 α5

)
a22 =

(
α3 α5
α5 α2

)
where modulus elasticity α j from positively defined matrix

α =

α1 α4 α6
α4 α2 α5
α6 α5 α3


by Silvester criterium we have

α j > 0, j = 1,2,3 α1α2 > α
2
4

α1α2α3 +2α4α5α6 > α1α
2
5 +α2α

2
6 +α3α

2
4

The elastic medium is orthotropic if α5 =α6 = 0 and isotropic if α5 =α6 = 0,α1 =
α2 = 2α3 +α4.
The stress tensor satisfies the equilibrium equation

∂

∂x

(
σ1
σ3

)
+

∂

∂y

(
σ3
σ2

)
= 0

together with (1.5) it yields the Lamé system

a11
∂ 2u
∂x2 +(a12 +a21)

∂ 2u
∂y2 +a22

∂ 2u
∂y2 = 0

for the displacement vector u = (u1,u2)
t

Assume that B is anisotropic elastic body and the reference configuration
of B is Ω , a bounded open connected set in R2. Let C(x) =

(
Ci jkl(x)

)
be the
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elastic tensor where i, j,k, l = 1,2. However, for simplicity of the expression we
assumed that the elastic tensor C satisfies the full symmetric properties.

Ci jkl =C jilk =Ckli j, ∀i, j,k, l

The displacement equation of the equilibrium where B is body force is given
by

LCu = ∇ · (C(x)∇u)+B = 0 in Ω

i.e.,

LCu =
2

∑
i=1

∂

∂xi

(
C

∂u
∂xi

)
+B = 0 in Ω (1.6)

where (∇u)kl = ∂luk and (∇ ·G)i = ∑
2
j=1 ∂ jgi j for any matrix function G = (gi j).

Also we have used the convention notation

(CH)i j = ∑
kl

Ci jklhi j

where H = (hi j) is a 2×2 matrix. Here u = (u1,u2)
t is the displacement vector.

Here is an outline of the content.

In Chapter 2, some concepts that are intended to make the reader familiar
with some terminologies and analytical tools to implement the integral equa-
tion method in variational setting are focused. In this chapter, definitions of
important notions, examples, Theorems, Lemmas and Corollaries (some with
their proofs) are incorporated. To mention few, the distribution theory, infinitely
differentiable functions with compact support C∞

0 = D , the space of linear con-
tinous functionals on D , D ′, the space of rapidly decreasing functions S , and
the space of linear continous functionals on S , S ′, Fourier transform and con-
volution. Moreover, the Sobolev space W s

p(Ω) based on Lp(Ω) for 1 ≤ p ≤ ∞ is
defined, but soon focus almost exclusively on the case p = 2. The space Hs(R2),
which concides with W s

2 (R2) = W s(R2), is then defined via the Fourier trans-
form in the usual way, and after that the spaces Hs(Ω) and H̃s(Ω) for a general
open set Ω ⊂ R2 are introduced. In addition, the construction of fundamental
solution and parametrix (Levi function) for the considered differential equation
is presented. Furthermore, the theory of compact operators, Fredholm operator
and perturbation theory for Fredholm operator are also discussed.

In chapter 3, the PDE of the form (1.6) in bounded 2D domain where the right
hand side is from L2(Ω) is considered. The second section, 3.2, is given for the
Dirichlet BVP, where the displacement boundary is prescribed, i.e., γ+u = ϕ0 on
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∂Ω . On the third section, 3.3, the Neumann BVP where the traction boundary
is known, i.e., T+

a u = ψ0 on ∂Ω is investigated. Finally, on the fourth section,
3.4, the mixed (Dirichlet-Neumann) BVP where the displacement boundary is
given on one part and the traction boundary is on the other; that is γ+u = ϕ0 on
∂DΩ and T+

a u = ψ0 on ∂NΩ is presented. Each BVP is transformed to different
systems of two-operator BDIEs in appropraite Sobolev space and analyzed.

The single layer potential operator mapping from H−
1
2 (∂Ω) to H

1
2 (∂Ω) is in-

vertible in three dimensional [CMN09a]; whereas in the two dimensional case,
the homogenuous integral equation has non trivial solution which imply it is
not invertible. But it is Fredholm operator of index zero [McL00]. Hence, to ob-
tain invertibility, we have considered a subspace of H−

1
2 (∂Ω) whose element

g satisfies 〈g,1〉∂Ω = 0. Alternatively, using the Logarithmic capacity idea, we
have restricted the diameter of the domain to be less than r0, where r0 > 0.

The Hypersingular operator, i.e.,the co-normal derivative of the double layer
operator, whose kernel consists a non-zero function for which we have con-
sidered appropriate space to obtain its invetibility. Moreover, for the Neumann
BVP, the BDIE systems are neither uniquely nor unconditionally solvable. In
similar fashion with [Mik17] and [ADM17], in which the right hand side func-
tion is from H̃−1(Ω), the range of these operators are described or the bases
of the co-kernel of the operators are given, and following [Mik99] appropriate
finite-dimensional perturbation are constructed leading to invertability of the
operators.



Chapter 2
Preliminaries

In the following chapter we cover the basic definition and properties of some
concepts of which we use in the dissertation following references, e.g.,[Vlad79],
[AF03], [McL00], [Mir70], [Tri08]. Our work is in two dimensional space, thus
we focus on the theories in R2.

Let Ω+ be a bounded open two-dimensional region of R2 and Ω− = R2\Ω+.
For simplicity, we assume that the boundary ∂Ω = ∂Ω+ is a closed, infinitely
smooth curve. Moreover, ∂Ω = ∂DΩ ∪∂NΩ where ∂DΩ and ∂NΩ are open, non-
empty, non-interesting curve of ∂Ω . Let also ∂ j = ∂x j := ∂

∂x j
for j = 1,2. A vector

of the form α = (α1,α2), where each component αi is a non-negative integer, is
called a multi-index of order

|α|= α1 +α2

Given a multi-index α , we define

∂
αu=Dαu(x)=

∂ |α|u(x)
∂xα1

1 ∂xα2
2

= ∂
α1
x1

∂
α2
x2

u(x), xα = xα1
1 xα2

2 where Dα =
∂ |α|

∂xα1
1 ∂xα2

2

2.1 The space of test functions D(Ω)

For an open bounded domain Ω ⊂ R2 and k ∈ N0 we denote the space Ck(Ω),
the space of k− times continuously differentiable functions equipped with the
norm

‖ f‖Ck(Ω) = ∑
|α|≤k

sup
x∈Ω

|∂ α f (x)|

C∞(Ω) is the collection of all functions infinitely differentiable in Ω . That is: for
any integer k ≥ 0, we let

9
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Ck(Ω) = {u : ∂
αu exists and is continuous on Ω for all |α| ≤ k},

and we put C∞(Ω) =
⋂
k≥0

Ck(Ω)

which is the collection of all functions infinitely differentiable in Ω .

The support of a function u continuous in Ω , denoted by supp u, is the closure
of the set where u does not vanish; {x ∈Ω : u(x) 6= 0}.

C∞
0 (Ω) the space of infinite times continuously differentiable functions with

compact support.
C∞

0 (Ω) = {u ∈C∞(Ω) : supp u⊂Ω}

Definition 2.1. The set of test functions D(Ω) is the collection of all infinitely
differentiable functions in Ω with compact support. The set D(Ω) is also de-
noted by C∞

0 (Ω)

D(Ω) = {ϕ ∈C∞(Ω) : supp(ϕ)is compact in Ω .}

Example 2.1. For x ∈ R2, let

ϕ(x) =

{
e
−1

1−|x|2 |x| ≤ 1
0 |x|> 1

We claim that, for any multi-indix α,ϕα(x) = Pα (x)ϕ(x)
(1−|x|2)|α| for some polynomial Pα .

For |x| < 1, we can differentiate and determine inductively in α , that ϕα(x) =
Pα(x)e−tt |α| for some polynomial Pα , where t = 1

(1−|x|2)|α| . Further, ϕα(x) = 0 for
|x| > 1. Thus, the formula above for ϕα is verfied in the case |x| 6= 1. Since the

exponential increases faster than any finite power, Pα (x)ϕ(x)
(1−|x|2)k = Pα (x)t |α|+k

et → 0 as
|x| → 1 (i.e., as t → ∞). Apply (inductively) this facts with k = 0 shows ϕα is
continuous at |x| = 1, and using k = 1 shows it is also differentiable there, and
has derivative zero. Thus, the claimed formula holds for all x. Moreover, we
also see from the argument that ϕα is bounded and continuous for all α . Thus,
ϕ ∈ D(Ω) for any open set Ω containing the closed unit disc. Consequently ϕ

is infinitely differentiable and one can finds that its nth derivative has the form
ϕ(n)(x) = pn

(
x, 1

1−x2

)
ϕ(x) for some polynomial pn(s, t) and therefore ϕ ∈C∞

0 (R2)

with compact support. The support of ϕ is a closed unit disc, i.e.,
supp ϕ = {(x,y) : x2 + y2 ≤ 1} and it is infinitely differentiable.
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Fig. 2.1: The graph of the test function ϕ(x).

Remark 2.1.1 i. If ϕ1(x) and ϕ2(x) are test functions on Ω , so is C1ϕ1(x)+C2ϕ2(x)
for any C1,C2 ∈ R. Hence, the space D(Ω) is a real linear space.

ii. If a ∈C∞(Ω) and ϕ ∈D(Ω), then aϕ ∈D(Ω)

Convergence in D(Ω): A sequence {ϕn}∞

n=1 in D(Ω) is said to be convergent in
D(Ω) to ϕ in D(Ω), if there is a compact subset G of Ω with supp (ϕn)⊂G, n∈
N and ∂ αϕn → ∂ αϕ uniformly on G, ∀α ∈ N2

0 i.e., uniform convergence for all
derivatives, ‖ϕn−ϕ‖Cm(Ω)→ 0 if n→ ∞, ∀m ∈ N0.

Lipchitz continuous functions and Lipschitz
domain

For k ∈N0;κ ∈ (0,1] we define the space Ck,κ(Ω) of Hölder continuous functions
equipped with the norm

‖u‖Ck,κ (Ω) = ‖u‖Ck(Ω)+ ∑
|α|=k

sup
x,y∈Ω

|Dαu(x)−Dαu(y)|
|x− y|κ

In particular, for k = 0,and κ = 1 we obtain the space C0,1(Ω) of Lipchitz con-
tinuous functions.

We assume that the boundary ∂Ω can be represented by a certain decompo-
sition

∂Ω =
p⋃

i=1

Si (2.1)

where each boundary segment Si is described via a local parametrization,

Si =
{

x ∈ R2 : x = χi(ξ ) for ξ ∈Ti ⊂ R
}

(2.2)
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with respect to some parameter.

A domain Ω is said to be a Lipschitz domain, when all functions χi in (2.2)
are Lipschitz continuous for any arbitrary decomposition (2.1).

2.2 The space of distributions D
′
(Ω)

Definition 2.2. Let Ω be a domain in R2 and D(Ω) be the space of test functions.
The set of distributions(or generalized functions) is a collection of all complex-
valued linear continuous functionals u over D(Ω).

A distribution specified on an open set Ω is any continuous linear functional
on the space of test functions D(Ω). We can interpret the definition of the dis-
tribution f as follows:

1. A distribution f is a functional over D(Ω), that is, with each ϕ ∈ D(Ω)
there is associated (complex-valued) number

〈 f ,ϕ〉= f (ϕ)

2. A distribution f is a linear functional over D(Ω), that is, if ψ,ϕ ∈D(Ω) and
λ ,µ are complex numbers, then

〈 f ,λϕ +µψ〉= λ 〈 f ,ϕ〉+µ 〈 f ,ψ〉

3. A distribution f is a continuous functional over D(Ω), that is, if ϕk→ ϕ as
k→ ∞ in D(Ω), then

〈 f ,ϕk〉 → 〈 f ,ϕ〉 , k→ ∞

We denote by D
′
(Ω) the set of all distribution specified in Ω .

Convergence in D
′
(Ω): A sequence of distributions {un} is said to be con-

vergent to u in D
′
(Ω), written as un → u in D

′
(Ω), if 〈un,ϕ〉 → 〈u,ϕ〉 in C as

n→ ∞, ∀ϕ ∈D(Ω).

Distributions, which are definable in terms of functions locally integrable are
said to be regular distributions. The remaining generalized functions are called
singular distributions.

For example, the Dirac delta distribution δ , which is defined by 〈δ ,ϕ〉 =
ϕ(0), ∀ϕ ∈ D(Ω) is singular distribution. The Dirac delta distribution cannot
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be evaluated at points, it makes sense to say that it vanishes except at origin.
Thus, supp(δ ) = {0}.
Remark 2.2.1 • Locally integrable functions are a subset of distributions, L1

loc(Ω)⊂
D ′(Ω) and hence D(Ω)⊂D ′(Ω) since every test function is integrable.

• For a distribution f , a multiplication by a∈C∞(Ω) is defined by 〈a f ,ϕ〉= 〈 f ,aϕ〉
for all ϕ ∈D(Ω).

• Multiplication of two arbitrary distributions is not possible. For instance,

0 = 0 ·P 1
x
= (xδ (x))P

1
x
= (δ (x)x)P

1
x
= δ (x)

(
xP

1
x

)
= δ (x)

Definition 2.3. We say that a distribution u ∈ D ′(Ω) vanishes on an open set
G ⊂ Ω if 〈u,ϕ〉 = 0 for all ϕ ∈ D(G). Two distributions are equal on G if their
difference vanishes on G. The complement of a largest open set on which u
vanishes in Ω is called the support of u.

Definition 2.4. Let u∈Ck(Ω), where k is a positive integer. Then for multi-index
α , |α| ≤ k and ϕ ∈D(Ω), we have the following integration by parts formula:

〈Dαu,ϕ〉=
∫

Dαu(x)ϕ(x)dx = (−1)|α|
∫

u(x)Dα
ϕ(x)dx = (−1)|α|〈u,Dα

ϕ〉

For example, let f ∈D ′(Ω). Then the derivative of f with respect to x j, j = 1,2 is
defined as:

〈 ∂ f
∂x j

,ϕ〉=−〈 f , ∂ϕ

∂x j
〉 for all D(Ω)

This motivates the definition of the derivative Dαu of the distribution u∈D
′
(Ω):

〈Dαu,ϕ〉= (−1)|α|〈u,Dα
ϕ〉 (2.3)

Since u∈D
′
(Ω) the functional Dαu, defined on the right hand side of equation

(2.3), is linear and continuous :

〈Dαu,ϕk〉= (−1)|α|〈u,Dα
ϕk〉 → (−1)|α|〈u,Dα

ϕ〉= 〈Dαu,ϕ〉

for, if ϕk → ϕ as k→ ∞ in D , then also ∂ αϕk → ∂ αϕ as k→ ∞ in D . Therefore,
Dαu ∈D

′
.

Example 2.2. If 0 ∈Ω and δ ∈D
′
(Ω) is the Dirac distribution, then Dαδ given by

〈Dα
δ ,ϕ〉= (−1)|α|〈δ ,Dα

ϕ〉= Dα
ϕ(0).

Furthermore, let T be a distribution. Let G be an open subset of R2 such that
〈T,φ〉 = 0 ∀φ ∈ D with Suppφ ⊂ G. Then we say that T vanishes on G. Let U
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be the union of such open sets G. Then U is again open, and T vanishes on U .
Thus U is the largest open set on which T vanishes. Therefore we can now give
the following definition.

Definition 2.5. The support of a distribution T on R2, denoted by SuppT , is the
complement of the largest open set in R2 on which T vanishes.

Clearly, SuppT is a closed subset of R2 .

2.3 The space S (R2) and S ′(R2)

One of the most effective means of solving problems in science and engineer-
ing is the transform method. Among variety of transform methods the Fourier
transform is well defined on the spaces S (R2),S ′(R2) and also, the result be-
longs to these spaces, which is not practical on the space of test functions D(Ω).
The investigation on the BDIEs in appropraite Sobolev spaces and one way of
defining the Sobolev space, Hs(Ω), is based on Fourier transform of distribu-
tions. Hence, first we define the following spaces.

Definition 2.6. The space of basic functions S (R2) is the collection of all func-
tions infinitely differentiable in R2 that decrease together with all their deriva-
tives, as |x| → ∞, faster than any power of |x|−1.

Or equivalently, the space S (R2) is defined by:

S (R2) =

{
ϕ ∈C∞(R2) : sup

x∈R2
|xα

∂
β

ϕ(x)|< ∞ for all multi-indices α & β .

}

We introduce the norm in S (R2) via the formula

‖ϕ‖p = sup
|α|≤p

(
1+ |x|2

) p
2 |Dα

ϕ(x)|, ϕ ∈S (R2), p = 0,1,2, · · ·

Clearly, ‖ϕ‖0 ≤ ‖ϕ‖1 ≤ ‖ϕ‖2 ≤ ·· ·
The space S (R2) is usually called the Schwartz space of all rapidly decreasing
infinitely differentiable functions. The space S (R2) is a larger class of func-
tions than the space D(R2), i.e., D(R2)⊂S (R2) (S (R2) does not coincides with
D(R2)). A typical example for this is, the function φ(x) = e−|x|

2
does not have

compact support so it is not in D(R2) but belongs S (R2).
Convergence in S (R2): A sequence of basic functions {φn} in S (R2) is said

to converge to zero in S (R2) if for all multi-indices α,β

xα
∂

β
φn(x)→ 0 uniformly for x ∈ R2.
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Fig. 2.2: The graph of the function φ(x) = e−|x|
2
.

Generally, a sequence functions {φn} in S (R2) is said to converge to φ in S (R2)
if φn−φ converges to 0 in S (R2). Since the basic functions from S are locally
summable in R2, the operation of Fourier Transform F (ϕ) and F−1(ϕ) are de-
fined in S (R2).

Definition 2.7. Let ϕ(x) ∈S (R2). Then the integral transformation

F [ϕ](ξ ) = Fx→ξ [ϕ(x)] :=
∫
R2

ϕ(x)e−i2πx·ξ dx, ξ ∈ R2

is called the Fourier transform of ϕ and

ϕ(x) = F−1
ξ→x[ϕ̂(ξ )] :=

∫
R2

ϕ̂(ξ )ei2πx·ξ dξ , ξ ∈ R2.

is the inverse Fourier transform of ϕ

The test function ϕ(x) decrease at infinity faster than any power of |x|−1.
Therefore, its Fourier transform may be differentiated under the integral sign
any number of times:

∂
αF [ϕ](ξ ) =

∫
R2
(−i2πx)α

ϕ(x)e−i2πξ ·xdx = F [(−i2πx)α
ϕ](ξ ) (2.4)

Hence it follows that F [ϕ] ∈C∞(R2).
Furthermore, every derivative ∂ αϕ(x) has the same property and so

F [∂ α
ϕ](ξ ) =

∫
R2

∂
α

ϕ(x)e−i2πξ ·xdx = (i2πξ )αF [ϕ](ξ ) (2.5)

From equations (2.4) and (2.5), we obtain

ξ
β DαF [ϕ](ξ ) = ξ

β F [(ix)α
ϕ](ξ ) = i|α|+|β |F [Dβ (xα

ϕ)](ξ ). (2.6)
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It follows from equation (2.6) that α and β the magnitudes ξ β DαF [ϕ](ξ ) are
uniformly bounded with respect to ξ ∈ R2

|ξ β DαF [ϕ](ξ )| ≤
∫
|Dβ (xα

ϕ)|dx.

This means that F [ϕ] ∈S . So the Fourier transform maps the space S into it-
self.

Note that if ϕ ∈S (R2), then Fϕ ∈S (R2),F−1Fϕ = ϕ and FF−1ϕ = ϕ.
where

F−1[ψ](x) =
∫
R2

ψ(ξ )ei2πξ ·xdξ

=
∫
R2

ψ(ξ )ei2πξ ·(−x)dξ = F [ψ](−x).

Let u ∈ S (R2). We define the transformation F : u→ û. Then F is called the
Fourier transformation. It is known that û ∈S (R2), if u ∈S (R2).
So, F : S (R2)→S (R2) is a linear operator.

Theorem 2.1. (Parseval’s formula). For any u,v ∈S (R2)∫
R2

û(x)v̂(x)dx =
∫
R2

u(x)v(x)dx

In particular, ‖û‖L2 = ‖u‖L2 (Plancheral’s formula).

Proof. We can show that
∫
R2 v(ξ )û(ξ )ei2πyξ dx =

∫
R2 v̂(x)u(y+ x)dx that is∫

R2
v(ξ )û(ξ )ei2πyξ dξ =

∫
R2

v(ξ )
(∫

R2
u(x)e−i2πξ ·xdx

)
ei2πξ ydξ

=
∫
R2

∫
R2

v(ξ )u(x)e−i2πξ (x−y)dxdξ

=
∫
R2

u(x)
∫
R2

v(ξ )e−i2πξ (x−y)dξ dx

=
∫
R2

u(x)v̂(x− y)dx =
∫
R2

v̂(x)u(x+ y)dx.

Setting y = 0, we get
∫
R2 v(ξ )û(ξ )dx =

∫
R2 v̂(x)u(x)dx. Replacing u by its inverse

Fourier transform F−1u and using the identity F−1u(ξ ) = û(−ξ ), we obtain∫
R2

v(x)u(x)dx =
∫
R2

v̂(x)û(−x)dx.

However, û(x) = û(−x), so putting h = u. We see that û(−x) = ĥ(−x) = ĥ(x)
hence,
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∫
R2

v(x)h(x)dx =
∫
R2

v̂(x)ĥ(x)dx

as required.

Definition 2.8. A distribution of slow growth, a tempered distribution, is any
continuous linear functional on the space S (R2) of basic functions; and is de-
noted by S

′
(R2).

Equivalently, we can define the space S
′
(R2) to be the collection of all complex-

valued linear functionals over S (R2).

Note that, if f ∈ S
′
(R2), then 〈 f ,ϕ〉 ∈ R or C for all ϕ ∈ S (R2). Since

D(R2)⊂S (R2), we can observe that f ∈D
′
(R2). Hence, S

′
(R2)⊂D

′
(R2)

The Fourier transformation is extended to the class S
′
(R2). Let u ∈S

′
(R2), a

functional F [u] ∈S
′
(R2) is called the Fourier image of u , if

〈F [u],ϕ〉= 〈u,F [ϕ]〉, ∀ϕ ∈S (R2).

Definition 2.9. Let u∈S
′
(R2). Then the Fourier transform F [u] and the inverse

Fourier transform F−1[u] are given by

〈F [u],ϕ〉= 〈u,F [ϕ]〉 and 〈F−1[u],ϕ〉= 〈u,F−1[ϕ]〉 ∀ϕ ∈S (R2)

Example 2.3.1 Let ϕ ∈S (R2). Then

〈F [δ ],ϕ〉= 〈δ ,F [ϕ]〉= F [ϕ](0)

But by the definition of the Fourier transform

F [ϕ](0) =
∫
R2

ϕ(x)dx = 〈1,ϕ〉

which implies Fδ = 1

Note that if f ∈S
′
(R2), then F f ∈S

′
(R2),F−1F f = f and FF−1 f = f .

Theorem 2.2. F and F−1 are continuous on S
′
(R2).

Proof. Suppose that fn→ f in S
′
(R2). Then 〈 fn,ϕ〉→ 〈 f ,ϕ〉 for every ϕ ∈S (R2).

Hence
〈 f̂n,ϕ〉= 〈 fn, ϕ̂〉 → 〈 f , ϕ̂〉= 〈 f̂ ,ϕ〉

so, f̂n→ f̂ in S
′
(R2).

A similar argument holds for the inverse Fourier transform.



18 2 Preliminary

Theorem 2.3. For any u ∈S
′
(R2) and multi-indices α,β ∈ Z2

(ix)α û = (D̂αu) and Dβ û = ( ̂(−ix)β u).

In general,

(ix)αDβ û =
(

̂Dα((−ix)β u)
)
.

Proof. Let ϕ ∈S (R2). Then

(ix)α û(ϕ) = û((ix)α
ϕ) = u

(
(̂ix)αϕ

)
= u((−D)α

ϕ̂)

= Dαu(ϕ̂) =
(

D̂αu
)
(ϕ).

Similarly,

Dβ û(ϕ) = û
(
(−D)β

ϕ

)
= u

(
̂(−D)β ϕ)

)
= u

(
−ix)β

ϕ̂

)
= (−ix)β u(ϕ̂)

=
(

̂(−ix)β u
)
(ϕ).

Let f (x) and g(x) be locally integrable functions in the space R2. The function
f (x)g(x) also will be locally integrable in R4. It defines the regular distribution,
acting on the test functions ϕ(x,y) ∈D , according to the formulae

〈 f (x)g(y),ϕ〉 =
∫

f (x)
∫

g(y)ϕ(x,y)dydx = 〈 f (x),〈g(y),ϕ(x,y)〉〉 ,

〈g(y) f (x),ϕ〉 =
∫

g(y)
∫

f (x)ϕ(x,y)dxdy = 〈g(y),〈 f (x),ϕ(x,y)〉〉 .

These equations expresses Fubini’s Theorem concerning the equality of a re-
peated and a multiple integral.

Definition 2.10. Let f ,g ∈D ′(R2). Then the direct product f (x)g(x) is the distri-
bution on R4 given by:

〈 f (x)g(y),ϕ(x,y)〉= 〈 f (x),〈g(x),ϕ(x,y)〉〉.

For instance, we can take as a direct product, δ (x,y) = δ (x)δ (y).

Definition 2.11. Let ϕ and ψ be functions in S (R2) , the convolution ϕ ∗ψ is
defined by

(ϕ ∗ψ)(x) =
∫
R2

ϕ(x− y)ψ(y)dy

Remark 2.3.1 For ϕ and ψ be functions in S (R2), then it is well known that,
F (ϕ ∗ψ) =FϕFψ . As the product of two distributions are not generally defined, the
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convolution of tempered distributions is impossible. However if one factor is in S (R2),
these problem will be solved. If f ∈S ′(R2) and ψ ∈S (R2), then f ∗ψ is defined by

〈 f ∗ψ,ϕ〉= 〈 f , ψ̃ ∗ϕ〉 where ψ̃(x) = ψ(−x)

In this case, F (ψ ∗ f ) = ψ̂ · f̂

Definition 2.12. Let f ,g ∈ D ′(R2). Then the convolution of f (x) and g(x) is de-
fined by:

〈( f ∗g),ϕ〉= 〈 f (x)g(y),ϕ(x+ y)〉

Note that this definition is meaningful under the conditions: either f or g has
compact support or in one dimension, the support of f and g are bounded from
the same side.

Remark 2.3.2 If the convolution f ∗g exists, then there is also a convolution g∗ f and
they are equal. i.e., the operator convolution is commutative. The assertion follows from
the commutativity of the direct product and the definition of convolution.

Let us consider some special properties of convolution. The convolution of
any distribution f with the δ function exists and is equal to f

f ∗δ = δ ∗ f = f . (2.7)

Indeed, for all ϕ ∈D(R2),

〈δ ∗ f ,ϕ〉 = 〈δ (x) f (y),ϕ(x+ y)〉= 〈 f (y),〈δ (x),ϕ(x+ y)〉〉
= 〈 f (y),ϕ(y)〉= 〈 f ,ϕ〉.

Hence, δ ∗ f = f .

Let us consider f ∗ψ , where ψ ∈D(R2). Then we have

〈 f ∗ψ,ϕ〉 = 〈 f (x)ψ(y),ϕ(x+ y)〉= 〈 f (x),
∫
R2

ψ(y)ϕ(x+ y)dy〉

= 〈 f (x),
∫
R2

ψ(y− x)ϕ(y)dy〉=
∫
R2
〈 f (x),ψ(y− x)ϕ(y)〉dy.

Therefore, f ∗ψ(y) = 〈 f (x),ψ(y− x)〉. This function is a C∞, and if f has com-
pact support, it is a test function.

If the convolution f ∗ g exist, then the convolution Dα f ∗ g and f ∗Dαg exists
and

Dα f ∗g = Dα( f ∗g) = f ∗Dαg. (2.8)

By the definition of distributional derivative
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〈Dα( f ∗g),ϕ〉 = (−1)|α|〈 f ∗g,Dα
ϕ〉

= (−1)|α|〈g(y),〈 f (x),Dα
ϕ(x+ y)〉〉

= 〈g(y),〈Dα f (x),ϕ(x+ y)〉〉= 〈Dα f ∗g,ϕ〉.

Thus, Dα f ∗ g = Dα( f ∗ g) and using commutativity, we also find f ∗Dαg =
Dα( f ∗g).

From this relation and using the existence of the convolution f ∗g, we obtain
the following sequence of equations.

Let ψ ∈D(R2) satisfies ψ ≥ 0 on R2,

ψ = 0 for |x|> 1, and
∫
R2

ψ(x)dx = 1, (2.9)

we define
ψε(x) = ε

−2
ψ(ε−1x) for x ∈ R2 and ε > 0.

For example, we may take for x ∈ R2, let

ψ(x) =

{
Ce

−1
1−|x|2 |x|< 1

0 |x| ≥ 1

where constant C is chosen so that condition (2.9) is satisfied.
For ε > 0, we put ψε(x) = ε−2ψ(ε−1x) for x ∈ R2, then ψε ∈D(R2), ψε(x)≥
0. And ψε(x) = 0 if |x| ≥ ε which implies

∫
R2 ψε(x)dx = 1.

This properties of ψε mean that (ψε ∗u) is a kind of local average of u around
x, and for this reason ψε ∗u≈ u when ε is small.

2.4 Fundamental solutions and Parametrix

In this section, using [Vlad79], we discuss the theory of distribution applied to
the solution of the Cauchy problem, particularly give the definition of a funda-
mental solution for a second order partial differential equation with constant co-
efficient in two dimension and describe important concepts related to it. In this
connection, the Cauchy problem is considered in a generalized context which
allows one to include boundary conditions. The problem is solved by a stan-
dard method of summing the perturbations produced by each point of the dis-
tributed source so that its solution appears in the form of a convolution of the
fundamental solution together with the right-hand side. We also discuss how
to construct a kind of an approximation of fundamental solution, parametrix,
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using the method of “frozen" coefficient.

Fundamental solution

Consider the following linear differential operator L with constant coefficients
aα(x) = aα :

L(D) =
2

∑
|α|=0

aαDα (2.10)

A distribution E ∈D ′(R2) which satisfies the relation

L(D)E = δ (x) in R2 (2.11)

is called the fundamental solution ( or the function of influence ) of the differ-
ential operator L(D).

The fundamental solution E (x) of the operator L(D), generally speaking, is
not unique, it is defined accurately as far as the term E0(x), which is an arbitrary
solution of the homogeneous equation L(D)E0(x) = 0. In fact, the distribution
E (x)+E0(x) is also a fundamental solution of the operator L(D).

L(D)(E +E0) = L(D)E +L(D)E0 = δ (x)

Fundamental solution of a differential equation plays an important role in the
implementation of BIE method. In addition, it has significance in constructing a
solution of the equation:

Lu = f (2.12)

where f ∈ D ′(R2) and supp( f ) is compact. The following Theorem addresses
this essential idea.

Theorem 2.4. Let f ∈ D ′(R2) be such that the convolution E ∗ f exists in D ′(R2).
Then a solution of equation (2.12) exists in D ′(R2) and is given by the formula

u = E ∗ f .

This solution is unique in the class of distributions belonging to D ′(R2) for which a
convolution with E exists.

Proof. To show that the formula u = E ∗ f is a solution of (2.12), we insert it into
the equation and arrive at the identity. Here, we implement the properties of
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convolution stated in equations (2.8) and (2.7).

L(D)(E ∗ f ) =
2

∑
|α|=0

aαDα(E ∗ f ) =

(
2

∑
|α|=0

aαDαE

)
∗ f = L(D)E ∗ f = δ ∗ f = f .

Therefore, u = E ∗ f is a solution of the equation (2.12).
We shall prove the uniqueness of the solution of (2.12) in the class of distribution
belonging to D ′ for which a convolution with E exists in D ′.

For this it is suficient to establish that the corresponding homogeneouos equa-
tion

L(D)u = 0

has only a zero in this class. But this is in fact so, by virtue of

u = u∗δ = u∗L(D)E = L(D)u∗E = 0.

Hence, the solution is unique. Or equivalently, we can check the uniqueness
of the solution by letting u1 and u2 be two solutions of equation (2.12) in D ′,
i.e., L(D)u1 = f (x) and L(D)u2 = f (x). u1−u2 = (u1−u2)∗δ = (u1−u2)∗L(D)E =
L(D)(u1−u2)∗E = 0∗E = 0. Hence, u1 = u2.

The physical sense of the solution u = E ∗ f is described as follows. Let us rep-
resent a source f (x) in the form of a “sum" of the point sources f (ξ )δ (x−ξ ),

f (x) = δ ∗ f =
∫

f (ξ )δ (x−ξ )dξ .

Since, L(D)E = δ (x), each point source f (ξ )δ (x−ξ ) defines the influence f (ξ )E (x−
ξ ). Therefore, the solution

u(x) = E ∗ f =
∫

f (ξ )E (x−ξ )dξ

is the superposition of these influences.

As an example, let us see the fundamental solution for Laplace operator in
2D. Fundamental solution of the Laplace operator in R2

∆E = δ (x) (2.13)

we shall calculate these fundamental solution by means of Fourier transform.
Applying the Fourier transform to (2.13) we obtain:

−|ξ |2F (E ) = (2π)−1 which implies F (E ) =− 1
|ξ |2

(2π)−1.
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In order to determine the fundamental solution of Laplace operator we need
the following Lemma.

Lemma 2.4.1 ([Ste07, Lemma 2.13]) The Fourier transform maintains rotational sym-
metries. i.e., For u ∈ S (R2) we have û(ξ ) = û(|ξ |) for all ξ ∈ R2 if and only if
u(x) = u(|x|) for all x ∈ R2.

For the two dimensional case the inverse Fourier transform of the fundamen-
tal solution has to be regularized in some appropriate way. By

〈P 1
|x|2

,ϕ〉L2(R2) =
∫

x∈R2;|x|≤1

ϕ(x)−ϕ(0)
|x|2

dx+
∫

x∈R2;|x|>1

ϕ(x)
|x|2

dx

we first define the tempered distribution P 1
|x|2 ∈S ′(R2). Then

2π〈v, ϕ̂〉L2(R2) = 〈P
1
|ξ |2

,ϕ〉L2(R2)

=
∫

ξ∈R2;|ξ |≤1

ϕ(ξ )−ϕ(0)
|ξ |2

dξ +
∫

ξ∈R2;|ξ |>1

ϕ(ξ )

|ξ |2
dξ , ∀ϕ ∈S (R2)

with
ϕ(ξ ) =

1
2π

∫
R2

ei(z.ξ )
ϕ̂(z)dz, ϕ(0) =

1
2π

∫
R2

ϕ̂(z)dz

we then obtain

(2π)2〈v, ϕ̂〉L2(R2) =
∫

ξ∈R2;|ξ |≤1

1
|ξ |2

∫
R2

(
ei(z.ξ )−1

)
ϕ̂(z)dzdξ

+
∫

ξ∈R2;|ξ |>1

1
|ξ |2

∫
R2

ei(z.ξ )
ϕ̂(z)dzdξ .

We can not exchange the order of integration in the second term. However,
we can write

(2π)2〈v, ϕ̂〉L2(R2) =
∫
R2

ϕ̂(z)

{∫
ξ∈R2;|ξ |≤1

ei(z.ξ )−1
|ξ |2

dξ +
∫

ξ∈R2;|ξ |>1

ei(z.ξ )

|ξ |2
dξ

}
dz.

With Lemma 2.4.1([Ste07, Lemma 2.13]), we further have

v(z) = v(|z|) = 1
(2π)2

∫
ξ∈R2;|ξ |≤1

ei(z.ξ )−1
|ξ |2

dξ +
∫

ξ∈R2;|ξ |>1

ei(z.ξ )

|ξ |2
dξ

and using polar coordinate, we obtain



24 2 Preliminary

v(z) =
1

(2π)2

∫ 1

0

∫ 2π

0

1
r

[
eir|z|cosθ −1

]
dθdr+

1
(2π)2

∫
∞

1

∫ 2π

0

1
r

eir|z|cosθ dθdr

=
1

2π

∫ 1

0

1
r
[J0(r|z|)−1]dr+

1
2π

∫
∞

1

1
r

J0(r|z|)dr

with the first order Bessel function J0(s) = 1
2π

∫ 2π

0 eiscosθ dθ .
Substituting r = s

ρ
, we compute

v(z) =
1

2π

∫
ρ

0

J0(s)−1
s

ds+
1

2π

∫
∞

ρ

J0(s)
s

ds

=
1

2π

∫ 1

0

J0(s)−1
s

ds+
1

2π

∫
∞

1

J0(s)
s

ds− 1
2π

∫ 1

ρ

J0(s)
s

ds

=
1

2π
log |z|− logC0

2π
=

1
2π

log
|z|
C0

where C0 > 0 with constant 1
2π

∫ 1
0

J0(s)−1
s ds− 1

2π

∫
∞

1
J0(s)

s ds.
Hence, the fundamental solution of the Laplace operator in 2D is

E (z) =
1

2π
log
|z|
r
, r > 0.

