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Abstract

Quantum confinement of electrons in clean nanowires and nanofilms results in the for-
mation of a series of subbands that move in energy with changing wire/film thickness.
When the bottom of such a subband moves through the Fermi surface, the density of
states changes and a size-dependent superconducting resonance appears, leading to
quantum-size oscillations in the critical temperature 7T, and the order parameter A
. Our theoretical formulation is based on a numerical solution of the Bogoliubovde

Gennes equations in the clean limit.
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Introduction

Superconductivity is phenomenon first discovered by Kameringh Onnes in mercury
at temperature T, (4.2K for mercury)in 1911[1,2]. For many years superconductors
were thought to consist simply of a vanishing of all electrical resistance below transi-
tion temperature. A major advance was the discovery of the Meissner effect in 1933,
which showed that a superconductor is perfect diamagnet; magnetic flux is excluded
from all but from thin surface layer[1,2]. In1935 F.London and L.London proposed
phenomenological theory of the electromagnetic properties in which the diamagnetic
aspects were assumed basic . F .London suggested quantum theoretic approach to a
theory in which it was assumed that there is some how coherence or rigidity in the
superconducting state such that the wave function is not modified very much when a
magnetic is applied [2,3]. The concept of coherence has been emphasized by Pipard
who, on the basis of experiments on penetration phenomena proposed a non local
modification of the London equation in which coherence distance, ¢, is introduced|2]
In 1950 Frohlich suggested electron-phonon mechanism of superconductivity for the
first time[15] .His suggestion was confirmed experimentally by the discovery of the iso-
tope effect i.e. the proportionality of T, to m= for isotopes of the same element[1,3].
In 1957 Bardeen ,Cooper and Schrieffer proposed microscopic theory of superconduc-

tivity which has successfully explained many properties of superconductors|1,2].Since



the first discovery of superconductivity at 4.2 K, the quest for new superconducting
materials has led to a slow increase in 7, over the decades. Finally the highest T,
seemed to have reached a plateau in Nb3Ge (T, = 23K) . Thus the discovery of
superconductivity at 7T, = 35 K of (LBCO) in 1986 (a mixed oxide of lanthanum,
barium, and copper) by Bednorz and M iller came as a big surprise[1]. Another big
jump to 7. =90 K in the (YBCO) class of materials followed immediately, and yet
higher T, values have been achieved in the (BSCCO) and (TBCCO) systems. These
high-temperature superconductors are distinct from the low-temperature or conven-
tional superconductors which can be well understood in terms of the BCS theory. The
mechanism of high T, super- conductivity is still not known. Thus extensive research
in the area of superconductivity still continues today. In this thesis we study the
superconductivity of nano size lead. For this study we have used the microscopic Bo-
goliubov -de Genness equation.The thesis is organized into five chapters. chapter one
discusses basic concepts of superconductivity. Chapter two discusses the derivation of
Bogoliubov -de Genness equation and the pairing potential A(r) .Chapter three deals
with the mechanism of superconductivity in nano structures and how the microscopic
bogoliubov -de genness equation is used to investigating superconductivty of nano
structures. Chapter four contains the result and discussion,and chapter five gives the

conclusion.



Chapter 1
SUPERCONDUCTIVTY

1.1 EXPERIMENTAL SURVEY

Kamerlingh onnes liquified helium in 1908 , shortly after wards , he began investigat-
ing the conductivity of metals at new temperature below 4k[1] .To reduce resistance
caused by impurities , he studied mercury of high purity and was not surprise when he
found no measurable resistance .However ,it soon became clear that the experiment
was not in accord with the expectation .The addition of impurities to mercury did
not increase its resistance .Further more , the resistance did not decrease smoothly
to zero but dropped almost discontinuity to zero .He concluded that mercury enters
into new state , on the account of its remarkable electrical properties , may called the
"superconducting state”. The complete disappearance of resistance is most remark-
ably demonstrated by experiments with persistent current in the superconduction
rings. Kamerlingh onnes also discovered that Superconductivity was destroyed when
a superconductor was placed in sufficiently strong magnetic field . The minimum
magnetic field required to destroy superconductivity is called critical magnetic field

He .The temperature dependence of this critical magnetic field Hq is empirically



Figure 1.1: temperature vs resistivity[12]

given by

H(T) = H0)[1 ~ (7] (1.1.)

[

If a superconductor really can be described by infinite conductivity ,the the electric

field inside is always zero and,

B=0 (1.1.2)

The magnetic induction is constant , and the the magnetic induction inside depends
on the past history of the state and is not a unique function of the external condition
. This means that there is not a single superconducting state in a given external field
,but an infinite number which could be meta stable.

In (1933)Meissner and Ochsenfeld measured the field surrounding a superconductor
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Figure 1.2: Magnetic field vs temperature|[1,2,4]

and concluded that in all circumstance the magnetic field induction B inside was
zero[1] .This important effect known as the Meissner effect which showed that the
superconducting state in a given magnetic field is a single stable state to which the
laws of thermodynamics apply . This result showed that a superconductor behaves as
a perfect diamagnet. Strictly speaking a superconductor is not a perfect diamagnet
because the magnetic field penetrates to a distance of the order of 107% to 10™® cm

Many properties of a superconductor can be understood on the basis of perfect

diamagnetism .

