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Abstract

We analyze the quantum properties of the light generated by a three-level laser cou-
pled to a vacuum reservoir. The three-level atoms available in the cavity are pumped
from the bottom to the top level at a rate r4,.

Employing the pertinent master equation, we obtained the equation of evolution for
cavity mode and atomic operators. Moreover, we have calculated the mean and vari-
ance of the photon number, the quadrature variance and the quadrature squeezing as

well as the power spectrum for the cavity mode.
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Chapter 1

Introduction

A three-level laser is a quantum optical system in which light is generated by three-
level atoms inside a cavity usually coupled to a vacuum reservoir [1 - 4]. The statistical
and squeezing properties of the light generated by three-level laser have been investi-
gated by several authors [5 - 10]. These studies show that the degenerate three-level

laser can generate squeezed light under certain conditions.

In this thesis, we consider N degenerate three-level atoms in a cavity coupled to a
vacuum reservoir via a single port-mirror. We study the case in which the atoms as
well as the cavity mode interact with the vacuum reservoir. We denote the top, inter-
mediate, bottom and ground levels of a three-level atom in a cascade configuration
by |a;), |b;), |¢;), |d;) respectively. We also consider the case in which a three-level
atom is pumped from the ground level |d;) to the top level |a;) at the rate of r4. A
degenerate three-level atom may make a transition from level |a;) to level |b;) and
then from level |b;) to level |¢;) by emitting two photons of the same frequency w.
Alternatively, the atom may decay from level |a;), |b;), or |¢;) spontaneously to the

ground level |d;) at the rate 7.
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Figure 1.1: Degenerate three-level atom

In this thesis, we study the statistical and squeezing properties of the light produced
by degenerate three-level laser in which degenerate three-level atoms inside a cavity
coupled to a vacuum reservoir are pumped to the top level at a rate rg4,. Employ-
ing the master equation for the system under consideration, we obtain the quantum
Langevin equations for the cavity mode and atomic operators.

Applying the solutions of the quantum Langevin equations along with the correlation
properties of noise operators, we calculate the mean and variance of the photon num-
ber as well as the power spectrum for the cavity mode. We also obtain the quadrature

variance and the quadrature squeezing for the cavity mode.



Chapter 2

Dynamics of Cavity Mode and
Atomic Operators

The Hamiltonian describing the interaction of a degenerate three-level atom with a

cavity mode is describable at resonance by the
A = ig [t () {ay] + 1) (by]) — (lag) (by] + [b)(es)a] (2.0.1)

where ¢ is the atom-cavity mode coupling constant, taken to be the same for both
transitions, a is the annihilation operators for the cavity mode.
The master equation describing the interaction of a degenerate three-level atom and
cavity mode with the vacuum reservoir is expressible as
d _
dt
+ % [2]d;){a;|pla;)(d;| — |az)(a;|p — plaj)(a;] + 2[d;){b;|plb;)(d;]

—[05)(bj|p — plbs)bs| + 2|d;)(c;lples)(ds| — lej)(elp — ples){cl], (2.0.2)

il ]+ g (20pa" — atap — pata)



where  is cavity mode damping constant. So that employing the Hamiltonian de-
scribed by Eq. (2.0.1), one can write the above master equation as
& _
dt
+pala;)(b;| — alb;)(c;|p + palb;){c;l] + g[

+ % (2ld;) aslpla){d;| — laj){a;|p — plaj){az| + 2[d;){bs|plbs)(d;]

g [a'|b;)(a;|p — pa’|b;){as] + alle;)(bs|p — palle;) (bs] — alay)(by|p

2apa’ — a'ap — patal

—1b;)(bj1p — plbs) bs| + 2]d;){c;lple;)(dy| — [ej)eilp — plej)(ejl) (2.0.3)
or
D g (atolp— pale +atolp — pite] —aslp+ paoy —aofp+ pasy)
+ 5 2apa’ —atap — pata) + 2 (21d;){aslpla;)ds| — i — o
+21d;) (b |plb) (ds| — ) p — o + 2ld;) (eslple;)(dy — nlp — pil) . (2.04)
where

M = la;)a;l, 7 = b,)(b;], 0= le;) ey (2.0.5)

are atomic operators.

2.1 Time evolution for the expectation values of
the cavity mode and atomic operators

Employing the master Eq. (2.0.4) along with the relation

d . dp -
—(A)y=Tr| —A 2.1.1
G =10 (24). 2.11)

it is possible to obtain the equation of evolution for the expectation values of the

cavity mode and atomic operators.



We thus see that

d , . ) A )

£<d(t)) = gTr (a'6lpa — pa'ela + a'o)pa — pa'eia — asl pa
+paclia — as) pa + ﬁa&gfa) + gTr (2apa‘a — atapa — pata?)
+o5Ir (21d;)(aj|plas)(d;la — Glpa — pisa + 2|d;) (b;|plb;) (d;]a
— i pi — piga + 2|d;) (e ple;) (dyla — Apa — pila) . (2.1.2)

Applying the cyclic property of the trace operation together with the commutation
relation
[a,a'] =1, (2.1.3)

we obtain

0(1)) = ~ 2 @(t)) + g (402 + (67)) (21.4)

In a similar manner one can readily establish that

(61 = —1{02) + g ((1a) — (a) — (alod)) (2.1.5)
1) = o) + o ((a) — (ka) + (@'62)). (210

< 61) = —1(62) + g ({03a) — (4]a)) (217

D) = i) — g (a'od) + (oFa)) 218

Sy = i) + o (tafod) — (@af) + (oPa) — 0Fa)) . (219)
Lty = i) + 9 (@lo}) + (o)) (2.10)

) = (40l + () + 4ah) (21.11)

We see that Eqgs. (2.1.5), (2.1.6), (2.1.7), (2.1.8), (2.1.9) and (2.1.10) are nonlinear

differential equations and hence it is not possible to find the exact time dependent



solutions of these equations. We intended to over come this problem by applying the
large-time approximation scheme [6].

On the basis of Eq. (2.1.4) we can write

Cat) = —g&(t) + g(67 + 60) + Galt), (2.1.12)

where g,(t) is cavity mode noise operator when the cavity mode interacts with a single
three-level atom and whose correlation properties remain to be determined.

