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Abstract

The universe is governed by
science. But science tells us that
we can’t solve the equations
directly in the abstract.
-Stephen Hawking(1942)

This project paper is aimed to explain observability of linear time invariant dynamical
system. We develop a linear systems theory that coincides with the existing theories for
continuous and discrete dynamical systems. We explore observability in terms of both

Gramian and rank conditions and establish related realizability results.

An observable system is one in which the latent variables can be reconstructed from
the manifest variables (in sate space system, the manifest variables are input and output
and the latent variable is the state). In order to reconstruct the state at any time from
the input and the output, due to the property of state, it suffices to reconstruct state at
a specific time t,, then, we know it every where in the future, i.e, for all t > ¢,. Thus, we
only need to reconstruct x(0). We will also state necessary and sufficient conditions for
the recostructiblity of the state x(0) or observability of the system, namely, Kalman
observability test, Hautus observability test and observability test using the Gramzian

matrix of the system.

In addition, if the system is not observable, i.e, if the state x(0) is not reconstructible,
using Kalman observability decomposition, we will identify which components of z(0)
are reconstructible and which are not. Finally we will give a test for observability of a

behaviour. Some examples are included to show the utility of these results.

The first chapter of the paper mainly discusses basic preliminaries for the discussion
of the main topic ”Observability of linear time invariant dynamical system”. In here we
will define several terminologies both verbally and mathematically. we will also study
and proof some basic theorems. The later chapter discusses observability for linear time
invariant dynamical system. Several system properties will be developed and used in

checking observability of a given system and proofing system related theorems.

il



Chapter 1

INTRODUCTION

Everything comes if
you will only wait.

Tancred.

1.1 What is a system?

The word ”system” comes from the Greek word cvornua, which originally meant some-
thing like "to stand/put/place together.”

The following are some definitions i got from some books:

e Systems, in one sense, are devices that take input and produce an output. A
system can be thought to operate on the input to produce the output. The output
is related to the input by a certain relationship known as the system response. The
system response usually can be modeled with a mathematical relationship between

the system input and the system output.( Wikibooks.org)

e System is a thing that has components which may act independently, but are con-
nected somehow. It is a collection of parts that interact with each other to function

as a whole.(Fva Zerz: Introduction to systems and control theory)

Physical systems can be divided up into a number of different categories, depending on
particular properties that the system exhibits. Some of these system classifications are
very easy to work with and have a large theory base for analysis. Some system classifi-
cations are very complex and have still not been investigated with any degree of success.
By properly identifying the properties of a system, certain analysis and design tools can

be selected for use with the system.

Linear time-invariant (LTI) systems are the easiest class of system to work with, and
have a number of properties that make them ideal to study. In this chapter we will

discuss some properties of this system.



Based on memory we can classify systems as Dynamic and static systems. A sys-
tem is said to have memory if the output from the system is dependent on past inputs
(or future inputs!) to the system. A system is called memoryless if the output is only
dependent on the current input. Memoryless systems are easier to work with, but sys-
tems with memory are more common in digital signal processing applications. Systems
that have memory are called dynamic systems, and systems that do not have memory

are static systems.

Static system is a system which is fixed with time. It is a system that remains un-

changed when a particular transformation is applied to it.

Dynamical system is a system that evolve in time. Such systems interact with their
environment through time dependent functions called signals or trajectories.

In here we are interested only on dynamical system. This system is a system in which
components/parts/elements evolve in time. According to J.C.Willems’ definition of dy-

namical system (1986/87), a dynamical system ¥ involves three ingredients.

o A set T: It is our mathematical model of time. This time set can be either discrete

or continuous time.

e Signal value set W: It is a set in which the signals take their values. Thus, a signal

is a function
w:T — W, t— w(t).

e Behavior B C W7, where W7 is the set of all functions defined on T and take their
value in W. It contains signals that are compatible with the law governing the
system(usually this laws are of the form difference or differential equation). Such
signals that obey the system law under consideration are also called admissible

signals.
B = {w € WT|w satisfies the system law}

Thus, Willems’ famous definition of a dynamical system X is a triplet:
¥ =(T,W,B)

In most cases of relevance,we consider T as subset of R and W as a finite dimensional
vector space, say W = K9, where K is afield under consideration(often R or C).
Obrest,slightly modified the above definition of willems’ but still with similar meaning
in 1990 as follow. Let

e A denotes the set of scalar valued signals



e ¢ denotes the number of signals occurring in a system

e 3 C A7 denotes the set of g-tuples of such signals that obey the system law
Then, a dynamical system . is determined by these three details.
Y= (Aq,B)
This Obrest definition is modified version of Willems’ definition and more power full as
it encompasses distributions.
Remark 1.1. Prototypes of signal sets: If our signals set is

o the set of all functions from N to R, then such functions are usually called sequences

and in this case we take
A=RN

o the set of k times continuously differentiable functions from R to R (where 0 <
k < o00), we take

A = CHR)

o The set of generalized functions or distributions, we take A = D'(R)

Example 1.1.1. The motion of two planets around the sun is governed by Kepler’s laws.
The time set is certainly continuous. Whether you choose R or Ry as your time model,
depends on your religious and/or scientific beliefs. Let’s not touch these delicate issues
and choose T = R for simplicity. The position of a planet in space is determined by its
three real coordinates, therefore K = R and ¢ = 6, or W = RS. If we let A be the set
of all functions from R to R, then A = W7T . Being inhabitants of the Earth, we may
suspect that A = C*(R) for some k which is large enough for comfort. Anyhow, we put

B = {w € AS|w satisfies Kepler’s laws}.

Example 1.1.2. Genetics/Gender-linked genes: An allele (a certain form of a
gene) is located on the X-chromosome. Females have two X-chromosomes, males have
one X- and one Y-chromosome. Let p/(i) be the frequency of the allele in the female
gene pool of the i-th generation and let p™ (i) be the same for the male gene pool. Since

a son inherits his X-chromosome from the mother,
p™(i+1) = p’ (i)
and since a daughter receives oneX-chromosome from the father and one from the

mother,

P! (i +1) = 507 (4) + p™(3)).
The time set is discrete. Both T = Z and T = N are suitable choices. We have two
signals p™ and p’ | taking their values in R, hence W = R? and

B= {[Zf] W7 [gmgiﬁﬂ - [ ] [’;f((” VieT)

N[ =



1.2 System properties :LTID systems

For the definition of linearity, we need to fix an underlying number field K. We will
focus on K = R, and therefore we give the definition for that case only. A system is
considered linear if it satisfies the conditions of Additivity and Homogeneity.In short, a

system is linear if the following is true:

Take two arbitrary inputs, and produce two arbitrary outputs:

y1 = f(x1)
Y2 = f(2)

Now, a linear combination of the inputs should produce a linear combination of the
outputs: f(Mx1 + Az2) = f(Mx1) + f(Aexe) = A f(z1) + Aof(z2). This condition of
additivity and homogeneity is called superposition. A system is linear if it satisfies the

condition of superposition.

Definition 1.2.1. A dynamical system ¥ = (A, q,B) is called linear if A is a real

vector space, and B is a subspace of A9.

The first requirement means that linear combinations of signals are again signals,
ap,az € A , 02 €ER = Mag + Aaz € A

and the second requirement means that linear combinations of admissible signal vectors

are again admissible signal vectors,
Wi, We € B, /\17 A € R = \jw; + Awy € B.

We call this condition the superposition principle.
Definition 1.2.2 (Shift invariant Dynamical system). Let T be such that
ti,to e T =1t +t,€T.
For 7 € T, we define the shift operator o, by
o, : W 5 WT w— o,w
where
(o;w)(t) =w(t+7)

A dynamical system ¥ = (T, W, B) is called shift-invariant (or: time-invariant) if for
allte T

weB=oweB.



Definition 1.2.3. A dynamical system X = (T; W;B) is called o differential (dif-
ference) system if its time set is continuous (discrete) and its system law is given by

differential (difference) equations.

Thus, the class of systems we are going to deal with, in this project, are the class of

linear time invariant differential /difference systems, whose system laws are given below:

Differential systems: Systems of linear differential equations with constant coeffi-

cients. These can be put in the form
(Ra + ...+ Rid + Ro)w =0
where R; € RP*? are real matrices. We define
R:=Rys®+ ...+ Ris+ R,.

Then R is a polynomial p X ¢ matrix, and we may rewrite in the concise form

where R(s) is a matrix of polynomials; % is a differential operator and w : R — R?

is a signals .

Remark 1.2. We have R[s]P*? = RP*4[s]. To see this we can consider the following

2 X 3 matriz given below:

s3 —24s5 3

Rls| =
[ —14+s2 14+s+s% s

€ R[S]ng

Then, R can also be written as

1 00 3 0 0 0 9 010 0 -2 3
s + s° + s +
0 0 0 1 10 01 1 -1 1 0

= R383 + R282 + R18 + Ro.

R[s] =

Where R;’s are the coefficients of s> , 52, s and s° respectively. Thus,

R(i)w—O = (Rd—3+Rd—2+Ri—l—R)w—0
dt’ Sas ez T g T

The multivariable differential equation R(4)w =0 is :

d? d
@wl — 2’LU2 + EwQ + 3w3 =0
d? d d?
—w1+@w1+w2+%wg+@wg+aw3 =0



Difference systems: Systems of linear difference equations with constant coefficients.

