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Abstract

Control of �xed wing unmanned aerial vehicles (FW-UAVs) is challenging due to their

highly coupled, complex, nonlinear, and uncertain mathematical model, and under-

actuated dynamics. To overcome this di�culty a nonlinear robust twisting sliding mode

control (SMC) was designed for inertial positions, attitudes and airspeed control to track

the desired trajectories. Fuzzy based switching for inertial positions, and airspeed con-

trol was applied to overcome the trade-o� between chattering and robustness. Where as,

quasi-static saturation switching was used for attitude control. Particle swarm optimiza-

tion (PSO) was used for optimizing the gain parameters of the designed controllers.

Di�erent set of trajectories; bow-tie, helical, and real data minimum snap polynomial

paths were prepared for guiding the FW-UAV. The required real data way-points were

taken manually using `Google Earth Pro' as latitudes and longitudes in units of degree.

These data points converted into coordinates in earth-centered-earth-�xed frame, and

then to the north-east down frame. Using these sample points minimum snap polynomial

trajectories developed through minimizing snap as a quadratic programming. The overall

mathematical model has been prepared in MATLAB Simulink for simulation.

Finally, the performance of controllers was evaluated against disturbances, model un-

certainty, parameter variation, and including actuator dynamics. Integral-time-absolute-

error (ITAE) has been used as performance index and in all trajectories the controllers

were robust within 93% accuracy about the nominal value. The control was achieved

within practically accepted ranges of control e�ort. Nominal de�ection angles of aileron

(14◦), elevator (34◦), and rudder (22◦) were required, which are in the working ranges of

practical control, unity rad. The thrust force generated by the propeller has an average

value of 133 N, which is nearly equivalent to the weight of UAV, 132.5 N. The propeller

engine acceleration had maximum values of 10 m/s (376 revolutions per minute) and 30

m/s (1128 revolutions per minute) in helical and level �ights respectively.

Keywords: FW-UAV, coupled, twisting SMC, MATLAB Simulink, PSO, ITAE
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Chapter 1

Introduction

1.1 General Background

Nowadays the need of unmanned aerial vehicles (UAV) for border patrolling, surveillance,

searching, and rescue places, and assessing damaged areas which are too dangerous for

human beings is increasing. There are di�erent types of UAV depending on their wing

construction �xed-wing, rotary-wing and hybrid each have their own �eld of application,

[11]. Fixed wing unmanned aerial vehicles (FW-UAV) are good in longer distance �ight,

increased speed, larger area coverage, and or remote mapping, reduced labor cost, in-

creased �ight safety and payload capability. Fixed wing UAVs are used in high endurance

�ight and need advanced control systems but rotating ones are easily controlled and used

for smaller �ight duration.

Furthermore, there is di�culty in developing FW-UAVs model, by taking into ac-

count the real environment, and control e�ectively. Lots of research have been done on

establishing acceptable modeling techniques and controller design for FW-UAVs. From

these literatures it is evident that FW-UAVs su�er with highly coupled, nonlinear, com-

plex, and uncertainty in model approximations to the real situations. Every complete

mathematical model of the FW-UAVs is under-actuated. In most real �ight situations

controllers are designed based on linear, decoupled, and simple models. But due to nat-

ural complexity these methods don't perform well as expected for handling disturbed

environment and uncertainties.

1
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Fixed wing unmanned aerial vehicles can be autonomously controlled through com-

plete analysis about guidance, trajectory development, controller design for attitude and

speed tracking and stabilization, [21]. Guidance is the high level part and it is the position

control of the UAV for paths or trajectory following. This level needs trajectory gen-

eration from ground position system (GPS) sensor; signal sensing, receiving, processing

and sending. Guidance can be done in two methods of operation, using remote control

and ground control station (GCS) systems, [30]. GCS based control uses a computer to

connect the software with the UAV, which then carries out the user uploaded mission

commands.

The information from various sensors installed on board of the UAV collected, and

GCS monitors, control, and made decisions on the status of UAV, like current altitude,

distance, map location, and actual mission status. The GPS information in UAV pro-

cessed and used for identifying the desired target and path. Based on the desired trajec-

tory the UAV can be guided with the mission planned based on the GPS and returns to

the control station guided through preinstalled mission commands. In the case of remote

control the guiding person involved in the overall process and it is actually applicable in

small distance within line of sight.

Low level �ight controllers of �xed wing unmanned aerial vehicles are traditionally

designed based on the small perturbation theory, assuming that �ight dynamics are lin-

ear and time invariant at many trimmed �ight states, [12]. With this assumption the

longitudinal and lateral motions are independent of each other. This helps the equa-

tions of motion to be able decoupled, treated independently, and controlled using linear

conventional controllers around the trim points. However, the performance of these

control systems deteriorates with time due to unmodelled e�ects of the strong inherent

nonlinearities in the dynamics and coupling e�ects between the longitudinal and lateral

motions, [12]. Then after, to overcome these problems nonlinear control methods, [21],

of H-in�nity, H-2 loop-shaping, adaptive, nonlinear model predictive (NMPC), [17] and

sliding mode control (SMC) have been developed, [8, 11, 28].

The sliding mode control is robust in the case of �xed wing UAV control that handles

system complexity which results from inherent system non-linearity especially in longi-
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tudinal �ight, coupling between state variables, actuator saturation, double integrator

characteristics and under-actuated system, [21]. SMC is not robust against unmodelled

uncertainty or no bound on the uncertainty and there exists also a problem of chattering

i.e high frequency gain, so the modi�ed higher order sliding modes, fuzzy and adaptive

controllers are recommended to overcome these problems.

1.2 Statement of Problem

The application of UAVs for border patrol is becoming the norm of many nations; United

States and Europeans are the main leading users in the world. In large covered areas

for patrolling borders; medium and large sized �xed wing UAVs come to application for

their endurance, high �ight speed, and low operational cost. Autonomous control of FW-

UAVs is very recursive method that comprises desired trajectory generation and controller

setups for guiding the FW-UAV along the desired paths. However, their e�ective control

in dynamic and uncertain environments remains a complex challenge.

This thesis proposes a control approach that combines twisting sliding mode control

with particle swarm optimization to tackle the control challenge. The use of twisting SMC

o�ers a robust method to handle nonlinearities and uncertainties, while PSO optimizes

control parameters for enhanced performance. Hence, the proposed control is expected

to deal with the nonlinear dynamics of FW-UAVs, robustness, and optimization of the

control parameters.

The FW-UAV is used in patrolling borders, where some geographical lines of paths

are followed. To such a highly dynamic system smooth and continuous motion is required

for �ight. Therefore, polynomial path planning is proposed for generating polynomial

trajectories along di�erent selected �ight lines. The real data for path planning are used

as GPS information and extracted from the real environment using �Google Earth Pro�.

The path planning is proposed to ensure precise control of FW-UAV. The FW-UAV

is expected to precisely follow desired way-points for border patrolling. The thesis is

expected to contribute to the advancement of FW-UAV control for capable and e�cient

control in various applications.
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1.3 Objective of the Thesis

1.3.1 General Objective

The general objective of the thesis is to develop and evaluate a twisting sliding mode

control design optimized through particle swarm optimization for enhancing the stability,

robustness, and maneuverability of a �xed wing unmanned aerial vehicle.

1.3.2 Speci�c Objectives

The speci�c objective of the thesis are:

� To model mathematically a �xed wing UAV that can be used for border patrolling.

� To design twisting SMC with fuzzy switching for �xed wing UAV.

� To simulate the designed model with controllers in MATLAB Simulink.

� To validate the performance of designed controllers in the presence of actuator

dynamics, external disturbances, parameter variation, and matched uncertainty.

1.4 Signi�cance of the Thesis

FW-UAV's construction, controller design and monitoring have very detailed analysis

and done in secrecy. The security behind secrecy is crucial. Therefore, the details in

modeling, controlling and manufacturing FW-UAV within the country guarantee the

issue of secrecy and security. In recent years, there is an increasing con�ict in the border

areas of Ethiopia-Sudan and Ethiopia-Eritrea and even in the regional states within

the country. To control and reduce these types of security issues, FW-UAVs provide

signi�cant role in patrolling and monitoring every location on the border areas which are

risky, expensive, inaccessible to patrol agents and hardly possible task.

This study adds the overall general purpose of the FW-UAV's control design that can

be used for searching, observation, target identi�cation, material delivery and emergency

in rescue places. The viability of discontinuous and robust controllers makes the �xed

wing unmanned aerial vehicles e�ort-fully available for the present and futures uses.
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1.5 Methodology

The basic procedures to complete the thesis and meet speci�ed objectives of research are

shown in the following �owchart, 1.1.

Mathematical Model of  FW-UAV

Define Research Problem, Title and Objectives

Literature Survey on Control 

of  FW-UAV

Model Verification

Yes

Thesis Presentation

Controller Design

Simulate Model with 

Controller

Finalize Paper Writing

Yes

Check Model

Re-check Model

No

No

Prepare  Model with Controller in Simulink

Figure 1.1: Methodology Flowchart

November 14, 2023 Page 5



Twisting SMC Design with PSO for Fixed Wing UAV, AAiT-AAU

1.6 Scope and Limitation of Research

The thesis focuses on twisting SMC design for a FW-UAV which can be used for border

patrol. The problem of trajectory generation has been approached from considering the

existing GPS data. The developed system wasn't designed full autonomous, it needed

higher level path planner algorithm implementation, which is one limitation to this thesis.

In this thesis modeling and controller designs were acted on simulation environment

only, MATLAB Simulink to achieve desired trajectory tracking. Furthermore, even

though there are lots of policies from national agents about the application and usage

of UAVs in borders control, they are not discussed in this aspect; only the Engineering

aspect designs are presented. The controller parameters are tuned and selected stati-

cally for each desired, and developed trajectory. For autonomous control dynamic gain

scheduling is required between di�erent �ight zones, which is out of this scope.

1.7 Thesis Outline

The overall thesis research structure is organized by six chapters as follows.

Chapter 1 presents the general introduction about FW-UAV and their control system.

Chapter 2 discusses review of various research papers which were signi�cant and used

as background concepts for this research to-be done.

Chapter 3 presents the Newton-Euler modeling of �xed wing UAVs. The principles of

operation of the FW-UAV is discussed with the help of state variables inertial positions,

attitudes and speed using reference frames.

Chapter 4 presents the overall control scheme design using twisting sliding mode control

principles. The controllers designed for positions, attitudes, and airspeed of FW-UAV.

PSO algorithm is also presented thoroughly.

Chapter 5 basic principles of trajectory generation for semi-autonomous control of FW-

UAV. Discusses the simulation results, trajectory tracking, and some analysis is done

based on the results.

Chapter 6 conclusion is drawn from the overall analysis performed and recommendation

for future work are presented.
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Chapter 2

Literature Review

In this thesis the border patrolling FW-UAV modeling and control is discussed. Border

patrol is the act of controlling the terrorists, weapons, and illegal immigrants entering

and or leaving the borders of the country. This task is the most challenging problem,

due to di�erent reasons. Countries with hundreds of kilometer border have di�culties

to allocate board patrolling units for a complete 24/7 surveillance. The application of

FW-UAVs for this purpose have been the focus of many researches in the past recent

years, [6, 30]. UAVs are used in border control by a number of nations with di�ering

motives, based on their national security, policy, and government issues and agendas.

The use of FW-UAVs in border areas has particular risks as it can be seen in many

research �ndings. There is the risk of using FW-UAVs for surveillance of the wider

population which isn't just the geographically-de�ned border itself that may a�ect the

privacy of individuals. The use of UAV primarily for military technology can make

dehumanization of those attempting to cross borders, and information from unrelated

surveillance activities is passed on to border control. UAV deployment in a zone of

border tensions between two nations results a blurring between military roles leading

tension, [6]. So the use of these FW-UAVs must be in the way that they have to align

with the basics of accepting these national issues.

The ability of FW-UAVs to provide surveillance for extended periods, monitor remote

and inaccessible areas, and relative ease of deployment makes them attractive tools for

agencies responsible for border control.
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2.1 Fixed Wing UAVs and Border Patrolling

Among the di�erent UAV types the �xed wing unmanned aerial vehicles are highly used

in long �ight applications due to the increased �ight speed, high load capacity, high range

of �ight areas, endurance, reduced noise, reduced labor work and reduced operating cost.

Border control is e�ectively done by guiding the UAV about some speci�ed paths.

The speci�ed path generation depends on the border line of the country. A border is a

thin line on a map which precisely de�nes the territory of a state, for security purposes its

de�nition is much more complex. Government agencies have sweeping powers to enforce

border security across the whole nation in terms of tackling border crime, identifying

irregular migrants, and imposing security requirements upon travelers and goods crossing

borders, [6]. The purpose of the path generation is to develop trajectories that best close

the look alike of the border. Therefore, FW-UAVs can be guided along the prede�ned

border lines as a trajectory tracking for patrolling that speci�ed border line.

2.2 Fixed Wing UAV Control Problem

Control of �xed wing unmanned aerial vehicles is very di�cult due to complexity of the

model. The complex model results from the multiple state variables which are coupled,

nonlinear, under-actuated, complex nature of system development, and description. Dif-

ferent control methods have been under research from the conventional to robust for

many years, discussed in the following sections.

The model of �xed wing UAV brought in two forms, linear vs. nonlinear for con-

troller design. The linearized models around the trim points of equilibrium are used for

controller designs of proportional integral and derivative (PID), linear quadratic regu-

lator (LQR), linear quadratic Gaussian (LQG), and H-in�nity. Nonlinear model based

controllers; sliding mode (SMC), arti�cial neural with fuzzy inference system (ANFIS),

nonlinear model predictive (NMPC), arti�cial neural network and others are better than

the linear classes of controllers interms of robustness, speed of response, and handling

model uncertainty.
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2.2.1 Conventional Controllers for Fixed Wing UAV

Conventional controllers are proportional, integral, derivative and the combination of

these three controllers. Controller which has fast response with reduced overshoot and

steady state error is good for FW-UAV control.

In 2019, a research entitled �control of longitudinal �ight dynamics of a FW-UAV using

linear quadratic regulator, linear quadratic Gaussian and nonlinear control� was under

study, [15]. Comparative study between the three controllers for pitch control of Ultra-

Stick 25e FW-UAV was done. LQG controller shows good disturbance rejection ability

and the FW-UAV moves smoothly and responds faster than LQR controller without

disturbance. Ordinary di�erential equations method of nonlinear controller shows faster

response, smooth, more stable, reliable and more robust than the LQR and LQG. In this

paper only pitch control was developed for small sized FW-UAV. They weren't able to

fully control the other state variables.

Amber Israr et al. (2021), proposed guidance, navigation, and neural network based

PID control for a FW-UAV, [16]. The researchers designed PID control which allows to

enable feedback and use control action for �xed wing aircraft that has the abilities of

both vertical take-o�. They have developed a prototype of aircraft. They were able to

design controller for attitude, speed, altitude, turn, and take-o� using the mathematical

model and a GPS module.

2.2.2 Adaptive Controllers for Fixed Wing UAV

Adaptive controller design methods extract knowledge of the plant parameters online

and redesigns the control law in repetitive manner. This method doesn't need a priori

information about the bounds on the uncertain and or time-varying parameters.

Herman Casta«eda et al. (2013), proposed adaptive super twisting observer based

�ight control of inertial attitude and estimated airspeed for a FW-UAV (B-25 Mitchell),

[8]. The performance of the adaptive super-twisting sliding mode (ASTA) controller

compared with the active disturbance rejection control (ADRC) incorporated with a PID.

The results showed that the ASTA results less tracking error in all control problems in
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the presence of noisy measurements, uncertainties and external perturbations, seen from

the graphical plot of trajectory tracking.

Yang Han et al. (2019), proposed a non-decoupled back stepping control for FW-UAV

(B-25 Mitchell) with multi variable �xed time sliding mode disturbance observer, [12].

The paper addressed the issue of controlling the attitude together with the airspeed of

FW-UAV in a vector manner. They were able to estimate the disturbances in very close

approximation to the real. They assured stability of the full closed loop system and a

multi variable is incorporated at the design stages of both observer and back-stepping to

provide a more elegant solution.

Yeonsik Kang et al. (2009) designed a nonlinear model predictive control (NMPC)

to a small FW-UAV for linear tracking, [17]. The online (steepest descent method)

and o�ine optimal problems were successfully solved and the real implementation of

the designed model tested. The controller was tested through hardware in the loop

simulations (HILSs) in-order to see NMPC algorithm performance in real-time on a real

UAV system. They have checked the controller against di�erent trajectories; linear and

square desired paths in HILS. Tracking best seen in the linear path and the square

path tracking gives emphasis on the possibility of using NMPC for multiple line segment

following tasks.

2.2.3 Robust Controllers for Fixed Wing UAV

Robust control is an approach for controller design that explicitly deals with uncertainty.

Robust controllers are designed to function properly provided that uncertain parameters

or disturbances are found within some set i.e control law need not be changed. FW-

UAVs are highly a�ected by input and output disturbances due to wind, aerodynamics

and model uncertainty during the process of mathematical modeling. To overcome these

types of problems the need of robust controllers for �xed wing unmanned aerial vehicles

have been the focus of many researchers, discussed in the following sections.

Yufei Guo et al. (2022), suggested a combination of three adaptive, fuzzy and sliding

mode controllers to stabilize and control a FW-UAV, [11]. They were able to control

the �ve state variables, attitudes, altitude and airspeed based on the decoupled state
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space models. The developed algorithm shows better performances like fast response

speed, small steady-state error, and strong robustness compared to the traditional sliding

mode control. But during decoupling the model, they have taken external sinusoidal

disturbances of known magnitude in place of matched uncertainties, which isn't justi�ed

properly how it's determined. Traditional SMC shows faster response in the absence of

model uncertainties and this isn't also explained with proper reasoning.