Applying the large-time approximation scheme to equation (2.1.12), we obtain

. 29 (i ., 2.
a(t) = ;( J+67) —i—Ega(t). (2.1.13)

Now introducing Eq. (2.1.13) and its conjugate into Eqgs. (2.1.5), (2.1.6), (2.1.7),

(2.1.8), (2.1.9) and (2.1.10), one finds

L 68) = (0D + 22 ((08u(0) — (B W8u(0) — G D620)) . (2114)
©iol) =~ (v+ ) tod) + 40
dt° 2/ bl T e
29 (G 086(0) — (R (03a(0) + @L0620) (2.1.15)
Sty =~ (r+ ) 00 + 22 (6A0a0) —oiaue)) . (2116)
D) =~ i) - 2 (P 0@ + @naimy) .  (2117)
d iy _ o i 4 29 (st ()
() = =(v 7)) + (i) + = (67 (1)a (1))
Hal050) — GP0au0) — GOaM)) . (@11
Sy = ) +2elid) + 22 (6P 0a0) + @l0ele) . (2119)



where
4g2
Ve =
K

is the stimulated emission decay constant.

(2.1.20)

The pumping process must surely affect the dynamics of (/) and (7%). If rg, rep-

resents the rate at which a single atom is pumped from the ground level to the top

level, then (77) increases at the rate of r4,(77) and (7)) decreases at the same rate [6].

In view of this, we rewrite Egs. (2.1.17) and (2.1.11) as

) = (1 + ) )+ raadil) — LGB (0a0) + G5O

) = AR + () + () — ran.

In the presence of N three-level atoms, we rewrite Eq. (2.1.12) as

d K

~

Ja(t) = —Za(t) + in(t) + aga(2),

in which A and « are constants whose values remains to be fixed and

and summing over all atoms, we have

a,af] = 5% (N = No) + 2= (1n(e), & ()] + [Go), ' (1))
N [0, 100

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

(2.1.25)

(2.1.26)



where G(t) is cavity mode noise operator when the cavity mode is interacting with

N three-level atoms and

[, a'] = "la,a']; (2.1.27)

j=1

stands for the commutator of & and a' when the cavity mode is interacting with all
the three-level atoms.
Assuming that the cavity mode noise operator and atomic operators commute with

each other, Eq. (2.1.26) reduces to

al] = 25(N, — R) + 5 N1au(), 4.0 (2:1.28)

On the other hand, applying the large-time approximation scheme to Eq. (2.1.23),

we note that

alt) = %m(t) + %aga(t) (2.1.29)
and
. = () N R+ a0, 6100) (2130

Thus on account of Eqs. (2.1.28) and (2.1.30), we see that

g
A=d+—"— and a=VvVN 2.1.31
vV N ( )

and in view of this result, Eq. (2.1.23) can be rewritten as

() = —Za(t) + \/—Nm(t) +VNga(t) (2.1.32)
Do) = =Rty + —Lrn(e) + G (2.1.33)
it U+ % : =

in which G(t) = V/Nij,(t) is cavity mode noise operator when the cavity mode is

interacting with N three-level atoms.



We next sum Egs. (2.1.14), (2.1.15), (2.1.16), (2.1.18), (2.1.19), (2.1.21) and (2.1.22)

over the N three-level atoms. It then follows that

& na(t)) =~ -+ 3 a0}
+ 2 ((R0GW) - (MOGO) - G Om), (2139
0 =~ (7+ 22 ia(t) + 7elna(1)
+ 20 ((RG) — (RGW) + (T 0mee)), (213
% (o)) = = (v + %) (i) + 2—9 ((ma®G®) — Gr(G)) . (2.1.36)
LUR0) = -+ 1 Wa(0)) + rant Balt)
=2 (U Em) + (G 0mae) (2.1.37)
CUR0) = (3 + N0} + el Falt)) + 22 [0 (G0
HE () = (OG0 — (G Omn®)] | (2.1.38)
%m(t» = —(Ne(t)) +7e(Ny(1)) + 2—9 (G + (G () (21.39)
Na(1) = A(F0) + (F0) + (Fult)) — raadNa(r), (2.1.40)
where N
Mo =Y 63, (2.1.41)
iy, =Y oy, (2.1.42)
e =Y o), (2.1.43)
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and

N

No=Y i, (2.1.44)
j=1
N .

Ny =Y i, (2.1.45)
j=1
N

Ne=> ", (2.1.46)
j=1
N .

Na=> i} (2.1.47)
7j=1

are atomic operators in which N,, Ny, N. and N, represent number of atoms in the

upper, intermediate, bottom and ground levels respectively.

We now proceed to determine the expectation values of the product of the atomic
operators and cavity mode noise operator that appear in Eqs. (2.1.34) - (2.1.39).
Employing the master equation described by Eq. (2.0.4) along with Eq. (2.1.1) we

see that

%<|bj><aj|&> = gTr [a67plb;) (asla — pa'a]b;) (asla + ey plb;) (asla — pal i b;) (ala
—a6 1 plbs)azla + pactyb;)asla — acl ples) agla + pasl b;) (a;al
+ 5T [2apalb;)(a;la — a'aplb,) (ajla — pa'alb,) (a;a]
2T [20) (o olas) (1) (sl — plb) (gl — piglb;) (aa
+2[d;) (b;1p1b;) (d;1b) (asla — 7 plbs) (ayla — pig|b;) (asla

21d; e lole; s o) (agla — #plby) (sl — pidloydasla] . (2.1.48)
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Applying the cyclic property of the trace operation, Eq. (2.1.48) can be written as

) ala) = oTr (ol ladtos — il o2l (asla + plby) (o laae]
—pal&y|b;) (ala — plbs)(ajla*67 + pacl |b,) asla
—plb;)(asla’6)’ + pacy’ |b;) (a;la
+ 5T [2pa'1b;) (;1a” = lb;) {a,lad'a — palalb;){a;a]
+ %TT [2p]a;)(d;|bs)(ajlald;) (a;] = plbj){azlan — pillbs)(asla
+2p|b;)(d;|b;) (a;|a|d;) (b;| — plbs) (a;lam] — pi|bj) asla
+2pc;)(d;lbs) (ajlald;) (c;| — plbj)(aslai — pillbs){asla] . (2.1.49)

Now taking into account Eq. (2.0.5), Eq. (2.1.49) reduces to

d . ) ) ) ) )
L Ga0)a(t) = o (57l — i) - palast) — STe(pela) ~1Tr(pola) (2150
or
d . . K, . i o v e
5 \Ga(t)alt)) = —5(6aa) —(62a) + g ((a*(a — ) — (afas?)) . (2.1.51)

On the basis of Eq. (2.1.5), we can write

d . ) . ) . o
2 0u(t) = =160 + g (o — i — a'6]) + fuy (1), (2.1.52)

where f,;(t) is atomic noise operator whose correlation properties remain to be de-

termined.