These can be put in the form
Ryw(t+d)+ ...+ Riw(t + 1) + Ryw(t) = 0,Vt € T
where R; € RP*? are real matrices. Using the shift operator o, , we may write
(Rgoq + ... + Rio1 + Ry)w = 0.
We define o := oy, then o}, = o* (k-fold application of o). If we put again
R:=Rys®+ ...+ Ris+ R,
then we can write in the concise form
R(o)w = 0.

Example 1.2.1. Kepler (1571—1630) formulated his laws in a non-differential way. The
differential calculus was developed by Newton (1642 — 1727) and Leibnitz (1646 — 1716).
It was in fact Newton who came up with a differential equation for the motion of planets
around the sun (the law of gravity). Howewver, it is quite clear that Kepler’s laws describe

a non-linear and time-invariant system.
Example 1.2.2. The system given by
w(t+1) = Aw(t),vt € T
where
a=[21]
s a linear time-invariant difference system. Using the shift operator, it reads
ow = Aw or (oI — A)w = 0:
The polynomial matrix R takes the form

R=sl—-A= [% _1]

1.3 Representations

In the following, let R be a px ¢ polynomial matrix in the variable s, with real coefficients.

We write
R € R[s]P*q.
In here we will restrict our discussion to the following standard models.

6



o The continuous standard model is

B = {we AY R(%)w _0)

where A = D'(T) with T=R or T =R,.

o The discrete standard model is
B={weAY R(o)w=0}

where A = RT with T=Nor T = Z.

Now consider a dynamical system X = (A, ¢, B) described by systems of differential
equation R(%)w = 0. This system is said to be represented/ parameterized by the
polynomial matrix R(s) € R[s]P*%.i.e, R(s) obviously defines ¥. However, there are

many polynomial matrices that represent the same dynamical system.

Definition 1.3.1 (Equivalent differential equations). :
Let R;(s) € R[s]Pi*9,i = 1,2. Then the differential equations

Ri(£)w =0 and Ra(L)w =0
are said to be equivalent if they define the same dynamical system.

Definition 1.3.2 (Unimodular Matriz). A square polynomial matriz U is called uni-
modular if its determinant is a non-zero constant, that is, det(U) € R\{0}. This means

there exist a polynomial matrix V such that

UV=VU=1
Clearly, V is the inverse of U, which ezists because U is non-singular, i.e.det(U) # 0.
Example 1.3.1. Consider the following two matrices:

U=[*T1] and V=[]

s S

clearly det(U) = s +1 — s = 1. Hence, it is unimodular matriz and its inverse [—13 5111}
15 also a polynomial matriz.
But, since det(V) = s%, it is not scalar. Hence, V is not unimodular matriz. Again its

- 1 [s —17 - -
inverse 5 | 5, 4] is not polynomial matriz.

Question 1: What makes unimodularity different from non-singularity?
The answer to this question is obvious that unimodularity is much stronger than non-

singularity. The crucial point is that U possesses a polynomial (rather than a rational)

inverse V.



Question 2: Why we need to have (learn) unimodular matrices to define system be-
haviour?

Answer: Since many polynomial matrices represent the same dynamical system, once
we are given a polynomial matrix R representing a system behavior, pre-multiplying R
by a unimodular matrix U(i.e, UR = f{) will not affect the system’s behavior. Hence,

it helps us to find other representations.

1.€; R and UR =R represent the same behaviour.
= R(L)w=0=UL)R(L)w=R(L)w=0

dt dt

and

~

R($)w =0= V(LR(L)w = R(
where V is the polynomial inverse of U. The same holds if we replace % by o.
Property of pre-multiplying R(s) by unimodular matrix U(s) has an advantage to bring

R(s) into the convenient form,such as triangular form.

Definition 1.3.3 (Minimal representation of B). A polynomial matriz R is called
a minimal representation of B if there exists no polynomial matriz which represents the

same behavior and has a smaller number of rows.

Theorem 1.3.1 (Smith form). For every polynomial matriz R € R[s|P*9 there exist
unimodular matrices U € R[s]P*? and V € R[s]?? such that URV = [ J]

where D € R[s|"™*" is a non-singular diagonal matric
di
»

This notation means that for i« = 1,...,r — 1, the polynomial d; divides d;y1, that is,
div1 = die; for some polynomial e;. Clearly, the integer r is precisely the rank of the
matriz R (over the quotient field R(s) of R[s]). The matriz [ 8] is called Smith form
of R.

Proof. (cf:[1]; Appendix D, Smith form) O

Corollary 1.1. For every polynomial matriz R € R[s]P*? there ezists a unimodular
matriz U € R[s]P*P such that

UR =[]
where Ry € R[s|"™*? has full row rank, that is, rank(R;) = r.

Proof. Let U and V be unimodular matrices where U € R[s]P*P and V € R[s]9*? and
set W := V1. Then we have

URVW = [§ §][w:]



and we set R; := Dw;, which has full row rank, by construction ( Since D is non-singular

and w; has full row rank). O
Since R and R; represent the same behavior, we have the following conclusion.

Lemma 1.3.1. Any B possesses a representation matrix with full row rank. A repre-

sentation R of B is minimal if and only if R has full row rank.

Proof. : (=) (Minimality Implies full row rank)
Suppose R(s) is a minimal representation of 5.
w.t.s: R(s) has full row rank.
suppose not (R has no full row rank)!. This implies that there exist a unimodular matrix
U(s) € R[s]P*P such that
UR = 8] )

N.B B is also represented by (1.1) and hence by R(4%)w = 0. But since the number
of rows of R is strictly less than the number of rows of R, R cannot be minimal. This

leads to contradiction to what we supposed. Hence, Minimality implies full row rank.

(:<) (Full row rank implies Minimality)
Suppose R(s) has full row rank. We need to show that it is a minimal representation.
Suppose it is not minimal!
= There exist a representation R(s) € R[s]P*? with p < p where p = rank(R.)
= There exist a unimodular matrix U(s) € R[s]P*P such that
U(s)R(s) = [749] (1.2

Note: The row rank of a matrix is invariant under pre-multiplication by unimodular
matrix. Hence, the row rank of the right hand side of (1.2) is equal to p. This also implies
R(s) should have row rank equal to p which contradicts with what we supposed. Hence,
full row rank implies minimality.

Note that the proof of the first part of the lemma immediately follows from corollary 1.1
O

1.4 The fundamental principle

Theorem 1.4.1 (Fundamental principle, square matrix version). Let P € R[s]"*? be a

non-singular polynomial matriz. Then
P(d)y=v or P(o)y =v
possesses a solution y € AP for every choice of the right hand side signal v € AP.

Proof. (ct: [1],page 20) O



Corollary 1.2 (Fundamental principle, non-square matrix version). Let R € R[s|P*9 be

a full row rank polynomial matriz, that is, rank (R) = p. Then

|

R(

Jw=v, or R(e)w =v

U

t

possesses a solution w € A? for every choice of the right hand side signal v € AP.

Proof. (ct: [1],page 32) O

1.5 Systems with Latent Variables

Mathematical model is a pair (U , B) with U a set called Universum and elements of
it are called outcomes and B C U are called the behaviour. A modeled system may
contain two different kinds of variables (components of signal vectors) called Manifest

and Latent variables.

Definition 1.5.1. (Manifest and Latent variables)

1. Manafest Variables:Manifest variables are components of signal vectors in which

we are truly interested. These variables describe the system sufficiently

2. Latent Variables: They are auziliary variables introduced during modeling pro-
cess. They are variables introduced in a system for mathematical convenience, eg.

for reducing a system to first order.

Although introducing latent variables in modelling a system is advantageous for defin-
ing system behaviour , it sometimes makes the system costy to handle. A good question
to ask is "Why we need to study this topic?” Obviously, once we have a good under-
standing about a system behaviour and signal vector, the next step will be to analysis
components of a signal vector and classify them as essential (manifest) and auxiliary (la-
tent). We now develop a mechanism to make latent variables get rid of our system and

have the most precise one only with manifest variables using the fundamental principle.

Definition 1.5.2. A dynamical system with latent variables is defined as:

¥, =(T,W,L,Bf), Where
T Time azis
W Manifest signal space

L Latent variable space

By C (W x L)" full behavior

10



It defines a latent variable representation of the manifest dynamical system
¥ = (T, W, B) with the manifest behaviour

B:={w:T—W|3:T—Lst (wl) € By}
By is an internal behaviour

B is an external behaviour

N.B: In the dynamical system with latent variables each trajectory in the full behaviour
B; consists of a pair (w,l) withw: T —- W and [ : T — L.

Let w := (w;...w,) and [ := (ly...[,). Then, the joint equations governing w and [ is ( in
here we show only for the continuous time base but still similar argument holds true for

the discrete case):

R(g)w =M(g)!
where w : R — RY denotes the manifest variable and
[ : R — R" denotes the latent variables and

R(s) € R[s]P*? and M(s) € R[s]P*"
Ingeneral a behavioural system with latent variable is given by :

B:={we R €R"s.t R(L)w =M(L)l}

d
dt
This also tells us that except their existence, we do not care about the precise form of

latent variables.