1.2 LONDON’S ELECTROMAGNETIC EQUA-
TION

To account for the electromagnetic properties of superconductors in particular to ac-
count for the Meissner effect and the existence of persistent current F' .and H .London
proposed that ohm’s law which relates current density and electric field in normal met-

als be replaced by other relation connecting the superconducting current and fields



Figure 1.3: a perfect conductor in a magnetic field[4]

in a superconductor|[1,3].They used two-fluid model , of the total density of electrons
there is a fraction ng that represents the superconducting electrons .These electrons
are not scattered by either impurities or lattice vibration i.e phonons .Thus ,they do
not contribute to the resistivity , moreever these electrons are freely accelerated by an

electric field. If v, is their super fluid velocity , one can write the equation of motion

as
dv
M—" =cE 1.2.1
il (1.2.1)
and the superconducting current density is
Js = ngev (1.2.2)
Then
dJ, mnge?
= E 1.2.3
dt m ( )
dJ
=AFE (1.2.4)




Figure 1.4: a superconductor in a magnetic field[4]

where A\ = ”;;2 .This is simply Newton’s second law for superconducting electrons .
Let us find a relation between .J; and magnetic field H in a superconductor . The free

energy of a superconductor is given
F= /Fs + Epin + Ernag (1.2.5)

The kinetic energy (FEk;y,) is connected with the current density Js; = ngevs , and it is

written as

1 ) 1 [ mJ?
Ein, = §/nsmvsdv =3 e (1.2.6)

Taking into account the Maxwell’s equation,

—

VXA =T, (1.2.7)
C



The kinetic energy will be

1 —
Eyin = — [ X*(VXH)? 1.2.8
o = 5 [ XX (12:5)
where we have defined

2

mc
N = 1.2.9
4rnge? ( )

The magnetic energy density is Ig—; .The free energy of the superconductor is thus
1 , .
F=F, + . /[H2 + N(VXH)?dv (1.2.10)
™

Where F, is the free energy of a superconductor at H =0 . Let us find the value of H
corresponding to the minimum vale of F. Assuming a small variation H— H+6H ,

we find a change in F as
§F = % / (2H6H + 2X*VXH.NVX6H)dv (1.2.11)
H corresponds to minimum value of F, that is
0F =0 (1.2.12)

Using
aVXb=bVXad-— div(aXb) (1.2.13)

And combining eqn (1.2.11) and (1.2.12),we obtain
/ [H + (\>VXVXH).6Hdv — / [divVXHXSH) =0 (1.2.14)
for arbitrary §H we have to satisfy

H+ ) NVXVXH=0 (1.2.15)



.This is the second London s equation .Using

VXH = %Js (1.2.16)
and
H=VXA (1.2.17)
We can write eqn (1.2.2 ) as
Jo = 4;; { (1.2.18)

eqn (1.2.18) is correct only in the so-called london guage choice of the vector potential
divA =0 (1.2.19)

17t = 0 (1.2.20)

Where 77 is the vector along the normal to superconductor surface .eqn (1.2.18) and
eqn (1.2.19) specify the continuity of current and absence of a supercurrent source
, while (1.2.20) assures that no supercurrent can pass through the boundary of a

superconductor. using eqn(1.2.18 )and eqn (1.2.6 ),eqn (1.2.4 )can be written as

J, = lAfT (1.2.21)
&
4 2
A= 7? (1.2.22)
C

1.3 THE MEISSNER EFFECT

We now apply the London ’s equation and discuss the penetration depth of magnetic
field H into a superconductor . We choose the simplest geometry ,the surface of the

specimen in x-y plane. We have

H+MVXVXH =0 (1.3.1)



VXH = 4—7TJS
C
divlH =0

10

(1.3.2)

(1.3.3)

LIf H || Z, we obtain % = 0, H=constant ,consequently, VXH= 0,Js; = 0,from

london equation ,H=0.The field can not be normal to superconductor surface. 2.If

H || X , div H=0 automatically met, and we get j || y so,the Maxwell equation is

dH B A7
az ¢
and the london
d*H
—— —\’H=
dz? 0

The boundary conditions are H(0) = H,, H(co) = 0 , the solution is

H(z) =H,e>t
And the screening current
. Ho _TZ
s=¢C extr
J 4T\

Figure 1.5: magnetic field pentration in to asuperconductor

(1.3.4)

(1.3.5)

(1.3.6)

(1.3.7)
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1.4 BCS THEORY

The phenomenological theory we discussed so far does not explain or describe what a
superconducting state is, even it failed to describe the distinguishing characteristics
of superconducting state ,exponential variation of specific heat at temperature below
T, the existence of energy gap ,and the so- called isotope-effect .

The problem was solved is 1957 when Bardeen ,Cooper ,and Schrieffer formulated a
microscopic theory of superconductivity ,which explained many properties of super-
conductors[1,2] .BCS theory gave as excellent account especially of electron- phonon
interaction at temperature very near to zero . It was the isotope -effect that gave a
hint that somehow lattice vibrational exciation (phonon), were involved in the for-
mation of superconductivity .

Before the development of BCS theory of superconductivity, cooper (1956) showed
that two electron interacting near the fermi surface form a bound state regardless of
how weak the interaction is , so long as it is attractive i.e the fermi sea is unstable
against the formation of at least one bound pair[14] . These pairs (bound states)
commonly called cooper pairs , have characteristic length of order of ¢,, which is
introduced as the phenomenological theory. The electrons in the bound state have
opposite spins and momenta (E 1, -k 1)

BCS theory is based on the attractive electron - electron interaction which results
from the electron- phonon interaction i.e a first electron polarizes the medium by
attracting the positive ion ; these excess positive ions , in turn , attract the second
electron(which lowers its energy) , giving an effective attraction between electrons as

it is shown in fig (1.5).
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Figure 1.6: Electron -phonon interaction

In the electron - phonon interaction , electrons are scattered from a Bloch state by
absorption or emission of a phonon of wave vector of q . As it is shown in fig (1.6) the
attractive electron -electron interaction is due to the virtual exchange of phonons .
The energy difference between these interacting electrons should be less than phonon
energy hw,. For superconductivity to occur this attractive electron- electron interac-

tion should dominate the screened coulomb electron- electron interaction.