Employing Egs. (2.1.52) and (2.1.12) in the relation

d . do? -da
A\ o nj
pr 6la) < o a> + <0“_dt> (2.1.53)

we note that

S (64(0a1) = —{o3a) — (ota) + o((@ (i — 7)) — (atas))

+(fai (D)a(t)) + (63(£)3a(1)). (2.1.54)
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Here upon comparing Eqgs. (2.1.51) and (2.1.54), we find that

~

(fas(B)a()) + (62(1)3a(t)) = 0. (2.1.55)

The formal solution of Egs. (2.1.52) and (2.1.12) are expressible as

o3(t) = 63(0)e " + ge ( /O e (i (t)at) — i (¢)a(t') — d*(t’)f?i(t'))dt’)

t
+ e”t/ e fo () dt (2.1.56)
0
and
K K t K 4/ y
a(t) = a(0)e 2" + ge 2" (/ e2" (62(t') + &9 (t’))dt')
0
t
- e—St/ et g, (t")dt! (2.1.57)
0
respectively.

Now multiplying Eq. (2.1.57) on the left by faj (t) and taking the expectation value

of the resulting expression, we obtain

s 03(0) = G005 + 9075 [ e3¢ (o050 + (D00 at
et /0 5 (Fs(8)a(t))dE (2.1.58)

Since a noise operator at some time t does not affect the cavity mode and atomic

operators at earlier times, we see that

In view of Eq. (2.1.59), Eq. (2.1.58) is expressible as

(faj(D)a(t)) = e3¢ /0 2! (fo; (1)ga(t))dt. (2.1.60)
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Similarly, multiplying Eq. (2.1.56) on the right by g,(¢) and taking the expectation

value of the resulting expression and taking into account the assertion that the noise

operator at some time does not affect the cavity mode and atomic operators at earlier

time, we arrive at

(61 (0)da(t)) = e / O (fos ()dalt))

Introducing Egs. (2.1.60) and (2.1.61) into Eq. (2.1.55), one obtains

/ e (Jos()ga()dt” + 7" / ' (fo(#)ga))dt’ = 0.

Assuming that

we assert that
t
/ [e™ 207" 4 e foi(8)ga(t))dt! = 0.
0

It then follows that

Now summing over the N three-level atoms, Eq. (2.1.66) goes over into

(ma(t)G(t)) = 0.
In a similar manner, one can readily establish that

(my(t)G(t)) =0,

(2.1.61)

(2.1.62)

(2.1.63)

(2.1.64)

(2.1.65)

(2.1.66)

(2.1.67)

(2.1.68)
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(2.1.69)

(2.1.70)

(2.1.71)

(2.1.72)

Finally, employing Eqgs. (2.1.67) - (2.1.72), we can rewrite Eqgs. (2.1.34) - (2.1.39) in

the form
& tma(t)) =~y 20 (a0
%m,,(t)) = (7 2) (i t) + e lalt),
%mc(t» = —(7+ ) me(t)
CN(0)) =~ + 3 Nalt)) + ran (N0
%(Nb(t)) = — (7 + 1) (V1)) + Ye(Na(8))
%(Nc(t» = A (NL(8)) + Yo (N (1)

On the basis of Eqgs. (2.1.73) and (2.1.74), one can write

d

ama(t) = —('7 + ’Vc)ma(t) + fa(t)

and
d

dt 2

L () = —(y + LY (t) + yerna(t) + fot),

(2.1.73)
(2.1.74)
(2.1.75)

(2.1.76)

(2.1.77)

(2.1.78)

(2.1.79)

(2.1.80)
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where f,(t) and f,(t) are the atomic noise operators with vanishing mean and whose
correlation properties remains to be determined.

In addition, in view of the completeness relation

Wi+ 00y =1, (2.1.81)
we easily arrive at
(Na) + (No) + (Vo) + (Ng) = N. (2.1.82)

Hence with the aid of Eq. (2.1.82) one can put Egs. (2.1.76) and (2.1.40) in the form
d

2 WNa) = = (7 + % 70a) (N} + 7aa (N = (Np) = (M), (2.1.83)
and
%(Mﬁ = — (¥ + 7aa)(Na) +7N. (2.1.84)

At steady-state, the solutions of Eqgs. (2.1.83), (2.1.77) and (2.1.78) are expressible

(W) = s (V= (W) = () (2.1.85)
S R,
(N) = CET (Na), (2.1.86)
and
A . fﬁ ~ _ 762 ~
(Ne) = S (Nb) o S (N,) (2.1.87)
respectively.

Thus on taking into account Eqs. (2.1.86) and (2.1.87), we can write Eq. (2.1.85) in

the form

(N,) = ( ( 7da )N. (2.1.88)

Y+ Ye) (Y + Tda)
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Now substituting Eq. (2.1.88) into (2.1.86), we get

@m:( Vel da )N, (2.1.89)

(v +7e)2(7 + Tda)

in view of which Eq. (2.1.87) becomes

() = ( NeTda ) N (2.1.90)
N+ ) ) h
We also notice that the steady-state solution of Eq. (2.1.84) is
¢ g
Ng) =| — | N. 2.1.91
= (57m) 210

Thus at steady-state the expressions for the expectation values of the operators rep-
resenting the number of atoms in the upper, intermediate , bottom and ground levels

are given by Egs. (2.1.88), (2.1.89), (2.1.90) and (2.1.91) respectively.
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2.2 The correlation properties of the noise opera-
tors

In this section we seek to determine the correlation properties of cavity mode noise
operator GI(t) and atomic noise operators f,(t) and f,(t).
We note that for N three-level atoms Eq. (2.1.4) is expressible as

d . K. g .
{400 = =500} + o tm(r). (221)

This equation and expectation value of the Eq. (2.1.33) will have the same form if
(G(t)) =0. (2.2.2)

Employing the relation

d da dat
4 ity — (98 Nl 2.2.3
a4 <dta>+<a dt> (223)

along with Eq. (2.1.33) and its conjugate, we note that

d

“Haal) = —n(aal) + I_tmaty + I am®) + (G)at 1) + @GR (2.2.4)

VN VN
On the other hand using the master equation described by Eq. (2.0.4) along with Eq.