In here let us ask our self that wether we can write this B as standard model or not! i.e,

can we find a convincing and relevant matrix R such that:
B ={we AR(L)w = 0}

Obviously the answer is yes! There is an easy way of obtaining the desired matrix R
from the given matrices R and M. Let us develop some other concepts beforehand so

as to generalise.

Consider a vector polynomial C € R[s]'*P. Then one can solve a linear system of
equation CM = 0. This means,one can compute left Kernel of M over a polynomial

ring.

Using the Smith form, we can show that there exist p — rank(M) linearly indepen-
dent solutions that span this kernel.

Let c1...cp—rank(ar) be generating system for the left kernel of M. Collecting the row
vectors in matrix X, We have constructed a matrix X satisfying the following three

conditions.

11



1. XM =0

2. All C with CM = 0 can be written as a polynomial Linear combination of rows of

X. i.e C = pX for some polynomial row vector .

3. X has full row rank.

Lemma 1.5.1. Let X; and Xy be two matrices with the three properties above. Then,

we must have X; = UXy for some unimodular matriz U

Proof. From the first property we have

XM =0and XocM =0
Thus, by condition 2, there exist polynomial matrices U and V such that :
X; =UX; and Xy = VX1
= X; =UVX; and X, =VUX,
= I-UV)X;=0and (I-VU)X;=0
Since X;s’ have full row rank, we must have that UV = VU = I. Hence,U and V are

unimodular matrices. O

Theorem 1.5.1. Let R and M be given polynomial matrices, with the same number of
rows. Let X be as described above, and define R := XR. Then

Ned :R(Lw =MD < R(Lyw=0

dt

(analogously if & is replaced by o)

Proof. By corollary 1.1, there exists a unimodular matrix V such that

VM = [M:]

0

where M, has full row rank. Then

e A : R(L)w=M(4)l

& V(HR(Gw = V(5)M(5)!

dt
R
< [m] @w=1[%
< Riw =Ml and Royw =0
By the fundamental principle for non- square matrix version, since M has full row rank,
for any right hand side v ( where v = Ryjw), The system
Mll =

Possesses a solution [. Thus, Ryw = Ml is always true. Therefore, we have

)= & Ry =0

12



It remains to establish a relation between Ry and R. But how?
Define X := [0, I]V satisfying the three properties given above. That means there exists

a unimodular matrix U such that

X =UX
Thus
R =XR = UXR =U[0,]]JVR =U[0,I] [}’ ] = UR,.
SR(G)w =0 Ry(HHw=0
This completes the proof. O

1.6 Inputs, Outputs and autonomous Systems

Definition 1.6.1. Let the signal vector w be partitioned as

w = [%é],

where w; € A% | where q1 and qo are positive integers with ¢, + g2 = q. The subvector w,
is called a vector of free variables (or: inputs) of B if it is unconstrained by the system

law, that is,
le < AQi,HIUQ c A% : “UU;] € B.

QUESTION: How can we find free variables? and What is the maximal number of
free variables of a system B?
Free variables can be found as follows: We may assume that R € R[s[P*? has full row
rank, that is, rank(R) = p < g. Then there exists a p X p non-singular submatrix of R.
Assume that p < g. We can always permute the columns of R (this just corresponds to

renumbering our signal components) such that
R=[-qP]
where Pis such a non-singular p x p matrix. Writing
w = [y]
Jw = 0 takes the form

correspondingly, our system law R(%

From fundamental principle we obtain that this equation has a solution y € AP for every
choice of u € A™, where m := ¢ — p. Therefore, u is a vector of free variables of B.
When we come to the question of maximal number of free variables of a system B,

we need to define the input-dimension of B prior.
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idim(B) := maz{k € N|3I such that B — A* w s [I,, 0]Tlw is surjective}.

where II is a permutation matrix. Note that the mapping B — A* is simply the projec-
tion of w onto a subvector consisting of £ components. Thus, the input-dimension is the
largest integer k such that there exist k components of w € B that are free (i.e., uncon-
strained by the system law). When we speak of the surjectivity of B — A* w +— Sw,
where S = [I, 0]II, we mean that

VE € AR 3w e A [1]6 = [§] (S,

4
dt
Definition 1.6.2. A system law in the form of P(£)y = Q(%)u., where P is square
and non-singular, is called an input-output representation of B. One calls p = rank(R)
the number of outputs (or output-dimension), and m = q — p the number of inputs (or
input-dimension). The signal subvector u is called input,and the signal subvector y is

called output.

The input-output representation of a system is not unique. The same behavior may have
several different input-output representations. This is due to the fact that there may be

more than one way to select a non-singular p x p submatrix of R, where p = rank(R).

Example 1.6.1. Consider an electrical circuit given below:

3
Itot I:[:ilzigzigand E UZ:U
i=1

The system behaviour will be written as
B = {(I,U,uy,ug,u3)" € A|uy +uy +us — U = 0,u; = RI, Cig = I, LI = ug}

The system law can be written being condensed as R(%)w = 0; where,

T RNRRRY
Rigo= |50 o 8] | o
Ls 0 0 0 —1 us



This System admits five different input-output representations. This is because R has rank
4 and every 4 x 4 submatriz is non-singular (the parameters R, C, L are supposed to
be positive). Each of the 5 signals I,U, uy,us,us can take the role of the input, and then
the remaining 4 signals will be outputs. However, from the physical point of view, one

would usually consider U as the input and I, uy, us, uz as outputs.

Definition 1.6.3 (Autonomous System). A system which has no free variables is called

autonomous system (self governed/ under its own law).
That is, B is autonomous < idim(B) =0

Lemma 1.6.1. B is autonomous if and only if it has a square non-singular representation

matriz.

Proof. If B is autonomous, then idim(B) = 0, that is, any representation matrix has full
column rank. On the other hand, we can always find a representation with full row rank.
Combining this, we get that there exists a square representation matrix with full rank,
that is, a non-singular matrix. Conversely, let B be represented by a square non-singular
matrix, say, P € R[s]?*? with rank(P) = ¢. Then idim(B) = ¢ — ¢ = 0, that is,B is
autonomous. O

) _1%} [ws] = 0. Since

2 9

idim(B) = p—rank(R) = 0, the system has no free variable and hence it is autonomous.

Example 1.6.2. Consider the system given by R(o)w = [

Example 1.6.3. A system given by the scalar equation p(%)w =0, where 0 # p € R[s],

1S autonomous.

1.6.1 Solution Technique to Input Output Equation

Let P(4)y = Q(£)u be a system law in input-output form and assume that v € A™ is
given. From the fundamental principle, we know that there exist outputs belonging to
this input. But,what can be said about the set of these outputs?

Let y, be one particular output that belongs to u, that is, P(%)yp = Q(%)u. Let y
be another output that belongs to u, then P(£)(y — y,) = 0, that is, yj == y — y, is
a solution of the autonomous system defined by P(%)yh = 0. Therefore, any output
y that belongs to u can be written in the form y = y, + y, where y, is one particular

d

solution of the inhomogeneous equation P(4)y = Q(4%)u and yj, is an arbitrary solution

of the corresponding homogeneous equation.

The continuous homogeneous equation

Consider P(4)y = 0, where P € R[s]P*? is non-singular. Let 0 # det(P) € R[s] be its
determinant and let
A ={X € C|det(P)(\) =0}
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denote the set of its zeros. Any solution y of P(4%)y = 0 has the form

y(t) = Y ar(t)e

AEA

where ay € C[t]?.

The continuous inhomogeneous equation
Suppose that P(£)h" = Q(4)5("), where §) € A™ has § in the i" position and zeros
everywhere else. Here, 6 € A = D'(T) denotes the Dirac delta distribution. Define

h = [RW . M) e AP*™,

Then h is called impulse response (or: fundamental solution), because its columns can
be seen as the system’s response (output) to an input which is an impulse (delta distri-
bution).

Then a particular output y belonging to the input u is given by the distributional con-
volution (if it exists)

y=hxu

that is, in the classical case (u, h locally integrable functions, i.e., regular distributions)

y(t) = /OO h(t — T)u(T)dr.

The existence of the convolution is guaranteed by any of the following conditions:
e If h or u has compact support, the h *x u exists.

e Both h and u have their support in [0,00). This means that they assign zero
to every test function whose support is in ( — c0,0). If h are u are continuous
functions, this means that h(t) = 0 and u(t) = 0 for all ¢ < 0. Then we have

y(t) = /0 h(t — T)u(r)dr,

which is an integral over a compact interval, which exists due to the assumption

of continuity. Similarly, the convolution is always well-defined if T = R,.

Example 1.6.4. Consider ©(t) = Ax(t) + b(t). We take b as the input, and = as the
output. Then P=sI — A and Q = 1. An impulse response is given by
eAt7

_ t>0
h(t)_{ o, t<O.

for both T =R and T =R,. If T =R, assume that u is a continuous function with

16



u(t) =0 fort <0. Then we have

1) = (ea(e) = [ Ay =

as a particular output y = x belonging to the input u = b.

