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Abstract

In this dissertation, the boundary value problems (BVPs) for the second order
elliptic partial differential equation with variable coefficient in two-dimensional
bounded domain is considered. Using an appropriate parametrix (Levi func-
tion) and applying the two-operator approach (where the one operator ap-
proach fails ), the problems are reduced to some systems of boundary-domain
integral equations (BDIEs). The two-operator BDIEs in 2D need a special con-
sideration due to their different equivalence properties as compared to higher
dimensional case due to the logarithmic term in the parametrix for the asso-
ciated partial differential equation. Consequently, we need to set conditions
on the domain or function spaces to insure the invertibility of the correspond-
ing layer potentials, and hence the unique solvability of BDIEs. Equivalence of
the two-operator BDIE systems to the original BVPs, BDIEs solvability, unique-
ness/non uniqueness of the solution, as well as Fredholm property and invert-
ibility of the BDIEs are analysed. Moreover, the two-operator boundary domain
integral operators for the Neumann BVP are not invertible, and appropriate
finite-dimensional perturbations are constructed leading to invertibility of the
perturbed operators.
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Notation and Abbreviations

Qt=0 A bounded two-dimensional open set of R

o0 The boundary of Q.

ck(Q) The space of real valued functions having continuous derivatives
up to order k on

C*(Q) The set of all infinitely differentiable functions on

o Multi-index in N3, a = (a1, a2)

ot The length of multi-index a, |a| = a; + a

x® The multi-index notation for the power of x, x =x]'x5?

Q QUIQ

2(Q) The space of test functions on Q.

7' (Q) The space of all continuous linear functionals over Z(Q).

S (R?) The space of rapidly decreasing test functions.

7 (R?) The space of linear continuous functionals on .7 (R?).

rs, restriction operator on a set S;.

T,", T,¢ Co-normal derivative operator for the differential operators A, B.

nt A unit outward normal vector to Q.

yE The trace operator.

wh(Q) Sobolev space of order k

H(Q) Bessel potential space or Sobolev-Slobodetskii space for s € R

supp(-) Support of a function

A The Laplace’s operator

\% The gradient operator

0 The Dirac delta distribution

F The Fourier transform operator

Z(E,F) The space of all Fredholm operators from Banach spaces E to F.

Z(E,F) The space of bounded linear operators from E to F.

H (E,F) The space of all Compact operators from E to F.

PDEs Partial Differential Equations.

BVPs Boundary Value Problems.
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X Notation and Abbreviations

BIE Boundary Integral Equation.
BDIEs Boundary Domain Integral Equations.
BDIDEs Boundary Domain Integro-differential Equations.



Chapter 1
Introduction and Background

Any phenomena in physical science and engineering can be modeled using
mathematics. In some situations, this modeling leads to linear or non-linear
differential, or integral equation or even integro-differential equations. These
equations play a considerable role in understanding problems related to first
Fluid mechanics that enables us to understand how a circulatory system works,
how rockets and planes fly and even to some extent how the weather behaves.
Secondly, heat and mass transfer used to understand how drug delivery devices
work, how kidney dialysis works, and the process of controlling heat for tem-
perature sensetive things. The other point related with elctromagnetism that is
used for all electricity out there and everything that involves light at all form
X-rays to pulse Oximetry and laser pointers.

Particularly, Partial Differential Equations (PDEs) with variable coefficients
often arise in mathematical modeling of inhomogeneous media in solid me-
chanics, electro-magnetics, thermo conductivity, fluid flow through porous me-
dia, and other areas of physics and engineering. Through centuries, different
methods of solving such problems have been developed. In any method, it is
crucial to investigate the existence and uniqueness of solution, and the well-
posedness of the problem or whether the solution depends continuously on
the given data. In most engineering and science problems, it is impossible to
find the analytical solution for a BVP. In a narrow scope, one can find the an-
alytical solution for a given boundary value problem (BVP). In this case, one
has to implement a suitable numerical method to obtain the approximate solu-
tion. Basically, there are different kinds of transformations that are efficient in
analyzing and obtaining solution. One of a classical method to investigate the
existence of solution of various BVPs comprises of reducing the solution of this
problem to an integral equation or systems of integral equations. This method
of solving a BVP by transforming to an integral equation or systems of integral
equations is known as Boundary Integral Equation (BIE) method. Furthermore,
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the importance of integral equation methods in the solution, both theoretical
and practical, of certain types of BVPs is universally recognized. The essential
feature and the main advantage of such methods is that these methods often
allow the problem to be reduced from one involving the whole of the domain
of interest to one involving only its boundary so that the dimension of the prob-
lem is reduced by one.

The central idea of eliminating the field equations in the domain is to re-
duce BVPs to equivalent equations only on the boundary which requires the
knowledge of corresponding fundamental solutions. This idea has a long his-
tory dating back to the work of Green and Gauss. Recently, the theory and the
application of BIE is well studied, ( see e.g., [Con00], [Ste07], [Cos88]]). The main
ingridient necessary for the reduction of the BVP to a BIE is a fundamental so-
lution to the original PDE. Employing the fundamental solution in the corre-
sponding Green formula one can reduce the problem to a BIE. This method, i.e.,
boundary integral equation method, is among the most powerful and elegant
techniques developed by analysts for solving elliptic BVPs. Applied to a wide
variety of situations in physical science and engineering, these procedures have
great advantages in delivering the solution in closed form which is very helpful
for numerical computation. The well known numerical methods for the approx-
imation of BIE is the Boundary Element Method (BEM). This method requires
discritizing only the boundary of the domain that enables one to consider un-
bounded or exterior problems.

Currently, the resulting of BIEs still serve as a major tool for the analysis and
construction of solutions to BVPs. Eventhough the BIE method has many ad-
vantages in finding the solution of linear PDE, it also has limitations. The re-
duction of the BVP with an arbitrary variable coefficient to BIE is not usually
possible since the fundamental solution necessary for such reduction is gen-
erally not available in analytical form except for some special dependence of
the coefficients on coordinates. However, using a parametrix (Levi function)
as a substitute of the fundamental solution in the Green’s formula is possi-
ble to reduce such a BVP to Boundary-Domain Integral Equation (BDIE) or
Boundary Domain Integro- Differential Equation (BDIDE), see e.g., [Mik02],
[CMNO09a],[DM15] and the references therein for the corresponding two and
three-dimensional BVPs.

Recently, the theory of BDIE system in three-dimensions is well studied.
For instance, in [Mik02],[Mik05b] localized parametrixes were implemented
to reduce a BVP with variable coefficient to a localized BDIE or BDIDE. In
[MikO6] analysis of united boundary-domain integral and integro-differential
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equations for a mixed BVPs are analyzed. In [CMNO09a], the parametrix-based
direct boundary-domain integral equations for mixed BVPs with variable coeffi-
cients and many more have been investigated. Besides, one-operator approach
does not work when the fundamental solution of the frozen-coefficient PDE
is not known explicitly (as e.g., in the Lamé system of anisotropic elasticity).
To overcome this difficulty, one can apply the two-operator approach which
is formulated in [AMI10], [AM11] and also in [Mik05b] two-operator direct
integro-differential formulated for a certain non-linear problem that employs
a parametrix of another (second) PDE, not related with the PDE in question to
reduce the BVP to a BDIE system. Since the second PDE is rather arbitrary, one
can always chose it in such a way that its parametrix is known explicitly. The
simplest choice for the second PDE is the one with an explicit fundamental so-
lution.

Furthermore, in the works of [DM15]], [ADM17] BDIEs for variable cofficient
BVP in two dimensional domain is researched. In these works, the equivalence
of the BDIEs to the respective original BVP has been proved and the invertibility
of the corresponding operators has been shown in appropriate Sobolev spaces.

In connection with the above research findings, one may ask like the prob-
lem raised in [AM10], [AM11] which are studied for three dimensional case
where the one operator approach fails to solve and the two-operator approach
is efficient in handling them. As the authors in [DM15] breifly indicated and in
[Con00, preface] remarked, the importance of studying the construction of the
BIE for 2D is independent of the higher dimensions. In the two dimensional
case, the fundamental solution for the formulation of BIE or the parametrix
(Levi function) in the formulation of the BDIEs contains Logarithmic function.
As a result of this, the corresponding potentials have singularities in the do-
main as well as in the far field. Therefore, the two dimensional specially for
the cases where the fundamental solution of the frozen-coefficient PDE is not
known explicitly and where the one operator approach fails to work, the prob-
lem should be considered independently. Generally, real materials are never
perfectly isotropic. There are many materials which can be well modelled using
the linear elastic model, that may not be nearly isotropic like wood, compos-
ite materials and many biological and other physical materials. The mechanical
properties of these materials differ in different directions. Materials with this
direction dependence are called Anisotropic. Due to this facts, non-linear PDEs
arise naturally in mathematical modeling of non-linear physical processes, e.g.,
non-linear heat transfer in material with the thermo-conductivity coefficient de-
pending on the point temperature and coordinate, materials with damaged in-
duced inhomogeneneity, elasto-plastic matarials, non-linear equation of station-
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ary potential compressible flow, non-linear flow through porous media, non-
linear electromagnetics and other areas of physics and engineering.

Among variety of the above physical problems that can be solved using the
method of integral equation, the elasticity problem is typical. By using reason-
able assumptions, we can bring down the complexity in the problem in 2D.
From the 2D theory of elasticity, the field variables, here is ¢ = ¢ (x,y,#). Usually,
the mathematical model of elasticity can be divided into two parts. One is the
basic equations for linear anisotropic elasticity that are the strain-displacement
equation, the stress-strain equation and the equation of equilibrium, which can
be expressed in a fixed rectangular system x;,i = 1,2. The other is the bound-
ary condition which can be distinguished into traction-boundary (Neumann
boundary), displacement-boundary (Dirichlet boundary) and mixed-boondary
value problems. Once a problem is formulated based upon the basic equation,
its solvability is usually dependent on the boundary condition. Where the field
equations can be catagorized as:

i.  The strain-displacement equation

1 au,- 8uj o 1
=3 (G 5o ) =3 o) 4D

ii. Compatibility equations

Eijkl+ Ekij— €k ji — EjLik =0 (1.2)

The constitutive law is &; = 1;—"6[ j — 70i;0;j we derive an equivalent ex-

pression for the compatibility equation (1.2) by eliminating the two dis-
placement in the three strain-displacement relation to obtain

d%en  0%&y 9y
dy? ox2  9xdy

by using the constitutive law, i.e.,

Cxe V Oy V

——(Oy+0y) &y=—"——(Ou+0y) € =0=—"——(0n+0y)

Epx = —
“FE E E E

Thus, o;; = v(0x + 0,y) which implies

2(1+v)
Yoy = foy

where E > 0 is the Young Modulus and v € (0, %) describes the Poisson
ratio.
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iii. Equilibrium equations
Gijj+Bi=0 (1.3)

From the constitutive law
Ojj = QtekkSij +2UE;

differentiating it with respect to x;

0ij,j = A&k j0ij + 21L€i) j
putting this in equation (1.3)

Oij,j+Bi = A& j6ij +2€;j,j+Bi =0 (1.4)

express all strain components in (1.4) in terms of displacements and write
the equivalent form of (1.3) as

(A —l—u)umj—l—uu,;jj—%B,- =0

where A,y are Lamé’s coefficients (or A-volume viscosity and p-shear vis-
cosity coefficients).

where u;, 0;; and ¢;; are respectively the displacement, stress and strain; the re-
peated indices imply summation, a comma stands for differentiation. In 3D do-
main, there are 15 equations, i.e., three equilibrium , six strain displacement
and six constitutive laws , where there are 3 displacement, 6 strain
components and 6 stress components are unknown, where as in 2D elasticity
problem there are 8 equations and 8 unknowns. Here, mathematically there are
two convinient ways to reformulate the elasticity problems; the displacement
based or the stress based formulation. In the displacement based formulation,
we express the field equation in terms of displacement, u; which is the Navier
equation. In this formulation the primary variable is displacement and the so-
lution is obtained for displacement; stress and strain are secondary / derived
variables, thus we can solve for strain by derivation of displacement and for
stress by using the constitutive law. In the stress based formulation, we express
the field equation in terms of stress, o;;. In this formulation the primary variable
is stress and the solution is obtained for stress; strain and displacement are sec-
ondary / derived variables, thus we can solve for strain using the compatibility
equation and the governing eqution is expressed in displacement. We can cast
the BVP as

vv

unknowns Lame's constants ~ Body load

T | ui, &j, 0ij, ),,u R B; =0
———
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According to [Sol13], the stress tensor

O] O
o= 103
03 02

of plane elasticity medium is connected with a displacement vector u =
(u1,u2)" by Hooke’s law

oy du du o3\ du du
(03) —anaﬂLa]za—y (0_2) _a21$+a228_y (1.5)

The coefficient a;; € R?*? are defined by
A o Og dir — Olg Oy
I 2=\ o as
_ (%X _ [ ® 0G5
= (w)  wm=(00)
where modulus elasticity o; from positively defined matrix

a1 Oy Og
=1 04 O Os
UKo 05 O3

by Silvester criterium we have
- 2
o;>0,j=1,2,3 o0 > oy
01 0 03 4 200,050l > 04 02 + 0 O + 0307

The elastic medium is orthotropic if o5 = o = 0 and isotropicif os = g =0, 0t =
o =205+ 0y.
The stress tensor satisfies the equilibrium equation

(9 Gl 8 0'3 .
i (0) 5 (5) =0
together with it yields the Lamé system

2%u 0%u 0%u
a“W + (a12 +a21) =3 +a228_y2 =

dy 0

for the displacement vector u = (uy,us)

Assume that # is anisotropic elastic body and the reference configuration
of # is 2, a bounded open connected set in R?. Let C(x) = (Cjju(x)) be the
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elastic tensor where i, j, k,I = 1,2. However, for simplicity of the expression we
assumed that the elastic tensor C satisfies the full symmetric properties.

Cijki = Cjiik = Cuij, Vi, j, k1

The displacement equation of the equilibrium where % is body force is given
by
Zeu=V-(Cx)Vu) +#=0 in Q
ie.,

2.9 /.9
gcu:;a—m(ca—z>+%:o in 0 (1.6)

where (Vu)y = dui and (V- G); = 23:1 djgij for any matrix function G = (g;;).
Also we have used the convention notation

(CH);; =Y Cijuihij
ki
where H = (h;;) is a 2 x 2 matrix. Here u = (u1,u,)" is the displacement vector.
Here is an outline of the content.

In Chapter 2, some concepts that are intended to make the reader familiar
with some terminologies and analytical tools to implement the integral equa-
tion method in variational setting are focused. In this chapter, definitions of
important notions, examples, Theorems, Lemmas and Corollaries (some with
their proofs) are incorporated. To mention few, the distribution theory, infinitely
differentiable functions with compact support C; = Z, the space of linear con-
tinous functionals on 7 , &', the space of rapidly decreasing functions .#, and
the space of linear continous functionals on .7, .#’, Fourier transform and con-
volution. Moreover, the Sobolev space W;(£2) based on L,() for 1 < p <eois
defined, but soon focus almost exclusively on the case p = 2. The space H*(R?),
which concides with Ws(R?) = W*(R?), is then defined via the Fourier trans-
form in the usual way, and after that the spaces H*(Q2) and H*(Q2) for a general
open set 2 C R? are introduced. In addition, the construction of fundamental
solution and parametrix (Levi function) for the considered differential equation
is presented. Furthermore, the theory of compact operators, Fredholm operator
and perturbation theory for Fredholm operator are also discussed.

In chapter 3, the PDE of the form in bounded 2D domain where the right
hand side is from L,(€2) is considered. The second section, is given for the
Dirichlet BVP, where the displacement boundary is prescribed, i.e., " u = ¢y on
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dQ. On the third section, the Neumann BVP where the traction boundary
is known, i.e., T,;tu = yp on JQ is investigated. Finally, on the fourth section,
the mixed (Dirichlet-Neumann) BVP where the displacement boundary is
given on one part and the traction boundary is on the other; that is y"u = ¢y on
dpQ and T, u = yp on dyL is presented. Each BVP is transformed to different
systems of two-operator BDIEs in appropraite Sobolev space and analyzed.

The single layer potential operator mapping from H -1 (0Q)to H 2 (dQ) is in-
vertible in three dimensional [CMNQ9a]; whereas in the two dimensional case,
the homogenuous integral equation has non trivial solution which imply it is
not invertible. But it is Fredholm operator of index zero [McLO00]. Hence, to ob-

tain invertibility, we have considered a subspace of H _%(89) whose element
g satisfies (g,1)5o = 0. Alternatively, using the Logarithmic capacity idea, we
have restricted the diameter of the domain to be less than riy, where ry > 0.

The Hypersingular operator, i.e.,the co-normal derivative of the double layer
operator, whose kernel consists a non-zero function for which we have con-
sidered appropriate space to obtain its invetibility. Moreover, for the Neumann
BVP, the BDIE systems are neither uniquely nor unconditionally solvable. In
similar fashion with [Mik17] and [ADM17], in which the right hand side func-
tion is from H~1(Q), the range of these operators are described or the bases
of the co-kernel of the operators are given, and following [Mik99] appropriate
finite-dimensional perturbation are constructed leading to invertability of the
operators.



Chapter 2
Preliminaries

In the following chapter we cover the basic definition and properties of some
concepts of which we use in the dissertation following references, e.g.,[V1ad79],
[AF03], [McLO00], [Mir70], [Tri08]. Our work is in two dimensional space, thus
we focus on the theories in R.

Let QF be a bounded open two-dimensional region of R? and Q~ = R\ Q.
For simplicity, we assume that the boundary 002 = Q™ is a closed, infinitely
smooth curve. Moreover, dQ2 = dpQ U dyQ where dp€2 and dy Q2 are open, non-
empty, non-interesting curve of dQ. Let also d; = o, := aix] for j=1,2. A vector
of the form a = (o, o), where each component ¢; is a non-negative integer, is
called a multi-index of order

lal = a1+ o
Given a multi-index o, we define

Hlal ol
_ ) gmgt(), @@ where D%=

0%u :Dau(x) = —— =
(0] (25 X1 UX2 (09 (05)
dx;' dx, dx;' dx,

2.1 The space of test functions 7 (Q)

For an open bounded domain Q C R? and k € Ny we denote the space C¥(Q),
the space of k— times continuously differentiable functions equipped with the
norm
£ llck@y= Y. sup|o®f(x)]
|ot| <k xe
C>(Q) is the collection of all functions infinitely differentiable in £ . That is: for
any integer k > 0, we let
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CY(Q) ={u: 0% exists and is continuouson Q for all |a| <k},

and we put C*(Q) = ﬂ k(@)
k>0

which is the collection of all functions infinitely differentiable in Q.

The support of a function u continuous in €2, denoted by supp u, is the closure
of the set where u does not vanish; {x € Q : u(x) # 0}.

Cy (£2) the space of infinite times continuously differentiable functions with
compact support.
Co(Q)={uecC”(Q):suppucC Q}

Definition 2.1. The set of test functions Z(Q) is the collection of all infinitely
differentiable functions in Q with compact support. The set () is also de-
noted by C7'(Q2)

2(Q2)={9cC”(2) :supp(p)is compact in Q.}

Example 2.1. For x € R2, let

-1
2
o) =4¢ 7 Pl
0 x| > 1

Po(X)@(x)
(1=[x[2)led
For |x| < 1, we can differentiate and determine inductively in «, that ¢%(x) =
Py (x)e"tl%l for some polynomial Py, where t = W Further, ¢%(x) = 0 for
|x| > 1. Thus, the formula above for ¢ is verfied in the case |x| # 1. Since the
Po(x)@(x) _ Po(x)i***
(=R — e

|x| = 1 (i.e., as t — o). Apply (inductively) this facts with k = 0 shows ¢@% is
continuous at |x| = 1, and using k = 1 shows it is also differentiable there, and
has derivative zero. Thus, the claimed formula holds for all x. Moreover, we
also see from the argument that ¢* is bounded and continuous for all a.. Thus,
¢ € 2(8) for any open set 2 containing the closed unit disc. Consequently ¢
is infinitely differentiable and one can finds that its n’ derivative has the form

We claim that, for any multi-indix o, %(x) = for some polynomial Py.

exponential increases faster than any finite power, — 0 as

0" (x) = p, (x, ﬁ) ¢(x) for some polynomial p,(s,t) and therefore ¢ € C3(R?)
with compact support. The support of ¢ is a closed unit disc, i.e.,
supp @ = {(x,y) : x> +y* < 1} and it is infinitely differentiable.
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Fig. 2.1: The graph of the test function ¢(x).

Remark 2.1.1 i.  If @1 (x) and @ (x) are test functions on 2, so is C; @y (x) +C22(x)
for any Cy,C, € R. Hence, the space Z(82) is a real linear space.
ii. IfaeC?(Q)and ¢ € 2(Q),thenap € 2(Q)

Convergence in Z(Q): A sequence {¢,},_, in (L) is said to be convergent in
2(2) to ¢ in Z(Q), if there is a compact subset G of 2 with supp (¢,) CG, ne€
N and 0%, — d%¢@ uniformly on G, Vo € Nj i.e., uniform convergence for all
derivatives, |[@, — ¢[|cn@) — 0if n — o0,  Vm € Ny.

Lipchitz continuous functions and Lipschitz
domain

For k € Ny; k € (0, 1] we define the space C*¥(Q) of Holder continuous functions
equipped with the norm

|D%u(x) — D%u(y)|
[ullcer (@) = lluller) + sup
o) @) (XZ:kx,yG.Q ’x_y‘K

In particular, for k = 0,and k = 1 we obtain the space C%!(Q) of Lipchitz con-
tinuous functions.
We assume that the boundary dQ can be represented by a certain decompo-
sition
P
02 =S 2.1)
i=1
where each boundary segment S; is described via a local parametrization,

Si={xeR*:x=x() for £ € ZCR} (2.2)
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with respect to some parameter.

A domain £ is said to be a Lipschitz domain, when all functions y; in (2.2)
are Lipschitz continuous for any arbitrary decomposition (2.1).

2.2 The space of distributions 7' (Q)

Definition 2.2. Let Q be a domain in R? and () be the space of test functions.
The set of distributions(or generalized functions) is a collection of all complex-
valued linear continuous functionals u over Z(Q).

A distribution specified on an open set £ is any continuous linear functional
on the space of test functions Z(£2). We can interpret the definition of the dis-
tribution f as follows:

1. A distribution f is a functional over (), that is, with each ¢ € 2(Q)
there is associated (complex-valued) number

(f,0) =f(0)

2. Adistribution f is a linear functional over Z(Q), thatis, if v, ¢ € 2(Q) and
A, u are complex numbers, then

(LA +uy) =A(f,0)+u(f,y)

3. A distribution f is a continuous functional over Z(Q), that is, if ¢, — ¢ as
k — oo in Z(£), then
<f7(Pk> _><f7(p>7 k — oo

We denote by 7' () the set of all distribution specified in Q.

Convergence in 7' (): A sequence of distributions {u,} is said to be con-
vergent to u in Z'(Q), written as u, — u in Z'(Q), if (u,, ) — (u,¢) in C as
n—oo, Yo e P(Q).

Distributions, which are definable in terms of functions locally integrable are
said to be regular distributions. The remaining generalized functions are called
singular distributions.

For example, the Dirac delta distribution 6, which is defined by (6, ¢) =
¢0(0), Vo € 2(8) is singular distribution. The Dirac delta distribution cannot
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be evaluated at points, it makes sense to say that it vanishes except at origin.
Thus, supp(8) = {0}.

Remark 2.2.1 o Locally integrable functions are a subset of distributions, L} () C

loc

9'(Q) and hence 2(Q) C ' () since every test function is integrable.

e  Foradistribution f, a multiplication by a € C*(R2) is defined by (af, ) = (f,ap)
forall o € 2(£).

e  Multiplication of two arbitrary distributions is not possible. For instance,

0=0 @% — (8 2L = (52 = 5x) (ﬂ%) —5(x)

X X

Definition 2.3. We say that a distribution u € 2'(Q) vanishes on an open set
G C Q if (u,0) =0 for all ¢ € Z(G). Two distributions are equal on G if their
difference vanishes on G. The complement of a largest open set on which u
vanishes in £ is called the support of u.

Definition 2.4. Let u € C¥(Q), where k is a positive integer. Then for multi-index
o, || <kand ¢ € 2(L2), we have the following integration by parts formula:

(D%u,9) = [ Du(x)g(x)dx = (1) [ u(x)Dp(x)dx = (1) (u,D%)

For example, let f € 2'(2). Then the derivative of f with respect toxj, j =1,21is
defined as:
af

02X,
—0)=—(f,— forall 2(Q
(Go 0 =50 forall 9(2)
This motivates the definition of the derivative D%u of the distribution u € Z'(Q):

(D%u, @) = (—1)/*N(u, D%¢) (2.3)

Since u € 7' () the functional D%u, defined on the right hand side of equation
(2.3), is linear and continuous :

(D%u, @) = (=1)*N(u, D*@r) — (=1)/*(u,D*9) = (D%u, )
for, if @y — @ as k — o in &, then also %@, — d%@ as k — « in 2. Therefore,
D%uc 9.
Example 2.2.1f0 € Q and § € Z' () is the Dirac distribution, then D*§ given by
(D*8,9) = (~1)*1(8,D%p) = D*¢(0).

Furthermore, let T be a distribution. Let G be an open subset of R? such that
(T,9) =0 V¢ € 2 with Supp¢p C G. Then we say that 7 vanishes on G. Let U
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be the union of such open sets G. Then U is again open, and T vanishes on U.
Thus U is the largest open set on which T vanishes. Therefore we can now give
the following definition.

Definition 2.5. The support of a distribution 7 on R?, denoted by SuppT, is the
complement of the largest open set in R? on which 7 vanishes.

Clearly, SuppT is a closed subset of R .

2.3 The space . (R?) and .’ (R?)

One of the most effective means of solving problems in science and engineer-
ing is the transform method. Among variety of transform methods the Fourier
transform is well defined on the spaces .7 (R?),.#’(R?) and also, the result be-
longs to these spaces, which is not practical on the space of test functions ().
The investigation on the BDIEs in appropraite Sobolev spaces and one way of
defining the Sobolev space, H°(£2), is based on Fourier transform of distribu-
tions. Hence, first we define the following spaces.

Definition 2.6. The space of basic functions .7 (R?) is the collection of all func-
tions infinitely differentiable in R? that decrease together with all their deriva-
tives, as |x| — oo, faster than any power of |x|~!.

Or equivalently, the space .7 (R?) is defined by:
S (R?) = {(p € C*(R?) : sup [x*dPp(x)] <o forall multi-indices o & ﬁ}
x€R?

We introduce the norm in .#(R?) via the formula

P
2

Hq)“]’: sup <1+|X|2) |Da(p(x)|7 (pejﬂ(Rz), p:071727"'

la|<p

Clearly, [|¢[lo < @[l < l¢[2<---
The space .7 (R?) is usually called the Schwartz space of all rapidly decreasing

infinitely differentiable functions. The space .7 (R?) is a larger class of func-
tions than the space Z(R?),i.e., 2(R?) C .7 (R?) (. (R?) does not coincides with
2(R?)). A typical example for this is, the function ¢(x) = ¢~ does not have
compact support so it is not in Z(R?) but belongs .7 (R?).

Convergence in .%(R?): A sequence of basic functions {¢,} in .7 (R?) is said
to converge to zero in . (R?) if for all multi-indices o, 8

x%3P ¢,(x) = 0 uniformly for xeR>.
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Fig. 2.2: The graph of the function ¢ (x) = ek

Generally, a sequence functions {¢,} in .%(R?) is said to converge to ¢ in .%(R?)
if ¢, — ¢ converges to 0 in . (R?). Since the basic functions from .7 are locally
summable in R?, the operation of Fourier Transform .7 (¢) and .% ! (¢) are de-
fined in .7 (R?).

Definition 2.7. Let ¢(x) € .7 (R?). Then the integral transformation

FI9)€) = FoeloW)]:= | o) ™ 3dx,  eR’

is called the Fourier transform of ¢ and

o) = F10(E)):= [ 0P SaE, g eR

R2
is the inverse Fourier transform of ¢

The test function ¢(x) decrease at infinity faster than any power of |x|~!.
Therefore, its Fourier transform may be differentiated under the integral sign
any number of times:

0“Fl(§) = /IRz(—i27fX)°‘<P(X)e_i2”§’xdx = Z((—i2mx)%0)(5)  (24)

Hence it follows that .7 [@] € C™(R?).
Furthermore, every derivative d*¢(x) has the same property and so

Z%lE) = |, 9*p(x)e N dx = (i218)* F (9] (&) (2.5)
From equations and (2.5), we obtain
EPD*F19)(6) = &P Z[(0)9)(6) = T PLFZDP9)](§).  (26)
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It follows from equation that o and B the magnitudes EAD*Z[p](€) are
uniformly bounded with respect to & € R?

EBD® F[g](£)| < / 1D (x%¢)|dx.

This means that .# [¢] € .. So the Fourier transform maps the space . into it-
self.

Note that if ¢ € .7 (R?), then ZFo € .¥(R?),F '\ Fop=¢ and FZ7 lo=o.
where

i) = [ wiE)enEa
= [ w()er= g = Fly(—v.