(2.1.1), we see that

%@aw = gTr [a'6lpaa’ — pa'laa’ + a'e]paat — pa'elaa’
—ao 7 paa’ + paciaat — ac, paat + pas, aall
+ gTr [2apa’aa’ — a'apaa’ — pa'a*al]
+ 2T [20d5) (a1 plag) (d;laal — igpaa’ — piadt
+2|d;) (b;|plb;) (d;laa — 7 paa’ — pijaat

+2d;)(c;|ple;)(dylaat — plpaat — pilaal] . (2.2.5)
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Applying the cyclic property of the trace operation to Eq. (2.2.5), we obtain

d 4
—Haal) = gTr (p() + af)al + palal +51')) = KTr(pala)
or
d oot sat 59 4 5N\aty 4 (a(617 + 51
—Haa’) = —r{aa’) +g (04 +)a") + (a(ol +51) ) + w. (2.2.6)

= aat) = —wlaat) + —(mal) + —L(am’) + kN (2.2.7)

Upon comparing Eqs. (2.2.4) and (2.2.7), we see that

N

(Gat(t)) + @a(t)GH(t)) = kN. (2.2.8)
The formal solution of Eq. (2.1.33) can be expressed in the form

t
a(t) = a(0)e / 50t (¢ + /0 EENGW) . (22.9)

Now multiplying Eq. (2.2.9) on the right by G1(t) and taking the expectation value

of the resulting expression, we note that

N

(@()G'(1) = (@(0)G (1)) _t+—/ e 2 ()G (1)) dt!

+

/ t e 2 (GG (t))dt (2.2.10)

Since a noise operator at time t should not affect cavity mode and atomic operators

at earlier times, we can write
(@(0)GH(t)) = (@) (1)) =0, (2.2.11)

()G () = () (G (1) = 0. (2.2.12)
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With the aid of Egs. (2.2.11) and (2.2.12), Eq. (2.2.10) reduces to

K ~

@t)Gi(t)) = /O P (- (GG (t))at. (2.2.13)

Upon multiplying the conjugate of Eq. (2.2.9) on the left by G(t) and taking the
expectation value of the resulting expression and taking into account Eqs. (2.2.11)

and (2.2.12), we arrive at
(G(t)al(t)) = /t e 2NGGT () dt. (2.2.14)

Introduction of Egs. (2.2.13) and (2.2.14) into Eq. (2.2.8) leads to

A

t t
/ e 3EI(GGH (b)) dt’ + / e HENGOEN ) dt = N (2:2.15)
0 0

and assuming that

(GGHr)) = (GG (), (2.2.16)

one obtains

t
2 / e HGOE () dt = k. (2.2.17)
0

/t e (F()g(¢))dt = D, (2.2.18)

we assert that

(f(£)g(t)) =2Ds(t — 1), (2.2.19)

where s and D are constants, or D is some function of time t.

On account of this relation and Eq. (2.2.17), we note that

(GOGT()) = kNS(t —t). (2.2.20)
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In a similar fashion, one can easily verify that

~

(GHHG(E)) =0, (2.2.21)

(GG = 0. (2.2.22)

We now proceed to obtain the correlation properties of the atomic noise operators
fa(t) and fy(t).
We note that Eq. (2.1.73) and the expectation value of Eq. (2.1.79) as well as Eq.

(2.1.74) and the expectation value of Eq. (2.1.80) will have the same form if

(fa(t)) = (f(1)) = 0. (2.2.23)
Employing the relation
i m
g (oina(0) = (el 0)) + (g 2 (2224

along with Eq. (2.1.79) and its conjugate, we see that

d

(L ma()) = =20y + ) (M (E)ria (1)) + (fHOmma(t) + k() falt)  (22:25)

and taking FEq. (2.1.41) into account, one obtains

(Ralt)) = ~207 + 7 (Na(0) + v (a0 + (i OF(0)) . (22.26)

SHE

Now comparison of Egs. (2.1.76) and (2.2.26) shows that

~

(FEOma(0) + (il () fa(t)) = (v + 1) N(NL()) + 70N (Na(2)). (2.2.27)
The formal solution of Egs. (2.1.79) and (2.1.80) can be written in the form

t
Ma(t) = 14(0)e~ 07t 4 / e~ ) £ () dt! (2.2.28)
0
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and

¢
ri(t) = 1y (0)e” 5! —I—/ e~y (H)dt!
0

t
0

Multiplying Eq. (2.2.28) on the left by fi(¢) and taking the expectation values of the

resulting expressions, we obtain

t

(FH@ma(t)) = (fH(tra(0))e” O + / e PO fu))dt. (2.2.30)

0
Since noise operators at time t has no effect on atomic operators at an earlier time,

we can write
(f1(6)ma(0)) = (f1()) (112a(0)) = 0. (2.2.31)
One can then rewrite Eq. (2.2.30) as

(fi(t)ma(t)) = /O e~ OFR =) (FH (1) ()t (2.2.32)

Upon multiplying the conjugate of Eq. (2.2.28) on the right by fa(t) and taking
the expectation values of the resulting expression and applying the fact that a noise

operator at some time has no effect on atomic operators at earlier times, we obtain

t
(Ml (1) fa(t)) = / e~ OFO(FIE) fu(t))at. (2.2.33)
0
Now substitution of Eqgs. (2.2.32) and (2.2.33) into Eq. (2.2.27) leads to
t t
| eI+ [ eIl anar
0 0
= (7 + %) N(Na) + raa N (Ny) (2.2.34)

and on assuming

(FIOfat)) = (JIE) fa(1)), (2.2.35)
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one obtains
t

5 / =R FH ) FL N = (7 + 7e) NN + raa N (V). (2.2.36)
0

Taking into account Eqs. (2.1.88) and (2.1.91), we can rewrite Eq. (2.2.36) in the

form
/t e~ Pt (PN Fo(8))dE = 1 (MNQ) . (2.2.37)
0 ¢ ‘ 2\ (7 +rda)
On account of the relation described by Eq. (2.2.19), Eq. (2.2.37) reduces to
Mo 7 29T da
Ht) fa(t)) = —=-N3(t — t'). 2.2.38
0L = 22250~ ) 2239