The discrete homogeneous equation: (T = N)

Consider P(o)y = 0, where P € R[s]P*? is non-singular. Let 0 # det(P) € R]s| be its
determinant and let
A ={X\ € C|det(P)(\) =0}

denote the set of its zeros. Any solution y of P(o)y = 0 has the form
y(t) =D _an(tN
AEA

where ay € C[t]?, for all ¢ that are large enough (recall that this restriction is due to the

possible presence of 0 in A).

The discrete inhomogeneous equation

Suppose that P(c)h) = Q(c)d®, where §@ € A™ has § in the i*" position and zeros
everywhere else. Here, 6 € A = RT denotes the sequence that takes the value 1 at time

zero, and the value zero everywhere else. Define
h = [pY . A e Apxm

Then h is called impulse response (or: fundamental solution), because its columns
can be seen as the system’s response (output) to an input which is an impulse (discrete
version of delta function). Then a particular output y belonging to the input w is given

by the discrete convolution (if it exists)
y=hx*xu

that is,

y(t) = D hit—i)u().

1=—00

We identify RY with the set of sequences a € RZ with a(t) = 0 for all t < 0. The

existence of the convolution is guaranteed by any of the following conditions:

e At least one of h, u has compact support
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e Let A(t) =0 and u(t) =0 for all t < 0. Then

= Z h(t — i)u(i)

is a finite sum. Thus the convolution always exists for 7' = N.

Example 1.6.5. Consider x(t + 1) = Ax(t) + b(t). We take b as the input, and x as
the output. Then P = sl — A and Q = 1. An impulse response is given by

At—l t> 1:
h(t) = T
0, t <O0.

IfT=N, orT=7 and u(t) =0 fort <0, we have

t—1
y(t) = (h*u) Z h(t — 1) Z ATy Z A hy(d)
=0
as a particular output y = x belonging to the input u = b.
Example 1.6.6. Determine all input-output (i.0) structure of :
1oy | Al %71 1
B={weD®R)’: " & , , |w=0}
At 2 dt dt

Solution:

2
d d

EJrl 2 -1 1
d d®> 4 d

Let w = <$§) Since R(4) = [
wa dt  g¢2  dt dt

three possibilities for the choice of the input wu.

] € R[£]* has full row rank, we have

1. Let y = () and u = ws
This is not 7.0 structure because

2
det |i;lit:1 jt2_1‘| =0

dat  q¢2 "~ dt

2. Let y = (ws ) and u = wy
This is an 7.0 structure because

d
4+
d

dot [ 1] = L

Lo~

dt

3. Let y = (%2) and u = wy

This is an 7.0 structure because

det [ 2

dt27t

-1 1 _d3 d?
a4l g d
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1.7 State and State Representation

1.7.1 State

Central to the state-space notation is the idea of a state. A state of a system is the cur-
rent value of internal elements of the system, that change separately (but not completely
unrelated) to the output of the system. In essence, the state of a system is an explicit

account of the values of the internal system components. Here are some examples:

e Consider an electric circuit with both an input and an output terminal. This
circuit may contain any number of inductors and capacitors. The state variables
may represent the magnetic and electric fields of the inductors and capacitors,

respectively.

e In a spring-mass system. The state variables may represent the compression of the

spring or the restoring force of the spring.

e In reaction where certain reagents are poured into a mixing container, the output is
the amount of the chemical product produced over time. The state variables may
represent the amounts of un-reacted chemicals in the container, or other properties
such as the quantity of thermal energy in the container (that can serve to facilitate

the reaction).

1.7.2 State Variables

When modeling a system using a state-space equation, we first need to define three

vectors: Input variables,Output variables and State variables.

1. Input variables
A SISO (Single Input Single Output) system will only have a single input value,
but a MIMO (Multiple Input Multiple Output) system may have multiple inputs.
We need to define all the inputs to the system, and we need to arrange them into

a vector.

2. Output Variables
This is the system output value, and in the case of MIMO systems, we may have
several. Output variables should be independent of one another, and only depen-

dent on a linear combination of the input vector and the state vector.

3. State variables
The state variables represent values from inside the system, that can change over
time. In an electric circuit, for instance, the node voltages or the mesh currents can
be state variables. In a mechanical system, the forces applied by springs, gravity,

and dashpots can be state variables.
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We denote the input variables with u, the output variables with y, and the state

variables with x. In essence, we have the following relationship:

y:f(x7u>

Where f(z,u) is our system. Also, the state variables can change with respect to

the current state and the system input:

T =g(z,u)

Where 1 is the rate of change of the state variables.

1.7.3 State-Space Equations

In a state-space system representation, we have a system of two equations: an equation
for determining the state of the system, and another equation for determining the output
of the system. We will use the variable y(t) as the output of the system, x(t) as the state
of the system, and u(t) as the input of the system. We use the notation &(t) for the first
order derivative of the state vector of the system, as dependent on the current state of
the system and the current input. Symbolically, we say that there are transforms ¢ and

h, that display this relationship:

@(t) = glto, t, z(t),z(0), u(t)]

Note:

If 2(t) and y(t) are not linear combinations of x(¢) and u(t), the system is said to be
nonlinear.but in here our focus is only on linear system. The first equation shows that
the system state change is dependent on the previous system state, the initial state of
the system, the time, and the system inputs. The second equation shows that the system
output is dependent on the current system state, the system input,and the current time.
If the system state change #(t) and the system output y(¢) are linear combinations of
the system state and input vectors, then we can say the systems are linear systems, and
we can rewrite them in matrix form:

State Equation
&= A(t)x(t) + B(t)u(t)

Output Equation
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since we are dealing with time-invariant system, we can re-write this as follows:
& = Axz(t) + Bu(t)

y(t) = Cx(t) + Du(t)

This explicit equations are called state space representations.The derivation of this
equation, state space equation, from R(%)w = 0 is shown on Appendix. Similar argu-
ments works for discrete time case by using ¢ notation instead of differential notation.
The state equation shows the relationship between the system’s current state and its
input, and the future state of the system. The Output Equation shows the relationship
between the system state and its input, and the output. These equations show that in
a given system, the current output is dependent on the current input and the current
state.The future state is also dependent on the current state and the current input.

It is important to note, at this point, that the state space equations of a particular system
are not unique, and there are an infinite number of ways to represent these equations
by manipulating the A, B, C and D matrices using row operations. There are a num-
ber of "standard forms” for these matrices, however, that make certain computations

easier.Converting between these forms will require knowledge of linear algebra.

1.7.4 Description of Coefficient matrix and their Dimension

We have four constant matrices: A, B, C, and D in state space representation. We
will explain these matrices below:

Matrix A

Matrix A is the system matrix, and relates how the current state affects the state change
2 . If the state change is not dependent on the current state, A will be the zero matrix.
Matrix B

Matrix B is the control matrix, and determines how the system input affects the state
change. If the state change is not dependent on the system input, then B will be the
zero matrix.

Matrix C

Matrix C is the output matrix, and determines the relationship between the system state
and the system output.

Matrix D

Matrix D is the feed-forward matrix, and allows for the system input to affect the system
output directly. As most of basic feedback system do not have a feed-forward element,

we usually make the D matrix is the zero matrix.

Matrix Dimensions

Because we are adding and multiplying multiple matrices and vectors together, we need

to be absolutely certain that the matrices have compatible dimensions, or else the equa-
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tions will be undefined. For integer values p, ¢, and r, the dimensions of the system

matrices and vectors are defined as follows: If the matrix and vector dimensions do not

agree with one another, the equations are invalid and the results will be meaningless.
Matrices and vectors must have compatible dimensions or they cannot be combined using

matrix operations.

1.7.5 Solution to State Space Equation

For differential system: In this case solutions to State Space Equation are heavily
rooted in prior knowledge of Ordinary Differential Equations. The state equation
is a first-order linear differential equation, or (more precisely) a system of linear
differential equations. Because this is a first-order differential equation, we can
use results from Ordinary Differential Equations to find a general solution to the
equation in terms of the state-variable x. Once the state equation has been solved
for x, that solution can be plugged into the output equation. The resulting equation
will show the direct relationship between the system input and the system output,

without the need to account explicitly for the internal state of the system.

Solving for x(t) With Zero Input

Looking again at the state equation:
&= Az(t) + Bu(t)

We can see that this equation is a first-order differential equation, except that the
variables are vectors, and the coefficients are matrices. However, because of the
rules of matrix calculus, these distinctions don’t matter. We can ignore the input

term (for now), and rewrite this equation in the following form:

dx(t)
dt

= Az(t)
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And we can separate out the variables as such:

= Adt

Integrating both sides we get the final solution to this equation as:

z(t) = eAlt)x(t)

Solving for x(t) With Non-Zero Input

If, however, our input is non-zero (as is generally the case with any interesting
system), our solution is a little bit more complicated. Notice that now we have
our input term in the equation, we will no longer be able to separate the variables

and integrate both sides easily.
(t) = Ax(t) + Bu(t)

We subtract to get the Ax(t) on the left side, and then we do something curious;

we pre-multiply both sides by the inverse state transition matrix (e-4%):
e Ai(t) — e MAz(t) = e ABuf(t)

The rationale for this last step may seem fuzzy at best, so we will illustrate the

point with an example:

Example 1.7.1. Take the derivative of the following with respect to time:

d
E(e' Alg(t)) = e Ai(t) — e AT Ax(t)

If we look at this result, it is the same as the left hand side of our equation above.
Using the result from our example, we can condense the left side of our equation

into a derivative:

d(e”*x(t))
dt

Now we can integrate both sides, from the initial time (¢y) to the current time (),

= e ABu(t)

using a dummy variable 7 . Finally, if we pre-multiply by eA?, we get our final
result:

General State Equation Solution

t
z(t) = A0 (ty) +/ AT Bu(r)dr
to
If we plug this solution into the output equation, we get:

General Output Equation Solution
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y(t) = CeAltg(t,) + C /t(eA(tT)Bu(T)dT) + Du(t)

t0
This is the general Time-Invariant solution to the state space equations, with non-

zero input.