Let u € .(R?). We define the transformation .% : u — . Then .Z is called the
Fourier transformation. It is known that & € .7 (R?), if u € .7 (R?).
So, 7 : /(R?) — .#(IR?) is a linear operator.

Theorem 2.1. (Parseval’s formula). For any u,v € ./ (R?)

/Rzmﬁ(x)dx: /Rzmv(x)dx

In particular, ||d||;2 = ||ul|;2 (Plancheral’s formula).

Proof. We can show that [ v(E)a(E)e2™5dx = [ 0(x)u(y+x)dx thatis

[v@eeia = [ v ( / u<x>efzn¢4xdx> g
_/RZ/R2 o PR g
) [ v(@)e P agdx

_/ X)V(x—y dx-/Rz\?(x)u(ery)dx_

Setting y =0, we get [p2v(&)i(§)dx = [p2 ¥(x)u(x)dx. Replacing u by its inverse
Fourier transform .% ~!u and using the identity .7 ~'u(&) = ii(—&), we obtain

/sz(x)u(x)dx:/Rzﬁ(x)ﬁ(_x)dx-

However, i(x) = ii(—x), so putting h = 7. We see that 4(—x) = ﬁ(—x) = h(x)
hence,
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as required.

Definition 2.8. A distribution of slow growth, a tempered distribution, is any
continuous linear functional on the space .7 (R?) of basic functions; and is de-
noted by . (R?).

Equivalently, we can define the space .%' (R?) to be the collection of all complex-
valued linear functionals over .7 (R?).

Note that, if f € .'(R?), then (f,¢) € R or C for all ¢ € .#(R?). Since
2(R?) C . (R?), we can observe that f € 7' (R%). Hence, . (R%) € Z'(R?)

The Fourier transformation is extended to the class .7 (R?). Let u € . (R?), a
functional .%[u] € .7 (R?) is called the Fourier image of u , if

(F[u], @) = (u, Z|@)), Yo SR

Definition 2.9. Let u € . (R?). Then the Fourier transform .% [u] and the inverse
Fourier transform .% ~![u] are given by

(Ful.0)=w.Zlgl) and (F7'ul.@)=u.F [p]) VeI (R
Example 2.3.1 Let ¢ € .7 (R?). Then
(718],9) = (6, 7 [9]) = 7[9](0)
But by the definition of the Fourier transform

Z1p)(0) = [ owdx=(1,9)
which implies # 6 = 1
Note that if f €.#'(R2), then Zf €. (R?),Z '\Zf=f and FZF 'f=7.

Theorem 2.2. .% and .Z ! are continuous on %" (R?).

Proof. Suppose that f, — f in.#'(R?). Then (f,, ) — (f, ®) for every ¢ € .(R?).
Hence

N

<fn7(P> = <fna¢)> - <fv¢> = <f7(p>
so, fu — fin .7 (R?).
A similar argument holds for the inverse Fourier transform.
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Theorem 2.3. For any u € . (R%) and multi-indices o, B € Z2

—

(ix)%i = (D)  and DPa= ((—ix)Bu).
In general, -
(ix)*DP i = (Da((—ix)ﬁu)) .

Proof. Let ¢ € .7 (R?). Then

= Du(9) = (D%) (¢)
Similarly,
PPa(p) =i ((-D)Pp) =u((-D)Pg)) = u(-i)9) = (~ix)Pu(9)

= ((=ivPu) (9).

Let f(x) and g(x) be locally integrable functions in the space R?. The function
f(x)g(x) also will be locally integrable in R*. It defines the regular distribution,
acting on the test functions ¢(x,y) € Z, according to the formulae

o) = [ 10 [ eb)o(y)dydx = (). (s), 0x.))).
o) = [ 80) [ £(@(xy)dxdy = (g(r). (F(x),0(x3)

These equations expresses Fubini’s Theorem concerning the equality of a re-
peated and a multiple integral.

Definition 2.10. Let f,g € 2'(R?). Then the direct product f(x)g(x) is the distri-
bution on R* given by:

(), @(x,y)) = (f(x), (8(x), (x,¥)))-
For instance, we can take as a direct product, §(x,y) = d(x)5(y).

Definition 2.11. Let ¢ and y be functions in .#(R?) , the convolution ¢ * y is
defined by

(pxy)( /‘Px Y

Remark 2.3.1 For ¢ and y be functions in ./ (Rz), then it is well known that,
F (oxy) =7 @.Fy. As the product of two distributions are not generally defined, the
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convolution of tempered distributions is impossible. However if one factor is in . (R?),
these problem will be solved. If f € 7' (R?) and y € .7 (R?), then f * y is defined by

(fxw, @)= (f,Fx@)  where Y(x)=y(—x)
In this case, F (y*f) = V- f

Definition 2.12. Let f,g € 2'(R?). Then the convolution of f(x) and g(x) is de-
fined by:
((fxg), @) = (f(x)g(y), p(x+Y))

Note that this definition is meaningful under the conditions: either f or g has
compact support or in one dimension, the support of f and g are bounded from
the same side.

Remark 2.3.2 If the convolution f g exists, then there is also a convolution g * f and
they are equal. i.e., the operator convolution is commutative. The assertion follows from
the commutativity of the direct product and the definition of convolution.

Let us consider some special properties of convolution. The convolution of
any distribution f with the 6 function exists and is equal to f

fx8=8xf=Ff. (2.7)
Indeed, for all ¢ € 2(R?),

(0+f,0) = (8(x)f()

,O(x+y)) = (f(¥),(6(x), o(x+y)))
= (f(),0(y))

= (/. 9).
Hence,  x f = f.

Let us consider f  y, where v € 2(R?). Then we have

(F¥,9) = V0. 0l-+)) = (), [ wE)o+2)dy)

R2
= U, [ vOo=000)dy) = [ (00, y(—0p()dy

R2

Therefore, f* w(y) = (f(x), ¥(y —x)). This function is a C*, and if f has com-
pact support, it is a test function.

If the convolution f * g exist, then the convolution D% f x ¢ and f * D%g exists
and

D%fxg=D%(f*g)=fxD%. (2.8)

By the definition of distributional derivative
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(D*(fg),9) = (—1)/*(f+g,D%)
(—1)1*g(y), (f(x),D%@(x+)))
(8(»), (D¥f(x), @(x+y))) = (D f*g,0).

Thus, D*f x g = D*(f * g) and using commutativity, we also find f*D%g =
D%(f*g).

From this relation and using the existence of the convolution f * g, we obtain
the following sequence of equations.
Let w € 2(R?) satisfies > 0 on R?,

y=0 for [x|>1, and /2 y(x)dx =1, (2.9)
R

we define

1

Ve(x) = e 2y(e lx) for xeR?*> and &>0.

For example, we may take for x € R2, let

-1
TS
ll/(x): Cel-IA |X|<1
0 x| >1

where constant C is chosen so that condition is satisfied.
For € >0, we put Y (x) = e 2y(e 'x) for x€R? then v, € Z(R?), we(x)>
0. And ye(x) = 0if |x| > € which implies [ We(x)dx = 1.

This properties of y, mean that (Y, * ) is a kind of local average of u around
x, and for this reason Y; * u ~ u when € is small.

2.4 Fundamental solutions and Parametrix

In this section, using [Vlad79], we discuss the theory of distribution applied to
the solution of the Cauchy problem, particularly give the definition of a funda-
mental solution for a second order partial differential equation with constant co-
efficient in two dimension and describe important concepts related to it. In this
connection, the Cauchy problem is considered in a generalized context which
allows one to include boundary conditions. The problem is solved by a stan-
dard method of summing the perturbations produced by each point of the dis-
tributed source so that its solution appears in the form of a convolution of the
fundamental solution together with the right-hand side. We also discuss how
to construct a kind of an approximation of fundamental solution, parametrix,
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using the method of “frozen" coefficient.

Fundamental solution

Consider the following linear differential operator L with constant coefficients
ag(x) =aq :

L(D) = 22: agD* (2.10)
|a|=0

A distribution & € 2'(R?) which satisfies the relation
L(D)§=8(x) in R? (2.11)

is called the fundamental solution ( or the function of influence ) of the differ-
ential operator L(D).

The fundamental solution &'(x) of the operator L(D), generally speaking, is
not unique, it is defined accurately as far as the term &j(x), which is an arbitrary
solution of the homogeneous equation L(D)&y(x) = 0. In fact, the distribution
&(x) + &y(x) is also a fundamental solution of the operator L(D).

L(D) (& + &) = L(D)& + L(D)& = 8(x)

Fundamental solution of a differential equation plays an important role in the
implementation of BIE method. In addition, it has significance in constructing a
solution of the equation:

Lu=f (2.12)

where f € 2'(R?) and supp(f) is compact. The following Theorem addresses
this essential idea.

Theorem 2.4. Let f € 2'(R?) be such that the convolution & x f exists in 2'(R?).
Then a solution of equation exists in 9'(R?) and is given by the formula

u=2~&xf.

This solution is unique in the class of distributions belonging to 9'(R?) for which a
convolution with & exists.

Proof. To show that the formula u = & * f is a solution of (2.12)), we insert it into
the equation and arrive at the identity. Here, we implement the properties of
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convolution stated in equations (2.8) and (2.7).

2 2
LD)(&xf)=Y aaD*(&Exf)= ( ) aaD“éa> xf=LD)Exf=38x%f=f.

=0 |a[=0

Therefore, u = & * f is a solution of the equation (2.12).
We shall prove the uniqueness of the solution of in the class of distribution
belonging to 2’ for which a convolution with & exists in Z'.
For this it is suficient to establish that the corresponding homogeneouos equa-
tion
LD)u=0

has only a zero in this class. But this is in fact so, by virtue of
u=uxd=uxL(D)& =L(D)ux& =0.

Hence, the solution is unique. Or equivalently, we can check the uniqueness
of the solution by letting u#; and u; be two solutions of equation in 7,
ie., L(D)u; = f(x) and L(D)uy = f(x). uy —up = (u1 —up) %6 = (u1 —up) *L(D)& =
L(D)(u) —up)*x& =0x& = 0. Hence, u; = uy.

The physical sense of the solution u = & * f is described as follows. Let us rep-
resent a source f(x) in the form of a “sum" of the point sources (&) (x— &),

Fx) =8 f = [ F(E)8(x—E)dE.

Since, L(D)& = 8(x), each point source f(§)3(x— &) defines the influence f(&)& (x—
&). Therefore, the solution

uw) = 6 f = [ FE)6 (- E)d
is the superposition of these influences.

As an example, let us see the fundamental solution for Laplace operator in
2D. Fundamental solution of the Laplace operator in R?

AE = §(x) (2.13)

we shall calculate these fundamental solution by means of Fourier transform.
Applying the Fourier transform to (2.13) we obtain:

_IEPZ(6) = (27)' which implies 34’(6”):—@%(2701.



2.4 Fundamental solutions and Parametrix 23

In order to determine the fundamental solution of Laplace operator we need
the following Lemma.

Lemma 2.4.1 ([Ste07, Lemma 2.13]) The Fourier transform maintains rotational sym-
metries. i.e., For u € #(R?) we have 4(&) = a(|E|) for all & € R? if and only if
u(x) = u(|x|) for all x € R,

For the two dimensional case the inverse Fourier transform of the fundamen-
tal solution has to be regularized in some appropriate way. By

1 - ¢(x) —9(0) / ¢ (x)
<‘@|x|27§0>L2(R2) _/x€R2;|x|<l |X|2 dx + . dx

eR2[x|>1 |x|?
we first define the tempered distribution QZ# € .7'(R?). Then

27(v, B, ) = <@@,¢>LZ<R2>
B 0(&)— (0) 0(6) ,
_/§ER2;§|<I d§+/§ d&,  Voe.s(R%)

45 er2E[>1 [S]?
with
0&) =5 [ 0@dz  90)=5_ [ bl
21 Jr2 ’ 27 Jr2
we then obtain
205 & — L/ i(28) _ 1) 6
R Bliatee) = [, TP o (455 1) 000

1 .
— (28) o (7\dzdE.
+/§eR2;|€|>1 |€|2/R2€ Pla)dzdl

We can not exchange the order of integration in the second term. However,
we can write

(27)*(v, ) p(2) / —ei(zg)_ldﬁ ei(z'é)di d
v, = < 1ER <
Pine) = [, P gerzje|<1 |EJ? gerjel>1 |6

With Lemma [Ste07, Lemma 2.13]), we further have

1 o(28) _ ld ei(zli)d
O =D = e [ o B

and using polar coordinate, we obtain
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21 1 1 oo 27 ]
v Z / / zr\z\cos@ i| dodr+ / / _elr|z|c059d9dr
2717 (2m) 2 0o r

;ﬂ [ Y trl) )+ 5 [ Laotrehar

with the first order Bessel function Jy(s) = ﬁ fozn e5¢059,49.

Substituting r = &, we compute
p J()(S) 1 /°° Jo(s)
— d
W) =5g / P A
1 J()(S) 1 < Jo S) 1 1 J()(S)
— ds — — d
27r/ s +27r/1 s 0 277:/,3 s
1 logCy 1 4
=1 - = Jog =L
21 oglz] 21 21 8 Co
where Cy > 0 with constant - [ Jols ) Lds— I JOT(S)ds.

Hence, the fundamental olutlon of the Laplace operator in 2D is

Note that if we shift the origin to a new point y, the PDE Au = 0 is unchanged (
Laplace’s equation is translation invariant). If u(x) is harmonic, then u(x —y) is
also harmonic for x different from y. Therefore,

log x — y!

Exy) = 27 r

r>0 (2.14)

is a fundamental solution for Laplace equation. Thatis, A& (x,y) = § (x—y). From
the discussion in the computation of the fundamental solution for Laplace’s
operator, we extract the following important remark.

Lemma 2.4.2 [Viad79] Let Q be a bounded open set in R? with a piecewise C' -
boundary. If u is in C'(Q) NC?(Q) and & (x,y) is the fundamental solution given by

(2.14), then
)= [ (w025 s 0 25 Vask [ Spautian for xea

any
The following fundamental identities are well known, see e.g., [B]S64].

Corollary 2.4.1 If ¢ (x) € Z(R?), then for r >0

0= [ A00)5 10" ar, & ol9=a [ o5 tog™ lay
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Using the convolution notation, 2w (x) = Ad(x) xlog(x) = A (¢ (x) xlog(x)).
Proof. Let ¢(x) € 7 (]Rz), then Lemma implies that,

dy+/ ( Ix—yl ~log x =yl 8¢(y)>ds_
r r on

Here Q is a domain with sufficiently smooth boundary 92 and x is a point of Q.
Let us take Q sufficiently large such that supp(¢) C £, in this case, ¢ vanishes
on dQ. Hence, equation (2.11)) gives us the identity ([2.9)

2 (x / Ad(y log

20 (x /Aq) Jlog K= _y|

From the distribution theory, the identity can be rewritten as

Now the identity (2.10] - 0) follows from (2.9) (cf., equation 2.

Ay / log

i |dz

y|d _A/ 0 (x—2)log dz—/ Ach(x—7)log

:/Rszq)(y)log| . ’dy.

Parametrix

Consider the following elliptic second order partial differential operator with
variable coefficients aq (x):

2
D)= ) aq(x)D” (2.15)

=0

Definition 2.13. A function P(x,y) is a parametrix (Levi function) for the opera-
tor L if
LxP(xay) = S(X_y) +R(X,y)

where 0 is the Dirac-delta distribution, while R(x,y) is a remainder possessing
at most a weak singularity at x = y.

On the operator (2.15), to every point xy we associate the coefficient aq/(x)
“frozen" coefficient and obtain the operator
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2
Ly, (D) = | |Z ag(xo)D*.
al|=0

Denote by &, (x) the fundamental solution of the operator L,,. Then, &,(x) is
a parametrix for the operator L with singularity at xy. In the thesis, we consider
the differential operator given by

2
A(x,dy) = ; % [a(x)aixj] , (2.16)

Then at a point xo, the operator with “frozen" coefficient is Ay, (dx) = ax,A

whose fundamental solution is given by &, (x,y) = 5=3— log *=2!

= () , which can
be easily obtained form the fundamental solution for Laplace operator, (2.14).

Therefore, the parametrix for the operator in equation (2.16) is given by

1 x — |
P(x,y) =&, = 27a) log -

2.5 The L”(Q2) space

The analysis of BVPs naturally involves function spaces that are not only de-
fined in terms of the properties of the function itself, but also in terms of the
properties of its derivatives. Hence, in the following we discuss on a wider
space.

Definition 2.14. Let Q be a domain in R? and let p be a positive real number.
Denote by L? () for 1 < p < oo, the class of all measurable function u defined on
Q for which

/Q u(x)|Pdx < o

and we define the norm of u € L”(Q) as follows

1
lelusiay = ( [, lorea )"

A function u that is measurable on £ is said to be essentially bounded on £ if
there is a constant C such that |u(x)| < C a.e on Q . The greatest lower bound
of such constant C is called the essential supremum of |u| on Q and is denoted

by esssup |u(x)|. We denote L(£2) the space of all functions u that are essentially
xX€Q
bounded on , that is
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L*(Q) ={u:Q —R: uis measurable and |[ul|;~g) <o in 2}.
The norm in L*(£) is defined by

[uf|z=(q) = esssup [u(x)].
xXEQ

Definition 2.15. The L} (Q) consists of all measurable functions in £ (that are
p-locally integrable) such that
/ u(x)[Pdx < oo
Q

for any bounded strictly interior sub-domain Q' cc Q.
LV (Q)={u:ue Lp(.Q’) vQ cc, Q compact}.

Definition 2.16. Let u € L] (Q) and « be a multi-index. A function w € L}, .(Q)
is called the a'"-weak derivative of u, if it satisfies

/Qu() % (x)dx = (— “/ dx Ve C(Q).

Remark 2.1. If u(x) is sufficiently smooth to have continuous derivative D%u, then
we can integrate by part

/Qu() o (x)dx = ( |O‘|/D“ dx Ve eC(Q).

Hence, the classical derivatives is also a weak derivatives. To define the weak
derivative of D%u, we don’t need the existence of the smaller order derivative
(like classical derivative).

Lemma 2.5.1 (Generalized Variational Lemma) Let v € L} () with Q a nonempty
open set in R? . If

/Q v)OWdx=0  forall ¢ € P(Q)
thenv=0a.e.on 2 .

For the proof, see e.g., [Tri08|, Proposition 2.7(ii)].
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2.6 Sobolev space

We will use distributions to define an important class of function spaces for
PDEs, the Sobolev space. As we have seen, every function in L”(Q) is actually
a distribution, therefore it has a distributional derivative. Sobolev spaces are
useful tools in the analysis of boundary value problem.

Integer order Sobolev spaces
We always interprete f € LP with 1 < p < as tempered distribution. In partic-

ular, D*f € . make sense for all o € NZ.

Definition 2.17. Let k be a non negative integer and 1 < p < ec and let 2 be non-
empty open subset of R?. Then we define Sobolev space W/,‘(.Q) of order k to be
the set of all distribution u € LP(Q) such that D% € L”(Q) for |a| < k. That is

Wh(Q)={ueL?’(Q):D*uc’(Q), Va N, |a| <k}

Remark 2.2. Here, of course, D%u is viewed as a distributional derivative of u on
Q.

In WI’,‘(Q), we define a norm by

<=

(fg )} !Dau|pdx> 1<p<eo
lullw () = |o|<k

| ‘Z‘%kess supg |D%u|  p=-oo
al<

Example 2.3. Let 1 < p < oo, we have

o du
p _ p o
H”‘HWPI(Q) —/Q <|“| +i=21‘axi )dx

d%u
p
8x,~8xj| ) dx

o du L
p — p p
e (mr L5+ L
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Fractional order Sobolev spaces

To define the Sobolev space of fractional order, we denote the Slobodeckii semi-
norm by

Ju(x
ulf o= // o y|n+pl 112) =4 iy for 0< 2 < 1

Definition 2.18. For s = A + r with a real number A € (0, 1) and an integer r > 0,
we define
Wy (Q) ={uecW,(R):190%|y o <o for |a| =r}

In W;(£2) we define the norm

1
p
lullwy2) = <H”HWPV(.Q)+ Y Wulﬁ,p,g)

|af=r

Sobolev space-second definition

Definition 2.19. For s € R, we define a continuous linear operator _¢°:.7(R?) —
7 (R?) called the Bessel potential of order s, by

/su(x):/R (1+1E2)  a()e?™6aE  xeR? 2.17)

In this way, we have

Zee{ S ux)} = (1+1EP) F a(E)

Indeed
(Feog (S u(0)).9) = (Fux), F o (000))) = [ 7°u(0) T Jp(x))d
= [, ] 1+ 16P) aE)e2 5 px)ax
= [ [ (4 18R) &) px)emEdna
R=JR .
= [ (+1ER) Fa@)p(E)dE = ((1+1E1) Fa(8).0(6))
Therefore,

s

Frel S ul0)} = (1+1E17)* a(g)
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It follow from (2.17) that {_#*u,v) = (u, #*v) for all u,v € .#(R?). Since,

( F u,v) = - /Su(x)v(x)dx:/Rz [/RZ (1+|§|2)%ﬁ(§)ei2”§'xd§ v(x)dx
:/ / 1+|§|2 %A )27 () dnd €

= [, (1+1EP) £ g)ae
—/R/R (1416P) u(x)e™-5(Eagdx
—/ x)dx = (u, 7°v)

Therefore, (_7*u,v) = (u, 7*v).

Note that for all 5,7 € R, we have the followings:

IH= g (f) =77, _g°=identity operator

Using the definition of Bessel potential we have
(J° I u) = F'u, J*)

= | Aulx) 7 v(x)dx

:/Rz/Rz(Hyg\) a(E) 127r€xd§/ (1+E)F 9(E)eP 5 dn

:/Rz/Rz“Hi\z) a(§)eP g (1+E%)? (/sz@)eﬂﬂ@w&)dx
Z/RZ(H!@ )} (14 [E1)? a(E)eP ey (x)dE dx

s+t

~ e (/R (1+181%) * a(8)e ’”’“di) vdr= [ 7 u(x)v(x)dx

I
B

which implies that ¢ = ¢#% g
And also,

0

ulx) = Z lmfx lm;‘x — ulx
Oul) = [ (1+16P)? a(E)e? 5 dE = | a(8)e? g = u(x)

which follows #° = identity operator.
Finally, let (_7*) ! be the inverse of operator _#*, then

() = (7 () ) = () s g0 (2.18)
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Using the identity operator _#°

= () = (/) = (0 7wy = (7 g (219)
From (2.18) and (2.19) follows that

(Y pv) = (7 7w )

which implies (_#%) ' = 7.

The Space H*(R?)

For any s € R, we define the Sobolev space H*(R?) of order s as follows:

Definition 2.20. For s € R, we denote by H*(R?) the space of distributions u €
7 (R?) such that (1+&|?)2a(&) € Ly(R?).

H(R) = {ue s (R): Fe{ F u(w)} € L(R)}
={ue s (®): (1+]87) a(§) € Lo(R?)}
We equip this space with the inner product
)y = (P p) = [ (1+1EP) 0E)FENE
and with the associated norm ||. || s(g2) defined by
[ll s (m2y = 4/ <”7u>HS(]R2) = .7 ull, w2
Plancherel’s theorem and equation (2.17), imply that
ey = [, (1+1€1)"1a(6) Pa

So, if s <1, then |[u|[gsm2) < [t (m2)-

Notice that the Bessel potential #*: H*(R?) — L, (Rz) is a unitary isomorphic.
In particular, since #° = identity operator so that _#%u = u, and

H'(R?) = Lo(R?)
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Remark 2.3.1.  W)(Q) =LP(Q).

2. Thenorm Y |D%ul|?, is equivalent to the standard norm.
o<k

3. Inparticular p =2, we have Wi (Q) = Wk(Q).

It turns out that the norm topology on WX () is complete (see e.g.,JAF03]). So
that the Sobolev spaces are Banach space. The case p = 2, which is denoted by
W5 (Q) =Wk(Q) = H*(Q) is of special importance because these are even Hilbert
spaces with the inner products given by

<I/l 1% Hk / Da D(X d

|oc|<k

In particular, for k = 1, the space H 1 (£2), expressed as follows,

H'(Q)= {u ‘ucly(Q) and g—Zf cLy(Q),i= 1,2}.

And the inner product in H!(Q) is given by

u 8\/

(U, v) g0 =Y /Do‘u YD%v( )dx-/u dx—l—Z/ I ax

la|<1
_/ dx+/ Vu- Vvdx,
while the norm is given by
2 2y = Nl ) + IVl )

If r > s> 0, then we can see that, u € H'(Q) implies that u € H*(2). We have the
inclusions u € H'(Q) C H*(Q) C H'(Q) = L,(2), with continuous injection, i.e.,
|ullgs(@) < l|ullgr(@)- Hence, for all k € N we have the following inclusions.

2(Q) C Hk(Q) cH"Y(Q)c.--cH (Q)cL(Q)c 2'(Q)

Definition 2.21. Let G be a closed subset of R?; we denote by HS.(R?) the sub-
space of H*(R?) formed by the elements with support in G. that is

HS.(R?) = {u € H*(R?) : supp u C G}

Since HE(IR?) is a closed subspace of H*(R?) and is therefore a Hilbert space
when equipped with the restriction of the inner product of H*(R?).
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Theorem 2.5. [DL88, page 98] H~*(R?) is the dual space of H*(R?) , i.e., H5(R?) is
the space of all linear functionals on H*(R?).

Since Z(R?) is dense subset of H*(R?), the dual space of H*(R?) is space of
distributions, i.e, H™*(R?) C 2/(R?). For any non-empty open set, Q C R?, the
space H*(Q) consists of restriction on Q of distributions from H*(R?), i.e.,

H'(Q) = {u:u=v|ofor some ve HX(RZ)}
equipped with norm

ul| s = inf u
iy =, inf ey

We denote by H*(Q) the closure of 2() in H*(R?), which can be characterized
as
A (Q) = {g:g € H'(R?),supp(g) C Q}

(see e.g., [McL00|, Theorem 3.29]. The space H*(Q2) consists of restrictions on £
of distributions from H*(R?),

H'(Q) = {glo : g € H'(R?)}
and Hjj(£2) the closure of () in H*(2). We denote
Hj,(2) ={g: 9 e H'(Q2),Vp € 7(Q)}.
For infinite (unbounded) domains Q2 we will use also the notation
H,.(Q) ={g: g € H'(Q),Yp € 2(Q)}.

for bounded domains H; () = H*(Q).

Note that distributions from H*(Q) and Hj(Q2) are defined only in Q, while
distributions from H*(Q) are defined in R? and particularly on the boundary
09Q. For s > 0, we can identify H*(Q) with the subset of functions from H*(Q),
whose extensions by zero outside 2 belong to A*(R?), i.e., identify functions
u € H%(Q) with their restrictions, u|o € H*(Q)(see, [Mik11], [AF03], [HCWO08]).

Definition 2.22. (Symbol). Let m € R. Then we define S™ to be the set of all func-
tions o(x,£) in C*(R? x R?) such that for any two multi-indices & and 3 , there
are positive constants Cy, g, depending on a and f3 only, such that

|(DEDfo(x8)) | < Cop(1+]E)" P, rEer?

We call any function ¢ in U,,crS™ a symbol.

A symbol, ¢ in &, of degree at most m, satisfies a bound
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lo(&)| <C1+|EN™ VE € R

Definition 2.23. (Pseudo Differential Operator). Let 6 be a symbol. Then the
pseudo-differential operator 75 associated with ¢ is defined by

(o)) = (2m)° 4 [ So(x.£)p(E)dE = 7| 0 E)P(E), g€
with a symbol o(x,&) € ™.

In studying boundary value problem, we shall need to make sense of the restric-
tion u|yq as an element of a Sobolev space on dQ, when u belongs to a Sobolev
space on £2.

Definition 2.24. An operator y* : H*(Q%) — H°(dQ) is a trace operator if for
each u € H*(Q) and for any sequence ¢ € Z(Q) converging to u in H(Q2), the
sequence of the boundary values ¢ ;o converges to y*u in H°(dQ). If yTu =
Y u we denote them as yu.

Lemma 2.1. Define the trace operator y: 2(R") — 2(R* ') by
j/u(xl) = u(x/,O) for x eR".
If s > %, then 'y has a unique extension to a bounded linear operator
v HY(R") — B2 (R* ).
Proof. For u € Z(R"), the Fourier inversion formula gives

) = [ <a = [ ([ a¢ gas,) e <ag

Rn ]Rnfl

(o]

andso Ju(r) = [ (' &)dg = [ (1+167) F (1+16P) a(g . &)dé

— 00

Applying the Cauchy-Schwarz inequality, we obtain the bound
Al )P <M(E) [ (1+1EP) 1a(E)PdE,

where, the substitution &, = (1 +|&'|?)21,

" r dé, _ 1 7 dt
MS(é) _[o (1+|€/|2+|€n|2)s (]+‘§’|2)S—% / (l—l—l‘z)s'

—o00
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The integral with respect to  converges because s > %, so if we write My = M,(0),
then

(1+1ER) 7 )P < [ (1+12P)" 1a(E) P

Integrating over g err! gives ||’yu||Hs,1/2(R,,,1) < M;|[ul|gs(rry and since Z(R")
is dense in H*(R"), we obtain a unique continuous extension for 7.