Once more, using the relation

Fna(tng(0) = elaie)) + (i 2 (2.2.39)

dt dt dt
along with Eq. (2.1.79) and its conjugate, we see that

%%a(t)mi(t» = =2(7 + 7o) (a ()il (1)) + (a(8) 1)) + (fa(O)l(2)), (2:2.40)

and taking into account of Eq. (2.1.41), one obtains

d

SN0 =20+ ) (W0) + - (A O) + (File) . (2241)

Hence comparison of Eqs. (2.1.77) and (2.2.41) yields
(1 (0) f1(0)) + (Falt)mE (£)) = (7 + 7e) N (Np) + 7N (V). (2.2.42)

With the aid of Egs. (2.1.88) and (2.1.89) we can rewrite Eq. (2.2.42) as

(2.2.43)

(&) F1() + (Fut)rih (6)) = ( ( 27%da ) N2,

Y+ %) (Y + 7da)
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Multiplying Eq. (2.2.28) on the right by fI(¢) and taking the expectation value of

the resulting expression, one finds

(ria (£) f () = (1 (0) fi())e~ )" 4 /0 e PRI E @V fi))at.  (2.2.44)

Taking into account of Eq. (2.2.31), Eq. (2.2.44) can be rewritten as

(i () f1(1)) = /0 e TR f () fi(8)) . (2.2.45)

Similarly, multiplying the conjugate of Eq. (2.2.28) on the left by f,(t) and taking
the expectation value of the resulting expression and with the aid of Eq. (2.2.31), we

arrive at
uuw%w»zée<%wt”u<vw» (2.2.46)

Upon substituting Eqgs. (2.2.45) and (2.2.46) into Eq. (2.2.43), we get

% *W””tu<>ﬂuwf+/ e O () fL (1)

0

_ 2’Y’Ycrda 2
B ((7+%)(7+ma)> N (2.2.47)
and on assuming
(fa) FI®) = (fa®) 1), (2.2.48)
one obtains
t —(y+7e) (t—t") Ay I 29T da 9
o [ oo i - ()N @2

On account of the relation given by Eq. (2.2.19) and Eq. (2.2.49), we see that

(fa)fIt) = (W +277;y(;d+ %)) N25(t —t). (2.2.50)



Following a similar procedure, we can easily establish that

Verda(27 + 7e) 2cp
<W+%W%wm>Natt%

(SO 1))

PTaN £ (4 P)/P)/crda(27+ﬁ)/c) 2 oy
i) = () v ),
(fa®) fu(t)) =0,

(o) fu(t)) =0,

(fal®) fo() =0,

<ﬁ®ﬂ@»=—( el da )N%&—ﬂ.

(7 +7e) (7 + Tda)
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(2.2.51)

(2.2.52)
(2.2.53)
(2.2.54)
(2.2.55)

(2.2.56)

It is worth mentioning that expressions (2.2.23), (2.2.38), (2.2.50), (2.2.51), (2.2.52),

(2.2.53), (2.2.54), (2.2.55) and (2.2.56) describe the correlation properties of the

atomic noise operators f,(t) and f,(t).



Chapter 3

Photon Statistics

In this chapter we study the statistical properties of a light produced by degenerate
three-level laser. To this end, we calculate the mean and variance of the photon
number.
Employing the relation

m = Mg + My (3.0.1)

and taking into account Eqs. (2.1.41) - (2.1.47), it can be established that

mim = N(N, + N,), (3.0.2)
mim’ = N(N, + N,), (3.0.3)
m? = Nm.. (3.0.4)

3.1 Mean of the photon number

Here we calculate the mean photon number of light produced by the three-level laser
employing the solution of Eq. (2.1.33). With the atoms considered to be initially in

the ground level, the expectation value of the solution of Eq. (3.0.1) happens to be

(1a(t)) = 0 (3.1.1)

25
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and

(mp(t)) = 0. (3.1.2)
Then on account of these results, we see that
(m(t)) = 0. (3.1.3)
On the other hand, the solution of Eq. (2.1.33) is expressible as
K g K t Kot K ¢ Kl A
a(t) = a(0)e 2" + —e‘?t/ e 2l m(t)dt + e—zt/ e 2V G()dt. (3.1.4)
It then follows that
¢
at(t) = al(0)e 2t + —e / Ut dt + e—zt/ UG at”. (3.1.5)

Now in view of Egs. (3.1.3) and (2.2.2) and the assumption that the cavity light is

initially in a vacuum state, the expectation values of Eqgs. (3.1.4) and (3.1.5) becomes
(a(t)) =0 (3.1.6)

and

(a'(t)) = 0. (3.1.7)

We observe on the basis of Egs. (2.1.33) and (3.1.6) that a is a Gaussian variable

with zero mean.
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In view of Egs. (3.1.4) and (3.1.5), the mean photon number of the cavity mode is
A(0) = @ (0a(0) = @O0 + e [ e Oy ar
t
+e / e (af (0)G (1)) dt' + iNe / St () a(0))dt”
0

2 t t
$ Lo / / ) (it (1 i () dt
0 0

g / (t’+t”) Nyl IS/
+ I e G('))dt' dt
L[] ¢G(Y)
e / OG0 (0)) dt”
g / o5 (U +t") GT " dt' dt”
s Lo [ (¢yn(t)

t
+e"‘t/ / S (GG () dt dt”. (3.1.8)
0 0

Since the expectation value of the cavity mode initially in the vacuum state is zero
and the expectation values of the product of cavity mode noise operators and atomic

operators are zero, we can write
(' (0)a(0)) = (a'(0))(a(0)) =0, (3.1.9)
(mt "G = (GT(t"ym(t)) = 0 (3.1.10)
and at initial time the atomic and cavity mode operators are not correlated. Thus
(it ()a(0)) = (i (E)Ma(0)) = 0, (@ (O)m(t)) = @ () im(t)) =0.  (3.111)
With the aid of Egs. (3.1.9), (3.1.10) and (3.1.11), Eq. (3.1.8) is expressible as
A() = et / et G ()Gt + + 8 / / B (i ()i (¢) ) dit”

mf/ B'2‘“(t <GT( ”)d dt”+e // St/ +t") GT H)é(t/»dt/dt”.
(3.1.12)
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Taking into account Eq. (2.2.21) and assuming that the cavity mode noise operator

at some time has no effect on cavity mode operators at an earlier time, Eq. (3.1.12)