The the electron - phonon interaction is given by
H'=iY Dyl cr(a,—a',) (1.4.1)
kq

where c'c are fermion operators and a' ,a are boson operators ;D, is a number , and
for convenience we take it equal to D, a real constant .The the total hamiltonian of

electron , phonons , and their interaction is[16,22]

H = Z wealag + Z exchey + i Z ch,t:Jrqck(aq —al,) (1.4.2)
q kq
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k 1%

Figure 1.7: Attractive electron -electron interaction due to exchange of virtual
phonons

Using canonical transformation of the hamiltonian,the reduced hamiltonian is given
by

H = Z €xNka + Z Ukk’c};TcT_le—k’ick’T (143)
ko kk'

Where nyg, is the number operator which count the number of electron in a single

state.

1.4.1 BCS GROUND STATE

According to BCS theory in the ground states at absolute zero temperature of a super-
conductor is a linear combination of staes in which pairs (E T, —k ) are occupied or
unoccupied. In the ground state all the electrons participate in the paring and all the
cooper pair collective form macroscopic condensate due to strong correction among
the cooper pair.This is the origin of zero resistivity and stiffness against magnetic
fields of a superconductor . In the ground state ,electrons near the fermi surface are

only strongly affected by the electron -phonon interaction. The reduce hamiltonian
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is defined by

H = Z €xNka + Z Ukk’c};TcT_le—k’ick’T (144)
ko kK’

Creation and annihilation operator for pair may be defined in terms of the single

particle operators as follows

b = c_k1Cr) (1.4.5)
b = cficly, (1.4.6)
Nk = clacka (1.4.7)
The number operator
Nga = Nk + Nk (1.4.8)
can be replaced by
Mo = 2b]by, (1.4.9)

Then the reduced Hamiltonian is given by
Hyeg =Y 26xblbi + > vpiblbi (1.4.10)
k k!
BCS theory is a mean-field theory, and for zero temperature, it applies the variational

principle. The trial wave function for the many-body ground state, |¥, > is taken
W >= [ [ (ux + vxb})[0 > (1.4.11)
k

where |0 > is a null state. The wuy is the probability amplitude that the pair state
(E T, —k 1) is unoccupied, and vy is the probability amplitude that this pair state is
occupied. They are variational parameters and satisfy the normalization condition
ui+v =1, so that the total wave function is normalized. As is clear from eqn (1.4.12

), BCS theory is based on grand canonical ensemble, and the number of particles in
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the system is not conserved. One imposes the constraint that on average the number

of electrons is N:

< W[ Nop Ty >=< Uo| ¥ nga| ¥, >= N (1.4.12)
k

The Nop is the number operator which counts the number of electrons in the many-
body system. Using the Lagrange multiplier,;s i.e.chemical potential, one minimizes

the ground-state energy:
SW =6 < Wo|Hpep — Nop|¥, >=0 (1.4.13)

Substituting the Hamiltonian (1.4.11) and the wave function (1.4.12) into this equa-
tion(1.4.14), and applying the commutation relations of b,t and by , one has

W = Z 2(6k - M)U]% + kak/vkukvk/uk/ (1414)
k kk'

Minimizing this energy in terms of and vy and wy , with the normalization condition,

one obtains

= (14 =
U 2( + Ek)
1 €
R L 1.4.1
=51 - ) (1.4.15)
where Fj, is defined by
Ep = [(er — p)? + A2 (1.4.16)
and A\ satisfies the relation
Ak/
Ny = — f— 1.4.17
k zk: Rk S ( )

From BCS theory

V;ck’ = —U72f|£k|and|€k| S th
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0, otherwise (1.4.18)

and

0, otherwise (1.4.19)

For A = A | eqn (1.4.19) will be

1
T E (1.4.20)
k

N <

Converting the above equation into integration ,it becomes

hwp
1= E/ N(e)L
2 ) pop VA? 4 g2

replacing N(e) by N(0) which is the density of states at the Fermi level because

(1.4.21)

hwp << &g, and enq (1.4.21) becomes

hwp de

0o VATt e?

for weak coupling, N (0)v << 1,and the integration gives

1= uN(0) (1.4.22)

—1

A = 2hwp exp[UN(O)

] (1.4.23)

where A(r) is the energy gap parameter .Using (1.4.15,1.4.16,1.4.18,),the energy dif-

ference between the normal and the superconducting state is given by

U,(0) — U, (0) = _71N<0)A2 (1.4.24)



17

1.4.2 EXCITED STATES

The excitation spectrum of the superconductor can be conveniently treated by intro-
ducing a linear combination of the fermion creation and annihilation operators. This

is known as the Valatin-Bogoliubov transformation:[17,18]
Cer = W0 + Vel (1.4.25)

C_pp = =0 ko + w4 (1.4.26)

are used ,and the reduced BCS hamiltonian is given by

H =Y (& = Bi+ 2050 + Y Exlvlomeo + vhmw) (1.4.27)
k
and
—1 Ay
Np=—> vaw—(1 = 2f(Ey) (1.4.28)
2 By

k/
Following the the same procedure we used to derive the A\ we find critical temperature

T, to be

h’LUD

T. = 1.14—Levov (1.4.29)

B

where N(0) is the density of state at the fermi surface ,and the V is coupling con-

stant.The temperature dependence of A is given by

N|=

A(T) = 1.74A(0)(1 —

) (1.4.30)

S

For finite temperature, the BCS theory is formulated on the basis of the statistical
method for a grand canonical ensemble. One of the predictions deducted from the
BCS theory that agrees perfectly with experiments, is the temperature dependence

of the energy gap. Now we have seen that the quasi particle excitation can be simply
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Figure 1.8: Temperature dependance of measured energy gap for various conventional
superconductors. The curve is the BCS prediction|[3]

described as fermions created by the 7,1 ,which are in one to one correspondence with
the c,t/, of the normal metal, then we can obtain the superconducting density of state
N, by equating

Ny,dE = N,d¢ (1.4.31)

Since we are interested in energies £ only a few milli electron volts from the fermi

energy,we can takeN,= , N(0) a constant .This leads directly to the simple result