The above Lemma is sharp in the sense that

H R = {yu:uc HR")}  for s>%

because y has a continuous right inverse.
Theorem 2.6. [McL00, The Trace Theorem], Define a trace operator
Y:92(Q)— 2(0Q)

by yu=ulyo. If Q is a C*~V domain and if § < s < k, then y has a unique extension
to a bounded linear operator.

Y H(Q) > H 2 (9Q)
and this extension has a continuous right inverse.

Proof. Since H* (Rz) is invariant under C*— 11 change of coordinates if 1 —k <s <
k, one sees, via partition of unity and local flattening of the boundary, that if
% <s5<k,then

17l ) < CIU i
57%@9) < Cllul|gs() for all u € Z(£2) and
we obtain a unique extension because Z(£2) is dense in H*(£2). A right inverse
for y can be pieced together using the same partition of unity.

if u=U|gq for U € 2(R?). Hence ||j/u||H

Theorem 2.7. [Tri08, Theorem 4.24], Let Q be a bounded C* domain in R? and let 0.Q
be its boundary.

i.  Let s> 5. Then the trace operator y is a linear and bounded map of H*(2) onto
H™2(0Q), i, y(H(Q)) = H2(9Q).
d

ii. Lets> % Then the normal derivative operator Yy = y(5-) is a linear and bounded

map of H*(£2) onto H'=3 (0Q),ie, n(H(Q)) = HS‘%(&Q)
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2.7 Variational Method

The weak formulation of boundary value problems leads to variational prob-
lems and associated operator equations. In particular, the representation of so-
lutions of partial differential equations by using surface and volume potentials
requires the solution of boundary integral operator equations to find the com-
plete Cauchy data.

Definition 2.25. Let X,Y be Hilbert spaces with norms || - ||x, || - ||y over K - the set
of real or complex numbers. A mapping 7 (-,-) : X xY — K s called a sesquilin-
ear form if for all u;,up € X,vi,v2 €Y and A € K, the following hold:

527(141 +)uu2,v1) = ﬁf(ul,vl)+ld(u2,v1)
o (uy, v+ Ava,) = o (uy,v1) + Ao (uy,v2)

If K = R we speak of a bilinear form . For a sesquilinear form .7 : H x H — C the
adjoint sesquilinear form .&7* : H x H — C is defined by

o (u,v) = o (v,u), V uveH

If & = o7*, then it is called Hermitian . The bilinear form &/ : H x H — R is
called symmetric if o7 (u,v) = o7 (v,u), for all u,v € H.

A sesquilinear form 47(-,-) : X x Y — K is continuous (or bounded) if there
exist a finite constant C, such that,

o (u,v)| < Cllullx||v|y, V ueX,vey (2.20)
The infimum of the set of C in (2.20) is the norm of <7 (-,-) and we write

< (u,v
|| := sup sup = M
uex\[oyver\foy  IlullxIvly

Let A : H — H' be a self-adjoint bounded linear operator. Consider the prob-
lem: given f € H’, find u € H such that

Au=f (2.21)

Instead of the operator equation (2.21) we may consider the variational prob-
lem, given f € H' find u € H such that

(Au,vy = (f,v) vV veH (2.22)

Obviously, any solution u € H of the operator equation (2.21) is also a solu-
tion of the variational problem (2.22). To show the reverse direction, we now
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consider u € H solves the variational problem (2.22). Then using the norm

Au—
A fll = sup 1AY=LV

=0
otvern  |Vilm

and therefore 0 = Au— f € H',i.e., u € H is a solution of the operator equation
(2.21).

The operator A : H — H' induces a bilinear form <7 (u,v) = (Au,v) for allu,v € H
with the mapping property

() HxH —R.

Let & (u,v) : H x H — R. be a continuous bilinear form, given f € H'; we find
u € H, solution of

o (u,v) = (f,v) YV veH (2.23)

where <7 (u,v) may be represented in the form .7 (u,v) = (Au,v) where A is a
bounded linear operator A : H — H’, see e.g., [Ste07, Lemma 3.1]. Then the vari-
ational problem is equivalent to the linear equation (2.21).

To ensure the unique solvability of the operator equation (2.2I) and of the
variational problem we need to have a further assumption for the oper-
ator A and for the bilinear form .27 (-,-), respectively. The operator A : H — H' is
called H-elliptic if

(Au,u) > Cy||ul|% V ueH

is satisfied with some positive constant C;. And also, the sesquilinear form
</ (u,v) is said to be H - elliptic if

.ot (u,u)| > C|lul|%, YVueH,C>0

Theorem 2.8. (Lax-Milgramn Lemma, [SteQ7, Theorem 3.4]) Let the operator A : X —
X' be bounded and X- elliptic. For any f € X' there exists a unique solution of the
operator equation satisfying the estimate

1
lullx < =z [1.fllx
Cl

Then, we have the following well known theorem due to Lax-Milgram (see
e.g.,[LM72, Theorem 9.1], ). The theorem ensures the unique solvability of the
operator equation (2.21) and of the variational problem (2.23).
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Theorem 2.9. Let the sesquilinear form < (u,v) be bounded and H - elliptic, then the
variational problem admits a unique solution, the mapping f — u being contin-
uous from H — H' (or: A is an isomorphism of H onto H').

2.8 Equivalence of the norms
Lemma 2.2.If0 < A < 1, then [uf? o, = ay [p2 |E[**|A(E)[PdE where
a; = r””/ 27 _ 12 doodt.
>0 lo|=1

Proof. First, we define the forward difference operator o, by
Opu(x) = u(x+h) —u(x),
Then applying the Fourier transform to both sides, we obtain
FesgOpu(x) = T (ulx+h) —u(x)) = Feulx+h)] = T e [u(x)]
= [ utxthye Pdx—a@) = [ uly)e PEC Ny - a(e)

_ eiZﬂé.h /]Rz u(y)efizmg.ydy_ﬁ(%) _ ei27t§.hﬁ(€) _ﬁ(g) — <ei27f§~h _ 1) ﬁ(g)

Since, the Slobodeckii semi-norm is

2 Ju(x) —u(y)®
u = ——————dxd
‘ ‘)L,R? /RZ R2 |x_y|2/l+n Y

By taking substitution 4 =y —x, applying Plancherel’s theorem and then revers-
ing the order of integration,
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u(x+h)|? B | Spu)?
|”|A R2 — /RZ /RZ |h|2’1+ dhdx = /RZ (/]1%2 |h’21+ndx dh

2
:/ Ma’h:/ ||°%H§{5h“}HLszdh
R R2

2 |h|27H—n |h|2/l+n
(2750 1) (&) 22
- R2 |h|2/l+n dh
127r§h ﬁ(§)|2

"]&Z/%z |hpl+n dhdé&
o276 h _ 2
a()I? |< 1>| dhd§

R2 ‘h|21+n

Now, transform the inner integral to polar coordinate. Letting 7 = p @, where
= |h| and @ = ~. Then dh = p"~'dpdw. Therefore,

o Ihl
|< zzxéh_l |2 12m§pw_1> |2 1
/]1%2 ‘h|2,l+n _/p>0/w| 1 2/1+n p"dpdw
_ p2A- 1/ | (ei27r§.pa) B 1) 2dadp
p>0 lo|=1

and letting p = |&|!#,then we obtain

_ l—21—1|5|27t+1/ |ei2n§.|§\*1tw_1|2|5|—1d0)dt
p>0 lo[=1

:’5’21/ tZAl/ ‘ 2Tt 1‘ ’6‘ ld(l)dt
Jp>0 |o|=1

-~

a

therefore,

f} g = [ | 1EPH1a(8) P,

Remark 2.4. For u € H"(R?), by Fourier transform derivative and Plancherel’s
theorem, we deduces that

10%ullo 2 = |

Thus, by definition
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il = X [ J0%uldx= [ (2 5 \2>| (6)Pde.

|| <r || <r
since,

Y %P~ (14 1EP)"

|a|§r

Then for any arbitrary constants ¢ and ¢, we have

a(1+1EP)" < Y 1E*P <ea (1+1EP)"

af<r

Then by using the elementary inequalities

(1+1EP7) s ¥ 18P s (1+1EP)

o <r

we conclude that )
el g2 = [1(1+]-17)2 o 2

Theorem 2.10. If s > 0, then W*(R?) = H*(R?) with equivalent norms.

Proof. Let r be a non-negative integer, and let 0 < A < 1. Since, the norm in

W’(RR?) is given by
1
2
ol 2y = ( L X |D°‘u|2dx>

|laf<r

follows that

2
e = [ X ID%uPdx= ¥ [ D%uPdr= Y D%},

|| <r || <r la|<r

thus  [|ulfr ey = Y, 1D%u7, g2

|| <r

By Plancherel’s theorem, we have

||uH12/1/r(R2 = Z HDOC”HL2 R2) Z fo—@{Da”}”Lz R2)

la|<r la|<r

But, ﬁx—wg {DOCM} _ /Dau(x)e—ﬂﬂf.xdx _ /(_1)|a|u(x)Dae—i2ﬂ'§.xdx

= (—1)'0‘| /u(x)(—iZn’ﬁ)ae_izné'xdx = (2m&)*a(€)
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Therefore,
ey = X 10278 0@y = X [ 1278) (&)
loe|<r loe| <r
= [, ¥ 2rgPa@) P ~ [ (1+1EP1a(E) Pdg
loe|<r

proving the result if s = r By the Lemma[2.2} if s = r+ A, we have

el s 2y = leelfray + 3 ID%ul3 o
|of=r

But,
D% (u(x) — u(y)) |

Y D% g = Z/ |x ey

|| =r o=
|ID* (u(x) —u x+h))|
/Rz /R2 !hlz“” dhdx

_ D ((x)
) Z:/R w

. / ||Da6hu||L2R2
- R2 |h|27L+n

dxdh

|af=r

dxdh

B / | e AD¥ St} |] o
R

T |h|27h+n

1277,'& z27r§.h_1> ﬁ(é)‘z
/Rz /R2 |h’2/1+n dhdé

J2mEh 1\ 2
Z/ (&) (i2m| &)™ /2|( ,h|u+n1)| dhdé&

af=

= ¥ [ anlel@alg]Pac) Pag

|af=r

Therefore,
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el 2y = el ey + Y 1D%ul3 go

|af=r

= ) Az(i2nlél)2“|ﬁ(5)\2d§+|2 /Rzaﬂg|M(2n|§|)2a|a<g>|2dg

la|<r o|=r

= ¥ [ (1+algr*) @aighae) P

|Ot|§r
~ [ IER A PAE =l

Corollary 2.8.1 For any non-empty open set Q C R? their is a continuous inclusion
H*(Q) CW5(Q) for s > 0.

Proof. Givenu € H*(2), we can find U € H*(R*) such that U|q = uand ||ul|s(o) =
|U|| s (m2)- By the above theorem, U € Ws(R?), so u € W;(Q) and

lullws@) < U lwgrzy ~ WU s w2y = lutl )

Theorem 2.11. ([McL00, Theorem 3.18]) For any non-empty open set Q C R? and any
real s > 0, if there exists a continuous linear operator E : W (Q) — W3 (R?) such that
Eulo = uforall u € W;(R2), then H*(Q) = Wy () with equivalent norm.

Proof. 1f u € W*(Q), then Ul = u for U = Eu € W5 (R?) = H*(R?), so u € H*(Q)
and
[l @) < NUasrzy ~ 1Eullwyre) < Cllullwys g,

giving a continuous inclusion Wy (Q) C H*(Q2).

2.9 Fredholm Operators: basic properties

Let E and F be two Banach spaces. We denote by .Z(E,F) the space of bounded
linear operators from E to F. Let a linear (not necessarily continuous) map T :
E — F be given. Recall that

i. Thekernel Ker(T)of T:E —FisKer(T)={xcE:Tx=0¢cF}
ii. TheimagelIm(T)of T :E —FisIm(T)={Tx:xcE}
iii. The cokernel Coker(T) of T : E — F is Coker(T) = F/Ker(T)

Definition 2.26. A bounded linear operator T : E — I is said to be Fredholm if
the subspaces Ker(T) and Coker(T) are finite dimensional and the subspace ImT
is closed in F. We denote by .7 (E,IF) the space of all Fredholm operators from E
to IF. The index of a Fredholm operator T is defined by
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Index(T) = dim(Ker(T)) — dim(Coker(T))
The dim(F \ Im(T)) also denoted by dim(coker(T)).

Note that a consequence of the Fredholmness is the fact that R(T) = Im(T) is
closed. Here are the first properties of Fredholm operators.

Theorem 2.12. If T : E — F is Fredholm operator, and if K : E — F is compact operator,
then their sum T + K : E — F is Fredholm, and index(T + K) = index(T).

For the proof see ([McL00, Theorem 2.26]).

Theorem 2.13. Assume T : E — [ is Fredholm with index(T) = 0 and T is injective,
then for each f € F, the inhomogeneous equation Tu = f has a unique solution u € E.

For the proof see ([McLO00, Theorem 2.27]).

Let X and Y be Banach space, X* and Y* be adjoined (dual) spaces of bounded
linear functionals defined on X and Y. Consider a linear map A : X — Y, then we
define the adjoint A* : Y* — X* by

(A*u,v) = (u,Av) for veX,ueY”.

Theorem 2.14. (Fredholm Alternative)[McL00, Theorem 2.27] Assume that A: X —Y
is Fredholm with index(A) = 0. There are two, mutually exclusive possibilities:

1. The homogeneous equation Au = 0 has only the trivial solution u = 0. In this case,

a. for each f €Y, the inhomogeneous equation Au = f has a unique solution
ueX;
b.  foreach g € X*, the adjoint equation A*v = g has a unique solution v € Y'*.

ii.  The homogeneous equation Au = 0 has exactly p linearly independent solutions
ui,--- ,up for some finite p > 1. In this case,

a.  the homogeneous adjoint equation A*v = 0 has exactly p linearly independent
solutions vi,---,v,;

b.  the inhomogeneous equation Au = f is solvable if and only if the right-hand
side f satisfies (vj,f) =0for j=1,---,p;

c.  the inhomogeneous adjoint equation A*v = g is solvable if and only if the
right-hand side g satisfies (g,u;) =0for j=1,---,p.

Theorem 2.15. Compact perturbations do not change Fredholmness and do not change
the index, and zero index is achieved only by compact perturbations of invertible opera-
tors. More precisely:

(i) IfKe #(E,F)and A e F(E,F), then A+K € % (E,F) and Index(A+K) =
Index(A).
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(ii) IfA € .Z(E,F), then Index(A) = 0 if and only if A = Ay + K for some invertible
operator Ag and some compact operator K.

There is yet another relation between Fredholm and compact operators, know
as the Atkinson characterization of Fredholm operators:

Theorem 2.16. Fredholmness = invertible modulo compact operators. More precisely,
given a bounded operator A : E — F, the following are equivalent:

(i) Ais Fredholm.
(ii) A is invertible modulo compact operators, i.e. there exists an operator B € £ (F,E)
and compact operators K| and K, such that

Theorem 2.17. ([McL00, Theorem 2.33]1) If A = Ag+ K, where Ay : X — X* is positive
and bounded below, and K : X — X* is compact, then A : X — X* is Fredholm with zero
index, and hence Theorem holds for the equation Au =f.

Theorem 2.18. (Perturbations for Fredholm operator [Mik99]). Let By and B, be two
Banach spaces. Let A : By — By be a linear continuous Fredholm operator with zero
index, A* : By — B7 be the operator adjoined to it, and dimkerA = dimkerA* = n < oo,
where kerA = span{x;};_; C Bi,kerA* = span{x}}!_, C B}. Let

k
Ajx =Y hihi (x),
i=1

where b}, hi(i=1,---n) are elements from B} and B, , respectively, such that
det [hj(%))] #£0,  det [¥(hj)] #0 i, j,=1,---,n.
Then:

i.  the operator A— A, : By — By is continuous and continuously invertable;
ii.  ify € By satisfies the solvability conditions,

of equation
Ax =y, (2.25)

then the unique solution x of equation
(A—Ay)x=y (2.26)
is a solution of equation such that
h; (x) =0, i=1,-k (2.27)
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iii.  Vice versa, if x is a solution of equation (2.26) satisfying condition , then
conditions are satisfied for the right-hand side y of equation (2.26)) and x is
a solution of equation with the same right-hand side y.






Chapter 3

Analysis of Two-operator Boundary- Domain
integral Equations for variable-coefficient
BVPs in 2D

In this chapter, the Dirichlet, Neumann and Mixed boundary value problems
for the second order elliptic partial differential equation with variable coeffi-
cient in two dimensional bounded open domain are considered. These BVPs
are transformed to some direct two-operator BDIEs or BDIDEs based on a spe-
cially constructed parametrix. The two-operator BDIEs contain potential oper-
ators defined on the domain under consideration and acting on the unknown
solution as well as integral operators defined on the boundary and acting on the
trace and/or conormal derivative of the unknown solution or on an auxiliary
function. The properties of corresponding potential operators are investigated.
Solvability, solution uniqueness, and equivalence of the BDIEs to the original
BVP and the invertibility of the boundary domain integral operators are inves-
tigated in appropriate Sobolev spaces.

3.1 Green’s identities and integral relations

Let Q be a domain in R? bounded by a closed infinitely differentiable curve 92,
and n(x) be the exterior unit normal vector, which is defined for all x in Q. We
shall consider the following PDE with scalar variable coefficient

2 u(x
Au(x) = A(x, dy)u(x) := ; 8ix, [a(x) a&fci)} =f(x), xeQ, (3.1)

where u is an unknown function and f is a given function in Q. Also assume
a € C*(R?), where 0 < apin < a(x) < @pax < o0, VxR

For ¢,y € 2(Q2), we can easily see that (A9, ¥);,(a) = (¢,AY), (@) which im-
plies that the operator A in is formally self-adjoint. Also we can find the
ellipticity constant C such that

47
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[\

Z ()& > ClEP

holds for all x € Q and £ € R?. In particular we can choose C = min, g a(x).

3.1.1 The first Green identity

We can derive the first Green identity from the well known Theorem of Gauss
Ostrogradski, if 4 € C!(Q), then ( here we adapt the derivation technique from
[DM15])

/ 8x, x)dx = /a:z Y h(x)ni(x)dS,, i=1,2, (3.2)
where y"h(x)= lim h(y) for x€Q is the interior boundary trace of
Q>5y—xedQ

Using the results for density and trace theorem (see e.g. [McL00, Theorem
3.29, Theorem 3.38]), we can show that, the integral relation (3.2) implies

/g (%ihn(x)dx = /ag ¥ hyni(x)dSy, i=1,2

Taking the limit as n — o in the above equation

dx| < d——d<h—h 0
R R R Y

Hence |, a_}zdx — o g_f,-dx — 0 as n — co. For the right hand side

| /852 Y hanidS, — /852 Y hnidS,| < /(m " (= m)ni|dSy < || y* (hn — h)l|L00)

implies ||Y" (hy — h)||L,90) < Clln — Al () — 0asn — o
Hence, [50 VY hanidSy — [30 Y hnidSy — 0 as n— .

Now for u € H*(2) and v € H'(Q) if we put h(x) = a(x) agif) v(x) and apply the
Gauss-Ostrogradski theorem, we obtain

A aixj (“(x> &SS) V(X>) de= [ nyt <a<x> ag)(:)v(x)> ds.

Summing over j and noting the relation

5o |0 %500 = 57 a0 %52 o)+t S
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We obtain the following Green’s first identity

Eq(u,v) = —/Q(Au) (x)v(x)dx—i—/a-Q T Fu(x)y v(x)dS

where &,(u,v) = Y7, [oa(x) ag)(cj) 85)(;;) is the symmetric bilinear form and

8

+ —
T, u(x) = Qaylg)rcleaﬂ [Z n;(x 8y, y)] for x€dQ (3.3)

where n(x) is the exterior (to £)unit normal at the point x € £, is the interior
co-normal derivative.

From the above proved relation we have verified the following Lemma.

Lemma 3.1.1 Foru € H*(Q) and v € H'(Q),

Remark 3.1.1 For 2(Q),y"v=0.Ifu € H'(Q), then we can find Au as a distribution
on L by
(Au,v)o = —&4(u,v) for ve 2 (Q)

For a linear operator A, we introduce the following subspace of H'(Q),
[Gri85], [Cos88]
H'Y(Q:A)={gecH(Q):Ag e L,(Q)}

endowed with the norm
2
||g||H10 Q:4) ||8||H1 + 1148z, o)

For u € H'(Q7) the co-normal differentiation operators on 9 do not gener-
ally exist in the trace sense ( . However, if u € H'9(Q%;A), one can define the

generalized (canonical) co-normal derivative T,tu = [T,u]" € H -3 (0Q) with the
help of the Green’s first identity

<Ta+u,w>a_Q = /Q[(}/flw)Au—i—Ea(u,yi'lw)]dx Vw e H? (0Q2), (3.4)

where 5
u(x) dv(x) (
H'\Q
;a 8x, o Yu,v € )

and vy, :H 2 (0Q) — H'(Q) is a continuous right inverse of the continuous inte-
rior trace operator y* : H'(Q) — H 2 (dQ) while (.,.) denotes the duality brackets
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between the spaces H 2 (0Q) and H -2 (0Q), extending the usual L(d€2) scalar
product.

The operator 7, : H'Y(Q,A) — H -3 (d€) is continuous and gives a continuous
extension in H!(Q;A) of the classical co-normal derivative operator.

Forue H°(Q), s> %, the canonical co-normal derivative operator 7, u de-
fined by (3.4) reduces to its strong(classical) canonical derivative form (3.3)and
is well defined on 92 in the trace sense. i.e.,

T u(x) = T, (x,n(x), 0,) u(x) = ia(x)”i(x)7+ (a;if)) =atr” <§ZE§;)

where n(x) is the exterior (to ) unit normal at the point x € dQ.
Then for u € H'9(Q;A), v e H'(Q) the first Green identity holds, [Mik11]
[Cos88, Lemma 3.4],

/Q V() Au(x)dx = /a VWL u(x)ds() - /Q Ea(u,v)dx. (3.5)

3.1.2 The Two-operator second Green identity

In the Green’s first formula, by interchanging the role of u and v and subtracting

the result, we obtain Green’s second formula. For u,v € H'*(Q,A), the Green’s
second formula is,

/Q (v(x)Au(x) — u(x)Av(x)) dx = /BQ Y v(x) T, u(x)dS (x) — /(m Y u(x)T,Pv(x)dS (x). (3.6)

i.e.,
|| (Au) —ux)av (@) dx = (T, 7)o = (T 1Y o

As real materials are generally never perfectly isotropic their behaviours are
modelled by some non-linear and linear PDEs for which the fundamental so-
lution of the “frozen"-coefficient PDE is not available explicitly (as e.g. in the
Lame system of anisotropic elasticity). For such type of problems, as the au-
thors of [AM11] and [Mik05b]] showed the need for two-operator approach in
3D; which is efficient in handling these problems where the one operator ap-
proach fails to work. Hence, we need to define a second operator in order to
overcome this problem in 2D. (The one operator approach is investigated in
[DM15]).
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Let us consider the auxiliary linear elliptic partial differential operator B de-
fined by

Bu(x) := B Z Er [ aif)] (3.7)

where b € C*(R?), 0 < bpin < b(x) < bpax < oo, Vx € R2.

Then foru € H'9(Q,A) = H'?(Q,B) the assoc1ate co-normal derivative operator
T, is defined by (3.4) (and for u € H*(Q2) by .) with a replaced by b.

Ifve H'O(Q,A),u € H'(Q), then for the operator B in ( . 3.7) holds the Green’s
first identity,

/Qu(x)Bv()c)a’x:/a_(2 y+u(x)Tb+v(x)dS(x)—/ Ep(u,v)dx. (3.8

Q

If u,v € H'Y(Q,A), then subtracting (3.5) from (3.8), we obtain the two-
operator second Green identity,

/_Q (u(x)Bv(x) — v(x)Au(x))dx =
/&Q [Y+u(X)Tb+v(x) - }’*v(x)TaJru(x)] ds(x) —/ [a(x) — b(x)]Vv(x) - Vu(x)dx. (3.9)

Q

Note that if a = b, then the last domain integral disappears, and the two-
operator second Green identity reduces to the classical second Green identity,
equation (3.6).

3.1.3 Parametrix and potential type operators
Before we give our solution procedure let us recall the idea of surface layer and
Logarithmic potential by introducing the parametrix.

Definition 3.1. A function P, (x,y) of two variables x,y € R? is called a parametrix
(Levi function) for the operator B(x, dy) in R? if

B(x,0)Py(x,y) = 8(x —y) + Rp(x,y),

where §(.) is a Dirac-delta distribution and R;(x,y) is a remainder possessing at
most a weak (integrable) singularity at x =y. i.e,

Ry(x,y) = O(|x —y|~*) with » < 3.

For the operator B, to every point y associate “frozen" coefficient b(x) = b(y) and
obtain B, =Y7 ax [b( ) ] =b(y)A.
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Using equation (2.11), the operator B, is a constant coefficient and its funda-
mental solution is given by
log <|x ‘)

21b(y)

Py(x,y) = where 1y > 0. (3.10)

Now let us show that the function given by (3.10) is the parametrix for the
operator B(x,dy). Indeed,

Z 9 APy (x,y 2 x) dPy(x,y) 9Py (x,)
B(x,0y)Py(x,y) = la—Xi {b(x 9% } Z [ dx;  ox; +b<x>8—xi2}

Zylog(%)_kzilog( >8b()
Cb(y) Hox? 2mb(y) “ox; 2mb(y)  Odx;

i=1

[x—y|
o) 1oz ("5) 2 Ib(x)
b(y)A< o ) 27b(y Z(|x yyZ) o
_ bx) o —yi  db(x)
= b)Y +Zm( e3P o

2 X
= 8(=3)+ L g T = B+ Rifo)

that is
B(x,0)By(x,y) = 8(x —y) + Rp(x,y)

Hence P,(x,y) is a parametrix for the operator B(x, d;) with singularity at x =y
(see e.g., [Con00], [Mik02], [CMNO9a]) while the corresponding remainder is
given by

2 xi—yi  9b(x)

Rb X,y) = 9 X,y € Rz'
(x5) ;27rb(y)|x—y|2 ox;

P, _ Xi—Vi
and 3 = P
to the smoothness of the function b(x). From the definition of the fundamental

solution of the Laplace operator, we obtain that

;2‘1;—;2 (%logcxr_oy')) = A, (2—1 g(lxmyI)) =06(x—y).

Also, the multiplication of a smooth function b(y) by 6, gives b(y)d(x —y) =
b(x)6(x—y).

i = 1,2 and satisfies the above estimate with sz = 2 due
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Observe that,
BRy(x,y) = (x— ) + Vb(x) - VP, (x.)

and we can write the remainder as Ry(x,y) = Vb(x) - VPy(x,y). If b(x) = 1, then the
operator B(x,dy) becomes the Laplace operator, A, and the parametrix P,(x,y)
becomes its fundamental solution, and R(x,y) = 0.

3.1.4 Logarithmic and Remainder Potentials

Similar to [CMNO09a], [AM11], [DM15], we define the parametrix-based loga-
rithmic and remainder potential operators as:

Zsg0) = [ Blxy)s(dr, 1)
Ay85) = [ Rolx.y)gx)ds (3.12)

We deduce representations of the parametrix-based surface potential bound-
ary operators in terms of their counterparts for b = 1, that is, associated with the

fundamental solution Py = 5-log <|x - ‘) of the Laplace operator A. Then

1 2
P8 =3 Pa8 8= Y 0:24 (g0b),
i=1

We will verify the above formulae as follows:

PA(x7y)

o b0 YT

Pos() = [ P y)glw)dx =

i ob
%r80)) /bey dx—/ z"271719 |xy y|? a)(:)g(x)dx

/Zax, (27: (|xr0y|)> aif)g(x)dx

- Ib(x) Iy, ,
@ /Q ;a—M(PA)a—Xig(x)dx— Ei;a’% (80ib) (v)-

Remark 3.1.2 The logarithmic potential

Ppu(x / P (x,y)u (3.13)
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is a pseudo-differential operator of degree —2

We can verify this by using P4 (x,y) since it is the fundamental solution of the
Laplace operator, i.e., AP (x,y) = 8(x—y). Applying the Fourier transform in x
we get,

—|EPFPa(y) = FE(—y) = (2m) e
which implies for & # 0,Py(x,y) = —(2%)"'.F *l(e*’.yéﬁ) substituting this
into equation (3.13), we get

Ppu(x /PAx y)u(y)dy = /(2%)_19_](e_iyéi)u(y)dy

~ = Jale [/Q S0 ey

/ [/ iyéu(y)dy} ot ‘§1|2d€ B %/Rzeixgﬁﬁ(g)dg

@ﬁ(é»

Hence, the logarithmic potential operator is pseudo-differential operator with

homogeneous symbol 6(&) = —#.