reduces to
2 t gt
= e [ s ey ar e (3.1.13)
o Jo
or
n(t) = (@T(t)a' (t)), (3.1.14)
where
t
~ g _= Kyl
a'(t) = —=e 2t/ ezt m(t)dt (3.1.15)
VN 0
and
a't(t) = —e 2 / Ut )t (3.1.16)
Now taking the time derivative of Egs. (3.1.15) and (3.1.16) and applying the relation
d ’ / / * d / /
. flz,2)da' = f(x,z) — f(x,a) + %f(:c,x)d:c, (3.1.17)
we obtain
d N '%A/ g ~ g ~ -y
—a'(t) = ——=a(t) + —=m(t) — —=m(0)e 2 3.1.18
() = =5 0)+ —in(t) = —in(0) (3.L15)
and
d . Ko 9t 9ot (0)e—5t
—a'(t)=—=a'(t) + —=m'(t) — —=m'(0)e 2" 3.1.19
10 = =50+ <l (0~ < 0) (3:1.19)
Applying the large-time approximation scheme to Egs. (3.1.18) and (3.1.19), we see
that
29
a'(t) = m(t 3.1.20
() = Lt (3120
and
2
at(t) = i), (3.1.21)



29

With the aid of Egs. (3.1.20) and (3.1.21), Eq. (3.1.16) can be rewritten as

a(t) = jf; (i) (3.1.22)

Taking into account Eq. (3.0.2), Eq. (3.1.22) can be expressible as
— 70 ;
n=1 ((Na) n (Nb)> . (3.1.23)

Therefore, with the aid of Egs. (2.1.88) and (2.1.89) the mean of photon number can

be expressed in terms of total number of atoms N as

—_fyc( 7+270
BN

raalN. 3.1.24
K 'H%)Q(’wrrdm))7 ‘ ( )

3.2 The variance of the photon number
The variance of the photon number for the a cavity light is expressible as

(An)* = (a'aa'a) — (a'a)? (3.2.1)
and using the fact that a is Gaussian variable with vanishing mean, we readily get

(An)* = (a'a)(aa’) + (a'*)(a?). (3.2.2)
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Once multiplying Eqgs. (3.1.4) by (3.1.5) and taking the expectation value of the

resulting expressions, we obtain
(a(t)a'(t)) = (a(0)a'(0))e ™ + —6 / " (t"))dt"
¢ ’ g ’
+ ent/ 6m€ <a< )GT( H))dt” + _Ne / mf

—6 //egtth” m )mT(t”)>dt’dt”
0 0

75 / / 2D (i ()G (")) i dt”

b [ ] ()G}

t ot
9 st B4t 1 AN 2T (4 1 gt
+ ——e ez Gt ym' (")) dt' dt
L // (Gl ()

—nt/ / S -|—t” GT( //)>dt dt".

(3.2.3)

Because of the expectation value of the cavity mode initially in the vacuum state

is zero and with the aid of Egs. (3.1.9), (3.1.10) and (3.1.11), Eq. (3.2.3) will be

rewritten as

2 t t
<&(t)&T(t)> _ g_ent/ / €%(t,+t//)<m(t/)mT(t”)>dt/dt”
/ / S(t'+ t” GT( N)>dt dt”

so that in view of the relation given by Eq. (2.2.20), one obtains

2 t t
<€L(t)dT(t)> — gﬁent/ / e%(t/+t//)<m(t/>mf(t//)>dt/dt//
0 Jo

t t
+ kNe " / extdt’ / e 5(t" —t)dt".
0 0

t t
(a(t)a'(t)) = (@ @)a' (1)) + kNe " / e2t'dt’ / et 5(t" —t')dt",
0 0

or

(3.2.4)

(3.2.5)

(3.2.6)
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in which @'(t) and a'f(t) are given by Eqs. (3.1.15) and (3.1.16).
With the aid of Egs. (3.1.20) and (3.1.21), Eq. (3.2.6) reduces to

<d(t)d*(t)>::fN( (tymf(t)) + kNe ™ / t’dt/ 25— )dt",  (3.2.7)

Now taking Eq. (3.0.3) into account and carrying out the integration , we note that

(@)at@) = 2= (M) + (N)) + N (1 - ™), (3.2.8)

K

which at steady-state becomes

~

(@a') = ’; (895) + (1)) + . (3.2.9)

Moreover, on the basis of Eq. (3.1.4), we see that

t
e / eﬂt”<a(0)é(t")>dt"+iNe / e (i (#)(0)) dF
0 0

_6 / / eg tl+t”) m(t”>>dtldt//
0 0

Wi / / H GG ("))t dt”
T e

- / HOUGE)a(0)) de
L9 —m/t/tes O G V(")) db di

\/N
—“t/ / sEHGEG ")) dt " (3.2.10)
With the aid of Egs. (3.1. 9) (3.1.10), (3.1.11) and (2.2.22), Eq. (3.2.10) reduces to
(a%(t)) = —e / / 2D G () (8" ) dt di” (3.2.11)
Taking into account Eq. (3.1.15), Eq. (3.2.11) can be reduces to

(a*(t)) = {(a (t)a (1)) (3.2.12)
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and with the aid of Egs. (3.1.20) and (3.0.4), one finds that
2y Ve o
(a*(t)) = ;(m() (3.2.13)

We now proceed to determine the expectation value of the atomic operator m.. We

assume that the state vector of three-level atom, put in the form
¥5) = Calay) + Colbs) + Celey), (3.2.14)

can be used to determine the expectation value of an atomic operator formed by a pair
of identical energy levels or by two distinct energy levels between which transition of
the emission of photon is dipole forbidden [6].