NJ(E)  d¢ E

L R SR
N,(0) dE  EE_prtT

0,E<A (1.4.32)

The A is called the pairing potential or order parameter .One must solve A self

consistently .
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1.5 SUPERCONDUCTIVITY IN THIN FILM

Since 1960 researchers have explored the possibility that the superconducting prop-
erties of thin films may be superior to, or at least different from, those of bulk ma-
terials[5]. As the thickness of a thin film is reduced to the nano meter scale, the
films surface and interface confine the motion of the electrons leading to the forma-
tion of discrete electronic states known as quantum well states .This quantum size
effect changes the over all electronic structures of the thin film at small thickness,
physical properties are thus expected to vary , often dramatically with thickness. Re-
cent experimental studies have demonstrated such variation with film thickness for
properties such as electronic density , electron -phonon coupling, surface energy, and
thermal stability .The variations are expected to follow a damped oscillatory curve
that is superimposed on a N7 baseline (where N is the number of atomic layers in the
film and the exponent 7 is often close to 1). The superconducting transition tempera-
ture for a metal such as lead depends on the density of states and on electron-phonon
coupling. It should thus also vary with film thickness. An oscillatory dependence of
T, on film thickness is a far more convincing proof for quantum size effects. Some
prior studies suggested such oscillatory behavior , but the report by Guo et al[5]. is
the first definitive and quantitative demonstration. Using atomically uniform films of
lead with exactly known numbers of atomic layers deposited on a silicon (111) surface
(see the figure 19), the authors observed oscillations in 7, that correlated well with the
confined electronic structure. Their work has elevated this type of measurement to a
new level of precision and sophistication. As the search for better superconducting
materials continues, quantum size effects are an important avenue toward this goal.

The oscillatory variation of the superconducting temperature for those metal can be
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Figure 1.9: physical properties vs thickness[5]

understood qualitatively by means of a simple model of the quantum size effect in
which the film is modeled by infinite or periodic boundary condition in the plane ,
freely moving carriers within the plane and the requirement that charge carrier do
not leave the film at its surface .This corresponds to an infinite potential well in the
vertical direction across the thickness of the film. Under these conditions the energy
spectrum splits in to subbands denoted by a quantum number S.The density of state

in such a thin film is of the form

m 2t
D(e) = tht[E] (1.5.1)
where [£] is the integer part of /\2—; Hence D(e) decreases with increasing t as long

Az_;
as S= [f—;] which is the number of filled subbands ,that stay the same .Here A\p is the
Fermi wave length and t, is the film thickness .At certain values of t a new susband
opens up i.e S — S+ 1 and the density of states increase by —- .This leads to a saw

tooth like oscillation of the density of states as a function of t . The period of these
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oscillation At is given by

At = %F (1.5.2)

Superconductivity is modified as a consequence of the dependence of the density of
state on thickness . Electrons which are paired have equal and opposite momenta and
belong to the same subband denoted by S .The oscillation in the density of state then

leads to oscillation of the gap A and of T, as a function of thickness .BCS models

gives
T. = 1.14h _ 1.5.
wDeXp[vD(e)] (1.5.3)
and,
A =2h [ ! ] (1.5.4)
= 2hwp exp D(E) 0.

where v is coupling constant, wp is the Debye frequency and D(e) is the density
of state .The critical temperature and the gap would decrease monotonically with
increasing film thickness, but the increase in S at certain thickness which causes
jumps in these parameters . A saw tooth like variation of 7T, and A as a function of
thickness with the amplitude of the oscillation decreases with increasing film thickness

is observed .

1.6 NANO MATERIALS

1.6.1 Definition

In their broadest definition, nanostructured materials show structural features with
sizes in the range from 1nm to a few hundred nanometers in atleast one dimension.
Nanostructured material is associated with a specific novel property or a significant
improvement in a specific property resulting from the nanoscale structuring. For

instance, opaque substances become transparent (copper); inert materials become
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Figure 1.10: the oscillation the transition temperature T, of Pb [4]

catalysts (platinum); stable materials turn combustible (aluminum); solids turn into
liquids at room temperature (gold); insulators become conductors (silicon). A ma-
terial such as gold, which is chemically inert at normal scales, can serve as a potent
chemical catalyst at nanoscales. Much of the fascination with nanotechnology stems
from these quantum and surface phenomena that matter exhibits at the nanoscale.
As a consequence, the type of nanostructuring used must be based on a spatial depen-
dence of some parameter related to the property under consideration. This parameter
could be, for example, the material density, transport parameters, or the dielectric
constant. Two main technological approaches may be defined:

1. The top-down manufacturing paradigm consists in down scaling the patterning of
materials to nanometer sizes. This allows the generation of materials which are co-
herently and continuously ordered from macroscopic down to nanoscopic sizes. 2. The
bottom-up paradigm is based on the atomically precise fabrication of entities of in-

creasing size. It is the domain of macromolecular and supra molecular chemistry
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Figure 1.11: the oscillation the transition temperature 7, of Sn [7]

(dendrimers, engineered DNA| etc.) and of cluster and surface physics (epitaxy, self
assembly, etc.). Most of the common nano materials can be classified in terms of
dimensionality, according to the number of orthogonal directions X, Y, Z in which
the structural patterns referred to above have dimensions Ly,y ,z smaller than the
nano scopic limit Ly . This leads to the classical definitions of dimensionality sum-
marized in Table 1.1 below.The structure of the density of states (DOS) in nano
structures is strongly dependent on the dimensionality. A free 3D motion yields a
band characterized by three wavevectors k, ky, k. . The corresponding DOS depends
smoothly on the energy E, as (E — Ey)'/? , where Ej is the energy of the bottom of
the band. Confinement into a 2D system splits the band into subbands, and leaves
only two continuously varying wave vectors k,, k, in each subband. The DOS for
each subband is then constant above the energy EJ of its bottom state. The over-