Difference System: In here we can find a general time-invariant solution for the dis-
crete time difference equations. Let us start working up a pattern. We know the
discrete state equation:

x(t+ 1) = Ax(t) + Bu(t)

Starting from time ¢ = 0, we can start to create a pattern:

z(1) = Az(0) + Bu(0)
2(2) = Ax(1) + Bu(1) = A%2(0) + ABu(0) + Bu(1)
2(3) = Az(2) + Bu(2) = A%z(0) + A2Bu(0) + ABu(1) + Bu(2)

With a little algebraic trickery, we can reduce this pattern to a single equation:

General State Equation Solution

x(t) = A'z(0) + Z A1 Bu(i)

Substituting this result into the output equation gives us:

General Output Equation Solution

y(t) = CA'z(0) + i C A" "' Bu(i) + Du(t)

1=0
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Chapter 2

OBSERVABILITY

What you observe is not only

what you don’t know and what you
know is not only what you observed.
My Mother Yesriba Jundi (1959)

Observability, together with other system properties, represent a major concepts of mod-
ern control system theory. Even though its concepts is almost abstractly defined, we now
intuitively understand its meaning and produce some mathematical check up tests to de-
fine observability more rigorously. Our intention is to reduce mathematical derivations
and the number of definitions, but at the same time to derive and define both of them
very clearly. In that respect, we start with some necessary concepts of observability
derivations for linear discrete-time invariant systems and give the corresponding defi-
nition. The observability of linear discrete systems is very naturally introduced using
only elementary linear algebra. This approach will be extended to continuous-time sys-
tem observability, where the derivatives of measurements (observations) have to be used.
This relaxation concept was introduced by Hungarian control scientist R. E. Kalman in

1960. Here are some definitions I found on internet

e The linear system & = Ax + Bu, y =Cx 4+ Du is observable if, for any time 7 > 0,
it is possible to uniquely determine z(t) for ¢ € [0, 7] based on knowledge of u(t)
and y(t) for ¢t € [0, 7].

e A linear time invariant dynamic system (LTIDS)is observable if given wu(t), y(t),
t €[0,7], 0 <7 < 0o, we can uniquely determine any initial state z(0) from the

input and output history over a finite time interval 7.

e In order to see what is going on inside the system under observation,the system

must be observable.

e A system is completely state-observable at time ¢y or the pair (A, C') is observable

at to if the only state that is unobservable at t, is the zero state x = 0.

The basic characteristics of a dynamical system is that they have a memory. The future

behaviour of a system cannot be described only by just giving future inputs but along
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with it you need all the past inputs starting from the time that the system is constructed.
When dealing with a dynamical system, we need to have some essential information
regarding the past before we predict the future under the influence of certain excitation.
That is why we need to study the topic,Observability.

In order to have a good start on the topic let us have some prelude prior.

2.1 Basic Notions for State Space Systems

Consider the following state space equations

& = Ax + Bu or ox = Ax + Bu
y=Cx+ Du y =Cx + Du

where A € R B e R C € RP*" and D € RP*™. Let X =R" and Y = R?
Now we define the following two maps

The state transition map

2 {(t7to> € T2’ > tO} XX xU— XJ (t,to,l’o,U) = Qp(t,to,ﬂfo,U)

This map gives the state at time t if the state at ¢y was x¢ and the control function

was applied.

The state-to-out map

n:{(t,t,) € T?| t > to} x X x U =Y, (t,t0, xo,u) — n(t, to, To, u)

This map gives the output at time ¢ if the state at ¢ty was xy and the control function u

was applied.

Having this two mappings in mind, let us go back to state space system.

t
z(t) = p(t, to, 7o, u) = X7 (ty) +/ A7) Bu(r)dr

to

OR
t—1
x(t) = p(t, to, 7o, u) = AU (tg) + > A7V Bu(i)

i=to
y=Cx+Du = n(tty,zo,u) = Cep(t, to, xg,u) + Du(t).
t
= n(t, to, w0, u) = Cet0)x(ty) + / Ce=7) Bu(r)dr + Du(t).
to

And for the discrete case we have:
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t—1
n(t, to, xo,u) = CAx(tg) + >~ CA™ "V Bu(i) + Duf(t).
1=to
NB: The state-to-output map is causal. That means if two input functions, u; and

uy coincide(agree) for all ¢ € [to, t1], then
n(t1,to, z,u1) = n(ty, to, x, uz) for all z.

And also we say that it is strictly causal if the above condition is implied by u (t) = ua(t)
for all t € [to,t1).

Remark 2.1. In state space system strict causality holds if and only if D = 0.
Justification:

Note that n(t,to, xo,u) € Y; where Y is an output space. And hence, we have the

following.
t1
n(ty, to, z,up) = Cet M=)y (ty) +/ Ce A=Y Buy (t)dt + Duy(ty).
to
And also
t1
n(ty, to, z,up) = Ce 0z (1) 4 / Ce = Buy(t)dt + Dugy(t,)
to
Since
uy (t) = ua(t) for allt € [to,t1)
and

ftil CeAt=0 By, (t)dt - ttol CeAtr=t) Buy(t)dt = 0,
subtracting one from another Yields:

n(ti, to, z,u1) — n(t1, to, T, u2) = Duy(t1) — Dug(ty) = D(uy(t1) — usa(t1))
n(ty, to, z,u1) — n(ty, to, x,uz) = 0 if and only if D = 0.

Hence, the state-to-output map is strictly causal if uy(t) = uq(t) for allt € [to,t1) implies
7](7517 t07 z, ul) = 77(7517 t07 x, u?) VI'(t)

The other and the most important thing that we should know about the system that

we are dealing with is its linearity. That means:
ﬁ(t, to, )\11’1"‘)\21‘2, )\1U1+)\2U2> = )\17]<t, t(), xy, U1>+)\277<t, to, Ta, Ug), Vt Z t(), )\Z € R, u; € U

Having what we have discussed so far in mind, let us ask ourself ” What kind of problems

is observability concerned with? and what does it mean by observability of a system?”
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In order to facilitate this central idea of our discussion, OBSERVABILITY , let us get
things down and have some prelude which may help us understand the concept.

Suppose we have a behavior of which the variables are partitioned as w = (zi) .We can
say that w, is observable from w; if wy, together with the law of the system, determines
wy uniquely. That means that for each w; there exist at most one wy such that (Z’;)
belongs to the behaviour. A direct implication of wy being observable from w, is that in
fact all the information of a trajectory w is already contained in the first component w; .

In our previous chapters, we have seen system with latent variables:
B ={we A3l € A" s.t R(%)w = M(L)1}
and state space system.

e In state space system, the manifest variables are the input and the output. The
input is free and can be chosen by the control engineer, and the output is the

systems response which can be measured.

e In state space system, the latent variables are the state. They are not directly
measurable. We know that they are auxiliary variables introduced during mathe-
matical modeling or simply for mathematical convenience, for instance for reducing

a system to first order. In general, the physical meaning of latent variables is vague.

We usually know the systems manifest variables. Hence, It is normal to ask ourself the
following question:

What can we conclude about the latent variables from our knowledge of manifest variables?

An observable system is one in which the latent variables can be reconstructed from the
manifest variables. Due to the property of the state,we only need to reconstruct the
state at specific time ty, then we know it every where in the future. i.e Vt > t,.

How do we reconstruct the initial state x(0)? To answer this question we need the fol-

lowing concepts.

2.2 Distinguishability of states and Observability of

a system

Definition 2.2.1. Let tg € T be fixed. We can say that the state x € X 1is distinguishable
from state & € X in time 7 € T(1 > 0) if there exist u € U and t € [to,to+ 7] such that:

T](t? tU) x, U) 7é 77(t7 tOv C6'7 U)

In this case we say that u distinguishes between x and & in time T.

NB: Distinguishability of x from & is guaranteed if the above condition holds for at least
one T > 0.

We say that the system is observable if for any x # & € X, the state x can be distinguished

from the state &
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Remark 2.2. Since we are dealing with linear time invariant dynamic system, the start-

ing time tog s not important and hence we can put ty = 0.
Now let us define the set J where
J (7, x) := {2 € X|Z is indistinguishable from z in time 7}

and from this we can easily see that J(7) := J(7,0) denotes the set of states that are

indistinguishable from state 0 in time 7. Then we have:
z e J(r)en(t0,z,u) =n(t0,0,u),Vt € [0,7] and u € U.