Note that if we shift the origin to a new point y, the PDE ∆u = 0 is unchanged (
Laplace’s equation is translation invariant). If u(x) is harmonic, then u(x− y) is
also harmonic for x different from y. Therefore,

E (x,y) =
1

2π
log
|x− y|

r
, r > 0 (2.14)

is a fundamental solution for Laplace equation. That is, ∆E (x,y)= δ (x−y). From
the discussion in the computation of the fundamental solution for Laplace’s
operator, we extract the following important remark.

Lemma 2.4.2 [Vlad79] Let Ω be a bounded open set in R2 with a piecewise C1 -
boundary. If u is in C1(Ω)∩C2(Ω) and E (x,y) is the fundamental solution given by
(2.14), then

u(x) =
∫

∂Ω

(
u(y)

∂E (x,y)
∂ny

−E (x,y)
∂u(y)

∂n

)
ds+

∫
Ω

E (x,y)∆u(y)dy, for x ∈Ω .

The following fundamental identities are well known, see e.g., [BJS64].

Corollary 2.4.1 If φ(x) ∈D(R2), then for r > 0

φ(x) =
∫
R2

∆φ(x)
1

2π
log
|x− y|

r
dy, & φ(x) = ∆

∫
R2

φ(x)
1

2π
log
|x− y|

r
dy.
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Using the convolution notation, 2πφ(x) = ∆φ(x)∗ log(x) = ∆ (φ(x)∗ log(x)) .

Proof. Let φ(x) ∈D(R2), then Lemma 2.4.2 implies that,

2πφ(x) =
∫

Ω

∆φ(y) log
|x− y|

r
dy+

∫
∂Ω

(
φ(y)

∂

∂n
log
|x− y|

r
− log

|x− y|
r

∂φ(y)
∂n

)
ds.

Here Ω is a domain with sufficiently smooth boundary ∂Ω and x is a point of Ω .
Let us take Ω sufficiently large such that supp(φ) ⊂ Ω , in this case, φ vanishes
on ∂Ω . Hence, equation (2.11) gives us the identity ( 2.9)

2πφ(x) =
∫
R2

∆φ(y) log
|x− y|

r
dy.

From the distribution theory, the identity can be rewritten as

∆

(
log |x−y|

r
2π

)
= δ (x− y).

Now the identity (2.10) follows from (2.9) (cf., equation 2.8).

∆x

∫
R2

φ(y) log
|x− y|

r
dy = ∆x

∫
R2

φ(x− z) log
|z|
r

dz =
∫
R2

∆xφ(x− z) log
|z|
r

dz

=
∫
R2

∆yφ(y) log
|x− y|

r
dy.

Parametrix

Consider the following elliptic second order partial differential operator with
variable coefficients aα(x):

L(x,D) =
2

∑
|α|=0

aα(x)Dα (2.15)

Definition 2.13. A function P(x,y) is a parametrix (Levi function) for the opera-
tor L if

LxP(x,y) = δ (x− y)+R(x,y)

where δ is the Dirac-delta distribution, while R(x,y) is a remainder possessing
at most a weak singularity at x = y.

On the operator (2.15), to every point x0 we associate the coefficient aα(x)
“frozen" coefficient and obtain the operator
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Lx0(D) =
2

∑
|α|=0

aα(x0)Dα .

Denote by Ex0(x) the fundamental solution of the operator Lx0 . Then, Ex0(x) is
a parametrix for the operator L with singularity at x0. In the thesis, we consider
the differential operator given by

A(x,∂x) :=
2

∑
i=1

∂

∂xi

[
a(x)

∂

∂xi

]
, (2.16)

Then at a point x0, the operator with “frozen" coefficient is Ax0(∂x) = ax0∆

whose fundamental solution is given by Ex0(x,y) =
1

2πa(x0)
log |x−y|

r , which can
be easily obtained form the fundamental solution for Laplace operator, (2.14).
Therefore, the parametrix for the operator in equation (2.16) is given by

P(x,y) = Ey =
1

2πa(y)
log
|x− y|

r
.

2.5 The Lp(Ω) space

The analysis of BVPs naturally involves function spaces that are not only de-
fined in terms of the properties of the function itself, but also in terms of the
properties of its derivatives. Hence, in the following we discuss on a wider
space.

Definition 2.14. Let Ω be a domain in R2 and let p be a positive real number.
Denote by Lp(Ω) for 1≤ p < ∞, the class of all measurable function u defined on
Ω for which ∫

Ω

|u(x)|pdx < ∞

and we define the norm of u ∈ Lp(Ω) as follows

‖u‖Lp(Ω) =

(∫
Ω

|u(x)|pdx
) 1

p

.

A function u that is measurable on Ω is said to be essentially bounded on Ω if
there is a constant C such that |u(x)| ≤ C a.e on Ω . The greatest lower bound
of such constant C is called the essential supremum of |u| on Ω and is denoted
by esssup

x∈Ω

|u(x)|. We denote L∞(Ω) the space of all functions u that are essentially

bounded on Ω , that is
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L∞(Ω) =
{

u : Ω → R : u is measurable and ‖u‖L∞(Ω) < ∞ in Ω
}
.

The norm in L∞(Ω) is defined by

‖u‖L∞(Ω) = esssup
x∈Ω

|u(x)|.

Definition 2.15. The Lp
loc(Ω) consists of all measurable functions in Ω (that are

p-locally integrable) such that ∫
Ω
′
|u(x)|pdx < ∞

for any bounded strictly interior sub-domain Ω
′ ⊂⊂Ω .

Lp
loc(Ω) = {u : u ∈ Lp(Ω

′
) ∀Ω

′
⊂⊂Ω , Ω

′
compact}.

Definition 2.16. Let u ∈ L1
loc(Ω) and α be a multi-index. A function w ∈ L1

loc(Ω)

is called the α th-weak derivative of u, if it satisfies∫
Ω

u(x)Dα
ϕ(x)dx = (−1)|α|

∫
Ω

w(x)ϕ(x)dx ∀ϕ ∈C∞
0 (Ω).

Remark 2.1. If u(x) is sufficiently smooth to have continuous derivative Dαu, then
we can integrate by part∫

Ω

u(x)Dα
ϕ(x)dx = (−1)|α|

∫
Ω

Dαu(x)ϕ(x)dx ∀ϕ ∈C∞
0 (Ω).

Hence, the classical derivatives is also a weak derivatives. To define the weak
derivative of Dαu, we don’t need the existence of the smaller order derivative
(like classical derivative).

Lemma 2.5.1 (Generalized Variational Lemma) Let v ∈ L1
loc(Ω) with Ω a nonempty

open set in R2 . If ∫
Ω

v(x)φ(x)dx = 0 for all φ ∈D(Ω)

then v = 0 a.e. on Ω .

For the proof, see e.g., [Tri08, Proposition 2.7(ii)].
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2.6 Sobolev space

We will use distributions to define an important class of function spaces for
PDEs, the Sobolev space. As we have seen, every function in Lp(Ω) is actually
a distribution, therefore it has a distributional derivative. Sobolev spaces are
useful tools in the analysis of boundary value problem.

Integer order Sobolev spaces

We always interprete f ∈ Lp with 1≤ p≤ ∞ as tempered distribution. In partic-
ular, Dα f ∈S

′
make sense for all α ∈ N2

0.

Definition 2.17. Let k be a non negative integer and 1≤ p < ∞ and let Ω be non-
empty open subset of R2. Then we define Sobolev space W k

p (Ω) of order k to be
the set of all distribution u ∈ Lp(Ω) such that Dαu ∈ Lp(Ω) for |α| ≤ k. That is

W k
p (Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω), ∀α ∈ N2

0, |α| ≤ k}

Remark 2.2. Here, of course, Dαu is viewed as a distributional derivative of u on
Ω .

In W k
p (Ω), we define a norm by

‖u‖W k
p (Ω) =


(∫

Ω ∑
|α|≤k
|Dαu|pdx

) 1
p

1≤ p < ∞

∑
|α|≤k

esssupΩ |Dαu| p = ∞

Example 2.3. Let 1≤ p < ∞, we have

‖u‖p
W 1

p (Ω)
=
∫

Ω

(
|u|p +

m

∑
i=1
| ∂u
∂xi
|p
)

dx

‖u‖p
W 2

p (Ω)
=
∫

Ω

(
|u|p +

m

∑
i=1
| ∂u
∂xi
|p +

m

∑
i, j=1
| ∂ 2u
∂xi∂x j

|p
)

dx
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Fractional order Sobolev spaces

To define the Sobolev space of fractional order, we denote the Slobodeckii semi-
norm by

|u|p
λ ,p,Ω =

∫
Ω

∫
Ω

|u(x)−u(y)|p

|x− y|n+pλ
dxdy for 0 < λ < 1

.

Definition 2.18. For s = λ + r with a real number λ ∈ (0,1) and an integer r ≥ 0,
we define

W s
p(Ω) = {u ∈W r

p(Ω) : |∂ αu|λ ,p,Ω < ∞ for |α|= r}
In W s

p(Ω) we define the norm

‖u‖W s
p(Ω) =

(
‖u‖W r

p(Ω)+ ∑
|α|=r
|∂ αu|p

λ ,p,Ω

) 1
p

Sobolev space-second definition

Definition 2.19. For s∈R, we define a continuous linear operator J s : S (R2)→
S (R2) called the Bessel potential of order s, by

J su(x) =
∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ ·xdξ x ∈ R2 (2.17)

In this way, we have

Fx→ξ{J su(x)}=
(
1+ |ξ |2

) s
2 û(ξ )

Indeed

〈Fx→ξ (J
su(x)) ,ϕ〉 = 〈J su(x),Fξ→x (ϕ(x))〉=

∫
R2

J su(x)Fξ→x[ϕ(x)]dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ .xdξ ϕ̂(x)dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ϕ̂(x)ei2πξ .xdxdξ

=
∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ϕ(ξ )dξ =

〈(
1+ |ξ |2

) s
2 û(ξ ),ϕ(ξ )

〉
Therefore,

Fx→ξ{J su(x)}=
(
1+ |ξ |2

) s
2 û(ξ )
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It follow from (2.17) that 〈J su,v〉= 〈u,J sv〉 for all u,v ∈S (R2). Since,

〈J su,v〉 =
∫
R2

J su(x)v(x)dx =
∫
R2

[∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ .xdξ

]
v(x)dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ .xv(x)dxdξ

=
∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei4πξ .xv̂(ξ )dξ

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 u(x)ei2πξ .xv̂(ξ )dξ dx

=
∫
R2

u(x)J sv(x)dx = 〈u,J sv〉

Therefore, 〈J su,v〉= 〈u,J sv〉 .
Note that for all s, t ∈ R, we have the followings:

J s+t = J sJ t , (J s)−1 = J −s, J 0 = identity operator

Using the definition of Bessel potential we have〈
J sJ tu,v

〉
=
〈
J tu,J sv

〉
=
∫
R2

J tu(x)J sv(x)dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ .xdξ

∫
R2

(
1+ |ξ |2

) t
2 v̂(ξ )ei2πξ .xdξ dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2 û(ξ )ei2πξ .xdξ

(
1+ |ξ |2

) t
2

(∫
R2

v̂(ξ )ei2πξ .xdξ

)
dx

=
∫
R2

∫
R2

(
1+ |ξ |2

) s
2
(
1+ |ξ |2

) t
2 û(ξ )ei2πξ .xv(x)dξ dx

=
∫
R2

(∫
R2

(
1+ |ξ |2

) s+t
2 û(ξ )ei2πξ .xdξ

)
v(x)dx =

∫
R2

J s+tu(x)v(x)dx

=
〈
J s+tu,v

〉
which implies that J s+t = J sJ t .
And also,

J 0u(x) =
∫
R2

(
1+ |ξ |2

) 0
2 û(ξ )ei2πξ .xdξ =

∫
R2

û(ξ )ei2πξ .xdξ = u(x)

which follows J 0 = identity operator.
Finally, let (J s)−1 be the inverse of operator J s, then

〈u,v〉=
〈
J s (J s)−1 u,v

〉
=
〈
(J s)−1 u,J sv

〉
(2.18)
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Using the identity operator J 0

〈u,v〉=
〈
J 0u,v

〉
=
〈
J s+(−s)u,v

〉
=
〈
J sJ −su,v

〉
=
〈
J −su,J sv

〉
(2.19)

From (2.18) and (2.19) follows that〈
(J s)−1 u,J sv

〉
=
〈
J −su,J sv

〉
which implies (J s)−1 = J −s.

The Space Hs(R2)

For any s ∈ R, we define the Sobolev space Hs(R2) of order s as follows:

Definition 2.20. For s ∈ R, we denote by Hs(R2) the space of distributions u ∈
S
′
(R2) such that

(
1+ |ξ |2

) s
2 û(ξ ) ∈ L2(R2).

Hs(R2) = {u ∈S
′
(R2) : Fx→ξ{J su(x)} ∈ L2(R2)}

= {u ∈S
′
(R2) :

(
1+ |ξ |2

) s
2 û(ξ ) ∈ L2(R2)}

We equip this space with the inner product

〈u,v〉Hs(R2) = 〈J su,J sv〉=
∫
R2

(
1+ |ξ |2

)s
û(ξ )v̂(ξ )dξ

and with the associated norm ‖.‖Hs(R2) defined by

‖u‖Hs(R2) =
√
〈u,u〉Hs(R2) = ‖J

su‖L2(R2)

Plancherel’s theorem and equation (2.17), imply that

‖u‖2
Hs(R2) =

∫
R2

(
1+ |ξ |2

)s |û(ξ )|2dξ

So, if s≤ t, then ‖u‖Hs(R2) ≤ ‖u‖Ht(R2).

Notice that the Bessel potential J s : Hs(R2)→ L2(R2) is a unitary isomorphic.
In particular, since J 0 = identity operator so that J 0u = u, and

H0(R2) = L2(R2)
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Remark 2.3. 1. W 0
p (Ω) = Lp(Ω).

2. The norm ∑
|α|≤k
‖Dαu‖p

Lp is equivalent to the standard norm.

3. In particular p = 2, we have W k
2 (Ω) =W k(Ω).

It turns out that the norm topology on W k
2 (Ω) is complete (see e.g.,[AF03]). So

that the Sobolev spaces are Banach space. The case p = 2, which is denoted by
W k

2 (Ω)=W k(Ω)=Hk(Ω) is of special importance because these are even Hilbert
spaces with the inner products given by

〈u,v〉Hk(Ω) = ∑
|α|≤k

∫
Ω

Dαu(x)Dαv(x)dx.

In particular, for k = 1, the space H1(Ω), expressed as follows,

H1(Ω) =

{
u : u ∈ L2(Ω) and

∂ui

∂xi
∈ L2(Ω), i = 1,2

}
.

And the inner product in H1(Ω) is given by

〈u,v〉Hk(Ω) = ∑
|α|≤1

∫
Ω

Dαu(x)Dαv(x)dx =
∫

Ω

u(x)v(x)dx+
2

∑
i=1

∫
Ω

∂u
∂xi

∂v
∂xi

dx

=
∫

Ω

u(x)v(x)dx+
∫

Ω

∇u ·∇vdx,

while the norm is given by

‖u‖2
H1(Ω) = ‖u‖

2
L2(Ω)+‖∇u‖2

L2(Ω).

If t ≥ s > 0, then we can see that, u ∈ Ht(Ω) implies that u ∈ Hs(Ω). We have the
inclusions u ∈ Ht(Ω)⊂ Hs(Ω)⊂ H0(Ω) = L2(Ω), with continuous injection, i.e.,
‖u‖Hs(Ω) ≤ ‖u‖Ht(Ω). Hence, for all k ∈ N we have the following inclusions.

D(Ω)⊂ Hk(Ω)⊂ Hk−1(Ω)⊂ ·· · ⊂ H1(Ω)⊂ L2(Ω)⊂D ′(Ω)

Definition 2.21. Let G be a closed subset of R2; we denote by Hs
G(R

2) the sub-
space of Hs(R2) formed by the elements with support in G. that is

Hs
G(R

2) = {u ∈ Hs(R2) : supp u⊂ G}

Since Hs
G(R

2) is a closed subspace of Hs(R2) and is therefore a Hilbert space
when equipped with the restriction of the inner product of Hs(R2).
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Theorem 2.5. [DL88, page 98] H−s(R2) is the dual space of Hs(R2) , i.e., H−s(R2) is
the space of all linear functionals on Hs(R2).

Since D(R2) is dense subset of Hs(R2), the dual space of Hs(R2) is space of
distributions, i.e, H−s(R2) ⊂ D ′(R2). For any non-empty open set, Ω ⊂ R2, the
space Hs(Ω) consists of restriction on Ω of distributions from Hs(R2), i.e.,

Hs(Ω) =
{

u : u = v|Ω for some v ∈ Hs(R2)
}

equipped with norm

‖u‖Hs(Ω) := inf
v∈Hs(R2),u=v|Ω

‖u‖Hs(R2)

We denote by H̃s(Ω) the closure of D(Ω) in Hs(R2), which can be characterized
as

H̃s(Ω) = {g : g ∈ Hs(R2),supp(g)⊂Ω}
(see e.g., [McL00, Theorem 3.29]. The space Hs(Ω) consists of restrictions on Ω

of distributions from Hs(R2),

Hs(Ω) = {g|Ω : g ∈ Hs(R2)}

and Hs
0(Ω) the closure of D(Ω) in Hs(Ω). We denote

Hs
loc(Ω) = {g : ϕg ∈ Hs(Ω),∀ϕ ∈D(Ω)}.

For infinite (unbounded) domains Ω we will use also the notation

Hs
loc(Ω) = {g : ϕg ∈ Hs(Ω),∀ϕ ∈D(Ω)}.

for bounded domains Hs
loc(Ω) = Hs(Ω).

Note that distributions from Hs(Ω) and Hs
0(Ω) are defined only in Ω , while

distributions from H̃s(Ω) are defined in R2 and particularly on the boundary
∂Ω . For s ≥ 0, we can identify H̃s(Ω) with the subset of functions from Hs(Ω),
whose extensions by zero outside Ω belong to H̃s(R2), i.e., identify functions
u ∈ H̃s(Ω) with their restrictions, u|Ω ∈ Hs(Ω)(see, [Mik11], [AF03], [HCW08]).

Definition 2.22. (Symbol). Let m ∈R. Then we define Sm to be the set of all func-
tions σ(x,ξ ) in C∞(R2×R2) such that for any two multi-indices α and β , there
are positive constants Cα,β , depending on α and β only, such that

|
(

Dα
x Dβ

ξ
σ(x,ξ )

)
| ≤Cα,β (1+ |ξ |)

m−|β | , x,ξ ∈ R2

We call any function σ in ∪m∈RSm a symbol.

A symbol, σ in ξ , of degree at most m, satisfies a bound
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|σ(ξ )| ≤C(1+ |ξ |)m ∀ξ ∈ R2.

Definition 2.23. (Pseudo Differential Operator). Let σ be a symbol. Then the
pseudo-differential operator Tσ associated with σ is defined by

(Tσ )(x) := (2π)−
n
2

∫
R2

eix.ξ
σ(x,ξ )ϕ̂(ξ )dξ = F−1

ξ→xσ(x,ξ )ϕ̂(ξ ), ϕ ∈ S

with a symbol σ(x,ξ ) ∈ Sm.

In studying boundary value problem, we shall need to make sense of the restric-
tion u|∂Ω as an element of a Sobolev space on ∂Ω , when u belongs to a Sobolev
space on Ω .

Definition 2.24. An operator γ± : Hs(Ω±)→ Hσ (∂Ω) is a trace operator if for
each u ∈ Hs(Ω) and for any sequence ϕk ∈ D(Ω) converging to u in Hs(Ω), the
sequence of the boundary values ϕk|∂Ω converges to γ±u in Hσ (∂Ω). If γ+u =
γ−u we denote them as γu.

Lemma 2.1. Define the trace operator γ : D(Rn)→D(Rn−1) by

γu(x
′
) = u(x

′
,0) f or x

′
∈ Rn−1.

If s > 1
2 , then γ has a unique extension to a bounded linear operator

γ : Hs(Rn)→ Hs− 1
2 (Rn−1).

Proof. For u ∈D(Rn), the Fourier inversion formula gives

γu(x
′
) =

∫
Rn

û(ξ )ei2πξ
′
.x
′
dξ =

∫
Rn−1

(∫
∞

−∞

û(ξ
′
,ξn)dξn

)
ei2πξ

′
.x
′
dξ

′

and so γ̂u(x
′
) =

∫
∞

−∞

û(ξ
′
,ξn)dξn =

∞∫
−∞

(
1+ |ξ |2

)− s
2
(
1+ |ξ |2

) s
2 û(ξ

′
,ξn)dξn.

Applying the Cauchy-Schwarz inequality, we obtain the bound

|γ̂u(x
′
)|2 ≤Ms(ξ

′
)

∞∫
−∞

(
1+ |ξ |2

)s |û(ξ )|2dξn

where, the substitution ξn = (1+ |ξ ′|2) 1
2 t,

Ms(ξ
′
) =

∞∫
−∞

dξn(
1+ |ξ ′|2 + |ξn|2

)s =
1(

1+ |ξ ′|2
)s− 1

2

∞∫
−∞

dt
(1+ t2)

s .
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The integral with respect to t converges because s > 1
2 , so if we write Ms = Ms(0),

then (
1+ |ξ

′
|2
)s− 1

2 |γ̂u(ξ
′
)|2 ≤Ms

∞∫
−∞

(
1+ |ξ |2

)s |û(ξ )|2dξn.

Integrating over ξ
′ ∈ Rn−1 gives ‖γu‖Hs−1/2(Rn−1) ≤Ms||u||Hs(Rn) and since D(Rn)

is dense in Hs(Rn), we obtain a unique continuous extension for γ .

The above Lemma is sharp in the sense that

Hs− 1
2 (Rn−1) = {γu : u ∈ Hs(Rn)} for s >

1
2

because γ has a continuous right inverse.

Theorem 2.6. [McL00, The Trace Theorem], Define a trace operator

γ : D(Ω)→D(∂Ω)

by γu = u|∂Ω . If Ω is a Ck−1,1 domain and if 1
2 < s < k, then γ has a unique extension

to a bounded linear operator.

γ : Hs(Ω)→ Hs− 1
2 (∂Ω)

and this extension has a continuous right inverse.

Proof. Since Hs(R2) is invariant under Ck−1,1 change of coordinates if 1−k≤ s≤
k, one sees, via partition of unity and local flattening of the boundary, that if
1
2 < s≤ k , then

‖γu‖
Hs− 1

2 (∂Ω)
≤C‖U‖Hs(R2)

if u =U |Ω for U ∈ D(R2). Hence ‖γu‖
Hs− 1

2 (∂Ω)
≤C‖u‖Hs(Ω) for all u ∈ D(Ω) and

we obtain a unique extension because D(Ω) is dense in Hs(Ω). A right inverse
for γ can be pieced together using the same partition of unity.

Theorem 2.7. [Tri08, Theorem 4.24], Let Ω be a bounded C∞ domain in R2 and let ∂Ω

be its boundary.

i. Let s > 1
2 . Then the trace operator γ is a linear and bounded map of Hs(Ω) onto

Hs− 1
2 (∂Ω), i.e., γ (Hs(Ω)) = Hs− 1

2 (∂Ω).
ii. Let s > 3

2 . Then the normal derivative operator γ1 = γ( ∂

∂n) is a linear and bounded
map of Hs(Ω) onto Hs− 3

2 (∂Ω), i.e., γ1 (Hs(Ω)) = Hs− 3
2 (∂Ω)
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2.7 Variational Method

The weak formulation of boundary value problems leads to variational prob-
lems and associated operator equations. In particular, the representation of so-
lutions of partial differential equations by using surface and volume potentials
requires the solution of boundary integral operator equations to find the com-
plete Cauchy data.
Definition 2.25. Let X ,Y be Hilbert spaces with norms ‖·‖X ,‖·‖Y over K - the set
of real or complex numbers. A mapping A (·, ·) : X×Y →K is called a sesquilin-
ear form if for all u1,u2 ∈ X ,v1,v2 ∈ Y and λ ∈K, the following hold:

A (u1 +λu2,v1) = A (u1,v1)+λA (u2,v1)

A (u1,v1 +λv2,) = A (u1,v1)+λA (u1,v2)

If K=R we speak of a bilinear form . For a sesquilinear form A : H×H→C the
adjoint sesquilinear form A ∗ : H×H→ C is defined by

A ∗(u,v) = A (v,u), ∀ u,v ∈ H

If A = A ∗, then it is called Hermitian . The bilinear form A : H×H → R is
called symmetric if A (u,v) = A (v,u), for all u,v ∈ H.

A sesquilinear form A (·, ·) : X ×Y → K is continuous (or bounded) if there
exist a finite constant C, such that,

|A (u,v)| ≤C‖u‖X‖v‖Y , ∀ u ∈ X ,v ∈ Y (2.20)

The infimum of the set of C in (2.20) is the norm of A (·, ·) and we write

‖A ‖ := sup
u∈X\{0}

sup
v∈Y\{0}

=
|A (u,v)|
‖u‖X‖v‖Y

.

Let A : H → H ′ be a self-adjoint bounded linear operator. Consider the prob-
lem: given f ∈ H ′, find u ∈ H such that

Au = f (2.21)

Instead of the operator equation (2.21) we may consider the variational prob-
lem, given f ∈ H ′ find u ∈ H such that

〈Au,v〉= 〈 f ,v〉 ∀ v ∈ H (2.22)

Obviously, any solution u ∈ H of the operator equation (2.21) is also a solu-
tion of the variational problem (2.22). To show the reverse direction, we now
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consider u ∈ H solves the variational problem (2.22). Then using the norm

‖Au− f‖H ′ = sup
06=v∈H

|〈Au− f ,v〉|
‖v‖H

= 0

and therefore 0 = Au− f ∈ H ′, i.e., u ∈ H is a solution of the operator equation
(2.21).

The operator A : H→H ′ induces a bilinear form A (u,v) = 〈Au,v〉 for all u,v∈H
with the mapping property

A (·, ·) : H×H→ R.

Let A (u,v) : H×H→ R. be a continuous bilinear form, given f ∈ H ′; we find
u ∈ H, solution of

A (u,v) = 〈 f ,v〉 ∀ v ∈ H (2.23)

where A (u,v) may be represented in the form A (u,v) = 〈Au,v〉 where A is a
bounded linear operator A : H→ H ′, see e.g., [Ste07, Lemma 3.1]. Then the vari-
ational problem (2.23) is equivalent to the linear equation (2.21).

To ensure the unique solvability of the operator equation (2.21) and of the
variational problem (2.22) we need to have a further assumption for the oper-
ator A and for the bilinear form A (·, ·), respectively. The operator A : H → H ′ is
called H-elliptic if

〈Au,u〉 ≥C1‖u‖2
H ∀ u ∈ H

is satisfied with some positive constant C1. And also, the sesquilinear form
A (u,v) is said to be H - elliptic if

|A (u,u)| ≥C‖u‖2
H , ∀u ∈ H, C > 0

Theorem 2.8. (Lax-Milgramn Lemma, [Ste07, Theorem 3.4]) Let the operator A : X →
X ′ be bounded and X- elliptic. For any f ∈ X ′ there exists a unique solution of the
operator equation (2.21) satisfying the estimate

‖u‖X ≤
1

CA
1
‖ f‖X ′

Then, we have the following well known theorem due to Lax-Milgram (see
e.g.,[LM72, Theorem 9.1], ). The theorem ensures the unique solvability of the
operator equation (2.21) and of the variational problem (2.23).
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Theorem 2.9. Let the sesquilinear form A (u,v) be bounded and H - elliptic, then the
variational problem (2.23) admits a unique solution, the mapping f → u being contin-
uous from H→ H ′ ( or: A is an isomorphism of H onto H ′).

2.8 Equivalence of the norms

Lemma 2.2. If 0 < λ < 1, then |u|2
λ ,R2 = aλ

∫
R2 |ξ |2λ |û(ξ )|2dξ where

aλ =
∫

t>0
t−2λ−1

∫
|ω|=1

|e2iπω1t−1|2dωdt.

Proof. First, we define the forward difference operator δh by

δhu(x) = u(x+h)−u(x),

Then applying the Fourier transform to both sides, we obtain

Fx→ξ δhu(x) = Fx→ξ (u(x+h)−u(x)) = Fx→ξ [u(x+h)]−Fx→ξ [u(x)]

=
∫
R2

u(x+h)e−i2πξ .xdx− û(ξ ) =
∫
R2

u(y)e−i2πξ .(y−h)dy− û(ξ )

= ei2πξ .h
∫
R2

u(y)e−i2πξ .ydy− û(ξ ) = ei2πξ .hû(ξ )− û(ξ ) =
(

ei2πξ .h−1
)

û(ξ )

Since, the Slobodeckii semi-norm is

|u|2
λ ,R2 =

∫
R2

∫
R2

|u(x)−u(y)|2

|x− y|2λ+n
dxdy

By taking substitution h = y−x, applying Plancherel’s theorem and then revers-
ing the order of integration,
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|u|2
λ ,R2 =

∫
R2

∫
R2

|u(x)−u(x+h)|2

|h|2λ+n
dhdx =

∫
R2

(∫
R2

|δhu|2

|h|2λ+n
dx
)

dh

=
∫
R2

||δhu||2L2R2

|h|2λ+n
dh =

∫
R2

||Fx→ξ{δhu}||2L2R2

|h|2λ+n
dh

=
∫
R2

||
(

ei2πξ .h−1
)

û(ξ )||2L2R2

|h|2λ+n
dh

=
∫
R2

∫
R2

|
(

ei2πξ .h−1
)

û(ξ )|2

|h|2λ+n
dhdξ

=
∫
R2
|û(ξ )|2

∫
R2

|
(

ei2πξ .h−1
)
|2

|h|2λ+n
dhdξ

Now, transform the inner integral to polar coordinate. Letting h = ρω , where
ρ = |h| and ω = h

|h| . Then dh = ρn−1dρdω . Therefore,

∫
R2

|
(

ei2πξ .h−1
)
|2

|h|2λ+n
dh =

∫
ρ>0

∫
|ω|=1

|
(

ei2πξ .ρω −1
)
|2

ρ2λ+n
ρ

n−1dρdω

=
∫

ρ>0
ρ
−2λ−1

∫
|ω|=1

|
(

ei2πξ .ρω −1
)
|2dωdρ

and letting ρ = |ξ |−1t,then we obtain

=
∫

ρ>0
t−2λ−1|ξ |2λ+1

∫
|ω|=1

|ei2πξ .|ξ |−1tω −1|2|ξ |−1dωdt

= |ξ |2λ

∫
ρ>0

t−2λ−1
∫
|ω|=1

|ei2πωt−1|2|ξ |−1dωdt︸ ︷︷ ︸
aλ

therefore,
|u|2

λ ,R2 = aλ

∫
R2
|ξ |2λ |û(ξ )|2dξ .

Remark 2.4. For u ∈ Hr(R2), by Fourier transform derivative and Plancherel’s
theorem, we deduces that

‖∂ αu‖0,R2 = ‖ξ α û‖0,R2

Thus, by definition
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||u||2Hr(R2) = ∑
|α|≤r

∫
R2
|∂ αu|2dx =

∫
R2

(
∑
|α|≤r
|ξ α |2

)
|û(ξ )|2dξ ,

since,
∑
|α|≤r
|ξ α |2 ∼

(
1+ |ξ |2

)r
.

Then for any arbitrary constants c1 and c2, we have

c1
(
1+ |ξ |2

)r ≤ ∑
|α|≤r
|ξ α |2 ≤ c2

(
1+ |ξ |2

)r
.

Then by using the elementary inequalities(
1+ |ξ |2

)r
. ∑
|α|≤r
|ξ α |2 .

(
1+ |ξ |2

)r

we conclude that
||u||r,R2 h ||(1+ |.|2)

r
2 ||0,R2 .

Theorem 2.10. If s≥ 0, then W s(R2) = Hs(R2) with equivalent norms.

Proof. Let r be a non-negative integer, and let 0 < λ < 1. Since, the norm in
W r(R2) is given by

‖u‖W r(R2) =

(∫
Ω

∑
|α|≤r
|Dαu|2dx

) 1
2

follows that

‖u‖2
W r(R2) =

∫
Ω

∑
|α|≤r
|Dαu|2dx = ∑

|α|≤r

∫
Ω

|Dαu|2dx = ∑
|α|≤r
‖Dαu‖2

L2(R2)

thus ‖u‖2
W r(R2) = ∑

|α|≤r
‖Dαu‖2

L2(R2).

By Plancherel’s theorem, we have

‖u‖2
W r(R2) = ∑

|α|≤r
‖Dαu‖2

L2(R2) = ∑
|α|≤r
‖Fx→ξ{Dαu}‖2

L2(R2).

But, Fx→ξ{Dαu} =
∫

Dαu(x)e−i2πξ .xdx =
∫
(−1)|α|u(x)Dαe−i2πξ .xdx

= (−1)|α|
∫

u(x)(−i2πξ )αe−i2πξ .xdx = (i2πξ )α û(ξ )
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Therefore,

‖u‖2
W r(R2) = ∑

|α|≤r
‖(i2πξ )α û(ξ )‖L2(R2) = ∑

|α|≤r

∫
R2
|(i2πξ )α û(ξ )|2dξ

=
∫
R2

∑
|α|≤r

(i2πξ )2α |û(ξ )|2dξ ∼
∫
R2
(1+ |ξ |2)r|û(ξ )|2dξ

proving the result if s = r By the Lemma 2.2, if s = r+λ , we have

‖u‖2
W s(R2) = ‖u‖

2
W r(R2)+ ∑

|α|=r
|Dαu|2

λ ,R2

But,

∑
|α|=r
|Dαu|2

λ ,R2 = ∑
|α|=r

∫
R2

∫
R2

|Dα (u(x)−u(y)) |2

|x− y|2λ+n
dxdy

= ∑
|α|=r

∫
R2

∫
R2

|Dα (u(x)−u(x+h)) |2

|h|2λ+n
dhdx

= ∑
|α|=r

∫
R2

∫
R2

|Dα (δhu(x)) |2

|h|2λ+n
dxdh

= ∑
|α|=r

∫
R2

‖Dαδhu‖2
L2R2

|h|2λ+n
dxdh

= ∑
|α|=r

∫
R2

‖Fx→ξ{Dαδhu}‖2
L2R2

|h|2λ+n
dxdh

= ∑
|α|=r

∫
R2

∫
R2

|(i2πξ )α

(
ei2πξ .h−1

)
û(ξ )|2

|h|2λ+n
dhdξ

= ∑
|α|=r

∫
R2
|û(ξ )|2(i2π|ξ |)α

∫
R2

|
(

ei2πξ .h−1
)
|2

|h|2λ+n
dhdξ

= ∑
|α|=r

∫
R2

aλ |ξ |2λ (2π|ξ |)2α |û(ξ )|2dξ

Therefore,
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‖u‖2
W s(R2) = ‖u‖

2
W r(R2)+ ∑

|α|=r
|Dαu|2

λ ,R2

= ∑
|α|≤r

∫
R2
(i2π|ξ |)2α |û(ξ )|2dξ + ∑

|α|=r

∫
R2

aλ |ξ |2λ (2π|ξ |)2α |û(ξ )|2dξ

= ∑
|α|≤r

∫
R2

(
1+aλ |ξ |2λ

)
(2π|ξ |)2α |û(ξ )|2dξ

∼
∫
Rn
(1+ |ξ |2)r+λ |û(ξ )|2dξ = ‖u‖Hr+λ (R2)

Corollary 2.8.1 For any non-empty open set Ω ⊆ R2 their is a continuous inclusion
Hs(Ω)⊆W s

2 (Ω) for s≥ 0.

Proof. Given u∈Hs(Ω), we can find U ∈Hs(R2) such that U |Ω = u and ‖u‖Hs(Ω)=

‖U‖Hs(R2). By the above theorem, U ∈W s
2 (R2), so u ∈W s

2 (Ω) and

‖u‖W s
2 (Ω) ≤ ‖U‖W s

2 (R2) ∼ ‖U‖Hs(R2) = ‖u‖Hs(Ω).

Theorem 2.11. ([McL00, Theorem 3.18]) For any non-empty open set Ω ⊆R2 and any
real s ≥ 0, if there exists a continuous linear operator E : W s

2 (Ω)→W s
2 (R2) such that

Eu|Ω = u for all u ∈W s
2 (Ω), then Hs(Ω) =W s

2 (Ω) with equivalent norm.

Proof. If u ∈W s(Ω), then U |Ω = u for U = Eu ∈W s
2 (R2) = Hs(R2), so u ∈ Hs(Ω)

and
‖u‖Hs(Ω) ≤ ‖U‖Hs(R2) ∼ ‖Eu‖W s

2 (R2) ≤C‖u‖W2s(Ω)

giving a continuous inclusion W s
2 (Ω)⊆ Hs(Ω).