all DOS is discontinuous,with a stepwise structure that is characteristic of quantum
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Figure 1.12: the superconducting energy gap vs thicknnes|8]

wells. Confinement in one additional dimension splits each 2D subband further into
a set of 1D subbands. Each 1D subband is characterized by only one continuously
varying wave vector k, , and two quantum numbers N, M. The DOS corresponding
to the subband N, and M has a variation of the form (F — E3"*)~1/2 | with a diver-
gence at the bottom of the subband E}"" . The DOS of a quantum wire thus has a
more pronounced structure than does a 2D well, with a larger number of subbands,
each one starting as a peak . Finally, confinement in all three dimensions creates a
completely discrete, atom-like set of states. The DOS of a quantum dot thus consists
of a series of d functions . The sharpening of the DOS at specific energies induced by
quantum confinement is the origin of many improvements in the properties of nano

structured materials compared with bulk materials.
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Figure 1.13: Density of state for 3D free electron (dashed line)2D quatum well (solid
line ),and 1D quntum wire (shaded line) as function energy|9]

1.6.2 SPECIFIC PROPERTIES

The specific properties of nano structured materials can have two different possible
origins: Size effects, which result from the spatial confinement of a physical entity
inside an element of the nanoscale structural pattern. Such an element is called a
low-dimensional system. An example is the confinement of electron wave functions
inside a region whose size is smaller than the electron mean free path. This class of
effects may give birth to completely new properties. Boundary effects, which are a
consequence of the significant volume fraction of matter one located near surfaces,
interfaces, or domain walls. Processes that take place only at such locations may be
highly favored, and properties specific to structural boundaries may also be greatly

enhanced.

1.6.3 ELECTRONIC QUANTUM SIZE EFFECT

Confined electronic systems are quantum systems in which carriers, either electron
or holes, are free to move only in a restricted number of dimensions. In the confined

dimension, the sizes of the structural elements are of the order of a few de Broglie
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Figure 1.14: Types of nano structures|8]

wavelengths of the carriers or less. Depending on their dimensionality, these structures
can be quantum dots (0-D), quantum wires (1-D), or quantum wells (2-D). One of
the most dramatic effects, called the quantum size effect, consists in a redistribution
of the energy spectrum of the system, the density of states becoming discrete along
the confinement direction. In the most simple ”particle in a box” model of a quantum

well, the energies of the corresponding eigen states are

R2m? h?
2 2 12
omd * 2m(k$ k) (16.1)

En ks, ky=N

where m is the effective mass of the carrier, d is the confinement dimension, and N is
a quantum number. The first term appears because of the quantized motion in the
z direction, whereas the second term represents the energy of the free x, y motion,
characterized by wave vectors k,, k, . Each value of N defines a semi infinite subband
of energy levels. Although the ”particle in a box” model is simplistic compared with

real systems, this limiting case is often successful in describing the essential features of
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quantum size effects . The importance of the quantum size effect is mainly determined
by the energy differences Ey 1 — En . Quantum size effects become observable when
this separation exceeds the thermal energy of the carriers, so that adjacent sub bands
are differently populated. Since the energy difference En 1 — F increases with N, it
could be anticipated that quantization effects would be more important for processes

involving higher sub bands|9].



Chapter 2

Mathematical formulation

2.1 Bogoliubov -de Gennes equation

We consider the case where an electron experiences an arbitrary external potential
Up(r) (this will be important to describe the effects of impurities, specimen surface
(sample surface) ,and magnetic[11] field. We define the creation and annihilation

operators W' and W respectively in real space as.
Ul(ra) = Ze’ik"”aza (2.1.1)

U(ra) = Zeik'ra;m (2.1.2)

Here aLa and ay, are the creation and annihilation operators defined in the mo-
mentum space in the BCS theory .The Wi(ra)¥(ra) creates (removes) an electron

with spin a =7 or | from position 7. The operators ¥ satisfy the anticomutation

rules .
{V(ra), ¥(r'g)} =0 (2.1.3)
(W (ra), W1(r"8)} = 0 (2.1.4)
{U1(ra), O(r'B)} = dagd(r — 1) (2.1.5)

28
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the operator associated with the number of particle is

N = Z T Z/dr\I/T(ra)\If(r&) (2.1.6)

Assuming a point like(pair wise) interaction in real space to describe s- wave coupling

with coupling constant v, the Hamiltonian H can be written as

H=H,+ H, (2.1.7)

H,= Za:/dr\IlT(ra)[% + Uy ()| (ra) (2.1.8)

H, = _7@ Z/dr\Iﬁ(ra)\IfT(rﬁ)\I/(ra)\IJ(rﬁ) (2.1.9)
af

where p is the momentum operator. The H, above is a sum of the kinetic energy and
single particle potential energy with the mass of an electron m,. . U,(r) includes crystal
potential and surface potential( confining potential).The H; models the electron-

phonon interaction among cooper pairs. It will be useful to define

Ho — EpN = / drv' (ra)H,¥(ra) (2.1.10)
where
- 1 _ eA
He = %(—Zhv — ?)2 + U,O(T') — EF (2111)

In the mean field approximation one writes the interaction in terms of effective

two - body interaction.