Therefore, Pju(x) = L%;ix(—

3.1.5 Layer potential

In this section, we discuss properties of layer potentials. The reason why we
are interested in layer potentials is that they are good candidates for being so-
lutions to the boundary value problems for Laplace’s equation, they are har-
monic and also obey certain jump relations on the boundary. Let us intro-
duce the single and double layer potential operators based on the parametrix

Pb(x y) 27rb( )log <|x y\)

Definition 3.2. The single and double layer potential operators corresponding
to the parametrix P,(x,y) are defined

I.  Single layer potential operator

Veg(y / Py(x,y)g(x)dSy for y¢ dQ

II.  Double layer potential operator
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Wog0)i=— [ T Bx.y)s(x)ds, for y¢ 90

where g is some scalar function and the integrals are understood in the distri-
butional sense if g is not integrable.

The corresponding boundary integral (pseudo-differential) operators of di-
rect surface values of the single layer potential ¥, and of the double layer po-
tential 7, for y € dQ, are

Thg(y) = — /a Py (x,y)g(x)dSx,
Pig0) == [ [T (xin(x). 20 P(x.3)]g(x)ds

For y € dQ, the co-normal derivatives associated with the operator A of the
single layer potential and of the double layer potential are given by:

TV, = @TW , 3.14
Lre(y) =T, W, = @ﬁw = @.z* : 3.15
b8 () b8(¥) = o) »8(y) b(y) b g(y) (3.15)
The direct value operators associated with are
: a(y).,
Papel) 1= = [ 110n0), )P () = L5780,

%g(y) = —/{m[Tb+(y,n(y),ay)Pb(x,y)]g(x)de.

The verification of the formula (3.14) is given below. Let us first find the value
of Tb+ng(y).

2
T Vig(s) = Ty (3n(3), 3,)Vig (y) = ;b<y>ni<y>aiyivbg<y>

a0 b

2 b(v) 3 Pa(x,y) — Pa gl
= —l;b(y)ni(y) /(m ( = 502 Y )g(x)de
_ 2 . 1 4 Py %

- Y0ty |- [ A ><>dsx]— Yooty [ B0,

(x)dSy
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:—Z:Ini(y)/gaiyiPA(x V)g(x)dS; +Zn, (l)g—i/aQPAg(x)de

:—gni()’)a—yi/QPA(x v)g(x)dSy +Zn, ;)g—i/aQPAg(x)de

- J 2 /9 1
=Ltz (Van) 0)+ X (655151) 0) (-Va0) 0)
2
- L3 0a )= X (53515)) 0 (a8) )
which implies that

Vi () = Tn(y), 4)Vha(s) = ¥ aly)m(s) Vi)

i=1 Yi

I
N aglS
Q
N
~
N—
S
—
~
N—
S8
=

.[—AQ&@JM@Wﬁl

~.

I
|
™o -

a(y)n;(y >8ay, /(m PAb(< )y>8(x)de

b()’)a—yiPA (x,y) —PAg—fi
GOk
1 4 Py Jb

a0 [ (7 g Palin) = iz g0 ) e,

1 9 2 1 db
ayny) [ oo Paley)gldSc+ L aOIm() [ o S Pagods.

i=1

N
I
—_

Il

|
ols

Q
YamnS
=
S—
S
—~
<
S—

QJ\

T
e}

I
|
aglS

~.

I
|
™

~
—_

2

d 1 db
=507 (B [ Ptetonts—Sontonggs 50 [ 7 g<’“)d5">

1=

a 2
- znxy)% (~Vag)0) _,-:21 (b%%}) () (~Vag) <y>>

i=1 Yi

_aly) (52 ]
==50) —an = (Vag) ( )+;(b%[g]>()’)(VA8)()’)>-

Q
e
<
~—

S

l

Putting the last row of this equation to the above will give the required relation.

The verification of the formula (3.15) is given below as follows,
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__ ga(y)n-(y) . j_zlb(x)n,(x)aixjpb(x V)g(x)dS,

— - Yot /m]:il () 5 gwyas,

- _g a(y)ny) /a Qj_zz)lb(x)n j(x)aiyi ﬁ apgit’y )) g(x)dS,

—- Yot [, Ji () (b(y)"i”affgi; (Z’ig_b) (bg)(x)d5¢

—~ Yty /392 0557 7 e ) s,

+ Y a0 [, il O

Y ) g [ ) P () b

00 s g L L) Paslas,

— 2 Y w0} (Wabe)0)+ 2 3 ) 22 (o))

-2 [i ) - a6 + (1510 ) <—WA<bg><y>>]
a(y) 1

a(y)

The direct value operators associated with 7,,"V,g(y) = meJ“ng(y) are
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Wp8(y) = — /(m [Ta(y,n(y), dy) Py (x,¥)]g(x)dS, = %%’g(y), (3.16)
where
Wypaly) = — /(m[Tb(y,n(y),9y)Pb(x,y)]g(X)de- (3.17)

Remark 3.1.3 The direct value of single layer operator ¥V, double layer operators W
and W' 5, and the hypersingular operator £ are pseudo-differential operators.

Referring to the book [HCWO8)| pages 550-556], on the subsection 10.1 Repre-
sentation of the basic integral operators for the 2D- Laplacian in terms of
Fourier series; The authors gave general formulations concerning the pseudo-
differential operators on the boundary dQ in terms of the Fourier series expan-
sion by analyzing the four basic boundary integral operators ¥4, #x,#" 4, and
Z, of the two dimensional Laplacian.

i.  The single layer potential operator ¥4 on the closed curve dQ is pseudo-
differential operator with homogeneuos symbol o (x,§) = ﬁ i.e., pseudo-
differential operator of order —1.

ii. ~The double layer potential operators #, and #’, are pseudo-differential
operators of order zero.

iii. The hypersingular operator £, of Laplacian is a pseudo-differential oper-
ator of order +1 with homogeneuos symbol o(x,§) = 3|¢|.

From equations (3.14)-(3.17) we deduce representations of the parametrix-
based surface potential boundary operators in terms of their counterparts for
Laplacian, that is, associated with the fundamental solution P, = 1 37 10g ('x : |>
(see e.g., [DM15] for 2D and [CMNO09a] and [AM11] for 3D case).

G ve e (28 |

Va8 = Vg =, Vas, b%(g) Wpg = bWA(bg) (3.18)
b
==y tae () ~Mhe= Halbe). 619
1

=95 = {W { (E)Mg} (3.20)

L, a + d (1 n
oiﬂbg——i”bg:l—) 2Ly (bg)+ b% p Y #a(bg) ¢ . (3.21)

We will verify the above relations as follows:
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_aly) [ Palxy)
/ Py(x,y)g(x)dSx = “h0) /89 a0) g(x)dSx

— i [ e stdss = 1vagt) = = [ Bx)etds= g0

() 0= 2= [ 17 ). 20m )] (%) yass
__a /a ) lzz;a(x)n,-(x)iiPa(x, ») (%) (x)dSx

9 Palx,y
/a i lzlnl ax, . Y (bg) (x)dSx

__! /a . Zln (3,7 (bg) (x)dSx = - Wa (bg) = Whg ().

P g) = A ys) = ¢ {%( @+ |3 (3)| a0
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It is taken into account that b and its derivatives are continuous in R? and
ZLx(bg) = 2L\ (bg) = £, (bg) by the Lyapunov-Tauber theorem.

3.1.6 Representation formula

The construction of appropriate parametrix, P,(x,y), is essential to derive the
representation formula, and therefore to formulate appropriate BDIEs to find
the complete Cauchy data [y u(y), T, u(y)] for y € 0Q. If u € H'(Q;A), then
from the Green’s second identity (3.9), we have the following parametrix-based
third Green identity for y € Q, [Mik02], cf. also [CMNO09a] in 3D and [DM15),
Equation 15.6]

u(y) = = | u(x)Ro(vy)dx+ / (7 )T By(ey) =7 Py () () dS()
—|—/ X)) VPBy(x,y) - Vu(x dx+/ Py (x,y)Au(x)dx. (3.22)

The integral representation does not only contain the usual integral over
the boundary as in the case when the parametrix is a fundamental solution, but
also integrals over the entire domain with the unknown function and its deriva-
tive in the integrand.

Before proving the ellipticity of the single layer potential V}, and of the hyper-
singular boundary integral operator .Z,;, we will derive some basic relations of
boundary integral operators and study the properties of logarithmic potentials,
single and double layer potentials that appears in the representation formula
(3.22).

The mapping and jump properties of the parametrix-based Logarithmic and
surface potentials follow from [CMNO09al], [DM15], [AM11].

Theorem 3.1. The following operators are continuous
Vp i H(0Q) » HT3(Q), seR
W, H(0Q) — H 1(Q)  seR.

Proof. The continuity of the operator V, and W, are proved in [DM15, Theorem
1], using the constant coefficient opertors (see e.g., [McL00], [Cos88], [Ste07])
and using the relation (3.18)) as b(y) > 0 follows the required result.
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Theorem 3.2. Let s € R. The following pseudo-differential operators are continuous,

Y, H(0Q2) — H*T1(0Q)
W, H(0Q) — H*"1(0Q),
W H(0Q) — HT1(9Q),
L H (0Q) — H1(0Q).
Proof. The proof follows annalogously with (see, e.g., [DM15], Theorem 1). We

have the corresponding mappings for the corresponding constant- coefficient
operators. Then (3.18)-(3.20) imply the desired result of the theorem claim.

Due to the Rellich compact embedding theorem,(see, e.g., [McL00, Theorem
3.27]) and Theorem [3.2)implies the following assertion.

Theorem 3.3. Let s € R. Then the following operators are compact.
Y, H(0Q2) — H*(0Q),
V4% FIS(&Q) — H*(dQ),
W, H (0Q) — H(9Q).

Proof. By the Rellich compact embedding theorem (see, e.g., [McL0O, Theorem
3.7], [DM15, Corollary 1]) and the relation %}, = %”//A and %}, = %V/A the first two

holds true. Next
Vg =A@+ 02 (L] 7
ab8 = b A g an b A8 (>

g2 (bg) = b2 (L
P~ 530000 = b3 (1) 7ae
The operator ¥, H™2 (0Q) — H? (dQ) is continuous for g € H’%(a.()) and a,b €
Loo(Q2)
17a8ll ;3 50, = Crligl,-

) n(00)
which implies,
/ a.. ad (1
19 = 51 a0, 4 < x| ()] Wl 1
< a1
< C~||g||H7%(aQ),

which implies boundedness of the operator and the embedding H %(89) C
H_%(BQ) is compact, and due to the Rellich compact embedding theorem
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W' apg — W' A(bg) is compact.

In addition #/, : H3(9Q) — H2(dQ) by [DM15, Corollary 1] implying that
W' s H~2(9Q) — H2(dQ) is compact. Therefore, #" g — W' A(bg)+ W A(bg) =
¥’ pg is compact.

The following well-known jump relations might be useful for further discus-
sions.

Theorem 3.4. Let g1 € H _%(89) and go € H %(89). Then there holds the following
jump relation on Q.

Y Vog1 = Y81, (3.23)
1
Y Wygo = F582 + 82, (3.24)
la a 1
T Vg1 =t=—g1+ 7 weg1 = (£zg1+7ve1 | (3.25)
2b b 2
T, Wygs = 200, (3.26)

Theorem 3.5. Let Q be a bounded open region in R? with closed, infinitely smooth
boundary 0. The operators:

Py H(Q) - H 2 (Q), seR (3.27)
CHY(Q) - HP2(Q), s> —% (3.28)

Ry B (Q) — HTH(Q), seR (3.29)
CHY(Q) = HTY(Q), s> —% (3.30)

Y Py Q) > HT1(9Q), s> —% (3.31)
HY(Q) = B (0Q), s> —% (332)

VIR Q) = B (9Q), s> —% (333)
CHY(Q) = HT2(0Q), s> —% (3.34)
TP, B(Q) —» H T2 (9Q), s> —% (3.35)
CHY(Q) = HT2(9Q), s> —% (3.36)

T % B (Q) — H2(9Q), s> ! (3.37)
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CHY(Q) = H2(9Q), s> % (3.38)

are continuous and the operators

Xy H(Q) — H (Q), s>—% (3.39)

CHY(Q) - H(Q,4), s>1 (3.40)

’}’i@biHs(.Q)—)HS*%(Sl), S>—% (3.41)
1

T %y HY(Q) — H3(S)), s> 5 (3.42)

are compact.

Proof. Since dQ € C*, the Logarithmic potential operator &, is a pseudo-
differential operator of order —2 see Remark @l on R2. Hence, the continuity
of the operators (3.28), (3.30), (3.32), (3.34), (3.36) and follows from the
mapping properties of pseudo-differential operator on R*, thus for any s € R,
the mapping ¥, : H},

omp(R?) — H:?(R?) is continuous and application of trace
theorem along with the formulae

1
Pog—-P
b8 b A

1 2
A8 =~ Y. 0; [Pa(g9)b)]
j=1

1 =yl
d Pagi= [ 1 dx.
and Zagi= [ otos (P22 ) gtajax
To prove the remaining items of the theorem, we first assume that s € (—%, %),
where A5(Q) = H5(Q),
To prove the case, suppose g € H*(Q2), with s € (%, %) Clearly, d;g € H1(Q)
andy'ge H2 (09), due to the continuity of the operator 9, : H*(2) — H*~1(Q)
and the trace theorem. Then integrating by parts we have the representation,

0;2+8(y) = P5(9j8)(y) +Valnjy 8)(y) yeQ (3.43)

where n;(j = 1,2) are the components of the outward unit normal vector to d£.
Due to and the mapping properties of the single layer potential, we
conclude that 0,2, : H(Q) — H*T1(Q) is continuous for j = 1,2 i.e., V&, :
H*(Q) — H*T!(Q) is continuous. This implies that 2, : H*(Q2) — H*T*(Q) is
continuous.
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Further, with the help of these result and the relation (3.43), we can verify
by induction that the operator is continuous for s EE%,IH— 1), where
k is an arbitrary non-negative integer. For the values s = k+ 3 the continuity of
the operator then follows due to the complex interpolation properties of
Bessel potential spaces.

Dy HY(Q) — HH2(Q3A) 5> 0

Fors=0,letg € H'(Q) =1,(Q), we have Z,g € H*(Q), from (3.27) and (3.28),
then

APpg=A [%«@Ag]

2
— %g—sz:Zl 8,- |:ll?} aj [@Ag] + [%:| @Ag in RZ

where &, := Z|,—1 and we take account into &g = g, then the first term
of the second line of the above equation belongs to L,(2) while since b €
C=(Q),b > 0, the sum of the second and the third terms belongs to H'!(Q2) and it
can be extended by zero to H°(Q), which completes the proof of continuity for
the operator &, for s = 0. For s > 0, the continuity of (3.27) and (3.28) implies
continuity of operator (3.29) for s > 0

Evidently, the proof of (3.33) and are direct consequences of the trace
theorem. We can follow the same procedure to prove the claim of of the theorem
concerning the operator %,. The continuity of the operator (3.36)-(3.39) follows
if we remark that for the chosen s the canonical derivative can be understood in
the classical sense. In addition, for the case a # b, follows by taking into account
the relation 7," = ¢7," for (3.36)-(3.39) and (3.32)

3.1.7 Invertibility of the single layer potential in 2D

The boundary integral operator 7, is a Fredholm operator of index zero [McLO0O,
Theorem 7.6]. Thus the relation [DM15, Equation 15.9] lead to the same
result for the single layer potential #,. For the 3D case the following holds
[CMNO09al, Lemma 4.2(i)].

For ¥ cH 2(3Q), if V,¥*(y) =0,y € Q,then ¥* =0,

which implies the invertibilty of the single layer potential operator mapping
from H~? (0Q)toH 2 (0Q). But this is not true for 2D case. It is well known (see,
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e.g.[Con00, Remark 1.42(ii)], [Ste07, Proof of Theorem 6.22]) that for some 2D
domains the Kernel of the operator ¥, is nontrivial, which by the first relation
is also nontrivial as well for some domains. The following example will
illustrate this fact.

Example 3.1.1 Take the density function ¢ =1 and = B(0,R) to be a disk of radius
R centered at the origin and dQ = dB(0,R) be the circular boundary of the disk. We
can show that

Rlogry—o‘, for |y| >R

by)Vep(v) = Vad(y) = {Rlog’—o for [y <R
iy <R

Proof. Let ¢ =1, then

(Va9)0) =5 [ log

K=k 7o

If |y| > R, then the function g(z) = log % is harmonic in the disk B(0,R). Then
g(z) has the mean value property (cf., [Hac92], Lemma 2.3.5),

1
logly| = 8(0) = 57 | &S,

Therefore,

1yl 1/ 1/ ly —x|
Rlo ds, = — lo ds,, >R. 3.44
g = an |x|:Rg(X) S og = —dS; for |yl (3.44)

Which implies,
1 |y — x|
Rlo g — log——dSy, for |y| >R. (3.45)
|y| 2k 1o
For |y| <R in paricular take y =0

(V29)0) =~ [ log”

The relation (3.45) implies that, the limit of the value of the potential when |y|
approach the boundary from exterior is given by:

x ‘de = —Rlog— —Rlog—.

. 1o
lim (V. = Rlog —
|y|551e+( 49)(y) = Rlog 4

Furthermore, since the single layer potential is continuous on R? we have
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(Va9)(y) =Rlog 2 for ly| =R.

To determine the value of the potential inside the disk for y # 0, we use the
maximum/ minimum principle. Since the single layer potential is harmonic on
Q it has neither maximum nor minimum in the disk.
Let

Co= (Va9)(yo) for 0< |yo| <R.

If we assume Cy # Rlog %, i.e., Cy is different from the value the potential on
the boundary, we will arrive at contradiction of the maximum principle. Thus
(Va¢)(y) is continuous on Q. Therefore, (V4¢)(y) = Rlog%®, for [y <R.

Remark 3.1.4 In the above example, if we take the value of R = ro, and since b(y) # 0,
then Vy¢(y) =0 in Q; and the kernel of single layer V), is nontrivial and therefore V,,
is not invertible.

In order to have the invertibility for the single layer potential operator in

2D, we define the following subspace of the space H ~3(9Q) based on (see e.g.
[Ste07, Equation (6.30)], and [McL00, Corollary 8.11] )

H2(0Q) = {ocr109): (9.1) =0}, (3.46)

1
where the norm in H,,* (d) is the induced norm in H _%(8.(2). The following
Theorem is stated and proved for 7, in [DM15, Theorem 4]

1
Theorem 3.6. If ¥ € H,,> (dQ) satisfies ¥, =0on dQ2, then ¥ =0

Proof. The theorem holds for the operator 7 (see, e.g., [McL00, Corollay 8.11(ii)]),
which by the relation 7, = Ly as b(y) # 0 implies it for the operator ¥}, as well.

The following Lemma gives information about the behaviour of the single
layer potential and its gradient at the far field and it helps to give an alternative
proof of Theorem [3.6] (see, e.g., [Ste07, Lemma 6.21]).

Lemma 3.1. For xg € Q and y € R?, assume |y — xo| > max{1,2diam(Q)} to be sat-
1

isfied, and the coefficient b(y), Vb(y) € Leo(R?). Let ¥ € H,.” (dQ) , then the single

layer potential operator V, ¥ has the bounds

1 1
s and |V /A4 (y) <G '{/)—
[y — o W Ol ( |y —xo?

(V) )] < Ci(P)

The following is an alternative proof of Theorem
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Proof. For x € Q and diam(Q2) < % define
B(x,R) ={ycR*:|y—x| <R}.

Then u(y) = b(y)V, ¥ (y) = V,¥(y) satisfies Au(y) = 0 for y € B(x,R)\Q := G and
yu=0on dQ. Applying Green’s first identity for the Laplace’s operator A, with
respect to the bounded domain G,we have

Ex(uu)g = — <Ta;u, }/*u>(m + <Taju, y+u>&B(x7R) , (3.47)

where we have used the opposite direction of the exterior normal vector along
the boundary dQ. The first integral in the right side of equation (3.47) vanishes
and Lemma [3.T we obtain the following bound,

(T30 W) gy | S OENC) [ v s <CR>

If we let R to be very large, we get &4 (u,u)oc = 0 which implies the gradient
Vu =0 on Q¢ and thus u is constant on each component of Q€. Hence, u is
identically zero, and also V,¥ = ﬁu(y) = 0. From the jump properties of the

single layer potential, we have ¥ = T,) V, W — T, V,'¥ = 0 which implies ¥ = 0.

3.1.8 Logarthmic capacity

The unique solvability of the variational problem follows from the HQ%(GQ)
- ellipticity of the single layer potential V}, , (see [Ste07, Theorem 6.22]). The
resulting solution w,, is denoted as the natural density . We can compute the
Lagrange parameter by using

A= (VWeg,Weqs )oa-

In the three-dimensional case it follows that A > 0 [Ste07, Theorem 6.22].
In this case the Lagrange parameter A is called the capacity of dQ. In the
two—-dimensional case we define the logarithmic capacity by

Capyg = e ™.

For a positive number r € R we may define the parameter dependent funda-
mental solution

Lo 1
6y =5 log e =y — 508"
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which induces an associated boundary integral operator

(Vo) (x) = — /a & wy)w()ds, for xedQ

satisfying
,

1 1
v, = —1 A=—1
( Weq)(x) o ogr-—+ o 0g Caran

If the logarithmic capacity Capyq < r, then we conclude 4 > 0. To ensure
Capyq < rasufficient criteria is to assume diam(£2) < r. This assumption can be
always guaranteed when considering a suitable scaling of the domain Q C R?.

Theorem 3.7.  i. The operator ¥ : H*%(a.Q) — H? (dQ), is H (0Q)- elliptic.
e, (AW, ¥)o0 >c||P|? | (a )forall ¥e H_%(8Q) ifand only if Capyq < ro.
H 2(0Q

ii. The operator ¥}, H*%(a.Q) — H%(8Q), has a bounded inverse if and only if
Capyqo # 1o
Proof. The proof is similar to [McL00, Theorem 8.16], and [Ste07, Theorem 6.23]
for part (i) if ro = 1. To show the ellipticity of the single layer potential ¥}, let
Y., €H . (dQ) be the equilibrium density and put

1 ro
A=NWYE =—I1 )
Ated =g 08 <Capa.(2>

Then for arbitrary ¥ € H_%(aﬂ), let (1,¥)50 = a € R and define ¥ =¥ — o'F,,,.
1

Observe that (1,%¥)9q = 01i.e. ¥ € H..” (0Q), ¥ = ¥+ a¥ey and Y3 '¥ = V3 ¥ +
Ao
since (YAW0,¥%q) 00 = (F0, Va%¥%q) 9o = 0, we have

(AW, )0 = (Va¥h, ¥)oo + A0, (3.48)

If Capyo > ro, then (V3Wey,¥eq)oo = A < 0. But the boundary operator 74
is strictly positive-definite, (Y4¥,¥)so >0 for all y € H2 (Q) (see, e.g.,
[McL00, Theorem 8.12]). If Capyqo < ro, then A > 0, in addition (¥4 ¥, ¥) 0 > 0.
Hence both terms on the right hand side of are non negative, and by The-
orem [3.6| the first is zero iff ¥ = 0. Thus (Y4¥,¥),o > 0, with equality iff ¥
and a = 01i.e., if and only if ¥ = 0. Hence, ¥} is strictly positive definite on the
whole of H~2 (0Q).

Now since ¥4 : H _%(8.(2) —H %(8.(2), is Fredholm operator of zero index, and

¥, is strictly positive definite, ker ¥4, = {0} we conclude that ¥, is H -1 (09Q)-
elliptic.
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To prove (ii) we note that if ro = Capyq, , then ¥, cannot be invertible, because
Ya%¥q = 0 Thus suppose that Capyo # ro and 4¥ =0 . we have /1% = —Aa
hence (74¥, ) o = 0 and therefore, ¥ = 0 and by Theorem inturn o« =0
because A # 0 giving ¥ = 0. Thus the homogeneuos equation has only the triv-
ial solution, and ¥} is invertible. Therefore the invertibility of V;, : H -2 (0Q2) —

H: (0Q) follows.

There is a connection between the logarithmic capacity and the Euclidean di-
ameter of Q(see, e.g., [YaS88]). In particular, Cap;qo < diam(£2). Therefore to en-
sure Capyq < ro a sufficient criteria is to assume diam(Q) < ro(see, e.g.,[McL00,
Theorem 8.12, Theorem 8.16], [Ste07, Theorem 6.23]).

Theorem 3.8. Let Q C R? have diameter diam(Q) < ro. Then the single layer potential
operator ¥}, : H™ (0Q) — H? (0Q) is invertible.

Proof. For diam(Q) < ry the operator ¥, : H2(9Q) — H2(9Q) is H 2(dQ)—
elliptic by Theorem and also %, is invertible (see, e.g., [DM15, Equation
15.8]). Then by the first relation in (3.18) the invertibility of the operator % :

H_%(é?Q) — H%(aﬂ) follows.

3.1.9 The Two-operator third Green identity

Let u,v € H'*(Q;A). Then by using the two-operator second Green identity
; and replacing v(x) = P,(x,y) on the equation (3.9), then by the standard lim-
iting procedures we have the following parametrix-based two-operator third
Green identity for y € Q. Note that the direct substitution of v(x) by P,(x,y) in
the second Green identity is not possible as it has singularity at x =y. Thus we
can avoid this difficulty by replacing Q by Q\D(y,€) , where D(y, €) is a disk of
radius € centred at y;

/Q (1(x)BP, (x,y) — Py(x, y)Au(x) } dx =

|, )T Puy) =7 Boe )T ()] () = | (ale) = b)) Vs () - Vu(wd.

where Q¢ = Q\ D¢ and taking the limit € — 0 we then arrive at the required two
operator BDIE,

u+ Zpu+RBou— VT, u+Wyy 'u= P2Au in Q, (3.49)

where
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1 2

Zpu(y) = - /Q (alx) =bx) Vaby(x,y)- Vulx)dx = 05 ) 6P a [(a = b)(0u)] ().
i=1

Remark 3.1.5 The equation is Boundary Domain Integro-Differential represen-

tation.

To verify this result, let u € D(R2), let y € Q be an arbitrarily fixed interior point
in Q. Denote the disk by D(y,e) C Q be a disk centred at a point y with suffi-

ciently small € > 0 and Q; := Q\D(y, ¢). For a fixed y, evidently Py(.,y) € D(Q) C
H'(Q¢; B) and has coinciding classical and canonical co-normal derivatives on
9. Then from the definition of parametrix and Green’s second identity em-
ployed for Q, with P,(.,y) we obtain

A {u(x)BPy(x,y) — Py(x,y)Au(x)} dx =
| 7 Ul Py =7 BT ()] dS()
_ /Q (a(x) — b(x)) VP, (x,y) - Vis(x)dx.
Here 0Q, = 02 U dD;, then follows.
/ u(x)BPy(x,y)dx —/ Py(x,y)Au(x)dx =
Q¢ Qe
| 7w, Pu) = 7 Bu(e) T ) S )
[ T By~ 7 B )T ()] dS()
_ /Q (a(x) — b(x)) VP, (x,y) - Vie(x)dx,
and P,(x,y) is parametrix for B(x, dy)
[ ) (8= +Ro(3)) d— [ Pyl y)Aula)dx =
| s By =7 BT ()] )
+ [ T By y) — 7 )T ()] dS()
_ /Q (a(x) — b(x)) VP, (x,y) - Vie(x)dx,

Jo, u(x)6(x—y)dx =0 since y ¢ €2,
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[ R x3)dx = [ Py Au(r)ar =
[ ot B = v B )T )] S
+ [, UL Bry) ¥ BT u(@)] dS ()
- /Q (a(x) = b(x)) VPy(x,y) - Vu(x)dx.

Letting the limit as € — 0 we have

lim [ wu(x)Rp(x,y)dx — lim/ Py (x,y)Au(x)dx =
e—=0.JQ,

e—0.JQ,
lim [ [ytu()T, Py(x,y) — ¥ Po(x,y) T u(x)] dS(x)
e=0J9Q
lim [y+u(x)Tb+Pb(x,y) - Y+Pb(x7y)Ta+u(x)] dS(X)
e—=0.J9D,

—1lim [ (a(x) —b(x)) VPy(x,y) - Vu(x)dx.

In the above equation from the right hand side of the third line since 7, u(x)
is continuous, then it is bounded, say by M, > 0 then

| /aD (OB (x,y)dS:| < M, / 1Py (x,y)|dS;

= lo das,.
27b() Jste 10

using the polar coordinate,

- € looe_ £ d
~ o b() y 08¢ > ¢
M, [e€ g2
- € Joge—S)2
27rb(y)(2 0ge 4) &
M, €2 1
:b(y)%(loge—i)ﬁo as € —0

Therefore,
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lim T, u(x)Py(x,y)dS; = 0.
€=0J9D¢(y)

And for the remaining part of the line of the equation (third line)

lim T Py (x, )7 u(x)dS,,
£-0.JaD4(y) b b( y)Y () X

the co-normal derivative is given by

Tu(x) TPy (x, dSX:/

& — oyt T." Py (x,v)dS /
. [y u(x) =y u(y)] T, Po(x,y)dSs + :

Y u(y) T, Po(x,y)dS:.
De(y)

| /am(y) (77 u) = y7u()] 7,7y x.y)dSx

< max
lx—y|=¢

u(x) —u(y)’ /()D o) ‘Tb’LPb(x?y)‘de — 0 as € =0,

since [yp,(y) Ty Po(x,y)dSy = —1.
Hence,

7+uyT+Pb X,y de:MY/ T, Py (x,y)dSy = —u(y).
Jopoy 7 HOVT P ) =) [ TPy )S. = —uty

Taking into account the density of D(Q) in H*() and mapping properties of
the integral potentials, we obtain that (3.49) hold true for any u € H'(Q).