Abid Raza et al. (2017), designed sampled data sliding mode control of FW-UAV for

altitude, yaw and roll angle control, [25]. They designed sampled data SMC based on

continuous and discrete time system and super twisting algorithm based on continuous

time model. The speed of response and robustness to wind gust increases as we go from

sampled data SMC on continuous model (5 seconds) to sampled data super twisting SMC

on continuous model (4 seconds) and discrete data SMC on discrete model (3 seconds).

Andra Saicharan et al. (2016), have designed a method for controlling the attitude of a

�xed wing aircraft in the presence of uncertainties, [28]. They have proposed inertial delay

controller in the framework of multiple sliding surfaces. The e�ectiveness of proposed

algorithm and robustness was checked with half of parametric uncertainty and sinusoidal

disturbances in simulation. It has been able to track the desired angles (within 0.5

seconds) and mitigate the e�ects of uncertainty but there was no aerodynamic analysis

for the coe�cients and adverse disturbance e�ects.

Yu-Xin Zhao et al. (2013), designed a second order sliding mode controller for space-

craft, [34]. They have designed exponential second order sliding mode controller for de-

coupled attitude control. Tracking was achieved for constant reference attitudes (within

6 seconds) with sinusoidal external disturbance taken as the coupling within the model.

They lacked testing the controller against internal matched uncertainty and parameter

variation for robustness.

Myung Hwangbo et al. (2013), tried to address the problem of achieving autonomous

navigation of a small �xed-wing UAV (SuperCub) using low-cost sensors GPS, IMU and

camera, [14]. The authors claimed level �ight, constant altitude turn and turn with a

constant climb rate as the three primitive motions used to formulate the planning prob-

lem with a Markov Decision Process (MDP) based on the three factors; an uncertainty
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motion model using probability distributions, e�cient discretization of the state space,

and in�nite horizon. Desired attitudes provided by MDP planner. Altitude tracking and

trajectory completion done within a range of 15 meters, which is the application of small

FW-UAV.

Dynamic modeling of a lightweight model airplane (FW-UAV) using the Lagrange-

Euler formalism presented in [23]. The derived model of the aircraft is used for system

analysis, control-law design and simulation. They have tried to show the open-loop

responses as model veri�cation for further analysis.

According to the existing research, for this type of complex nonlinear FW-UAV model,

sliding mode control is becoming a more popular control method. However, there are

two main problems to overcome when using the SMC method to control FW-UAV. The

�rst problem is dealing the e�ects of unknown internal and external disturbances on the

system, which can be solved using adaptive and SMC control respectively. The second

problem is the chattering and it can be solved through the fuzzy, and twisting SMC,

[11]. Therefore, fuzzy twisting SMC is developed for seven state control of FW-UAV

that handles both disturbance and chattering.
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Chapter 3

Fixed Wing UAV Modeling

3.1 Working Principle

Fixed-wing UAVs are capable of controlling and make use of air for generating forces that

allow them to stay in the air by taking advantage of their aerodynamics. The high �uid

pressure di�erence between the bottom and top of the wing foils and the propeller itself

is used to generate an upward force also called a lift for �ight. This force is responsible

for lifting the weight of �xed wing UAV. The level of this lift force depends on the angle

of inclination of the aero-foil and or propeller.

Fixed wing UAVs con�guration depends on the application area of desire, i.e the

dimensions, aerodynamics, propulsion system and controls, are very di�erent from one

model to another. Irrespective of their di�erence in design all of them have similar

principle of �ight. UAVs are classi�ed based on di�erent standards by di�erent agencies.

They are classi�ed by size (length, mass, wing span), wing type, range of �ight distance,

payload capacity and endurance.

UAVs classi�ed as in table 3.1 based on the range of �ight distance and time. From

the classi�cation high endurance FW-UAV types of long range are more of e�cient in

border patrolling purposes. So the developed models simulated using Aerosonde, a kind

of UAV with an ability to �y in the long distance over 30 hours.

Aerosonde UAV has well known properties and open loop dynamics which is used in

most literatures to test �xed wing UAV control performances. It has wing span of 2.8956
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meters and can �y at a maximum speed of 40 m/sec. It's dimension able for �ying for

longer ranges and can be used for patrolling large sized areas like borders, river basin

surveillance and material delivery for long rural areas. It can take-o� way with a car-

roof-rack method and has ability to land on its belly. It can operate autonomously and

navigate through GPS. It can �y about 150 kilometers under UHF radio communication

with the ground stationed control.

Table 3.1: Classi�cation of UAVs Based on Range, [22]

UAV Range Distance(km) Time(hr) Application

Very close 5 1 Recreation

Close 5 - 50 1-6 Surveillance, Photography

Short 50 - 150 8-12 Utility inspection

Mid 644 24 Military combat

Long ≥644 ≥24 Military surveillance, mapping

Figure 3.1: FW-UAV Structural Setup
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3.2 FW-UAV Modeling

In any engineering, physical systems are modelled and analysed for control system de-

sign, veri�cation, simulation and validation in the working environment before their real

implementation. Any plant needs its model to be developed for control system design

and development. In control engineering, mathematical modeling can be in the form of

di�erential equation, transfer function or state space.

Mathematical models are expected to resemble the actual plants (physical system) in

their behavior and operation. Models of FW-UAVs highly rely on the physical system,

their working area and purpose. In this thesis, a more conventional mathematical model-

ing for FW-UAV called state-space is developed and presented in the following sections.

In literature, there are two types of modeling approaches; Quaternion and Newton-Euler.

However, Newton-Euler is approached to derive the equations of motion that describe

the dynamics of the FW-UAV.

Modeling assumptions are made based on some reference existing plants, and listed

across di�erent literatures for model simpli�cation of FW-UAV. Assumptions are taken

carefully and necessarily from literature, [21, 23], not to miss any signi�cant characteris-

tics of the FW-UAV.

� The earth is considered �xed and �at in space.

� The FW-UAV structure is assumed rigid and symmetric about the (x-z) plane.

� The mass of the FW-UAV body assumed to be constant (time-invariant).

� Center of mass and the body frame origins coincide.

� Drag force of the fuselage is neglected.

� The propeller of the FW-UAV assumed to be rigid.

� The wind speed included in the kinematics.
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3.3 Reference Frames

In order to study about the kinematics, dynamics and aerodynamics of FW-UAV in

di�erent �ight regions, coordinate frames rigidly attached to each point, and then the

geometric relationships between these coordinate frames is speci�ed. The understanding

of reference frames helps to describe the full degree of equation of motion in FW-UAV

control and analysis. Almost all FW-UAV motions described and de�ned using �ve

reference frames namely; ground inertial frame (GIF), body inertial frame (BIF), body

frame (BF), stability frame (SF) and wind frame (WF).

In de�ning these reference frames two center of points are used; center of mass and

gravity. Center of mass is the point at which the distribution of mass is equal in all

directions and does not depend on gravitational �eld. Center of gravity is the point at

which the distribution of weight is equal in all directions, depends on gravitational �eld.

east [y-axis]

north [x-axis]

down [z-axis]

GIF center

[y-axis]

[x-axis]

[z-axis]

BIF center

[body y-axis]

(b) GIF

(a) BIF

[stability x-axis]

[body z-axis]

[body x-axis]

[wind x-axis]

cente

r

(c) BF, SF & WF

a

b

Figure 3.2: De�nition of Reference Frames

3.3.1 Ground Inertial Frame (GIF)

It's de�ned with the origin at takeo� point of the UAV (earth centered), xG-axis points

due north from the origin, and yG-axis points due east from the origin, see �g 3.2, mostly

known as North-East-Down (NED) frame. It doesn't involve acceleration with respect

to the earth and Newton's �rst law of motion applied for system analysis. The inertial

positions of x, y, and z are described with this reference frame.
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3.3.2 Body Inertial Frame (BIF)

BIF is de�ned with the origin at center of mass of the UAV and axes (xI ,yI ,zI) are parallel

to the GIF, �g 3.2. System of 3D lines attached to the center of mass of a FW-UAV that

are used to describe the relative linear and angular velocities of FW-UAV.

3.3.3 Body Frame (BF)

This frame is de�ned with the origin at UAV's center of mass, xB-axis pointing to the

nose from the origin, yB-axis pointing out from the origin towards right wing and zB-axis

out to the abdomen of UAV body. It's always attached to a moving aircraft, see �g 3.2.

3.3.4 Stability Frame (SF)

The origin is at UAV's center of mass, xS-axis points from the origin to the direction

of projection of the UAV motion direction in the longitudinal plane of symmetry, and

zS-axis points to the right wing from the origin, see �g 3.2.

3.3.5 Air�ow (Wind) Frame (WF)

It's origin is at center of gravity of the UAV, xA-axis points from the origin to the direction

in which the UAV is moving, and zA-axis points downward vertically with xA-axis in the

longitudinal symmetry plane of UAV, �g 3.2.

3.3.6 Why Di�erent Reference Frames

� Newton's equations of motion are derived relative to IRF, and used for model dev't.

� Aerodynamic forces and moments act on FW-UAV body and described in a BF.

� GPS information (position, ground speed and course angle), �ight trajectories and

map information are given in an IF.

� IMU, accelerometers and rate gyros measure information with respect to BF and

control surface de�ections and thrust are manipulated on BF.
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3.4 Coordinate Transformation

Coordinate transformation is de�ned as the introduction of a new set of mathematical

coordinates which are distinctly stated functions of the original coordinates of the FW-

UAV position and orientation. It gives the capability to move position information from

one coordinate reference system to another. Di�erent set of variables are transformed

from one coordinate frame to another through two basic operations: rotation and trans-

lation. There are two types, methods of coordinate transformation from literature [4],

namely Euler, and Quaternion. In this research only the Euler approach technique is

used and adopted.

3.4.1 Rotational Transformations

Euler states that �any rotation can be described by three successive rotations about

linearly independent primary axes�. Euler uses three rotation angles: roll (ϕ), pitch (θ),

and yaw (ψ) to describe orientation in 3D space about x-y-z axes respectively. There are

12 possible combination of rotation sequences and the yaw-pitch-roll angle combinations

is adopted in this thesis for rotation matrix development.

Rotation matrices give description of frame orientation, which are characterized by

nine elements which are not independent but related by six constraints due to the orthog-

onality conditions.This leads to three independent parameters are su�cient to describe

orientation of a rigid body in space, minimal representation.

Let's consider the rotation matrix expressing the elementary rotation about one of

the coordinate axes as a function of a single angle and then, a generic rotation matrix

can be obtained by composing a suitable sequence of three elementary rotations while

guaranteeing that two successive rotations are not made about parallel axes.

Using Euler's principle starting from the inertial frame we can end-up on another

frame through the di�erent rotation sequences. Let's start with the ground inertial

frame of reference and pass through body, stability and wind frames in sequences for

complete kinematic and dynamic model development of the FW-UAV.
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3.4.2 Inertial to Body Frame Rotation

The angles about axes z-y-x de�ned as yaw-pitch-roll to denote the typical changes of

attitude of FW-UAV, respectively. The rotation from GIF to BIF computed in the

following sequences. First, rotate right-handed about z-axis through angle ψ to go to

intermediate RF (x1, y1, z1), with rotation matrix R(ψ). Secondly, take right-handed

rotation about y-axis by angle θ to move to the intermediate RF (x2, y2, z2), gives rotation

matrix R(θ). Finally, right-handed rotation about x-axis through angle ϕ results RF

(x, y, z), with the rotation matrix R(ϕ), illustrated in appendix B with �g. B.1.

The overall rotation matrix expressed as the product of these three rotation matrices

in respective sequences because Euler angles preserve linearity in three independent axes.

RI
B(ϕ, θ, ψ) = R(ϕ)⊛R(θ)⊛R(ψ) =


cψcθ sψcθ −sθ

cψsθsϕ − sψcϕ sψsθsϕ + cψcϕ cθsϕ

cψsθcϕ + sψsϕ sψsθcϕ − cψsϕ cθcϕ

 (3.1)

3.4.3 Body to Stability Frame Rotation

The �xed wing UAV �y in the forward direction with a velocity, Va with respect to the

surrounding air. The UAV moves by generating the lift force and making pitching up by

an angle of attack, α from the (x, z)-plane, which leads that the UAV leaves its previous

stable region and goes to the new body frame region. So the stability frame is found

through the left hand rotation of body frame by angle α about the (x, z)-plane or y-axis.

RB
S(α) =


cα 0 sα

0 1 0

−sα 0 cα

 (3.2)

The rotation matrix RB
S(α) is used for transforming vectors from the body to stability

frame; whereas the inverse transformation matrix is just the transpose of RB
S(α). This

is proved by multiplying the matrix with it's transpose resulting an identity matrix.
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3.4.4 Stability to Wind Frame Rotation

As the aircraft �ies it leaves it's stable region of motion the (x, z) plane by angle of

slide say β in the z - direction due to wind disturbance, so the wind frame can be found

through right-handed transformation of the stable frame in z - axis.

RS
W (β) =


cβ sβ 0

−sβ cβ 0

0 0 1

 (3.3)

The total transformation from the body frame to the wind frame is calculated through

multiplying the rotation matrices i.e RB
W = RS

W ⊛RB
S.

RB
W (β, α) =


cβcα sβ cβsα

−sβcα cβ −sβsα
−sα 0 cα

 (3.4)

3.4.5 Rotation Sequence Between Angular Velocities

In this section the transformation matrix between body angular rates (p, q, r) and Euler

rates (ϕ̇, θ̇, ψ̇) is developed, because Euler rates are de�ned in their respective axes, not

on speci�ed frame. In transforming we need the following sequences;

1. ϕ̇ directly transformed to p because both are de�ned in the same frame, BF.

2. θ̇ transformed to q proceeded by rotation about x-axis, Rϕ.

3. ψ̇ transformed to r proceeded by rotation about x, and y -axis, RϕRθ.

The matrix that transforms Euler rates to body rates can be denoted with TI
B(ϕ, θ) and

expressed by equ. 3.5 with it's inverse given in B.4, see the derivation in appendix B.

TI
B(ϕ, θ) =


1 0 −sθ
0 cϕ sϕcθ

0 −sϕ cϕcθ

 (3.5)
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3.5 FW-UAV Mathematical Modeling

Mathematical model of FW-UAV is analysed and developed in two ways namely the

kinematics and dynamics.

3.5.1 FW-UAV Kinematics

Kinematics is the description of geometric characteristics of the FW-UAV's motion specif-

ically position, velocity, and acceleration without considering the forces and or moments

that cause the motion. The state variables in this analysis are de�ned in di�erent RF.

� Three linear positions (x,y,z) de�ned in IF.

� Three angular positions (ϕ, θ, ψ) de�ned in BF, intermediate1 and intermediate2

frames respectively.

� Three linear velocities (u,v,w) de�ned in BF.

� Three body angular rates or velocities (p,q,r) de�ned in BF.

Now the body frame velocities are projected onto the inertial frame by the equ. 3.6:

d

dt
(x, y, z)T = RI

B(ϕ, θ, ψ)⊛ (u, v, w)T

d

dt
(ϕ, θ, ψ)T = TB

I(ϕ, θ)⊛ (p, q, r)T
(3.6)

Equ. 3.6 is simpli�ed using the previous rotation matrices and given by equ. 3.7, 1.

ẋ = ucψcθ + v(cψsθsϕ − sψcϕ) + w(cψsθcϕ + sψsϕ)

ẏ = usψcθ + v(sψsθsϕ + cψcϕ) + w(sψsθcϕ − cψsϕ)

ż = −usθ + vcθsϕ + wcθcϕ

ϕ̇ = p+ qsϕtθ + rcϕtθ

θ̇ = qcϕ − rsϕ

ψ̇ = qsϕSθ + rcϕSθ

(3.7)

1s. = sine, c. = cosine, t. = tangent and S. = secant
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3.5.2 FW-UAV Rigid Body Dynamics

FW-UAV dynamics is the study of the relation between the applied forces and or torques

and the resulting motion. The dynamic response of the time rate of change of FW-UAV

con�guration to input forces and torques can be expressed by a di�erential equation. The

dynamics study is needed for simulation and animation (test desired motions without

resorting to real experimentation), analysis and synthesis of suitable control algorithms.

Therefore, dynamic modeling is vital for model development and control system design

i.e. simulate and tune a controller.

There are di�erent approaches to formulate the dynamics of a FW-UAV; Euler-

Lagrange and Newton-Euler are basic ones. Lagrangian formulation treats the FW-UAV

as a whole and perform the analysis using Lagrangian function.

Where as, Newton-Euler formulation treats FW-UAV in each reference frame sep-

arately, and write down the equations describing its linear and angular motion. This

formulation is used in this thesis research. Newton's second law is utilized in IF for

translational motion and Euler's equation discussed for rotational motions considering

�at earth surface and rigid body FW-UAV.

3.5.2.1 Translational Motion of FW-UAV

Translational motion of the FW-UAV is the motion in which all the points of a moving

aircraft move uniformly in the same line of direction. All the points on the FW-UAV

move the same distance in the same amount of time. There is no changes in orientation

of aircraft relative to the �xed reference frames we have attached to the UAV.

A rigid body is assumed to have constant mass even if it varies continuously due-

to di�erent reasons. Newton's second law in IF for deriving translational equations of

motion is written by equ. 3.8;

∑
F I
ext = ma = m

d

dt
V I
g

(3.8)

This time derivative is in IF, so now let's recall the vector di�erentiation rule from

November 14, 2023 Page 22



Twisting SMC Design with PSO for Fixed Wing UAV, AAiT-AAU

equation C.1 and project equ. 3.8 onto the BF 2 .