2.9 Fredholm Operators: basic properties

Let E and F be two Banach spaces. We denote by L (E,F) the space of bounded
linear operators from E to F. Let a linear (not necessarily continuous) map T :
E→ F be given. Recall that

i. The kernel Ker(T ) of T : E→ F is Ker(T ) = {x ∈ E : T x = 0 ∈ F}
ii. The image Im(T ) of T : E→ F is Im(T ) = {T x : x ∈ E}
iii. The cokernel Coker(T ) of T : E→ F is Coker(T ) = F/Ker(T )

Definition 2.26. A bounded linear operator T : E→ F is said to be Fredholm if
the subspaces Ker(T ) and Coker(T ) are finite dimensional and the subspace ImT
is closed in F. We denote by F (E,F) the space of all Fredholm operators from E
to F. The index of a Fredholm operator T is defined by
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Index(T ) = dim(Ker(T ))−dim(Coker(T ))

The dim(F\ Im(T )) also denoted by dim(coker(T )).

Note that a consequence of the Fredholmness is the fact that R(T ) = Im(T ) is
closed. Here are the first properties of Fredholm operators.

Theorem 2.12. If T :E→ F is Fredholm operator, and if K :E→ F is compact operator,
then their sum T +K : E→ F is Fredholm, and index(T +K) = index(T ).

For the proof see ([McL00, Theorem 2.26]).

Theorem 2.13. Assume T : E→ F is Fredholm with index(T ) = 0 and T is injective,
then for each f ∈ F, the inhomogeneous equation Tu = f has a unique solution u ∈ E.

For the proof see ([McL00, Theorem 2.27]).
Let X and Y be Banach space, X∗ and Y ∗ be adjoined (dual) spaces of bounded

linear functionals defined on X and Y . Consider a linear map A : X→Y , then we
define the adjoint A∗ : Y ∗→ X∗ by

(A∗u,v) = (u,Av) for v ∈ X ,u ∈ Y ∗.

Theorem 2.14. (Fredholm Alternative)[McL00, Theorem 2.27] Assume that A : X→Y
is Fredholm with index(A) = 0. There are two, mutually exclusive possibilities:

i. The homogeneous equation Au = 0 has only the trivial solution u = 0. In this case,

a. for each f ∈ Y , the inhomogeneous equation Au = f has a unique solution
u ∈ X ;

b. for each g ∈ X∗, the adjoint equation A∗v = g has a unique solution v ∈ Y ∗.

ii. The homogeneous equation Au = 0 has exactly p linearly independent solutions
u1, · · · ,up for some finite p≥ 1. In this case,

a. the homogeneous adjoint equation A∗v= 0 has exactly p linearly independent
solutions v1, · · · ,vp;

b. the inhomogeneous equation Au = f is solvable if and only if the right-hand
side f satisfies (v j, f ) = 0 for j = 1, · · · , p;

c. the inhomogeneous adjoint equation A∗v = g is solvable if and only if the
right-hand side g satisfies (g,u j) = 0 for j = 1, · · · , p.

Theorem 2.15. Compact perturbations do not change Fredholmness and do not change
the index, and zero index is achieved only by compact perturbations of invertible opera-
tors. More precisely:

(i) If K ∈K (E,F) and A ∈F (E,F) , then A+K ∈F (E,F) and Index(A+K) =
Index(A).
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(ii) If A ∈F (E,F), then Index(A) = 0 if and only if A = A0 +K for some invertible
operator A0 and some compact operator K.

There is yet another relation between Fredholm and compact operators, know
as the Atkinson characterization of Fredholm operators:

Theorem 2.16. Fredholmness = invertible modulo compact operators. More precisely,
given a bounded operator A : E→ F, the following are equivalent:

(i) A is Fredholm.
(ii) A is invertible modulo compact operators, i.e. there exists an operator B∈L (F,E)

and compact operators K1 and K2 such that

BA = I +K1, AB = I +K2

Theorem 2.17. ([McL00, Theorem 2.33]) If A = A0+K, where A0 : X → X∗ is positive
and bounded below, and K : X → X∗ is compact, then A : X → X∗ is Fredholm with zero
index, and hence Theorem 2.14 holds for the equation Au = f .

Theorem 2.18. (Perturbations for Fredholm operator [Mik99]). Let B1 and B2 be two
Banach spaces. Let A : B1 → B2 be a linear continuous Fredholm operator with zero
index, A∗ : B∗2→ B∗1 be the operator adjoined to it, and dimkerA = dimkerA∗ = n < ∞,
where kerA = span{x̊i}n

i=1 ⊂ B1,kerA∗ = span{x̊∗i }
n
i=1 ⊂ B∗2. Let

A1x =
k

∑
i=1

hih∗i (x),

where h∗i ,hi(i = 1, · · ·n) are elements from B∗1 and B2 , respectively, such that

det
[
h∗i (x̊ j)

]
6= 0, det

[
x̊∗i (h j)

]
6= 0 i, j,= 1, · · · ,n.

Then:

i. the operator A−A1 : B1→ B2 is continuous and continuously invertable;
ii. if y ∈ B2 satisfies the solvability conditions,

x̊∗i (y) = 0, i = 1, · · · ,n (2.24)

of equation
Ax = y, (2.25)

then the unique solution x of equation

(A−A1)x = y (2.26)

is a solution of equation (2.25) such that

h∗i (x) = 0, i = 1, · · · ,k (2.27)
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iii. Vice versa, if x is a solution of equation (2.26) satisfying condition (2.27), then
conditions (2.24) are satisfied for the right-hand side y of equation (2.26) and x is
a solution of equation (2.25) with the same right-hand side y.





Chapter 3
Analysis of Two-operator Boundary- Domain
integral Equations for variable-coefficient
BVPs in 2D

In this chapter, the Dirichlet, Neumann and Mixed boundary value problems
for the second order elliptic partial differential equation with variable coeffi-
cient in two dimensional bounded open domain are considered. These BVPs
are transformed to some direct two-operator BDIEs or BDIDEs based on a spe-
cially constructed parametrix. The two-operator BDIEs contain potential oper-
ators defined on the domain under consideration and acting on the unknown
solution as well as integral operators defined on the boundary and acting on the
trace and/or conormal derivative of the unknown solution or on an auxiliary
function. The properties of corresponding potential operators are investigated.
Solvability, solution uniqueness, and equivalence of the BDIEs to the original
BVP and the invertibility of the boundary domain integral operators are inves-
tigated in appropriate Sobolev spaces.

3.1 Green’s identities and integral relations

Let Ω be a domain in R2 bounded by a closed infinitely differentiable curve ∂Ω ,
and n(x) be the exterior unit normal vector, which is defined for all x in ∂Ω . We
shall consider the following PDE with scalar variable coefficient

Au(x) = A(x,∂x)u(x) :=
2

∑
i=1

∂

∂xi

[
a(x)

∂u(x)
∂xi

]
= f (x), x ∈Ω , (3.1)

where u is an unknown function and f is a given function in Ω . Also assume
a ∈C∞(R2), where 0 < amin ≤ a(x)≤ amax < ∞, ∀x ∈ R2.

For φ ,ψ ∈D(Ω), we can easily see that (Aφ ,ψ)L2(Ω) = (φ ,Aψ)L2(Ω) which im-
plies that the operator A in (3.1) is formally self-adjoint. Also we can find the
ellipticity constant C such that

47
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2

∑
i=1

a(x)ξ 2
i ≥C|ξ |2

holds for all x ∈Ω and ξ ∈ R2. In particular we can choose C = minx∈Ω
a(x).

3.1.1 The first Green identity

We can derive the first Green identity from the well known Theorem of Gauss
Ostrogradski, if h ∈C1(Ω), then ( here we adapt the derivation technique from
[DM15]) ∫

Ω

∂

∂xi
h(x)dx =

∫
∂Ω

γ
+h(x)ni(x)dSx, i = 1,2, (3.2)

where γ
+h(x)= lim

Ω3y→x∈∂Ω

h(y) for x∈Ω is the interior boundary trace of h(x).

Using the results for density and trace theorem (see e.g. [McL00, Theorem
3.29, Theorem 3.38]), we can show that, the integral relation (3.2) implies∫

Ω

∂

∂xi
hn(x)dx =

∫
∂Ω

γ
+hnni(x)dSx, i = 1,2

Taking the limit as n→ ∞ in the above equation

|
∫

Ω

∂hn

∂xi
dx−

∫
Ω

∂h
∂xi

dx| ≤
∫

Ω

|∂hn

∂xi
dx− ∂h

∂xi
|dx≤ ‖hn−h‖H1(Ω)→ 0

Hence
∫

Ω

∂hn
∂xi

dx−
∫

Ω
∂h
∂xi

dx→ 0 as n→ ∞. For the right hand side

|
∫

∂Ω

γ
+hnnidSx−

∫
∂Ω

γ
+hnidSx| ≤

∫
∂Ω

|γ+(hn−h)ni|dSx ≤ ‖γ+(hn−h)‖L2(∂Ω)

implies ‖γ+(hn−h)‖L2(∂Ω) ≤C‖hn−h‖H1(Ω)→ 0 as n→ ∞

Hence,
∫

∂Ω
γ+hnnidSx−

∫
∂Ω

γ+hnidSx→ 0 as n→ ∞.
Now for u ∈H2(Ω) and v ∈H1(Ω) if we put h(x) = a(x)∂u(x)

∂xi
v(x) and apply the

Gauss-Ostrogradski theorem, we obtain∫
Ω

∂

∂x j

(
a(x)

∂u(x)
∂x j

v(x)
)

dx =
∫

∂Ω

n jγ
+

(
a(x)

∂u(x)
∂x j

v(x)
)

dSx.

Summing over j and noting the relation

∂

∂x j

[
a(x)

∂u(x)
∂x j

v(x)
]
=

∂

∂x j

[
a(x)

∂u(x)
∂x j

]
v(x)+a(x)

∂u(x)
∂x j

∂v(x)
∂x j
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We obtain the following Green’s first identity

Ea(u,v) =−
∫

Ω

(Au)(x)v(x)dx+
∫

∂Ω

T+
a u(x)γ+v(x)dSx,

where Ea(u,v) = ∑
2
i=1
∫

Ω
a(x)∂u(x)

∂x j

∂v(x)
∂x j

is the symmetric bilinear form and

T+
a u(x) = lim

Ω3y→x∈∂Ω

[
2

∑
i=1

ni(x)a(y)
∂

∂yi
u(y)

]
for x ∈ ∂Ω (3.3)

where n(x) is the exterior (to Ω )unit normal at the point x ∈ Ω , is the interior
co-normal derivative.

From the above proved relation we have verified the following Lemma.

Lemma 3.1.1 For u ∈ H2(Ω) and v ∈ H1(Ω),

Ea(u,v) =−(Au,v)Ω +(T+
a u,γ+v)∂Ω

Remark 3.1.1 For D(Ω),γ+v = 0. If u∈H1(Ω), then we can find Au as a distribution
on Ω by

(Au,v)Ω =−Ea(u,v) for v ∈D(Ω)

For a linear operator A, we introduce the following subspace of H1(Ω),
[Gri85], [Cos88]

H1,0(Ω ;A) = {g ∈ H1(Ω) : Ag ∈ L2(Ω)}
endowed with the norm

‖g‖2
H1,0(Ω ;A) := ‖g‖2

H1(Ω)+‖Ag‖2
L2(Ω).

For u ∈ H1(Ω+) the co-normal differentiation operators on ∂Ω do not gener-
ally exist in the trace sense (3.3). However, if u ∈H1,0(Ω+;A), one can define the
generalized (canonical) co-normal derivative T+

a u = [Tau]+ ∈ H−
1
2 (∂Ω) with the

help of the Green’s first identity〈
T+

a u,w
〉

∂Ω
:=
∫

Ω

[(γ+−1w)Au+Ea(u,γ+−1w)]dx ∀w ∈ H
1
2 (∂Ω), (3.4)

where

Ea(u,v) :=
2

∑
i=1

a(x)
∂u(x)

∂xi

∂v(x)
∂xi

, ∀u,v ∈ H(
Ω)

and γ
+
−1 : H

1
2 (∂Ω)→H1(Ω) is a continuous right inverse of the continuous inte-

rior trace operator γ+ : H1(Ω)→H
1
2 (∂Ω) while 〈., .〉 denotes the duality brackets
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between the spaces H
1
2 (∂Ω) and H−

1
2 (∂Ω), extending the usual L2(∂Ω) scalar

product.
The operator T+

a : H1,0(Ω ,A)→ H−
1
2 (∂Ω) is continuous and gives a continuous

extension in H1,0(Ω ;A) of the classical co-normal derivative operator.

For u ∈ Hs(Ω), s > 3
2 , the canonical co-normal derivative operator T+

a u de-
fined by (3.4) reduces to its strong(classical) canonical derivative form (3.3)and
is well defined on ∂Ω in the trace sense. i.e.,

T+
a u(x) := T+

a (x,n(x),∂x)u(x) =
2

∑
i=1

a(x)ni(x)γ+
(

∂u(x)
∂xi

)
= a(x)γ+

(
∂u(x)
∂n(x)

)
where n(x) is the exterior (to Ω ) unit normal at the point x ∈ ∂Ω .

Then for u ∈ H1,0(Ω ;∆), v ∈ H1(Ω) the first Green identity holds, [Mik11]
[Cos88, Lemma 3.4],∫

Ω

v(x)Au(x)dx =
∫

∂Ω

γ
+v(x)T+

a u(x)dS(x)−
∫

Ω

Ea(u,v)dx. (3.5)

3.1.2 The Two-operator second Green identity

In the Green’s first formula, by interchanging the role of u and v and subtracting
the result, we obtain Green’s second formula. For u,v ∈ H1,0(Ω ,A), the Green’s
second formula is,∫

Ω

(v(x)Au(x)−u(x)Av(x))dx =
∫

∂Ω

γ
+v(x)T+

a u(x)dS(x)−
∫

∂Ω

γ
+u(x)T+

a v(x)dS(x). (3.6)

i.e., ∫
Ω

(v(x)Au(x)−u(x)Av(x))dx = 〈T+
a u,γ+v〉∂Ω −〈T+

a v,γ+u〉∂Ω .

As real materials are generally never perfectly isotropic their behaviours are
modelled by some non-linear and linear PDEs for which the fundamental so-
lution of the “frozen"-coefficient PDE is not available explicitly (as e.g. in the
Lamè system of anisotropic elasticity). For such type of problems, as the au-
thors of [AM11] and [Mik05b] showed the need for two-operator approach in
3D; which is efficient in handling these problems where the one operator ap-
proach fails to work. Hence, we need to define a second operator in order to
overcome this problem in 2D. (The one operator approach is investigated in
[DM15]).
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Let us consider the auxiliary linear elliptic partial differential operator B de-
fined by

Bu(x) := B(x,∂x)u(x) :=
2

∑
i=1

∂

∂xi

[
b(x)

∂u(x)
∂xi

]
, (3.7)

where b ∈C∞(R2), 0 < bmin ≤ b(x)≤ bmax < ∞, ∀x ∈ R2.
Then for u∈H1,0(Ω ,∆) =H1,0(Ω ,B) the associate co-normal derivative operator
T+

b is defined by (3.4) (and for u ∈ H2(Ω) by (3.3)) with a replaced by b.
If v ∈ H1,0(Ω ,∆),u ∈ H1(Ω), then for the operator B in (3.7) holds the Green’s
first identity,∫

Ω

u(x)Bv(x)dx =
∫

∂Ω

γ
+u(x)T+

b v(x)dS(x)−
∫

Ω

Eb(u,v)dx. (3.8)

If u,v ∈ H1,0(Ω ,∆), then subtracting (3.5) from (3.8), we obtain the two-
operator second Green identity,∫

Ω

(u(x)Bv(x)− v(x)Au(x))dx =∫
∂Ω

[
γ
+u(x)T+

b v(x)− γ
+v(x)T+

a u(x)
]

dS(x)−
∫

Ω

[a(x)−b(x)]∇v(x) ·∇u(x)dx. (3.9)

Note that if a = b, then the last domain integral disappears, and the two-
operator second Green identity reduces to the classical second Green identity,
equation (3.6).

3.1.3 Parametrix and potential type operators

Before we give our solution procedure let us recall the idea of surface layer and
Logarithmic potential by introducing the parametrix.

Definition 3.1. A function Pb(x,y) of two variables x,y∈R2 is called a parametrix
(Levi function) for the operator B(x,∂x) in R2 if

B(x,∂x)Pb(x,y) = δ (x− y)+Rb(x,y),

where δ (.) is a Dirac-delta distribution and Rb(x,y) is a remainder possessing at
most a weak (integrable) singularity at x = y. i.e,

Rb(x,y) = O(|x− y|−κ) with κ < 3.

For the operator B, to every point y associate “frozen" coefficient b(x) = b(y) and
obtain By = ∑

2
i=1

∂

∂xi

[
b(x) ∂

∂xi

]
= b(y)∆ .
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Using equation (2.11), the operator By is a constant coefficient and its funda-
mental solution is given by

Pb(x,y) =
log
(
|x−y|

r0

)
2πb(y)

where r0 > 0. (3.10)

Now let us show that the function given by (3.10) is the parametrix for the
operator B(x,∂x). Indeed,

B(x,∂x)Pb(x,y) =
2

∑
i=1

∂

∂xi

[
b(x)

∂Pb(x,y)
∂xi

]
=

2

∑
i=1

[
∂b(x)

∂xi

∂Pb(x,y)
∂xi

+b(x)
∂ 2Pb(x,y)

∂x2
i

]

=
b(x)
b(y)

2

∑
i=1

∂ 2

∂x2
i

log
(
|x−y|

r0

)
2πb(y)

+
2

∑
i=1

∂

∂xi

log
(
|x−y|

r0

)
2πb(y)

∂b(x)
∂xi

=
b(x)
b(y)

∆

 log
(
|x−y|

r0

)
2π

+
1

2πb(y)

2

∑
i=1

(
xi− yi

|x− y|2

)
∂b(x)

∂xi

=
b(x)
b(y)

δ (x− y)+
2

∑
i=1

xi− yi

2πb(y)|x− y|2
∂b(x)

∂xi

= δ (x− y)+
2

∑
i=1

xi− yi

2πb(y)|x− y|2
∂b(x)

∂xi
= δ (x− y)+Rb(x,y)

that is
B(x,∂x)Pb(x,y) = δ (x− y)+Rb(x,y)

Hence Pb(x,y) is a parametrix for the operator B(x,∂x) with singularity at x = y
(see e.g., [Con00], [Mik02], [CMN09a]) while the corresponding remainder is
given by

Rb(x,y) =
2

∑
i=1

xi− yi

2πb(y)|x− y|2
∂b(x)

∂xi
, x,y ∈ R2.

and ∂Pb
∂xi

= xi−yi
2πb(y)|x−y|2 , i = 1,2 and satisfies the above estimate with κ = 2 due

to the smoothness of the function b(x). From the definition of the fundamental
solution of the Laplace operator, we obtain that

2

∑
i=1

∂ 2

∂x2
i

(
1

2π
log
(
|x− y|

r0

))
= ∆x

(
1

2π
log
(
|x− y|

r0

))
= δ (x− y).

Also, the multiplication of a smooth function b(y) by δ , gives b(y)δ (x− y) =
b(x)δ (x− y).
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Observe that,
BPb(x,y) = δ (x− y)+∇b(x) ·∇Pb(x,y)

and we can write the remainder as Rb(x,y) = ∇b(x) ·∇Pb(x,y). If b(x) = 1, then the
operator B(x,∂x) becomes the Laplace operator, ∆ , and the parametrix Pb(x,y)
becomes its fundamental solution, and Rb(x,y)≡ 0.

3.1.4 Logarithmic and Remainder Potentials

Similar to [CMN09a], [AM11], [DM15], we define the parametrix-based loga-
rithmic and remainder potential operators as:

Pbg(y) =
∫

Ω

Pb(x,y)g(x)dx, (3.11)

Rbg(y) =
∫

Ω

Rb(x,y)g(x)dx (3.12)

We deduce representations of the parametrix-based surface potential bound-
ary operators in terms of their counterparts for b = 1, that is, associated with the
fundamental solution P∆ = 1

2π
log
(
|x−y|

r0

)
of the Laplace operator ∆ . Then

Pbg =
1
b
P∆ g, Rbg =

1
b

2

∑
i=1

∂iP∆ (g∂ib) ,

We will verify the above formulae as follows:

Pbg(y) =
∫

Ω

Pb(x,y)g(x)dx =
∫

Ω

P∆ (x,y)
b(y)

g(x)dx =
1

b(y)

∫
Ω

P∆ (x,y)g(x)dx =
1
b
P∆ g(y).

Rbg(y) =
∫

Ω

Rb(x,y)g(x)dx =
∫

Ω

2

∑
i=1

xi− yi

2πb(y)|x− y|2
∂b(x)

∂xi
g(x)dx

=
1

b(y)

∫
Ω

2

∑
i=1

∂

∂xi

(
1

2π
log
(
|x− y|

r0

))
∂b(x)

∂xi
g(x)dx

=
1

b(y)

∫
Ω

2

∑
i=1

∂

∂xi
(P∆ )

∂b(x)
∂xi

g(x)dx =
1
b

2

∑
i=1

∂iP∆ (g∂ib)(y).

Remark 3.1.2 The logarithmic potential

P∆ u(x) =
∫
R2

P∆ (x,y)u(y)dy (3.13)
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is a pseudo-differential operator of degree −2

We can verify this by using P∆ (x,y) since it is the fundamental solution of the
Laplace operator, i.e., ∆P∆ (x,y) = δ (x− y). Applying the Fourier transform in x
we get,

−|ξ |2FP∆ (·,y) = Fδ (·− y) = (2π)−1e−iyξ

which implies for ξ 6= 0,P∆ (x,y) = −(2π)−1F−1(e−iyξ 1
|ξ |2 ) substituting this

into equation (3.13), we get

P∆ u(x) =
∫
R2

P∆ (x− y)u(y)dy =−
∫
R2
(2π)−1F−1(e−iyξ 1

|ξ |2
)u(y)dy

= −
∫
R2
(2π)−2

[∫
Ω

eixξ e−iyξ 1
|ξ |2

dξ

]
u(y)dy

= −
∫
R2
(2π)−2

[∫
Ω

e−iyξ u(y)dy
]

eixξ 1
|ξ |2

dξ =
1

2π

∫
R2

eixξ −1
|ξ |2

û(ξ )dξ

Therefore, P∆ u(x) = F−1
ξ→x(−

1
|ξ |2

û(ξ ))

Hence, the logarithmic potential operator is pseudo-differential operator with
homogeneous symbol σ(ξ ) =− 1

|ξ |2 .

3.1.5 Layer potential

In this section, we discuss properties of layer potentials. The reason why we
are interested in layer potentials is that they are good candidates for being so-
lutions to the boundary value problems for Laplace’s equation, they are har-
monic and also obey certain jump relations on the boundary. Let us intro-
duce the single and double layer potential operators based on the parametrix
Pb(x,y) = 1

2πb(y) log
(
|x−y|

r0

)
.

Definition 3.2. The single and double layer potential operators corresponding
to the parametrix Pb(x,y) are defined

I. Single layer potential operator

Vbg(y) :=−
∫

∂Ω

Pb(x,y)g(x)dSx for y /∈ ∂Ω

II. Double layer potential operator
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Wbg(y) :=−
∫

∂Ω

T+
bx

Pb(x,y)g(x)dSx for y /∈ ∂Ω

where g is some scalar function and the integrals are understood in the distri-
butional sense if g is not integrable.

The corresponding boundary integral (pseudo-differential) operators of di-
rect surface values of the single layer potential Vb and of the double layer po-
tential Wb for y ∈ ∂Ω , are

Vbg(y) := −
∫

∂Ω

Pb(x,y)g(x)dSx,

Wbg(y) := −
∫

∂Ω

[T+
b (x,n(x),∂x)Pb(x,y)]g(x)dSx.

For y ∈ ∂Ω , the co-normal derivatives associated with the operator A of the
single layer potential and of the double layer potential are given by:

T+
a Vbg(y) :=

a(y)
b(y)

T+
b Vbg(y), (3.14)

L +
abg(y) := T+

a Wbg(y) =
a(y)
b(y)

T+
b Wbg(y) =

a(y)
b(y)

L +
b g(y), (3.15)

The direct value operators associated with (3.14) are

W
′

abg(y) := −
∫

∂Ω

[T+
a (y,n(y),∂y)Pb(x,y)]g(x)dSx =

a(y)
b(y)

W
′

b g(y),

W
′

b g(y) := −
∫

∂Ω

[T+
b (y,n(y),∂y)Pb(x,y)]g(x)dSx.

The verification of the formula (3.14) is given below. Let us first find the value
of T+

b Vbg(y).

T+
b Vbg(y) = T+

b (y,n(y),∂y)Vbg(y) =
2

∑
i=1

b(y)ni(y)
∂

∂yi
Vbg(y)

=
2

∑
i=1

b(y)ni(y)
∂

∂yi

[
−
∫

∂Ω

Pb(x,y)g(x)dSx

]
=−

2

∑
i=1

b(y)ni(y)
∂

∂yi

∫
∂Ω

P∆ (x,y)
b(y)

g(x)dSx

= −
2

∑
i=1

b(y)ni(y)
∫

∂Ω

(
b(y) ∂

∂yi
P∆ (x,y)−P∆

∂b
∂yi

(b(y))2

)
g(x)dSx

= −
2

∑
i=1

b(y)ni(y)
∫

∂Ω

(
1

b(y)
∂

∂yi
P∆ (x,y)−

P∆

(b(y))2
∂b
∂yi

)
g(x)dSx
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= −
2

∑
i=1

ni(y)
∫

∂Ω

∂

∂yi
P∆ (x,y)g(x)dSx +

2

∑
i=1

ni(y)
1

b(y)
∂b
∂yi

∫
∂Ω

P∆ g(x)dSx

= −
2

∑
i=1

ni(y)
∂

∂yi

∫
∂Ω

P∆ (x,y)g(x)dSx +
2

∑
i=1

ni(y)
1

b(y)
∂b
∂yi

∫
∂Ω

P∆ g(x)dSx

= −
2

∑
i=1

ni(y)
∂

∂yi
(−V∆ g)(y)+

2

∑
i=1

(
b

∂

∂n
[
1
b
]

)
(y)(−V∆ g)(y)

=
2

∑
i=1

ni(y)
∂

∂yi
(V∆ g)(y)−

2

∑
i=1

(
b

∂

∂n
[
1
b
]

)
(y)(V∆ g)(y).

which implies that

T+
a Vbg(y) = Ta(y,n(y),∂y)Vbg(y) =

2

∑
i=1

a(y)ni(y)
∂

∂yi
Vbg(y)

=
2

∑
i=1

a(y)ni(y)
∂

∂yi

[
−
∫

∂Ω

Pb(x,y)g(x)dSx

]
= −

2

∑
i=1

a(y)ni(y)
∂

∂yi

∫
∂Ω

P∆ (x,y)
b(y)

g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

(
b(y) ∂

∂yi
P∆ (x,y)−P∆

∂b
∂yi

(b(y))2

)
g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

(
1

b(y)
∂

∂yi
P∆ (x,y)−

P∆

(b(y))2
∂b
∂yi

)
g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

1
b(y)

∂

∂yi
P∆ (x,y)g(x)dSx +

2

∑
i=1

a(y)ni(y)
∫

∂Ω

1
[b(y)]2

∂b
∂yi

P∆ g(x)dSx

= −a(y)
b(y)

(
2

∑
i=1

ni(y)
∫

∂Ω

∂

∂yi
P∆ (x,y)g(x)dSx−

2

∑
i=1

ni(y)
1

b(y)
∂b
∂yi

∫
∂Ω

P∆ g(x)dSx

)

= −a(y)
b(y)

(
2

∑
i=1

ni(y)
∂

∂yi
(−V∆ g)(y)−

2

∑
i=1

(
b

∂

∂n
[
1
b
]

)
(y)(−V∆ g)(y)

)

= −a(y)
b(y)

(
−

2

∑
i=1

ni(y)
∂

∂yi
(V∆ g)(y)+

2

∑
i=1

(
b

∂

∂n
[
1
b
]

)
(y)(V∆ g)(y)

)
.

Putting the last row of this equation to the above will give the required relation.

The verification of the formula (3.15) is given below as follows,
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T+
a Wbg(y) = Ta(y,n(y),∂y)Wbg(y) =

2

∑
i=1

a(y)ni(y)
∂

∂yi
Wbg(y)

=
2

∑
i=1

a(y)ni(y)
∂

∂yi

[
−
∫

∂Ω

[Tb(x,n(x),∂x)Pb(x,y)]g(x)dSx

]
= −

2

∑
i=1

a(y)ni(y)
∂

∂yi

∫
∂Ω

2

∑
j=1

b(x)n j(x)
∂

∂x j
Pb(x,y)g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∂

∂yi

∫
∂Ω

2

∑
j=1

b(x)n j(x)
∂

∂x j

P∆ (x,y)
b(y)

g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

2

∑
j=1

b(x)n j(x)
∂

∂yi

(
1

b(y)
∂P∆ (x,y)

∂x j

)
g(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

2

∑
j=1

n j(x)

b(y) ∂

∂yi

∂P∆ (x,y)
∂x j

− ∂P∆

∂x j

∂b
∂yi

(b(y))2

(bg)(x)dSx

= −
2

∑
i=1

a(y)ni(y)
∫

∂Ω

2

∑
j=1

n j(x)
1

b(y)
∂

∂yi

∂P∆ (x,y)
∂x j

(bg)(x)dSx

+
2

∑
i=1

a(y)ni(y)
∫

∂Ω

2

∑
j=1

n j(x)
∂P∆

∂x j

∂b
∂yi

1
(b(y))2 (bg)(x)dSx

= −a(y)
b(y)

2

∑
i=1

ni(y)
∂

∂yi

∫
∂Ω

ni(x)
∂

∂xi
P∆ (x,y)(bg)(x)dSx

+
a(y)
b(y)

2

∑
i=1

ni(y)
1

b(y)
∂b
∂yi

∫
∂Ω

2

∑
i=1

ni(x)
∂

∂xi
P∆ g(x)dSx

= −a(y)
b(y)

2

∑
i=1

ni(y)
∂

∂yi
(−W∆ (bg)(y))+

a(y)
b(y)

2

∑
i=1

ni(x)
1
b

∂b(y)
∂yi

(−W∆ (bg)(y))

=
a(y)
b(y)

[
2

∑
i=1

ni(y)
∂

∂yi
(W∆ (bg)(y))+

(
[b

∂

∂n
(
1
b
)(y)]

)
(−W∆ (bg)(y))

]

=
a(y)
b(y)

(
L∆ (bg)(y)+

(
[b

∂

∂n
(
1
b
)(y)]

)
(W∆ (bg)(y))

)
=

a(y)
b(y)

T+
b Wbg(y) =

a(y)
b(y)

Lbg(y).

The direct value operators associated with T+
a Vbg(y) = a(y)

b(y)T
+

b Vbg(y) are
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W
′

abg(y) =−
∫

∂Ω

[Ta(y,n(y),∂y)Pb(x,y)]g(x)dSx =
a(y)
b(y)

W ′
b g(y), (3.16)

where
W
′

b g(y) =−
∫

∂Ω

[Tb(y,n(y),∂y)Pb(x,y)]g(x)dSx. (3.17)

Remark 3.1.3 The direct value of single layer operator V∆ , double layer operators W∆

and W ′
∆ , and the hypersingular operator L∆ are pseudo-differential operators.

Referring to the book [HCW08, pages 550-556], on the subsection 10.1 Repre-
sentation of the basic integral operators for the 2D- Laplacian in terms of
Fourier series; The authors gave general formulations concerning the pseudo-
differential operators on the boundary ∂Ω in terms of the Fourier series expan-
sion by analyzing the four basic boundary integral operators V∆ ,W∆ ,W

′
∆ , and

L∆ of the two dimensional Laplacian.

i. The single layer potential operator V∆ on the closed curve ∂Ω is pseudo-
differential operator with homogeneuos symbol σ(x,ξ ) = 1

2|ξ | i.e., pseudo-
differential operator of order −1.

ii. The double layer potential operators W∆ and W ′
∆ are pseudo-differential

operators of order zero.
iii. The hypersingular operator L∆ of Laplacian is a pseudo-differential oper-

ator of order +1 with homogeneuos symbol σ(x,ξ ) = 1
2 |ξ |.

From equations (3.14)-(3.17) we deduce representations of the parametrix-
based surface potential boundary operators in terms of their counterparts for
Laplacian, that is, associated with the fundamental solution P∆ = 1

2π
log
(
|x−y|

r0

)
(see e.g., [DM15] for 2D and [CMN09a] and [AM11] for 3D case).

a
b

Vag =Vbg =
1
b

V∆ g,
a
b

Wa

(
bg
a

)
=Wbg =

1
b

W∆ (bg), (3.18)

a
b
Vag = Vbg =

1
b
V∆ g,

a
b
Wa

(
bg
a

)
= Wbg =

1
b
W∆ (bg), (3.19)

W ′
abg =

a
b
W ′

bg =
a
b

{
W
′

∆ (g)+
[

b
∂

∂n

(
1
b

)]
V∆ g

}
, (3.20)

L +
abg =

a
b
L +

b g =
a
b

{
L +

∆
(bg)+

[
b

∂

∂n

(
1
b

)]
γ
+W∆ (bg)

}
. (3.21)

We will verify the above relations as follows:
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a
b

Vag(y) = −a
b

∫
∂Ω

Pa(x,y)g(x)dSx =−a(y)
b(y)

∫
∂Ω

P∆ (x,y)
a(y)

g(x)dSx

= − 1
b(y)

∫
∂Ω

P∆ (x,y)g(x)dSx =
1
b

V∆ g(y) =−
∫

∂Ω

Pb(x,y)g(x)dSx =Vbg(y).

a
b

Wa

(
bg
a

)
(y) =

a
b

{
−
∫

∂Ω

[
T+

a (x,n(x),∂x)Pa(x,y)
](bg

a

)
(x)dSx

}
= −a

b

∫
∂Ω

2

∑
i=1

a(x)ni(x)
∂

∂xi
Pa(x,y)

(
bg
a

)
(x)dSx

= −a
b

∫
∂Ω

2

∑
i=1

ni(x)
∂

∂xi

P∆ (x,y
a(y)

(bg)(x)dSx

= −1
b

∫
∂Ω

2

∑
i=1

ni(x)
∂

∂xi
P∆ (x,y(bg)(x)dSx =

1
b

W∆ (bg) =Wbg(y).

W ′
abg(y) =

a
b
W ′

bg(y) =
a
b

{
W
′

∆ (g)+
[

b
∂

∂n

(
1
b

)]
V∆ g

}
(y)

a
b
W ′

bg(y) =
a
b

∫
∂Ω

[
T+

b (y,n(y),∂y)Pb(x,y)
]

g(x)dSx

= −a
b

∫
∂Ω

2

∑
i=1

b(y)ni(y)
∂

∂yi
Pb(x,y)g(x)dSx

= −a
b

∫
∂Ω

2

∑
i=1

b(y)ni(y)
∂

∂yi

P∆ (x,y
b(y)

g(x)dSx

= −a
b

∫
∂Ω

2

∑
i=1

b(y)ni(y)

[
b(y) ∂

∂yi
P∆ − ∂b

∂yi
P∆

[b(y)]2

]
g(x)dSx

= −a
b

∫
∂Ω

2

∑
i=1

ni(y)
∂

∂yi
P∆ g(x)dSx+

a
b

∫
∂Ω

2

∑
i=1

ni(y)P∆

∂

∂yi
b(y)g(x)dSx

=
a
b
W ′

∆ g+
a
b

2

∑
i=1

ni(y)
1

b(y)
∂b(y)

∂yi

∫
∂Ω

P∆ (x,y)g(x)dSx

=
a
b
W ′

∆ g(y)+
a
b

2

∑
i=1

ni(y)
1

b(y)
∂b(y)

∂yi
(−V∆ g)(y)

=
a
b

{
W ′

∆ g(y)+
[

b
∂

∂n

(
1

b(y)

)]
V∆ g(y)

}
.
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It is taken into account that b and its derivatives are continuous in R2 and
L∆ (bg) := L +

∆
(bg) = L −

∆
(bg) by the Lyapunov-Tauber theorem.

3.1.6 Representation formula

The construction of appropriate parametrix, Pb(x,y), is essential to derive the
representation formula, and therefore to formulate appropriate BDIEs to find
the complete Cauchy data [γ+u(y),T+

a u(y)] for y ∈ ∂Ω . If u ∈ H1,0(Ω ;A), then
from the Green’s second identity (3.9), we have the following parametrix-based
third Green identity for y ∈ Ω , [Mik02], cf. also [CMN09a] in 3D and [DM15,
Equation 15.6]

u(y) =−
∫

Ω

u(x)Rb(x,y)dx+
∫

∂Ω

(
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
)

dS(x)

+
∫

Ω

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx+
∫

Ω

Pb(x,y)Au(x)dx. (3.22)

The integral representation (3.22) does not only contain the usual integral over
the boundary as in the case when the parametrix is a fundamental solution, but
also integrals over the entire domain with the unknown function and its deriva-
tive in the integrand.