H;ff = /dr[z Ul (ra) HoU (ra)+U (r) U1 (ra) ¥ (ra)+A ()0 (r DU(r )05 ()T (r )U(r 1)]
" (2.1.12)
The U(r) is the Hartree - Fock potential arising from the pair interaction .The last

two terms in eqn (2.1.12) are called anomalous term representing the pair scattering
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It can be noted that both of the two terms change the number of particles by two.
The A(r) is the order parameter or the pairing potential, now depending on 7

H.s; is quadratic from in UTand¥ .we can diagonalize it by performing a unitary

transformation .
Uir 1) = ;%u;ﬁ(r) = Un (7)) (2.1.13)
Ui 1) =) b s () + vn(r)ym (2.1.14)
U(r1) = Xn: Vit (1) — 03 (P)) (2.1.15)
U(rl) = Zn: Yot tin(r) + 07 (1) 7y (2.1.16)

where VLT creates a particle is the state n with spin up and ’yjl , annihilates hole with
spin down. u, and v, are electron and hole like wave fuctions of the quasi particle
with quantum number n .Using the above unitary transformation the diagonalized
effective Hamiltonian is given as

Hepp=¢c4+ Y enViatna (2.1.17)

no

Where ¢, is the ground state energy ¢, is energy eigen value of the quasi particle
excitations .y and 4 are new operator (quasi particle operators still satisfying the

fermions anticommutation relation) .
{’ijm ’Ymﬁ} = 6nm5aﬂ (2118)

{’Ynay’ymﬁ} =0 (2119)

Using egn (2.1.17) and egn (2.1.18,2.19), one can write

[Heffa ’Yna] = —&nVna (2120)
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[Heff77:mz] - gn’y;rm (2121)

Taking the commutator [H.fr, V], using the definition for H.;f and the anti comu-

tatation propertities of ¥, we obtain
(1), Hogg] = [H, + UG 1)+ AT 1) (2.1.22)

(U(r 1), Heys] = [He + U(r)]T(r |) + A(r) T (r 1) (2.1.23)

In this equality, we replace the ¥’s by +’s , and then we apply the anticommutation
of v ’s. Comparing the coefficients of 7, and 7/) on the two side of the equation ,we

obtain the Bogoliubov -de Gennes equation is given by
entin(r) = [He + U (r)un(r) + A(r)on(r) (2.1.24)
enn(r) = —[He + U(r)|vn (1) + A(r)un(r) (2.1.25)

u
The ( " ) are eigen function of a linear system with corresponding eigen values ¢,

s<u>:§2(u> (2.1.26)

u
> are orthogonal, and if

(2 is hermitian operator and the eigen functions (
v

u u*
( > is the solution ¢, ( ) is the soln for the eigen value - . We now determine
v v*

H, ¢ by requiring that the free energy F calculated from the states which diagonalized

H.¢¢ be stationary. By definition
F=<H>-TS (2.1.27)

where H is the initial Hamiltonian, H = Hp + H; and the average < H > is given by

_ Yoo < P|H|® > exp(—f[Es)

<t > exp(—0Ea)

(2.1.28)
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The matrix elements are taken with respect to the eigen functions |® > of H.y;
Heff’q) >= 6q>|q) > (2129)

a general method to calculate < H > is to replace the ® ’s by ~’s according to

(2.1.17), then to use the mean value rules

< ’yia/Ymﬁ >= 5nm5aﬂfn (2130)
< YnaYmp >=0 (2.1.31)
1
n= 2.1.32
f eﬂen + 1 ( )

However it will not be necessary to perform this entire calculation. we write < H >

in the form of
< H >= Z/dr < Ul (ra)H,V(ra) >
_7“ S < W)U (rB) U (ra) (1) > (2.1.33)
ap

the product < UVIWIWW > can be simplified by Wick theorem which makes use of

only the fact that UT and ¥ are linear function of vf, andy .the theorem gives
< UH)TT(2)T(3)W(4) >=< TI(1)T(4) >< UI(2)¥(3) >
— < U (DW(3) >< U2V (4) > — < TI(D)TT(2) >< ¥(3)T(4) > (2.1.34)

We now vary the amplitudes

U ou
( > to < 5 ) and the occupation number f, to df, . The free energy then
v v

varies by 0F as :

OF = / dr{) (< Ul(ra)HU(ra) >]-v ) < ¥i(ra)¥(ra) > 5[< U (r3)¥(rg) >|
@ aB
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+v Y < U (ra)¥(ra) > §[< ¥i(ra)¥(ra) >|
—v[< Tl (r DU (r |) > 0(< U(r )U(r]) >) +cc]} — Tés (2.1.35)

where we have assumed < WT(r 1)W(r |) >= 0, as it is correct in our non magnetic

case,Now notice that the equality

Fy =< Hp; > —TS (2.1.36)

It is stationary with respect to du,, dv,,and ¢ f,, since our excitations diagonalize

H. ;s exactly. Using U’s in terms of 7 , this condition becomes explicitly
0=10< Hyp>—T6S = /dr{Zé < Ul (ra)H, + U(r)¥(ra) > +

Ar)S(< U DU |) >) + et — T6S (2.1.37)

Comparing eqn (2.1.35) and (2.1.36), we see that F will be stationary if we take as

effects potentials
Ulr)=—v < Ui NU(r 1) >= —v < Uir )U(r ) > (2.1.38)
(the standard Hatree -Fock results for a point interaction), and
A(r)=<¥(r )U(rl) >=—-ov<¥rNHY(r])> (2.1.39)

If we replace the ¥'s by 7's and if we use the mean values of eqn (2.1.30,2.1.31,2.1.31),we

can put these conditions in to the explicit form
U(r) = —=v Y [fun(r)]* fo + loa(r)P(1 = f)] (2.1.40)

A(r) = vZunv:‘L(l —2fn) (2.1.41)
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these condtion assume that the potential U and A are self consistent.The density of

particles is given by

n=2< U DU 1) >= 23 )P fo + lon)PA - £)] (2142)

It is a combination of the contribution from hole and particle. A can be considered
as pairing potential that couples the electron and holes .It is important to realize that
the difference between Ay in the BCS theory and A(r) in BDG theory. The former
is the energy gap to creat quasi particle excitation in statek ,while the later can not
considered as energy gap, since it is a function of position.Throughout this work, we
consider isotropic s-wave pairing. In this case, there is no Fock (exchange) interaction
and the Hartree interaction simply shifts the energy levels. Therefore ,the Hartree-

Fock potential U is neglected in this thesis.