∑
FB
ext = (FB

x , F
B
y , F

B
z )T = m ∗ ( d

dt
V B
g + ωB/I ⊗ V B

g )

= m ∗ ((u̇, v̇, ẇ)T + (p, q, r)T ⊗ (u, v, w)T )

(3.9)

Computing the mathematical computation and simpli�cation the translational state

space model in BF is written in equ. 3.10, where: 3.

u̇ =
1

m
FB
x + (rv − qw)

v̇ =
1

m
FB
y + (pw − ru)

ẇ =
1

m
FB
z + (qu− pv)

(3.10)

3.5.2.2 Rotational Motion of FW-UAV

Euler's equation of motion stated as, the sum of all external moments about the center

of mass of FW-UAV translated at the ground is de�ned as the time rate of angular

momentum in ground IF.

∑
M I

ext =
d

dt
HI (3.11)

now let's recall vector di�erentiation from equ. C.1 and project equ. 3.11 onto the BF.

∑
MB

ext =
d

dt
HB + ωB/I ⊗HB (3.12)

The angular momentum in BF is expressed by basic formula of equ. 3.13, 4

HB = J ⊛ ωB/I (3.13)

2F Iext = all external forces in IF, FBext = all external forces in BF, m = rigid body mass and
a = translational acceleration.

3FBx = all external forces along x-axis in BF, FBy = all external forces along y-axis in BF and

FBz = all external forces along z-axis in BF
4Note that: J = Inertia matrix can be numerically computed from CAD model or experimentally

using Bi�lar pendulum.
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Moment of inertia denoted by J , measures the extent to which a FW-UAV resists rota-

tional acceleration about a particular axis in IRF. Where it's components can be calcu-

lated through equ. 5, and ωBB/I is de�ned as the body angular velocity in the BF as seen

from the IF. Considering rough engineering approximation the aircraft is assumed to be

aligned in the (x,z) plane of geometry and leaving Jxy = Jyz = 0 the inertia J and it's

inverse J−1 given by equ. 3.14.

J =


Jx −Jxy −Jxz

−Jxy Jy −Jyz
−Jxz −Jyz Jz

 , J−1 =


Jz

(JxJz−J2
xz)

0 Jxz
(JxJz−J2

xz)

0 1
Jy

0

Jxz
(JxJz−J2

xz)
0 Jx

(JxJz−J2
xz)

 (3.14)

Now let's rewrite the BF rotational equations of motion, equ. 3.12 using inertia matrices.

∑
MB

ext = (MB
x ,M

B
y ,M

B
z )

T =
d

dt
(J ⊛ ωB/I) + ωB/I ⊗ (J ⊛ ωB/I)

= J ⊛ ω̇B/I + ωB/I ⊗ (J ⊛ ωB/I)

= J ⊛ (ṗ, q̇, ṙ)T + (p, q, r)T ⊗ (J ⊛ (p, q, r)T )

(ṗ, q̇, ṙ)T = J−1 ⊛ ((MB
x ,M

B
y ,M

B
z )

T − (p, q, r)T ⊗ (J ⊛ (p, q, r)T ))

(3.15)

Finally, the rotational equations of motion in state space is expressed by equ. 3.16, 6

ṗ =
1

JxJz − J2
xz

(JzM
B
x + JxzM

B
z + pqJxz(Jx − Jy + Jz) + qr(JyJz − J2

z − J2
xz))

q̇ =
1

Jy
(MB

y + pr(Jz − Jx) + Jxz(p
2 − r2))

ṙ =
1

JxJz − J2
xz

(JxzM
B
x + JxM

B
z + pq(J2

xz + J2
x − JxJy) + qrJxz(Jy − Jx − Jz))

(3.16)

5Component inertia's

Jx =

∫
(y2+z2)dm, Jy =

∫
(x2+z2)dm, Jz =

∫
(x2+y2)dm, Jxy =

∫
(xy)dm, Jxz =

∫
(xz)dm, Jyz =

∫
(yz)dm

6Where:
M I
ext = all external moments in IF, MB

ext = all external moments in BF, J = inertia matrix, H = angular
momentum and
MB
x = all external moments about x-axis in BF, MB

y = all external moments about y-axis in BF and

MB
z = all external moments about z-axis in BF
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3.5.3 External Forces and Moments on FW-UAV

The FW-UAV is a highly complex nonlinear system, works under various external forces

and moments. The external forces are due to gravity, aerodynamics and propulsive.

Moments are resulted from the aerodynamic and propeller e�ects, note that the plane is

symmetrical and aligned about the (x, z) plane (the e�ect of gravity is neglected).

Fext = Fg + Fa + Fp

Mext =Ma +Mp

(3.17)

Where: g - gravity, a - aerodynamics, and p - propeller

3.5.3.1 Gravitational Force

The force due to gravity is analyzed by newton's second law in the IF, so it must be

projected onto body frame for dynamic analysis.

F I
g = (0, 0,mg)T

FB
g = RB

I ⊛ (0, 0,mg)T

= mg ∗ (−sθ, cθsϕ, cθcϕ)T

(3.18)

3.5.3.2 Aerodynamic Forces and Moments

The main source of force and moment in aerodynamics is air pressure strength and

distribution which depends on the airspeed, air density, shape and altitude of UAV. So

the expression for dynamic pressure combining Pascal's law and work-energy theorem is

given by equ. 3.19, where the variables are de�ned in 7 .

PD =
F

A
=
W/d

A
=

E

A.d
=
E

V
=
KE

V
=

1
2
mV 2

a

V
=

1

2

m

V
V 2
a =

1

2
ρV 2

a
(3.19)

7PD= dynamic pressure, F= force, W= work done, d= displacement, A= area, V= volume, E=
energy, KE= kinetic energy, m= mass of air, Va= magnitude of airspeed, and ρ= density of air
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3.5.3.3 Fixed Wing UAV Control Surfaces

In this thesis, the FW-UAV has seven degrees of freedom inertial positions (x, y, z),

attitudes (ϕ, θ, ψ), and airspeed (Va). However, the aircraft has only four control inputs

applied at di�erent control surfaces. FW-UAV's mostly have three �ight control surfaces

aileron, elevator, and rudder; which are attached to the air-frame on hinges. These are

the aerodynamic devices which are used to adjust and control the UAV's �ight condition

in response to external forces and moments.

Hence, it isn't possible to control all the state variables explicitly, due to under actu-

ated nature of the system. However, intermediate controllable variables associated to the

FW-UAV are selected as (x, y, z) positions and the rest are controlled explicitly through

decoupling, which makes the control design easier and handy. The three control inputs

and surfaces are illustrated with �gures in 3.3.

(a) Aileron, [2] (b) Elevator, [1] (c) Rudder, [27]

Figure 3.3: Three Control Surfaces in FW-UAV

Ailerons are mounted on the rear edge of each wing near the wingtips and move in

opposite directions. The left and right ailerons work oppositely, one increases lift the

other decreases, [2]. This way it's possible to turn about the longitudinal axis, roll (ϕ)

left-to-right about x-axis. The net aileron control signal de�ection command is denoted

with γa and calculated by the formula; γa = 1
2
(γal − γar), where

8. From this formula

turning the FW-UAV left is considered as positive turn.

Elevators joined to the back of the �xed part of the horizontal tail. It's part of

horizontal �ight stabilizer by generating downward force on the tail to lift the heavy

8γal -left aileron command and - γar -right aileron command
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nose body of UAV, which makes the wings to �y at a higher angle of attack (α). It's

also necessary for pitching (θ) up and down the nose of FW-UAV about the y-axis. The

elevator command signal denoted by γe.

Rudder mounted on the trailing edge of the vertical tail. Rudder de�ected left-to-

right and vice-versa through respective commands and causes the nose to yaw left-to-right

about the z-axis. Centering the rudder pedals returns the rudder to neutral and stops the

yaw. The rudder de�ection angle denoted by γr. The main purpose of γr is to counteract

the drag caused by the lowered aileron during a turn.

Flight in air is performed in every axis (x, y, z) of imaginary line around which an

aircraft can turn. There are three axes up on which it can move; left-right, forward-

rearward and up-down. Most commonly known with technical names of longitudinal,

lateral, and vertical �ights.

1. Longitudinal Flight: it's most commonly known as level �ight along longitudinal

axis (x-axis) runs in the nose-to-tail direction.

2. Lateral Flight: it's a �ight along lateral axis (y-axis) running in the wing-to-wing

direction. It's the turning e�ect of left and right from the level �ight.

3. Vertical Flight: this is the motion of UAV up and down in the z-direction.

Now let's examine the aerodynamic forces and moments during two �ight phases, longi-

tudinal and lateral aerodynamics.

3.5.3.4 Longitudinal Aerodynamics

Longitudinal �ight is under (x, z) plane in which the forces and moments are de�ned in

SF, [4] and they are the result of dynamic pressure computed at equ. 3.19 . Recalling

basic �uid dynamics we have the relations between force and pressure in equ. 3.20:

FD = PD ∗ area ∗ CFP

MD = FD ∗ C
(3.20)

Where; FD and MD are aerodynamic forces and moments respectively. CFP
is the pro-

portionality constant between force and pressure which is nonlinear function depends on
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angle of attack, body angular rate about y-axis, and elevator de�ection angle. It di�ers

from axis to axis, so the lift and drag forces along x and z-axis respectively and moment

bout the y-axis in stability frame expressed with equ. 3.21.

fSlift =
1

2
ρV 2

a SCl(α, q, γe)

fSdrag =
1

2
ρV 2

a SCd(α, q, γe)

MS
y =

1

2
ρV 2

a CSCy(α, q, γe)

(3.21)

The lift force is applied along the negative z-axis as it's de�ned from NED frame. The

drag force is always in opposite direction to the forward velocity of the aircraft (it's in

the negative x-axis) and independent of the sign of angle of attack α.

The constants and variables are de�ned in 9. The nondimensional physical constants

can be calculated using Taylor series based linear equations 3.22, [4].

Cl(α, q, γe) = Cl0 +
∂Cl
∂α

α +
∂Cl
∂q

q +
∂Cl
∂γe

γe

Cd(α, q, γe) = Cd0 +
∂Cd
∂α

α +
∂Cd
∂q

q +
∂Cd
∂γe

γe

Cy(α, q, γe) = Cy0 +
∂Cy
∂α

α +
∂Cy
∂q

q +
∂Cy
∂γe

γe

(3.22)

The partial derivatives in linear equ. 3.22 are commonly non-dimensionalized. Since

Cl, Cd, Cy, α and γe expressed in radians are dimensionless, the only partial requiring

non-dimensionalization is q, a standard factor to use is C/(2Va). We can then rewrite as:

Cl(α, q, γe) = Cl0 + Clαα + Clq
C

2Va
q + Clγeγe

Cd(α, q, γe) = Cd0 + Cdαα + Cdq
C

2Va
q + Cdγeγe

Cy(α, q, γe) = Cy0 + Cyαα + Cyq
C

2Va
q + Cyγeγe

(3.23)

But note that to incorporate wing stall into longitudinal aerodynamic model the forces

9S=surface area swept by plane wing, C=mean chord length from aerodynamic center, α=the angle
of attack from the (x,z) plane, q=BF linear velocity along y axis, γe=pitching angle from elevator and
Cl, Cd and Cy are nondimensional coe�cients of lift (FSlift), drag (F

S
drag) and moment (MS

y ) respectively.
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and moment must be nonlinear functions of angle of attack α. The lift and drag forces

must be projected onto BF for aerodynamic analysis and computed with equ. 3.24.

(fBx , 0, f
B
z )

T = RB
S (α)⊛ (−fSdrag, 0,−fSlift)T

fBx =
1

2
ρV 2

a S(Cl(α, q, γe) ∗ sα − Cd(α, q, γe) ∗ cα)

fBz = −1

2
ρV 2

a S(Cl(α, q, γe) ∗ cα + Cd(α, q, γe) ∗ sα)

(3.24)

The moment about the y-axis due-to the rotational e�ect of the longitudinal aerodynamic

forces is projected on the BF from SF using equ. 3.25.

(0,MB
y , 0)

T = RB
S (α)⊛ (0,mS

y , 0)
T

MS
y ≊MB

y

(3.25)

3.5.3.5 Lateral Aerodynamics

Lateral �ight is a condition in which translational motion along y-axis and rotational

motion about (x, z) stable plane is performed in the presence of disturbances in WF, [4].

fWy =
1

2
ρV 2

a SCY (β, p, r, γa, γr)

MW
x =

1

2
ρV 2

a SBCx(β, p, r, γa, γr)

MW
z =

1

2
ρV 2

a SBCz(β, p, r, γa, γr)

(3.26)

Where the constants and variables are de�ned in 10. Lateral �ight highly in�uenced by

p, r, β, γa and γr. Recalling Taylor series lateral constants are given by equ. 3.27, [4].

CY (β, p, r, γa, γr) = CY0 +
∂CY
∂β

β +
∂CY
∂p

p+
∂CY
∂r

r +
∂CY
∂γa

γa +
∂CY
∂γr

γr

Cx(β, p, r, γa, γr) = Cx0 +
∂Cx
∂β

β +
∂Cx
∂p

p+
∂Cx
∂r

r +
∂Cx
∂γa

γa +
∂Cx
∂γr

γr

Cz(β, p, r, γa, γr) = Cz0 +
∂Cz
∂β

β +
∂Cz
∂p

p+
∂Cz
∂r

r +
∂Cz
∂γa

γa +
∂Cz
∂γr

γr

(3.27)

10B=wing span, β=angle of side-slip from (x, z) plane, p=BF linear velocity along x-axis, r=BF linear
velocity along z-axis, γa=rolling angle from aileron, γr=yawing angle from rudder, and CY , Cx and Cz
are nondimensional coe�cients of force (fWy ), moments (MW

x ) and (MW
z ) respectively.
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The partial derivatives in linear equ. 3.27 are non-dimensionalized. Since CY , Cx, Cz and

the angles β, γa and γr expressed in radians are dimensionless, then the partial requiring

non-dimensionalization are q and r, a standard factor to use is then B/(2Va).

CY (β, p, r, γa, γr) = CY0 + CYββ + CYp
B

2Va
p+ CYr

B

2Va
r + CYγaγa + CYγrγr

Cx(β, p, r, γa, γr) = Cx0 + Cxββ + Cxp
B

2Va
p+ Cxr

B

2Va
r + Cxγaγa + Cxγrγr

Cz(β, p, r, γa, γr) = Cz0 + Czββ + Czp
B

2Va
p+ Czr

B

2Va
r + Czγaγa + Czγrγr

(3.28)

The force fWy must be projected onto BF for aerodynamic analysis through equ. 3.29.

(0, fBy , 0)
T = RB

W (α, β)⊛ (0, fWy , 0)T

fBy =
1

2
ρV 2

a SCY (β, p, r, γa, γr) ∗ cβ
(3.29)

Since the only additional nonlinear term exists as a multiplier in equ. 3.29 from equ.

3.26 is cosine function of β, c(β) it's value can be taken as unity through small angle

approximation (small β is desired), resulting force in BF expressed through equ. 3.30.

fBy ≊
1

2
ρV 2

a SCY (β, p, r, γa, γr) (3.30)

Now let's transform lateral moments from WF onto BF using RB
W (α, β) and equ. 3.31.

(MB
x , 0,M

B
z )

T = RB
W (α, β)⊛ (MW

x , 0,MW
z )T

MB
x =MW

x cβcα −MW
z sα

MB
z =MW

x cβsα +MW
z cα

(3.31)

In lateral �ight it's desired that the attack and side-slip angles to be as small as possible

(≤ 0.262 rad), because angle of attack is highly incorporated at longitudinal �ight dy-

namics and side-slip is needed to be minimal. Applying small angle approximation the

lateral moments in BF can be described by simpli�ed equ. 3.32.

MB
x ≊MW

x , and MB
z ≊MW

z
(3.32)
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3.5.3.6 Force and Moment from Propeller

Bernoulli's equation of �uid dynamics states that for an ideal �uid i.e. no viscosity,

constant density, and steady �ow; the sum of its kinetic, potential, and thermal energy

must be conserved. This statement is used for establishing a relationship between the

velocity of �uid, its pressure, and its relative height. There are two pressures developed

for generating thrust in the forward �ight direction; pressure ahead of and behind the

propeller.

Pahead = P0 +
1

2
ρV 2

a

Pbehind = P0 +
1

2
ρV 2

exit

(3.33)

The di�erence in these pressures develops thrust force. Vexit is the speed of air as it

leaves propeller, there is a linear relationship between the PWM command signal δt and

the angular velocity of the propeller if no transients in the motor. The propeller in turn

creates an exit air speed of (kmδt)
2. The force generated along the x-axis in BF can be

calculated through equ. 3.34 applying pressure di�erence in the forward �ight direction,

with the variables de�ned in 11 .

fpx = SPCP (Pbehind − Pahead) =
1

2
ρSPCP (V

2
exit − V 2

a ) =
1

2
ρSPCP (k

2
mδ

2
t − V 2

a ) (3.34)

As propeller spins, it applies force to the air that passes through the propeller, while the

air applies a reaction force on the propeller. The net e�ect of these forces generates a

torque about x-axis. This torque is opposite to the direction of the propeller rotation

and proportional to the square of the propeller's angular velocity, given by equ. 3.35 12.