Before proving the ellipticity of the single layer potential Vb and of the hyper-
singular boundary integral operator Lab we will derive some basic relations of
boundary integral operators and study the properties of logarithmic potentials,
single and double layer potentials that appears in the representation formula
(3.22).

The mapping and jump properties of the parametrix-based Logarithmic and
surface potentials follow from [CMN09a], [DM15], [AM11].

Theorem 3.1. The following operators are continuous

Vb : Hs(∂Ω)→ Hs+ 3
2 (Ω), s ∈ R

Wb : Hs(∂Ω)→ Hs+ 1
2 (Ω) s ∈ R.

Proof. The continuity of the operator Va and Wa are proved in [DM15, Theorem
1], using the constant coefficient opertors (see e.g., [McL00], [Cos88], [Ste07])
and using the relation (3.18) as b(y)> 0 follows the required result.
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Theorem 3.2. Let s ∈ R. The following pseudo-differential operators are continuous,

Vb : Hs(∂Ω)→ Hs+1(∂Ω),

Wb : Hs(∂Ω)→ Hs+1(∂Ω),

W ′
ab : Hs(∂Ω)→ Hs+1(∂Ω),

L +
ab : Hs(∂Ω)→ Hs−1(∂Ω).

Proof. The proof follows annalogously with (see, e.g., [DM15], Theorem 1). We
have the corresponding mappings for the corresponding constant- coefficient
operators. Then (3.18)-(3.20) imply the desired result of the theorem claim.

Due to the Rellich compact embedding theorem,(see, e.g., [McL00, Theorem
3.27]) and Theorem 3.2 implies the following assertion.

Theorem 3.3. Let s ∈ R. Then the following operators are compact.

Vb : H̃s(∂Ω)→ Hs(∂Ω),

Wb : H̃s(∂Ω)→ Hs(∂Ω),

W
′

ab : H̃s(∂Ω)→ Hs(∂Ω).

Proof. By the Rellich compact embedding theorem (see, e.g., [McL00, Theorem
3.7], [DM15, Corollary 1]) and the relation Vb =

1
bV∆ and Wb =

1
bW∆ the first two

holds true. Next

W ′
abg =

a
b

{
W
′

∆ (g)+
[

b
∂

∂n

(
1
b

)]
V∆ g

}
,

W ′
abg− a

b
W
′

∆ (bg) =
[

b
∂

∂n

(
1
b

)]
V∆ g.

The operator V∆ : H−
1
2 (∂Ω)→H

1
2 (∂Ω) is continuous for g∈H−

1
2 (∂Ω) and a,b∈

L∞(Ω)
‖V∆ g‖

H
1
2 (∂Ω)

≤C1‖g‖
H−

1
2 (∂Ω)

which implies,

‖W ′
abg− a

b
W ′

∆ (bg)‖
H−

1
2 (∂Ω)

≤ max |
[

b
∂

∂n

(
1
b

)]
|‖V∆ g‖

H
1
2 (∂Ω)

≤C‖V∆ g‖
H

1
2 (∂Ω)

≤ C̃‖g‖
H−

1
2 (∂Ω)

,

which implies boundedness of the operator and the embedding H
1
2 (∂Ω) ⊂

H−
1
2 (∂Ω) is compact, and due to the Rellich compact embedding theorem
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W ′
abg− a

bW ′
∆ (bg) is compact.

In addition W ′
∆ : H−

1
2 (∂Ω)→ H

1
2 (∂Ω) by [DM15, Corollary 1] implying that

a
bW ′

∆ : H−
1
2 (∂Ω)→H

1
2 (∂Ω) is compact. Therefore, W ′

abg− a
bW ′

∆ (bg)+ a
bW ′

∆ (bg)=
W ′

abg is compact.

The following well-known jump relations might be useful for further discus-
sions.

Theorem 3.4. Let g1 ∈ H−
1
2 (∂Ω) and g2 ∈ H

1
2 (∂Ω). Then there holds the following

jump relation on ∂Ω .

γ
±Vbg1 = Vbg1, (3.23)

γ
±Wbg2 =∓

1
2

g2 +Wbg2, (3.24)

T±a Vbg1 =±
1
2

a
b

g1 +W ′
abg1 =

a
b

(
±1

2
g1 +W ′

bg1

)
. (3.25)

T±a Wbg2 = L ±
abg2. (3.26)

Theorem 3.5. Let Ω be a bounded open region in R2 with closed, infinitely smooth
boundary ∂Ω . The operators:

Pb : H̃s(Ω)→ Hs+2(Ω), s ∈ R (3.27)

: Hs(Ω)→ Hs+2(Ω), s >−1
2

(3.28)

Rb : H̃s(Ω)→ Hs+1(Ω), s ∈ R (3.29)

: Hs(Ω)→ Hs+1(Ω), s >−1
2

(3.30)

γ
+Pb : H̃s(Ω)→ Hs+ 3

2 (∂Ω), s >−3
2

(3.31)

: Hs(Ω)→ Hs+ 3
2 (∂Ω), s >−1

2
(3.32)

γ
+Rb : H̃s(Ω)→ Hs+ 1

2 (∂Ω), s >−1
2

(3.33)

: Hs(Ω)→ Hs+ 1
2 (∂Ω), s >−1

2
(3.34)

T+
a Pb : H̃s(Ω)→ Hs+ 1

2 (∂Ω), s >−1
2

(3.35)

: Hs(Ω)→ Hs+ 1
2 (∂Ω), s >−1

2
(3.36)

T+
a Rb : H̃s(Ω)→ Hs− 1

2 (∂Ω), s >
1
2

(3.37)
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: Hs(Ω)→ Hs− 1
2 (∂Ω), s >

1
2

(3.38)

are continuous and the operators

Rb : Hs(Ω)→ Hs(Ω), s >−1
2

(3.39)

: Hs(Ω)→ Hs,0(Ω ,A), s > 1 (3.40)

γ
+Rb : Hs(Ω)→ Hs− 1

2 (S1), s >−1
2

(3.41)

T+
a Rb : Hs(Ω)→ Hs− 3

2 (S1), s >
1
2

(3.42)

are compact.

Proof. Since ∂Ω ∈ C∞, the Logarithmic potential operator P∆ is a pseudo-
differential operator of order −2 see Remark 3.1.2 on R2. Hence, the continuity
of the operators (3.28), (3.30), (3.32), (3.34), (3.36) and (3.38) follows from the
mapping properties of pseudo-differential operator on R2, thus for any s ∈ R,
the mapping P∆ : Hs

comp(R2)→ Hs+2
loc (R2) is continuous and application of trace

theorem along with the formulae

Pbg =
1
b
P∆ ,

Rbg = −1
b

2

∑
j=1

∂ j
[
P∆ (g∂ jb)

]
and P∆ g : =

∫
Ω

1
2π

log
(
|x− y|

r0

)
g(x)dx.

To prove the remaining items of the theorem, we first assume that s∈
(
−1

2 ,
1
2

)
,

where H̃s(Ω) = Hs(Ω),
To prove the case, suppose g ∈ Hs(Ω), with s ∈

(1
2 ,

3
2

)
. Clearly, ∂ jg ∈ Hs−1(Ω)

and γ+g∈Hs− 1
2 (∂Ω), due to the continuity of the operator ∂ j : Hs(Ω)→Hs−1(Ω)

and the trace theorem. Then integrating by parts we have the representation,

∂ jP∆ g(y) = P∆ (∂ jg)(y)+V∆ (n jγ
+g)(y) y ∈Ω (3.43)

where n j( j = 1,2) are the components of the outward unit normal vector to ∂Ω .
Due to (3.43) and the mapping properties of the single layer potential, we
conclude that ∂ jP∆ : Hs(Ω)→ Hs+1(Ω) is continuous for j = 1,2 i.e., ∇P∆ :
Hs(Ω)→ Hs+1(Ω) is continuous. This implies that P∆ : Hs(Ω)→ Hs+2(Ω) is
continuous.
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Further, with the help of these result and the relation (3.43), we can verify
by induction that the operator (3.28) is continuous for s ∈

(
k− 1

2 ,k+
1
2

)
, where

k is an arbitrary non-negative integer. For the values s = k+ 1
2 the continuity of

the operator (3.28) then follows due to the complex interpolation properties of
Bessel potential spaces.

Pb : Hs(Ω)→ Hs+2,0(Ω ;A) s≥ 0

For s= 0, let g∈H0(Ω) = L2(Ω), we have Pbg∈H2(Ω), from (3.27) and (3.28),
then

∆Pbg = ∆

[
1
b
P∆ g

]
=

1
b

g+2
2

∑
j=1

∂ j

[
1
b

]
∂ j [P∆ g]+

[
1
b

]
P∆ g in R2

where P∆ := P|b=1 and we take account into P∆ g = g, then the first term
of the second line of the above equation belongs to L2(Ω) while since b ∈
C∞(Ω),b > 0, the sum of the second and the third terms belongs to H1(Ω) and it
can be extended by zero to H̃0(Ω), which completes the proof of continuity for
the operator Pb for s = 0. For s > 0, the continuity of (3.27) and (3.28) implies
continuity of operator (3.29) for s≥ 0

Evidently, the proof of (3.33) and (3.37) are direct consequences of the trace
theorem. We can follow the same procedure to prove the claim of of the theorem
concerning the operator Rb. The continuity of the operator (3.36)-(3.39) follows
if we remark that for the chosen s the canonical derivative can be understood in
the classical sense. In addition, for the case a 6= b, follows by taking into account
the relation T+

a = a
bT+

b for (3.36)-(3.39) and (3.32)

3.1.7 Invertibility of the single layer potential in 2D

The boundary integral operator V∆ is a Fredholm operator of index zero [McL00,
Theorem 7.6]. Thus the relation (3.18) [DM15, Equation 15.9] lead to the same
result for the single layer potential Vb. For the 3D case the following holds
[CMN09a, Lemma 4.2(i)].

For Ψ
∗ ∈ H−

1
2 (∂Ω), if VbΨ

∗(y) = 0,y ∈Ω , then Ψ
∗ = 0,

which implies the invertibilty of the single layer potential operator mapping
from H−

1
2 (∂Ω) to H

1
2 (∂Ω). But this is not true for 2D case. It is well known (see,
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e.g.[Con00, Remark 1.42(ii)], [Ste07, Proof of Theorem 6.22]) that for some 2D
domains the Kernel of the operator V∆ is nontrivial, which by the first relation
(3.18) is also nontrivial as well for some domains. The following example will
illustrate this fact.

Example 3.1.1 Take the density function φ ≡ 1 and Ω = B(0,R) to be a disk of radius
R centered at the origin and ∂Ω = ∂B(0,R) be the circular boundary of the disk. We
can show that

b(y)Vbφ(y) =V∆ φ(y) =

{
R log r0

|y| , for |y|> R

R log r0
R , for |y| ≤ R.

Proof. Let φ ≡ 1, then

(V∆ φ)(y) =− 1
2π

∫
|x|=R

log
|y− x|

r0
dSx.

If |y| > R, then the function g(z) = log |y−z|
r0

is harmonic in the disk B(0,R). Then
g(z) has the mean value property (cf., [Hac92], Lemma 2.3.5),

log |y|= g(0) =
1

2πR

∫
|x|=R

g(x)dSx.

Therefore,

R log
|y|
r0

=
1

2π

∫
|x|=R

g(x)dSx =
1

2π

∫
|x|=R

log
|y− x|

r0
dSx, f or |y|> R. (3.44)

Which implies,

R log
r0

|y|
=− 1

2π

∫
|x|=R

log
|y− x|

r0
dSx, f or |y|> R. (3.45)

For |y| ≤ R in paricular take y = 0

(V∆ φ)(0) =− 1
2π

∫
|x|=R

log
|x|
r0

dSx =−R log
R
r0

= R log
r0

R
.

The relation (3.45) implies that, the limit of the value of the potential when |y|
approach the boundary from exterior is given by:

lim
|y|→R+

(V∆ φ)(y) = R log
r0

R

Furthermore, since the single layer potential is continuous on R2 we have
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(V∆ φ)(y) = R log
r0

R
f or |y|= R.

To determine the value of the potential inside the disk for y 6= 0, we use the
maximum/ minimum principle. Since the single layer potential is harmonic on
Ω it has neither maximum nor minimum in the disk.
Let

C0 = (V∆ φ)(y0) for 0 < |y0|< R.

If we assume C0 6= R log r0
R , i.e., C0 is different from the value the potential on

the boundary, we will arrive at contradiction of the maximum principle. Thus
(V∆ φ)(y) is continuous on Ω . Therefore, (V∆ φ)(y) = R log r0

R , for |y| ≤ R.

Remark 3.1.4 In the above example, if we take the value of R = r0, and since b(y) 6= 0,
then Vbφ(y) = 0 in Ω ; and the kernel of single layer Vb is nontrivial and therefore Vb
is not invertible.

In order to have the invertibility for the single layer potential operator in
2D, we define the following subspace of the space H−

1
2 (∂Ω) based on (see e.g.

[Ste07, Equation (6.30)], and [McL00, Corollary 8.11] )

H
− 1

2∗∗ (∂Ω) :=
{

φ ∈ H−
1
2 (∂Ω) : 〈φ ,1〉= 0

}
, (3.46)

where the norm in H
− 1

2∗∗ (∂Ω) is the induced norm in H−
1
2 (∂Ω). The following

Theorem is stated and proved for Va in [DM15, Theorem 4]

Theorem 3.6. If Ψ ∈ H
− 1

2∗∗ (∂Ω) satisfies VbΨ = 0 on ∂Ω , then Ψ = 0

Proof. The theorem holds for the operator V∆ (see, e.g., [McL00, Corollay 8.11(ii)]),
which by the relation Vb =

1
bV∆ as b(y) 6= 0 implies it for the operator Vb as well.

The following Lemma gives information about the behaviour of the single
layer potential and its gradient at the far field and it helps to give an alternative
proof of Theorem 3.6 (see, e.g., [Ste07, Lemma 6.21]).

Lemma 3.1. For x0 ∈ Ω and y ∈ R2, assume |y− x0| > max{1,2diam(Ω)} to be sat-

isfied, and the coefficient b(y), ∇b(y) ∈ L∞(R2). Let Ψ ∈ H
− 1

2∗∗ (∂Ω) , then the single
layer potential operator VbΨ has the bounds

|(VbΨ)(y)| ≤C1(Ψ)
1

|y− x0|
, and |∇(VbΨ)(y)| ≤C2(Ψ)

1
|y− x0|2

.

The following is an alternative proof of Theorem 3.6.
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Proof. For x ∈Ω and diam(Ω)< R
2 define

B(x,R) = {y ∈ R2 : |y− x|< R}.

Then u(y) = b(y)VbΨ(y) = V∆Ψ(y) satisfies ∆u(y) = 0 for y ∈ B(x,R)\Ω := G and
γu = 0 on ∂Ω . Applying Green’s first identity for the Laplace’s operator ∆ , with
respect to the bounded domain G,we have

E∆ (u,u)G =−
〈
T−a∆

u,γ−u
〉

∂Ω
+
〈
T+

a∆
u,γ+u

〉
∂B(x,R) , (3.47)

where we have used the opposite direction of the exterior normal vector along
the boundary ∂Ω . The first integral in the right side of equation (3.47) vanishes
and Lemma 3.1 we obtain the following bound,

|
〈
T+

∆
u,γ+u

〉
∂B(x,R) | ≤C1(Ψ)C2(Ψ)

∫
|y−x|=R

|y− x|−3dSx ≤CR−2.

If we let R to be very large, we get E∆ (u,u)Ω c = 0 which implies the gradient
∇u = 0 on Ω c and thus u is constant on each component of Ω c. Hence, u is
identically zero, and also VbΨ = 1

b(y)u(y) = 0. From the jump properties of the
single layer potential, we have Ψ = T+

a VbΨ −T−a VbΨ = 0 which implies Ψ = 0.

3.1.8 Logarthmic capacity

The unique solvability of the variational problem follows from the H
− 1

2∗∗ (∂Ω)
- ellipticity of the single layer potential Vb , (see [Ste07, Theorem 6.22]). The
resulting solution weq is denoted as the natural density . We can compute the
Lagrange parameter by using

λ = 〈V weq,weq,〉∂Ω .

In the three–dimensional case it follows that λ > 0 [Ste07, Theorem 6.22].
In this case the Lagrange parameter λ is called the capacity of ∂Ω . In the
two–dimensional case we define the logarithmic capacity by

Cap∂Ω = e−2πλ .

For a positive number r ∈ R we may define the parameter dependent funda-
mental solution

E ∗r =
1

2π
log |x− y|− 1

2π
logr
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which induces an associated boundary integral operator

(Vrw)(x) =−
∫

∂Ω

E ∗r (x,y)w(y)dSy for x ∈ ∂Ω

satisfying

(Vrweq)(x) =
1

2π
logr+λ =

1
2π

log
r

Cap∂Ω

If the logarithmic capacity Cap∂Ω < r, then we conclude λ > 0. To ensure
Cap∂Ω < r a sufficient criteria is to assume diam(Ω)< r. This assumption can be
always guaranteed when considering a suitable scaling of the domain Ω ⊂ R2.

Theorem 3.7. i. The operator V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω), is H−

1
2 (∂Ω)- elliptic.

i.e., 〈V∆Ψ ,Ψ〉∂Ω ≥ c‖Ψ‖2

H−
1
2 (∂Ω)

for all Ψ ∈H−
1
2 (∂Ω) if and only if Cap∂Ω < r0.

ii. The operator Vb : H−
1
2 (∂Ω) → H

1
2 (∂Ω), has a bounded inverse if and only if

Cap∂Ω 6= r0.

Proof. The proof is similar to [McL00, Theorem 8.16], and [Ste07, Theorem 6.23]
for part (i) if r0 = 1. To show the ellipticity of the single layer potential V∆ , let
Ψeq ∈ H−

1
2 (∂Ω) be the equilibrium density and put

λ = V∆Ψeq =
1

2π
log
(

r0

Cap∂Ω

)
.

Then for arbitrary Ψ ∈H−
1
2 (∂Ω), let 〈1,Ψ〉∂Ω = α ∈R and define Ψ0 =Ψ−αΨeq.

Observe that 〈1,Ψ0〉∂Ω = 0 i.e. Ψ0 ∈ H
− 1

2∗∗ (∂Ω),Ψ =Ψ0 +αΨeq and V∆Ψ = V∆Ψ0 +
λα

since 〈V∆Ψ0,Ψeq〉∂Ω = 〈Ψ0,V∆Ψeq〉∂Ω = 0, we have

〈V∆Ψ ,Ψ〉∂Ω = 〈V∆Ψ0,Ψ0〉∂Ω +λα
2. (3.48)

If Cap∂Ω ≥ r0, then 〈V∆Ψeq,Ψeq〉∂Ω = λ ≤ 0. But the boundary operator V∆

is strictly positive-definite, 〈V∆Ψ ,Ψ〉∂Ω > 0 for all ψ ∈ H−
1
2 (Ω) (see, e.g.,

[McL00, Theorem 8.12]). If Cap∂Ω < r0, then λ > 0, in addition 〈V∆Ψ0,Ψ0〉∂Ω > 0.
Hence both terms on the right hand side of (3.48) are non negative, and by The-
orem 3.6 the first is zero iff Ψ0 = 0. Thus 〈V∆Ψ ,Ψ〉∂Ω ≥ 0, with equality iff Ψ0
and α = 0 i.e., if and only if Ψ = 0. Hence, V∆ is strictly positive definite on the
whole of H−

1
2 (∂Ω).

Now since V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω), is Fredholm operator of zero index, and

V∆ is strictly positive definite, ker V∆ = {0} we conclude that V∆ is H−
1
2 (∂Ω)-

elliptic.
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To prove (ii) we note that if r0 =Cap∂Ω , then V∆ cannot be invertible, because
V∆Ψeq = 0 Thus suppose that Cap∂Ω 6= r0 and V∆Ψ = 0 . we have V∆Ψ0 = −λα

hence 〈V∆Ψ0,Ψ0〉∂Ω = 0 and therefore, Ψ0 = 0 and by Theorem 3.6. in turn α = 0
because λ 6= 0 giving Ψ = 0. Thus the homogeneuos equation has only the triv-
ial solution, and V∆ is invertible. Therefore the invertibility of Vb : H−

1
2 (∂Ω)→

H
1
2 (∂Ω) follows.

There is a connection between the logarithmic capacity and the Euclidean di-
ameter of Ω (see, e.g., [YaS88]). In particular, Cap∂Ω < diam(Ω). Therefore to en-
sure Cap∂Ω < r0 a sufficient criteria is to assume diam(Ω)< r0(see, e.g.,[McL00,
Theorem 8.12, Theorem 8.16], [Ste07, Theorem 6.23]).

Theorem 3.8. Let Ω ⊂R2 have diameter diam(Ω)< r0. Then the single layer potential
operator Vb : H−

1
2 (∂Ω)→ H

1
2 (∂Ω) is invertible.

Proof. For diam(Ω) < r0 the operator Vb : H−
1
2 (∂Ω) → H

1
2 (∂Ω) is H−

1
2 (∂Ω)−

elliptic by Theorem 3.7 and also Vb is invertible (see, e.g., [DM15, Equation
15.8]). Then by the first relation in (3.18) the invertibility of the operator Vb :
H−

1
2 (∂Ω)→ H

1
2 (∂Ω) follows.

3.1.9 The Two-operator third Green identity

Let u,v ∈ H1,0(Ω ;∆). Then by using the two-operator second Green identity
(3.9); and replacing v(x)=Pb(x,y) on the equation (3.9), then by the standard lim-
iting procedures we have the following parametrix-based two-operator third
Green identity for y ∈ Ω . Note that the direct substitution of v(x) by Pb(x,y) in
the second Green identity is not possible as it has singularity at x = y. Thus we
can avoid this difficulty by replacing Ω by Ω\D(y,ε) , where D(y,ε) is a disk of
radius ε centred at y;∫

Ωε

{u(x)BPb(x,y)−Pb(x,y)Au(x)}dx =∫
∂Ωε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)−
∫

Ωε

(a(x)−b(x))∇Pb(x,y)·∇u(x)dx.

where Ωε = Ω \Dε and taking the limit ε→ 0 we then arrive at the required two
operator BDIE,

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = PbAu in Ω , (3.49)

where
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Zbu(y)=−
∫

Ω

(a(x)−b(x))∇xPb(x,y)·∇u(x)dx=
1

b(y)

2

∑
i=1

∂iP∆ [(a−b)(∂iu)] (y).

Remark 3.1.5 The equation (3.49) is Boundary Domain Integro-Differential represen-
tation.

To verify this result, let u ∈ D(Ω), let y ∈Ω be an arbitrarily fixed interior point
in Ω . Denote the disk by D(y,ε) ⊂ Ω be a disk centred at a point y with suffi-
ciently small ε > 0 and Ωε := Ω\D(y,ε). For a fixed y, evidently Pb(.,y)∈D(Ω)⊂
H1,0(Ωε ;B) and has coinciding classical and canonical co-normal derivatives on
∂Ωε . Then from the definition of parametrix and Green’s second identity em-
ployed for Ωε with Pb(.,y) we obtain∫

Ωε

{u(x)BPb(x,y)−Pb(x,y)Au(x)}dx =∫
∂Ωε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx.

Here ∂Ωε = ∂Ω ∪∂Dε , then follows.∫
Ωε

u(x)BPb(x,y)dx−
∫

Ωε

Pb(x,y)Au(x)dx =∫
∂Ω

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

+
∫

∂Dε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx,

and Pb(x,y) is parametrix for B(x,∂x)∫
Ωε

u(x)(δ (x− y)+Rb(x,y))dx−
∫

Ωε

Pb(x,y)Au(x)dx =∫
∂Ω

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

+
∫

∂Dε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx,

∫
Ωε

u(x)δ (x− y)dx = 0 since y /∈Ωε ,
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∫
Ωε

u(x)Rb(x,y)dx−
∫

Ωε

Pb(x,y)Au(x)dx =∫
∂Ω

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

+
∫

∂Dε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx.

Letting the limit as ε → 0 we have

lim
ε→0

∫
Ωε

u(x)Rb(x,y)dx− lim
ε→0

∫
Ωε

Pb(x,y)Au(x)dx =

lim
ε→0

∫
∂Ω

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

lim
ε→0

∫
∂Dε

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

− lim
ε→0

∫
Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx.

In the above equation from the right hand side of the third line since T+
a u(x)

is continuous, then it is bounded, say by Ma > 0 then

∣∣∣∫
∂Dε (y)

T+
a u(x)Pb(x,y)dSx

∣∣∣ 6 Ma

∫
∂Dε (y)

|Pb(x,y)|dSx

= Ma

∫
∂Dε (y)

1
2πb(y)

log
(
|x− y|

r0

)
dSx

=
Ma

2πb(y)

∫
|x−y|=ε

log
|x− y|

r0
dSx.

using the polar coordinate,

=
Ma

2πb(y)

∫ 2π

0

∫
ε

0
| logr|rdrdϕ

=
Ma

2πb(y)

∫ 2π

0

(
ε2

2
logε− ε2

4

)
dϕ

=
Ma

2πb(y)

(
ε2

2
logε− ε2

4

)
2π

=
Ma

b(y)
ε2

2

(
logε− 1

2

)
−→ 0 as ε −→ 0.

Therefore,
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lim
ε→0

∫
∂Dε (y)

T+
a u(x)Pb(x,y)dSx = 0.

And for the remaining part of the line of the equation (third line)

lim
ε→0

∫
∂Dε (y)

T+
b Pb(x,y)γ+u(x)dSx,

the co-normal derivative is given by

∫
∂Dε (y)

γ
+u(x)T+

b Pb(x,y)dSx =
∫

∂Dε (y)

[
γ
+u(x)− γ

+u(y)
]

T+
b Pb(x,y)dSx +

∫
∂Dε (y)

γ
+u(y)T+

b Pb(x,y)dSx.

∣∣∣∫
∂Dε (y)

[
γ
+u(x)− γ

+u(y)
]

T+
b Pb(x,y)dSx

∣∣∣
≤ max
|x−y|=ε

∣∣∣u(x)−u(y)
∣∣∣∫

∂Dε (y)

∣∣∣T+
b Pb(x,y)

∣∣∣dSx −→ 0 as ε → 0,

since
∫

∂Dε (y)T+
b Pb(x,y)dSx =−1.

Hence, ∫
∂Dε (y)

γ
+u(y)T+

b Pb(x,y)dSx = u(y)
∫

∂Dε (y)
T+

b Pb(x,y)dSx =−u(y).

Taking into account the density of D(Ω) in Hs(Ω) and mapping properties of
the integral potentials, we obtain that (3.49) hold true for any u ∈ H1(Ω).∫

Ωε

u(x)Rb(x,y)dx−
∫

Ωε

Pb(x,y)Au(x)dx =∫
∂Ω

[
γ
+u(x)T+

b Pb(x,y)− γ
+Pb(x,y)T+

a u(x)
]

dS(x)

−u(y)−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx.

Substituting the Newtonian remainder potential, we get

u(y)+Rbu−
∫

∂Ω

γ
+u(x)T+

b Pb(x,y)dSx +
∫

∂Ω

γ
+Pb(x,y)T+

a u(x)dS(x)

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx =
∫

Ωε

Pb(x,y)Au(x)dx.

Substituting the single-layer and double layer potential, we have
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u(y)+Rbu−VbT+
a u−

∫
∂Ω

γ
+u(x)b(x)n(x)∇xPb(x,y)dSx

−
∫

Ωε

(a(x)−b(x))∇Pb(x,y) ·∇u(x)dx =
∫

Ωε

Pb(x,y)Au(x)dx.

u(y)+Rbu−VbT+
a u+Wbγ

+u−
∫

Ωε

(a(x)−b(x))∇Pb(x,y)·∇u(x)dx=
∫

Ωε

Pb(x,y)Au(x)dx.

Finally, we have, the required formula, the two-operator third Green identity
which is a boundary domain integro-differential equation due to the term Zbu
that contains the derivative of the unknown function u

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = PbAu in Ω ,

where Zbu(y) = −
∫

Ω

(a(x)−b(x))∇xPb(x,y) ·∇u(x)dx

=
1

b(y)

2

∑
i=1

∂iP∆ [(a−b)(∂iu)] (y).

By using the Gauss Divergence Theorem, we can convert the BDIDE (3.49) to
the BDIE.
By rewriting Zbu in the form that does not involve derivative of u. That is,

Zbu =

[
a(y)
b(y)
−1
]

u(y)+ Ẑbu(y), (3.50)

where

Ẑbu(y) =
a(y)
b(y)

Waγ
+u(y)−Wbγ

+u(y)+
a(y)
b(y)

Rau(y)−Rbu(y), (3.51)

which allows to call Zb integral operator inspite of its Integro-Differential
representation.

3.1.10 The Gauss Divergence Theorem

We state the divergence (Gauss-Green) theorem.

Theorem 3.9. Let X : Ω → Rn be a C1(Ω)- vector field, and Ω ⊂ Rn a bounded set
with C1 boundary ∂Ω . Then
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∫
Ω

divXdx =
∫

∂Ω

X ·νdS.

In particular, if u,v ∈ C1(Ω), then an application of the divergence theorem to
the vector field X = (0,0, . . . ,uv, . . . ,0), with ith component uv gives the integra-
tion by parts formula∫

Ω

u
∂v
∂xi

dx =−
∫

Ω

v
∂u
∂xi

dx+
∫

∂Ω

uvνidS.

Let u ∈ C1(Ω) and w ∈ C2(Ω) and using the poduct rule of derivative

∇(u∇w) = u∆w+∇u ·∇w,

then applying the Gauss divergence theorem to the above equation we obtain∫
Ω

∂

∂xi
u(x)dx =

∫
∂Ω

unidSx,

∫
Ω

∂

∂xi
(u∇w)dx =

∫
∂Ω

u∇wnidSx,∫
Ω

(u∆w+∇u ·∇w)dx =
∫

∂Ω

u∇w ·ndSx =
∫

∂Ω

u
∂w
∂xi

nidSx =
∫

∂Ω

u
∂w
∂n

dSx,

this implies that ∫
Ω

u∆wdx =−
∫

Ω

∇u ·∇wdx+
∫

∂Ω

u
∂w
∂n

dSx.

Next consider the following let a,b ∈ C∞(R2)

∇ [(a−b)u∇w] = ∇(a−b)u∇w+(a−b)∇u ·∇w+(a−b)u∆w,

using the Gauss divergence theorem,∫
Ω

∂

∂xi

[
(a−b)u

∂w
∂xi

]
dx =

∫
∂Ω

(a−b)u
∂w
∂xi

nidSx,

which implies∫
Ω

[
∂

∂xi
(a−b)u

∂w
∂xi

+(a−b)
∂u
∂xi

∂w
∂xi

+(a−b)u
∂ 2w
∂x2

i

]
dx =

∫
∂Ω

(a−b)u
∂w
∂xi

nidSx.

Putting Pb(x,y) = w(x), clearly it is well known that direct substitution of w(x)
by Pb(x,y) is impossible as it has singularity at x = y. We can avoid this difficulty
by replacing Ω by Ωε := Ω\D(y,ε) a disc of radius ε centered at y.
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∫
Ωε

[
∂

∂xi
(a−b)u

∂Pb

∂xi
+(a−b)

∂u
∂xi

∂Pb

∂xi
+(a−b)u

∂ 2Pb

∂x2
i

]
dx =

∫
∂Ωε

(a−b)u
∂Pb

∂xi
nidSx,

which imply∫
Ωε

(a−b)
∂u
∂xi

∂Pb

∂xi
dx =−

∫
Ωε

(a−b)u
∂ 2Pb

∂x2
i

dx−
∫

Ωε

[
∂

∂xi
(a−b)u

∂Pb

∂xi
dx+

∫
∂Ωε

(a−b)u
∂Pb

∂xi
ni

]
dSx.

∫
Ωε

(a−b)∇u ·∇xPbdx = −
∫

Ωε

(a−b)u∆xPbdx−
∫

Ωε

∇(a−b)u∇xPbdx+
∫

∂Ωε

(a−b)u∇xPb ·ndSx

= − 1
b(y)

∫
Ωε

(a−b)u∆xP∆ dx−
∫

Ωε

∇(a−b)u∇xPbdx

+
∫

∂Ω

(a−b)u∇xPb ·ndSx+
∫

∂Dε

(a−b)u∇xPb ·ndSx,

= − 1
b(y)

∫
Ωε

(a−b)uδ (x− y)dx−
∫

Ωε

∇(a−b)u∇xPbdx

+
∫

∂Ω

(a−b)u∇xPb ·ndSx+
∫

∂Dε

(a−b)u∇xPb ·ndSx,

− 1
b(y)

∫
Ωε
(a−b)uδ (x− y)dx = 0 since y /∈Ωε .

Thus,∫
Ωε

(a−b)∇u ·∇xPbdx = −
∫

Ωε

∇(a−b)u∇xPbdx

+
∫

∂Ω

(a−b)u∇xPb ·ndSx +
1

b(y)

∫
∂Dε

(a−b)u∇xP∆ ·ndSx,

Next let us evaluate

lim
ε→0

∫
∂Dε (y)

(a−b)u(x)∇xP∆ ·ndSx,

∫
∂Dε (y)

(a−b)u(x)∇xP∆ ·ndSx =
∫

∂Dε (y)
(a−b)

[
γ
+u(x)− γ

+u(y)
]

∇xP∆ dSx +
∫

∂Dε (y)
γ
+u(y)∇xP∆ ·ndSx.

∣∣∣∫
∂Dε (y)

(a−b)
[
γ
+u(x)− γ

+u(y)
]

∇xP∆ ·ndSx
∣∣∣

≤ max
|x−y|=ε

∣∣∣(a−b)(u(x)−u(y))
∣∣∣∫

∂Dε (y)

∣∣∣∇xP∆

∣∣∣dSx −→ 0 as ε → 0,
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since
∫

∂Dε (y)∇xP∆ dSx =−1.
Hence,∫

∂Dε (y)
(a−b)u(y)∇xP∆ dSx = (a−b)u(y)

∫
∂Dε (y)

∇xP∆ dSx =−(a−b)u(y). (3.52)

Putting the double layer potential and the Newtonian remainder and equa-
tion (3.52) below, will give us required result.

∫
Ωε

(a−b)∇u ·∇xPbdx = −
∫

Ωε

∇au∇xPbdx

+
∫

Ωε

∇bu∇xPbdx+
∫

∂Ω

au∇xPb ·ndSx

−
∫

∂Ω

bu∇xPb ·ndSx +
1

b(y)

∫
∂Dε

(a−b)u∇xP∆ ·ndSx,

Hence, the desired result:∫
Ω

(a−b)∇u ·∇xPbdx =
(

1− a(y)
b(y)

)
u(y)− a(y)

b(y)
Ra(x,y)u(y)

+Rb(x,y)u(y)−
a(y)
b(y)

(Wau)(y)+Wbu(y).

Zbu = −
∫

Ω

(a−b)∇u ·∇xPbdx

= −
(

1− a(y)
b(y)

)
u(y)+

a(y)
b(y)

Ra(x,y)u(y)−Rb(x,y)u(y)+
a(y)
b(y)

Waγ
+u(y)−Wbγ

+u(y)

Zbu =

(
a(y)
b(y)
−1
)

u(y)+ Ẑbu(y).

where
Ẑbu =

a(y)
b(y)

Waγ
+u−Wbγ

+u+
a(y)
b(y)

Ra(x,y)u−Rb(x,y)u.

Note that substituting (3.50)-(3.51) in (3.49) and multiplying by b(y)
a(y) one re-

duces (3.49) to the one-operator parametrix-based third Green identity obtained
in [CMN09a],

u+Rau−VaT+
a u+Waγ

+u = PaAu in Ω .

Relations (3.50)-(3.51) and the mapping properties of Pa,Ra,Rb,Wa and Wb im-
ply the following assertion.
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Theorem 3.10. The operators,

Zb : Hs(Ω)→ Hs(Ω), s >
1
2
,

Ẑb : Hs(Ω)→ Hs,0(Ω ,∆), s≥ 1

are continuous

Proof. Let u ∈ Hs(Ω), then using the continuity of the double layer potential
operators Wa & Wb, the Remainder potentials Ra & Rb and the trace operator
γ+, and the space Hs+1(Ω) is continuously embedded in Hs(Ω) follows that

‖Zbu‖Hs(Ω) = ‖
(

a(y)
b(y)
−1
)

u(y)+
a(y)
b(y)

Ra(x,y)u−Rb(x,y)u+
a(y)
b(y)

Waγ
+u−Wbγ

+u‖Hs(Ω)

≤ ‖
(

a(y)
b(y)
−1
)

u(y)‖Hs(Ω)+‖
a(y)
b(y)

Ra(x,y)u‖Hs(Ω)+‖Rb(x,y)u‖Hs(Ω)+‖
a(y)
b(y)

Waγ
+u‖Hs(Ω)

+ ‖Wbγ
+u‖Hs(Ω)

≤ C1‖u‖Hs(Ω)+C2‖Ra(x,y)u‖Hs(Ω)+‖Rb(x,y)u‖Hs(Ω)+C3‖Waγ
+u‖Hs(Ω)+‖Wbγ

+u‖Hs(Ω)

≤ C1‖u‖Hs(Ω)+C2‖Ra(x,y)u‖Hs+1(Ω)+‖Rb(x,y)u‖Hs+1(Ω)+C̃3‖γ+u‖
Hs− 1

2 (∂Ω)
+C̃4‖γ+u‖

Hs− 1
2 (∂Ω)

≤ C1‖u‖Hs(Ω)+C2‖u‖Hs(Ω)+‖u‖Hs(Ω)+C̃′3‖u‖Hs(Ω)+C̃′4‖u‖Hs(Ω)

= C̃‖u‖Hs(Ω) for s >
1
2
.