One multiplying Eq. (3.2.14) on the left by (a;| and (c;|, we note that

Ca = (ajly) (3.2.15)
and

C. = {esli) (3.2.16)

respectively.
Now multiplying Eqgs. (3.2.15) and (3.2.16) on the right by their conjugates, it then
follows that

Gl = (i) (3.2.17)

and

C.Cx = (7). (3.2.18)
Upon multiplying Eq. (3.2.15) by the conjugate of Eq. (3.2.16), we see that

CoC = (aj|v;) (W;lc;)

= (67). (3.2.19)
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In order to have a mathematically manageable analysis, we take (67) to be real, so
that
C,C:=CC. (3.2.20)

and on subtracting C,C, from both sides of this equation, we have
Co(Cr=C.) + C.(Cy — C) = 0. (3.2.21)
Hence for all possible values of C, and C,., we see that
C,=0C, (3.2.22)
and
Ce=Cg. (3.2.23)
Now on account of Eqgs. (3.2.17) and (3.2.18) together with Eqgs. (3.2.22) and (3.2.23),

Eq. (3.2.19) is expressible as in the form

(67) =/ (i) (). (3.2.24)

Finally on summing over j from 1 upon N and taking into account Eqs. (2.1.44) and
(2.1.46), we note that

(1ie) = \/ (Na) (Vo). (3.2.25)

Now putting Eq. (3.2.25) into Eq. (3.2.13), we arrive at

A

(@*(t)) = % (Na)(N). (3.2.26)

Following a similar procedure, it can be verified that

(a™(t)) = %\/ (Na)(N). (3.2.27)
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Now on account of Eqs. (3.1.23), (3.2.9), (3.2.26) and (3.2.27), we can express Eq.
(3.2.2) as

£ 28 () + )Y 3 4 (29) () (3.2.28)

(A = (22) (R0 + 200,

+ 22 (M) + (R . (3.2.29)

With the aid of Eqgs. (2.1.88), (2.1.89) and (2.1.90) one can express Eq. (3.2.29) in

Ida

Figure 3.1: A plot of the mean (Eq. (3.1.24)) and variance (Eq. (3.2.30)) of photon
number versus pump rate
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the form

n (l) ( (v + 27) ) raaN2. (3.2.30)

w7\ (Y +7)2 (7 + Tda)

Finally, the variance of the photon number can be described in terms of the mean

photon number as

(An)? = (%) ((7 JEJJE (;7323”) A% + fiN, (3.2.31)

where 7 is given by Eq. (3.1.24).

From Figure (3.1) we observe that the mean and variance of the photon number
increase as the pump rate increases. We also note that the variance of the photon
number is greater than the mean of the number and hence the light produced by

degenerate three-level laser has supper Poissonian photon statistics.



Chapter 4

Quadrature Squeezing

In this chapter we wish to calculate the quadrature variance and quadrature squeezing
of a light generated by degenerate three-level laser. Moreover, the power spectrum
for the cavity mode is also discussed. The squeezing properties of the cavity light are

described by plus and minus quadrature operators defined by [ 6 |
ap=a +a (4.0.1)

and

a_ =i(a’ —a). (4.0.2)
Taking into account Egs. (4.0.1) and (4.0.2), it can be readily established that
[ay,a_] = 2i[a,a'] = 2i[aa’ — a'al. (4.0.3)
In view of the relations given by Eqgs. (3.1.23) and (3.2.9), it can be verified that
(g, a_]) = 2i [N + % <<NC> - <Na>)} . (4.0.4)

Now on the basis of Eq. (4.0.4), the uncertainty relation for @, and a_ can be written
as

AarAa_ > = (s, a-))|, (4.0.5)

N —
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so that using Eq. (4.0.4), we obtain

Aa,Aa_ > ‘N + % ((NC> - <Na))‘ . (4.0.6)

4.1 The quadrature variance
The variance of the quadrature operators is expressible as
(Aay)® = (a}) — (ay)?, (4.1.1)
so that taking into account Egs. (4.0.1) and (4.0.2), we find that
(Aax)® = £([a" + a)*) F (@) = (@)]. (4.1.2)
Now in view of Eq. (3.1.6), one obtains
(Aay)? = (a'a) + (aa') + (a'?) £ (a?). (4.1.3)

Upon introducing Egs. (3.1.23), (3.2.9), (3.2.26) and (3.2.27), into Eq. (4.1.3) we

arrive at
(Aas)? = % (<Na> 2N + <Nc>) + 2% (NLY(N.) + N. (4.1.4)

Now with the aid of Egs. (2.1.88), (2.1.89) and (2.1.90), we can express Eq. (4.1.4)

in terms of the total number of three-level atoms in the cavity as

; 2 2 3 ;
(Aai)Qzl( v +7€+ il )TdaN+N

(Y +7)2 (7 + Tda)
+ o7 ( Jelda ) T N. (4.1.5)
K\ (7 +7) (7 + Tda) Yt Ve

Moreover, we see for v << 7., Eq. (4.1.5) reduces to

Aay)? =2 () N4 N, 4.1.6
(Bas = 2 () vy (416
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Employing Eq. (4.0.6) along with the relations given by Eqgs. (2.1.88) and (2.1.90),

the minimum uncertainty relation for a, and a_ can be expressed as

Ye [ (02 =7 —7%) ) '
AayAa_ = |[N + — ( - TaaV | . 4.1.7
i ‘ N+ + 1)) 4D
Now for v << ., Eq. (4.1.7) goes over into
Ve Tda
AayAa_=—=| — | N+ N. 4.1.8
A (=) L)

On the basis of Egs. (4.1.6) and (4.1.8), we note that the uncertainties in the plus
and minus quadratures are equal and their product satisfies the minimum uncertainty
relation for v << .. This shows that for v << 7., the light produced by degenerate

three-level is coherent [2, 6].

4.2 The quadrature squeezing

In this section we calculate the quadrature squeezing of the cavity light produced
by three-level laser. According to the analysis presented in Ref [6], the quadrature
squeezing of a cavity light is calculated relative to the quadrature variance of the

cavity coherent light. We then define the quadrature squeezing of the cavity light by

(Aay)? — (Aa_)?
(Aas)? ’

where (Aa)? given by Eq. (4.1.6), is the quadrature variance of the coherent light.

S = (4.2.1)

Hence employing Egs. (4.1.5) and (4.1.6) along with Eq. (4.2.1), we see that

2 2
Ye [ _Tda _ e YEHvE+377e Ye Yerda N ol
K <v+7‘ca> N-—= <(7+%)2(7+ma)> TaalV + 25 (('7+'YC)('Y+T'da)) \ v +e

L (e )N+ N

K Y+Tda

S:

(4.2.2)

This equation can be reduced to

’erdaN [2 Y _ :|
(&3 + C (&3
g_ Vortre (4.2.3)

YeTdalN + (Y + Tda) N
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or
i [2y/7h — )
S = LY (4.2.4)
Ve |:szz + "6<7] + %)}
where
v
n=. (4.2.5)
Ve

Thus, we observe from Eq. (4.2.4) that unlike the mean photon number, the quadra-

Figure 4.1: A plot of quadrature squeezing (Eq. (4.2.4)) versus 7

ture squeezing does not depend on the number of atoms. The plot in Fig. (4.1) shows
that the maximum squeezing of the cavity light is 49% below the coherent level when

n = 0.33.
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4.3 The power spectrum

We now seek to obtain the power spectrum of the cavity light. The power spectrum

of a single-mode light with central frequency wy is defined as [7]

P(w) = L re / h dre @GN ) a(t + 7)), (4.3.1)

T
where the subscript ”ss” stands for the steady-state.