Because of the linearity of the system, we can also write

n(t7 07 x? U) = /r](t7 O’ "I/‘7 0) + n(t7 07 07 u)
= n(t7 O’ x? 0) + 77(2(:7 07 x? u)

= n(t,0,2,0) = 0.

Therefore,
re J(r)en(t0,2,00=0 Vtel0,r7]. (2.1)

Finally,

Jrzﬂj(T)

>0
is the set of all states that are indistinguishable from state 0.

Hence,
reJ < n(t0,z,0)=0,vt>0.

Again since,by definition 7(¢,0,0,0) = 0,V¢ > 0, combining this with the above argument
we have:

z € J e nt,0,z,0) =n(t0,0,0),Vt > 0.

This means that x cannot be distinguished from 0 if and only if the zero input function
does not distinguish between x and 0. In other words, If x can be distinguished from 0
at all,then it can also be distinguished from 0 by the zero input function. This can be
shown as follow.

Suppose z can be distinguished from 0. Then Ju and 3¢’ > 0 such that

n(t',0,z,u) #n(t',0,0,u)
= n(t',0,2,0) +n(t',0,0,u) #n(t',0,0,u)
= n(t',0,z,0) #0

Since n(t',0,0,0) = 0 Vt > 0, we get

n(t/7 07 x7 O) # n(t,7 07 07 0)
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=

The zero input u = 0 distinguishes between x and 0.

Hence, this implies that the choice of the input function plays no role for the question

of observability, 7.e, we may put v = 0, without loss of generality, in our discussion.

Theorem 2.2.1. Let s,t € T,0 < s <t. Then we have:

1.

2.

3.

J(t) € T(s).
J(t), T are subspaces of X = R".

Ir* e T,7* >0 such that J = J(1),¥Y7 > 7"

Proof. 1. Let xz € J(t) = x is indistinguishable from 0 in time ¢.

= n(t*,0,z,u) =n(t*,0,0,u),Vt* € [0,t],Vu € U.

Since s € [0, ], this again implies n(t*,0,z,u) = n(t*,0,0,u) Vt* € [0, s],Vu € U.
Hence

x € J(s).
Therefore z € J(t) = x € J(s), which means J(t) C J(s).

Clearly, J(t) is non-empty, because 0 € J(t). Let x1,z5 € J(t) and A, A2 € R.
Then, by equation (2.1) we have

n(t*,0,21,0) = 0 =n(t*,0,29,0), Vt* € [0,¢],
Now, for t* € [0,t], we have
ﬂ(t*, 0, )\11‘1 =+ )\2332, 0) = )\17](t*, O, Ty, 0) + )\27]<t*, O, T2, O) = 0

= \NT1 + Aoxy € j(T)

Hence, J(7) is a subspace of X. Similarly, since intersection of subspaces is a

subspace, J is also a subspace of X.

Consider a strictly increasing sequence
O=mo<n<m<...

in T with lim;_,, 7; = oc.
By part 1,
T (10) 2T (1) 2T (12) 2 ...

By part 2, this is a sequence of subspaces of X = R", with
n > dimJ(19) > dimJ (1) > dimJ (12)...
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This is a decreasing sequence of integers less than or equal to n and greater than
or equal to 0. Such a sequence must become stationary, that is, there exists iy such
that

dimJ (1;) = dimJ (7;,) for all i > .

We use the following fact from linear algebra: If a vector space is contained in
another vector space of the same finite dimension, then the two vector spaces must
be the same. Thus

J () = T (1) for all i > iy.
For any 7 € T, 7 > 7, , there exists j > 7y such that 7 < 7; . Then
I (7iy) = I (1) € T () € T (7iy)-
We conclude that
J(1) =T (7,) for all 7 > 7,

and thus

Put 7 :=7;, , then for 7 > 7%, we have
JCIT)CIT)=T

and thus J(7) = J for all 7 > 7*

Corollary 2.1. In discrete time,

Jn-1)=7J

where n s the dimension of the state space. In continuous time,

Je)=JT

for every e > 0.

Corollary 2.2. The following are equivalent.

1. The system is observable

2. Any non-zero state can be distinguished from 0,that is J = {0}
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Proof. (1 = 2). We are given that the system is observable.

= Vx; # x5 € X, x1 can be distinguished from z5 in time 0 < 7 € T
= Ju € U and t € [0, 7], such that n(t,0, z1,u) # n(t,0, 22, u)
Taking them to one side and applying the linear property of the system we will have
n(t,0,x1 — 2,0) # 0.
= 11 — x93 # 0 can be distinguished from state 0.
= Any non zero state can be distinguished from Zero. That means J{0}.

(2=1). Suppose every non zero state can be distinguished from zero.
WTS: The system is observable.

Let 27 and x5 be in X with x1 # x5. Then, x1 —25 # 0. By assumption, Ju and ¢t € [0, 7],

where 7 = € > 0 for continuous case and 7 = (n — 1) for discrete case, such that

n(tv Oa T1 — X, u) 7é 77(757 07 07 U)

= 7](75; 07 X, U’) - 77(@ 07 X2, O) 7é T](tu 07 07 U)
= n(t,0,z1,u) # n(t,0,22,0) +n(t,0,0,u)
= n(t,0,z1,u) #n(t,0,22,u)

Therefore, x; is distinguishable from x, and thus the system is observable.

2.3 Observability Gramians and Kalmans Observ-
ability Matrix

The concept of observability is related to linear systems of algebraic equation. It is well
known that a solvable system of linear algebraic equation has a solution if and only if
the rank of the system matrix is full. Observability test will also be connected to the

rank test of certain matrix,Observability Matrix.

2.3.1 Kalmans Observability Matrix

Consider the following input free linear time invariant system in the state space form.

z(t) = Ax(t) or z(t+1) = Ax(t) (2.2)
y(t) = Ca(t) y(t) = Ca(t) (2.3)

where in both cases the initial state z(0) = 2y = Unknown.
In here, the natural question to be asked is: Can we learn everything about the dy-

namical behaviour of the state space variables defined in the above equation by using only
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information from output measurements, y(t) = Cx(t)?

clearly, if we know z(0), then the recursion formula @(t) = Ax(t) or z(t + 1) = Ax(¢)
apparently provides us complete knowledge about the state variables at any time instant.
Thus,the only thing that we have to determine in state measurements is the initial state
vector x(0).

Since the n-dimensional vector xg has n-unknown components, it is expected that n-

measurements are sufficient to determine x.

For Discrete Systems

Take t = 0,1,2,...(n — 1) and generate the following sequence.

?(n —1) = CA™Dz(0)

Writing this in matrix form we will have:

y(0) "Xl c  mpxn

y(1) cA

v@) =| 2(0)
y(n;l) cA-1)

As we have stated before, our knowledge of linear algebra tells us that system of linear
algebraic equations with n unknowns has a unique solution if and only if the system
matrix has rank n. Hence, for the above equation to have a unique solution the coefficient
matrix of z(0) must be of full column rank . That means,

c

i
Rank | 4
CA(=1)
The initial condition z(0) is uniquely determined if the so called Observability matrix

C npxn
aa
o4, c)=| “

CA<:”71)
has rank n, that is Rank(O) =n

From this we can see that observability of a system depends on the systems matrix A
and the output matrix C'. Recall that a matrix and its transpose have the same rank.

Hence, we have also the following convenient way of writing observability matrix.

O(A, C) = [CT ATCT (AZ)TCT . (A("_l))TCT]

33



Example 2.3.1. Consider the following system with the measurement
[ ] =131 [20]
y(t) = [12] | 0]
Check that wether this system is observable or not.

Solution

The Observability matrix for this system is:
O = [cr arer] =[5 1]

From the right hand side matrix we can easily see that the rank(OQ) = 2 = n. we can

also easily see this by one of the following methods.
e Rows of the matrix O are linearly independent.

e det(O) = —4 # 0 < O has full rank = n. Note that this method is applicable

only if the observability matrix is square matrix.

Therefore, the system under consideration is observable.

For Continuous Systems
Following the same arguments as in the case of discrete-time system, we can conclude
that the knowledge of zg is sufficient to determine x(¢) at any time instant, since the

Alt=to) ;o gives a complete knowledge about the state variable ones

recursion z(t) = e
initial state is known.

The problem that we face with is to find zy from the available measurements y(t). We
have solved this problem for discrete-time systems by generating the sequence of mea-
surements at discrete-time instants ¢ = 0,1,2,..n — 1. Note that a time shift in the
discrete-time corresponds to a derivative in the continuous time.An analogous technique
in the continuous-time domain is obtained by taking derivatives of the continuous-time

measurements.

y(n—l) (to) = CAn_l.I'(tU>

This can be put in the matrix form as
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npx1

y(to) C npxn

o

y(fo) — : z(tg) = Ox(ty)
y™=(to) can!

The initial condition z(tg) can be determined uniquely if and only if the observability
matrix has full column rank. That means;

C
CA

Rank |

CA(‘n—l)

Example 2.3.2. Given the following state variables of equations of a system. Justify

whether the system is observable or not.

i1:—3ZE1—9§2—|—U
i‘2:2$1
y:I1+U

Justification

First let us write the equation in standard state space equation form.

i = [2] =13 5181+ [

y=T[ro][m]+[1]u

Now the observability matrix for this system is: O = [¢T aT¢T| = [(13 :i’]

observe that Rank(Q) = 2. Hence the system is observable.