/ u(x)Rp(x,y)dx — / Py (x,y)Au(x)dx =
Q¢ Q¢
| [Ty Pey) = 7 B T u)] ds()
—uly) = [ (ale) = b)) VR (x,9) - Va(x)ds,
Substituting the Newtonian remainder potential, we get
u(y)+ B [ YUl P )dSet [y Ry T ux)ds(w
- /Q (a(x) —b(x)) VPy(x,y) - Vu(x)dx = /Q Py(x,y)Au(x)dx.

Substituting the single-layer and double layer potential, we have
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u(y) + Byt — VT u— /a 7 Ulbn() VP x,y)dS,

~ [ () b)) VB x9) Vulax = [ Pyl Auo)d
Qe o

u(y)+9?bu—VbTa+u+Wb}/+u—/ (a(x)—b(x))VPb(x,y)-Vu(x)dx:/ Py (x,y)Au(x)dx.

€ QS

Finally, we have, the required formula, the two-operator third Green identity
which is a boundary domain integro-differential equation due to the term Z,u
that contains the derivative of the unknown function u

u+ Zpu+RBpu— VT, u+Wyy u= PAu in Q,
where  Zju(y) = [ (a(x) = b()) VaPy(x.y) - Vulx)d
0

1 2
) i;a,.% [(@a—b)(u)] (¥)-

By using the Gauss Divergence Theorem, we can convert the BDIDE (3.49) to
the BDIE.
By rewriting Z,u in the form that does not involve derivative of u. That is,

Zhu= |52 1] )+ Bt (3.50)
where
Zyu(y) = %Wa'}ﬁ”()’) — Wy u(y)+ %%u(y) — Rpu(y), (3.51)

which allows to call 2}, integral operator inspite of its Integro-Differential
representation.

3.1.10 The Gauss Divergence Theorem

We state the divergence (Gauss-Green) theorem.

Theorem 3.9. Let X : Q — R" be a C!(Q)- vector field, and Q C R" a bounded set
with C! boundary dQ. Then
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/ divXdx = / X - vds.
Q 20

In particular, if u,v € C'(Q ) then an application of the divergence theorem to
the vector field X = (0,0,. .,0), with i component uv gives the integra-
tion by parts formula

Q Ox; 3x,
Let u € C!(Q) and w € C?(Q) and using the poduct rule of derivative

V(uVw) = uAw+Vu-Vw,

then applying the Gauss divergence theorem to the above equation we obtain

0
/—(qu)dx:/ uVwn;dS,,
Q dx; 20

d )
/(qu—i—Vu-Vw)dxz/ uVW-nde:/ u—wnide:/ u—Wde,
Q IQ 20 Ox; 20 dn

this implies that

/qudx:—/ Vu-dex+/ ug—wde.
Q Q 90 dn

Next consider the following let a,b € C*(IR?)
Vi(a—b)uVw] =V(a—b)uVw+ (a—b)Vu-Vw+ (a —b)uAw,

using the Gauss divergence theorem,

d aw ow
/ E {(a b)u8_x,] dx:/(m(a—b)ua—)qnide,

which implies

0 ow Ju ow 0w ow
/[8x,(a b)u9_xl+(a b)a_xza_xl (a—b)u 8x }dx_/ag(a_b)ua_xinidsx'

Putting P,(x,y) = w(x), clearly it is well known that direct substitution of w(x)
by P,(x,y) is impossible as it has singularity at x = y. We can avoid this difficulty
by replacing Q by Q. := Q\D(y,¢) a disc of radius € centered at y.
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J JP, du OP, 9P, B oP,
/-Qa [axl (a—Db)u o, + (a _b)a_XZQ_xl—i_(a_b)u_&xl? } dx = /(ms(a—b) o, —n;dSy,

which imply

al/t an . 82Pb 8 6 an
/Qg(a D)5 = —/Qg(a—b) Er e /Q {a (a—b)u axldx+/98 a=b)us ]de.
/ (a—b)Vu-V,Pydx = —/ (a—b)quPbdx—/ V(a—b)quPbdx—f—/ (a—Db)uVP,-ndS,
QE Qg Qg an

= —ﬁ/Qs(a—b)quPAdx—/QEV(a—b)quPbdx

+ / (a—b)quPb-nde—}—/ (a—Db)uVP,-ndSy,
0 dD¢

=557 . 4= Dusle—yyde— [ V(a—b)u¥.byds

b
+ / (a—Db)uVP,-ndSx+ (a—Db)uVP,-ndS,,
aQ dDg

_ﬁ Jo,(a—b)ud(x—y)dx=0since y ¢ Q.
Thus,

/ (a—b)Vu-ViPydx =— | V(a—b)uV,Pydx
Q;

Q¢
+/ (a—Db)uV,P,-ndS, + (a—D)uV Py - ndSy,
QR

500 b

Next let us evaluate

li _b VP - ndS,,
el—r}%) 8Ds(y)(a )M(X) At
- . = _ +
/305@)(61 b)u(x)ViPy -ndS /az)g(y)(a b) [y u(x) = v u(y)] ViPadS, +/D£ . u(y)V Py - ndS,.

‘ /8Dg(y) (a—b) [y u(x) =y u(y)] ViPa -nde‘

(a— b)(u(x) — uly )/

< max ‘de—>O as £ — 0,

|x—y|=¢
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since [yp, (y) VaPadSx = —1.
Hence,

o= POITeEadS = a=b0) [ VebadSe = ~(a=bu0y). 652

Putting the double layer potential and the Newtonian remainder and equa-
tion (3.52) below, will give us required result.

/ (a—b)Vu-Vbedx:—/ VauV P,dx
Q¢ Q¢
+/ VbquPbdx—i—/ auV P, -ndS,
Q¢ Q

1
— / buV P, - ndSy + —/ (a—b)uVyPy -ndS,,
00 b(y) dD;

Hence, the desired result:

= —@ u —@ x,y)u
a0V = (1520 ) ut) - S A xuy)
a(y)

+ Ry (x,y)u(y) — W(Wa”)@) + Wpu(y).

Zpu = —/ (a—b)Vu-V,Pydx
Q

. (1 - M) u(y) + %%x,wuw — By (ey)u0y) + S Wy uly) = Wyrtuy)

@u = @Wa’}/+u - Wberu_'— @%a(x7y)u _%b(xvy)u'

b(y) b(y)
Note that substituting (3.50)-(3.51) in (3.49) and multiplying by % one re-
duces (3.49) to the one-operator parametrix-based third Green identity obtained
in [CMNO09a],

u+Rou—VyT, u+Woytu= Z,Au in Q.

Relations (3.50)-(3.51) and the mapping properties of &, %4, %), W, and W, im-
ply the following assertion.
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Theorem 3.10. The operators,
1
%, H (Q) > H(Q), s> X
% HY(Q) = HYO(Q,4), s>1
are continuous

Proof. Let u € H°(Q), then using the continuity of the double layer potential
operators W, & W, the Remainder potentials %, & %) and the trace operator

y*, and the space H**!(Q) is continuously embedded in H*(Q) follows that

aly a\y a\y
2oy = (5~ 1) o)+ 53Ry s+ ST Wer* =Wyl
a(y) a(y) a(y)
7_1 ) e~ a 3 s 3 s s
<150 1) oy + 53 Ryl + Byl ) + U g Wl
+ W7l
< Cllly - Coll sl + 198l + Wl + W57l
< Cilll )+ CallBalos )l )+ 1206 ¥l 1) + Gl u||ﬁ sy FCT A, Lo

< Cillull s () + Collull s @) + llull s () + Csllull s @) + Collull s 2

1
:CHMHHJ(Q) for 5> 5.

Therefore,

~ 1
| Zhtlr () < Clluliie) for s> .
Hence, the operator,
1
%, :H(Q)— H(Q) for s> X
is continuous.

If u e H'0(Q;A) is a solution of equation (3.1), then (3.49) gives

u+ 2pu+RBpu— VT, u+Wyy u=2,f in Q.
Taking the Trace of the above equation
Yut vyt Zut vy Bpu—y Vo, ut+ Yy Wyt u=vy"2,f on 9Q,

and applying the jump relation to the above equation gives us:

1
§y+u—|—}/+ff}9u+y+9?bu—%,Ta+u+%}/+u:y+<@bf on dQ.
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Taking the canonical co-normal derivative yields
Tru+ T, Zu+ T, Zpu—T, VT, u+T, Wy u=T,2,f on 9Q,
and applying the jump relation on the above equation, we get

<1 B 2%) T ut T, Zou+ T, Bou =W T, u+ Loy u=T,2,f on Q.

Combining these set of equations, we get

u+ Zou+Zu— VT, u+ Wy u=2,f in Q, (3.53)
%y*u—ky*%,u+y+,%’bu—"//l,Ta+u+%y+u: YY" P,f on 0Q, (3.54)
(1 - %) THu+ T, Zu+ T, Bou— W' Ty u+ Loy u=T, Ppf on Q. (3.55)

Remark 3.1.6 Note that if P, is not only the parametrix but also the fundamental so-
lution of the operator B, then the remainder operator Rj, vanishes in - (and
everywhere in the paper), while the operator 2, does not unless A = B.

For some functions f,¥ and @ let us consider a more general ‘indirect” inte-
gral relation associated with equation (3.53)).

u+ Zu+ Zpu—Vy¥ +W,®@ = Z,f in Q. (3.56)

Lemma3.2. Let f € [,(Q),W € H2(dQ),® € H1(Q) and u € H'(Q), satisfy
equation . Then u € H'"Y(Q;A) and is a solution of PDE

Au=f in Q, (3.57)

and
V(W =T, u) —Wy(® -7y u) =0, yeQ. (3.58)

Proof. In order to prove u € H'%(Q;A) we use the following steps: First we will
show the following relation

2 a\x 2ax ux)oax Zux
A(au)—Zi(u(x)a (')> -y [”(x>aax(.2)“aa;(ci)aaii)“(x)a )

1

~—

2 20(x ulx) dalx 2u(x) & du(x) da(x
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Therefore,

A(x,dy)u(x) = A(au) — Y di(udia).

™~

1

Since, u € H'(Q),du € L,(2) and a(x) € C*(L), and hence the term Y7, 9;(ud;a)
belongs to L,(£2). Next, we need to show that A(au) € L,(Q2). (Here the deriva-
tive is understood in the distribution sense). In (3.53), by multiplying both sides
by b and substituting 2, then simplifying it will give us:

au = @Af—bgu—b%bu+VAT—WA¢ in Q.

Apply the Laplace operator, and since the last two terms of the right hand
sideji.e., V4 and W, (@) are harmonic functions, so we obtain

Aau) = A(Prf) — A(bZyu) — A(bRpu) in Q.

Since u € H'(Q), then from the mapping property of %, we have that Z,u €
H?(Q) and hence bZ,u € H*(Q). By the definition of the space H>(Q) we have
% € L[,(Q), then A(bZpu) € Ly(£2) and it is clear from Theorem [3.10| that
Zouc H'Y(Q:B), then

A(Pyf) = ( / Pp(x y) = /Q AcPp(x, ) f(v)dy

:/QAX [ﬂlog r_quf(y)dyz/Rzrs(x—y)f(y)dy
=8xf=fecly(Q).

where £ is the extension of f from the domain  in to R? by zero. Therefore,

A(au) € L,(2) which implies Au € L,(R),

uc HO(Q;A) = {uc H'(Q): Auc L,(2)}.
So, we can write the third green identity for the function u and subtract-
ing from the identity (3.49),
Vo(¥ =T, u) () = Wp(@ =y u)(y) = Pp(Au—f), y€Q.
Setting ¥* =¥ — T,'u and ®* = @ — y"u and multiplying by b, we get
VaP* — Wy ®* = P4 (Au—f) in Q.

Applying the Laplace operator, A to the above equation and taking into account
the left hand side functions are both harmonic surface potentials while the right
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hand side function is classical Logarithmic Potential, we obtain
A(PA(Au—f))=0

which implies A, ([ Pa(x,y)(Au— f)(y)dy) = 0 as the integral and the differenti-
ation are in different variable, we can commute them.

JoA (ﬁlog %) (Au— f)(y)dy = 0 extending (Au — f)(y) mapped in to the
space R? by zero and using convolution of [ 8(x —y)(Au— f)(y)dy = 0 will give
us (3.57), then the required result (3.58)) follows.

_1
Lemma3.3.i) Let W* € H 2(9Q) and diam(Q) < ro or ¥* € H.,>(9Q).
If Vi, W* =0in 2, then ¥* = 0.
ii) Let & € H2(9Q). f W,d®* = 0in Q, then &* = 0.

Proof. (i.) Letus take the trace of equation V,* =0 on d£2, by the jump relation
we have
Y VP =P =0 on 0Q.

If P c H: (0Q), and diam(Q) < ro , then the result follows from the in-
vertibility of the single layer potential implies ¥* = 0, by Theorem 3.§]
1

On the other hand, if ¥* € H,.2 (), then the result is implied by Theorem
3.6
(ii.) Letus take the trace of equation W, ®@* =0 on d£2, and use the jump relation

to obtain,
1
—Eqb* +#,®*=0 on JQ.
Multiplying this equation by b(y), denoting &* = b®* and we obtain equa-
tion .
—EdAb*—kWAdS*:O on dJQ,
follows that

A 1 5
@*—<§I+7/A> D* =0 on JQ.

This equation has only the trivial solution. It is due to the contraction prop-
erty of the operator 31+ %, ( see, e.g., [SWO01| Theorem 3.1]). Since b(y) # 0,
the result follows.



3.2 Dirichlet Problem 81

3.2 Dirichlet Problem

Let Q be a domain in R? bounded by simple closed infinitely differentiable
curve dQ. Consider the following second order elliptic PDE with scalar vari-
able coefficient in two-dimensional bounded domain Q defined as:

2 u(x
Au(x) = Ziaix, {a(x)aa)(ciq =f(x), x€Q,

where u is an unknown function and f is a given function in Q and assume
a € C*(R?), where 0 < apin < a(x) < apax < o0, Vx € R? and n(x) be the exterior
unit normal vector, which is defined for all x in 0.

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following Dirichlet boundary value
problem.

Find a function u € H'(Q) subject to the Dirichlet boundary condition:

Au=f in Q, (3.59)
Y'u=¢y on 09Q, (3.60)

where ¢y € H2(9Q) and f € L,(Q).

Remark 3.2.1 Differential equation is understood in the distributional sense
and condition (3.60) in the trace sense.

Here the BVP defined - has important applications in engineer-
ing. As an example, it may describe a steady-state temperature distribution in
plane body Q, which is thermally anisotropic and inhomogeneous. Where u(x)
is an unknown temperature, a(x) is a known variable thermo-conductivity co-
efficient, f(x) is a known distributed heat source, ¢y(x) is the known heat on the
boundary.

3.2.1 Two-operator BDIEs for Dirichlet BVP

A way of reducing the Dirichlet BVP -(3.60) to a direct segregated BDIE
system is to substitute the Dirichlet boundary condition -(3.60) in to the
Green'’s third identity and either into its trace or into its co-normal
derivative on dQ. Assuming that the function u satisfies PDE Au = f,

by denoting the unknown conormal derivative as y = T"u € H ~2(9Q) and
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will further will be considered y as formally independent on u. We can re-
duce the BVP (3.59)-(3.60) to two different systems of two-operator Boundary
Domain-Integral Equations for the unknown functionu € H'(Q) and y =T u €

H2(0Q).

Boundary-Domain Integral Equation system D1

To obtain a system, we use equation (3.53) in 2, and equation (3.54) on the
whole boundary 0,

u+ Zpu+RBpu— VT, u+Wyy'u= 2,f in Q.

Putting ytu:= @y, T, u:= y and taking the trace of the above equation. Then,
we arrive at the following two-operator segregated system of BDIE system D1:

u+ Zpu+ Zpu—Vyy =k in Q, (3.61)
Y" Bu+ v Byu— YWy =7"Fo—@y on 0Q. (3.62)

where = gzbf —Wyo

System (3.61)- (3.62) can be rewritten in the form
7'u =7
where

I+ + % -V

gl ._ 2 "N T
= '}’+[«%y+%b] _7/17 ) F= [FOJ’ Fo (PO} ’

91

Remark 3.2.2 : Z! =0 if and only if (f,¢9) =0

F'=0 implies Fo=0 and Y Fop—q@y=0
which implies ¢y = 0. Thus, as a result we get 2, f = 0 multiplying 2 f =0 by b(y),
and applying Laplace operator, we get f = 0. Therefore, the desired result follows.

Boundary-Domain Integral Equation system D2

To obtain another system, we use equation (3.53)) in £, and equation (3.55) on
the whole boundary 9Q
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u+ Zu+RBpu— VT, u+Wyy u= P,f in Q.

Putting 7, u := y and taking the conormal derivative of the above equation.
Then we arrive at the following two-operator segregated system of BDIE system
D2:

u+ Zpu+Zpu—Vyy =F in Q, (3.63)
(1 - %) VAT Bt T Bou— W gy =T Fy on 9Q. (3.64)
System (3.63)-(3.64) can be rewritten in the form
U = F?,
where
2. |1+ 2+ % —V _ 4T
7= [Ta+[%+%b] (1_261_1,)]_7//6117 ’ B [FO7Ta FO] ’

Remark 3.2.3 : .#2 = 0 ifand only if (f, @) =

=0=F=0 and T Fy=0
:>F0:0:>c@bf—Wb(p0:0

and multiplying by b(y) and applying Laplace operator, we get f = 0 which implies
=0
Hence,

F2=0  ifandonlyif  (f,¢) =0

Now consider the original Dirichlet BVP for u € H'(Q) given on (3.59) -(3.60).
We can rewrite the given Dirichlet BVP in a matrix form

APy = FP
where AD::[IL}F} FD::{f}.
v %o

The following assertion is well-known and can be proved e.g. using variational
setting and the Lax-Milgram Lemma (see, e.g.,[Mik17])

Theorem 3.11. The Dzrzchlet problem (”) - (M) is uniquely solvable in H'(Q
The solution is u = (AP)~1(f,@o), where the inverse opemtor (AP Lh(RQ)
Hz(a.Q) H'(Q), to the left hand side operator, AP : H'(Q) — Lr(2) x H2( Q
of the Dirichlet problem - (3.60), is continuous.

)-
),
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In order to prove the invertibility of BDIE operators first let us prove the
following representation Lemma (see, e.g., [Mik05b, Lemma 3] and reference
therein). We adapt here its proof scheme.

Lemma 3.4. For any function F¢, € H'°(Q;A) there exists a unique couple (f., .) =
CoFo, € Lr(Q) x H2(9Q) such that

Fo. = Pyfo—Wyd, in Q (3.65)
and Cp - H'O(Q;4) — L, () x H2(dQ) is a bounded linear operator:

Proof. Suppose first there exist some functions f.(y), @.(y) satisfying (3.65) and
find their expressions in terms of .#¢, (y). Taking into account definitions for the
volume and the double layer potentials, ansatz (3.65)) can be rewritten as :

b)) Fa.(v) = Pafe—Wab®)(y) yeQ (3.66)
Applying the Laplace operator to (3.66) we obtain the
A(bFs,)(y) = 1) (3.67)

Then (3.66) can be rewritten as:

Wa(b®@,)(y)=0(y) y€eQ (3.68)
where Q(y) = P fi —bF g, () yE Q (3.69)

It is easy to check that Q is harmonic functions in 2 as well as (3.67). Then Trace
of (3.68) on the boundary gives

PWab0)0) = 1°00) implies | ~J1+74] (62)) =1 Qy) (70

Since [—4I+ #,] is an isomorphism, (see, e.g., [DL90], chap XI, Part B, sec. 2,
Remark 8) and b(y) # 0 we obtain the following expression of @,

11 -
®.0)= 55|31+ 7) row) veaa 671)
Now we have to prove that f.(y), ®.(y) given by and do satisfy
(3.65). Indeed, the potential Wx (b®;)(y) with ®,(y) given by is harmonic
function, and one can check that Q given by is also harmonic. Since
implies that they coincide on the boundary, the two harmonic functions should
also coincide in the domain, i.e, holds true, which implies (3.65). Thus

we constructed a bounded operator Co : H'V(Q;A) — L,(Q) x H %(89) given

by B:67), B.71) , (3.69)
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Lemma 3.5. For any couple (F,.%,) € H' () x H? (0Q) there exists a unique cou-
ple (fiur, @i) € Lp(L2) X H%(&’Q) such that
ﬁl = ybf** — qu:’* n Q (3.72)
yg = Ta+ (@bf** - Wbé*) on (9_(2, (373)

Moreover, (£, ®.) = Co(F1,.F>) and Co - H (Q) x H~2(9Q) — Lo (2) x H2(9Q)
is a linear continuous operator given by

fur = A(bTY) (3.74)

@, (y) = @

Proof. First let us assume a couple (fix, Pi) € Lo(R2) x H 2 (09) satisfying equa-
tions (3.72) and (3.73) and find their expressions in terms of .#; and .%,. Let
us re-write (3.72)) as:

~1
|:—%I+ WA} Y (b(y)F) y€ IR (3.75)

«@bf** — g] =W, P, in Q (376)
Multiply equation (3.76) by b and applying the Laplace operator to it, we get
A(Ppfus —bF 1) =A(Wa(bD,)) =0, in Q (3.77)

Which means
fix=A(bF) in Q (3.78)

and b.7| — Ppf.. € HO(Q,A) and hence 7| — P, f.. € H'°(Q,A). Hence, the
canonical co-normal derivative T," (%] — 2 f..) is well-defined.
Now (3.76) can be written in the form

Q0 =Wy (b®,), (3.79)

where Q = P4 fur — b.F1.
Taking the trace of (3.79) and equations (3.70) and (3.71) follows that

~1
¢*<y>=$[—§z+%] Y (Paf.—Wab®)() yedQ
Thus,
-1
¢*<y>=$[—§z+%] )7 e o (3.80)

The relation (3.78) and (3.80) can be written as ( fis, @) = Co(F1,.%2), where

Co: H'(Q)x H(Q) — L(Q) x H 2 (9RQ)
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is linear and continuous operator. And also relation (3.78) and (3.80) satisfy
(3.72) and (3.73).

To prove the uniqueness of the operator Co, let a couple (fix, Pi) € Lo(£2) X
H?(dQ) be a solution of linear system 1) and lb with # =0and %, =0.
Then (3.78) implies f.. = 0 in Q and taking equation (3.72) due to Lemma
(i) @, = 0.

Hence, any solution of non-homogeneous linear system (3.72) and (3.73) has
only one solution, which implies Cg is unique.

3.2.2 Equivalence and Invertibility

In the following theorem we will check the equivalence of the newly obtained
BDIE systems (D1) and (D2) with the original Dirichlet BVP (3.59)-(3.60).

Theorem 3.12. Let f € L, (Q) and ¢y € H: (0Q)

i. If some u € H'(Q) solves the Dirichlet BVP - in Q, then the pair
(u, W) where

y=T'uc H 1(dQ) (3.81)

solves BDIEs (D1) and (D2).

ii. Ifa pair (u, ) € H'(2) x H? (0Q) solves BDIE system (D1) and diam(£2) < r,
then u solves BDIEs (D2) and the BVP (3.59)-(3.60), this solution is unique, and
v satisfies (3.81).

iii. If a pair (u,y) € H'(Q) x H_%(&Q) solves BDIE system (D2), then u solves
BDIEs (D1) and the BVP (3.59)-(3.60), this solution is unique,and y satisfies
3.81).

Proof. Letu € H' (L) be a solution of the BVP (3.59)-(3.60). Then since f € L, (),
we have that u € H''%(Q;A). Setting y and recalling how the BDIE systems (D1)
and (D2) were constructed, we obtain that (u, y) solves them.

Let now a pair (u,y) € H'(Q) x H’%@Q) solves system (D1) or (D2). Due
to the first equations in the BDIE systems, the hypotheses of Lemma are
satisfied implying that u belongs to H'*(2;A) and solves PDE in Q, while
the following equation also holds,

V(W =T, u)(y) —Wp(o— Y u)(y) =0 y€e Q.

(ii) Let (u,w) € H'(Q) x H_%(&Q) solve system (D1). Taking the trace of the
first equation in (D1) and subtracting the second equation from it, we get yTu =



3.2 Dirichlet Problem 87

¢o on dR2. Thus, the Dirichlet boundary condition is satisfied, and using it in
(3.58), we have V,(y — T u)(y) =0 for y € Q. Lemma[3.3|then implies y = T, u

(iii) Let now (u,w) € H'(Q) x H = (d€2) solve system (D2). Taking the conor-
mal derivative of the first equation in (D2) and subtracting the second equa-
tion from it, we get y = T,"u on Q. Then inserting this in (3.58) gives W,(¢y —
Y u)(y) =0 y € Q and Lemma[3.3)implies ¢y = y"u on 0Q.

The uniqueness of the BDIE system solutions follows form the fact that the
corresponding homogeneous BDIE systems can be associated with the homoge-
neous Dirichlet problem, which has only the trivial solution. Then paragraphs
(ii) and (iii) above imply that the homogeneous BDIE systems also have only
the trivial solutions.

To prove the invertibility of BDIE operators we need the representation
Lemma (see, e.g., [AM11} Theorem B.2 and Lemma B.3] and reference therein)

Theorem 3.13. If diam(Q) < ry, then the following operators are invertible,

2" HY(Q,A) x H2(9Q) — H'O(Q,A) x H2(dQ). (3.82)
P HYO(Q,A) x H2(9Q) — H'O(Q,A) x H 2(9Q). (3.83)
Proof. To prove the invertibility of operator (3.82). Consider the BDIE system

D1 with an arbitrary right hand side #2! = (ZP!, ZP!) ¢ H'9(Q,A) x H2(9R)
such that

FPV =2 f, —W,d, in Q (3.84)

FPV =yt 7Pl _®, on 9Q (3.85)

First assume (fi,Ps) € Lr(2) x H %(89) satisfying equations 1) and 1i
(3.84)

and find their expressions in terms of #P! and #P!. Let us re-write

as:
FP' 2 f. =-W,d, in Q (3.86)

Multiply equation (3.86) by b and applying the Laplace operator to it, we get
ABTFPN - Pyf) =-AWa(bD,)) in Q

Which means
fi=ABFPY) i Q (3.87)

and b.#P! — 2, . € H''(Q,A) and hence FP! — 2, f. € H''(Q,A).
Taking the trace of the first equation of BDIE system D1 (3.61), we obtain

vr Bu+ vy Bpu— Yy =y  FPl —d, on 9Q.
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That is, 9‘213 I — y*ﬁlD I — &, which implies
@, =y 7P — Pt (3.88)
Relation (3.87) and (3.88) can be written as (f., ®.) = Co(-#P!, ZP1), where

Co: H'(Q)x HI(Q) — Lr(Q) x H2(9Q)

is linear and continuous operator. And also relation (3.87) and (3.88) satisfy
(3.84) and (3.85).

To prove the uniqueness of the operator Co, let a couple (fi, P.) € Lo(2) X
H?2(9Q) be a solution of linear system and with ZP! =0and P! =
0. Then implies f, = 0in Q and y"Z#P! — &, = 0 which implies &, = 0.

Hence, any solution of non-homogeneous linear system (3.84) and (3.85) has
only one solution, which implies Co is unique.

If u € H'0(Q,A), then the third Green’s identity implies 2'u = (Z,Au, }/+u)T ,
i.e., the operator 2! is continuous. On the other hand, if (#P!, ZP!) € H'0(Q,A) x
H2(0Q), then FPl = 2, f, — W,®, due to Lemma fi = Co1.FP! where
Co1: H'0(Q;A) — [,(Q) is a linear and bounded operator. Then the equivalence

theorem, Theorem and invertibility of the BVP operator given by Theorem
imply that 2'u = .#P! has a unique solution

u=(AP) ™" (fi, FPYT = (AP) " diag(Co1,1) 7",

Here, (A )_1 :L,(Q) x H2(9Q) — H'(Q;A) is a bounded inverse of the op-
erator AP of the Dirichlet BVP. Thus, (A )_1 diag(Ce1,1) is a bounded inverse of
2'. Which shows 2! is invertible.