Chapter 3

SUPERCONDUCTIVTY OF
NANO STRUCTURES

3.1 INTRODUCTION

Increasing the critical temperature T, of a superconductor has been a major challenge.
On the one hand one can look for different materials that exhibit a higher T,.. Such
a search has been very successful over the last 20 years. On the other hand micro
structuring of a superconductor is a different and new road that is able to modify 7.
(i.e. increase or decrease it) and may also give us further insight in the basic mecha-
nism of superconductivity. In earlier works on micro structuring of a superconductor
in the mesoscopic regime, enhancement of the critical current j. was demonstrated
to occur due to trapping of vortices. Also a large increase of the critical magnetic
field H. was realized through such mesoscopic structuring, which is mostly a conse-
quence of surface superconductivity. But in both cases the zero-magnetic-field critical
temperature was unaltered .In nano structures which are a few nano meter size , in
one or more direction , exhibits quantum confinement which influence many physical

properties such as superconductivity . Controlling of size and shape of the carrier

35
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confinement favors the enhancement of superconductivity and also leads to oscilla-
tory behavior of superconducting property. During the last decade nanowires have
attracted much attention in the context of phase fluctuations of the order parameter
(i.e, quantum phase slips) in the longitudnal direction. Blatt and Thompson calcu-
lated a remarkable sequence of peaks in the thickness dependence of the energy-gap
parameter of single-crystalline superconducting nanofilms in the clean limit. They
called these spikes shape resonances.

Recent advances in nanofabrication technology resulted in nanoscale structures like
wires with width about 10 nm and films with thickness of a few monolayers . In
particular, superconducting metallic nanowires or nanofilms are now attainable with
electron mean free path being about the specimen width or thickness . To a great
extent such nanoscale superconducting specimens can be considered as being in the
clean limit. In this case nonmagnetic impurities can only influence the electron mo-
tion parallel to the wire or film. Arguments similar to the Anderson theorem [2]
make it possible to expect that the longitudinal scattering of electrons on such non-
magnetic imperfections do not have a significant effect on the superconducting char-
acteristics in the clean limit. Since the classical papers by Gorkov and Bogoliubov
[2]it is known that the superconducting order parameter can be interpreted as the
wave function describing the center of- mass motion of a Cooper pair. The Cooper-
pair wave function is influenced by the surrounding electrons of the Fermi sea so
that the single-fermion states with energies well below the Fermi level do not make
any essential contribution to the order parameter. As a result, A(r) will depend
on the density of the single-fermion states (per unit volume and per spin projection

)situated in the Deybe "window ” around the fermi level {Er — hwp, Er + hwp}
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, where wp is the Debye frequency. Quantum confinement of electron in the clean
nano wires and nano films results in a splitting of the band of single-electron states
in a series of subbands that shifts in energy with changing wire or film thickness.This
shift leads to quantum-size oscillations in the mean density of single-electron states.
When the bottom of such a subband passes through the Fermi surface, the density
of states increases abruptly and a size-dependent superconductivity resonance comes
into play . So, any superconducting property (7., AA) exhibits quantum- size oscilla-
tions. The resonant enhancements and , quantum-size oscillations are substantial in
the nanoscale regime and decay with increasing wire/film thickness. Thus, following
Blatt and Thompson articles [7] the enhancement of superconductivity due to the
passage of subbands through the Fermi surface can be called a shape(size) supercon-
ducting resonance.In agreement with these expectations, photoelectron spectroscopy
has demonstrated clear signatures of the formation of such QWS’s in thin crystalline

metallic films.

3.2 Bogoliubov-de Gennes equation

A direct consequence of quantum confinement is a nonuniform spatial distribution
of the superconducting order parameter A = A(r) . It is well known that, the
Bogoliubov-de Gennes (BdG) equations are a very powerful formalism which is able
to describe a position-dependent parameter(in our case the order parameters). In

the absence of a magnetic field A(r) can be chosen as a real quantity, and the BdG

( He  Ar) ) ( un(r) ) _ & ( n (1) ) (3.2.1)
A(r) —H, Un(7) Ua(7)

equations read as
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where FE, is the quasi particle energy ,and u;, andv; are the particle and hole like wave

functions respectively .The single electron hamilitonian is given by

—h?
H, = —V?+Uy(r) — 3.2.2
V2 Un(r) = g (3.2.2)

with g the chemical potential and m the electrn band mass(set to the free electron
mass for isotropic case). To study quantum-size effects, a crystalline nano film and
nano wire in the clean limit in the confinement direction are considered i.e (£, >
the thickness or width) .The periodic lattice potential is taken into consideration by
introducing the electron band mass i.e, the parabolic band (PB) approximation.The
order parameter (pairing potential ) is related to the eigenfunctions u;(r) and v;(r)

through
A(r) =0 un(r)vy(r)(1 = 2f,) (3.2.3)

with v the coupling constant and f, = f(E,)

1
n= —————— 3.2.4
fu= (3.2.4)
is the fermi function (5 = kBLT with T the temperature and kg the Boltzmann constant

.The sum in eqn(3.2.3)is over all positive energies E,, , but in addition it is limited
to the Debye window of the single-electron energies |¢,| < Awp , where wp is the
Debye frequency. The BAG equations(3.2.1) should be solved together with the self-

consistency relations(3.2.3)for a given chemical potential which is determined by

ne=o / i Sl o+ o)1~ 1) (3.2.5)

where n, is the mean electron density and V is the volume of the wire / film .The

sum in eqn (3.2.5)is over states with positive E,, .
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3.3 NANO FILMS

we use the periodic boundary condition in the plane of the film in this case A(r) =
A(z) ,then the eigen wave functions are
ikyy ikzx
ey ethet
Up (1) = ——=—=1n(z
/Ly VL
eikyy eikzl-a: _
= —un
/Ly VL

where n = (k;, k,, j) with k, and k, the free electron wave vector in (x,y) direction

) (3.3.1)

V(1)

(2) (3.3.2)

and j the quantum number related to the electron motion in the z direction normal

to the film. Due to the electron confinement in the z direction
Un(2) =1y (0) = 0,0,(2) = 0,(0) =0 (3.3.3)
The eigen functions 4, ,7,, and A(z) can be expanded in the quantum well state given

Dy(2) = \/Lzzsin(H(EL—j:D)z (3.3.4)

the BAG equation takes the form given below

by

R w0+ 1)?