Example 2.3.3 ( Observation of population). Consider two populations whose sizes are

changing according to the equations
jfl = )\1.7)1, I'Q = )\2(132.

And suppose we observe x1 + w9, What can you conclude about the observability of
individual population?

In here we have

A O 1 1
A:[O &] c=l11]  and mAcFJAl&]

and so the individual populations are observable if Ay # Xs.

2.3.2 Observability Gramians

The observability Gramian is also another method used to determine whether or not a
linear system is observable.
We define the observability Gramians W (t) € R™*" as:
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W (t) = [ et 70T Cerdr or W(t) =S (AT)ICTC A
Lemma 2.3.1. W(7) is positive definite if and only if there is no vector v # 0 such that:
Cetty =0, Vt € [0, 7]

Proof. (=:) Given that W(7) is positive definite. We need to show that there
exist no vector v # 0 such that Ce'v = 0, Vt € [0, 7].
Suppose there is such a vector v # 0 such that Ce'v = 0, V¢ € [0, 7]. Then,by positive

definiteness of the Gramian we can write

oI W (v = / T CT Cettudt > 0
0

:>/ (Cetv)T (Cetv)dt > 0
0

This leads to contradiction as the integrand is zero and hence, the integral cannot be
greater than zero. Hence there exist no vector v # 0 such that Cetv = 0, Vt € [0, 7].
(<) Given that there exist no vector v # 0 such that Cet'v = 0, Vt € [0,7]. We
need to show that W (7) is positive definite.

Since for every vector different from zero the given condition cannot be equal to zero (
i.e Cev #0,). Hence, Vo # 0

oI W (v = / oTeACT Cettudt > 0
0

Hence,W (1) is positive definite. O

Theorem 2.3.1. The pair (A, C) is observable on [0,ts] if and only if the observability
Gramian W (ts) is positive definite.

Proof. (proof of Sufficiency:) Suppose W (ts) is positive definite and let z( be the initial
state. Then from output condition (equation 2.3) we have
y(t) = Cx(t) = Cetlay

Multiplying both sides from left by e *CT

ATy (t) = eATICT Cetay

, we get

integrating from 0 to ¢

ty Ly
/ A CTy(t)dt = / AT CT CeMtdtay
0 0

ty -
/ e tCTy(t)dt = W (ts) g
0
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This equation has a unique solution

tf -
o = W (t)) / ATy (1) dt
0

Proof of Necessity: We want to show that positive definiteness of W (ty) is a necessary
condition for observability over [0, t¢].

Suppose W (ts) is not positive definite. Then, there is a non-zero vector v such that
Cetv =0, Vt € [0, 4]
The output due to x(0) = z is Cettzy and the out put due to z(0) = 2o + v is
Cet(zg +v) = Cetlay + Cettv = Cetlag

The initial states xy and zy + v produce the same output. Hence, xy cannot be uniquely
determined from the output. therefore, W(t¢;) must be positive definite for the system
to be observable. O]

Theorem 2.3.2. The Observability Gramian W (ty) is positive definite if and only if the

rank® = n, where

15 the observability matriz.

Proof. W (ts) is not positive definite if and only if there is a non-zero vector v such that

Cetlv =0, Vte|0,t]] <« C E HAkU = 0.
k=0

o CAY =0, VE>0

s CAY =0, Vk=0,1,2,...,n—1

c c
CA CA
& j v=0 <& rank ; <n

CA.nfl CA."71

Theorem 2.3.3. Consider an autonomous system © = Ax or ox = Ax , y=Cx
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e In continuous time let 7 = € > 0 be arbitrary.
e [n discrete time , let 78 =n — 1, where n = dim(X).
o 7 =J(1%) =ker(W(7*)) = ker(O)
Therefore the following are equivalent:
1. The system is observable
2. W(T*) is non singular
3. O has full column rank.

Moreover in that case, we have reconstruction formulas:

*

z(0) = W (r*)™! /OT A" O Ty (t)dt.

or

T*

2(0) = W (")~ Y (AT)'CTy(i).

i=0
Proof. We have separately proofed this in the above theorems and hence we don’t need

to repeat it here. O

Example 2.3.4. compute J (i), the set of states that are indistinguishable from zero in

time 1 =0,1,2, ... for the discrete system given by

-1 1 0

i+ 1) =0 0], y(i) = [111])2(3)

Solution

we have

J(0) =ker(C) =ker[111] = Span < (_f) : (_tl)l) > .
J1) =ker (5,) =ker[} § L] = Span < (?) > .
J(2) :ker<c(%2> = ker [—11 _(1)1 ?112} = {0}.

Note also that the system is observable.

2.4 Observability Matrix Pairs and Coordinate Trans-

form

In the former section,We have learnt that a matrix pair (A, C') is observable if the asso-

ciated Kalman observability matrix
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C
CA

cA?
0= .

CA.nfl
has full column rank, that is, rank(O) = n. If a state space system & = Az + Bu,
y = Cx+ Du is subject to a coordinate transform = = Tz, where T' € R™*"™ is invertible,

then we get

;=T 'ATz+ T 'Bu
y=CTz+ Du

Discrete systems behave analogously. We say that the matrix pair (T~'AT,CT) is
similar to the matrix pair (A4, C).
In the next theorem we will prove that a coordinate transform does not change structural

system properties, mainly observability.

Theorem 2.4.1. The pair (A, C )is observable if and only if the pair (T~ AT,CT) is

observable.

Proof.
B CT%}%T gj@
O =0T 'AT,CT)= | """ AT | =| Y |T=0T
CTT-TAnIT cAn—1

The nonsingularity of T" implies
Rank(O) = Rank(O)

which proves that observability is invariant under similarity transform. O

The following result is limited to the single-output case, that is, p = 1. Then C'is a
single row vector. In that case, we simply write ¢ instead of C'. The associated Kalman

observability matrix is then a square matrix.

Theorem 2.4.2. Let A € R™™ and ¢ € RY™™, and let (A,c) be an observable matriz

pair. Then there exists an invertible matriz T € R™™™ such that

0 1

A=T'AT=| - - and & := ¢T = [1,0...0].
0 1
—ap —ai . .. —QAn-1

The numbers a; are precisely the coefficients of the characteristic polynomial,that is,
XA(S) = 8"+ ap_18" + ...+ a1s + ag.

Proof. According to the Hamilton-Cayley theorem, every n x n matrix A satisfies its

own characteristic equation. That means, if

xa(A) =detM, — Al = XN"+ a, A"+ .+ aA+ag=0
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then,
= Ya(A) = A" +a, A"+ L+ a A+ apl, = [0]

= A" = —an_lAn_l — ... CL1A — aol,
Thus we have
cA 0 1 c
cA2 . . cA _
0OA = : = : : [ : = AO
: 0 1 .
cA™ —ag —aj ... —Qap—1 cA™ 1
Moreover, we have
¢A
c= [ 10 ... 0 } I
cA'r.zfl

Since (A, ¢) is observable, O is invertible. Thus we simply put 7' = O~!. This completes
the proof of the theorem. n

If we return to the general multi-output case, we give another result about trans-

forming a given matrix pair into some special form via a similarity transform.

Theorem 2.4.3 (Kalman Observability Decomposition). Let A € R™*" and C €
RP*™ . Let O be the associated Kalman observability matriz and let r := rank(O). Then

there exists an invertible matriz T € R™™ such that
A=T1AT = [} )] and C := CT = [ 0]
where Ay € R™", Cy € RP*" and the pair (A1, Cy) is an observable matrix pair.

Remark 2.3. The theorem says that via a suitable coordinate transform, namely x =Tz,

the given system © = Ax, y = Cx can be put into the form

21 = A121
22 = AQZl + AgZQ
y=0Cz

where (Aq, Ch) is observable. consider that the output does not depend on zs at all. That
means there is no way of reconstructing zo by measuring the output y. Hence z9 is not

observable. On the other hand, since (Ay, Cy) is observable, z1(0) is reconstructible. Thus
{z € R"|z cannot be distinguished from 0} = {0} x R"".
This can be used to determine the indistinguishable space of the original system,because
{z € R"|x cannot be distinguished from 0} = T'({0} x R"™")

Note that if the original (A, C) is observable, then r = n, and the Kalman observability
decomposition becomes trivial. Thus the interesting case arises when (A, C) itself is not

observable.
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Proof. Let k be a dim ker(Q) corresponding to (A, C') and let (v, vo, ..., U, W1, Wa, ..., Wrepn_r)

is a basis of R" where (wq, ws, ..., Wg—n_,) is the basis of ker(O). Then,
T;:[VW]:[vlvg...vrwlwg...wk] c RXn

is invertible matrix. Due to A-invariance of ker(O), the columns of AW are again in

ker(Q). Thus, they can be written as linear combinations of the vectors w; , that is,

ail a2 ... Qin w1 a11witai2w2+...+a1nWn
A a1 a2 ... a2n w2 a21wi+tazw2+...4a2pwn

anl An2 ... Qann Wn, An1W1+an2wWa+...4+annwn

ail ain
a1 a2n

= . . W,
anl Gnn

for some matrix As € R¥*¥. On the other hand, the columns of AV are in R” and thus

they can be written as linear combinations of v;, w; , that is,

a2
a22

wy + Wy + ...+

an2

AW =W A;

AV =V A + WA,
for some matrices A; € R™" and A, € R¥*". Summing up, we have
AT = [av aw | = [VAa+wWa, was | = [vw ][4 %] =TA

This gives T 'AT = A.
Furthermore, since ker(O) C ker(C'), there exists a matrix C; € RP*" such that,

CT =[cvew]=][co].