To prove the invertibility of operator (3.83), consider the BDIE system D2 with
arbitrary right hand side, i.e,

U+ Zu+ Ry — Vyy = FP? in Q, (3.89)
(1 - %) VAT Zut T B — W' = FP2 on Q. (3.90)

where FP2 = (FP2 FP2) c H'(Q) x H2(dQ) for (u,y) € H'(Q) x H 2(3Q)
Let us introduce a new variable

W =y — (FP_THFPY) e H 2 (0Q), (3.91)
then y =¥+ (FP? — T,” #P') and putting this value in to equation (3.89) yields

u+ Zyu+ Bpu—Vy (P + (FP2 T FPY)) = FP?
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which implies
u—+ 2u+Zpu— VW = G\D2+V (‘G\D2 T;rfflm) in Q

Let 712 = FP2 +V,, (FP> — T, #P'); then putting this value above equation,
we obtain,
u+ Zou+ Rpu — Vb‘I” FP2 in Q,

Similarly, substituting equation (3.91) in (3.90)

(1=55) (' + (FP =T FP) + T Lot T o= o (' + (P92 =T, 7)) = 792

(1-5; )9+ T+%,M+Ta+.%>bufw’abqf’:%’)2*(1*%>(sz T FPY) =Wy (FP2 - T, FPY)

2b

+ D1 g‘DZ + D1 / a\DZ + D1
=T, 7| +[2b( ~T I+ W o (F3 TJ)}

= TaJr'gth1 TaJer (QZDZ - TaJr‘ngl)
=T, [FP + v, (FP* -1 FPY) | =1, 712

Then the system in the new variable becomes
u+ 2u+Zpu— VW' = ”fm in Q,

(1=5;) ¥+ T Bt T Bpu =W =T L2 on 902,

identical with the given BDIE system D2, where

FP2 =2, f, —W,d, in Q (3.92)
FP2 =T FP? on 9Q (3.93)

Indeed, let us re-write (3.92)) as:
FP2 P f.=-W,d, in Q (3.94)
Multiply equation by b and applying the Laplace operator to it, we get
A BT~ Puf) =-AWp(bD,)) =0, in Q

Which means
fi=ADBFEY) i Q (3.95)

and b.7P? — P, f. € H'0(Q,A) and hence 22 — 2, f. € H'*(Q,A). Hence, the
canonical co-normal derivative 7," (1% — 2, f.) is well-defined.
Now (3.94) can be written in the form

Q= —Wa(bd,), (3.96)
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where Q = bﬁ’lDf — Pp [
Taking the co-normal derivative of (3.96)

T,,Q=-T,” (Ws(b®,)), that implies T,Q= -2, (bP,)

1
Where the pseudo-differential operator £, : H2.(dQ) — H -3 (dQ) is invertible
(see, e.g., [ADM17, Theorem 2]). Then b®, = (£, )~ (—T,"Q) which implies

= (2D (1)
_ é(g})l (~T, [pFP2 - 2A(A(BFP)))

_ _%(g;)—l (T T D2 — Za(ABF )

= (L) (IR T s A FRY)
Thus,
@, ———($+ YT T2 — T, 2a(AbF )} (3.97)

The relation (3.95) and (3.97) can be written as
(fe, @) = C(p(ﬁlm, fDZ) Where

Co: H'(Q)x HI(9Q) — Ly (Q) x H 2(9Q)
is linear and continuous operator. And also relation (3.95) and (3.97) satisfy

(3.89) and (3.90).

To prove the uniqueness of the operator Cg, let a couple (fi, @) € Ly(Q) x
H?(9Q) be a solution of linear system and with P2 =0and 1% =
0. Then implies f, = 0in © and taking equation due to Lemma
(ii) @, = 0.

Hence, any solution of non-homogeneous linear system (3.89) and (3.90) has
only one solution, which implies Cg is unique.

If u € H'0(Q,A), then the third Green’s identity implies Z%u = (PyAu, T, u)"
i.e., the operator %? is continuous. On the other hand, if (#P2, #P2) € H! O(Q A) X

H2(9Q), then FP2 = 2, f. — W,®. due to Lemma f* = Cp1.7P? where
Co1: H'0(Q;A) — L,(Q) is a linear and bounded operator. Then the equivalence

theorem, Theorem and invertibility of the BVP operator given by Theorem
imply that 2%u = .72 has a unique solution

u=(A")" (£, 77" = (aP) " diag(Con, 1) 7",
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Here, (A )71 L L(Q) x H2(9Q) — H'(Q:A) is a bounded inverse of the
operator AP of the Dirichlet BVP. Thus, (A”) a iag(Ce1,I) is a bounded inverse
of 2.

3.3 Neumann BVP

Let 2 be a domain in R? bounded by simple closed infinitely differentiable
curve dQ. Consider the following second order elliptic PDE with scalar vari-
able coefficient in two-dimensional bounded domain Q defined as:

2 u(x
Au(x) = ;aixz {a(x)aaii)l = f(x), xe€Q,

where u is an unknown function and f is a given function in Q and assume
a € C*(R?), where 0 < apin < a(x) < dmax < 0, Vx € R? and n(x) be the exterior
unit normal vector, which is defined for all x in Q.

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following Neumann boundary value
problem.

Find a function u € H'(Q) subject to the Neumann boundary condition:

Au=f in Q (3.98)
T u=yy on 00 (3.99)

where yp € H_%(&Q) and f € L,(Q).

Remark 3.3.1 The differential equation is understood in the distributional sense
and condition is understood in the functional sense.

Here the BVP defined - has important applications in engineer-
ing. As an example, it may describe a steady-state temperature distribution in
plane body Q, which is thermally anisotropic and inhomogeneous. Where u(x)
is an unknown temperature, a(x) is a known variable thermo-conductivity co-
efficient, f(x) is a known distributed heat source, 7, is a surface flux operator

where T, u(x) = a(x)gZ—gg, n(x) is the external normal vector to dQ, ypy(x) is

known heat flux on the boundary.
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A function ug(x) = 1 for x € Q solves the corresponding homogeneous prob-
lem for the BVP (3.98)) - (3.99) which gives as follows

Au=0 in @ (3.100)
T u=0 on 0Q. (3.101)

Applying the Green’s second formula, we obtain solvability condition

(L,fa = (Y. 1)aa (3.102)

for the non-homogeneous Neumann BVP.

Here we follow the same procedure as it is done in (JADM17]). Since there
exists a non trivial solution of the homogeneous Neumann BVP if u is a solution
of the Neumann BVP, then u+¢, Vc e R is also solution. Hence the applica-
tion of LaxMilgram theorem needs a great attention; it depends on the quotient
space, H!(Q)/R, where

H'(Q)/R={u+c:uc H(Q),c € R}.
H'(Q)/R is a Banach space with norm
1]l 1) r = Clgﬂg lu+cllgq)-

The infimum on the right-hand side is in fact attained by direct differentiation
with respect to ¢ of the function ||u + c|| (of one variable c), we find out that

c:—/ udx.
Q0

Thus, the norm of the equivalence class of u coincides with the norm in H'(Q)
of the representative with a zero mean value,

1wz @)r = lullgi@) where wué€lu], udx = 0.
Q

Note that the quotient space is taken from the Hilbert space H' (L), one can
verify that, H!(Q)/R is also a Hilbert space. Define the bilinear form on the
quotient space as

Eq([u],[v]) = /Qa(x)Vu-Vvdx, u € [u],velv.

Remark 3.3.2 &, is bounded and elliptic on the given qoutient space.
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Since the right-hand side is independent of the representative u & v, the bilin-
ear form is well-defined. It is also continuous. Indeed, if a(x) € L.(Q2), then &,
is well-defined.

Eullul 0] = | | aC)Vie-rar| < | Ja(@)|Vul[Vvlds

< Cllullgr o) Vlla (@)
< inf inf
< nf [l 1 (@) /m e VIl 2)/r

which implies &, is bounded.

From the Cauchy-Schwarz inequality

[t < ([ o) ([ as)

which implies |/ udx\zg/ u*dx|Q| || = meas(Q)
Q Q
consequently,

2 2 2 2 2
/Qw a’x+\/gua’x| g/g\vm dx—i—\Q\/Qu dx < max{1,12 1} |ul 0

for every u € H'(Q). Since Q is smooth and bounded, it follows form the
Sobolev Embedding Theorems that the inverse inequality (sometimes called the
second Poincaré inequality) holds, (see e.g., [HCWO08]|, inequality 4.1.40), i.e.,
there is a positive number C > 0 such that

Hu”%[l(g) <C [/Q\Vulzdx—lﬂ/gudxﬂ

forevery u € H 1 (). Thus, from this inequality, the bi-linear form, &, s elliptic
on the representative quotient space, i.e.,

Ea([u], [u]) :/Qa(x)Vu-Vudxzfg|a(x)||Vu|2dx

:/ |Vu|2dx+|/ udx|*, provided that /udX:O
Q Q Q

1 2 1 2
> gy = 2l oy

which shows & is elliptic on the representative quotient space.
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Define a linear functional _# on the quotient space H!(2)/R as

(7)) = (fiv)a — (W0, Y V)ae

where v € [v] and 7" is the trace operator. One can see that, it is well-defined
and bounded. i.e., it is independent of the particular representative, v € [v]. The
right hand side vanishes for v = constant. This is equivalent to the solvability
condition (3.102). With this condition satisfied, functional ¢ is well-defined.
Then, we have the estimates.

[(fval < flln@)lvlia @) and

)
(W0, 7" v)aal < H%HH?%(&Q)HY Yt oa)

and from the continuity of yt, we have

<Clvllae for some constant C

17V, 0

Therefore,

(700 < (1o 11, ) M

which upon taking the infimum with respect to v € [v] on the right-hand side,
implies that

(700 < (1o + 1, ) Il

Hence, all assumptions of the LaxMilgram Theorem are satisfied, and there-
fore, there exists a unique solution in the quotient space H'(2)/R to the Neu-
mann BVP.

Theorem 3.14. Given yy € H = (0) and f € Ly(Q) satisfying the solvability condi-
tion (3.102), the variational form of the BVP (3.98) - (3.99)

Ea([u), ) = =(f V) a+ (V0.7 V)oa, W e H(Q)

where u € [u), has a unique solution in H' (Q)/R.

Remark 3.3.3 The Neumann homogeneous problem, (3.100) - (3.101), admits only
one linearly independent solution u® = 1 in H'(Q). Then non-homogeneous Neumann
problem - is solvable if and only if the following solvability condition is
satisfied

(f) ”O>Q - <1l/0,}’+u0>3_(2 =0.
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3.3.1 Invertibility of the Hypersingular operator in 2D

The conormal derivative of the double layer potential W,v for v € H : (0€) de-
fines a bounded operator

L H(9Q) = H 2 (9Q).

Inserting u’(y) = 1 in Q in to the conormal derivative of the Green’s third
identity for the case b = 1 we obtain .%, " u’ = 0 on Q. Which shows the ker-
nel of .Z;" consists a non-zero function. Hence, we can not ensure the elipticity

of the Hypersingular Boundary Integral Operator .%, in H 1(9Q). Instead we
have to consider a suitable subspace to obtain a subspace where .Z," is elliptic
implying that its invertiblity(see e.g., [Ste07]).

HE(99) = {g € HE(9Q) : (g.weg) 300 = 0)

where w,, € H -3 (dQ) is the natural density as defined in ([Ste07], Equation
6.36).

Theorem 3.15. The hypersingular Boundary Integral Operator £, in H %(8!2) is
1
H?(0Q)- elliptic. i.e.,

1
(Zivvaa 2 CViZy o veH!(99),

1
Proof. Let v € H? (dR2),a(x) = 1, consider the double layer potential u(x) =
—Wuv(x), for x € Q U Q€ which is a solution of the interior Dirichlet BVP

Au=0 in Q
1
}/+u:§v—%v on dQ

and applying the first Green identity, we have
/ Vu-Vwdx = (T, u,y )0, YweH(Q).
Q
For yg € Q, let Bg(yo) be a disc of radius R > 2diam(Q) which circumscribes €2,

i.e.,, Q C Br(yo). Then u(x) = —Wuv(x) is also a unique solution to the Dirichlet
BVP
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Au=0 in G:BR(y())\.Q
Y u= —%V—WAV on dJdQ
Y u=—Wyv(x) on dBg(yo)

and the corresponding Green’s first formula

/ Vu-Vwdx = —(T, u,y w)go + (T, u, '}’+W>BBR(yO)7 Ywe H'(Q).
G

For x ¢ dQ, we have by definition
1 —Xx,n
u(x) / <y—y>v(y)dSy.

" 2wJao x—HP
In particular, for x € dBg(yo), we then obtain the estimates
lu(x)| <Ci(WR™! and  |Vu(x)| < C(v)R™2.

By choosing w = u = —W,v and taking the limit R — o we finally obtain Green’s
first formula with respect to the exterior domain,

| IVuPdx = (T wy ).

By taking the sum of both Green’s formulae with respect to the interior and to
the exterior domain, and considering the jump relations of the boundary inte-
gral operators involved, we obtain for the bilinear form of the hypersingular
boundary integral operator

<°%A+V: V)a.Q = <Ta+u7’y+u_ ’yiu>8.Q = <Ta+u7’y+u>3.(2 - <Ta7u7’y7u>3.(27
— 2 2 _ 2 2
_/Q|Vu| dx—i—/QC|Vu| dx = |u’Hl(Q)+|u|Hl(Qc)‘

For the exterior domain Q¢ we find from the far field behavior of the double
layer potential u = —W,v as |x| — oo the norm equivalent

Ci HMH?{l(_Qc) < ’”‘%Il(gc) < C2||u”12ql(_(2c)'

1
Forve H? (dQ) , for we, € H -2 (dQ) by using the symmetry relation (see e.g.,
[Ste07, Corollary 6.19, Equation 6.26]), we obtain
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(Fuwaa)an = (1= 74) vohaa = Ormeshan—

1 1
- _<(§I+WA) Vi Weq)oa = —<<§I+7/A) vV )0

1

EI + WA) Vv, Weq>8!2

1 1
=—(v~! <§1+ WA) v,1)90 = —<(§I+W/A) Vln g
1
=—(v7ly, (§1+ %) oo =0

1
and hence y"'u € H? (0Q).
By using the norm equivalent theorem (see [Ste07, Theorem 2.6])

2 R + 2 2
Py o = {0 wwealba+ il }

1 1
to be an equivalent norm in H'(Q). For v € H? (0Q), we have y"u € H? (dQ)
and therefore,

2 2 2
Ul @) = (Y . wegdan] ™+ llullz, o —HullHl >C||uHH1

By using the trace theorem and the jump relation of the double layer potential
we obtain

(Zi v o = C{lull o) + 1l g b = € {\W W2 g HI7 I, (m)}
1. ) 5 1
5 =3 HZ (00
ZCHY ‘e u”H%(ag) ZHVHH%(aQ) W EH(002)

1
and therefore .2, is H? (0Q)- elliptic.

To prove the ellipticity of the hypersingular boundary integral operator £,
on a more wider space, we have to restrict the functions to a suitable subspace,
i.e. orthogonal to the constants. When considering the orthogonality with re-
spect to different inner products this gives the ellipticity of the hypersingular
boundary integral operator .£," with respect to different subspaces. As in the
norm equivalence theorem of Sobolev (see [Ste07, Theorem 2.6]) we define

M2y o = mehoal £

HZ(0Q (922)

to be an equivalent norm in H 2 (0Q).
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1
Corollary 3.3.1 The hypersingular boundary integral operator £, is H? (dQ2)- semi-
elliptic. i.e.,

2 1
(ZLfvyoa > |V|H%(ag)’ Vv e H2(Q).
1
We have seen, the H?(dQ2)- ellipticity and H %(8[2) semi-ellipticity of £,
which is from a practical point of view, this seems not to be very convenient for

a computational realization. Hence we may use a subspace which is induced by
a much simpler inner product.

In order to have invertibility for the hypersingular operator, we define the
following subspace of the space H : (0Q)

HL(0Q) = {g € H}(9Q): (g,1) = 0}. (3.103)

1
From the Corollary 3.3.1, we then have for v € HZ.(dQ)

. 5 B 5 2 2
\Lavvioe ZCM 40 = C{’v’Hé(&Q) v 1oal } =t oy

ie.,
1
) 1
(ZLivv)gn > CHvHH%(aQ), Vv EHZ(0RQ). (3.104)

1
Hence, %, is H2 (0Q)-elliptic.

Using equations (3.15) and (3.21), let us introduce the operator

L= [ég;g + ? (—%I—l— %)1 g=%(bg) on Q. (3.105)
a n

Theorem 3.16. Let Q2 be an infinitely smooth boundary curve.
(i.) The pseudo-differential operator

— 1

Loy HL(IQ) - H 2(dQ) on 9Q (3.106)
is invertible.
(ii.) The operator
b > 1 1
;gag—,%b:m(ag) — H2(0Q) (3.107)

is bounded and the operator
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ggag — Ly H(0Q) — H 2(9Q) (3.108)

is compact.

Proof. i. LetgeH 2 (d8), using the jump relation, we can write from (3.105)that

~ ob
Ly (bg) = Lup = —-ZQJIS - %7 Wpg

From Theorem (3.2, the operator (3.106) is bounded and from the H** (8.(2)
elhpt1c1ty of .,%b, applying the LaxMilgram Lemma, we can conclude Lo

is Hf* (dQ)-invertible.
ii. From the continuity of the operator %}, follows that

1758ll 13 50y = C1lEl 41 50

holds true for some constant C;. And since H? (d€) is continuously embed-
ded in H2(9Q)

lell 1 <Gl s

HI(9Q) = H3 (99)

holds for any g € H 2 (dQ) and some constant C,.
Using the relation

ab 1

(.,Sﬂab .Zab)g——%(—iH—%)g on JQ

the following inequalities hold

b . — ob, 1
hd _ < il | I
(20~ Zo ) ol 1) < x| 501 = 32+ Hisl

._c{4mul oy il 1o b

< {318l 300+ P81, 0

< {51601 0y + Gl g |

Clel 3 e

Hence, the operator (3.107) is bounded.

/\

IN
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The embeding H 2 (dQ)CH -1 (dQ) is compact. Using the Rellich compact
embedding theorem, the operator (3.108) is compact.

Corollary 3.3.2 The operator
L5 HY(0Q) — H 2 (9R)
is Fredholm operator of index zero.

Proof. The operator (3.106) is invertible which is a Fredholm operator of index
zero, observe that

b b — —
a"g"ﬂa—}; = (aga—il; _"%b> +"%b

thus the sum of compact operator g.,iﬂa*b — %y, and a Fredholm operator L.
Hence, 2. is Fredholm operator of index zero. Which implies .} is Fredholm
operator of index zero.

3.3.2 Two-operator BDIEs for Neumann BVP

We will explore different possibilities of reducing the variable-coefficient Neu-
mann BVP (3.98) -(3.99) to a segregated boundary-domain integral equation sys-

tem. Let us denote the unknown trace as ¢ =y 'u € H 2 (dQ) and will further
consider ¢ as formally independent on u. Assuming that the function u satisfies
PDE Au = f, by substituting the Neumann condition into the third Green iden-
tity and either into its trace or into its co-normal derivative
on 02, we can reduce the BVP (3.98)-(3.99) to two different systems of Bound-
ary Domain-Integral Equations for the unknown function u € H'%(Q;A) and

p=yucH 2 (0Q) as formally segregated of u.

Boundary-Domain Integral Equation system N1

To obtain a system, we use equation (3.53) in 2, and equation (3.55) on the
whole boundary dQ

u+ Zou+RBpu— VT, u+Wyy u= 2, f in Q.

Putting 7, u := yp and y*u := @ taking the above equation, its conormal deriva-
tive and then using the jump relation Theorem [3.4, we will arrive at the follow-
ing two-operator segregated system of BDIE system N1:
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u+ Zpu+Zpu+Wyp =Gy in Q, (3.109)
T," Gou+T, Bou+ Lo =T, Go—ypy on 0JQ. (3.110)
where
Go = Pyf + VoW, (3.111)
System (8.109)-(3.110) can be rewritten in the form
NUu =9,

where % = (u,¢) € H'0(Q;A) x H%(&Q) and

I+ %+ % Wb} gl:{ Go }

A=
L%+ %) £, T,"Go — wo

(3.112)

From the mapping properties of V, and &, in (see, e.g., [DM15, Theorem 1
and Theorem 3]) respectively and applying the relation (3.18)- (3.20) we get the
inclussion Gy € H'"*(2,A), and the definition of co-normal derivative implies

T+Goe H 2(9Q).

Therefore, 4! € H'(Q) x H -3 (dQ). Due to the mapping properties of the op-
erators involved in .#'!, the operator A1 : H0(Q,A) x H2(9Q) — H'(Q) x
H? (0Q) is bounded.

Remark 3.3.4 : Let yp € H*%@Q). Then 4! = 0 if and only if (f,wy) = 0. Indeed,
the latter equality evidently implies the former. Inversely, if 4' = 0, then Go = 0 and
T,"Go = 0 which implies yy = 0. Then, Gy = 0 implies Pyf + Vpyy = 0 which is
Ppf =0in Q. Multiplying by b, and applying Laplace operator, we get f = 0.

Boundary-Domain Integral Equation system N2

To obtain another system, we use equation (3.53)) in £, and equation (3.54) on
the whole boundary 0,

u+ 2u+RBou— VT, u+Wyy u= 2, f in Q.

Putting T,"u := yp and y*u := @ taking the above equation, its trace and then
using the jump relation, i.e., Theorem we will arrive at the following two-
operator segregated system of BDIE system N2:
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u+ Zpu+Zpu+Wyp =Gy in Q, (3.113)
v Lu+ vy Bpu+ %(p +#,0 =7 Gy on 0. (3.114)

where G is given by the relation (3.111) System (3.113)-(3.114) can be rewritten

in the form

N2Y =G,
I+2,+%, W, ) Gy
h 2.= = ) 11
where A Y%, + %) %H—%}’ ¥+ Go (3.115)

By the trace theorem "Gy € H%(a.Q). Therefore, 4% ¢ H'(Q) x H%(&Q).
Due to the mapping properties of the operators involved in .42, the operator
N2 HY(Q,A) x H2(9Q) — H'(Q) x H2(9Q) is bounded.

1
Remark 3.3.5 : Let yp € H™ 2 (0Q) and diam(Q) < ro, or Wy € Hy,* (0Q). Then 4% =
0 if and only if (f,wo) = 0. Indeed, the latter equality evidently implies the former.
Inversely, if 2 =0, then Go =0 and y*Gy. Then, Gg =0 implies 2, f +Viyyy =0 in
Q. Multiplying by b, taking into consideration that bV, =V is harmonic and applying
Laplace operator, we get f = 0. And hence, V¥ = 0 in Q. Then by Lemma (i)
Yo =00n0dQ.

In the following theorem we shall see the equivalence of the original Neu-
mann BVP (3.98)-(3.99) with the BDIE systems N1 and N2.

3.3.3 Equivalence and invertibility

In the following theorems we shall see the equivalence and invertibility of the
original Neumann BVP to the two-operator BDIEs. Let us first prove the Equiv-
alence Theorem.

Theorem 3.17. Let f € Lr(2) and yy € H -3 (0Q) satisfy the solvability condition(3.102
i. If some u € H'(Q) solves the Neumann BVP - in Q then the pair
(u, @) where
o=rytucH(9Q) (3.116)
solves BDIEs (N1) and (NZ).l
ii. If a pair (u,@) € H'(Q) x H2(9Q) solves BDIE system (N1), then the function u
solves BDIEs (N2), BVP - and the relation (3.116) holds.
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iii. If a pair (u, @) € H'(Q) x H> (0Q) solves BDIE system (N2) and diam(£2) < ry,

then the function u solves BDIEs (N1), BVP - and the relation (3.116
holds.

iv. The homogeneous BDIE systems (N1) and (N2) have linearly independent so-

lutions spanned by %° = (u°, )T = (1,1)T in H'(Q) x H2(dQ). Condition
3.102) is necessary and sufficient for solvability of the nonhomogeneous BDIE
system (N1) and, if diam() < ry, also of the system (N2), in H'(Q) x H? (0Q).

Proof.  i. Let u € H'(Q) be a solution of the Neumann BVP (3.98)-(3.99), then

ii.

1ii.

iv.

since f € L,(Q), we have that u € H'%(Q;A). Setting ¢ = y"u and recall-
ing how the BDIE systems (N1) and (N2) were constructed, we obtain that
(u, ) solves them.

Let now a couple (u,9) € H'(Q) x H %(8.(2) solves the BDIE systems (N1)
or (N2). Due to the first equations in the BDIE systems, the hypotheses of

Lemma [3.2 are satisfied implying that u belongs to H'*(2;A) and solves
PDE (3.98) in £, while the following equation also holds,

Vo(Wo— T, u)(y) = Wp(@ =7 u)(y) =0 ye. (3.117)

Let now (u,9) € H'(Q) x H 2 (0€2) solve system (N1). Taking the conormal
derivative of the first equation in (N1) and subtracting the second equation
from it, we get yp = T,"u on Q. Thus the Neumann condition is satisfied,
and using it in gives W,(@ —yTu)(y) =0 for y € Q and Lemma
implies ¢ = y"u on dQ.

Let (u,9) € H(Q) xH %(8!2) solve system (N2). Taking the trace of the
first equation in (N2) and subtracting the second equation from it, we get
Y u = @ on dQ. Then inserting it in gives V,(yo — T u)(y) = 0 for
y € 2. Lemma 3.3|then implies yy = T," u. Hence the Neumann condition is
satisfied.

Remark (the solvability condition) along with (i.) - (iii.) implies the
claim of item (iv.).

Note that Theorem (iv.) implies that the operators

N HY Q) x H2(0Q) — HY(Q) x H1(9R), (3.118)
N2 HY(Q)x H2(9Q) — H' (Q) x H2(9Q) (3.119)

are not injective since their kernels contain non-zero functions.
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The kernels (null-spaces) of these operator are spanned by the element (1’ ¢°)7 =
(1,1)T and thus the kernels of the operators is one-dimensional.

The claims that ker .#"! is one dimensional and the couple (1, ¢*)T = (1,1)"
belongs to ker .#'! directly follow from Theorem iii). The proof for operator
3.119) is similar. To describe in more details the ranges of operators and
3.119), i.e., to give more information about the co-kernels of these operators,
we will need several auxiliary assertions(see, e.g., [ADM17], [Mik17]).

First of all, let us remark that for any v € HS’%((?Q),S < 3 the single layer
potential can be defined as

Vpv(y) = =(¥Po (), Va0 = —(Po(3), Y V)ge = —PpYv(y) y€R*\9Q (3.120)

where for some scalar function g,
Pog) = [, Polx.y)g(w)dx.

and y* : Hs_% 0Q) — H:2 5 < 3 is the operator adjoined to the trace operator
90 2 p ) P

y: H2(R?) — H>~5(9Q) and
Hyo={v e H (R?) : supp(v) C 0Q}.

Lemma 3.6. Let f € H~2(Q), for s > J where § < s < 3 we assume either diam(Q) <

ro or <f71>.Q :()If
raPpf =0, (3.121)

then f =0 in R,

Proof. Multiplying (3.121) by b(y), taking into account the relation P, = ;P, and
applying the Laplace operator, we obtain rq f = 0, which means f € H 3;22 If s >
%, then f = 0by [Mik11, theorem 2.10] which is the characterization of the space
H), = {0} fort > —1.1f § < 5 < 3, then by the same theorem, there exists v €

HS_%(&Q) such that f = y*v. This gives P, f = P,y*v = —V,v in R?. Then (3.121)
reduces to Vv = 0 in Q which implies v=0o0n dQ. (see, e.g., for s = 1, which can

_1
be generalized to 1 < s < 3) for diam(2) < ro or v € H,,> (dQ) and thus, f =0 in
RZ.
Theorem 3.18. Let % <s< %

i.  The operator
roPy: B°72(Q) — H(Q) (3.122)

is continuous.
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ii.  Ifdiam(2) < ry, the inverse of operator
(roPy) ' H(Q) — B 2(Q)
is continuous and
(raPy) ' g = [AE(I—roVa 3 'y ) =77, 'y (be) (3.123)
inR? Vg € H(Q).

Proof. The continuity of (3.122) is well known from the mapping properties of

operators, (cf. [CMNQ09a, Theorem 3.8]). By Lemma operator (3.122) is in-
jective. Let us prove its surjectivity. To this end, for arbitrary g € H*(Q), let us
consider the following equation with respect to H°2(Q),

roPAf=g in Q. (3.124)
Let g1 € H*(R2) be the (unique) solution of the following Dirichlet problem:

Agi =0 in Q,
Y'gi=v7"¢ on 9Q
which can be particularly presented as g; = Vx "//A_ly+g, (see, e.g., [Mik11,

Lemma 2.6]). Let g9 = g — rog1- Then go € H*(22) and y"go = 0 and thus gy can
be uniquely extended to Egy € H*(2) where E is the operator of extension by 0

outside . Thus by (3.120), equation (3.124) takes form

roPalf+77, v gl =g in Q (3.125)
Any solution f € A s=2(Q) of the corresponding equation on R2

Pulf+v 7'y g =Egy in R? (3.126)

will evidently solve (3.125). If f solves (3.126) then acting with the Laplace
operator on (3.126)), we obtain

f=0g=AEgo— vV v e=AE(g—raVa ¥ v o) -7 e (3.127)

in R,
On the other hand, substituting f given by (3.127) to (3.126) and taking into
account that PyAh = h for any h € H5(Q),s € R, we obtain that Qg is indeed a so-

lution of equation (3.126) and thus (3.125). By Lemma [3.6|the solution of (3.125)

is unique, which means that the operator Q is inverse to operator (3.122), i.e.,
O = (rqPp)”". Since A is a continuous operator from A*(2) to A*2(Q) equa-

tion (3.127) imply that
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(roPp) ' =0 H'(Q) » A (Q)

is continuous. The relations P, = ;P and b(x) > C > 0 then imply invertibility

of operator (3.122) and ansatz (3.123).