B, = [%( 72" K2+ ky) — pla,
+) At (3.3.5)
gl
- h? w04 1)* _
E, U, = [%(% + k2 + kD) — po,
+> D) (3.3.6)
[/

with
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Note that A(z) is expressed in terms of @,(z) and v,(z) by means of eqn (3.2.3 )
where u,(r) and u,(r) are replaced by u,(z) and v,(z) . equations(3.3.7 and 3.3.8 )
were solved numerically by converting these equations in to matrix form and using
iterations until full self-consistency was reached. At the first iteration the bulk values
for pair potentials A(z) = Apyy is taken. At each iteration step the eigenvalues E,
and corresponding eigenvectors (w2, ....u", 02, ...0%) were calculated by transforming
the governing matrix to a diagonal form and then new values of A(z) were found
through eqn (3.2.3).The thickness-dependent superconducting temperature 7T, was
found as the point above which A(z) = 0 is the only solution of eqns (3.3.7 and

3.3.8).

3.4 NANO WIRES

Introducing the cylindrical coordinates p .0, z, we can write A(r) = A(p) , and the
periodical boundary conditions are implied in the longitudinal (z) direction, the eigen

wave functions are

ezkzz elmG

un(r) = \/L—Z\/—Q—Wﬂn(ﬂ‘)

6zkz z ezm@

U (1) = \/—L_Zﬁﬂn(p) (3.4.2)

where n =(j,m k) with j the quantum number associated with the p coordinate, m the

(3.4.1)

azimuthal quantum number, and k the wave vector in the z direction. Substituting

eqns (3.4.1 and 3.4.2) into eqn (3.2.1) ,the BAG equations takes the form given below

_ R0 01 m?
Enun(p) = [%(an e - k2) - ,U]Un(P)

+A(p)in(p) (3.4.3)
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n* o2 a1 m?

Entn(0) =l (Ga, Y 9,5~ 2~ k) — p]tn(p)

om
+A(p)itn(p) (3.4.4)

Due to the elecron confinement in the transvere direction , we should put
Un(p) = 1, (0) = 0,7,(p) = 1,(0) =0 (3.4.5)

Then, ,(r) and v,(r) functions are expanded in terms of the Bessel functions as

follows

in(p) = 3 Cjm(p), (3.4.6)

Bulp) = 3 By}, (3.47)
J
where the orthonormal bessel fuction is given by

_ \/5 J (amj
RJerl(C(mj) mn R

@5 (p) ) (3.4.8)

where J,,, is the m' order and a,; its j" zero .Using eqn (3.4.8)in eqn (3.4.3and

3.4.4) , the BDG will be written as

2 2
he o,

o R

AT (3.4.9)

J

Byt = | I — i

jm

h2 @?m 2 ~n
om gz TR

D Ayl (3.4.10)
j/

E,0" =]

where

Bsy = [ ©inlp) 00 sm()dp (3.4.11)
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In the BAG equation ,states with the energy range[hwp, hwp| are included. There fore

j varies from 1 to N, (the maximam number of j) for a given m,defined by
7 SGm < b (3.4.12)

And eqns (3.4.9 and 3.4.10) are reduced 2N; X 2N, matrix for the expansion coefficent
for each angular momemtum m. Using iteration procedure until self-consistent solu-
tion is obtained ,we can find the values A(p) and T, at a given radius. To obtain the
correct quantum-size oscillations in the physical properties of nano-superconductors
when studied within the parabolic band approximation (based on the band mass m.) ,
one should use the effective Fermi level rather than the true one . The effective Fermi
level is determined by the band structure in the presence of quantum confinement

and, so, it depends on the interplay between the crystal and confinement directions.



Chapter 4

4.1 Results and Discussion

We have used the following parameters fip, . = 0.93ev , N(0)v=0.39 , where N(0) =

;552 is the bulk density of state at the fermi surface, and h;“—; = 96K .Fig (4.2)

represents the numerical solution of the self consistent Bogoliubovde Gennes equation

T
Touik

for for pb nano film taking L, = L, = 800nm to cosinder the bulk limit ,

where the L, varies ,and fig (4.1) represents the numerical value of the self consistent

T.

T of Pb nano wire ,where L = 800nm and R

Bogoliubovde Gennes equation for
varies.As it is shown in the figures the superconducting temperature increases at a
resonant point above its bulk value T.bulk and, then, decreases slightly below T.bulk

,and the resonance of T, for Pb nano wire is greater than that of nano film. It is also

shown,quantum-size oscillations are washed out with increasing thickness.

4.2 Conclusion

To conclude, quantum confinement is the major effect governing the superconducting
properties of a clean nanoscale specimen. Based on a numerical solution of the Bo-

goliubovde Gennes equations, we investigated how the superconducting properties of
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Figure 4.1: Oscillation of transition temperature for Pb nano wire

a nanoscale specimen depend on the confining geometry. We investigated the width-
dependence of superconducting resonances responsible for the remarkable quantum-
size oscillations of the superconducting properties typical for nanoscale superconduc-
tivity and first calculated by Blatt and Thompson [8]for a thin superconducting slab
Recently, such oscillations were observed in experiments with Pb(111)[5].We believe
that the nontrivial interplay of the quantum-size and quantum-shape effects can be a
possible avenue towards an optimal design of future nanostructured superconducting

devices.



Figure 4.2: Oscillation of transition temperature for Pb nano film

Figure 4.3: Oscillation of parameter for Pb nano wire
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Figure 4.4: Oscillation order paramter for Pb nano film
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