Therefore,

‖Zbu‖Hs(Ω) ≤ C̃‖u‖Hs(Ω) for s >
1
2
.

Hence, the operator,

Zb : Hs(Ω)→ Hs(Ω) for s >
1
2
.

is continuous.

If u ∈ H1,0(Ω ;∆) is a solution of equation (3.1), then (3.49) gives

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω .

Taking the Trace of the above equation

γ
+u+ γ

+Zbu+ γ
+Rbu− γ

+VbT+
a u+ γ

+Wbγ
+u = γ

+Pb f on ∂Ω ,

and applying the jump relation to the above equation gives us:

1
2

γ
+u+ γ

+Zbu+ γ
+Rbu−VbT+

a u+Wbγ
+u = γ

+Pb f on ∂Ω .
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Taking the canonical co-normal derivative yields

T+
a u+T+

a Zbu+T+
a Rbu−T+

a VbT+
a u+T+

a Wbγ
+u = T+

a Pb f on ∂Ω ,

and applying the jump relation on the above equation, we get(
1− a

2b

)
T+

a u+T+
a Zbu+T+

a Rbu−W ′
abT+

a u+Labγ
+u = T+

a Pb f on ∂Ω .

Combining these set of equations, we get

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω , (3.53)
1
2

γ
+u+ γ

+Zbu+ γ
+Rbu−VbT+

a u+Wbγ
+u = γ

+Pb f on ∂Ω , (3.54)(
1− a

2b

)
T+

a u+T+
a Zbu+T+

a Rbu−W ′
abT+

a u+L +
abγ

+u = T+
a Pb f on ∂Ω . (3.55)

Remark 3.1.6 Note that if Pb is not only the parametrix but also the fundamental so-
lution of the operator B, then the remainder operator Rb vanishes in (3.53)-(3.55) (and
everywhere in the paper), while the operator Zb does not unless A = B.

For some functions f ,Ψ and Φ let us consider a more general ’indirect’ inte-
gral relation associated with equation (3.53).

u+Zbu+Rbu−VbΨ +WbΦ = Pb f in Ω . (3.56)

Lemma 3.2. Let f ∈ L2(Ω),Ψ ∈ H−
1
2 (∂Ω),Φ ∈ H

1
2 (∂Ω) and u ∈ H1(Ω), satisfy

equation (3.56). Then u ∈ H1,0(Ω ;∆) and is a solution of PDE

Au = f in Ω , (3.57)

and
Vb(Ψ −T+

a u)−Wb(Φ− γ
+u) = 0, y ∈Ω . (3.58)

Proof. In order to prove u ∈ H1,0(Ω ;A) we use the following steps: First we will
show the following relation

∆(au)−
2

∑
i=1

∂

∂xi

(
u(x)

∂a(x)
∂xi

)
=

2

∑
i=1

[
u(x)

∂ 2a(x)
∂x2

i
+2

∂u(x)
∂xi

∂a(x)
∂xi

+a(x)
∂ 2u(x)

∂x2
i

]
−

2

∑
i=1

(
u(x)

∂ 2a(x)
∂x2

i
+

∂u(x)
∂xi

∂a(x)
∂xi

)
=

2

∑
i=1

a(x)
∂ 2u(x)

∂x2
i

+
2

∑
i=1

∂u(x)
∂xi

∂a(x)
∂xi

=
2

∑
i=1

∂

∂xi

(
a(x)

∂u(x)
∂xi

)
= A(x,∂x)u(x).
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Therefore,

A(x,∂x)u(x) = ∆(au)−
2

∑
i=1

∂i(u∂ia).

Since, u ∈H1(Ω),∂iu ∈ L2(Ω) and a(x) ∈C∞(Ω), and hence the term ∑
2
i=1 ∂i(u∂ia)

belongs to L2(Ω). Next, we need to show that ∆(au) ∈ L2(Ω). (Here the deriva-
tive is understood in the distribution sense). In (3.53), by multiplying both sides
by b and substituting Zb then simplifying it will give us:

au = P∆ f −bẐbu−bRbu+V∆Ψ −W∆ Φ in Ω .

Apply the Laplace operator, and since the last two terms of the right hand
side,i.e., V∆Ψ and W∆ (Φ) are harmonic functions, so we obtain

∆(au) = ∆(P∆ f )−∆(bẐbu)−∆(bRbu) in Ω .

Since u ∈ H1(Ω), then from the mapping property of Rb we have that Rbu ∈
H2(Ω) and hence bRbu ∈ H2(Ω). By the definition of the space H2(Ω) we have
∂ 2(bRbu)

∂x2
i
∈ L2(Ω), then ∆(bRbu) ∈ L2(Ω) and it is clear from Theorem 3.10 that

Ẑbu ∈ H1,0(Ω ;B), then

∆(P∆ f ) = ∆x

(∫
Ω

P∆ (x,y) f (y)dy
)
=
∫

Ω

∆xP∆ (x,y) f (y)dy

=
∫

Ω

∆x

[
1

2π
log
|x− y|

r0

]
f (y)dy =

∫
R2

δ (x− y) ˜f (y)dy

= δ ∗ f̃ = f ∈ L2(Ω).

where f̃ is the extension of f from the domain Ω in to R2 by zero. Therefore,

∆(au) ∈ L2(Ω) which implies Au ∈ L2(Ω),

u ∈ H1,0(Ω ;A) = {u ∈ H1(Ω) : Au ∈ L2(Ω)}.
So, we can write the third green identity (3.53) for the function u and subtract-

ing (3.56) from the identity (3.49),

Vb(Ψ −T+
a u)(y)−Wb(Φ− γ

+u)(y) = Pb(Au− f ), y ∈Ω .

Setting Ψ ∗ =Ψ −T+
a u and Φ∗ = Φ− γ+u and multiplying by b, we get

V∆Ψ
∗−W∆ Φ

∗ = P∆ (Au− f ) in Ω .

Applying the Laplace operator, ∆ to the above equation and taking into account
the left hand side functions are both harmonic surface potentials while the right
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hand side function is classical Logarithmic Potential, we obtain

∆ (P∆ (Au− f )) = 0

which implies ∆x (
∫

Ω
P∆ (x,y)(Au− f )(y)dy) = 0 as the integral and the differenti-

ation are in different variable, we can commute them.∫
Ω

∆

(
1

2π
log |x−y|

r0

)
(Au− f )(y)dy = 0 extending (Au− f )(y) mapped in to the

space R2 by zero and using convolution of
∫
R2 δ (x−y)(Au− f̃ )(y)dy = 0 will give

us (3.57), then the required result (3.58) follows.

Lemma 3.3. i) Let Ψ ∗ ∈ H−
1
2 (∂Ω) and diam(Ω)< r0 or Ψ ∗ ∈ H

− 1
2∗∗ (∂Ω).

If VbΨ
∗ = 0 in Ω , then Ψ ∗ = 0.

ii) Let Φ∗ ∈ H
1
2 (∂Ω). If WbΦ∗ = 0 in Ω , then Φ∗ = 0.

Proof. (i.) Let us take the trace of equation VbΨ
∗= 0 on ∂Ω , by the jump relation

we have
γ
+VbΨ

∗ = VbΨ
∗ = 0 on ∂Ω .

If Ψ ∗ ∈ H−
1
2 (∂Ω), and diam(Ω) < r0 , then the result follows from the in-

vertibility of the single layer potential implies Ψ ∗ = 0, by Theorem 3.8

On the other hand, if Ψ ∗ ∈H
− 1

2∗∗ (∂Ω), then the result is implied by Theorem
3.6

(ii.) Let us take the trace of equation WbΦ∗= 0 on ∂Ω , and use the jump relation
to obtain,

−1
2

Φ
∗+WbΦ

∗ = 0 on ∂Ω .

Multiplying this equation by b(y), denoting Φ̂∗ = bΦ∗ and we obtain equa-
tion

−1
2

Φ̂
∗+W∆ Φ̂

∗ = 0 on ∂Ω ,

follows that

Φ̂
∗−
(

1
2

I +W∆

)
Φ̂
∗ = 0 on ∂Ω .

This equation has only the trivial solution. It is due to the contraction prop-
erty of the operator 1

2 I+W∆ ( see, e.g., [SW01, Theorem 3.1]). Since b(y) 6= 0,
the result follows.
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3.2 Dirichlet Problem

Let Ω be a domain in R2 bounded by simple closed infinitely differentiable
curve ∂Ω . Consider the following second order elliptic PDE with scalar vari-
able coefficient in two-dimensional bounded domain Ω defined as:

Au(x) :=
2

∑
i=1

∂

∂xi

[
a(x)

∂u(x)
∂xi

]
= f (x), x ∈Ω ,

where u is an unknown function and f is a given function in Ω and assume
a ∈C∞(R2), where 0 < amin ≤ a(x)≤ amax < ∞, ∀x ∈ R2 and n(x) be the exterior
unit normal vector, which is defined for all x in ∂Ω .

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following Dirichlet boundary value
problem.
Find a function u ∈ H1(Ω) subject to the Dirichlet boundary condition:

Au = f in Ω , (3.59)

γ
+u = ϕ0 on ∂Ω , (3.60)

where ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω).

Remark 3.2.1 Differential equation (3.59) is understood in the distributional sense
and condition (3.60) in the trace sense.

Here the BVP defined (3.59) - (3.60) has important applications in engineer-
ing. As an example, it may describe a steady-state temperature distribution in
plane body Ω , which is thermally anisotropic and inhomogeneous. Where u(x)
is an unknown temperature, a(x) is a known variable thermo-conductivity co-
efficient, f (x) is a known distributed heat source, ϕ0(x) is the known heat on the
boundary.

3.2.1 Two-operator BDIEs for Dirichlet BVP

A way of reducing the Dirichlet BVP (3.59) -(3.60) to a direct segregated BDIE
system is to substitute the Dirichlet boundary condition (3.59) -(3.60) in to the
Green’s third identity (3.53) and either into its trace (3.54) or into its co-normal
derivative (3.55) on ∂Ω . Assuming that the function u satisfies PDE Au = f ,
by denoting the unknown conormal derivative as ψ = T+u ∈ H−

1
2 (∂Ω) and
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will further will be considered ψ as formally independent on u. We can re-
duce the BVP (3.59)-(3.60) to two different systems of two-operator Boundary
Domain-Integral Equations for the unknown function u∈H1(Ω) and ψ = T+u∈
H−

1
2 (∂Ω).

Boundary-Domain Integral Equation system D1

To obtain a system, we use equation (3.53) in Ω , and equation (3.54) on the
whole boundary ∂Ω ,

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω .

Putting γ+u := ϕ0, T+
a u := ψ and taking the trace of the above equation. Then,

we arrive at the following two-operator segregated system of BDIE system D1:

u+Zbu+Rbu−Vbψ = F0 in Ω , (3.61)

γ
+Zbu+ γ

+Rbu−Vbψ = γ
+F0−ϕ0 on ∂Ω . (3.62)

where F0 = Pb f −Wbϕ0

System (3.61)- (3.62) can be rewritten in the form

D1U = F 1,

where

D1 :=
[

I +Zb +Rb −Vb
γ+[Zb +Rb] −Vb

]
, F 1 :=

[
F0,γ

+F0−ϕ0
]T

,

Remark 3.2.2 : F 1 = 0 if and only if ( f ,ϕ0) = 0

F 1 = 0 implies F0 = 0 and γ+F0−ϕ0 = 0

which implies ϕ0 = 0. Thus, as a result we get Pb f = 0 multiplying Pb f = 0 by b(y),
and applying Laplace operator, we get f = 0. Therefore, the desired result follows.

Boundary-Domain Integral Equation system D2

To obtain another system, we use equation (3.53) in Ω , and equation (3.55) on
the whole boundary ∂Ω
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u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω .

Putting T+
a u := ψ and taking the conormal derivative of the above equation.

Then we arrive at the following two-operator segregated system of BDIE system
D2:

u+Zbu+Rbu−Vbψ = F0 in Ω , (3.63)(
1− a

2b

)
ψ +T+

a Zbu+T+
a Rbu−W ′

abψ = T+
a F0 on ∂Ω . (3.64)

System (3.63)-(3.64) can be rewritten in the form

D2U = F 2,

where

D2 :=
[

I +Zb +Rb −Vb
T+

a [Zb +Rb]
(
1− a

2b

)
I−W ′

ab

]
, F 2 :=

[
F0,T+

a F0
]T

,

Remark 3.2.3 : F 2 = 0 if and only if ( f ,ϕ0) = 0.

F 2 = 0⇒ F0 = 0 and T+F0 = 0
⇒ F0 = 0⇒Pb f −Wbϕ0 = 0

and multiplying by b(y) and applying Laplace operator, we get f = 0 which implies
ϕ0 = 0
Hence,

F 2 = 0 if and only if ( f ,ϕ0) = 0

Now consider the original Dirichlet BVP for u ∈H1(Ω) given on (3.59) -(3.60).
We can rewrite the given Dirichlet BVP in a matrix form

ADu = FD

where AD :=
[

A
γ+

]
. FD :=

[
f

ϕ0

]
.

The following assertion is well-known and can be proved e.g. using variational
setting and the Lax-Milgram Lemma (see, e.g.,[Mik17])

Theorem 3.11. The Dirichlet problem (3.59) - (3.60) is uniquely solvable in H1(Ω).
The solution is u = (AD)−1( f ,ϕ0), where the inverse operator (AD)−1 : L2(Ω)×
H

1
2 (∂Ω)→ H1(Ω), to the left hand side operator, AD : H1(Ω)→ L2(Ω)×H

1
2 (∂Ω),

of the Dirichlet problem (3.59) - (3.60), is continuous.
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In order to prove the invertibility of BDIE operators first let us prove the
following representation Lemma (see, e.g., [Mik05b, Lemma 3] and reference
therein). We adapt here its proof scheme.

Lemma 3.4. For any function FΦ∗ ∈H1,0(Ω ;A) there exists a unique couple ( f∗,Φ∗)=
CΦFΦ∗ ∈ L2(Ω)×H

1
2 (∂Ω) such that

FΦ∗ = Pb f∗−WbΦ∗ in Ω (3.65)

and CΦ : H1,0(Ω ;A)→ L2(Ω)×H
1
2 (∂Ω) is a bounded linear operator.

Proof. Suppose first there exist some functions f∗(y),Φ∗(y) satisfying (3.65) and
find their expressions in terms of FΦ∗(y). Taking into account definitions for the
volume and the double layer potentials, ansatz (3.65) can be rewritten as :

b(y)FΦ∗(y) = P∆ f∗−W∆ (bΦ∗)(y) y ∈Ω (3.66)

Applying the Laplace operator to (3.66) we obtain the

∆(bFΦ∗)(y) = f∗(y) (3.67)

Then (3.66) can be rewritten as:

W∆ (bΦ∗)(y) = Q(y) y ∈Ω (3.68)
where Q(y) = P∆ f∗−bFΦ∗(y) y ∈Ω (3.69)

It is easy to check that Q is harmonic functions in Ω as well as (3.67). Then Trace
of (3.68) on the boundary gives

γ
+W∆ (bΦ∗)(y) = γ

+Q(y) implies
[
−1

2
I+W∆

]
(bΦ∗)(y) = γ

+Q(y) (3.70)

Since
[
−1

2 I +W∆

]
is an isomorphism, (see, e.g., [DL90], chap XI, Part B, sec. 2,

Remark 8) and b(y) 6= 0 we obtain the following expression of Φ∗

Φ∗(y) =
1

b(y)

[
−1

2
I +W∆

]−1

γ
+Q(y) y ∈ ∂Ω (3.71)

Now we have to prove that f∗(y),Φ∗(y) given by (3.67) and (3.71) do satisfy
(3.65). Indeed, the potential W∆ (bΦ∗)(y) with Φ∗(y) given by (3.71) is harmonic
function, and one can check that Q given by (3.69) is also harmonic. Since (3.70)
implies that they coincide on the boundary, the two harmonic functions should
also coincide in the domain, i.e, (3.68) holds true, which implies (3.65). Thus
we constructed a bounded operator CΦ : H1,0(Ω ;A)→ L2(Ω)×H

1
2 (∂Ω) given

by (3.67), (3.71) , (3.69)
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Lemma 3.5. For any couple (F1,F2) ∈H1(Ω)×H−
1
2 (∂Ω) there exists a unique cou-

ple ( f∗∗,Φ∗) ∈ L2(Ω)×H
1
2 (∂Ω) such that

F1 = Pb f∗∗−WbΦ∗ in Ω (3.72)

F2 = T+
a (Pb f∗∗−WbΦ∗) on ∂Ω , (3.73)

Moreover, ( f∗∗,Φ∗) =CΦ(F1,F2) and CΦ : H1(Ω)×H−
1
2 (∂Ω)→ L2(Ω)×H

1
2 (∂Ω)

is a linear continuous operator given by

f∗∗ = ∆(bF1) (3.74)

Φ∗(y) =
1

b(y)

[
−1

2
I +W∆

]−1

γ
+ (b(y)F1) y ∈ ∂Ω (3.75)

Proof. First let us assume a couple ( f∗∗,Φ∗) ∈ L2(Ω)×H
1
2 (∂Ω) satisfying equa-

tions (3.72) and (3.73) and find their expressions in terms of F1 and F2. Let
us re-write (3.72) as:

Pb f∗∗−F1 =WbΦ∗ in Ω (3.76)

Multiply equation (3.76) by b and applying the Laplace operator to it, we get

∆ (P∆ f∗∗−bF1) = ∆ (W∆ (bΦ∗)) = 0, in Ω (3.77)

Which means
f∗∗ = ∆ (bF1) in Ω (3.78)

and bF1−P∆ f∗∗ ∈ H1,0(Ω ,∆) and hence F1−Pb f∗∗ ∈ H1,0(Ω ,A). Hence, the
canonical co-normal derivative T+

a (F1−Pb f∗∗) is well-defined.
Now (3.76) can be written in the form

Q =W∆ (bΦ∗), (3.79)

where Q = P∆ f∗∗−bF1.
Taking the trace of (3.79) and equations (3.70) and (3.71) follows that

Φ∗(y) =
1

b(y)

[
−1

2
I +W∆

]−1

γ
+ (P∆ f∗−W∆ (bΦ∗)(y)) y ∈ ∂Ω

Thus,

Φ∗(y) =
1

b(y)

[
−1

2
I +W∆

]−1

γ
+ (b(y)F1) y ∈ ∂Ω (3.80)

The relation (3.78) and (3.80) can be written as ( f∗∗,Φ∗) =CΦ(F1,F2), where

CΦ : H1(Ω)×H
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)
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is linear and continuous operator. And also relation (3.78) and (3.80) satisfy
(3.72) and (3.73).

To prove the uniqueness of the operator CΦ , let a couple ( f∗∗,Φ∗) ∈ L2(Ω)×
H

1
2 (∂Ω) be a solution of linear system (3.72) and (3.73) with F1 = 0 and F2 = 0.

Then (3.78) implies f∗∗ = 0 in Ω and taking equation (3.72) due to Lemma 3.3
(ii) Φ∗ = 0.

Hence, any solution of non-homogeneous linear system (3.72) and (3.73) has
only one solution, which implies CΦ is unique.

3.2.2 Equivalence and Invertibility

In the following theorem we will check the equivalence of the newly obtained
BDIE systems (D1) and (D2) with the original Dirichlet BVP (3.59)-(3.60).

Theorem 3.12. Let f ∈ L2(Ω) and ϕ0 ∈ H
1
2 (∂Ω)

i. If some u ∈ H1(Ω) solves the Dirichlet BVP (3.59)-(3.60) in Ω , then the pair
(u,ψ) where

ψ = T+
a u ∈ H−

1
2 (∂Ω) (3.81)

solves BDIEs (D1) and (D2).
ii. If a pair (u,ψ)∈H1(Ω)×H−

1
2 (∂Ω) solves BDIE system (D1) and diam(Ω)< r0,

then u solves BDIEs (D2) and the BVP (3.59)-(3.60), this solution is unique, and
ψ satisfies (3.81).

iii. If a pair (u,ψ) ∈ H1(Ω)×H−
1
2 (∂Ω) solves BDIE system (D2), then u solves

BDIEs (D1) and the BVP (3.59)-(3.60), this solution is unique,and ψ satisfies
(3.81).

Proof. Let u∈H1(Ω) be a solution of the BVP (3.59)-(3.60). Then since f ∈ L2(Ω),
we have that u ∈H1,0(Ω ;A). Setting ψ and recalling how the BDIE systems (D1)
and (D2) were constructed, we obtain that (u,ψ) solves them.

Let now a pair (u,ψ) ∈ H1(Ω)×H−
1
2 (∂Ω) solves system (D1) or (D2). Due

to the first equations in the BDIE systems, the hypotheses of Lemma (3.2) are
satisfied implying that u belongs to H1,0(Ω ;A) and solves PDE (3.59) in Ω , while
the following equation also holds,

Vb(ψ−T+
a u)(y)−Wb(ϕ0− γ

+u)(y) = 0 y ∈Ω .

(ii) Let (u,ψ) ∈ H1(Ω)×H−
1
2 (∂Ω) solve system (D1). Taking the trace of the

first equation in (D1) and subtracting the second equation from it, we get γ+u =
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ϕ0 on ∂Ω . Thus, the Dirichlet boundary condition is satisfied, and using it in
(3.58), we have Vb(ψ−T+u)(y) = 0 for y ∈Ω . Lemma 3.3 then implies ψ = T+

a u
(iii) Let now (u,ψ) ∈ H1(Ω)×H−

1
2 (∂Ω) solve system (D2). Taking the conor-

mal derivative of the first equation in (D2) and subtracting the second equa-
tion from it, we get ψ = T+

a u on ∂Ω . Then inserting this in (3.58) gives Wb(ϕ0−
γ+u)(y) = 0 y ∈Ω and Lemma 3.3 implies ϕ0 = γ+u on ∂Ω .

The uniqueness of the BDIE system solutions follows form the fact that the
corresponding homogeneous BDIE systems can be associated with the homoge-
neous Dirichlet problem, which has only the trivial solution. Then paragraphs
(ii) and (iii) above imply that the homogeneous BDIE systems also have only
the trivial solutions.

To prove the invertibility of BDIE operators we need the representation
Lemma (see, e.g., [AM11, Theorem B.2 and Lemma B.3] and reference therein)

Theorem 3.13. If diam(Ω)< r0, then the following operators are invertible,

D1 : H1,0(Ω ,A)×H−
1
2 (∂Ω)→ H1,0(Ω ,A)×H

1
2 (∂Ω). (3.82)

D2 : H1,0(Ω ,A)×H−
1
2 (∂Ω)→ H1,0(Ω ,A)×H−

1
2 (∂Ω). (3.83)

Proof. To prove the invertibility of operator (3.82). Consider the BDIE system
D1 with an arbitrary right hand side F D1 = (F D1

1 ,F D1
2 ) ∈ H1,0(Ω ,A)×H

1
2 (∂Ω)

such that

F D1
1 = Pb f∗−WbΦ∗ in Ω (3.84)

F D1
2 = γ

+F D1
1 −Φ∗ on ∂Ω (3.85)

First assume ( f∗,Φ∗) ∈ L2(Ω)×H
1
2 (∂Ω) satisfying equations (3.84) and (3.85)

and find their expressions in terms of F D1
1 and F D1

2 . Let us re-write (3.84)
as:

F D1
1 −Pb f∗ =−WbΦ∗ in Ω (3.86)

Multiply equation (3.86) by b and applying the Laplace operator to it, we get

∆
(
bF D1

1 −P∆ f∗
)
=−∆ (W∆ (bΦ∗)) in Ω

Which means
f∗ = ∆

(
bF D1

1
)

in Ω (3.87)

and bF D1
1 −P∆ f∗ ∈ H1,0(Ω ,∆) and hence F D1

1 −Pb f∗ ∈ H1,0(Ω ,A).
Taking the trace of the first equation of BDIE system D1 (3.61), we obtain

γ
+Zbu+ γ

+Rbu−Vbψ = γ
+F D1

1 −Φ∗ on ∂Ω .
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That is, F D1
2 = γ+F D1

1 −Φ∗ which implies

Φ∗ = γ
+F D1

1 −F D1
2 . (3.88)

Relation (3.87) and (3.88) can be written as ( f∗,Φ∗) =CΦ(F D1
1 ,F D1

2 ), where

CΦ : H1(Ω)×H
1
2 (∂Ω)→ L2(Ω)×H

1
2 (∂Ω)

is linear and continuous operator. And also relation (3.87) and (3.88) satisfy
(3.84) and (3.85).

To prove the uniqueness of the operator CΦ , let a couple ( f∗,Φ∗) ∈ L2(Ω)×
H

1
2 (∂Ω) be a solution of linear system (3.84) and (3.85) with F D1

1 = 0 and F D1
2 =

0. Then (3.87) implies f∗ = 0 in Ω and γ+F D1
1 −Φ∗ = 0 which implies Φ∗ = 0.

Hence, any solution of non-homogeneous linear system (3.84) and (3.85) has
only one solution, which implies CΦ is unique.

If u ∈ H1,0(Ω ,A), then the third Green’s identity implies D1u = (PbAu,γ+u)T
,

i.e., the operator D1 is continuous. On the other hand, if (F D1
1 ,F D1

2 )∈H1,0(Ω ,A)×
H

1
2 (∂Ω), then F D1

1 = Pb f∗ −WbΦ∗ due to Lemma 3.4, f∗ = CΦ1F
D1
1 where

CΦ1 : H1,0(Ω ;A)→ L2(Ω) is a linear and bounded operator. Then the equivalence
theorem, Theorem 3.12 and invertibility of the BVP operator given by Theorem
3.11 imply that D1u = F D1 has a unique solution

u =
(
AD)−1

( f∗,F D1
2 )T =

(
AD)−1

diag(CΦ1, I)F D1,

Here,
(
AD)−1 : L2(Ω)×H

1
2 (∂Ω)→ H1,0(Ω ;A) is a bounded inverse of the op-

erator AD of the Dirichlet BVP. Thus,
(
AD)−1 diag(CΦ1, I) is a bounded inverse of

D1. Which shows D1 is invertible.

To prove the invertibility of operator (3.83), consider the BDIE system D2 with
arbitrary right hand side, i.e,

u+Zbu+Rbu−Vbψ = F D2
1 in Ω , (3.89)(

1− a
2b

)
ψ +T+

a Zbu+T+
a Rbu−W ′

abψ = F D2
2 on ∂Ω . (3.90)

where F D2 = (F D2
1 ,F D2

2 ) ∈H1(Ω)×H−
1
2 (∂Ω) for (u,ψ) ∈H1(Ω)×H−

1
2 (∂Ω)

Let us introduce a new variable

Ψ
′ = ψ− (F D2

2 −T+
a F D1

1 ) ∈ H−
1
2 (∂Ω), (3.91)

then ψ =Ψ ′+
(
F D2

2 −T+
a F D1

1
)

and putting this value in to equation (3.89) yields

u+Zbu+Rbu−Vb
(
Ψ
′+
(
F D2

2 −T+
a F D1

1
))

= F D2
1
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which implies

u+Zbu+Rbu−VbΨ
′ = F D2

1 +Vb
(
F D2

2 −T+
a F D1

1
)

in Ω

Let F D2
1∗ = F D2

1 +Vb
(
F D2

2 −T+
a F D1

1
)
; then putting this value above equation,

we obtain,
u+Zbu+Rbu−VbΨ

′ = F D2
1∗ in Ω ,

Similarly, substituting equation (3.91) in (3.90)(
1− a

2b

)
(Ψ ′+

(
F D2

2 −T+
a F D1

1
)
) + T+

a Zbu+T+
a Rbu−W ′

ab(Ψ
′+
(
F D2

2 −T+
a F D1

1
)
) = F D2

2(
1− a

2b

)
Ψ
′+T+

a Zbu+T+
a Rbu−W ′

abΨ
′ = F D2

2 −
(

1− a
2b

)(
F D2

2 −T+
a F D1

1
)
+−W ′

ab
(
F D2

2 −T+
a F D1

1
)

= T+
a F D1

1 +
[ a

2b

(
F D2

2 −T+
a F D1

1
)
+W ′

ab
(
F D2

2 −T+
a F D1

1
)]

= T+
a F D1

1 +T+
a Vb

(
F D2

2 −T+
a F D1

1
)

= T+
a
[
F D1

1 +Vb
(
F D2

2 −T+
a F D1

1
)]

= T+
a F D2

1∗

Then the system in the new variable becomes

u+Zbu+Rbu−VbΨ
′ = F D2

1∗ in Ω ,(
1− a

2b

)
Ψ
′+T+

a Zbu+T+
a Rbu−W ′

abΨ
′ = T+

a F D2
1∗ on ∂Ω .

identical with the given BDIE system D2, where

F D2
1∗ = Pb f∗−WbΦ∗ in Ω (3.92)

F D2
2 = T+

a F D2
1∗ on ∂Ω (3.93)

Indeed, let us re-write (3.92) as:

F D2
1∗ −Pb f∗ =−WbΦ∗ in Ω (3.94)

Multiply equation (3.94) by b and applying the Laplace operator to it, we get

∆
(
bF D2

1∗ −P∆ f∗
)
=−∆ (W∆ (bΦ∗)) = 0, in Ω

Which means
f∗ = ∆

(
bF D2

1∗
)

in Ω (3.95)

and bF D2
1∗ −P∆ f∗ ∈ H1,0(Ω ,∆) and hence F D2

1∗ −Pb f∗ ∈ H1,0(Ω ,A). Hence, the
canonical co-normal derivative T+

a (F D2
1∗ −Pb f∗) is well-defined.

Now (3.94) can be written in the form

Q =−W∆ (bΦ∗), (3.96)
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where Q = bF D2
1∗ −P∆ f∗.

Taking the co-normal derivative of (3.96)

T+
a Q =−T+

a (W∆ (bΦ∗)) , that implies T+
a Q =−L +

∆
(bΦ∗)

Where the pseudo-differential operator L +
∆

: H
1
2∗∗(∂Ω)→ H−

1
2 (∂Ω) is invertible

(see, e.g., [ADM17, Theorem 2]). Then bΦ∗ = (L +
∆
)−1 (−T+

a Q) which implies

Φ∗ =
1
b
(L +

∆
)−1 (−T+

a Q
)

=
1
b
(L +

∆
)−1 (−T+

a [bF D2
1∗ −P∆ (∆(bF D2

1∗ ))]
)

= −1
b
(L +

∆
)−1 (T+

a [bF D2
1∗ −P∆ (∆(bF D2

1∗ ))]
)

= −1
b
(L +

∆
)−1 (T+

a bF D2
1∗ −T+

a P∆ (∆(bF D2
1∗ ))

)
Thus,

Φ∗ =−
1
b
(L +

∆
)−1{T+

a (bF D2
1∗ )−T+

a P∆ (∆(bF D2
1∗ ))

}
. (3.97)

The relation (3.95) and (3.97) can be written as
( f∗,Φ∗) = ĈΦ(F D2

1 ,F D2
2 ), where

ĈΦ : H1(Ω)×H
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)

is linear and continuous operator. And also relation (3.95) and (3.97) satisfy
(3.89) and (3.90).

To prove the uniqueness of the operator ĈΦ , let a couple ( f∗,Φ∗) ∈ L2(Ω)×
H

1
2 (∂Ω) be a solution of linear system (3.89) and (3.90) with F D2

1 = 0 and F D2
2 =

0. Then (3.95) implies f∗ = 0 in Ω and taking equation (3.92) due to Lemma 3.3
(ii) Φ∗ = 0.

Hence, any solution of non-homogeneous linear system (3.89) and (3.90) has
only one solution, which implies ĈΦ is unique.

If u ∈H1,0(Ω ,A), then the third Green’s identity implies D2u = (PbAu,T+
a u)T

,
i.e., the operator D2 is continuous. On the other hand, if (F D2

1 ,F D2
2 )∈H1,0(Ω ,A)×

H−
1
2 (∂Ω), then F D2

1 = Pb f∗ −WbΦ∗ due to Lemma 3.4, f∗ = ĈΦ1F
D2
1 where

ĈΦ1 : H1,0(Ω ;A)→ L2(Ω) is a linear and bounded operator. Then the equivalence
theorem, Theorem 3.12 and invertibility of the BVP operator given by Theorem
3.11 imply that D2u = F D2 has a unique solution

u =
(
AD)−1

( f∗,F D2)T =
(
AD)−1

diag(ĈΦ1, I)F D2,
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Here,
(
AD)−1 : L2(Ω)×H−

1
2 (∂Ω) → H1,0(Ω ;A) is a bounded inverse of the

operator AD of the Dirichlet BVP. Thus,
(
AD)−1 diag(ĈΦ1, I) is a bounded inverse

of D2.

3.3 Neumann BVP

Let Ω be a domain in R2 bounded by simple closed infinitely differentiable
curve ∂Ω . Consider the following second order elliptic PDE with scalar vari-
able coefficient in two-dimensional bounded domain Ω defined as:

Au(x) :=
2

∑
i=1

∂

∂xi

[
a(x)

∂u(x)
∂xi

]
= f (x), x ∈Ω ,

where u is an unknown function and f is a given function in Ω and assume
a ∈C∞(R2), where 0 < amin ≤ a(x)≤ amax < ∞, ∀x ∈ R2 and n(x) be the exterior
unit normal vector, which is defined for all x in ∂Ω .

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following Neumann boundary value
problem.
Find a function u ∈ H1(Ω) subject to the Neumann boundary condition:

Au = f in Ω , (3.98)

T+
a u = ψ0 on ∂Ω (3.99)

where ψ0 ∈ H−
1
2 (∂Ω) and f ∈ L2(Ω).

Remark 3.3.1 The differential equation (3.98) is understood in the distributional sense
and condition (3.99) is understood in the functional sense.

Here the BVP defined (3.98) - (3.99) has important applications in engineer-
ing. As an example, it may describe a steady-state temperature distribution in
plane body Ω , which is thermally anisotropic and inhomogeneous. Where u(x)
is an unknown temperature, a(x) is a known variable thermo-conductivity co-
efficient, f (x) is a known distributed heat source, T+

a is a surface flux operator
where T+

a u(x) = a(x)∂u(x)
∂n(x) , n(x) is the external normal vector to ∂Ω , ψ0(x) is

known heat flux on the boundary.
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A function u0(x) = 1 for x ∈ Ω solves the corresponding homogeneous prob-
lem for the BVP (3.98) - (3.99) which gives as follows

Au = 0 in Ω , (3.100)

T+
a u = 0 on ∂Ω . (3.101)

Applying the Green’s second formula, we obtain solvability condition

〈1, f 〉Ω = 〈ψ0,1〉∂Ω (3.102)

for the non-homogeneous Neumann BVP.

Here we follow the same procedure as it is done in ([ADM17]). Since there
exists a non trivial solution of the homogeneous Neumann BVP if u is a solution
of the Neumann BVP, then u+ c, ∀c ∈ R is also solution. Hence the applica-
tion of LaxMilgram theorem needs a great attention; it depends on the quotient
space, H1(Ω)/R, where

H1(Ω)/R= {u+ c : u ∈ H1(Ω),c ∈ R}.

H1(Ω)/R is a Banach space with norm

‖[u]‖H1(Ω)/R = inf
c∈R
‖u+ c‖H1(Ω).

The infimum on the right-hand side is in fact attained by direct differentiation
with respect to c of the function ‖u+ c‖ (of one variable c), we find out that

c =−
∫

Ω

udx.

Thus, the norm of the equivalence class of u coincides with the norm in H1(Ω)
of the representative with a zero mean value,

‖[u]‖H1(Ω)/R = ‖u‖H1(Ω) where u ∈ [u],
∫

Ω

udx = 0.

Note that the quotient space is taken from the Hilbert space H1(Ω), one can
verify that, H1(Ω)/R is also a Hilbert space. Define the bilinear form on the
quotient space as

E a([u], [v]) =
∫

Ω

a(x)∇u ·∇vdx, u ∈ [u],v ∈ [v].

Remark 3.3.2 E a is bounded and elliptic on the given qoutient space.
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Since the right-hand side is independent of the representative u & v, the bilin-
ear form is well-defined. It is also continuous. Indeed, if a(x) ∈ L∞(Ω), then E a
is well-defined.

|E a([u], [v])| = |
∫

Ω

a(x)∇u ·∇vdx| ≤
∫

Ω

|a(x)||∇u||∇v|dx

≤C‖u‖H1(Ω)‖v‖H1(Ω)

≤ inf
u∈[u]
‖u‖H1(Ω)/R inf

v∈[v]
‖v‖H1(Ω)/R

which implies E a is bounded.