Lemma 3.7. Let diam(Q) < ry, for any couple (F,.F,) € H'(Q) x H*%@Q), there
exists a unique couple (fi, W) = Cy(F1,F2) € Lr(2) x H*%(&Q) such that

T\ = Ppfe+Vp¥ in Q (3.128)
T = Tj%l — VY, on aQ (3.129)

and €y - H'(Q) x H? (0Q) = L(2) x H‘%(&Q) is a linear continuous operator.
Moreover,
Efe—yy. = (roPy) "' F1.

Proof. Let fux = Ef. — ', then P, fo. = PLEf. — Py v, by (3.120) we have
Py fex = PpE fi + Vp . Hence, equation (3.128) can be rewritten as

ybf** = 321 in Q (3130)
and T," Py frx = T, F1 = F5 + W, on 9, thus (3.129) can be rewritten as

T Pyfx—VWe=.F on Q. (3.131)
By Theorem 3.18} equation has a unique solution
fou=(2) L7 in Q (3.132)
equation gives
V. =T Pyfo—F on IQ (3.133)
and finally ]
Efi=fut7 ¥ (3.134)

equation (3.132) proves (3.130), while the linearity and continuity of the opera-
tors in (3.132) - (3.134) imply the linearity and continuity of the operator €.

Theorem 3.19. Let diam(Q) < ro and u® = 1. The co-kernel of operator (3.118) is
spanned over the functional g*' € L,(Q) x H : (0Q) defined as

byt Ly
o1 :( bW% Yu ) (3.135)

ie, ¢V (F1, %) = (—by ¥ 'y ul, F1) g where u® = 1.
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Proof. Let us consider the equation .4 Y = (#,,%,)" i.e., the BDIE system .4 L
with arbitrary (F,.%,) € H'(Q) x H? 2(dQ). By Lemma the right hand side
of the system has form (3.128)- m, i.e., up to the notat1ons as in system
(),
u+ Lpu+Zpu+Wweo = Zpfi+Vpw, in Q, (3.136)

T, Zou+ T, Zpu+ Lo =T,,F —y, on Q. (3.137)
Then, Theorem and Theorem imply that BDIE system (3.136)-(3.137) is
solvable if and only if
fe 0> <Y*l//*,bt0>_Q
= (fi—7" ‘lf*a )
(roPy) ' F1,u%) 0
[AE(I—roVa?y 'y =79, Y1 (071), U0 pe
E(l— raVa¥y Y071 U)ge — (v Yy (0.71), U )ge
<Y+( 7)., ?’+M0>

(fe, MO>.Q — (s, ?’+”0>8

where U is the zero extension of u® to R? and we took into account that
AU® =0in R2. Thus the functional g*! defined by (3.135) generates the necessary
and sufficient solvability condition of equation

N U = (F1, F)".
Hence, ¢*! is a basis of the co-kernel of .41

Theorem 3.20. Let diam(Q) < ry and u® = 1. The co-kernel of operator (3.119) is
spanned over the functional g*> € Ly(Q) x H -1 (0Q) defined as

2 —by* (=3 I+ W)Vl
— ; 1
8 ( —b(= 3T+ )Yy (3.138)

ie, g2 (F, )= (—by*(— 11+7/A/)%A_1y+u07§1>9+<_b(_%I+WA/)7/A_1'y+MO7§2>QQ
where u® = 1.

Proof. Let us consider the equation .A4?% = (%,.%,)" i.e., the BDIE system .42,
u+£’},u+%bu+Wb(p:91 in Q, (3.139)

1
Y™ Zu+ v Bpu+ 5(p+7/b(p =% on R (3.140)



108 3 Two-operator BDIEs in 2D

with arbitrary (%,.%,) € H'(Q ) x H (8 ), for (u, @) € H'(Q) xH%(a_Q).

Introducing new variable, ¢’ = ¢ — (%, — y*.%#]) the BDIE system (3.139) -
(3.140) takes the form
U+ Zu+ RBou+ W@ =F, in Q, (3.141)
1 /
vt L+ v B+ 5(p’+%(p’ =yt.7 on 0Q. (3.142)

On the other hand, by Theorem we can always represent .%, = 2, f, with
fo=[AE(I—roVa 7'y =7 7Y ] 0.F) € ().

For %, = P,f., the right hand side of the BDIEs (]3.139b - d3.140 is the same
as the system .#? with f = f. and y, = 0. Then by Theorem [3.17| implies that
the BDIE system (3.141)) - (3.142) is solvable if and only if

(furt®) = ([AEA = raVa 3 'y = v 07 ] (07),u0)ge
= (E(I=r@Va 7 'Y (6.7)),Au)e — (¥ 7'y (0 7))o
—(r" (b7, Y, )

= —<%[Y+(b91)+(b92)] Halb(Fr =y F)], 5 v ) o

1
=0

Thus the functional g*? defined by (3.138) generates the necessary and sufficient
solvability condition of equation

N2U = (F1, T

Hence, ¢*? is a basis of the co-kernel of .42

3.3.4 Perturbed segregated BDIE systems for the
Neumann problem

For the given original Neumann BVP, even the solvability condition is
satisfied, the equivalence theorem, Theorem implies that the solutions of
both BDIE systems, (N1) and (N2), are not umque Moreover, Theorem 3.17](iv.)
in turn, the BDIE left-hand operators, .#"! and .42, have non-zero kernels and
thus are not invertible. To avoid such difficulty, it is possible to add a finite-
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dimensional operator to the BDIEs and obtain an unconditionally and uniquely
perturbed BDIE. To find a solution (u, ¢) from uniquely solvable BDIE systems
with continuously invertible left hand side operators, let us consider, following
[Mik99]], some BDIE systems obtained from (N1) and (N2) by finite-dimensional
operator perturbations.

Below we use the notations % = (u, ¢)” and |0Q| = [, dS.

Perturbation of BDIE system (N1)

Let us introduce the perturbed counterparts of the BDIE system (N1),

oy — g (3.143)
where
1
N =4 and AU () =W (y) = 1 / (p(x)dS(b(y)>
102 Jao 0
ie.,

! (554 0)
go(%)-—m/m(p(x)d& Q/l(y)_(b(y)o )

with u%(y) = 1

For the functional g*! given by (3.135) in Theorem since the opera-
tor ”l/A*l *H %(89) — H ’%(89) is positive definite (with additional condition
diam(Q) < rp) and u’(x) = 1, there exists a positive constant C such that

x gy 1
g @) = oy vty sul)e

b
/7yl y ) 50

< _C 40112
<l

< —Cllr 7, o0y = —CloQF <0

Thus,
gl@ < —CloQl <o (3.144)

Further, for 7° = (u°,¢°)T = (1,1)T in H'(Q) XH%(aQ)

1
QW) = 0] /89 yrulds = 1. (3.145)
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Due to (3.144) - (3.145) Theorem ([Mik99, Theorem 2.11]) Perturbation of
Fredholm operators implies the following assertions.

Theorem 3.21. Let diam(Q) < ry, then

i.  The operator /1 H'(Q) x H1(0Q) — H'(Q) x H~2(dQ) is continuous and
continuously invertible.
ii. If condition g*!(4') = 0 (or solvability condition (3.102)for 4 in the form
3.112)) is satisfied, then the unique solution of perturbed BDIDE system (3.143
gives a solution of orginal BDIE system (N1) such that
) = 1
~100] Jso

L @dS =0.

Perturbation of BDIE system (N2)

Let us introduce the perturbed counterparts of the BDIE system (N2),
N2UY =4 (3.146)

where
1
Hm N2 N and NU = QU)Dy) = —— / oyas | V)
0Q Y

ie.,

1 u0(y)
(%) = 190] Jya 20045 Dy) = ( yi’(y)l >

with u%(y) = 1.

For the functional g*? given by (3.138) in Theorem since the opera-
tor 7/[1 ' H %(89) — H ’%(8.(2) is positive definite (with additional condition
diam() < ro and u®(x) = 1, there exists a positive constant C such that

* i 1 — - 1 - -
g 2(@2): <—b'}/ <§I+%)7/A 1}/+u0,b 1u0>_(2+<—b (EI_W/A>,VA 1’)/+u0,’]/+(b 1”0»89

1 _ 1 _
= (51 %) o+ (g—%) o 1) 50

—1 4.0 4.0
—(Vy vu Y u ) 50

<—Clraly

< —Clly 7, 50, = —CloQ* <0.

I
~
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Thus,
$2(D?) < —CloQ|* <o. (3.147)

Further, for ° = (u°, %) = (1,1)T in H'(Q) XH%(aQ)

1
L) = B0 /(m vy ulds = 1. (3.148)

Due to (3.147) - (3.148) and Theorem (IMik99, Theorem 2.11]), Perturba-
tion of Fredholm operators implies the following assertions.

Theorem 3.22. Let diam(Q) < ry, then

i, The operator 42 H'(Q) x H2(9Q) — H'(Q) x H"2(dQ) is continuous and
continuously invertible.
ii. If condition g**(9?%) = 0 (or solvability condition (3.102)for 4* in the form

3.115)) is satisfied, then the unique solution of perturbed BDIDE system (3.146
gives a solution of orginal BDIE system (N2) such that

1 1
0 +

U) = ds = / ds = 0.
(%) 10Q] 0l " |0Q| 20?

3.4 Mixed BVP in 2D

Let 2 be a domain in R? bounded by simple closed infinitely differentiable
curve 00, and let 0Q = dpQ UyQ, where dpQ and IyQ are non-empty and
non-intersecting parts of dQ. Consider the following second order elliptic PDE
with scalar variable coefficient in two-dimensional bounded domain €2 defined
as:

2 u(x
Au(x) := Z{(?ix, [a(x)gaiiq =f(x), x€Q,

where u is an unknown function and f is a given function in Q and assume
a € C*(R?), where 0 < dpin < a(x) < apax < o0, Vx € R? and n(x) be the exterior
unit normal vector, which is defined for all x in Q.

In this subsection, we shall derive and investigate the two-operator boundary-
domain integral equation systems for the following mixed boundary value
problem. Find a function u € H'(Q) subject to the Mixed boundary condition:



112 3 Two-operator BDIEs in 2D

Au=f in Q, (3.149)
Y'u=¢y on dpR, (3.150)
Tju =Y on 3N.Q, (3.151)

where ¢ € H%(ap.()), W € H_%(8N.Q) and f € L,(Q).

Remark 3.4.1 The differential equation (3.149) is understood in the distributional
sense and condition (3.150) is understood in the trace sense while equality (3.151) is
understood in the functional sense(cf.[3.4).

Here H? (0pR) ={ry,0g:8 €H : (0Q)} where r, g, is the restriction operator
on dpQ and H’%(8N.Q) is the dual space of the subspace I:I%@NQ) ={g:g¢€
H2(0Q), supp(g) C v Q).

Here the BVP defined (3.149) - (3.151) has important applications in engi-
neering. As an example, it may describe a steady-state temperature distribu-
tion in plane body £, which is thermally anisotropic and inhomogeneous.
Where u(x) is an unknown temperature, a(x) is a known variable thermo-
conductivity coefficient, f(x) is a known distributed heat source, ¢y(x) is the
known heat on the displacement boundary, 7, is a surface flux operator where

T, u(x) = a(x) gzgg, n(x) is the external normal vector to dQ, p(x) is known

heat flux on the boundary.

Theorem 3.23. The homogeneous version of BVP (3.149) - (3.151), i.e., with f =
0,90 =0,y =0, has only the trivial solution.

Proof. we follow the idea of the proof forthe 3D case in ([CMNO09a, Theorem
2.1]). The proof immediately follows from Green’s formula with u = v as a so-
lution of the homogeneous mixed BVP. i.e., the variational setting for the BVP
(3.149) - (3.151) is obtained from the Green’s first formula , find u € H'(Q) with
Y u = @y on dp such that

ga(”?‘}) = _<f7 V).Q + <W07y+v>8NQ7
is satisfied for v € H} (2,9pQ) :={v € H'(Q): y'v=00n dpQ}. Letu=v be a

solution of the corresponding homogeneous mixed BVP.
Au=0 in Q,
Y'u=0 on dpL,
T fu=0 on oy,

Then the associated variational form is
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Ea(u,u) = —(f,u)o + <‘I/0,Y+M>a.qN =0

The bi-linear form &,(u,u) : H'(2) x H'(2) — R is bounded and is H'(Q)-
elliptic. Hence,
0=&(u,u) > C||u||12{1(9)

is true if and only if u = 0.

Theorem 3.24. Let s € R. Let Sy and S, be nonempty, non-intersecting and dQ =
S1US,. Then the following operators

re, Y : H*(S1) — H*(S2)
ro, ¥y : H(S1) — H*(S,)
rSz%b : I:]S(Sl) — HS(SQ)

are compact.

Proof. Theorem implies that the operators ¥, %, #"';, have the following
properties

rs, %yt H'(S1) — H*T1(Sy)
rs, Wy H*(S1) — H*"'($))
rs, Wy 1 B (S1) = HT'(Sy)
Since the embedding H*"!(S,) C H*(S,) is compact by the Rellich compact

embedding theorem (see, e.g., [McLOO, Theorem 3.7], [DM15, Corollary 1]), the
Theorem follows.

Theorem 3.25. Let S| and dQ2\S| be nonempty, open with smooth part of 0Q. Then

adb

+,adb (1 _ - 490
Zab+ < I+%)_$ab+ban

1
Moreover, the pseudo-differential operator rgl.i/”;b A2 (S1)—H -1 (S1) where
—~ b, db( 1 B
Lop = [Z,ﬁfalﬁ—% (_EH—%H g=2x(bg) on 08

is invertible, while the operators
b + e ~ 1 1
rs, aafab—ggb ZH2(51>—>H2(51)

are bounded and the operators
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b 7R 1
rs, (;ga—il;_"%b) ZHz(Sl)—>H Z(Sl)
are compact.

_1
Lemma 3.8.1) Let V" ¢ H’%(G.Q), and diam(Q) < ro or ¥* € H,,> (0 Q).
IfVy¥W* =0in Q, then ¥* = 0.
ii) Let ®* ¢ Hia@. IfW,®@* =01in Q, then @* = 0.
iii) Let dQ = §;US,, where §1,S, are non-intersecting and Sy is nonempty. Let
_1 N -
diam(Q) < ro or ¥* € H,,2 (9Q) and ¥* € H=1(S1), * € H2(S,).
If
Vblp* —Wb¢* =0, yeQ,
then ¥* =0 and &* =0 o0n Q2

Proof. (i.) Let us take the trace of equation (i) on €2, by the jump relation (3.23)
we have
YVWP* =¥ =0 on Q.

Then the result follows from the invertibility of the single layer potential

given in Theorem
(ii.) Let us take the trace of equation (ii) on d2, and use the jump relation (3.24)
to obtain,

1
W, ®* = —ECP*—F%GD* =0 on dQ

Multiplying this equation by b(y), denoting &* = b®* and we obtain equa-

tion |

—§<13*+7/A9§* =0 on S
Since this equation for @* is uniquely solvable and b(y) # 0,this implies
point (ii).i.e., it has only the trivial solution, see. e.g.([DL90], Chapter XI,
Part B, §2, Remark 8)

(iii.) To prove (iii), multiplying the equation by b(y) , we have

VAW* — Wy (b®D*) =0 in

Take the traces of this equation and its co-normal derivative on S; and S5,
respectively, to obtain

rSI/VA'P*—rSl(—%é*—l—%qA)*):O on S
rs, 3+ W' W) —rs, LD =0 on S

since ¥* € H~2(S1) and &* € H2(S,) follows
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{rgl”//A'I’*—rgl%cﬁ*:O on Sl (3152)

rSﬂ/’A‘P*—rSQ.fAﬂf)*:O on 5

where @* = bd*.
The system of equations (3.152)) can be written in a matrix form as

Apx =0

| Ya —rs¥a|. _ |
el e[

where

~—1 ~
We shall prove that the operator <74 is H,.” (S1) x H2(S2)- elliptic and also
if diam(S)) < rq it is also A2 (S;) x H2(S,)-elliptic.
Infact,
<%A%7%>BQ = <r51%q]* - rSIWAé*’ 'P*>S1 + <rSZW,A - r52$A+7 (f)*>52
(3.153)
= <”S1 "f/Aq’*,lP*>Sl + <I”S] %é*, ‘P*>S1 + <I’SZWIA,é*>S2 + <—I’S2$A+, é*>S2
(3.154)

On section from Theorem Corollary and equation (3.104)
1

follows the hypersingular operator .Z," in the space H2 (dR), i.e.,3.103]is
1
H2.(99Q)- elliptic (see e.g., [Ste07, Section 6.6.2, particularly eqn. 6.38]). i.e.,

1
V&' € HL(0Q), (&L &%, @%) >C|d*|*,
H2(9Q)

Using the norm equivalence Theorem of Sobolev (see [Ste07, Theorem 2.6]),
let S, C dQ be an open part. For a given &* € FI%(SZ), let &* € H%(a_Q)
denote the extension defined by:

B (x) {ffb*(x) for xe€$

0 elsewhere

As in the norm equivalence Theorem of Sobolev, (see e.g., [Ste07, Theorem
2.6]) we defined

2 2 2
w = (W + w
| ”H%(afz s Wiz 00)s, + |H%(ae)

NI—

to be equivalent norm in H2(9Q). Hence we have for * ¢ A 2 (S2)
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+ Bk Bk _ +BH* H* p|2 = b2 |2
(L b DY), = (L) B+, b5, > C|b yH%(aQ) —C{ch 1L @ans, TP |Hi(ag)}

=C| &, >Cl|*|)?,  =C||?,
H2(d H2(d A%(S,

Q)vSZ ‘Q) )

which implies that

o ) n 1
(25" &5, 2C"|2, - for & e HA(S)
H2(S)

and therefore the A2 (82)-ellipticity of the hypersingular boundary integral
operator .Z;".

In addition, the ellipticity of single layer potential operator rg, ¥ in H -1 (S1)
can be investigated as follows. The operator ¥, : H -2 (0Q) - H 2 (0Q)

is bounded, which implies the operator 7#j : FI’%(Sl) — H %(Sl) is also
bounded. 1
Suppose that ¥* € H..”(S1) i.e., (¥*,1)5, = (¥*,1)50 = 0 which implies

1
¥* € H,,* (), then from Theorem (i.) we have that the operator

L1 ~
rSlﬂj/A :H**z (Sl) _>H%(Sl)

1
is H,,*> (S1)- elliptic.i.e., for some positive constant C, there holds
~ 1
(rs, VaW*, Wr)s, = (VA" W )oq > c||W*|> , VP €H 2(S))
A2 (0Q)

if and only if diam () < r.
Moreover, since the operators

are mutually adjoint, i.e
<r51% (ﬁ*v lII*>Sl = <(§*a rSQW/AlII*>SQ

for arbitrary W* € A~2(S)) and &* € H(S,), they are also mutually adjoint
1 N 1

for ¥* € A,.2(S) and @* € HZ(S>).

Then the expression in the middle of the right hand side of equation (3.154)

~—1 ~
vanish. This implies H..> (S1) x H 2 (S2)- ellipticity of the operator .274. Con-
sequently we drive the inequality
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Apx. %) = C ([P +|*|? >= 2
)2 C (IR 1By =l

Due to (3.152) this implies ¥* = 0 and &* =0, keeping in mind that b(y) # 0,
we have @* = 0 on d2, which completes the proof.

Representation Lemma

To prove invertibility of the BDIE operators we need the following representa-
tion statements following ([CMNQ9a], Lemma 5.13).

1 _
Lemma 3.9. Let diam(Q) < roor ¥ € H,,” (dQ), and let dQ = S1 US,, where S| and
S, are nonintersecting curves of dQ. For any triple F = (F,¥,®)" € H'0(Q,A) x
H? (S1) x H? (S2). There exists a unique triple

(for W, @) = G5, 5,F € Lo(2) x H2(9Q) x H2(9Q)

such that
F=2,fi+ V¥ —W,d, in Q (3.155)
¥ =rg, ¥ on S, (3.156)
®=ro,® on S (3.157)

Moreover, the operator
o5, HO(Q,A) x H2(S)) x H2(S3) — Lo(Q) x H 2(dQ) x H2 (9 Q)
is linear and continuous.

Proof. Let PO be a fixed extension of the function ¥ from §; onto the whole
boundary d€, similarly let @Y be a fixed extension of the function @ from S,
onto the whole boundary d Q. We assume that the extensions preserve the space.

ie, P c H 1(9Q),®° € H2(9Q) and moreover,
< b4
<GP,y

SCOH‘PHH%(SZ)

10l
H 2(0Q)

[
H2(39Q)

with some positive constant Cp independent of ¥ and ®. (see, e.g., [HI78|, Chap-
ter 4, subsection 4.2]). Then arbitrary extensions of the functions ¥ and @ in the

spaces H ~2(9Q) and H2(9Q) respectively can be represented as :
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=0y, eH (S,
B, =0 +p, PeH(S).
If we look for the unknown functions ¥, and @, in the form given above, we

see that the condition (3.156)-(3.157) are automatically satisfied for arbitrary y
and @. Thus we have shown that functions f., y and ¢ can be choosen in such a

way that (3.155) is satisfied. Due to a relation on logarithmic and layer potential
operators, Equation (3.155) can be rewritten in the following equivalent form.

bF = Ppfi+Va(PP+ W) — W, [b(®°+§)] in Q. (3.158)
Applying the Laplace operator to (3.158) above, we obtain
f.=A(bF) in Q (3.159)

which show that the function f, is uniquely defined and belongs to L, (£2) since
F € H'0(Q,A). Further, substitute (3.159) in (3.158) and rewrite it in the form

VAW — W4 (b®) = bF — PA(A(DF)) — VAW + W4 (bD®) in Q. (3.160)
Denote the known right hand side expression in (3.160) by Q.
Q :=bF — P(A(bF)) — V¥ + Wy (b@°) in Q.

It is easy to check that 0 is a harmonic function in £, as well as the sum of the
layer potentials in the left hand side of (3.160). Let us choose the yet unknown
functions ¥ and ¢ by the conditions:

r, YT VAW —Wa(b®)] =rs,y O in Sy, (3.161)
r, T," VoW —Wp(bQ)] =75, T,70 in Si. (3.162)

The operator generated by the left hand side of the above system (3.161)) -
is an isomorphism from A2 (S,) x A2 (S;) onto H2(S,) x H2(S)). There-
fore, the system (3.161)) - (3.162)) is uniquely solvable with respect to ¥ and ¢
for arbitrary right hand side. Denote this solution by §° and @°. From (3.161)
- due to the uniqueness theorem for the mixed BVP for harmonic func-
tions, it follows that

VAW’ — Wy (b§°) = bF — P f. — VAP + Wp (b®°) in Q
which implies

Ppfe+ V(PO +0°) =W, [b(@°+¢%)] =F in Q.



3.4 Mixed BVP in 2D 119

This yeilds the existence of the triple (f;, ¥, ®:)! satisfying the condition .
The uniqueness is a consequence of the fact that f. is defined uniquely by
(B.159). Indeed, if F = 0,% =0 and @ = 0, then f. =0 and V,¥ — W, P, =
0 in Q where ¥, € H2(S,), P, € A2(S;). Hence, we conclude ¥, = 0 and
@, =0by Lemma ii).

From the above argument it is evident that the %, s, is linear and that the norm
of the triple

Go, 5. F = (fu, W, @) € L (Q) x H 2(0Q) x H2(9Q)

can be controlled by the norm of the triple
F = (F, ¥, 0) ¢ HOQ,A) x H 1 (S)) x H}(S)
in the corresponding function spaces.
The cases when §; = @ or §; = & need to be considered separately.
Lemma 3.10. Let diam(Q) < roor ¥, € H;k% (0Q). For any function Fy € H'V(Q,A),
there exists a unique couple (f.,%¥s) = Gp Py, € [L(2) X H? (0Q) such that
Ty, = Ppfe+ Vb in Q (3.163)

and Gy : H'0(Q,A) — Lr(2) x H™? (0Q) is a bounded linear operator.

Proof. We adapt here the proof scheme from [Mik06, Lemma 5.5].

Suppose first there exist some functions f.(y), ¥ (y) satisfying and find
their expressions in terms of .Zy (y). Taking into account definitions for the vol-
ume and the single layer potentials, ansatz can be rewritten as :

b() Pw, (y) = Paf+Va(B)y)  yeQ. (3.164)
Applying the Laplace operator to (3.164) we obtain that
AbFe)y)=fily)  yeQ. (3.165)
Then can be rewritten as:
Va(B) () =00) yeQ (3.166)
where
O(y) = b(y)Fu.(y) = Zald(bFw)I(y)  yeQ. (3.167)

It is easy to check that Q is harmonic functions in Q as well as (3.165). Then
Trace of (3.166) on the boundary gives
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Y Va(B) () =7"0(y) implies 7A(¥.)(y)=7"Q(y) y€dQ.  (3.168)

Since ¥, : H*(dQ) — Hs 1 (dQ),s € Ris an isomorphism, (see, e.g., [DLI0, chap
XI, Part B, sec. 2, Remark 1]) and b(y) # 0 we obtain the following expression of
¥,

Y(y)=7,"v"00) yeoQ. (3.169)

Relation (3.165) and (3.169) implies uniqueness of the couple f.,%¥. Now we

have to prove that f.(y),¥(y) given by (3.165) and (3.169) do satisfy (3.163).
Indeed, the potential V4%, (y) with ¥ (y) given by (3.169) is harmonic function,

and one can check that Q given by (3.167) is also harmonic. Since (3.168) implies
that they coincide on the boundary, the two harmonic functions should also co-

incide in the domain, i.e, (3.166) holds true, which implies (3.163). Thus, (3.165),
(3.169) , (3.167) give

(f W) =CoTw. = (AbFw,), ¥ 'V Q) = (A0Fw), ¥y 'V [b(y) P, — PalA(bFw)])
and thus we constructed a bounded operator
Co : H'O(Q:A) — L, (Q) x H2(9Q)

Considering a couple (F,®)" = .% € H'9(Q,A) x H? (d22) and employing
Lemma for #y = F +W,® € H'(Q,A) we arrive at the following state-
ment.

Corollary 3.4.1 Let diam(2) <roor ¥ € H;F% (0Q). For any couple
(F,®)" =7 c H'O(Q,A) x H2(9Q)
there exists a unique triple
(fu Ve, @) = Cop, T € Lo(Q) x H2(9Q) x HZ(9Q)
such that

F=2,f. + V¥ — W, D, in Q, (3.170)
=D, on 9Q. (3.171)

Moreover, the operator
G, HWO(Q,A) x H1(Q) — L>(Q) x H 2(dQ) x H2(dQ)

is linear and continuous.
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Proof. Taking @, = y"F — @ and applying Lemma 3.10 for Fy, = F + W, ® €
H'%(Q,A) we obtain that the existence of equations (3.170)- (3.171). To prove
the uniqueness, we consider its homogeneous case. i.e., with F =0 and & = 0.

then (3.171)) implies @, = 0 and thus by (3.170) and Lemma we also ontain
P, =0, f, =0.

Considering a couple (F,¥)" e H'0(Q,A) x H -2 () and employing Lemma
for Fp, = F — VW € H'0(Q,A) we arrive at the following statement.

Corollary 3.4.2 For any couple
() =2, c HO(Q,A) x H 2(9Q)
there exists a unique triple
(., @) =Gy, € Lr(Q) x H2(IQ) x HZ(0RQ)
such that

F=2f+ V¥V — W@, in Q (3.172)
Y=Y ondQ (3.173)

Moreover, the operator
G, H'O(Q,A) x H1(9Q) — L(Q) x H 1(R2) x H2(9Q)
is linear and continuous.

Proof. Taking ¥, = T,'F — ¥ and applying Lemma for #, = F —V,® ¢
H'%(Q,A) we prove the existence of equations (3.172)- (3.173). To prove the
uniqueness, we consider its homogeneous case. i.e., with F =0 and ¥ = 0.

then (3.173)) implies ¥, = 0 and thus by (3.172) and Lemma [3.4 we also ontain
®, =07, =0.

Now consider the original mixed BVP for u € H 1 () given on (3.149) -(3.151).

We can rewrite the given mixed BVP in a matrix form

ADN,, _ DN

A f
where APN .= |yt |. FPN .= | @
Ta+ Yo

The operator APN : H'0(Q,A) = L(Q) x H2(dpR) x H2(IyQ) is evidentely
continuous and due to the uniqueness theorem for BVP, it is also injective.
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The following assertions are based on [CMNO09al]. The following assertion is
well-known and can be proved using variational setting and the Lax-Milgram
Lemma

Theorem 3.26. The operator
APN L HIO(Q A) = Lo (Q) x HY (9pQ) x H™ 2 (I <) (3.174)

is continuous and continuously invertible.