Now it remains to show the pair (A, C}) is observable. The Kalman observability matrix

associated to this matrix pair (A, C) is

a Cq 0

- CA Crdr 0
O pu— . pu— :

G A=) A Y o

and this has rank r, just like the Kalman observability matrix of the original matrix
pair. Therefore

Cy

C1A1

r =rank ‘

crAnY
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Due to the Hamilton-Cayley theorem, this implies that

C
C1 Ay
r = rank :

ClAilTil)
which shows that (A, C}) is observable. O

Remark 2.4. In a Kalman observability decomposition, we clearly have

XA = XA1-XAs

and thus
spec(A) = spec(Ay) | spec(As).

One calls x a4 the characteristic polynomial of the unobservable part of A with respect to
C, and X € spec(As) an unobservable mode of (A,C). There is also a direct way to

characterize the unobservable modes of a matriz pair.

Theorem 2.4.4. Let A € R, C € RP*" and \ € C. Then the following are equiva-

lent:
1. X is an unobservable mode of (A, C)
2. rank [’\IC?A} < n.

Proof. From Kalman observability decomposition we have
A=[49]  and  C=[ao]

where (Aj, C}) is observable. Then we have

A-A1 0
— [M=A] 0
H(\) = [Mz4] = [ 4 )\IOAg]
If X is an unobservable mode, then it is an eigenvalue of A3. Thus it makes AI — A3
singular, Showing that the column rank of H(\) cannot be full, it must be less than n.
Conversely, assume that the rank of H(\) is not full. Then there exists a vector x # 0

such that H(\)z = 0, that is,

(/\] - Al)fbl =0
—Agl’l + ()\I - Ag)xg =0
Cl.ﬁlfl =0

From the first and the third equation we see that

Cll’l = O, ClAll'l = O, ClA%xl = 0,
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The observability of (A;, C}) yeilds that 1 = 0. Then x5 # 0 and
()\I - Ag)LL’Q =0.

This implies that A is an eigenvalue of As. That means, it is an unobservable mode of
(A, C). O

As a direct consequence of this, we obtain another characterization of observable

matrix pairs.

Corollary 2.3 (Popov - Belevich- Hautus Test). The following are equivalent:
1. (A,C) is observable.
2. There is no non-zero vector x such that Ax = Az , Cx =0

Proof. (1= 2)
Suppose dzr # 0 such that Ax = Az, Czx =0

=CAzxz =)XCz =0
=CA%r = \CAzx =0

=CA" e = \NCA" 12 =0
=0x =0

= Rank(O) < n = the pair (A,C) is not observable. Hence, it must be the case
that Bz # 0 such that Az = Az, Cz = 0.

(2=1)

Assume that there is no non-zero vector x such that Az = Az , Cx = 0. By the

same derivation we used as in the above we get
Bz # 0 Such that O(A, C)z =0
= Rank(O(A,C)) =n
Where n is the order of A. Hence The pair (A, C) is observable. O
Corollary 2.4 (Hautus test for observability). The following are equivalent:

1. (A, C) is observable.

2. The matriz H(X) = [M54] has full column rank for all X € C.

43



The polynomial matrix H = [M74] € R[s]"™P)*" i5 called Hautus observability
matrix. The proof of this theorem follows directly from the above corollary 2.3 and we

don’t have to prove it here.

2.5 Asymptotic observability

Observability means
reJ=z2=0.
An alternative formulation is
n(t,0,2,0) =0Vt >0 = p(t,0,2,0) =0Vt > 0.
For asymptotic observability, one is satisfied if this is true in the limit as ¢ — oo.

Definition 2.5.1. We say that a state space system & = Ax or ox = Ax, y = Cx, is
asymptotically observable if n(t,0,2,0) =0 Vt > 0 implies that

lim ¢(t,0,2,0) = 0.
t—o00

Clearly, observability implies asymptotic observability.

Theorem 2.5.1. A state space system is asymptotically observable if and only if its
unobservable modes \ are asymptotically stable, that is, Re(\) < 0 in continuous time,

and |A| < 1 in discrete time.

2.6 Observable latent variable descriptions

The Hautus test gives us an idea about how to generalize the notion of observability from
state space systems & = Az + Bu,y = Cz + Du to general systems R(Z)w = M(%)]
where R € R[s]P*? | M € R[s]P*" and w € A% [ € A". In a state space system,

R=[5%Y9] M=[ A andw=[}], | =z

The polynomial matrix M is recognized as the Hautus observability matrix.
In this section, we restrict our discussion to continuous systems, that is, A = D'(T),
where T = R, R,.

Definition 2.6.1. We say that the latent variables | can be observed from the manifest

variables w if | is uniquely determined by w, which means that

w; = we = 1] = s,
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Theorem 2.6.1. (Generalized Hautus test) Let A = D'(T) for T =R or Ry and
let M € R[s|P*". Without loss of generality, let M have full column rank. Then the
latent variable description of

B={we A e A : R(%)w - M(%)l}

is observable if and only if rank(M(X)) = r for all X € C.

Proof. Observe

&t =Az+ Bu & (sI —A)z = Bu
y = Czx + Du Cr=-Du+y
< St e =[50 1]
& Mz = Rw where w =[], M = [*/g*] and R= [ 5}, }]

From Hautus test, the state space system is observable

& The matrix [MEA] has full column rank for all A € C
& The matrix M () has full column rank for all A € C
< Rank(M (X)) =r forall A € C

Thus, the theorem! H
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Appendices

Derivation of state-space representation

Theorem :
LetR € R[s]P*?. There exists an integer n € N and real matrices K € R L € R™*,
M € RP™ N € RP*? such that the system law R(Z)w = 0 has a first order latent

variable representation of the form

%$:KZL‘—|—LUJ

R(-)w=0 <& dreA":
0=Mzx+ Nw

and similarly for ¢ instead of %.

Proof. Let R = Rys? + ... + Ris + Ry with R; € RP*9, We put n = dp and

IO...O
K:[”I.

"I, 0

Ro
ER™, M=1[0....1,] e RF*" N = Ry € RF*Y,

e R™" L= [

Ry
Then,

e = e

can be pre-multiplied by U(%), where U is the unimodular matrix of size n+p = (d+1)p
Iy sly . . . sqlp
U= L
. slp
IP

to obtain the equivalent equation

[ ]2 = (8] (o

where the * denotes a polynomial matrix whose precise form is not important here,

because we only need that such an z exists if and only if R(%)w = 0. O]

According to this theorem, for every input-output representation P(%)y = Q(%)u,

we can find, , a first order representation of the form

d d

4y = Kr+ Liu+ Ly
P(oy=0Q()u & JreA ;{ dt ! ?

O:M.T+N1U+N2y
and similarly for o instead of %. Then we can solve the second equation for y to obtain

y=—Ny ' (Mz + Nyu)
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and plug that into the first equation. We get

d
—x = (K — LyNy;' M)z + (Ly — LyNy Ny ).

dt
Setting
A=K — LyN;'M
B =L, — LyN;' N,
C=-N;,'M
D =—N;'N,
we have
d d 4y = Az + Bu
P(-y=Q(—=)u < JreA*:{ &
Gy = Q) { y = Cz + Du

The explicit equations

T = Az + Bu or oxr = Az + Bu
y=Cx+ Du y=Cx+ Du

are called state space representations.

A- invariant subspace

Definition Bj:(A-tnvariant subspace)
Let A € R™"™ and let V be a linear subspace of R”. We call ¥V an A-invariant subspace
if for all v € V, Av € V. Notation: AY C V.

Theorem Bj:
The kernel of O is the largest A-invariant subspace contained in the kernel of C'. There-
fore, a system defined by state space equation is observable if and only if 0 is the largest

A-invariant subspace contained in ker(C').

Proof. Choose x € ker(Q). Then
Crx=CAx =..=CA" 'z =0.

By the CayleyHamilton theorem, it follows that also C A"z = 0, and hence Ax € ker(QO),
which implies that ker(O) is A-invariant.

Furthermore, Ox = 0 implies that Cx = 0, and hence ker(O) C ker(C). Therefore,
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ker(Q) is an A-invariant subspace contained in ker(C').

To show that it is the largest such subspace, assume that V' is an A-invariant subspace

contained in the kernel of C'. Choose x € V. Then, since V is A-invariant, also
Az A%z ..., A"z eV,
and since V is contained in ker(C'), we conclude that
Cr=CAxr = = CA" 1z =0.

This implies that = € ker(O), and hence V C ker(O), as claimed. O
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