From the Cauchy-Schwarz inequality

|
∫

Ω

udx| ≤
(∫

Ω

u2dx
) 1

2
(∫

Ω

dx
) 1

2

which implies |
∫

Ω

udx|2 ≤
∫

Ω

u2dx|Ω | |Ω |= meas(Ω)

consequently,∫
Ω

|∇u|2dx+ |
∫

Ω

udx|2 ≤
∫

Ω

|∇u|2dx+ |Ω |
∫

Ω

u2dx≤ max{1, |Ω |}‖u‖2
H1(Ω)

for every u ∈ H1(Ω). Since Ω is smooth and bounded, it follows form the
Sobolev Embedding Theorems that the inverse inequality (sometimes called the
second Poincaré inequality) holds, (see e.g., [HCW08], inequality 4.1.40), i.e.,
there is a positive number C > 0 such that

‖u‖2
H1(Ω) ≤C

[∫
Ω

|∇u|2dx+ |
∫

Ω

udx|2
]

for every u ∈ H1(Ω). Thus, from this inequality, the bi-linear form, E a is elliptic
on the representative quotient space , i.e.,

E a([u], [u]) =
∫

Ω

a(x)∇u ·∇udx =
∫

Ω

|a(x)||∇u|2dx

=
∫

Ω

|∇u|2dx+ |
∫

Ω

udx|2, provided that
∫

Ω

udx = 0

≥ 1
C
‖u‖2

H1(Ω) =
1
C
‖u‖2

H1(Ω)/R

which shows E a is elliptic on the representative quotient space.
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Define a linear functional J on the quotient space H1(Ω)/R as

〈J , [v]〉= 〈 f ,v〉Ω −〈ψ0,γ
+v〉∂Ω

where v ∈ [v] and γ+ is the trace operator. One can see that, it is well-defined
and bounded. i.e., it is independent of the particular representative, v ∈ [v]. The
right hand side vanishes for v ≡ constant. This is equivalent to the solvability
condition (3.102). With this condition satisfied, functional J is well-defined.
Then, we have the estimates.

|〈 f ,v〉Ω | ≤ ‖ f‖L2(Ω)‖v‖H1(Ω) and

|〈ψ0,γ
+v〉∂Ω | ≤ ‖ψ0‖

H−
1
2 (∂Ω)

‖γ+v‖
H

1
2 (∂Ω)

and from the continuity of γ+, we have

‖γ+v‖
H

1
2 (∂Ω)

≤C‖v‖H1(Ω) for some constant C

Therefore,

〈J , [v]〉 ≤
(
‖ f‖L2(Ω)+‖ψ0‖

H−
1
2 (∂Ω)

)
‖v‖H1(Ω)

which upon taking the infimum with respect to v ∈ [v] on the right-hand side,
implies that

〈J , [v]〉 ≤
(
‖ f‖L2(Ω)+‖ψ0‖

H−
1
2 (∂Ω)

)
‖v‖H1(Ω)/R.

Hence, all assumptions of the LaxMilgram Theorem are satisfied, and there-
fore, there exists a unique solution in the quotient space H1(Ω)/R to the Neu-
mann BVP.

Theorem 3.14. Given ψ0 ∈ H−
1
2 (∂Ω) and f ∈ L2(Ω) satisfying the solvability condi-

tion (3.102), the variational form of the BVP (3.98) - (3.99)

Ea([u], [v]) =−〈 f ,v〉Ω + 〈ψ0,γ
+v〉∂Ω ,∀v ∈ H1(Ω)

where u ∈ [u], has a unique solution in H1(Ω)/R.

Remark 3.3.3 The Neumann homogeneous problem, (3.100) - (3.101), admits only
one linearly independent solution u0 = 1 in H1(Ω). Then non-homogeneous Neumann
problem (3.98) - (3.99) is solvable if and only if the following solvability condition is
satisfied

〈 f ,u0〉Ω −〈ψ0,γ
+u0〉∂Ω = 0.



3.3 Neumann BVP 95

3.3.1 Invertibility of the Hypersingular operator in 2D

The conormal derivative of the double layer potential Wbv for v ∈ H
1
2 (∂Ω) de-

fines a bounded operator

L +
ab : H

1
2 (∂Ω)→ H−

1
2 (∂Ω).

Inserting u0(y) ≡ 1 in Ω in to the conormal derivative of the Green’s third
identity for the case b = 1 we obtain L +

∆
γ+u0 = 0 on ∂Ω . Which shows the ker-

nel of L +
∆

consists a non-zero function. Hence, we can not ensure the elipticity
of the Hypersingular Boundary Integral Operator L +

∆
in H

1
2 (∂Ω). Instead we

have to consider a suitable subspace to obtain a subspace where L +
∆

is elliptic
implying that its invertiblity(see e.g., [Ste07]).

H
1
2∗ (∂Ω) := {g ∈ H

1
2 (∂Ω) : 〈g,weq〉∂Ω = 0}

where weq ∈ H−
1
2 (∂Ω) is the natural density as defined in ([Ste07], Equation

6.36).

Theorem 3.15. The hypersingular Boundary Integral Operator L +
∆

in H
1
2 (∂Ω) is

H
1
2∗ (∂Ω)- elliptic. i.e.,

〈L +
∆

v,v〉∂Ω ≥C‖v‖2

H
1
2 (∂Ω)

, v ∈ H
1
2∗ (∂Ω).

Proof. Let v ∈ H
1
2∗ (∂Ω),a(x) = 1, consider the double layer potential u(x) =

−W∆ v(x), for x ∈Ω ∪Ω c which is a solution of the interior Dirichlet BVP

∆u = 0 in Ω,

γ
+u =

1
2

v−W∆ v on ∂Ω

and applying the first Green identity, we have∫
Ω

∇u ·∇wdx = 〈T+
a u,γ+w〉∂Ω , ∀w ∈ H1(Ω).

For y0 ∈ Ω , let BR(y0) be a disc of radius R > 2diam(Ω) which circumscribes Ω ,
i.e., Ω ⊂ BR(y0). Then u(x) = −W∆ v(x) is also a unique solution to the Dirichlet
BVP
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∆u = 0 in G = BR(y0)\Ω

γ
−u = −1

2
v−W∆ v on ∂Ω

γ
−u = −W∆ v(x) on ∂BR(y0)

and the corresponding Green’s first formula∫
G

∇u ·∇wdx =−〈T−a u,γ−w〉∂Ω + 〈T+
a u,γ+w〉∂BR(y0), ∀w ∈ H1(Ω).

For x /∈ ∂Ω , we have by definition

u(x) =
1

2π

∫
∂Ω

〈y− x,ny〉
|x− y|2

v(y)dSy.

In particular, for x ∈ ∂BR(y0), we then obtain the estimates

|u(x)| ≤C1(v)R−1 and |∇u(x)| ≤C2(v)R−2.

By choosing w = u =−W∆ v and taking the limit R→∞ we finally obtain Green’s
first formula with respect to the exterior domain,∫

Ω c
|∇u|2dx =−〈T−a u,γ−u〉∂Ω .

By taking the sum of both Green’s formulae with respect to the interior and to
the exterior domain, and considering the jump relations of the boundary inte-
gral operators involved, we obtain for the bilinear form of the hypersingular
boundary integral operator

〈L +
∆

v,v〉∂Ω = 〈T+
a u,γ+u− γ

−u〉∂Ω = 〈T+
a u,γ+u〉∂Ω −〈T−a u,γ−u〉∂Ω ,

=
∫

Ω

|∇u|2dx+
∫

Ω c
|∇u|2dx = |u|2H1(Ω)+ |u|

2
H1(Ω c).

For the exterior domain Ω c we find from the far field behavior of the double
layer potential u =−W∆ v as |x| → ∞ the norm equivalent

C1‖u‖2
H1(Ω c) ≤ |u|

2
H1(Ω c) ≤C2‖u‖2

H1(Ω c).

For v ∈H
1
2∗ (∂Ω) , for weq ∈H−

1
2 (∂Ω) by using the symmetry relation (see e.g.,

[Ste07, Corollary 6.19, Equation 6.26]), we obtain
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〈γ+u,weq〉∂Ω = 〈
(

1
2

I−W∆

)
v,weq〉∂Ω = 〈v,weq〉∂Ω −〈

(
1
2

I +W∆

)
v,weq〉∂Ω

= −〈
(

1
2

I +W∆

)
v,weq〉∂Ω =−〈

(
1
2

I +W∆

)
v,V−11〉∂Ω

= −〈V−1
(

1
2

I +W∆

)
v,1〉∂Ω =−〈

(
1
2

I +W ′
∆

)
V−1v,1〉∂Ω

= −〈V−1v,
(

1
2

I +W∆

)
1〉∂Ω = 0

and hence γ+u ∈ H
1
2∗ (∂Ω).

By using the norm equivalent theorem (see [Ste07, Theorem 2.6])

‖u‖2

H
1
2∗ (∂Ω)

:=
{
〈γ+u,weq〉2∂Ω

+‖u‖2
L2(Ω)

}
to be an equivalent norm in H1(Ω). For v ∈ H

1
2∗ (∂Ω), we have γ+u ∈ H

1
2∗ (∂Ω)

and therefore,

|u|2H1(Ω) =
[
〈γ+u,weq〉∂Ω

]2
+‖u‖2

L2(Ω) = ‖u‖
2
H1
∗ (Ω) ≥C‖u‖2

H1(Ω).

By using the trace theorem and the jump relation of the double layer potential
we obtain

〈L +
∆

v,v〉∂Ω ≥C
{
‖u‖2

H1(Ω)+‖u‖
2
H1(Ω c)

}
≥ C̃

{
‖γ+u‖2

H
1
2 (∂Ω)

+‖γ−u‖2

H
1
2 (∂Ω)

}
≥ 1

2
C̃‖γ+u− γ

−u‖2

H
1
2 (∂Ω)

=
1
2
‖v‖2

H
1
2 (∂Ω)

∀v ∈ H
1
2∗ (∂Ω)

and therefore L +
∆

is H
1
2∗ (∂Ω)- elliptic.

To prove the ellipticity of the hypersingular boundary integral operator L +
∆

on a more wider space, we have to restrict the functions to a suitable subspace,
i.e. orthogonal to the constants. When considering the orthogonality with re-
spect to different inner products this gives the ellipticity of the hypersingular
boundary integral operator L +

∆
with respect to different subspaces. As in the

norm equivalence theorem of Sobolev (see [Ste07, Theorem 2.6]) we define

‖v‖2

H
1
2∗ (∂Ω)

:=
[
〈v,weq〉∂Ω

]2
+ |v|2

H
1
2 (∂Ω)

to be an equivalent norm in H
1
2 (∂Ω).
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Corollary 3.3.1 The hypersingular boundary integral operator L +
∆

is H
1
2∗ (∂Ω)- semi-

elliptic. i.e.,
〈L +

∆
v,v〉∂Ω ≥ |v|2

H
1
2 (∂Ω)

, ∀v ∈ H
1
2 (∂Ω).

We have seen, the H
1
2∗ (∂Ω)- ellipticity and H

1
2 (∂Ω) semi-ellipticity of L +

∆
,

which is from a practical point of view, this seems not to be very convenient for
a computational realization. Hence we may use a subspace which is induced by
a much simpler inner product.

In order to have invertibility for the hypersingular operator, we define the
following subspace of the space H

1
2 (∂Ω)

H
1
2∗∗(∂Ω) := {g ∈ H

1
2 (∂Ω) : 〈g,1〉= 0}. (3.103)

From the Corollary 3.3.1, we then have for v ∈ H
1
2∗∗(∂Ω)

〈L +
∆

v,v〉∂Ω ≥C|v|2
H

1
2 (∂Ω)

=C
{
|v|2

H
1
2 (∂Ω)

+[〈v,1〉∂Ω ]2
}
≥C‖v‖2

H
1
2 (∂Ω)

,

i.e.,

〈L +
∆

v,v〉∂Ω ≥C‖v‖2

H
1
2 (∂Ω)

, ∀v ∈ H
1
2∗∗(∂Ω). (3.104)

Hence, L +
∆

is H
1
2∗∗(∂Ω)-elliptic.

Using equations (3.15) and (3.21), let us introduce the operator

L̂ab :=
[

b
a
L +

ab +
∂b
∂n

(
−1

2
I +Wb

)]
g = L +

∆
(bg) on ∂Ω. (3.105)

Theorem 3.16. Let ∂Ω be an infinitely smooth boundary curve.

(i.) The pseudo-differential operator

L̂ab : H
1
2∗∗(∂Ω)→ H−

1
2 (∂Ω) on ∂Ω (3.106)

is invertible.
(ii.) The operator

b
a
L +

ab− L̂ab : H
1
2 (∂Ω)→ H

1
2 (∂Ω) (3.107)

is bounded and the operator
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b
a
L +

ab− L̂ab : H
1
2 (∂Ω)→ H−

1
2 (∂Ω) (3.108)

is compact.

Proof. i. Let g∈H
1
2 (∂Ω), using the jump relation, we can write from (3.105)that

L +
∆
(bg) = L̂ab :=

b
a
L +

ab−
∂b
∂n

γ
+Wbg

From Theorem 3.2, the operator (3.106) is bounded and from the H
1
2∗∗(∂Ω)-

ellipticity of L̂ab, applying the LaxMilgram Lemma, we can conclude L̂ab

is H
1
2∗∗(∂Ω)-invertible.

ii. From the continuity of the operator Wb follows that

‖Wbg‖
H

3
2 (∂Ω)

≤C1‖g‖
H

1
2 (∂Ω)

holds true for some constant C1. And since H
3
2 (∂Ω) is continuously embed-

ded in H
1
2 (∂Ω)

‖g‖
H

1
2 (∂Ω)

≤C2‖g‖
H

3
2 (∂Ω)

holds for any g ∈ H
3
2 (∂Ω) and some constant C2.

Using the relation(
b
a
L +

ab− L̂ab

)
g =−∂b

∂n

(
−1

2
I +Wb

)
g on ∂Ω

the following inequalities hold

‖
(

b
a
L +

ab− L̂ab

)
g‖

H
1
2 (∂Ω)

≤ max
∂Ω

|∂b
∂n
|‖− 1

2
g+Wbg‖

H
1
2 (∂Ω)

≤C
{

1
2
‖g‖

H
1
2 (∂Ω)

+‖Wbg‖
H

1
2 (∂Ω)

}
≤C

{
1
2
‖g‖

H
1
2 (∂Ω)

+‖Wbg‖
H

3
2 (∂Ω)

}
≤C

{
1
2
‖g‖

H
1
2 (∂Ω)

+C3‖g‖
H

1
2 (∂Ω)

}
≤ C̃‖g‖

H
1
2 (∂Ω)

Hence, the operator (3.107) is bounded.
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The embeding H
1
2 (∂Ω)⊂ H−

1
2 (∂Ω) is compact. Using the Rellich compact

embedding theorem, the operator (3.108) is compact.

Corollary 3.3.2 The operator

L +
ab : H

1
2 (∂Ω)→ H−

1
2 (∂Ω)

is Fredholm operator of index zero.

Proof. The operator (3.106) is invertible which is a Fredholm operator of index
zero, observe that

b
a
L +

ab =

(
b
a
L +

ab− L̂ab

)
+ L̂ab

thus the sum of compact operator b
aL +

ab − L̂ab and a Fredholm operator L̂ab.
Hence, b

aL +
ab is Fredholm operator of index zero. Which implies L +

ab is Fredholm
operator of index zero.

3.3.2 Two-operator BDIEs for Neumann BVP

We will explore different possibilities of reducing the variable-coefficient Neu-
mann BVP (3.98) -(3.99) to a segregated boundary-domain integral equation sys-
tem. Let us denote the unknown trace as ϕ = γ+u ∈ H

1
2 (∂Ω) and will further

consider ϕ as formally independent on u. Assuming that the function u satisfies
PDE Au = f , by substituting the Neumann condition into the third Green iden-
tity (3.53) and either into its trace (3.54) or into its co-normal derivative (3.55)
on ∂Ω , we can reduce the BVP (3.98)-(3.99) to two different systems of Bound-
ary Domain-Integral Equations for the unknown function u ∈ H1,0(Ω ;A) and
ϕ = γ+u ∈ H

1
2 (∂Ω) as formally segregated of u.

Boundary-Domain Integral Equation system N1

To obtain a system, we use equation (3.53) in Ω , and equation (3.55) on the
whole boundary ∂Ω

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω .

Putting T+
a u := ψ0 and γ+u := ϕ taking the above equation, its conormal deriva-

tive and then using the jump relation Theorem 3.4, we will arrive at the follow-
ing two-operator segregated system of BDIE system N1:
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u+Zbu+Rbu+Wbϕ = G0 in Ω , (3.109)

T+
a Zbu+T+

a Rbu+L +
abϕ = T+

a G0−ψ0 on ∂Ω . (3.110)

where
G0 = Pb f +Vbψ0. (3.111)

System (3.109)-(3.110) can be rewritten in the form

N 1U = G 1,

where U = (u,ϕ) ∈ H1,0(Ω ;A)×H
1
2 (∂Ω) and

N 1 :=
[

I +Zb +Rb Wb
T+

a [Zb +Rb] L
+

ab

]
, G 1 :=

[
G0

T+
a G0−ψ0

]
. (3.112)

From the mapping properties of Va and Pa in (see, e.g., [DM15, Theorem 1
and Theorem 3]) respectively and applying the relation (3.18)- (3.20) we get the
inclussion G0 ∈ H1,0(Ω ,A), and the definition of co-normal derivative implies
T+

a G0 ∈ H−
1
2 (∂Ω).

Therefore, G 1 ∈ H1(Ω)×H−
1
2 (∂Ω). Due to the mapping properties of the op-

erators involved in N 1, the operator N 1 : H1,0(Ω ,A)×H
1
2 (∂Ω) → H1(Ω)×

H−
1
2 (∂Ω) is bounded.

Remark 3.3.4 : Let ψ0 ∈ H−
1
2 (∂Ω). Then G 1 = 0 if and only if ( f ,ψ0) = 0. Indeed,

the latter equality evidently implies the former. Inversely, if G 1 = 0, then G0 = 0 and
T+

a G0 = 0 which implies ψ0 = 0. Then, G0 = 0 implies Pb f +Vbψ0 = 0 which is
Pb f = 0 in Ω . Multiplying by b, and applying Laplace operator, we get f = 0.

Boundary-Domain Integral Equation system N2

To obtain another system, we use equation (3.53) in Ω , and equation (3.54) on
the whole boundary ∂Ω ,

u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω .

Putting T+
a u := ψ0 and γ+u := ϕ taking the above equation, its trace and then

using the jump relation, i.e., Theorem 3.4, we will arrive at the following two-
operator segregated system of BDIE system N2:
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u+Zbu+Rbu+Wbϕ = G0 in Ω , (3.113)

γ
+Zbu+ γ

+Rbu+
1
2

ϕ +Wbϕ = γ
+G0 on ∂Ω . (3.114)

where G0 is given by the relation (3.111) System (3.113)-(3.114) can be rewritten
in the form

N 2U = G 2,

where N 2 :=
[

I +Zb +Rb Wb
γ+[Zb +Rb]

1
2 I +Wb

]
, G 2 :=

[
G0

γ+G0

]
. (3.115)

By the trace theorem γ+G0 ∈ H
1
2 (∂Ω). Therefore, G 2 ∈ H1(Ω)× H

1
2 (∂Ω).

Due to the mapping properties of the operators involved in N 2, the operator
N 2 : H1,0(Ω ,A)×H

1
2 (∂Ω)→ H1(Ω)×H

1
2 (∂Ω) is bounded.

Remark 3.3.5 : Let ψ0 ∈H−
1
2 (∂Ω) and diam(Ω)< r0, or ψ0 ∈H

− 1
2∗∗ (∂Ω). Then G 2 =

0 if and only if ( f ,ψ0) = 0. Indeed, the latter equality evidently implies the former.
Inversely, if G 2 = 0, then G0 = 0 and γ+G0. Then, G0 = 0 implies Pb f +Vbψ0 = 0 in
Ω . Multiplying by b, taking into consideration that bVb =V∆ is harmonic and applying
Laplace operator, we get f = 0. And hence, Vbψ0 = 0 in Ω . Then by Lemma 3.3 (i)
ψ0 = 0 on ∂Ω .

In the following theorem we shall see the equivalence of the original Neu-
mann BVP (3.98)-(3.99) with the BDIE systems N1 and N2.

3.3.3 Equivalence and invertibility

In the following theorems we shall see the equivalence and invertibility of the
original Neumann BVP to the two-operator BDIEs. Let us first prove the Equiv-
alence Theorem.

Theorem 3.17. Let f ∈L2(Ω) and ψ0 ∈H−
1
2 (∂Ω) satisfy the solvability condition(3.102)

i. If some u ∈ H1(Ω) solves the Neumann BVP (3.98)-(3.99) in Ω then the pair
(u,ϕ) where

ϕ = γ
+u ∈ H

1
2 (∂Ω) (3.116)

solves BDIEs (N1) and (N2).
ii. If a pair (u,ϕ) ∈H1(Ω)×H

1
2 (∂Ω) solves BDIE system (N1), then the function u

solves BDIEs (N2), BVP(3.98)-(3.99) and the relation (3.116) holds.
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iii. If a pair (u,ϕ) ∈ H1(Ω)×H
1
2 (∂Ω) solves BDIE system (N2) and diam(Ω)< r0,

then the function u solves BDIEs (N1), BVP(3.98)-(3.99) and the relation (3.116)
holds.

iv. The homogeneous BDIE systems (N1) and (N2) have linearly independent so-
lutions spanned by U 0 = (u0,ϕ0)T = (1,1)T in H1(Ω)×H

1
2 (∂Ω). Condition

(3.102) is necessary and sufficient for solvability of the nonhomogeneous BDIE
system (N1) and, if diam(Ω)< r0, also of the system (N2), in H1(Ω)×H

1
2 (∂Ω).

Proof. i. Let u ∈ H1(Ω) be a solution of the Neumann BVP (3.98)-(3.99), then
since f ∈ L2(Ω), we have that u ∈ H1,0(Ω ;A). Setting ϕ = γ+u and recall-
ing how the BDIE systems (N1) and (N2) were constructed, we obtain that
(u,ϕ) solves them.

Let now a couple (u,ϕ) ∈ H1(Ω)×H
1
2 (∂Ω) solves the BDIE systems (N1)

or (N2). Due to the first equations in the BDIE systems, the hypotheses of
Lemma 3.2 are satisfied implying that u belongs to H1,0(Ω ;A) and solves
PDE (3.98) in Ω , while the following equation also holds,

Vb(ψ0−T+
a u)(y)−Wb(ϕ− γ

+u)(y) = 0 y ∈Ω . (3.117)

ii. Let now (u,ϕ) ∈ H1(Ω)×H
1
2 (∂Ω) solve system (N1). Taking the conormal

derivative of the first equation in (N1) and subtracting the second equation
from it, we get ψ0 = T+

a u on ∂Ω . Thus the Neumann condition is satisfied,
and using it in (3.117) gives Wb(ϕ − γ+u)(y) = 0 for y ∈ Ω and Lemma 3.3
implies ϕ = γ+u on ∂Ω .

iii. Let (u,ϕ) ∈ H1(Ω)×H
1
2 (∂Ω) solve system (N2). Taking the trace of the

first equation in (N2) and subtracting the second equation from it, we get
γ+u = ϕ on ∂Ω . Then inserting it in (3.117) gives Vb(ψ0− T+u)(y) = 0 for
y ∈Ω . Lemma 3.3 then implies ψ0 = T+

a u. Hence the Neumann condition is
satisfied.

iv. Remark 3.3.3 (the solvability condition) along with (i.) - (iii.) implies the
claim of item (iv.).

Note that Theorem 3.17 (iv.) implies that the operators

N 1 : H1(Ω)×H
1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω), (3.118)

N 2 : H1(Ω)×H
1
2 (∂Ω)→ H1(Ω)×H

1
2 (∂Ω) (3.119)

are not injective since their kernels contain non-zero functions.



104 3 Two-operator BDIEs in 2D

The kernels (null-spaces) of these operator are spanned by the element (u0,ϕ0)T =
(1,1)T and thus the kernels of the operators is one-dimensional.

The claims that ker N 1 is one dimensional and the couple (u0,ϕ0)T = (1,1)T

belongs to ker N 1 directly follow from Theorem 3.17(iii). The proof for operator
(3.119) is similar. To describe in more details the ranges of operators (3.118) and
(3.119), i.e., to give more information about the co-kernels of these operators,
we will need several auxiliary assertions(see, e.g., [ADM17], [Mik17]).

First of all, let us remark that for any v ∈ Hs− 3
2 (∂Ω),s < 3

2 the single layer
potential can be defined as

Vbv(y) =−〈γPb(·,y),v〉∂Ω =−〈Pb(·,y),γ∗v〉R2 =−Pbγ
∗v(y) y ∈ R2\∂Ω (3.120)

where for some scalar function g,

Pbg(y) =
∫
R2

Pb(x,y)g(x)dx,

and γ∗ : Hs− 3
2 (∂Ω)→ Hs−2

∂Ω
,s < 3

2 is the operator adjoined to the trace operator
γ : H2−s(R2)→ H

3
2−s(∂Ω) and

Hs
∂Ω

=
{

v ∈ Hs(R2) : supp(v)⊂ ∂Ω
}
.

Lemma 3.6. Let f ∈ H̃s−2(Ω), for s > 1
2 where 1

2 < s < 3
2 we assume either diam(Ω)<

r0 or 〈 f ,1〉Ω = 0. If
rΩ Pb f = 0, (3.121)

then f = 0 in R2.

Proof. Multiplying (3.121) by b(y), taking into account the relation Pb =
1
bP∆ and

applying the Laplace operator, we obtain rΩ f = 0, which means f ∈ Hs−2
∂Ω

. If s≥
3
2 , then f = 0 by [Mik11, theorem 2.10] which is the characterization of the space
Ht

∂Ω
= {0} for t ≥ −1

2 . If 1
2 < s < 3

2 , then by the same theorem, there exists v ∈
Hs− 3

2 (∂Ω) such that f = γ∗v. This gives Pb f = Pbγ∗v = −Vbv in R2. Then (3.121)
reduces to Vbv = 0 in Ω which implies v = 0 on ∂Ω . (see, e.g., for s = 1, which can

be generalized to 1
2 < s < 3

2 ) for diam(Ω)< r0 or v ∈ H
− 1

2∗∗ (∂Ω) and thus, f = 0 in
R2.

Theorem 3.18. Let 1
2 < s < 3

2

i. The operator
rΩ Pb : H̃s−2(Ω)→ Hs(Ω) (3.122)

is continuous.
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ii. If diam(Ω)< r0, the inverse of operator (3.122)

(rΩ Pb)
−1 : Hs(Ω)→ H̃s−2(Ω)

is continuous and

(rΩ Pb)
−1 g =

[
∆ E̊(I− rΩV∆V −1

∆
γ
+)− γ

∗V −1
∆

γ
+
]
(bg) (3.123)

in R2,∀g ∈ Hs(Ω).

Proof. The continuity of (3.122) is well known from the mapping properties of
operators, (cf. [CMN09a, Theorem 3.8]). By Lemma 3.6, operator (3.122) is in-
jective. Let us prove its surjectivity. To this end, for arbitrary g ∈ Hs(Ω), let us
consider the following equation with respect to H̃s−2(Ω),

rΩ P∆ f = g in Ω. (3.124)

Let g1 ∈ Hs(Ω) be the (unique) solution of the following Dirichlet problem:

∆g1 = 0 in Ω,

γ
+g1 = γ

+g on ∂Ω

which can be particularly presented as g1 = V∆V −1
∆

γ+g, (see, e.g., [Mik11,
Lemma 2.6]). Let g0 = g− rΩ g1. Then g0 ∈ Hs(Ω) and γ+g0 = 0 and thus g0 can
be uniquely extended to E̊g0 ∈ H̃s(Ω) where E̊ is the operator of extension by 0
outside Ω . Thus by (3.120), equation (3.124) takes form

rΩ P∆

[
f + γ

∗V −1
∆

γ
+g
]
= g0 in Ω. (3.125)

Any solution f ∈ H̃s−2(Ω) of the corresponding equation on R2

P∆

[
f + γ

∗V −1
∆

γ
+g
]
= E̊g0 in R2 (3.126)

will evidently solve (3.125). If f solves (3.126) then acting with the Laplace
operator on (3.126), we obtain

f = Q̃g = ∆ E̊g0− γ
∗V −1

∆
γ
+g = ∆ E̊(g− rΩV∆V −1

∆
γ
+g)− γ

∗V −1
∆

γ
+g (3.127)

in R2.
On the other hand, substituting f given by (3.127) to (3.126) and taking into

account that P∆ ∆ h̃ = h̃ for any h̃∈ H̃s(Ω),s∈R, we obtain that Q̃g is indeed a so-
lution of equation (3.126) and thus (3.125). By Lemma 3.6 the solution of (3.125)
is unique, which means that the operator Q̃ is inverse to operator (3.122), i.e.,
Q̃ = (rΩ Pb)

−1. Since ∆ is a continuous operator from H̃s(Ω) to H̃s−2(Ω) equa-
tion (3.127) imply that
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(rΩ Pb)
−1 = Q̃ : Hs(Ω)→ H̃s−2(Ω)

is continuous. The relations Pb =
1
bP∆ and b(x) >C > 0 then imply invertibility

of operator (3.122) and ansatz (3.123).

Lemma 3.7. Let diam(Ω) < r0, for any couple (F1,F2) ∈ H1(Ω)×H−
1
2 (∂Ω), there

exists a unique couple ( f∗,ψ∗) = Cψ(F1,F2) ∈ L2(Ω)×H−
1
2 (∂Ω) such that

F1 = Pb f∗+Vbψ∗ in Ω (3.128)

F2 = T+
a F1−ψ∗ on ∂Ω (3.129)

and Cψ : H1(Ω)×H−
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω) is a linear continuous operator.

Moreover,
E̊ f∗− γ

∗
ψ∗ = (rΩ Pb)

−1 F1.

Proof. Let f∗∗ = E̊ f∗− γ∗ψ∗, then Pb f∗∗ = PbE̊ f∗−Pbγ∗ψ∗ by (3.120) we have
Pb f∗∗ = PbE̊ f∗+Vbψ∗. Hence, equation (3.128) can be rewritten as

Pb f∗∗ = F1 in Ω (3.130)

and T+
a Pb f∗∗ = T+

a F1 = F2 +ψ∗ on ∂Ω , thus (3.129) can be rewritten as

T+
a Pb f∗∗−ψ∗ = F2 on ∂Ω. (3.131)

By Theorem 3.18, equation (3.130) has a unique solution

f∗∗ = (Pb)
−1F1 in Ω (3.132)

equation (3.131) gives

ψ∗ = T+
a Pb f∗∗−F2 on ∂Ω (3.133)

and finally
E̊ f∗ = f∗∗+ γ

∗
ψ∗ (3.134)

equation (3.132) proves (3.130), while the linearity and continuity of the opera-
tors in (3.132) - (3.134) imply the linearity and continuity of the operator Cψ .

Theorem 3.19. Let diam(Ω) < r0 and u0 = 1. The co-kernel of operator (3.118) is
spanned over the functional g∗1 ∈ L2(Ω)×H

1
2 (∂Ω) defined as

g∗1 =
(
−bγ∗V −1

∆
γ+u0

0

)
(3.135)

i.e., g∗1(F1,F2) = 〈−bγ∗V −1
∆

γ+u0,F1〉Ω where u0 = 1.
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Proof. Let us consider the equation N 1U = (F1,F2)
T i.e., the BDIE system N 1,

with arbitrary (F1,F2) ∈H1(Ω)×H−
1
2 (∂Ω). By Lemma 3.7, the right hand side

of the system has form (3.128)-(3.129), i.e., up to the notations, as in system
(N 1),

u+Zbu+Rbu+Wbϕ = Pb f∗+Vbψ∗ in Ω , (3.136)

T+
a Zbu+T+

a Rbu+L +
abϕ = T+

a F1−ψ∗ on ∂Ω . (3.137)

Then, Theorem 3.17 and Theorem 3.18 imply that BDIE system (3.136)-(3.137) is
solvable if and only if

〈 f∗,u0〉Ω −〈ψ∗,γ+u0〉∂Ω = 〈 f∗,u0〉Ω −〈γ∗ψ∗,u0〉Ω
= 〈 f∗− γ

∗
ψ∗,u0〉Ω

= 〈(rΩ Pb)
−1 F1,u0〉Ω

= 〈
[
∆ E̊(I− rΩV∆V −1

∆
γ
+)− γ

∗V −1
∆

γ
+
]
(bF1),U0〉R2

= 〈E̊(I− rΩV∆V −1
∆

γ
+)(bF1),U0〉R2−〈γ∗V −1

∆
γ
+(bF1),U0〉R2

= −〈γ+(bF1),V
−1

∆
γ
+u0〉∂Ω

= −〈F1,−bγ
∗V −1

∆
γ
+u0〉∂Ω = 0

where U0 is the zero extension of u0 to R2 and we took into account that
∆U0 = 0 in R2. Thus the functional g∗1 defined by (3.135) generates the necessary
and sufficient solvability condition of equation

N 1U = (F1,F2)
T .

Hence, g∗1 is a basis of the co-kernel of N 1.

Theorem 3.20. Let diam(Ω) < r0 and u0 = 1. The co-kernel of operator (3.119) is
spanned over the functional g∗2 ∈ L2(Ω)×H−

1
2 (∂Ω) defined as

g∗2 =
(
−bγ∗(−1

2 I +W
′

∆
)V −1

∆
γ+u0

−b(−1
2 I +W

′
∆
)V −1

∆
γ+u0

)
(3.138)

i.e., g∗2(F1,F2)= 〈−bγ∗(−1
2 I+W

′
∆
)V −1

∆
γ+u0,F1〉Ω +〈−b(−1

2 I+W
′

∆
)V −1

∆
γ+u0,F2〉∂Ω

where u0 = 1.

Proof. Let us consider the equation N 2U = (F1,F2)
T i.e., the BDIE system N 2,

u+Zbu+Rbu+Wbϕ = F1 in Ω , (3.139)

γ
+Zbu+ γ

+Rbu+
1
2

ϕ +Wbϕ = F2 on ∂Ω (3.140)



108 3 Two-operator BDIEs in 2D

with arbitrary (F1,F2) ∈ H1(Ω)×H
1
2 (∂Ω), for (u,ϕ) ∈ H1(Ω)×H

1
2 (∂Ω).

Introducing new variable, ϕ ′ = ϕ − (F2− γ+F1) the BDIE system (3.139) -
(3.140) takes the form

u+Zbu+Rbu+Wbϕ
′ = F

′
1 in Ω , (3.141)

γ
+Zbu+ γ

+Rbu+
1
2

ϕ
′+Wbϕ

′ = γ
+F

′
1 on ∂Ω . (3.142)

On the other hand, by Theorem 3.18 we can always represent F
′
1 = Pb f∗ with

f∗ =
[
∆ E̊(I− rΩV∆V −1

∆
γ
+)− γ

∗V −1
∆

γ
+
]
(bF

′
1) ∈ L2(Ω).

For F
′
1 = Pb f∗, the right hand side of the BDIEs (3.139) - (3.140) is the same

as the system N 2 with f = f∗ and ψ0 = 0. Then by Theorem 3.17 implies that
the BDIE system (3.141) - (3.142) is solvable if and only if

〈 f∗,u0〉 = 〈
[
∆ E̊(I− rΩV∆V −1

∆
γ
+)− γ

∗V −1
∆

γ
+
]
(bF

′
1),u

0〉R2

= 〈E̊(I− rΩV∆V −1
∆

γ
+)(bF

′
1),∆u0〉R2−〈γ∗V −1

∆
γ
+(bF

′
1),u

0〉R2

= −〈γ+(bF
′
1),V

−1
∆

γ
+u0〉R2

= −〈1
2
[γ+(bF1)+(bF2)]−W∆ [b(F2− γ

+F1)],V
−1

∆
γ
+u0〉∂Ω

= 〈−bγ
∗
(

1
2

I +W∆

)
V −1

∆
γ
+u0,F1〉Ω + 〈−b

(
1
2

I−W ′
∆

)
V −1

∆
γ
+u0,F2〉∂Ω

= 0

Thus the functional g∗2 defined by (3.138) generates the necessary and sufficient
solvability condition of equation

N 2U = (F1,F2)
T .

Hence, g∗2 is a basis of the co-kernel of N 2.

3.3.4 Perturbed segregated BDIE systems for the
Neumann problem

For the given original Neumann BVP, even the solvability condition (3.102) is
satisfied, the equivalence theorem, Theorem 3.17, implies that the solutions of
both BDIE systems, (N1) and (N2), are not unique. Moreover, Theorem 3.17 (iv.)
in turn, the BDIE left-hand operators, N 1 and N 2, have non-zero kernels and
thus are not invertible. To avoid such difficulty, it is possible to add a finite-
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dimensional operator to the BDIEs and obtain an unconditionally and uniquely
perturbed BDIE. To find a solution (u,ϕ) from uniquely solvable BDIE systems
with continuously invertible left hand side operators, let us consider, following
[Mik99], some BDIE systems obtained from (N1) and (N2) by finite-dimensional
operator perturbations.