MP = −KMΩ2 = −KMk
2
Ωδ

2
t

(3.35)

11fpx - thrust force along x-axis, Pahead - developed due to propeller's ahead velocity, Pbehind - developed
due to the air velocity behind the propeller, P0 - static pressure, ρ - air density, Va - airspeed, Vexit - speed
of air leaving propeller, km - motor linear speed constant(engine parameter), δt - engine acceleration, SP
- area swept by air leaving propeller and CP - the proportionality constant between pressure di�erence
and force

12KM - engine torque constant, Ω - propeller angular speed, MP - reactive torque on propeller and
kΩ - angular speed constant
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3.5.3.7 External Disturbances on FW-UAV Dynamics

The wind disturbance in aerodynamic analysis has two components, steady and transient

(stochastic). Wind disturbance comes into the aerodynamic analysis in the form of

velocity vector components, so let's de�ne them by equ. 3.36.

V I
SW

= (VSx , VSy , VSz)
T

V B
TW

= (VTx , VTy , VTz)
T

(3.36)

Where the stochastic wind components are de�ned by 13. The stochastic wind modeled

through two ways, experimentally using wind gust generation and LTI system transfer

function of Dryden or Von Karmen spectrum methods. Dryden model transfer functions

in (x, y, z) axes as in equ. 3.37, 14.

Hx(s)
B = µx

√
2Va
Lx

1

s+ Va
Lx

, Hy(s)
B = µy

√
3Va
Ly

s+ Va√
3Ly

(s+ Va
Ly
)2
, Hz(s)

B = µz

√
3Va
Lz

s+ Va√
3Lz

(s+ Va
Lz
)2

(3.37)

The total wind velocity in BF can be computed by equ. 3.38:

V B
W = (uw, vw, ww)

T = RB
I (ϕ, θ, ψ)⊛ V I

SW
+ V B

TW
(3.38)

Simplifying the above expression we have:

uw = VSxcθcψ + VSycθsψ − VSzsθ + VTx

vw = VSx(sϕsθcψ − cϕsψ) + VSy(sϕsθsψ + cϕcψ) + VSzsϕsθ + VTy

ww = VSx(cϕsθcψ + sϕsψ) + VSy(cϕsθsψ − sϕcψ) + VSzcϕcθ + VTz

(3.39)

13V I
SW

= steady wind, is typically expressed in the GIF and V B
TW

= stochastic component expressed in
the aircraft BF because the atmospheric e�ects experienced by the aircraft in the direction of its forward
motion occur at a higher frequency than in the lateral and down directions. VSx , VSy , VSz steady state
wind velocities and VTx

, VTy
, VTz

transient wind velocities along x, y and z-axis respectively.
14Where: Hx(s)

B , Hy(s)
B , Hz(s)

B transfer functions in BF, µx, µy, µz turbulence intensity and Lx,
Ly, Lz spectral wavelength along x, y, z-axis respectively, Va = airspeed magnitude.
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3.6 Airspeed in the Presence of Wind Disturbance

From the components of wind velocity V B
W and ground velocity V B

g in BF, we can cal-

culate the BF components of the airspeed vector denoted by V B
a = (Vax , Vay , Vaz)

T and

calculated through equ. 3.40.

V B
a = (Vax , Vay , Vaz)

T = V B
g − V B

W

= (u, v, w)T − (uw, vw, ww)
T

= (u− uw, v − vw, w − ww)
T

(3.40)

The aircraft in the presence of wind is assumed to be moving in forward direction in WF,

so let's de�ne airspeed in WF as V W
a = (Va, 0, 0)

T where Va is the magnitude of resultant

airspeed vector. And then project V W
a on BF using equ. 3.41.

V B
a = RB

W ⊛ (Va, 0, 0)
T

= (Vacαcβ, Vasβ, Vasαcβ)
T

(3.41)

Now we can equate the �nal results of equ. 3.40 and 3.41 and calculate the airspeed

magnitude (Va), angle of attack (α), and side-slip (β) using the equ. 3.42 15.

Va =
√
V 2
ax + V 2

ay + V 2
az

α = arctan(
Vaz
Vax

)

β = arcsin(
Vay
Va

)

(3.42)

15Where:
Va - airspeed magnitude
c. - cosine
s. - sine
S. - secant
t. - tangent
arcsin and arctan are inverse of sine and tangent trigonometric functions respectively.
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3.7 State Space Model of FW-UAV

From the previous sections the overall external force and moment equations combined

and written in BF with equ. C.2, and C.3 respectively. The coupled and nonlinear

state space model of a FW-UAV in the BF and IF is given by 3.43, developed through

combining the equations 3.7, 3.10, 3.16, 3.42, C.2 and C.3, where:16.

ẋ = ucψcθ + v(cψsθsϕ − sψcϕ) + w(cψsθcϕ + sψsϕ)

ẏ = usψcθ + v(sψsθsϕ + cψcϕ) + w(sψsθcϕ − cψsϕ)

ż = −usθ + vcθsϕ + wcθcϕ

ϕ̇ = p+ qsϕtθ + rcϕtθ

θ̇ = qcϕ − rsϕ

ψ̇ = qsϕSθ + rcϕSθ

u̇ =
1

2m
ρV 2

a S(Clsα − Cdcα) +
1

2m
ρSPCP (k

2
mU

2
4 − V 2

a )− gsθ + (rv − qw)

v̇ =
1

2m
ρV 2

a SCY + gsϕcθ + (pw − ru)

ẇ = − 1

2m
ρV 2

a S(Clcα + Cdsα) + gcϕcθ + (qu− pv)

ṗ = J0Jz(
1

2
ρV 2

a SBCx −KMk
2
ΩU

2
4 ) + J0Jxz(

1

2
ρV 2

a SBCz)

+ J0pqJxz(Jx − Jy + Jz) + J0qr(JyJz − J2
z − J2

xz)

q̇ =
1

Jy
(
1

2
ρV 2

a CSCy + pr(Jz − Jx) + Jxz(r
2 − p2))

ṙ = J0(
Jxz
2
ρV 2

a SBCx − JxzKMk
2
ΩU

2
4 ) + J0(

Jx
2
ρV 2

a SBCz)

+ J0pq(J
2
xz + J2

x − JxJy) + J0qrJxz(Jy − Jx − Jz)

Va =
√

(u− uw)2 + (v − vw)2 + (w − ww)2

(3.43)

16Aerodynamic constants are symbolized in short as:
CY = CY (β, p, r, γa, γr)
Cl = Cl(α, q, γe)
Cd = Cd(α, q, γe)cα
Cx = Cx(β, p, r, γa, γr)
Cy = Cy(α, q, γe)
Cz = Cz(β, p, r, γa, γr)
U1 = γa, U2 = γe, U3 = γr, U4 = δt
J0 = 1

JxJz−J2
xz
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3.8 FW-UAV Model Open-loop Simulation

In open loop simulation of the FW-UAV, the model should be stabilized to it's equi-

librium value with time if the control surface de�ection inputs are null. The natural

stabilization is needed for the FW-UAV model before any further controller design. The

veri�cation was done on MATLAB Simulink R2022b, taking the physical parameters and

coe�cients from [4] for Aerosonde UAV, appendix A. The natural stability of the model

is elaborated as follows with u0 = 12 m/s and δt = 0.0437 m/s. In all cases asymptotic

stability of states have been seen.

Case 1: Aileron kick of 0.25 rad have been introduced and stabilizes roll angle to zero

within 20 seconds.

0 20 40 60 80 100 120

Time (second)

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

A
tt

it
u

d
e
 (

r
a

d
)

(a) Euler angles

0 20 40 60 80 100 120

 Time (second)

0

500

1000

1500

2000

2500

3000

3500

4000

P
o

si
ti

o
n

 (
m

et
er

)

x

y

z

(b) Inertial position

0 20 40 60 80 100 120

Time (second)

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

B
o
d

y
 R

a
te

 (
ra

d
/s

ec
)

p

q

r

(c) Body angular rates

0 20 40 60 80 100 120

Time (second)

-5

0

5

10

15

20

25

30

35

B
o

d
y
 L

in
ea

r 
S

p
ee

d
 (

m
/s

)

u

v

w

V
a

(d) Body linear speed

Figure 3.4: Open-loop Simulation in Roll Stabilization
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Case 2: Elevator kick of 0.25 rad have been introduced and the pitch angle was marginally

asymptotically stabilized.
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Figure 3.5: Open-loop Simulation in Pitch Stabilization

Case 3: Rudder kick of -0.00025 rad was introduced for stabilizing the yaw angle and

the following results found.
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Figure 3.6: Open-loop Simulation in Yaw Stabilization
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Case 4: Setting control surface de�ections to zero the natural stability of the system

have been achieved, �g. 3.7.
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Figure 3.7: Open-loop Simulation in Null Control Surface De�ections
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Chapter 4

Fixed Wing UAV Controller Design

and Optimization Algorithms

FW-UAV model is a nonlinear system which is characterized by multiple inputs-outputs,

strong coupling, and under actuation. To overcome these characteristics fuzzy switching

twisting SMC method is studied in this paper. The SMC is mainly used to deal with

the control problem of highly coupled non-linearity, and disturbance factors. Twisting

method and fuzzy switching control are used to tackle the chattering.

FW-UAV has 12 states and it is very complicated to control and track all states

simultaneously, because it's in a state of high speed movement under working conditions.

In this study, seven degree of freedom (DOF) are selected for tracking and control to

meet the desired characteristics. These seven state variables are namely three inertial

positions (x, y, z), attitudes (ϕ, θ, ψ), and airspeed (Va).

There are three control surface de�ections (γa, γe, γr) and engine acceleration (δt),

which are denoted as control commands of U1 = γa, U2 = γe, U3 = γr and U4 = δt.

These are the means for manipulating the states of a FW-UAV through the force which

in-turn must be related to the output of the control surface of the FW-UAV. As it can

be seen from the model in equ. 3.43, it's highly coupled system, changing one of the

control parameters a�ects all the state variables. So the control system is designed with

decoupling the dynamics of attitudes, airspeed and inertial positions separately. Finally

the controllers implemented on the overall coupled mathematical model of the FW-UAV.
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4.1 Fixed Wing UAV Control and Guidance

FW-UAVs autonomously controlled by using the two layers of control loops called the

cascaded control loops namely; low level and high level. Low level control includes the

attitude and speed tracking , regulation, and stabilization where as high level control is

about position control, guidance, and trajectory tracking. The overall control architec-

ture layout is presented with �g. 4.1.
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Trajectory 
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Figure 4.1: Cascade Control Structure for FW-UAV

The �rst block in the �gure is used for guidance and trajectory generation. The real

data is collected from sensor measurements or GPS data and based on the mission of FW-

UAV desired trajectories are developed as (xd, yd, zd) along x-y-z axes. Then the virtual

controllers, (Ux, Uy, Uz) are designed for inertial positions along x-y-z axes respectively

for tracking the desired position trajectories. From system modeling, inertial positions

are manipulated through the attitudes of the system, so based on the virtual control

signals the desired attitudes, (ϕd, θd, ψd) are computed. After generating (ϕd, θd, ψd),

the attitude controllers are developed which tries to make the actual attitudes track

desired angles. Finally, the command signals, (U1, U2, U3, U4) are given to the plant

dynamic model for manipulation and control of output variables. Based on this control

architecture the twisting sliding mode controllers are designed starting from low level

(attitude and airspeed) to high level (position) in the proceeding sections.
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4.2 Sliding Mode Controller (SMC)

There are lots of discrepancies between the actual FW-UAV plant and the mathemati-

cal model developed for controller design. The mismatch results from di�erent sources

unmodelled dynamics, variation in system parameters or the approximation of complex

behaviors by a straightforward model. It must be ensured that the designed controller

to have the ability to produce the required performance levels in practice despite model

mismatches, [20]. This leads to the intense interest in the development of robust control

methods that seek to solve this type of problem, SMC is one of these methodologies.

SMC is a class of variable structure system that targets decreasing the complexity

of high-order systems to reduced-order state variables, de�ned as a sliding function and

its derivative. It's advantageous for order reduction, disturbance rejection, insensitivity

to parameter variations, decoupling design parameters and hence robust and handles all

system non-linearity. It utilizes high speed switching feedback control. This process has

two stages: sliding surface and control action design.

Figure 4.2: Reaching and Sliding Phases of SMC, [13]

Sliding surface design is performed to achieve the characteristics required from the

system when sliding, [18]. It can be linear or nonlinear function of the states or error.

Control law design has the purpose of driving the system trajectories into the sliding

manifold, and thereafter to maintain them within the sliding manifold despite uncertain-

ties being present, [18]. It involves setting of conditions on the control law to make the

sliding surface attractive. This is developed in two parts: reaching and sliding modes.
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4.2.1 Switching Controller Design

Switching control denoted with, Uswitching and it tries to maintain system trajectories

to approach the sliding manifold. It's used to make the sliding surface attractive. The

time in reaching mode should be minimized as robustness to matched uncertainties isn't

present. In this phase the system dynamics governs the control.

Switching control is designed based on reaching law method using Lyapunove's direct

method for stability analysis without solving the di�erential equations. Lyapunove states

that if a positive de�nite function, V is taken, its time derivative along system trajectories

must be negative to-be stable. This is achieved by designing a control, Uswitching on one

of the following: constant rate, exponential or power rate reaching laws.

4.2.2 Equivalent Controller Design

The control law which maintains the sliding motion is called equivalent controller denoted

with Uequivalent. Sliding motion is the motion when the system trajectories are con�ned

within the sliding manifold. It's calculated from equating the rth order derivative of the

sliding variable to zero for an rth order sliding mode control design. This isn't the actual

control applied but represents the average sense of the applied control.

4.2.3 Twisting Sliding Mode Control

The existence of chattering, due to the discontinuous control action a�ect the stability

of the control system and even lead to system oscillation, instability, and other serious

consequences. It is needed to optimize the traditional SMC to reduce the chattering

problem. The commonly used methods to suppress chattering include quasi-sliding mode,

�ltering, and higher-order sliding mode methods, [31].

In quasi-sliding mode and �ltering the main idea is to change the state dynamics in

a small vicinity of the discontinuity surface in order to avoid real discontinuity and at

the same time to preserve the main properties of the whole system, [24]. However,the

ultimate accuracy and robustness of the sliding mode are partially lost, [24]. Saturation,

relay and tan-hyperbolic are recommended quasi-SMC algorithms, [31].

November 14, 2023 Page 41



Twisting SMC Design with PSO for Fixed Wing UAV, AAiT-AAU

The higher-order sliding mode is improved on the basis of the traditional sliding mode,

which makes the r-order sliding surface converge in �nite time for r ≥ 2. Therefore, the

higher order SMC can't only keep the advantages of simple and strong robustness of the

traditional SMC but also greatly reduce the chattering of the system and improve the

control accuracy. Twisting, super-twisting and dynamic SMC are some of higher order.

In this thesis the twisting SMC was developed for inertial position, attitude and air-

speed control. Since the chattering is not completely removed by the twisting algorithm,

saturation was also applied in attitude. Let the sliding surface be denoted with variable

ξ, then the overall proposition set by equ. 4.1, where: i=1,...,13 and ki-switching gain.

e(t) = r(t) − y(t)

ξ(t) = kpe(t)

Uswitching = kisgn(ξ) + ki+1sgn(ξ̇)

(4.1)

4.2.4 Fuzzy Switching Surface

The twisting and saturation approaches in the switching items have trade-o� between

chattering and robustness in large mathematical computing system models. So to tackle

this trade-o� fuzzy based switching items developed for inertial positions, and airspeed

control of FW-UAV, due to its inherent advantages of good robustness. This approach

reduces the e�ect of wind gust disturbances, which come into e�ect across the speed and

position model of most FW-UAVs. Where: i=7,...,13.

Uswitching = kiFuzzy(ni−6ξ) + ki+1Fuzzy(ni−5ξ̇) (4.2)

The same membership functions are selected for the switching items of position (x, y, z)

and airspeed (Va) controllers. The fuzzy outputs are determined by the normalized

surface `ξ' and `ξ̇', see equ. 4.2, 1. In fuzzy setting there are two main process; fuzzi�cation

and defuzzi�cation.

1Where;
ki=switching gain for ξ, ki+1=switching gain for ξ̇, ni−6=normalizing gain for ξ, ni−5=normalizing gain
for ξ̇, ξ=sliding surface, kp=proportional gain of sliding surface, e(t)=error dynamics, r(t)=reference and
y(t)=output
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Fuzzi�cation is the process of transforming the real values of the variables ξ and ξ̇

into de�ned fuzzy set membership values. Both ξ and ξ̇ are fuzzi�ed with the same

type of seven membership functions, single input-output, triangular fuzzy rules, �g. 4.3.

Mamdani is the inference method that relates the conditional statements in fuzzy rules.

Input-output fuzzy rules are de�ned in tab. 4.1, 4.2, where 2.

Table 4.1: Fuzzy Rule Bases for ξ

ξ : NB NM NS Z PS PM PB

Fuzzy(ni−6ξ): NB NM NS Z PS PM PB

Table 4.2: Fuzzy Rule Bases for ξ̇

ξ̇ : NB NM NS Z PS PM PB

Fuzzy(ni−5ξ̇): NB NM NS Z PS PM PB

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Sliding Surface

0

0.2

0.4

0.6

0.8

1

D
e
g
re

e
 o

f 
m

e
m

b
e
rs

h
ip

NB NM NS Z PS PM PB

(a) Input membership functions

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fuzzy(Sliding Surface)

0

0.2

0.4

0.6

0.8

1

D
e
g
re

e
 o

f 
m

e
m

b
e
rs

h
ip

NB NM NS Z PS PM PB

(b) Output membership functions

Figure 4.3: Graphical plot of triangular membership functions

De-fuzzi�cation is the process of obtaining a single number from the output of the ag-

gregated fuzzy set. It's a decision-making algorithm that selects the best crisp value

(human readable language) based on a fuzzy set. �Centroid� defuzzi�cation method was

adopted in both `ξ' and `ξ̇' fuzzy inferences. Note that both normalized `ξ' and `ξ̇' fuzzy

settings are performed on similar functions, throughout all switching of respective states.

i.e. The membership functions in �g. 4.3 are for both `ξ' and `ξ̇'.