Up on integration both sides of Eq. (4.3.1) over w, we readily get

/OO P(w)dw = n, (4.3.2)

—o0
in which n is the steady-state mean photon number.

On the basis of this result, we assert that P(w)dw is the steady-state mean photon
number in the frequency interval between w and w + dw [6, 7].

We now proceed to determine the two-time correlation function that appears in Eq.
(4.3.1) for the cavity light. To this end, we realize that the solution of Eq. (2.1.33)

can also be written as

a(t+71) =at)e 27 + (t+7)dr’

5
:

+ e 27 / e 2" Gt +7')dr. (4.3.3)
0
On the other hand, the solution of the sum of Egs. (2.1.79) and (2.1.80 is expressible

as

m(t+7)= m(t)e_”*%ﬁ + e (rtE)T / dr" et )" (%ma(t + 7"
0

(b7 + ot + r”)> (4.3.4)

or

mt+71) =m(t)e " +e " / dr" BT (%ma(t + 7"+ Fo(t + 7'”)) , (4.3.5)
0
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where
B=nr+ % (4.3.6)
Fo(t) = falt) + fult), (4.3.7)
F(#) = 1a(t) + 1 (2). (4.3.8)

Applying the large-time approximation scheme to Eq. (2.1.79), we get

Ma(t +7) = falt 4+ 1), (4.3.9)

(v +7e)
and on introducing this into Eq. (4.3.5), there follows

~ ~ —B7! — B! 4 Ve r " - "
m(t+7') = m(t)e 5T+65T/ dr" e’ (—fat+7)+Fm(t+T )
) 0 2(y ""YC) ( )

(4.3.10)

Now combination of Egs. (4.3.3) and (4.3.10) yields

it +7) = alt)e 5 + e Eie) / dr'el5=0)"
0

+ —\/gNe_ST 0 =07 4 /D e (—2 (710 - )fa(t + ) 4 Bt + r”)) dr"

+e2T/ e2™ Gt +7')dr’ (4.3.11)
0

and on carrying out the first integration, we arrive at

A A —57 29 A —pBT —&7
a(t+7)=a(t)e 2" + V(e 2 26>m(t) [em —em27]
9 e [T ((”—B)T'w#)( Je ¢ moyF ") "
+ ——e 2 dT/ e\ 2 fa@+7T)+ F(t+77) ) dr
VN 0 0 2(7 + ) ( ) ( )

+ e_g»r / G%T/é(t + T’)dT/. (4312)
0
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Now multiplying both sides of this equation by af(¢) from the left and taking the

expectation value of the resulting expression, we have

T+ 2—g<€ﬁ(t)m(t)> [e™7T —e727]

vl

(@ (Ha(t + 7)) = (a'(Ha(t))e”

W (k —28)
+ Lot /0 &’ /O )7+ (—2 e CIAGH T">>>
+ \/gN /0 dr’ i (3BT +67") <<dT(t)Fm(t + 7‘”))) dr"”
e 27 / "aT ()Gt + 1'))dr (4.3.13)

Since a noise operators at some time ¢ has no effect on the cavity mode operator at

an earlier time, Eq. (4.3.13) reduces to

A0t + 7)) = (@ (a(D)eE + ——L (@l ((t)) [ — 7).
(@ (7)) = (@ 0D+ ) | |
(4.3.14)

Applying once more the large-time approximation, one gets from Eq. (2.1.33)

m(t) = a(t) — VNG(1). (4.3.15)

@ alt + 7)) = @t (0at)ye s + ———

or

it 7)) = T _eer 200
@@att+7) = 55 RN (4.3.17)

Finally, on substituting Eq. (4.3.17) into Eq. (4.3.1) and carrying out the integration,

we readily arrive at

O [rersiaeed R v frersiee o B
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In view of the relation described by Eq. (4.3.2), we realize that the mean photon

number in the interval between w’ = —\ and w’ = A is expressible as
A
Ny = / P(w')dw’, (4319)
-\
in which ' = w — wy. .

Figure 4.2: A plot of z(\) (Eq. (4.3.22)) versus A

Therefore, upon substituting Eq. (4.3.18) into Eq. (4.3.19) and carrying out the

integration applying the relation

A
dz 2 LA

—— = —tan" | — 4.3.20

/,\ 22ta? a (a)’ ( )

we arrive at
ﬁi)\ = ﬁZ()\), (4321)

where

2(\) = ,fi/;ﬁ tan~! (%) - ,ﬁ/; tan~! <%) . (4.3.22)
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From Fig. (4.2) the value of z(\) described by Eq. (4.3.22) approaches 1 for a relatively
small values of A\. This indicates that the total mean photon number is confined in a

relatively small frequency interval near the central frequency.



Chapter 5

Conclusion

In this thesis we have studied the statistical and squeezing properties of the light
produced by degenerate three-level laser in a cavity coupled to vacuum reservoir via
a single port-mirror. We considered a three-level laser in which the three-level atoms
available in a cavity are pumped from the bottom to the top level at a rate ry,.
Employing the master equation for the system under consideration, we obtained the
quantum Langevin equations for the cavity mode and atomic operators. Employ-
ing the solutions of the quantum Langevin equations, we have calculated the mean
photon number, the variance of the photon number, the quadrature variance and
the quadrature squeezing as well as the power spectrum for the cavity mode. From
Fig. (3.1) we observe that the mean and variance of the photon number increase as
the pump rate increases. We also note that the variance of the photon number is
greater than the mean photon number and hence the light produced by degenerate
three-level laser has super Poisssionian photon statistics. The plot in Fig. (4.1) shows
that the maximum squeezing of the cavity light is 49% below the coherent level when
n = 0.33. From Fig. (4.2) the value of z(\) described by Eq. (4.3.22) approaches 1
for a relatively small values of A\. This indicates that the total mean photon number

is confined in a relatively small frequency interval near the central frequency.
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