Below we use the notations U = (u,ϕ)T and |∂Ω |=
∫

∂Ω
dS.

Perturbation of BDIE system (N1)

Let us introduce the perturbed counterparts of the BDIE system (N1),

ˆN 1U = G 1 (3.143)

where

ˆN 1 := N 1 + ˚N 1 and ˚N 1U (y) = g0(U )Y 1(y) =
1
|∂Ω |

∫
∂Ω

ϕ(x)dS
( 1

b(y)
0

)
i.e.,

g0(U ) :=
1
|∂Ω |

∫
∂Ω

ϕ(x)dS, Y 1(y) =
( 1

b(y)u
0(y)

0

)
with u0(y) = 1

For the functional g∗1 given by (3.135) in Theorem 3.19, since the opera-
tor V −1

∆
: H

1
2 (∂Ω)→ H−

1
2 (∂Ω) is positive definite (with additional condition

diam(Ω)< r0) and u0(x) = 1, there exists a positive constant C such that

g∗1(Y 1) = 〈−bγ
∗V −1

∆
γ
+u0,

1
b

u0〉Ω

= 〈−V −1
∆

γ
+u0,γ+u0〉∂Ω

≤ −C‖γ+u0‖2

H
1
2 (∂Ω)

≤ −C‖γ+u0‖2
L2(∂Ω) =−C|∂Ω |2 < 0

Thus,
g∗1(Y 1)<−C|∂Ω |2 < 0 (3.144)

Further, for U 0 = (u0,ϕ0)T = (1,1)T in H1(Ω)×H
1
2 (∂Ω)

g0(U ) =
1
|∂Ω |

∫
∂Ω

γ
+u0dS = 1. (3.145)
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Due to (3.144) - (3.145) Theorem 2.18 ([Mik99, Theorem 2.11]) Perturbation of
Fredholm operators implies the following assertions.

Theorem 3.21. Let diam(Ω)< r0, then

i. The operator ˆN 1 : H1(Ω)×H
1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω) is continuous and

continuously invertible.
ii. If condition g∗1(G 1) = 0 (or solvability condition (3.102)for G 1 in the form

(3.112)) is satisfied, then the unique solution of perturbed BDIDE system (3.143)
gives a solution of orginal BDIE system (N1) such that

g0(U ) =
1
|∂Ω |

∫
∂Ω

ϕdS = 0.

Perturbation of BDIE system (N2)

Let us introduce the perturbed counterparts of the BDIE system (N2),

ˆN 2U = G 2 (3.146)

where

ˆN 2 := N 2 + ˚N 2 and ˚N 2U = g0(U )Y 2(y) =
1
|∂Ω |

∫
∂Ω

ϕ(x)dS

(
1

b(y)
γ+

1
b(y)

)
i.e.,

g0(U ) =
1
|∂Ω |

∫
∂Ω

ϕ(x)dS, Y 2(y) =

(
1

b(y)u
0(y)

γ+
1

b(y)u
0(y)

)
with u0(y) = 1.

For the functional g∗2 given by (3.138) in Theorem 3.20, since the opera-
tor V −1

∆
: H

1
2 (∂Ω)→ H−

1
2 (∂Ω) is positive definite (with additional condition

diam(Ω)< r0 and u0(x) = 1, there exists a positive constant C such that

g∗2(Y 2) = 〈−bγ
∗
(

1
2

I +W∆

)
V −1

∆
γ
+u0,b−1u0〉Ω + 〈−b

(
1
2

I−W ′
∆

)
V −1

∆
γ
+u0,γ+(b−1u0)〉∂Ω

= 〈
(

1
2

I +W∆

)
V −1

∆
γ
+u0 +

(
1
2

I−W ′
∆

)
V −1

∆
γ
+u0,γ+u0〉∂Ω

= −〈V −1
∆

γ
+u0,γ+u0〉∂Ω

≤ −C‖γ+u0‖2

H
1
2 (∂Ω)

≤ −C‖γ+u0‖2
L2(∂Ω) =−C|∂Ω |2 < 0.
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Thus,
g∗2(Y 2)<−C|∂Ω |2 < 0. (3.147)

Further, for U 0 = (u0,ϕ0)T = (1,1)T in H1(Ω)×H
1
2 (∂Ω)

g0(U ) =
1
|∂Ω |

∫
∂Ω

γ
+u0dS = 1. (3.148)

Due to (3.147) - (3.148) and Theorem 2.18 ([Mik99, Theorem 2.11]), Perturba-
tion of Fredholm operators implies the following assertions.

Theorem 3.22. Let diam(Ω)< r0, then

i. The operator ˆN 2 : H1(Ω)×H
1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω) is continuous and

continuously invertible.
ii. If condition g∗2(G 2) = 0 (or solvability condition (3.102)for G 2 in the form

(3.115)) is satisfied, then the unique solution of perturbed BDIDE system (3.146)
gives a solution of orginal BDIE system (N2) such that

g0(U ) =
1
|∂Ω |

∫
∂Ω

γ
+udS =

1
|∂Ω |

∫
∂Ω

ϕdS = 0.

3.4 Mixed BVP in 2D

Let Ω be a domain in R2 bounded by simple closed infinitely differentiable
curve ∂Ω , and let ∂Ω = ∂DΩ ∪ ∂NΩ , where ∂DΩ and ∂NΩ are non-empty and
non-intersecting parts of ∂Ω . Consider the following second order elliptic PDE
with scalar variable coefficient in two-dimensional bounded domain Ω defined
as:

Au(x) :=
2

∑
i=1

∂

∂xi

[
a(x)

∂u(x)
∂xi

]
= f (x), x ∈Ω ,

where u is an unknown function and f is a given function in Ω and assume
a ∈C∞(R2), where 0 < amin ≤ a(x)≤ amax < ∞, ∀x ∈ R2 and n(x) be the exterior
unit normal vector, which is defined for all x in ∂Ω .

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following mixed boundary value
problem. Find a function u ∈ H1(Ω) subject to the Mixed boundary condition:
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Au = f in Ω , (3.149)

γ
+u = ϕ0 on ∂DΩ , (3.150)

T+
a u = ψ0 on ∂NΩ , (3.151)

where ϕ0 ∈ H
1
2 (∂DΩ), ψ0 ∈ H−

1
2 (∂NΩ) and f ∈ L2(Ω).

Remark 3.4.1 The differential equation (3.149) is understood in the distributional
sense and condition (3.150) is understood in the trace sense while equality (3.151) is
understood in the functional sense(cf. 3.4).

Here H
1
2 (∂DΩ) = {r∂DΩ g : g ∈ H

1
2 (∂Ω)} where r∂DΩ is the restriction operator

on ∂DΩ and H−
1
2 (∂NΩ) is the dual space of the subspace H̃

1
2 (∂NΩ) = {g : g ∈

H
1
2 (∂Ω),supp(g)⊂ ∂NΩ}.
Here the BVP defined (3.149) - (3.151) has important applications in engi-

neering. As an example, it may describe a steady-state temperature distribu-
tion in plane body Ω , which is thermally anisotropic and inhomogeneous.
Where u(x) is an unknown temperature, a(x) is a known variable thermo-
conductivity coefficient, f (x) is a known distributed heat source, ϕ0(x) is the
known heat on the displacement boundary, T+

a is a surface flux operator where
T+

a u(x) = a(x)∂u(x)
∂n(x) , n(x) is the external normal vector to ∂Ω , ψ0(x) is known

heat flux on the boundary.

Theorem 3.23. The homogeneous version of BVP (3.149) - (3.151), i.e., with f =
0,ϕ0 = 0,ψ0 = 0, has only the trivial solution.

Proof. we follow the idea of the proof forthe 3D case in ([CMN09a, Theorem
2.1]). The proof immediately follows from Green’s formula with u = v as a so-
lution of the homogeneous mixed BVP. i.e., the variational setting for the BVP
(3.149) - (3.151) is obtained from the Green’s first formula , find u ∈ H1(Ω) with
γ+u = ϕ0 on ∂DΩ such that

Ea(u,v) =−〈 f ,v〉Ω + 〈ψ0,γ
+v〉∂NΩ ,

is satisfied for v ∈ H1
0 (Ω ,∂DΩ) := {v ∈ H1(Ω) : γ+v = 0 on ∂DΩ}. Let u = v be a

solution of the corresponding homogeneous mixed BVP.

Au = 0 in Ω ,

γ
+u = 0 on ∂DΩ ,

T+
a u = 0 on ∂NΩ ,

Then the associated variational form is
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Ea(u,u) =−〈 f ,u〉Ω + 〈ψ0,γ
+u〉∂ΩN = 0

The bi-linear form Ea(u,u) : H1(Ω)×H1(Ω) → R is bounded and is H1(Ω)-
elliptic. Hence,

0 = Ea(u,u)≥C‖u‖2
H1(Ω)

is true if and only if u = 0.

Theorem 3.24. Let s ∈ R. Let S1 and S2 be nonempty, non-intersecting and ∂Ω =
S̄1∪ S̄2. Then the following operators

rS2Vb : H̃s(S1)→ Hs(S2)

rS2Wb : H̃s(S1)→ Hs(S2)

rS2W
′

ab : H̃s(S1)→ Hs(S2)

are compact.

Proof. Theorem 3.2 implies that the operators Vb,Wb,W
′
b have the following

properties

rS2Vb : H̃s(S1)→ Hs+1(S2)

rS2Wb : H̃s(S1)→ Hs+1(S2)

rS2W
′

ab : H̃s(S1)→ Hs+1(S2)

Since the embedding Hs+1(S2) ⊂ Hs(S2) is compact by the Rellich compact
embedding theorem (see, e.g., [McL00, Theorem 3.7], [DM15, Corollary 1]), the
Theorem follows.

Theorem 3.25. Let S1 and ∂Ω\S1 be nonempty, open with smooth part of ∂Ω . Then

L +
ab +

a
b

∂b
∂n

(
−1

2
I +Wb

)
= L −

ab +
a
b

∂b
∂n

(
1
2

I +Wb

)
on ∂Ω

Moreover, the pseudo-differential operator rS1L̂ab : H̃
1
2 (S1)→ H−

1
2 (S1) where

L̂ab :=
[

b
a
L +

ab +
∂b
∂n

(
−1

2
I +Wb

)]
g = L∆ (bg) on ∂Ω

is invertible, while the operators

rS1

(
b
a
L +

ab− L̂ab

)
: H̃

1
2 (S1)→ H

1
2 (S1)

are bounded and the operators
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rS1

(
b
a
L +

ab− L̂ab

)
: H̃

1
2 (S1)→ H−

1
2 (S1)

are compact.

Lemma 3.8. i) Let Ψ ∗ ∈ H−
1
2 (∂Ω), and diam(Ω)< r0 or Ψ ∗ ∈ H

− 1
2∗∗ (∂Ω).

If VbΨ
∗ = 0 in Ω , then Ψ ∗ = 0.

ii) Let Φ∗ ∈ H
1
2 (∂Ω). If WbΦ∗ = 0 in Ω , then Φ∗ = 0.

iii) Let ∂Ω = S1 ∪ S2, where S1,S2 are non-intersecting and S1 is nonempty. Let

diam(Ω)< r0 or Ψ ∗ ∈ H
− 1

2∗∗ (∂Ω) and Ψ ∗ ∈ H̃−
1
2 (S1), Φ∗ ∈ H̃

1
2 (S2).

If
VbΨ

∗−WbΦ
∗ = 0, y ∈Ω ,

then Ψ ∗ = 0 and Φ∗ = 0 on ∂Ω

Proof. (i.) Let us take the trace of equation (i) on ∂Ω , by the jump relation (3.23)
we have

γ
+VbΨ

∗ = VbΨ
∗ = 0 on ∂Ω .

Then the result follows from the invertibility of the single layer potential
given in Theorem 3.8.

(ii.) Let us take the trace of equation (ii) on ∂Ω , and use the jump relation (3.24)
to obtain,

WbΦ
∗ =−1

2
Φ
∗+WbΦ

∗ = 0 on ∂Ω

Multiplying this equation by b(y), denoting Φ̂∗ = bΦ∗ and we obtain equa-
tion

−1
2

Φ̂
∗+W∆ Φ̂

∗ = 0 on S

Since this equation for Φ∗ is uniquely solvable and b(y) 6= 0,this implies
point (ii).i.e., it has only the trivial solution, see. e.g.([DL90], Chapter XI,
Part B, §2, Remark 8)

(iii.) To prove (iii), multiplying the equation by b(y) , we have

V∆Ψ ∗−W∆ (bΦ∗) = 0 in Ω

Take the traces of this equation and its co-normal derivative on S1 and S2,
respectively, to obtain{

rS1V∆Ψ ∗− rS1

(
−1

2Φ̂∗+W∆ Φ̂∗
)
= 0 on S1

rS2

(1
2Ψ ∗+W ′

∆Ψ ∗
)
− rS2L

+
∆

Φ̂∗ = 0 on S2

since Ψ ∗ ∈ H̃−
1
2 (S1) and Φ∗ ∈ H̃

1
2 (S2) follows
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{
rS1V∆Ψ ∗− rS1W∆ Φ̂∗ = 0 on S1

rS2W
′
∆Ψ ∗− rS2L

+
∆

Φ̂∗ = 0 on S2
(3.152)

where Φ̂∗ = bΦ∗.
The system of equations (3.152) can be written in a matrix form as

A∆ χ = 0

where

A∆ :=
[

rS1V∆ −rS1W∆

rS2W
′
∆ −rS2L

+
∆

]
; χ =

[
Ψ ∗

Φ̂∗

]
We shall prove that the operator A∆ is H̃

− 1
2∗∗ (S1)× H̃

1
2 (S2)- elliptic and also

if diam(S1)< r0 it is also H̃−
1
2 (S1)× H̃

1
2 (S2)-elliptic.

Infact,

〈A∆ χ,χ〉
∂Ω

=
〈
rS1V∆Ψ

∗− rS1W∆ Φ̂
∗,Ψ ∗

〉
S1
+
〈
rS2W

′
∆ − rS2L

+
∆
,Φ̂∗

〉
S2

(3.153)

= 〈rS1V∆Ψ
∗,Ψ ∗〉S1

+
〈
rS1W∆ Φ̂

∗,Ψ ∗
〉

S1
+
〈
rS2W

′
∆ ,Φ̂

∗〉
S2
+
〈
−rS2L

+
∆
,Φ̂∗

〉
S2

(3.154)

On section 3.3.1, from Theorem 3.15, Corollary 3.3.1 and equation (3.104)

follows the hypersingular operator L +
∆

in the space H
1
2∗∗(∂Ω), i.e., 3.103 is

H
1
2∗∗(∂Ω)- elliptic (see e.g., [Ste07, Section 6.6.2, particularly eqn. 6.38]). i.e.,

∀Φ∗ ∈ H
1
2∗∗(∂Ω), 〈L +

∆
Φ
∗,Φ∗〉 ≥C‖Φ∗‖2

H
1
2 (∂Ω)

Using the norm equivalence Theorem of Sobolev (see [Ste07, Theorem 2.6]),
let S2 ⊂ ∂Ω be an open part. For a given Φ̂∗ ∈ H̃

1
2 (S2), let Φ̃∗ ∈ H

1
2 (∂Ω)

denote the extension defined by:

Φ̃∗(x) =

{
Φ̂∗(x) f or x ∈ S2

0 elsewhere

As in the norm equivalence Theorem of Sobolev, (see e.g., [Ste07, Theorem
2.6]) we defined

‖w‖2

H
1
2 (∂Ω),S2

= ‖w‖2
L2(∂Ω)\S2

+ |w|2
H

1
2 (∂Ω)

to be equivalent norm in H
1
2 (∂Ω). Hence we have for Φ̂∗ ∈ H̃

1
2 (S2)
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〈L +
∆

Φ̂
∗,Φ̂∗〉S2 = 〈L

+
∆

Φ̃∗,Φ̃∗〉S2 ≥C|Φ̃∗|2
H

1
2 (∂Ω)

=C
{
‖Φ̃∗‖2

L2(∂Ω)\S2
+ |Φ̃∗|2

H
1
2 (∂Ω)

}
= C‖Φ̃∗‖2

H
1
2 (∂Ω),S2

≥C‖Φ̃∗‖2

H
1
2 (∂Ω)

=C‖Φ̂∗‖2

H̃
1
2 (S2)

which implies that

〈L +
∆

Φ̂
∗,Φ̂∗〉S2 ≥C‖Φ̂∗‖2

H̃
1
2 (S2)

for Φ̂
∗ ∈ H

1
2∗∗(S2)

and therefore the H̃
1
2 (S2)-ellipticity of the hypersingular boundary integral

operator L +
∆

.
In addition, the ellipticity of single layer potential operator rS1V∆ in H̃−

1
2 (S1)

can be investigated as follows. The operator V∆ : H−
1
2 (∂Ω) → H

1
2 (∂Ω)

is bounded, which implies the operator V∆ : H̃−
1
2 (S1) → H

1
2 (S1) is also

bounded.
Suppose that Ψ ∗ ∈ H̃

− 1
2∗∗ (S1) i.e., 〈Ψ ∗,1〉S1

= 〈Ψ ∗,1〉
∂Ω

= 0 which implies

Ψ ∗ ∈ H̃
− 1

2∗∗ (∂Ω), then from Theorem 3.7 (i.) we have that the operator

rS1V∆ : H̃
− 1

2∗∗ (S1)→ H̃
1
2 (S1)

is H̃
− 1

2∗∗ (S1)- elliptic.i.e., for some positive constant C, there holds

〈rS1V∆Ψ
∗,Ψ ∗〉S1 = 〈V∆Ψ

∗,Ψ ∗〉∂Ω ≥ c‖Ψ ∗‖2

H̃
− 1

2∗∗ (∂Ω)
,∀Ψ ∗ ∈ H̃−

1
2 (S1)

if and only if diam(Ω)< r0.
Moreover, since the operators

rS1W∆ : H̃
1
2 (S2)−→ H

1
2 (S1)

rS2W
′
∆ : H̃−

1
2 (S1)−→ H−

1
2 (S2)

are mutually adjoint, i.e

〈rS1W∆ Φ̂
∗,Ψ ∗〉S1 = 〈Φ̂

∗,rS2W
′
∆Ψ
∗〉S2

for arbitrary Ψ ∗ ∈ H̃−
1
2 (S1) and Φ̂∗ ∈ H̃

1
2 (S2), they are also mutually adjoint

for Ψ ∗ ∈ H̃
− 1

2∗∗ (S1) and Φ̂∗ ∈ H̃
1
2∗∗(S2).

Then the expression in the middle of the right hand side of equation (3.154)

vanish. This implies H̃
− 1

2∗∗ (S1)× H̃
1
2 (S2)- ellipticity of the operator A∆ . Con-

sequently we drive the inequality
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〈A∆ χ,χ〉 ≥C
(
‖Ψ ∗‖2

H−
1
2 (∂Ω)

+‖Φ̂∗‖2

H
1
2 (∂Ω)

)
= ‖χ‖2

H
− 1

2∗∗ (∂Ω)×H
1
2 (∂Ω)

Due to (3.152) this implies Ψ ∗= 0 and Φ̂∗= 0, keeping in mind that b(y) 6= 0,
we have Φ∗ = 0 on ∂Ω , which completes the proof.

Representation Lemma

To prove invertibility of the BDIE operators we need the following representa-
tion statements following ([CMN09a], Lemma 5.13).

Lemma 3.9. Let diam(Ω)< r0 or Ψ ∈ H
− 1

2∗∗ (∂Ω), and let ∂Ω = S1∪S2, where S1 and
S2 are nonintersecting curves of ∂Ω . For any triple F = (F,Ψ ,Φ)T ∈ H1,0(Ω ,A)×
H−

1
2 (S1)×H

1
2 (S2). There exists a unique triple

( f∗,Ψ∗,Φ∗) = C̃S1,S2F ∈ L2(Ω)×H−
1
2 (∂Ω)×H

1
2 (∂Ω)

such that

F = Pb f∗+VbΨ∗−WbΦ∗ in Ω , (3.155)
Ψ = rS1Ψ∗ on S1, (3.156)
Φ = rS2Φ∗ on S2. (3.157)

Moreover, the operator

C̃S1,S2 : H1,0(Ω ,A)×H−
1
2 (S1)×H

1
2 (S2)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

is linear and continuous.

Proof. Let Ψ 0 be a fixed extension of the function Ψ from S1 onto the whole
boundary ∂Ω , similarly let Φ0 be a fixed extension of the function Φ from S2
onto the whole boundary ∂Ω . We assume that the extensions preserve the space.
i.e., Ψ 0 ∈ H−

1
2 (∂Ω),Φ0 ∈ H

1
2 (∂Ω) and moreover,

‖Ψ 0‖
H−

1
2 (∂Ω)

≤C0‖Ψ‖
H−

1
2 (S1)

,

‖Φ0‖
H

1
2 (∂Ω)

≤C0‖Φ‖
H

1
2 (S2)

with some positive constant C0 independent ofΨ and Φ . (see, e.g., [HT78, Chap-
ter 4, subsection 4.2]). Then arbitrary extensions of the functions Ψ and Φ in the
spaces H−

1
2 (∂Ω) and H

1
2 (∂Ω) respectively can be represented as :
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Ψ∗ =Ψ
0 + ψ̃, ψ̃ ∈ H̃−

1
2 (S2)

Φ∗ = Φ
0 + ϕ̃, ϕ̃ ∈ H̃

1
2 (S1).

If we look for the unknown functions Ψ∗ and Φ∗ in the form given above, we
see that the condition (3.156)-(3.157) are automatically satisfied for arbitrary ψ̃

and ϕ̃ . Thus we have shown that functions f∗, ψ̃ and ϕ̃ can be choosen in such a
way that (3.155) is satisfied. Due to a relation on logarithmic and layer potential
operators, Equation (3.155) can be rewritten in the following equivalent form.

bF = P∆ f∗+V∆ (Ψ
0 + ψ̃)−W∆

[
b(Φ0 + ϕ̃)

]
in Ω. (3.158)

Applying the Laplace operator to (3.158) above, we obtain

f∗ = ∆(bF) in Ω (3.159)

which show that the function f∗ is uniquely defined and belongs to L2(Ω) since
F ∈ H1,0(Ω ,∆). Further, substitute (3.159) in (3.158) and rewrite it in the form

V∆ ψ̃−W∆ (bϕ̃) = bF−P∆ (∆(bF))−V∆Ψ
0 +W∆ (bΦ

0) in Ω. (3.160)

Denote the known right hand side expression in (3.160) by Q̃.

Q̃ := bF−P∆ (∆(bF))−V∆Ψ
0 +W∆ (bΦ

0) in Ω.

It is easy to check that Q̃ is a harmonic function in Ω , as well as the sum of the
layer potentials in the left hand side of (3.160). Let us choose the yet unknown
functions ψ̃ and ϕ̃ by the conditions:

rS2γ
+ [V∆ ψ̃−W∆ (bϕ̃)] = rS2γ

+Q̃ in S2, (3.161)

rS1T+
a [V∆ ψ̃−W∆ (bϕ̃)] = rS1T+

a Q̃ in S1. (3.162)

The operator generated by the left hand side of the above system (3.161) -
(3.162) is an isomorphism from H̃−

1
2 (S2)× H̃

1
2 (S1) onto H

1
2 (S2)×H−

1
2 (S1). There-

fore, the system (3.161) - (3.162) is uniquely solvable with respect to ψ̃ and ϕ̃

for arbitrary right hand side. Denote this solution by ψ̃0 and ϕ̃0. From (3.161)
- (3.162) due to the uniqueness theorem for the mixed BVP for harmonic func-
tions, it follows that

V∆ ψ̃
0−W∆ (bϕ̃

0) = bF−P∆ f∗−V∆Ψ
0 +W∆ (bΦ

0) in Ω

which implies

Pb f∗+Vb(Ψ
0 + ψ̃

0)−Wb
[
b(Φ0 + ϕ̃

0)
]
= F in Ω.
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This yeilds the existence of the triple ( f∗,Ψ∗,Φ∗)T satisfying the condition (3.155).
The uniqueness is a consequence of the fact that f∗ is defined uniquely by
(3.159). Indeed, if F = 0,Ψ = 0 and Φ = 0, then f∗ = 0 and VbΨ∗ −WbΦ∗ =

0 in Ω where Ψ∗ ∈ H̃−
1
2 (S2),Φ∗ ∈ H̃

1
2 (S1). Hence, we conclude Ψ∗ = 0 and

Φ∗ = 0 by Lemma 3.8(ii).
From the above argument it is evident that the C̃S1,S2 is linear and that the norm
of the triple

C̃S1,S2F = ( f∗,Ψ∗,Φ∗)T ∈ L2(Ω)×H−
1
2 (∂Ω)×H

1
2 (∂Ω)

can be controlled by the norm of the triple

F = (F,Ψ ,Φ)T ∈ H1,0(Ω ,A)×H−
1
2 (S1)×H

1
2 (S2)

in the corresponding function spaces.

The cases when S1 =∅ or S2 =∅ need to be considered separately.

Lemma 3.10. Let diam(Ω)< r0 orΨ∗ ∈H
− 1

2∗∗ (∂Ω). For any function FΨ∗ ∈H1,0(Ω ,A),
there exists a unique couple ( f∗,Ψ∗) = CΨFΨ∗ ∈ L2(Ω)×H−

1
2 (∂Ω) such that

FΨ∗ = Pb f∗+VbΨ∗ in Ω (3.163)

and CΨ : H1,0(Ω ,A)→ L2(Ω)×H−
1
2 (∂Ω) is a bounded linear operator.

Proof. We adapt here the proof scheme from [Mik06, Lemma 5.5].
Suppose first there exist some functions f∗(y),Ψ∗(y) satisfying (3.163) and find
their expressions in terms of FΨ∗(y). Taking into account definitions for the vol-
ume and the single layer potentials, ansatz (3.163) can be rewritten as :

b(y)FΨ∗(y) = P∆ f∗+V∆ (Ψ∗)(y) y ∈Ω . (3.164)

Applying the Laplace operator to (3.164) we obtain that

∆(bFΨ∗)(y) = f∗(y) y ∈Ω . (3.165)

Then (3.164) can be rewritten as:

V∆ (Ψ∗)(y) = Q(y) y ∈Ω (3.166)

where
Q(y) = b(y)FΨ∗(y)−P∆ [∆(bFΨ∗)](y) y ∈Ω . (3.167)

It is easy to check that Q is harmonic functions in Ω as well as (3.165). Then
Trace of (3.166) on the boundary gives
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γ
+V∆ (Ψ∗)(y) = γ

+Q(y) implies V∆(Ψ∗)(y) = γ
+Q(y) y ∈ ∂Ω. (3.168)

Since V∆ : Hs(∂Ω)→ Hs+1(∂Ω),s ∈ R is an isomorphism, (see, e.g., [DL90, chap
XI, Part B, sec. 2, Remark 1]) and b(y) 6= 0 we obtain the following expression of
Ψ∗,

Ψ∗(y) = V −1
∆

γ
+Q(y) y ∈ ∂Ω . (3.169)

Relation (3.165) and (3.169) implies uniqueness of the couple f∗,Ψ∗ Now we
have to prove that f∗(y),Ψ∗(y) given by (3.165) and (3.169) do satisfy (3.163).
Indeed, the potential V∆Ψ∗(y) with Ψ∗(y) given by (3.169) is harmonic function,
and one can check that Q given by (3.167) is also harmonic. Since (3.168) implies
that they coincide on the boundary, the two harmonic functions should also co-
incide in the domain, i.e, (3.166) holds true, which implies (3.163). Thus, (3.165),
(3.169) , (3.167) give

( f∗,Ψ∗)=CΨFΨ∗ =
(
∆(bFΨ∗),V

−1
∆

γ
+Q
)
=
(
∆(bFΨ∗),V

−1
∆

γ
+[b(y)FΨ∗−P∆ [∆(bFΨ∗)]

)
and thus we constructed a bounded operator

CΨ : H1,0(Ω ;A)→ L2(Ω)×H
1
2 (∂Ω)

Considering a couple (F,Φ)T = F ∈ H1,0(Ω ,A)×H
1
2 (∂Ω) and employing

Lemma 3.10 for FΨ∗ = F +WbΦ ∈ H1,0(Ω ,A) we arrive at the following state-
ment.

Corollary 3.4.1 Let diam(Ω)< r0 or Ψ ∈ H
− 1

2∗∗ (∂Ω). For any couple

(F,Φ)T = F ∈ H1,0(Ω ,A)×H
1
2 (∂Ω)

there exists a unique triple

( f∗,Ψ∗,Φ∗)
T = C̃Φ∗F∗ ∈ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

such that

F = Pb f∗+VbΨ∗−WbΦ∗ in Ω , (3.170)
Φ = Φ∗ on ∂Ω . (3.171)

Moreover, the operator

C̃Φ∗ : H1,0(Ω ,A)×H
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

is linear and continuous.
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Proof. Taking Φ∗ = γ+F −Φ and applying Lemma 3.10 for FΨ∗ = F +WbΦ ∈
H1,0(Ω ,A) we obtain that the existence of equations (3.170)- (3.171). To prove
the uniqueness, we consider its homogeneous case. i.e., with F = 0 and Φ = 0.
then (3.171) implies Φ∗ = 0 and thus by (3.170) and Lemma 3.10 we also ontain
Ψ∗ = 0, f∗ = 0.

Considering a couple (F,Ψ)T ∈H1,0(Ω ,A)×H−
1
2 (∂Ω) and employing Lemma

3.4 for FΦ∗ = F−VbΨ ∈ H1,0(Ω ,A) we arrive at the following statement.

Corollary 3.4.2 For any couple

(F,Ψ)T = F∗ ∈ H1,0(Ω ,A)×H−
1
2 (∂Ω)

there exists a unique triple

( f∗,Ψ∗,Φ∗)
T = C̃Ψ∗F∗ ∈ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

such that

F = Pb f∗+VbΨ∗−WbΦ∗ in Ω (3.172)
Ψ =Ψ∗ on ∂Ω (3.173)

Moreover, the operator

C̃Ψ∗ : H1,0(Ω ,A)×H−
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

is linear and continuous.

Proof. Taking Ψ∗ = T+
a F −Ψ and applying Lemma 3.4 for F∗ = F −VbΦ ∈

H1,0(Ω ,A) we prove the existence of equations (3.172)- (3.173). To prove the
uniqueness, we consider its homogeneous case. i.e., with F = 0 and Ψ = 0.
then (3.173) implies Ψ∗ = 0 and thus by (3.172) and Lemma 3.4 we also ontain
Φ∗ = 0, f∗ = 0.

Now consider the original mixed BVP for u ∈H1(Ω) given on (3.149) -(3.151).
We can rewrite the given mixed BVP in a matrix form

ADNu = FDN

where ADN :=

 A
γ+

T+
a

 . FDN :=

 f
ϕ0
ψ0

 .
The operator ADN : H1,0(Ω ,A) → L2(Ω)×H

1
2 (∂DΩ)×H−

1
2 (∂NΩ) is evidentely

continuous and due to the uniqueness theorem for BVP, it is also injective.
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The following assertions are based on [CMN09a]. The following assertion is
well-known and can be proved using variational setting and the Lax-Milgram
Lemma

Theorem 3.26. The operator

ADN : H1,0(Ω ,A)→ L2(Ω)×H
1
2 (∂DΩ)×H−

1
2 (∂NΩ) (3.174)

is continuous and continuously invertible.

3.4.1 Two-operator BDIE systems

Let Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω), be some extensions of the given data ϕ0 ∈

H
1
2 (∂DΩ) from ∂DΩ to ∂Ω and ψ0 ∈ H−

1
2 (∂NΩ) from ∂NΩ to ∂Ω respectively.

Let us denote
F0 := Pb f +VbΨ0−WbΦ0 in Ω (3.175)

Note that for f ∈ L2(Ω),Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) we have the inclu-

sion F0 ∈ H1,0(Ω ,A) due to the mapping properties of the Newtonian and layer
potentials. To reduce BVP (3.149)-(3.151) to one or another two-operator BDIE
system, we shall use equation (3.53) in Ω , and restrictions of equation (3.54) or
(3.55) to appropriate parts of the boundary. We shall always substitute Φ0 +ϕ

for γ+u and Ψ0 +ψ for T+
a u , where Φ0 ∈ H

1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω), are con-

sidered as known, while ψ belongs to H̃−
1
2 (∂DΩ) and ϕ belongs to H̃

1
2 (∂NΩ)

due to the boundary conditions (3.150)-(3.151) and are to be found along with
u ∈ H1,0(Ω ,∆). This will lead us to segregated BDIE systems with respect to the
unknown triple

U := [u,ψ,ϕ]T ∈ H1(Ω)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ).

Boundary-Domain Integral Equation system M11

To formulate the systems,first let us use equation (3.53) in Ω , the restriction of
equation (3.54) on ∂DΩ and the restriction of equation (3.55) on ∂NΩ , by putting
γ+u := Φ0 +ϕ, T+

a u :=Ψ0 +ψ in the equation (3.53), which can be simplified
as :
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u+Zbu+Rbu−VbT+
a u+Wbγ

+u = Pb f in Ω

u+Zbu+Rbu−Vb(Ψ0 +ψ)+Wb(Φ0 +ϕ) = Pb f in Ω

u+Zbu+Rbu−Vbψ +Wbϕ = Pb f +VbΨ0−WbΦ0 in Ω

u+Zbu+Rbu−Vbψ +Wbϕ = F0 in Ω

where F0 = Pb f +VbΨ0−WbΦ0.

Next, taking the trace and the co-normal derivative,of the above equation.
Then we arrive at the following two-operator segregated system of BDIEs:

u+Zbu+Rbu−Vbψ +Wbϕ = F0 in Ω (3.176)

γ
+Zbu+ γ

+Rbu−Vbψ +Wbϕ = γ
+F0−ϕ0 in ∂DΩ (3.177)

T+
a Zbu+T+

a Rbu−W ′
abψ +L +

abϕ = T+
a F0−ψ0 in ∂NΩ (3.178)

which we call BDIE M11, where M stands for the mixed problem and 11 hints
that the integral equations on the Dirichlet and Neumann parts of the boundary
are of the first kind. Note that due to Lemma 3.2 all terms of equation (3.176)
belongs to H1,0(Ω ;∆) and their co-normal derivatives are well defined.
System (3.176)-(3.178) can be rewritten in the form

M 11U = G 11

where

M 11 :=

 I +Zb +Rb −Vb Wb
r∂DΩ γ+[Zb +Rb] −r∂DΩVb r∂DΩWb
r∂NΩ T+

a [Zb +Rb] −r∂NΩW ′
ab r∂NΩL +

ab

 G 11 :=

 F0
r∂DΩ γ+F0−ϕ0
r∂NΩ T+

a F0−ψ0

 .
Due to the mapping properties of Vb,Vb,Wb,Wb,Pb,Rb,γ

+Rb,T+
a Rb,Zb,γ

+Zb,and T+
a Zb

we have G 11 ∈ H1(Ω)×H
1
2 (∂Ω)×H−

1
2 (∂Ω) and the operator

M 11 : H1(Ω)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1(Ω)×H

1
2 (∂DΩ)×H−

1
2 (∂NΩ)

is continuous.

Remark 3.1. G 11 = 0 if and only if ( f ,Φ0,Ψ0) = 0. We can show this in the same
way as in 3D case (see e.g.,[CMN09a, Remark 5.1]). The latter equality clearly
implies the former. Conversely, let G 11 = 0. Then by relation (3.175) F0 = 0 in
turn Pb f +VbΨ0−WbΦ0 = 0 in Ω which implies Pb f =−VbΨ0+WbΦ0 in Ω . Due
to Lemma 3.8, f = 0 and VbΨ0−WbΦ0 = 0 in Ω .
The equality r∂DΩ γ+F0−ϕ0 = 0 implies ϕ0 = 0 on ∂DΩ and r∂NΩ T+

a F0−ψ0 = 0
implies ψ0 = 0 on ∂NΩ i.e., Φ0 ∈ H̃

1
2 (∂NΩ),Ψ0 ∈ H̃−

1
2 (∂DΩ). If the extensions Φ0
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and Ψ0 are obtained from ϕ0 and ψ0 by some linear operators , i.e., Φ0 = E1ϕ0
and Ψ0 = E2ψ0, then ϕ0 = 0 and ψ0 = 0 which implies Φ0 = 0 and Ψ0 = 0 on ∂Ω .

Theorem 3.27. Let f ∈ L2(Ω) and Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some fixed

extensions of ϕ0 ∈ H
1
2 (∂DΩ) and ψ0 ∈ H−

1
2 (∂NΩ) respectively.

i. If some u ∈ H1(Ω) solves the mixed BVP(3.149)-(3.151) in Ω , then the solution
is unique and the triple (u,ψ,ϕ)T ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) where

ψ = T+
a u−Ψ0, ϕ = γ

+u−Φ0 on ∂Ω (3.179)

solves the BDIE system M11.
ii. Assume diam(Ω) < r0, if a triple (u,ψ,ϕ) ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ)

solves BDIE system M11, then the solution is unique, the function u solves
BVP(3.150)-(3.151), and relation (3.179) holds.