2Fuzzy Rule Nomenclatures are: NB= negative big, NM= negative medium, NS= negative small
Z= zero, PS= positive small, PM= positive medium, PB= positive big
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4.3 Attitude Controller Design

The three attitudes angles are the main state variables which are going to-be discussed.

The desire is to control each state explicitly i.e ϕ with U1, θ with U2, and ψ with U3.

ϕ̇ = p+ qsϕtθ + rcϕtθ

θ̇ = qcϕ − rsϕ

ψ̇ = qsϕSθ + rcϕSθ

(4.3)

To �nd the control commands U1, U2 and U3 for explicit control in the attitude model of

the equations above let's �nd the time derivative of equ. 4.3 using, Chain rule;

ϕ̈ = ṗ+ q̇sϕtθ + ṙcϕcθ + (qcϕtθ − rsϕcθ)ϕ̇+ (qsϕ + rcϕ)S
2
θ θ̇

θ̈ = q̇cϕ − ṙsϕ − (qsϕ + rcϕ)ϕ̇

ψ̈ = q̇sϕSθ + ṙcϕSθ + (qcϕ − rsϕ)Sθϕ̇+ (qsϕ + rcϕ)Sθtθθ̇

(4.4)

As it's seen from equ. 4.3 and 4.4, all kinematic and dynamic models of the attitudes are

very complex. To simplify the control process, it is necessary to decouple the mathemat-

ical models before designing the attitude controllers 3. Decoupling is the process that

mainly extracts the dominant state quantity and control signal in the control process and

treat the remaining control quantities as uncertainty [12]. Note that decoupling is done

to �nd the second order time derivative of the interest state variable, (ϕ(2), θ(2), ψ(2)).

SMC for 

Attitudes

fd

yd

qd

U1

U3

U2

fm

qm

ym

f

q

y

- ef

eq

ey-

- Attitude Model 

of  FW-UAV

Figure 4.4: Attitude Controller Diagram

3Aerodynamic constants are
Cl = Cl0 +Clαα+Clq

C
2Va

q+ClγeU2, Cd = Cd0 +Cdαα+Cdq
C
2Va

q+CdγeU2, Cy = Cy0 +Cyαα+Cyq
C
2Va

q+

CyγeU2, CY = CY0 + CYβ
β + CYp

B
2Va

p + CYr

B
2Va

r + CYγa
U1 + CYγr

U3, Cx = Cx0 + Cxβ
β + Cxp

B
2Va

p +

Cxr

B
2Va

r + Cxγa
U1 + Cxγr

U3, Cz = Cz0 + Czββ + Czp
B
2Va

p+ Czr
B
2Va

r + CzγaU1 + CzγrU3
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4.3.1 Twisting SMC Design for Roll Angle

The state variable ϕ is in�uenced by all the control signals as seen from it's state space

model. The desire is to control ϕ with U1 as the main controller and take the others

e�ect as uncertainty, decoupling. Let's start from the following equation.

ϕ̇ = p+ qsϕtθ + rcϕtθ (4.5)

In most �ight conditions, θ is small [4], can be approximated as (tθ ≊ θ ≊ 0). This leads

that the primary in�uence on ϕ̇ can be taken as p, so others are considered as uncertainty,

resulting the state space equ. 4.6.

ϕ̇ = p+ qsϕtθ + rcϕtθ ≊ p+ dΦ

ϕ̈ = ṗ+ ḋΦ

(4.6)

Using the expression p = ϕ̇ − dΦ, the second order di�erential equation for ϕ simpli�ed

as follows in equ. 4.7. The variables ϕ and U1 will be the dominant state variables in roll

angle control.

ϕ̈ =
1

2
J0ρV

2
a SB(JzCx + JxzCz)− J0JzKMk

2
ΩU

2
4 + J0pqJxz(Jx − Jy + Jz) + ḋΦ

=
1

2
J0ρV

2
a SB(c1 + c2(ϕ̇− dϕ) + c3U1)− J0JzKMk

2
ΩU

2
4 + J0pqJxz(Jx − Jy + Jz) + ḋΦ

=
1

2
J0ρV

2
a SBc2ϕ̇+

1

2
J0ρV

2
a SBc3U1 +

1

2
J0ρV

2
a SB(c1 − c2dϕ) + J0pqJxz(Jx − Jy + Jz)

− J0JzKMk
2
ΩU

2
4 + ḋΦ

(4.7)

Simpli�ed decoupled state equation for ϕ using the constants de�ned in footnote 4.

ẋ1 = ϕ̇ = x2

ẋ2 = ϕ̈ = c4ϕ̇+ c5U1 + dϕ = c4x2 + c5U1 + dϕ

(4.8)

4The constant symbols used in roll control are de�ned as;
dΦ = qsϕtθ + rcϕtθ, J1 = (Jz + Jxz), J2 = (Jx + Jxz)
c1 = Jz(Cx0

+ Cxβ
β + Cxr

B
2Va

r + Cxγr
U3) + Jxz(Cz0 + Czββ + Czr

B
2Va

r + CzγrU3)

c2 = JzCxp

B
2Va

+ JxzCzp
B
2Va

, c3 = JzCxγa
+ JxzCzγa , c4 = 1

2J0ρV
2
a SBc2, c5 = 1

2J0ρV
2
a SBc3

dϕ = 1
2J0ρV

2
a SB(c1 − c2dΦ)− J0JzKMk2ΩU

2
4 + J0pqJxz(Jx − Jy + Jz) + ḋΦ
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Let us treat c4x2 and c5 as known nonlinear functions, x1 ∈ Rn, x2 ∈ R, U1 ∈ R and

dϕ unknown interference (until computed from the model) with magnitude |dΦ| ≤ Dϕ,

c5 > 0 . De�ning the desired roll angle with ϕd, systematic error by (e = ϕ − ϕd) and

(z1 = e, z2 = ė), the error dynamics;

ż1 = ϕ̇− ϕ̇d = z2

ż2 = ϕ̈− ϕ̈d

(4.9)

Using model of equ. 4.8 and 4.9, the sliding variable ξΦ and surface de�ned as ξΦ = z1.

Apply the reaching law of SMC design at the sliding manifold to �nd Uswitching.

ξ̇Φ = ż1 = z2

ξ̈Φ = ż2 = ϕ̈− ϕ̈d = c4ϕ̇+ c5U1 + dϕ − ϕ̈d = c4x2 + c5U1 + dϕ − ϕ̈d

(4.10)

The switching controller, Uswitching = −k1sgn(ξΦ)−k2sgn(ξ̇Φ) with constant rate reaching

law is developed based on the Lyapunove function VξΦ =
ξ2Φ+ξ̇

2
Φ

2
that satis�es the negative

de�niteness of the function.

V̇ξΦ = ξΦξ̇Φ + ξ̇Φξ̈Φ = z1z2 + z2(c4x2 + c5(−k1sgn(z1)− k2sgn(z2)) + dϕ − ϕ̈d)

= z1z2 − k1c5z2sgn(z1) + (−k2c5z2sgn(z2) + c4z2x2 + z2dϕ − z2ϕ̈d)

= z1z2 − k1c5|z1|+ (−k2c5|z2|+ c4z2x2 + z2dϕ − z2ϕ̈d)

(4.11)

Apply small signal approximation around the origin z1 ≊ z2 ≊ ż1 ≊ 0 for simpli�cation.

Then for asymptotic stability the design parameters (gains) must satisfy the conditions

k2 > |(c4x2 + dϕ − ϕ̈d)z2| > 0 and k1 > k2 + |z1z2|, provided that c5 is positive.

The equivalent controller from ξ̈Φ = 0 and complete twisting-SMC for ϕ become;

Uequivalent =
1

c5
(ϕ̈d − c4x2 − dϕ) (4.12)

U1 = Uswitching + Uequivalent = −k1sgn(ξΦ)− k2sgn(ξ̇Φ) +
1

c5
(ϕ̈d − c4x2 − dϕ) (4.13)
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4.3.2 Twisting SMC Design for Pitch Angle

In longitudinal dynamics the main control signals that in�uence are U2 and U4. However

U2 will be used to directly in�uence the pitch angle, θ in this controller design.

θ̇ = qcϕ − rsϕ (4.14)

Pitch rate given by equ. 4.14 simpli�ed using small angle assumption as in equ 4.15.

θ̇ = q + q(cϕ − 1)− rsϕ = q + dΘ (4.15)

In chapter 3 α was de�ned as the drift angle from the pitch plane by �ight path angle,

denote by ϵ, which is small deviation from SF. This results the expression α = θ − ϵ.

Using this assumption with q = θ̇− dΘ time derivative of equ. 4.15 simpli�ed as follows.

θ̈ = q̇ + ḋΘ =
1

Jy
(
1

2
ρV 2

a CSCy + pr(Jz − Jx) + Jxz(r
2 − p2)) + ḋΘ

=
1

2Jy
ρV 2

a CS(Cy0 + Cyαα + Cyq
C

2Va
q + CyγeU2) +

pr

Jy
(Jz − Jx) +

Jxz
Jy

(r2 − p2) + ḋΘ

=
1

2Jy
ρV 2

a CS(Cy0 + Cyα(θ − ϵ) + Cyq
C

2Va
(θ̇ − dΘ) + CyγeU2)

+
pr

Jy
(Jz − Jx) +

Jxz
Jy

(r2 − p2) + ḋΘ

(4.16)

θ̈ described as a function of θ, θ̇ and U2 with treating all the other components as

uncertainty, dθ and de�ning the constants, 5 .

ϕ̈ = c6θ + c7θ̇ + c8U2 + dθ (4.17)

Simpli�ed decoupled pitch state equation written in equ. 4.18 using, (x3 = θ, x4 = θ̇).

ẋ3 = x4, ẋ4 = c6θ + c7θ̇ + c8U2 + dθ = c6x3 + c7x4 + c8U2 + dθ (4.18)

5dΘ = q(cϕ − 1)− rsϕ, c6 = 1
2Jy

ρV 2
a CSCyα , c7 = 1

4Jy
ρVaC

2SCyq , c8 = 1
2Jy

ρV 2
a CSCyγe

dθ =
1

2Jy
ρV 2

a CS(Cy0 − Cyαϵ− Cyq
C
2Va

dΘ) +
pr
Jy
(Jz − Jx) +

Jxz

Jy
(r2 − p2) + ḋΘ
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Let c6x3, c7x4 and c8 be known nonlinear functions, x3 ∈ Rn, x4 ∈ R, U2 ∈ R and dθ

unknown interference (until computed from the model) with magnitude |dθ| ≤ Dθ, and

c8 > 0 . De�ning the desired pitch angle with θd, systematic error by (e = θ − θd) and

(z3 = e, z4 = ė), the error dynamics;

ż3 = z4

ż4 = θ̈ − θ̈d

(4.19)

Using equ. 4.18 and 4.19, the sliding variable ξΘ and surface de�ned as ξΘ = z3. Apply

the reaching law of SMC design at the sliding manifold to �nd Uswitching.

ξ̇Θ = ż3 = z4

ξ̈Θ = ż4 = θ̈ − θ̈d = c6x3 + c7x4 + c8U2 + dθ − θ̈d

(4.20)

The discontinuous controller Uswitching = −k3sgn(ξΘ) − k4sgn(ξ̇Θ) is developed using

Lyapunove function VξΘ =
ξ2Θ+ξ̇2Θ

2
.

V̇ξΘ = ξΘξ̇Θ + ξ̇Θξ̈Θ = z3z4 + z4(c6x3 + c7x4 + c8(−k3sgn(ξΘ)− k4sgn(ξ̇Θ)) + dθ − θ̈d)

= z3z4 − k3c8z4sgn(ξΘ) + (−k4c8sgn(ξ̇Θ) + c6x3 + c7x4 + dθ − θ̈d)z4

= z3z4 − k3c8|z3|+ (−k4c8|z4|+ (c6x3 + c7x4 + dθ − θ̈d)z4)

(4.21)

For asymptotic stability, to make V̇ξΘ negative de�nite the design parameters must satisfy

the conditions, k4 > |(c6x3 + c7x4 + dθ − θ̈d)z4)| > 0 and k3 > k4 + |z3z4|, provided that

c8 is positive. The equivalent controller Uequivalent from ξ̈Θ = 0 for θ became:

Uequivalent =
1

c8
(θ̈d − c6x3 − c7x4 − dθ) (4.22)

The complete twisting-SMC for pitch will be;

U2 = Uswitching + Uequivalent = −k3sgn(ξΘ)− k4sgn(ξ̇Θ) +
1

c8
(θ̈d − c6x3 − c7x4 − dθ)

(4.23)
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4.3.3 Twisting SMC Design for Yaw Angle

Starting from equ. 4.24 decoupled state equation is developed using ψ and U3.

ψ̇ = qsϕSθ + rcϕSθ (4.24)

To remove the e�ect of coupling from roll and pitch angles let's rearrange the above equa-

tion with the possibility of canceling as disturbance through small angle approximation.

ψ̇ = r + r(cϕSθ − 1) + qsϕSθ = r + dΨ (4.25)

Di�erentiating equ. 4.25 w.r.t time the 2nd order di�erential equation for ψ becomes;

ψ̈ = ṙ + ḋΨ = J0(
Jxz
2
ρV 2

a SBCx − JxzKMk
2
ΩU

2
4 ) + J0(

Jx
2
ρV 2

a SBCz)

+ J0pq(J
2
xz + J2

x − JxJy) + J0qrJxz(Jy − Jx − Jz) + ḋΨ

=
J0
2
ρV 2

a SB(JxzCx + JxCz) + J0pq(J
2
xz + J2

x − JxJy)

+ J0qrJxz(Jy − Jx − Jz)− J0KMk
2
ΩU

2
4 + ḋΨ

=
J0
2
ρV 2

a SB(c9 + c10ψ̇ + c11U3) + J0pq(J
2
xz + J2

x − JxJy)

+ J0qrJxz(Jy − Jx − Jz)− J0KMk
2
ΩU

2
4 + ḋΨ

(4.26)

For decoupled control of ψ through U3 the variables Cx and Cz have to-be explicitly

included in ψ̈ as in equ. 4.26. So ψ̈ can be described as a function of ψ̇ and U3 with

treating all the other components by uncertainty dψ where the constants de�ned in 6 .

ψ̇ = c12ψ̇ + c13U3 + dψ (4.27)

De�ning states (x5 = ψ, x6 = ψ̇), the decoupled yaw state equation is expressed as;

ẋ5 = x6, ẋ6 = c12x6 + c13U3 + dψ (4.28)

6The constant symbols used in yaw control are de�ned as;
c9 = Jxz(Cx0 +Cxβ

β+Cxp

B
2Va

p−Cxr

B
2Va

dΨ+Cxγa
U1)+Jx(Cz0 +Czββ+Czp

B
2Va

p−Czr
B
2Va

dΨ+CzγaU1)

dΨ = r(cϕSθ − 1) + qsϕSθ, c10 = (JxzCxr

B
2Va

+ JxCzr
B
2Va

), c11 = (JxzCxγr
+ JxCzγr ), c12 = J0

2 ρV 2
a SBc10

c13 = J0
2 ρV 2

a SBc11, dψ = J0
2 ρV 2

a SBc9−J0KMk2ΩU
2
4 +J0pq(J

2
xz+J2

x−JxJy)+J0qrJxz(Jy−Jx−Jz)+ ḋΨ
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Let c12x6 and c13 be known nonlinear functions, x5 ∈ Rn, x6 ∈ R, U3 ∈ R and dψ unknown

interference (until computed from the model) with magnitude |dψ| ≤ Dψ, c13 > 0 . For

trajectory tracking let's transform equ. 4.28 into error dynamic state space form, by

de�ning the desired yaw angle as ψd, systematic error by (e = ψ − ψd) and (z5 = e,

z6 = ė).

ż5 = z6, ż6 = ψ̈ − ψ̈d (4.29)

Using the equ. 4.28, and 4.29, the sliding variable ξΨ and surface for SMC de�ned as:

ξΨ = z5 (4.30)

Apply the reaching law of SMC design at the sliding manifold to �nd Uswitching.

ξ̇Ψ = ż5 = z6

ξ̈Ψ = ż6 = ψ̈ − ψ̈d = c12ψ̇ + c13U3 + dψ − ψ̈d = c12x6 + c13U3 + dψ − ψ̈d

(4.31)

Uswitching = −k5sgn(ξΨ)− k6sgn(ξ̇Ψ) is designed to make VξΨ =
ξ2Ψ+ξ̇2Ψ

2
negative de�nite.

V̇ξΨ = ξΨξ̇Ψ + ξ̇Ψξ̈Ψ = z5z6 + z6(c12x6 + c13(−k5sgn(ξΨ)− k6sgn(ξ̇Ψ)) + dψ − ψ̈d)

= z5z6 − k5c13z6sgn(z5) + (−k6c13z6sgn(z6) + c12z6x6 + z6dψ − z6ψ̈d)

= z5z6 − k5c13|z5|+ (−k6c13|z6|+ (c12x6 + dψ − ψ̈d)z6)

(4.32)

For asymptotic stability k6 > |(c12x6 + dψ − ψ̈d)z6| > 0 and k5 > k6 + |z5z6| must be

satis�ed, provided that c13 is positive. Then the equivalent controller for ψ is solved from

the equation ξ̈Ψ = 0.