3.4.1 Two-operator BDIE systems

Let &y € H? (d0Q)and Y € H -3 (0Q), be some extensions of the given data ¢y €

H %(81)!2) from dpQ to dQ and yy € H _%(8]\/!2) from dy Q2 to J€Q respectively.
Let us denote
Fy:= 2 f+ V¥ — W, Py in Q (3.175)

Note that for f € Ly(2), Py € H%(8Q) and ¥ € H’%(a_Q) we have the inclu-
sion Fy € H''°(Q,A) due to the mapping properties of the Newtonian and layer
potentials. To reduce BVP (3.149)-(3.151) to one or another two-operator BDIE
system, we shall use equation (3.53) in £, and restrictions of equation (3.54) or
to appropriate parts of the boundary. We shall always substitute &)+ ¢
for y"u and ¥ + v for T, u , where &) € H%((?Q) and ¥ € H*%(aﬂ), are con-
sidered as known, while v belongs to A ’%(QDQ) and ¢ belongs to H %(81\;!2)
due to the boundary conditions (3.150)-(3.151) and are to be found along with
u€ H'9(Q,A). This will lead us to segregated BDIE systems with respect to the
unknown triple

U = u,w,0]" € H'(Q) x A 1 (dpQ) x A ().

Boundary-Domain Integral Equation system M11

To formulate the systems,first let us use equation (3.53) in £2, the restriction of
equation (3.54) on dpQ2 and the restriction of equation (3.55) on dy €2, by putting
Yiu:=dy+ ¢, T, u:=%¥+ vy in the equation (3.53), which can be simplified
as:



3.4 Mixed BVP in 2D 123

u+ Zou+Rpu—Vy,T,fu+Wyyu= P, f in Q
u+ Zpu+Zpu—Vy(H+ )+ Wy (Po+ @)= Pf in Q
u+ Zpu+ Zpu—Vyw + Wy = Zpf +Vithp —Wp @y in  Q
u+ Zpu+Zpu—Vyw +W,o = Fy in Q

where Fy = 2, f + Vi,'\ty — W, Py

Next, taking the trace and the co-normal derivative,of the above equation.
Then we arrive at the following two-operator segregated system of BDIEs:

u+ Zpu+Zpu—Vyw+Wyp=F in Q (3.176)
V" Zpu+ vyt Bou— VoW + o0 =y Fy— o in dpQ (3.177)
T," Lou+ T, Bou— W' py+ L0 =T, Fh— y in oyQ (3.178)

which we call BDIE M11, where M stands for the mixed problem and 11 hints
that the integral equations on the Dirichlet and Neumann parts of the boundary
are of the first kind. Note that due to Lemma 3.2 all terms of equation (3.176)
belongs to H!9(2;A) and their co-normal derivatives are well defined.

System (3.176)-(3.178)) can be rewritten in the form

%1102/ — gll
where
[+ 2+ %) -V Wy, K
'%11 = "8DQY+[%+%IJ] _’"QDQ%J raD.Q% gll = ”81)!27+F0—(P0
rove i [ 2o+ %) —raya?’ ab royoLa, rove . Fo — Wo

Due to the mapping properties of Vi, ¥, Wy, %, Py, By, ¥ Ry, T, Koy %, Y™ Zp,and - T 25
we have 9! ¢ H'(Q) x H%(8Q) X H_%(&)Q) and the operator

A HY(Q) x H 2 (9pR) x H (IyQ) — H'(Q) x H2 (3pQ) x H™ 2 (IyQ)
is continuous.

Remark 3.1. 9! = 0 if and only if (f, Py, ¥) = 0. We can show this in the same
way as in 3D case (see e.g.,[CMNOQ09a, Remark 5.1]). The latter equality clearly
implies the former. Conversely, let ¢ 1T = 0. Then by relation Fp=0in
turn 2, f + V¥ — W@y = 0 in 2 which implies &2, f = =V, + W, P in 2. Due
to Lemma[3.8] f =0 and V,'%¥) — W, &y = 0 in Q.

The equality ry, 07" Fo — ¢o = 0 implies ¢y = 0 on dpQR and ry o T,"Fo— ¥ =0
implies yp =0 on dyQ i.e., Py € a2 (InQ), % € A3 (dpQ). If the extensions Py
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and ¥ are obtained from ¢y and yp by some linear operators , i.e., @y = E; ¢
and ¥ = E>y, then @y = 0 and y, = 0 which implies ¢y =0 and ¥ = 0 on d<2.

Theorem 3.27. Let f € L(Q) and P € H%(é.Q) and ¥ € H*%(&Q) be some fixed
extensions of ¢y € H 2 (dp2) and yy € H -2 (dnQ2) respectively.

i. If some u € H'(Q) solves the mixed BVP(3.149)-(3.151) in Q, then the solution
is unique and the triple (u, y, )T € H'(Q) x H~2(dpQ) x A2 (dyQ) where

v=T"u—%, o=Yu—-®  on IR (3.179)

solves the BDIE system M11.
ii. Assume diam(Q) < ro, if a triple (u, v, @) € H'(Q) x A 2(9pQ) x H2(IyQ)
solves BDIE system M11, then the solution is unique, the function u solves

BVP(3.150)-(3.151)), and relation (3.179) holds.

Proof. i.  Letu € H'(Q) be a solution of BVP (3.149)-(3.151). Then by Theorem
(see, e.g., [CMNQ%a, Theorem 2.1]), it is unique. Next, set ¢ = yTu —

@), y =T, u—W. Evidently, y € A 2(dpR) and ¢ € H1(yQ). And
recalling how The BDIE system M11 was constracted, we obtain that the
triple (u, w, )7 satisfies the BDIE system M11.

ii. Let the triple (u,y, )" solves the BDIE system M11. Let us consider the
trace of the equation on dp<2 taking into account the jump proper-

ties (3.23) - (3.24), and subtruct equation (3.177) to obtain
ropoY u=¢@y on dpQ (3.180)

i.e., u satisfies the Dirichlet condition. (3.150).
Taking the co-normal derivative of (3.176) on dy£2, again with account of

the jump properties (3.25), and subtracting equation (3.178) , we obtain:
F(QNQT:_M =Yp on aN.Q (3.181)

i.e., u satisfies the Neumann condition (3.151).
Taking into account that ¢ =0, Py = @y on dpR and y = 0, ¥ = Yy on Iy 2

equation (3.180) and (3.181) imply that the first equation of (3.176) is satis-
fied on dy£2 and the second equation of (3.179) satisfied on dp2.

Equation (3.176) and Lemma 3.2l with ¥ = y + ¥; & = ¢ + Py imply that u
is a solution to (3.149) and

V¥ —W,®d* =0 in Q

where V* =¥+ y—T, u and @* = $y+ ¢ — y"u. Since the first equation of
(3.179) on dy£2 and the second equation of (3.179) on dp£2 already proved,
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we have ¥* € A2 (dpQ); @* € A (dnvQ). Then Lemma (iii.) with
S1 =0dpR;S, = Iy implies that y = ¢ =0.

Unique solvability of the BDIE systems M11 then follows from the already
proved relations (3.179) and the unique solvability of BVP (3.149)-(3.151)

stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem imply the following statement.

Corollary 3.4.3 The operator

A HY(QA) x B3 (9pQ) x A2 (9yQ) — HYO(Q,4) x H2 (9pQ) x H™ 2 (IyQ)
(3.182)
is continuous and injective.

Now we are in the position to analyse the invertibility of the operators .21,
Theorem 3.28. The Operator (3.182) is continuously invertible.

Proof. To prove the invertibility of operator (3.182), let us consider BDIE system
M11 with an arbitrary right hand side .#!! = (91“,§2“,ﬁ3“)T c H'0(Q,A) x
H2(9pQ) x H™1(dyQ). Taking S = dyQ, S, = dpQ and

F=F", W=ry ol  F!' - F', ®=ryov 7' -7
From Lemma (see, e.g., [CMN0%a, Lemma 5.13]), #!! can be represented as

FH = Py fi + VW —W,®, in Q
,55211 =130 [)/J“ﬂln —@,] on dpQ
Fi' =ryoll,F ZI'-¥] on oyvQ

where the triple
(for ¥ @) = Copn.ap0 7' €L2(Q) x H1(0Q) x H2(9Q)  (3189)

is unique and the operator

Conopa s HO(Q,A) x HY (IpQ) x H 2 (9yR) — Ly(Q) x H 2(9Q) x H2(9Q)
(3.184)
is linear and continuous.

Applying Theorem with
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f=rf, =¥, P=o:, Yo=ryao%, ®=rseP (3.185)

we obtain that the system M11 is uniquely solvable and its solution is

U =u= (ADN)il (f*arapﬂé*araN.QlP*)T , U= Y= TaJr%l —Y¥, U= ¢ = y+62/1 — b,
(3.186)
While ry, o % = 0;ry,0% = 0. Here, by Theoremm (APN)~1 s the continuous
inverse operator to the left-hand-side operator of the mixed BVP (3.149)-(3.151),
APN . H19(Q A) = H'O(Q,A) x H2 (9pQ) x H™ 2 (Iy ) (see, e.g., [CMN09a, Corol-

lary 5.16]), Representation (3.183), and continuity of operator (3.184) complete
the proof for ..

Boundary-Domain Integral Equation system M12

To obtain a second system, we use equation in £, and equation (3.54)
on the whole boundary dQ. Putting y"u := &+ ¢, T, u:= ¥+ y and taking
the trace of the above equation. Then we arrive at the following two-operator
segregated system of BDIE system M12:

u+ Zpu+Zpu—Vyy+Wyo =F in Q (3.187)

1

§(p+y+%u+y+<%’bu—“//bw+%(p =y"Fp—®y on 9IQ. (3.188)
System (3.187)-(3.188) can be rewritten in the form

%1252/ — glz

where

i |12+ =V W 12._ Fo

YL+ B Y 5L+ W, Y R—®)" |

Due to the mapping properties of V,, %,, Wy, #pp, Py, B, Y™ RBp, Zp,and Y+ 24,
we have 92 ¢ H'(Q) x H? (d€) and the operator

2 HY(Q) x A2 (9pQ) x H (IyQ) — H'(Q) x H2(9Q)
is continuous.

1
Remark 3.2. Let diam(Q) < ry or ¥ € H,,> (). Then ¥'?> = 0 if and only if
(f7 (p07%) =0.
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Indeed, the latter equality clearly implies the former. Conversely, let ¢!? = 0.
Then by relation (3.175) Fy = 0 in turn &, f + V,'¥ — W, Py = 0 in 2 which im-
plies Z,f = =V, % + W, P in Q. Due to Lemma 3.8 f =0 and V;,'% — W, Py =0
in Q.

The equality y*Fy — @y = 0 implies & = 0 on Q. Thus, V,¥ = 0, hence from
invertibility of single layer operator, Theorem follows ¥ = 0 on 0.

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M12.
Theorem 3.29. Let f € Ly(Q) and &y € H%(&’Q) and Y € H_%(&)Q) be some fixed
extensions of 9 € H 2 (dpQ) and yp € H -2 (dn$2) respectively.

i. If some u € H'(Q) solves the mixed BVP(3.149)-(3.151) in , then the solution
is unique and the triple (u, v, @) € H'(Q) x H~2(dpQ) x A2 (IyQ) where

v=T'u-%, @=yu—® on IQ (3.189)

solves the BDIE system M12.

ii. Let diam(Q) < ro, if a triple (u,w, @) € H'(Q) x H 2 (dpQ) x A2 (IyQ) solves
BDIE system M12, then the solution is unique, the function u solves BVP(3.149)-
(3.151), and relation holds.

Proof. i. Letue H'(Q) be a solution of BVP (3.149)-(3.151). Then by Theorem
(see, e.g., [CMNQ9a, Theorem 2.1]), it is unique. Next, set ¢ = y"u —

@y, ¥ =T,u—¥. Evidently, y € FI_%((?DQ) and ¢ € FI%(aNQ). Then

immediately follow from the relation (3.187)-(3.188)) that the triple (u, v, ¢)
satisfies the BDIE system M12.

ii. Let (u,y, @) solves the BDIE (3.187)-(3.188). Consider the trace of the equa-

tion (3.187) on dQ taking into account the jump properties (3.23) -(3.24),
and subtruct equation (3.188) to obtain

u+ Zpu+ Zpu—Vyy + W0 = Fy
1
which implies vy u+y" Zu+ vyt Zpu— Vpw — 5¢ W =7"F
subtracting equation (3.188) from the above equation will give us
Y'u=dy+¢ on R (3.190)

which implies the second equation of holds. Since ¢ =0, Py = ¢y on
dpQ we see that the Dirichlet condition is satisfied.

Equation (3.187) and Lemma 3.2l with ¥ = y + ¥; @ = ¢ + &) imply that u
is a solution to and
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Vo (B +y—T, u) =W, (Po+@—7"u) =0 in Q.

(3.191)

Due to (3.190) the second term in (3.191) vanishes, and by Lemma i) we

obtain:
Y%+y—T, u=0 on 9Q

(3.192)

i.e., the first equation in (3.189) is satisfied as well. Since y = 0,% = yj on
InQ equation (3.192) implies that u satisfies the Neumann Boundary Con-

dition (3.151).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)

and Theorem imply the following statement.
Corollary 3.4.4 The operator

2 HY(Q,A) x H™2(9pQ) x H2 (9yQ) — H'O(Q,A) x H2(9Q)

is continuous and injective.

(3.193)

Now we are in the position to analyse the invertibility of the operators .#!2.

Theorem 3.30. The Operators (3.193)) is continuously invertible.

Proof. To prove the invertibility of operator (3.193), let us consider BDIE sys-
tem M12 with an arbitrary right hand side .72 = (ﬁfz,flez)T € H'Y(Q,A) x

H? (0Q). Taking
F =72 in Q
& =y"72 - 22 on 0Q
in Corollary we obtain the representation

T2 = Pyf+ VW —Wpd, in Q
FP2 =yt 72—, on dQ

where the triple
(o, W, @) =G, T2 € Lr(Q) x H 2(9Q) x H2(9RQ)
is unique and the operator
G, HO(Q,A) x HI(0Q) — Lr(Q) x H 2(9Q) x H2(9RQ)

is linear and continuous.

Applying Theorem [3.29) with (3.185) i.e.,

(3.194)

(3.195)
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f:f*7 %:l-p*v ¢0:(p*7 V/():raN.Q%7 (POZ”BD.QCPO

we obtain that the system M12 is uniquely solvable and its solution is given by

(3.186)) which is:

U=u=A"")" (furga®urao®) . B=y=T 0¥, WB=0=y %o

(3.196)
Representation (3.194), and continuity of operator (3.195) complete the proof for
M2

Boundary-Domain Integral Equation system M21

To obtain a third system, we use equation (3.53) in 2, and equation (3.55) on
the whole boundary Q. Putting y"u:= &y + ¢, T, u:=¥+ y and taking the
co-normal derivative of the above equation. Then we arrive at the following
two-operator segregated system of BDIE system M21:

u+ Zpu+ Zpu—Vyy + W0 = Fy in Q, (3.197)
(1 . %) AT, Bou+ T, B Wy + Lo =T Fy—% on Q. (3.198)
System (3.197)-(3.198) can be rewritten in the form
%2142/ — }721
where
Pz [H‘%ﬁ-%p —Vp W ] G2 { Fy }
T, 2+ %) (1= 55) =Wy £ AT R —d |

Due to the mapping properties of V,,, Wy, #},, P, B, T, Bpp, Z5,and Ty 2 we
have 92! ¢ H'(Q) x H*%@Q) and the operator

A HY(Q)x H 2(9pQ) x A2 (yQ) — H'(Q) x H2(3Q)
is continuous.

Remark 3.3. 9! = 0 if and only if (f,®p, %) = 0. Indeed, the latter equality
clearly implies the former. Conversely, let ¥%! = 0. Then by relation Fy=0
in turn &, f + V¥ — W, Py = 0 in Q which implies &), f = —V;,'% + W, Py in Q.
Due to Lemma 3.8, f =0 and V,% — W, &y = 0 in Q.
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The equality 7" Fp — ¥ = 0 implies ¥ = 0 on 92 , Thus, W,® = 0 hence by the
same Lemma 3.§((ii.) follows @) = 0 on 9.

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M21.
Theorem 3.31. Let f € Ly(Q) and &y € H%(é?Q) and ¥ € H*%(aﬂ) be some fixed
extensions of 9 € H 2 (dpQ) and yo € H = (dn€2) respectively.

i. If some u € H'(Q) solves the mixed BVP(3.149)-(3.151) in Q, then the solution
is unique and the triple (u, v, ) € H'(Q) x H 2 (3pQ) x H (y Q) where

v=T'u-%, Q=7 u—® on dQ (3.199)

solves the BDIE system M21.

ii. Assume a triple (u, w, @) € H'(Q) x H~2(9pQ) x H (dy L) solves BDIE system
M?21, then the solution is unique, the function u solves BVP(3.149)-(3.151), and
relation (3.199) holds.

Proof. i.  Letu € H'(Q) be a solution of BVP (3.149)-(3.151). Then by Theorem
(see, e.g., [CMNQ9a| Theorem 2.1]), it is unique. Next, set ¢ = y"u —
@y, v =T 'u—W. Evidently, w € A 2(dpR2) and ¢ € H2(dyQ). Then

immediately follow from the relation (3.197)-(3.198) that the triple (u, y, @)
satisfies the BDIE system M21.

ii. Let (u,y, @) solves the BDIE (3.197)-(3.198) . Taking the co-normal deriva-
tive of the equation (3.197) on dQ taking into account the jump properties

(3-25), and subtruct equation we obtain
u+ Zpu+ Zpu—Vyw +Wyo = Fy
which implies  T,'u+T," Zu+ T, Zpu— % v+ Zio=T,F
subtracting equation from the above equation will give us
T 'u—y=4% on JQ (3.200)

which proves the first equation of (3.199), Since y = 0, % = Y on IyQ we
see that the Neumann condition is satisfied.

Equation and Lemma 3.2 with ¥ = y + ¥; & = ¢ + &) imply that u
is a solution to and

Vo (B+y =T, u) =W, (Po+¢@—7 u) =0 in Q (3.201)
Due to (3.200) the first term in (3.201) vanishes, and by Lemma [3.§[ii), we

obtain:
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Dy+@—yu=0 on 9Q

Which means that the second term in (3.199) holds as well. Taking into ac-
count ¢ = 0,Py = ¢y on dpQR equation (3.192) implies that u satisfies the
Dirichlet Boundary Condition (3.150).

Unique solvability of the BDIE system M21 then follows from the already
proved relations (3.199) and the unique solvability of BVP (3.149)-(3.151)

stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem imply the following statement.

Corollary 3.4.5 The operator
A HY(Q,A) x B2 (0pQ) x H2 (9yQ) — H'O(Q,A) x H2(dQ)  (3.202)
is continuous and injective.
Now we are in the position to analyse the invertibility of the operators .#>!.
Theorem 3.32. The Operator is continuously invertible.

Proof. To prove the invertibility of operator (3.202), let us consider BDIE sys-
tem M21 with an arbitrary right hand side .#2! = (ﬂ’fl,ﬁ%l)T € H'0(Q,A) x
H2(0Q).
Taking

F=7 in @ ¥Y=T7,7"-2} on 0Q

following Corollary we obtain that

Fi' = Ppfe+ VW —Wpd,  in Q
FH =T F! —¥, on IQ

where the triple
(fo, W, ®,) = G T2 € Lr(Q) x H 2(9Q) x H2(9Q) (3.203)
is unique and the operator
Gt H'O(Q,A) x H2(9Q) — Lo(Q) x H () x H2(9Q) (3.204)

is linear and continuous.

Applying Theorem with substitutions (3.185)i.e.,
f=Ff, =¥, Po=Ds, Y=r5,0%, ®0=ryoPo



132 3 Two-operator BDIEs in 2D

we obtain that the system M21 is uniquely solvable and its solution is given by

(3.186) i.e.,

U =u= (ADN)il (f*arau.QgD*arQN.Q%)T ) U = Y= Ta+%1 _lp*a 62/3 =0= y+%1 — D,

(3.205)
Representation (3.203), and continuity of operator (3.204) complete the proof for
M

Boundary-Domain Integral Equation system M22

To reduce (3.53)-(3.55) to a BDIE system of almost the second kind (up to the
spaces), we use equation in Q, the restriction of equation to dp2,
and the restriction of equation to dyQ. Putting y'u = ®p+ ¢, T, u:=
¥ + v and first taking the co-normal derivative and then the trace of the above
equation. Then we arrive at the following two-operator segregated system of
BDIE system M22:

u+ Zpu+ Zpu—Vyy+Woo = Fy in Q, (3.206)

(1=55) v+ T Bt T o=V ¥+ Zio = T, Fo— o on 9p2, (3.207)
1

System (3.206)-(3.208)) can be rewritten in the form

[+ 2+ %) -V, Wp
M= | 1o oTH 2+ ) (V= 55) =100 wb TapaL,
| roye ¥ (2 + %] —rova b sI+raa
- R
G2 = | rapoT, Fo— %
| raveY Fo—Po

Due to the mapping properties of Vj,, %, Wy, Wy, Py, By, V™ R, Tyt By 23, V™ Zp,and - TS 24,
we have 922 ¢ H'(Q) x H? (dpQ) x H%(QN_Q) and the operator

M HY Q)< H 2(9pQ) x A2 (nQ) — H'(Q) x H 2 (3pQ) x H (3 Q)

is continuous.

Remark 3.4. 9% = 0 if and only if (f, Py, ¥) = 0.
The latter equality clearly implies the former. Conversely, let 2 = 0. Then by
relation (3.175) Fop = 0 in turn &, f + V') — W, @y = 0 in 2 which implies &), f =
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—Vp¥h + W, P in 2. Due to Lemma[3.8] f =0 and V,'%% — W, &y =0 in Q.
The equality ry, o {7, Fo — ¥} = 0 implies ¥ =0 on dpR and ry, o {y Fo — o} =
0 implies @y = 0 on Q. i.e., By € H2(IQ), % € A 2(IpQ).

Now let us prove the equivalence of BVP (3.149)-(3.151) with the BDIE sys-
tems M22.

Theorem 3.33. Let f € Ly(Q) and &y € H%(BQ) and Y € H_%(BQ) be some fixed
extensions of ¢o € H 2(IpQ) and yy € H2(y Q) respectively.

i. If some function u € H'(Q) solves the mixed BVP- in §2 then the
solution is unique and the triple (u,y, )T € H(Q) x H 2 (3pQ) x H2 (I Q)
where

v=T"u-%, @=yu—® on IQ (3.209)
Solves the BDIE system M22.

ii. Let diam(Q) < ro, if a triple (u, y, )T € H'(Q) x H~2(pR) x H2 (y Q) solves
BDIE system M22, then the solution is unique, the function u solves BVP(3.149)-
(3.151), and relation holds.

Proof. i.  Letu € H'(Q) be a solution of BVP (3.149)-(3.151). Then by Theorem
(see, e.g., [CMNQ9a, Theorem 2.1]), it is unique. Next, set ¢ = y"u —

@), ¥ =T, u—%. Evidently, y € A 2(dpQ) and ¢ € H2(dyQ). Then

immediately follow from the relation (3.206)-(3.208)) that the triple (u, y, @)
satisfies the BDIE system M22.

ii. Let (u,y, @) solves the BDIE (3.206)-(3.208). Taking the co-normal deriva-
tive of the equation (3.208) on dp <2 taking into account the jump properties

(3.25), and subtruct equation (3.207) we obtain
u+ Zpu+Rpu—Vpyy + Wy = Fy
which implies T, u+T," Zu+T," Zpu — 2%) v pw+ %Jg(p =T'FK

subtracting equation (3.207) from the above equation will give us
Tru—yw=% on dpQ=y=Tu—% on dpQ.

Further take the trace of equation (3.206) on dyQ and subtract it from

(3.208) we get

O=7"u—d on Q.
These equations imply that the first equation of is satisfied on dpQ
and the second equation of is satisfied on dyQ
Equation (3.206) and Lemma 3.2 with ¥ = y + ¥; @ = ¢ + &) imply that u
is a solution to and
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VblP* —thb* =0 in Q

where V* =¥+ y— T, uand ®* = )+ ¢ — ytu.
Due to (3.209) and (3.206) we have ¥* € H~2(dyQ), ®* € H2(dpR) and by
Lemma (3.8 (iii) with

S1 = nQ;8, = dpQR implies that ¥* =P* =0

which completes the proof of condition on the whole boundary 90
Taking into account that ¢ =0 on dp£2 and Py = ¢y on dp2 and ¥y =0 on
InQ2 and ¥ = yp on dy 2, equation imply the Boundary Conditions
(3.150H (.151).

Unique solvability of the BDIE system M22 then follows from the already

proved relations (3.209) and the unique solvability of BVP (3.149)-(3.151)

stated in item (i).

The mapping properties of operators in (3.27), (3.29), (3.33), (3.35) and (3.37)
and Theorem imply the following statement.

Corollary 3.4.6 The operator

M HY(Q,A) x A 2(9pQ) x H2 (IyR2) — HYO(Q,A) x H2(9pR) x HZ(yQ)
(3.210)
is continuous and injective.

Now we are in the position to analyse the invertibility of the operators .#?2.
Theorem 3.34. The Operator (3.210) is continuously invertible.

Proof. To prove the invertibility of operator (3.210), we apply similar argu-
ment as (3.182). Let us consider BDIE system M22 with an arbitrary right

hand side 2 = (F2, .72, .72)" € H'O(Q,A) x H 1(0pQ) x Hz(dyQ) Taking
Sl = 8DQ,52 = 8NQ and

F:ﬁ122, qj:raDQTa—i_ﬁlzz_yZZZ? (p:r@vﬂ’y—’—ﬁlzz_ﬁ'jzz

in [CMNO09a, Lemma 5.13], , presented as Lemma we obtain that .#?? can
be represented as

FE = Pyfi+ VW —W, P, in Q
T3t =ryoll, FE-¥] on dpQ

T =rpolyt 72 —®] on onQ

where the triple
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(for o @) = Capa.ay2 T2 € L2(Q) x H2(2Q) x H2(2Q)
is unique and the operator
Conopa s HO(Q,A) x H 2 (IpQ) x H? (9yQ2) — Lo(Q) x H 2(9Q) x H>(9Q)

is linear and continuous.
Applying Theorem with the same substisution as (3.185) we obtain that the
system M22 is uniquely solvable and its solution is given by (3.186) i.e.,

%lzu:(ADN)_l (f*7raDQ(D*7r3NQqI*>T7 %ZZW:T;—%I_%? 02/3:@:)/—’—%1—@*

Representation (3.4.1), and continuity of operator (3.205) complete the proof for
M






Conclusion and future work

In this dissertation, we have considered a second-order elliptic partial differen-
tial equation with a variable coefficient in a 2D bounded domain, in appropriate
Sobolev space. The right-hand side functions were from L,(£2), and equations
of the type Lamé system of anisotropic elasticity is considered, where the fun-
damental solution of the “frozen" coefficient PDE is not known explicitly. We
have used a two- operator approach, formulated in [AM10] and employed a
parametrix of another (second) auxiliary PDE, not related with the PDE in ques-
tion, for reducing the BVP to BDIE systems.

The properties of a parametrix-based potential operator that contain loga-
rithmic singularity were investigated. Unlike properties in 3D case in (see e.g.,
[CMNOQ9a]). The single layer potential needs special consideration to be in-
vertible, which is critical on this study. We separately investigated BVPs with
Dirichlet, Neumann and mixed boundary conditions in the bounded domain.
In the formulations considered, we obtain on the third Green formula an op-
erator that is not compact, which lead in turn that the BDIE systems are not
compact. Hence, we used the representation formula on the right-hand side of
the formulated BDIEs to analyze the invertibility of the BDIE systems.

For the Dirichlet BVP, two segregated two-operator BDIE systems were for-
mulated and analyzed, their equivalence to the original Dirichlet BVP was
proved in the case of PDEs right-hand side functions from L,(2) and H 2 (0Q)
(see e.g., [CMNOQ9a], [DM15]).

On Neumann BVD, two segregated two-operator BDIE systems were formu-
lated and investigated. Their equivalence to the original Dirichlet BVP was

proved in the case of PDEs right-hand side functions from L,(£2) and H -3 (0Q)
(see e.g., [CMNOQ9a], [ADM17]). The two-operator BDIEs solvability, unique-
ness/ non-uniqueness of the solution as well as the Fredholm property and

137
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invertibility of the boundary domain integral operator are analyzed. Moreover,
the two-operator boundary domain integral operators for Neumann BVP are
not invertible, and hence appropriate finite-dimensional perturbations are con-
structed leading to the invertibility of the perturbed operator.

For the mixed BVP, we formulated four segregated BDIE systems and ana-
lyzed them. Their equivalence to the original Mixed BVP was proved. It was
shown that these four BDIEs are continuously invertible.

Having said this, on our work on the thesis, we recommend the following
problems to be investigated as a future research direction:

e In this thesis, we considered only smooth domain in a plane, need to in-
vestigate less regular domains such as Lipschitz domains.

e  We can consider the two dimensional version of the two-operator BDIEs
for the BVP in the exterior domains , United BDIEs as well as Localized
BDIEs, which were investigated for 3D in [CMNO09a], [CMNO09b], [Mik06],
[CMN13].
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