Proof. i. Let u ∈H1(Ω) be a solution of BVP (3.149)-(3.151). Then by Theorem
3.23 (see, e.g., [CMN09a, Theorem 2.1]), it is unique. Next, set ϕ = γ+u−
Φ0, ψ = T+

a u−Ψ0. Evidently, ψ ∈ H̃−
1
2 (∂DΩ) and ϕ ∈ H̃

1
2 (∂NΩ). And

recalling how The BDIE system M11 was constracted, we obtain that the
triple (u,ψ,ϕ)T satisfies the BDIE system M11.

ii. Let the triple (u,ψ,ϕ)T solves the BDIE system M11. Let us consider the
trace of the equation (3.176) on ∂DΩ taking into account the jump proper-
ties (3.23) - (3.24), and subtruct equation (3.177) to obtain

r∂DΩ γ
+u = ϕ0 on ∂DΩ (3.180)

i.e., u satisfies the Dirichlet condition. (3.150).
Taking the co-normal derivative of (3.176) on ∂NΩ , again with account of
the jump properties (3.25), and subtracting equation (3.178) , we obtain:

r∂NΩ T+
a u = ψ0 on ∂NΩ (3.181)

i.e., u satisfies the Neumann condition (3.151).
Taking into account that ϕ = 0,Φ0 = ϕ0 on ∂DΩ and ψ = 0,Ψ0 = ψ0 on ∂NΩ

equation (3.180) and (3.181) imply that the first equation of (3.176) is satis-
fied on ∂NΩ and the second equation of (3.179) satisfied on ∂DΩ .
Equation (3.176) and Lemma 3.2 with Ψ = ψ +Ψ0;Φ = ϕ +Φ0 imply that u
is a solution to (3.149) and

VbΨ
∗−WbΦ

∗ = 0 in Ω

whereΨ ∗=Ψ0+ψ−T+
a u and Φ∗=Φ0+ϕ−γ+u. Since the first equation of

(3.179) on ∂NΩ and the second equation of (3.179) on ∂DΩ already proved,
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we have Ψ ∗ ∈ H̃−
1
2 (∂DΩ); Φ∗ ∈ H̃

1
2 (∂NΩ). Then Lemma 3.8 (iii.) with

S1 = ∂DΩ ;S2 = ∂NΩ implies that ψ = ϕ = 0.

Unique solvability of the BDIE systems M11 then follows from the already
proved relations (3.179) and the unique solvability of BVP (3.149)-(3.151)
stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem 3.27 imply the following statement.

Corollary 3.4.3 The operator

M 11 : H1,0(Ω ,A)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1,0(Ω ,A)×H

1
2 (∂DΩ)×H−

1
2 (∂NΩ)
(3.182)

is continuous and injective.

Now we are in the position to analyse the invertibility of the operators M 11.

Theorem 3.28. The Operator (3.182) is continuously invertible.

Proof. To prove the invertibility of operator (3.182), let us consider BDIE system
M11 with an arbitrary right hand side F 11 =

(
F 11

1 ,F 11
2 ,F 11

3
)T ∈ H1,0(Ω ,A)×

H
1
2 (∂DΩ)×H−

1
2 (∂NΩ). Taking S1 = ∂NΩ ,S2 = ∂DΩ and

F = F 11
1 , Ψ = r∂NΩ T+

a F 11
1 −F 11

3 , Φ = r∂DΩ γ
+F 11

1 −F 11
2 .

From Lemma 3.9,(see, e.g., [CMN09a, Lemma 5.13]), F 11 can be represented as

F 11
1 = Pb f∗+VbΨ∗−WbΦ∗ in Ω

F 11
2 = r∂DΩ [γ+F 11

1 −Φ∗] on ∂DΩ

F 11
3 = r∂NΩ [T+

a F 11
1 −Ψ∗] on ∂NΩ

where the triple

( f∗,Ψ∗,Φ∗)
T = C∂NΩ ,∂DΩF 11 ∈ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω) (3.183)

is unique and the operator

C∂NΩ ,∂DΩ : H1,0(Ω ,A)×H
1
2 (∂DΩ)×H−

1
2 (∂NΩ)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)
(3.184)

is linear and continuous.
Applying Theorem 3.27 with
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f = f∗, Ψ0 =Ψ∗, Φ0 = Φ∗, ψ0 = r∂NΩΨ0, ϕ0 = r∂DΩ Φ0 (3.185)

we obtain that the system M11 is uniquely solvable and its solution is

U1 = u=(ADN)−1 ( f∗,r∂DΩ Φ∗,r∂NΩΨ∗
)T

, U2 =ψ =T+
a U1−Ψ∗, U3 =ϕ = γ

+U1−Φ∗
(3.186)

While r∂NΩU2 = 0;r∂DΩU3 = 0. Here, by Theorem 3.26, (ADN)−1 is the continuous
inverse operator to the left-hand-side operator of the mixed BVP (3.149)-(3.151),
ADN : H1,0(Ω ,A)→H1,0(Ω ,A)×H

1
2 (∂DΩ)×H−

1
2 (∂NΩ) (see, e.g., [CMN09a, Corol-

lary 5.16]), Representation (3.183), and continuity of operator (3.184) complete
the proof for M 11.

Boundary-Domain Integral Equation system M12

To obtain a second system, we use equation (3.53) in Ω , and equation (3.54)
on the whole boundary ∂Ω . Putting γ+u := Φ0 +ϕ, T+

a u :=Ψ0 +ψ and taking
the trace of the above equation. Then we arrive at the following two-operator
segregated system of BDIE system M12:

u+Zbu+Rbu−Vbψ +Wbϕ = F0 in Ω , (3.187)
1
2

ϕ + γ
+Zbu+ γ

+Rbu−Vbψ +Wbϕ = γ
+F0−Φ0 on ∂Ω . (3.188)

System (3.187)-(3.188) can be rewritten in the form

M 12U = G 12

where

M 12 :=
[

I +Zb +Rb −Vb Wb
γ+[Zb +Rb] −Vb

1
2 I +Wb

]
G 12 :=

[
F0

γ+F0−Φ0]
T

]
.

Due to the mapping properties of Vb,Vb,Wb,Wb,Pb,Rb,γ
+Rb,Zb,and γ+Zb

we have G 12 ∈ H1(Ω)×H
1
2 (∂Ω) and the operator

M 12 : H1(Ω)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1(Ω)×H

1
2 (∂Ω)

is continuous.

Remark 3.2. Let diam(Ω) < r0 or Ψ0 ∈ H
− 1

2∗∗ (∂Ω). Then G 12 = 0 if and only if
( f ,Φ0,Ψ0) = 0.
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Indeed, the latter equality clearly implies the former. Conversely, let G 12 = 0.
Then by relation (3.175) F0 = 0 in turn Pb f +VbΨ0−WbΦ0 = 0 in Ω which im-
plies Pb f =−VbΨ0 +WbΦ0 in Ω . Due to Lemma 3.8, f = 0 and VbΨ0−WbΦ0 = 0
in Ω .
The equality γ+F0−Φ0 = 0 implies Φ0 = 0 on ∂Ω . Thus, VbΨ0 = 0, hence from
invertibility of single layer operator, Theorem 3.8 follows Ψ0 = 0 on ∂Ω .

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M12.

Theorem 3.29. Let f ∈ L2(Ω) and Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some fixed

extensions of ϕ0 ∈ H
1
2 (∂DΩ) and ψ0 ∈ H−

1
2 (∂NΩ) respectively.

i. If some u ∈ H1(Ω) solves the mixed BVP(3.149)-(3.151) in Ω , then the solution
is unique and the triple (u,ψ,ϕ) ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) where

ψ = T+
a u−Ψ0, ϕ = γ

+u−Φ0 on ∂Ω (3.189)

solves the BDIE system M12.
ii. Let diam(Ω)< r0, if a triple (u,ψ,ϕ) ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) solves

BDIE system M12, then the solution is unique, the function u solves BVP(3.149)-
(3.151), and relation (3.189) holds.

Proof. i. Let u ∈H1(Ω) be a solution of BVP (3.149)-(3.151). Then by Theorem
3.23 (see, e.g., [CMN09a, Theorem 2.1]), it is unique. Next, set ϕ = γ+u−
Φ0, ψ = T+

a u−Ψ0. Evidently, ψ ∈ H̃−
1
2 (∂DΩ) and ϕ ∈ H̃

1
2 (∂NΩ). Then

immediately follow from the relation (3.187)-(3.188) that the triple (u,ψ,ϕ)
satisfies the BDIE system M12.

ii. Let (u,ψ,ϕ) solves the BDIE (3.187)-(3.188). Consider the trace of the equa-
tion (3.187) on ∂Ω taking into account the jump properties (3.23) -(3.24),
and subtruct equation (3.188) to obtain

u+Zbu+Rbu−Vbψ +Wbϕ = F0

which implies γ
+u+ γ

+Zbu+ γ
+Rbu−Vbψ− 1

2
ϕ +Wbϕ = γ

+F0

subtracting equation (3.188) from the above equation will give us

γ
+u = Φ0 +ϕ on ∂Ω (3.190)

which implies the second equation of (3.189) holds. Since ϕ = 0,Φ0 = ϕ0 on
∂DΩ we see that the Dirichlet condition (3.150) is satisfied.
Equation (3.187) and Lemma 3.2 with Ψ = ψ +Ψ0;Φ = ϕ +Φ0 imply that u
is a solution to (3.149) and
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Vb
(
Ψ0 +ψ−T+

a u
)
−Wb

(
Φ0 +ϕ− γ

+u
)
= 0 in Ω . (3.191)

Due to (3.190) the second term in (3.191) vanishes, and by Lemma 3.8(i) we
obtain:

Ψ0 +ψ−T+
a u = 0 on ∂Ω (3.192)

i.e., the first equation in (3.189) is satisfied as well. Since ψ = 0,Ψ0 = ψ0 on
∂NΩ equation (3.192) implies that u satisfies the Neumann Boundary Con-
dition (3.151).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem 3.29 imply the following statement.

Corollary 3.4.4 The operator

M 12 : H1,0(Ω ,A)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1,0(Ω ,A)×H

1
2 (∂Ω) (3.193)

is continuous and injective.

Now we are in the position to analyse the invertibility of the operators M 12.

Theorem 3.30. The Operators (3.193) is continuously invertible.

Proof. To prove the invertibility of operator (3.193), let us consider BDIE sys-
tem M12 with an arbitrary right hand side F 12 =

(
F 12

1 ,F 12
2
)T ∈ H1,0(Ω ,A)×

H
1
2 (∂Ω). Taking

F = F 12
1 , in Ω

Φ = γ
+F 12

1 −F 12
2 on ∂Ω

in Corollary 3.4.1, we obtain the representation

F 12
1 = Pb f∗+VbΨ∗−WbΦ∗ in Ω

F 12
2 = γ

+F 12
1 −Φ∗ on ∂Ω

where the triple

( f∗,Ψ∗,Φ∗)
T = C̃Φ∗F

12 ∈ L2(Ω)×H−
1
2 (∂Ω)×H

1
2 (∂Ω) (3.194)

is unique and the operator

C̃Φ∗ : H1,0(Ω ,A)×H
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω) (3.195)

is linear and continuous.
Applying Theorem 3.29) with (3.185) i.e.,
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f = f∗, Ψ0 =Ψ∗, Φ0 = Φ∗, ψ0 = r∂NΩΨ0, ϕ0 = r∂DΩ Φ0

we obtain that the system M12 is uniquely solvable and its solution is given by
(3.186) which is:

U1 = u=(ADN)−1 ( f∗,r∂DΩ Φ∗,r∂NΩΨ∗
)T

, U2 =ψ =T+
a U1−Ψ∗, U3 = φ = γ

+U1−Φ∗
(3.196)

Representation (3.194), and continuity of operator (3.195) complete the proof for
M 12 .

Boundary-Domain Integral Equation system M21

To obtain a third system, we use equation (3.53) in Ω , and equation (3.55) on
the whole boundary ∂Ω . Putting γ+u := Φ0 +ϕ, T+

a u :=Ψ0 +ψ and taking the
co-normal derivative of the above equation. Then we arrive at the following
two-operator segregated system of BDIE system M21:

u+Zbu+Rbu−Vbψ +Wbϕ = F0 in Ω , (3.197)(
1− a

2b

)
ψ +T+

a Zbu+T+
a Rbu−W ′

abψ +L +
abϕ = T+

a F0−Ψ0 on ∂Ω . (3.198)

System (3.197)-(3.198) can be rewritten in the form

M 21U = F 21

where

M 21 :=
[

I +Zb +Rb −Vb Wb
T+

a [Zb +Rb]
(
1− a

2b

)
I−W ′

ab L +
ab

]
G 21 :=

[
F0

T+
a F0−Φ0

]
.

Due to the mapping properties of Vb,Wb,Wb,Pb,Rb,T+
a Rb,Zb,and T+

a Zb we
have G 21 ∈ H1(Ω)×H−

1
2 (∂Ω) and the operator

M 21 : H1(Ω)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1(Ω)×H−

1
2 (∂Ω)

is continuous.

Remark 3.3. G 21 = 0 if and only if ( f ,Φ0,Ψ0) = 0. Indeed, the latter equality
clearly implies the former. Conversely, let G 21 = 0. Then by relation (3.175) F0 = 0
in turn Pb f +VbΨ0−WbΦ0 = 0 in Ω which implies Pb f = −VbΨ0 +WbΦ0 in Ω .
Due to Lemma 3.8, f = 0 and VbΨ0−WbΦ0 = 0 in Ω .
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The equality T+
a F0−Ψ0 = 0 implies Ψ0 = 0 on ∂Ω , Thus, WbΦ0 = 0 hence by the

same Lemma 3.8(ii.) follows Φ0 = 0 on ∂Ω .

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M21.

Theorem 3.31. Let f ∈ L2(Ω) and Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some fixed

extensions of ϕ0 ∈ H
1
2 (∂DΩ) and ψ0 ∈ H−

1
2 (∂NΩ) respectively.

i. If some u ∈ H1(Ω) solves the mixed BVP(3.149)-(3.151) in Ω , then the solution
is unique and the triple (u,ψ,ϕ) ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) where

ψ = T+
a u−Ψ0, ϕ = γ

+u−Φ0 on ∂Ω (3.199)

solves the BDIE system M21.
ii. Assume a triple (u,ψ,ϕ)∈H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) solves BDIE system

M21, then the solution is unique, the function u solves BVP(3.149)-(3.151), and
relation (3.199) holds.

Proof. i. Let u ∈H1(Ω) be a solution of BVP (3.149)-(3.151). Then by Theorem
3.23 (see, e.g., [CMN09a, Theorem 2.1]), it is unique. Next, set ϕ = γ+u−
Φ0, ψ = T+

a u−Ψ0. Evidently, ψ ∈ H̃−
1
2 (∂DΩ) and ϕ ∈ H̃

1
2 (∂NΩ). Then

immediately follow from the relation (3.197)-(3.198) that the triple (u,ψ,ϕ)
satisfies the BDIE system M21.

ii. Let (u,ψ,ϕ) solves the BDIE (3.197)-(3.198) . Taking the co-normal deriva-
tive of the equation (3.197) on ∂Ω taking into account the jump properties
(3.25), and subtruct equation (3.198) we obtain

u+Zbu+Rbu−Vbψ +Wbϕ = F0

which implies T+
a u+T+

a Zbu+T+
a Rbu− a

2b
ψ−W ′

abψ +L +
abϕ = T+

a F0

subtracting equation (3.198) from the above equation will give us

T+
a u−ψ =Ψ0 on ∂Ω (3.200)

which proves the first equation of (3.199), Since ψ = 0,Ψ0 = ψ0 on ∂NΩ we
see that the Neumann condition (3.151) is satisfied.
Equation (3.197) and Lemma 3.2 with Ψ = ψ +Ψ0;Φ = ϕ +Φ0 imply that u
is a solution to (3.149) and

Vb
(
Ψ0 +ψ−T+

a u
)
−Wb

(
Φ0 +ϕ− γ

+u
)
= 0 in Ω (3.201)

Due to (3.200) the first term in (3.201) vanishes, and by Lemma 3.8(ii), we
obtain:
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Φ0 +ϕ− γ
+u = 0 on ∂Ω

Which means that the second term in (3.199) holds as well. Taking into ac-
count ϕ = 0,Φ0 = ϕ0 on ∂DΩ equation (3.192) implies that u satisfies the
Dirichlet Boundary Condition (3.150).

Unique solvability of the BDIE system M21 then follows from the already
proved relations (3.199) and the unique solvability of BVP (3.149)-(3.151)
stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem 3.31 imply the following statement.

Corollary 3.4.5 The operator

M 21 : H1,0(Ω ,A)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1,0(Ω ,A)×H−

1
2 (∂Ω) (3.202)

is continuous and injective.

Now we are in the position to analyse the invertibility of the operators M 21.

Theorem 3.32. The Operator (3.202) is continuously invertible.

Proof. To prove the invertibility of operator (3.202), let us consider BDIE sys-
tem M21 with an arbitrary right hand side F 21 =

(
F 21

1 ,F 21
2
)T ∈ H1,0(Ω ,A)×

H−
1
2 (∂Ω).

Taking
F = F 21

1 in Ω , Ψ = T+
a F 21

1 −F 21
2 on ∂Ω

following Corollary 3.4.1, we obtain that

F 21
1 = Pb f∗+VbΨ∗−WbΦ∗ in Ω

F 21
2 = T+

a F 21
1 −Ψ∗ on ∂Ω

where the triple

( f∗,Ψ∗,Φ∗) = C̃Ψ∗F
12 ∈ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω) (3.203)

is unique and the operator

C̃Ψ∗ : H1,0(Ω ,A)×H−
1
2 (∂Ω)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω) (3.204)

is linear and continuous.
Applying Theorem 3.31 with substitutions (3.185)i.e.,

f = f∗, Ψ0 =Ψ∗, Φ0 = Φ∗, ψ0 = r∂NΩΨ0, ϕ0 = r∂DΩ Φ0
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we obtain that the system M21 is uniquely solvable and its solution is given by
(3.186) i.e.,

U1 = u=(ADN)−1 ( f∗,r∂DΩ Φ∗,r∂NΩΨ∗
)T

, U2 =ψ =T+
a U1−Ψ∗, U3 =ϕ = γ

+U1−Φ∗
(3.205)

Representation (3.203), and continuity of operator (3.204) complete the proof for
M 21 .

Boundary-Domain Integral Equation system M22

To reduce (3.53)-(3.55) to a BDIE system of almost the second kind (up to the
spaces), we use equation (3.53) in Ω , the restriction of equation (3.55) to ∂DΩ ,
and the restriction of equation (3.54) to ∂NΩ . Putting γ+u := Φ0 +ϕ, T+

a u :=
Ψ0 +ψ and first taking the co-normal derivative and then the trace of the above
equation. Then we arrive at the following two-operator segregated system of
BDIE system M22:

u+Zbu+Rbu−Vbψ +Wbϕ = F0 in Ω , (3.206)(
1− a

2b

)
ψ +T+

a Zbu+T+
a Rbu−W ′

abψ +L +
abϕ = T+

a F0−Ψ0 on ∂DΩ , (3.207)

1
2

ϕ + γ
+Zbu+ γ

+Rbu−Vbψ +Wbϕ = γ
+F0−Φ0 in ∂NΩ . (3.208)

System (3.206)-(3.208) can be rewritten in the form

M 22 :=

 I +Zb +Rb −Vb Wb
r∂DΩ T+[Zb +Rb]

(
1− a

2b

)
I− r∂DΩW ′

ab r∂DΩL +
ab

r∂NΩ γ+[Zb +Rb] −r∂NΩVb
1
2 I + r∂NΩWb


G 22 :=

 F0
r∂DΩ T+

a F0−Ψ0
r∂NΩ γ+F0−Φ0

 .
Due to the mapping properties of Vb,Vb,Wb,Wb,Pb,Rb,γ

+Rb,T+
a Rb,Zb,γ

+Zb,and T+
a Zb

we have G 22 ∈ H1(Ω)×H−
1
2 (∂DΩ)×H

1
2 (∂NΩ) and the operator

M 22 : H1(Ω)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1(Ω)×H−

1
2 (∂DΩ)×H

1
2 (∂NΩ)

is continuous.

Remark 3.4. G 22 = 0 if and only if ( f ,Φ0,Ψ0) = 0.
The latter equality clearly implies the former. Conversely, let G 22 = 0. Then by
relation (3.175) F0 = 0 in turn Pb f +VbΨ0−WbΦ0 = 0 in Ω which implies Pb f =
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−VbΨ0 +WbΦ0 in Ω . Due to Lemma 3.8, f = 0 and VbΨ0−WbΦ0 = 0 in Ω .
The equality r∂DΩ {T+

a F0−Ψ0}= 0 implies Ψ0 = 0 on ∂DΩ and r∂NΩ {γ+F0−Φ0}=
0 implies Φ0 = 0 on ∂NΩ . i.e., Φ0 ∈ H̃

1
2 (∂NΩ),Ψ0 ∈ H̃−

1
2 (∂DΩ).

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M22.

Theorem 3.33. Let f ∈ L2(Ω) and Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some fixed

extensions of ϕ0 ∈ H
1
2 (∂DΩ) and ψ0 ∈ H−

1
2 (∂NΩ) respectively.

i. If some function u ∈ H1(Ω) solves the mixed BVP(3.149)-(3.151) in Ω then the
solution is unique and the triple (u,ψ,ϕ)T ∈ H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ)

where
ψ = T+

a u−Ψ0, ϕ = γ
+u−Φ0 on ∂Ω (3.209)

Solves the BDIE system M22.
ii. Let diam(Ω)< r0, if a triple (u,ψ,ϕ)T ∈H1(Ω)× H̃−

1
2 (∂DΩ)× H̃

1
2 (∂NΩ) solves

BDIE system M22, then the solution is unique, the function u solves BVP(3.149)-
(3.151), and relation (3.209) holds.

Proof. i. Let u ∈H1(Ω) be a solution of BVP (3.149)-(3.151). Then by Theorem
3.23 (see, e.g., [CMN09a, Theorem 2.1]), it is unique. Next, set ϕ = γ+u−
Φ0, ψ = T+

a u−Ψ0. Evidently, ψ ∈ H̃−
1
2 (∂DΩ) and ϕ ∈ H̃

1
2 (∂NΩ). Then

immediately follow from the relation (3.206)-(3.208) that the triple (u,ψ,ϕ)
satisfies the BDIE system M22.

ii. Let (u,ψ,ϕ) solves the BDIE (3.206)-(3.208). Taking the co-normal deriva-
tive of the equation (3.208) on ∂DΩ taking into account the jump properties
(3.25), and subtruct equation (3.207) we obtain

u+Zbu+Rbu−Vbψ +Wbϕ = F0

which implies T+
a u+T+

a Zbu+T+
a Rbu− a

2b
ψ−W ′

abψ +L +
abϕ = T+

a F0

subtracting equation (3.207) from the above equation will give us

T+
a u−ψ =Ψ0 on ∂DΩ ⇒ ψ = T+

a u−Ψ0 on ∂DΩ .

Further take the trace of equation (3.206) on ∂NΩ and subtract it from
(3.208) we get

ϕ = γ
+u−Φ0 on ∂NΩ .

These equations imply that the first equation of (3.209) is satisfied on ∂DΩ

and the second equation of (3.209) is satisfied on ∂NΩ

Equation (3.206) and Lemma 3.2 with Ψ = ψ +Ψ0;Φ = ϕ +Φ0 imply that u
is a solution to (3.149) and
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VbΨ
∗−WbΦ

∗ = 0 in Ω

where Ψ ∗ =Ψ0 +ψ−T+
a u and Φ∗ = Φ0 +ϕ− γ+u.

Due to (3.209) and (3.206) we have Ψ ∗ ∈ H̃−
1
2 (∂NΩ), Φ∗ ∈ H̃

1
2 (∂DΩ) and by

Lemma 3.8 (iii) with

S1 = ∂NΩ ;S2 = ∂DΩ implies that Ψ
∗ = Φ

∗ = 0

which completes the proof of condition (3.209) on the whole boundary ∂Ω

Taking into account that ϕ = 0 on ∂DΩ and Φ0 = ϕ0 on ∂DΩ and ψ = 0 on
∂NΩ and Ψ0 = ψ0 on ∂NΩ , equation (3.209) imply the Boundary Conditions
(3.150-)(3.151).

Unique solvability of the BDIE system M22 then follows from the already
proved relations (3.209) and the unique solvability of BVP (3.149)-(3.151)
stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem 3.33 imply the following statement.

Corollary 3.4.6 The operator

M 22 : H1,0(Ω ,A)× H̃−
1
2 (∂DΩ)× H̃

1
2 (∂NΩ)→ H1,0(Ω ,A)×H−

1
2 (∂DΩ)×H

1
2 (∂NΩ)
(3.210)

is continuous and injective.

Now we are in the position to analyse the invertibility of the operators M 22.

Theorem 3.34. The Operator (3.210) is continuously invertible.

Proof. To prove the invertibility of operator (3.210), we apply similar argu-
ment as (3.182). Let us consider BDIE system M22 with an arbitrary right
hand side F 22 =

(
F 22

1 ,F 22
2 ,F 22

3
)T ∈H1,0(Ω ,A)×H−

1
2 (∂DΩ)×H

1
2 (∂NΩ) Taking

S1 = ∂DΩ ,S2 = ∂NΩ and

F = F 22
1 , Ψ = r∂DΩ T+

a F 22
1 −F 22

2 , Φ = r∂NΩ γ
+F 22

1 −F 22
3

in [CMN09a, Lemma 5.13], , presented as Lemma 3.9, we obtain that F 22 can
be represented as

F 22
1 = Pb f∗+VbΨ∗−WbΦ∗ in Ω

F 22
2 = r∂DΩ [T+

a F 22
1 −Ψ∗] on ∂DΩ

F 22
3 = r∂NΩ [γ+F 22

1 −Φ∗] on ∂NΩ

where the triple
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( f∗,Ψ∗,Φ∗) = C∂DΩ ,∂NΩF 22 ∈ L2(Ω)×H−
1
2 (∂Ω)×H

1
2 (∂Ω)

is unique and the operator

C∂NΩ ,∂DΩ : H1,0(Ω ,A)×H−
1
2 (∂DΩ)×H

1
2 (∂NΩ)→ L2(Ω)×H−

1
2 (∂Ω)×H

1
2 (∂Ω)

is linear and continuous.
Applying Theorem 3.33 with the same substisution as (3.185) we obtain that the
system M22 is uniquely solvable and its solution is given by (3.186) i.e.,

U1 = u=(ADN)−1 ( f∗,r∂DΩ Φ∗,r∂NΩΨ∗
)T

, U2 =ψ =T+
a U1−Ψ∗, U3 =ϕ = γ

+U1−Φ∗

Representation (3.4.1), and continuity of operator (3.205) complete the proof for
M 22 .





Conclusion and future work

In this dissertation, we have considered a second-order elliptic partial differen-
tial equation with a variable coefficient in a 2D bounded domain, in appropriate
Sobolev space. The right-hand side functions were from L2(Ω), and equations
of the type Lamé system of anisotropic elasticity is considered, where the fun-
damental solution of the “frozen" coefficient PDE is not known explicitly. We
have used a two- operator approach, formulated in [AM10] and employed a
parametrix of another (second) auxiliary PDE, not related with the PDE in ques-
tion, for reducing the BVP to BDIE systems.

The properties of a parametrix-based potential operator that contain loga-
rithmic singularity were investigated. Unlike properties in 3D case in (see e.g.,
[CMN09a]). The single layer potential needs special consideration to be in-
vertible, which is critical on this study. We separately investigated BVPs with
Dirichlet, Neumann and mixed boundary conditions in the bounded domain.
In the formulations considered, we obtain on the third Green formula an op-
erator that is not compact, which lead in turn that the BDIE systems are not
compact. Hence, we used the representation formula on the right-hand side of
the formulated BDIEs to analyze the invertibility of the BDIE systems.

For the Dirichlet BVP, two segregated two-operator BDIE systems were for-
mulated and analyzed, their equivalence to the original Dirichlet BVP was
proved in the case of PDEs right-hand side functions from L2(Ω) and H

1
2 (∂Ω)

(see e.g., [CMN09a], [DM15]).

On Neumann BVP, two segregated two-operator BDIE systems were formu-
lated and investigated. Their equivalence to the original Dirichlet BVP was
proved in the case of PDEs right-hand side functions from L2(Ω) and H−

1
2 (∂Ω)

(see e.g., [CMN09a], [ADM17]). The two-operator BDIEs solvability, unique-
ness/ non-uniqueness of the solution as well as the Fredholm property and

137
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invertibility of the boundary domain integral operator are analyzed. Moreover,
the two-operator boundary domain integral operators for Neumann BVP are
not invertible, and hence appropriate finite-dimensional perturbations are con-
structed leading to the invertibility of the perturbed operator.

For the mixed BVP, we formulated four segregated BDIE systems and ana-
lyzed them. Their equivalence to the original Mixed BVP was proved. It was
shown that these four BDIEs are continuously invertible.

Having said this, on our work on the thesis, we recommend the following
problems to be investigated as a future research direction:

• In this thesis, we considered only smooth domain in a plane, need to in-
vestigate less regular domains such as Lipschitz domains.

• We can consider the two dimensional version of the two-operator BDIEs
for the BVP in the exterior domains , United BDIEs as well as Localized
BDIEs, which were investigated for 3D in [CMN09a], [CMN09b], [Mik06],
[CMN13].
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ISBN 978-08176-4898-5, 29–39.

[AM11] T. G. Ayele, S. E. Mikhailov, Analysis of two-operator boundary-domain integral
equations for variable-coefficient mixed BVP. in: Eurasian Mathematical Journal (ISSN
2077-9879), Vol. 2, No 3, 2011, 20-41.

[BJS64] Lipman Bers, Fritz John and Martin Schechter. Partial Differential Equations, Volume III
https://doi.org/10.1088/0031-9112/16/2/017. London: John Wiley and Sons. 1964.

[CMN09a] O. Chakuda, S.E. Mikhailov, D. Natroshvili , Analysis of direct boundary-domain
integral equations for a mixed BVP with variable coefficent. I: Equivalence and In-
vertibility. J. Integral Equat.and Appl. 21 (2009), 499-543.

[CMN09b] O. Chkadua, S.E. Mikhailov, and D. Natroshvili. Analysis of some localized
boundary-domain integral equations. Journal of Integral Equations and Applications.,
21(3):405–445, 2009.

[CMN11] O. Chkadua, S.E. Mikhailov, D. Natroshvili, Analysis of segregated boundary-
domain integral equations for variable-coefficient problems with cracks, Numerical
Methods for Partial Differential Equations 27 (2011), 121–140.

[CMN13] O. Chkadua, S.E. Mikhailov, and D. Natroshvili. Analysis of di- rect segregated
boundary-domain integral equations for variable- coefficient mixed BVPs in exte-
rior domains. Analysis and Applications, 11(4):1350006(1-33), 2013.

[Con00] C. Constanda. Direct and indirect boundary integral equation methods. Chapman and
Hall/CRC, 2000.

[Cos88] M. Costabel, Boundary integral operators on Lipschiz domains: elementary results.
SIAM journal on Mathematical Analysis 19 (1988), 613-626.

[DL88] Robert Dautray and Jacpues-Louis Lions. Mathematical Analysis and Numerical
Method for Science and Technology; Functional and Variational Methods, volume 2.
Springer-Verlag, 1988.

[DL90] Dautray R, Lions JL. Mathematical Analysis and Numerical Methods for Science and Tech-
nology. Integral Equations and Numerical Methods, vol. 4. Springer: Berlin, Heidelberg,
1990.

[DM15] Dufera, T.T. and Mikhailov, S.E.: Analysis of Boundary-Domain Integral Equa-
tionsfor Variable-Coefficient Drichlet BVP in 2D. In: Integral Methods in Science
and Engineering: Computational and Analytic Aspects, C. Constanda and A. Kirsch
(eds.),Birkhäuser, Boston (2015), pp. 163-175.

[Gri85] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman,
Boston–London–Melbourne,1985.

[Hac92] Wolfgang Hackbusch. Elliptic Differential Equations Theory and Numerical Treatment.
Number 18. Springer, 1992.



140 3 Bibliography

[HCW08] G. C. Hsiao and W. L. Wendland. Boundary Integral Equation. Springer and Wiley,
Berlin, 2008.

[HT78] H. Triebel, Interpolation theory, function space, differential operators, North-Holland,
Amsterdam, 1978.

[LM72] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications,
Vol. 1. Springer, Berlin, Heidberg, New York 1972.

[McL00] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations. Cambrige Uni-
versity Press, Cambrige, 2000.

[Mik02] S.E. Mikhailov, Localized boundary-domain integral formulations for problems with
variable coefficients, Int. J. Engineering Analysis with Boundary Elements 26 (2002), 681-
690.

[Mik05a] S.E. Mikhailov, Analysis of extended boundary-domain integral and integro-
differential equations for a mixed BVP with variable coeffecients. Advances in
Boundary Integral Methods Proccedings of the 5th UK Conference on Boundary In-
tegral Methods, (Edited by Ke Chen),University of Liverpool Publ., UK, ISBN 0 906370
39 6, (2005), 106-125.

[Mik05b] S.E. Mikhailov, Localized direct boundary-domain integro-differential formulations
for scalar nonlinear BVPs with variable coeffecients. J. Eng. Math., 51 (2005), 283-302.

[Mik06] S.E. Mikhailov, Analysis of united boundary-domain integral and integro-
differential equations for a mixed BVP with variable coeffecients. Math. Meth. Appl.
Sci. 29 (2006), 715-739.

[Mik11] S.E. Mikhailov, Traces, extensions and co-normal derivatives for elliptic systems on
Lipschitz domains. J. Math. Analysis and Appl. 378 (2011), 324-342.

[Mik17] S.E. Mikhailov, Analysis of Segregated Boundary-Domain Integral Equations
for Variable-Coefficient Dirichlet and Neumann Problems with General Data,
https://arxiv.org/abs/1509.03501

[Mik99] S. E. Mikhailov. Finite-dimensional perturbations of linear operators and some applica-
tions to boundary integral equations. Engineering Analysis with Boundary Elements,
(23):805–813, 1999.

[Mir70] C. Miranda, Partial Differential Equations of Elliptic Type. 2 nd edition. Springer, Berlin-
Heidelberg-New York, 1970.

[MN05] S.E. Mikhailov, I.S. Nakhova, Mesh-based numerical implementation of the local-
ized boundary-domain integral equation method to a variable-coefficient neumann
problem, J. EngineeringMath. 51 (2005)251–259.

[Ste07] O. Steinbach, Numerical Approximation Methods for Elliptic Boundary Value Problems:
Finite and Boundary Elements. Springer, 2007.

[Sol13] Alexander P. Soldatov,Integral representation in plane anisotropic elasticity, AIP con-
ference proceedings 1570,276(2013)doi:10.1063/1.4854766

[SW01] O. Steinbach and W.L. Wendland. On C. Neumann’s Method for Second-Order Elliptic
Systems in Domains with Non-smooth Boundaries. Journal of Mathematical Analysis
and Applications, 262(2):733–748, 2001.

[Tri08] Dorothee D. Haroske Hans Triebel. Distributions, Sobolev Spaces, Elliptic Equations.
EMS Textbooks in Mathematics, 2008.

[Vlad79] V. S. Vladimirov. Generalized Functions in Mathematical Physics. Moscow Izdatel
Nauka, 1, 1979.

[YaS88] Y. Yan and L.H. Sloan. On Integral Equations Of The First Kind With Logarithmic
Kernels. Journal of Integral Equations and Applications, 1(4):549–579, 1988.


	Introduction and Background
	Preliminaries
	The space of test functions D()
	The space of distributions D'()
	The space S(R2) and S'(R2)
	Fundamental solutions and Parametrix
	The Lp() space
	Sobolev space
	Variational Method
	Equivalence of the norms
	Fredholm Operators: basic properties

	Analysis of Two-operator Boundary- Domain integral Equations for variable-coefficient BVPs in 2D
	Green's identities and integral relations
	The first Green identity
	The Two-operator second Green identity
	Parametrix and potential type operators
	Logarithmic and Remainder Potentials
	Layer potential
	Representation formula
	Invertibility of the single layer potential in 2D
	Logarthmic capacity
	The Two-operator third Green identity
	The Gauss Divergence Theorem

	Dirichlet Problem
	Two-operator BDIEs for Dirichlet BVP
	Equivalence and Invertibility

	Neumann BVP
	Invertibility of the Hypersingular operator in 2D
	Two-operator BDIEs for Neumann BVP
	Equivalence and invertibility
	Perturbed segregated BDIE systems for the Neumann problem

	Mixed BVP in 2D
	Two-operator BDIE systems

	Bibliography