Uequivalent =
1

c13
(ψ̈d − c12x6 − dψ) (4.33)

The complete twisting-SMC for yaw is given by;

U3 = Uswitching + Uequivalent = −k5sgn(ξΨ)− k6sgn(ξ̇Ψ) +
1

c13
(ψ̈d − c12x6 − dψ) (4.34)
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4.4 Airspeed Controller Design

The airspeed is given by equ. 3.42 in the BF. The desire is designing airspeed con-

troller which operates in such a way that velocities other than the x-axis are treated as

disturbances, because it's in the longitudinal model. Owing this, Va can be modelled as;

Va = Vax + dA = u− uw + dA (4.35)

The time derivative of equ. 4.35 is given by;

V̇a = u̇− u̇w + ḋA (4.36)

This can be proved that for small angle approximation about de�ection angle and side

slip we can have reduced equations for real V̇a = V̇axcαcβ + V̇aysβ + V̇azsαcβ. Further

simpli�ed using the constants de�ned in 7 as below.

V̇a =
1

2m
ρV 2

a S(Clsα − Cdcα) +
1

2m
ρSPCP (k

2
mU

2
4 − V 2

a )− gsθ + rv − qw − u̇w + ḋA

V̈a = c14VaV̇a + c15V̇a + c16U4U̇4 + dVa
(4.37)

Now it's time to �nd the second order di�erential equation for Va, Where the total

uncertainty in equ. 4.38 is de�ned by dV .

V̈a = c14Va + c15V̇a + c16U4 + dV (4.38)

De�ning the states by (x7 = Va, x8 = V̇a), decoupled airspeed state equation expressed

in simpli�ed form given by equ. 4.39.

ẋ7 = x8

ẋ8 = c14x7 + c15x8 + c16U4 + dV

(4.39)

7c14 = 1
2mρV 2

a S[(Cl0sα − Cd0cα) + (Clαsα − Cdαcα)α+ (Clγe sα − Cdγe cα)U2]− 1
2mρSPCP

c15 = 1
4mρSC(Clqsα − Cdqcα)q, c16 = 1

mρSPCP k
2
m

dA = V̇aysβ + V̇azsαcβ , dVa
= d

dt (−gsθ + rv − qw − u̇w + ḋA), dV = dVa
+ c14Va(V̇a − 1) + c16U4(U̇4 − 1)
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Let c14x7, c15x8, and c16 be known nonlinear functions, x7 ∈ Rn, x8 ∈ R, U4 ∈ R and

dV unknown interference (until computed from the model) with magnitude |dV | ≤ DV ,

c16 > 0 . De�ning the desired airspeed with Vd, systematic error by (e = Va − Vd) and

(z7 = e, z8 = ė), the error dynamics in state space will be;

ż7 = z8, ż8 = c14x7 + c15x8 + c16U4 + dV − V̈d (4.40)

4.4.1 Twisting SMC to Airspeed

Using the state-space models from equ. 4.39 and 4.40, the sliding variable ξA and surface

for SMC de�ned as ξA = z7.

Now apply the reaching law of SMC design at the sliding manifold to �nd Uswitching.

ξ̇A = ż7 = z8

ξ̈A = ż8 = c14x7 + c15x8 + c16U4 + dV − V̈d

(4.41)

The discontinuous controller Uswitching = −k7sgn(ξA)−k8sgn(ξ̇A) is selected to make the

Lyapunove function VξA =
ξ2A+ξ̇2A

2
asymptotically stable.

V̇ξA = ξAξ̇A + ξ̇Aξ̈A = z7z8 + z8(c14x7 + c15x8 + c16U4 + dV − V̈d)

= z7z8 − k7c16z8sgn(z7) + (−k8c16z8sgn(z8) + z8(c14x7 + c15x8 + dV − V̈d))

= z7z8 − k7c16|z7|+ (−k8c16|z8|+ z8(c14x7 + c15x8 + dV − V̈d))

(4.42)

For asymptotic stability k8 > |z8(c14x7 + c15x8 + dV − V̈d)| > 0 and k7 > k8 + |z7z8| must

be satis�ed, provided that c16 is positive. The equivalent controller solved from ξ̈A = 0

and complete twisting-SMC, U4 for airspeed written in equ. 4.43, and 4.44 respectively.

Uequivalent =
1

c16
(V̈d − c14x7 − c15x8 − dV ) (4.43)

U4 = Uswitching + Uequivalent = −k7sgn(ξA)− k8sgn(ξ̇A) +
1

c16
(V̈d − c14x7 − c15x8 − dV )

(4.44)
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4.5 Inertial Position Controller Design

The translational accelerations for the state vector derived from Newton second law of

motion in IF can be computed as in the equ. 4.45 below, using the equ. 3.17.

m ∗ (ẍ, ÿ, z̈)T = F I
g + F I

a + F I
p

m ∗ (ẍ, ÿ, z̈)T = (0, 0,mg)T +RI
B ⊛ FB

a +RI
B ⊛ fBpx

(4.45)

On simpli�cation with aerodynamic force components considered as uncertainty, the

acceleration model in state space given by 4.46, where notations are de�ned in 8.

ẍ = cθcψ
fpx
m

+ dx

ÿ = cθsψ
fpx
m

+ dy

z̈ = −sθ
fpx
m

+ g + dz

(4.46)

Virtual acceleration control is developed and used as outer-loop because the FW-UAV

is under actuated system, it isn't possible to control all of the seven DOF directly. The

inner loop directly controls states ϕ, θ, ψ, and Va. Virtual controller outputs Ux, Uy, and

Uz are used to determine the desired attitude angles. De�ning (x9 = x, x10 = ẋ, x11 = y,

x12 = ẏ, x13 = z, x14 = ż, Ux = cθcψ
fpx
m
, Uy = cθsψ

fpx
m
, Uz = −sθ fpxm ), equ. 4.46 rewritten

as in equ. 4.47.

ẋ10 = Ux + dx

ẋ12 = Uy + dy

ẋ14 = Uz + g + dz

(4.47)

De�ning the desired positions with (xd, yd, zd) then systematic error dynamics in state

space become (z9 = x − xd, z10 = ẋ − ẋd, z11 = y − yd, z12 = ẏ − ẏd, z13 = z − zd,

z14 = ż − żd). To design twisting SMC for virtual control let's de�ne the sliding surfaces

for x, y, and z in respective sequences as ξx = z9, ξy = z11, and ξz = z13. Apply the

8fpx = 1
2ρSPCP (k

2
mδ2t − V 2

a ), F
B
a = (Fax , Fay , Faz )

T , Fax = 1
2ρV

2
a S(Clsα − Cdcα), Fay =

1
2ρV

2
a SCY , Faz = − 1

2ρV
2
a S(Clcα + Cdsα), dx = 1

m (cθcψFax + (sϕsθcψ − sϕsψ)Fay + (cϕsθcψ +
sϕsψ)Faz ), dy = 1

m (cθsψFax + (sϕsθsψ + cϕcψ)Fay + (cϕsθsψ − sϕcψ)Faz ), dz = 1
m (−sθFax + sϕcθFay +

cϕcθFaz )
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reaching law at the respective sliding manifold to �nd Ux, Uy, and Uz.

ξ̇x = z10 = ẋ− ẋd, ξ̈x = ż10 = ẍ− ẍd = Ux + dx − ẍd

ξ̇y = z12 = ẏ − ẏd, ξ̈y = ż12 = ÿ − ÿd = Uy + dy − ÿd

ξ̇z = z14 = ż − żd, ξ̈z = ż14 = z̈ − z̈d = Uz + g + dz − z̈d

(4.48)

The equivalent controller for x from ξ̈x = 0 becomes Uequivalent = ẍd − dx. Where as the

total twisting SMC for x can be combined as in equ. 4.49.

Ux = −k9sgn(ξx)− k10sgn(ξ̇x) + ẍd − dx (4.49)

With similar approaches the y and z position virtual controllers become;

Uy = −k11sgn(ξy)− k12sgn(ξ̇y) + ÿd − dy

Uz = −k13sgn(ξz)− k14sgn(ξ̇z) + z̈d − g − dz

(4.50)

From the virtual controllers we derive the desired Euler angles to achieve this algorithms.

Solving for fpx
m

from equ. 4.46 results;

fpx
m

=
Ux
cψcθ

=
Uy
sψcθ

= −Uz
sθ

(4.51)

Taking the middle two equations of 4.51 solve for desired yaw angle, ψd.

ψd = tan−1(
Uy
Ux

) (4.52)

From the last two equations of 4.51 solve for desired pitch angle, θd.

θd = tan−1(−cψd

Uz
Ux

) = tan−1(−sψd

Uz
Uy

) (4.53)

The propeller force is projected on IF along x, y, and z-axis as in equ. 4.46, so its BF

component along the main �ight axis (x-axis) is given by equ. 4.54.

fpx = m
√
U2
x + U2

y + U2
z

(4.54)
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Using the sliding surfaces and their derivatives from equ. 4.48 and the Lyapunove func-

tions Vξx = ξ2x+ξ̇
2
x

2
, Vξy =

ξ2y+ξ̇
2
y

2
and Vξz =

ξ2z+ξ̇
2
z

2
for x, y, and z respectively, the stability of

virtual controllers veri�ed as follows.

V̇ξx = ξxξ̇x + ξ̇xξ̈x = z9z10 + z10(Ux + dx − ẍd)

= z9z10 + z10(−k9sgn(ξx)− k10sgn(ξ̇x) + dx − ẍd)

= z9z10 − k9z10sgn(z9)− k10z10sgn(z10) + z10(dx − ẍd)

= z9z10 − k9|z9|+ (−k10|z10|+ z10(dx − ẍd)

(4.55)

V̇ξy = ξy ξ̇y + ξ̇y ξ̈y = z11z12 + z12(Uy + dy − ÿd)

= z11z12 + z12(−k11sgn(ξy)− k12sgn(ξ̇y) + dy − ÿd)

= z11z12 − k11z12sgn(z11)− k12z12sgn(z12) + z12(dy − ÿd)

= z11z12 − k11|z11|+ (−k12|z12|+ z12(dy − ÿd)

(4.56)

V̇ξz = ξz ξ̇z + ξ̇z ξ̈z = z13z14 + z14(Uz + g + dz − z̈d)

= z13z14 + z14(−k13sgn(ξz)− k14sgn(ξ̇z) + g + dz − z̈d)

= z13z14 − k13z14sgn(z13)− k14z14sgn(z14) + z14(g + dz − z̈d)

= z13z14 − k13|z13|+ (−k14|z14|+ z14(g + dz − z̈d)

(4.57)

For asymptotic stability k10 > |(dx − ẍd)| > 0, k9 > k10 + |z9z10|, k12 > |(dy − ÿd)| > 0,

k11 > k12 + |z11z12|, k14 > |(g + dz − z̈d)| > 0, and k13 > k14 + |z13z14| must be satis�ed,

provided that the error dynamics has small positive values for x, y and z states.

4.6 Optimization Algorithms

Optimization algorithms are methods used to �nd the input parameters to some de�ned

cost function which result the best value satisfying prescribed tolerance or precondition to

the cost. There are di�erent varieties of algorithms such as simulated annealing, genetic

algorithm, particle swarm, deep learning, branch bound, and evolutionary algorithms.

They are used in many areas of study to �nd solutions that maximize or minimize study

parameters (input resources).
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4.6.1 Particle Swarm Optimization (PSO)

In this thesis particle swarm optimization (PSO) is applied for parameter tuning of

discontinuous controller gains of twisting SMC and normalizing gains of fuzzy switching.

It's selected due to it's faster speed, cheaper way, and simplicity, [29]. PSO is a population

based stochastic approach, [5] and doesn't guarantee global convergence, but achieved

by increasing the number of iterations, [29]. It's in�uenced by the following parameters.

� Swarm size is the number of particles in the population. An increased number

of particles enable increased area of search space to be covered but increases also

computational complexity. In literatures 10 to 30 particles are recommended.

� Neighborhood size de�nes the extent of social interaction within the swarm. It's

recommended that starting the search with smaller size and increase proportionally

with the number of iterations. This is because the smaller the neighborhoods, the

less interaction occurs and more reliable convergence to optimal solutions.

� Inertia weight determines the contribution rate of a particle's previous velocity to

its present time step velocity.

� Dimension of the search space is determined and compatible to the number of

parameters that are needed to-be optimized in the objective function.

� Number of iterations are problem dependent parameters. Too few iterations may

terminate the search prematurely. Where as too large number of iterations may

add computational complexity, so it's selected in accordance with the problem size.

� Acceleration coe�cients control the stochastic in�uence of the cognitive (c1) and

social learning (c2) components on the overall velocity equation of each particle.

(c1) express a particle's con�dence in itself and (c2) with it's neighbors.

The current position of each particle is used to calculate the �tness value at that location.

Each particle has three parameters, namely, position x, velocity v and the previous best

positions p. In addition, the position of a particle that has the best �tness value is called

global best position denoted with G.
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During the searching process, the current positions of all particles are evaluated using

the �tness function. The �tness value of each particle is then compared with the current

position and the best position is stored in the previous best positions p(i). The converging

rate to the optimal solution is highly constrained with the velocity of the particles. So,

mostly the velocity is limited within ranges of maximum and minimum values but in this

thesis it's initially generated randomly.

The position and velocity of all particles are changed iteratively until it reaches a

prede�ned stopping criterion, [3] which is the number of iterations in this thesis. The

new positions of all particles are then calculated by adding the velocity and the current

position of that particle as in equ. 4.58, where 9.

x(t+1) = x(t) + v(t+1)

v(t+1) = wv(t) + c1r1(p(t) − x(t)) + c2r2(G− x(t))
(4.58)

4.6.2 Cost Function used in PSO

In this thesis the main concern is how the desired trajectories are followed by the actual

trajectories in FW-UAV �ight control. So the cost function was designed to take error

dynamics as an argument. Control Engineers found di�erent sets of performance indexes

which rely on the error dynamics in trajectory tracking, [9]; integral squared error, inte-

gral time squared error, integral absolute error and integral time absolute error (ITAE).

ITAE penalize large initial error lightly and error occurring after heavily (penalize long

settling time and error), which results small overshoot and minimum damped oscillations

in control system design, [9]. In this thesis the overall sum of ITAE block was developed

for all controlled state variables and used as the objective function. For each controlled

state ITAE is de�ned by equ. 4.59, where 10.

ITAE =

∫ tf

t0

||e||tdt (4.59)

9x(t+1) - new position of each particle, x(t) - present position of each particle, v(t+1) - new velocity
of each particle, w - inertia weight, c1 - cognition learning factor, c2 - social learning factor, r1, r2 -
uniformly generated random numbers and G - the best solution of the ith particle.

10||e∥ - tracking error magnitude, t0 - initial simulation time, tf - �nal simulation time, and t - integral
time
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Chapter 5

Trajectory Generation, Simulation

Results and Analysis

5.1 Trajectory Generation

Numerous approaches to trajectory tracking discussed in the literatures. Trajectory is

developed using dynamic nonlinear state space model of a FW-UAV. The speci�c �ight

dynamics model of FW-UAV is taken for trajectory tracking.

FW-UAVs pass through di�erent trajectories to complete the desired �ight. In long

distance �ights the UAVs need to attain the minimum altitude before level �ight to

generate lift and avoid possible obstacles (buildings, mountains, birds and etc) collision.

So helical, bow-tie [33], elliptical and circular trajectories are some of the paths which

are helpful for �ight tests at the beginning of any FW-UAV �ight control.

However, there is a constraint for FW-UAVs to track these trajectories called turning

radius about the curvature. The tangential and centripetal forces of lift and weight must

be balanced respectively to move around the curvature, [32]. The centripetal force acts

on a FW-UAV moving in a curvature and directed towards the center of the circular

path, and it's balance with the lift force is given by equ. 5.1.

flift ∗ sin(ϕmax) = m
v2

rmin
(5.1)
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The tangential force acts on a �ying FW-UAV in the tangential direction to the curved

path, and the tangential lift and weight balance given by equ. 5.2.

flift ∗ cos(ϕmax) = mg (5.2)

The minimum turning radius solved from combining the above two equations, expressed

by equ. 5.3 and depends on the maximum roll angle and speed of the UAV,[32], 1.

rmin =
v2

g ∗ tan(ϕmax)
(5.3)

The other condition in helical, bow-tie, and circular trajectories to be considered

is the frequency of the desired sinusoidal trajectory. This depends on the number of

circular trajectories to be completed within a given time frame. In this thesis the UAV

is set to complete 60 cycles of circular paths within an hour. So the frequency of the

sinusoidal signal is calculated by dividing number of cycles completed with time needed,

equ. 5.4. Therefore the helical and bow-tie trajectories frequency is set to 0.017 Hertz,

in the subsequent numerical simulations.

f =
60

3600
cycle/sec =

1

60
cycle/sec (5.4)

After completing the helical trajectories and reached on the required altitude for

level �ight, the FW-UAVs need the second phase of trajectory generation called level

�ight. This is developed with techniques of polynomial trajectory planning for real data

way-points taken as the GPS information in section 5.1.1 and 5.1.2.

5.1.1 Way-Point Trajectory Generation

Paths can be generated from way-points through di�erent path planning algorithms. But

most paths have sharp corner turns and edges which are di�cult to be followed by any

stable dynamic system. The sharp corners need to be accessible possibly by the FW-UAV

1Where: flift - lift force, ϕmax - maximum roll angle, m - mass, v - speed, rmin - minimum turning
radius, g - acceleration due to gravity.
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naturally. The way-points need feasibility to be kinematically reachable by the plant, so

they must be taken at intervals of the minimum turning radius. In-order to tackle the

problem of sharp corners di�erent curve �tting methods of polynomial approximation are

recommended in MATLAB environment.

Way-point data are samples of discrete values along a continuum. However, estimates

of points between these discrete values is required. One way to do this is to formulate

a function to �t these values approximately. This application is called curve �tting and

performed with di�erent approaches. The �rst is to derive a single curve that represents

the general trend of the data, not necessarily pass through the points and known mostly

as least-squares regression. The second approach is interpolation which is to �t a single

curve or a series of curves that pass directly through each of the way-points. There

are di�erent polynomial spline methods available on MATLAB; linear, quadratic, cubic,

B-splines, and minimum snap polynomial.

In this thesis the minimum snap polynomial trajectory is used in MATLAB to gener-

ate trajectories that pass through the way-points at respective speci�ed time points, [7].

The desired trajectory is �xed to ninth order piece-wise polynomial, and the coe�cients

are extracted by solving the quadratic programming (QP) based optimization.

The trajectory designed to minimize the QP cost function, given by equ. 5.5, 2.

The necessary condition of optimality is that the tenth order derivative is zero. As it

can be seen from the state space model in equ. 3.43, the fourth derivative of inertial

positions is explicitly a function of all control commands, [19]. Therefore, reducing the

snap (x(4), y(4), z(4)) results that optimum control e�ort can be achieved.

p∗(t) = argmin

∫ tf

t0

||p(4)||2dt (5.5)

The QP can either be constrained or unconstrained depending on the nature of way-

points. Constrained QP requires the derivatives of the trajectory at each endpoint and

mostly applied for low degree polynomial and small number of way-points. It's applica-

tion in higher order results ill-conditioned system and numerical un-stability. However

2p∗(t) - optimal polynomial, argmin - stand for minimizing argument, ||p(4)|| - 4th order derivative
magnitude, t0 - initial time and tf - �nal time
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the unconstrained form is optimization of free endpoint derivatives instead of polynomial

coe�cients. This is recommended that it solves the problems of constrained optimization.

The second case to-be considered in this optimal trajectory generation is the time

allocated at each segment. Small time leads system saturation and large time results the

UAV to move slowly, which makes practically ine�cient. To overcome this problem the

time allocated at each segment was calculated by considering desired navigation speed

along the main �ight direction.

5.1.2 Real Data-Point Trajectory Generation

Real geographical inertial positions (x, y, z) are extracted from GPS sensors in guidance

and navigation of FW-UAVs. The need for real GPS data of border paths comes because

the FW-UAV modelled in this thesis is featured to be applicable for border patrolling.

However, Ethiopia have no clear geographical boundary lines with neighboring countries,

rather there is areal boundary, which makes us take way-points within the country for

simulation data preparation. Real GPS data are taken from google map using �Google

Earth Pro�, which is used from early 2015 till now. The tool used for viewing lots of

information geographically such as routes from one place to the other, [26]. In this thesis

place-marks (points of interest) are created and analysed for �Ayat to Torhyloch�, and

�Kality to Piazza�, railway roads in Addis Ababa, Ethiopia.

Path created using �add path�, feature of �Google Earth Pro�, at speci�ed interest

points on the way to the desired routes. The direction tool is used to quickly and

e�ciently navigate from �Ayat to Torhyloch�, and �Kality to Piazza�, to create a �ying

route for the aircraft. The routes are created on the map through connecting all the

place-marks along the paths of each route starting from their respective starting point

to their corresponding destinations, explained with �g. 5.1 and 5.2.

The way points are taken randomly on the way manually for all routes. After creating

the route there are di�erent forms to save the required data like �.gpx�, and �.kml�, but

for simplicity it's saved as �.kml�, data for the respective paths. The �.kml�, data is

geodetic coordinate information in earth-centered-earth-�xed (ECEF) RF of each route

with latitude and longitude in degrees, altitude in meters and the path-way creation time.
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However, for FW-UAV trajectory control and guidance the inertial positions must be

provided with Cartesian coordinates of (x, y, z) expressed with respect to NED frame

to be applicable in MATLAB Simulink. So, �rst the geodetic latitudes and longitudes

converted to (x, y, z) in ECEF frame and then the positions (x, y, z) transformed from

ECEF to the NED frame using MATLAB.

Discrete data forms of positions (x, y, z) in units of meter is found in NED frame.

From this data, way-points are taken and paths developed along x, y, and z positions

with the help of minimum snap polynomial trajectory. Way-points in tables D.1, D.2

developed with their respective time of arrival using a navigation airspeed of 30m/s.

Figure 5.1: GPS Data Extraction for Railway Routes

GPS Data

Google Earth Pro (x, y, z) in Polynomials

(x, y, z) in ECEF Frame (x, y, z) in NED Frame

Lat/Lon in ECEF Frame Way-Points

Minimum Snap Polynomial

MATLAB

MATLAB

MATLAB
MATLAB

MATLAB

MATLAB

Figure 5.2: Steps in Way-Point Trajectory Generation
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5.2 Simulation Results and Analysis

The complete mathematical model of the �xed wing unmanned aerial vehicle is developed

in MATLAB Simulink. The desired states of interest to be controlled (x, y, z, ϕ, θ, ψ, Va)

were decoupled and developed in state space. This state space model was used for twisting

SMC design and then the controllers performance was evaluated on the overall coupled

12-state mathematical model.

The plant model parameters were adopted from literature survey, [4] for a typical

Aerosonde aircraft, presented in tables A.1, A.2, and A.3. The plant was selected due

to it's small size, long-endurance in extended missions and well-behaved open-loop dy-

namics, [4]. The plant has high endurance of �ying for about 30 hours and over 150

kilometers within radio frequency communication system. It has the ability to-be used

for patrolling border areas. This UAV has the capability to �y beyond 200 kilometers

but needs other communication system for control.

The performance of designed controllers veri�ed and validated for di�erent trajec-

tories with and without disturbance and uncertainty, with bounded magnitude input

disturbances, parameter variation, matched uncertainties. And �nally �rst order trans-

fer function modeled actuator dynamics was included on the plant, to see the resilience of

controllers response. Signals labelled as underscore `d' are the desired signals, for respec-

tive state variables which are going to-be tracked by the actual state variables. The rest

are signals which are found from sensor measurements, feedback or though performing

algebraic operations from measuring devices.

In this thesis the FW-UAV is required to �y within a range of 15 m/s to 30 m/s speed.

The maximum bank angle is also taken as 1.255 rad for turning radius calculations. The

minimum turning radius for 15 m/s �ight results 7.494 m whereas 30 m/s �ight speed

gives 30 m turn. So the amplitude of sinusoidal signals must be minimum of 7.494 m.

Taking these preconditions, di�erent �ight paths are developed. The minimum amplitude

of the sinusoidal trajectories taken to-be greater than the minimum turning radius as

preference in the following simulations.
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5.2.1 Helical Trajectory Tracking Simulation Results
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(a) Inertial position tracking

(b) 3D plot of inertial position

Figure 5.3: Helical Trajectory Tracking

In the absence of external disturbances

and matched uncertainty, the perfor-

mance of controllers were tested and re-

sults presented in �g. 5.3, 5.4, and 5.5.

The desired guidance trajectories were

set as xd=10cos(2πft), yd=10sin(2πft),

zd=(−0.0001t3 + 0.463t2)10−3, Vd=15

m/s, and ϕd=0.25 rad, ∀t≤3600, where

zd was developed by cubic polynomial.

The initial states (x0, y0, z0, ϕ0, θ0, ψ0, V0)

were (7,0,0,0.1,0,0,10) respectively.

The switching and normalizing con-

troller gains were found from PSO and

presented with tables 5.3, and 5.2. The

ITAE table is also looked-up with table 5.1.
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(b) Pitch tracking
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(c) Yaw tracking
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Figure 5.4: Attitude and Airspeed Tracking for Helical Trajectory
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Figure 5.5: Control Signals and Force of Propeller for Helical Trajectory Tracking

Table 5.1: ITAE Performance Index for Helical Trajectory Control Against 20% In-
creased Parameter Variation (PV), Matched Uncertainty (MU), Input Disturbance (ID),
and Actuator Dynamics (AC)

ITAE Item ϕ θ ψ x y z Va Total

Nominal 0.08197 1910 3945 54.81 53.94 49.62 555 6569

PV 0.08149 2029 4196 54.81 53.94 49.62 555.6 6939

MU 0.08197 1910 3945 54.81 53.94 49.62 566.9 6581

ID 4.202 2096 3970 54.81 53.94 49.62 553 6782

AC 0.08175 1948 4046 54.81 53.94 49.62 553.2 6706

Table 5.2: Normalizing Gains for Helical Trajectory Obtained Through PSO

Gain: n1 n2 n3 n4 n5 n6 n7 n8

Values: 0.77 0.1221 0.77 0.221 0.793 0.23 0.0812 0.00751
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Table 5.3: Switching Gains for Helical Trajectory Obtained Through PSO

Gain: k1 k2 k3 k4 k5 k6 k7

Values: 4 3 -0.3927 -0.3927 0.3927 0.3604 25

Gain: k8 k9 k10 k11 k12 k13 k14

Values: 24 23 20 23 20 5 3.8628

5.2.1.1 Helical Trajectory with Parameter Variation

The performance of designed controllers evaluated against 20% parameter variations of

mass and inertia. All the initial conditions and desired trajectories are kept with the

same as in section 5.2.1. The ITAE sum of all controlled states increased from 6569 to

6939 which is 5.6325% from the nominal value within 180 seconds, it can be seen and

compared from table 5.1.
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(a) Inertial position tracking
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Figure 5.6: Helical Trajectory Tracking with 20% Increased Mass and Inertia
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5.2.1.2 Helical Trajectory with Matched Uncertainty

The e�ect of attitude uncertainties dϕ, dθ and dψ de�ned in chapter 4 analysed in the

absence of external input and wind disturbances. The total ITAE increased by 0.1827%

from the nominal value within 180 seconds, see table 5.1.
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Figure 5.7: Helical Trajectory Tracking with Matched Uncertainty

5.2.1.3 Helical Trajectory with Input Disturbance

In this section the controllers performance was evaluated against input and wind dis-

turbances of known magnitude. It's considered that input disturbances were evolved

into the system algebraically as additive form of U = Unominal + dU , with control signals

(U1, U2, U3) due to actuator imperfections. So the e�ect of input disturbances of attitude

control having a magnitude of 20% the nominal de�ection angle of 1 rad have been ver-

i�ed. These were dU1=0.2sin(0.001t), dU2=0.2sin(0.001t), and dU3=0.2sin(0.001t) along

U1, U2, and U3 respectively.

Wind is the main source of disturbance in UAVs, [33] and it's e�ect incorporated into

the model as seen in section 3.5.3.7. The wind components taken from [33] in which they
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have been estimated in the kinematic analysis during their path-following developments.

These were uw=2sin(0.1t), vw=2sin(0.1t) and ww=0.5sin(0.1t) + 1. The ITAE increased

from 6569 to 6782 which is 3.2425%, see table 5.1.

0 20 40 60 80 100 120 140 160 180

Time (seconds)

-10

-5

0

5

10

15

In
er

ti
a

l 
P

o
si

ti
o

n
 (

m
et

er
)

x
d

x

y
d

y

z
d

z

(a) Position tracking

0 20 40 60 80 100 120 140 160 180

Time (seconds)

-1.5

-1

-0.5

0

0.5

1

1.5

A
tt

it
u

d
e
 (

r
a

d
)

d

d

d

(b) Attitude tracking

(c) Airspeed tracking

Figure 5.8: Helical Trajectory Tracking with Input Disturbances
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Figure 5.9: Control Commands for Helical Trajectory with Input Disturbances
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5.2.1.4 Helical Trajectory Tracking with Actuator Dynamics

In FW-UAV control the surface de�ections (U1, U2, U3) and propeller command (U4) of en-

gines are limited to their maximum allowable practical ranges. These control commands

are generated by the controllers designed earlier and they are given to the actuators as

input. So the performance of the actuators is the main determining factor in generating

the maximum allowable energy by motors. And then the output of the actuators given

to the actual FW-UAV model for driving it in the desired conditions.

The actuators for motors in FW-UAV are mostly modelled with �rst order transfer

functions, G(s) as in equ. 5.6, [10]. The dynamic response of the plant, FW-UAV is

very slow compared to the response speed of actuators, and motors. It's assumed that

actuators have relative time constants with motors, [10] i.e. motors and actuators have

nearly similar time constants. In this simulation all actuator dynamics are considered to

have the same time constants and gain, equ. 5.6. The total ITAE increased from 6569

to 6706 which is 2.0855%, see table 5.1.

G(s) =
O(s)

U(s)
=

1

τs+ 1
(5.6)

Where:

� O(s) = actual control signal given to the states from actuator

� U(s) = control signal given to the actuators from control design

� s = the Laplace domain variable

� τ = 0.0222 second, is the time constant for the actuator dynamics
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(a) Roll tracking (b) Pitch tracking

(c) Yaw tracking (d) Airspeed tracking

Figure 5.10: Helical Trajectory Tracking with Actuator Dynamics
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Figure 5.11: Chattering in Control Signals for Helical Trajectory Tracking
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Figure 5.12: Partially Zoomed-in Views in Helical Trajectory Tracking

Where: ϕ, θ, ψ, and Va in �g. 5.12 are considered as nominal values.

A yaw angle of 1.5708 rad in the attitude simulations presented earlier is an indicator

of the FW-UAV complete rotation around its vertical axis. It's essentially a signifying

result for the turning of the FW-UAV sideways through the x-y plane. It's commonly

known as �knife-edge �ight� and is generally not feasible in FW-UAV control during

normal �ight operations. Rather, it's sometimes used in research and development for

testing and demonstrating the FW-UAV's �ight capabilities and stability.
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5.2.2 Bow-Tie Trajectory Tracking Simulation Results

Bow-Tie trajectory is one of the most challenging paths (benchmark) to-be followed by

UAVs, [33]. This trajectory was studied, [33] for small FW-UAVs in wind disturbed

environment. The controllers performance tested in the absence of uncertainty, and

disturbances and illustrated in the following �gures.

The initial conditions for (x0, y0, z0, ϕ0, θ0, ψ0, V0) were (7, 0, 10, 0.1, 0, 0, 10) in their

respective SI units. The desired trajectories were xd=8cos(2πft), yd=8sin(4πft), and

zd=22+8cos(2πft), ∀t ≥ 0. The desired airspeed and roll angle were also taken as Vd=15

m/s, ϕd=0.25 rad, ∀t ≥ 0 respectively. The switching control gains were tuned with PSO

tuning algorithm and presented in table 5.4 in which the respective ITAE indexes are

also tabulated in table 5.5.

Table 5.4: Switching Gains for BowTie Trajectory Obtained Though PSO

Gain: k1 k2 k3 k4 k5 k6 k7

Values: 4 3.5 -0.3927 -0.3885 0.3927 0.3627 25

Gain: k8 k9 k10 k11 k12 k13 k14

Values: 24 23 20 16 15 25.5 23.8628
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(a) Position tracking (b) 3D plot of positions

Figure 5.13: Inertial Position Tracking with Bow-Tie Trajectory
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Table 5.5: ITAE Performance Index for BowTie Trajectory Control Against 20% In-
creased Parameter Variation (PV), Matched Uncertainty (MU), Input Disturbance (ID),
and Actuator Dynamics (AC)

ITAE Item ϕ θ ψ x y z Va Total

Nominal 0.1123 1898 3991 1.049 0.2418 25.1 2.612 5918

PV 0.1118 2018 4239 1.049 0.2418 25.1 2.781 6286

MU 0.1123 1898 3991 1.049 0.2418 25.1 4.417 5920

ID 7.346 1944 4029 1.049 0.2418 25.1 2.307 6009

AC 0.1121 1935 4090 1.049 0.2418 25.1 2.961 6055
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Figure 5.14: Attitude and Airspeed Tracking with Bow-Tie Trajectory
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Figure 5.15: Control Signals for Bow-Tie Trajactory Tracking

5.2.2.1 BowTie Trajectory with Parameter Variation

Keeping all the conditions as in section 5.2.2 the performance of controllers evaluated

against 20% increased variations of mass and inertia. Total ITAE increased by 6.2183%.
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Figure 5.16: BowTie Trajectory Tracking with Parameter Variation
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5.2.2.2 BowTie Trajectory with Matched Uncertainty

The e�ect of attitude uncertainties (unknown interference until computed from the

model) dϕ, dθ and dψ in bowtie trajectory was analysed and veri�ed. The total ITAE

increases by 0.03379%, table 5.5.
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Figure 5.17: BowTie Trajectory Tracking with Matched Uncertainty

5.2.2.3 BowTie Trajectory with Actuator Dynamics

The actuators dynamic model as in section 5.2.1.4 was used in this trajectory to check

the response of the controller against the �rst order actuator delay. The total ITAE

increased by 2.3149%, see table 5.5.
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Figure 5.18: Attitude and Airspeed Tracking with Actuators in BowTie Trajectory
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5.2.2.4 BowTie Trajectory with Input Disturbance

As in section 5.2.1.3, algebraically additive input disturbances of dU1=0.15sin(0.0001t),

dU2=0.15sin(0.0001t), and dU3=0.15sin(0.0001t) along U1, U2, and U3 respectively and

wind disturbances uw=2sin(0.1t), vw=2sin(0.1t), and ww=0.5sin(0.1t) + 1 were added

on the model for checking disturbance rejection ability in bowtie trajectory. The total

ITAE of all controlled states increased from 5918 to 6009 i.e. 1.5377%, in table 5.5.
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Figure 5.19: BowTie Trajectory Tracking with Input Disturbance
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Figure 5.20: Zoomed-in Views of Position and Airspeed in BowTie Trajectory Tracking
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Figure 5.21: Partially Zoomed-in Views of Attitudes and Attitude Control Inputs in
BowTie Trajectory Tracking

Where: ϕ, θ, ψ, and Va in �g. 5.20 and 5.21 are taken as nominal values.

In the simulations above there are 45◦ and 90◦ turns of pitch (θ) and yaw (ψ) angles

respectively. This is explained with similar scenario as in the last part of section 5.2.1.

These type of kinematics exists indicating the swing of values between positive and

negative angles alternatively. This happens because the FW-UAV is brought to �y about

it's central axis of rotation, side-way �ight. It is evident that there are corner turns on

�gures 5.21b, 5.21c and 5.21d. This is one of the draw-back of Newton-Euler modeling

approach, which can be solved by Quaternion approach modeling.
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5.2.3 Real Data Trajectory Tracking Simulation Results

Applying minimum snap polynomial trajectory on the data presented in section 5.1.2

the following simulation results found. In this scenario the simulation started at t=3600

second, because it's assumed that level �ight starts after the FW-UAV achieved a desired

altitude with helical trajectories. So the conversion of data from lat/lon→ECEF→NED

frame have been performed with reference to the level point at initial way-points.

5.2.3.1 Ayat-Torhyloch Way-Point Trajectory Simulation Results
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Figure 5.22: Ayat-Torhyloch Way-Point
Trajectory Tracking (Ayat Reference Position)

Way-points were extracted starting from

Ayat on the way to Torhyloch along the

railway road. The whole path needs

several �ight minutes to be completed

for simulation purpose only, way-points

which can be accessed within 152.2 sec-

onds were considered, see table D.1.

The desired trajectories of inertial

positions (xd, yd, zd) measured with ref-

erence to Ayat at an altitude of 2 kilo-

meter. Ayat is referred as a coordinate

of (0, 0, 2000), where 2000 indicates alti-

tude in meter. Where as Vd=30 m/s and

ϕd=0.25 rad , ∀t ≥ 3600.

So the initial conditions were prop-

erly selected from helical trajectory out-

puts, considering initial point of real data

points which were from helical trajectory

at t=3600 seconds x0=10cos(120π) m,

y0=10sin(120π) m, z0=2000 m, ϕ0=0.1

rad, θ0=0 rad, ψ0=0 rad and V0=15 m/s.
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Figure 5.23: 3D Plot of Positions in Ayat-Torhyloch Way-Point Trajectory Tracking

Table 5.6: ITAE Performance Index for Ayat-Torhyloch Way-Point Trajectory Control
Against 20% Increased Parameter Variation (PV), Matched Uncertainty (MU), Input
Disturbance (ID), and Actuator Dynamics (AC)

ITAE (104) ϕ θ ψ x y z Va Total

Nominal 0.0048 11.5 31.6 84.3 18.11 0.05 2.424 148

PV 0.0053 12.33 33.82 84.3 18.11 0.005 2.451 151.1

MU 0.0048 11.5 31.6 84.3 18.11 0.05 2.431 148

ID 0.025 11.71 31.76 84.3 18.11 0.05 2.42 148.4

AC 0.0069 11.49 33.75 84.3 18.11 0.05 2.417 150.1

Table 5.7: Normalizing Gains for Ayat-Torhyloch Way-Point Trajectory

Gain: n1 n2 n3 n4 n5 n6 n7 n8

Values: 0.0875 0.1827 0.0860 0.0729 2.983 0.8963 0.0812 0.00751
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Table 5.8: Switching Gains for Ayat-Torhyloch Way-Point Trajectory

Gain: k1 k2 k3 k4 k5 k6 k7

Values: 3 0.4716 -0.7854 -0.5007 0.3927 0.3404 40

Gain: k8 k9 k10 k11 k12 k13 k14

Values: 38 22.195 21.15 25.15 24.14 23.75 22.545
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Figure 5.24: Attitude and Airspeed Tracking for Ayat-Torhyloch Way-Point Trajectory
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Figure 5.25: Chattering in Control Signals for Ayat-Torhyloch Trajectory Tracking
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Figure 5.26: Enlargement Views in Ayat-Torhyloch Way-Point Trajectory Tracking
(Ayat Reference Position and ϕ, θ, ψ, Va are nominal values)

To test the performance of the controllers in Ayat-Torhyloch way-point trajectory

tracking the model was subjected to ↑20% parameter variation, attitude uncertainty,

input disturbances, and actuator dynamics. The total ITAE increased from nominal

value by 2.0946%, 1.456%, 0.2703%, and 1.4189% respectively.

From Ayat-Torhyloch simulation results control system saturation is exhibited as

expected in �g. 5.24b, and 5.24c in the �rst four way-points tracking. This is the result

of small time allocation for each segment of way-points as discussed in section 5.1.1.
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5.2.3.2 Kality-Piazza Simulation Results

The starting reference location is Kality at 2 kilometer altitude with destination Piazza

however, only 9 way-points which can be reached within 132.2634 seconds were consid-

ered, table D.2. All conditions except (xd, yd, zd) were used as in section 5.2.3.1. Kality

was taken as initial location of reference and it's considered that, Kality expressed with

coordinate point of (0, 0, 2000), where 2000 indicates the altitude in units of meter.

Table 5.9: ITAE Performance Index for Kality-Piazza Way-Point Trajectory Control
Against 20% Increased Parameter Variation (PV), Matched Uncertainty (MU), Input
Disturbance (ID), and Actuator Dynamics (AC)

ITAE (104) ϕ θ ψ x y z Va Total

Nominal 0.0048 7.071 18.5 27.02 8.196 0.0433 2.175 63.01

PV 0.0053 7.768 19.75 27.02 8.196 0.0433 2.191 64.97

MU 0.0048 7.071 18.5 27.02 8.196 0.0433 2.175 63.01

ID 0.0022 7.279 18.62 27.02 8.196 0.0433 2.164 63.34

AC 0.0089 7.051 19.46 27.02 8.196 0.0433 2.169 63.94
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Figure 5.27: Kality-Piazza Way-Points Trajectory Tracking (Kality Reference Position)
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Table 5.10: Normalizing Gains Kality-Piazza Way-Point Trajectory

Gain: n1 n2 n3 n4 n5 n6 n7 n8

Values: 0.0875 0.03827 0.0860 0.0729 2.983 0.8963 0.0812 0.00751

Figure 5.28: 3D Plot of Positions in Kality-Piazza Way-Point Trajectory Tracking
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Figure 5.29: Attitude and Airspeed Tracking for Kality-Piazza Way-Point Trajectory
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Figure 5.30: Zoomed-in Views in Kality-Piazza Way-Point Trajectory Tracking (Kality
as Reference Position of (0, 0, 2000))

5.3 Quantitative Analysis and Description About the

Level of Chattering in Control Commands

The level of chattering in SMC can be quanti�ed statistically for di�erent types of control

signals. It can be expressed using root mean square (RMS) value as an index. The RMS

value of a continuous time signal or a set of values is de�ned as the square root of the

arithmetic mean of the squares of the values. It represents the average power of such a

signal over some prede�ned time. So, RMS is directly related to the energy content of
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the chattering or vibration pro�le of a signal. Keeping this in mind the signal with high

value of RMS is expected to have high chattering for the respective signal.

Table 5.11: Chattering performance Index in Helical Trajectory

Control Command Fuzzy Switching (RMS) Saturation Switching (RMS)

U4 0.1058 0.1591

Ux 0.9367 0.9725

Uy 0.185 0.2383

Uz 9.809 9.809

Table 5.12: Chattering performance Index in Ayat-Torhyloch Trajectory

Control Command Fuzzy Switching (RMS) Saturation Switching (RMS)

U4 0.4435 2.075

Ux 13.19 13.42

Uy 11.14 11.43

Uz 9.81 9.81

As it can be seen from tables 5.11, and 5.12 the RMS value in saturation switching

is higher than fuzzy switching for the respective control signal. This indicates that

chattering is reduced with applying fuzzy switching in SMC. The chattering in altitude

control signal, Uz are nearly the same, this is due to the fact that the cubic polynomial

in helical trajectory and very small variation of real data along z-axis need relatively low

mathematical computation.
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Chapter 6

Conclusion and Recommendation

6.1 Conclusion

In this thesis the Newton-Euler based mathematical modeling for FW-UAV and twisting

SMC design for tracking desired states were buried e�ectively. The model exploits high

complexity, non-linearity, and coupling between di�erent states. This attribute of the

model highly in�uences the control system. To overcome this muddle twisting SMC was

designed relaying on the hypothesis: SMC handles non-linearity, complexity, matched

uncertainty, and external disturbances hence, it's robust. And was veri�ed in simulations.

Twisting SMC was outlined to the seven states; (x, y, z, ϕ, θ, ψ, Va), for tracking the

respective desired states. Control system stability was insured through Lyapunove's

direct method of stability analysis. PSO was pivot to get the appropriate switching gains

of SMC and normalizing gains in fuzzy switching. The algorithm tried to reduce the

total ITAE of controlled states based on the initial boundary and it's e�ective. The fuzzy

switching for inertial position and airspeed control were essential for accommodating the

robustness and chattering reduction in twisting SMC.

The controllers performance was examined with di�erent set of numerical simulations

in di�erent trajectory tracking problems; helical, in�nity and real data based minimum

snap polynomial. The simulation results in chapter 5 show that the controllers respond

well against coupling, non-linearity, 20% parameter variation, matched uncertainty, ac-

tuator dynamics, and external input and wind disturbances of limited magnitude.
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Tables of ITAE for each state during every set of the simulation indicate that the

index was used for reducing the steady state error, overshoot, settling and rise time. The

ITAE with no disturbance, uncertainty, parameter variation, and actuator dynamics was

taken as the nominal value for each trajectory. And in all cases; uncertainty, parameter

variation, disturbance, and actuator dynamics the total ITAE for the controlled states

increased within less than 7% as per the respective simulation time for all trajectories.

The FW-UAV control was achieved signi�cantly within practically accepted ranges of

values (�nite control e�ort). As it has been seen from �g. 5.5 nominal de�ection angles

of control surface of aileron(14◦), elevator(34◦), and rudder(22◦) were required, which

are in the working ranges of practical control, unity rad. The thrust force generated by

the propeller in BF along x-axis was within accepted range. It has an average value of

133 N, which is nearly equivalent to the weight of the FW-UAV 132.5 N. The propeller

engine acceleration was also in accepted range. It had maximum values of 10 m/s (376

revolutions per minute) and 30 m/s (1128 revolutions per minute) in helical and level

�ights respectively.

6.2 Recommendation

The speed of response, reduced steady state error and robustness indicates that the

control methodology can be used for other complex and coupled systems. Furthermore;

the recommended future works are:

� The FW-UAV was guided on pre-de�ned trajectories, trajectory preparation was

o�ine assuming existing GPS data of way-point paths. So dynamic path generation

is a possible future work for autonomous control.

� Trajectory control wasn't fully autonomous so much of high level control analysis

is possible in the future.

� Energy optimal control can be extended for climbing phase trajectories.

� Dynamic gain scheduling between di�erent �ight phases could be done.

� Hardware implementation of the designed control system could be done.
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Appendix A

Plant Model Parameters

Table A.1: Aerosonde UAV Physical Characteristics, [4]

Parameter Symbol Value SI unit

Wing area S 0.55 m2
Wing span B 2.8956 m
Aerodynamic chord C 0.18994 m
Weight m 13.5 Kg
Payload - 2 Kg
Inertia along xx Jx 0.8244 Kg- m2
Inertia along yy Jy 1.759 Kg- m2
Inertia along zz Jz 1.8244 Kg- m2
Inertia along xz Jxz 0.1204 Kg- m2
Max speed - 40 m/sec
Cruise speed - [20,30] m/sec
Stall speed - 20 m/sec
Travel range - 3000 Km
Radio Communication - 150 Km
Flight Duration - 30 hr
Propeller swept area SP 0.2027 m2
Propeller radius - 0.254 m
Air density ρ 1.2682 Kg/m3
Linear speed constant km 80 -
Angular speed constant kΩ 0 -
Torque speed constant KT 0 -
Force pressure proportionality CP 1 -
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Table A.2: Table of Longitudinal Aerodynamic coe�cients to Aerosonde UAV, [4]

Longitudinal Coe�. Value

Cl0 0.28
Cd0 0.03
Cy0 -0.02338
Clα 3.45
Cdα 0.30
Cyα -0.38
Clq 0
Cdq 0
Cyq -3.6
Clγe -0.36
Cdγe 0
Cyγe -0.5

Table A.3: Table of Lateral Aerodynamic coe�cients to Aerosonde UAV, [4]

Lateral Coe�. Value

CY0 0
CYβ -0.98
Cxβ -0.12
Czβ 0.25
Cxp -0.26
Czp 0.022
Cxr 0.14
Czr -0.35
Cxγa 0.08
Czγa 0.06
CYγr -0.17
Cxγr 0.105
CYp 0
CYr 0
CYγa 0
Cx0 0
Cz0 0
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Appendix B

Rotation Matrices

The rotation sequences from inertial to body frame discussed in chapter 3 are:

x-axis

y-axis

z-axis

f

f
qq y

y

z-axisz-axis

y-axis y-axis

x-axis x-axis

Figure B.1: Right-Handed Rotations in 3D

R(ψ) =

 cψ sψ 0
−sψ cψ 0
0 0 1

 R(θ) =

cθ 0 −sθ
0 1 0
sθ 0 cθ

 R(ϕ) =

1 0 0
0 cϕ sϕ
0 −sϕ cϕ

 (B.1)

RI
B =

c(ψ)c(θ) c(ψ)s(θ)s(ϕ)− s(ψ)c(ϕ) c(ψ)s(θ)c(ϕ) + s(ψ)s(ϕ)
s(ψ)c(θ) s(ψ)s(θ)s(ϕ) + c(ψ)c(ϕ) s(ψ)s(θ)c(ϕ)− c(ψ)s(ϕ)
−s(θ) c(θ)s(ϕ) c(θ)c(ϕ)

 (B.2)

Euler→body rates conversion (vertical line indicates the concatenation of vector).

TI
B(ϕ, θ) = ((1, 0, 0)T |R(ϕ)⊛ (0, 1, 0)T |R(ϕ)⊛R(θ)⊛ (0, 0, 1)T ) (B.3)

TB
I(ϕ, θ) =

1 s(ϕ)t(θ) c(ϕ)t(θ)
0 c(ϕ) −s(ϕ)
0 s(ϕ)sec(θ) c(ϕ)sec(θ)

 (B.4)
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Appendix C

Vector Di�erential, Force and Moment

Equivalents

The time di�erential in the analysis of aircraft �ight motion involves di�erent reference
frames. Here the di�erential of a vector that moves in rotating frame is derived at
the other �xed frame, no translation between frames, [10]. Let's de�ne the angular
velocity of frame FB as seen in frame FB by ωB/I and take a vector V in FB by V B =

Vxi
B + Vyj

B + Vzk
B, then the vector V̇ w.r.t the IF is given by, chain rule, 1.

d

dt
V I = V̇xi

B + V̇yj
B + V̇zk

B + Vx
d

dt
iB + Vy

d

dt
jB + Vz

d

dt
kB

= V̇xi
B + V̇yj

B + V̇zk
B + Vx ∗ ωB/I ⊗ iB + Vy ∗ ωB/I ⊗ jB + Vz ∗ ωB/I ⊗ kB

= (V̇x, V̇y, V̇z)
T + ωB/I ⊗ (Vy, Vy, Vz)

T

=
d

dt
V B + ωB/I ⊗ V B

(C.1)

The equivalent forces and moments on FW-UAV expressed with equ. C.2 and C.3.

FB
x =

1

2
ρV 2

a S(Clsα − Cdcα) +
1

2
ρSPCP (k

2
mδ

2
t − V 2

a )−mgsθ

FB
y =

1

2
ρV 2

a SCY +mgsϕcθ

FB
z = −1

2
ρV 2

a S(Clcα + Cdsα) +mgcϕcθ

(C.2)

MB
x =

1

2
ρV 2

a SBCx −KMk
2
Ωδ

2
t

MB
y =

1

2
ρV 2

a CSCy

MB
z =

1

2
ρV 2

a SBCz

(C.3)

1Symbols are: ∗ - scalar multiplier from the left, ⊛ - matrix multiplication, ⊗ - vector cross product,
V T - Transpose of the matrix/vector V. . . .
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Appendix D

Real Data Way-Points
Table D.1: Ayat-Torhyloch Route Way-Points

Way Point x(m) y(m) z(m) Time(sec)

1 0 0 2000 3600
2 6.9 4 2000 3600.3
3 37 -57 2000.0004 3602.5
4 251.1 27 2000.005 3610.2
5 293.2 -179 2000.0093 3617.2
6 224.7 -228 2000.008 3620
7 81.5 -295 2000.0074 3625.3
8 -29.5 -331 2000.0086 3629.2
9 -206.7 -378 2000.0146 3635.3
10 -412 -456 2000.0297 3642.6
11 -683 -815 2000.0889 3657.6
12 -1007 -1248 2000.2021 3675.6
13 -1220.9 -1992 2000.4286 3701.4
14 -1858.1 -2141 2000.6315 3723.3
15 -2727.7 -2147 2000.9482 3752.2

Table D.2: Kality-Piazza Route Way-Points

Way Point x(m) y(m) z(m) Time(sec)

1 0 0 2000 3600
2 -41 36.8 2000.0002 3601.8
3 -38 63.4 2000.0004 3602.7
4 -515 -115.3 2000.0220 3619.7
5 -515.3 -373.6 2000.0319 3628.3
6 -1144 -367 2000.1138 3649.3
7 -1926 -295.8 2000.2993 3675.4
8 -2824 484.7 2000.6474 3715.1
9 -3337 441.7 2000.8935 3732.3
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